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Abstract
Path properties of KPZ models

Sayan Das

In this thesis we investigate large deviation and path properties of a few models within the
Kardar-Parisi-Zhang (KPZ) universality class.

The KPZ equation is the central object in the KPZ universality class. It is a stochastic PDE
describing various objects in statistical mechanics such as random interface growth, directed poly-
mers, interacting particle systems. In the first project we study one point upper tail large deviations
of the KPZ equation H (t, x) started from narrow wedge initial data. We obtain precise expression
of the upper tail LDP in the long time regime for the KPZ equation. We then extend our techniques
and methods to obtain upper tail LDP for the asymmetric exclusion process model, which is a
prelimit of the KPZ equation.

In the next direction, we investigate temporal path properties of the KPZ equation. We show
that the upper and lower law of iterated logarithms for the rescaled KPZ temporal process occurs at
a scale (loglog?)?/3 and (loglogt)'/? respectively. We also compute the exact Hausdorff dimen-
sion of the upper level sets of the solution, i.e., the set of times when the rescaled solution exceeds
a(loglog 1)?/3. This has relevance from the point of view of fractal geometry of the KPZ equation.

We next study superdiffusivity and localization features of the (1+1)-dimensional continuum
directed random polymer whose free energy is given by the KPZ equation. We show that for a
point-to-point polymer of length ¢ and any p € (0, 1), the point on the path which is pt distance

away from the origin stays within a O(1) stochastic window around a random point M, ; that



depends on the environment. This provides an affirmative case of the folklore ‘favorite region’
conjecture. Furthermore, the quenched density of the point when centered around M, ; converges
in law to an explicit random density function as t — oo without any scaling. The limiting random
density is proportional to e %) where R(x) is a two-sided 3D Bessel process with diffusion co-
efficient 2. Our proof techniques also allow us to prove properties of the KPZ equation such as
ergodicity and limiting Bessel behaviors around the maximum. In a follow up project, we show
that the annealed law of polymer of length ¢, upon 3/ superdiffusive scaling, is tight (as t — co)
in the space of C([0, 1]) valued random variables. On the other hand, as t — 0, under diffusive
scaling, we show that the annealed law of the polymer converges to Brownian bridge.

In the final part of this thesis, we focus on an integrable discrete half-space variant of the CDRP,
called half-space log-gamma polymer. We consider the point-to-point log-gamma polymer of
length 2 in a half-space with i.i.d. Gamma~! (26) distributed bulk weights and i.i.d. Gamma ™" (a+
) distributed boundary weights for § > 0 and @ > —6. We establish the KPZ exponents (1/3 fluc-
tuation and 2/3 transversal) for this model when @ > 0. In particular, in this regime, we show
that after appropriate centering, the free energy process with spatial coordinate scaled by N%/3 and
fluctuations scaled by N'/3 is tight. The primary technical contribution of our work is to construct
the half-space log-gamma Gibbsian line ensemble and develop a toolbox for extracting tightness
and absolute continuity results from minimal information about the top curve of such half-space
line ensembles. This is the first study of half-space line ensembles. The @ > 0 regime correspond
to a polymer measure which is not pinned at the boundary. In a companion work, we investigate
the @ < 0 setting. We show that in this case, the endpoint of the point-to-line polymer stays within
O(1) window of the diagonal. We also show that the limiting quenched endpoint distribution of
the polymer around the diagonal is given by a random probability mass function proportional to

the exponential of a random walk with log-gamma type increments.
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Diagram for Proposition 7.3.4. In the above figure le (2p + 1) is given by the black
rough curve. fi(x) := —(Nv)~'x2 + M>N'/3 are the parabolic curves drawn above.
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In the above figure {(2p + 1) (black curve) and ,(2p) (blue curve) are plotted for
p € 9. Adenotes the event that the blue curve lies below the horizontal line y = v.
B denotes the event that the black curve starts below a and ends below b. The curve
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not occur in the above figure). The key idea is that on A N B, the blue curve lies
below y = v completely, and the black curve behaves like a simple random bridge
and follows a linear trajectory with starting and ending points less than a and b
respectively. As a result, the event C (which requires the black curve to follow
parabolic trajectory) does not occur with high probability. But we know both B
and C occurs with high probability. Thus the event A occurs with low probability.

In the above figure the random bridge X; from a to b is depicted by the black curve.
The event D ensures the random bridge lies below the blue line y = a + 7 (b — a) +
VRn. The event C requires X; > —[My + S2v]N'/3 for some i € K := [(S -
k)N?/3, (Mo +2S — k)N*/3]. One can choose R large enough so that the horizontal
black line y = —[Mo + SZv]N'/3 lies above the blue line y = a + ~(b—a)+ VRn

forallx > (S —k)N?3. ThisforcesD c=C. . ... ... .. ... ........

3 (—oo)2T -
The above figure depicts the event RP; 3, under the law P(yl’z( )7 22T

Redistribution of edge weights for @ € (-6, 6) (Figure A) and for @ > 0 and k even
(Figure B). The weights of green, teal, and purple edges are e(0-®)x—¢" eax—e*

and e @ =¢" regpectively. . . ... .
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7.15

7.16

7.17

7.18

7.19

7.20

7.21

Figures (A) and (B) are graphical representations of probability distributions P

(a,b) (y1.y2).(—0)*:2.4
and 601,02;11 ay

PO1Y2) (middle figure) and W, (right figure). The marginal law of the gray (blue
resp.) shaded region is a random walk started at y; (y, resp.) with increment

1

respectively. Figure (C) shows decomposition of P into

G9+gl’_1 * G9—01,+1 (G9+a/],+1 * G@—(ll,—l l‘esp.). ...................

Pf,yz"y 2),(-00)%2,3 law is decomposed into two parts. The first part (middle figure)

shaded region corresponds to a paired random walk. The second part (right figure)

corresponds to W, . . . L L Lo

Modified random bridge. We start random walks of length p and ¢ from A and B
with the second one viewed in the reverse direction. From their endpoints C and D

we then consider a random bridge of lengthn—-p—-q.. . . . . . .. .. ...

Graphical representation of X (left) and Y (right) distribution from Lemma 7.5.3.

In the above figure, we have plotted L [1, 27— 1] (black curve) and L,[2, 2T] (blue

yi.(—00)*:1,4
a

. 447

curve).Due to endpoint tightness, Lemma 7.3.8 ensure L (1), L»(2) € (~MoNT, MoVT).

Assuming this, in order to seek an uniform upper bound for the blue curve, by
stochastic monotonicity we may push the black curve all the way to +co. The re-
sulting law for the blue curve is given by Y introduced in Lemma 7.5.3. Uniform
upper bound for the resulting law for the blue curve law can then be estimated by
Lemma 7.5.3. The upper bound is shown in the dashed line above. Once we have
an uniform upper bound for the blue curve, we may elevate the endpoints of black
curve much higher (from black points to red points in the above right figure) so that
the curve no longer feels the effect of the blue curve. The red curve above denotes
a sample for L; from this elevated end points. Without the blue curve its law (upto
a translation) equals to X in Lemma 7.5.3. An uniform upper bound for the red

curve can then be estimated by Lemma 7.5.3. . . . . . ... ... Lo

(A) A possible domain A. (B) Reduction in the case of @ € (-6, 8). (C) Reduction
in the case of @ > 0. (D) Type I Gibbs measures. The figure shows two of them
of even length. It may also have odd length with one edge at either of the end
removed. (E) Type II Gibbs measures. It may also have odd length with one edge

at right end removed. (F) Few examples of Type III Gibbs measures. . . . . . . . .

(A) A possible domain A includes all the vertices in the shaded region. w;’s are
the vertices of A enumerated in lexicographic order. Directed edges e, going are
shown above for r = 5 and r = 8. These are the blue edges with w, as the left point
of e,. (B) The domain As includes the vertices in the shaded region. Qs is the set
of all red and black edges that have one vertex as wg and one vertex in dAg. In the

above figure, Qs is composed of two black edges that points toward wg. . . . . . .
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8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

The bound and the unbound phase. . . . . . . ... ... ... ... ... ... 497
Two possible paths of length 14 in Hgalf are shown in the figure. . . . .. ... .. 497

First three curves of the HSLG line ensemble. There is a high probability uniform
separation of length VN between the first two curves in the above M;VN window. . 502

The U map takes 71, 2 from (A) and returns 7, ), in (B). The precise description
of the map is given in the proof of Lemma 8.3.1 . . . . . .. ... ... .. .. .. 504

If the height of the endpoint of the polymer is less than N — k, it either lies in
the shallow tail or in the deep tail (illustrated above). Lemma 8.5.1 shows it is
exponentially unlikely to lieinthe deep tail. . . . . . . . ... .. ... ... ... 506

(A) Diamond lattice with a few of the labeling of the vertices shown in the figure.
The m-th gray-shaded region have vertices with labels of the form {(m,n) | n €
Zio}. Thus each such region consists of vertices with the same first coordinate
labeling. Potential directed-colored edges on the lattice are also drawn above. (B)

Ky with N = 4. A}, consists of all vertices in the shaded region. . . . . ... ... 513
IRW of length 6 with boundary conditionaand b. . . . . . . ... ... ...... 515
The U map takes (A)to (B). . . . . . . . . . . 520

The second case when j < r — 1 and only &y intersects with the diagonal. 7 and
m, are black and blue paths in Figure (A) respectively. 3 is the black dashed path
in Figure (A). 7] is the path in Figure (B) which is formed by the concatenation of
solid blue paths and the black dashed path. 77 is the path in Figure (B) which is
formed by the concatenation of solid black paths and the blue dashed path. The U
map takes 71, 75 and spits out 71’1, 7r’2 .......................... 521

The j = r case. 1 and m; are black and blue paths in Figure (A) respectively. 73 is
the black dashed path in Figure (A). 7} is the path in Figure (B) which is formed by
the concatenation of the solid blue path and the black dashed path. r/, is the path
in Figure (B) which is formed by the concatenation of the solid black path and the
blue dashed path. The U map takes 71, 72 and spits out 7, 5. . . . . . .. .. .. 523

The high probability event in Proposition 8.4.2. . . . . . .. ... ... .. .... 530

O for k = 3, T = 4 shown in the shaded region. The #$5.G Gibbs measure on
034 with boundary condition (i; ;) (i, j)ed@s 4+ + + + + + =+ o o e 533
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8.13

8.14

8.15

Proof Scheme: The Gibbs measure on ®, 4 domain (left figure) can be decomposed
into two parts: One is the combination of the top colored row and 2 IRWs (middle
figure) and two are the remaining black weights (right figure) which will be viewed
as a Radon-Nikodym derivative. Here note that in the middle figure, the only
contribution from the top row comes from the odd points, Hl(vl)(Z j—1) for j e
[1,T], which are set to co. Thus, their contribution to (8.4.12) from (8.2.6) would

beexp(—e ™) = 1. . . . . . e e e

[llustration of the proof of Proposition 8.5.3. As claimed by Lemma 8.5.2, there
exists a high point in [2M VN + 1,4M~+/N + 1] such that HI(VI)(Zp* + 1) lies above
RN — %M VN with high probability. This high point is illustrated as the blue point
in the figure. This high point between [2M VN + 1,4M /N + 1] helps us show that
HI(\,I)(-) > RN — 3M7VN between [1,2p* + 1]. However, invoking Proposition
8.4.2, we can ensure the second curve stays below the benchmark of RN — (3M 7 +
1)VN on the interval [1,4M+N + 1] with high probability. Thus there is a VN
separation (with high probability) between the two curves. By the Gibbs property,
this separation ensures that the top curve is close to a log-gamma random walk.

Gibbs decomposition. The left figure shows the gibbs measure corresponding to
conditioned on ¥; with i = 3. Here a = H](\,l)(Zi +1), and z; = H](Vz)(Zj) for
J € [[1,7]. The measure has been decomposed into two parts. The free law (middle)

and a Radon-Nikodym derivative (right). . . . . . . . .. ... ... ... .....
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Chapter 1: Introduction

The Kardar-Parisi-Zhang (KPZ) equation, a stochastic PDE which is formally written
OH = %3“7{ + %(8,(7{)2 +&, H = H(t,x) (t,x) € [0, 00) X R. (1.0.1)

Here ¢ = &(t,x) is the space time white noise. The KPZ equation was introduced in [217] for
studying the fluctuation of growing interfaces and since then, it has found links to many systems
including directed polymers, last passage percolation, interacting particle systems, and random
matrices via its connections to the KPZ universality class (see [166, 278, 113, 281]).

The KPZ equation, as given in (1.0.1), is ill-posed as a stochastic PDE due to the presence
of the nonlinear term (9,7)?. The physically relevant notion of solution for the KPZ equation is

given by the Cole-Hopf solution which is defined as
H(t,x) :=log Z(t,x),
where Z(t, x) is the solution of the stochastic heat equation (SHE):
6Z =30.Z+€Z, Z:=2Z(tx). (1.0.2)

Throughout this paper, we work with the fundamental solution Z"¥ (¢, x) of (1.0.2) and the asso-
ciated Cole-Hopf solution H™ (7, x) := log Z™ (¢, x) which corresponds to the SHE being started
from the delta initial measure, i.e., Z™(0,x) = 8,=¢. For any ¢t > 0, Z"%(t, x) is strictly positive
[168] which makes the Cole-Hopf solution H™(z, x) well-defined. The corresponding initial data
of the KPZ equation is termed as the narrow wedge initial data. We shall often drop the 'nw’

superscript from the notation and just write H or Z for the rest of the text.



As an important model for the random interface growth, it is valuable to understand long time

behavior of the KPZ equation. In this direction, [6] proved that as ¢t — oo

713 (H(21,0) + %) 5 Tracy-Widom GUE.

This result asserts that, for large ¢, the height #{(2¢, 0) concentrates around —1’—2, has typical devi-

ations of order ¢'/3, and after being scaled by ~!/3

the fluctuations converge to the GUE Tracy—
Widom distribution [308].

A natural question that follows the fluctuation result is establishing a Large Deviation Principle
(LDP), namely questions about tails of the distribution of H(2z,0) + 1’—2 We seek to find the
probability of the rare events when the height H (2¢,0) + ﬁ has a deviation of order 7. In a joint
work with Li-Cheng Tsai, we derive the upper tail LDP for the KPZ equation. We give an overview
of the precise result and proof idea in Section 1.1. Using the same machinery, we also prove an
upper-tail LDP for asymmetric simple exclusion process, which is a prelimit of the KPZ equation.
The details are given in Section 1.1.

Being a non-linear PDE, KPZ equation exhibits remarkable fractal behavior. A systematic
way to study the fractal behavior of the peaks of KPZ/SHE or in general any process ¥; is to
first determine asymptotic heights of the peaks. This can be done by determining a non-random

function g(#) such that

limsupW(t)/g(t) =1 a.s.

t—00

Then a natural way to study the peaks is to investigate the geometry of the level sets of the pro-
cess: Py(a) :={t > 0| ¥(r)/g(t) = a}. The geometry of these random sets can be measured by
studying its macroscopic Hausdorff dimension [22]. If there are infinitely many possible values of
a each producing a different value for dim(Py («@)) (macroscopic Hausdorff dimension of Py (a)),
it indicates a rich geometric structure among the level sets. Such a process is known as multifrac-
tal. Whereas if dim(Py(a)) = 1 for all @ € (0, 1), we call it monofractal. In a joint work with

Promit Ghosal, we initiated the study of the peaks of the KPZ equation in the temporal direction.



We show that KPZ temporal process peaks are monofractal. However, upon an exponential time
change it becomes multifractal. We give a brief overview of our results in this direction in Section
1.1.

In the second half of the thesis, we study the model of directed polymers in random environ-
ments (DPRE). DPRE considers an up-right random walk on the integer lattice, whose paths —
considered the ‘polymer’ — are reweighted according to a random environment that refreshes at
each time step. Based on physics predictions, two phenomena are conjectured in this model: (a)

The n-length polymer path fluctuates in the order of n*/3

(superdiffusive). This is in sharp contrast
with the usual random walk diffusive behavior where we see y/n fluctuations. (b) Upon fixing the
environment, the polymer exhibits localization phenomena. Large values in the environment tend
to attract the random walker and possibly force it to follow a favorite path dictated by the environ-
ment. Although there is immense progress in the rigorous understanding of several aspects of the
above two phenomena in the last two decades, the full resolution of these conjectures is far from
being settled.

In this thesis, we focus on the continuum directed random polymer (CDRP) model which arises
as a universal scaling limit of discrete directed polymers in the intermediate disorder regime. In
two joint works with Weitao Zhu, we have settled the above two conjectures for CDRP model.
We show that the paths of the CDRP are superdiffusive and upon fixing the environment the paths
localized within an O(1) window around the favorite point. We refer to Section 1.2 for more
details.

The final part of this thesis is focussed on understanding the geometry of half-space polymers.
Half-space polymers are a variant of DPREs where the polymer interacts with a given surface.
Mathematically they are modeled by restricting the paths to stay on or above the diagonal and
introducing a different random weight on the diagonal. Half-space models are interesting as they
show certain depinning transition. When diagonal weights are not too large, the polymers are

conjectured to behave like the full-space ones (unbound phase), whereas if the weights are large

enough, the polymers are believed to be pinned to the diagonal (bound phase).



In two recent works, we establish the above picture for a very particular integrable half-space
polymer called half-space log-gamma polymer. In a joint work with Ivan Corwin and Guillaume
Barraquand, we proved superdiffusivity for this particular polymer in the unbound phase. Our
proof relies on the novel construction of the half-space line ensemble for the underlying model.
In a companion work with Weitao Zhu, we showed that the endpoint of the half-space log-gamma
polymer are localized within O (1) window around the diagonal in the bound phase, i.e., the poly-
mer is pinned to the diagonal. We refer to Section 1.2 for detailed overview of the results in this

direction.

1.1 Large Deviations and fractal properties of integrable models

1.1.1 LDP for KPZ equation

This subsection serves as a summary for Chapter 2. We focus on the large deviation problem for

the KPZ equation (1.0.1). We establish the first rigorous proof of the upper-tail LDP of H (2¢,0) +

4

3 s3/2. Our result confirms the existing physics predictions [243]

5 with the rate function @, (s) =

and also [213].

Theorem 1.1.1 ([131]). For all s > 0 we have
T log P(H(21,0) + & > st) — —353/2, (1.1.1)

The above result is obtained by computing ¢t — oo asymptotic of the p-th moment of Z(2¢,0),
for any real p > 0. Moments of SHE are historically connected to the concept of intermittency.
Intermittency in random media is an active area of research in both mathematics and physics lit-
erature for the last few decades. Mathematically, it is characterized by rapid growth of moments
of a process. Formally, we say a process P, is intermittent if y /k is strictly increasing where
Y (W) := lim/ et log E[WX] are known as the Lyapunov exponents for . There are heuris-
tics [69] suggesting that this property indicates a presence of a peculiar fractal structure in the ¥

process.



In case of the SHE, it is known since the physics works of Kardar [216] that the SHE is inter-
mittent. Kardar also predicted y,(Z(0,-)) = ”32—;” for all p > 0. This formula was later shown
to be true in [94, 115] for all positive integers p € N. We showed Kardar’s formula holds for all

p > 0.

Theorem 1.1.2 ([131]). For all p > 0 we have
1 -
t~ logE(Z(2t,0)7) — —%. (1.1.2)

In fact, Theorem 1.1.1 is obtained from Theorem 1.1.2 by taking standard Legendre transform.

Integer moment formulas for SHE [179] and explicit distribution formulas for KPZ equation
[6] exist in the literature and have been used to derive integer Lyapunov exponents [115] and sub-
optimal tail bounds for KPZ equation [122] respectively. However, it is not clear how to extend or
improve their analysis to yield the above theorem.

In [131], we take an unconventional route. We start with a Fredholm determinant formula for

the laplace transform of Z(z, 0)e!/** from [6]:

E[exp(—sZ(t, 0)e'’*)] = det(I - Ks;)=1- /Ks,,(x,x)dx + higher order.
R

where K, 1s an explicit kernel involving Airy function (see Eq (1.11) in [131]) and "higher order’
term is an infinite series of integrals of determinants of matrices (increasing in size) involving
the kernel K ;. We then insert the above formula in the following elementary fractional moment
formula:

(D" [

E [Un—1+a/] _ —-a

= Ele*Y]ds, neN, ac]0,1),
ra-a J, S [e?%]ds, n a€[0,1)

with U := Z(t,0)e'/?*. It turns out this formula is quite amenable to our analysis, yielding precise
Lyapunov exponents. The leading contribution comes from the fR K :(x,x)dx term, whereas the

higher order term can be shown to be sub-dominant.



Using our formulas as an input, [180] has extended Kardar’s formula to other initial data. The
robustness of our proof approach makes it applicable for other integrable models. [248] success-
fully carried our approach to solve the same problem for half-space KPZ. In a joint work with
Weitao Zhu [135], we carry out this program for asymmetric simple exclusion process (ASEP) to

derive its upper-tail LDP.

1.1.2  LDP for Asymmetric Simple Exclusion Process

This subsection serves as a summary for Chapter 3. Asymmetric Simple Exclusion Process
(ASEDP) is a classical example of interacting particle systems and is one of the pre-limiting model
of the KPZ equation. It is a continuous time Markov chain on particle configurations living on
integer lattice. Each site i € Z can be occupied by at most one particle, which has an independent
exponential clock of rate 1. When the clock rings, the particle jumps to the right with probability
q or to the left with probability p = 1 — ¢ (¢ > p). However, the jump is only permissible when
the target site is unoccupied. At time 0, all negative integer sites has a particle.

The observable of interest in ASEP is H(¢,0) := the number of particles to the right of zero
at time 7. It acts as the height function of interface growth for ASEP. It is well known that
= H(0, ﬁ) - }1. In a series of works [307, 306, 306], Tracy and Widom exploit the integrability
of ASEP and showed —H (0, ﬁ), upon centering and appropriate scaling, has Tracy-Widom (TW)
GUE fluctuations.

This leads to the natural question of large deviations for ASEP. In a joint work with Weitao

Zhu [135], we obtained the following result in relation to the upper-tail LDP.

Theorem 1.1.3 ([135]). Fixq € (%, 1). Forany y € (0, 1) we have

1~ ogP(-H(0, 75) + § > %) = [y - (1 - y) tanh ™ ().

Note that for y > 1, the above probability is zero as H(0,-) is non-negative. Prior to our

work, [125] obtained a one-sided large deviation bound for the upper tail of the ASEP utilizing



distributional formulas from [305]. Their rate function coincides with ours for y < y( for some
explicit threshold yg € (0,1). For y € (yo, 1), their rate function is sub-optimal. Their proof is
based on contour analysis where one deforms the contours to pass through critical points to obtain
the leading behavior. This threshold yg appears in their arguments as their choice of contours was
unattainable beyond this threshold.

In [135] we follow the approach of [131], producing first Lyapunov exponents for (p/g)H0()
using certain known Fredholm determinant formulas [72]. However, the underlying kernel in the
Fredholm determinant here is asymmetric, exhibits a periodic behavior, and much more intricate
that its KPZ counterpart. To extract the precise asymptotics for the leading term here, one needs
to perform careful steepest descent analysis on the ASEP kernel, where the periodic nature of the
kernel results in infinitely many critical points. A major technical challenge in our proof is to argue

how the contribution from only one of the critical points dominates the those from the rest.

1.1.3  Fractal properties of the KPZ equation

This subsection serves as a summary for Chapter 4. While discussing the LDP for KPZ equa-
tion, we mentioned that intermittency indicates a peculiar fractal behavior in complex random
media. The fractal behavior of a process can also be studied through the lens of law of iterated
logarithms (LIL) as explained in the introduction. In the context of the KPZ equation, this LIL
framework was successfully carried out for the spatial process in [221]. In a joint work with Promit

Ghosal [128], we initiated the study of the peaks of the KPZ equation in the temporal direction.

Theorem 1.1.4 ([128]). Consider the normalized KPZ height function b, := t~\3(H (t,0) + )

We have

lim sup b —( 3 )2/3

—— = 5. 1.1.3
-0 (loglogt)2/3 . (1-13)

Furthermore, V), is monofractal. However, upon an exponential transformation, Yy, becomes mul-

tifractal.



Note that the constant in (1.1.3) also appears in the rate function in (1.1.1). This is not a complete
coincidence. Indeed, this constant can be anticipated by the shallow one-point tail behavior of b,.
In our analysis, we improved upon the existing one point tail estimates in [115] to make it work in
our setting. However, to conclude such a LIL type result, one also requires a good understanding
of h; at a process level.

Study of the temporal process is arguably more difficult that the spatial one due to lack of rich
structure (such as Gibbs resampling property mentioned in Section 2.1). One of the important piece
in analyzing the process b, understanding its increments in particular, is short time tail bounds for
the KPZ equation. In [128] we provided first such tail bounds. Using this, along with Gibbs
property of the KPZ line ensemble, and a multi-point convolution formula coming from properties

of SHE, two of our main contributions are:

* Computing tail probabilities for the difference in fluctuations at two times. This result
was proven when the time points are sufficiently far apart in [117]. We fill the gap in [117]
by establishing similar estimates that works when two times are arbitrarily close. This leads to

temporal modulus of continuity estimates for the KPZ equation.

* Proving an ‘independence structure’ of the process h),. At a two-point level, roughly speak-
ing, we produce a proxy for §,, that is independent of f);. The proxy is ‘close’ to b, for a large.
A different version of the independence structure in terms of correlation was proven in [117].
A corollary of our independence structure result is that ), decorrelates on a multiplicative scale.
On a high level, this is the reason for mono and multifractal behavior. Upon exponential trans-
formation, decorrelation happens on an additive scale which then allows more chaotic behavior

of the height function.

1.2 Directed Polymers in random environments

Directed polymers in random environments (DPREs) were first introduced in statistical physics

and math literature [202, 206, 61] to study the phase boundary of the Ising model with random



impurities. In the (1 + 1)- dimension, they are modeled by up-right paths on Z? lattice (see Figure
1.1). The random environment is specified by a collection of i.i.d. random variables {w; ; | (i, j) €

Zy X Z}.

Figure 1.1: DPRE:s.

The point-to-point polymer measure on the set of all up-right paths starting at origin and

ending at (n, n) is then defined as

1 n
Pra(S) = e/ - BS), (1.2.1)

where P(S) is the uniform measure on set of all up-right paths starting at origin and ending at
(n,n), B is the inverse temperature, and z° 5 is the partition function. As evident from (1.2.1), in
the polymer measure, there is a competition between the entropy of paths and the disorder strength

of the environment. In fact for every g > 0, the polymers are in strong disorder where disorder

strength dominates. The following two phenomena are conjectured:

* Superdiffusivity: The polymer measure is believed to be in the KPZ universality class and

2/3 (compared to v/ order diffusive behavior at

paths have typical fluctuations of the order n
B = 0) (see physics works [202, 203, 218, 235]). This conjectured phenomenon is known as

superdiffusion.



* Localization and the favorite region conjecture: The polymer exhibits certain localization
phenomena. The favorite region conjecture speculates that any point on the path of a point-
to-point directed polymer is asymptotically localized in a region of stochastically bounded

diameter (see [42, 44]).

Although there is an immense progress in understanding several aspects of the above two phe-
nomena in last two decades (see [274, 253, 294, 44, 29] and the references therein), the full res-
olution of these conjectures is far from being settled. In a series of two joint works with Weitao
Zhu ([132] and [133]), we settle these two questions for continuous polymers. We showed path-
wise tightness of continuous polymers under superdiffusive scaling and pointwise localization of

continuous polymers. Both of these results are not proven for any discrete polymer model.

1.2.1 Continuum Directed Random Polymer

This subsection serves as a summary of Chapter 5 and 6. In the seminal work, [5] considered

~1/4

an intermediate disordered regime where they took 8 = 8, = n with n being the length of

the polymer. [5] showed that the partition function Z?; has a universal scaling limit given by

B
the solution of the Stochastic Heat Equation (SHE) with multiplicative noise (when w has finite
exponential moments). Furthermore, under the diffusive scaling, the polymer path itself converges
to a universal object called the Continuous Directed Random Polymer (CDRP) which depends
on a continuum random environment given by the space-time white noise.

Following [4], we define the CDRP model using the SHE with multiplicative noise as our
building blocks. Namely, we consider a four-parameter random field Z(x, s;y, ) defined on

{(x,s;y,t) € R* : s < t}. For each (x,5) € RXR, (v,1) — Z(x,s;y,t) is the solution of

the SHE starting from location x at time s, i.e., the unique solution of

al‘Z:%axx-Z'l'Z.é:’ (y’t)ERX(S7OO)a

with Dirac delta initial data lim, |y Z(x, s;y,1) = 6(x —y). Here & = £(¢, x) is the space-time white
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noise.

Definition 1.2.1 (Point-to-point CDRP). Conditioned on the white noise &, let P¢ be a measure on

C(]0,t]) whose finite dimensional distribution is given by

1
Pf(X(l'l) (S dx1, . ,X(tk) € dxk) = ﬂa—

k
00,7) QZ(XJ-,IJ', s Xjelstjp1)dxy . odxg. (1.2.2)

fors =ty <t < -+ <ty <ty =t, with xo = 0 and x;.; = 0. We write X ~ CDRP; when
X () is a random continuous function on [0, t] with X(0) = X(¢) = 0 and its finite dimensional

distributions given by (1.2.2) conditioned on &.
The following theorem summarizes our key findings for point-to-point CDRP.
Theorem 1.2.2 ([132, 133]). For each t > 0 consider X ~ CDRP;.

(a) (Pointwise Localization) For each t > 0 and p € [0, 1], there exists a random variable M, ;
dependent only on the environment, such that | X (pt) = M, ;| = O(1) as t — oco. Furthermore,
the quenched density of X(pt) when centered around M, ; converges in distribution to an
explicit random density proportional to e~ V2RO gy vwhere R(x) is a standard two-sided Bessel

process.

(b) (Pathwise Tightness) The annealed law of (t">*X (pt)) pelo,1] when viewed as a random vari-
able in the space of C[0, 1] is tight as t — oo. For each p € [0, 1], 17213 X (pt) weakly converges

to a non-trivial distribution as t — oo.

A similar localization result for the midpoint of point-to-point stationary log-gamma polymer
was established in [101] using Burke property of the model [294]. The Burke property allows
one to write the quenched density of the midpoint in terms of exponent of a simple symmetric
random walk (SSRW). It then suffices to study the behavior SSRW around maximizer. However,
[101] technique does not work for other points besides the midpoint and for the non-stationary

log-gamma model.
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The principle tool for the proof of (a) is the Gibbs resampling property [110] enjoyed by the
KPZ equation H (¢, x) :=1log Z(0,0;t,x). For each fixed ¢t > 0, the process H(t, -) can be viewed
as the top curve of the KPZ line ensemble [110]. The law of the first k curves restricted to a fixed
interval [a, b] (blue part in Figure 1.2 with k = 3) conditioned on all the information outside
is absolutely continuous w.r.t. K Brownian bridges on [a, b] with appropriate endpoints with an

explicit Radon-Nikodym derivative.

Figure 1.2: KPZ line ensemble.

KPZ equation comes up, as via (6.1.5) the quenched density of X (pt) can be written as function
of two independent copies of the KPZ equation. The choice of M, ; is given by the random mode of
the quenched density. It is not hard to check that the quenched density upon this random centering

is proportional to

X = [7'{1 (Mp,t’pt) +7_{2(Mp,t’ (1- p)l‘)] - [7_{1 (Mp,t +x, pt) +7-{2(Mp,t +x, (1 - p)t)]
(1.2.3)

where M, ; := argmax, .z (Hi(pt,-) + Ha((1 = p)t,-)) and H,, H, are two independent copies of
the KPZ equation. Although traditional tools associated to the Gibbs property such as stochastic
monotonicity or the Gibbs property on an interval (described above informally) has been used ex-

tensively in the literature, such tools are inapplicable in the analysis the process in (1.2.3) because
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of the random centering by M, ;.

Fix any K > 0 and let M}, , := argmax <23 (Hi(pt, -) + Ho((1 — p)t,-)). Choosing K large
enough, one can ensure M,, = M, with high probability. Hence it suffices to work with these
finite maximizers. Coming back to the line ensemble framework, there are two sets of KPZ line
ensemble corresponding to each H; fori = 1,2. In [132], we give an explicit way to resample the
top curves of both the line ensembles simultaneously over intervals of the form [M, , —a;, M, +
b;] c [Kt*3,Kt*/3]. This is done by first analyzing the behavior of two independent copies of
Brownian motions around its joint maximizer and then utilizing the explicit description of the
Radon-Nikodym derivative. The above solution has the potential to generalize to other integrable

models such as the non-stationary log-gamma polymer model.

Our localization theorem and results on the random mode M, ; stated in [132] leads to point-
wise tightness of r72/3X(pt) for each p € [0,1]. However, to upgrade the result to pathwise
tightness (b), one needs to control the fluctuations of the path on mesoscopic scales. One of the
ingredients in establishing such control is the short time tail bounds in the KPZ equation developed
in one of my previous paper [128]. Utilizing this, in [133], we produce quantitative modulus of
continuity estimates for the polymer paths which eventually leads to pathwise tightness result. We
mention that similar pointwise tightness result are known for stationary and non-stationary log-
gamma polymer model in [294, 29] but pathwise tightness is not shown for any discrete polymer
model due to lack of such short-time estimates. In fact, assuming a conjecture about KPZ sheet
to Airy sheet convergence, in [133] we show that the process limit of 123X (pt) is given by the

geodesic of directed landscape, an universal limiting object in the KPZ universality class [138].

1.2.2 Half-space log-gamma polymers

In the final chapters, Chapters 7 and 8, we focus on half-space log-gamma polymers. Half-
space directed polymers are variants of DPREs where the polymers interact with a given surface.
Mathematically, in this model the paths are restricted to the octant and the weights on the diagonal

are of different strength. It has been predicted in physics literature [215] that such polymers un-
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dergo a phase transition called ‘depinning transition’. When the strength of the diagonal is under
a threshold, the model is expected to behave like the full-space ones, whereas for large enough
strength of the diagonal, the free energy of the model is conjectured to have Gaussian fluctuations
with polymer paths within O(1) window of the diagonal.

The depinning transition has been recently proven in few of the solvable models in terms of the
free energy for the diagonal [34, 205]. However, the transversal exponent is not established so far
in any of the half-space models. In an ongoing work with Ivan Corwin (my advisor) and Guillaume

Barraquand, we take the first step in establishing such transversal exponent in half-space models.

Gamma ™! (@ + 6)

iGamrﬁa‘l (209)

- /

Figure 1.3: HSLG polymers.

We work with the solvable half-space log-gamma (HSLG) polymer model (Figure 1.3) defined

via following weights and partition function:

Gamma '(a+60) i=j
Wi~ . Z"(m,n) = Z l—[ Wi,

Gamma™!(26) Jj<i m:(1L,1)—(mn) (i.j)en

where 6 > 0, @ > —6, and in the above sum paths are restricted to the octant (see Figure 1.3).
This particular choice of weights makes the model solvable via combinatorial techniques [263,

121, 260] and via eigenrelations of Macdonald polynomials [25]. For this model, we prove the
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following result.

Theorem 1.2.3 ([28]). Fix 6 > 0, @ > 0 and r > 0. The law of
(NP log Z"(N + tN?2, N = tN*3) — ¢N)sejo

when viewed as a random variable in the space of C[0,r] is tight as N — oo for some explicit

constant ¢ = c(0) € R.

The above result establishes the 2/3 transversal exponent and the 1/3 fluctuation exponent
away from the diagonal. The main technique in our proof is the novel construction of the HSLG
line ensemble using geometric RSK [263, 121, 260]. Although it is now fairly well known how
to extract spatial tightness for the line ensemble once one-point uniform tightness of the top-curve
along a parabolic curvature is established ([29] and references therein), in our case such tightness
result is not available away from the diagonal. To tackle this, we rely on recently proven fluctu-
ations results for half-space point-to-line log-gamma polymer [34] to establish a weaker version
of one-point uniform tightness. Utilizing the line ensemble framework, we then establish both the
exponents simultaneously.

The above theorem does not covers the case when a € (-6, 0). In fact, the situation in this case
is radically different. For @ < 0, the polymer is pinned to the diagonal and the free energy does
not exhibit KPZ fluctuations. In a companion work with Weitao Zhu, we investigate the geometry
of the half-space log-gamma polymers for @ < 0 case (bound phase).

Let H]}:]alf be the set of all upright lattice paths of length 2N — 2 starting from (1, 1) that are
confined to the half-space 7 ~ (see Figure 8.2). Given the weights above, the half-space log-gamma

(HSLG) polymer is a random measure on HR,alf defined as

1
PW(”) = m (1:[ Wi - lﬂ.en?\?lf, (1.2.4)
i,j)en

where Z(N) is the normalizing constant. Our main result below confirms that in the bound phase,
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i.e., when @ € (—6,0), the endpoint of the #5LG polymer is within O (1) window of the diagonal
and is the first such result to capture the “pinning" phenomenon of the half-space polymer measure

to the diagonal.

Theorem 1.2.4 ([134]). Fix 0 > 0 and @ € (—6,0) and consider the random measure PV from
(1.2.4). Forapathr € HR,alf, we denote 1(2N —2) as the height (i.e., y-coordinate) of the endpoint

of the polymer. We have

limsup limsupP" (7(2N =2) < N —k) =0, in probability. (1.2.5)

k—oo N—ooco

We also show that the limiting quenched endpoint distribution of the polymer around the diag-
onal is given by a random probability mass function proportional to the exponential of a random
walk with log-gamma type increments. Our proof relies on inputs from the recently developed
half-space log-gamma Gibbsian line ensemble Chapter 7, one-point fluctuation results for point-
to-(partial)line half-space log-partition functions from [34] and the localization techniques from
Chapter 5. At the heart of our argument lies an innovative combinatorial argument that bridges the

aforementioned inputs and enables our proof. We refer to Chapter 8 for more details.

1.3 Other Works

During my time as a graduate student, I have worked on other research projects within KPZ
area as well as used probability theory to explore other research areas such as network sampling,
random quadratic forms, graph coloring and large deviation aspects of random permutations. In

this section, I give a brief summary of these works.

1.3.1 Discrete S-ensembles

Note that Theorem 1.1.3 does not cover the special g = 1 case which corresponds to totally
ASEP (TASEP). TASEP is a much more well understood object. It has connections to Exponential

Last Passage Percolation (LPP), log-gases, zero-temperature version of DPREs. In particular,
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the LDP problem for TASEP was solved by Johansson [211] exploiting the following log-gas
connection: P(H?=1(¢,0) < zt) = P(xl%ji“l > t), where /lffgx is the largest particle of an n-

particle system (called continuous log-gas) distributed as

n

l_[ (/1,' - /lj)z 1_[ e_/li l/l,->0d/li~

1<i<j<n i=1

Using the technology from potential theory, combined with combinatorial and probabilistic
arguments, Johansson essentially proved an LDP for the largest particle of the above ensemble. In
fact, his argument is quite general and works for discrete log-gases as well where particles now
live on Z.

Later, [73] proposed a new discrete version of continuous log-gases called discrete S-ensembles
(DBE) where the particles now live on different shifted lattices and the interaction term is given by
certain ratios of gamma functions. This discretization is of high interest as it bears connections to
integrable probability, discrete Selberg integrals, Jack measures and satisfies discrete loop equa-
tions. Although loop equations are immensely useful in studying global and edge fluctuations of
largest particle in DBE [73, 190], it is not clear how to use them to derive an LDP for the largest
particle.

In a joint work with Evgeni Dimitrov [127], we settled this question by proving an LDP (both
upper and lower tail) for the largest particle of DSE. To prove this result, we adopt the potential
theory based approach followed by Johansson. However, the argument present in [jo2] heavily
relies on the symmetry of the interaction and the fact that particles live on the same lattice, both
of which are absent in DSE. The combinatorial part of the argument in [jo2] essentially breaks
down in DBE. Thus we had to find a significantly more involved set of arguments involving novel
combinatorial constructions as well as detailed estimates of number of particles in appropriate

windows.
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1.3.2 Short time peaks of the KPZ equation

Another line of related research is the study of short time peaks, i.e., the peaks of the local
increments W, — ¥; as € | 0. Such behaviors determine local growth of the process and also
potential fractal behavior in short time scale. In this line, in [126] I have studied the temporal

increments of the KPZ equation. The main result in [126] can be stated as follows.

Theorem 1.3.1 ([126]). We have

) H(O,t+¢&)—H(t,0)
lim su

elo gl/4loglog(1/e)

Furthermore for each a € (0, 1) almost surely we have

= (8/7r)1/4 a.s.

dim {t e [1,2] | lim sup H(O,1+¢&) —H(t,0)

&l0 gl/*y/log(1/¢)

where dim denotes the usual Hausdorf{f dimension.

> a/(8/7r)1/4} =1-a? (1.3.1)

The first result above determines the precise asymptotic height of the short time peaks. Whereas
the second result indicates there are exceptional time points with unusually large local growth (log
instead of log log in the denominator) and such time points have a rich multifractal structure. The
proof of Theorem 1.3.1 uses tools from SPDE theory and is applicable to wide range of initial data.
The key idea is to show the multiplicative SHE behaves like additive SHE on small scales. The
later quantity is known to be a fractional Brownian Motion of index }1 in temporal direction which

essentially yields the above two results.

1.3.3 Long and short-time peaks of the KPZ fixed point

The study of fractal properties can also be undertaken in other models of the KPZ universality
class. In this line, recently with Promit Ghosal and Yier Lin [129], we have explored the fractal
aspects of the KPZ fixed point. The KPZ fixed point H;(x) [251, 138] is conjecturally the universal

scaling limit of all models in the KPZ universality class. r — H; can be viewed as a Markov
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process with explicit transition probabilities and initial condition Hy. It has been shown very
recently that KPZ equation under 1:2:3 scaling converges to the KPZ fixed point [315, 280]. Being
a scaling limit, KPZ fixed point possesses interesting fractal properties which has been the subject
of intense recent study (see [170] for a recent survey). Our work [129] follows a host of effort that

attempts to unravel such fractal properties of the KPZ fixed point.

Theorem 1.3.2 ([129]). For a large class of initial data Hy, almost surely we have

li H1+8(O) - H,; (O) _
1m sup =

(3/2)*.
el0 &3 (logloge1)2/3

We also proved a long time LIL result for the KPZ fixed point in the spirit of (1.1.3). In fact,
similar mono and multifractal behavior can also be established using our proof techniques (not
proved explicitly in [129]).

The KPZ fixed point does not have any SPDE description. Neither it satisfies the Gibbs prop-
erty for general initial data Hy. Thus both of the previous proof ideas are not applicable. Instead,
the proof of Theorem 1.3.2 relies on rich geometric structure of the directed landscape (an ob-
ject related to the KPZ fixed point) and certain basic coupling properties that the KPZ fixed point

inherits from TASEP.

1.3.4 Motif estimation

In network analysis, often due to the massive size of network only a sample of the network
is observed in practice. The central statistical question then is how to efficiently estimate global
features of the parent network, that accounts for the bias and variability induced by the sampling
paradigm. In this line, with Bhaswar Bhattacharya and Sumit Mukherjee, we consider the problem
of motif estimation, that is, counting the number of copies of a fixed graph H under subgraph
sampling model (SSM) [54]. Given a large parent graph G,,, in SSM, each vertex of G,, is sampled
independently with probability p, € (0, 1) and the subgraph induced by these sampled vertices

is observed. Let 7, be the number of copies of H in the sample induced from G,. Set Z, :=
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[T, — E(T,)]/+/Var(T,). In [54], we derived necessary and sufficient conditions for Z, to have

1

50- the Wasserstein distance between Z, and

Gaussian fluctuations. We showed that for p, <

N(0, 1) is control by the fourth moment of Z,:

Wass(Z,, N(0, 1)) s \E(Z}) - 3.

The above result can be viewed as a fourth-moment phenomenon which since the pioneer works of
Nualart and Peccati [262] has emerged as a unifying principle governing the central limit theorems
for various non-linear functionals of random fields [261]. The proof of the above result relies on

Stein’s method for normal approximation.

1.3.5 Graph coloring

Given a graph G, with uniformly random vertex coloring ¢ colors, we consider S,, number
of monochromatic copies of H in G,. The statistic S, arises in a variety of contexts. When H
is an edge, it counts the number of pairs of friends on friendship network G, that have the same
birthday, thus generalizing the classical birthday paradox. The asymptotic distribution of S, has
been studied extensively in the literature for H being an edge [55] or triangle [56] and for general
H under the assumption that G,, are dense [57]. However, there has been little prior work giving
precise conditions describing when S, (H) has a Gaussian limit for a general sequence of G,,. With
Zoe Himwich and Nitya Mani, in [130] we provide explicit error rates for asymptotic normality
for S, under general setting. We show that our error rates arise from graph counts of certain joins
of H which we called good-join (see [130, Definition 1.2]). Furthermore, the statistic S,, exhibits a
fourth-moment phenomenon as long as ¢ > 30.

The proof follows the strategy of [56], which relies on Hoeffding decomposition of §,. It
allows us to write S, as a sum of terms in a martingale difference sequence. By applying the
standard martingale CLT with error bounds, we obtain error rates in terms of moments of the

martingale sequence. One of the main contributions of [130] is a delicate understanding of these

20



error rates in terms of graph counts. This is achieved by careful probabilistic and combinatorial
type arguments. We show that the nontrivial contributions from the errors precisely come from the

good-joins of H that we introduce in the paper.

1.3.6 Random quadratic forms

Suppose X is a 1 X n vector of i.i.d. mean zero entries from some distribution F and A is an
adjacency matrix of some graph G, with n vertices. A quantity of interest is the fluctuations of
the quadratic form R, := X" AX. The asymptotic normality of R, has been extensively studied
in the literature [47, 286]. Broadly speaking, R, has Gaussian fluctuations when G, is somewhat
‘sparse’. On the other hand, the fluctuations are given by chi-square type random variable when
the graph is ‘dense’. A natural question is then what are the all possible limiting distributions of
R,?

In a joint work with Bhaswar Bhattacharya, Somabha Mukherjee, and Sumit Mukherjee [53],
we gave a comprehensive answer to this question. We showed that the limiting distribution for R,,
is a given by a sum of three components: a Gaussian, a (possibly) infinite weighted sum of inde-
pendent centered chi-square random variables, random variables, and a normal variance mixture,
where the random variance is a (possibly) infinite quadratic form in the variables {X;};>;. The
proof proceeds by partitioning the vertices of G, in a clever manner and analyzing each compo-
nent separately. The proof uses tools from extremal graph theory and several standard probabilistic

techniques.

1.3.7 LDP for random permutations

Studying LDP for uniform random permutations is an important question in probabilistic com-
binatorics and has received attention in [309, 220]. In a joint work with Jacopo Borga, Sumit
Mukherjee, and Peter Winkler [63], we initiate the study of LDP for random permutations in-
duced by probability measures of the unit square, called permutons. These permutations are called

p-random permutations. We also introduce and study a new general class of models of random
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permutations, called Gibbs permutation models, which combines and generalizes y-random per-
mutations and the celebrated Mallows model for permutations. Using the tools that we develop,
we prove the existence of at least one phase transition for a generalized version of the Mallows
model where the base measure is non-uniform. This is in contrast with the results on the (stan-
dard) Mallows model [300, 301] where the absence of phase transition, i.e., phase uniqueness, was
proven.

Our results naturally lead us to investigate a new notion of permutons, called conditionally con-
stant (CC) permutons. It generalizes both pattern-avoiding and pattern-packing permutons which
are extensively studied in the combinatorics community (see [62] and references therein). We
describe few measure theoretic properties (such as empty interior) of CC permutons w.r.t. inver-
sions. The tools that we mainly use in our proof is the general LDP theory and our arguments are

probabilistic and combinatorial in nature.
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Chapter 2: Fractional moments of the Stochastic Heat Equation

2.1 Introduction

In this article we study the Stochastic Heat Equation (SHE) in one spatial dimension
atZ:%axe+§Z’ Z=2(t,x), (t,x)€[0,00)XR, (2.1.1)

where & = £(t, x) is the Gaussian spacetime white noise. Via the Feynman—Kac formula, solutions
of the SHE gives the partition function of the directed polymer in a continuum random environment
[203, 98]. On the other hand, the logarithm H(z,x) := log Z(¢,x) formally solves the Kardar—

Parisi—-Zhang (KPZ) equation
OH = L0H + L(0:H)* + €. (2.1.2)

Introduced in [218], the KPZ equation is a paradigm for random surface growth. It connects
to many physical systems including directed polymers, last passage percolation, random fluids,
interacting particle systems, and exhibits statistical behaviors similar to certain random matrices.
We refer to [166, 278, 113, 281, 87, 124] and the references therein for the mathematical study of
and related to the KPZ equation.

Throughout this paper we will consider the solution Z(#, x) of the SHE (2.1.1) with the initial

data
Z(0,x) = 6(x), (2.1.3)
the Dirac delta function at the origin. The SHE (2.1.1) enjoys a well-developed solution theory
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based on It integral and chaos expansion [316, 48], also [278, 113]. In particular, there exists a
unique C((0, o0), R)-valued process Z that solves (2.1.1) with the delta initial data (2.1.3) in the

mild sense, i.e.,

Z(tx) = plt.x) + /0 /R Pt = 5.3 — 1) Z(s.9)€(s, y) dsdy,

where p(t,x) := (2rt)"1/? exp(—x?/(2¢)) denotes the standard heat kernel.

The solution Z of the SHE can be transformed into a solution of the KPZ equation. For a
nonzero initial data Z (0, «) that is bounded, nonnegative, and has a compact support, [259] showed
that almost surely Z(#,x) > 0 for all (z,x) € (0, c0) X R. For the delta initial data (2.1.3) consid-
ered here, the same positivity result was established in [168]. The logarithm H (¢, x) := log Z (¢, x)
is defined to be Hopf—Cole solution of the KPZ equation. This is the notion of solutions that we
will be working with throughout this paper. The motivation is, as mentioned previously, that non-
rigorously taking logarithm in (2.1.1) yields the KPZ equation (2.1.2). The KPZ equation (2.1.2)
itself is ill-posed due to the roughness of the solution and the presence of the quadratic term.
New theories have been developed for making sense of the KPZ equation and constructing the
corresponding solution process. This includes regularity structures [192, 191], paracontrolled dis-
tributions [186, 188], and energy solutions [184, 187]. The Hopf—Cole formulation bypasses the
ill-posedness issue, and arises in several discrete or regularized version of the KPZ equation, e.g.,
[48, 49]. Further, other notions of solutions from the aforementioned theories have been shown to
coincide with the Hopf—Cole solution within the class of initial datas the theory applies.

Of interest is the large time behaviors of H(¢,x) := log Z(¢,x). Simultaneously and inde-
pendently, the physics works [80, 156, 291] and mathematics work [6] gave the following large ¢

asymptotic fluctuation result of H (z, x), and [6] provided a rigorous proof:

5 (H(2t,0) + {5) = GUE Tracy-Widom distribution.

L

This result asserts that, for large ¢, the height #{(2¢, 0) concentrates around —15,

has typical devi-

24



ations of order ¢'/3, and after being scaled by ~!/3 the fluctuations converge to the GUE Tracy—
Widom distribution [308].

