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Abstract

The Harris—Venkatesh conjecture for derived Hecke operators

Robin Zhang

The Harris—Venkatesh conjecture posits a relationship between the action of derived Hecke
operators on weight-one modular forms and Stark units. We prove the full Harris—Venkatesh con-
jecture for all CM weight-one modular forms. This reproves results of Darmon—Harris—Rotger—
Venkatesh, extends their work to the adelic setting, and removes all assumptions on primality and
ramification from the imaginary dihedral case of the Harris—Venkatesh conjecture. This is done by
introducing the Harris—Venkatesh period on cuspidal one-forms on modular curves, introducing
two-variable optimal modular forms, evaluating GL(2) x GL(2) Rankin-Selberg convolutions on
optimal forms and newforms, and proving a modulo-{' comparison theorem between the Harris—
Venkatesh and Rankin—Selberg periods. Furthermore, these methods explicitly describe local fac-
tors appearing in the constant of proportionality prescribed by the Harris—Venkatesh conjecture.

We also look at the application of our methods to non-dihedral forms.
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Introduction

We study the conjecture of Harris—Venkatesh [HV19], which frames the general conjectures
of Prasanna and Venkatesh [PV21, Venl9, GV18] on derived Hecke algebras and motivic co-
homology groups in the coherent cohomology of the Hodge bundle on the modular curve (cf.
[Ata22, Hor22, Oh22] for higher-dimensional coherent contexts). In this setting, Harris—Venkatesh
gives a modular analogue of the Stark conjecture by relating Stark units to the predicted action of
derived Hecke operators on weight-1 modular forms.

Let f be a modular form of weight 1 and level I (N). Let p : Gal(Q/Q) — GL(M) be its
associated Artin representation realized on a free module M of rank 2 over Z[x,] by Deligne—
Serre, where X, is the character of p. Then p is realized on the Galois group Gal(E/Q) of a finite
Galois extension E of Q.

If we fix an embedding E < C, then the Stark conjecture for the adjoint representation Ad(p)

predicts the existence of a unit € € Of and a positive integer W such that,

: 1 :
L'(Ad(p),0) =3, D Xaain(0) logle].

0€Gal(E/Q)
This formula is furthermore compatible with Galois conjugation of Ad(p) and conjugations of
f under Aut(C), so it can be considered as being valued in R ® Z[xaq(p)). The right-hand side
comes from the Stark regulator map evaluated on an element of the dual unit group U (Ad(p)) :=
Homgaie/g) (Ad(p), Of ). With the convention that Frob,, is complex conjugation for real places
w, there is a distinguished element x,,, := 2p(Frob,,)—Tr(p(Frob,,)) € Ad(p) for each archimedean

place w. Evaluation at x,, defines an injective map U(Ad(p)) — Of ® Z[XAd(p)} with image



ead(p)OF , Where,

1 —1
€Ad(p) = m ;XAd(p)(O—)O— .

Composition with the usual logarithm of the absolute value on E < C defines the Stark regulator
map,

Regp : L{(Ad(p)) —R®Z [XAd(p)} .

The Stark conjecture then predicts that there exists a unique element s, € U(Ad(p)) such that,

L'(Ad(p), O) = Regp (Ustark ),

and again compatibly with Galois conjugation of Ad(p). These two formulations are related by

the identity,
1

Ustark (Xw) = W Z Xad(p) (0)€°.
oeGal(E/Q)
Up to a constant in Q(xaaq(p)), the derivative L’(Ad(p), 0) can be replaced by the Petersson inner
product ||f||* := fﬁ vl \zy%ﬁ, so the Stark conjecture for Ad(p) can be reformulated as an

identity for some ¢ € Q(Xad(p))*:
¢ - |If]]* = Regg (Ustark)-

The Harris—Venkatesh conjecture is an analogue of the above identity, with R replaced by I} for
each prime p.

For the Harris—Venkatesh conjecture, the analogue of the Petersson inner product is the action
of the Shimura class &, as described by Harris—Venkatesh [HV19, Section 3.1] and Darmon—
Harris—Rotger—Venkatesh [DHRV?22, Section 1.1]. Let p be a prime not dividing 6N. There is an

étale Galois covering X;(p) — Xo(p) with group FF ;. This defines the element,

&, € Hy (Xo(p), Fy) = Hi (Xo(p), Z/ (p — 1)Z) @7, Fy;.



Now consider the base change of the modular curve Xo(p) ® Z/(p — 1)Z; the push-forward of the

étale sheaf Z/(p — 1)Z — Ox, (p)2z/(p—1)z gives the Shimura class,
&, € HL (Xo(p) ® Z/(p — 1)Z,G4) ® F,

which can also be viewed as an element of Zariski cohomology H' (X, (p) ® Z/(p — 1)Z, O) QF.
By Serre duality, S, is also an element of Hom (H®(Xo(p), Q'),F), i.e. as a map from weight
2 modular forms to F. By adding US,, to the usual Hecke operator defined by the pull-back and
push-forward of 711,70 : Xr, (Nnjare(p) — Xry(N)» this defines a derived Hecke operator T, N on the

space of cusp forms of weight 1 and level N coprime to p,

.
H® (Xr, 0,2/ 0112 W(Cusp) ) =---"==--= H' (X, (n),2/(p—1)2, W(Cusp)) QF7

J/Tq TCZ*T

U
HO (X, (s (p),z/p—12s @ (Cusp)) —= H' (Xp, (njrnp),z/p-112y @ (Cusp) ) @ FY.

The I -analogue of the Stark regulator Regp, is given by the following distinguished element

for each place w of E over p,
Xy = 2p(Frob,,) — Tr(p(Frob,,)) € Ad(p).
Evaluation at x,, defines an embedding into a space of units,
U(Ad(p)) — (OF)™™ ® Z[xaar)],

whose image in OFXW ® Z[Xad(p)] 1s in Zg ® Z[Xad(p)]- Thus, reduction modulo the ideal corre-

sponding to w defines a regulator map (called “reduction of a Stark unit” in [HV19, DHRV22]),

Regm : L{(Ad(p)) — ]F; ® Z [XAd(p)} .



With the Shimura class and the .} regulator map, we present the conjecture of Harris—Venkatesh
[HV19, Conjecture 3.1] away from primes 2 and 3. Let £ > 5 be a prime that divides p — 1 and is
coprime to N, and let t be the largest exponent of £ such that £' divides p — 1. We fix a discrete

logarithm, which is a surjective homomorphism,
log, : By — Z/0'Z,

Conjecture 1 (Harris—Venkatesh conjecture). Let f be a Hecke new cusp form of weight 1 and
level N. There is an element u; € U(Ad(p)) and a positive integer m such that for any primes

P, ¢ > 5 coprime to N,
m-log, &, (Tryp(f(z)f* (pz))) = log, Regex (1),

where f* is the dual newform of f.

Remark 2. Assuming the Stark conjecture for Ad(p), we can take u; = C - Ugga With some
nonzero ¢ € Z[Xaq(p))- We can also replace &,, with the Harris—Venkatesh period Pyy, which we

define later and which has the property,
&, (TP (F(2)F(p2))) = [SLa(Z) : H(N)] - Py (F & ).

For a modular form of weight 1, its associated 3-dimensional adjoint representation Ad(p)
factors through GL,(C)/C* = PGL;(C) = SO;(C) and has finite image; this image is therefore
a finite subgroup of SO3(C), which must either be cyclic, Dy, A4, S4, or As. Eisenstein series are
the forms with cyclic image, dihedral forms are those with image D»,,, and the remaining forms are
called “exotic”. The Stark conjecture is known in the Eisenstein and dihedral cases, but remains
open in general for the three exotic cases.

The evaluation of &, at Eisenstein series was considered by Mazur [Maz77, p. 103] and

computed by Merel [Mer96] (cf. the discussion in [HV 19, Section 5.2]). The first theoretical steps



toward the Harris—Venkatesh conjecture in the dihedral setting were done by Darmon—Harris—
Rotger—Venkatesh [DHRV?22], under primality and ramification assumptions. Dihedral forms are
classified by finite characters of G := Gal(K/K) with K/Q quadratic: given a dihedral form f,
there is a quadratic number field K and finite character x of Gy such that p = Indgf (x); conversely,

given a character X of Gy, there is a new form f, € S;(I(N),Z[x]) with g-expansion f,(z) =

> 2 anq™suchthat ) a,n" =1L(s,x).

Theorem 3 (Darmon—Harris—Rotger—Venkatesh [DHRV22, Theorem 1.2]). Let K be a quadratic

number field of discriminant Dy_and different Dy, and let X be a finite character of Gal(K/K).
» If K is imaginary, assume that Dy is an odd prime and that X is unramified;
* if K is real, assume that Dy is odd and that X has conductor dividing Dx.

Then the Harris—Venkatesh conjecture is true for f = f,.

Remark 4. Darmon—Harris—Rotger—Venkatesh [DHRV22, Section 1.3] also check that both sides
of Conjecture 1 vanish when K is imaginary quadratic and p splits in K, so the Harris—Venkatesh
conjecture holds in this trivial case. Consequently, we will assume that p is inert in K unless

otherwise mentioned.

The methods of Darmon—Harris—Rotger—Venkatesh [DHRV?22] cannot be directly generalized
to ramified characters. A subsequent paper by Lecouturier [Lec22] uses the central L-value for-
mulas of Ichino [IchO8] and Waldspurger [Wal85] to bypass part of the theta lifting arguments
of [DHRV?22] to prove new cases of a weaker unsigned Harris—Venkatesh conjecture: by requir-
ing that t = 1 and ignoring the sign of the integer m, its argument assumes that the “antinorm”

1-Frobeo i ypramified instead of assuming that x is unramified, and furthermore allows Dy

£=X
to be composite when K is imaginary.
The purpose of this thesis is to translate the methods of Darmon—Harris—Rotger—Venkatesh

[DHRV?22] to the adelic language and then use the theory of theta lifts to treat composite discrimi-

nants and ramified characters in the imaginary case with full generality.



Main results

Our main result is the proof of Conjecture 1 for all dihedral weight-one forms in the imaginary

case.

Theorem 5. Let K be an imaginary quadratic number field and let X be a finite character of

Gal(K/K). Then the Harris—Venkatesh conjecture is true for f = f,.

Remark 6. We expect the methods outlined here to be applicable to the real case of Conjecture 1 as
well. This is part of an forthcoming work [Zha23c] with additional calculations that are necessary

for indefinite theta series (cf. the additional constructions in [DHRV?22, Section 3]).

In the imaginary dihedral case, Ad(p) decomposes as 1| Indgg (&), where 1 is the quadratic
character of Gal(Q/Q) for the imaginary quadratic extension K/Q and the “antinorm” & :=
x'~FroPe 5 a ring class character of Gal(K/K). In particular, & factors through Gal(H./K) where
¢ = c(§) is the conductor of & and H, is the associated ring class field. Importantly in the dihedral
case, the Stark conjecture is known for Ad(p); the unit w; is an explicit elliptic unit in the imagi-
nary case and an explicit fundamental unit in the real case. When ¥ is unramified and disc(K) is
an odd prime, Darmon—Harris—Rotger—Venkatesh [DHRV22] proves Theorem 3 by computing the

left-hand side and relating it to an elliptic unit w, ; € U; depending on an auxiliary prime A with a

m(e)
-0

splitting A = [ - [in Ok such that &([) generates Im (). We extend this and define u; = Upz,
where,

v if [Im(&)| is a power of a prime v,
m(g) =

1 otherwise.

We show that u; is a unit independent of the choice of A in Proposition 3.1. Furthermore, the Stark
conjecture is known in this case and we show that ugg,, is the unique element of Z/(Ad(p)) such
that,

hy
UStark (Xoo ) =

T emEwy

where hx = [H; : K] is the class number of K (with H; the Hilbert class field of K) and where wy

6



is the number of roots of unity in K (see Proposition 3.2).

For the dihedral form f = f,, we prove Theorem 5 by introducing and constructing a two-
variable optimal modular form f°P*(z;,z;) on X(N) x X(N) generated by f(z;)f*(z,) under the
action of Hecke operators, with its automorphic avatar given by the Equation 1.7. They are defined
explicitly so that we are able to prove a refinement of the Harris—Venkatesh conjecture for the form

Pt with specified ratio and specified unit (1t is proportional to s and Uggari)-

Theorem 7. Let f be an imaginary dihedral modular form of weight 1 and level N, and let
fP*(zq, z3) be the optimal form associated to f. For all primes p,{ > 5 coprime to N,

[Hc : H]]W

log, &, (f(z,pz)) = — > £ log Regyx (Ustark)-

One of the main steps in the proof of Theorem 7 is to show that f°P* realizes the theta lifting
(cf. Equation 2.21, Emerton [Eme02], Gross [Gro87, Proposition 5.6], Darmon—Harris—Rotger—

Venkatesh [DHRV22, Sections 1.4 and 2.2]),
fopt(% pz) = @p(]l ® E,)

In fact, it is the unique solution that satisfies this equation for all primes p. In the unramified setting,
all newforms in the unramified setting are actually optimal forms. The optimal form realizes the
theta lifting ©, (1 ® &); this is their key property for the proof of Theorem 5. After this step, we
can essentially follow the strategy of Darmon—Harris—Rotger—Venkatesh [DHRV22], reproducing

and extending their chain of equalities with an explicit higher Eisenstein element ©; (6,) (i.e. an



element of a Hecke module annihilated by powers of the Eisenstein ideal, cf. Lecouturier [Lec21]),

1Og€ 6]9 (fopt(z) pZ)) = 10g€<fopt (Z> PZ), 6p>
=log(©,(1 ® &),6,)

= log@<IL ® &, @;(6p)>
H. : K]
~12m(g)
[He : Hylwg

= —# 10g€ Regyé (u'Stark)

log, Reggx (ue)

The construction of the optimal form f°P* allows us to furthermore obtain the following precise

description of the constant of proportionality, which together with Theorem 7 implies Theorem 5.

Theorem 8. Let Q(& 4 &) be the subring of C generated over Q by the values of &(o) + &7 (o)
forall o € Gal(H./K). There exists an element B, € Q(&+ &) such that for almost all primes

p,{ > 5 coprime to N,

log, &, (Tryp (fy(2)f,1(pz))) = By log, &, (T (2, pz)).

More precisely, there is a decomposition

Bx - HBXq)

qiN

where 3y, depends only on Xq. Moreover, for odd primes q that are not ramified in both K and x,

we have the following explicit formula for (3, :

1. If q is ramified in K, then

Bxs =4



2. If qisinertin K, then

la=1? if & is unramified
qZ ]
qu = ‘%]E—EH)Z if & is ramified and &2 s unramified,
—5(_];(2‘1“) if &2 is ramified.

\

3. If q is split in K (so Kq = Qq ® Qq is split with uniformizers @, @, and Xq = (X1,X2)).

then )
(q—1)(q—(&q(f;));(zq—a(anz)] if X is ramified and &, is unramified,
1 (g—112g20(8)—1 e ) ) ) .
xCNla- 1) if & is ramified, if £ is unramified,

g2+ _q20(8112

and exactly one of the X; is ramified,

x(=1)(g—1)*q*°()2 el :
(IO 207013 if & is unramified

qu -

and both x; are ramified,

x(=1)(g—1)2g?o &)+ 2 .
(q+1)(q2o(&)FT—q20(8)42) if & is ramified

and exactly one of the X; is ramified,

x(=1)(g—1)*g?o()2
q+]](q20(i)+1 7q20(5)+2)

if £2,x1, and X, are all ramified.

L (
Remark 9. Almost all of the local [3-factors from Theorem 8 are rational numbers, with the possible
exception at a prime ¢ that splits in K at which x is ramified and & = x'~€ is unramified. Even

then, the 3, factor is in a real subfield of the cyclotomic field generated by the values of &.

Remark 10. Combining Theorems 7 and 8, we obtain a rational version of the Harris—Venkatesh

conjecture:
log, &, (TP ((2)f, 1 (p2))) = ot log, Regzs (tsianc), (1)
where the ratio is
o [Hc . H]]WK
oy = — 5 By



If we write o, = g—z‘( as a reduced fraction with a, € Z(&) and b, € N, then b, divides
2(denominator of 3,); therefore the integer m from Theorem 5 does as well. Furthermore, b,
depends only on the set S of primes ramified in x and the number of roots of unity in K. In a future
work, we consider integral refinements of our results. Two questions of Harris motivate our results
in this direction: in particular, we can realize «, as Hecke values, in terms of Hecke algebras;
furthermore we can study the congruences of the units ug, and ug,, given congruences between x;

and x».

To prove Theorem 8, we introduce two ingredients. The first is the Harris—Venkatesh period.
Let X be the set of primes dividing N and consider the projective system Xy = %ianX(Nm) of
modular curves unramified outside of £. Let R be a Z[1/N]-algebra. Then the Harris—Venkatesh

period is given on two copies of the space of weight-1 cusp forms unramified outside of X:
Pav : H (X g, w(—Cx)) ® H*(Xgg, w(—Cx)) — R.
Moreover, this pairing is invariant under the action of | | N GL,(Qq). In this terminology,

S (TP (fy(2)f 1 (pz))) = [F(1) : To(N)] - Py (fy @ 1),

Sp (Te)P (£ (2, pz))) = Puv (f™).

The second ingredient is a modulo-{* multiplicity-one argument, which compares the Harris—
Venkatesh period Pyy of modular forms with a Rankin—Selberg period Prs for Whittaker functions

at places at X. In particular, it gives an identity of two ratios,
[PHv(fOPt) : PHV (fX ® fX—l ):| = [PRS (WOpt) : PRS (WneW)] (mod Qt),

with the left-hand side obtainable from the right-hand side by reduction modulo-£*. This then
reduces the calculation of {3, to a calculation of local Rankin—Selberg periods on GL; x GL, (see

Theorems 8.1 and 8.2).

10



Finally, we consider generalizations of the above results for non-dihedral forms. Let f be a
newform of weight 1 and level N associated to a Galois representation p : Gal(Q/Q) — GL,(C).
We assume that f is locally dihedral, i.e. for every prime q dividing N, the restriction pq on the

decomposition group Gal(@q/ Qq) is induced from a character x4 of a quadratic extension Kq/Qq,

Pq = Ind%: (Xq)-

This local assumption is automatically satisfied for q > 2, and furthermore is satisfied for q = 2
when p, is reducible. (so if p; is reducible then f is locally dihedral). We can also define an
optimal form f°P'(z;, z;) for locally dihedral forms in the same way that we did for dihedral forms,
proving the same relation as the one in Theorem 8 (see Proposition 12.1). What is missing for
locally dihedral forms is the analogue of Theorem 7, for which we make the following conjecture.

For each ¢, let ¢4 be the conductor of the antinorm &, = x}mebw, For each q, define,

hg = |(Owa/ce)* /(Zq/cq)].

Conjecture 11. Let f be a locally dihedral modular form of weight 1 and level N, and let f°?'(z;, z;)

be the optimal form associated to f. For all primes p,{ > 5 coprime to N,

log, & (™ (2,pz)) = — | [ hqlog, Regg: (Usiant),
q

Remark 12. Conjecture 11 is compatible with Theorem 7 and implies the locally dihedral case of
the Harris—Venkatesh conjecture. In the dihedral case, the constant in Theorem 7 is just the product

of these local factors,

[Hc . H]]WK
e
q

In the dihedral case, there is a global character & of conductor ¢ and [H, : H4] is the cardinality of

11



the group,
Gal(He/Hy) = O /0) - (2+c6K)X.

Thus, [H, : H;] = WLK [I, hg.

q

Outline

This thesis has been divided into two articles, [Zha23a] and [Zha23b]. The contents are the-
matically divided into three parts.

Part I covers the global theory, in particular developing the theory of the Harris—Venkatesh
period. Section 1 includes various theta series calculations and a definition of optimal forms ¢°"
in adelic automorphic language. Section 2 covers modular curves, including the definitions of
optimal forms f°?" and the Harris—Venkatesh period Pyy. Section 3 defines the elliptic unit ug
while giving its precise relation to both Stark units and a higher Eisenstein element. Section 4
proves Theorem 7.

Part II covers the local theory, in particular applying the Rankin—Selberg method to this set-
ting. Section 5 covers the theory of Whittaker and Kirillov models, in particular including the
Rankin—Selberg method for GL, x GL; following Jacquet [Jac72], and the definition of local op-
timal functions W°P'. Section 6 contains the calculations of the Rankin—Selberg inner product
Prs(W°PY) for optimal forms, broken into cases based on whether the extension E/F is unramified,
inert, or split. Section 7 contains the calculations of the Rankin—Selberg period Prs(W"") for
newforms, broken into similar cases. Section 8 then combines these calculations to determine the
ratio [Prs (W) : Prs(W™W)] of Rankin—Selberg inner products of optimal forms and new forms.

Part III establishes a comparison between the Harris—Venkatesh periods and Rankin—Selberg
periods. Section 9 gives a multiplicity-one argument comparing the Harris—Venkatesh period Pyy
and the Rankin—Selberg period Prs. Section 10 proves Theorem 8 and Section 11 proves Theo-

rem 5. Section 12 considers extensions of the main results to non-dihedral forms.
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Part 1. Global theory: Harris—Venkatesh periods

We start Part I with necessary background material: for automorphic forms, we largely follow
[JL70, Jac72, Bum97, ZhaOl]; for modular forms and modular curves, we use [Shi94, DR73,
KMB&85]. Three key ingredients that we introduce here are the definition of a unit u; independent of
A, the definition of optimal forms, and the general definition of the Harris—Venkatesh period. At
the end of Part I, we prove Theorem 7, applying the general method of Darmon—Harris—Rotger—

Venkatesh [DHRV22] to u; and optimal forms.

1 Automorphic forms

1.1  Background for GL,

‘We start with some notation:

~ A~

/ =limz/mzZ=]]2, Q:=Q&Z
n p

Let A := @ x R denote the ring of adeles of Q. For any abelian group M, let M:=M ®z Z.
For any QQ-vector space V, let V, := V ®g A. We use superscripts to remove specified places and
subscripts to restrict to specified places. For example, A>* = @ and A, = Q. =R.

Let ¥ : Q\A — Q be the standard additive measure:

II)(X) — H Il)p (Xp) _ ezmxoo e—zm(xoo modi})

p<oo

where we have used the identity Q/7Z = @ / Z by the Chinese remainder theorem.

For an algebraic group G over (Q, we denote its center by Zg, denote the quotient Zg\G by
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PG, and denote the set G(Q)\G(A) by [G]. For example, [PGL;] = Z(A)\GL;(Q)\GL;(A).

For a reductive group G over Q, let A([G]) denote its space of automorphic functions. These
are smooth functions with some growth conditions on G(Q)\G(A). Let Ay([G]) denote the sub-
space of cusp forms: the space of automorphic functions that vanish at cusps.