A natural question that follows the fluctuation result is establishing a LDP, namely questions
about zails of the distribution of 7 (2¢,0) + {5. We seek to find the probability of the rare events
when the height H(2,0) + {5 has a deviation of order 7. Interestingly the lower- and upper-
tail LDPs have different speeds. The lower-tail deviations occurs at speed > while the upper-tail

deviations occurs at speed ¢.

P[H(21,0) + &5 < 1y] = O, (y < 0) (2.1.4)

P[H(21,0) + &5 > ty] = e ®+0), (y > 0) (2.1.5)

Such distinct speeds can be heuristically explained by directed polymers. For a discrete polymer
on an N X N grid with i.i.d. site weights, we consider the point to point partition function. It can
be made anomalously large by increasing the weights along any single path. The cost of changing
the weights of N such sites amounts to exp(—O(N)). However, smaller partition function can
be realized only when the weights along most of the paths are decreased jointly. This can occur
with probability exp(—O(N?)) by decreasing the weights of most of the sites, c.f., Remark 2.1.1.
For the KPZ equation, recall that the Feynman—Kac formula identifies solution of the SHE as the
partition function of the directed polymer in a continuum random environment. This is analogous
to discrete polymers, with Brownian motion replacing random walks and space-time white noise
replacing site weights. In the continuum setting ¢ plays the analogous role as N, since both ¢ and
N parametrize the polymer length. Identifying ¢ with N, we should expect the ¢ vs ¢ speeds in
(2.1.4) and (2.1.5). These speeds were predicted in the physics work [243], where the prescribed

polymer argument was given.

Remark 2.1.1. The speed of lower-tail deviations is in fact not universal when the random envi-
ronment is unbounded. Specifically, [46] showed that the lower-tail speed of the directed polymer

with a Gaussian environment is N2 /log N instead of N>.
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Recently there has been much development around the large deviations of the KPZ equation in
the mathematics and physics communities. Employing the optimal fluctuation theory, the physics
works [226, 225, 252] predicted various tail behaviors of the KPZ equation. These predictions
were further supported by the analysis of exact formulae in the physics works [241, 230, 233].
In mathematics terms, the optimal fluctuation theory corresponds to Fredilin—Wentzell type large
deviations of stochastic PDEs with a small noise. There has been rigorous treatment [194, 86] of
such large deviations for certain nonlinear stochastic PDEs.

Under the same initial data as this paper, the physics works [292, 118, 234] each employed a

different method to derive the same explicit rate function for the lower-tail deviations of H (2¢,0) +

L

15- The work [116] provides detailed, rigorous bounds on tails of H (2t,0) + 5, which are valid

12°

for all # > 0 and capture a crossover behavior predicted in [225, 252]. The lower-tail LDP with the
exact rate function was later proven in [310], and more recently in [79]. The four different routes
[292, 118, 234, 310] of deriving the lower-tail LDP were later shown to be closely related [232].
Two new routes have been recently obtained in the rigorous work [79] and physics work [240].

In this paper we focus on the upper tail — the complement of the aforementioned results. Since
Z(t,x) = exp(H(t,x)), the upper tail is closely related to positive moments of Z. The moments
of SHE and its connection to intermittency property [175, 176] has been previously studied in
[104, 92, 94, 223]. These works established finite time estimates of tails or moments of Z(z, x)
and solutions of related stochastic PDEs. The work [93] studied a class of equations that includes
the SHE with the delta initial data considered here. With the aim of establishing the existence of
the smooth density, the work obtained finite time tail estimates of the solution.

For the large time regime considered here, the form ®,(y) = %y3/ 2 was predicted in [243]
by analyzing an exact formula. The analysis also yields subdominant corrections; see [242,
Supp. Mat.]. We note that, for the short time regime, [213] predicted the same %—power law.
A priori, the optimal fluctuation theory used therein works only for short time, although the va-

lidity in large time was argued therein. For the large time regime, [122] gave a bound on of the

upper tail of Z(z,x) (with a different initial data). The bound exhibits the predicted %—power for
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small y but not large y. Extracting information from positive integer moments of Z, [115] pro-
vided detail bounds on the upper-tail probability. The upper and lower bounds therein capture the
aforementioned %—power law but do not match as ¢ — oo.

In this paper we present the first rigorous proof of the upper-tail LDP of H (21,0) + {5 with the

predicted @, (y) = §y3/2

rate function. Interestingly, this matches exactly with the upper-tail rate
function for the Tracy-Widom distribution [308]. Our main result gives both the 1 — oo asymptotic

of the p-th moment of Z(2t,0), for any real p > 0, and the upper-tail LDP of the KPZ equation.

Theorem 2.1.2. Let Z(t,x) be the solution of the SHE (2.1.1) with the delta initial data (2.1.3),

and let H (t,x) :=log Z(t, x) be the Hopf-Cole solution of the KPZ equation (2.1.2).

(a) Forany p € (0, ), we have

1 : 1 : 3
lim — logE[ep(H(Z”O)J’ﬁ)] = lim — logE[(Z(Zt, O)eﬁ)”] - %. (2.1.6)
(b) Forany y € (0, o), we have
1 4
Jim —logP|H(21,0) + L2ty = -®.(y) = —§y3/2. (2.1.7)

Remark 2.1.3. The results in Theorem 2.1.2 immediately generalize to x # 0. This is so because,
under the delta initial data (2.1.3), the random variables Z(2¢,0) and Z(2¢, x) exp(x?/4t) have
the same law. This fact can be verified from either the Feynman—Kac formula or the chaos ex-
pansion. Hence, the results in Theorem 2.1.2 hold with Z (2¢, x) exp(x?/4t) replacing Z (t,0) and
H(2t,x) + Z—j replacing H (2¢,0).

Our method is based on a perturbative analysis of Fredholm determinants, and the major input
is the formula (2.1.10) that expresses the Laplace transform of Z(2t, 0) as a Fredholm determinant.
We emphasize that our method differs from existing methods used in the same context. The work
[243] postulates a form of the upper tail and verifies a posteriori the consistency with the formula

(2.1.10); see [242, Supp. Mat.]. There are, however, infinitely many postulated forms that are
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consistent with (2.1.10). We explain this phenomenon in Section 2.1.1. There we reprint the
consistency check as a variational problem (2.1.14), which has infinitely many solutions given
in (2.1.15). The work [122] utilizes an formula of the tail probabilty of H(2¢,0) + {5, under the
Brownian initial data. Such a formula can be viewed as the inverse Laplace transform of (2.1.10).

By analyzing the inverse Laplace transform formula, it was shown [122, Corollary 14] that there

exists constants cy, ¢o, c3 such that for all y > 0 and large enough ¢

P [7{(2t,0) +15 > ty] < ct'Pemet 4 cltl/ze_“ymt.

This bound exhibits the %—power law for small y but becomes linear in y (in the exponent) for large
y. In this paper we employ a new way of utilizing the formula (2.1.10), by applying it for getting
the p-moment growth of Z(2¢,0).

The main body of our proof is devoted to proving Theorem 2.1.2(a), or more precisely its re-
fined version Theorem 2.1.2(a)* stated in the following. From Theorem 2.1.2(a) standard argument
produces Theorem 2.1.2(b), with the rate function —% y3/2 being the Legendre transform of f—;. The
first indication of Theorem 2.1.2(a) being true came form the study of positive integer moments of
(2.1.6). The mixed joint moment of Z solves the delta Bose gas, and the delta Bose operator can
be diagonalized by the Bethe ansatz. The work [216] carried out such analysis and pointed out that
(2.1.6) should hold for positive integers, i.e.,

1 t 3
lim - logE[e"(H(Zt’O)“Lﬁ)] - ’11_2 for n € Zso. (2.1.6-int)

t—oo [

This assertion (2.1.6-int) was proven in [94] for function-valued, bounded initial data, and in [115,
Lemma 4.5] for the delta initial data considered here. It has long been speculated and conjectured
that (2.1.6-int) should extend to all positive real p. However, the connection to the delta Bose gas
only gave access to integer moments. Here, by utilizing a known formula but in an unconventional
way, we bridge the gap between integers. In the same spirit as [115, Lemma 4.5], we provide a

quantitative bound on the p-th moment of Z that holds for all # and p away from 0. This is stated
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as a refined version of Theorem 2.1.2(a) as

Theorem 2.1.2(a)*. Let Z be as in Theorem 2.1.2. We have a decomposition

E[(Z(21,0)eT)"] = A, (1) + B, (1)

xz

of the p-th moment of Z(2t,0)e12 into a leading term A, (t) and remainder term B, (t). For any
to, po > 0, there exists a constant C = C(tg, pg) > 0 that depends only on ty, po, such that for all

t > tgand p > po,

v’ P

1 3 t
Ep—%r(p +1) 7™ <A, 1) <CpIT(p+ )12 '™, (2.1.8)

3

S

2

andforn = |_pJ +1¢€ Z>() and Kp = min{%, I

@)}

73t
1B,(1)] < n- (n)2 (nC)" 17 &' ~*»!, (2.1.9)

From the bounds (2.1.8) and (2.1.9), one see that A, (#) dominates as t — oo, uniformly over any
close intervals in (0, c0)NIp. Theorem 2.1.2(a)* immediately implies Theorem 2.1.2(a).

The upper tail problem has also been studied for several other models in the class of integrable
systems starting from the fluctuation results and LDP for the longest increasing subsequence [224,
293, 148, 14]. There are also analogous results on upper-tail LDP for integrable polymer models
[177, 208], and also for last passage percolation in Bernoulli and white noise environments [96,
209] and inhomogeneous corner growth models [162].

The main input of our proof is the known formula (2.1.10) that express the Laplace transform
of Z(2t,0) as a Fredholm determinant. There are multiple equivalent ways to define Fredholm
determinants [296]. We will work with the exterior algebra definition: for a trace-class operator
T on a Hilbert space, consider /\l.L: | H and the operator TN defined by T"N(vi A -+~ Avp) =

(Tvi) A --- A (Tvp). The operator T"! is trace-class on /\l.L: , H. We then define the Fredholm
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determant as

det(I-T):=1+ i(—l)Ltr(TAL).
L=1

The following formula is known thanks to the integrability of the SHE and related models:

E[exp(—sZ(2t,0)et)] = det(l — K,,) = 1 + Z(—l)Ltr(KQ,L), (2.1.10)
L=1

where Ky, is an integral operator L?(R() with the kernel

Ai(x+r)Ai(y+r
Ksi(x,y) = / ( 1) _tl(,fr Lar, (2.1.11)
R 1+ Ee

and Ai(x) is the Airy function. It is standard to check that K ; is a positive operator via the square-
root trick, c.f., Lemma 2.2.1. The formula (2.1.10) or its closely related forms was first derived
simultaneously and independently in [6, 80, 156, 291], with a rigorous proof given in [6] based on
results of [306]. In particular, the formula (2.1.10) can be obtained by taking Laplace transform
of [6, Eq.(1.13)]. A direct derivation of (2.1.10) with a rigorous proof can be found in [70]; see
Theorem 1.10 (a) and Eq. (1.7) therein.

A standard way to extract tail information from (2.1.10) is to parameterize s = e~"> and substi-

tute in Z(2¢,0) = exp(H (2¢,0)) to get

E[exp(—e"rO%h0)] = 1 - w(K,,) + Z(—l)Ltr(KQ,L . (2.1.12)
L=2

The double exponential function exp(—e *) on the Lh.s. of (2.1.12) may be deemed as a good proxy
of the indicator function 1(_ ), and hence analyzing the r.h.s. of (2.1.12) could produce informa-
tion on P[#H(21,0) + {5 < ty]. This approximation procedure has been successfully implemented
in getting the limiting fluctuations and lower-tail LDP (but using different representations of the

r.h.s. than the Fredholm determinant).
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2.1.1 An issue of nonuniqueness

However, for the upper tail, the preceding procedure would not produce the full LDP. To see

this, rewrite (2.1.12) as
E[1 - exp(—eH@0+iz10)] = Z(—l)L_ltr(KAL,y ) (2.1.13)

For y > 0, it is possible to show that the r.h.s. of (2.1.13) is dominated by the L = 1 term as t — oo,

and analyzing the trace of K ; from the formula (2.1.11) should yield

_4.3)2 1
1 y7e 0 y e (0,41,
lim —log (ths. of (2.1.13)) = 1(y) := 3 4

—00 1

VR ye(%,oo),

For the left hand side, if we assume the existence of the upper-tail LDP but with an unknown rate
function, i.e., lim;_,q, %log P[H (2t,0) + ﬁ > ty] = —-®,(y), for y € (0, o), using the fact that

1 —exp(—e’®) ~ exp(tmin{¢,0}), as t — oo, we should have

lim llogE[l — exp(—eM(r0+1; )] = sup { min{& - y, 0} - D, (&)}

t—oo £>0

Putting these two sides together suggests the variational problem

—2y3/2 0,11,
sup { min{¢ - y,0} - @, (&)} = » v €03l (2.1.14)

1 1
£>0 ﬁ_ya ye(17oo)

The function ®,(y) = §y3/ 2 does solve this variational problem. However, the solution is not

unique. Any function that satisfies
@, (y) = —-%y*/2, fory € (0,11, S -y <@(y) < 3y¥% fory e (1, ) (2.1.15)
solves the preceding variational problem.
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The preceding calculations strongly suggest that the conventional scheme (2.1.12) and (2.1.13)

of using the Fredholm determinant would not produce the exact rate function.

2.1.2  Our solution

To circumvent the aforementioned issue, we provide a new way of using the formula (2.1.10).

The start point is the following elementary identity:

Lemma 2.1.4. Let U be a nonnegative random variable with a finite n-th moment, where n € Z.
Let a € [0, 1) Then the (n — 1 + @)-th moment of U is given by
(D" [

1 (o]
n—l+a7 _ —a n —sU — —a —sU
E[U ]_—F(l—a)/o SR ds = s | s gREle s 2116)

The proof of this lemma follows by an interchange of measure via Fubini’s theorem. We will apply
this lemma with U = Z(Zt,O)elt_z and withn := [p|+1 € Zsgpand @ := p — | p] € [0, 1) so that
p=n-1+a.

Utilizing the formula (2.1.10) for E[¢ V] = E[¢*< <2f’0>ef7] in (2.1.16), we will then be able
to express the p-th moment of Z (21, 0)e as a series. From this series we identify the leading
term and higher order terms. This eventually leads to the desired estimate in Theorem 2.1.2(a)*.

It seems possible to directly analyze the inverse Laplace transform formula in [6, Theorem

1.1]. Doing so may provide an alternative proof of Theorem 2.1.2(b).

QOutline.

In Section 2.2 we setup the framework of the proof. Namely we introduce an expansion of the
p-th moment of Z, identify a trace term as the leading term, and establish several technical lem-
mas. In Section 2.3, we give precise asymptotics of the leading trace term, and in Section 2.4 we
establish bounds on the remaining terms. Finally, in Section 2.5, we collect results from previous

sections to give a proof of Theorem 2.1.2 and Theorem 2.1.2(a)*.
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2.2 Basic framework

Throughout this paper we use C = C(a, b,c,...) > 0 to denote a generic deterministic pos-
itive finite constant that may change from line to line, but dependent on the designated variables
a,b,c,....

As mentioned previously, we will utilize Lemma 2.1.4 and (2.1.10) to develop a series ex-
pansion for E[(Z(2t, O)elt_z)p ]. This, however, requires a truncation at s = 1 first. To see why,
referring to (2.1.12), with s = e, we see that s < 1 corresponds to upper tail while s > 1 corre-
sponds to lower tail. While we expect the later to have minor contribution in the regime p > 0 we
are probing, it is known that for s > 1 the Fredholm determinant (2.1.12) behaves in an oscillatory

fashion ast — co. Withn :=[p|+1 € Z.pand a := p — |p] € [0, 1), we truncate

_1\n 1 '
E[(Z(21,0)e™)"] = —r21 1_)0) /0 s 0P E[e 0P ds + B, 1 (1), (2.2.1)
where
Bpi(t) = ﬁ'/l sTYE[U"e*Y]ds, U := Z(Zt,O)elt_L (2.2.2)
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For this term 8, 1 () we bound

1 °° 1
0< B = —— —n-eg U)" -sU ds < ne=x}\ =
< Bpa0) F(l—a)/l > [(sU) e ] S_F(l—a) igg{xe }n+a—1
Recognize n+a—1 = p, and apply the bounds ( < C,fora € [0,1),and sup,.o{x"e™*} < n".
1B,1(t)] < Cp~'n". (2.2.3)

The bound (2.2.3) does not grow with ¢, and hence 8, ;(¢) will be a subdominant term.
Next, we wish to take 97 in the Fredholm determinant expansion (2.1.10) and develop the

corresponding series. Assuming (justified later) the derivative can be passed into the sum, we have

1 t
(_1)11 §Y (9;1 [ —sZ(ZtO)e7] ds

F(l—a) 0
_ (_l)n 1 P AL _ (_l)n ! - N L an AL
T(1-a) J O (Z( D (K ) “Ta-a) ) ° ;(—1) o5 (K, ) ds.

(2.2.4)

The passing of derivatives into sums will be justified in Lemma 2.4.4, and in Sections 2.3 and
2.4.1, we will show that tr(K s’\,L) is infinitely differentiable in s. As it turns out, the L = 1 term

dominates. We then let

( 1)n+1 o an

A1) = Ti<a) / A" tr(Ky,) ds, (2.2.5)
( )n+L 1

B,L(t) = —— T =a) sTY ol (K ds, L>2 (2.2.6)

denote the leading and higher order terms.

In the following we will work with the Schatten norms of operators. Recall that, for u € [1, oo]
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and for a compact operator T on L?(Rs), the u-th Schatten norm of T is defined as

I = ey = (3 sy,
i=1

with the convention ||T||c := limy—c ||T||4, Where s;(T), i € Zg, are the singular values of 7. In
particular, u = 1 gives the trace norm, u = 2 gives the Hilbert—Schmidt norm, and u = oo gives the

operator norm || T ||op := sup{% . f € L*(Rsg) \ {0}}, where | f] := (fooo | £ (x)|?dx)!/? denotes
the norm on L?(Rs). The Schatten norm decreases in u, so the trace norm is the strongest among
all u € [1,00]. We will use the following ‘square-root trick’ to evaluate the trace norm of some

operators.

Lemma 2.2.1. Consider a square-integrable kernel J(r,y) with /R (/R |J(r,y)|?dr)dy < co. Then

the integral operator T on L*(Rsq) with the kernel

T(x,y):= ‘/Rj(r,x) J(r,y)dr

is positive and trace-class, with tt(T) = ||T||; = fR (/R |J(r,y)|?dr)dy.

Proof. It is more convenient to embed T into operators on L?(R). We do this by setting the kernel

T(x,y) = Loy (01 () /]R T(rox) J(r.y) dr

to be zero outside (x,y) € RZZO. This way we have the factorization 7 = J*J, where J is an
operator on L?(R) with kernel 1r.,(y)J(r,y). The square integrability of J(r,y) guarantees that
the operator J is Hilbert—Schmidt, and the Cauchy—Schwartz inequality ||7172||1 < ||T1]|21|72]l2
applied with 71 = J*, T, = J concludes that T is trace-class, whence tr(T) = fR+ ( fR |J(r,y)|>dr)dy
by Theorem 3.1 in [77]. The factorization 7 = J*J implies that T is positive, whence tr(7) =
71l O

Lemma 2.2.1 applied with J(r,y) = Ai(y +7)(1 + %e"mr)‘l/2 proves that the operator K, (de-

fined in (2.1.11)) is positive and trace-class.
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Much of our subsequent analysis boils down to estimating integrals involving the Airy function
Ai(x). Here we prepare two technical lemmas that will be frequently used. To setup the notation,

set

D(y) = / OoAi2(x) dx. (2.2.7)
y

Using the Airy differential equation, one can explicitly compute the antiderivative of Ai(x)? to get
®(y) = Ai’(y)? - y Ai(y)?. Using known expansions of Ai(x), Ai’(x) for |x| > 1, e.g., Equation
(1.07), (1.08), and (1.09) in Chapter 11 of [267], we have that, for all y > 0 and for some universal

C>0,
é(m+ 1) <®(-y) < C Wyl +1), (2.2.8)
e ™ <o) < %e‘%y”. (2.2.9)
Also consider
Uy(x) := gx* — %x3, (2.2.10)
which enjoys the property
U, (x) increases on x € [0, 4] and decreases onx € [%,00), U,(%) = %. (2.2.11)

Lemma 2.2.2. Fix to, gy € (0, 00). There exists a constant C(to, qo) > 0, such that for all t > t

and g > qo,

1 3 3¢
0 < / M@ r) dr < C(to, qo)t/0g e ™ . (2:2.12)
C(t0, q0) R

Proof. Let us first give a heuristic of the proof. The idea is to apply Laplace’s method. We

seek to approximate /R e ®(1*3r) dr by /R e'8a("dr, for some appropriate function 84(r), and
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search the maximum of g,(r) over r € R. The bounds of ® from (2.2.8) and (2.2.9) suggest
log ®(*3r) ~ —%tri/z and g,(r) = qr — %ri/z. This function achieves a maximum of ¢3/12
at r = g*/4, which gives the exponential factor exp(%’). The prefactor ~//°¢=3/% can then be
obtained from localizing the integral around r = ¢2/4 and using (2.2.9) to approximate the integral
as a Gaussian integral.

We now start the proof. Fix t9, go > 0. To simplify notation, throughout this proof we write

C = C(t9,q0) > 0, and for positive functions fi(a,b,...), f2(a,b,...), we write f; ~ f> if they

bound each other by a constant multiple, i.e.,

Lhlab,...) < filab,...) <Chla,b,...),

within the specified ranges of the variables a, b, . ... Set p := 2. Divide fR e?"'®(1*3r) dr into

three regions and let 7, J>, and 73 denote the respective integrals:

[+
(/[ 1-p25+p21 JR- JR0\[(§-p)%(%+0)]

27 27

e d(2Pr)dr := I1(q. 1) + Lr(q. 1) + L(q.1).

(2.2.13)

As suggested by the preceding heuristics, we anticipate 7; (g, ) to dominate. We begin with esti-

mating this term. Recall U, (x) from (2.2.10). The bounds from (2.2.9) gives, for all 7, t € Ry,

eth(\/;)

" d(12Pr) ~ ———.
( ) 1+4123r

(2.2.14)

he f ; U ; ; f 7 — 9 dU @ _ qy\2.4 q
The function U, (x) attains a maximum of {5 atx = 7 and U, (x) — 13 = =(x = 3)“(3(x = 3) + q).
Integrate both sides of (2.2.14) over [(% -p)2, (% +p)?] and make a change of variable /7 — % - X.

We get, for all g, t € Ry,

dx.

204
S [P 2(x + e GrHd)
7 1) ~e1Z

1(g,1) ‘[p 1+ 283 (x + 9)2
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The choice p = % guarantees that for all x € [—p, p] and for all ¢ > g, we have % < %x+q,x+% <

Cgq. Then for all t > 9 and g > qo, there exists C > 0 such that for x € [—p, p],

1 g 2+ 3)e SRS A e

—Lgix?
C?3q STle B D ehgt (2.2.15)

Integrate (2.2.15) over [—p, p] and use /_i e~ dx ~ (tq)"1/2, forall t > tgand ¢ > go. We now

obtain, for ¢t > 79 and g > qo,

t

Ti(q,t) ~1t7 1032, (2.2.16)

Having settled the asymptotics of 7 (g, 1), we now turn to 75(q, t), I3(q, t). For 1,(q, t), use (2.2.8)

to get

0
0< g < C/ et (\J23]r| + 1)dr < Cqg~327710 + Cq7 171, (2.2.17)

(o0

As for I3(q, t), integrate both sides of (2.2.14) over R5¢ \ [ % - p)2, (% + p)?] and then make the

change of variable \r — x to get

al Yo (=52 (4x+q)
0< Ti(q.1) s Ce'™ / . (2.2.18)
Roo\(§-p)(§+p)] 1 +1%x

For x € Rxo \ [(1 - p), ({+p)], we have (x — 1) > p?. The AM-GM inequality inequality
gives 1+ 123x? > 2¢'3x, and equivalently 35— < '3 Applying these bounds on the r.h.s.
of (2.2.18) and then releasing the region of integration to Rxo, we get that

3

3, 02
T3(g,1) < Cem 43 p 275 (2.2.19)

It is straightforward to check that the r.h.s. of (2.2.17) and (2.2.19) can be further bounded by
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3t
Ct_7/6q_3/zeql_2, forallt > tp and g > g¢. Hence
3[
0 < Ir(q,t)+ I3(g,1) < Ct_7/6q_3/2eq1_2.

This together with (2.2.16) gives the desired result (2.2.12). ]

Lemma 2.2.3. Recall U, from (2.2.10). There exists a constant C = C(to, qo) > 0 such that for all

t >ty q=qo andy € [0, 0],

y
/ eI @ (23 r)dr < C(to, go) 17/ exp (tU,(min{v/y, 4})). (2.2.20)

Remark 2.2.4. The prefactor r~5/6 in (2.2.12) is likely suboptimal, but suffices for our subsequent

analysis.

Proof. When y € [%2, o], we release the range of integration of the L.h.s. of (2.2.20) to R and use
the upper bound in Lemma 2.2.2. Observe that U, (min{\/?, %}) = % and ¢ and ¢ are bounded
below by 7o and go. Absorb r~'/3 and ¢=3/? in the constant C (¢, o) to get the desired bound in
(2.2.20).

Moving onto y € [0, g>/4), from (2.2.17) we already have a bound on /_(10 e ®(¢*3r)dr of
the desired form. Hence, it suffices to bound for foy e?"'®(1*3r)dr. From (2.2.14), make a change

of variable v/  x, and in the result bound % < 713, We have
1+22/°x

y ¥ UV VT 9xetUa(®) v
/ e ®(*1r)dr < C / £ _dar=cC / 2 T Gy <ol / ¢'Us ) gy,
0 o 1+123r o 1+12/3x2 0

(2.2.21)

We next bound the last expression in (2.2.21) in two cases.

Casel. 0 <y < %. Since U (x) = 2q — 8x is positive for x € [0, Y, the derivative Uy(x) =

2x(q — 2x) is increasing in x € [0, §]. Hence, for any z € [0, F], U, (z) < U, (%) = %2. Thus, for
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any x € [0, +/y], we have z. € [x,+/y] for which

2
Ug(VY) = Uq(x) = Ug(z:) (Vy = x) S Ug(HHY —x) = (Y —x). (2.2.22)
Using (2.2.22) to bound exp(tU,(x)) and integrating the result over x € [0, /y] gives

/ Y ) gy < [ Y g, < / Y P45 g < 4,
0 0 —co q-t

(2.2.23)

2 2
Case 2. i’—6 <y< qT. In this case we have ¢ > 2+/y, which gives

Ug(WY) = Uqg(x) = q(y = x%) = 32 =) 2 245(y = x) = 272 = %) = 2(\y — )2 (V) + 2x).

In the last expression, further use \/y +2x > /y > % to get

Uy, (VY) = Uy (x) = L(yfy — x)2. (2.2.24)

Using (2.2.24) to bound exp(tU,(x)) and integrate the result over x € [0, /y] gives

/ V0 gy < / W U bar (-0 g < / Y -5 gy < | € pUam),
0 0 —o0 qt

(2.2.25)

Combining (2.2.23) and (2.2.25) and inserting the bounds into (2.2.21) gives the desired result.
m

2.3 Estimates for the leading term

The goal of this section is to obtain the t — co asymptotics of A p(t) defined in (2.2.5), accurate

up to constant multiples.
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Let us first settle the differentiability in s of the operator K;,, defined in (2.1.11). Recall

K (x,y) from (2.1.11), then perform a change of variable r — 23r to get

K (x,y) =123 / Ai(x +283r) Ai(y + 23r)v (s, 1, r)dr, (2.3.1)
R
1
v(s,t,r) = 2.3.2
(s,1,7) I3 Lo (2.3.2)

Formally differentiating the kernel K;,;(x,y) in (2.1.11) in s suggests that the n-th derivative of

K ; should have kernel
Ks(’;) (x,y) =123 /Ai(x +723r) Ai(y + t2/3r)8fv(s, t,r)dr, (2.3.3)
R

with the convention Ks(g) (x,y) := Ks(x,y). Differentiating (2.3.2) with respect to s we get

(=1)" nle"

n —
agv(s,t,r) = —(s Fory

(2.34)

Since (—=1)"10"v(s,t,r) > 0, Lemma2.2.1 applied with J(r, y) = Ai(y + t2/3r)((—1)”'16;1v(s, t,r)}/?

gives that (—1)”_1K§,’? defines a positive trace-class operator on L?(Rsq).

Lemma 2.3.1. For any n € Zso, u € [1,00] and t > 0, the operator KAS,’:) is differentiable in s at

each s > 0 in the u-th Schatten norm, with derivative being equal to K S(T'l) , Le.,

() _ g
K0 - K
s/t .t 1
. ¢l

=0.

u

lim

s’ —s

s’ —s

Proof. Since the Schatten norms decreases in u, without lost of generality we assume u# = 1. Fix

ne€Zspandt > 0,andset Dy = - (KS(,”i - Ks(j)) - KS(TI). Use (2.3.3) to express the kernel

of Dy ¢ as an integral involving 6”v and 9"*!v, and Taylor expand 6”v(c, t,r) around o = s up to

the first order, i.e., 32v(s’, ) — v (s, t,r) — (s’ =)0 v (s, t,7) = % fss’ (s"—0)0™2v (o, t,r)do.
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We then get

Ds,s’(x’ y) = Z‘2/3./

1 g
Ai(x +123r) Ai(y + 123r) (— / (s" = )" 2v(o, t,7) do‘)dr
R 2(s" = 5) Js

=3 / Ai(x + 123r) Ai(y + t2/3r)sign(s' — )1 (5,5 (U)(S,;O-)d’fzv(a, t,r)dodr,
RyoxR 2(S - S)
where |(s, s')| := (s,s) for s < s" and (s, s")| := (s, 5) for 5" < s.
Our goal is to show that || D, ||; converges to zero as s — s. As seen from (2.3.4), we have
(-1)™1 912y (o, t,7) > 0. Applying Lemma 2.2.1 with J(r, y) = Ai(y + £273r) ((=1)"™1 02 2v (o, 1, 7)) ~1/?

gives

(s —0o)

—an+2 1,
2(s"—s) 7 viontr)

IDsoll1 = 1% A (x + 23015 0y () dodxdr, (2.3.5)
: . |(s5.5")]
>0

provided that the last integral converges. To check the convergence, recognizing /R . Ai(x +
>

1*/3r)2dx = ®(¢*/3r) substituting (2.3.4) into (2.3.5), bound (o + e "*)"™*3 > ¢=("*+3)1_apd |Zg;,—_“s)| <

b

NI—

1
(rh.s. of (2.3.5)) < 5(n+2)!z2/3 / eI D231 14 gy (o) |dordr. (2.3.6)
Rz()XR

By Lemma 2.2.3 with y +— oo, the r.h.s. of (2.3.6) is finite for each s’ € Rso. From this and the
dominated convergence theorem, we conclude the desired result || D; ¢ ||; < (r.h.s. of (2.3.6)) — O,

as s’ — s. O

Applying Lemma 2.3.1 with u = 1 gives 9tr(K,) = tr(K s(,'?). Further, since the operator K S(’?

has a continuous kernel given in (2.3.3) and is a trace-class operator, the trace can be written as
tr(K S(";)) = /0 “K s('? (x,x) dx (see Corollary 3.2 in [77]). To evaluate the last integral, insert (2.3.2)

into (2.3.1) and (2.3.4) into (2.3.3) to get

1
tr(Ky,) = >3 / ﬁo1>(z2/3r) dr, (2.3.7)
R +E€_r
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(_1)n—1 n! e—rt

R (s4+er1)n+l (> r)dr, neZs, (2.3.8)

a'r(Ky,) = t(K) = 23

where ®(y) is defined in (2.2.7). Armed with the expressions (2.3.7) and (2.3.8), we now proceed
to establish the desired asymptotics of A »(t). Recall from (2.2.5) A, »(t) involves an integral over

€ [0, 1]. It is convention to write it as the difference of an integral over s € [0, c0) and over

e [0,1]:
A, (1) = Ay (1) = A, (1), (2.3.9)
n+l _1\n+l 00
Ap(t) = 15(11)_ - / 9 tr(Ky ) ds, ﬂ (1) == % s 07 tr(K,) ds,

(2.3.10)
wheren := |p]+1€Zspanda :=p—|p] € [0,1).

Proposition 2.3.2. Fix any ty, po > 0. There exists C = C(to, po) > 0 such that for all t > to and

P 2 po

3[ k
LpiT(p+ 1) e'™ <A, (1) <CpT(p+1)17e™, (2.3.11)

|A, (1] < T(p+1)C. (2.3.12)

Proof. Fix ty, po > 0. To simplify notation, throughout this proof we assume ¢ > 7y and p > pg

and write C = C(¢g, po). Referring to (2.2.5) and (2.3.8), we set

n!e2/3 o e " O(123r)

(2.3.13)

so that A, (1) = [~ ¢p.(s)ds and A, (1) = [~ ¢p(5)ds.
To estimate A, () = fooogbp,t(s)ds, integrate (2.3.13) over s € [0, c0) to get

. 172/ ©  gagy
d T (213 —|dr.
J| o=y [erewrn( | e
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The inner integral on the right hand side can be identified with the Beta integral. Namely the

change of variable v = — = yields

e s~ % s

I -a)'(n+a)
0 (S + e—rt)n+1 ’

n!

1 | I'(
= pirart / v—ll/(l _ V)”_ taq,, = pnritart (2314)
0

This then gives fooo ¢p(s)ds = ?BPT(p+1) /R eP"' ®(1*13r)dr. The asymptotics of last integral is
given by Lemma 2.2.2 with ¢ = p. From this we conclude the desired estimate (2.3.11) of A, ().

Next we turn to ﬁp(t) = /100 ¢, (s)ds. Integrate (2.3.13) over s € (1, c0), divide the integral
over r € (—o0,0] and r € [0, o), and for the former release the integral over s from s € (1, c0) to

s € [0, o). This gives 0 < floo ¢pi(s)ds < Ay + Ay, where

nlt2/3 . e " O(123r) nlt2/3 _ae_”fb(tzﬁr)

= dsdr, Aj;:= dsd
r'-a) [O,OO)X(—oo,O]s (s +ertyn+l o ? o

: — s —~ 7 .
: I(1-@) Jcox[o.)  (s+e77T)ntl

For A; use (2.3.14) and then the bound from Lemma 2.2.3 with ¢ — p and y +— 0. We have

0
A =T (p + 1)/ eP"'d (2P dr < VT (p + 1)C. (2.3.15)

1
(s+e—rt)n+l

to bound ®(1%/3r) < ®(0) = C. Together with ﬁ <1, fora € [0, 1), we have

For A;, use s > 1 to bound s™¢ < 571 and use the fact that ® is decreasing (see (2.2.7))

nlt?/3

Ay < C—m—
2= T -a) J

s ds/ e'dr < (n-D1BPC < BPr(p +1)C. (2.3.16)
0

The last inequality follows from the fact that I'(y) is increasing for y > 1 to bound (n — 1)! =
I'(n) <T(p+1). Using t > 1o to bound r~'/6,1~1/3 < C, the bounds (2.3.15) and (2.3.16) together
gives the desired bound for (2.3.12). L]
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2.4 Bounds for higher order terms

To goal of this section is to establish bounds on the term B, 1 (¢) defined in (2.2.6). Along the
way we will also justify passing derivatives into sums in (2.2.4).
Recall from (2.3.3) and Lemma 2.3.1 that K §’? is the n-th derivative in s of K ;. To prepare for

subsequent analysis, we provide bounds on tr(Kj;) and tr(K s(f;)).

Lemma 2.4.1. Recall U, from (2.2.10). For any ty > 0, there exists a constant C(to) > 0 such that

forall o € [0,00], t > ty, and n € Zs,

|tr(K -0 )| < C(to) exp(tUy (min{Vo, 1}) — to), (2.4.1)
(K", )| < n!Clto) exp(tUy(min{vor, 4})). (2.4.2)

Proof. The starting point of the proof is the explicit expressions (2.3.7) and (2.3.8) of the traces.

In (2.3.7), set s = e~7" and divide the integral into r < o~ and r > o to get

o <\ P 2/3 d
tr(Korer ) :t2/3( / + / )M =1+ . (2.4.3)
o)

1 + elo’—lr

For 7 use 1 + '™ > ¢'"7'" and Lemma 2.2.3 with ¢ = 1 and y = o~. We have, for all 7 > 1,
Ti < C(to) exp(tU(min{vo, 1}) — to). (2.4.4)
The second integral 7; can be calculated explicitly by using Airy differential equation, whereby
b= /,2/0300- O(r)dr = g(r*Po),  g(y) = 127 Ai(y)* - 2y Ai'(y)* — Ai(y) Ai'(y)). (2.4.5)

Using the known |y| > 1 asymptotics of Ai(y) and Ai’(y) (see Equations (1.07), (1.08), and
(1.09) in Chapter 11 of [267] for example), we obtain g(y) < Cexp(—%y3/2) for all y > 0.

Using (2.2.11) we further bound the exponent —%y3/2 < Up(min{+/y, %}) —yforall y > 0. From
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this we conclude (2.4.1).
Moving on, similarly to the preceding, in (2.3.7) we set s = ¢~7" and divide the integral into

r <o andr > o to get

o 00 —rt 2/3d
() N\ _ 142/3 e "o Prydr
|tr(Ke””,l‘)| =nlt ([00 +/0: ) (e—at + e—rt)n+1 T ‘71 + *%

For 1, use e 7' + ¢ > ¢~ and Lemma 2.2.3 with g = n to get, for ¢ > 1,
o
Ji < / "' @ (*Pr)dr < n! C(to) 17/% exp(tU, (min{Vo, £})) < n! C(to) exp(tU,(min{vo, 2})).

This gives the desired bound for showing (2.4.2). As for %, use e 7' + e > 77" and the fact

that @ is non-increasing to get
B < el(n+1)0'q)(t2/30_) / e dr = Z‘_]emo—(D(lz/SO').
a

Further bounding ®(y) < Cexp(—3y°/?) (by (2.2.9)) gives % < 15" exp(tU,(v/0r)), for all > 1q.
From (2.2.11) we have U,(v/s) < Uy(min{+/s, g/2}), for all o, ¢ > 0. From this we conclude
P < tal exp(tU,(min{+/s, 5})), for all # > o. This completes the proof of (2.4.2). [

2.4.1 Interchange of sum and derivatives

In this subsection, we show that the series
Z(—l)Ltr(KQtL (2.4.6)
L=1

is infinitely differentiable in s and the derivative can be obtained by taking term-by-term differen-

tiation. To this end we will use the following standard criterion:

Proposition 2.4.2. Let fi(s), k € Z-o, be (n + 1) times continuously differentiable functions

ons € [0,1], where n € Zso. If the series f(s) = X1, fi(s) converges absolutely at each
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€ [0, 1], and if the absolute derivative series ;" | |% fx(s)| converges uniformly over bounded

intervals in [0,1], forall j = 1,...,n+ 1, then f is n-th differentiable for all s € [0, 1] with
dsjf(s) P dS,fk(s) forall j =1,.

The proof of this proposition is standard by applying Dini’s theorem to the sequence Y¥ =1 /0 dgll Sfe(s)|ds.

Let us consider first the s derivative of tr(K7; L). Recall from (2.3.3) and Lemma 2.4.4 that K S('?

denotes the n-th s derivative of K. Fix any orthonormal basis {e;};>1 for L?>(Rxo) and write

'[I‘(Ké/\tL) = Z <€,‘I AN...Nej Ksreip N0 A Ks,te,-L> = Z det ((e,‘k, Ks’tei(,>)ll;f:]. (2.4.7)

1<...<ip, i1<...<ip,

Formally taking 0 in (2.4.7) and passing (without justification at the moment) the derivatives into

the sum and inner product suggest that the following should hold

a(K{f) = Z Z ( )det e’k’K(m[)elt’»z,t’:l’

i1<..<ip, meM(L,n)

where

M(L,n) := {r?z =(my,....mp) € (Zso)* :mi+---+my = n}, (2.4.8)
!
(’f) = (2.4.9)
m mi!---mp!

We now proceed to justify this formal calculation. Doing so requires an inequality. Recall that

|| +||2 denotes the Hilbert—Schmidt norm.

Lemma 2.4.3. Fix any k € Z-o and any permutation 1 € Sy. Let Ty, T3, ..., T} be self-adjoint
Hilbert—Schmidt operators on a separable Hilbert space H, and let {e;}i>1 be any orthonormal

basis. Then

Z 1_[|<€m n(f)ezn<f>>|<]_[||Tllz (2.4.10)
i1,k €20 £=1

Proof. 1t suffices to prove (2.4.10) for the case when 7 is a cycle of length k. For general m € Sy,
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decompose it into cycles of smaller lengths and apply the result within each cycle. Further, since
the r.h.s. of (2.4.10) is symmetric in 71, ..., Ty, we may assume without loss of generality m =

(12... k). Under this assumption the Lh.s. of (2.4.10) becomes

k
Z 1—[ |<ei£’T5+lel’[+1>|’ (2.4.11)

il,...,ik€Z>0 =1

with the convention Ty, :=T7 and ¢;,,, = ¢;,.

Schwarz inequality
in (2.4.11) over the sum i, € Z., and within the result recognize (;, [{e;,, Trei,)|*)/? = [Tre;, |u

and (le |<elz7 T3el3>|2)1/2 |T3313|H We haVe

k
Lhs.of @411 < Y |Taen ], [Ten|, [ | Iei Tenrern)):

i13i30 ik =4

Next apply the Cauchy-Schwarz inequality over the sum iz € Z.o. Within the result recognize

(X, | Tsei,12) 12 = | 5|2 and (3, [{ess, Tuei,)|*)'/? = |Tuei,|n. We have

L
Lhs.of 411y < > [Tei| [[Tsei|l, [Taei|, | | 1Ceir Tevrer, )]
=5

[sidseenlk

Continue this procedure through i;, j = 4,..., k. Each application of the the Cauchy-Schwarz
inequality turns the preexisting |T;e;;|y into ||T}||2 and produces |Tj41e;,, |y. Finally, after the
J = k step, an application of the Cauchy—Schwarz inequality over i; turns |Tze;, |z and |Tie;, |g

into ||72||2 and [|T1]|>. O

Lemma 2.4.4. Let (L, n) be in (2.4.8). Fix L € Z-, and fix any orthonormal basis {e;}>1 for
L?*(Rsg). For any t > 0, the function s > tr(KSAJL) is infinitely differentiable at each s € [0, 1],

with

Fuk)y= > > ("%) det ({es. K1”ei, ) gor (2.4.12)

i1<...<ip, meM(L,n)
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where the r.h.s. converges absolutely uniformly over [0, 1]Nls.

Proof. First, by the product rule of calculus we have

o7 det ((e,-k,Ks,,ei»)i,g:l = Z (;1) det (95" <€ikaKs,teiz>)/I;,£=1'
meM(L,n)

By Lemma 2.3.1 for u = oo, the derivatives on the r.h.s. can be passed into the inner product to

give

o” det((e,-k,Ks,te,-(»i’g:l = Z (;1) det <elk’K(m(;)etg>)é’g=1- (2.4.13)
meM(L,n)
We wish to apply Proposition 2.4.2 with {fk};":1 being an enumeration of {det((e,-k, K ei, >),f’[:1 Yir<.<ip -
The series in (2.4.7) converges absolutely for each s € [0, 1] (with ¢ € (0, o) fixed) because K s’\,L
is trace-class. Given the identity (2.4.13) for the derivative series, it suffices to prove that the r.h.s.
of (2.4.12) converges absolutely and uniformly over [0, 1]Nls. To this end, apply Lemma 2.4.3

withk = L and T; = KS(T") to get

%2l

i1<...<ip, meM(L,n)

n
<elk’K(m€)elt’>)II;,€:l‘ < L! Z (,,71) 1_[ ”K(W)”z

meM(L,n) =1

Recall that (-1)""1K S(T) is a positive trace-class operator, whereby || K (m) o < Ky, (m) Il = [tr(K; (m))l

and

% il

i1<...<i, meM(L,n)

({eiy. (’"")e,»)i’g:l)su > (ﬁ)nhr(l((m[) (2.4.14)

MeM(L.n) =1

The bounds from Lemma 2.4.1 guarantee that the r.h.s. of (2.4.14) converges uniformly over

[0, 1]Nls, for fixed ¢ > 0. o

We now consider the s derivative of the series (2.4.6).
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Proposition 2.4.5. Let M(L,n) be in (2.4.8). For m € M(L,n), set mso = {k : my > 0} C
{1,...,L} and let |msq| denotes the cardinality. For any t > 0, the series (2.4.6) is infinitely

differentiable in s € [0, 1], with

o Y -DRe(KI) = 3 (=DE 8} (K, (24.15)
L=1 L=1

'r(KL) (”) (7i~o1)* tr(K"))|. 2.4.16

| ' . | me‘.mZ(L,n) — lfit>ol)! 1_“ ( ( :

Proof. We will appeal to Proposition 2.4.2, with the choice fi(s) = (=1)ftr(K S/\tL) Doing so
requires bounds on the derivatives series, which we achieve by using Lemma 2.4.4. This lemma
holds for any orthonormal basis, and here, with K ; being compact and symmetric, we specialize
to the eigenbasis of K. Let {v;};>1 be an orthonormal basis of K, with eigenvalue 4;. Indeed v;
and A; depend on s, ¢, but we omit such dependence since in the subsequent analysis we will not

vary s, t. Expand the determinant in (2.4.12) into a sum of permutations, and specialize to e; = v;:

Alw(KN) = Z Z (;) Z s1gn(n)n<v,k, (m"(lk)) ,n(ik)>. (2.4.17)

i1<...<ip, meM(L,n) TEST,

Recall the convention Ks(,?) := Kj;. Because of the eigenrelation K,v; = A;v;, the product in
(2.4.17) vanishes unless 7(r) = r for all r € {k : m; = 0}. Such permutations can be reduced
to permutations on the set mso C {1,..., L}, and we let S(/m() denote the subgroup of all such

reduced permutations. The preceding discussion brings (2.4.17) to

gokh= 3 X (4) [T a Y sientm [T (k™)

i1<...<ip. meM(L,n) k:m=0 reS(sg) kemsg

To bound this expression, take absolute value and pass it into the sum and products on the r.h.s.,

bound the ordered sum ), . _; by the symmetrized sum m Dipimp=0 2iptein.y and then
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use ) [Ai] = 2 A = tr(Ks,) = tr(K ) We have

n n ONSES g\l
il s 3 (L 35 T ek,

meM(L,n) m€S(Mq) ig:l€M=g L€M=

Now apply Lemma 2.4.3 with k + |mis(| and with the T;’s being the Ké(,,':”‘)’s, and use ||K( )||2 <

||K(’")||1 = |tr(K(m))| We further obtain

ore(KiH) < . (;) (I750])! )'n|tr(K(m") (2.4.18)

HeM(L,n) (L~ |

This is exactly (2.4.16).

The bounds from Lemma 2.4.1 ensure that [];_, |tr(K§31k))| < C(t,n)L, for all s € [0,1].
Given this, it is straightforward to verify that, when summed over L > 1, the r.h.s. of (2.4.18) con-
verges uniformly over [0, 1]Nls, for fixed ¢, n. Proposition 2.4.2 applied with f7 (s) = (=1)%tr(K XAZL

completes the proof. O

2.4.2 Bounds.

The goal of this subsection is to bound the term B, 1 (¢), defined in (2.2.6). Recall M (L, n)
from (2.4.8). Referring to (2.2.6) and (2.4.16), we see that

1 > ! - mg
B0 < Ty > (;) ( L(lmln(1)|>)0|)Y ]_[ / jer(K{7)| ds. (2.4.19)

meM(L,n)
In view of (2.4.19), we first establish

Proposition 2.4.6. Fix any to, po > 0. There exists a constant C = C(ty, po) > 0 such that for all

t>ty,p>poL>2 andm= (mq,...,mp) € M(L,n),

p3

1 /1 ol (m)) Lo
e s7 | |1k, ds < n-n!C 12 ' Kt (2.4.20)
F(l - a) 0 B d
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where n := | p| +1and a := p — | p] and «, := min{g, f_;}'

Proof. Fix L > 2, p > po, m = (my,...,my) € M(L,n). To simplify notation, throughout this

proof we assume ¢ > fg and p > po, and write C = C(#o, po). Set

1 T (mj)
= — -« tr(K.,”")|d 2.4.21
and |msg| := r. Assume without loss of generality 0 < my,...,m, and m,,; = --- = my = 0.

—to

Our goal is to bound 7. In (2.4.21), perform a change of variable s = ™7, apply the bounds from

Lemma 2.4.1, and recall U, from (2.2.10). We have, for all > 1,

CL o0 . L-r r ; mj
I< F(l — a,) / el (CetUl(mm{\/E,%}—ta')) . n(mj)!etUmj (min{+/c, 21 h te—ta'do.,
(2.4.22)

Given that m; +...+m; = n we have ]_[;.=1 (m;)! < n!. Apply this bound in (2.4.22), and combine

the exponential functions in the integrand together to get exp(tM (o)), where

M(o):=(a—L+r-1)o+(L-r)U(min{vo,1})+ Z Un,(min{Vo, %}).  (2.4.23)
j=1

We arrive at

tCLn! ©
T<=" [ M) 4. (2.4.24)
F(l - a) 0

Our next step is to bound the exponent M (o), which we do in several different cases.

. When o € [0, 1].

Recall from (2.2.10) that U,(x) is increasing on x € [0,g/2]. Hence, for o < %, the ‘min’

operators in (2.4.23) always pick up Vo, whence M (o) simplifies into M (o) = po — %0’3/ 2=
. . . . . I)3 [)2 p3 1

g1(0). This function g; achieves its maximum 775 at o = ;7. Further, g1 (o) — 1577 = -3 (Vo -
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L2)2(p +4Lyo) < ~2(yJo — £)2. This gives
3
M(O-) < 12L2 %(\/; - %)2 (2425)

2. Whenr >2and o € (%,oo).
In this case, referring to (2.2.10), we see Uy (min{+/c, %}) = Ul(%) = ﬁ Hence M (o) simplifies
into M(o) =o(a-1)—(L-r)(c - 15) + 2oy Un; (min{+/o, m;}). Forgo the negative term
—(L-7r)(o - ) and use (2.2.11) to bound U,,, (min{~/c, mJ}) 12m We have

M(o) <o(a—1)+ Z Lm? (2.4.26)

Recall that m +. ..+ m, = n. The cubic sum in (2.4.26) tends to be larger when mass concentrates
on fewer m;’s. Under the current assumption r > 2, it is conceivable that the cubit sum is at most

3

(n—1)3+13. To prove this, write m?+. co+m; < m?+(m2+- ctmy)’ = m?+ (n—m;)3, and note

that the last expression, as a function of m; € [1,n — 1], reaches its maximum at m; = 1, (n — 1).

Using this bound on the cubic sum we have

M) <o(a-1)+5((n-1)7°+1). (2.4.27)

3. Whenr =1 and o € (2, ).

Under current assumptions, using (2.2.11) we see that

mw+L-1

M(oc)=0c(a—-L)+ 1

(2.4.28)

4. Whenr =1, o-e( —] and p > L.
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When r = 1 and o > 7, the exponent M (o) takes the form

M(O’)ZO'(Q—L)+%(L—1)+U,1(\/_) ocn+a- L)+12(L—1) 4 o3% = cgo(o).
(2.4.29)

Differentiating in o shows that g, reaches its maximum lz(p L+1)3+ (L —1)ato =
(p — L + 1)?/4. Further g»(o) — M L= (\/_ i L+1)2(p L+ 1+4+/0). Using the

current assumption p > L tobound (p — L +1 +4+/o) > 1 we get

M(o) < LBy Lol Lo ey, (2.4.30)

5. Whenr =1, o-e( —] and p < L.
Here we also have the expression (2.4.29) of M (o). Under the current assumption p < L. Differ-
entiating in o~ shows that g; is decreasing on s € ( 2] Further g, (o) — gz( )=(p-L+1)(oc—-

}1) — %(0'3/2 — %). Use the current assumptions to bound (p — L + 1)(o — —) < (o - —). We get

g2(0)—g2(3) < (0-H-2(0¥?-}) = -1 (1+4+/0) (vJo - §)?. Further bound -3 (1+4+) < 1.

3p 2L

Together with gz( ) = , we have

M(o) < 53Bp-2L) - (Vo - H2 (2.4.31)

Now, in each of the preceding case, use the respective bound (2.4.25), (2.4.27), (2.4.28),
(2.4.30), or (2.4.31) to bound the integral fA eM(@)do on the relevant range A. For the result-

ing integral,

1. perform a change of variable \/oo + u, which introduces a factor 2u; bound this factor by 2 - %

release the range of integration from u € (0, %) to u € R, and evaluate the resulting integral.
2. evaluate the resulting integral.
3. evaluate the resulting integral.
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4. perform a change of variable v/o + u, which introduces a factor 2u; bound this factor by 2u < n,

release the range of integration from u € (%, %) to u € R, and evaluate the resulting integral.

5. perform a change of variable \/or +— u + %, which introduces a factor 2u + 1; release the range of

integration from u € (0, 1) to u € Rs, and evaluate the resulting integral.
This gives the following bound on /A e™(@)do on the relevant region A:
1 _1 3
1. CpmarZexp(t5))

2. Crl(1 - o) exp(r(U=HL _ Loay)

3. Cr(L - o) Vexp(r(UE=l) _ Loy
4. Crinexp(((p— L+ 1)+ (L - 1))
5. C(t '+ exp(5(3p - 2L))
Our goal is to have the exponent strictly less that t%.

3 3t 3

Pt
12L S12 16°

B

(1) Since L > 2 we have +—

)}

(2) Under the current assumption r > 2 forces n > 2, and p > 1 and hence

(n=1+1 _ 1—q _ p* _ (p(n= D-le ot 1o i
T 12 I — 12 126 =

(3) The exponent in (3) therein is decreasing in L. This gives

8]

n+L-1 _ n*(L-a) S n?(2-a) _ pP  (1-0)’(p+2n) _ 3n2-1
12 4 =12 & T2 2 12

IA
[<
|

._.
o
A=

(4) View the exponent in (4) as a function g3(x) := ﬁ((p —x)> +x) of x := L — 1. Under the
relevant assumption p > L and 2 < L, differentiating g3 show that g3 is maximized at x = 1.
This gives 5 ((p — L+ 1)*+ (L - 1)) < g3(1) = 5(p* - 3p? +3p) < 5(p> - 6).
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(5) Use L > 2 to bound %(319 -2L) < L(3p —4). For p > 0, the last expression is always

bounded by % L which gives (3p - 2L) < p—z - 1.

Collect the preceding discussion and refer back to (2.4.24). We arrive at

_L 1 10 _t
+ +e 6 +nt2e 2+ (1+1t2)e 6).
(1-a)

1
Further apply the bounds p -3 < <p, =C, F(ll_a) < C, and m <C, foralla € [0,1). We

conclude the desired result. O]

Proposition 2.4.7. Fix any to, po > 0. Recall B, (t) from (2.2.6). There exists a constant C =

C(t9, po) > 0 such that for all t > to and p > py,

S 1By ()] < - (1) (nCY" 1 5, (2.432)
L>2

where n := |p]+ 1 and a :== p — | p], and k), := mln{% p—6}

Proof. Multiply both sides of (2.4.16) by s™¢, integrate the result over s € [0, 1], and apply the
bound (2.4.20). We get, for C = C(t9, po),

- ' L
Lh.s. of(2432)<(n+1)'rzep—z‘“vfz Z ('Z) (|m>°L)'C

— !
=2 memiLn (L = |m>o])!t

(Ir>0))!

n!
Tl S [@-mo1 and evaluate the sum

Within the last expression, use |msg| < n to bound

Yiemrny () = L". This gives

L" L
Lh.s. of (2.4.32) < n- (n!)*12 oot Z —C' (2.4.33)
Zi(L=n),)!

In the sum in (2.4.33), bound L” < (2n+ (L —2n),)" < 2"(2n)" +2"((L - 2n),)", use (L2100 <

1 and evaluate the resulting series. The result shows that the sum in (2.4.33) is bounded

((L=2n),)!”

by (nC)". This completes the proof. 0
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2.5 Proof of Theorem 2.1.2 and Theorem 2.1.2(a)*

We begin with the proof of Theorem 2.1.2(a)*. Lemma 2.4.4 justifies the passing of derivatives
in (2.2.4). Recall the definition of ﬁp(t), By(t), L > 2, and B, 1(¢) from in (2.2.5), (2.2.6),
and (2.2.2), we have E[(Z(21,0)e)P] = ﬁp(t) + 2151 Bp..(t). Further, recall from (2.3.9) that
Ay (1) = A, (1) = A, (1), 50

E[(Z(2t,0)e7)"] = Ay (1) = Ap() + D B, 1(1).

L>1

Given the bound (2.2.3) and the bounds from Propositions 2.3.2 and 2.4.7, Theorem 2.1.2(a)* now
follows for B, (1) := A, (1) + X151 Bp.L(1).

Next, Theorem 2.1.2(a) follows immediately from Theorem 2.1.2(a)*. It now remains only to
show Theorem 2.1.2(b). We will establish the large deviation upper and lower bound separately.
To simplify notation set V; := H(2t,0) + 5. Fix y > 0. Markov’s inequality gives P[V; > ty] <

e PYE[ePV1]. Apply Theorem 2.1.2(a), take logarithm, and divide by ¢. We obtain, for all p > 0,

lim sup % logP[Vt > ty] < -py+ ﬁp? (2.5.1)

[—00

Minimizing the right side of (2.5.1) over p > 0, we obtain the desired large deviation upper bound

_4

3y3/2.

lim sup % logP[V; > ty] <

—00

For lower bound we employ the standard change-of-measure argument and utilize the strict
convexity of the function %p3, p > 0. Fixe > 0, set g, := 2(y + €)!/?, and let V, denote the

random variable with the tilted law P[V, € A] = W

E[e?1(4,(V,)]. We write

P[V, > 1y] =E[¢" V15, ] - E[e?"] > e ORIE [0V | PV, € [1y,1(y +2¢)]]. (2.5.2)

Our goal is to show that lim;_, P[V, € [ty,t(y+2&)]] = 1. To this end, for A € (0, g.) bound the
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complement probability by Markov’s inequality as

E[e(@~DVi]
E[eVi]
e(q*+/l)V,]

P[Vl <ty] < e’”yE[e_/lV’] =y

~ > E[
—At(y+2¢) AV — —ar(y+2e) 2L -
P[V, > t(y +28)] <e Ele""] =e E[eiV]

Take log, divide the result by ¢, and apply Theorem 2.1.2(a). We obtain

limsup Llog PV, < ty] < yA+ £(q. - )° - 543, (2.5.3)
—o00
limsup LlogP[V, > 1(y +2¢)| < =(y +2&)A + 5(g: +)° - 543 (2.5.4)

—00

Now, view the r.h.s. of (2.5.3) and (2.5.4) as functions of A € (—¢., g.). It is readily checked that
these functions are strictly convex, zero at A = 0, and has negative derivative at 4 = 0. Hence there
exists a small enough A, = A.(&,y) > 0 such that the r.h.s. of (2.5.3) and (2.5.4) are negative for
A = A.. This gives lim,_e P[V, € [ty,t(y +2¢)]] = 1. Use this in (2.5.2), take log, divide the
result by ¢, and apply Theorem 2.1.2(a) to get

1/2

liminf £ log P[V; > 1y] > —q.(y +2¢) + 1342 = —3(y + £)*? —2e(y + )%

Since & > 0 was arbitrary, sending £ — 0 gives the desired large deviation lower bound.
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Chapter 3: Upper-tail large deviation principle for the ASEP

3.1 Introduction

3.1.1 The ASEP and main results

In this paper, we study the upper-tail Large Deviation Principle (LDP) of the asymmetric simple
exclusion process (ASEP) with step initial data. The ASEP is a continuous-time Markov chain on
particle configurations X = (x; > xp > ---) in Z. The process can be described as follows. Each
site i € Z can be occupied by at most one particle, which has an independent exponential clock
with exponential waiting time of mean 1. When the clock rings, the particle jumps to the right
with probability ¢ or to the left with probability p = 1 — g. However, the jump is only permissible
when the target site is unoccupied. For our purposes, it suffices to consider configurations with a
rightmost particle. At any time ¢ € R, the process has the configuration x(¢) = (x;(¢) > x2(t) >
--+) in Z, where x;(t) denotes the location of the j-th rightmost particle at this time. Appearing
first in the biology work of Macdonald, Gibbs, and Pipkin [250] and introduced to the mathematics
community two years later by [298], the ASEP has since become the “default stochastic model
to study transport phenomena", including mass transport, traffic flow, queueing behavior, driven
lattices and turbulence. We refer to [72, 247, 246, 299] for the mathematical study of and related
to the ASEP.

When g = 1, we obtain the fotally asymmetric simple exclusion process (TASEP), which allows
jumps only to the right. It connects to several other physical systems such as the exponential
last-passage percolation, zero-temperature directed polymer in a random environment, the corner
growth process and is known to possess complete determinantal structure (free-fermionicity). We
refer the readers to [211, 247, 246, 276] and the references therein for more thorough treatises of

the TASEP.
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The dynamics of ASEP are uniquely determined once we specify its initial state. In the present
paper, we restrict our attention to the ASEP started from the step initial configuration, i.e. x;(0) =
-j,j=12,.... Wesety = g — p and assume g > %, i.e., ASEP has a drift to the right. An

observable of interest in ASEP is Hy(?), the integrated current through O which is defined as:
Hy(t) := the number of particles to the right of zero at time 7. (3.1.1)

Hy(t) can also be interpreted as the one-dimensional height function of the interface growth of
the ASEP and thus carries significance in the broader context of the Kardar-Parisi-Zhang (KPZ)
universality class. We will elaborate on the connection to KPZ universality class later in Section
3.1.3. As a well-known random growth model itself, the large-time behaviors of ASEP with step
initial conditions have been well-studied. Indeed, it is known [247, Chapter VIII, Theorem 5.12]
that the current satisfies the following strong law of large numbers:
%Ho(i) — 1, almost surely as t — oo.

The strong law has been later complemented by fluctuation results in the seminal works by
Tracy and Widom. In a series of papers [305], [307] [306], Tracy and Widom exploit the integra-
bility of ASEP with step initial data and establish via contour analysis that Hy(#) when centered

1/3

by ﬁ has typical deviations of the order #'/° and has the following asymptotic fluctuations:

223 (- Ho(£) +%) = &oue, (3.1.2)

where £égug is the GUE Tracy-Widom distribution [308]. When g = 1, (3.1.2) recovers the same
result on TASEP, which has been proved earlier by [211].

Given the existing fluctuation results on the ASEP with step initial data, it is natural to inquire
into its Large Deviation Principle (LDP). Namely, we seek to find the probability of when the event

—Ho(é) + ﬁ has deviations of order ¢. Intriguingly, one expects the lower- and upper-tail LDPs to
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have different speeds: the upper-tail deviation is expected to occur at speed ¢t whereas the lower-tail

has speed #°:

P (—HO(i) +3< —ﬁy) ~ e -0, (Lower Tail)
p (—Ho(g) FL> +§y) ~ 1P+ 0) (Upper Tail)

Thus, the upper tail corresponds to ASEP being “too slow" while the lower tail corresponds to
ASEP being “too fast". Heuristically, we can make sense of such speed differentials. Because of
the nature of the exclusion process, when a single particle is moving slower than the usual, it forces
all the particles on the left of it to be automatically slower. Hence ASEP becomes slow if only one
particle is moving slow. This event has probability of the order exp(—O(z)). However, in order
to ensure that there are many particles on the right side of origin (this corresponds to ASEP being
fast), it requires a large number of particles to move fast simulatenously. This event is much more
unlikely and happens with probability exp(—0(?)).

In this article, we focus on the upper-tail deviations of the ASEP with step initial data and
present the first proof of the ASEP upper-tail LDP on the complete real line. Consider ASEP with
q € (%, lI)andsetp =1—gqgand v = p/q € (0, 1). Our first theorem computes the sth-Lyapunov

exponent of 70" which is the limit of the logarithm of E[7570()] scaled by time:

Theorem 3.1.1. For s € (0, o0) we have

S

T2

1 1-
lim — log E[7*0W] = —h,(s) =t (¢ - p) 5
t—oco t 1+72

(3.1.3)

It is well known (see Proposition 1.12 in [180] for example) that the upper-tail large deviation
principle of the stochastic process log 70 is the Legendre-Fenchel dual of the Lyapunov expo-
nent in (3.1.3). Since 7 < 1, as a corollary, we obtain the following upper-tail large deviation rate

function for —H(1).
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Theorem 3.1.2. Forany y € (0, 1) we have

.1 -
lim —logP (—Ho(i) +3> ﬁy) = =[yy = (1 = y) tanh™' (y})] =: =@4(y). (3.14)
where vy = 2q — 1. Furthermore, we have the following asymptotics near zero:

yli_)n& y o, (y) = 2. (3.1.5)

- _—

_—

— I —— |

0 1 0 Yo 1

Figure 3.1: The figure on the left is the plot of @, (y). The right one is the plot of @, (y).

Remark 3.1.3. Note that our large deviation result is restricted to y € (0, 1) as P(—Ho(é) + th >
ﬁy) = 0 for y > 1. Furthermore, although Theorem 3.1.2 makes sense when ¢ = 1, one cannot
recover it from Theorem 3.1.1, which only makes sense for 7 = (1 — ¢)/q € (0, 1). However, as
mentioned before, [211] has already settled the ¢ = 1 TASEP case and obtained the upper-tail rate

function in a variational form. We will later show in Appendix 3.5 that [211] variational formula

for TASEP matches with our rate function in (3.1.4).

Remark 3.1.4. Recently, the work [125] has obtained a one-sided large deviation bound for the

upper tail of the ASEP. In particular, they showed

P (—Ho(é) TS ﬁy) < Ce™®0) y e (0,1). (3.1.6)
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The function CTL coincides with the correct rate function @, defined in (3.1.4) only for y < yg :=
1-2v/¢q(1-¢q)
1+24/q(1-¢q)

with [125] later in Section 3.1.3.

, as captured by Figure 3.1. We will further compare and contrast our results and method

Remark 3.1.5. For y small enough, following (3.1.2) and upper tail decay of GUE Tracy-Widom

distribution [159], one expects

P(~Ho(8) 4§ > 4y) = Bléoue > 220y8) =
Thus the asymptotics in (3.1.5) shows that @, (y) indeed recovers the expected GUE Tracy-Widom

tails as y — 0.

3.1.2  Sketch of proof

In this section we present a sketch of the proof of our main results. As explained before, Theo-
rem 3.1.2 can be obtained from Theorem 3.1.1 by standard Legendre-Fenchel transform technique.
So here we only give a brief account of the proof idea of Theorem 3.1.1. A more detailed overview
of the proofs of our main results can be found in Section 3.2.

The main component of our proof is the following 7-Laplace transform formula for Hy(z) that

appears in Theorem 5.3 in [72]:

Theorem 3.1.6 (Theorem 5.3 in [72]). Fix any 6 € (0, 1). For { > 0 we have

1
1+

E [Fq(ngO(’))] =det(I+K;,), Fy({) = 1_[ 3.1.7)
n=0

Here det(I + K; ;) is the Fredholm determinant of K;; : Lz(Q(Tl‘%)) — LZ(G(Tl‘g)), and

(i(‘rl_g) denotes a positively-oriented circular contour centered at 0 with radius 71-% The oper-

ator K; ; is defined through the integral kernel

| podie a(w)  du
K , o= T(=1)T(1 u R 3.1.8
calw.w') =50 /Hoo (T +u) g (Thw) w' — thw G
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for g1(z) = exp ((q ”)I)-

Remark 3.1.7. The original statement of the above theorem in [72] appears in a much more gen-
eral setup with general conditions on the contours. We will explain the choice of our contours
stated above in Section 3.3 and check that it satisfies the general criterion for contours as stated in

Theorem 5.3 in [72].

‘We next recall that the Fredholm determinant is defined as a series as follows.

det(I + Kz,) == 1+ Z tr(K}%) (3.1.9)
L=1

= +Zu/(,n— /@(Tl_z)det(l(gt(w,,w,))u 11—[dwl (3.1.10)

The notation K é’)tL comes from the exterior algebra definition, which we refer to [296] for more
details. As a clarifying remark, we use this exterior algebra notation only for the simplicity of its
expression and rely essentially on the definition in (3.1.10) throughout the rest of the paper.

To extract information on the fractional moments of 7/0() we combine the formula in (3.1.7)

with the following elementary identity, which is a generalized version of Lemma 1.4 in [131].

Lemma 3.1.8. Fixn € Z.gand a € [0, 1). Let U be a nonnegative random variable with finite n-th
moment. Let F : [0,00) — [0, 1] be a n-times differentiable function such that fooo COFM (e
is finite. Assume further that ||F®)||e < oo forall 1 < k < n. Then the (n — 1 + &)-th moment of

U is given by

/ {E[U"F™(LU)]d¢ / ¢ imEIF(LU)]dg
E[Un—1+a/] — 0 —

f {FW()dL f {OFM(0)dS
0 0

The proof of this lemma follows by an interchange of measure justified by Fubini’s theorem

and the dominated convergence theorem, as E[U”] and ||[F®|| < oo forall 1 < k < n.
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For s > 0, we apply this lemma with U = 7700 » = |s] + 1 and @ = s — |s]. We take
F(x) = F,(x) defined in (3.1.7) which is shown to be satisfy the hypothesis of Lemma 3.1.8 (see

Proposition 3.2.2). As a result, we transform the computation of E[7°%0()] into that of

[e
0

Utilizing the exact formula from (3.1.7) and the definition of Fredholm determinant from (3.1.10),

n

d t
d{nE[Fq(ng‘)( N]de. (3.1.11)

we can write the above expression as a series where we identify the leading term (corresponding
to L = 1 term of the series) and a higher-order term (corresponding to L > 2 terms of the series).
We eventually show that the asymptotics of the leading term matches with the exact asymptotics in
(3.1.3) while the higher-order term decays much faster. This leads to the proof of Theorem 3.1.1.

The above description of our method is in line with the Lyapunov moment approach adopted in
the works of [131], [180] and [248] to obtain upper-tail large deviation results of other integrable
models, such as the KPZ equation. Namely, we extract fractional moments from the (7-)Laplace
transform such as (3.1.7) according to Lemma 3.1.8. In particular, our work draws from those of
[131] and [248], which studied the fractional moments of the Stochastic Heat Equation (SHE) and
the half-line Stochastic Heat Equation, respectively. We will further contextualize the connections
of our work to [131], [180] and [248] in Section 3.1.3. In the following text, however, we empha-
size a few key differences and technical challenges unique to the ASEP that we have encountered
and resolved in our proof.

First, unlike SHE or half-line SHE, the usual Laplace transform is not available in case of
the ASEP. Instead, we only have the 7-Laplace transform for our observable of interest. As a
result, we have formulated Lemma 3.1.8 in our paper, which is more generalized than its prototype
in [131, Lemma 1.4], to feed in the 7-Laplace transform. Consequently, we have worked with
T-exponential functions in our analysis.

Another key difference is that the kernel K, ; in (3.1.8) in our model is much more intricate

than its counterpart in the KPZ model and leads to much more involved analysis of the leading

65



gr(w)
& (t'w)

term. Indeed, K/, is asymmetric and as u varies in (6 —ioco, ¢ +ic0), the function appearing
in the kernel K ;, exhibits a periodic behavior, whereas the kernel in the KPZ models involves
Airy functions in its integrand which have a unique maximum and are much easier to analyze.
Furthermore, our model exhibits exponentially decaying moments of 7%0() as opposed to the ex-
ponentially increasing ones of the KPZ models in [131] and [248] and this demands a more precise

understanding of the trace term of our Fredholm determinant expansion. For instance in Section

3.3, to obtain the precise asymptotics for our leading term, we have performed steepest descent

gr(w)
g (tw)

analysis on the kernel K, ;, where the periodic nature of results in infinitely many critical
points. A major technical challenge in our proof is to argue how the contribution from only one
of the critical points dominates the those from the rest and this is accomplished in the proof of
Proposition 3.2.4. Similarly, the asymmetry of the kernel in the ASEP model has led us to opt for
the Hadamard’s inequality approach as exemplified in Section 4 of [248], instead of the operator

theory argument in [131], to obtain a sufficient upper bound for the higher-order terms in our paper

in Section 3.4.

3.1.3 Comparison to Previous Works

In a broader context, our main result on the Lyapunov exponent for the ASEP with step initial
data and its upper-tail large deviation belongs to the undertakings of studying the intermittency
phenomenon and large deviation problems of integrable models in the KPZ universality class. As
we have previously alluded to, the KPZ universality class contains a collection of random growth
models that are characterized by scaling exponent of 1/3 and certain universal non-Gaussian large
time fluctuations. We refer to [6, 113, 304] and the references therein for more details. The ASEP
is one of the standard one-dimensional models of the KPZ universality class and bears connection
to several other integrable models in this class, such as the stochastic six-vertex model [71, 3, 114],
KPZ equation [80, 156, 290, 6, 113], and g-TASEP [72].

On the other hand, the intermittency property is a universal phenomenon that captures high

population concentrations on small spatial islands over large time. Mathematically, the intermit-
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tency of a random field is defined in terms of its Lyapunov exponents. In particular, the connection
between integer Lyapunov moments and intermittency has long been an active area of study in
the SPDE community in last few decades [ber, 175, 85, 169, 201, 104, 92, 21]. For the KPZ
equation, [216] predicted the integer Lyapunov exponents for the SHE using replica Bethe anstaz
techniques. This result was later first rigorously attempted in [48] and correctly proven in [che].
Similar formulas were shown for the moments of the parabolic Anderson model, semi-discrete di-
rected polymers, q-Whittaker process (see [68] and [69]). For the ASEP, integer moments formula
for H0() were obtained in [72] using nested contour integral ansatz.

From the perspective of tail events, by studying the asymptotics of integer Lyapunov exponents
formulas, one can extract one-sided bounds on the upper tails of integrable models. However,
these integer Lyapunov exponents alone are not sufficient to provide the exact large deviation rate
function.

Recently, a stream of effort has been devoted to studying large deviations for some KPZ class
models by explicitly computing the fractional Lyapunov exponents. The work of [131] set this
series of effort in motion by solving the KPZ upper-tail large deviation principle through the frac-
tional Lyapunov exponents of the SHE with delta initial data. [180] soon extended the same result
for the SHE for a large class of initial data, including any random bounded positive initial data
and the stationary initial data. An exact way to compute every positive Lyapunov exponent of the
half-line SHE was also uncovered in [248]. In lieu of these developments, our main result for
the ASEP with step initial data and its upper-tail large deviation fits into this broader endeavor of
studying large deviation problems of integrable models with the Lyapunov exponent appproach.

Meanwhile, in the direction of the ASEP, as mentioned before, [125] has produced a one-sided

large deviation bound for the upper-tail probability appearing in (3.1.4) which coincides with the

1-24/¢q(1-q)
1+24/q(1-¢q)

correct rate function @, defined in (3.1.4) for y < yg := . This result was sufficient for
their purpose of establishing a near-exponential fixation time for the coarsening model on Z? and

[125] obtained it via steepest descent analysis on the exact formula for the probability of Hy(z/y).
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More specially, they worked with the following result from [306, Lemma 4] as input:

1 d
—Hy(L)+L>1iy)=_— : (n)y GH
P( Ho(5) + 7> 4y) 27TiL|:R(u,r)oodet(1+,quJ) o (3.1.12)

where m = I_}‘t(l -V, R € (1,00 \ {1,771, 772, .. }is fixed, (4;T)eo := (1 — p)(1 — u7)(1 -
ut?) ... is the infinite T-Pochhammer symbol and J,(n“ ,) is the kernel defined in Equation (3.4) of
[125]. Analyzing the exact pre-limit Fredholm determinant det( 1+ u],(n’f ,) ), [125] chose appropriate
contours for the kernel J,;” t) that pass through its critical points and performed a steepest descent
analysis. However, their choice of contours was unattainable beyond the threshold yg. Namely,
if we attempted to deform the same contours for y > yg, we would inevitably cross poles, which
rendered the steepest descent analysis much trickier. By adopting the Lyapunov moment approach,
we have avoided this problem when looking for the precise large deviation rate function.

In addition to the relavence of our upper-tail LDP result, it is also worthy to remark on the
difficulty of obtaining a lower-tail LDP of the ASEP with step initial data. As explained before, the
lower-tail P(—Ho(i) +1 < —1y) is expected to go to zero at a much faster rate of exp(—1?®_(y)).
The existence of the lower-tail rate function has so far only been shown in the case of TASEP in
[211] through its connection to continuous log-gases. The functional LDPs for TASEP for both
tails have been studied in [210], [312], [282] (upper tail), and [266] (lower-tail). Large deviations
for open systems with boundaries in contact with stochastic reservoirs has also been studied in
physics literature. We mention [147], [146], [60] and the references therein for works in these
directions.

More broadly for integrable models in the KPZ universality class, lower tail of the KPZ equa-
tion has been extensively studied in both mathematics and physics communities. In the physics
literature, [243] provided the first prediction of the large deviation tails of the KPZ equation for
narrow wedge initial data. For the upper tail, their analysis also yields subdominant corrections

([242, Supp. Mat.]). Furthermore, the physics work of [292] first predicted lower-tail rate function

of the KPZ equation for narrow wedge initial data in an analytical form, followed by the derivations
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in [106] and [234] via different methods. The asymptotics of deep lower tail of KPZ equation was
later obtained in [233] for a wide class of initial data. From the mathematics front, the work [116]
provided detailed, rigorous tail bounds for the lower tail of the KPZ equation for narrow wedge
initial data. The precise rate function of its lower-tail LDP was later proved in [310] and [79],
which confirmed the prediction of existing physics literature. The four different routes of deriving
the lower-tail LDP in [292], [JointLetter], [234] and [310] were later shown to be closely related
in [232]. A new route has also been recently obtained in the physics work of [240] (see also [277]).

In the short time regime, large deviations for the KPZ equation has been studied extensively in
physics literature (see [241], [230], [229] and the references therein for a review). Recently, [249]
rigorously derived the large deviation rate function of the KPZ equation in the short-time regime
in a variational form and recovered deep lower-tail asymptotics, confirming existing physics pre-
dictions. For non-integrable models, large deviations of first-passage percolation were studied in
[95] and more recently [39]. For last-passage percolation with general weights, recently, geometry

of polymers under lower tail large deviation regime has been studied in [38].

Notation

Throughout the rest of the paper, we use C = C(a, b,c,...) > 0 to denote a generic deter-
ministic positive finite constant that is dependent on the designated variables a, b, c, . . .. However,
its particular content may change from line to line. We also use the notation €(r) to denote a

positively oriented circle with center at origin and radius r > 0.

Qutline

The rest of this article is organized as follows. In Section 3.2, we introduce the main ingredients
for the proofs of Theorem 3.1.1 and 3.1.2. In particular, we reduce the proof of our main results to
Proposition 3.2.4 (asymptotics of the leading order) and Proposition 3.2.5 (estimates for the higher
order), which are proved in Sections 3.3 and 3.4 respectively. Finally, in Appendix 3.5 we compare

our rate function @, (y), defined in (3.1.4), to that of TASEP.

69



3.2 Proof of Main Results

In this section, we give a detailed outline of the proofs of Theorems 3.1.1 and 3.1.2. In Section
3.2.1 we collect some useful properties of h, and F, functions defined in (3.1.4) and (3.1.7) re-
spectively. In Section 3.2.2 we complete the proof of Theorems 3.1.1 and 3.1.2 assuming technical
estimates on the leading order term (Proposition 3.2.4) and higher order term (Proposition 3.2.5).

Throughout this paper, we fix s > Oand setn = |s|+1 > landa = s—|s] sothats = n—1+a.

We also fix g € (% I)andsetp=1—-gand 7 = p/q € (0, 1) for the rest of the article.

3.2.1 Properties of h,(x) and F,(x)

Recall the Lyapunov exponent h,(x) defined in (3.1.3) and the F,(x) function defined in
(3.1.7). The following two propositions investigates various properties of these two functions

which are necessary for our later proofs.

Proposition 3.2.1 (Properties of h,). Consider the function h, : (0,00) — R defined by h,(x) =

(q — p)i==. Then, the following properties hold true:

3
1+T%
(a) By(x) = h"T(x) is strictly positive and strictly decreasing with

linol B,(x) = %(p —q)logt > 0.
x—0t
(b) hy is strictly subadditive in the sense that for any x,y € (0, o) we have

hy(x+y) < hg(x) + hy(y).

(c) hy is related to @, defined in (3.1.4) via the following Legendre-Fenchel type transformation:

- 1
®,(y) = sup {s Y log 7 + hq(s)}, y e (0,1).
seRog | 4 q-p
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Proof. For (a), first, the positivity of B, (x) follows from the positivity of A, (x). To see its growth,

taking the derivative of B, (x) we obtain

, (g—p)( XT210gT—1+Tx)
Balx) = (1+10)22

(3.2.1)

Note that the numerator on the r.h.s of (3.2.1) is 0 when x = 0 and its derivative against x is
72 log7(r2 — % 3logT — 1) < 0 for x > 0. Thus By (x) is strictly negative when x > 0 and B, (x) is

strictly decreasing for x > 0. L’Hopital’s rule yields that lim,_,o+ B4 (x) = hy(0) = Z(q - p)logrt.

For (b), direct computation yields

By +3) = g (5) = Iy (3) = ~(q - py S XLZTZTE) g (30
(I+72)(1+712)(1+712)

Lastly, for part (c), we fix y € (0, 1) and define

1- 1
gy(s) = Y log 7 + he(s), s>0.
q—-p

12(72 1) log? T
m 2)2)10g1' and g7/(s) = —andy < 0. Thus

gy(s) is concave on (0, c0) and hence attains its unique maxima when g5 (s) = 0 or equivalently

Direct computation yields g} (s) = (% -

-y _
T = (1+Tz) . The last equation has s = 2logT(

1T \/_) as the only positive solution and hence

it defines the unique maximum. Substituting this s back into g,(s) generates the final result as

D, (y). L

Proposition 3.2.2 (Properties of F,;({)). Consider the function F, : [0,00) — [0, 1] defined by

Fy(0) =TI ,(1+ )7L Then, the following properties hold true:

(a) F, is an infinitely differentiable function with (—1)”F(§")(§) > 0 for all x > 0. Furthermore,

||Fc§")||oo < oo for each n.

(b) Foreachn € Z-o, and @ € [0,1), (=1)" /Ooo g“'“Fq(n)(g“)d{ is positive and finite.
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(c) All the derivatives of F, have superpolynomial decay. In other words for any m,n € Zxy we
have

sup [ F" (£)] < oo
>0

Proof. (a) Note that F,({) = [, (1 + ()71 = (=¢; 7)) where we recall that (—¢;7)e is the
7-Pochhammer symbol. As (—{; T) is analytic [8, Corollary A.1.6.] and nonzero for ¢ € [0, c0),

its inverse F,({) is analytic.

We next rewrite F,({) = [1,2, f({), where f,({) = (1 + £t") 1. Denote H({) = log F, ().
Since each f,,({) € (0, 1) is analytic for € [0, c0) and the product [];” f,({) € (0, 1) converges
locally and uniformly, H({) is well-defined and H({) = 377y log f,({). Given that| 3 ﬁ ()| =

n

o0 T 1
ano [F20) < 1> We have

H'({) =

F0 _ D O _ . (3.2.3)
n=1

Fy(2) M@
Note that G(¢) = —Z‘J’.';l 7/ f;(¢) and |G({)| < co. For each m € Z., let us set G™(¢) =
-2 T-/fj(m)(g). As f].(m)(g“) = (—1)mm!(l+;%, we obtain |G ()| < 227 < oo converges
locally and uniformly. Induction on m gives us that G () is infinitely differentiable and the m-th
derivative of G is G™. It follows that F,({) is infinitely differentiable too. In particular, for any

finite n € Z>(, by Leibniz’s rule on the relation (3.2.3) we obtain

Fr g = Y (Z) FI0(6W (0). (3.2.4)
k=0

Observe that (—1)¥*1G ¥ is positive and finite. As F, is positive and finite, using (3.2.4), induction
gives us that (—1)”Fq(") is also positive and finite. As |G || and ||l are finite, using (3.2.4),

induction gives us that ||Fq(n) || 1s finite for any n € Zy.

(b) For @ € [0, 1), positivity of the integral (~1)" [~ £~*Fy" (¢)dZ follows from part (a). To
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check the integrability, we first verify the n = 0 case. Since { > 0 and 7 € (0, 1),

(o] o _ (=) o & 1 (=] _Q/L
o< [ ermc= [ [ rpmec< [ e
1 _ 1 00 déf /1 ~ /oo dév
= R——, | —_— “d o
/04 1+¢ “/1 TR S A

When n > 0, using (3.2.4) and the fact the |G (¢)| < —2_ by induction we deduce the

1—gm+l>

finiteness of (—1)" fooo {‘“Fé")({)df.

(c) Clearly for each m we have F,({) < forcing superpolynomial decay of F,. The

1
(1+§Tm)m+1

superpolynomial decay of higher order derivative now follows via induction using (3.2.4). 0

3.2.2 Proof of Theorem 3.1.1 and Theorem 3.1.2

Recall Hy(t) from (3.1.1). As explained in Section 3.1.2, the main idea is to use Lemma 3.1.8
with U = 700 and F = F, defined in (3.1.7). Observe that Proposition 3.2.2 guarantees F = F,
can be chosen in Lemma 3.1.8. In the following proposition, we show that limiting behavior of

E[r*H0®)] is governed by the integral in (3.1.11) restricted to [1, o).

Proposition 3.2.3. For any s > 0, we have

d t
agLFa )]z | (3.2.5)

| ! )
fim g B(=40) = i 1o | 10" [
Hm —00 1

wheren=|s|+1>landa=s—-|s]sothats=n—-1+a.

Proof. Let U = v Tn this proof, we find an upper and a lower bound of E[U*] and show that
ast — oo, after taking logarithm of E[U?] and dividing by ¢, the two bounds give matching results.
Note that as 7 € (0, 1) and Hy(¢) > O for any n € Z>g and ¢t > 0, U has finite n-th moment. By
Proposition 3.2.2, F, is n-times differentiable and | /OOO x‘“Fé") (x)dx| < oco. Denoting dPy(u) as

the measure corresponding to the random variable U we have

[ e & HVdr = (< [ e [ ™
[ RO = 1y [ [ cndeuos. 626)
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The (—1)" factor ensures that the above quantities are nonnegative via Proposition 3.2.2 (a). By the
finiteness of the n-th moment of U, ||FC§") |0 < oo (by Proposition 3.2.2 (a)), and Fubini’s theorem,

we can interchange the integrals and obtain

r.h.s of (3.2.6) = (—1)"/mun_““/m({u)_“F;”)({u)d(u{)dPU(u)
0 1
= (-1)" / "yt / oox-“Fq(”)(x)dx dPy (u). (3.2.7)
0 u

Since the random variable U € [0, 1], we can lower bound the inner integral on the r.h.s. of (3.2.7)

by restricting the x-integral to [1, co). Recalling that s = n — 1 + @ we have
rh.s. of (3.2.6) > (=1)" ( / xR (x)dx) E[H00)]. (3.2.8)
1

As for the upper bound for r.h.s. of (3.2.6), we may extend the range of integration to [0, c0). Apply

Lemma 3.1.8 with F + F, and U > 75100 (o get

dn
dzn

rhs. of (3.2.6) < (-1)" / wg—a E [F,(¢U)]| d¢
0

o0 (3.2.9)
= [(—1)” / 4‘“F5’”<§)d§] E[r00].
0

Note that both the prefactors of E[TsHO(t)] in (3.2.8) and (3.2.9) are positive and free of ¢. Taking

logarithms and dividing by ¢, we get the desired result. 0

Next we truncate the integral in r.h.s. of (3.2.5) further. Recall the function B, (x) defined in
Proposition 3.2.1 (a). We separate the range of integration [1, o) into [1, e"B4(5/2)] and (¢"B4(5/2) | 00)
and make use of the Fredholm determinant formula for E[F,({ 7H0()] from Theorem 3.1.6 to
write the integral in r.h.s. of (3.2.5) as follows.

i [ e

eth(%)

E[F,(¢r0)]dg = (—1)" /1 I

n

azn

n

d
dgr

E[F,({tD)]ds + R, (1)
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tBg (5
e a(3) n

= (—1)11/1 f_adg" det(] + Ky )dd + R, (1),

(3.2.10)

where

() dn
Ry(1) = (=1)" /rw) g‘“d{nE[Fq({THO(’))]d{ (3.2.11)

Recall the definition of Fredholm determinant from (3.1.10). Assuming tr(K ;) to be differentiable

for a moment we may split the first term in (3.2.10) into two parts and write

etB"(%> n
(-1)" / £ g et + K )AL = (1) + B,(1) (3.2.12)
1
where

eth(%) n
A1) = (-1)" / T —tr(K,y) A, (3.2.13)

1 dgn

eth(%) "
B,(1) = (~1)" / £ et + Kep) ~ (Kl de. (3.2.14)

1

The next two propositions verify that both As(r) and B,(r) are well-defined and we defer
their proofs to Sections 3.3 and 3.4, respectively. The first one guarantees that tr(K, ;) is indeed

infinitely differentiable and provides the asymptotics for Re[ A (7)].

Proposition 3.2.4. For each { > 0, the function { +— tr(K ) is infinitely differentiable and thus

A () in (3.2.13) is well defined. Furthermore, for any s > 0, we have
llim log (Re[A(1)]) = —hy(s). (3.2.15)

From (3.2.10), we know that the Fredholm determinant det(/ + K, ;) is infinitely differentiable.
Thus, proposition 3.2.4 renders (det(/ + K, ;) — tr(K;,)) infinitely differentiable as well. Hence

B, (1) is well-defined. In fact, we have the following asymptotics for B;(¢).
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Proposition 3.2.5. Fix any s > 0 so that s — | s| > 0. Recall B(t) from (3.2.14). There exists a

constant C = C(q, s) > 0 such that for all t > 0, we have
|B,(t)| < Cexp(—thy(s) — &), (3.2.16)

where hy(s) is defined in (3.1.3).

Note that Proposition 3.2.5 in its current form does not cover integer s. We later explain in
Section 3.4 why s — [s] > 0 is necessary for our proof. However, this does not effect our main
results as one can deduce Theorem 3.1.1 for integer s as well via a simple continuity argument,
which we present below. Assuming Propositions 3.2.4 and 3.2.5, we now complete the proof of

Theorem 3.1.1 and Theorem 3.1.2.

Proof of Theorem 3.1.1. Fix s > 0 so that s — |s| > 0. Appealing to Proposition 3.2.3 and (3.2.10)
and (3.2.12) we see that

1 1
lim — log E[r*f0®] = Jim —log [As(1) + B,(1) + Ry ()],

t—oo

where A, (1), B (1), and R, (1) are defined in (3.2.13), (3.2.14) and (3.2.11) respectively. For R;(¢),

setting V = ¢t and noting s = n — 1 + a, we see that

sup |v"F;”)(v)|] 7' exp(~tsB, ().

v>0

R0 = [, &E[WED @) de <

qu(%)

The fact that sup,. |v"Fé")(v)| is finite follows from Proposition 3.2.2 (c). Note that sB,(3) is
strictly bigger than &, (s) = sB,(s) > 0 via Proposition 3.2.1 (a). By Proposition 3.2.4, when ¢ is
large, we see that Re[A;(7)] grows like exp(—thy(s)) > exp(—tsBy(5)). Similarly, Proposition
3.2.5 shows that Re[8B,(¢)] is bounded from above by Cexp(—th,(s) — ét) for some constant

C = C(q,s), which is strictly less than exp(—th,(s)) for large enough ¢. Indeed for all large
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enough 7, we have

Re[A(1)].

| W

% Re[ A, (1)] < Re[A, (1) + B, (1) + R, (1)] <

Taking logarithms and dividing by ¢, and noting that A (t) + B, (1) + R,(¢) is always real, we get
(3.1.3) for any noninteger positive s.
To prove (3.1.3) for positive integer s, we fix s € Z.. For any K > 2, observe that as Hy(¢) is

a non-negative random variable (recall the definition from (3.1.1)) we have

7 (=K"DHo(1) 5 2sHo(1) 5 7 (s+K~)Ho(1)

Taking expectations, then logarithms and dividing by ¢, in view of noninteger version of (3.1.3) we

have
-1 : 1 sHo(t) S 1 sHo(t) -1
—hy(s—K™") thsup;logE[T‘ 0] Zhlmmf;logE[T‘ O] > —hy(s+K™).
t—>00 —00
Taking K — oo we get the desired result for integer s. ]

Proof of Theorem 3.1.2. For the large deviation result, applying Proposition 1.12 in [180], with
X (t) = Ho(t/y) - log T, and noting the Legendre-Fenchel type identity for ®.(y) from Proposition

3.2.1 (c), we arrive at (3.1.4). To prove (3.1.5), applying L-Hopital rule a couple of times we get

i D.(y) . 20,(y) i 2tanh™' (x) i 2 1 2
y—0* y3/2 B y—0* 3 \/y B x—0+ 3 X B =03 1 —)C2 B 3.
This completes the proof of the theorem. 0

3.3 Asymptotics of the Leading Term

The goal of this section is to obtain exact asymptotics of Re[A(z)] defined in (3.2.13) as

t — oo. Recall the definition of the kernel K, ; from (3.1.8). We employ a standard idea that the
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asymptotic behavior of the kernel K, ; and its ‘derivative’ (see (3.3.8)) and subsequently that of
Re[A,(1)] can be derived by the steepest descent method.
Towards this end, we first collect all the technical estimates related to the kernel K, ; in Section

8.5.3 and go on to complete the proof of Proposition 3.2.4 in Section 3.3.2.

3.3.1 Technical estimates of the Kernel

In this section, we analyze the kernel K, ;. Much of our subsequent analysis boils down to
understanding the function g;(z), defined in (3.1.8), that appears in the kernel K, ;. Towards this
end, we consider

(g-pr) (q¢-p)
1+2 1+ =2
.

f(u,z) = , (3.3.1)

g:(2)

so that the ratio -
8:(t42)

that appears in the kernel K, ; defined in (3.1.8) equals to exp (¢ f (u, z)).

Below we collect some useful properties of this function f(u, z). First note that 9, f (u, z) = 0 has

1-

. u
two solutions z = +7'72, and

) 32 4 22
9; f(u,Z)L;_Tl-% =-2(q - P)W,
LT (3.32)
) , T E-2 22
0 ) -y = —P)——
zf(u Z)|Z=Tl ) (q p) (1+T7)3
The following lemma tells us how the maximum of Re[ f (u, z)] behaves.
Lemma 3.3.1. Fix p > 0. For any u € C, with Re[u] = p and z € @(Tl_g), we have
Re[f(u.2)] < f(p.7'7%) = —hy(p) (33.3)

where hy(p) is defined in (3.1.3) and (5(7'1_%) is the circle with center at the origin and radius

_p . >
T Equality in (3.3.3) holds if and only if T''™* = 1, and z = 713 simultaneously. Furthermore,
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for the same range of u and z, we have the following inequality:

(g-p)(1-12)72
4(1+17)2

Ff(p,77%) = Re[f(u,2)] > (272 7 — 2175 4 7 me g, (3.3.4)

L
2

Proof. Setu = p+iyandz = 717761 with y € Rand @ € [0,27]. Note that f(p,7'72) = —hgy(p),

where h,(x) is defined in (3.1.3). Direct computation yields
(g-p) (@ = D(1+72e 2 +]1+ T2+'ye‘0|2)

Re[f(u,z)] = (3.3.5)

21 +17ei0)2|1 + 77+ i0)2

. . . . E _3 l_) . . f_) _3 l_) . .
Since T < 1, applying the inequality |1 +72e Y2+ |14+ 7212 > 2|1 +72¢7||1 + 72|, and

. P 4
then noting that |1 + Tge"elll + Tg“ye'el < (1+ ‘rg)z, we see (r.h.s. of (3.3.5)) < —(¢ — p) ==
1+72

Clearly equality holds if and only if 6 = 0 and 7% = 1 simultaneously. Furthermore, following
P
the above inequalities, we have Re[f(p +1iy,z)] < —(¢ — p) 52~9| and Re[f(p +iy,z)] <

2e

p
—(q - p)— This yields

5y 19'

1-1% 1-1%

Fp,7'7%) =Re[f(p +iy, 2] = (g - p) L
[1+72el 1+72 (3.3.6)

(61 p)(r2 —1P)|el? — 1|
(1+717)2
and

P 1—‘['%7 l—Tg

f(p,t'77) =Re[f(p +iy,2)] = (¢ - p) — - >

|1+ 72Welf] 1472

, la-p)- t2)7a el — 1

(1+77)2

Adding the above two inequalities we have f(p,7!7%) — Re[f(p +iy,2)] > p)(l( TZ)T;H) 1
2(1+712
Combining this with (3.3.6) and the substitution 175610 = 7 we get (3.3.4). This completes the

proof. 0
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Using the above technical lemma we can now explain the proof of Theorem 3.1.6.

Proof of Theorem 3.1.6. Due to Theorem 5.3 in [72], the only thing that we need to verify is

inf W —7'w|>0 and sup g’(f) > 0. (3.3.7)
w,w'e(ﬁ(Tl_f) w,w’e(i(*rl*g) gt(T W)
u€s+HR ues+HR

Indeed, for every u € 6 +iR and w, w’ € €(7!7%), we have [w’ — t%w| > |w'| — |t4w| = 7172 —

71+3 > 0. Recall f(u, z) from (3.3.1). Applying Lemma 3.3.1 with p +— ¢ yields

(w) _s
‘gg(’ﬂw) = lexp(t (. w))] = exp(t ReLf (u.w)]) < exp(tf (5, 7'7$)) = exp(~hy (),
t
where A, is defined in (3.1.3). This verifies (3.3.7) and completes the proof. OJ

Remark 3.3.2. We now explain our choice of the contour K ; defined in (3.1.8), which comes from

the method of steepest descent. Suppose Re[u] = ¢. As noted before, directly taking derivative of

u
1-3 and thus we

flu,z) = exp(g‘tg(’iﬁ)z )), with respect to z suggests that critical points are at 7 = +7

take our contour to be (S(Tl_%), so that it passes through the critical points.

Next we turn to the case of differentiability of tr(K; ;) where K, is defined in (3.1.8). Using

the function f defined in (3.3.1), we rewrite the kernel as follows.

1 O+ioco du
Kri(w,w') = —/ C(—)T(1 +u) e ) —
’ 271 Js—ioo w — 1w
Differentiating the integrand inside the integral in K ;(w.w’) n-times defines a sequence of
kernel {Kgl,)}nzl : Lz((i(rl‘g)) - Lz((S(Tl_g)) given by the kernel:
K (wow') = —— / C(—=)T(1 + u) (u), e F ) —— (3.3.8)
6

6t 271 J s ico w’ — 1w

where (a), := ]—[l’.lz_ol(a — i) forn € Z-o and (a)p = 1 is the Pochhammmer symbol and § € (0, 1).

We also set Kg)l) =Kz
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Remark 3.3.3. We remark that unlike Lemma 3.1 in [131], we do not aim to show that K/, is
differentiable as an operator, or its higher order derivatives are equal to the operator Kg’[). Indeed,
showing convergence in the trace class norm is more involved because of the lack of symmetry
and positivity of the operator K, ,. However, since we are dealing with the Fredholm determinant
series only, for our analysis it is enough to investigate how each term of the series are differentiable

and how their derivatives are related to Ké"t)

Remark 3.3.4. Note that when viewing Ké”l) as a complex integral, we can deform its u-contour
to p +iR for any p € (0,n Vv 1). This is due to the analytic continuity of the integrand as the factor

(u), removes the poles at 1,...,n— 1 of ['(—u).

The following lemma provides estimates of Ké”t) that is useful for the subsequent analysis in

Sections 3.3 and 3.4.

Lemma 3.3.5. Fixn € Zso,t > 0,0,p € (0,n V 1), and consider any borel set A C R. Recall
hy(x) and B, (x) from Proposition 3.2.1 and Ként) from (3.3.8). Foranyw € Q:(Tl_g) andw’ € C

and ¢ € [1, e'B4(3)], there exists a constant C = C(n, 8, q) > 0 such that whenever |w’| # 7145 e

have
/ (6 +iy), 0PV oS (+iy.w) dy ' < e e!SuPyea Re[f(6+iy.w)]
A |sin(=m(6 +iy)) W =T w| T || - 7149 (3.3.9)
< CoP i o~1ha(0) o
'] — 4]
In particular when w’ € (S(Tl_g) we have
K (w, w)| < CL7" exp(=thy(6)). (3.3.10)

n)

Consequently, Két (w,w’) is continuous in the {-variable.

Proof. Fixn € Zso,t > 0,8, p € (0,nV 1)andw € G(Tl_g) and w’ € C such that |w’| # T1+s,

Throughout the proof the constant C > 0 depends on n, §, and g — we will not mention it further.
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Consider the integral on the r.h.s. of (3.3.9). Observe that when 6 ¢ Z, |(§ +iy),| < C|y|" and

1

TG S Ce W€ Forn >2,and 6 € Zoop N (0, n), we observe that the product (6 + iy),

contains the term iy. Hence |

i i - .
= (_ﬂ{ 6+iy))| = |Sin(_7yr (iy))| < Ce™PV/€ for such an integer 5. Whereas,
|—6+iy| < C|y|"! for such an integer 6. Finally, |[w’ — 7%w| > ||w’] — [tow|| = ||w’| - T1+g|
iy = y g : Yy = - :

Combining the aforementioned estimates, we obtain that

dy

r.h.s. of (3.3.9) < /C|y|ne—|y|/C§p—n|ezf(6+iy,w)|
. lw -7

1+g|'
Since [, [y|"e”P/Cdy converges applying |e"/(*Hy)| < ¢! Rel/ (4wl we arrive at the first in-
equality in (3.3.9). The second inequality follows by observing Re[ f(6 +1iy,w)] < —h,(6) by
Lemma 3.3.1.