We will mainly focus on GL;, so Ay ([GL;]) denotes the space of smooth functions ¢ : GL,(A) — C

invariant under left translation by GL,(Q) that vanish at cusps:

[ omgan—o
[N]

where dn is a Haar measure on N(A) such that the volume of N(Q)\N(A) is 1. For such a

function, we can define its Whittaker function:

W,(g) = JN o(ng)iy' (n)dn,

where 1y is the character on N(A) via the canonical isomorphism

—~

n:Q — N
1 x
X —
0 1
Then we have the Fourier expansion
a
elg) = Z W g
acQx 1

Therefore the Fourier transform induces an embedding of representations of GL,(A):

Wi Ao([GL)) — W) = Indy 2" (n).
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By a cuspidal automorphic representation, we mean a subrepresentation 7t C Ay ([GL,]). We
can embed 7t into W(1)),
T — W()).

If 7t is irreducible, then 7t is the restricted tensor product ®p 7t,. More precisely, there is a unique
embedding of 7t into YW (1) with image denoted its Whittaker model W(7, 1), which has a de-
composition

WI(m, ) = Q) Wy, ).
P

Each element in WW(m, ) can be written as a finite linear combination of pure tensors &) W,, such
that for all but finitely many p, W,, € W(m,,1,) is the normalized spherical element in the sense
that W, is invariant under GL,(Z,) and W, (e) = 1.

Let w be the central character of 7t. Then define the Kirillov representation K(w, ) of B(A)

on C*(A*) by the formula,

Following Jacquet—Langlands [JL70], the restriction

W — kw(x) := W(a(x)),
is injective. Let IC(7t,{) denote the image of this map.

New forms

Each irreducible cuspidal representation 7t has associated data (weight, level, central character,

and new forms), defined as follows (cf. [ZhaO1l, Section 2.3]).

1. The weight w of 7t is the minimal non-negative integer such that there exist a non-zero vector
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V € T, and a 0 € R with,

cosO sin0

—sin® cosH

It is well-known that if w is the weight of the discrete series 71, then all other eigenvalues
of SO, (R) are given by £(w + 2k) for k € Z>, (cf. [Bum97, Theorem 2.5.4(ii)] for the

language of K-types).

(N)

2. The level N of 7 is the minimal positive integer such that 7t'™) is non-zero, where

Up(N) := @b € GL,(Z) | (¢,d) = (0,1) (mod NZ)

c d

(N)

In that case, 7' (™) is one-dimensional and is called the space of new forms.

3. the central character w of 7 is the character of [Z] — Q*\A* acting on 7.

4. The new vector @"" is a function in 7t whose Fourier transform W"" = W v is a product
of Wi (defined as before for p < oo, and with W¥ required to take value 1 at the unit

element e and have weight w under the action of SO;).

Here we give two examples of new vectors in Whittaker models. The first one is the weight-k
Whittaker function W for a positive integer k on GL;(R). By the Iwasawa decomposition, we

need only specify its value on a(y) = (¥7) withy € R*,

K2 s
y ify>0
Wk(a(y)) =

0 ify <0.

The second is the one for the unramified principal series 7t(x1,%2). Again we need only con-
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sider its value at a(p™) = (1Dn 0 ):

. oanr] OCn+]
w nmMy — 5 2
(a(p™) =P p—

where oy = x;(p) and &; = x2(p).

1.2 Weil representations

Let (V, Q) be an orthogonal quadratic space over Q of even dimension m with bilinear form.

(xy) = Q(x+y) —Q(x) — Qy).

Let GO(V) denote the group of similitudes on V with norm map v : GO(V) — G,,. Let G =
GL; xg,, GO(V) be the fiber product of v and det : GL, — G,,,. Then we may consider SL,
and O(V) as subgroups of G. Let S(V,) be the space of Schwartz functions on V, and let 1\ :
A/Q — C be the standard character. Then we have a Weil representation 1 of G(A) on S(V,)
by the following rules (cf. [Wal85, Section 1], [HK92, Section 5], [HKO04, Section 3], [YZZ13,

Section 2.1]). To define this representation, we need the following special elements in GL;:

1
d(a) = )
a
a
m(a) = )
a—]
1D
n(b) := ,
1
1
w =
—1

Then G is generated by elements (d(v(h)), h) for h € GO(V), m(a), n(b), and w.
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1. Forany h € GO(V,), ® € S(Va),

2. Forany a € A%,
r(m(a)) - ©(x) =nv(a)|a|™*®(ax),

where nv(a) = (a, (—1)m/? det(V)) , or in other words,

3. Forany b € A,
r(n(b)) - ©(x) =P (bQ(x))D(x).

4. For w as above,

r(w) - O(x) =y - O(x),

where v is an 8-th root of unity and @ is the Fourier transform,

From the definition, we see that v(z, z) acts on S(V}) by the character ny. Indeed,
1(z,2)®@(x) = 7(d(z*)m(2),2) @(x) = [z| ™*r(m(2)) (2 'x = ny(2) D (x).

1.3 Theta series

Let GL;(A)* denote the subgroup of GL,(A) of elements with determinants in v(GO(Vy)).

For any @ € &§(V,), define the theta series (or theta kernel) automorphic form (cf. [YZZ13,
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Section 2.1]),
6(g,h, @) =) r(g,h)@(x) € A(G(A)).

xeV

Let A(G(A))* be the dual space on the space of automorphic forms, which we call the space of
automorphic distributions. Then for any distribution ¢ on GO(V)\GO(V,), we can define a form

on GL; (Q)\GL; (A) by integration,

8(g, ¢, D) ::J 8(g, hho, ®)(hho)dh, (1)
[O(V)]

where hy € GO(V) is an element with norm det g to ensure that hhy € GO(V). Now we extend

0(g, @, @) to a function on GL;,(A) by two rules:
1. 8(g, @, @) is invariant under the left action by GL,(Q);
2. 0(g, @, @) is supported on GL,(Q) - GL] (A).

Now suppose that there is a character w of Q*\A* such that forz € A*; h € GO(V,),
o(zh) = w(z)e(h).
Then we have,

e(zg,cp,eb)zj 8(z9, zltho) i (zhhg ) dh

(O(Va)]

=nv(z)w(z) J[O(V ! 0(g, hho) @ (hho)dhy

:T]\/(Z)w(z)g(g> P, (D)
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Whittaker functions

In the following, we compute the Whittaker function of 0(g, @, @) when ¢ is an automorphic

function on [GSO(V)]:
Wig,¢,®):= |  @(n(b)g, ¢, O}(~b)ab.
Q\A
Proposition 1.1. The function W(g, @, @) is supported on
GL2(A)q(v,) ==1{g € GL,(A)[detg € Q(Va)}

Moreover for g € GLy(A)q(v,) with decomposition g = d(Q(v)™')gi, where v € V, and g1 €

SL,(A), we have the following expression:

W(g, @, ®) = |detg|—‘3?J

O(V4)/O(Vy,a)

r(gﬂ@(hv)J @ (uhy'h ") dudh,
[O(Vo)]

where
1. Vi, is the orthogonal complement of v in Vy;

2. hy € GO(V,) such that vy := hg]v € V, which induces an isomorphism

O(Va)/O(V,s) — O(Va)/O(Voa)

h — hohh, ',

where V is the orthogonal complement of vy in V;

3. dh is a measure induced by the above isomorphism and the quotient measure of the measure

on O(Vy) by the measure on O(V 4) so that the volume of [O(V;)] is 1.

Proof. 1t is clear that the function W(g, @, @) is also supported on GL,(Q) - GL; (A). For g €
GL,(Q) - GL; (A), we may write g = d(av(hy))g; for some a € Q%, hy € GO(V,), and
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g1 € SL,(A). Then we have

W(g, ¢, ) = FQ\Ae(n(b)d(av(hO))ghcp,@b)xb(—b)db
_ 0(n(ab)d(v(hoe))gi, @, @)p(—b)db
JQ\A

=| o(n(b)d(v(hy))g1, @, ®)b(—a 'b)db

— | omh) | 8(n(v)A(v(e))gr ko, O)p(—a b)dbetn.
JIO(V)] Q\A

The second integral can be computed directly (for general g’ and h'):

0 / / —1 / /
J@\A (n(b)g', W', ®)p(—a~"b)db = J@ > ((q(x) — a”)b)r(g, h)D(x)db

\A xeV

= Z r(g’,h)D(x

XEVq

where V, denote the subset of elements x € V with norm q(x) = a~'. Define

0u(g\h, @)= ) r(g',h)

XEVu

Using g’ = d(v(ho)) g and h’ = hhy, we have shown that

W(g,cp,ob):J 8 (d(v(ho))g1, hho, @) (Rtho)dh

[O(V)]

This shows that W(g, ¢, @) is actually supported on q(V*)GL; (A), where V* is the subset of
elements in V with non-zero norm. This proves the first part of Proposition 1.1.
For the second part of the Proposition 1.1, we use the fact that the V, is an orbit of some

vo € V,. Let V; be the orthogonal complement of vy in V. Then we have

0.(d(v(ho)gi, hhy, @) = Z et g~ %1(g;) D@ (hg "1y M)
YEO(Vo)\O(V)
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It follows that,

W(g, @, @) = |detg|” (g1)®@ (hy"h™'vo) @ (hho)dh

%
JO(VO)\O(VA)

»3

= |detg|™ r(g1)(D(hO1h1v0)J @ (uhhy)dudh.

JO(VO,A]\O(VA) [O(Vo)]

A change of variables h — hoh~'hy' yields

W(g, @, @) = \detgr’?j

0(Va)/hoO(Vo,a)hy !

r(g1)®(hhg‘vo)J @ (uhoh ") dudh.
[0(Vo)]

Set v = hy'vo. Then Q(v) = v(ho)'a™". Finally, change hy to h;'. ]

It is quite useful to consider the Kirillov model, i.e the restriction of Whittaker functions at
elements g = a(x) = (§9) with x = Q(v). Assume that ¢ has a central character w. Writing

g = Q(v)d(Q(v)™") obtains the following.

Corollary 1.2. Assume that ¢ has the central character w. Then the Kirillov function k(x, @, @)

for the theta series 0(g, @, @) is supported on Q(Vy) with the following formula

<(x, @, @) = nvw(x)\x\‘l‘J

@ (hv) J ¢ (uhy'h ") dudh,
O(Va)/O(Vya)

[O(Vo)]

where v € Vy and hy € GO(Vy) such that Q(v) = x, vo = hg]v €V, and V, is the orthogonal

complement ofv,.

1.4 Theta series for one character

Let K be a quadratic field and x : K*\K}§ — C* be a finite character. Assume the following

conditions.

1. x is not of the form p o Ny g, where N g is the norm of K over Q.
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2. If K is real, then the two components at the archimedean places have different signs.

Then we have an irreducible cuspidal representation 7t(x) of GL; of weight 1. In the following,
we want to construct new forms in 7t(x) and optimal forms in 7t(x) ® 7t(x~') using theta liftings.

We start with the general quadratic space V = (Ke, Q) under the action of K. Then GO(V) =
(K*, 1), where t is an involution. In this case, Vv is the usual norm N = Ny /g of K over Q. For each
® € S(KJ), we obtain a theta series 0(g, x¢, @) € A(GL(Q)\GL;(A)). Its Whittaker function
is supported by the subgroup GL,(A)* of matrices with determinant in N(K} ). By Proposition

1.1, we write g = d(Q(hge) ') gy with hy € K} and g7 € SL,(A) to obtain

W(g,x, @) = |det9|1J r(g1)®(hhoe)x¢ (hy'h ') dh, (1.2)

1
KA

where K' is the subgroup of K* of elements with norm 1. By Corollary 1.2, we have for x =
Q(hoe),
1
<lx,x®) = x|} | @(hohelx(iho)dh. (13)

]
Ka

Note that we used x° instead of x for a neater zeta integral. More precisely,

Z(s,0(g,X5@)) : = 0(a(x), x5, @)[x|* 7dx
JQX\AX

-

= | «(alx), x5, @)s|"2dx
JAX

= @ (xe)x(x)[x|*dx

JAX

= Z(S)X> (D)

The subrepresentation of A([GL;]) generated by (g, x, @) is an irreducible representation de-

noted by 7t(x). More precisely, this representation has a decomposition (cf. [Shi72, Equation 5.1]),

m(x) = ) mlxp),

p<oco
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and 7t(Xp) has Whittaker and Kirillov models generated respectively by the functions (cf. [Shi72,

Equation 5.2])

W(9>Xp) (Dp) = ’det 9|7% J

r(g1)®@(hhee)xs (hy'h ') dh, (1.4)
K]

P

(% Xpy D) = |x|ij ® (hohe)x(hho)dh, (1.5)
K

]
P

again with x = Q(hye).

New forms

Now assume V = (K, N), where N = Ny g is the norm of K over Q. We construct a new form

Q"™ € 1(x) by picking a standard

D, = (X) Oy, € S(A)

where the tensor product is over places of K. We pick @, as follows (cf. [ZhaO1, Section 2.1]):

1. If v is complex, K, = C, and Xy 18 trivial, take

(va (X + yi) — e*ZT{(x2+y2).
2. If visreal, K, =R, and ¥, (x) = sgn(x)™ with m = 0, 1, take
2

D, (x) =xMe ™.

3. If v is finite and ¥, is unramified, take

Oy, = 1y, .
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4. If v is finite and Y, is ramified, take
O, =x,'
Xv Xv (9]><<V .

For each place p of Q, let

D,, =R 0y, € S(K,).
vip

In the real case, to avoid the need to remember signs, we use the following function instead:

Do (x,y) = %(X +y)e ),

Then we have the following description of the Whittaker function W(g,xg, ®,.) (cf. [ZhaOl,

Section 2.3]).

1. If p = oo, then W(g, X}, @y, ) is the weight 1 form W(g) in the following sense that,

y x cos® sin0 :
W]z =sgn(z)™-yz|  -ev,
01 —sin® cos0 Ry

where m = 0 if K is imaginary, and m = 1 if K is real.

2. If p is not ramified in K, then W(g, X3, @y, ) is the new form Wi in 7t(x,,) in the sense that

it is invariant under U, (7¢(*x»))) and takes value 1 at e.

3. If p isramified in K, then W(g, Xj,, @y, ) is the restriction of the new form W} on GL2(Q,) .

One can also recover a new form by,

W;ew(g) = W(Q)Xp» (DXp) + W(ga(ep)»Xm (DXp))

where €, € Z); — N((’)Ep).
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Using @, , we get the theta series 0(g, x¢, @y ). The new form is given by,

eRM(g)= >  0(gale), X", Dy). (1.6)

e€Z* /N(Ok)
The sum in the right-hand side has 2™ many non-zero terms, where n is the number of primes
ramified in K.
Optimal forms

Now we consider the tensor product representation, 7t(X) ®q) 7t(X ' ). We already know that

it has one distinguished element called the new form,

new new

(pnew — (Px ® (pxq .

In the following, we construct another element called the optimal form @°" in this tensor
product space that depends only on the “antinorm” & := x'~¢. Note that £ is a ring class character.
More precisely, let ¢ := c(&) be the conductor of &, i.e. the minimal integer such that & is trivial

n(1+ C(E)@K)X. Then define the associated order of K as,
Oce) =Z + c(&) Ok.
¢ is in fact trivial on (55( £) We can therefore view & as a character on
KA\K /KLOK, = KAK* /0%, = Pic" (Oe)),

where K, means K in the complex case and means a positive element in K in the real case.

Definition 1.3. Let D be the different ideal, i.e. the ideal generated by elements x — X. Let § be a
generator of D in O, (¢). Now for each & € Oc(z)/D, define the function ®F' = OFL, @ P €

S(Ky) as follows.

26



1. q)‘gf " is the new function for the character Xoo> 1.€. e2m2 in the complex case, and %(x +

y)e_”("z+yz) in the real case.

2. @ ig the characteristic function of
~ o
O, + —.
¢t 5
Using the theta series 0(g, x, @), define the two-variable optimal form @°* as follows.

©P(g1,92) = Y 9(91,x,®°"‘) 0(g2e,x ", ©%), (1.7)
x€O¢/D

where € is the element ( ) GLZ(@).

Remark 1.4. We chose the name “optimal form™ here due to the relation to optimal embeddings.
If B is the definite quaternion algebra with discriminant q and q is inert in K, then there is an
embedding K — B and a maximal order Og such that O ;) = Og N K. In particular, O, is an
optimal order in Og and O.;) — Op is an optimal embedding (cf. [Eic55, Section 3], [Gro87,
Sections 1 & 3], and [Voi21, Section 30.3]). See [Voi21, Remark 30.3.17] for the history of the

“optimal” terminology.

We can write down the optimal form’s Kirillov functions. First, define

<0 @ = | @alinaihnolan,

where x = N(hg). The Kirillov function for @° is given by

KP (%) = ) k(% D)k (xa(=1)%,x 7, @%). (1.8)
€O /D

27



Comparison of models

Now we study the general quadratic space V = (Ke, Q) under the action of K, so GSO(V) =
K*. Then 7t(x, ) can also be constructed by S(V(A)). More precisely by Equation 1.3, for each

® € S(V(A)), the Kirillov function associated with the theta series 0(g, x¢, @) is given by

K(x, X5 @) = |XI5J D(ttoe)x(t, 't 1) dt,

1
KA

where x = Q(toe).

Let V/ = (Ke’, Q’) be another quadratic space and t : V], — V, be an isomorphism of

K4-modules. Then we have a isomorphism,

U S(Va) — S(VY)

Or— Dol

The Kirillov function’s integral can be converted to an integral for t*® as follows:

(x5, @) = |x|5J o (ttor () x(t ')t

1
KA

= |x|2 |ttor " (e) ]’%K(Q(’cof1 (e)),x5 " ®@).

Write Q(1) = Q(e)/Q(1'e) € Kf. Then Q(t) does not depend on the choice of e and is called

the norm of the map t. Then the above formula gives:

K(%, X5 @) = QU 2k (xQ(1) ", x5, ' D).

Since its Kirillov functions determine automorphic forms, we have proved the following.

Proposition 1.5. Let V and V' be two quadratic spaces of dimension two with action by K. Let

t: V{ — V be an isomorphism of K, spaces with norm Q(t). Then for any function ® € S(Vy),
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we have

0(g,x%, ®) = Q(1)]268(ga(Q(V) "), x5, ' ®).

For example, if we compare the theta functions defined by two opposite spaces Vi := (V, +Q),
then for each ® € S(K), we get two theta series: 0.(g,x%, @). We use the identity map t :

Vy — V, for the quadratic space, so Q(t) = —1. Then we have:

9—(9>XC) (D) = 9+(9€>XC> (D)>

where e = (' 9).
In the case that V¥ = (K, £N) and ® = ®@,, we see from the above identity that the Whittaker
function W_(g, Xc, @) of 0_(g, X, Dy) is still new at the finite part, but has weight —1 at co with

value

|-y ify<o0
0 otherwise.

Thus we also have,

9—(9>XC> QD) = e+(9€ooaxca @)
1.5 Theta series for two characters
Theta series for automorphic forms

Now we consider the theta lifting for V = (B, N), with B a quaternion algebra over Q and with

norm N given by the reduced norm on B. Then
GO(V) = (GSO(V) = B* x B*/AQ*, 1),

where (b;,b,;) € BX x BX brings x € V to b1xb; ', and ((x) = X. Let G denote the group over Q
defined by
G =GL, XGm GSO(V)
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Then we have a Weil representation of G(A) on S(V(A)). For each ® € S(V(A)), we have a

theta series

6(g,h,®) =) r(g,h)D(x).

xevV
Also for each automorphic form (or even each distribution) ¢ on GO(V), we get a form on GL(A)™"
by

e(g,cp,cb):J 8(g, hho, ) (hho)dh.
[O(V)]

We want to interpret the theta liftings as Hecke operators. For any g € B*, we define an operator

p(g) on A([B*]) as usual:

p(g)e(x) = @(xg).

Now for any x € N(A*) and ® € S(B,), we define the Hecke operator:

To (x)

J @ (bob)p(bob)db (1.9)
B!

A

T (%) =J @ (b 'by")p(bob)db, (1.10)
B!

A

where by € B} such that N(by) = x.

Proposition 1.6. Let ¢ = @1 ® @, with @; automorphic forms on [B*] with central characters

w and w~'. Then the Kirillov function k(x, @, ®) is supported on N(BY) with values given as
follows:
K(x, @, D) = w(x)[x[{p1, To (x)92) = w(x)[x|(Tq (x)p1, 2),
where the pairing [—, —| is the bilinear form defined by
(e = | erlwesude
(B*/Qx]
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Proof. By Corollary 1.2, if we take x = Q(by) for some by € B}, hy = (1, b(j] ), and vy = e, then

K(X> ®, @) = (U(X)|X| J

@(hbo)J @(u-(1,by) - h')dudh.
O(Va)/O(Viy,a)

[O(Vo)]

Here, O(V) = B* xgx B*/AQ*, and O(Vy, ) consists of elements of the form (bobb(j],b) for
all b € BY. So we can use elements (1,b~") for b € B}, to represent quotient elements. Then the

above integral becomes:

<%, 9, ®) = w(x)[x| ‘D(bob)J (11, wbb) dudb
JB! B /QX]

= w(x)|x| <D(bob)J @1(u) @2 (ubeb)dudb

JB] B /QX]

= w(x)[x| ] @ (bob) (@1, p(bob)@;)db

JB

A
~

=wX)[x| | D©(beb){p(b 'by") @1, p2)db

1
JB,

The proposition follows from the last two identities. [

Theta series for two characters

Now let K be a quadratic field embedded into B. Then we have a decomposition B = K +
Kj, which gives an orthogonal decomposition V = V; + V, for V = (B,N). Then we have an
embedding

GO(Vi) xg,, GO(V,) C GO(V).

The restriction to the connected component can be described as:

T =KX xgx KX/A(Q¥) +—— K* x KX/A(QX) —— B* x BX/A(QX).
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The first map is given by,

(th/t2, t1t2) ¢ (11, t2).

Then we have two ways to describe an automorphic character for T in terms of two characters
of [K*]: either as two automorphic characters &;, &, of Ay with the same restriction to A*, or as
the restriction to [K* xgx K*] of a character x; ® x, on [K* x K*]. Recalling that e € Gg — Gk

and x¢ := x o ad(e), the two descriptions are related in the following way,

x1(ti/t2)x2 (t/t2) = & ()& (L),
&1 = XX

L=xX7"%"

For an automorphic character § = &; ® &; and a function ® € S(B,), we define the theta
lifting by,
0(9,£,®) = | 8(g,tot, D)ltat)et (1.11)
[T]

where t, € T(A) such that N(ty) = det(g). This integration can be considered as the theta lifting
for the distribution &(t)dt on [GSO(V)] defined by Equation 1.1.