Recall Kg) from (3.3.8). Recall from Remark 3.3.4 that the 6 appearing in (3.3.8) can be
chosen in (0,n Vv 1). Pushing the absolute value sign inside the explicit formula in (3.3.8) and

applying Euler’s reflection principle with change of variables u = ¢ + iy yield

(0 + iy)ngé_n+iy ezf(5+iy,w) d—y
sin(=m (6 +1y)) W’ — 0|’

() n oo L
K (0, w)] < ZN/R

(3.3.10) now follows from (3.3.9) by taking p = ¢. To see the continuity of KZ?(W, w’) in £, we

fix {1 < {» < {1 + 1. By repeating the same set of arguments as above we arrive at

K (w,w') = K (w,w')| < ClE8™ = 07" exp(—thy(6)) (3.3.11)

St

with the same constant C in (3.3.10). Clearly L.h.s. of (3.3.11) converges to 0 when {, — {1, which

confirms the kernel’s {-continuity. O

3.3.2  Proof of Proposition 3.2.4

The goal of this section is to prove Proposition 3.2.4. Before diving into the proof, we first

settle the infinite differentiability separately in the next proposition.
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Proposition 3.3.6. For any n € Zsq and t > 0, the operator Ként) defined in (3.3.8) is a trace-class

operator with
tr(K()) = / K" (w, w)dw. (3.3.12)
27Tl Q‘;(Tl* 2)

Furthermore, tr(K( )) is differentiable in  at each { > 0 and we have 8(tr(K(")) = tr(Ké(f;H)).

Proof. Fixn € Zso,t > 0,and { > 0. K (")(w w’) is simultaneously continuous in both w and
w’ and aw/Ké(fft)(w, w’) is continuous in w’. By Lemma 3.2.7 in [68] (also see [239, page 345] or
[64]) we see that K ("t) is indeed trace-class, and thus (3.3.12) follows from Theorem 12 in [239,
Chapter 30]. To show differentiability of tr(K (")) in variable £, we fix {1, {» > 0. Without loss of

generality we may assume {1 + 1 > {» > ;. Let us define

(K — (K"

D = gD
{142 L0 —tr( it )

S+ioco . du )

(27r1)2 /(E(le)/ F(=u)I (1 +u)Ry com(u)e .,
where g )
R§1,§z;n(”) (I/t)n [Tgi — (u _ n){” n— 1]
(L -0) (3.3.13)
= / 2—(”)n+20'u_n_2d0'.

g1 H-4

Taking absolute value and appealing to Euler’s reflection principle, we obtain

J+ico {2 _
|D§ls§2| < / / / (u)n+2 (52 0-)0_14 —n-2 lf(u w)ﬂdw' (3.3.14)
@(71_7) o sin(-mu) L -4 w— T4
0+ . d
S 5 |O_6+1y n— 2|d0‘ max / (( Eg)i+2 ))l zf(6+1y,w)| ﬁﬂy )
n Jg wee(r1-%) JR sin(—rx iy |w — ToHyw|

Note that Lemma 3.3.5 ((3.3.9) specifically) we see that the above maximum is bounded by

Cexp(—thy(6)) where the constant C is same as in (3.3.9). Since |72 = |o97 2| < |§iS n=2|
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over the interval [}, (3] for 6 € (0,n V 1), we obtain

14)
|D¢.5] < Cexp(=hy(6)) ; 0" 2|do < Cexp(—thg(6)) (&2 = L)ILT™ 7).
1

Thus, taking the limit as {, — {; — 0 yields |D¢, ,,| — 0 and completes the proof. U

Remark 3.3.7. We prove a higher order version of Proposition 3.3.6 later in Section 3.4 as Propo-
sition 3.4.1 which includes the statement of the above Proposition when L = 1. However, we
keep the above simple version for reader’s convenience, which will serve as a guide in proving

Proposition 3.4.1.

With the above results in place, we can now turn towards the main technical component of the

proof of Proposition 3.2.4.

Proof of Proposition 3.2.4. Before proceeding with the proof, we fix some notations. Fix s > 0,
andsetn = |[s|+1>1landa =s—-[s] € [0,1) sothat s = n — 1 + @. Throughout the proof, we
will denote C to be positive constant depending only on s, ¢ — we will not mention this further. We
will also use the big O notation. For two complex-valued functions fi(¢) and f»(¢) and 8 € R, the
equations fi(t) = (1+ O(t%)) fo(t) and fi(t) = f>(t) + O(t#) have the following meaning: there

exists a constant C > 0 such that for all large enough 7,

IO

RO

<C-f%, and |fi(t) - /(1) < C- 1,

respectively. The constant C > 0 value may change from line to line.
For clarity we divide the proof into seven steps. In Steps 1 and 2, we provide the upper and
lower bounds for | A, (¢)| and Re[ A, (1)] respectively and complete the proof of (3.2.15); in Steps

3-7, we verify the technical estimates assumed in the previous steps.

Step 1. Recall A,(¢) from (3.2.13). The goal of this step is to provide a different expression for
Ay (1), which will be much more amenable to our analysis, as well as an upper bound for | A (7)|.

By Proposition 3.3.6, we have %tr(l{(,,) = tr(Ké(f?) and consequently using the expression in
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(3.3.8) we have

o'Ba(%) ;e S+ico ) 4y
As(t) = (=1)" T(=OT(1 + el dwd
( ) ( ) [ (27Ti)2 /6(11(25) ‘/6‘_i<>o ( M) ( M)(M) { s w g

where 6 € (0, 1) is chosen to be less than s. We now proceed to deform the u-contour and w-

contour sequentially. As we explained in Remark 3.3.4, the integrand has no poles when u

1,2,...,n— 1. Hence u-contour can be deformed to (s —ico, s +ic0) as s =n—1+a € (0,n).

the exponent f(u,w) :=

. . ) K

Next, for the w-contour, we wish to deform it from €(7'~2) to €(r!72). In order to do so, we

need to ensure that we do not cross any poles. We observe that the potential sources of poles lie in
(g=p)

_ _(g-p)
1+wr-!

1+7u-ly

(recalled from (3.3.1)) and in the denominator w — t4w.
Since for any w € 6(71‘%), where 6’ € (8, ), and u € (s —ioco, s +i00), we have

& ’
w=t'w| > w|-|tw =T -7 >0, N+wr | >wrl-1=t7-1>0,

and [1+ 77 'w| > 1 - |7*7!

6/
wl=1-7"7>0.

Thus, we can deform the w-contour to €(7'2) as well without crossing any poles. With the

change of variable u = s +iy, w =7 ~2¢' and Euler’s reflection formula we have

¢'Ba(3) {—1 b
A1) = (~1)" /1 i

/ / (s +iy)nl®
4n? J_,

: i etf(S+iy,T'_%ei9) d—y.dgdé‘.
g sin(—m(s +1iy)) 1 — 75ty

(3.3.15)
With this expression in hand, upper bound is immediate. By Lemma 3.3.5 ((3.3.9) specifically

with p = n — 1, 6 — s) pushing the absolute value inside the integrals we see that

eth(%) 1
|,(1)] < Cexp(—thy(s)) /1

§dg“ = C-tB,(5) exp(—thy(s)) (3.3.16)
for some constant C = C(qg, s) > 0. Hence taking logarithm and dividing by ¢, we get
. 1—12
limsup |As (1) < —hq(s) = —(¢ - p) —-
t—o0 1+712

(3.3.17)
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Step 2. In this step, we provide a lower bound for Re[A,(7)]. Set £ = r~2/3 > 0. For each k € Z,

2

ook and consider the interval Vy := [vi — 2, vi +¢&%]. Alsoset A, = {6 € [-nm, 7] :

set vy = —

le’? — 1] < g]log 7|}. We divide the triple integral in (3.3.15) into following parts

A(t) = Z(I)k + () + (II0), (3.3.18)
keZ
where
o'Ba(3) . i 1f(s+H Tl’%ei”)
)" (s+1y), Y e Y d
(D ;:/ //(42) MRS —a0dz, (3.3.19)
1 A, Jv, 4n2¢ sin(=n(s +1iy)) 1 — 7sHy
tBq(3) . . 15 g
. e (_1)n (s+1y)n§‘y etf(s+ly,r e )dy
(1) ._/ / / PPy ey yo o S g L € (3.3.20)
1 Ag JR\ULV, 4T { sin(—m(s +1y T

th(%)

_1)" . iy tf(s+iy,‘rl_%€i9)d
/[ | (=D" (s+iy)ad"™ e Y 46de. (3.3.21)
-, NAS

r 4r2¢ sin(—n(s +1iy)) 1 — 7s+y

(III) := /1 :

In subsequent steps we obtain the following estimates for each integral. We claim that we have
~1..Co
Do=(1+0(t 5))7 exp(—thy(s)), (3.3.22)
t

where h,(s) is defined in (3.1.3) and

Co =

\/ (L+78)° (=1)"(s)s (3323

4n(q — p) (372 = 22y sin(=ms)(1 - 7%) =

When s is an integer the above constant is defined in a limiting sense. Note that Cy is indeed
positive as n = |s| + 1. Furthermore, we claim that we have the following upper bounds for the

other integrals:

[(Di] < Cr1o exp(—thy(s)). (3.3.24)
keZ\{0}
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where v, = —lozg”Tk and

|(ID)], [(I)| < Crexp (~thy(s)) exp(—&15). (3.3.25)

Assuming the validity of (3.3.22), (3.3.24) and (3.3.25) we can complete the proof of lower bound

for (3.2.15). Following the decomposition in (3.3.18) we see that for all large enough ¢,

Re[Ay(2)] = Re[()o] — Z |(Dx| = [AD] = [(TD)|

kez\{0}

_4 3 3
> %exp(—thq(s)) [%CO -Cr5 - Cr2 CXP(_é”) 2 %f,exP(_thq(s))'

Taking logarithms and dividing by ¢ we get that liminf;_,, Re[A,(#)] > —h,(s). Combining with
(3.3.17) we arrive at (3.2.15).

Step 3. From this step on, we dedicate the proof to justifying the various equations and claims that
appeared in Step 2. First in this step, we prove (3.3.25). Recall (II) and (IIT) defined in (3.3.20)
and (3.3.21). For each of them, we push the absolute value around each term of the integrand. We

use (3.3.9) from Lemma 3.3.5 to get

eth(%)
. d
|(II)| < Cexp (t sup Re[f(s+iy,rl_§e'6)])/ —5, (3.3.26)
yER\Uka 1 g
lei?—1|<e|log 7|
equ(%) d{
|(IIT)| < Cexp (r sup Re[f(s+iy,rl-%ei9)])/ 7 (3.3.27)
yeR 1

letf—1]>&|log 7|

. . -4
Note that in (3.3.26), we have |7V —1| > |tV > 1| > %| log Tlt_% for all large enough . Meanwhile
in (3.3.27), |[t73 (e — 1)| > 71=3¢|log 7| = 7'~3| log 7]¢~5. In either case, appealing to (3.3.4) in

Lemma 3.3.1 with p — s gives us that

Wl

f(s,7'72) = Re[f(s +iy, v/ 26%)] > % 175,
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Substituting f (s, 7'~2) with —h,4(s) and evaluating the integrals in (3.3.26) and (3.3.27) gives us
(3.3.25).

Step 4. In this step and subsequent steps we prove (3.3.22) and (3.3.24). Recall that v, = — 2%k

“Togt

and & = 175, We first focus on the (D¢ integral defined in (3.3.30). Our goal in this and next step

is to show
=1+ 0@ 7 2 / " ey Grinbd. 6329
27T\/; 1  Joe q . J.
where
(1+73)3 (=D)"(s +ivi),
Co(k) := 3.3.29
o \/471((] - p)(r%—Z — 72572) sin(—n(s+ivg)) (1 —719) ( )

Towards this end, note that in the argument for (3.3.16), we push the absolute value around
each term of the integrand. Thus, the upper bound achieved in (3.3.16) guarantees that the triple
integral in (I) is absolutely convergent. Thereafter, Fubini’s theorem allows us to switch the order

of integration inside (I);. By a change-of-variables, we see that

t (i) . . ‘ B i
(I)k — (_1)n /e Bq (3 {wk—l /52 (S " iy + ivk)né/ly eff(s+ly,‘r] Se H)dg
! 4n? J g2 sin(=m(s+iy +ivi)) Ja, 1 — sy

where recall A, = {0 € [-n, 7] : |¢ — 1| < g|log7|}. Note that in this case range of y lies in a

dydd,

small window of [—t‘%, t‘g]. As s is fixed, one can replace (s + iy + ivg),, sin(—z(s + iy +ivg)),
and 1 — 751 by (s +ivy),, sin(=7(s +ivy)), and 1 — 7° with an expense of O(I‘%) term (which

can be chosen independent of k). We thus obtain

n : —‘51 'Pa(3)
(I = (=D"(s +ive)a (1 +0(175))

sin(=m(s +iv)) (1 =75 J; 4n2¢

{ivk < i 175 i
/ é«ly / etf(s+ly,‘r 2e )deydg.
&2 Ag

(3.3.30)
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We now evaluate the 6-integral in the above expression. We claim that

.o 1-5 _1 (1l + T% 3 .
/ ol f(sHy.T 72 ) g (1+0(t s))\/ ( ﬁ—z) exp(—thy(s +1iy))  (3.3.31)
Ac g —p)(T27" —7¥72)

Note that (3.3.28) follows from (3.3.31). Hence we focus on proving (3.3.31) in next step.

Step 5. In this step we prove (3.3.31). For simplicity we let © = s + iy temporarily. Taylor
expanding the exponent appearing in L.h.s. of (3.3.31) around 6 = —% log 7 and using the fact

0o f (u,2)| _1-y =0, we get

U j9+2logT
Lh.s. of(3.3.31):/ ol T2 g
Ag

- exp(tf(u,rl_%))/Avexp (—%8zzf(u,rl_%)(9+ §1ogr)2+0(f%))d9.

(3.3.32)

Note that we have replaced the higher order terms by O(I_%) in the exponent above as 6, y are at

most of the order O (t_% ). Furthermore, for all 7 large enough,

A, ={0 € [-m n]: | - 1| < g|logt|}

={0 € [-n,n]: |sin§| < %8|log7|} >{0€e[-nn]:]|0| <e|llogt|}

Asy € [-€?,&%], we see that A, D {0 € [, 7] : |0 + 3log 7| < S&|log |} for all large enough

t. Thus on A we have |6 + % logt| > %t_%| log 7|. Furthermore for small enough y, by (3.3.2), we
have Re[82 f (u, 7177)] > 0. Hence the above integral can be approximated by Gaussian integral.

In particular, we have

2

rh.s. of (3.3.32) = (1+O(t75)) exp(tf (u, 7' %)) )

(3.3.33)

Observe that as u = s + iy and y is at most O(t‘g), Ggf(u,rl‘%) in r.h.s. of (3.3.33) can be
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replaced by c')zz f(s,7'72) by adjusting the order term. Recall the expression for 0Z2 f(s,7'72)
from (3.3.2) and observe that from the definition of f and h, from (3.3.1) and (3.1.3) we have

f(u,7'72) = hy(s +iy). We thus arrive at (3.3.31).

Step 6. With the expression of (I); obtained in (3.3.28), in this step we prove (3.3.22) and (3.3.24).

4 _
5,1

As y varies in the window of y € [—¢ g], by Taylor expansion we may replace th, (s + iy)
appearing in the r.h.s. of (3.3.28) by #(h,(s) +iyh;(s)) at the expense of an O(I_%) term. Upon

making a change of variable r =log { — rh; (s) we thus have

1By (5)-1h),(s) 8
Dy = (140 __))Co(k) ~thg (s)/ at2) e eivk(mhg,(s))/g A7 dydr
- &2

2mvVt 1l (5)
1By (3)—thg(s) ie?r _ ,-ie?
- +0(t_§))Co(k) ~thg (s)/ q'3 q\s eivk(rﬂh;l(s))udr. (3.3.34)
2mvt —th (s) ir

We claim that for k = 0, (which implies vy = 0) we have

1By (5)-1h,(s) e
/ e a1+ 0( ) (3:3.35)
—th}(s) ir
For k # 0, we have
By(3)-1h (s) is?r _ g-ie?r
/z B A O LN PR (3.3.36)
—th(s) v

where C > 0 can be chosen free of k. Assuming (3.3.35) and (3.3.36) we may now complete the
proof of (3.3.22) and (3.3.24). Indeed, for k = 0 upon observing that Cy = Cy(0) (recall (3.3.23)
and (3.3.29)), in view of (3.3.34) and (3.3.35) we get (3.3.22). Whearas for £ # 0, thanks to the

estimate in (3.3.36), in view of (3.3.34), we have

(D] < Cr710 exp(—thy(s)) > [Co(k)l. (3.3.37)
keZ\{0} keZ\{0}
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Fory # 0, |—2n 1 < C|y|"e=IY1/C forces r.h.s. of (3.3.37) to be summable proving (3.3.24).

sin(—m(s+iy))

Step 7. In this step we prove (3.3.35) and (3.3.36). Recalling that g2 = t_;'", we see that

/th(ﬁ)—th:I(S) eiszr _ e—i82r II/SBq(%)_tl/Sh,q(s) 2sinr
ST

dr. (3.3.38)
th(s) r /51, (s) r
Following the definition of h, and B, in Proposition 3.2.1 we observe that —h (s) = (Tf 1o%g)72
+7

and
~ 1+ 1islogT

By(s) — hy(s) = ! = —sB,(s) > 0,

s(1+72)
where B’q(s) < 0 follows from (3.2.1). Thus as B, is strictly decreasing (Proposition 3.2.1 (a))
we have B,(3) > B,(s) > hy(s). Thus the integral on r.h.s. of (3.3.38) can be approximated
by (1 +0(:71/5)) fR @dr = 27(1 + O(+~'/%)). This proves (3.3.35). We now focus on proving

(3.3.36). Towards this end, we divide the integral appearing in (3.3.36) into three regions as follows

-1 ig2r —ig?r

* ’ e — e

/ elvk(r+thq (s)) i dr
—th,(s) Ir

2

I , eiszr _ e—is r
Lhs. of (3.3.36) < ; / VR () dr
-1

ir

2

tB4(5)—thy(s) ie?r —ie“r
s ’ e —e
N / v ()€ — €T
1

ir

(3.3.39)

Note that for the second term appearing in r.h.s. of (3.3.39) can be bounded by 4¢73 using

1 . 2 1
[ mmzimng |
-1 r -1
v 82

For the first term appearing in r.h.s. of (3.3.39), by making a change of variable r — rv;ﬁﬁ we

2sin(g%r)

7

4

dr < 4e* =4175.

observe the following identity:

2

1 ) VEte )
— . W () els r _"k‘gz i (rth (5)) e—le r
elvk(r+t g\ .—dr — R e Vi q\s ,—dr.
, , Vit+E
—thly(s) 1r —th}y(s) —— r
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This leads to

2
-1 ie2r —ig?r —th! (s) Vit —ig?r
. ’ e — e Ny -2 s ’ e
/ v (5) €~ dr = / P AT L
—th),(s) Ir ~thiy(s) o

1.2

-1 . , e e
+ / elvk(r+thq(s)) ,—dr.

2 ir

Vk+£

Vk*é‘z

In the first integral the length of the interval is O(¢'/%). However, the integrand itself is O(¢7!).
For the second integral, the length of the interval is O (+~*/°), and the integrand itself is O (1). Note
that this is only possible when k # O (forcing v4 # 0). And indeed all the O terms can be taken
to be free of v; (and hence of k). Combining this we get that the first term appearing in r.h.s of
(3.3.39) can be bounded by Ct™5. An exact analogous argument provides the same bound for the

third term in r.h.s. of (3.3.39) as well. This proves (3.3.36) completing the proof. [

3.4 Bounds for the Higher order terms

The goal of this section is to establish bounds for the higher-order term B;(¢) defined in
(3.2.14). First, recall the Fredholm determinant formula from (3.1.10). Using the tr(K QIL) no-

tation from (3.1.9) we may rewrite 8B,(7) as follows.

s
equ(j)

By(1) = (~1)" /1 e

dr = R
o 1+ ;tr(l(gf)]dg. (3.4.1)

We claim that we could exchange the various integrals, derivatives and sums appearring in the r.h.s.

of (3.4.1) and obtain B;(¢) through term-by-term differentiation, i.e.

qu(%)

B=cY, [ b (342)
=271

Towards this end, we devote Section 3.4.1 to its justification. Following the technical lemmas in

Section 3.4.1, we proceed to prove Proposition 3.2.5 in Section 3.4.2.
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3.4.1 Interchanging sums, integrals and derivatives

Recall from (3.3.8) the definition of Ké"t) . As a starting point of our analysis, we introduce the

following notations before providing the bounds on |(9Ztr(K ?tL) |. For any n, L € Z-(, define

M(L,n) :={m=(my,....mp) € (Zso)t :my +---+my =n}, (3.4.3)
and (%) := W Furthermore, for any L € Z., { € R>¢ and 7 € M(L, n), let
L
I (i) = / / det(K} (i w))Eioy ]—[ dw; (3.4.4)
=1
where w;-contour lies on (S(Tl_g). We also set |mi|sg := |[{i | i € Zn [1,L],m; > 0}|, i.e. the

number of positive m; in m.
To begin with, the next two lemma investigate the term-by-term n-th derivatives of tr(K éﬁ‘lL
that appear on the r.h.s. of (3.4.2). The following should be regarded as a higher order version of

Proposition 3.3.6.

Proposition 3.4.1. Fix n,L € Z.( and let (L, n) be defined as in (3.4.3). Recall the function
B, (x) from Proposition 3.2.1. For anyt > 0, the function { + tr(K é\zL) is infinitely differentiable

at each ¢ € [1,eBa(D)], with
dMtr(K)L) = 1 Z "V (3.4.5)
¢ T m| o
meM(L,n)

where the rh.s of (3.4.5) converges absolutely uniformly. Furthermore, there exists a constant

C =C(n,6,q) > 0 such that for all m € (L, n) we have
S L I6—n — -
I ()| < CELZ M0 ma ) 92t (K| < L”L2§L5 ne~ha(9) (3.4.6)
Proof. The proof idea is same as that of Proposition 3.3.6, but it’s more cumbersome notation-
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ally. For clarity we split the proof into four steps. In the first step, we introduce some necessary

notations. In Steps 2-3, we prove (3.4.5) and in the final step, we prove (3.4.6).

Step 1. In this step we summarize the notation we will require in the proof of (3.4.5). We fix
L €Zs9,6€(0,1),t>0,and {1, > 0 and recall B,(x) from Proposition 3.2.1.
We define .;?k € [1,eBa(2)]L to be the vector whose first k entries are ¢» and the rest L — k

entries are (i:

51( = (fk,]afk,27---7§k,L) ::(427 4/27 LEE ) {27 {] ) gl 9 s ey {1 )’ k:(),l’-"aL-
k times L-k times
For any m = (my,ma, . ..,mp) € (Zso)" we define the following integral of mixed parameters
L
k — m;
18, (i) = / . / det(KéEk,i’)t(wi, Wiy H dw;. (3.4.7)
i=1

k

where w;-contour lies on Q:(Tl_g). Iél ){2 () serves as an interpolation between I, (1) and I, (1)

s

defined in (3.4.4) as k increases from 0 to L where the parameters ¢ are now allowed to be different

for different rows in the determinant.

We next define € = (ex.1,€x.2, - - -, €k..) to be the unit vector with 1 in the k-th position and 0

elsewhere. With the above notations in place, for each j, k € {1,2,...,L} and m € (Zs)" we set

— 1 - - — - — =
L 3 ) 1= o [ () = 1) ) = (&2 = Q01 i+ &) | (3438)

2 - . i - - i—1 — -
02 G j, k) = IE) i+ &) = 117 (i + &) (3.4.9)

Note that we define (3.4.8) modelling after D, ,, in the proof of Proposition 3.3.6. Here, the only
differences between the three determinants of the respective Ig{){z(ﬁi)’s lie in the k-th row, i.e.
Kg"tk) V.S. Kg"[") V.S. Kgntkﬂ). So we have isolated the differences and tried to reduce the question

of differentiability to row-wise in (3.4.8). Meanwhile, (3.4.9) “measures” the distance between

0

pa Z2(171 + €;) and e

0 (m + ey) where they differ only in & x = &, or £ for Kf(:t)t on the k-th
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row of the determinant.
We finally remark that all the w;-contours in the integrals appearing throughout the proof are
(m;

on G(Tl_g) — we will not mention this further. We would also drop (w;, w;) from K, )(w,-, w;)

when it is clear from the context.

Step 2. We show the infinite differentiability of tr(K QIL) by proving (3.4.5) in this step. The proof
proceeds via induction on n. When n = 0, observe that (3.4.5) recovers the formula of tr(K gAzL .
This constitutes the base case. To prove the induction step, suppose (3.4.5) holds for n = N. Then
forn = N + 1, we fix {1,{> > 0. Without loss of generality, we assume {1 + 1 > ¢, > {; and

consider

ONtr (KAL) — 0N (KL 1 N

_ ¢ Lot ¢ Lt +1 .

D(ls(Z T 442 _ {1 - E Z ( I’T’l )1(1 (m) (3410)
meM(L,N+1)

To prove (3.4.5), it suffices to show [Dy, »,| — 0 as {» — ;. Towards this end, we first claim that
for all m € M (L, N) and for all j, k € {1,2,...,L} we have

) ;- 2) o .
|2 Gtz k)| — 0, and |21, (s j, k)] = 0, as & — &, (3.4.11)

where 532’)42 (m; k) and Qg,)gz (m; j, k) are defined in (3.4.8) and (3.4.9) respectively. We postpone
the proof of (3.4.11) to the next step. Assuming its validity, we now proceed to complete the
induction step.

Towards this end, we first manipulate the expression appearing in r.h.s. of (3.4.10). A simple

combinatorial fact shows

5 (N%I),m(nz):z > (f;;)]gl(n?+é’k),
meM(L,N)

L
meM(L,N+1) k=1

where € is defined in Step 1. Substituting this combinatorics back into the r.h.s. of (3.4.10) and
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using the induction step for n = N, allows us to rewrite D, , as follows:

Ié“z(”—%) - 151 (n_i)
H -0

1 N
rhs. of (3.4.10) = = Z (m)

" meM(L,N)

L
- Z I (+E0)| . (3.4.12)
k=1

Recalling the definition of /(1) in (3.4.4) and that of Ig()fz (71) in (3.4.7), we see that 3 ¥ _| [Igc){2 (m)—

(k-1)
I.(l’{2

from (3.4.8) and (3.4.9) respectively, we observe that

()] telescopes to I, () — I, (). Furthermore, if we recall ﬁg’)gz(n*’z; k) and Qg’){z (m; j, k)

k

k-1), > = - o k-1), > = 0 ,-» = 2) o> .

180 G+ 6) = 1 G+ 80) = 110 G+ @) = 10, G+ &) = Y- 88 (s j, k).
j=1

Combining these observations, we have

! N\ < 160, ) = 18D 67 = (&2 = )1, G+ &)
ths.of B4.12) == > (*)Z 414 {1
S ey el H -4
1 N\ & k-1
1 - ) .
L 2 (*)Z o) (k) + > 82 (i j. k)| (3.4.13)
" meM(L,N) M i =

Clearly r.h.s. of (3.4.13) goes to zero as {, — {| whenever (3.4.11) is true. Thus by induction

we have (3.4.5).

Step 3. In this step we prove (3.4.11). Recall ﬁéll)&(n?; k) from (3.4.8). Following the definition

of Ig(){z (m) from (3.4.7) we have

M (= 1 (m)\L (m) \L
|2§1,§2(m’k)| < / a / OH—-0 |det(K§k,iJ ij=1" det(ka—l,iJ i,j=1

L
—(& - 1) det(KéT_"f o) f,j:l\ [ ] dw.
i=1

Recall that in the above expression, up to a constant, the three determinants differ only in the k-th

row. Hence the above expression can be written as f e f | det(A)| HiL: | dw;, where the entries of
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A are given as follows:

Ajj = Kémi)(wi,wj)a i<k, A= Kémi)(wi,wj), i >k,

2,1 1,1

1 1
Agj = L-0 (K (Wi wj) = K (wies w) = (L2 = 0K (wi, w))]
1 S+ico du
= — T(~u)T(1 +u)Ry, 4y f wwe) :
i s (=)L (1 +u) R, gyimy (u)e A

where Ry, z,.m, (1) is same as in (3.3.13). As m;’s are at most n, by Lemma 3.3.5 ((3.3.10) specifi-

cally), we can get a constant C > 0 depending only on 7, ¢, and ¢, so that
|Aiil < CQT™ + 257 exp(=thg(8)) < C(1+¢7) exp(~thy(6))

for all i # k. For Ay ;, we follow the same argument as in Proposition 3.3.6 (along the lines of

(3.3.14)) to get

o)
1-3

T & SHy—my 2
|[Ak ;| < 271/ |0' DTk |d0'

4]
max /
_g) R

1
w;wireC(r

(5+iy)mk+2 etf(6+iy,Wk) d—y
Sn(—7(6 +1y)) W) — 7Yy |

Note that by Lemma 3.3.5 ((3.3.9) specifically) we see that the above maximum is bounded by

Cexp(—th,(6)) where again as m;’s are at most n, the constant C can be chosen dependent only

6—mk—2

on n,8, and ¢. Since |[o* 7% = |9 2| < 14,

| < |{f‘2| over the interval [, {>] for

6 € (0,1), we obtain
e 5 2 52
|Akj| < Cexp(—thy(9)) || do < Cexp(=thy(6)){7™ ({2 = {1).

4

As all the above estimates on |A; ;| are uniform in w;’s, using Hadamard inequality we have

L
[ [ taetcan] Jaws < L exp-remy (@) (1425172 - 1)
i=1
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Taking {» — ¢ above, we get the first part of (3.4.11). The proof of the second part of (3.4.11)
follows similarly by observing that the corresponding determinants also differ only in one row.
One can then deduce the second part of (3.4.11) using the uniform estimates of the kernel and
difference of kernels given in (3.3.10) and (3.3.11) respectively. As the proof follows exactly in

the lines of above arguments, we omit the technical details.

Step 4. In this step we prove (3.4.6).
Recall the definition of I,(7) from (3.4.4). By Hadamard’s inequality and Lemma 3.3.5 we

have

L
L2

:|n~

| det(K(7)F,y] max K (wi, w))]

wieCE ) (3.4.14)

L
% l_[ o—m; exp(—lhq(d)) = CLL%gLfS—n exp(—thq(5)),
i=1

where the last equality follows as Z,-L: 1 m; = n. Note that here also C > 0 can be chosen to be
dependent only on n, 6, and ¢ as m;’s are at most n. Recall that w;-contour in I,(7) lies on
G;(Tl_g). Thus in view of (3.4.14) adjusting the constant C we obtain first inequality of (3.4.6).

For the second inequality, We observe the following recurrence relation:
L
M(L, )| = |{/ = (my,...,mp) € ZE,, Zm,. =n}| < L-|M(L,n-1)|. (3.4.15)
i=1

It follows immediately that | (L,n)| < L". Observe that for each i € M(L, n), (%) is bounded

from above by n!. Thus collectively with (3.4.5) we have

n

L d
|62’tr(KAL)| max |I;(m)].
E ! meM(L,n)

Applying the first inequality of (3.4.6) above leads to the second inequality of (3.4.6) completing

the proof.
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Lemma 3.4.2. Fixn € Z-o, ¢ € [1,¢'B43)], and t > 0. Then

ag( D (K ) = > ap(r(KE).
=1 =1
Proof. On account of [131, Proposition 4.2]), it suffices to verify the following conditions:
1. Y5 (K ?f) converges absolutely pointwise for ¢ € [1, e/Ba(3)];
2. the absolute derivative series Y7°_; 97 (tr(K Qf)) converges uniformly for ¢ € [1, eBa(3)].

By Proposition 3.4.1, we can pass the derivative inside the trace in (2). Both (1) and (2) fol-
low from (3.4.6) in Proposition 3.4.1 as Y7, LL!CLL”L%fL‘S‘” exp(—tLh,(5)) < oo for each

L e[l,eBa3)], O

Now, with the results from Lemmas 3.4.1 and 3.4.2, we are poised to justify the interchanges

of operations leading to (3.4.2).
Proposition 3.4.3. For fixedn, L € Z>o, { € [1, e’Bq(%)] andt > 0,

s
e?‘Bq(j)

—(lan
oo

Proof. Thanks to Lemma 3.4.2 we can switch the order of derivative and sum to get

el‘Bq(%)

o0 [o0) 1
1+ Ztr(Kgf)]dg = Z Z (;)3/1 0 (m)dZ. (3.4.16)
L=2 ’

L=2 meM(L,n)

eth(%) o0

Lh.s. of (3.4.16) = / D (K )R,
1 =2

We next justify the interchange of the integral and the sum in above expression. Note that via the
estimate in (3.4.6) we have
th(%) oo th(%)

¢ —a|qn A N 1 nyk ‘ —n-a
/1 Lzzzg |07 (tr(K}1))1dS < LZ; 7 CrLL? exp(—thq(é))/l FLegr < oo,

Hence Fubini’s theorem justifies the exchange of summation and integration. Finally we arrive at

r.h.s. of (3.4.16) by using the higher order derivative identity (see (3.4.5)) from Proposition 3.4.1.
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3.4.2 Proof of Proposition 3.2.5

Finally, in this subsection we present the proof of Proposition 3.2.5 via obtaining an upper-

bound for |B;(1)|, defined in (3.2.14).

Recall I, (m) from (3.4.4). We first introduce the following technical lemma that upper bounds
tBg (%)
the absolute value of the integral /le " {1 (m)d{ and will be an important ingredient in the

proof of Proposition 3.2.5.

Lemma 3.44. Fixs > 0so thata :=s—|s| > 0. Setn = |s|+ 1. Fix L € Zso with L > 2 and
m € M(L, n), where WM (L, n) is defined in (3.4.3). There exists a constant C = C(q,s) > 0 such
that

eth(%)

/ £\ () |dZ < CELY exp(—thy(s) — L1). (3.4.17)
1
where I;(1m) is defined in (3.4.4) and the functions B, and hy are defined in Proposition 3.2.1.

Proof. As we obtain upper bounds for the LHS of (3.4.17) differently depending on the value of L,
we split the proof into two steps as follows. Fix Lo = 2(n + 1). In Step 1, we prove the inequality
for when 2 < L < Lo and in Step 2, we consider the case when L > L. In both steps, we deform

the w-contours in I, (77) appropriately to achieve its upper bound.

Step 1. In this step, we prove (3.4.17) for when 2 < L < Ly. Fix m = (my,...,m) € M(L, n),
where 9t (L, n) is defined in (3.4.3) and set

oy _ L .
mi+ ¥ e ifm; >0

pi = (3.4.18)
if n; = 0.

~IR

where we recall that |7i|g = |{i | i € Z,m; > 0}].
Recall the definition of I, (r) in (3.4.4). Note that each Ké":i)(w,-, w;) (see (3.3.8)) are them-

selves complex integral over § +iR. As @ > O and L < Ly = 2(n+ 1) we may take the ¢ appearing
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in the kernel in Ké":’ ) less than all the p;’s. Note that this is only possible when @ > 0. This is why
we assumed this in the hypothesis here and as well as in the statement of Proposition 3.2.5.
In what follows we show that the contours of Kg;”)

deformed appropriately without crossing any pole in I;(r). Indeed for each Ké':”) in I (m) we

(wi, w;) followed by w;-contours can be

can write

(m;) 1 piico ui—n  f(ui,wi) dui
Koo wiswy) =5 D(=u) (L + ui) (ui)n 05" e 0 —.
B T J pj—ico wi — Thw;

As each p; € (0,m; Vv 1) (see (3.4.18)), by Remark 3.3.4, the above equality is true as we do not
cross any poles in the integrand. Ensuing this change, we claim that we can deform the w;-contour
to (S(Tl_%) one by one without crossing any pole in I, (7). Similar to the argument given in the

beginning of the proof of Proposition 3.2.4, we note that as we deform the w;-contours potential

sources of poles in I, (71) lie in the exponent f (u;, w;) := 1iqw_-f ) r— H(Tqut__f)l)w (recalled from (3.3.1))
and in the denominator w; — 7"w;.

6.
Take w; € €(7172), 6;, € [, pi], and u; € p; +iR. Observe that
u; Uu; ]_ﬁ 1+ ._i
wi—Thwi| > |wji| = |t"w| 2772 -7 P2 >0,

5; 5
|1 +WiT_l| > |WiT_1| —-1> T_Tl — 1’ |1 +Tui—1wi| > 1 — |Tu,~—lwi| > 1 —Tpi_Tl_

This ensures that each w;-contour can be taken as @(TI_%) without crossing any pole.

Permitting these contour deformations, we wish to apply Lemma 3.3.5, (3.3.9) specifically.
Indeed we apply (3.3.9) with p, § = p;, w = w’, w’ = w;. Note that we indeed have |w ;| # 1+
here. We thus obtain

K™ i w)] < CEP exp(=thy (pr))- (3.4.19)

Here, C is supposed to be dependent on m;, p;, and g. Note that p; are in turn dependent on m;,
s and L. Since L is at most Ly = 2(n + 1), there are at most finitely many choices of m;’s which

in turn produced finitely many choices of p;’s. As s is fixed, all of the p;’s are uniformly bounded
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away from 0. Hence we can choose the constant C to be dependent only s and ¢ (recall that n is
also dependent on s).

Observe that as m € M (L, n) defined in (3.4.3), we have Y, m; = n and consequently Y p; =
n—1+a = s. In view of the estimate in (3.4.19) and the definition of I;(n_%) from (3.4.4), by

Hadamard’s inequality, we obtain

L L
|1, (m)| < CLL%§S'" exp (—t Z hq(p,-)) = CLL%Q“‘““ exp (—t Z hq(p,-)) .
i=1

i=1
/

Observe that fxy 7lde = log )XC We appeal to the subadditivity &, (x) + hy(y) > hy(x +y) in

Thus

S S
eth(j) equ(f)

L
£\ (i) |dZ < CELY exp (—z D hq(pi)) / e, (3.4.20)
1

i=1

Proposition 3.2.1 to get that Zle hy(pi) = hy(s — p1) + hy(p1). Note that here we used the fact

that L > 2. This leads to
r.h.s. of (3.4.20) < CLL%th(%) exp(—thy(s)) exp(=t(hy(s — p1) + hg(p1) — hy(s))) (3.4.21)

Note that from (3.4.18), p; > ¥ > Llo, this forces L%) <s—-p,p1 < 85— Lio Appealing to the
strict subadditivity in (3.2.2) gives us that hy(s — p1) + hy(p1) — hy(s) can be lower bounded by
a constant é > 0 depending only on s and g. Adjusting the constant C we can absorb tB,(5)

appearing in r.h.s. of (3.4.21), to get (3.4.17), completing our work for this step.

Step 2. In this step, we prove (3.4.17) for the rest of the cases when L > Ly. Fix m =
(my,...,mp) € M(L,n). Recall the definition of I,(n) in (3.4.4). Note that each Két';i)(w,-, w;)
(see (3.3.8)) is a complex integral over § + iR. Here we set § = min(%, 5). Thanks to (3.4.6) we

have

|1, (77)| < CFL3 757" exp(=tLhy (5)),
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where the constant C depends only on 7, d, and g and thus only on s and g. This leads to

S s
eth(f) eth(f)

/ U (m)|de < cLL? exp(~tLh,(5)) FTemlogy (3.4.22)
1 1

Recallthat s =n—1+a. AsL >2(n+1)and 6 = min(%, 5) we have L6 —n — a > 0 in this case.
Thus, we can upper bound the integral in (3.4.22) to get

exp(tBy(5)(=s + L9))

h.s. of (3.4.22) < CEL% exp(—tLh, (&
rh.s. of ( ) < 2 exp(—1Lhg(6)) -

(3.4.23)

We incorporate ﬁ into the constant C, Recall the definition of B, (x) from Proposition (3.2.1).

We have xB,(x) = hy(x). As B,(x) is strictly decreasing for x > 0, (Proposition 3.2.1 (a), (b)) we

have

rhs. of (3.4.23) < CELT exp(=2thy(3) — L6 (B, (6) — By(%)))

< CLY exp(=2th,(3)) < CMLE exp(=thy(s) - £1),

where the last inequality above follows from (3.2.2) by observing that by subadditivity we can get

a constant C = C(g, s) > 0 such that 24(5) — hy(s) > L This completes the proof. O
With Lemma 3.4.4, we are now ready to prove Proposition 3.2.5.

Proof of Proposition 3.2.5. Recall the definition of B,(¢) as defined in (3.2.14). Appealing to

(3.4.1) and Proposition (3.4.3) we get that
- n P
_ o —a >
CXCIEDIEDY (m) /1 £ e ()ldg (3.4.24)
L=2 meIN(L,n)
Note that (%) is bounded from above by n!, and by (3.4.15) we have | (L,n)| < L". Applying

these inequalities along with the estimate in Lemma 3.4.4 we have that

1
rhes. of (3.4.24) < exp(~thy(s) — &1) Z ECL Lirn
L=2 "
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for some constant C = C(g, s) > 0. By Stirling’s formula, )7, ﬁCLL%L” converges and hence

adjusting the constant C, we obtain (3.2.16) completing the proof of the proposition. [

3.5 Comparison to TASEP

In this section, we compute explicit expression for the upper tail rate function for TASEP
(ASEP with g = 1) with step initial data and show that it matches with general ASEP rate function
@, defined in (3.1.4).

Indeed, the large deviation problem for TASEP is already solved in [211] and is formulated in
terms of Exponential Last Passage Percolation (LPP) model (Theorem 1.6 in [211]).

In order to state the connection between TASEP and Exponential LPP, we briefly recall the
Exponential LPP model. Let [Ty be the set of all upright paths 7 in Zio from (1,1) to (N, N).
Let w(i, j), (i, ]) € Zio be independent exponential distributed random variables with parameter

1. The last passage value for (N, N) is defined to be

H(N) = max{ Z w(i,j);m e HN}.

(i.j)enm

As with the ASEP, for TASEP, we also set ngl(t) to be the number of particles to the right of
origin at time 7. It is well known (see [211] for example) that ngl () is related to the last passage

value H (N) in the following way
P (—Hg=1(t) T gy) =P(H(M;) 2 1), where M, = [£(1—y)]+1. (3.5.1)
Theorem 3.5.1. Fory € (0, 1) we have
limllogP(—H‘Fl(t)+£>1 ):—(I) (y) (3.5.2)
t—oo t 0 4 =74) +Y)- o

where @, is defined in (3.1.4).
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The idea of the proof of Theorem 3.5.1 is to use large deviation principle for H (N) which
appears in Theorem 1.6 in [211] followed by an application of the relation (3.5.1). The only
impediment is that the Johansson result appears in a variational form.

Let us recall Theorem 1.6 in [211]. According to Eq (1.21) in [211] (with y = 1), the upper tail

of H(N) satisty the following large deviation principle
Nlim T logP(H(N) > Nz) =-J(z), z>4. (3.5.3)

where the rate function J is given by

J(t) :=inf[Gy(x) = Gy(4)], t > 4, where

= (3.5.4)

Gy(x) := —2/10g |x —r|duy(r) + V(r), x > 4.
R

Here V(x) = x is defined on [0, o0), and the measure uy is the unique minimizer of Iy (u) over
M(R5g), the set of probability measures on [0, o). Iy (-) is known as the logarithmic entropy in

presence of the external field V and is given by

Iy (u) = //R og by — xaldy(x)da(en) + /R V) dut). 1 e M(Rap).

The logarithmic entropy Iy () is well studied in both mathematical and physics literature and has
several applications to random matrix theory and related models. We refer to [287] and [200] and
the references there in for more details.

The form of the rate function defined in (3.5.4) is not exactly same as in [211]. However, one
can show the rate function J defined in (3.5.4) is same as Eq (2.15) in [211] using the properties
of minimizing measure (see Theorem 1.3 in [287] or Eq (1.6) in [157]). Such an expression for
the rate function is derived using Coulomb gas theory. We refer to [211], [164], and [127] for

treatment on the LDP problems of such nature.

Proof of Theorem 3.5.1. For clarity we split the proof into two steps.
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Step 1. We claim that J defined in (3.5.4) has the following explicit expression.

—_24+V2 4
J(t)=Vt2—4—210gt +21 Loisa (3.5.5)

We will prove (3.5.5) in Step 2. Here we assume its validity and conclude the proof of (3.5.2).

Towards this end, fix y € (0, 1) and K large enough such that [y — %, y+ %] c (0,1). Recall

the definition of M; from (3.5.1). Note that for all large enough ¢, we have %M, <t <
#M{. Thus
1
P(H(M,) 2 =t M) 2 P( —HI 1)+ 4 > Ly )>P(7—((M,) > M),
Taking logarithms on each side, dividing by M; and then taking t — oo we get
J 4 > i 1 P H‘] 1 t S 1
~J(152%T) im sup - (N+323y
) (3.5.6)
1
> lim inf ﬁp( HEN )+ 2 ) 2 I ().

where we used the upper tail large deviation principle for H (N) from (3.5.3). Observe that % —

%, and using (3.5.5) we see that

1-y 4 zl—y(4\/§_2l 2(1+y)—4\/§)
4

=y 2le—5ay; =D, (y),

where @, is defined in (3.1.4). Thus taking K — oo in (3.5.6) we arrive at (3.5.2).

Step 2. We now turn our attention to prove (3.5.5). It is well known that for V(x) = x, the
minimizer py is given by the Marchenko-Pastur measure (see Equation 3.3.2 and Proposition 5.3.7

n [200] with A = 1):

4x — x?
= —5—Liefo41dx.

duy(x) Tx

Recall Gy(x) defined in (3.5.4). Using the Cauchy Transform for uy (see the last unnumbered
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equation in Page 200 of [200]) we get that for x > 4,

d 1 Vii—a
= [ togh = raur) = 5 - F

which implies Gy (z) — Gy(4) = 4Z —‘xzx_‘b‘dx. Thus Gy(z) — Gy(4) is strictly increasing in y and

whence by (3.5.4) we have

J(1) = /4 t —‘xz;‘”dx.

To compute the above integral, we make the change of variable x — @ so that dx = (1 - Ziz)dz

2 12 s
andx2—4x:(zz—21). Seta:%+%toget

" Vx2 -4 “(z-1)? 1 “ 1
/udx:/ (z )dz:[z———Zlogz] —a—-—2loga.
4 X 1 Z 1 a

Z2

Plugging the value of a we get (3.5.5) completing the proof. [
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Chapter 4: Law of iterated logarithms and fractal properties of the KPZ

equation

4.1 Introduction

We study the Kardar-Parisi-Zhang (KPZ) equation, a stochastic PDE which is formally written
OH = L0uH + $(0:H)* + ¢, H:=H(t,x)  (t,x) € [0,00) xR. 4.1.1)

Here ¢ = &(t,x) is the space time white noise. The KPZ equation was introduced in [218] for
studying the fluctuation of growing interfaces and since then, it has found links to many systems
including directed polymers, last passage percolation, interacting particle systems, and random
matrices via its connections to the KPZ universality class (see [166, 278, 113, 281]).

The KPZ equation, as given in (4.1.1), is ill-posed as a stochastic PDE due to the presence
of the nonlinear term (9,7)?. The physically relevant notion of solution for the KPZ equation is

given by the Cole-Hopf solution which is defined as
H(t,x) :=log Z(t,x),
where Z(t, x) is the solution of the stochastic heat equation (SHE):
6Z =30.Z+€Z, Z:=Z(tx). (4.1.2)

Throughout this paper, we work with the fundamental solution Z"V (¢, x) of (4.1.2) and the asso-
ciated Cole-Hopf solution H™ (7, x) := log Z™" (¢, x) which corresponds to the SHE being started

from the delta initial measure, i.e., Z™(0,x) = §,=¢. For any ¢t > 0, Z"%(t, x) is strictly positive
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[168] which makes the Cole-Hopf solution H™ (z, x) well-defined. The corresponding initial data
of the KPZ equation is termed as the narrow wedge initial data.

The ubiquity of the SHE is discernible in many applications stretching from modeling the den-
sity of the particles diffusing through random environments [255, 222, 24, 108] to the partition
function of the continuum directed random polymer model [4, 80, 68]. The solution theory for
the SHE is standard [316, 278, 105]; based on Itd integral theory or martingale problems. The
mathematical theory of the KPZ equation however has unleashed new challenges in recent years.
Most notably, the study of the KPZ equation can now be classified into three broad directions,
namely, to understand how the KPZ equation approximates the interface fluctuation of the random
growth models, to build a robust solution theory of the KPZ equation and to unveil fine properties
and asymptotics of the solution of the KPZ equation. The Cole-Hopf solution of the KPZ equa-
tion coincides with the limits of certain growth processes [Lin20, 49, 112, 111, 178, 107]. The
KPZ equation being a testing ground for the nonlinear stochastic PDEs, stirs up intense recent
innovations in the theory of singular PDEs including regularity structures [192], paracontrolled
distributions [186, 185], energy solution [184] and renormalisation group [236] methods. In this
paper, we seek to pursue the third direction, i.e., to unravel finer properties of the Cole-Hopf solu-
tion of the KPZ equation.

In this paper, we consider the following 1 : 2 : 3 scaled version of the KPZ height function:

H™ (at, 1*3x) + &
b (@, x) = Y E— (4.1.3)

where ¢ specifies the time scale and @ measures the time judged on that scale, x measures the space

judged on r%/3

scale. Although the presence of # and @ bears a stain of redundancy, the notation
introduced in (4.1.3) will be useful in stating and proving many of our results. For @ = 1, we will
often use the shorthand b,(x) := §,(1,x) and b, := b,(0). We will call the stochastic process b,

indexed by the time parameter ¢ as the KPZ temporal process. In a seminal work, [6] showed that

d
b, — 2_1/3TWGUE, ast — oo.
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Here, TWgug is the Tracy-Widom GUE distribution. The KPZ scaling of the fluctuation, space and
time, i.e., the ratio of the corresponding scaling exponents being 1 : 2 : 3 and TWgug as the limit
of the fluctuations are the characteristics of the models in the KPZ universality class. Recently,
[280, 315] have announced proofs of the convergence of the spatial process ), (x) (upto a parabola)
to the universal limiting process of the KPZ universality class, namely the KPZ fixed point as t

goes to .

Our objects of study are the large peaks and valleys of the KPZ temporal process as the KPZ
equation approaches the KPZ fixed point. Such study for any generic one-dimensional stochastic
process with a macroscopic limiting profile usually starts up with two questions: What are the
scalings of the large peaks and valleys? Do they converge to any limit under such scaling? For a
Brownian motion B;, these questions are answered via the (Brownian) law of iterated logarithms
(LIL). Under the v scaling, the fluctuation of the Brownian motion %B; has the Gaussian limit. At
the onset of this macroscopic Gaussianity, the peaks and valleys of B,/+/t under further scaling
by \/m stays in between —1 and 1. The extra scaling by an iterated logarithmic factor
m inflicts the name ‘law of iterated logarithms’.

Our first main result which is stated as follows concerns with the law of iterated logarithms of

the KPZ equation started from the narrow wedge initial data.

Theorem 4.1.1. With probability 1, we have

1
.
and Tliminf — =2~ _(12)}.

23h, (3)%
’ >~ (loglogt)!/3

li —
im su I

t—)oop (loglogt)2/3 -

The above law of iterated logarithms reveals the scaling of the large peaks and valleys of b,.
As we may see, the scalings for limsup and liminf differ from each other. This naturally gives rise

to the following two questions:
(1) What are the origins of the scalings (loglog1)*/3 and (loglogt)'/3?
The scaling of the large peaks and valleys for the KPZ height fluctuation are in fact orchestrated

by the Tracy-Widom GUE distribution which is the scaling limit of 2%b, as t goes to co. This is
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in line with the LIL for the Brownian motion where the exponent 1/2 of (loglogt) factor stems
from the Gaussian tail decay of the limiting law. For the KPZ equation, the peaks and valleys have
different scaling thanks to the distinct decay exponents of the upper and lower tail probabilities of
the Tracy-Widom GUE. If X is a Tracy-Widom GUE random variable, then, the probability of X
being higher than s (i.e., upper tail probability) decays as exp(—%(l +0(1))s>/?) and the probabil-
ity of X being lower (i.e., lower tail probability) than —s decays as exp(—ﬁ(l +0(1))s). So, the
upper tail decay exponent is 3/2 which induce the scaling (log log r)>/? for the peaks of the KPZ
temporal process whereas the lower tail exponent being 3 is the source of the scaling (loglogz)!/3
of the valleys. Interestingly, as one may observe, the values of the limsup and liminf in Theo-
rem 4.1.1 are seemingly connected to the constants 4/3 and 1/12 of the respective tail decays of

the Tracy-Widom GUE distribution. This association is commensurate with the Brownian LIL and

predicted in other works (discussed in Section 4.1.2).
(2) How the LILs will vary with the initial data?

Based on the LIL for the narrow wedge solution, one may insinuate that the scaling of the
peaks and valleys of the KPZ temporal process under other initial condition will be governed by
the tail exponents of the limiting random variables. It follows from Theorem 1.1 and 1.4 of [115]
that for a wide class of initial data, the upper tail exponents of the limiting r.v. of the KPZ equation
under KPZ scaling is 3/2 and the lower tail exponent is at least 3. By drawing the analogy with the
narrow wedge case, we conjecture that correct scaling of the peaks and valleys of the KPZ height

fluctuation will be (loglog#)*/? and (loglogr)'/3

respectively. In particular, we believe that such
scaling of the peaks and valleys will hold for all classes of initial data which are considered in
[115] including the bounded initial data and Brownian initial data. Proving these claims is beyond
the scope of the present paper since some of the major tools that we use are not available for the

KPZ height function under other initial data. However, we hope to explore this direction in future

works.

Our next objective is to quantify how often the peaks and valleys of the KPZ temporal process

exceed a given level. This entails to studying the upper level sets {t > to : B, > y(loglogt)?/3}
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and lower level sets {t > ty : B, < —y(loglogt)'/3} for different values of y where y > 0is a
tuning parameter and ¢ is an arbitrary constant. In particular, we study the macroscopic fractal
nature of the level sets. For brevity, we mainly focus on the study of the upper level sets in this
paper.

Fractal nature of the level sets of the KPZ equation is intimately connected to the moment
growth of the SHE which is captured through the Lyapunov exponents, i.e., the limit of t 'E[(Z™ (¢, 0))*]
as t — oo for any integer k. The nonlinear nature of the Lyapunov exponents of the SHE (predicted
by Kardar’s formula [Kardar87]) suggests an abundance of the large peaks of the SHE. This is
manifested through the existence of infinitely many scales for the peaks, a property often called as
multifractality. In contrast, the peaks of a scaled Brownian motion 3B, /v/f only show a single scale
as time ¢ increases to infinity. This latter property is named as monofractality. In the following, we

give a mathematical definition of these two different natures of the (macroscopic) fractality.

Definition 4.1.2 (Mono- and Multifractality). Let X be a stochastic process. Suppose there exists

a non-random gauge function g such that g(r) increases to co as r — oo and

. X(r)
lim sup =1 a.s.
rooo (1)
Fix a scalar y, typ > 0. Define
X(1)
Exe(y) = {t >t — > y}.
¢ g(1)

We denote the (Barlow-Taylor) macroscopic Hausdorff dimension (see Definition 4.2.5) of any
Borel set § by Dimy (). The tall peaks of X is multifractal in gauge g when there exist infinitely

many length scales y; > y2 > ... > 0 such that, with probability one,

Dimg (Ex ¢ (yis1)) < Dimg(Ex ¢ (7:))-
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Whereas the peaks of X with gauge function g is monofractal when for some yg > 0,

. Constant vy < o,
Dimg (Ex ¢ (y)) =

0 Y > Yo.

By the law of iterated logarithms, the gauge function of a scaled Brownian motion B,/V? is
dictated as (2loglogr)!/2. It follows from the works of [223, 302, 257] that the Brownian mo-
tion with such choice of the gauge function is monofractal. However, the macroscopic nature of
the peaks undergoes a transition under the exponential transformation of the time variable under-
pinning the Brownian motion. For instance, the Ornstein-Uhlenbeck process which is defined as
U(t) = exp(—t/2)B,: for t € R is multifractal in the gauge function (2logr)'/2.

Our second main result which is stated below shows that the KPZ temporal process is monofrac-
tal in the gauge function (4% loglog#)*/3. Whereas under the exponential transformation of the

time variable, the peaks of the KPZ temporal process exhibits multifractality.

Theorem 4.1.3. Consider the rescaled height function Yy, of the KPZ equation and the exponential
time-changed process 6 (t) := Y. Then, we have the following: Yy, is monofractal with positive

probability in gauge function (loglogt)*/3, i.e., for every tg,y > 0,

2

1 wheny < (i)g,
DimH{t Seti I } o 4V2 4.1.4)

(loglog)?/3 0 wh > (-3 )%

wheny > (15
In contrast, ®(1) is multifractal in gauge function (3/4V2)%3(log1)*/3. In fact,
. (5(t) a.s. 3/2
DlmH{IZee: > } S 32 fory e [0, 1]. 4.1.5)
(3/4V2)*3(log 1)?/3

Note that (4.1.4) shows that the peaks of b, are monofractal in the gauge function (log log 7)?/3.
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On the other hand, the multifractality of the peaks of ®(¢) is clear from (4.1.5) since

a.s

3/2 as o
<1 =97 = Eg1).3/4v2)25 (log )22 (1)

[1]

a.s 1 3/2
6(1).(3/4v2)2 5 log 23 (¥2) = 1 =%,

for 0 <y <y, < 1. This raises the following three interesting questions.

(1) What is the minimal speed up needed for the time variable to see transition from monofractality

to multifractality of the peaks of the KPZ equation?

We are indebted to Davar Khoshnevisan for asking this question. By carefully studying the
outreach of our tools, we expect to see the appearance of multifractality of the peaks under the
transformation ¢ + ¥),q0ena for any a > 1. Due to lack of detailed information on the correlation
decay of the KPZ temporal process, we are unable to make precise prediction of the fractality
under the transformation ¢ — b« for any @ > 1. We expect that the monofractality will still survive
under such transformations. This expectation is based on the intuition that the mono- and multi-
fractality are closely tied to the two point correlation function of the associated process. While
monofractality is tied to the presence of strong correlation, the multifractality is rather prevalent
when the correlation decays. In [117], the authors had investigated the correlation of the KPZ
temporal process. They had shown that for any two time points #; < f, such that #, — #; > ¢1, the

13 je., the correlation function is both

correlation function between b, and by, decays as (t1/t2)
upper and lower bounded by some constant multiples of (¢;/¢,)'/3. This implies that when ¢, — 1,
grows like a higher order polynomial in 1, the correlation between the KPZ height function at 7,
and 1, decays to zero as #; increases. On the other hand, for any #; < #, = cf; for some constant
¢ > 1, the correlation between b,, and b,, remains bounded away from 0 while the correlation
between b, aoer)« and B, qoerp)« rapidly goes to O as 71 goes to co. This is one of the main reasons

which lead us to believe that the transition from monofractality to multifractality happens under

the transformation t — ¢°¢9 for some a > 1.

(2) Is there a similar notion of macroscopic fractality for the valleys? What are the macroscopic

fractal properties of the valleys of the KPZ height function?
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The fractal properties of the valleys can be studied using the lower level sets. For instance,
if X is a stochastic process such that liminf,_,_., X(r)/f(r) = —1 almost surely for some gauge
function f, then, the multifractality and/or monofractality of the valleys of X can be defined in
the same way as in Definition 4.1.2 using the macroscopic Hausdorff dimension of the following
lower level sets

X(1)

Ex,f(y) = {t > 1o : m < —y}.

For studying the valleys of b,, the natural choice of the gauge function is (6 loglogr)!/?

as shown
by Theorem 4.1.1. Using the tools of this paper, we expect that one can show monofractality of the
valleys of b, in the gauge function (6 loglog?)'/3. Furthermore, drawing the analogy with (4.1.5),

we also expect the following equality holds

DimH(E(Y)(t),(6logz)1/3(7)) =1-y7

While the fractal properties of the valleys seem extremely exciting, for brevity, we restrict ourselves

only to exploring the peaks of the KPZ temporal process in this paper.
(3) What is expected about the peaks and valleys of the KPZ fixed point in the temporal direction?

It is believed that b, (a, x) weakly converges as a time-space process to the KPZ fixed point
(started from the narrow wedge data) which has recently been constructed in [251] via its transition
probability and simultaneously in [138] via the Airy sheet. Very recently, [280, 315] announced
proofs of a special case of this conjecture, namely the weak convergence of the spatial process
x - 2 Y3 (e, x) + %2) to the Airy, process (introduced in [275]) for any fixed & > 0. In
light of this conjecture, we expect that the law of iterated logarithms of the KPZ fixed point in the
temporal direction bear the same scaling as in Theorem 4.1.1. Moreover, the macroscopic nature
of the peaks and valleys of the KPZ equation as revealed in the above discussion is expected to
be reflective of the case for the KPZ fixed point. Although, our proof techniques which will be
touched on in Section 4.1.1 are very much likely to be applicable for the KPZ fixed point, we defer

from proving results analogous to Theorem 4.1.1 and 4.1.3 for the KPZ fixed point.
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Proving the law of iterated logarithms and the fractal properties of the KPZ equation requires
information on the growth of ¥, —b,, for #{ > o, > 0. When #; — 1, is large, [117, Theorem 1.5]
obtained upper and lower bounds on the tail probabilities of b, — §;,. However, controlling the
variations of the peaks in a smaller interval necessitates the study of the tail probabilities of the
increments b, — b, for #; — ¢, small. One of the main obstructions for studying the increments of
b, in a small interval is the lack of uniform tail bounds of §; for all small # > 0. In the following

two results, we seek to fill this gap. To state those results, we introduce the following notations:

_ H™(¢,0) +log V2nt
T (me/)l4

The first result proves a uniform bound on the upper tail probabilities of g, for all small # > 0.
Theorem 4.1.4. Fix £ > 0. There exist ty = to(g) > 0, c = c(eg) > 0, and s = so(&) > 0 such that
forallt < tygands > s,

2

Remark 4.1.5. Note that the r.h.s. of (4.1.6) decays like Gaussian tails, i.e., exp(—csz) for some
constant ¢ > 0 as ¢t | 0. This is embraced by the fact that g, weakly converges to a standard
Gaussian distribution as ¢ approaches 0 (shown in [6, Proposition 1.8]). On the other hand, for
large 7, the decay turns to exp(—cs>/2t~1/3+28) The decay exponent 3/2 accords with the finite

time upper tail exponent (see [115, Theorem 1.10]) of the KPZ equation.

For the purpose of later use, we will only require the following loose bound which is free of

the time variable and follows immediately from Theorem 4.1.4.

Corollary 4.1.6. There exist to > 0, ¢ > 0, and so > 0 such that for all t < tg and s > so, we have

P(g; > s) < exp(—cs3/?).

The next result shows an uniform bound on the lower tail probability of g, for all small ¢ > 0.
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Theorem 4.1.7. There exist constants to € (0, 2], so, ¢ > 0 such that for all t < ty, s > sy,

P(g, < —-s)<e™ . 4.1.7)

Remark 4.1.8. The decay exponent of the upper bound in (4.1.7) is consistent with the Gaussian
limit of g, as ¢ goes down to zero. It is worthwhile to note that Theorem 4.1.7 provides an upper
bound to the lower tail probability which holds uniformly for all small # > 0. This should be
contrasted with the work of [116, Theorem 1.1] which showed that the lower tail probability at
finite time ¢ > 0 decays as exp(—ct'/3s%/2) for some constant ¢ > 0. The interpolation between
the exponents 2 and 5/2 as one gradually increases time ¢ from O to a finite value is not covered in

Theorem 4.1.7.

Short time uniform tail bounds of Theorems 4.1.4 and 4.1.7 open directions to a plethora of
new results. One of such directions is the study of modulus of continuity of the time-space process
b;(a@,x). Our next and final main result proves a super-exponential tail bound of the modulus of

continuity of b, (a, x).

Theorem 4.1.9. Fix € € (0, Al,) and any interval [a,b] C Ry and [c,d] C R. Define Norm :
([aa b] X [C’ d])z - RZO

2|b - /3 2|d - /
Norm(ajy,x1; @z, x2) = |x1 —x2|%(10g | a|) + |a; — as|* 8(log 4=l ) (4.1.8)
lx1 = x2 la) — az|
and
! X x
C:i= sup : (@i, x1) + 5 = Bi(@2,x2) = 5|, (4.1.9)
ay#az.x#x; Norm(ay, X1; @2, X2) 2a1 2a7

Then there exist to(g) > 0, so = so(|b —al,|c —d|,&) > 0and m = m(|b — a|,|c —d|, &) > 0 such

that for all s > sy and t > ty,

32

P(C>s)<e™ . (4.1.10)
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Remark 4.1.10. It was known ([48, Theorem 2.2]) that the fundamental solution of the SHE
(Z™(t,x)) as a time-space process is almost surely Holder continuous with the spatial and tem-
poral Holder exponents being less than % and le respectively. This indicates Holder continuity of
H™ (t,x) with same spatial and temporal Holder exponents as that of Z™(#,x). Theorem 4.1.9

corroborates this fact by giving tail bounds to the modulus of continuity.

4.1.1 Proof ideas

We start with discussing what makes our work hard to accomplish using other approaches. As
a testing ground for non-linear SPDE’s, the KPZ equation embraces a stack of new tools including
regularity structures, paracontrolled distributions, energy solution method. Through its connection
with the KPZ universality class, the KPZ equation advocates the usage of various techniques from
integrable systems and random matrix theory. While these tools unveiled salient features of the
KPZ equation in the past, many finer properties are still out of reach. One of the basic requirement
for showing the law of iterated logarithms and the fractal nature of the KPZ height function level
sets 1s to attain a delicate understanding of the modulus of continuity of the KPZ temporal process.
This entails to knowing multi-point joint distribution of the KPZ equation. While the seminal
paper [6] derived one point distribution of the narrow wedge solution of the KPZ equation, the
exact formulas of more than one point does not seem to be on the horizon (see [150] for some
recent progress in other positive temperature models). In [117, Theorem 1.5], the authors derived
near-exponentially decaying bounds on the tail probabilities of the difference of the KPZ equation
at two time points. Although these tail bounds were useful for finding the two time correlations of
the KPZ equation, they failed to produce the modulus of continuity of the KPZ temporal process
since those bounds are only valid when the two time points are far apart.

Our approach is mainly probabilistic while some of the key inputs bear an integrable origin.
Two of such examples are the short time (upper) tail bounds of the KPZ equation (see Theo-
rem 4.1.4) and the Gibbsian line ensemble. The short time upper tail will be derived using the

integer moments of the SHE which has the recourse to some amenable contour integral formulas.
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On the other hand, while the Gibbsian line ensemble owes its inception to some integrable sys-
tem, it has so far been fostered by the probabilistic ideas. One of the other key tools which we
will procure in the due course of this paper is the short time lower tail bound (see Theorem 4.1.7)
which in contrast to the upper tail has its chassis made of core probabilistic ideas like Talagrand’s
concentration inequality.

Our first main tool is a multi-point composition law (see Proposition 4.2.11) which generalizes
the two-point composition law of [117, Proposition 2.9]. In words, for any given set of time points
0<t <ty<...<ty,thislaw constructs k independent random spatial profiles equivalent in law
to the narrow wedge solution such that the KPZ temporal process at at t; is obtained by exponential
convolution of one of such independent profiles and by, ,(-) fori=2,..., k.

Our second main tool is the Gibbsian line ensemble. More precisely, we use a special Gibbsian
line ensemble called the KPZ line ensemble introduced by [109]. In short, KPZ line ensemble is
a set of random curves whose lowest indexed curve has the same law as the narrow wedge solu-
tion of the KPZ equation. Furthermore, this set of random curves satisfies the H-Brownian Gibbs
property which ensures that the law of any fixed index curve in an interval only depends on the
boundary value and can be described using the law of a Brownian bridge conditioned to have same
boundary values, a connection elicited through a very explicit Radon-Nikodym derivative expres-
sion. As it was revealed in [109], the Brownian Gibbs property of the KPZ line ensemble imparts
stochastic monotonicity on its lowest indexed curve, a property amenable to finding delicate tail
bounds of the spatial profile of the KPZ equation. Furthermore, we also enrich the arsenal of the
Gibbsian line ensemble by introducing and exploring a short time KPZ line ensemble (see Proposi-
tion 6.5.1) whose lowest indexed curve is the narrow wedge solution with short-time KPZ scaling,
i.e., the scaling exponent of the fluctuation, space and time follows the ratio 1 : 2 : 4. In order to
distinguish, we would refer the KPZ line ensemble whose lowest indexed curve is narrow wedge
solution with the KPZ scaling as the long-time KPZ line ensemble.

Our third main tool is the short time upper and lower tail bounds (Theorem 4.1.4 and 4.1.7) and

the long time tail bounds of the KPZ equation from [116, 115] (summarized in Proposition 4.2.12-
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4.2.14). The short time upper tail is derived using the contour integral formulas of the moments
of the SHE whereas the short time lower tail (uniform in time) is obtained via controlling the tail
estimates of the partition function of random polymer model whose continuum limit solves the
SHE. We also improve the bounds available for the long time upper tail of the KPZ equation (see
Proposition 4.8.5 of Section ??), an important input for showing the fractal nature of the upper
level sets in Theorem 4.1.3.

Now we proceed to discuss how we use those tools to prove our results. The one point tail
estimates of the KPZ equation (from Theorem 4.1.4, 4.1.7 and Propositions 4.2.12-4.2.14) in con-
jugation with the tail bounds of the Brownian bridge fluctuations would allow us to derive delicate
tail bounds of the spatial profile of the narrow wedge solution in finite intervals at the behest of
the Brownian Gibbs property of the long and short time KPZ line ensembles. All these new tail
estimates are detailed in Section 4.4. For any given #; > t;, the two point composition law relates
b;, with the narrow wedge profile b, (1, -) via an exponential convolution with another indepen-
dent random spatial process which will be denoted as by, |, () and has the same distribution as
by, ((t2 — t1)/t1,-). Mating of this convolution principle with the tail bounds of the KPZ spatial
process from Section 4.4 propagates the one point tail estimates to the tail bounds of the difference
of the KPZ height functions at two time points. These ideas, inculcated in Propositions 4.5.1-4.5.4

of Section 4.5, will unfold to be a mainstay on which the proof of Theorem 4.1.9 rests.

Strategy for LIL: By the Borel-Cantelli lemmas, the law of iterated logarithms of Theo-
rem 4.1.1 can be recast as showing that the infimum and supremum of the LIL adjusted temporal
processes b,/ (loglog 1)!/3 and b,/ (log log 1)?/3 respectively over the intervals 7;, := [exp(e”), exp(e™*!)]
cannot stay further away from —6'/3 and (3/4v?2)%/3 infinitely often, i.e., we need to show that with

high probability, the following holds
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There are mainly two core ideas behind the proofs of (4.1.11) and (4.1.12). The proofs of the
second inequality of (4.1.11) and the first inequality in (4.1.12) will be based on similar ideas
whereas the proof of the first inequality of (4.1.11) and the second inequality of (4.1.12) will use
a different strategy. We now divide the proof ideas of the inequalities in (4.1.11) and (4.1.12) into
few steps. While these steps are not in chronological order, we mention the appropriate sections
where these steps will be carried out.

Step 1: The first major idea which trickles down into the proof of the second inequality of
(4.1.11) and the first inequality of (4.1.12) is to establish approximate independence of the incre-
ments of the KPZ height function over an increasing set of time intervals. Proposition 4.6.1 exactly
proves this claim where we show that when the gaps between time points 1] < t, < ... < t are
large, the multi-point distribution of the temporal process b, (0) at time points ¢| < f; < ... <t is
well approximated by joint distribution of a set of independent random variables. More precisely,
we show that if (z;41/t;) —1 > s > Ofor 1 < i < k — 1, one can construct independent random
variables Y1, Y, . .., Yix on the same probability space such that P(|, —Y;| > 1) < CXp(—CSl/Z) for
alli =1,2,..., k. The construction of this new set of random variables is done via the multi-point
composition law which demonstrates that for any given set of time points 0 < f; < ... < fg,
b,,,(0) for 1 < i < k — 1 can be written in terms of the spatial profile of the KPZ equation at
t; and a spatial process by, |, () such that {b,,, |;,(-)}1<i<k-1’s are independent processes in the
same probability space as the white noise of the KPZ equation. The error of the approximations
in Proposition 4.6.1 is obtained via Proposition 4.5.4 of Section 4.5 which provides tail bounds of
the increments of the temporal process f); between two time points for varying choices of the gap
size between the time points.

Step 2: This step finds the tail probabilities of the KPZ spatial process which are obtained
by combining two-point composition law (in the time direction) of the KPZ equation with precise
estimates on the tail probabilities of the maximal variation of the height profile of the KPZ equation
along the spatial direction (see Section 4.4). While similar tail events are studied in [117], the

results of Section 4.4 improves on many sides which includes bringing new ideas for improving
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Figure 4.1: Flowchart of the proof of Theorem 4.1.1

the exponents of the tail probabilities of the maximal variation of the spatial profile of the KPZ
height function on bounded intervals.

Step 3: Our other main idea behind the proofs of the law of iterated logarithms of the KPZ
equation revolves around the tail probability bound for the spatio-temporal modulus of continuity
of the KPZ equation of Theorem 4.1.9 which is proven in Section 4.5. The proof of Theorem 4.1.9
stands on the probability estimates derived from Propositions 4.5.1-4.5.2 which bound the tail
probabilities of the KPZ height function between two time points. One of the important features
of these tail estimates lies in the flexibility in varying the gap between two time points which were
not known in the earlier works. The key ingredients for these estimates are twofold: (a) short time
tail probabilities of the KPZ equation which are stated in Theorem 4.1.4 and Theorem 4.1.7 and,
(b) short-time KPZ line ensemble which is defined in Lemma 6.5.1. Both of these tools are new
and will be used in future for exploring many important properties of the KPZ equation.

In Figure 4.1, we summarize the above proof ideas of Theorem 4.1.1 using a flowchart.
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Strategy for fractality: Much akin to the law of iterated logarithms, the proofs of mono- and
multi-fractality of the KPZ equation heavily rely on the tail probabilities of the supremum and
infimum of the KPZ temporal process in compact intervals. In the same spirit as in the proof of
the law of iterated logarithms, the proofs of the fractality of the KPZ use two core ideas. The
monofractality result which is stated in (4.1.4) of Theorem 4.1.3 uses the idea of independent
proxies of Proposition 4.6.1 which we have discussed above. Furthermore, it leverages on precise
estimates of the upper tail probability of the KPZ equation in long time. In Proposition 4.8.5 of
Section ??, we derive such estimate from the scratch which was unknown before and hefty to obtain
otherwise. Combining the construction of independent proxy of Proposition 4.6.1 with Proposi-
tion 4.8.5, we show approximate independence between the upper level sets {h; > (loglog)*3y}
and {B; > (loglog s)?/3y} when r and s are sufficiently far apart. We like to stress the fact that the
mono-fractality result ((4.1.4) of Theorem 4.1.3) requires fast decoupling of the joint probabilities
of events {h; > (loglogr)?/3y} and {bh; > (loglogs)?3y}. While such decoupling results are
obtained for the Brownian motion in [223, Lemma 3.5-3.6] without much ado, the situation for the
KPZ equation is more complicated and hinges on getting fine estimates of the one-point upper tail
probability. Based on similar techniques as in [115, Proposition 4.1], Proposition 4.8.7 of Section
?? provides such tail bounds which will be finally used in Proposition 4.7.1 for showcasing the de-
coupling in the KPZ upper tail probabilities. Unlike the monofractality, the key ingredient behind
the proof of the multifractality result of (4.1.5) is the spatio-temporal modulus of continuity from
Theorem 4.1.9. The summary of the proof ideas of Theorem 4.1.3 is shown in Figure 4.2 using a
flowchart.

Our approach of studying the peaks and valleys of the KPZ equation has the potential to gen-
eralize for other models in the KPZ universality class. As it was mentioned earlier, our approach
stands on the shoulders of three main components: multi-point composition law, Gibbsian line
ensemble and one-point tail probabilities. For the zero temperature models like the last passage
percolation model, Airy process and many more, the analogues of the multi-point composition

law are easy to obtain and stated in terms of the maximum convolution instead of the exponential
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Figure 4.2: Flowchart of the proof of Theorem 4.1.3

convolution. Gibbsian line ensemble approach was first introduced by [109] for studying the Airy
line ensemble and then, latter been applied in numerous zero temperature models. Furthermore,
precise one-point tail estimates are available for many zero temperature models including the KPZ
fixed point. Some of these technical appliances are also available for few positive temperature
models such as the asymmetric simple exclusion process (ASEP), stochastic six vertex model,
strictly weak lattice polymer model etc. With the aid of the above three proof components, the
revelation of the landscape of the aforementioned models bears immense possibilities which we

hope to explore in future.

4.1.2 Previous works

Studying macroscopic landscapes of stochastic processes is one of the most compelling re-
search directions in probability theory. Starting from the middle of the previous century to the
present time, Brownian motion serves as a fertile ground for doing alluring predictions on the
landscape of the models in the Gaussian universality class and demonstrating those with lots of
success. One of the main goals of this work is to showcase the KPZ equation as a representative of

the models in the KPZ universality class when it comes to explaining the macroscopic landscape of
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its members under the KPZ scaling. Below, we review some of the previous works on the LIL and
fractal properties of the models in the KPZ universality with the aim of comparing and contrasting
those with our results.

Random matrix theory is intimately connected with the models of the KPZ universality class.
In fact, the Tracy-Widom GUE distribution which became one of the characteristics of the fixed
points of the universality class was borne out [Tracy94] as a by-product of a random matrix model.

ASUVE of an n x n Gaussian

To be more precise, the limiting distribution of the largest eigenvalue
unitary ensemble under centering by V2n and scaling by n~(1/9) is known as the Tracy-Widom
GUE distribution. One may also regard ASUE as the n-th element of the GUE minor process. From
this point of view, it was an interesting open question to study the law of fractional logarithm of
ASYE which was finally solved by [270]. The authors found the value of the limsup of (ASVE —
V2n)V2n'/ under a normalization by (logn)?/> when n goes to co. The authors had shown that
the value of the limsup is almost surely equal to (1/4)%/3. On the other hand, [270] had also shown
that the liminf of (1SYE — v21)V2n!/ under a normalization by (logn)'/3 is almost surely finite.
They had conjectured that the liminf is almost surely equal to —4!/3. To the best of our knowledge,

ASUE

the macroscopic Hausdorft dimensions of the level sets of are not known yet. Drawing the

analogy with the KPZ equation, we conjecture that the peaks and valleys of ASYE are monofractal

in the gauge functions (logn)?/3 and (logn)'/3

respectively.

Last passage percolation (LPP) is one of the widely studied models in the KPZ universality
class. Due to the presence of endearing geometric properties, the study of the LPP model fueled
lots of interests in the recent times. [244] had initiated the study on the laws of iterated logarithms
in the case of integrable LPP models. In [244], the author had considered the LPP model in Zio
lattice where the weights of the lattice sites are independent exponential or, geometric random
variables. It was shown in [244] that the limsup of point to point last passage percolation time
from (0, 0) to (n, n) (centered by 4n and scaled by (2*n)!/3(log log n)?/?) is almost surely bounded

between agyp and (3 /4)2/ 3 for some 0 < @sup < (3 /4)2/ 3. In fact, [244] had conjectured that agyp

is equal to (3/4)%/3. [244] had also investigated the liminf of the LPP model. It was shown that the
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last passage time between (0, 0) and (n, n) (centered by 4n and scaled by (2*n)!/3(loglogn)'/3) is
almost surely lower bounded by some constant. Recently, [36] have shown that the value of liminf
is almost surely equal to a constant. However, not much is known about the exact value.

Fractal properties of the putative distributional limit of the models in the KPZ universality class,
namely the KPZ fixed point has been investigated in few of the latest works. Recently, [138] gave
a probabilistic construction of the KPZ fixed point as a distributional limit of the point-to-point
Brownian last passage percolation model. The limiting space-time process which they named
as the directed landscape led to a flurry of new discoveries. The study of the fractal geometry
of the directed landscape has lately been initiated by [37, 45] who considered the problem of
fractal dimension of some exceptional points along the spatial direction. In spite of the recent
developments, the fractal nature of the space-time process of the directed landscape is still not
fully understood. We hope that our results on fractality of the KPZ equation would shed some light
for such study in future.

In the last decade, fractal properties of stochastic partial differential equations (SPDE) became
an active area of research. The main focus of a vast majority of those works resided on the study of
the large peaks of the SPDEs with multiplicative noise [BC16, 175, 85, 48, 201, 169, 104, 92, 90,
91]. The growth of the large peaks of the SPDEs is attested by the intermittency property which
is the center of attention in the field of the research of complex multiscale system for last five-six
decades. See introduction of [48] and [CM94, 222] for a detailed discussion. Recently, [223]
investigated the fractal properties of the stochastic heat equation started from the constant initial
data at the onset of intermittency and established the multifractal nature of the spatial process.
Denote the solution of the SHE started from the constant initial data (i.e., Zﬂat(O, x) = 1 for all
x € R) by ZM(s,x). Drawing on an earlier result of [94] which showed a fractional law of

logarithm -

i log Z1at(¢, x) B
1xm—il:pt1/3(ilog x)23
42 e

a.s., (4.1.13)
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Theorem 1.2 of [223] established the multifractal nature of the spatial process log Z1(z, ) for
any fixed r > 0. The results of [223] is complemented by the study of the spatio-temporal fractal
properties by [221] which showed that there are infinitely many different stretch scale (in the
spatial direction) and time scale such that for any given stretch and time scale, the peaks of the
spatio-temporal process of the stochastic heat equation attain non-trivial macroscopic Hausdorff
dimensions. The idea of peaks of the stochastic heat equation forming complex multiscale system
were also echoed in [324, 183, 182]. However, the macroscopic behavior of the KPZ temporal
process as considered in this paper shows a different nature due to its slow decay of correlations in
comparison to the KPZ equation along the spatial direction. For instance, our first result, Theorem
4.1.1 exhibits LIL for the KPZ temporal process as opposed to the fractional law of logarithm
satisfied by the KPZ spatial process demonstrated in (4.1.13). In the same spirit, our second result
(Theorem 4.1.3) which is reminiscent of a similar result in [223, Theorem 1.4] for 1-dimensional
Brownian motion shows that the peaks of the KPZ temporal process exhibit a monofractal (see
Definition 4.1.2) nature as time ¢ goes to co. This is in contrast to the multifractal nature of the
spatial process as shown in [223]. Nevertheless, Theorem 4.1.3 shows that the crossover to the
multifractality of the KPZ temporal process happens under exponential transformation of the time
variable. While the complete understanding of the spatio-temporal landscape of the KPZ equation
is far-off to our present reach, we hope that our results will ignite further interests along this
direction.

We end this section with a review on the tail probabilities of the KPZ equation, one of the key
tools of this paper. Study of the KPZ tail probabilities had been taken up in many works [258,
122, 168] in the past. One of the recent major advances has been achieved in [116] which proved
tight bounds to the lower tail probability of the KPZ equation started from the narrow wedge initial
data. This sowed the seeds of a series of works [118, 310, 232, 79, 323, 78] which studied in detail
the lower tail large deviation of the KPZ equation as time goes to co. The upper tail probabilities
of the KPZ equation has been recently investigated by [115]. The same paper also initiated the

study of the tail probabilities under general initial data. The upper tail large deviation was later
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found in [131] for narrow wedge initial data and in [180] for general initial data. In spite of these
recent advances, not much were known about the evolution of the tail probabilities of the KPZ
equation as time ¢ goes to 0. In a very recent work, [249] showed the large deviation of the KPZ
equation as ¢ tends to 0. However, this does not shed much light on the uniform tail estimates of
the KPZ height function starting from time equal to O to a finite value. Such uniform estimates
which were reported in Theorems 4.1.4 and 4.1.7 will be instrumental in obtaining our other main

results Theorems 4.1.1, 4.1.3 and 4.1.9.

Outline. Section 4.2 will introduce the basic frameworks of the KPZ line ensemble and the
Barlow-Taylor macroscopic fractal theory. It will also introduce other useful tools including
multipoint composition law, one-point tail probabilities of the KPZ equation, tail probabilities
of the supremum and infimum of the KPZ spatial process. Section 4.3 will prove Theorems 4.1.4
and 4.1.7. This will be followed by Section 4.4 where we derive delicate tail bounds of the KPZ
spatial process for finite and short time. Section 4.5 will study the temporal modulus of continuity
of the KPZ equation and use it to prove Theorem 4.1.9. Based on the tools from Sections 4.2-4.5,
the law of iterated logarithms of Theorem 4.1.1 will be proved in Section 4.6. The proof of the
mono- and multifractality results of the KPZ equation from Theorem 4.1.3 will be given in Sec-
tion 4.7. This last section will use an improved KPZ upper tail probability estimate which is proved

in Proposition 4.8.5 of Appendix ??.

4.2 Basic Framework and Tools

In this section, we will review three topics which are required for our subsequent analysis. One
of the main topics of this section is the KPZ line ensemble and its Brownian Gibbs property. The
KPZ line ensemble is a set of random curves whose lowest indexed curve is same in distribution
with the narrow wedge solution of the KPZ equation. The H-Brownian Gibbs property of the KPZ
line ensemble induces stochastic monotonicity of the spatial profile the KPZ equation, one of the
major tools in our analysis. Lemma 6.5.2 of Section 4.2.1 will precisely state such monotonicity

result. In a similar way as in [CH16], we will introduce a short-time version of the KPZ line
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ensemble which would play a key role in later sections to find the temporal modulus of continuity
of the KPZ equation.

Our second main topic of this section is the Barlow-Taylor theory of macroscopic fractal prop-
erties of a stochastic process. In light of the expositions in [223, 23, 22], the notions of Barlow-
Taylor Hausdorff content and dimension of any Borel set will be recalled. Some of the basic prop-
erties of the Barlow-Taylor Hausdorff dimension are presented in Proposition 4.2.6,4.2.7 and 4.2.9
of Section 4.2.2.

Lastly, we recall some of the known facts about the KPZ equation including its multipoint

composition law and the tail estimates of its one point distribution in Section 4.2.3.

4.2.1 KPZ line ensemble

Recall the general notion of line ensembles from Section 2 in [109].

Let £ = (Li,L5,...) be an N X R indexed line ensemble. Fix k; < k, with k1,k, € N

—k1+1

and an interval (a,b) € R and two vectors ¥,y € R . Given a continuous function H :

R — [0, o0) (Hamiltonian) and two measurable functions f,g : (a,b) — R U {xoo}, the law

Plkf’kz’(a’b)’;’; 18 on Liis...»Li, : (a,b) — R has the following Radon-Nikodym derivative with

ky,kz,(a,b).%.y

respect to P,

, the law of k7 — k1 + 1 many independent Brownian bridges taking values

X at time a and y at time b:

dPI;Il,kg,(a,b),)?j,f,g exp { - Zfﬁ,;l [H(Lix) - £i_1(x))dx}
('Eklv .. "~£k2) =

’

dehkz,(a,b)Jf,?

Zkl,kz,(a,b),fc'&,f,g
free H

where L3, = f, or oo if kj = 1; and Ly, = g. Here, Z > @P V1% g the normalizing
constant which produces a probability measure.
We say L enjoys the H-Brownian Gibbs property if, for all K = {ky,...,k2} ¢ Nand (a,b) C

R, the following distributional equality holds:

Law (-EKX(a,b) conditioned on -[«NXR\KX(a,h)) = Pg’kz’(a’b)’i’y’f’g R
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where X = (Ly,(a), ..., L, (a)),y = (Lk,(b),..., Lk, (b)), and where again Ly, = f, or oo if
ki =1;and Ly,+1 = g.

Just as for the Markov property, there is a strong version of the H-Brownian Gibbs prop-
erty which is valid with respect to stopping domains which we now describe. A pair (a,b) of
random variables is called a K-stopping domain if {a < ab > b} € ‘{gext(l( X (a, b)), the o -
field generated by Lwxr)\(kx(a,p))- L satisfies the strong H-Brownian Gibbs property if for all
K = {ki,...,ko} C N and K-stopping domain if (a,b), the conditional distribution of Lx(q,p)
given Fexi(K X (a,0)) is P]f{l’kz’(l’r)’f’y’f’g, where £ = a,r =0, X = (Li(a))iex, ¥ = (L;(b));ek, and
where again L, _1 = f,or oo if ky = 1; and Ly,+1 = g.

The following lemma demonstrates a sufficient condition under which the strong H-Brownian

Gibbs property holds.

Lemma 4.2.1 (Lemma 2.5 of [CH16]). Any line ensemble which enjoys the H-Brownian Gibbs

property also enjoys the strong H-Brownian Gibbs property.

Line ensembles with the H-Brownian Gibbs property benefit from certain stochastic mono-
tonicities of the underlying measures. The following proposition shows that two line ensembles
with the same index set can be coupled in such a way that if the boundary conditions of one en-

semble dominates the other, then same is true for laws of the restricted curves.

Lemma 4.2.2 (Stochastic monotonicity: Lemmas 2.6 and 2.7 of [CH16]). Fix finite intervals
K c Nand (a,b) C R; and, fori € {1,2}, vectors X; = (xl.(k) k€ K) and §; = (yl(k) : k € K)
in RX that satisfy xgk) < xik) and ygk) < ygk) for k € K; as well as measurable functions f; :
(a,b) > RU {400} and g; : (a,b) — R U {—o0} such that f>(s) < fi(s) and g>(s) < gi(s) for
s € (a,b). Fori € {1,2}, let P; denote the law Pg’kz’(a’b)’fi’ii’ﬁ’gi, so that a P;-distributed random
variable L; = {Lf(s)}keK’se(a,b) is a K X (a, b)-indexed line ensemble. If H : [0,00) — R
is convex, then a common probability space may be constructed on which the two measures are

supported such that, almost surely, L’l‘(s) > £§ (s) fork € K and s € (a, b).
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In the present article, we will consider the following two kinds of H:
H%(x) = 2P and, HU(x) = (m/4) 2™ forgivent > 0. (4.2.1)

Clearly Hzong (x) and Hh°"(x) in (4.2.1) are convex. Thus, Lemma 6.5.2 applies to any Hlong or,
H?hort—Brownian Gibbs line ensemble. The following proposition recalls the unscaled and scaled
KPZ line ensemble constructed in [CH16] which satisfies H,""2-Brownian Gibbs property and

introduces the short time KPZ line ensemble which exhibits H$""-Brownian Gibbs property.

Lemma 4.2.3. Let t > 0. There exists an N X R-indexed line ensemble H, = {Wt(n) (X) }nenxer

such that:

1. the lowest indexed curve 7-(;1) (x) is equal in distribution (as a process in x) to the Cole-Hopf
solution H™ (¢, x) of KPZ started from the narrow wedge initial data and the line ensemble

H, satisfies the Hllong -Brownian Gibbs property;

2. the scaled KPZ line ensemble {bt(") (X) }nenxer, defined by
b (x) = 7B (H" (PPx) +1/24),

satisfies the Hiong-Brownian Gibbs property.

3. and the scaled short time line ensemble {g,(n) (X) }nenxer, defined by
0™ (x) = (nt/4)"1/4 (7{}”) ((nt/4)"2x) + log x/zm) , 4.2.2)

satisfies the HP"-Brownian Gibbs property.

Proof. Part (1) is precisely part ((1) +(2)) of Theorem 2.15 of [CH16]. The proof of Part (2) and
Part (3) follows from an easy change of variable lemma (Lemma 4.8.1). For brevity, we postpone

the details of the proof of Lemma 4.8.1 to Section ??. [
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Remark 4.2.4. In part (3) of Theorem 2.15 [CH16] it is erroneously mentioned that the scaled
KPZ line ensemble satisfies H,-Brownian Gibbs property with H,(x) = ¢'"™* (instead of H\""%).
This error was reported by Milind Hegde and has been communicated to the authors of [CH16].
They have acknowledged the error and are currently preparing an errata for the same. We use H-
Brownian Gibbs property of line ensembles only in Section 4.4 and in some parts of the supplement
file. More precisley, we use KPZ line ensemble to import some stochastic monotonicity properties
of the KPZ equation which holds as long as the Hamiltonians are convex (see [CH16]). Indeed,
the Hamiltonians remain convex even after modification. Therefore, changing Hamiltonians has
nearly no effect in those places where H-Brownian Gibbs property been used. Furthermore, we
never write the Hamiltonians explicitly in Section 4.4 and always refer to (4.2.1) for their definition.

As aresult, there are no changes in any equations or formulas.

The above result demonstrates that the lowest indexed curves bf D and g,( Y in the scaled long

time and short time KPZ line ensemble have the laws of the centered and scaled narrow wedge

solution b,(x) := b;(1,x) and g;(x) := g,(1,x) of the KPZ equation defined in (4.2.4). This

property is crucial in extracting further probabilistic information of spatial processes b;(x) and
(n)

g:(x) as done in Section 4.4. For the rest of the article, we will loosely say I),(") or g, satisfy the

Brownian Gibbs property since the Hamiltonian will be clear from the context.

4.2.2 Barlow-Taylor’s macroscopic fractal theory

Definition 4.2.5 (Hausdorff content and dimension). For any Borel set A C R, the n-th shell of A
is defined as A N {(—e”“, —e"l U [e", e”“)}. Let us fix a number co > 0, and the set A C R and

p > 0, define p-dimensional Hausdorff content of the n-th shell of A as

el’l

Vip (A) = infi (LCLMQ"))'J
i=1

where the infimum is taken over all sets of intervals Qy,...,Q, of length greater than co and

covering n-th shell of A. Define the p-dimensional Hausdorff content of the set A as a sum total
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of v, ,(A) as n varies over the set of all positive integers. Then, the Barlow-Taylor macroscopic
Hausdorff dimension the set A is defined as the infimum over all p > 0 such that the p-dimensional

Hausdorff content of A is finite, i.e.,

Dimg(A) :=inf {p > 0 Z Vnp(A) < oo}
n=0

From the definition, it follows that the macroscopic Hausdorff dimension of a bounded set is 0.
Just as in the microscopic case, one has Dimy(E) < Dimyg(F) when E C F. Furthermore, it has
been observed in [223, Lemma 2.3] that the macroscopic Hausdorff dimension does not depend on

co. These observations are summarized in the following proposition.

Proposition 4.2.6 ([23, 22, 223]). Consider E C R. Then, Dimyg(E) does not depend on the value
of co of Definition 4.2.5 and Dimy(E) < Dimy(F) for F D E. Moreover, Dimyg(E) = 0 if E is
bounded.

Since the choice of ¢g > 0 does not matter, from now on we will work with ¢¢ := 1. We
next mention a technical estimate on the Hausdorff content of any set. The following proposition,
as stated in [223] is a macroscopic analogue of the classical Frostman lemma for microscopic

Hausdorff dimension.

Proposition 4.2.7 (Lemma 2.5 of [223]). Fix n € Ry, and suppose E is a subset of the shell
S, = [—e™!, —e") U (e", e"]. Denote the Lebesgue measure of a Borel set B C R by Leb(B).

Let u be a finite Borel measure on R and define for p > 0,

Ky p = sup {L’;k()(QQ)) : Q is a Borel setin S,,, Leb(Q) > 1}. (4.2.3)

Then we have v, ,(E) > K;’i)e'”p/vt(E).

The above proposition will be used in Section 4.7 to show lower bound to the macroscopic
Hausdorff dimension of the level sets of the KPZ equation. In the following, we recall the notion of

thickness of a set (introduced in [223]), another important tool to bound the Hausdorff dimension.
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Definition 4.2.8 (6-Thickness). Fix 6 € (0, 1) and define

Hn(e) = U {el’l +jen9}'
Oﬁjge”(l_e)*'l_en(l—e)
JEZ

We say E C R is 0-thick if there exist integer M = M (6) such that E N [x,x + ¢%"] # @ for all
x € I1,,(0) and for all n > M.

The following result (Corollary 4.6 in [223]) provides a lower bound to the Hausdorff dimen-

sion of a given set in terms of its thickness.

Proposition 4.2.9. If E C R is 0-thick for some 6 € (0, 1), then Dimyg(E) > 1 — 6.

4.2.3 KPZ equation results

We start with introducing the space-time scaling of the KPZ height function appropriate for the

short time regime, i.e., the case when the time variable goes to O.

H™ (at, (n1/4)"?x) + log V2nat

(2t /)13 4.2.4)

gl(a/’ )C) =

We will often use the shorthand notation g;(x) := g;(1,x). In addition, we simply write g, :=

g:(1,0) when x = 0. The following lemma shows the spatial stationarity of the processes b, (-) and

gr(+).

Lemma 4.2.10 (Stationarity). The one point distribution of b;(x) + %2 is independent of x and

converges weakly to Tracy-Widom GUE distribution as t T co. On the other hand, the one point
(r1/4)3/42

distribution of g;(x) + o is independent of x and converges weakly to standard Gaussian

distribution ast | 0.

Proof. The first part was proved in Proposition 1.7 of [CH16]. By Proposition 1.4 of [6], we know

H™ (t,z) + z2/(2t) is stationary in z. As a result,

0 (x) + TR e pay VA R (1, (e )4) ) + ELOE Y 1og Vot
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is stationary in x. From Proposition 1.8 in [6], it follows that g,;(0) converges weakly to standard

Gaussian distribution as ¢ | 0. O

Our next result provides a multipoint composition law of the KPZ temporal process. In latter
sections, this will be used to infer properties of multipoint distributions of §;. Our proof of the
multipoint composition law follow similar strategies as in [117, Proposition 2.9] which proves the
two point composition law. For stating the law, we introduce the following notation. For ¢ > 0,

define a r-indexed composition map /;( f, g) between two functions f(-) and g(+) as

L(f,g) =13 log/w o (f(t‘z/Sy)+g(—l‘2/3y))dy_ (4.2.5)
Proposition 4.2.11. For any fixedt > 0, k € Nand 1 < a; < ap < ... < ay, there exist in-
dependent spatial processes Yo,111s Dantlarrs ** * > Dagtlay_ i SUpported on the same probability space

as the KPZ equation solution such that:
1. Ba,t1a; ¢ (¢) is distributed according to the law of the process Yo, ,/((@; — @i—1)/@i-1,-);
2. Boyila; i (+) is independent of B, (-); and
3. bai,lt(%’o) = Iai,lt(bai,lt’ baitlai,lt)-

Proof. For s < tandx,y € R, let Z!V(#,y) be the solution at time ¢ and position y of the SHE
started at time s with Dirac delta initial data at position x. We will show that forany 0 < £ < ... <
tr and y1,...,yr € R, there exists independent spatial processes Zy,(t2 | t1,-),..., Ly, (tx |
tx—-1,-) coupled on a probability space upon which the space-time white noise of the KPZ equation

is defined such that
Z™(ti, yi) = Zop (1, yi) = /Z(')‘X(ti_l,x)zy,»(ti Lt x)dx, (4.2.6)
R

and the law of Z,,(#; | t;_1,) is same as that of Z™(#; — t;_1,y; —-) for 2 < i < k. Expressing

the convolution and interchange properties in terms of f); immediately yields the proposition.
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We now return to show (4.2.6). The above convolution formula is known when &k = 2 (see
[117]). We extend the proof given in [117] for k > 2 using the chaos series for the SHE (see [105,
316, 4] for background). We write 5 = (sq,...,5¢) € Rgo, ¥ =(x1,...,x7) € R and define the set

of ordered times

Ae(s,t) ={s:s<s1<sp<...<s¢ <t}

Forany 0 < s < tandx,y € R, Z{V(¢,y) is given as the following chaos series expansion (see

Theorem 2.2 of [105]):

(o)

z2n =Y, [ [ PrnGRae G 42.7)
£=0 Af(s,l) Rg

The integration in (4.2.7) is a multiple 1t6 stochastic integral against the white noise & and the term
Py.s x1,y(5, X) is the density function for a one-dimensional Brownian motion starting from (s, x) to
go through the time-space points (s1,x1), ..., (s¢, x¢) and ends up at (¢, y). This transition density
has the following product formula using the Gaussian heat kernel p(s, y) := (27s) /2 exp(—y?/2s)

and the conventions sg = s, sg+1 =, X0 = x and xp4 = y:

¢
P xty(5,X) = HP(SHI — i, Xip] — Xi).
Jj=0

For any 0 < s < t, the heat kernel p(-, -) satisfies the simple convolution identity

p(t,x) = / p(s,y)p(t —s,x = y)dy. (4.2.8)

Fix 2 <i < k. By using the fact that the sum of indicator functions gives the value one, we

may replace /Ag 04:) in (4.2.7) by the quantity Zf':o /A( 01:) 15, <, <s;. - As a consequence, we get

oo
-Z(I)l’vov(tla )’z) = Z Z/ / lstti,1<sj+1Pf;O,O;ti,yi(E’ -)_C))dé:@g(g)’ )_C)) (429)
=0 _]:O A[(Sj,tj) Rk
Forl <a < b <k, E[a,b] denotes (sq,...,sp) and likewise for X. Using these notations and
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(4.2.8), we may write

lstli—1<Sj+1Pf;O,O;li»)’i(S’x) = 1Sj£¢i—1<sj+1 /PJ;O,O;ti—l,Z(S[l,f]’x[l,j]) (4.2.10)
R

X Pejiti szt (S 1,00 X[ j+1,0)) d2. (4.2.11)

We now insert the above display into (4.2.9). We also replace /A[ 0.1) 1, <t 1<5 )41 by the product

-
- - - - - b

of the integral /Aj(O,ti_l)fAf_,-(ti_l,ti) and relabel 57 ;) = U, S[j1,0) =V, X[1,j] = G, X[j41,0] =

9

- - O’O = =\ - = —)_)_ [i_’z - 7 .
Pj004,,.(,a) = Pj;ti_lgz(u,a) = Pjy_,(u,a) and Pe_j | o1y, (V, D) = Pg_};ti,yi(v,b). Using
the fact that the white noise integration can be split since the times range over disjoint intervals,

we find

o L
Zoo (L, yi) = / / / / /P~; S (707} 4.2.12)
0T ZZ Aj(0,i-1) A j(ti1.ty) JREJRZT IR Sz

=0 j=0

X Pk (3, b)dzdg® (ii, @)dg™ 1 (3,b). (4.2.13)

=jiti,

By the change of variables m = £ — j, the double sum 3,2 Zf‘:o can be replaced by 2;10 D0
We bring the integral in z to the outside. Note that the reordering of integrals and sums is readily
justified since all sums are convergent in L? (with respect to the probability space on which & is

defined — see, for example, [105, Theorem 2.2] for details). As a result, we get
zi = [y, [ P e )
R j=0 Y4 (0.ti-1)
(2 / Pite | (3,5)dg% (3,5)).
=0 ¢ Ae—j(ti-1,ti)
Comparing with (4.2.7), we may now recognize that

()= Y /A Pru (i, 3)de® (i, @),
=0

7(0.ti-1)
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for any z € R whereas the stochastic process

(o)

Zyi(ti L tic,2) = Z/A (t t)P?—_}Zfi,Yi(‘_;a b)dé® I (V, b)
o—j(ti-1oti

m=0

is same in distribution with Z"™ (%, y;). Furthermore, Z&V()V(ti_l, -) and Z,,(t; | ti—1,-) are inde-
pendent since they are defined with respect to disjoint portions of the space-time white noise. Due
to the same reason, Zy, (#; | #i-1,-) and Zy,(¢;-1 | #;-1,-) are independent for any 1 <i < j < k.
Recall the interchange property of the SHE: namely that, for s < 7 and y € R fixed, ZgY (z,y)
is equal in law as a process in x to Z'} (7, x) — the change between the two expressions is in the
interchange of x and y. By the interchange property, the spatial process Zp™ (7;, y;) has same law

as Z(')‘})V(t,- —ti—1,y; —-). This completes the proof of (4.2.6). O

In the following result, we collect the one point tail probabilities of the temporal process by
which are proved in [116, 115]. We state the results from [117] which has used same notations as
ours. These results hold for any finite time # > 0. Since the short time scaling of the KPZ equation
has the Gaussian limit, the same tail bounds as in the forthcoming result does not hold as ¢ | O.
The short time tail bounds which are stated in Theorem 4.1.6 and 4.1.7 should be contrasted with

the following proposition.