Assume that ® = Oy ® O, € S(V,) = S(Via) ® S(V,,4) is a decomposable function. Then
for h = (hy, hy) € GO(V;) Xg,, GO(V3), we have,

9(9>h, q)) = 9(9>h1, CD]) : 9(9»h2> q)l)
Thus if &; x &; is the restriction of X7 ® X2, then we have,
0(g, & ® &,®) =0(g,x1, 1) - 0(g, X2, D2). (1.12)

In the following, we assume that B is definite and K is imaginary.

Definition 1.7. Let O be an Eichler order of B, i.e. the intersection of two maximal orders in B.

32



Define the “standard” Schwartz function @ = O ® O as follows:
1. @y(x) = e 22,
2. @ is the characteristic function of O.

We assume that &; and &; are finite characters with opposite restrictions on A*. In this case,
&1 ® &, is the restriction of a finite character x; ® x,. Under this assumption, the right-hand side
Equation 1.12 shows that (g, &; x &,, @) is a holomorphic form of weight 2. We can then apply

Proposition 1.6 to obtain the following.

Proposition 1.8. If ® = ® is standard as in Definition 1.7 with respect to an Eichler order O of
B, then 0(g, &1 ® &,, @) a holomorphic form of weight 2, level U, (disc(O)), and central character

w.

Let M = disc(O). Since 0(g, &, @) is invariant under U; (M) and by the decomposition,
GLy(A) = GL;(Q)GLy(R) . Uy (M),

the value of 0(g, &, @) is determined by its restriction on GL;(R),. Now we use the Whittaker

decomposition:

0(goor & @) = > W(a(M)gooy &, D).

AEQX
Since W(g,) has weight 2, 6(g, &, @) is determined by the Kirillov function at the finite adéles.
We would like to use Proposition 1.6 to write such a function, but there is a problem in defining the

pairing and the Hecke action since the &;, &; are distributions rather than automorphic functions.

1.6 Hecke operators

Following [DHRV22, Section 2.2] in the complex case, we define a projection map [-] from
characters to automorphic forms. Let A(w®) be the space of automorphic forms f on [B] invariant

under U; (M) and with the central character w® on BX . Then A(w®) is a finite-dimensional space
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with the decomposition,

A(w*) = A 0 A= (),

where A, is the space of constant functions on BX. Analogously, define Z(w™®) to be the space
of characters on [K*] invariant under Uy := Uy(M) N K* and with restriction w* on AX. We only
care about automorphic forms @1, @, so that 0(g, @1 ® @, @) of [B*] is a holomorphic form of
weight 2 for [GL,]. By Jacquet-Langlands [JL70], @4, ¢, must be in the space of automorphic

representations A(w™) of [B]. We want to define a projection map,
[]:2(w™) — A(w™),

such that,

0(g, &1 x &, Do) = 0(g, [&1] ® [E2], Do). (1.13)

Since we are dealing with the complex case, A(w™) and A(w™~) are finite-dimensional and

dual to each other. For any character £* € Z(w™¥), we can define a linear functional on A(w7):

AlwT) —C (1.14)

@ — J @(t)EX(t)dt.
[K>x/QX]

Since A(w¥) is finite-dimensional and dual to A(wT), the assignment of & to this functional gives
the projection we want:

] : Z(w?) — A(w?). (1.15)

In particular, it satisfies Equation 1.13 since for all ¢ € A(wT),

J cp(x)[&](x)dx:] o (DE(L).
(B*/Q*] KX /QX*]

Then by Propositions 1.6 and 1.8, we have the following.

Proposition 1.9. Assume that K is imaginary. Let ® = ®y be a standard function as in Defini-
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tion 1.7 with respect to an Eichler order and let w be a finite automorphic character of Q*\A*.
Then for @1 € A(w") and ¢; € A(w™"), 0(g, 1 ® @,, @) is holomorphic of weight 2, level

U, (disc(O)), and central character w. Moreover, its Kirillov function is given by
K(X, 01 ® 92, Qo) = w(x)[x|(@1, Ty 0 (92)).

In particular for &, € =7 (w) and &, € =~ (w), we have
K(x, & ® &, Qo) = w(x)\x|<[£1],Txoo,qnfg([&z])>-

1.7 A theta identity for the automorphic avatar of optimal forms

We again assume that K is imaginary and that B is definite. Then we get two characters &; = 1
and &, = & := x'°. In this case, & is a ring class character. Let ¢(&) € N be the conductor of &,
i.e. the minimal positive integer such that & is trivial over (14 c(&)@K) *. Let Ocz) = Z+c(&) Ok
be the corresponding order. Then the discriminant d(&) of O.() is ¢(&)*disc(K). Assume that

c(&) is coprime to disc(B).
Definition 1.10. An Eichler order O of B is &-optimal if the following conditions hold:
1. Oc(a) =KnN O;

2. for each q 1 d(&), Oq = Okq + Okqjq Where jq € By such that j;x = Xjq and jé =
disc(Oq).

We have the following description of optimal forms in terms of theta series on quaternion

algebras.
Proposition 1.11. Let O be a &-optimal Eichler order of B with discriminant M coprime to the

discriminant of K. Then

0(g,1® & Do) = M 2™ (g, ga(M™)").
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Moreover, these are holomorphic with weight 2 and have their Kirillov function given by
K(X) 1®E, Do) = w(x)|xl<]l»Tx°°,(D6(£)>'

Proof. First, we decompose @ into a tensor product of functions in S(V;). We need only do this
locally.
If q = oo, then there is a decomposition, P, = D o, ® O, o, with both
D oo, y) = € V),
If q is finite and does not divide d(§), then we also have a decomposition DOy = D14 ® Dyy,
with @1 4 the characteristic function of Ok  and with @, 4 the characteristic function of Ok 4jq-

If q is finite and divides d(&), then @, is the characteristic function of the optimal lattice

End(O(z),). Then ®q‘d(£) @, isasum,

Z q)hcx,d(é) ® (Dz,oc,d(ib
x€0. /50,

where § is a generator of the different ideal of O, as before (e.g. if we write O, = Z + Zt with
t € Ok, then we can take § =t — t).

Combining all of the above, we obtain that,

D= 3 01,0 Dy,
a€Oc /50,

opt

such that @1 4 is the same as @' (from Definition 1.3) and @, is the same as O

o except at

places not dividing d(&). We then have

0(g,1®&®) = )  0(g,% P1a)0(g,X ", Paa).
x€O0: /b
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More precisely, we consider V; := (K,N) and V, = (Kj, —j°N). We define an isomorphism
L: V] AT VZ,A

as follows.
1. If q = oo, then L is the identity map. In particular, t is an isometry and ¢} (D ) = @1 .

2. If q 1 d(&), then 14(x) = xjq (With jq as in Definition 1.10). Then Q(i4) = —jé and
Lz((Dqu) = (DLQ'

3. If q | d(&), then t4(x) = xjq with j3 = 1. Then Q(14) = —j2 = —T and (; Dy q = D1 -

This shows that with the adéle (—1)*° = (1,—1,—1,...),

QW = (1> i

qtd(é)

—a

and 1" @, , = OF ". Then the isomorphism t has norm M = disc(©) and so by Proposition 1.5, we
have

0(9,x ', D) = [M|20(ga(M) e, x ", @7).

In comparison with Equation 1.7, we get

8(g,1 @&, @) = [M[Z¢*(g,ga(M)7").

2 Modular forms

2.1 Modular forms in finite level

We start with some background on the theory of modular forms in finite level, much of which

can be found in the classical text of Shimura [Shi94, Chapter 6], Deligne—Rapoport [DR73, Chap-
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ters IV, VII], and Katz—Mazur [KM85, Chapters 3-4] (also cf. [DI95, Sections 7-9] and [Kat73,
Section 1]).

For each positive integer n, we have a modular curve Y(n) over Z[1/n] parametrizing iso-
morphism pairs (E, ¢ : (Z/nZ)*> — E[n]). This curve is not geometrically connected. Over the

complex numbers, we have a uniformization,

Y(n)(C) = SLy(Z)\H x GLz(Z/nZ),

so that a pair (z, (¢ §)) in the right-hand side gives a pair (E, ¢) in the left-hand side,

E=C/(Zt+ 7Z),
amyT+bm, cmyt+ dmy
d(my,my) = , i
n n

The set of connected components is isomorphic to (Z/nZ)*, and the decomposition is given by
a 0
Y(n)(C) =T (n)\H x ac (Z/MZ)*

In fact, each of these connected components is defined over Z[1/n, (], where (, is a primitive
n-th root of unity, and the corresponding component for each a € (Z/N7Z)* parametrizes pairs
(E, &) such that the Weil pairing ($p(1,0), $(0, 1)) is equal to 2.

When n > 3, we have a universal elliptic curve £(n) on Y(n) which can be constructed as

follows,

E(n) := (Z* x SLy(Z))\H x C x GLy(Z/nZ).

Here (my, m,,y) € Z* x GL; acts on the right-hand side via,

(zyu,9) — (vz,j(v,2) " (u+mz+n),vg),
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where fory = (¢9) € GL,(R),
j(v,2) = |dety| 2 (cz + d).

Let w denote the sheaf of relative invariant differentials on £(n). Then for any integer k, we
have the space H°(Y (1), w¥) of weakly holomorphic modular forms of weight k.
Over the complex numbers, every such form can be written as a function f(z, g)du® on H x

GL,(Z/nZ) that is holomorphic in z and invariant under the action by every vy € GL;(Z):

f(yz,vg)d(yuw)* = f(z, g)du®.
Notice that fory = (¢Y),
d(yu) =jly,2) "dy,

so then for all y € SL,(7Z),

f(yz,vg) = f(z, 9)j(v,2)".

The modular curve Y(n) (resp. universal family £(n) ) can be extended into a projective curve
X(n) (resp. a generalized elliptic curve over X(n)) by adding cusps C(n) (resp. G,,). We can
extend the sheaf w to X(n), and call H®(X(n), w*) (resp. H°(X(n), w*(—C(n))) the space of
modular forms. (resp. cusp forms).

Over the complex numbers, we have
X(n)(C) = GLy(Z):\# x GLy(Z/nZ),
where 7 is the extended upper half-plane H U P'(Q). The cuspidal divisor is described as
C(n) = SLy(Z)\P'(Q) x GLy(Z/nZ).

At each cusp c, there is a well-defined holomorphic coordinate g, on X(N). If c is represented by
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(a,g) € P'(Q) x GLy(Z/nZ) with stabilizer N 4 in SL;(Z), then . is represented by a generator
of holomorphic functions invariant under N, 4. For example if ¢ is represented by co X e €
P' x GL,(Z/nZ), which has stabilizer N(nZ), then we take q. = e~". A modular form f(z)du¥,

or rather f(z), is then a weakly modular form with Taylor expansion at each cusp,

f(z) = ) aciql.

i>0

Such a form is a cusp form if it vanishes at cusps, i.e. a.o = 0.
For a Z[1/n]-algebra R, we respectively define the space of modular forms and the space of

cusp forms,

These modular forms have Taylor expansions at each cusp with R[(,,]-coefficients. Now we have

the following g-expansion principle (cf. [Kat73, Section 1.6]).

Proposition 2.1 (g-expansion principle). Let f be a modular form and c a cusp of X(n). Assume
that the q-series of f at ¢ vanishes, then f vanishes on the connected component of X(1) containing

C.

In practice, we only consider the cusp ¢, = (ioco, a(u)) for u € (Z/nZ)* and write af(%, u)

for ai,. Then we have a g-expansion at c,, by

f(z) :Zaf(%,u)qrit. 2.1

The advantage of this expression is the invariance under pull-back by X(n’) — X(n) for any

multiple n’ of n.
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2.2  Modular forms in infinite level

Consider the projective limit of modular curves and cusp forms,

Y:= %ll’_l’lY(T‘L)Q,
X : = limX(n)g,

Sk L= hﬂsk(U(n),Q)

Over the complex numbers, we have

Y(C) = SLy(Z)\H x GL,(Z),

X(C) = SLy(Z)\H x GL,(Z).
The set of connected components is given by

GL2(Q)4\GL:(Q) — Q;\Q* ~Z*.
Using the identity,
GL2(Q) = GL,(Q). GL,(2),
we can write the above as
Y(C) = GL2(Q\H* x GL,(Q),
X(C) = GLy(Q\H* x GL,(Q).
In this terminology, a cusp form f € Si(C) is a function f on H* x GLZ(@) such that,

1. f is invariant under right translation of some open subgroup U of GLZ(@);

2. f is holomorphic in z;
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3. for any vy € GL,(Q),

flyz,vg) =j(v,2)*f(z, 9);
4. f vanishes at each cusp.

g-expansions

Notice that the set of cusps in level U is given by
Cu(C) = GLy(Q)-\P'(Q) x GL,(Q)/U — {ico} x B(Q),\GL,(Q)/UL.
Notice that N(Q) is dense in N(Q). So taking a limit gives,
C(C) = {ico} x N(@QM(Q);\GL(Q),

where M(Q), denotes the group of diagonal matrices in Q with positive determinant. Then for
the last condition, we need only consider the cusp represented by ico X GLZ(@) /U. Assume that

c is represented by (ico, gU), then we have the stabilizer,
Ne:=N(@Q)ngUug ' =N(mz)

for some m € N. Then we have the g-expansion

f(z,g) = ZAf(%) Q)q%-

n>1

So we defined a function A¢ : Q7 X GLZ(@) — C., which does not depend on the choice of U.

Relation to automorphic forms

Now we describe how to consider modular forms as automorphic forms (cf. [Cas73, Section 3],

[Bum97, Section 3.6]). For a modular form f of weight k, we first define a function on GL;(R), x
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o)

GL,(Q),

©(g) = f(goo(i), 97)j(Goo, 1) ¥, (2.3)

where g = (goo, g*°). Fory € GL;(Q)., we then have,

©(vg) = f(¥goo (1), Y9™)j(Ygooy 1)

= (Y900 (1), Y97)i (Vs Goo (1)) ¥j(goor 1) ¥

= f(goo (1), §%)j(Goor 1)

= o¢(9g).
From the construction, it is clear that ¢ is invariant under R, and has weight k under SO, as

) cosO sin0 | o "
j yi| =—(sinB)i+cos® =e .
—sin® cosH
So ¢ is invariant under GL,(Q), on both factors. We then uniquely extend this function
to a function on GL,(A) that is invariant under left translation by defining ¢(g) := ¢@(hg) for

h € GL,(Q)_ and g € GL;(A) — (GL,(R) x GLZ(@)). With z = x + yi, we also can recover f

from ¢ by,

o0 — y o0
f(z,g™) =y ¢ g% |- (2.4)

Now we compare the Fourier expansion of both sides to get,

Z Af(r) goo)ezmrz - yik/z Z W(P )900 )
< for o 1) \o 1

where W(g) is the Whittaker function for @,



Observe that

T 0 y x - TYy TX e 0
y9 = ) g
0 1 01 0 1 0 1
Therefore,
00 ,2mirz —k/2 Y 0 T X 0
> Addrg®)emE=y Y W, , g
re@i reQx 0 1 0 1
— TTTX Ty 0 0 [}
=y Z e W, , g
reQx 0 1 0 1
Comparing the coefficients of e?™™, we obtain:
ry 0} [r™ 0} _ A(r, g>)y e ifr >0
W, g =
0 1)\0 1 0 ifr <0

For any positive integer k, we define a Whittaker function Wy, on GL;(RR) that is supported on

GL,(R), with weight k and is invariant under R* such that
X :
w, |7 = y"2em, (2.5)

We have shown the following.

Proposition 2.2. The Whittaker function W, of ¢ has the form:

Wo(9) = Wi(9es)Wo(9™)

Moreover, the Equations 2.3 and 2.4 give a one-to-one correspondence between holomorphic forms

of weight k and automorphic forms of weight X with the following compatibility of Fourier coeffi-
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cients for any v € Q7:
™ 0
Af(r) goo) = rk/ZW@ goo )
0 1

In the correspondence of Proposition 2.2, we call f the modular avatar of @, and @ the auto-

morphic avatar of f.

2.3 Galois action and g-expansion principle

Let Sx(C) = Sy ®qg C denote the space of weight-k cusp forms defined over C and let
Ao x([GL;]) denote the space of cuspidal automorphic forms ¢ of weight k. Both have an ac-

tion by GLZ(@). Equations 2.3 and 2.4 define an isomorphism between these representations of

~

GL,(Q):
Sk(C) — Aox([GL,]).

Galois action

It is clear that Aut(C/Q) acts on Sy (C); we can recover Sy as its invariants. This induces an
action on the Agy ([GL,]). In the following, we want to write down the corresponding formula for
the Galois action on Ag([GL;]). First, we need to describe the Galois action on cusp forms in
terms of q-expansions.

Notice that the set of cusps is defined over Q%, the maximal abelian extension of Q. The
action of Gal(Q®/Q) on this set is given by the left action by an element a, := (?‘O‘f ?) where A :
Gal(Q*/Q) — Z* is the isomorphism induced from action on roots of unity and o € Aut(C).

From the action of Aut(C) on the space of modular forms (via its action on cusps and coefficients),

f°(z, g) has Fourier coefficients given by

Age(r,g) = A¢(r,a5'9)°.
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By Proposition 2.2,
W (9%) = As(T,0%).

Thus an action of Aut(C) can be defined on the space W(1>°) of the Whittaker function on

GL,(A¢) by

W — W° (2.6)

g> — W(ag] 9%°)°.

g-expansion principle

By the g-expansion principle in finite level of Proposition 2.1, we have a g-expansion principle
in infinite level as well: a modular form f vanishes on X if and only if its g-expansion vanishes on
at least one cusp for each connected component of X.

By Equation 2.2, the set of connected components of X is given by X,, for u € ZX, the con-
nected component of X containing the image of (z,a(u)) € H x GL;(Af). We can define the
standard cusp on X, by ¢, = (ico, a(u)). Then by the g-expansion principle, f is determined by
its g-expansion at the cusp c¢,,. More precisely (note the abuse of notation), we denote for each

ueix,

f(z,u) = f(z,a(u)),

as(r,u) : = Ag(r, a(u)).
Thus the g-expansion of f at c(u) is given by

f(g,u) = Y as(r,u)q".

re@i
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The Galois action of Aut(C) on g-expansions can then be written for each u € 7" as,

Z ar (T, Ay u) (2.7)

re@+

Recall that on the automorphic side, we have the Kirillov model for a cuspidal automorphic

form ¢ € Aok ([GL,]):

By Proposition 2.2, we have the following relation:
1
af(ryu) =12k, (Tu). (2.8)

Due to the decomposition A** = Q7 X 7, Equation 2.8 allows one to recover as and K, from
each other.

2.4 Newforms

Decompositions

We study the decomposition of Sy into the direct sum of irreducible representations of GL; ((@).
We may do this by first working on C and then studying the action by Aut(C) later. Over the

complex numbers, via Equations 2.4 and 2.3, there is an isomorphism:
Sk(C) — Aox(IGLa)). (2.9)

We know that the right hand is a subspace Ay ([GL;]) of cusp forms which can be decomposed into

irreducible representations:

GLZ @ T,
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where 7t range over all irreducible cuspidal representations of GL;(A). Notice that by their Whit-

taker functions, each 7t has a further decomposition into irreducible representation GL,(Q) ):
=
p<co

We define Wy, C W(1,) to be the representation of GL,(R) generated by weight-k holomor-

phic Whittaker function Wy (defined in Equation 2.5). Then we have

Aox([GL)) = P W@ W(n=,p™) = P W™, v=).

Tloo =TTk Tloo =TTk

Combining this with the isomorphism from Equation 2.9, we obtain a decomposition of Sy (C)

into the direct sum of irreducible representations:

Sk(C) = @ Wir™,v>). (2.10)

Tloo =TTk

Definition of newforms
For each irreducible representation 7t = V(7,1 ) on the right-hand side of Equation 2.10, there

is a notion of level N and newform @"*". For each positive integer N, define

~ k%

Ui(N):=<ueGLy(Z)|u

(mod N)

Then there is a minimal N called the level of 7t such that w4 ™) =£ 0. For such N, dim t4'™) = 1.
In the Whittaker model, we can normalize a form W% ¢ ') guch that W"¥(e) = 1. Thus we

get a newform in 7w C Ap «([GL;]) by
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Let w be the central character of 7t. Then @™V has character w under the action by the larger

group:

~ k% ~
Ug(N):=< ueGLy(Z) |u= (mod N) » =7 - U;(N).
0 =

The isomorphism in Equation 2.10 gives a corresponding weight-k cusp form "% € S, (C).
We show that f™" is the classical newform for I'7(N) with nebentypus w, so we may equivalently

consider the corresponding 7t and @™ to be “newforms” (cf. [Cas73, Section 3]).
Proposition 2.3. There are natural one-to-one correspondences between the following objects:
1. irreducible subrepresentations 1 of Ao x([GL,]) under GL,(A);
2. newforms @™V in Ao ([GL,]);
3. newforms ™" in S, (C);
4. irreducible subrepresentations > of Sy.(C) under GLz(@).

Sketch of proof. First, since f™" is invariant under U; (N), we see that " is a modular form on

the modular curve

Xuy (v, = GLa(Q) 4 \H x GL,(Q) /U (N).

Use the decomposition GLZ(@) = GL,(Q), - U;(N) to see that this modular curve is actually the

classical modular curve

Xi(N) = Ti(N\H,

where

NMN) == qv eSLZ) |y = (mod N) » = U;(N) N GLy(Q)+.

Therefore, ™Y is a classical modular form for I'7 (N ).
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Second, since @"" has character w under Uy(N), ™Y has character w under

* %
l(N) == v eSLL(Z) |y = (mod N) » = Uys(N) N GL,(Q)4,
0 x
as follows:
a b
w = w>(d)
0 d

Therefore " has nebentypus w®™, i.e.

1 € S (N), w™).

(N)

Third, @™ is in the one-dimensional space 7"'™), which is an eigenspace for the Hecke

algebra
T1(N) = €Uy (NN\GL(Q)/ W (N) .

Thus ™ is an eigenform under the Hecke algebra
CIN(NNGLA(Q)/T(N)] = €Wy (N\GL2(Q)/ W (N)] = Ty (N).

This shows that " is an eigenform in Sy (I7(N), w).
Fourth, since U;(N) is the minimal level of ¢"", N is the minimal level ", This shows that
"V is a newform with level N.

Finally, since () 2) C I'1(N), f*¥(z) has a g-expansion:

few Z anqn.

n>1

By Equation 2.8,
an, = v/n - k(n™).
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This shows that a; = 1 (recall that W™¥(e) = 1). Combined with the previous steps, "V is a
normalized newform in Sy (I7(N), w®). Furthermore, " generates the irreducible subrepresen-
tation 7t(f™%) of Sy (C) of GLz(@) corresponding to 7t generated by @™ (via the isomorphism
in Equation 2.10).