Proposition 4.2.12 (Proposition 2.11 and 2.12 from [117]). For any ty > 0,& > O, there exist

5o = s0(to) > 0 and ¢ = c(tg) > 0 such that, fort > ty, s > so and x € R,

g

As one may notice, the constant of the tail bound in the above proposition is left imprecise.

B (x) + %2‘ > s) <exp(—cs?). (4.2.14)

For deriving tail bounds of Section 4.4 and 4.5, we do not need precise tail estimates. However, in
Section 4.6 and 4.7, we require precise bounds only in the case when the time variable 7 is large.

The following proposition quotes relevant tail bounds from [116, 115, 79, 323] for large ¢.
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Proposition 4.2.13. Fix t9 > 0 large and € € (0,1). Then, there exist sy = so(tg,€) > 0 and

¢ = c¢(tg, &) > 0 such that, for t > ty, c(log t)z/3 >s5>spandx € R,

exp (- 4T\/E(l +¢)s3?) < P(b,(x) +x%/2 > s) <exp(- 43ﬁ(1 —£)s/?), (4.2.15)
exp (- t(1+¢)s) < P(bz(x) +2%[2 < =s) <exp (- H(1-2)sY). (4.2.16)

Proof. Since b,(x) + "72 is stationary in x, it suffices to prove (4.2.15) and (4.2.16) for x = 0. From
the specifications of the upper and lower bounds of the upper tail probabilities in Theorem 1.10
(part (a)) of [115], (4.2.15) follows immediately. It remains to show (4.2.16). Theorem 1.1 of [116]
which is recently been strengthened in [79, 323] proves that for any given &,#y > 0, there exists

so = (tg, &) > 0 such that for all s > sg and t > ¢,

ey L5 1 2e
P(5i(0) < —5) < e TS | poKedestt 202 4.2.17)
and,
15
P(5:(0) < —s) > e~ F (1557 4 ph(le)s’ (4.2.18)

The first inequality of (4.2.16) follows from (4.2.18). Note that s3/%¢1/3 > 3 and est!/? > 3
when we have (log#)?/? > 5. By choosing s¢ and ¢ large, we may bound the r.h.s. of (4.2.17) by

exp(—(1 — £)s3/6) for all s > s satisfying c(log#)*/? > s. This proves (4.2.16). O

The next result, which is proved in [117], provides tail bounds on the supremum and infimum

of the spatial process b, (-) for any fixed time ¢ > 0.

Proposition 4.2.14 (Proposition 4.1 and 4.2 from [117]). For any ty > 0 and v € (0, 1], there exist

so = so(to,v) > 0 and ¢ = c(tg,v) > 0 such that, fort > ty and s > s,

P(A) < exp (—cas¥?) where A= { sup (I)t(x) + %) > s},
xeR
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52 _ . (1-v)x? _
P(B) < exp (- cs'%) where B = {;rel]fR (I),(x) + 5 ) < s}.

4.3 Short Time Tail Bounds

The main goal of this section is to prove Theorem 4.1.4 and 4.1.7 which describe uniform
bounds for the one point tail probabilities of the KPZ height function as time variable ¢ goes to
0. The proof of Theorem 4.1.4 which is given in Section 4.3.1 will use the exact formulas of the
integer moments of the SHE. These formulas are put forward by Kardar [Kardar87] using the
techniques of replica Bethe ansatz. See [179] for a discussion on different approaches to prove
those formulas rigorously. On the other hand, the proof of Theorem 4.1.7 which is contained in

Section 4.3.2 will be based on core probabilistic aspect like Gaussian concentration.

4.3.1 Upper Tail

Our starting point which is the content of the following proposition is to provide upper bounds
to the exponential moments of g;. Using these moment estimates, the proof of Theorem 4.1.4 will

be completed in the ensuing subsection.

Proposition 4.3.1. Fix & > 0. There exist tg = to(e) > 0, C = C(g) > 0, and so = so(&) > 0, such

that for all t < ty, s > so and k = | s(7t/4)™V*]| we have
E|exp (k(nt/4)4gy)]| < exp (C(s3/47% + 52)). (4.3.1)

Proof. For any positive integer k, we recall the k-moment formula for Z"% (2, 0) (see [68, 179])

2
() ﬁ () _ l 2 E(A) 13 (=1;)2 5
E | Z™ (2t O)"e%] =3 k! [ en / [ dzie N [ b (- z))
P T Hm]‘ =1 2m =1 l%/li <] [%(/11._'_/11,)2 2.
TR PR ()

Here the sum A + k is over all positive integer partitions A = (41, 42,...) of k where 4; > 1, > .. ..

Furthermore, m; = m; (1) := [{j | A; = i}| and £(1) := [{j | 4; > 0}|. Note that each terms of the
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product inside the integral is less than 1. Bounding those terms by 1 and evaluating the left over

Gaussian integral, we have

3

o) ﬁ ) 3
nw k Kkt 12 \/% kle
E | Z™(2t,0) elZ] Z 1_[ H /13/2 < Z w

Ak Ak (4rt)™> [Im;!

The last inequality in above equation follows by using /lf/ 2> 1and D /l? < k3. Expressing the

left hand side of the above display in terms of g,; we get

t 3—f k!
Eek(ﬂl/2)1/492t -E (ZHW(ZZ, 0)1/4711)](] < e_klz k Z( ﬂ[)k £A) ] (4.3.2)
Ark [Tm;
We choose 79 and so such that 2528 (n/2)!/* < § and so > 2(nt9/2)"/*. Then for all 1 < g
and s > s, we set k = k(¢) := |s(nt/2)"/*|. By the condition on 1o, so and k, we always have
2

k > 2. We further have k < s(rt/2)”'/* which implies < 2. Bounding ¢ with this inequality,

combining it with the estimate k! < k¥~ m! and using those in the r.h.s. of (4.3.2) yields

_ k— 20()-2k
okt 6%2 (23/4S)2" 200 flom 2=k 4.3.3)
Ark ]'1;[2 mj!

Throughout the rest, we provide bound for the r.h.s. of (4.3.3). We separate our analysis into three

cases depending on the location of s.

Case-1. s < 171/#** Observe that k—€(1) = X ;55 (j— D)m; and 20(D)—my—k = = ¥ ;53 (j —2)m;.
We extend the range of my, m3, m4, ... over all non-negative integers in (4.3.3). Taking first the

sum w.r.t. m, shows

> (- 2)"1 3
Z(] Dm; k i3 2\ (23 §2)ym2
rh.s. of(433)<eénk22[ ] ! o Z( ”‘) . (4.3.4)
g j23mj. = m!

Note that the inner sum w.r.t. m; is equal to exp(23/25%). We may now write the r.h.s. of the above
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display as

[\1[8]

_4 2 $2 = - 3 2 (j-Dm; f=(=2)m; o 35 23 ghp-l
et T 3 2] I (ki ),

m;! 25 §2k-1
i3m0 j 1-22 52k

where the equality is obtained by taking sum w.r.t. ms3, my, ... separately and simplifying the prod-
uct. With this equality, we get

2 21/4 3 24 3 21/4
r.h.s. of (4.3.4) < exp (M +225% + %) < exp (Cs’t'* + Cs?),

where the last inequality is obtained by using the facts k~' < 257! (71/2)1/*, s < r~V/**¢ andr < 19
with 25/2t5(7r/2)1/4 % This proves (4.3.1) for s < ~1/4+2,

Case-2. s > t~'/47¢. We assume 7y < ﬁ. Recall the definition of k. Since k + 1 > s/(xt/2)'/4,
we may bound 528260 by (71/2) k(D)2 (f 4 1)2k=26(D)  Combining this with the facts k! < k*

and [[m;! > 1, we get

‘,4 —
ths. of (43.2) < €0 (dnr) = kL1 12O a2k

Ark

where we bound (1 + 1/k)>*~¢()) by 1 and the number of partitions of k by k* to get the last
inequality. Since we are in the case s > /%7 we have s*k™' < s3(n1/2)"/* and kInk <
cst™ 4 In(st71/4) < ¢s3t1/4. Due to these inequalities, the r.h.s. of the above display is bounded by

exp(cs3t1/*) for some constant ¢ > 0. Combining this with (4.3.3) shows E [exp(k (7/2)/*g2,)]

IA

exp(cs3tl/).

Case-3. 171/%¢ < 5 < 71/4% Define § = /4% and k := [5(nt/2)""/*]. Note that k < k

/42 1/4

since 5 < . Using the Holder’s inequality, we know E exp(k(xt/2)'/*gs,) is bounded by

(Eexp(lg(ﬂt/2)1/4g2t))k/];. By Case-2, we know Eexp(k(nt/2)/*g2) < exp(c53t'/4) for all
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t<ty= ﬁ. Combining these observations shows

Eexp(k(%)l/4gzl) < exp(ckS V4 k) < exp(er™/4738 11 4511442 = exp(cst™1/472%),

1/4+¢

where the second inequality follows from the definition of k and 3. Since s > ¢~ , the last term

of the above display is bounded by exp(cs3¢'/474¢). This completes the proof for Case-3.

Combining all cases we get (4.3.1). This completes the proof. [

Proof of Theorem 4.1.4

§:=sf,sand k := [§(xt/2)""/*]| where the

We introduce the notations = 1
Jrs C+VC2+3Cst1A-4"

constant C is same as in (4.3.1). By Markov’s inequality,
P(gar > 5) = P b/ o 5 (B2 < axp(—ks(3) B[ exp(R() a2)]

<oxp (Cs* 20774 + Cs2f2 — ks(Z)1),  (4.3.5)

where the last inequality follows from Proposition 4.3.1. We choose sg large enough such that

forall s > so and ¢ < #o we have ks(nt/2)'/* > %sz f.s. From the definition of f; s, it follows

Cfis < Cag = 3, and Cst'/44¢ 20 < Cst'74e | = 1. Plugging all these inequalities in

the right side of (4.3.5) yields

2ts ’ 2
P(QZZZS)SCXP(—SIJ;’ ) Sexp(—ﬁ)

forall < t9, s > so and some constant C’ > 0. This completes the proof.

432 Lower Tail

Our proof of Theorem 4.1.7 will utilize ideas from [168]. In [168], the author provided an
upper bound to the lower tail probability of H™. However, it was not clear whether the same

bound holds for g;, i.e., centering H™ with log V27 and scaling by (77/4)/4. Our analysis will
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demonstrate that it is indeed possible to derive similar tail bound for g;. The main tool of our proof
of Theorem 4.1.7 are some properties of the directed random polymer partition functions and its
convergence to the solution of the SHE. Below, we introduce relevant notations.

Let 2 := {&(i,x) : i € N,x € Z} be a collection of independent standard normal random
variables. We call such collections as lattice environment. Let {S;};>0 be a simple symmetric
random walk on Z starting at Sy = 0 independent of E. Denote the law of {S;};>0 by Ps. At inverse
temperature 8 > 0, the directed polymer partition function Z,EE) (B) is defined as

exp {B Z &, Si)} lsnzol
i=1

Z\®(B) == Es

where the expectation Eg is taken w.r.t. Pg. Define 8, := (¢#/2n)'/*. From [5], we know as n — oo

(8)
log \['4 +log Zizfl| % g, foreacht > 0. (4.3.6)

1
(nt/2)1/% [ EZ\™ (B,)

To complete the proof of Theorem 4.1.7, we need the following two lemmas. Lemma 4.3.2 is

originally from a part of the proof of Theorem 1.5 in [84].

Lemma 4.3.2 (Lemma 1 of [168]). Let E and ' be two independent lattice environments. Let
S and S@ be two independent simple symmetric random walks starting at origin. Denote the

expectation w.r.t. the joint law of S D and §? by Egq) g@2. Then we have
log Zy™ (B) > log Z\™ () — Pdy(E.E){/ D= (S1, S@),

where d,(2,5')? := im1 S (6, x) = &'(i,x))* and

n s (i sMyy e @
B Z(&(0,8; )+&(i,5,7))
DE/(S(l),SQ)) = —Z,(’E'}(ﬁ)zES(l)»S(z) Z 1551)2552)6 i=1 ISI([I):S,(!Z):O]_
i=1

The next lemma is similar to Lemma 2 of [168]. To state the lemma, we introduce for any
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neN,t>0andC >0
Apic = {: : ZE)(B) = | ZEZE (B,), D= (51, 5@ < C\/ﬁ} .

Lemma 4.3.3. For any given € > 0, there exist constants ty = to(g) € (0,2] and C = C(g) > 0
satisfying the following: for any t < to, there exists n; € N such that for all n > n;, we have

P(An,l‘,C) > % —&.

Our proof of the above lemma uses some of the ideas from the proof of Lemma 2 of [168].
However, there is a major difference between these two results. Unlike Lemma 2 of [168],
Lemma 4.3.3 provides a lower bound to P(A, ;) which does not depend on 7. On the other hand,
the lower bound of Lemma 2 of [168] is valid for all n > 1 which is not the case in Lemma 4.3.3.
Since we are interested in the evolution of tail probabilities of Z,(lE)((t /2n)'/%) as n grows large,
the probability bound of A, ¢ for large n is more relevant to our analysis than a uniform bound
for all n > 1. Furthermore, the independence of the lower bound of P(A,,;¢) from ¢ enables us in
Theorem 4.1.7 to derive bounds on the lower tail probability of g, uniform in ¢. Before proceeding

to the proof of Lemma 4.3.3, we will show Theorem 4.1.7 by assuming Lemma 4.3.3.

Proof of Theorem 4.1.7

Fix ¢ € (0, %). We choose ¢y = to(e) € (0,2] as defined in Lemma 4.3.3. Fix t < tg. From

Lemma 4.3.3 we pick C > 0 and n; € N such that for all n > n;, P(A,;¢c) > %. Fix n > ny.

Consider any &’ € A, ;. By Lemma 4.3.2, we have

1og Z\= (B) = 1og Z{F) (By) = Budn(E,E)A/ D= (S1), S?))

> log A2 +10g EZ) (B,) = Budn (2, E)NCn!/2,
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where the second inequality follows since &’ € A,,; ¢. Rearranging the above inequality and using

the fact that it holds for any Z" € A,,; ¢ shows

1

(&)

(B)
log |4 +log Zeg(®| > - YT inf 4,(2,2).
[Og 2 T8 ® ] = - E’Elg,,,l’c n

Thus, for all s > 0,

) 1
P( 1 [log =+ log Z”—(’B”))] < —s) <P (d,,(E, Anic) = &

EZI(lE) (,Bn \/E ’ (437)

= =/

where d, (8, Apc) = infzea,, . dn(E,E'). Since P(A,;c) 2 % — ¢, applying Theorem 3 of [168]
(Talagrand’s inequality) shows P(d, (5, A, ;.c) > u++/4log2) < e /2, Applying this probability

bound into the r.h.s. of the above display yields

2
r.h.s. of (4.3.7) < exp (—% {Sﬂ_1/4c_1/2 — /4 log 2} ) < e e (4.3.8)

for some positive constant ¢ > 0 and for all s > so where neither s¢ nor ¢ does depend on n or ¢.

Due to the weak convergence of (4.3.6), we have

1 2, (Bu) n—oo
P ((nt/2)1/4 [log % + log EZ,(IE)(ﬁn)] < —s) — P(gt < —s).

Combining this convergence with (4.3.7) and (4.3.8) shows the desired conclusion.

Proof of Lemma 4.3.3

Recall 8, = (1/2n)'/*. By Proposition 1.8 of [6], g; converges weakly to the standard Gaussian
distribution implying lir% P(g; > 0) = % We choose the largest 1y = r9(g) € (0,2] such that
1—

% for all ¢ < (. For simplicity in notations, we set

N

Sfl)zsfz) -1 Slgl):Slgz).

n
n rre (1) 70 a(2)
2!’2 = 1 S(l)—S(z)—O . e,Bn Zizl(s (laS,- )+& (lsS[ ))’ Ln - Z 1
n =On =
J i=1
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Recall that Oz (SV, @) is equal to Eg) s [Ln] /(Z,EE,) (8))?. By simple probability bounds, we

get

P(Auic) 2 P(Z,SE)(,Bn) > ZEZZ (B,), Bsso (£,) < 25(BZ, (8,)

M [2] _ (ES(I)S(Z)(Qn) 20 )
B P(Ezr(zg)(ﬁn) = nr P (EZr(.E)(ﬁn))z > Va2 ) (439)

\%

We claim that for any ¢ < ¢, there exists n, € N such that for all n > n,,

M [2 1_ 3¢ (ES(1)5(2) (2,) 2C ) e
P(Ezf)(gn) 2\m|22-% P EZP (5,))2 i <7z (4.3.10)

Substituting the above inequalities into the r.h.s. of (4.3.9) completes the proof of Lemma 4.3.3.
Thus, it suffices to show that the above inequalities hold for all large n. To see the first inequality

of (4.3.10), we first note that EZ,SE) (Bn) = EZ,SE,) (B,) and write

(&)
11 10g,/g+logw >0].
(%) 2 TEZT B

2

EZ&)(B,) V7

()
o226 2):P

By the weak convergence in (4.3.6) and P(g; > 0) > % — %, it follows that the right side of the

above display is greater than % - % for all large n. This proves the first inequality of (4.3.10). For

the second inequality, note that EZ,(ZE) (Bn) = e"Pul2, By Fubini, we have
n

n
(838 +E(j.5
EzEga)g0) [£4] =Es(1>5<2>[ E Lin_g@ '15<1>:S<2>:0'| |EE(€'B( U5y 0S70)
- v =1
= j=

n n
2
= enﬁnEs(l)S(z) [Z lsfl)zsfz) . 1S£,”=Sf,2)=0 - exp (,Bi Z lel)szz))]
i=1 i=1
= 2
= (EZ\® (B)n) *Esiy s [ LpePrln IS;lU:SE,z):O]-

Applying Markov’s inequality and using the above expression of EzEg) g0 [£,] shows

(Esms(z) (L) 20

i ﬂzL
= < E L,er™ 1
(EZP (B)? «/7) = T2c TSs® | o Si=87=0
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< SZP(st) = 57 = 0o [Lyefitr | 510 = s = 0]

By Stirling’s approximation, there exists constant a > 0 such that P(S,, D = (2) =0) = —(n’/lz)2 <
4 for all n. Since S, = (t/2n)!/4, we have LyeBiln = [, (20" Ln < [ on™*La for all ¢ < 1y < 2.

Furthermore, Lemma 3 in [168] proves

sup n_%Esmsm Lye" "Ln | st = 5@ = O] =K < co.

n>1

Thus for all ¢+ < #y we have a constant K’ > 0 (free of ) so that P( s (&) ¢ ) < K

(EZ,® (B>~ Vr?
Taking C large shows the second inequality of (4.3.10) for all large n.

4.4 Tail Bounds of the KPZ Spatial Process

In this section, we prove delicate tail bounds on several events of the long and short time spatial
processes b, () and g, (-) respectively. Four propositions will be proved in this section; two of them
are about the supremum and the infimum of the spatial process §; and other two are devoted on
similar results about g;. One may notice similarities between Proposition 4.4.1, 4.4.2 and The-
orem 1.3 of [117] since both bound the tail probabilities of the supremum and/or infimum of the
KPZ height differences between spatial points. However, in comparison to [117, Theorem 1.3], the
bounds in Proposition 4.4.1 and 4.4.2 improve on multiple aspects (e.g., decay exponents) which
turn out to be extremely useful for proving the results of Section 4.5. The main ingredients of the
proofs of this sections are: (1) tail bounds from Section 4.3 and (2) Brownian Gibbs property of
the line ensemble discussed in Section 4.2. From this time forth, we will denote complement of

any set B by —B.

Proposition 4.4.1. Fix k > O and a € [%, 2]. There exist constant ¢ > 0, to > 0 such that for all

t >tyg, B€(0,1] and s > so(tg) we have

[e2

P inf  (5(y) - Bi(0) < —FB%s) <" 4.4.1)
ly[<p2s2-a
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Proof. Let us define

A {ye[ o 0) =B () < =48 Ks}’ B:= fb, (85" %) ~,(0) < 25~

0 ﬁZKSZ

Observe that P(A) < P(A N =-B) + P(B). In what follows, we show that there exists so = s9(t),

¢ > 0 such that for all s > sg and t > ¢,
P(B) < exp(—cs?), P(AN-B) < exp(—cs?). (4.4.2)

(4.4.2) will bound P(A). By repeating the same argument for the interval [-3%s2~, 0], one can
show P( inf e (_goeg2-a 0 (e () = H:(0)) < —%ﬁ“s) < ¢~ This will complete the proof of this
proposition. Throughout the rest, we prove (4.4.2). For the first one, note that B is contained in the

union of {B,(B8%s'~*/3) < —552®/3/8} and {B,(0) > 5>*/3/8}. By the union bound,

a K 2_24 @ K§2_27n/ a
P(B) < P(b,(8s' %) + 5 < 3704 B2 1) 4 p(5,(0) 2 7). (4.4.3)

Due to the stationarity, b, (84s'~5) + ﬁzksz_% /2 is same in distribution with ¥,(0). Furthermore
we have the inequality —5s2¢/38 + 82452~ % /2 < —52%/3 /8 because @ > 3/2 and 8 < 1. Combining

we get
rh.s. of (4.4.3) < P(b,(O) < —s2“/3/8) + P(b,(O) > 5%/ 3/8)-

Using Proposition 4.2.12 we bound P(§,(0) < —s>*/3/8) and P(h,(0) > 52*/3/8) by exp(—cs?)
for some constant ¢ > 0. Substituting these bound into the right side of the above display yields
P(B) < 2exp(—cs?).

For the second inequality in (4.4.2) we use the Brownian Gibbs Property of the KPZ line

ensemble. See Figure 8.2 and its caption for more details. Denote Z; g := (0, B¥s'=®/3) Recall that

b, is the lowest indexed curve I)ﬁl) of the KPZ line ensemble {b,(")}neN. Let Fs == Fext({1}, L5 p)

149



0 @5!«'52 G Hxslfofli

Figure 4.3: Illustration for the proof of second inequality in (4.4.2): The two solid black curves
denote first two curves of a KPZ line ensemble {I),(n)}nzo inside the interval 7 3. The dotted line
denotes the top line Bﬁl) of another KPZ line line ensemble coupled with {bf")}nzo such that (i)
B,(]) has the same end point as I)t(l), (if) always stays below of bt(]) and sz) = —oo. The law
of Zt(l) is same a Brownian bridge between 0 and 8“s'~®/3. Recall A denotes the event that
bl(l)(y) goes below of I)t(])(O) by —78%s/8 for some y in (0, 3s'~*/3). The event =B controls
that hfl) (B¥s'=®/3) does not fall much below than hz(l)(O). By the monotone coupling, we have
Ps(A N =B) < Pgee(A N —B). Here, Py is the law of bt(l) conditioned on bl(z) and everything
outside of Z; g whereas Pgee is the law of a Brownian bridge with same end point as bgl). Finally,
Ptree (A N —B) is estimated using the tail probability estimates of a Brownian bridge.

be the o-algebra generated by {bt(l) (x) : x € R\Z g} and {b;”) (x) : x € R}pen,,. Note that =B is

measurable w.r.t. ;. Thus, we may write

P(AN-B) =E [1_gE[1a|%]] = E [1_gP,(A)] . (4.4.4)

o

1,1,(0,8%s'5),5 0 0,5V (85"~ 5 ), 400,52
long
Ht

P;(A) < Prree(A), where Ppree := P

where Py = P . By the monotone coupling (Lemma 6.5.2)

1,1,(0,8%5'5).51(0),5 ") (85"~ 5 ) 400, —00
Hltong

Bridge B on [0, 84s'~5] with B(0) := b,(0) and B(B*s'~5) := h,(B*s'~ ). Since B € (0,1] and

is the law of a Brownian
a > 3/2, we have B¥s'~*/3 > p?*s2=@ By the affine equivariance of the law of Brownian bridges
d (& Kkgl=%y_
{EB(x) 1X € IS,/;} = {EB(x) + W)} ‘X E Is,ﬁ},

where B is a Brownian Bridge on [0, 8¢s'~5] starting and ending at 0. Combining these observa-
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tions with (4.4.4) shows

P(ANn-B) <

[
: YO N AT D V() PR O ]
[lﬁBP(ye[()”g;st—w] [%(y) + ﬁ’(sl_% y] < 8’8 S|Ts)
: = 3202 g )]
< -2 P < -1B%|F
- E[LBP(ye[o,;agkfsz—"] B0 =T Pl
(inf By <-5)= P(m{a inf_ B(y) < -).

2 ye[o,BZKsz—a/]

The inequality in the third line follows since

b (B s %) ;bzw)y} S

inf{B(y) + e

ye[o’BZKSZ—a]
on the event —=B. The next inequality follows by neglecting the indicator. The last probability is

clearly bounded by exp(—cs®) by tail estimates of Brownian motion. This proves (II) and hence,

completes the proof of this proposition. 0

Proposition 4.4.2. Fix k > 0. There exist constant ¢ > 0, to > 0 such that for all t > ty and

B € (0,1] and s = so(ty) we have

32

P( sup ~ (B;(y) = b,(0)) 2 ﬁ“s) <e ™ (4.4.5)

Iyl <1682 Vs

Proof. Set p = 8>4/s/16. Let Sup; and Sup, be the supremum value of b,(y) — b;(0) for
y € [0, p] and y € [—p, 0] respectively. In what follows, we only bound P(Sup; > 8“s). One can
bound P(Sup, > B*s) analogously. Let y be the infimum of y in [0, p] such that b,(y) — b,(0) >
B%s. If there is no such y, define y to be +co. Note that P(Sup; > *s) = P(x < p). We can write

this event as a disjoint union of A; and A, which are defined as

A=< pbil) =bip) <51 Aoi= < p.bitn) = Bi(p) > 570
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In what follows, we show there exist sg = so(z9) > 0 and constant ¢ > 0 such that for all s > s¢

and t > to, we have

P(A)) < exp(—cs’'?), P(Ay) < %P()( < p) +exp(—cs>’?). (4.4.6)
As P(y < p) = P(A)) + P(A;), combining the above two inequalities show P(y < p) <
4exp(—cs®). Thus, proving (4.4.5) boils down to showing (4.4.6). We first prove P(A;) <

exp(—cs3/?). By the continuity of the spatial process b,(-), we have b;(x) = 5,(0) + B5s on

the event {y < p}. Thus

P(A1) < P(b,(0) - bi(p) < -7B%s/8) < P(yei[%fp] (b (y) = be(p)) < -7B"s/8).

The rh.s. of the above inequality is bounded by exp(—cs*/?) due to Proposition 4.4.1 and the
stationarity of spatial process b, (x) + ’“72 This proves the first inequality of (4.4.6). Now we turn to

show the second inequality of (4.4.6). Consider the following event

B := {B:(0) € [~5/4,5/41, B, (8*V5) € [-3s/4,5/41}.

Observe that P(A,) < P(A,NB)+P(-B). By Proposition 4.2.12, we get P(=B) < exp(—cs3/?)

for some constant ¢ > 0 and all large s and ¢. It suffices to show
P(A,NB) <27'P(y < p). (4.4.7)

Towards this end, we use the strong Brownian Gibbs property of the KPZ line ensemble. Let ¥ =

Fext({1}, (x» B¥+/s)) be the o-algebra generated by {b;") (x) }nenxer outside {b;l)(x)}xe( VB

By the tower property of the conditional expectation, we have

P(AZ N B) =E [I{XSp}ﬁBE(lDW_-s)] =E [I{XSp}ﬂBPs(D)] > (4.4.8)
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Vs

NP —————

X

Figure 4.4: Illustration for the proof of (4.4.7): The solid curves denotes I)t(l) and y is the nearest
point from O in [0, p] where I)t(l)(y) exceeds bt(])(O) + Bks. If no such point exists, then, y =
+0co. The blue line connects (y, I)t(l)()()) with (8%+/s, bt(l)(ﬁkx/g)). The event D indicates a rapid
downfall of I)t(l) from y to p and the event B ensures that the line joining the endpoints of b,
from 0 to 8%K+/s does not become too steep. Since b;(y) = b, (0) + B~s, B also controls the slope
of the line joining the endpoints of b, from y to 82f+/s. The rapid downfall of the black solid
curve induced by D enforces the blue line staying above the black curve. Here Py is the law of
the black solid curve and Pgree is the law of free Brownian bridge, i.e., the law of the top line of
a KPZ line ensemble with f)\t(z) = —oo and Et(l) has the same end point as b;l). By the monotone
coupling, Py (D) < Pgee(D) for the event D. The probability of a Brownian bridge staying below
the interpolating line of its end point is less than % This shows P (D) is bounded above by %

K (1) (1) ¢ p N E))
where D := {bh,(x) — b:(p) = éﬁ"s} and Py := plLENDD 0O BV 40T e ohow

Hiong

that Pg(D) < % on the event {y < p} N B. By Lemma 6.5.2, P;(D) < Pgree(D), where Pgee -

K ™ M gx 00,—00 . . . .
Pl LB VDD 00D (B +00m00 4y Taw of a Brownian Bridge B(-) on [y, fX+/s] with B(y) :

Hiong

b, (x) and B(BX+/s) := b, (B%+/s). Let us define

Bin(y) 1= E320,(x) + 220 (BV5) for y € Ly, BV5].

On the event {y < p} N B, we have b,(y) = b,(0) + B“s by the continuity of the spatial process b,

and hence, b, (B%/s) —b,(x) is bounded below by _T3s —b;(0) — B“s which is further lower bounded

by —2s. This shows B (p) = b(x) — %. However, we know that B(p) < b;(y) — %Ks on the

event D. This shows B(p) < B, (p) on the event { y < p} N B. However, since B is a Brownian
1

bridge and Byy, is the linear interpolation of the end points of B, P(B(p) < Bi(p)) = 5. This

implies Pg(D) < % on the event {y < p} N B. Substituting this bound into the r.h.s. of (4.4.8)
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shows (4.4.7). This completes the proof. O

Proposition 4.4.3. Fix a € R and § > 0. There exist to € (0, 1) and an absolute constant ¢ > 0

such that for all t < to, s > so(to) satisfying (|a| + 8)* — a® < %, we have

P( sup (gt((43t/7r3)1/8x) +x2/2) > s) <o (4.4.9)
x€la,a+d]
P(xe[ianfm (g,((43r/n3)1/8x) +x2/2) < —s) < e g omestT T (4.4.10)

Proof. We introduce the shorthand & (x) := g,((43¢/73)!/8x) which will be used throughout this
proof. We divide the proof of this proposition in two stages. We prove (4.4.9) and (4.4.10) in

Stage-1 and Stage-2 respectively.

Stage-1: Proof of (4.4.9). Define

Claaro ={ sup @@ +x/2) 2 s}, Clppy={ swp G -§(@) =3},

x€la,a+d] x€la,a+6]

Dy i={ - % <Bi(w) +% < %},

IA
Bl

where w € R. We seek to show that P(Cy, 4467) < exp(—cs3/2) for all large s and small 7. The
stationarity in x of the process §;(x) + %2 (Lemma 4.2.10) with Corollary 4.1.6 and Theorem 4.1.7
yields P(=D,,) < exp(—cs>/?) for all w € R. This will be used throughout the proof. On the event

Cja,a+s1 N Dy, there exists x € [a, a + 6] such that
§(x) 25 —x*/2 25— (a+0)*/2 > 3L +§(a) +a*/2 - (a+6)*/2 > £ +§(a),

where the second inequality follows since x < a + ¢, the third inequality follows since §;(a) + %2 <

2

s/32 on D, and the last inequality holds since (a + §)> — a*> < s/28. The above inequalities

shows Gy 4461 N Dy C C’[a’a which implies P(Cj, 4451) < P(=D,) + P(C’[a’aw]). Recall that

+4]
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P(-D,) < exp(—cs*/?). To complete the proof, it suffices to show that P(C’[a,a%]) < exp(—cs>/?)
for large s and small 7. This we do as follows.
Let o be the infimum of y € [a, a + 6] such that §,(y) — §,(a) > 7, with the convention that
o = oo if no such point exists. Define B := {§;(a + 6) — §;(07) < —g} and write
P(C'[

a,aﬂs]):P(O'Sa+6):P({0'Sa+6}ﬂB)+P({0'Sa+6}ﬁ—-B).

On the event {0 < a +6}, we have §;(0) = §,(a) + 7. This implies §;(a +0) — §,(a) = §;(a+0) -

g:(0) +s/4 > -s/8on {0 < a+6} N-B and hence,

P({c <a+6}N-B) < P(§i(a+6)+(a+08)>?/2-5(a) —a*/2 2 -})
<P(§i(a+0)+(a+6)*/2> j5) + P(§i(a) +a*/2 < —5) < exp(-es*/?),
(4.4.11)

where the second inequality follows from the union bound and the last inequality follows by com-
bining the stationarity of §;(x) + "72 with Corollary 4.1.6 and Theorem 4.1.7.

Now we proceed to bound P({o- < a + 6} N B). By the union bound, we have
P{o<a+6}nNB)<P{oc<a+6}NBND,ND,s) +P(=Dy) + P(=Dyiss). (4.4.12)

We know P(—D,) +P(=D,44s) is bounded above by exp(—cs3/?) for some constant ¢ > 0. In what

follows, we show that
P({o <a+6}NBND, NDyas) < AP(0 < a+96). (4.4.13)

Combining this inequality with (4.4.12) and (4.4.11) shows that P(C’[a ; < 2_1P(C’[

+6]) a,a+6]) +

exp(—cs3/?) for all large s and small 7. By simplifying this inequality, we get the desired result. It
remains to show (4.4.13) whose proof is similar to that of (4.4.7). To avoid repetition, we sketch

the key ideas without details. The main tool that we use is the Brownian Gibbs property of the
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short time KPZ line ensemble {g;n)}neN (Recall Definition (4.2.2)). By the tower property, we

write the left hand side of (4.4.13) as E[1(,<4+5}nD,nD,..s Ps(B)] where

a+46

1LL(#%/73) 8 (o ,a+46),8") (0),8!" (a+46),+00,0/>)
II?hort °

P, =P

By monotone coupling, P;(B) < Pgree(B) where Prpee is the law of a free Brownian bridge between
(43t/73)1 80 and (4%t /73)1/8 (a +46) with the value of the end points being §; (o) and §,(a +49).
On the event {o- < a+ 6} N D, N Dgy4s N B, the value of the Brownian bridge at (43¢/73)'/8(a + )
has to be lower than the value of the line joining two end points of the Brownian bridge. The
probability of this is bounded by 1/2 which shows Pgree(B) < 1/2 0on {0 < a+6} N D, N Dyqys.

Hence, we get E[1{,<415}nD,nD,.4;Ps(B)] is less than P(o < a + ¢)/2. This shows (4.4.13) and

a+4o

hence, completes the proof of (4.4.9).

Stage-2: Proof of (4.4.10). Let us define the following two events:
Blaass) = {a*/2+ _inf §(0) <=s})  Ey:= (G(w)+w?/22 —s/4)
for w € R. Note that P(infyc4q+57 (3:(x) + %2) < —s) is bounded by P(B,.4+s]). Furthermore,
P(Bj4,a+s]) < P(=Eq) + P(=Euss) + P(Bigass1 N Ea N Egss).

Due to the spatial stationarity of the process §;(x) + x?/2 (Lemma 4.2.10) and Theorem 4.1.7,
we have P(—E,,s) = P(=Eg) < exp(—cs?) for all large s and small . To complete the proof of

(4.4.10), it suffices to show
P(B[a,a+6] NE.N Ea+6) < eXp(—CSZZ‘_l/g(S_l). 4.4.14)

To show the above inequality, we use the Brownian-Gibbs property of the short time KPZ line

ensemble. Recall from (4.2.4) and (4.2.2) that {§;,((43t/7r3)_1/8w)}wER is same in distribution
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OB 18 the lowest indexed curve of the short-time KPZ line ensemble de-

with g, )() where g,
fined in (3) of Lemma 6.5.1. Let us set @’ := (43¢t/7n°)'/8a and 6’ = (43¢/n3)1/365 for conve-
nience. Let ¥ := Fext ({1}, (a’, a’ + ¢")) be the o--algebra generated by {gﬁ") (%) }neNs,,xer OUtside
{@;1) (%) }xer\(a,a’+57)- Consider the following two measures

where Pgree denotes the law of a Brownian bridge on [a’, a’ + ¢’] with the boundary values @;(a)
and @,(a + 9) respectively. By the strong Brownian Gibbs property for the short-time KPZ line

ensemble,

P(B(sa+s] N Ea NEass) =E [1g,1€,. ,E(B(a,a+61F5) | = E [1E,1E,.,Ps(Blaass))] -

Due to the monotone coupling, we know Ps(Bs.4+5]) < Ptree(Bla,a+s] ). Let B be a Brownian
bridge on [0, '] with B(0) = B(6") = 0. Then, the law of B(x) + & (a) L2 + §,(a +6) = 5 18 same

as Pree. SO, we have

P(E, N Egas N Blaass)) < E[lE IEMP( @ 4 inf [EB(x)+gt(a 4 g (a+0)5] < s)]

x€[0,6’
<E[le e P(5+ inf [B() - (5+5)% - (5 +“55)7] < )]
(4.4.15)
2—(a+d)? [(a+6)>=a®](6"—x)
< P(CGE g v nf [B()+ lasd 100 < ). (4.4.16)

The inequality in (4.4.15) follows by noting that &;(a) + /2 and d;(a + 6) + (a + 6)?/2 are at
least —s/4 on the event on (E, N E,4s). The last inequality in (7.3.22) follows by dropping the

indicators 1g, and 1g_,, from inside the expectation. Recall that (|a| + |])? — a® < s/28. Using

a+6
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this inequality to bound in the last line of the above display yields

ths. of (73.22) < P( inf [B(2) + Lt 00 < 34 5). (4.4.17)
x€|0,0”

Note that |(a + ) — a?| < 2|ald + 6% = (Ja] + 6)> — a*> < s/23 by the hypothesis. Adjusting

the bound on the drift term in (4.4.17), we get r.h.s. of (7.3.22) < P( infye0,5) B(x) < —% + 23—8)

Upper bounding —% + 55 by —7, we get

: s\ _ . Rn s 2
r.h.s. of (4.4.17) < P(xel[l(l),l;’] B(x) < _Z) = P(Xel[rgl] B(x) < 4\@) < exp(—cs“/d’)

Here, B is a Brownian bridge on [0, 1] with %(0) = %(1) = 0. The equality in the above display
follows from the scale invariance property of the Brownian bridge. The last inequality is obtained
by bounding the tail probability of the infimum of a Brownian bridge using reflection principle.
Noting that §" < 21185, we get (4.4.14) from (4.4.17) and hence obtain (4.4.9), completing the

proof. 0

Our next and final proposition of this section bounds the tail probabilities of the supremum and
infimum of the spatial process x — @;(x) + (£/4)3/*x?/(2t). Proof of this proposition is similar

to that of Proposition 4.1 and 4.2 of [117] and thus deferred to Section 2?.

Proposition 4.4.4. Let v > 0. There exist tg = to(v) € (0,1), c = c(v) > 0and s = s(v) > 0 such

that for all t < tg and s > sg, we have

P( sup (g (x) + W) > s) < exp(—cs’/?),
xeR

P()lcrellg (g:(x) + M) < —s) < exp(—cs?).

4.5 Spatio-Temporal Modulus of Continuity

The main goal of this section is to study the temporal modulus of continuity of the KPZ equa-

tion and use it for proving Theorem 4.1.9. The proof of Theorem 4.1.9 requires detailed study of
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the tail probabilities for difference of the KPZ height function at two distinct time points. This
will be explored in Proposition 4.5.1 and 4.5.2. In particular, Proposition 4.5.1 will study the tail
estimates when two time points are close to each other and Proposition 4.5.2 will focus on the
case when the time points are far apart. With these result in hand, we show the Holder continu-
ity of the sample path of ), in Proposition 4.5.5. Below, we first state those propositions; prove

Theorem 4.1.9; and then, complete proving those proposition in three ensuing subsections.

Proposition 4.5.1. Fix € € (0, }T). There exist ty = to(e) = 1,¢ = c(&) > 0, and 59 = so(e) > 0
such that for all t > to, s > so and B < (0, 1] satisfying Bt < %, we have
P(H,(1+5,0) —b,(1,0) > B/*%5) < exp(—cs*/?), (4.5.1)

P(h(1+,0) — b,(1,0) < —B4%5) < exp(—cs?). (4.5.2)

Proposition 4.5.2. Fix tg > 0. There exist ¢ = c(tg) > 0, and so = so(ty) > 0 such that for all

t > to satisfying Bt > to, S € (0, 1] and s > sy,

P(h,(1+B,0) = b,(1,0) > B/4s) < exp(—cs*/?), (4.5.3)

P(h,(1+5,0) —b,(1,0) < —B'45) < exp(—cs?). (4.5.4)

Remark 4.5.3. Note that Proposition 4.5.1 and 4.5.2 together bounds the upper and lower tail prob-
abilities of the difference of the KPZ height function at any two time points irrespective of their
distance. This is in sharp contrast with Theorem 1.5 of [117] which was able to prove some tail
bounds of the KPZ height difference only under the assumption that the two associated time points
are far apart. While Proposition 4.5.2 may appear to share the same spirit as [117, Theorem 1.5]
since they both work under the assumption of the time points being distant from each other, how-
ever, the tail bounds of Proposition 4.5.2 improve on the decay exponents in comparison with those
in [117]. That being said, we expect that same tail bounds as in (4.5.3) and (4.5.4) hold even when

the exponent of S is % instead of }‘. Nevertheless, the present tail bounds of Proposition 4.5.1
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and 4.5.2 are sufficient for proving main results of this paper.

Proposition 4.5.1 and 4.5.2 will be proved in Section 4.5.1 and 4.5.2 respectively. The follow-

ing proposition is in the same vein as Proposition 4.5.2.

Proposition 4.5.4. Fix tg > 0. For any given 8 > 0, recall the spatial process Y11p)1:(-) from
Proposition 4.2.11. There exist ¢ = c(tg) > 0, and sy = so(tg) > O such that for all t > ty,

s > 50,8 =1 witht > tg we have

P(h;(1+,0) = Brrapny(0) > s) < exp(—cs®/?)

P(b:(1 +,0) = Brapny(0) < —s) < exp(—cs?).

The proofs of Proposition 4.5.2 and Proposition 4.5.4, both use the representation /,(1+4,0) =
I;(bs, B14p)y) (Recall I; from (4.2.5)). In fact, the proof of Proposition 4.5.4 is ditto to that of
Proposition 4.5.2 upto switching the role of b, and b(144):|;. For avoiding repetitions, we will only
prove Proposition 4.5.2 here and postpone the proof of Proposition 4.5.4 to Section ??.

Although Theorem 4.1.9 captures the tail bounds for spatio-temporal modulus of continuity,
we record a stronger tail bounds of the modulus of continuity of the KPZ temporal process. This

result which will proved in Section 4.5.3 is useful for several estimates in Section 4.6 and 4.7.

Proposition 4.5.5 (Temporal moulus of continuity). Fix & € (0, }t). There exist ty = to(€), 5o =

so(e) > 0and c = c(g) > 0, such that for all a,t > 0 with at > ty and s > s,

P| sup bila +T1’ 0 = b:(a.0) > a'Bs| < e, (4.5.5)
rel0a] (7/a)*™® 10g2/3 27“

bi(a+17,0) —b;(a,0) < _a1/3s) < o5 (4.5.6)

P Te[Of,‘a] i¢ 1/2 2a
(t/a)i~log’” £

Proof of Theorem 4.1.9. Fix € > 0. Take ty(g) from Proposition 4.5.1. Fix any t > fy. Fix

[c,d] c [1,00). We claim that there exists so(c,d, &) > 0 and m(c,d,e) > 0 such that for all
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a)] # @y € [c,d] and x € R, we have
P ([Di(@1,0) + 3 = Bi(@2, ) + 52| = (a1 = @2)77) < exp(-ms?). (457)

By stationarity we may assume x = 0. Assume a1 > a3. If @) — @2 < 1, by the scaling property:
b:(a1,0)-bh,(ap,0) = aéﬂ [B:(a1/az,0)-h,(1,0)], and using Proposition 4.5.1 and 4.5.2 together,

we have (4.5.7). For @1 — a; > 1, by union bound and Proposition 4.2.12 we have

P ([b:(a1,0) = Bi(a2, 0)] > (a1 = a2)¥™s) < P(Ibu(@1,0)] = /2) +P (Ibi(02,0)| > 5/2)

< exp(—ms3/2).

Next fix [a,b] C R. By Theorem 1.3 from [117], there exists so(c,d, &) > 0 and m(c,d,e) > 0

such that for all @ € [c, d] and |x| — x3| < 1 with x|, x; € [a,b] C R we have
x? x2 1 3/2
P (19, (0 1) + 3~ By (0 0) + 331 = (11— x2)Es) < exp(-ms™). 45.8)

Utilizing the tail bounds of two point differences from (4.5.7) and (4.5.8), one may get the modulus

of continuity result of Theorem 4.1.9 via Lemma 2.8 in [138]. This completes the proof. [

4.5.1 Proof of Proposition 4.5.1

We will prove (4.5.2) and (4.5.1) in Stage-1 and Stage-2 respectively. We start with introducing
relevant notations which will be used throughout the proof. Fix 7y > 0, € € (0, }1) and set k = }1 —&.

By the composition law

1 2 2
1310 (Lt 3 y)+Yrapry e (=1 3y)=D (1,0)
bi(1+5,0) = b,(1,0) =t‘%log/ o Bty dy, (4.5.9)

e
R
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where b;14)|:(+) is independent of b, (1, -) and is distributed as b, (3, -). We define Y (B,)) :R—>R

and g () : R = Rby b,(B,-) := B(4p1)(-) and

-

—~ 2 _1(x — /ﬁ_l 27 2
bh(B,t73y) =173 (%) (Qﬁz(z) +Z2/2) 4+ 2 og%\/ Bty
t

where z = (78°1°/4)"1/8y. Note that 9p:(x) is distributed as gﬁ,((43t /n3)1/8x) and independent of

b:(1,-). Writing the r.h.s. of (4.5.9) in terms of of g, yields

B(1+£.0) = (1.0 = 257+ log | Lo exp {35+ (5,7 Fy) - 1.(0)

2n Bt
1
e\ [ - i
() oo () s o
= B;—T+t_l/3 log/Xz(ﬁ,y)dy, 4.5.10)
R

where the space-time stochastic process X;(8, y) : RygXR — Ry is defined by the above relation.
We seek for an upper bound and a lower bound for the r.h.s. of (4.5.10) which will prove (4.5.1)
and (4.5.2) respectively.

Stage-1. Define Int(B, 1) := [-12/3p%, */35%]. From (4.5.10), h;(1 + 8, 0) — b;(1, 0) is bounded

below by 113 1og fSnt(,B N X:(B, y)dy. This implies

P(b; (1 +B,0) - h,(1,0) < -4 %s) < P(log/ X, (B, y)dy < —ﬁ%—fr%s). 4.5.11)

Int(B.1)

By the definition of X;(-,-) we have

e~y (2B1)

-1/3 -1/3 :
B0 / X:(B.y)dy > o / dy+ inf (b,(y) = b,(0))
& Int(B,1) ! & Int(B,1) V2npt ly|<p? ! !

+ f% (”_ﬂt

Al

inf (~ 2 2). 45.12
UL S 8p: () +y7/ ( )
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The first term on the r.h.s. is deterministic. Using the Gaussian integral bound, we can write

L e
3 log/ D s i log(1 — e B2y 5 ot B2, (4.5.13)
Int(B.1) 2rpt

where the last inequality follows since log(1 — x) > —x for any x € (0, 1). Note that 4x — 1 < 0.
For any given so(&), choosing #y(&) large, we may bound 1Bt B2 by “so/8 for all t > t,
and B < 1, 2. This shows there exists #o(&) large such that the r.h.s. of (4.5.13) is bounded below
by —Bs/4 for all t > 1y, Bt < tal and s > so. By the inequality (4.5.12), (4.5.13) and the union
bound, the right side of (4.5.11) is bounded by P(A) + P(A;) for all ¢ > 1y, Bt < tal and s > 59

where

Ay :={ inf B (y) —H,(0) < -B“s/8},
ly|<B?

A, = inf + 2) < K—Ztl/lzs 3
’ {|Y|<(7Tﬁ5t5/4) 1/842/3 gax (gﬁ’(y) y / )< -B /8}.

By setting @ = 2 in Lemma 4.4.1, we get P(A;) < exp(—cs?) from (4.4.1). In order to bound
P(A,), we use Lemma 4.4.3. Mapping a — —(n8°1 /4)" 1321382 5 s 2(np317 14)~1 /81213 g2«
and s — —%ﬁkitl/lzs and choosing sy (&) large, we note (|a|+6)% —a® < s/28 for all s > s9. With

those choice of a, ¢, s in hand, the condition of Lemma 4.4.3 is satisfied and hence, (4.4.10) yields

P(A2) < exp(—cs?11/0% 1) + exp(—cs'/Op22 (Br) 11817124 g3

< exp(—cszt1/6,82’<_%) +exp(—cs?B*7) < exp(—cs?).

Combining the upper bounds on P(A;) and P(A;) and using those to bound the right side of
(4.5.11) completes the proof of (4.5.2).

Stage-2: Here we prove (4.5.1). According to (4.5.10), b;(1 + 8,0) — b,(1,0) equals Br*/3/24 +

2/3

713 1og [ X,(B,y)dy. Forall t > tg and B > 0 satisfying B < 15", pt*/* is less than B'/31,*'". We
g

can choose so(&) > 0 large such that 8t2/3/24 < g'/4=¢5/2 for all s > s¢, t > ty and f3 satisfying
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Bt < t(;l. Thus, for all s > s¢, we have

P(b,(1+,0) —b,(1,0) > g1/**5) < P(r71/3 log/ X,(B,y)dy = B4 °5/2). (4.5.14)

Our objective is to the upper bound the r.h.s. of the above inequality. To this end, let us denote

Ints(B,1) = [~ 1B, &tzﬂﬁz"\/}]. By the union bound, we may write

&£

).

r.h.s. of (4.5.14) < P(/

3 g Lo1
X,(B,y)dy > ex'*F* )+P(/ X, (B,y)dy > e2"*F*
Stk (B0 R\Snt, (5.1)

=:() =:(IT)

We will show that (I) and (II) are bounded above by exp(—cs>/?) for some constant ¢ > 0 in Step
I and Step II respectively. Substituting these bounds into the right side of the above inequality

completes the proof of (4.5.1).

Step I: Using similar ideas as in (4.5.12), we have

1737 -1/3 e=y2 1B
0g Xi(B,y)dy <t7/"log New dy+ sup  (b:(y) —H:(0))
3nts(ﬁ7l) Snts(ﬁ,t) npt |)’|Séﬁ2'<\/§
1
+1713 ("Tﬁt)A sup (ﬁﬁt(y) +y2/2)-

|y|§61_4(71./;51‘5/4)—1/8[2/3/32:(\/5

Since (278t)~1/2 /Snts B) ey /2Bt dy < 1, from the above inequality and the union bound, it fol-

lows that (I) < P(A3z) + P(A4) where

As;:={ sup (b:(y) - b:(0)) > B“s/8},
<& B Vs

Asi= | sup (80:) +3%/2) = pie/ 258},
|y|sé(ﬂﬁstsm)—l/s,z/algzkﬁ

Indeed, from Lemma 4.4.2, we know P(A3) < exp(—cs>/?). In what follows, we claim and

prove that P(A4) < exp(—cs®?) for all large s and some constant ¢ > 0. Let us denote I :=
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6%‘(4/7r)1/8,82’<_%t1/24\/§ and 6 := 2—}4[3%_’%1/24\/5. Define N := [9t/6]. For any a € R, define

— _1
Bloassl = _sup (3 +22/2) = ey,

y€la,a+d

Notice that A4 C Uf\i _n—1Blis.(i+1)5]- Hence, by the union bound

N
P(Ay) < Z P(Byis,i+1)s1)- (4.5.15)
i=N-1

In what follows, we seek to bound P(B, 4+s)) for a € {=(N +1)6,-N6,...,N6}. To this end,

1
2 ¢ BT

we wish to apply Lemma 4.4.3. It is readily checked that we have |(|a| + |6])? — a ST

fora € {-(N +1)8,-N§,...,N6}. Thus with the substitutions ¢ — ft, s ﬁk‘%tl/lzs, and

5 — 2_}4/3%—%1/24\/5 in Lemma 4.4.3 we have

P(B[a,a+6]) < exp(—cs3/2t1/8,837k_%) +exp(_csztl/ﬁﬁzk—%(ﬁt)—l/gt—l/24ﬁk—%s—l/2)

< exp(—es¥ 2 BpE1) 4 exp(-es¥2pHY).

Substituting this upper bound into the r.h.s. of (4.5.15) and using the fact that 2(N + 1) < 4N <

211ﬁ3k—1’ we get
P(Ay) < 2'1p31 exp(—cs3/2t1/8,837k_%) +exp(—es? 2B N | < exp(—es®/?).

This completes the proof of the claim. Combining the bounds on P(:A3) and P(Ay) shows (I) <

exp(—cs3/?) for all large s.

Step II: Define 7 := y/(n°t° /4)'/3. Recall the definition of X;(8, y) from (4.5.10). Adjusting the

parabolic term inside the exponent, we may rewrite

1

exp{—y2/(4B1) + 1% (B,(yr~3) = B,(0)) + ()7 [3 (5) + 7 /4]}

Xt(ﬁ’y) =

2n Bt
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< exp{ sup((2) = b1 (0)) + (%) suplf (2) + 241} e/,

where the last inequality follows by fixing the quadratic term in y and taking supremum of the rest

of the terms over y € R. Integrating both sides of the last inequality over R\3nt (S, ¢) and taking

. . 1 .
log on both sides yields shows T log /R\Snts B.) X;(B, y)dy is bounded by

1
3

5] (Z)a _ 2
— F— +sup by (2) — b:(0) + ——sup (ap:(2) + 5 ), (4.5.16)
z€R t3 z€R
where —2—}5sﬁ4’<_1 is an upper bound to the logarithm of the Gaussian integral term. To bound (IT)

using the above inequality, we introduce the following events:

Asi={supb () 2 5}, Asi={0(0) < —57},  Ag = {sup (Ba) + 5 ) = 3
yeR Z€R

Note that on =As N =Ag N —A7, we get
(4.5.16) < —27BgpHl 4 71654 gl/4= 11218 < gl/4g /4 =10 p4k—T

for any B < 1. Owing to this and the union bound, we have (II) < P(As) + P(A¢) + P(A7).

From Proposition 4.2.12 and 4.2.14 with v = 1, we get P(As),P(Ag) < exp(—cs*/?). Lemma
4.4.4 shows P(A;) < exp(—cs®/?). Combining these bounds with the above inequality proves

(IT) < exp(—cs>/?) for all s large and B8 small. This completes the proof of (4.5.1).

4.5.2 Proof of Proposition 4.5.2

Recall the composition law

1 1/3 -2/3 1/3% _ -2/3
b[(l +ﬁ, 0) — m log/e[ (bt(lv[ y)"'ﬁ b(t+ﬁt)j,t( (ﬁt) y))dy, (4-5.17)
R
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= 2/3x ) )
where bg; (x) := %ff}. We prove (4.5.3) and (4.5.4) in Stage-1 and Stage-2 respectively.

Stage-1: Proof of (4.5.3): We use the following notation b (y) := b,(y) — b,(0) throughout this
proof. Subtract b,(1,0) from both sides of (4.8.10). Furthermore, subtracting and adding the

parabola 4y—; inside the exponent of the integrand on the r.h.s. of (4.8.10) shows

| —

2 1 2 1~ 2
- §(IV °3 3N (=B 231723 y )
bi(1+.0) = b(1,0) = 1og/e it O B O T ) g
R

LI —

t
2
— 2 1 3pY (1723

- 1
< ' sup (b (y) +y*/4) +1—/310g/e i
yeR t R

Vdy.  (4.5.18)
Let us consider the following events.

Avi={ sup B0 2 f15/4), Ao = fsup (B (y) +3%/4) = 5/4)
xeBs/32 xeR

Az :={sup b, (x) > 2_14s}, Ay = {h(0) < —2_14s}.
|x|eR

To complete the proof of (4.5.3), we need the following lemma.
Lemma 4.5.6. {;(1+5,0) —h,(1,0) > B'/*s} c (A; UA, UA3 UA,).

Before proceeding to prove Lemma 4.5.6, we show how this will imply (4.5.3). From the above
lemma and the union bound, we get P(b,(1 + 8,0) — ,(1,0) > B!/%s) < Zf’zl P(A;). By Lemma
4.4.2 with « = 4—1‘ we get that P(A;) < exp(—cs3/?). By Proposition 4.2.14 with v = % andv =0
we get P(Ay) < exp(—cs®/?) and P(A3) < exp(—cs>/?) respectively. The one point tail estimate in
Proposition 4.2.12 yields P(A4) < exp(—cs>/?). Combining all these bounds completes the proof
of (4.5.3) modulo Lemma 4.5.6.

Proof of Lemma 4.5.6: Define Int(B,1) := +1*34/Bs. Observe the following two inequalities

2 Yy
./"‘ om0 0 2/%y)dy < sup by (x)+t P logfanpt, (4.5.19)
Jntg(B,1)

|x|<VBs/32
2 2
/ o exp (- R t1/3b,V(t_2/3y))dy < sup I)tv(x) +1 13 log o e_‘*%dy
R\3nt, (B,1) 4Bt xeR R\Snt, (B.1)
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< suphy (x) + 173 loganBr — s/213,  (4.5.20)

xeR

where the last inequality follows from the bounds on the Gaussian tail integral. On —A; and

(=A3; N =A,), we have

1
r.h.s. of (4.5.19) < %ﬁzs +173 log+y/4nBt, rh.s.of (4.5.20) < 73 log \4n Bt + ;11,81/45
respectively. Thus on =(A; U Ay U Az U Ay) we get

1
rhs. of (4.8.11) < 1835+ 173 1log2 + '3 log ant + Z,Bl/4s

< 1B"4s + 2np)' P (16np1)" P log(16n1) < B'/4s.

The last inequality is true for all large enough s since sup,. r~131ogr is bounded. This shows
—~(A; UA, UA; UA,) is contained in {b;(1 +8,0) < b,(1,0) + 8'/*s} and hence, completes the

proof of the lemma.

Proof of (4.5.2): Restricting the integral in (4.8.10) over the region {|y| < r2/3B'/?} yields

1 ~
B +5.0) > tog [ enp (10, + 85 Jay

|y|£t2/3,31/2

> B3 inf (B (y) + %) + inf +r3 1 / (—i)d. 4521
> 7 inf (hs(y) +7) inf ;5 O | o P~ ) 452D
From the Gaussian tail bound, we have
13 log/ exp ( - 4y—ﬁ2t)dy > 13 log \arnpr — 27 Pexp (- %) (4.5.22)
g2

We now claim and prove that there exists so = so(f9p) > 0 such that {f,(1 + 8,0) — b,(1,0) <

—B'4s} ¢ As U Ag forall s > 5o and 8 > 0 satisfying B¢ > to where

As:={ inf B(y) < ,(0) - Bis}, Ag:={inf (Ba(y) +y>/4) < —s/4}.
ly|<B!/? yer
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To see this, using (4.5.21) and (4.5.22), we have

rhas. of (4.5.21) > =155 +1,(0) — Bis + 1 Slog Vanpr — 2~ exp (- )

on —(As U Ag). Note that log \/4?,&/%/3 is bounded below by 10g(47rt0)/2t(1)/3 forallt,8 > 0
satisfying 7 > 1y and 8t > t,. Furthermore, exp(—t'/3)/t!/3 converge to 0 as ¢ increases to co. This
shows there exists so = so(#9) > 0 such that for all r > 79, s > s and (8 satisfying St > t¢, the
r.h.s. of the above display is greater than b, (1,0) — 8!/s. This shows ~(As UAg) < {b,(1+2,0) >
:(1,0) — B'/*s} and hence, the claim. From the above claim, we have P(b,(1 + 8,0) — b;(1,0) <
—B/*s) < P(As) + P(Ag). Using Lemma 4.4.1, we see that P(As) < e=°s" and Proposition 4.2.14
implies P(Ag) < e, Thus, P(B,(1 + 8,0) — h,(0) < —B'/4s) < P(As) + P(A¢) < e *. This

completes the proof.

4.5.3 Proof of Proposition 4.5.5

Fix £ € (0, §). From the scaling of b, it follows that b, (e, 0) = @'/*b4,(1,0) for any e, ¢ > 0.
Hence, it suffices to prove the result for a = 1. In the following, we first set up few notations and
recall relevant result that we use in this proof. Consider the following events

1 T_
re[0,1] T4 “log? 2 7€[0.1] 747 log!/? 2

Set «y :%—gandkzzl—12+s. For any a1 > a; > 1, define

By 2= Bi(@1,0) = B (@2,0) = @y (Byay (2, 0) = Bra, (1,0)),

and set B = %&£ — 1. Combining Proposition 4.5.1 and Proposition 4.5.2, we get 1y = to(g) > 0,

@2

so = so(e) > 0and ¢ = ¢(&) > 0 such that for all s > 59 and 2ap > a1 > ar > 1,

L p s B .o p —es?
Pt 2 ays) < e, PGt < —afs) < e (4.5.23)
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Now we proceed to complete the proof. We first construct a dyadic mesh of points of the
interval [1,2] and prove the tail bounds of the modulus of continuity over that mesh. Finally, the
tail bounds of the modulus of continuity will be extended for all points of [1,2]. To begin with,
we consider the dyadic partitions {{J?_, j;c(")}neN of the interval [1, 2]: j;((n) : [a,(cn)l, ](Cn)], with

(”) =1+L fork=0,1,...,2". We now define

2’1’
co 2M 2
Au(s) U { (g1 2 (“/(cri)l)Kz(algn) - 0‘/(!?1)“ (nlog 2)35},
n=1 k=1 @1
oo 2M
Auow (5) : U { ol g S (n) )Kz(a(n) (n) )K‘(nlog2)2s}
n=1 k=1

By the union bound, we write

oo 2"
P(Aup(5)) SZZ (w(,,) w = (@)~ af” U (nlog2)3s). (4.5.24)
1 k=1

Applying (4.5.23) in the r.h.s. of (4.5.24), we get

o 2" o
F(Aup(9) < ZZCXP(_C”IOgZS%) < ZCXP —nlog2(cs? — 1)) < exp (- $s7).
n=1 k=1 =1

Fix 7 € [2kl+, , zlk). By continuity of the process b, (-, 0), we have the following on =Ay,(s)

8

b,(1+7,0) - b,(1,0) = > [0 (£12°(1+7)1,0) = b, (512 (14 7)1, 0)]

n=1

i ( |27~ I(l+T)J)K2 (|_2"(1+T)J—22'|l_2n_1(1+T)J)Kl (nlog 2)%s

S on-1
n=1
> n . n-1 K1 2/3
<2 Z (LZ R (”T”) (nlog2)ss < ' G,
n=k+

Clearly for the given range of 7, last term is bounded by ¢” st log?/3 % Thus By < Ayp(s/c”)
which proves (4.5.5). Similarly we get By C Ajow(s/¢) for some constant ¢ > 0 and using sim-

ilar summation trick as in (4.5.24), we have P(Ajow(s)) < ¢=°5*, This proves (4.5.6) and hence,

170



completes the proof of the desired results.

4.6 Law Of Iterated Logarithms

The main goal of this section is to prove Theorem 4.1.1. We will prove the liminf and the limsup
result in Section 4.6.1 and 4.6.2 respectively. One of the key ideas of our proof is to approximate
multi-point distributions of the KPZ temporal process §); with a set of independent random variables
using the multipoint composition law (Proposition 4.2.11). The following proposition captures this

idea.

Proposition 4.6.1. Forany 0 =ty <t] <t) <13 < ... < ty, withs := min; | exp(t;+1 — t;) — 1|,
there exist independent random variables Y1,Y>, . ..,Y,, and some constants so = so(ty9) > 0,c =

c(to) > 0 such that for all xs'3 > sy and 1 < i < m,

Y & (1—e =3y o and P (9 = Yi| > x) < exp(—cx/?s1/?), (4.6.1)

Proof. Denote f; := e'i and §; = (f;—f;—1) /f;—1. Forany 1 < i < m, define ¥; := (1+5;)"' bz |7,
Recall from Proposition 4.2.11 that {by, 7 _, }'", are set of independent random variables and by, 7, |
is same in distribution with (1 — (17,-_1/?,-))_1/31)51._51;

.- From this, it follows that Yi,...,Y,, are

independent and Y; 4 (1 — exp(=(t; = ti-1))) ">, _pi_, . Furthermore, applying Proposition 4.5.4
51/3

with setting ¢ := #;_, 8 = fB; and s = x .7, there exists so > 0 such that for all x satisfying

x51/3 > 50,

P(|bf;_1 (1+:,0) - bf[ifi_1(1,0)| > x,8~l.1/3) < exp(—cx3/2,8~l.1/2)

for some absolute constant ¢ > 0 which does not depend on f1, .. ., 7,. Note that b, | (1+ E,-, 0) is

equal to (1 + f3;)!/*p;.. Furthermore, by, |7 (1,0) L (1+ B:)'3Y,. As a result, we obtain

P(lb; - V| > xﬁl.m(l +B)713) < exp(—cx3/2,§l.1/2) < exp(—cx*?s1/%),
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where the last inequality follows since Bi > min;(e'ii-1 — 1) = 5. (4.6.1) follows from the above

inequality. ]

4.6.1 Proof of Liminf

1/3

In this section, we will prove that the liminf of §,/(loglog r)!/3 is almost surely equal to —6'/3.

For any given € > 0, we show that the following hold

1/3 b; .. b, 1/3
—(6(1 + 6)) < llmlnf W, llgglfw < (6(1 - 6))

Lim3Inf Lim3Inf
1 u

with probability 1 in Section 4.6.1 and 4.6.1 respectively. By letting ¢ — 0 in the above two

1/3 ;

inequalities, it follows that lim inf b,/ (loglog #)'/3 is equal to —6'/3.

Proof of Lim3Inf,

For any n € N, define 7, := [exp(e”), exp(¢"*1)]]. Fix any € € (0, 1) and sety := (6(1—¢))'/3.

‘We will show that

ZP(H T 2 —'y) < oo. (4.6.2)

n=1

Clearly then by the Borel-Cantelli lemma, we have Lim3nf, with probability 1. Choose n > 0
small such that (% +1)(y +2n)? < 1. We define ¢ := (% +1)(y +2n)3. Fix § € (£, 1) and choose

0 € (0,0 — ). For any n > 1, we consider the following sub-intervals of 7,
In(j) - [ee"+(j—l)e"9,ee”+je0"], 1<j<My:= Len_e’“’l - en_nej. (4.6.3)
By the union bound, we have

me—z— < PlnfL
(fd (loglog 1) ) Z (teI(J) (loglog?) 3

\Y
|
=
=
>
>
N
(@)
~
p—g
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where A = {inf _, ) B = —(n+1)!/3y}. The last inequality in above follows since max __(; loglog# <
(n+1). Now we bound each term of the above sum. We now claim that there exists constants

c1, ¢z > 0 such that
P(A)) < exp(—ce”*De™) + exp (n(6 - 6) = ea(exp(e™) = 1)'/?) (4.6.5)

for all 1 < j < n and all large n. We first assume (4.6.5) and complete the proof of (4.6.2). Using
(4.6.5), we may estimate the r.h.s. of (4.6.4) as

rh.s. of (4.6.4) < en—n6+1 (e—ce"(g“;)e_”»( + en(9—6)—cz(exp(€"6)—1)]/2)' (4.6.6)

Here, the factor e "0+!

is an upper bound to the number of summands in (4.6.4). Recalling that
6 > { + 9, we observe that the r.h.s. of the above display can be bounded by exp(—ce"“) for some
constant ¢; > 0 and w € (0, 1) for all large n. This shows the sum in (4.6.2) is finite and hence,
completes the proof of im3Inf, modulo (4.6.5) which we show as follows.

Fix j € {1,..., Mg} and some constant a > 1. We choose a sequence t; < fp < --- < f, €
[e" + (j — 1)e™, " + je"] such that min |tir1 — ;] > € and a~'(e"9~9) < L, < a(e™?9),

Applying Proposition 4.6.1, we get Y1, Y>, ..., Y, such that (4.6.1) (with s > ¢"%) will be satisfied

for the above choice of 11,15, ...,11,. As aresult, we get
P(Afzj)) <P( min b > —(n+1)"3y)
1<i<L,

1<i<L,

Ly
<P( min Y > —(n+ 1)y = 1)+ 3 Plos - 2 1)
i=1

™~

< ’ P(Y; > —(n+ 1Dy —1) +aexp (n(0 - 6) — c(exp(e™) - D), (4.6.7)
1

~
Il

where in the last line we use the independence of ¥; to write P(minj<;<z, ¥; > —(n+1) 113y — 1) as

a product over P(Y; > —(n+ 1)13y - 1) and use the inequality in (4.6.1) to bound P(b.; —¥; > 1).
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Using the distributional identity of (4.6.1) , we get

~
~

n

P (Y,- > —(n+ 1)y - 1)

P ((1 - €_(ti_ti_]))1/3be’i—e’i—1 > —(n+ 1)1/37 N 1)
1

Il
—_

i

~

n

IA

P(be’i—e“i—l 2 _n1/3(7 + 77))

~
Il
—_

< [1 = exp(=(% +mn(y +2p)%)] ™

_en(0-6-0) 14
< exp (= Lyexp(=(g +mn(y +2n)7) < e fa,
where the first inequality follows by noting that (1 — e~ -0)"13((n+ )3y +1) < n'B(y +7)
for all large n and the second inequality follows due to (4.2.16) of Proposition 4.2.13. The last
inequality follows since L, > ¢"?=%) /q and ¢ = (% +1)(y + 2n7)°. Substituting the inequality of

the above display into the r.h.s. of (4.6.7) yields the inequality (4.6.5). This completes the proof.

Proof of Lim3Inf,

Fix 19 > 0. Define ¥ : R.; — Rypas ¥ (a) = a1/3(10g10ga)1/3. Let @, := 2" and k,, :=
| (loglog a,)*] for any n € N. Let us denote 7, := [y, @ys1] and its k, many equal length sub-
intervals as I(]) [(1T+ u)a/,,, (1+ i )an] forl < j <k,. Fixe > 0. Sets = (6(1 +e))3 We

will show that

ip( bote0) —s) < oo (4.6.8)

ae[ xﬁ(

n=1

I)t() ((Z,O)

Applying (4.6.8) and Borel-Cantelli lemma, we can conclude that lim inf,_,« i@ liminf,_ b

M S
(loglog)1/3 =

—s with probability 1 where the equality is obtained by substituting # = a#y. Letting € — 0 on
the r.h.s. of the above inequality yields Lim3Inf;. It boils down to showing (4.6.8) which we do as

follows. We claim that there exist constant ¢; > 0 and ¢, > 1 such that

P( inf !0

f e < —S) < (log 10g a,n)4 (e—cl(loglogan)7/6 +e 2 logloga,,) (469)
ael,
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for all large n. Recall that @, = 2". Substituting this into the r.h.s. of the above inequality, we see
that (4.6.8) holds modulo the last inequality. We now proceed to prove this last inequality. Let N

be the smallest positive integer such that ey > e¢. For any n > N, using the union bound we have

o
. bto((l’o) _ . blo(a’o) _ )
P(algn R E ZP( inf 2 <) (4.6.10)
Jj=
In what follows, we will show
P( inf 2009 —s) < e~cilloglogan)’’® | —c;loglogay 4.6.11)

a/eI,f’)

forall 1 < j < n, nlarge and some constant ¢y > 0 and ¢, > 1. Substituting the above inequality
into right side of (4.6.10) and recalling that k, < (loglog,)* show (4.6.9). We now focus on
proving (4.6.11). Fix any j € {1,...,k,}. Denote the left and right end point of In(j) by a, and
b,. We choose 17 € (0, 1) such that (1 —77)*(1 + €) > 1. Using the fact that (a) is an increasing

function of «, we get

. I),O(a,())
P(ag]lfn @ = _V) = (ag}f bip(@,0) < _Sw(a"))
< ( 1nf b,o(a' 0) — by (an,0) < —USW(an))
ae]
P (D1 (@, 0) < =(1 =mswr(an)), (4.6.12)

where the last inequality follows by the union bound. We now apply (4.5.6) of Proposition 4.5.5
and (4.2.16) of Proposition 4.2.13 to bound the first and the second term of the right side of the last

inequality. To apply (4.5.6), we set € = %. We may now write

P( inf By (a,0) = biy(an,0) < 50 (ay)

ctEI

. b1y (an+7,0)=by (an.0) sy (ay) )
< 0 0 < — n
- P(Te[lg},fnl] (t/an)B(loglt/an)V? = 13 (log |kn]) /2
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< exp (- c(1s)%ky * (log |ka|) " (loglog a,)*?), (4.6.13)

where the second inequality follows by applying (4.5.6). Since k, = | (logloga,)*], we get the

following bound
ky* (log |ka]) ™" (loglog @) > (loglog a,)*F = (loglog ar,)"/®

for all large n. By substituting inequality into the r.h.s. of (4.6.13), we may bound the first term in
the r.h.s. of (4.6.12) by exp(—ci (loglog a,,)7/°) for all large integer n where c; is a positive which

does not depend on n. On the other hand, (4.2.16) of Proposition 4.2.13 implies
P(bto(amo) <-(1- n)sw(an)) < == (I+e)(loglogan) o ,-caloglogas (4.6.14)

for all large n where ¢, is a constant greater than 1. The second inequality of the above display
follows since a, > a, and (1 —)*(1 +¢€) > 1. Combining the bounds in (4.6.13) and (4.6.14) and

substituting those into (4.6.12) shows (4.6.11). This completes the proof of Liminf;.

4.6.2 Proof of Limsup

The main goal of this section is to prove the limsup result of the law of iterated logarithms for

which we need to show that for any € € (0, 1),

2/3 2/3
: b 3(1-¢) : b 3(1+e)
lim sup Toglog )77 > ( v ) , lim illp Toglog N7 < ( ™G )

[—00 r—

LimSuyp,; LimSuyp,,

with probability 1. In what follows, we first show LimSup,. As we discuss in the next sec-
tion, LimSup, will imply that the macroscopic Hausdorff dimension of the level sets {t > e° :
B:/(loglog)®® > (3(1 + €)/4V2)?/3} are equal to 0 with probability 1 for any € > O proving
partially (4.1.4).
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Proof of LimGSup,

Fix €,6 € (0,1) and to > 0. Define ¢ : [¢¢,0) — R by ¢(x) = x'/3(loglogx)?/3. We note
that ¢(x) is increasing in x. Define s := (3(1 + €)/4V2)?/3. Fix 6 € (0,1). We will make the
choice & precise in due course of the proof. For any n € N, we define @, := (1 + 6)" and denote

1, := [ay, ans1]. We claim and prove that

D P( sup 20 > s) < oo 4.6.15)

n>N ael,

for all € > 0. Then by Borel-Cantelli lemma, we get lim sup,,_,, b(@0) < ¢ holds with probability

¢(a)
1 for all large t. LimSup, now follows by noting
Tim sup —%—__ = lim sup ——20____
[—)oop (loglog)2/3 — a_mop (log log art)?/3
T by, (@,0) loglogatg\2/3| _ 1: By, (@,0)
B h?_»sogp [oﬂ/3(1(())gloga)2/3 (Toghoga) ] B h(rln_>s£p i@

To prove (4.6.15) we show the following: there exists and ¢ > 1 such that

P( sup % > s) < exp(—clogloga,) (4.6.16)

ael,

for all large n and ¢. Let N be the smallest positive integer such that ay > e®. For n > N and

n € (0,1), we have

P( S [)to(% 0)

sp =5 2 5] = P sup by (0,0 2 s ()

ael,

sup By, (x,0) — by (@;,0) > nsqﬁ(a,-)) +P

ael,

\%

< P( (bto(a,«,m

e 2 (1-m)s), (46.17)

where the first inequality follows since ¢ is an increasing function of @ and the second inequality
follows by the union bound. We proceed to bound the two terms in the r.h.s. of the last display. For

the first term, we seek to apply (4.5.5) of Proposition 4.5.5. We set € = % in Proposition 4.5.5, and
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2
3

define r = sup,¢ (g 8 (log(1/ T)) . It straightforward to see that » decreases to 0 as ¢ goes to 0.

We may now write

B ((147)@,0)=by, (@1,0)
: 71/810g2/3(1/(‘)r) 2 nfgb(a”))

P( sup by (@,0) = by (0,0) = ns(a)) < P

aely

(TE(O,(S]
< exp (- c(spr'(loglog,)??)*?)  (4.6.18)

where the last inequality follows from Proposition 4.5.5. For any fixed 1, we choose 6 > 0 small
such that c(nr~')3/2 > 1. For such choice of 8, the r.h.s. of the last line of the above display will
be bounded above by exp(—c; loglog a;,) for some constant ¢; > 1. This bounds the first term in
the r.h.s. of (4.6.17). We now proceed to bound the second term. Note that b, (a,, 0)/ a/,ll/ 3 is same
as Bo,1,(1,0) = by, . Using the second inequality of (4.2.15) in Proposition 4.2.13, for all large ¢

and n

P(UGT > (1-ms) < exp - (1= )2 oglogan )

Recall that 7 is chosen in a way such that (1 — 77)°/>(1 + €) > 0. Since 43ﬁ(1 — y)2302 =
(1-1)3/%(1+¢€), the r.h.s. of the above display is bounded by exp(—c log log a,,) for some constant
¢y > 0. Combining this upper bound with the bounds in (4.6.18) an substituting those into the

r.h.s. of (4.6.17) yields (4.6.16). This completes the proof.

Proof of LimSuyp,

We prove Lim&Sup; using similar argument as in the proof of Lim3Inf, (see Section 4.6.1).
Recall the definitions of the interval Z, from Section 4.6.1. Set y := (3(1 — €)/4V2)?/3. Due to

Borel-Cantelli lemma, it suffices to show

ZP(sup s < y) < . (4.6.19)

n=1 tel,
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Choose n > 0 such that ¢ := (% +1)(y+2n)3?% < 1. Fix0 € (£,1) and § € (0,6 — ¢). With
this 6, recall the definition of the subintervals {In(j )}j.\i‘l’ from (4.6.3). Set Af,j )= {sup,_ i br <

(n + 1)?3y}. By union bound P( SUPer, (loglzw < 7) < Zj\:f P(A,(f)). In a similar way as in

(4.6.5), we claim that there exists ¢, ¢ > 0 such that
P(AY)) < exp(—cie™?9e) + exp (n(6 = 6) — ca(exp(e™) — 1)1/ (4.6.20)

forall 1 < j < n and all large n. Using this upper bound on P(A,(f )), we may bound each term
in the sum (4.6.19) exactly in the same way as in (4.6.6). Since 6 > { + ¢ by our choice, we may
also bound each term of the sum in (4.6.19) by exp(—e"®) for some w € (0, 1). This shows the
finiteness of the sum in (4.6.19). To complete the proof, it boils down to showing (4.6.20) which
we do as follows.

Fix j € {1,..., Mg} and some constant a > 1. We choose a sequence t; < fp < --- < f, €
[e" + (j — 1)e™, " + je"] such that min |ti1 — ;]| > € and a~'(e"?9) < L, < a(e™?9),
Proposition 4.6.1 shows the existence of independent r.v. Y1,Y>,...,Y; satisfying (4.6.1) (with

s > ¢"%) for the above choice of 7, 12, . . ., tr,,. Using similar ideas as in (4.6.7), we can write
P(AY) <P( sup b,y < (n+1)23y)
1<i<L,

Ln
<P( sup ¥ < (n+ Dy +1)+ > P(¥;—b 2 1)
i=1

1<i<L,

~

n

<[P < (n+1)*Py+1)+aexp (n(6 - 6) — c(exp(e™) - 1)1/?)

I
—_

Now we apply the distributional identity of (4.6.1) to write

L, L,
HP (Yl S (n_l_ 1)2/3,)/ + 1) = HP ((1 — e_([[_[iil))1/3bgli_e’i7| S (n+ 1)2/3,)/ + 1)
i=1 i=1
Ly
S n P(betl‘_efi_l S n2/3 (y + n))
i=1
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< [1 = exp(=(p + 22)n(y + 29)¥%)] ™

_en(0-6-0)
<exp (- Ly exp(—(n+¥)n(7+2n)3/2)) <e* la
where the first inequality follows by noting that (1 — e~ -0)"13((n+ )13y +1) < n'B(y +n)
for all large n and the second inequality follows due to (4.2.15) of Proposition 4.2.13. The last
inequality follows since L, > "9 /g and ¢ = (7 + %ﬁ)(y +21)3/2. Substituting the inequality

in the above display into the r.h.s. of (4.6.20) completes the proof of (4.6.20).

4.7 Mono- and Multifractality of the KPZ equation

The aim of this section is to prove Theorem 4.1.3. The monofractality result of the KPZ
equation which is stated in (4.1.4) will be proved in Section 4.7.1 where the multifractality result

of (4.1.5) will be proved in Section 4.7.2.

4.7.1 Monofractality: Proof of 4.1.4

By the inequality 8imGSuyp,,, we know that the limsup of §,/(loglog?)*/? as t goes to oo is
strictly less than y with probability 1 for any y > (3/4V2)?/3. This shows {t > e° : ¥,/ (loglog 1)*/?
v} is almost surely bounded. From Proposition 4.2.6, it follows that the Barlow-Taylor Hausdorff
dimension of a bounded set is zero. This shows Dimg({¢ > €¢ : ,/(loglog)?/? > v}) “= 0 for

any y > (3/4V2)%/3. We now proceed to prove Dimg({t > ¢° : b,/ (loglog )3/

\%

v}) = 1 with

probability 1 for any y < (3/4V2)/3. For this, it suffices to show that

a.s.

Dimg(Py) =1, where Py := {t > e — >

! loglog 7 4.7.1)

il
M2

Throughout the rest of this section, we show (4.7.1). Denote yg := (3/ 44/2)%/3 and set A, :=
{(mglzw > yo} for any s > 0. For showing (4.7.1), we need the following two propositions.

These two propositions will shed light on the nature of dependence between A; and A; when ¢ and

s are far from each other and 1-dimensional Hausdorff content (see Definition 4.2.5) of the the set
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Py. We first complete the proof of (4.7.1) using these two propositions and then, those will be
proved in two ensuing subsections.
We are now ready to state Proposition 4.7.1 which will demonstrate that A, and A are approx-

imately independent when ¢ and s are sufficiently far apart.

Proposition 4.7.1. There exist To > 0, such that for all t > s > Ty with
t > s(loglog?)*(loglog s + loglog£)?, (4.7.2)

we have P(A; N A;) = (1 +0(1))P(Ay)P(A;), where o(1) goes to zero as s,t — oo.
The next proposition will investigate 1-dimensional Hausdorff contents of the set $.

Proposition 4.7.2. Denote V, := [—e",e"] and Sy := Vo, Suv1 := Vr1 \ Vi, for n € N. For any
Borel set G, define u(G) := Leb (Py N G) . We have

(o)

Z e u(S,) 2 co. (4.7.3)

n=4

Assuming Proposition 4.7.1 and 4.7.2, we proceed to complete the proof of (4.7.1).

Proof of (4.7.1). Recall the definition of p-dimensional Hausdorff content v, , from Definition 4.2.5.
By Proposition 4.2.7, there exists some constant K, > 0 (defined in (4.2.3)) such that v, 1 (Py) >
Kl‘}le_",u(i)b). Since u(Q) < Leb(Q) for any finite Borel set Q, Kj, is less than 1. This im-
plies v, 1(Py) > e "u(Pp). Combining this inequality with (4.7.3) of Proposition 4.7.2 yields
32 Va1 (Py) = 2, e u(S,) = oo. From Definition 4.2.5 it now follows that Dimg(Py) = 1

occurs with probability 1. This completes the proof. 0

Proof of Proposition 4.7.1. By Proposition 2.7 (FKG inequality) in [117] we know P(A; N A;) >
P(A,)P(Ay). It suffices to show that P(A; N A;) < (1+0(1))P(A,)P(Ay) as s, — oo. For showing
this, we use Proposition 4.6.1. Fix t > s > Tj such that ¢, s satisfy the inequality (4.7.2). Note that

(loglog t)_1/2(§ — 1)1/3 = oo as 5,1 — oo. By Proposition 4.6.1, there exists a r.v. ¥ independent
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of b, and constant ¢ > 0 such that

t 1 _3
¥4 (1-2)50,, P(lh, - Y| > (loglog) ™) < GV M0elen™ 4 7.4

Using the above display and the union bound of the probability, we write

P(A, N A) < P({A,nA} N {lb - Y| < (loglog?)™"/?}) + P(Ib, - Y| > (loglog)~'/?)
<P ({bs > yo(loglog $)*3} N {Y > yo(loglog1)*? — (loglog t)_l/z})
+exp (—c(t/s — 1)/*(loglog ) =/4)
<P (bs > yo(loglog s)2/3)P(Y > yo(loglog t)z/3 — (loglog t)_l/z)
+exp (— c(loglog)¥*log (log s log 7))
<P (I)s > vo(loglog s)2/3) P (bt_s > yo(loglog t)2/3 — (loglog t)_l/z)

+o(1)(loglogtlogtloglog slogs)™!

16my.%)72(1 + 0(1
< Lo ) Uroll) g papa),
loglog slog sloglogtlogt

where the inequality in the second line follows by observing that
A, n{lh; —Y| < (loglog N2y ¢ {Y > yo(loglog 1?3 - (loglog t)‘l/z}

and using the probability bound in (4.7.4). The next inequality follows by the independence of b

and Y and through the following observation
exp (- c(t/s — 1)?(loglog 1) /%) < exp (- c(loglogt)*/*log (log slogt))

which is a consequence of the fact that #, s satisfy the condition (4.7.2). The inequality in the sixth
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line follows by noting ¥ £ (1-s/1) 13p,_, and observing

exp (— c(loglogr)¥*log (log slogz)) = o(1) - (loglogr)~! (log 7)™ (loglog 5) ' (log s) !

The last equality follows by using Proposition 4.8.5 of the Section ??. This completes the proof of

Proposition 4.7.1. [

Proof of Proposition 4.7.2. Fix ¢ > 0. Let Ny = No(g) > Ty be such that for any ¢, s > €™
satisfying (4.7.2), we have
P(A,)log slogl P(A,) logtlogl
(1—8)S%S(1+8), (1—e)s%s(l+s),
0 0

P(A;NAg
(1-2) < sy < (1+2).

Note that the first two inequalities hold due to Proposition 4.8.5 of the Section ?? and the last
inequality holds due to Proposition 4.7.1. Next we define a subsequence {N;} recursively as
follows: N;p := max{No,eem}, Ni+1 = N + 10loglog Ng, for k € N. Consider the following

random variables

M [o¢]
SM = Z e_Nk,u(SNk)v M e Na Soo = Z e_Nk/l(SNk)'
k=1 k=1

Define « := (1 — e™!). For M € N, we will show that

BlSul 5 (1 4 p(1))Kottoslogtyy By LSk’ _ 2 ogloglop vy (47.5)

167r73/2 ’ (1+&)(1+0(1)) - SOH)/S/Z ’

where the term o (1) goes to 0 as M goes to co. By assuming the above inequality, we first complete
the proof of Proposition 4.7.2. We seek to show P(S. = o) > 1. Note that P(Se, = o) =

P(limp;— 0 Sy = 00). We may now write

. _ .. 1
P(]\/}linoo SM = OO) > I%Jng(SM > —mESN’M)
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.. (1= (logloglog Ny)~1/?)2(E[Sn m])?
> liminf >
M—co E[SN,M]

(1= (loglog log Njy)~1/2)2 - 122 _(1-#)?
> liminf 32 .
M=o (1+0(1))4ny, " (logloglog Ny)~ 1y l+e

(4.7.6)

The first inequality in the above display follows since (log log log Nj;)~'/?E[S4] goes to oo thanks
to the first inequality of (4.7.5). We obtained the second inequality by applying Paley-Zygmund
inequality [268] for the random variable Sy, with setting 6 := (logloglog N M)_l/ 2. The third

inequality follows by noticing from (4.7.5) that

(E[[SM]])2 <G ((1+0(1))4”70/2(10g10g10gNM) 1+1)

From (4.7.6), Proposition 4.7.2 follows by letting & to 0 and observing that S, < 37", e 7" u(S,).

Throughout the rest, we prove (4.7.5). Note that

M (1 - g)(16my) )

N [ p(AYds > —Nk/ 47
ELSu] = Z /Nk (As)ds Z N, loglog slog s ds *+7.7)

Kk( 1671)/3/2) !

. 4.7.8
kZ Nk logNk ( )

where the first inequality follows since P(A;) > (1 — 8)(1671")/8/ 2 log sloglog s)~! for all s > ™o

[eNk_l, eNk]

and the second inequality follows since logs < Ny for all s € . To lower bound the

r.h.s. of (4.7.8), we note

Ne—1

Ni—1 -1
1 - Z (loglog Ni-1) < 10loglog Ni—;

Z nlognloglogn Ni_1logNy_1 ~ Ni_1log Ny_jloglog Ni_y’

n=Ng_1 n=N_i

where the first inequality is straightforward and the second inequality follows since |N; — Ny_1| =

10(1 + o(1)) loglog N¢—;. It is worth noting that the r.h.s. of the last inequality is equal to
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10/ (Ng-1 log Ni_1). Using the above display, we may write

M Ni
> [Nelog Nl ™' 2 45 > [nlognloglogn]™ = £5(1+0(1)) logloglog Ny, (4.7.9)
k=1 n=Ny

where o(1) goes to 0 as M goes to co. This implies the first inequality of (4.7.5). Now we proceed

to prove the second inequality of (4.7.5). We introduce the notation Int(n, m) := e " f l f f,,njl P(A;N

e

A;)drds. Observe that

M M
=3 > It (Ve Np) = ZJnt(Nk,Nk) +Z«5nt(Nk>N€)

k=1 ¢=1 k=1 k#¢

@D (I

We first bound (I). Using the inequality P(A; N A;) < P(A;) < (1 + 8)(167‘(’)/3/2 loglogtlogt)~!

for any s,1 € [eM!, eM¥], we see

eNk eNk N Ni—1\2
1 k — k
/ / P(A, N A)dsdr < —rONe e 7
Ni=1 J oNi=1 167r)/0/ (Nk — 1) log(Ny — 1)

Multiplying both sides by e >+ and summing over k as k varies in [1, M] N Zs yields

I < i K(1+¢) < K(1+¢) NZM C
TS 16my) P (N - Dlog(Ng — 1)~ 80my,? S5 (n=Dlog(n — 1) loglog(n 1)

(1+¢&)logloglog Ny

8071)/(3)/ 2

(4.7.10)

= k*(1+0(1))

The equality in the last line follows since Z ((n 1) log(n — 1)loglog(n — 1))~' = (1 +
o(1))logloglog(n). It remains to explain the second inequality of the above display. To see this,

notice that for any k € N,

(log(Ny = )™ _ 2log log(Ni-1) -’ NZ (loglog(n — 1))”!
(N = 1) = (Ny = 1)log(Ny — 1) loglog(Ny — 1) — » 10(n—1)log(n—-1)
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The first inequality follows since 2loglog Nx_; > loglog(Ny — 1) whereas the second inequality
is obtained by noting that |Ny — Ny_;| < 10loglog Ny—;. Now we bound (II). Fix any ¢ €

[eN=1 eNk] and s € [N, eMe] for k > ¢ € N. Using this information, we write

I/S > eNk—N(»—l > elOloglog(Nk_l)—l > eSloglog(Nk)+10g4 — 4(10gNk)5 > 4(10g10g I)S,

where the second inequality follows since Ny — Ny > Ny — Ny—1 > 10loglog Ny and the third
inequality is obtained by noting that 101loglog(Nk_1) > Sloglog Ny + 1 +log4. From the above
display, it follows that ¢ and s satisfy (4.7.2). Due to Proposition 4.7.1, we have P(A; N Ay) <

(1+&)P(A;)P(Ay). This implies

M M eNk eNe
(IT) =2 e Ni=Ne / / P(A; N A,)dsdr
fzzll k;rl Mt JeNe! t
M M eNk ng
<2(1+é¢) Z Z e~Nie=Ne / / P(A,)P(A)dsdr < (1+&)(E[Sy])>. (4.7.11)
(=1 k=C+1 Mkl JeNeo!
Combining (4.7.10) and (4.7.11) yields (4.7.5). This completes the proof. ]

4.7.2 Multifractality: Proof of 4.1.5

Recall the definition of the exponential time changed process ® (). Define

X 2/3
Ayi={t>e|G(t) >y (rﬁlogt) }, yeR. 4.7.12)

G (1)
(3log t/4v2)?/3

surely bounded for y > 1. This proves Dimg(A,) = 0 with probability 1 when y > 1. In the

Due to Theorem 4.1.1, we know limsup,_, ., “Z" 1, which shows that A, is almost

rest of the section, we focus on showing (4.1.5) for y € (0,1]. We divide the proof into two
stages. The first stage will show the upper bound Dimg(A,) < 1 - v3/% and the lower bound

Dimg(Ay) > 1 - ¥3/2 will be shown in the second stage.

Stage 1: Proof of Dimg(A,) < 1- ¥3/2. Recall the definition of p-dimensional Hausdorff content
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Vn,p from Definition 4.2.5. The main step of the proof is to show that
ZE[VW(AV)] <o, Yp>1-(1-€y'?ec(01). (4.7.13)
n=1

This immediately implies that 3177 | v, ;_(1_¢),32(Ay) < oo almost surely for all € € (0, 1) and
hence, Dimg(A,) < 1 - (1 - €)y3/%. From this upper bound, the result will follow by taking
€ to 0. Below, we state a lemma showing a technical estimate which will be required to bound
E[vn,l_(l_f)ys/z (Ay)] for any n € N. After that, we will proceed to complete the proof of the upper

bound which will be followed by the proof of the lemma.

Lemma 4.7.3. Fix e € (0,1). We have
P (A, N [mom+1] # @) < 2m~ (1707740 W 160, (4.7.14)

where o(1) term goes to zero as m — oo,

Final steps of the upper bound proof. Fix € > 0 and take any p > 1 — (1 — €)3/2y3/2. For any

n > 1, define B, := [-e™!, —e") U (e", ¢"*!]. From the definition of v, ,, it follows that

-n
Vn,p(Ay) < Z e plAym[m,m+1];t® : 1[m,m+1]cEn-
meZsq

Taking expectation on both sides, we get

E[v,p(A)] <e™ > Nmmenjes, - P (Ay 0 [m,m+1] # o)

meZso
<o Z 2~ (1= 2y 4o (1) 10g 1 - L mi1]es,
meZso
< e 2 2pe= (1200 _ gy n(1-p=(1-)"2y3 41 (4.7.15)

The second inequality follows from Lemma 5.5.18. We get the third inequality by observing

n+1

that the number of non-zero terms in the sum is bounded by 2¢""" and each non-zero term is
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bounded above by 2ne~(1-"*y"n_The upper bound of E[v, ,(A,)] in (4.7.15) is summable over
n whenever p > 1 — (1 — €)y>/2. This shows (4.7.13). Alluding to the discussion after (4.7.13), we

get the proof of Dimy(A,) < 1 - Y312, O

Proof of Lemma 5.5.18. Define B,, := [logm]. We divide the interval [¢™, ¢”*!] into B,, many

intervals {Z"}" | where I}" := [xﬁmi,x(m)] and, x(m) = eM(1 + & 1)J) forj =1,...,B,. We

may now write

P(Ay N [m,m+1] # ) SP( sup  ®(1) > y( \/_logm)%)
te[m,m+1] 4
B

:P( sup I),z( logm %) Zm:P(
Jj=

te[em,em+1]

2
sup b; > y( logm)3)

el

(4.7.16)

where the last inequality follows by the union bound. In what follows, we show that

P( sup b, > y(;35 logm)**) < 2 (170" o), 4.7.17)
te[’"

where o(1) term converges to 0 as m goes to co uniformly for all j = 1,..., B,,. From (4.7.17),

(4.7.14) of Lemma 5.5.18 will follow by noting that there are at most logm terms in the sum

(4.7.16). Fix j € {1, ..., B,,}. For convenience, we use shorthand x; and x;_; to denote xj(.m)

xﬁ'ﬂ respectively. Consider the events

and

Ajn = { sup (b = () By, ) = ey (R8T By o= {Bry, = (1= ey (282) ).

teIf’"

Note that

1/3
sup by < sup (b, = (22)p, ) + sup (22) T p,

tte’" tte’" tte’”
X 1/3 1/3
= sup (bl ( Jtl) bxl lm)+maX{( ) bxl I’I)x/ 1}-
tte’"
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Due to the above inequality, we have { sup,crm by > 7(& log m)z/ 3} C Aj,n UB;j . By the union
J

bound, we get

P( sup by > (5 10gm)2/3) < P(Aj) +P(B) ). (4.7.18)

m
teIJ.

In what follows, we claim and prove that
m”"P(A; ) =0(1), and P(Bj,,) = m (179" (), (4.7.19)

where o(1) terms converge to 0 as m — oo uniformly for all j € {1,..., B,,}. Substituting the
bounds of (4.7.19) into the r.h.s. of (4.7.18) shows (4.7.18). To complete the proof of this lemma,
it suffices to to show (4.7.19).

By noting that logx;_1 , € [m,m + 1], we use (4.2.15) of Proposition 4.2.13 to get
P(B],m) < exp (_(1 +0(1)),y3/2(1 _ 6)3/2 logm) — m—(1—5)3/273/2+0(1)’

where the o(1) term goes to zero as m — oo uniformly for all j. This proves the bound on
P(B, ) in (4.7.19). Now we proceed to prove the bound on P(A; ). To this end, recall that

hi(a,0) = a'Bh,, for any «,t > 0. Using this, we may write

P(Ajm) =P( sup (%) (b, , (:5.0) = by, ,(1,0)) 2 ey(;35 logm)*)

te[,{;
i 2/3
<P sup (b (1+7.0) =By, ,(1,0)) 2 ey (1) (2= Togm)*! ) (4.7.20)
Tel0, %

where the second inequality follows since (¢~'x j_l)l/ 3 is bounded below by (xj_.lx j_l)l/ 3 for any
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t € 1. Setting r := SUP (0 (¢-1)/B,,] 1/810g?3(1/7) < o0, we get

bxj_l(l +7, O) - I)Xj_l(l’o) > ﬂ

ths. of (4.7.20) < P( sup (25)'3 (25 1ogm) ™).

el TVRlog?(1/r) T T e
(4.7.21)
Applying Proposition 4.5.5 with & = %, 0= %, a=1, weget

r.h.s. of (4.7.21) < exp ( — c(g)%(;—jl)% (4%5 log m)) < exp(-C(log m)”%) =o(m™")
r j-

for all large m. Here, C is a constant which will only depend e. The second inequality follows
since 73 > c1(log m)% for some ¢y > O and (x;/x;_1) > 1. This proves the first bound in (4.7.19)

and hence, completes the proof of the lemma. [

Stage 2: Proof of Dimy(A,) > 1 - ¥3/2. To prove the lower bound, we use similar techniques
used as in [223, (4.14) of Theorem 4.7]. Recall the definition of ‘thickness’ of a set from Defi-
nition 4.2.8. We seek to use to use Proposition 4.2.9. Let us fix 8 € (y*/2,1). Recall A, from
(4.7.12). We will show that A, is 6-thick with probability 1. This will prove the almost sure lower

bound Dimg (Ay)>1 - ¥3/% via Proposition 4.2.9. Let us define
D, = {A,, N [x,x + "] = @, for some x € H,,(H)} .
The 6-thickness of A, will follow through the Borel-Cantelli lemma if the following holds
iP(Dn) < oo. (4.7.22)
n=1

Showing the above display will be the main focus of the rest of the proof.
Recall the definition of the interval 7, and its My many sub-intervals {I,,(j )}?;[‘1’ from Sec-

tion 4.6.1. Let us denote the end points of the sub-intervals {In(j )};\if as x,gl), e ,x,gM %) such that
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79 = [exp(x ™), exp(x$)]. Let us define

B ={ sw 60 <y(Z) il

From the definition of B,(lj ), it follows that D,, C Uj\:‘l’ B,(f ), By the union bound, we get P(D,) <
2 P(B;j )). We will now show (4.7.22) by proving a bound (uniform on j and n) on P(B,(/' )).
Choose 17 > 0 such that ¢ := (%ﬁ + 17)()/(4%5)% +2n)%? < 0 and pick 6 € (0,6 — ). We now

claim and prove that there exists ¢y, c; > 0 such that
P(B{) < exp(—ce" e + exp (n(6 — 8) — ca(exp(e™) — 1)'/?) (4.7.23)

forall 1 < j < nand all large n. Using the above inequality, we may bound P(D,,) by exp(n—n6+1)
times the r.h.s. of (4.7.23). Since 6 > £+, we can bound P(D,,) by exp(—e"“) for some w € (0, 1)

and for all large n. This shows (4.7.22) and hence, completes the proof modulo (4.7.23) which is

finally remained to be shown. By the identification ® () = h,: and I,,(j ) = [exp (x,(lj _1)), exp(x,(f ) ],

it is straightforward to see that

. 2 2
B/ :{ sup b, < y(=3= 3(n+1)§}.
ter) t (4\5)

Due to this identity, (4.7.23) now follows from the proof of (4.6.20), completing the proof. [

4.8 Auxiliary results

Lemma 4.8.1. Fix 8 > 0 and a constant C = C(B) € R. If a line ensemble L satisfies the

H-Brownian Gibbs property, then the line ensemble D defined by
Di(x) = 5 Li(fx) + C (4.8.1)

satisfies the Hg-Brownian Gibbs property where Hg(x) := BeVPx.
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Proof. Fix a,b € R with a < b. Fix k; < ko with kj,k» € N. Set K = {ky,...,k»}. The

conditional law of Lxy(4p,55) conditioned on Lyxr\kx(ap,bp) 18 given by

plik.(aB.bp).xy.f.8
H

where Li,_1 = f,orcoifky = 1and Ly,+1 = g, and X = (L, (ap), - . ., Li,(aB)) = (VB(Dy, (a)-

 VB(Diy (@)-C)) and § = (Ly, (BB), - . Ly (b)) = (VB(Dy, ()=C), ..., NB(Dy, (b)—
C)). Note that under the scaling (4.8.1), the underlying law of free Brownian bridges are still free
Brownian bridges but with endpoints X’ = (Dg, (a), ..., Di,(a)) and " = (Dg, (D), ..., Dk, (b)).