Conversely, starting with a new form "%, we can reverse the above procedure to construct a
newform @™ € A ([GL;]) in the sense that @"" is an eigenform under T;(N), with minimal
level U;(N) and normalized so that k(1) = 1. It is well-known that such an automorphic form

generates an irreducible subrepresentation 7t(@"") of A [GL,]. O

Rationality and integrality

The correspondences in Proposition 2.3 are Aut(C)-equivariant, with the action on the auto-
morphic side given by Equation 2.6. Then the objects in Proposition 2.3 also have the same field
of definition. Such a field is largely easy to describe in terms of newforms (as modular forms):
if f is a newform with g-expansion ) _ a,q", then for any o € Aut(C), the form f° will have

g-expansion ) _ a’q". In fact, if the q-expansion of f®is ) _ b,q", then

an = af(“» ]))

b, = af"(n)])'

By Equation 2.7,
bn = af‘f(ny 1) = af<n,7\;1)6 = le(Tl, 1)0 = (1?L

~

where in the last step, we use the fact that f on H x GL;(Q) is invariant under U;(N). Therefore
the field of definition of f is the subfield Q(f) of C/Q generated by {a,}.
Another advantage of using f for this description is that the coefficients a,, are always algebraic

integers. They all come from Galois representations.

Theorem 2.4 (Eichler—Shimura [Eic57, Shi94] for k = 2, Deligne [Del71] for k > 2, Deligne—Serre [DS74]

fork = 1). Let f be a newform with q-expansion ) . a,q™. Then there is a system of {-adic Galois
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representations

pe : Gal(Q/Q) — GLa(Qy),

such that for all p 1 N,

a, = Tr(p¢(Froby)).
Then we can define the ring O(f) as the ring of integers of Q(f). Then all of the objects in
Proposition 2.3 have an integral model defined over O(f).
2.5 The Harris—Venkatesh period
In the following, we extend the work of Harris—Venkatesh [HV19] and Darmon—Harris—Rotger—
Venkatesh [DHRV22] about the Shimura class to the adelic setting.
Modular curves

Recall that for any positive integer N, there is a modular curve X(N) defined over Q. This curve
is not geometrically defined over Q. In fact, O(X(N)) is the ring of integers of the cyclotomic field
Q(Cn). This curve has a smooth model over Z[1/N], which we still denote by X(N). If N > 3,
then there is a bundle w of weight-one forms on X(N) and a bundle QO = Qxn)/zi1/n of relative

differentials with the Kodaira—Spencer map,

KS:w®w — Q(C(N)),

where C(N) is the cuspidal divisor on X(N). The Kodaira—Spencer map induces a pairing

HY(X(N), w(=C(N))) @z, HU(X(N), w(—=C(N))) — H(X(N), Q(=C(N))).  (2.11)
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This is the product map from the space of cuspidal one-forms to differential one-forms on X(N).

Serre duality defines another pairing,
H(X(N), Oxn)) @z HH(X(N), Oxy)) — HI(X(ND), Q) — Z[1/N, on],  (2.12)

where the last isomorphism is the trace map in Serre duality. Both of these pairings are compatible
with pull-back maps and the action by GL;(Z/NZ).
Now fix a finite set ¥ of primes and consider the projective system of smooth curves over

7Z[1/%] indexed by positive integers N, with prime factors in X:
Xz(N) = X(N) ®Z[1/N] Z[] /Z]

Let X5 denote the limit of this projective system. Then Xy has an action by GL;(Qs ), where Qs is

the product of Q, with p € X. Taking limits, we obtain the following two pairings.
H® (X, w(—Cs)) ®zp/5 H(Xz, w(—Cx)) — H(Xg, Q(—Cx)). (2.13)

H°(Xs, Qx, ) @z0/5 H'(Xs, Ox, ) — H' (X5, Q) — Z[1/Z, ps), (2.14)

where 5 is the group of roots of unity whose order is divisible only by primes in £ and where the

last isomorphism is deduced from the inductive system of modified trace maps,

512 (% (Ie: 0)2)|

T TTISL(Z/NT)]

-Tr(x).

These pairings are compatible with the action by GL,(Qs). Notice that the action of GL;(Qy) on
Z11/%, us] is given by

det

GL,(Qz) — Qf — Z5 = Aut(us),
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where the second step is taking the standard projection for each factor Q,
Q) =p” x LS — L.
Define a GL;(Qy )-invariant map
T Z/Z, us] — Z[1/X] (2.15)

using the trace map Trg(,, )0 : Q(un) — Q:

es(1—p)
T(x) = def(—N)pr@(um/@(X)-

Concretely, we can compute the image of T for any root of unity ¢ € py of order N = ]_[p s P,

Q) = H%:OH —p) allo, <1 |

0 otherwise

Then we get a new pairing,
H°(Xs, Qx, ) ®@zi/5 H' (Xs, Ox, ) — Z[1/5], (2.16)

compatible with the action by GL;(Qx).

The Harris—Venkatesh period in finite level

Fix a pair of primes p, { > 5 and let (' be the highest power of { dividing p — 1. Fix a surjection

log: F) — R:=Z/{'Z.
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For any positive integer N, we have a curve X,(p, N) defined by the open subset Uy(p, N) :=
Uo(p) NU(N). In this setting, Harris—Venkatesh [HV 19, Section 3.1] describes the Shimura class

S, (N) € H'(Xo(p, N)g, O) satisfying the properties,
1. &,(N) is invariant under GL,(Z/NZ);

2. for any projection 7t : Xo(p, N2) — Xo(p, Ny) with Ny | N, we have that &, (N;) =
6p(N2)-

Notice that U = Uy (p) has two embeddings into the maximal subgroup U(1): the trivial embed-

ding 1; and the embedding 1, obtained via conjugation by (* ;). This induces two projections,
1, 7 2 Xo(p, N) — X(N).
The pull-back on w yields a pairing

HO(X(N)r, (= C(N)) ) @ H* (X(N)r, (= C(N)) ) — H(X(N)g, Q(— C(N)) )

ax® P r— ma - A,

Composition with the pairing (—, &,,) then gives a GL,(Z/NZ)-equivariant pairing on cuspidal

one-forms with coefficients in R,

Py : HO (X(N)R, w(— C(N))) © H <X(N)R, w(— C(N))) L RIG.

a® P r— Sp(ma-mp).

We call Pyy the Harris—Venkatesh period (or Harris—Venkatesh pairing) in level N. It is compati-

ble with pull-backs.
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The Harris—Venkatesh period in infinite level

Fix a finite set £ of primes not containing p and {, and consider the projective system of curves
Xo(p, N) with all of the N contained in X. Let X, 5 (p) denote its limit, which has a natural action

by GL;(Qx). Then the Harris—Venkatesh period in level N induces a pairing at infinite level:
H® (Xzg, w(—Cx)) @ H*(Xgr, w(—Cx)) — Rlusl. (2.17)

Composition of the pairing of Equation 2.17 with the map T defined in Equation 2.15 yields the

Harris—Venkatesh period in infinite level,
Puv : H* (X g, w(—Cx)) @ H Xz, w(—Cx)) — R. (2.18)

Note that the left-hand side of Equation 2.18 consists of the spaces of cuspidal modular forms of

weight 1 unramified outside of X.

The period in the setting of Harris—Venkatesh

The period Pyy(ax ® [3) is related to the setting of Harris—Venkatesh [HV19] in the following
way. Let f be a cuspidal newform of weight 1 and level I7(N) with coefficients generating a
subfield Q(f) C C with ring of integers O(f). Assume that N is prime to p{. Then we may

consider f and its dual f* as elements of H(X;(N)g, w(—C(N))). Then there is a form

G = Trrynmomp) (F(2)F*(p2) € HY(Xo(P) o), Q).

Pairing with the Shimura operator &,, on Xo(p) over R yields a value,

&,(G) € O(F) /L.
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This value is related to the Harris—Venkatesh period via

&(G) = >  Puwlyfeyf)

v€Uo(p)/Uo(Np)

= [U(T) : Uo(N)] - Py (f @ 7).

Since [U(1) : Uy(N)] is not necessarily invertible in R (its order at £ is >_ 4N ord,(q+1)), the value
Puy (f ® £*) is more primitive than (G, &,).

We finish this section with the following observation, which will not be used elsewhere in this
article. See Vignéras [Vig89] for the definitions and details on the modular Steinberg representation

St, and the induced representation i(p) = Ind§ ().

Lemma 2.5. Let GL,(QP') denote the group of finite adéles of GL, with trivial component at p

and L. For any integer m coprime to {, let X' denote the profinite modular curve @1 X(m)

(m,0)=1
over Spec (k) = Spec (Z/'Z). Let & € H' (XQ, O)(1) denote the Shimura class and consider the
representation 7(&) of GL,(QPY) on the subspace of H' (Xe, O)(1) generated by S. Then there is

an isomorphism of abstract representations

where triv is the trivial representation of GL,(Qq) and St, is the modular Steinberg representation

OfGLZ(Qp)-

Proof. The characterization for primes q # p follows from the fact that the Shimura covering at
level m’ pulls back to the Shimura covering at level m whenever m’ | m. To characterize the local
component at p, it suffices to take t = 1. The representation of GL,(Q,,) over Z/{Z generated by
S is a subquotient of the induced representation i(p). Since N = 1 (mod {), it follows from a
result of Vignéras [Vig89, Theorem 3(c)] that i(p) is semisimple and dimi(p)*e®) = 2. On the

other hand, &, is not invariant under GL;(Z,) but is invariant under its Iwahori subgroup Ky(p);
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thus it must generate a representation isomorphic to St,. [l

2.6 A theta identity for the modular avatar of optimal forms

Let K/Q be a quadratic extension and X a character of Gal(K/K). Then there is a newform Ty
corresponding to the induced Galois representation p = Indg(x). More precisely, the g-expansion

fy = 2, ay(n)q" is determined by the equality of L-functions:

D an L(f,s) =L(p,s) =L(x,s) = [ [ (1 —x()N(g)™*)7,
pte(x)
where c(x) C Ok is the conductor ideal of x. Let ¢, be the automorphic avatar of f,. Then ¢,
can also be defined as a theta lifting as in Equation 1.6.
More generally, for any function locally constant function @ : K — C with compact support
we have a modular form f, g (z, 1) whose automorphic avatar is (g, x¢, @), where ® = 0> ®
O, € S(Ky) with @, the standard function (cf. Definition 1.7). By Equations 1.3 and 2.8, f, g

has the g-expansion, for u € zx,

fyo=(q,u § ayo(T,u)q

T€Q+

with coefficient a, o (7, 1) nonzero only if ru = N(t,) for some t, € K*. In this case, it is given
by,
ax,@ (T, LL) = JA (Doo(tto)x(tto)dt, (219)
K1

where K! is the subgroup of K* of norm 1 and the measure is taken so that the volume of its
maximal compact subgroup K'n (5? is 1. For example, for f,, we take ®>° = ®VTOO @, defined
in Section 1.4.

Let 7t°°(x) be the irreducible representation of GLZ(@) of modular forms generated by f,. We
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will consider the tensor product of modular forms in two variables generated by f; and f,

™ (x) @ T (x ).

Notice that since x is unitary, f, 1 can be obtained from f, by complex conjugation on the coef-
ficients in its q-expansion. In this space, we have an optimal form f°° whose automorphic avatar

opt,00 s

@°" is given by Equation 1.7. For the g-expansion, we take @y ~’s as in Definition 1.3: let
¢ = c(&) denote the conductor of & = x'~¢ and write O, = Z + cOx = Z + Zt for some t € O;
let 5 = t — t, a generator of the different ideal & of O; then for each o« € O./80,, we take @ to

be the characteristic function of

Ao
O + —.
C%
Then by Equations 1.8, 2.8, and 5.5,
fopt(qhqbuhul Z Cl T‘1)1"2)u1)u2)q]]Cl?) (220)
T1,72€Q+
a1, T W) == ) A gemes (T, 1) @y gomes (—T2y W),
O(GOC/5

where u € Z* and the right-hand side is defined as in 2.19.

Notice that Equation 2.19 shows that Q@ pornee (r,u) is nonzero only if ru = N(hy) for some

ho € L&J(OJF%‘) - %(’)c.

It follows that Q@ poree (r,u) is nonzero only if 1 € M~'Z, where M = —&? is the discriminant
of O.. Thus, " is a modular form on X(M) x X(M), with M the discriminant of ., whose
g-expansion in Equation 2.1 is given by Equation 2.20.

We embed imaginary K into a definite quaternion algebra B and fix an Eichler order O with
discriminant M and a finite character of [Q*]. As in Section 1.6, we define two spaces A+ =

+1

A(w¥) of automorphic forms on [B*] with central character w™', invariant under U; (M), and
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invariant under the action by the maximal compact subgroup U, of B_. As in Section 1.6, we

+

define the analogous space =ZF := Z(w¥) of Hecke characters of [K*] and the projection from

Equation 1.15:

[—]: =t — AT

We have a theta lift operator (cf. [DHRV22, Sections 1.4 and 2.2], [Eme02], [Gro87, Proposi-

tion 5.6]),

@M : .AJr QA — Mz(ro(M)) (221)

@1 X O = Z<(p1)Tn(pn>qn>

n>0

where the left hand side is the modular avatar of 6(g, ¢1® @2, @) in Proposition 1.9. This applies

in particular to £+ € Z*:

Om([E] @ [E2)) = ) ([&1], TulEal)q™,

n>0
If O is &-optimal as in Definition 1.10, then apply the above identity to pushforwards ¢4 := [1]
and @, := [£]. By Proposition 1.11 with M = p,
% (z, pz) = Oy ([1] x [E]). (2.22)
In fact, a comparison of Fourier coefficients shows that the optimal form is uniquely determined
as a two-variable modular form by its realization of the theta lifting ©, ([1] x [&]).

Proposition 2.6. The optimal form f°P'(zy, z;) is uniquely determined by satisfying Equation 2.22

for all primes p > 5.

Proof. Suppose that g(z;,z;) is a two-variable modular form such that for all primes p > 5,

9(z,pz) = 6,([1] x [€]).
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Let Gmn, bmn, and cpx be the Fourier coefficients of f*'(z;,2,), g(z1,22), and ©,([1]

respectively; write q; = e?™#1, g, = e*™?2, and q = e*™ 5o that,

t
fop ZHZZ Z amnq] qZ)

m,n>0
ZhZZ Z bmﬂq1 qz»
m,n>0
Op([1] x [E]) = ) cpiq®.
k>0

Note that by Equation 2.22 and the assumption that g(z, pz) = ©,([1] x [&]),

Pz, pz) =0, ([1] x [&]) = g(z,pz),

Z amynqm—i-pn — Zcp,qu _ Z bm)nqm—&-pn.

m,n>0 k>0 m,n>0

Comparing Fourier coefficients gives,

E Amn = Cpk = E bm,‘m

m+pn=k m+pn=k

x [E])

for all k > 0 and for all primes p > 5. In particular for all k > 0, taking any prime p > k gives,

Qy,0 = Cpk = byp.

We now show that a,;,, = by, » for all m,m > 0 by induction on n. Suppose that ann = by

forallm > 0and 0 < n < ny. Fix any my > 0 and any prime p > max (5, my).

Taking

k = my+p(no+ 1), the only solutions (m,n) € Zso X Z>o to m+pn =khaven <ny+1, so

no+1 no+1

E Qx—pn,n = Cpk = E bk—pn,n-
n=0 n=0

But ayn = by foreachm > 0andn € {1,...,M0}, SO Qmyng+1 = Dmgng+1-
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3 Elliptic units

In this setting with K/Q an imaginary quadratic number field, the space Uyq(,) Of units and the
reduction map have simple descriptions. First, Ad(p) depends only on the “antinorm” & := x'~¢
with,

Ad(p) =1 @ Indg® (),

where 1 is a quadratic character of Gal(Q/Q) associated to K/Q. We may realize Ad(p) on the
following Z[&]-module,
M = Z[E]eo + Z[E]er + Z[E]e,,

where g € Gal(K/K) and e respectively act as the matrices,

Let ¢ = c(&) be the conductor of § and let H. be the associated ring class field. Then & factors

through Gal(H./K). We define the Z[&]-module of units,
Und(p) = Homg, (M, 0} ) — Oy @ Z[E] & (O ® ZI[E]) ¥,
where O}, is the kernel of the norm OF — Z*. We will mainly work on,
Us := (O}, ® Z[E]),

which is the submodule of O}, ® Z[£] of elements u such that,
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for all o € Gal(H./K).
Consider the distinguished element at the archimedean place corresponding to the unique com-
plex conjugation of H, X, := 2p(Frob,,) — Tr(p(Frob.,)) € Ad(p). Evaluation at x., defines a

map,
uAd(p) e Z/{g

U — U(Xoo)

Choose a prime p of Oy, over p. Then we have the reduction map,
red, : O — (On. /p)< =F; — Fx.

This induces the regulator map Regyx and the element log, Regpx € Hom (U, Z /07 @ ZIE)).
This map is equivalent to the reduction map in Darmon—Harris—Rotger—Venkatesh [DHRV22] by
the same argument as the proof of [DHRV22, Lemma 5.6] (and its generalization by Lecouturier
[Lec22, Theorem 2.5]).

Now we recall the elliptic units constructed by Darmon—Harris—Rotger—Venkatesh [DHRV22,
Section 5.1] with an auxiliary prime A = [[ split in K and coprime to c. Consider the modular unit

u, on Yy(A) (denoted Ay on Yp(N) in [DHRV22, Section 4.4]),

wn(z) = ;‘g;;) € OYo(N),

where A(z) = ¢ Hn21 (1 —g™)** is the usual Ramanujan A function (or modular discrimant) with
q = e¥™#. Recall that Yy(A) is the modular curve parametrizing isogenies E; — E; of elliptic

curves of degree A. For 1 € {1, 2}, let 7t; be the projection,

TG . Yo()\) _— Yo“)

(Bt —Ey) —— [Eil.

Let Z(1) C X(1) be the set of isomorphism classes of elliptic curves E with End(E) = O, and
let Zy(A) C Xo(A) be the subset consisting of points ¢ : E;y — E; with both End(E;) = O.. Then
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all points of Z(1) and Zy(A) are defined over H.. In particular, u,(x) € HX for all x € Zy(A). We
fix one point x, = C/O, € Z(1).
Notice that the projections 7t; from Yy(A) — Y,(1) induce projections 7t; : Zo(A) — Z(1).

Fixing a splitting A = [ - [ gives a lifting:

m e Z(1) ——— Zo(A)

E+— (E— E/EIl).

We define elliptic units following Darmon—Harris—Rotger—Venkatesh [DHRV22, Definition 5.1],

= Y wmixe)) ® (o) € HY ® Z[E. 3.1)

o€Gal(H¢/K)

Assume that &([) generates the group Im(§). Let m(&) = N(1 — &([)), which is equal to v if

[Im(&)| is a power of a prime v, and is equal to 1 otherwise. Then define,

. m(&)
Ueg

= — . 2
1— E,([) Ue A (3 )

Proposition 3.1. u; is a unit independent of the choice of the auxiliary prime A.

Proof. u; is clearly a unit since U is a unit, so we only need to show that u; is independent of
the choice of A. By the definition of ug, we need to show that for any two primes A; # A, split in

K,
(1= &(R))uep, = (1= &(h))uen,

where [; is an invertible ideal in O, and A;O, = [; - [;.

Consider the commutative diagram of isogenous elliptic curves,
Cc/0, —— C/1;!

le lm

C/L == /().

64



By construction, the diagonal isogeny has square-free degree A;A; and thus has a cyclic kernel
isomorphic to (Z/AZ) x (Z/A,Z). Then this diagonal isogeny defines a point x on X,(A;A;) and

is represented by a point z € H in the sense that x is represented by the A;A,-multiplication map,
x:C/(Z+ Zz) — C/(Z + ZA N, z).

The two isogenies x; and x; are given by modular subgroups of ker(x) of order A; and A; respec-

tively. This implies the representations,

x1:C/(Z+7Zz) — C/(Z+ Z\z),
x2: C/(Z+ 7Zz) — C/(Z+ ZN,z),
X3 . C/(Z + Z?\zZ) —)C/(Z + Z?\])\zl),

x4 : C/(Z + ZNz) — C/(Z + ZM A, z).

Then we have points x1,x3 € Xo(A1) and x,, x4 € Xo(A;) with representatives in H: z; = z; =
z, z3 = Az1, and z4 = A1z;. By the definition of u,, and u,,, we have the relation,
Alz1)  Alzg) A(z) Alzy)  Alzs)

u b Jun, () = Azi) ANzs)  Ahz)  Alhzy) Alazs) usa (2 (x3).

Moreover, by the theory of complex multiplication, all of these points are defined over H, with the

relations,

_ Frob(l1)
X3 — X] )
Frob(!
X = x50,
Therefore we have
1—Frob(( 1—Frob((
Uy, (x7)"7FOPR) =y, (xp) T Frob)
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Now we take the &-sum (as in Equation 3.2) to obtain,
Z w, (X] )(1—Frob([z)]c Q E‘(G) _ Z Uy, (XZ)H—Frob(I])]U ® E.(U)

o€Gal(Hc /K) o€Gal(Hc /K)

Unfolding these sums, we obtain,

(1= &(Q))uen = (1= &(1))Juen.-

3.1 Relation to the Stark unit

In this dihedral setting, the Stark conjecture is known due to the original work of Stark [Sta80].

Ad(p) =na® Indgg (&) has rank 1 where the rank,

r(Ad(p)) := ) dim(Ad(p)"™"),
v]oo
is also the order of vanishing of the Artin L-function L(Ad(p), s). We now give the explicit relation

between the unit u; and Uggk-

Proposition 3.2. Let hy be the class number of K and and Wy be the number of roots of unity in K.
The Stark element gy is the unique element of U(Ad(p)) such that at the distinguished element

of the unique archimedean place of H,

B om(&)wk

Ustark (Xoo ) Uz.

Remark 3.3. Proposition 3.2 answers a question of Gross about the relation between the Stark units
from the Stark conjecture and the Stark units from the Harris—Venkatesh conjecture. It also implies

[DHRV22, Lemma 5.6].

Remark 3.4. The conjugacy class of Frob,, does not change if w = oo is replaced by a finite place
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of H. over a A inert in K. If A is inert in K with a unique prime [, then [ is completely split in H.

Thus we have x,, = X, and thus,

hy

Usgark (Xw) = W

(29 Us.

If A is split in K, then by an observation of Darmon—Harris—Rotger—Venkatesh [DHRV22, Section

1.3], both sides of the identity in Conjecture 1 vanish.

First, we recall an original result of Stark [Sta80] proving a weaker explicit version of his
conjecture for CM characters using Kronecker’s second limit formula. Let ¢ be the conductor of
¢, i.e. the maximal ideal of O such that & is trivial on (1 47¢)* C @X as a character on K*. Let
E = K(¢) be the corresponding ray class field with Galois group G(c). Thus by class field theory,

the Frobenius map induces an isomorphism
KX\K*/(14+7)* = G(c).

Let ¢ be the minimal positive integer divisible by ¢ and let w(c) be the number of roots of unity in

k which are congruent to 1 (mod ¢).

Theorem 3.5 (Stark [Sta80, Lemma 7]). Let K be an imaginary quadratic number field. If & is a

X

non-trivial ramified character of Gal(K/X), then there is an explicit element €(¢) € K(¢)* such

that,

L'(£,0) = — GCW Za ) log|e(c)°].

Remark 3.6. Our notation here deviates from [Sta80]: our ¢, ¢, o are respectively f, f, and ¢ in

Stark’s paper.

Stark proves Theorem 3.5 using the second Kronecker limit formula. For u,v € R, z € H,

q := €™, and ( := e?™("*™) we have the Siegel function,

Q(U,V,Z) = %<CZ_C )H 1—qu —qu_]).
m=1
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Again with H, the corresponding ring class field to the conductor of &, fix a decomposition of

Ok() = Z + zZ and ¢ = c¢(Z + zZ) with z € H N K(c). Then by [Sta80, Equations (9), (10), and

45)],
€(C) =9 <O’ %»Z> 12,

Stark described the Galois conjugates of €(c) as follows. For any 0 € G represented by ideal
a prime to ¢, let b be an ideal such that ab = (x(0)) and write ¢b = ¢(0)(Z + z(0)Z). Then

«(0)/c(o) =u(o)z(o) + v(o) for some rational numbers w(o) and v(o), and,

We can give a precise version of Stark’s theorem which is not stated by Stark nor Tate but

which we deduce directly from Theorem 3.5. Define €(c) := N, (€(c)).

Corollary 3.7. Assume that X is the ring class character of conductor ¢ > 1. Then,

L'00) =~ 3 x(o)logle()’),
)

oeG(c

with,

e(c) = [JA(q®)(5) e 1y

dlc
Proof. By Theorem 3.5, we only need to compute the norm €(c) of €(c). Let O, = Z + cOk(q).

Then ¢ = cOk(,) and we have,
Gal(K(¢)/He) — K(Z + cO)* /% (1 +0) = (Z+cO)* /(1 +0)* = (Z/cZ)*.

Thus every element in 0 € Gal(K(c¢)/H,) is represented by an ideal a(o) = nOg with n

coprime to c. We take b(o) = mOx with (o) = mn. Write Ox = Z + zZ. Then c(o) = cm,
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u(o) =0, and v(o) = n/c. It follows that,

Nieme (€ H 9(0 )12°~

e(zZ/cz)*

Let (. = e*™/¢. Then Ny(/n. (€(c)) is a product of,

ch>(c) o 120 H H . an 24c

m ne(Z/cZ)*

where ¢ is the Euler totient function.
The term m(c) := N(1 — () is equal to 1 unless c is a prime, in which case it is equal to c.

The other terms can be computed by Mobius inversion, ¢(c) = Y_ de du(c/d),

[T o-an=T]0-14E).

ne(zZ/cZ)* dlc

Thus we obtain

NK(c)/HC (G(C)) 12c ch HH 24CL1- % — ]ZCHA CH %

dlc m=1 dlc

We now prove a variation of Stark’s theorem using our unit u; from Equation 3.2.

Proposition 3.8. Assume that & is a ring class character of conductor ¢ > 1. Then,

L'(£,0) = —

1
emE) log(ue).

Proof. Let T = Frob; € Gal(H./K). For any d | c, let E4 denote the elliptic curve C/O4 which

is defined over H,. Then we have the isogenies Eq — EJ with kernel E[l]. Then we have (an
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additive operation) for €(c) (defined in Corollary 3.7),

ele) —e(c) =c)_u(Z)n(@.

dlc

Take x-sums to obtain,

o€Gal(H¢ /K) dle

It follows that,

c c
Z x(o)e(c) = m M(a

o€Gal(H. /K) dlc o€Gal(H¢/K)

Since 1(d) € Hy, the last sum has a factor deGal(Hc/Hd) X (o) which is zero if d # c (as c is the

conductor of x). Thus we have shown that,

o€Gal(H¢ /K)
The desired identity follows from Corollary 3.7. [

Proof of Proposition 3.2. We have,

L(Ad(p)> S) = L(ﬂ) S) : L(En S)'

Applying Theorem 3.8, we see that p has rank 1 and,

L'(Ad(9),0) = L1, 0) - L'(£,0) = g - logfu,

where the log is with respect to a fixed embedding H. <— C. Also, since H,. is a CM field, there is

a unique complex conjugation at co. Thus there is a single distinguished element x,, € M.
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Thus Ugyk € U(Adp) is the unique element so that,

hy
Ustark (Xoo ) =

T My

3.2 Relation to a higher Eisenstein element

We can slightly modify the unramified argument of Darmon—Harris—Rotger—Venkatesh [DHRV?22,

Proposition 5.2] to relate the unit u; to the higher Eisenstein element 2,
- 1
(1=&(1) - (5,[8) = Z log(uen),

where Z; € R[Pic(Og)] is a higher Eisenstein element (cf. [Lec21], [DHRV22, Definition 4.6])
satisfying the equation,

(Tv - (E + 1))21 — (V - ]) IOg(V)Zm
for any prime v. Since &([) #£ 1, we have

1
6m(&)

(I, [&]) =— log(ue). (3.3)

4 Proof of Theorem 7

In this section, we give a proof of Theorem 7 in the CM case (i.e. imaginary K). The method
here largely follows the method of Darmon—Harris—Rotger—Venkatesh [DHRV?22]. Throughout

this proof, we let ¢ = ¢(&) be the conductor of & and consider the order,

Oc :Z+COK.
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Let H. denote the ring class field corresponding to O, via class field theory,
Gal(H/K) «—— KX\K*/OX — Pic(O,).

4.1 Theta liftings for a definite quaternion algebra

Let B be the definite quaternion algebra with discriminant p. Since p inert in K, we have an
embedding K —— B. We can then pick a maximal order Og, which is optimal for the order O,

because O, = KN Og. Then the embedding K — B induces a map,
Pic(0,) := KX\K*/OX —— Pic(B) := BX\B*/O}.

Darmon—Harris—Rotger—Venkatesh [DHRV22, Section 2.1] defines Pic(B) to be the set of
equivalence classes of oriented maximal orders, where an oriented maximal order (M, o) of B
is a maximal order M C B with a homomorphism o : M — [F,.. This is in bijection with
the set of isomorphism classes of supersingular elliptic curves over IFT3 by a result of Deuring
[Deud1] (cf. [Voi2l, Corollary 42.3.7]). We briefly show that this agrees with our definition of
Pic(B) := B*\B*/Oy.

Lemma 4.1. There is a bijection

f:BX\B*/(0Q* - @g) +—— {equivalence classes of oriented maximal orders of B}

g] » (Ad(g)M, o)

where Ad(g)M = gMg~'.

To see that the map f is a bijection, we look at the local picture due to the following correspon-
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dence.

B/Q B/Q
Z-lattices < » 7-lattices

J J

oriented maximal orders of B «—— oriented maximal orders of B

Locally, the map f is an isomorphism due to the following fact.

Lemma 4.2. Let q be any prime. For a quaternion algebra B,/Qq, all oriented maximal orders

are B -conjugates and the stabilizer of each oriented maximal order is Qg - qu.

Proof. Suppose B is split. Let M be an oriented maximal order in B. Then M = End(A) where A

is the lattice

A= {Z a;vi ‘ a; € M,Vi S Zé},

since MA C A implies that M C End(A) but M is maximal. In this situation, we have the

following diagram.
My(Zg) — Mp(Qq) +—— M

| | |

End(Zj) — End(Q}) +—— End(A)

Since A C Qﬁ is a lattice, there is a g € GL,(Q,) such that A = gZé.

For y € M, yA C A. Consequently, one can deduce the chain of equivalent statements:

2 2
Y9Zq C 9Zy,
—1 2 2
9 Y9Zy C Z,
g 'vg € Ma(Zy),

Y € gMa(Z4)g .

Therefore, M C gM;(Zq)g ™. Since M is maximal, M = Ad(g)M,(Zg).

Nonsplit: this case is trivial because there is only one order with two possible orientations. Just
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check the index-2 subgroup, which are the elements of even valuation. O

Proof of Lemma 4.1. Surjectivity of f follows immediately from the definition of f and the fact
that all local oriented maximal orders are conjugates by Lemma 4.2.

Injectivity of f follows from the fact that stabilizer of each local oriented maximal order is
Qg - qu by Lemma 4.2. If f([g;]) = f([g2]), then [g;] and [g,] give the same equivalence class of

oriented maximal orders and there is a y € B* such that

g1 Mgy == vg: Mgy 'y
lAd(g;‘ ) lAd(gz’W” )
M M
F F.,

Then Ad(h) fixes M, where h := gf]ygz. By the second part of the lemma, h is in Qg - qu.

Since g; = yg,h~', we have equality of [g1] = [g3] in B*\B;/(Qg - O, ). O

Remark 4.3. The Q% in Bx\ﬁx/(@X . @g) is unnecessary, i.e. BX\QX/(@@. O* = Qx x 2%
since the class number is 1; Q™ is in B*; and Z%isin @BX.

Let Z[Pic(B)] denote the space of Z-valued functions on Pic(B) (denoted as Div(£) in Darmon—
Harris—Rotger—Venkatesh [DHRV22, Section 2.2]). It can also be viewed as a subspace of A" =

A~ with trivial central character w. It is equipped with an action by Hecke algebra T and a pairing

(the correspondence and height pairing respectively of [Gro87, Section 4]),
(—,—) : Z[Pic(B)] ® Z[Pic(B)] — Z.

Let 2, be the function corresponding to the measure. Then X, generates the Eisenstein subspace
(cf. [DHRV22, Equation 88]),

TeZo = (£+ 1)%,.
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We have a theta lifting from 2.21,

©, : ZIPic(B)] @r ZIPic(B)] — M(To(p))

1
P& @ — z(@h ZO><(92) ZO) + Z<Tn(p1, (p2>qn)
n>1

where the constant term calculation is from Emerton [Eme02] and Gross [Gro87, Proposition 5.6]
(cf. [DHRV22, Equation 16]).
By 2.22, we have
Pz, pz) = O, (1 ® &). (4.1)

4.2 Proof of Theorem 7 for definite theta series

By Equation 4.1,
log, &, (" (z,pz)) = log,((f*™(z,pz), Sp)) =1og,((0,(1 ® &), S,)) = loge(<ll ® &, @;(GP)»,
where O, is the adjoint operator of ©,,
O : Mo(p) — (R[Pic(B)] @y RIPic(B)])".

Darmon—Harris—Rotger—Venkatesh [DHRV?22, Theorem 5.4] showed that,

—_—

@;(Gp) (Z] ®Zo—|—£o®1\:]) (mod Zo@Zo)

"2

Now we pair both sides with 1 ® &. Notice that (X, &) = 0 and (Zy, 1) = h(O,), the class number

of O.. Therefore, we have,

log, &,((2,pz)) = 7h(Oc) og ({1, £))
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Apply Equation 3.3 to obtain the equality,

h(O.
log, &, (f(z,pz)) = — ( )) log, Regﬂr; (ug).

12m(§
Finally, we can use Proposition 3.2 to obtain (using hy = [H; : K] for the Hilbert class field
H] )9

[He : HyJw

log, &, (f(z,pz)) = — 5 K log, RegFg (Ustark ) -
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Part I1. Local theory: Rankin—-Selberg periods

Let p be any prime, F be a p-adic field, E/F be a semisimple F-algebra of dimension 2 with

trace map Tr : E — F and norm map N : E* — F*. We have three cases:
1. Eissplitt E=F& F;
2. E/F is an inert quadratic extension;
3. E/F is a ramified quadratic extension.

Let x be a character of E*. Using the Weil representation, we obtain an irreducible representa-
tion 7t(x) of GL,(F) with central character w = 1 - X|;x, where 1 is a quadratic character on
F* with kernel N(E*). All irreducible representations 7t of GL;(F) can be obtained in this way,
except for some supercuspidal representations 7t when p = 2 ([Kut84, Corollary 4.3]). The dual

representation of 7t(x) is equal to 7t(x ). So we have a one-dimensional invariant quotient:

Prlx) @) — (mlx) @ 7mx ")) oLym-

In Section 5, we construct two canonical elements: the new vector W™ and the optimal vector
W in 1t(x) ® mt(x~"). To do so, we first recall some of the local GL; and GL, x GL, the-
ory of Whittaker models, Kirillov models, and Rankin—Selberg convolutions following Jacquet—
Langlands [JL70] and Jacquet [Jac72]. In our quadratic setting, we use local theta liftings and
explicitly realize the pairing P as the Rankin—Selberg period Pgs in terms of Rankin—Selberg zeta

integrals Z(s, W) at s = 1 to study the ratio

[Prs (W) : Prs(W)] € C U {oo}.
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In Section 6, we calculate Rankin—Selberg zeta integrals evaluated at the optimal form W', In
Section 7, we calculate Rankin—Selberg zeta integrals evaluated at the newform W™V, define some

models of 7t(x) over a natural ring Z[7t(¢)], and show that
[Prs (W) : Prs(W)] = [A : B,

for some A, B € Z[mt(x)]. In Section 8, the main results of Part II are collected in Theorem 8.1,
demonstrating the rationality of this ratio, and Theorem 8.2, which explicitly calculates this ratio

in several cases.

5 Whittaker functions

5.1 Whittaker and Kirillov models for GL;,

Let 1 be a non-trivial additive character of F and let YV (1) denote the induced representation

W) = Indﬁ%é]m (V). W( ) is the space of functions W on GL,(F) such that,

w g ZlP(X)W(Q),

with action by GL;(F) via translation.
Let 7t be an irreducible infinite-dimensional representation of GL;(F). We can embed 7t into
W():
T — W().

This embedding is unique up to scaling (due to [GK75, JL70], cf. [Bum97, Theorem 4.1.2],
[Zha21, Section 5]). Therefore, we have a well-defined subspace W(mt, ) C W() called the

Whittaker model of 7t. If we change 1 to another character \,(x) = 1 (ax), then we have an
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isomorphism,
W) ———— W(a)

W(g) —— W g

Thus, without loss of generality, we can assume that { has order O in the sense that O is the
maximal fractional ideal of F over which 1 is trivial.

Define the map,

a:F*— GL,(F)

X

According to Jacquet—Langlands [JL70, Section 2] (cf. [Bum97, Section 4.4]), the following re-
striction map is injective,

W(g) — k(x) :== W(a(x)).

Let /C(mt,1p) be the image of this map with the induced action by GL;(F). This is called the
Kirillov model. The action of the Borel subgroup of GL;(F) on K(7t, 1) is as follows (cf. [Jac72,

Section 14], [Bum97, Equation 4.25]),

b
. K(x) = w(d)P (%)K(%)

0 1
The action of w := is not easy to write down (cf. [Bum97, Section 4.7]).

-1 0
If 7t is changed to 7t ® u for a character p of F* via det : GL,(F) — F*, then W(t ® u, 1) =

W(m ) ® w.

Let @ be the uniformizer of F. For any non-negative integer 1, define Uy(@') and U; (@) as
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the following subgroups of GL,(Of) (cf. [ZhaOl, Section 2.3]),

.
) a b )
Up(@Y) : = c=0 (mod @) »,
c d
\
(
) a b )
U (@l : = (c,d) =(0,1) (mod @)
c d

Then for any irreducible representation 7t of GL;(F), we define the level o = o(7) of 7 to be
the minimal non-negative integer i such that 7t(x)4™) # 0. At the level of 7, there is a unique

element W% € W ()4 (™) such that W™¥(e) = 1.

If ¢ is changed to P, for some a € OF, then W™¥(g) is changed to W g
1

However, if 7t is changed to 7t ® , there is no simple formula to write down the change to W™V,
Following Jacquet-Langlands [JL70, Theorem 2.18] (cf. [Jac72, Section 14], [Bum97, Propo-

sition 4.7.5]), we have the zeta integral,

a
Z(s,W) := J w \a|5_%da,
Fx 1

where da is a Haar measure on F* normalized such that vol(Of) = 1. These integrals are abso-
lutely convergent when $3(s) >> 0. The values of these integrals define a fractional ideal of C[q™s]
with a generator L(s, 7t),

L(s,7) = Z(s, W™™).

Then we can define the normalized zeta integral,

Y(s,W) =

For example, if 7t = 7t(1, X2) is a principal series with X1, X2 unramified and o; = x;(@) (cf.
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[JL70, Section 3]), the above identity is equivalent to,

o™ 0

1 > )
— Whew —n(s—j).
(=g ) (1 — g ) Zn_o o 1/]°

It follows that W™V is the unique element in YW(1) which is invariant under GL;(Of) with central

character X ;X2 and takes values,

n n+1 n+1
Wrew w 0 — q’T“ ! -
0 1 U

5.2 Rankin-Selberg periods for GL, x GL;

Let 7t be an irreducible infinite-dimensional representation of GL;,(F) with contragredient rep-

resentation 7t. Then we have a canonical GL,(F)-invariant pairing:

P:nemrn— C.

We realize the representations 7t and 7t with respective Whittaker models W (7, 1) and W(7, ).

We want to explicitly construct a GL;(F)-invariant pairing,

PRS,lj) : W(Tf,ll)) ® W(’;ilb) —>C’

using the Rankin—Selberg method. This pairing will induce a unique isomorphism with a compat-
ible linear form:

TR — W(mb) @ W(R,b).

First, consider the right-hand side as a space of functions on GL;(F) x GL;(F). Then we restrict
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this space to the diagonal:

AT W(m ) @ W, ) — Indyg 2 51 (1),

Wi(g1) ® Wa(ga) — Wi(g)Wa(e'g),
where €’ := (|} % ). We use the Iwasawa decomposition
GL;(F) = B(F)GL(Ok)

to define a function f(g, s) on N(F)Z(F)\GL;(F) x C by

for k € GL,(OF).

Following Jacquet [Jac72, Section 14], we consider the zeta integral

Z(s, Wi, W>) ::J Wi (g)Wa(e'g)f(g,s)dg. (5.1)
N(F)Z(F)\GL2(F)

Here dg is the quotient measure on N(F)Z(F)\GL;(F) constructed from the Haar measures on

GL;,(F) and its various subgroups. Write

with a,x,z € Fand k € GL;(Of). Then

d
dg = dxdzﬁdk,

where dx is a measure on F so that vol(Of) = 1, dz and da are measures on F* so that vol(Of') =
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1, and dk is a measure on GL;(Of) with vol(GL,(Of)) = 1.

Remark 5.1. Note that we use €’ := (|} %) instead of € := (' 9) (e is called ) by Jacquet [Jac72,

p.11]) in order to notationally avoid the repeated appearance of x(—1) in our calculations.

The above zeta integral is absolutely convergent when Pi(s) > 0, and has values forming a

fractional ideal of C[q**] with generator,
(1+ q_S)L(s,Ad(ﬂ)).

We can then define the normalized zeta integral (cf. [Jac72, Theorem 14.7]):

Z(s, W), W,)

W(S)WHWZ) = (] + q—S)L(S,Ad(ﬂ))

€ Clq™]. (5.2)

We define the invariant form Pgs y, by
Prs,p (Wi @ Wa) := Z(1, W;, W,).

Note that up to an e-factor of Ad(7t), we may replace W(1, W;, W5) by ¥(0, Wi, W,), which is a

regularization for the usual divergent integral,
Wi (g)W;(e'g)dg.

JN(F)Z(F)\GLz(F)

Note that if we change 1 to V), then the above pairings are compatible with the isomorphism
W) @ W h) — W, ba) @ W(T, ha).

So we may drop the 1 subscript from Pgs y,. Also, we note that the form W™ ® W™ is invariant

under the canonical isomorphisms with respect to different \’s.
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If 7t is unitary, then there is a positive definite GL, (F)-invariant Hermitian pairing,

<_)_>O : W(T[)II)) & W(ﬂall)) —>C)

such that (W™ W), = 1. We can write such a pairing in terms of Pgrs. For any W € W(m, ),
define W€ € W(m, ),

We(g) :=W(eg). (5.3)
Then we have a non-degenerate GL, (F)-invariant Hermitian pairing:
<_> _>1 : W(Ttalb) ® W(Ttall)) —C
(W1 ) WZ) — PRS (W1 ) V_VZ) .
Thus it is a real multiple of (—, —),. This gives the following fact.

Proposition 5.2. If 7t is unitary and W +# 0, then Prs(W ® W¢) £ 0 and is real.

For example, we can compute the pairing for new forms in the case 7t = 7t(x7,X2) with X1, X2
unramified. Write oy = x;(@) and B; = Xi(@). Then the newforms W"" and W™ for 7t and 7t

take the values,

- o™ 0 _ oql—H o O(;—H %n
0 1 %1 = %2

— o™ 0 ntl _ogntl

Wrew _ %fﬁzqz,
0 1 1 [32
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Bringing this into the formula for Z(s, W%, W/“ew) (Equation 5.1) yields,

Z(s, Wrew Wrev) = J W ()W (e/g) (g, 5)dg
ZN\GL;(F)
" — o™ 0
_ Z qnwnew Whew qfns
n 0 1 0 1

0 n+1 n+1 pn+l n+1
o —oy BT — ) “ns

_Z X1 — & B1— B2 q
1

(o1 — o) (B1 — B2)

( afrg™ ouPag™ cafig™ | oaPaq” )
T—ouBig™ T—ouPfaq™ T—o0afiq® 1—o0Pf2q—®

T— o BiBag ™™
(1—=0oB1q*) (1 — o1B297°) (1 — 23197°) (1 — x23297°)
T1+q°°

(T—q7) (1 - 2—;cr5> (1 - i—fq‘S)
=(1+q*)L(s,Ad(n)).

n=0

Therefore, W(s, W™V, Wrnew) = 1 by Equation 5.2.

5.3 Theta liftings

Let (V, Q) be an orthogonal quadratic space over F of even dimension m with the bilinear form,

(xy) = Qx+y) —Qx) — Qy).

Let GO(V) be the group of similitudes on V with norm map v : GO(V) — G,,. Let G =
GL; xg,, GO(V) be the fiber product of v and det : GL, — G,,. Then we may consider SL;, and
O(V) to be normal subgroups of G with respective quotients isomorphic to GO(V) and GL;(F)™,
the subgroup of elements g € GL;(F) such that det g € v(GO(V)).

Let S(V) be the space of Schwartz functions on V. Then we have a Weil representation v

of G(F) on S(V) with respect to the character 1 : F— C* (cf. [Wal85, Section 1], [YZZ13,
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Section 2.1]). To describe this representation, we need the following special elements in GL;:

1 A
d(A) = ) a(A) = y
A 1
A 1D
m(A) == , n(b) = ;
A 1
1
w =
—1

Then G is generated by the elements m(A), n(b), w, and (d(v(h)),h) for h € GO(V). We

describe T by the following.

1. Forany h € GO(V), ® € S(V),

2. Forany A € F*,

where v (A) = (A, (—1)™2 det(V)).

3. Forany b € F,
r(n(b)) - @(x) =P (bQ(x))@(x).

4. For w as above,

r(w) - O(x) =y - O(x),

where 7y is an 8-th root of unity and @ is the Fourier transform,



Remark 5.3. We follow the convention of using d(v(h)) (e.g. Harris—Kudla [HK91, Section 3.2],
[HKO4, Equation 1.1], Yuan-Zhang—Zhang [YZZ13, Section 2.1.3]) instead of a(v(h)) (e.g.
Jacquet—Langlands [JL70, Chapter 1]). Similar to Remark 5.1, this is a notational decision that
affects the appearance of x(—1) in later calculations. We will also omit the r where the context is

clear, for example simply writing w® for r(w) - @ and n(b)® for r(n(b)) - .

Remark 5.4. The 8-th root of unity vy in the action of r(w) on a Schwartz function @ is called the
Weil index. It is dependent on (V, Q), but is equal to —1 for nonsplit quaternion algebras and 1 for

split quaternion algebras (cf. [Wei64, Chapter II]) so it can be omitted for most of our purposes.

From the definition, we see that r(z, z) acts on S(V) by character ny. In particular,

r(z,2) - O(x) = r(d(z*)m(z),z) - O(x)
= |z| ™*r(m(z)) - ©(z 'x)

=nv(z)D(x).

5.4 Quadratic cases

We start with the general quadratic space V = (Ee, Q) with an action of E, where E is a
semisimple algebra over F and Q is a multiple of the norm N = N ¢ of E over F. Then GO(V) =
(E*, 1) where ( is an involution. In this case, v is the usual norm N of E over F.

Let x : EX —> C* be a character. For each ® € S(E), we obtain a Whittaker function
supported by the subgroup GL,(F)" of matrices with determinant in N(E*). Thus GL,(F)" =
GL,(F) if E = F & F; otherwise, GL,(F)™ is an index-2 subgroup of GL,(F). More precisely, for
g € GL,(F)*, we write g = d(Q(toe)")g; with hy € EX and g; € SL,(F), and we have

W(g,x, @) — |det9|—ij

(g1) @ (ttoe)x  (ty 't ') dt, (5.4)
ET

where E' is the subgroup of EX with norm 1, x° = x o ¢ with ¢ € Aut(E/F) the non-trivial

involution, and dt is a Haar measure on E' such that vol(O}) = 1. The corresponding Kirillov
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functions are given by

<% @) = x|} J O (tote)x(tto)dt, (5.5)

where x = Q(toe).

Remark 5.5. Note that the above construction is compatible with the construction in the global

situation (Equations 1.2 and 1.3) by Equations 1.4 and 1.5.

The subrepresentation of GL,(F) generated by W(g,x, @) is an irreducible representation de-
noted by 7t(x ). The set of such functions is an explicit local theta lifting 0(x, 1.). We may consider
the functional

Q — W(g,x, D)

as an element of,

HOInEX X G GL2 (F) (S(V) 02y X e(X) ll)c)))

where x and 0(x,.) are considered as representations via projections to E* and GL,(F)" C
GL;,(F) respectively.

The subspace 0(x, ) is stable under the right translation by GL;,(F)". We consider 0(x, )
as a subspace of functions on GL;(F) supported on GL;(F)* and define WW(x, V) to be the space
of Whittaker functions on GL;(F) induced by such functions. More precisely, if E = F & F, then
WI(g,x) = 0(g,x,b.); otherwise, let h € GL,(F) — GL,(F)", then W(g, x) consists of functions

Wi(g) = Wi(g) + W:(gh),

for WbWZ € e(g)X>¢c)~
The space W(x) forms an irreducible representation of GL;(F) denoted by 7t(x). This space

has the following properties.
1. The central character of 7t(X) is w =1 - X|¢«;

2. fE=F® Fand x = (x1,x2) then t(x) = 7(x1,X2) is a principal series;
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3. If x = woN, thenx = (w, w - n) is a principal series;

4. If E is not split and x does not factor through N, then 7t() is supercuspidal.

New forms

We assume that V = (E, N) with E a semisimple algebra over F. For the induced representation
7t(x), the level ¢ and the newform W can be constructed explicitly from the Whittaker function

W(g,x, @,) by the following two steps.
1. Define @, according to Tate’s thesis [Tat67].

(a) If E is a field extension, and X is unramified, then define @, to be the characteristic

function of O;

(b) If E is a field extension and ¥ is ramified, then define @, to be the restriction of x~! on
O¢;

(c) fE=F@F, x = (x1,X2), then define @, = ®,, ® D,,, where for each 1,

1| or if x; is unramified,
q)Xi =

! otherwise.

Xi |ox

Then W(g, X, @y ) is already a newform Wi*¥(g) when E/F is not ramified.

2. If E/F is ramified, then the new form in 7t(x) has the form,

VV“"W(g) = W(9>X> (Dx) + W(90(€)»X» (DX)>

where € € O —N(Of).

This shows, in particular, the following formula:
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Proposition 5.6. The inert product of newforms can be computed from theta forms as follows,
Prs <W;ew ® W;ej;/> = eE/F/PRS (W(9>X_]> q)x*1) ® W(Q)X) CDx)))

where

1 if E/F is unramified,
€e/F =

2 if E/F is ramified.

Optimal forms

Now we want to construct an optimal element in W(x, ) @ W(x ', ). Let & = x' ¢ be the
“antinorm” character on E* that sends x — x(x/x). We may also consider & as the restriction of
x~" on E'. Then & is a ring class character; it is trivial on (Or + @°QO¢)* for some non-negative
integer o, where @ is the uniformizer of E. The minimal such number is called the order o(§) of
&,and c = c(§&) = @°) is called the conductor of & (note the abuse of notation with the Galois

conjugation c in the definition of &). We write
Oc - OF + COE)

for the associated order of E.

Let 8 € O, be a generator of the different ideal D of O, namely the ideal generated by x — X
for all x € O.. Then for each a € O./6, we define the function D to be the characteristic
function of

a
— CE.
OC+6C

Letting € := (7' 9), the optimal form is defined as follows.

Definition 5.7. We define the one-variable optimal function W¢' on GL;(F), for a € 0./, and
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the two-variable optimal function W°P' on GL;(F) x GL;(F) as follows,

ngt(g) = W(Q)X) CD(c)Lpt)>

WP (g1, g2) = ) Wi(g1) @ Wh(gae).
aeO. /b

One of our main objectives is to study the period Prs(W°"). First, we prove a non-vanishing

result.

Proposition 5.8. If x is unitary, then

WOPt(gl, 92 Z Wopt ®Wopte(g )
aeO./d

Furthermore, W™ # 0 and Prs(W) € R*,

Proof. First, let us write the Kirillov functions for W°P':

Kopt(xhxl) = Z K(XhX) (D(c)lpt) ' K(_X2>X4) (D(ip;)-
GEOc/é

Since @ _,(x) = ®,(—x), we can use Equation 5.5 with a change of variables t — —t to get,

Py xa) =X (1) Y Ky x O - k(= X, ).
aceO: /b

Since x 1s unitary,

K(—X2>X_]> q)zpt) = ( X2y Xy q)opt) = Ke(XbX) q)a))

where k€(x,%2, @) is the Kirillov function associated to W¢(g, x, ®,) defined in Equation 5.3.

Thus,

Py x2) =X (1) Y Ky O - K (x2, X, D).
0600/5
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It follows that,

Prs(W™) =x(=1) > Pas(We™ @ Were).
acOc/bd

For the non-vanishing of W7” ‘. take x = N(57') in Equation 5.5 to obtain

70 =x(8) 8| e =x(s) 8l bvel((1 4 50)") £0.
(14+50.)1

The last part of the proposition follows from the previous two parts and Proposition 5.2. [l

Comparison of models

We study the general quadratic space V = (Ee, Q) as a linear space over E so that GSO(V) =
E*. Then W(x, 1) can also be constructed by S(V). More precisely, by Equation 5.5, the Kirillov

function associated with the theta series 0(g, x¢, @) for each ® € S(V(A)) is given by

<X, ) = nv(x)|x|ij O (ttoe)x(tot)dt,
El

where x = Q(toe).
Let V' = (Ee’, Q') be another quadratic space and let t : V/' — V be the isomorphism such

that t(e’) = e. Define *®@ := ® o L € S(V’). Then we have

K(x, X5, @) = |x|1J CO (ttor ' (e))x (ty 't 1) dt,
El

= ‘X‘%‘ttot_](e)‘_%K(QI(tQL_](e)),XC, L ®).
Write Q(1) := Q(e)/Q’(v"e) € F*. Then the above formula gives:
K6 X5 @) = [QU[Zx (xQ() !, X U ®). (5.6)

For example, if we compare the Whittaker functions defined by two opposite spaces V. =

(E, £N), we get two Whittaker functions W (g, X%, @) for ® € S(E). We use the identity map
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t: V, — V_ for the quadratic space, so Q(t) = —1. Then
W—(9>Xca ®) = W+(9€)XC) CD))

-1 0
where € =

0 1
Then from Definition 5.7, we can instead write

Wopt(g]) 92) = Z W+(91)X) q)zpt) -W_ (92>X_]) @‘ip:l). (57)
aeO. /b

As in Section 1.4, we call WP an optimal form due to the connection with optimal orders and
optimal embeddings (cf. Remark 1.4). We identify B = End¢(E) as usual and define an optimal

order O" = Endp, (O,). Let ®° be the characteristic function of O3
Lemma 5.9. We have the following identity in S(B) = S(V,) ® S(V_),
O = OF @ O

Proof. First, let us describe (’)Ept precisely. An element x 4+ yj € B is in Op if and only if

(X+Uj)(1) =x+YyEc Oc»

(x+yj)(@) =x@ +y@ € O..

These conditions mean that x +y € O, and x,y € O./(® — @). So we have that

.
O =0+ O ——L.

Let 5 = @ — @ be a generator of the different ideal of O.. Concretely, if E/F is a field extension,
then & is a generator of the different ideal multiplied by @°&). If E = F & F, then & equals (1, —1)

multiplied by @°(%.
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From the above description, it is clear that O, as a subset of B, is the disjoint union of the
product,

(Oc + a/8) x (Oc — a/d)j.

The lemma then follows. O]

6 Rankin-Selberg periods of optimal forms

6.1 A formula for the Rankin—Selberg zeta integral

Let E/F be a semisimple algebra of degree 2 and x be a character of E*. We have constructed
Whittaker models W(x*) for GL,(F)* via theta liftings on quadratic spaces V; = (E,N) and

V, = (E, —N). More precisely for functions ®; € S(V;), we obtained functions (cf. Equation 5.4),

W1(g) - W(Q)thhq)])

= |det g| 2 J

(g (to 't )X (totr)dty,
E

W;(e'g) = W(e'g, X2, V2, D3)

— |detg|"} J

1 T(g1) @t 't5 )X (tota)dty,
E

where ty € £, g; € SL,(F) such that g = d(N(to))gs, and €'g = d(—N(to))gs.

With the above, we compute the zeta integral from Equation 5.1 to obtain,

Z(s, W;,W,) = J Wi (g)Wa(e'g)f(g,s)dg
N(F)Z(F)\GL, (F)+

= J detg|'f(g,s)dg
N(F)Z(F)\GL,(F)*+

t

: J r(g)@(t" (8" + t;‘j))xC< )du dt,.
E!xE! t

2
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To simplify this integral, we set

D(x) = J r(k)®(x)dk,
SL>(OF)

where the volume form is taken to be one. Then the integral expression of Z(s, W;, W;) becomes,

_ PR oy cft
|det g 1f(g,s)dgj (g @ty (T +175))x <é> dt;dt,.

JN(F)Z(F)\GLZ(F)Jr/SLZ(OF) E'xE!

Using the Iwasawa decomposition,
GL,(F)* =N (F)Z(F)d(N(EX))SLz((’)F),

the first integral becomes, J"N(EX)|h]*1|h\*s|h\dh. Noting that T = E* xx EX C GO(V) and

setting o(t) = o(ty,t2) = x¢(t2/t1), we may rewrite the expression for Z(s, W;, W,) as
J VOP® (T +§)o(t)dt.
T
For the purposes of calculation, we can take a model of T,

EXxE' 5 T,

(t, t2) — (t1, tit2).

In summary, we have demonstrated the following expression for our Rankin—Selberg zeta integral.

Recall that & = %'~ can be viewed as the restriction x ' |E1 .
Proposition 6.1. Let W € W(x, 1) @ W(x ", ) and let ® € S(B). Then

Z(s,W)="7Z(s,D) := J

1t ]° J D (t (1 + t2§))&(t) dtadty.
EX EI
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Corollary 6.2. Let Q(§, &)) be the subfield of C generated by the values of & and ®. Then,
Prs(W) € Q(&®).

The remainder of Section 6 is a calculation of the zeta integral Z(s, W) for the optimal form
WePt defined by Equation 5.7. This is eventually used to prove Theorem 8. By Lemma 5.9, WP
is defined by an optimal function ®°" with respect to & which is the characteristic function of,

opt 1 _)
Oy =0+ 0, —,

where @ is the uniformizer of E. Note that @ = @°P' and that t; + t,j € Op if and only if

t € 671(9“

ty € =1+t 0..

Thus we have the following expression.

Proposition 6.3.

Z(s, W) = Z(s, @) = x(—nj

ty]°dt, J &(ty)dt,.
510,

(144,70 )1
Combining Propositions 6.3 and 5.8, we obtain the following rationality statement.

Corollary 6.4. Let Q(& + &£7') denote the ring generated by values of & + £7'. Then,
Prs(WP) € Q(&+&7").

Furthermore, if & is unitary, then,
Prs(WP) € Q(E+ &),
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We divide our remaining calculations of Z(s, W°P') and Prs(W°P) into three cases, when & is:

unramified; ramified and E/F is inert; ramified and E/F is split.

6.2 Unramified calculation

In this subsection, we calculate Prs(W°P') when & is unramified (i.e. as a character from E* to
C*, & can be factored as w o N). Recall that 1 = 7t(x). Denote the uniformizers of Or and Og by

@r and @¢ respectively.

Proposition 6.5. Assume that V/Q, is unramified if p = 2. If & is unramified, then,

,

(14 q*S)L(s,Ad(ﬂ)) if E/F is not ramified,

Z(s, W) = q;(g]jqq;s)) i E/F is ramified and p + 2,
q;(:(:;g:)' if E/F is ramified and p = 2.
In particular,

(1 + q_])L(LAd(ﬁ)) if E/F is not ramified,
Prs(W™) = Z(1, W) = % if E/F is ramified and p # 2,

a?(1+q7")
2(01—q 1)

if E/F is ramified and p = 2.

Proof. First, consider the case that E/F is inert. Then & = 1 and & is invertible. Let 1 be the

quadratic character associated to E/F. The integral reduces to

Z(s, O = J it = cs) = co)Lis,m).

Then L(s, Ad(m)) = L(s,m)%C(s), and

W(s, ®%) =1,
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(recall the definition of the normalized zeta integral in Equation 5.2).
Second, we assume that E/F is split: E = F@F. Use coordinates (1, 1) for t; and (v,v~") for
t,. After composition with a character w o N, we may assume that x = (u, 1) with g unramified.

In this case, & is still invertible. Thus we have,

Zs, @) = [u <1\u1u2|5J p(v)dvdu,du,
|U;\§1 w2 | << g |-
= Z g Y (@)
m,n>0 —m<t<n
Z:q ) (@) ™ — (@)™
1— (@) —

_ 1 ( 1 B H(®r) )
T p@))(0—q )\ T—pl@) g7 T—p@dq
_ 1+q°

(1 =q%) (1 = w(@r)q )1 — w(@r)'q)

= (1+q*)¢(s)L(s, wWL(s,u")

With our definition, L(s, Ad(7)) = ¢(s)L(s, w)L(s,u™"), so
Y(s, @) =1,
Finally, consider the case when E/F is ramified. Again, & = X|E1 = 1. Then we have that

Z(s, @) = Z q ™vol((1+ @:"Or)").

n>—ord(d)

We can compute the volume case-by-case. First, if n > 0, then vol((1 + @:"O)") = 1.

Second, if n = —1, then E' is the union of +(1 + @¢O¢ ). In this case,

N=

ifp #2,

ifp=2.

vol((T+@0r)') =

—
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Finally, we treat the case n < —1. If p = 2 (and F is unramified over Q, by assumption), then
ord(8) = 2. In this case, E' (mod @¢) is generated by 1 and 1+ @¢. Thus vol((1 + @20¢)") =
1/2.

Collecting the terms for all n, we have the following formula for Z(s, ®°"') when E/F is

ramified. If p # 2, then,

Z(s, @) = q Y g™

n>0
_ (0497
2(1—q7)

If p = 2, then,

Z(s,®°"t)—2q +q+Y g™

n>0
_ qZS(‘l +qfs)
2(1—q7) °

6.3 Ramified calculation: E/F inert

In this subsection, we calculate Prs(W°P') when & is ramified and E/F is inert.

Proposition 6.6. If & is ramified and € /F is inert with p # 2, then,
Z(s, @) = x(=1)(1 4+ q ") 2q*EE,

In particular,

Prs (W) = Z(1, ) — x(~1)(1+ ¢) 2.
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Proof. Recall that we have,
2(s,0") =x(-1) | Jul*| () dtdty.
510, (1+t,70c)

Here, ¢ = c(&) = @°¥ is the conductor of & with associated order O, = = Oy(r), Where @ is the
uniformizer of E and,

Ok = OF + a)kOFGZ.

We can write O = Or + Ore with €* € OF. Then § = 2o°We, so,
57100 =0_:= O_O(g)

Consider the t; € Og. Then the double integral in the expression for Z(s, ®°P') becomes,

Zqz“SJ J E(t)ddu=) q™vol(0F) > J O E(t)dn
n>0 T+ "u0)! n>0 weoX Jo¥ (T+@"uO.)
= vol (O q s J &(t2)dty
% (1+amor o)

Notice that OF O, = Og. Thus 14+ @ "OF O, = 1+ @ "Or D E', and the last integral vanishes.
So there is no contribution to Z(s, ®°?') from t € Ok.
Now consider the remaining contribution to Z(s, W) from t; ¢ Og. Then we can write

t; = @ teuwithu € O) for 1 <k < o(&). The remaining double integrals become

0(&)

Z(s, @) = g> j J £(t)dt 6.1)
k=1 uEOX (T+@*eud,)

= VOl Z qst J E,(tz)dtz.

(1+@ke0r O, )!
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To further compute the remaining integral, we use the decomposition

o(&)
O = O+ @° Y0 = @°P0g U | ] @90y

i=1

Then,
k o(&)
O]i( Oc = QO(E)OE U U @O(E’)_loix U U (DO(E’)_]OE
i=1 j=k+1
o(&)—k~1
=2’9*0 U | (@'0c— @ 0y).
i=0

For a set X, let 1x denote its characteristic function. We have,

o(&)—k—1 o(&)—k~—1
ﬂ(umkeogoc)] - 1(I+a)°(5]e(9k)‘ + Laiorricogr + Z Liyoricieo, )
i=0 =0
o(&) o(&)
= Z Titoicon + Z Litaieo, 1)
i=k j=k+1
In particular, the integral becomes,
o(&) o(&)
J E(ta)dt, = ZJ E(tr)dt— ) J £(t2)dt,.
(14+@ke0r 0. )] ik Y (1+@te0y ) T Y (@10 )!

Next, we apply the following lemma.

Lemma 6.7. For any integer i > 0,
(1+@'0)' = (1+2'e0;).

Proof of Lemma 6.7. This is trivial when i = 0. Assume thati > O andletx € (1+@'O¢)'. Then
we can write for «, 3 € OF,

x=1+d'a+ > Pe.
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Factor out 1 + @'« to obtain for y € O,

= (1+ 0l TR ERE (14 ot (114 alye),

for some y € Or. Now we take the norm Ng r of both sides, noting that 1 + @'o € F and the

conjugate of 1 + @'ye is 1 — @'ye,
1=(1+20'a+ % a?) (1 — @%y*e?).

Since 2 is invertible in O, x € @'Of. This shows that x € 1 + @'eO;. O

By Lemma 6.7, we may replace (1 + @'eOy)" and (1 + @eO, )" in the integrals by (1 +
@'O)" and (14+ @ O)". Since o(§&) is the order of &, we need only consider k > o(&) (thek < ¢

integral terms vanish) in the sum,

(&)
QZkSJ &(t2)dt,.
" (1+@ke0r O )

o

k=

For k = o(&), the integral is given by vol(1 + @°O¢)'. Consequently,
Z(s, ®) = x(—1)vol(OF) g*Fvol ((1 + @° ¥ O¢)").

To compute the volume of OF /O, we observe that OF and O both contain 1+ @°& Ok, factor

both the top and bottom, and then find the cardinality,

vol (07 /0F) = vol ((Oe/@°®)* /(Op /@) )

(qz . 1)q20(a)—z
(q—T1)qo!

— (1+q7") g,
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We find the volume of O} /(1 + @°®)O¢)" in a similar manner.

vol(OL/(1+ @°Ok)") = vol ((Og/@°#))
= VO]((OE/(DO(E)) X/<OF/@0(£)) ><)

=(1+q")q°%.
With our normalization such that vol(OF) = 1 and vol(O}) = 1, we have that,

Z(s,®) =x(—1)(1+q7") 2gPB,

6.4 Ramified calculation: E/F split

In this subsection, we calculate Pgrg(W°P') when & is ramified and E/F is split.

Proposition 6.8. If & is ramified and € /F is split with p # 2, then,

zquO(E)fs

Z(s, @) =x(-1)(1—q ") <m

n qu(a)(sn)
In particular,
Prs(WP) = Z(1,WP) = g(-1)(1—q ') >(1 —q ' +2q *).
Proof. Recall that we have,
2(s,0") =x(-1) | Jul*| E(t)dtydt.
510, (14770 )
We have O, = Of + @°E Oe, 5 = @°Fe, and,

570, = O0_. = O + @ °WeOy.
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Let us first consider the contribution to Z(s, @°"') from the integral over t; € Ok,

X(=1)vol(07) > q‘““*'”sj £(t2)dt,.

— (1@ ™o ™OFo.)

We can decompose O, as
o(&)-1
— EOr = °® k
O. = Op+ @90 =2°P0c U ] @0y, .

k=0

For a set X, let 1x denote its characteristic function. Then

o(&)—1
Loro, = Lavwo + ) lakox
k=0

o(&)—1
= ]la)o(g)OE + Z (]lkaE — ]l(miJrl‘@k)OE — ]l(mk@kH)OE + ]l(cokﬂ@kﬂ)OE)
k=0

o(&) o(&)—1
=lo, + ZZ loio, — Z (]l(a,j+1@j)@E + ]l(a,j@jﬂ)@E).
i=1 =0

In particular, the integral becomes,

o(&)
tlt)dt = | ()t +2Y

(@™ )0

&(t2)dty (6.2)

J(H(wm@n)og Oc)‘ J(@im@in)OE

i=1
o(£)—1
-2 (] it ¢
j=0 (@IF1-m @I—1)Op (@—m,@i+1-1)O

So we need to compute, for integers a and b,

a(tz)dtz) .

E

J E(t)dt.
(1+(@%,@°)0)!
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Lemma 6.9.

a(t)dt B q—max(a,b)(1 - q_1)—1 l'fmaX(a,b) > o(é))

J a b 1
(1+(@,@°)O¢) 0 otherwise.

Proof of Lemma 6.9. Using the coordinates (t,t'), the integral is then over t such that,

t=1+ @%,

t =1+,

for x,y € OF.

If max(a, b) < 0, then these conditions become,
@ <t < @

Hence the set of such t is stable under multiplication by Of. The integral vanishes in this case
since X is ramified.

If max(a, b) > 0, then the integral is given by,

vol(1 + @@ ) if max(a,b) > o(&),
J &(t)dt =
(1Hom(@) O )! 0 if 0 < max(a,b) <O0.
Evaluating the volume finishes the lemma. [

By Lemma 6.9, the terms of Equation 6.2 either individually vanish or cancel completely with

each other, unless either m = 0 and n > 0 or m > 0 and n = 0. In particular,

q @1 —-q ") ifmn=0andm+n >0,

J E(ty)dt, =
—m —~—N X 1
(1@ @ mOg Oc ) 0 otherwise.
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Then the sum over all such m and n is twice the geometric series in ¢~ ° from fixing m or n to be

Zero,

—S

Z q—(m-i-n)sj ﬁ(tz)dtz = 2] j = q—o(a] (] — q—1)—],

(1+(@ ™o ™MOFo.:)!

m,n>0
The remaining calculation in the t; € O case is vol(O} ), which was done in the inert case (cf.

proof of Proposition 6.6),

vol (OF /OX) = vol (O /@° ) * /(O /2°9) %)

(qz o 1)q20(£)—2
"~ (a-T)gol

=(1+q")q°.

Therefore the contribution from t; € O to Z(s, W) is,

X(—nvol(co; ) ) q‘““*““J £(ty)dt,
(&) S0 (1+ (@™ ™0F0)!
—20(&)—s

B Y

Now we consider the remaining contribution to Z(s, W°P') from t; ¢ Og. We use,

o(&)
O =°P0or U @0y,
k=1

to get,
o(&)

570, — Op = | J@ ™ e0y.
k=1

Then we have that the t; ¢ Og contribution to Z(s, W) is,

o(&)

£(ty)dtdt; = x(—1) 2syol (O J £(ty)dt,.
“10.—0¢ J(1+t]‘oc)‘ HERE X ;q ( ) (1+@ke0 O, )! e
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This is the same expression from Equation 6.1 that we calculated in the proof of Proposition 6.6,

o(&)
X(=1) ) q™vol(07) J E(t)dt, = x(—1)(1— q ") 2g2@

1 (1+@ke0r O, )"
Combining the contributions from t; € O and t; € 61O, — O, we have shown that,

zquO(E)fs

Z(s, @) =x(—1)(1—q7")? <m

n qzo(a)(sn)

7 Rankin-Selberg periods of newforms

In the following, we calculate the zeta integral and Rankin—Selberg period for newforms, and
in particular compare them with the zeta integrals and Rankin—Selberg period for optimal forms
from Section 6.

Note that in this section, q denotes the cardinality of the residue field IF; of the p-adic field F,
rather than the prime in the previous sections. Let ® = ©;® @, with @ and @, standard functions
for the characters x and x ' respectively (cf. Section 5.4). We again view the “antinorm” & = x'~¢

as the restriction of X! on E'. Recall from Proposition 6.1 that,

Z(s, D) :J

EX

|t1|SJ Ot (14 t2§))&(t2) dtadty,
E]

where,

O = J r(k)Ddk.
SL;(OF)

7.1 Unramified calculation

First, we assume that x is unramified. For the precise calculation, we do not treat the E/F

ramified case when p = 2.
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Proposition 7.1. Ifx is unramified, then Prs(W™V) € Q(& + &")*. Furthermore,

Z(s, W°P) if E/F is not ramified,
Z(s, W™") =
4(q+1)7"Z(s, W) if E/F is ramified and p # 2.
In particular,
Prs(W°P) if E/F is not ramified,
Prs (W) =

4(q + 1) "Prs(W°PY)  if E/F is ramified and p # 2.

Proof. With @©; as the characteristic function of Og (cf. Section 5.4), @ is the characteristic func-
tion of O™ := O + O¢j in the definite quaternion algebra B = E + Ej.

If E/F is unramified, then ® = ®°P" and the result follows from Proposition 6.5.

We assume that E/F is ramified. We start by computing @. Let de Or be the discriminant ideal

of E/F. We claim that @ is invariant under the subgroup

a b
Up(de) = € SL,(Or)

dEC d

Section 5, U, is in SL; instead of Notice that Uy(dg) is generated by B(Of) and wB(dg)w (recall
that w = (71 ! )). Thus it suffices to show that @ is invariant under B(Of) and w® is invariant
under N(degOf) (where N is the subgroup of upper triangular matrices with 1’s on the diagonal).
The B(Or)-invariance is clear, since @ is the characteristic function of the Og-module OF" =

Ok + O¢j. For the second invariance, notice that w® = @ = (T)] ® 0 >. Then we need to calculate

the Fourier transform for the characteristic function @; of O with the character g =1 o Trg r,

D(x) =J Pe(xy)dy.

Oe

For a fixed x, this is an integration of the character on E over a lattice. So @ is the characteristic
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function of the dual lattice (OF")" of O¥, multiplied by vol(O%"). Let 8¢ be the different
ideal of O, then we have that (O5%)Y = SE)F(’)gew). To compute the volume, we use the general

formula for a lattice A in B,
1 = vol(A)vol(AY) = vol(A)vol(A) [AY : Al.

Therefore,

vol(OF™) = [(OF™) : OF™] 72 = [Sesele = | delr.

Thus we have shown that,

@ - |dE|671 Og*

E/F

It follows that O is invariant under N (de Or). Hence @ is invariant under Uy (dg).

Using the Bruhat decomposition with @ the uniformizer of E,
SL;(Or) = WN(@Or/de)wUo(de) U N(Or/de )wlo(de),
we compute,
D = J r(k)Odk
SL2(OF)

— (jde/@ +1del )W Y n®®+ Y n(b)d

be@Of/de beOr/de

From this description of @, we see that 2 beor/de n(b)dA) is supported on &;' (O + Okj) with

value

|de| Z Y (b(Nesr(x) — Nesr(y))),

bEOF/dE

for x+yj € 8¢' (Or+O¢j). This integral defines the characteristic function of N¢ r(x) —Ng ¢ (y) €
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Of. Thus @ is the characteristic function of a subset of B of elements with the form

5 (x +vj),

forx,y € Op with Ngr(x)—Ner(y) € deOr. By Corollary 6.2, we have that Prs(W™Y) € Q(&).
To see that it does not vanish, use projection to the space of newforms by integration over U; (®¢),
where o is the order of 7t(x).

For the precise calculation of O with E /F ramified, we have p # 2 by assumption. Then dg is
a prime in Or. For x,y € O with Ngr(x) —Ng/r(y) € deOr, we have x = +y (mod @¢g). Then

we have that ) €Op /@ n(b)a) is the characteristic function of the union of the two sets,

(T£j)

E

Oét = OE+OEj +

Ok.

These are two maximal orders of B with intersection O = Of + Ogj. Let ®* denote the

characteristic function of Ox. Recall that ® is the characteristic function of Q3. Then,

> nb)d=0"+0 —0.

beOr /@

This shows that,

D= (q+1) (O + D).

Now the result follows from Proposition 6.5 for the two optimal functions @, with the factors

of 2 arising from Proposition 5.6 [

7.2 Ramified calculation: E/F inert

Next, we assume that x is ramified and E/F is inert.
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Proposition 7.2. Ifx is ramified and € /F is inert, then,

1 if &2 is unramified
Prs(W™™) = Z(1,0) =

L if & is ramified.

q+1

Proof. Let o(x) be the order of x, namely, the minimal integer such that x is non-trivial on 1 +
@°MWO¢. Let c(x) := @°X be the conductor of x. Again, the strategy to evaluate Z(1, @) is to
use Proposition 6.1 and a description of ) (also using a description of &)).

Since E/F is inert, the @; are the restrictions of X' and X on O} respectively (cf. Section 5.4).
Then @ is invariant under B(O¢). Thus it is invariant under some Uy (@) for some k, which we

call the level of ®@. To determine such k, let us compute D = &)1 ® dA)z.

Dy (x) = L X (wWpe (xu)du,

£
Daly) = | xhbel-yvdv,
og
where the measure is additive so that vol(Og) = 1 and Pg = P o Trgsr. These are Gaussian

integrals, and their values are essentially given by e-factors defined as follows,

e(x, ) := Jox X (@M u) e (@ °Yu) du. (7.1)

Lemma 7.3. Let x : EX — C* be a multiplicative character of order o(x) > 0, and let \g :

E — C* be an additive character of order 0. Then we have the following two identities,
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Proof of Lemma 7.3. Tt is easy to see that x(u) does not change if we replace u by u + v with

v € ¢(x)O¢. Thus it has a factor,

J P (vx)dv.
c(x)Ok

It follows that the integral [, x(u)g(xu)du # 0 only if x € a)EO(X) Ok. Furthermore if x €
E
@' X O, then (xu) does not change if we replace 1 by u(1 + @>* ' Of) Thus, the integral

has a factor
J x(v)dv = 0.
1+®2(X)71(9F

It follows that the the function [ ,. x(u)e(xu)du is supported on @EO(X)OEX, with value x ' (x)e(x, V).
E
This proves the first identity.

For the second identity, we need to calculate the product of €(x, ) and e(x~',1p~"),

u

o blelx b = j(ox)z X (2 ) (@ —v) ) auav

_ J(@x . X (W) (@ (w — 1)v) dvdw,

where we wrote u = vw with w € Of in the last step. The integration over v is given by,

l

with,

P (@EO(X) (w—1 )v) dv = J

O

P <®E°(X] (w—1 )v) dv — J

g O

P (@EO(X) (w—1 )v) dv,

X
E

)

1 ifw—1¢c ™o,

J P <CDEO(X) (w— 1)\)) dv = - ,
O

0 otherwise,
\
)
—|@e| ifw—1¢€ @E(XHOE,

LEOE P <@E°(X) (w—1 )v) dv =

0 otherwise,
\
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Then the full double integral is,

el )l b ) = J x(w)dw +J x(w)dw
1422 o 1+ o
= v01<1 + (DE(X)OE> +0

= ’(D(E)(X) EVOI(OE)

| )

_ o(x)
_ )@E

where we used that dw is the additive measure on E.

By Lemma 7.3, we have the following,

wd = @
- €(X>¢)€(X71 ) ll)i] ) (X ® X71) |Q*0(X)(Oé+oé)’)

= q—20 (X X )} (X)(OE<+OE<).).

It follows that @ is invariant under Uy(@?°™). So we can take k = 20(x).

Now we calculate © using the Bruhat decomposition,
SL>(OF) = wN(Or/@")wlo (@) U N(@0r/@*)wll (@),

S0,

Ox)=(q"+q~") " [w D WO+ Y

be@OF /@ beOr/@k
The two sums are respectively equal to,
Y 0ty = Y (b N(y))) @ (x + yj).-
beOr/@k beOr /@
> rb)dx+yi) = Y W(bINKX)—N(y))O(x + yj).
beOr/@k be@ O/ @k
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These sums are non-zero only if N(x)—N(y) € Or and N(x)—N(y) € @ 'O, respectively. Write
x = @ *?uandy = @ *?v withu,v € OF. Then these conditions are that N(uv~') € T+@*O¢

and N(uv™') € 1 + @Oy, respectively. So,

®=q g+ 17" (wixex )|, +a(x@xy,)),
where for integers 1 € {0, 1},
Q= {(u,v) €@ 3 (OF x 0F) ‘N(%) el+ @“‘iOF}.

To further describe &), we need to calculate w(yx ® x ') ‘ Q"
Lemma 7.4. Define the function ®,, supported on @ ™(OfF x OF),

ot =0 (L) (8(2)

X X

where fy, is a function on OF defined by,

fo(x) = | (Op/ (@) | Z w(x).
w: (OF/((G)')‘*L))XHCX
o(xw)=3+n

Then,

wx@x )|y, =) Pn.

Proof of Lemma 7.4. If we change variables (u,v) — (@ %2u, @ */?v), then Q; is replaced by
the following subgroup of (OF)?,
(Og>2 — (OF/@kf1 ) X

G := Ker

(u,v) — N(E)
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With the aforementioned change of variables for (u,v) € Q; to G,

W(X®X_1) ‘Q] (x,y) = J x(%)tbp_(xu—yv)dudv

O

— g% L X(%)ﬂ) (cb_%xu — @_%yv> dudv.

Notice that the characteristic function of G in (Of )? is given by

O/@ ) Y w(N()):
Then we obtain,

w(x @x )|, (%) =a*|(O/ (@ 1)) [

Z J(OX

w: (O /(@K 1)) x —=CX E)z

Xw (%)1]) <G>_§xu — ®_§yv) dudv.

The last integral is the product of two integrals over xw and (xw)~'. It is non-vanishing only if

ord(x) = ord(y) = k/2 — o(xw), in which case, it is given by,

) (@5%) - el ) o0 F) - fxel ) = 4 # v (2),

So W(X ® )(1) ]Q] (x,y) # 0 only if ord(x) = ord(y) = —n' for some n’. In this case, it is given

by,
wixex o, v =@ |O/@ )T Y a (Y
=a- "X () (N(T))
= ®d,/(x,y).

We can conclude the lemma claim for general (x,y) by the vanishing of ®,, in the other cases. [
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By Lemma 7.4
®=q*q+1)" (Z D, + q(x ®x" |QO)>.

We apply this to the equality from Proposition 6.1,

|t1|3dt1J Ot (1 + ))& (t2) dta

E!

Z(s, D) :J

EX

By Lemma 7.4, we only need to look at @, and (x ® x ') { 0y’

1t
5, J | x(f)x—‘ () (1)dts

Z(s,®,) = ¢ J
E

—nmXx
@ "O¢

1 o
2(oxerla) =,
gk if &2 =1,
0 otherwise.

In summary, we have shown that,

Zn fn(])qzn(S—U + q1+k(s—1) if E,z _ 1’
> fa(1)gPsh otherwise.

Since ) fn(1) =1, sets =1 to obtain,

1 ifer=1,

o ifE2 £,
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7.3 Fully ramified calculation: E/F split

Next, we assume that x is ramified and E/F = F & F is split. In particular, we can write
X = (x1,X2). There are two cases: either both x; and x; are ramified, or exactly one of them is

ramified. Here, we consider the “fully ramified” case that both x; are ramified.

Proposition 7.5. If x = (x1,X2) with X1 and X, ramified and £ = F @& F, then,

1 if £ is unramified,
Prs(W'™) = Z(1,0) =

ﬁ if &2 is ramified.

Proof. Let 01,0, be the orders of X7 and X, respectively. Take @, to be X' restricted to OF, and
O = @, ® O,1. Then @ is supported on

OF x OF + (0F x OF)j,

with value

X1 X2

O ((x1,%2) + (Y1, 42)j) = x (‘-ﬂ)xz(%).

Again, this is invariant under B(QOf). To find its level, we compute the Fourier transform of ®:

~ Y v
D(x1,%2,Y1,Y2) = J X1 (—])xz (—z)d)(qu + wx2 — vy — voyz)duyduydvydv;.
(o) w7\

This is the product of four Gaussian integrals. So we apply Lemma 7.3. D is supported on
Q= 20 x @ 20! + (@ O x @ °20¢)j,

with value

O ((x1,%2) + (Y1, y2)j) = x1 (ﬁ>X2 (E> q
Y1 Y2

This description shows that @ is invariant under N (@*Of) for k = 07 + 0,. Thus we have shown
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that @ is invariant under Uy(@").

Next, we calculate @ = ISLZ( ) r(k)®. We again use the Bruhat decomposition,
SLz(OF) = wN (@OF/@k)WuQ(@k) U N (OF/@k)WuO (@k) .

It follows that,

(AIV):(qkq—i-qk)f1 w Z r(n(b))a)—lr Z r(n(b))&)

beoOr/@k beOr /@

As before, the two sums can be rewritten so that

® =g q+ 17" (wxex")|o, +ax®x "), )

where for integers 1 € {0, 1},

, UV .
Qi = {(uh\)]) + (uz,v2)j € Q']—1 €l+@" l(')F}-
L15A%)

To further describe &), we need to calculate w(x; ® XT] Ja

7.

Lemma 7.6. Define the function @, ,, supported on (@ ™OF x @ "OF)* by,

q)m,n(x» y) = qkiminx1 (%)XZ (li_j) fm,n (zlzj)»

where fy, is a function on Of defined by

fn (x) := [ (Op/@) | Z w(x).
w: (Op/@* 1) ¥~
ord(x; w)=m+o0;
ord(x2w)=n+o;
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Then,

wix©x g, =) Pmn-
Proof of Lemma 7.6. From the definition, w(x ® X ') } o, is given by,

W u;

X1 (-)Xz <v—)1|)(u1x1 + wyxa — viyr — voyz)duyduydvy dv,.
1

wx@x)|g, (% Y) =J o :

Q

If we change variables,
—0 —0 —0 —0
(LL],Uz,V],Vz) ? ((D "W, @ Uy, @ vy, @ ZVZ))

then Q; is replaced by the following subgroup of OF,

(Oé)4 SN (OF/wkfl)X
G := Ker
wuy

(W, upy Vi, V) —

Viva

With the aforementioned change of variables for (u;, u, vi,v;) € Q; to G,

u u
wxex) ‘m (x,y) = CIZkJ X (v—:>X2 (V—22>1|)(0€)du1 du,dv;dv,,
G

where,

o= "X + @ 2uwx; — @ vy — @ Pways.

Notice that the characteristic function of G for (u, 1, v, v, € (OF)* is given by,

5 ofa)

w: (Op/@*—1)X CX
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Thus,

wix @x |, (% y) =g (Or/@ )|

Wy w
Z J(OX)“ wxi (E) wx2 (v_2>ll)(a)du,] duzd\}]d\)z.

w: (O /@k-T)xex Y FF

Now we apply Lemma 7.3 to obtain that the integral is non-vanishing only if

ord(x;) = ord(y;) = 01 — o(xw),

ord(x;) = ord(y;) = 0; — o(x2w),
in which case, it is given by (cf. Equation 7.1 for the e-factor),

wx (%) wx: CJT;) elwxn, b)e(wxa, We((wxr) ™y e((wxa) ™y )
—x (1£>X2 (2) w <y1yz) q—O(xw)—O(sz).
X1 X2 X1X2
Thus w(x ® x ") ‘Q] (x,y) # O only if there is some (m’,n’) such that

ord(x;) = ord(y;) = —m’/,

ord(y;) = ord(y,) = —m’,
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in which case, it is given by,

W@ X, (6 y) =] (0/@") 1|

Z X? (ﬁ))ﬁ] (ﬁ) w (—X]Xz ) qfkfm’—n’
w: (O /@1 )X 5Cx B Y2 Y1y2

ord(x7w)=m’'+07
ord(x2w)=n’+o0;

= qkimlin/)ﬁ (E)XZ (2) fm’,n’ (yﬂjz)
X1 X2 X1X2

= ‘Dm',n'(X,U)-

We can conclude the lemma claim for general (x,y) by the vanishing of ®.,,, in the other cases.

O

By Lemma 7.6,

®=q*(q+1)" (Z P +d(x©X ) ‘Qo)

m,n

We apply this to the equality from Proposition 6.1,

Z(s, D) :J

1t ° J O (t(1 4 t2)))&(t2)dtadt;.
EX E]

By Lemma 7.4, we only need to look at @, ,, and (x ® x ) } 0’

t

Z(s, ) = qk—m—“J wj a(—) E()f (1) dbadt,
@ MO x@ "Of ol \tt:

— fm,n” )q(m+n)(s—1)+k,

t
z(s, (x@x“)\g):J |t1|SJ £ - el dndy
0 @ °10F x@ °20F ol tit
A ifey =1,
0 otherwise.
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In summary, we have shown that,

Zm,n fm,n(] )q(m+n)(5—1] + q1+k(sf1) if 52

O¢

or # 1

(q+1)2(s,®) =
5 o Fra (1) 6= if €2

Since 3 fmn(1) =1, sets =1 to obtain,

1 if &7 is ramified,
Z(1,0) =

q% if &2 is unramified.

7.4  Semi-ramified calculation: E/F split

We finish Section 7 with the last remaining case. Assume again that x = (x1,Xx2) is ramified,
E/F = F @ F is split. In particular, consider the “semi-ramified” case wherein exactly one of x;

and x; is ramified. Without loss of generality, we assume that x; is ramified and x; is unramified.

Proposition 7.7. If x = (X1, x2) with X1 ramified and X, unramified and E = F & F, then,

" q{—] if &% is unramified,
Pas (W) = 2(1,@) =

q—?i—] if &2 is ramified.
Proof. We take @, to be the restriction of x]’] ® 1 on OF x Of and take,

D=0, 0D, 1.

It is clear that @ is invariant under B(Of). To get the level k of @, we need to calculate the Fourier

transform of @, which is given by (T)X ® (T)Xq. A standard calculation using Lemma 7.3 shows
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that,
N — -1
o = q o(x) <X1‘@*°<X1]O§ X ILOF X X3 @10 X ]1(9F>.

This shows that ®@ has level k = o(x;1).

We again use the Bruhat decomposition,
SL(OF) = wN(@Of/@")wly (@) U N(Or/@")wly(@").

It follows that,

O=(q"+q"") " [w Z n(b)wd + Z n(b)wo |.

be@Or/ @k beOr/@*

As before,

=g 1+ )" (wxa @], + a1 9% |,,),

where for integers i € {0, 1},

Qi = {(u1,v1,u2,vz) < ((D_kOFX X OF)Z }uﬂiz — ViV € @_iOF},

Note that,

-1 X1
X1 @7 (W, uz,vi,vy) =X (y—)
1

To further describe &), we need to calculate w(x; ® Xf] )ay -
Lemma 7.8. Define the function ®; supported on (OF x @ "OF)?,

(Dm,n(X,y) =X (}i_:) qkfmfn_[;m‘n <y1yz> :

X1X2
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where fr, s a function on OF defined by,

fn(x) == |<OF/(Dk_1_m)X ‘_1 Z w(x).

w:(Op /@k—T=m )X 5
o(w)=—m-+n

Then,
k=1 k1

wixi ©x)|g, =D D Pmn-

m=0n=m

Proof of Lemma 7.8. From the definition, w(x; ® Xﬂ )a, is given by,

u
W(X] ®X]*1) |Q1 (X,y) = J X1 (—v: >1|)(LL]X1 + UyX2 — V1Y —szz)dU1 duzd\/'] d\)z.
7

Q

We substitute variables:

Uy Vi
(W, U, v, v2) = Soln ooV )

Then Q) changes to a subset D of (Of X O3,
D == {(w,v1,us,v2) € (OF x Op)* [wi, —viv; € @O}

Then,

u
w(x1 @x:")] o, (s %2, Y1 y2) = qZkJ X1 (v—:)tb(oco)dm du,dv dv,,
D

where

k

o= WXy + @juzxz — CD_kv1y1 — @jvzyz.

We further decompose D into a disjoint union of D, for m € {0,...,k— 1}, with Dy,
defined by the condition (u;,v;) € @ 'O x @ 'O, and D,, with m € [0,k — 2] defined by
the condition (u,,v;) € @™(OF x OF).

For the region Dy_;, the variables u;, vy are completely free in Of :

Dy, = OFX X @k_10}? X Og X @k_]OF.
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The integral in the Dy_;-component @y_1(x,y) of w (Xl ® xﬁ) ‘ 0, is therefore the product of four

integrals, two of them Gaussian and two of them simple integrals of \’s,

X1 (w ) (@ wyxg ) duy,
JDy—1
.

P (uxxy)duy,
JDy—

[ 1 1
1\ P dV]
JDy X (\”)Il)(a)kvﬂzh) ’
[ 1
W (_> dv,.
JD Vays

Apply Lemma 7.3 to obtain that the integral over Dy_; is non-vanishing only if

(X1,%2,Y1,Y2) € OF x @' O x OF x @' O,
in which case the four integral values are respectively given by (cf. Equation 7.1 for the e-factor),

e(xn, W)xi ' (@ 1),

1—k

q
G(X?] ) 11)71 )X1 (wik}ﬁ )>

1—k

q

Thus the full integral in the m = k — 1 case is given by,

W

Oy (x,y) = CIZkJ X1 <—)1b(0<o)du1 dwydvidv, = g% (2)
Dy

V1 X1
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Consequently,

4> (?;’) if (x1,%2,Y1,Y2) € (OF x @'7*0F)?,
q)k—1 (X>U) =

0 otherwise.

Now we consider the D,,-component @, (x,y) with m € {0, ...,k — 2}. With the change of
variables,

(uth)thZ) — (u],uzwm,v1,\)2@m),
D, is changed to the following subgroup of (O)*,

Gm = {(ul)uZ)VhVZ) € (OFX)4 w

cl+ @k]m(/)]:}.
ViV

Then,

D (x,y) 3:q2k‘[ X1 (;ﬂ)ﬂ)(ixo)du] duzdvidvy

m 1

:qZk—Zm J X1 (ﬂ) P (ot )duyduydvyidv;.

V1

Again, notice that the characteristic function of G;j is given by,

@y Y w(E)

w: (O /@k—1-m)x _5CX

Then we obtain,

Do (x,y) = g% | (Op/@* ™) |

U Uy
Z J(OX)4 wXxi (W)w(v_z)w((xm)dul du,dv;dv,.

w: (O /@k—1-m)x 4CX F

The above integral is the product of four Gaussian integrals. Applying Lemma 7.3, we have that it
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is non-zero only when,

ord(x;) = ord(y;) =0

ord(x;) = ord(y,) = —m — o(w),
in which case, their respective values are,

e(wxr, ¥) - (wx) (@ ¥ x),
e(w, ) w (@ ™x2),
e((wx1) ™) - (wx1) (@ *y1),

e(w ™, p7) - w(@ ™y,).

Their product is given by,
q—k—o(w)X1 (E) w <y1y2) )
X1 X1X2
Thus, g% Jp.. # Oonlyif (x,y) € (OF x @ "O)?* for some n’ € {m,...,k— 1}, in which

case, it is given by,

1 X1\ _ok—2n’ k—T—m) x |1 —ktm—n’ X1X2
fadl O A2
X2 ( )q |(Or /@ 7™) | > q w(wz)

Y w: (Op @k 1=m) X 5%
o(w)=n'—m

=X (ﬁ) qkfmfn/fm’n (y1yz)
Y1 X1X2

= q)m,n/-

By the non-vanishing of ®,, , for n # n’, we have that,

k—1

D= Opy.

=
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In particular,

k=1 k-1
(X] ®X] ‘Q] Zq) ZZ(Dmn
m=0n=m
]
By Lemma 7.8,
N k—1 k-1
®=q " (q+1)" < O +q(X ®x1){ﬂo>.
m=0n=m

We apply this to the equality from Proposition 6.1,
Z(s, D) = J |t |SJ D(ty, trty) £ (ty)dtadt.
EX E!

By Lemma 7.8, we only need to look at @, and q(X; ®X1)|QO Form € {1,...,k—1}

(using the special calculation for m = k — 1), the @, , terms are as follows,

Z(S) (Dm,n) = qnsqkiminfm,n(”

— qkfern(sf] )fm,n(] ))

Z(s, Dy 1y1) = 2qu

n>1-k
B q2—k+(k—1)s
T—q °

To calculate Z(s, q(x; '®xi |Q ), notice that (t;,t;t;) € Qo fort; € EX and t, € E' if and only

ift; € @ *OF x Of and t, € O}. Then we can write,

Z(s q(xy ®X1)}Q ) = qJ |t1|SL9 £(t,)%dtdty.

—kMX 1
@ *Of XOF E

The first integral equals ¢**(1 — q~*)~". The second integral equals [ ,. x;*(t)dt, which is non-
F
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vanishing only if x} is unramified, in which case its value is 1. Thus we have,

ks |1 ifxg] . =1,
_ q Tlox
Z<S)q(X]] ®X])|Qo> = 1_ q-
0 otherwise.
In summary, we have shown that,
(k=1)(s—2) T+k(s—1) .
s +Zm q_mzn mCI mn(”‘i‘QT le% « =1
(q+1Z(s,0) =4 ' ° ’ " or 7
(k=1)(s-2) )
gﬁ"{_Zm 0d mZn mq mn“) le%OFX%L
Since ) fmn(1) =1, sets =1 to obtain,
,—i—Zm q ™+ = ifxd] =1
(q+Dz(,@) =" T ma o
1— q*‘_l_Zm Oq lfx%og%‘l
p
(1— q_‘ )~ if X% is unramified,
q'(1—q?)" ifxj is ramified,
\
(
qu if &2 is unramified
A if €2 s ramified.
\
O

Remark 7.9. The proof of Proposition 7.7, uses the fact that the sum of f,, (1) is 1. A more exact

formula for each f,, ,,(1) can be computed as follows,

fnn(1) = | (Op/@* 1) % | (‘ (or/@m ™) ' — |(Or/@™ ™) y)
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By direct evaluation,
q'(q—1) ifj>0,
[(Or/@")*[ = {1 if j =0,

0 ifj < 0,

so it follows that form € {1,..., k —2}and n > m,

q"*(g—1) ifn>m+1,
fn(1) = ¢ =2kt —m 4 1,

ifn=m.

8 Comparison of Rankin-Selberg periods of optimal forms and newforms

We obtain the main results of Part II by combining Corollary 6.4 and Propositions 6.5, 6.6, 6.8,
7.1,7.2,7.5,7.7.

Note that in this section, ¢ denotes the cardinality of the residue field IF; of the p-adic field F,
rather than the prime in the previous sections. Recall that & := x'~¢ can be viewed as the restriction
of )(1 on E'. In general, @ refers to the uniformizer @g of O¢. In the splitcase E = F & F, @
and @, refers to the uniformizers of each component. Our first result is the following rationality

statement.

Theorem 8.1. Let F be a p-adic field, €/F be a quadratic semisimple algebra, X be a character

of B%, and & be the “antinorm” x' . Let Q(& + &) be the subfield of C generated by values of
£+ &1 Then,

1. Prs(W™¥) € Q(&+ &71)* and Prs(W) € Q(E 4 &7');
2. if & is unitary, then Prs(W) € Q(& + &71)>.

For the following theorem , we also need to expand the factor from Proposition 6.5 when ¢ is
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unramified,

Prs(WP) = (1+q")L(1,Ad(n))

_q+1
= L),
In particular, if E/F is inert, then
: q*(q+1)
Prs (WP = —
V) = g el@)(a— &@)
q
RCES

Theorem 8.2. Let T be a p-adic field with residue field I, € /F be a quadratic semisimple algebra,

X be a character of EX, and &, be the “antinorm” x'~¢. Assume the following conditions,
(a) if p = 2, then both E/F and X are unramified,

(b) if €/F is ramified, then x is unramified.

Then the ratio [Prs(W"V) : Prs(W°)] is given as follows.

1. IfE/F is ramified, then,

4
Prs (W) 1 Prg(WP)] = ——.
Prs(W'™) £ Prs (W) = 25
2. If £/F is inert, then,
1 if X is unramified,
- - (q;;]z if X is ramified and & is unramified,
[Prs(W™™) : Prs (W] = .
% if & is ramified and &? is unramified,

W if &% is ramified.
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3. If E = F & Fis split, then for x = (x1,X2),

1 if X is unramified,

(q—1J(q—(iq(f;))‘i(zq—&(a’m if x is ramified and & is unramified,
_ — o(&)— . . . . . .

) if & is ramified, if &% is unramified

qZolEe+1 _q20(8112

and exactly one of the X; is ramified,

[Prs (W™™) : Prs(WP)] = ¢ x(-1)(q—1)°g20072 if &2 is unramified,

q2o(&)+1_q2o(&) 42

and both x; are ramified,

X(=1)(g—1)2g*° (&) g2 ;
(q+1)(q20(£)+1,q20(£)+2) lev s ramlfied

and exactly one of the X; is ramified,

x(=1)(g—1)*g?0()2

| @ a2 T2 if £2,X1, and X, are all ramified.
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Part III. Arithmetic theory: Harris—Venkatesh vs. Rankin—Selberg

In Part III, we compare the Harris—Venkatesh period Pyy and the Rankin—Selberg period Pgs.
In particular, we prove a multiplicity-one theorem after reduction modulo €' in order to compare

the ratios,

[PHV (Cf()pt) . Pﬂv(fnew)]) [’PRS (Cfopt) . PRS (fneW)])

of periods from the Harris—Venkatesh and Rankin—Selberg periods.
We then deduce Theorems 5 and 8. At the end of Part III, we look at how generalizations of

these results apply to locally dihedral forms.

9 Liftings of pairings

Let F be a p-adic field, q be the cardinality of the residue field of F, A C C be a principal
ideal domain such that p is invertible, G = GL;(F), and 7t be an infinite dimensional irreducible
representation of G over C.

We say that 7t has an A-model ta C Ttif 715 is an A-module such that 7ty ®4 C o, Ta 1S
G-stable, and 74 is free of finite type for every compact open subgroup H < G (cf. [Vig89]).

Recall that 7t has a subspace ™" of new forms of dimension 1 over C, defined as the subset of

vectors fixed by the subgroup

k%
Uy (@%) =<y € GLy(OF) |y = (mod @)
01
If 7t5 is an A-model of 7, then T := o N7T"Y is an A-module of finite type such that i @A C =

7", Thus it is free of rank 1. In this section, we study the pairings of A-models and their

reductions when these models are generated by new vectors. First, we construct some pairings.
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Proposition 9.1. Let 711, 71, be two infinite-dimensional irreducible representations of GL;(F) that

are dual to each other in the sense that
Hom(C[GLZ(F)] (7'(1 & T3, (C) 7& 0.

Let 71 o, T A be A-models of T, T, respectively such that both 1 o are generated by newforms
new new

VIxs Vo'a- There is a unique element Py € HomagL, (r) (71,4 ® T2, A, A) such that Po(ViTy, vix) =

q—1T.

The main tool that we use to prove this proposition is the Haar measure on Uy(@°), where o is

the order of x; (recall that they are dual to each other)
Lemma 9.2. There is a Haar measure dh on Uy (@°) with values in Z[1/q] and total volume q—1.

Proof. Let H be the maximal pro-p subgroup of Uy(@°). Then H has the form

H=<veUW(@°)|y= (mod @)

Thus there is Haar measure valued in Z[1/q] such that for any open sugroup I of H, vol(I) =

|[H/1|~". Then the total mass of G is |G/H| = q — 1. O

Proof of Proposition 9.1. As my,m, are dual to each other, there is a non-trivial pairing P €
Homggr, (711 ® 13, C). We want to study the value of this pairing on 7. It suffices to con-

new

sider the value P (g;vi®, g,v5™") # 0 for each pair g1, g» € GL;(F). By invariance under GL;(F),

we have that

P(Q]V?ew, gzvgeW) — P(v?ew) 91—1 gzvgew) .
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Integrating over Uy(@*) and using Lemma 9.2,

(q—=DPWIR, 91" 92v5R) = J P (i, hgy'gvi™) dh
Up (@°)
=P (v?ew, J hg;" gzvgewdh) .
Up(@°)

The last integral defines an element in 7t;", so it can be written as AV5*" for some A € A. Thus,
(q = D)P(giVin, gavaa ) = AP (Vi vi™).

It follows that P (V{®¥, v5*") #£ 0. Then define P, by

q—1

PO = P(v?ew’vrzlew) )

SO
Po(givita, gavia) = A € A.
Uniqueness comes from the definition of 7. [
The main result of this section is the following multiplicity-one type statement.

Proposition 9.3. Let 711, 71, be two infinite-dimensional irreducible representations of GL;(F) that

are dual to each other in the sense that
Homcgr, (7 (1 ® T, C) # 0.

Let 111 o, Ty A be A-models of T, T, respectively such that T A are respectively generated by new-

forms ViV, ViV, let A — B be a surjective homomorphism of rings, and denote T g := 1 ®a B,
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= V™ ® 1. Then the cokernel of the homomorphism,

Homagr, () (71,4 ® 1,4, A) — Homggr, (7 (11,8 ® 728, B),

P—P®B
is annihilated by (q — 1)2. More precisely, for any Py € HomggL, (7)) (7118 @ 72,8, B), we have
(=1 Pg=(q—1) - Ps(ViF,v5%) - Po @ B,

where Py is defined in Proposition 9.1.
We first need the following vanishing lemma.

Lemma 9.4. Let P € HomB[GLz(F)] (’7'[1,]3 X T B, B) such that
PiE,vig) =0.

Then (q—1)P = 0.

Proof of Lemma 9.4. By the same argument as in the proof of Lemma 9.2, we have for any g;, g, €

GL,(F),

(= 1POE o o) =P (Wi | harantan).
Us (@F)

The last integral is the image of fu1 (@) hg; ' g2vi¥dh = Avi®Y. Thus,

(@ = DP(E, 97 92V3%) = AP (Vi) vig) = 0.

Proof of Proposition 9.3. Let a € A be alift of b := Pg(ViF, vi%') € B. Then

Q:=(q—1)Pg — aPy ® B € Homggp, 1) (1,8 ® M8, B),
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vanishes at (Vi ® v;%'). By Lemma 9.4, (¢ —1)Q =0. ]

10 Proof of Theorem 8

We need to compare the values of the two pairs:

S, (f*(z, pz)), Sy (Trn (fy(2) 1 (p2))).

We may write both sides in terms of the Harris—Venkatesh period from Equation 2.18 on the space

of cusp forms of weight 1:
Pav : H(Xgr, @(—Cx)) ® H*(Xgr, w(—Cx)) — R,

where L is the set of primes dividing N, the level of the form f,. Thus we need to compare the
following periods:

Puv ( CfOpt) y Prv (f%)

where c is a constant such that cf" has an integral g-expansion, and ™% = f, ® f, 1.
Let 7t(x)s denote the subspace of H(Xs, w(—Cy)) generated by f, over Z[1/N,x]. Then have

a decomposition of 7t()s into representations of GL,(Qs) =] | aIN GL,(Qq):

n(x)s = ® 7T(Xq )z /N -

qIN

Then over C, taking Whittaker functions, we have

mX)ze — R Wike be)-

qiN

By Proposition 9.1, there is a pairing

Po:m(x)s @m(x )y —Z [%,X}
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such that

Po(fy@ 1) =] J(a—1).

qiN

By the multiplicity of the pairings, we have

Hq\N(q - 1)

P —
’ Prs (fx ® fx*‘)

Prs

By Proposition 9.3, Prs and Pyy are related as follows. We have the following relation between

PRS and PHV .

[Tta—=1* Pav=]J(a = DPuv(fy @£ 1) - Po

qiN qIN
— Hq\N(q B 1) t
= ql |Nl (q — 1)7)HV (fX ® fX—1) ('PRS (fX 2 qu) : PR5> (mod ¢ )

In particular, this implies the equality of ratios,

[Perv () : Pray (V)] = [Prs (cf) : Prs (™).

By Theorem 8.1, [Prs(fP!) : Pgrs(f*%)] is actually in Q(& + &1)*, the field generated by the

values of & + &', This together with Theorem 8.2 gives Theorem 8.

11 Proof of Theorem 5

Take the denominator in 8 after applying the multiplicity-one argument of Section 9. [Pyy (cf?) :
Prv (f™%)] is a rational number & and the conjecture is about new forms; to get m, take % and mul-
tiply both sides by a to get an algebraic integer while a on the right-hand side is absorbed into the

unit u.
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12 Generalizations to locally dihedral forms

In this section, we consider the extension of some of our results to non-dihedral forms. Let f be
anewform of weight 1 and level N associated to a Galois representation p : Gal(Q/Q) — GL,(C).
Our basic assumption is that f is locally dihedral: for every prime g dividing N, the restriction pq
on the decomposition group Gal(@q/ Qq) is induced from a character X4 of a quadratic extension
Kq/Qq:

— Tnd@a
Pq = Indyg ' (Xq)-

This assumption is automatically satisfied when q # 2 or p; is reducible. For f, Ky := [ ] Kq is

a quadratic extension of QN == [ | N Qqand xn :=1]] N Xa 1s a quadratic character.

12.1 Optimal modular forms

Under the above assumption, we can define a two-variable modular form f°'(z;,z;) in the
space of f(z;)f*(z;) generated by GL,(Qy) analogously to Equation 1.7 but using Whittaker func-
tions where f* is the dual form to f. More precisely, let ¢ and ¢* be the automorphic avatars of f

and f*, and let W(g) and W*(g) be their Whittaker coefficients:

eg)= ) W gl
aecQx 1
a
e (g)= ) W g
acQx 1

Then we have decompositions into products of local newforms:

W(g) = [ [ Walgq),

q<oo

We(g) = ][ Wil(gq)-

q<oco
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To construct f°'(zy, z,), it suffices to construct the Whittaker coefficients W°'(gy, g;) of its

automorphic avatar ©°*(gy, gz):

a
P (g g) = Y W™ g1, 92
a,beQx 1 1

We will construct the local Whittaker functions Wy’ “ and then put them together:

W™(g1,02) = | [ We(91.4, 92.0)

q<oo

For q t N, we take

WP (g1, 92) = Wq(91)W;(92)-

For q | N, we want to construct an optimal element in W(xq, {q) ® W(Xa],l.l)q)- Let &g =
Xq x? be the character on K which brings x +— x(X/x). We may also consider &, as the
restriction of X4 on K]q. Then &, is a ring class character: it is trivial on (Zq + @O(Eq)OK,q)X for

some non- minimal number o(&) called the order of &. We write
Oo(&) = Zq + QO(E)OK,q)

for the associated order.

Let 84 € O, be a generator of the different ideal Dy of O 4, namely the ideal generated
by x — X for all x € Oq4. Then for each a € O, /04, we define the function CDZ‘?}1 to be the
characteristic function of,

a
OC’q + < C Kq.
6q

We define the one-variable optimal function Wiy for a € O, /8, and the two-variable optimal
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function W¢™ (cf. Definition 5.7),

ng,)t;(g) = W(9>X> CDa,q)
WiP(g1, g2) == Z WP (g1) @ W 4(gz€).

QGOc,q/éq

12.2  Comparison of Harris—Venkatesh periods

For any primes p, ¢ > 5 coprime to N, we want to compare Harris—Venkatesh periods:
(F(1) : To(N)T - [Pav (£°) = P (F7)].
By the multiplicity one argument of Section 9, it is equal to the ratio of Rankin—Selberg periods
[Prs () : Prs (f")].

By Theorem 8.1 and 8.2, this ratio is in Q(&n + E? )* and has a precise formula.

Proposition 12.1. If f is a locally dihedral newform of weight 1 and level N with associated
quadratic character X, then there exists an element By, € Q(& + &) such that for almost all

primes p, L > 5 coprime to N,
log, G, (Trg’p(f(z)f* (pz))) = Byy log, S, (P (z,pz)).

Furthermore, there is a decomposition,

BXN = H quv

qiN

where {3, depends only xq. Moreover, for odd primes q that are not simultaneously ramified in

both K and X, we have the following explicit formula for 3, :
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1. If q is ramified in K, then
By, =4

2. If q isinertin K, then

(q—1)? . . ,
P if & is unramified,

Pxq

2
a(—l)q(gm if & is ramified and &* is unramified,

% if &2 is ramified.
\

3. If q is split in K (so Kq = Qq ® Qq is split with uniformizers @y, @, and Xq = (X1,X2)),

then
(qﬂ](Q*(iq(f;))é(f*a(mz]) if X is ramified and & is unramified,
2 ,20(&)—1 . . . . . .
x(=1(g—1)*q if & is ramified, if £ is unramified

q (5)+17q20 )+2

and exactly one of the X; is ramified,

1)(g—1)3q20(&)-2 . . .
((] ()E()q+1_)q(210 12 if € is unramified,
BXq =
and both x; are ramified,
2 20(&)+1 . . .
XDl ) if &% is ramified

(q+1)(g2o(&)HT—q20(&)+2)
and exactly one of the X; is ramified,

x(= )(q 1)3g20(&)-2
[ (q+1)(g2e(&)+T—g2o(8)12)

if £2,x1, and X, are all ramified.
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