On the other hand, the Radon Nikodym derivative is proportional to

kp—1 bg
exp ( Z H(.Ei(x) - Li-1(x)) dx)

i=k1+1

ko—1

=exp (- Z / H(\/B[Df(X/,B)—Di-l(x/ﬁ)])dX)
i=k1+1
k2 1

—op(- Y [ pHGBID - Do) )
i=ki+1
ko—1

— exp / Hy (D;(x) - Dy 1<x>>dx)
i= k1+1

This completes the proof. ]

Proposition 4.8.2. Let v > 0. There exist tg = to(v) € (0,1), c = c(v) > 0and s = s(v) > 0 such

that for all t < ty and s > 5o, we have

P( inf (g,(x) + /T (o —s) < exp(=cs?), 4.8.2)
P( sup (0:(x) + CALIKMEE L IS s) < exp(—cs®?). (4.8.3)
X€

Proof. Proof of (4.8.2): Set g,(x) = g,((4%t/7%)'/8x). Fix v > 0. Forany A c Rand m € Z,
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define

g ) f ~ (1+v)x2 < _ D _ = m_2 > _s _ym~
A= ;EA a:(x) + 3 s =50, m = 18:(m) + 7 271 4 (-
We seek to bound P(Gr). Using the union bound, we have

P(Gr) < P(G(_w-16v-1]) + P(G[—16v-116v-11) + P(Gl16v1.00))- (4.8.4)

Let N = | 16v~!|. Note that we are allowed to choose the threshold of s, namely so dependent on
v. So, we can choose s large enough so that s > 15N is satisfied. Choosing 6 = 1 andzp < 1in

Proposition 4.4.3, via the union bound we get

N

P (Q[-uw-',lév—l]) = P( U Q[i,i+1]) < Nexp(—cs?) < exp(—c’s?), (4.8.5)

i=——N-1

where ¢’ depends on N. We now turn to bound P(G|,-1 «))- Due to the spatial stationarity of

g:(x) + "72, similar argument can be used to bound P(G(_., _16,-17). We start by writing

P(Gli6-1.0) < D, P(=Dp) + > P(Dy N Dyt O Glmms)). (4.8.6)

m=N m=N
Note that for all s large enough, we have for all m, P(=D,,) < exp (—c(5+ %2)2) < exp(—c’(s*+
|m|*)). Here the constant ¢’ depends on v. Hence the first sum in r.h.s. of (4.8.6) is clearly bounded
exp(—cs?). For the second sum, we will invoke the Brownian Gibbs property. The rest of the

calculations is in similar spirit with proof of Proposition 4.4.3. Define the event

2 . _
gEm,mH] = {M + inf 1 g;(X) < —S} ) g[m,m+1]-

x€[m,m+

From (4.2.4) and (4.2.2), it follows that {§,((43t/7r3)‘1/8w)}W€R is same in distribution as g,(])(.)
where gt(l) is the top curve of the short-time line ensemble defined in (3) of Lemma 6.5.1. Let us

set a = (431/7)Y8m and b = (43t/7)/3(m + 1) for convenience. Let F; = Fext ({1}, (a, b))
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be the o-algebra generated by {gt(") (X) }nen xer outside {gt(l)(x) }xe(a,p)- By the strong Brownian

Gibbs property for the short-time line ensemble we have

P(Dy N Dyis1 1 Gy ar)) = E 10,10, BG 111 |55) | = B 10,10, Pe(G o) | -

_ Pl 1.(a,b).g (m).g; (m+1).00,6;”)

where P; . By monotone coupling Lemma Py ( g{m er1]) Pfree(Q[m 1] )s

L 1(@.b).6:(m).ge (m+1).00.7¢ i the Jaw of a Brownian bridge on [a, b] with entry value

where Ptree := P
g;(m) and exit value g;(m + 1). Thus if B be a Brownian bridge on [0, » — a] independent of the

o-algebra ¥y, we get that P(D,, N Dy, N gfm m+1]) 1S atmost

(14v) (m+1)? . a; (m)(b—a—x)+g; (m+1)x
E [1@m1@m+lp (T v it (SB(x) + ) ) < —s

al

(1+V/2)2(m+1)2' We

M and g,(m + 1) is atleast =5 —

On (D, N Dyyy1), 6:(m) is atleast -3 —
use these inequalities and then neglect the indicator events above. Then using the fact that B(-) is
independent of 7, we get that

P(D N -Z)m+1 N g

[m,m+1] )

i _ (+v/2)@m+1)x 35, v 2 (1+v/2)(2m+1)
<P (xe[%)r,lzf_a] [EB(X) 2(b—-a) < -7 +z(m+1) ! )

<P inf Bx)<-34Ym+1)? - 12CmD ) (4.8.7)
x€[0,b—a] 2

We note that %v(m +1)2>m+1> M . Furthermore for ¢t < ZS’ b —a < 1. Hence

rhs. of (4.8.7) < P( sup B(x) > 3 + 8m2) < exp [—c(% + %)2]
x€[0,b—a]

< exp [—c’(s2 + m4)] ,

where ¢’ > 0 is dependent on v. Clearly this implies the second sum in r.h.s. of (4.8.6) is bounded

by exp(—cs?). Overall we get P(Gli6y-1,00)) < exp(—cs?). Similar analysis on the negative side
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yields P(G(_w —16,-17) < exp(—cs?). Plugging the bounds in (4.8.4) gives the desired result.

Proof of (4.8.3). For the supremum process, the proof is similar to Proposition 4.2 in [117]. For
the aid of the reader, we point out the key changes that one needs to do in their proof.

Recall that g,(x) = g,((4%t/7%)!/8x). We replace ¥, in the proof of Proposition 4.2 in [117]
with g,(-). In what follows we justify briefly how almost every step in their analysis holds true
even after this replacement.

Note that just like b, (+), g(-) is also stationary when the parabola "72 is added to it. Furthermore,
a:(0) also has similar one point lower tail and upper tail estimates (holds for all ¢ small enough).
The only difference here is decay in short time lower tail is not as fast as that of long time upper
tail. However, it is not hard to check that having P(g,(0) < —s) < exp(—cs>/?) suffices. This
enables us to reduce the proof to proving the g, analogue of Eq. (26) in [117].

Next we justify the second part of their proof where the Brownian Gibbs property of ), is
applied. Here one needs to be careful as it is the process g;(-) (instead of g,(-)) that satisfies the
Brownian Gibbs property with H$™"" as Hamiltonian. However, as we will explain in a moment,
the arguments present in [117] after Eq. (26) still holds in our case. Indeed, H?hort being convex,
monotone coupling still holds. Hence one arrives at an analogue of Eq. (27) in [117] for g; with
the measures Py, suitably redefined. Next to arrive at Eq. (28), we still demand a given point on
the Brownian bridge to stay above the line formed by linearly interpolating its endpoints. Because
of the change from g; to g,, the Brownian bridge is not of the same length as considered in [117].
But the above probability is still % leading to our analogue of Eq. (28) in [117].

The rest of the algebraic calculations is applicable to our case as well which leads to the last

(1
t

math display of their proof (with §,”’ = b, replaced by g;). Finally one invokes the stationarity of

a:(x) + "72 proving the g, analogue of Eq. (26) in [117]. This completes the proof. [

Proposition 4.8.3. Fix to > 0. For any given 8 > 0, recall the spatial process Y (14p)::(+) from

Proposition 4.2.11. There exist ¢ = c(tg) > 0, and so = so(tg) > O such that for all t > t,
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s > 80,8 > 1 witht > tg we have

P(H,(1+8,0) = Brapny(0) > 5) < exp(—cs>?) (4.8.8)

P(h;(1+,0) = Brapn (0) < —s) < exp(—cs?). (4.8.9)
Proof. Recall the composition law from

1/3 -2/3 1/3% _ -2/3
bt(l +ﬁ O) 1/3 ‘/Ret (bt(lvt y)"'ﬂ b,b’t( (ﬁt) y))dy, (4.8.10)

B(r+p0) 1 (B3

where bﬁ, (x) := 173 D We prove (4.8.8) and (4.8.9) in Stage-1 and Stage-2 respectively.

Stage-1: Proof of (4.8.8): We consider the following events:

A = { sup (Eﬁ,(x) —Bﬁ,(O)) > %ﬁ‘lﬁs}, A, = {SUP ([)t()’) + y4_2) 2

Ix|< 58235 x€R

NS
———

A; = {SUP bpi(x) 2 214} Ay = {bﬂt(o) < —%}

xeR

Lemma 4.8.4. {h,(1+,0) — ﬁlBBﬁ,(O) > s} C (AfUAUA3UAY) for large enough s.

Before proceeding to prove Lemma 4.8.4, we show how this will imply (4.8.8). From the above
lemma and the union bound, we get P(§,(1+2,0) -8/ 3Bﬁ[(0) >5s) < Zle P(A;). By Proposition
4.4.2 with B — B! and « = % we get that P(A;) < exp(—cs>/?). By Proposition 4.2.14, we get
P(A;) < exp(—cs®/?) and P(A3) < exp(—cs3/?). The one point tail estimate in Proposition 4.2.12

yields P(A4) < exp(—cs>/?). This proves (4.8.8).

Proof of Lemma 4.8.4. Assume —(A; U Ay U A3 U Ay) holds. Note that =(A; UA; UA3 U Ay) =
(=A1) N (=A2) N (=A3) N (=Ay). Subtracting and adding the parabola i—j inside the exponent of

the term on r.h.s. of (4.8.10) shows

2

1
b:(1+p,0) = / P ’(‘W 438, (- (81" 2”y>+44/3)dy
R

wl>—‘| —_
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1 Y2 /3p13T ((pn-2/3
< SUIE (I)l(y) + )21. ) 1/3 log/ t+t p bﬁt( ('Bt) y)dy
ye

<g+ 11/3 log/ _;t+tl/3ﬁl/3bﬁf(_(5‘)72/3y)dy, (4.8.11)

where we have bound sup,,cp (b (y) + 3 ) by 7 since we have assumed —A; holds. Now we divide
the above integral into two parts in the following way: /Iyl <Lph N /Iylz L85 For the first

integral we have

1
—llog/ exp( ¥ 413 1/3b (=B~ 2/3; 2/3y)) dy
t3 NEENEENG
—~ 2
<pY3  sup b (x) +1713 log/ e‘i_rdy
< 5587235 lyl< 3523 VBs
<p"? sup Ba(x) T T log Vdrr < B b5 (0) + 5 + ti%log Vanr. 4.8.12)

el< 827 V5

Here the last integral is bounded by extending the range of integration to R. The final inequality

follows from the fact that —=A; holds. For the other integral observe that

1 2 _ )
g [ exp (54 (80 PBa((80 2 dy @8.13)
13 |Y|>3212/3\/§
—~ 2
< sup B3p 4 (x) + 1713 log / e~ w dy (4.8.14)
xeR |> 25 12/34/s

Using the fact that /|y|>p e’ 14dy < d+/nt - e P'14 aslong as p > V21, we get that

2
/ e_i_tdy < 4Nt - exp (—((t;;‘ﬁtz) = 4vnt - exp (—%) .
|>551%3s
Plugging this bound back we get

(4.8.14) < g7 sup B (x) +17 3 log 4Vt — ﬁ < ﬁ%Sﬁ,(O) + 5+ +dlog Vnt. (4.8.15)
13

where the last inequality follows from the fact that =A3 N =A4 holds. Thus for large enough s we
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get

rh.s. of (4.8.11) < Ls+ 173 1og2 + 8%, (0) + 1713 logdv/mr + Ls

< Ls+ 1718 log(64n1) + B4 (0) < B30 (0) + 55,

which entails b, (1+,0) < ﬁlﬁsﬁ,(O) +p35 on =(A; UA; UA3 UA,) completing the proof. [

Stage-2: Proof of (4.8.9): In this stage we seek to find a lower bound for b,(1 + 3,0). Towards
this end, we recall (4.8.10) and lower bound the expression by integrating over the smaller region

{|y| < £3/3}. We thus have

3y? -2 1~ 3y?
| LIRS e "

b (1+3,0) > llog/ e
t3 y|<e?/3

IV

1nf ([)t()’)"' )+,31/3 lnf bﬁ,(y)+ ! log/| e_¥dy

ly|<B

IV

1nf([)t(y)+ )+,81/3 inf_ bﬁ,(y)+ ,log _§6_3t3/4’ (4.8.16)

ly|<B

where the last inequality follows from Gaussian tail bounds. Next we consider the following

events:

As = {|yé%g/jﬁt(y) <bp(0) - 387 sy, Agi= {;gﬂg (I»(y) + 2—2) < —%} :

From Proposition 4.4.1, we see that P(As) < ¢=°5* and Proposition 4.2.14 implies P(Ag) < e=os™?,

On —(As U Ag) we observe that

rhes. of (4.8.16) > —2 + B (0) — £+ Llog /i - 2 oI £354(0) — s
t3

t

w\»—‘

for all large enough s > so(to). Thus, P(b,(1+8,0) = 8B (0) < —5) < P(As) +P(Ag) < e™.

This completes the proof. 0
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Proposition 4.8.5. Set yo = (3/4V2)%/3. Define b, := (loglogt)~"/®. Then, for any fixed constant
K eR,
_(16m) 7 (1+0(1))

by 2/3
P( > yo(loglog?t) ) = .
1+ Kb, 78/2 logtloglog

where o(1) term converges to 0 as t goes to .

Our proof of Proposition 4.8.5 is closely in line with the proof of Proposition 4.1 of [115]. It
will use a Laplace transform formula for Z™ (T, 0) proved in [65]. It connects Z™ (7, 0) with
the Airy point process a; > a; > ..., a well studied determinantal point process in random matrix
theory (see, e.g., [7, Section 4.2]).

Throughout the rest, we use the following shorthand notations.

|
1 +exp(t3(x —5))

Iy(x) := Js(x) :=1log (1+ exp(t%(x -5))).
Proposition 4.8.6 (Theorem 1 of [65]). Forall s € R,

Esz[exp ( —exp (13 (B,(0) - s)))] = Eairy . 4.8.17)

ﬁ Is(ag)
k=1

The following proposition proves an upper and a lower bound on the r.h.s. of (4.8.17). We use

these bounds to complete the proof of Proposition 4.8.5. We defer the proof of Proposition 4.8.7

to Section 4.8.

Proposition 4.8.7. Fix any constants K, K, K3 > 0 with K; < K. Recall b, from Proposi-
tion 4.8.5. There exists ty = to(K1, K2, K3) > 0 and two sequences {P;}s>1,, {01 }1>1, such that for

all t > to, Ky (loglog1)?3 < s < K>(loglog1)?3 and K € [-K3, K3],

= 1 _43p
I—E[Bf(um,)s(ak)] < (14 p) e, (48.18)
= 1 _a3p
1= B[ [ ] Zrexns(@o | 2 (1+0) ——ze”? (4.8.19)

>~
Il

1
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andp; — 0, q, > 0ast — oo.

Proof of Proposition 4.8.5. Define
— 2/3 < — 2/3
s :=vo(1+Kb;)(loglogt)“">, 5:=7yo(1+ (K +1)b;)(loglogt)

and 0(s) := exp (- exp (t3(b; — ))). By (4.8.17), we know Expz[6(s)] = Eairy [T, Zs(a)]-

Note that

6(s) < 1(h;(0) <5) +1(b,(0) > 5) exp(— exp(b,st'/?))

which after rearranging, taking expectations and applying (4.8.17) will lead to
_ - =
P(5,(0) > %) < (1 - exp(=exp(byst?)) (1= Baim[ [ | Z@0)1)-
k=1

We may write 1 — exp(— exp(b,st%)) =1+ o(t). Combining this with (4.8.18) yields

1 4 3/2
P(b,(0) 25) < (1 +0(1))16ns3/z€_§s/

for all large ¢.

We turn now to prove the lower bound. By Markov’s inequality, we get

3

P(b;(0) < s) = P(G(E) > exp (- e—be"”)) < exp (et} E[6(5)]

which after rearranging yields 1 — exp ( — e‘b’3t1/3)P(b,(0) <s) > 1-E[6(s)]. Finally, applying
(4.8.19) to the right hand side of the above display shows the lower bound. 0
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Proof of Proposition 4.8.7

Proof of (4.8.18). Defines := (1+Kb,)s. Define A := {a; < (1-Kb,)5} for some K € [0, K3]

and note the following lower bound
Eairy[ | | Z(a0)] 2 Baiy[ | | H@)1(AD)]. (4.8.20)
k=1 k=1

We show a lower bound to the right hand side of the above display. We set kg := L%E%”b’} By

the inequality ‘% (a;) < exp(-K I%Eb,) which follows on the event A, we observe that

ko ko 1
n Ti(ap)1ac) = exp ( - Z jg(ak))lN_) > exp ( - %ﬁ*zbfe—’“btﬁ ) (4.8.21)
k=1 k=1

We now focus on bounding [, Z5(ax) from below on the event A=), By the result of [116,
Proposition 4.5], for any €, 6 € (0, 1) the probability space corresponding to the Airy point process

can be augmented so that there exists a random variable CA' satisfying

1+ —CM <ap <(1-€+CN forallk>1 and P(CHM>s)<e™

for all s > so where so = so(€, 0) is a constant. Here, Ay is the k-th zero of the Airy function (see
3+8¢€/3

[116, Proposition 4.6]) and we fix some § € (0, €). Define ¢(s) := s2(1-9* and observe that

[15@0 > [ 5@1CY <6 = exp (- Y F((1 -k +6()).  “822)

k>k() k>k() k>k()

Using tail probability of CA1, we have P(CA1 < ¢(5)) > 1 —exp (- S%+%€). We now claim that for

k > kg

fs((l —e)/lk+¢(5)) < o (55-(1-) 37k /2)340(5)) < o (5-(1=e) (k=ko)?) (4.8.23)
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To see this note that for all k > kg,

1
’%

3k ) -0 2 (1- 0 Ftk— ko))

2

3
)2 and, (1- e)(372Tk

Ag < —(

The first and second inequalities are consequences of [116, Proposition 4.6] and [116, Lemma 5.6]
respectively. Summing both sides of (4.8.23) over k > k¢ in (4.8.23), approximating the sum by

the corresponding integral, and evaluating shows

DT FH(1 - Ak + () < Ct73 exp(=5t7) (4.8.24)

k>ko

for some constant C > 0. Now, we substitute (4.8.24) into the r.h.s. of (4.8.22) to write

1—[ F(ap)1(CH < ¢(5)) > exp (_cf% exp(_gt%)) .
k>ko

Applying (4.8.21) in combination with the above inequality shows

_o_1 _1 .
Lh.s. of (4.8.20) > exp ( — 25K _ C o )P({Cé‘ < ()} NAD). (4825

3

~

First we note that
1

. _ 1 _
2 §+2b,e—Kb,sza _ Ct—%e—sﬁ

exp(—ﬁs ):1+0(1)

as t — oo. Using the tail bound of C2' < ¢(5), we may now write

P({CH < ¢(5)} NAD)) > 1 —P(C > ¢(5)) - P(-A))

e (L+o(D) _

—e
167s2

' (4.8.26)
>1-e 38°

for all large t. The second inequality above also uses

P(-A)) =P(a; > (1 - Kb,)s) < (1+ 0(1))ﬁ exp(—gs%)
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which holds when 1 is sufficiently large (see [75, Theorem 1]). Substituting (4.8.26) into the right
hand side of (4.8.25) yields (4.8.18). [

Proof of (4.8.19). Now we show an upper bound on ]E[ [15, Ig(ak)], where recall that s = (1 +
Kb,)s. Define A®) := {a; < (1+Kb,)5} for some K € [0, K3]. We split E[ [15~, &(ax)] into

two different parts shown as follows
E[ I Ig(ak)] < E[ [ Ig(ak)l(A(”)] + P(-AM) . exp(=Kb,513). (4.8.27)
k=1 k=1
Let us denote y2i(s) :=#{a; > s}. Fix € € (0, 1), ¢ € (0, %T) and define
B:= {XAi(—EE) - ]E[XAi(—EE)] > —c(eE)%}.
We split the first term on the r.h.s. of (4.8.27) as follows
E[ [1 Ig(ak)l(A(”)] < E[ [15@o1BA A(+))] + E[l((—‘B) AAEY].
k=1 k=1

We now bound each term on the right hand side of the above display. Note that
= 2 -3 (1453
[15@o1B) < exp(— (E—c)(es)w )
k=1

holds on the event B. As a consequence, we get

B| !j H@)1(BnA®)| <exp (- (& - c)(e§)%e““eﬁl;) - P(A™). (4.8.28)

We may bound the r.h.s. of (4.8.28) by (1 — exp(=¢5:'/3))P(A™) for some ¢ > 0 as ¢ gets large.

On the other hand, we note that there exists #5 > 0 such that P(=B) < e forall t > ts.
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Substituting these bounds into the r.h.s. of (4.8.27) shows
= s -Kb,5t'3 —c({5)3°
1-E| n]-g(ak)] > P(=AM) + P(AD) (e7¢57 — ¢7Kb5y _ gme(d9)™7 (4.8.29)
k=1

Thanks to [75, Theorem 1] we know

[SI[9%}

1
+) _4
P(-A"™) > (1+0(1)) o3 P (—3s

).
Recall that K (loglog1)?/? < s < K,(loglogf)*/3. In this range we have
exp(—¢5t173) + exp(—K b5t 3) + exp(—c(€5)>7°) = 0(1) - exp(—4s>/?/3).
Thus as ¢ grows large, the r.h.s. of (4.8.29) is lower bounded by
(1+0(1)(1675%?)~ exp(-4s3/2/3).
This completes the proof of (4.8.19) and hence also of Proposition 4.8.7. [
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Chapter 5: Localization of the continuum directed random polymer

5.1 Introduction

The continuum directed random polymer (CDRP) is a continuum version of the discrete di-
rected polymer measures modeled by a path interacting with a space-time white noise that first
appeared in [4]. It arises as a scaling limit of the 1+1 dimensional directed polymers in the “in-
termediate disorder regime” and can be defined through the Kardar-Parisi-Zhang (KPZ) equation
with narrow wedge initial data (see Section 6.1.2). A folklore favorite region conjecture on di-
rected polymers states that under strong disorder, the midpoint (or any other point) distribution of
a point-to-point directed polymer is asymptotically localized in a region of stochastically bounded
diameter ( [88], [44], Section 5.1.1).

In light of this conjecture, we initiate such study of the CDRP’s long-time localization be-
haviors. Our main result, stated in Section 6.1.2, asserts that any point at a fixed proportional
location on the point-to-point CDRP relative to its length converges to an explicit density function
when centered around its almost surely unique random mode. A similar result for the endpoint
of point-to-line CDRP is also obtained, confirming the favorite region conjecture for the CDRP.
In this process, through the connections between the CDRP and the KPZ equation with narrow
wedge initial data, we have shown properties such as ergodicity and Bessel behaviors around the
maximum for the latter. These and other results are summarized in Section 5.1.2 and explained in
fuller detail in Section 6.1.2.

As an effort to understand the broader localization phenomena, our main theorems (Theorems
5.1.4, 5.1.5) confirm the favorite region conjecture for the first non-stationary integrable model
and are the first to obtain pointwise localization along the entire path (Theorem 5.1.4). The first

rigorous localization result for directed polymers in random environment appeared in [84] and
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proved the existence of “favorite sites" in the Gaussian environment, which was later extended
to general environments in [102]. This notion of localization is known as the strong localization
and is weaker than the favorite region conjecture (See Section 5.1.1 for discussions on different
notions of localizations). The only other case where the favorite region conjecture is proved, is
the mid and endpoint localizations of the point-to-point and point-to-line one-dimensional station-
ary log-gamma polymers in [101]. The proofs of the results and the specificity of the locales
(mid/endpoints) in [101] relied on the stationary boundary condition of the model, which reduced
the endpoint distribution to exponents of simple random walks [294]. For CDRP, the absence of
a similar stationarity necessitates a new approach towards the favorite region conjecture, which
extends to every point on the polymer’s path. Conversely, as we do not rely on integrability other
than the Gibbs property, our proof for the CDRP has the potential to generalize to other integrable
models. Other works that have considered localization along the whole path include the pathwise
localization of the parabolic Anderson polymer model in [100] and that of the discrete polymer in
Gaussian environments [43] [40]. Lastly, accompanying our localization results, we establish the
convergence of the scaled favorite points to the almost sure unique maximizer of the Airy, process
minus a parabola and the geodesics of the directed landscape respectively (Theorem 5.1.8).
Finally, from the perspective of the KPZ universality class, our paper is an innovative applica-
tion of several fundamental new techniques and results that have recently emerged in the commu-
nity. These include the Brownian Gibbs resampling property [CH16], the weak convergence from
the KPZ line ensemble to the Airy line ensemble [280], the tail estimates of the KPZ equation with
narrow wedge initial data [115, 116, 117] as well as probabilistic properties of the Airy line ensem-
ble from [140]. In particular, although the Gibbs property has been utilized before in works such as
[140, 81, 117, 119], we overcome a unique challenge of quantifying the Gibbs property precisely
on a symmetric random interval around the joint local maximizer of two independent copies of the
KPZ equation with narrow wedge initial data. This issue is resolved after we prescribe the joint
law of the KPZ equations around the desired interval. A more detailed description of our main

technical innovations is available in Section 5.1.4.
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Presently, we begin with the background of our model and related key concepts.

5.1.1 Introducing the CDRP through discrete directed lattice polymers

Directed polymers in random environments were first introduced in statistical physics literature
by Huse and Henley [202] to study the phase boundary of the Ising model with random impuri-
ties. Later, it was mathematically reformulated as a random walk in a random environment by
Imbrie and Spencer [206] and Bolthausen [61]. Since then immense progress has been made in
understanding this model (see [99] for a general introduction and [181, 44] for partial surveys).

In the (d + 1)- dimensional discrete polymer case, the random environment is specified by
a collection of zero-mean i.i.d. random variables {w = w(i, j) | (i,j) € Z, x Z%}. Given the
environment, the energy of the n-step nearest neighbour random walk (S;)", starting and ending
at the origin (one can take the endpoint to be any suitable x € R as well) is given by HY(S) :=

:.’z , w(i, S;). The point-to-point polymer measure on the set of all such paths is then defined as

. 1 w
PY(S) = Z—wBeBH" Sp(s), (5.1.1)

where P(S) is the uniform measure on set of all n-step nearest neighbour paths starting and ending

at origin, (8 is the inverse temperature, and Z;f,ﬁ is the partition function. Meanwhile, one can
also consider the point-to-line polymer measures where the endpoint is ‘free’ and the reference
measure P is given by n-step simple symmetric random walks. In the polymer measure, there is a
competition between the entropy of paths and the disorder strength of the environment. Under this

competition, two distinct regimes appear depending on the inverse temperature 5 [103]:

* Weak Disorder: When g is small or equivalently in high temperature regime, intuitively the
disorder strength diminishes. The walk is dominated by the entropy and exhibits diffusive

behaviors. This type of entropy domination is termed as weak disorder.

 Strong Disorder: If 8 is large and positive or equivalently the temperature is low but remains

positive, the polymer measure concentrates on singular paths with high energies and the
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diffusive behavior is no longer guaranteed. This type of disorder strength domination is

known as the strong disorder.

The precise definitions of weak and strong disorder regimes are available in [103]. Furthermore,
there exists a critical inverse temperature 3.(d) that depends on the dimension d such that weak
disorder holds for 0 < 8 < (. and strong disorder for 8 > B.. Whend =1ord =2, 8. =0, i.e.
all positive g fall into the strong disorder regime.

The rest of the article focuses on d = 1. While for 8 = 0, the path fluctuations are of the
order 4/n via Brownian considerations, the situation is much more complex in the strong disorder

regime. The following two phenomena are conjectured:

* Superdiffusivity: Under strong disorder, the polymer measure is believed to be in the KPZ
universality class and paths have typical fluctuations of the order n>/3. This widely conjec-
tured phenomenon is physics literature is known as superdiffusion (see [202], [203], [218],
[235]) and has been rigorously proven in specific situations (see [245],[274], [212],[84],

[253]). But much remains unknown especially for d > 2.

* Localization and the favorite region conjecture: The polymer exhibits certain localization
phenomena under strong disorder. The favorite region conjecture speculates that any point
on the path of a point-to-point directed polymer is asymptotically localized in a region of

stochastically bounded diameter (see [88], [42] for partial survey.)

We remark that there exist many different notions of localizations. In addition to the favorite
region one discussed above and the strong localization in [84] mentioned earlier, the atomic local-
ization [313] and the geometric localization [44] were studied in [44] for simple random walks and
later extended to general reference walks in [42]. Both of [44] and [42] provided sufficient criteria
for the existence of the ‘favorite region’ of order one for the endpoint in arbitrary dimension. Yet
in spite of the sufficiency, it is unknown how to check them for standard directed polymers. We

refer the readers to Bates’ thesis [41] for a more detailed survey on this topic.
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Meanwhile, even though the critical inverse temperature 3.(1) = 0 for d = 1, one might scale
the inverse temperature with the length of the polymer critically to capture the transition between
weak and strong disorder. In this spirit, the seminal work of [5] considered an intermediate dis-
ordered regime where 8 = 8, = n~'/* and n is the length of the polymer. [5] showed that the
partition function Z,‘:ﬁn has a universal scaling limit given by the solution of the Stochastic Heat
Equation (SHE) for w with finite exponential moments. Furthermore, under the diffusive scaling,
the polymer path itself converges to a universal object called the Continuous Directed Random
Polymer (denoted as CDRP hereafter) which appeared first in [4] and depended on a continuum
external environment given by the space-time white noise.

More precisely, given a white noise & on [0,7] x R, CDRP is a path measure on the space of
C(]0,1]) (continuous functions on [0, ¢]) for each realization of ¢£. Conditioned on the environ-
ment, the CDRP is a continuous Markov process with the same quadratic variation as the Brownian
motion but is singular w.r.t. the Brownian motion ([5]). Due to this singularity w.r.t. the Wiener
measure, expressing the CDRP path measure in a Gibbsian form similar to (5.1.1) is challenging.
Instead, one can construct a consistent family of finite dimensional distributions using the partition
functions which uniquely specify the path measure (see [4] or Section 6.1.2).

As the CDRP sits between weak and strong disorder regimes, it exhibits weak disorder type
behaviors in the short-time regime (¢ | 0) and strong ones in the long-time regime (¢ T o0). Indeed,
the log partition function of CDRP is Gaussian in the short time limit (see [6]), which provides
evidence for weak disorder. Upon varying the endpoint of the CDRP measure, the log partition
function becomes a random function of the endpoint and converges to the parabolic Airy, process
under the 1 : 2 : 3 KPZ scaling (see [280, 315]) with the characteristic 2/3 exponent. This alludes
to the superdiffusivity in the strong disorder regime. That said, the theory of universality class

alone does not shed insight on the possible localization phenomena of the CDRP measures.
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5.1.2  Summary of Results

The purpose of the present article is to study the localization phenomena for the long-time
CDRP measure. The following summarizes our results, which we elaborate on individually in
Section 6.1.2. Our first two results affirm the favorite region conjecture which so far has only been

proven for the mid and endpoints of the log-gamma polymer model in [101].

 For a point-to-point CDRP of length ¢, the quenched density of its pz-point with fixed
p € (0,1) when centered around its almost sure unique mode (which is the maximizer
of the probability density function) M, ;, converges weakly to a density proportional to
e () Here, R, is a two-sided 3D-Bessel process with diffusion coefficient 2 defined in

(5.5.2)(Theorem 5.1.4).

* For a point-to-line CDRP of length ¢, the quenched density of its endpoint when centered
around its almost sure unique mode M. ; converges weakly to a density proportional to

e R R, is a two-sided 3D-Bessel process with diffusion coefficient 1 (Theorem 5.1.5).

* The random mode M., ; of length-r point-to-line CDRP’s endpoint upon 271/372/3

scaling
converges in law to the unique maximum of the Airy, process minus a parabola; the random
mode M, ; of the pt point of point-to-point CDRP of length 7 upon 1*/3 scaling converges

to I'(pV2), the Directed landscape’s geodesic from (0, 0) to (0, pV2) (Theorem 5.1.8).

Next, the well-known KPZ equation with narrow wedge initial data forms the log-partition

function of the CDRP. Our main results below shed light on some of its local information:

» Ergodicity: The spatial increment of the KPZ equation with narrow wedge initial data as

t — oo converges weakly to a standard two-sided Brownian motion (Theorem 5.1.11).

* The sum of two independent copies of the KPZ equation with narrow wedge initial data when
re-centered around its maximum converges to a two-sided 3D-Bessel process with diffusion

coefficient 2 (Theorem 5.1.10).
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These results provide a comprehensive characterization of the localization picture for the CDRP

model. We present the formal statements of the results in the next subsection.

5.1.3 The model and the main results

In order to define the CDRP model we use the stochastic heat equation (SHE) with multiplica-
tive noise as our building blocks. Namely, we consider a four-parameter random field Z (x, s; y, t)

defined on
R‘Tl ={(x,s;y,0) e R* 1 5 < 1}.

For each (x,s) € R X R, the field (y,t) — Z(x,s;y,1) is the solution of the SHE starting from

location x at time s, i.e., the unique solution of
atz = %&cxz + Z * é:’ (y’ t) € R X (S’ OO)’

with Dirac delta initial data lim,|; Z(x,s;y,f) = 6(x —y). Here & = £(x,1) is the space-time
white noise. The SHE itself enjoys a well-developed solution theory based on It6 integral and
chaos expansion [48, 316] also [113, 278]. Via the Feynmann-Kac formula ([203, 99]) the four-

parameter random field can be written in terms of chaos expansion as
k+1

Zxsiy =), / / N pGe=yerse=seneGesodids, 512
k=0 ¥ ks SR o

with Aggr i= {(s0)b_, s < 51 < -+ < sk <1}, 50 = 5,90 = X, 8,a1 = 1, and yryp = .
Here p(x,1) := (2nt)""/? exp(—x?/(21)) denotes the standard heat kernel. The field Z satisfies
several other properties including the Chapman-Kolmogorov equations [4, Theorem 3.1]. For all

0<s<r<tandx,y € R we have
Z(x,s3y,1) = /Z(x,S;z, rNZ(z,r;y,t)dz. (5.1.3)
R
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For all (x, 5;y,7) € R?, we also set

Z(x,s;%,1) ::/Z(x,s;y,t)dy. (5.1.4)

R

Definition 5.1.1 (Point-to-point CDRP). Conditioned on the white noise &, let P¢ be a measure

C([s, t]) whose finite dimensional distribution is given by

k
1
Pg(X(fl) €dxy,...,X(t) € dxy) = m QZ(X_/,U,;xj+1,fj+1)dxl c.dxg. (5.1.5)

fors=1t) <t <--- <ty <ty =t, withxg =x and xz41 = y.

The measure P¢ also depends on x and y but we suppress it from our notations. We will also use
the notation CDRP(x, s; y, ) and write X ~ CDRP(x, s; y,t) when X(-) is a random continuous
function on [s,#] with X(s) = x and X(¢) = y and its finite dimensional distributions given by

(5.1.5) conditioned on &.

Definition 5.1.2 (Point-to-line CDRP). Conditioned on the white noise &, we also let Pf be a

measure C([s,?]) whose finite dimensional distributions are given by

P (X(11) € dxi,...,X(ty) € dxy) =

k

1

————| [ ZGo s xjun, 1) dxr o dxy. (5.1.6)
Z(x,s,*,t)g

fors =19 <t; <--- <ty <ty =t, withxg =x and xp4 = *.

Remark 5.1.3. Note that the Chapman-Kolmogorov equations (5.1.3) and (5.1.4) ensure that the
finite dimensional distributions in (5.1.5) and (5.1.6) are consistent, and that P¢ and Pf are prob-
ability measures. The measure Pi also depends on x but we again suppress it from our notations.

We similarly use CDRP(x, y; *, r) to refer to Pf

Theorem 5.1.4 (Pointwise localization for point-to-point CDRP). Fix any p € (0,1). Let X ~
CDRP(0,0;0,1) and let f,(-) denotes the density of X(pt) which depends on the white noise €.

Then, for all t > 0 the random density f,, has almost surely a unique mode My ;. Furthermore,
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as t — oo, we have the following convergence in law

d e—‘Rz(X)
fp,l(x + Mp,l) i I"Z(X) = m, (517)
R

in the uniform-on-compact topology. Here R, (-) is a two-sided 3D-Bessel process with diffusion

coefficient 2 defined in Definition 5.5.2.

Theorem 5.1.5 (Endpoint localization for point-to-line CDRP). Let X ~ CDRP(0, 0; =, t) and let
f:(+) denotes the density of X (t) which depends on the white noise &. Then for t > 0, the random
density f; has almost surely a unique mode M., ;. Furthermore, ast — oo, we have the following

convergence in law

d e_Rl(x)
f*,t(x + M*,t) —r (X) = W’ (5.1.8)
R

in the uniform-on-compact topology. Here R (-) is a two-sided 3D-Bessel process with diffusion

coefficient 1 defined in Definition 5.5.2.

Remark 5.1.6. In Proposition 5.7.1 we show that for a two-sided 3D-Bessel process R, with
diffusion coefficient o > 0, /Re_R”(y)dy is finite almost surely. Thus r;(-) and r(-) defined
in (5.1.8) and (5.1.7) respectively are valid random densities. Theorems 5.1.4 and 5.1.5 derive
explicit limiting probability densities for the quenched distributions of the endpoints of the point-
to-line polymers and the pt-point of point-to-point polymers when centered around their respective
modes, providing a complete description of the localization phenomena in the CDRP model. More
concretely, it shows that the corresponding points are concentrated in a microscopic region of order
one around their “favorite points" (see Corollary 5.7.3).

We next study the random modes M. ; and M,, ;. The “favorite point" M, ; is of the order 1213

and converges in distribution upon scaling. The limit is given in terms of the directed landscape
constructed in [138, 251] which arises as an universal full scaling limit of several zero temperature

models [141]. Below we briefly introduce this limiting model in order to state our next result.
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The directed landscape £ is a random continuous function R‘T‘ — R that satisfies the metric

composition law
L(x,s;y,¢t) = mez]lé( [L(x,s;2,r)+ L(z,759,0)], (5.1.9)
Z

with the property that L (-, ;- t; + s?) are independent for any set of disjoint intervals (z;,f; + sl.3),
and as a function in x,y, L(x,;y,1 + 5°) 4. S(x/s?,y/s?), where S(-,-) is a parabolic Airy
Sheet. We omit definitions of the parabolic Airy Sheet (see Definition 1.2 in [138]) except that
S(0,-) 4 A(-) where A is the parabolic Airy, process and A(x) + x* is the (stationary) Airy,

process constructed in [275]

Definition 5.1.7 (Geodesics of the directed landscape). For (x, s;y,7) € R?, a geodesic from (x, s)
to (y,t) of the directed landscape is a random continuous function I' : [s,7] — R such that

['(s) =xand I'(r) = y and for any s < r| < rp < r3 <t we have
L(T(r1),r1;0(r3),r3) = LT (r1), r1;T(r2), r2) + L(T(r2), 12, T(r3),13).

Thus geodesics precisely contain the points where the equality holds in (5.1.9). Given any (x, s; y,1) €

R‘T‘, by Theorem 12.1 in [138], it is known that almost surely there is a unique geodesic I" from

(x,s) to (y,1).
We are now ready to state our favorite point scaling result.

Theorem 5.1.8 (Favorite Point Limit). Fix any p € (0, 1). Consider M,, ; and M..; defined almost

surely in Theorems 5.1.4 and 5.1.5 respectively. As t — oo we have
d d
7BBM, S M, M, S T(pV2)

where M is the almost sure unique maximizer of the Airy, process minus a parabola, and I" :

[0, V2] — R is the almost sure unique geodesic of the directed landscape from (0,0) to (0, V?2).
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Remark 5.1.9. Theorem 5.1.8 shows that the random mode fluctuates in the order of 2/3. This
corroborates the fact that CDRP undergoes superdiffusion as ¢t — oco. We remark that the M.,
convergence was anticipated in [256] modulo a conjecture about convergence of scaled KPZ equa-

tion to the parabolic Airy, process. This conjecture was later proved in [315, 280].

The proof of Theorem 5.1.4 relies on establishing fine properties of the partition function
Z(x,t) = Z(0,0;x,1), or more precisely, properties of the log-partition function log Z (x,t).
For delta initial data, Z(x,7) > 0O for all (x,7) € R X (0, co) almost surely [168]. Thus the loga-
rithm of the partition function H (x,t) := log Z(x,t) is well-defined. It formally solves the KPZ

equation:
OH = L0 H + 5(0H)? +¢, H=H(x,1), (x,1)€RX[0,00). (5.1.10)

The KPZ equation was introduced in [218] to study the random growing interfaces and since then
it has been extensively studied in both the mathematics and the physics communities. We refer to
[166, 278, 113, 281, 87, 124] for partial surveys.

As a stochastic PDE, (5.1.10) is ill-posed due to the presence of the nonlinear term %(HXV-{ )2.
The above notion of solutions from the logarithm of the solution of SHE is referred to as the
Cole-Hopf solution. The corresponding initial data is called the narrow wedge initial data for the
KPZ equation. Other notions of solutions, such as regularity structures [192, 191], paracontrolled
distributions [186, 188], and energy solutions [184, 187], have been shown to coincide with the

Cole-Hopf solution within the class of initial datas the theory applies.

To prove Theorem 5.1.4, one needs to understand how multiple copies of the KPZ equation
behave around the maximum of their sum. We present below our first main result that studies
the limiting behavior of sum of two independent copies of KPZ equation re-centered around the
maximizer of the sum, which we often refer to as the joint maximizer in the subsequent text as

t — oo,

Theorem 5.1.10 (Bessel behavior around the maximizer). Fix k = 1 or k = 2. Consider k in-
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dependent copies of the KPZ equation {H;(x, t)}l‘.":1 started from the narrow wedge initial data.
For each t > 0, almost surely, the process x +— Zf‘zl H;(x,t) has a unique maximizer, say Py ;.

Furthermore, as t — oo, we have the following convergence in law

k
Ri(,1) 1= 3 [Hi(Pesnt) = Hilx + Pisn1)] = Re(x) (5.1.11)
i=1

in the uniform-on-compact topology. Here Ry (x) is a two-sided Bessel process with diffusion

coefficient k.

The next result captures the behaviors of the increments of H (-, r) and complements Theorem

5.1.10. It’s a by-product of our analysis and doesn’t appear in the proof of Theorem 5.1.4.

Theorem 5.1.11 (Ergodicity of the KPZ equation). Consider the KPZ equation H (x,t) started

from the narrow wedge initial data. As t — oo, we have the following convergence in law
d
H(x,t) —H(,t) > B(x)

in the uniform-on-compact topology. Here B(x) is a two-sided standard Brownian motion.

Remark 5.1.12. For a Brownian motion on a compact interval, the law of the process when re-
centered around its maximum is absolutely continuous w.r.t. Bessel process. In light of Theorem
5.1.11, one expects the Bessel process as a limit in Theorem 5.1.10. The diffusion coefficient is k

because there are k independent copies of the KPZ equation.

Remark 5.1.13. We prove (5.1.11) for k = 1 and k = 2 only, where k = 1 case relates to Theorem
5.1.5 and the k£ = 2 case relates to Theorem 5.1.4. Our proof strategy for Theorem 5.1.10 can be
adapted for general k > 3 and Remark 5.4.13 explains the missing pieces for the proof of (5.1.11)
for general k. While Theorem 5.1.10 for general k is an interesting result, due to brevity and the

lack of applications to our localization problem, we restrict to only k = 1, 2.

A useful property in establishing the ergodicity of a given Markov process is the strong Feller

property. For instance, [193] studied the strong Feller property for singular SPDEs to establish
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ergodicity for a multicomponent KPZ equation. However, [193] techniques and results are limited
to only periodic boundary conditions, i.e. on torus domain, and are thus inaccessible for the KPZ
equation with narrow-wedge initial data.

In addition to the strong Feller property, we can also probe the KPZ equation’s ergodicity
through the lens of the KPZ universality class. Often viewed as the fundamental positive tem-
perature model of the latter, the KPZ equation shares the same 1 : 2 : 3 scaling exponents and
universal long-time behaviors expected or proven for other members of the class. A widely-held
belief about the KPZ universality class is that under the 1 : 2 : 3 scaling and in the large scale
limit, all models in the class converge to an universal scaling limit, the KPZ fixed point [138, 251].
This very conjecture has been recently proved for the KPZ equation in [280, 315]. Here we recall
a special case of the statement in [280] useful to us later. Consider the 1 : 2 : 3 scaling of the KPZ

equation (the scaled KPZ equation)
b, (x) == 3 (7{(;2/%, 1) + ;—4) .

Then 2!/3h,(2!/3x) converges to the parabolic Airy, process as  — co. Note that the parabolic
Airy, process is the marginal of the parabolic Airy Sheet, which is a canonical object in the con-
struction of the KPZ fixed point and the related directed landscape (see [138, 280]).

On the KPZ fixed point level, ergodicity and behaviors around the maximum are better under-
stood. Under the zero temperature setting, numerous results and techniques address the ergodicity
question for the KPZ fixed point. For instance, due to the 1 : 2 : 3 scaling invariance, ergodicity of
the fixed point is equivalent to the local Brownian behavior ([251, Theorem 4.14 and 4.15]) or can
be deduced in [273] using coupling techniques applicable only in zero temperature settings.

Meanwhile, [139] showed that local Brownianity and local Bessel behaviors around the maxi-
mizer hold for any process which is absolutely continuous w.r.t. Brownian motions on every com-

pact set. The scaled KPZ equation possesses such property [CH16] and its ergodicity question can
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be transformed into local Brownian behaviors of the scaled KPZ equation. Note that we have
H(x,0) = H(O0,1) = (5,72 x) = B,(0)).

However, the law of ), changes with respect to time and the diffusive scaling precisely depends
on ¢t. Therefore it is unclear how to extend the soft techniques in [139, Lemma 4.3] for the KPZ
equation to address the limiting local Brownian behaviors in above setting.

Another recent line of inquiries regarding the behavior around the maxima is the investigation
of the fractal nature of exceptional times for the KPZ fixed point with multiple maximizers [119,
136]. In [119], the authors computed the Hausdorff dimension of the set of times for the KPZ fixed
point with at least two maximizers and was extended to the case of exactly kK maximizers in [136].
The latter work relied on a striking property of the KPZ fixed point where it becomes stationary
in ¢ after recentering at the maximum with Bessel initial conditions. This property considerably
simplified their analysis. Other initial data were then accessed through a transfer principle from

[288]. Unfortunately, analogous properties for the KPZ equation are not available.

5.1.4 Proof Ideas

In this section we sketch the key ideas behind the proofs of our main results. For brevity, we
present a heuristic argument for the proofs of Theorem 5.1.4 and the related Theorem 5.1.10 with
the k = 2 case only. The proofs for the point-to-line case (Theorem 5.1.5) and the related k = 1
case of Theorem 5.1.10 and ergodicity (Theorem 5.1.11) follow from similar ideas. Meanwhile,
the methods related to the uniqueness and convergence of random modes (Theorem 5.1.8) are of a
different flavor. We present them directly in Section 5.3 as the arguments are more straightforward.
Recall from Theorem 5.1.4 that f}, ; denotes the quenched density of X (pt) for X ~ CDRP(0, 0;0, 7).

To simplify our discussion below, we let p = % and replace ¢ by 2¢. (5.1.5) gives us

Z(0,0;x,1)Z(x,1;0,2t)

f%,Zz(x) - Z(0,0;0,2¢)
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Recall the chaos expansion for Z(x, s;y,?) from (5.1.2). Note that Z (0, 0;x,¢) and Z(x,t;0, 2¢)
are independent for using different sections of the noise &. A change of variable and symmetry
yields that Z(x,¢;0,2t) is same in distribution as Z(0,0; x, ) as a process in x. Thus as a pro-
cess in x, Z(0,0;x,1)Z(x,t;0,2t) 4 H@D+H(0) yere Hy(x,t) and H,(x,1) are independent
copies of the KPZ equation with narrow wedge initial data. This puts Theorem 5.1.4 in the frame-
work of Theorem 5.1.10. Viewing the density around its unique random mode M 1o (that is the

maximizer), we may thus write f1,.(x + M, ,,) as
2° 2

e_RZ(x’l)

/ g—R2(yJ)dy ’
R

where R, (x, t) is defined in (5.1.11). For simplicity, let us use the notation £ = M Lo

The rest of the argument hinges on the following two results:

(i) Bessel convergence: R(x,t) converges weakly to 3D-Bessel process with diffusion coeffi-

cient 2 in the uniform-on-compact topology (Theorem 5.1.10).

(11) Controlling the tails: f[_ K.K|e e R0 gy can be made arbitrarily small for all large 7 by

taking large K (Proposition 5.7.2).

Theorem 5.1.4 then follows from the above two items by standard analysis. We now explain
the ideas behind items (i) and (ii) and our principal tool is the Gibbsian line ensemble, which is an
object of integrable origin often used in probabilistic settings. More precisely, we use the KPZ line
ensemble (recalled in Proposition 6.5.1), i.e. a set of random continuous functions whose lowest
indexed curve is same in distribution as the narrow wedge solution of the KPZ equation. The law
of the lowest indexed curve enjoys a Gibbs property called the H-Brownian Gibbs property. This
property states that the law of the lowest indexed curve conditioned on an interval depends only
on the curve indexed one below and the starting and ending points. Furthermore, this conditional
law is absolutely continuous w.r.t. a Brownian bridge of the same starting and ending points with

an explicit expression of the Radon-Nikodym derivative.
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We now recast (i) in the language of Gibbsian line ensemble. Note that Ry(x,?) is a sum of
two independent KPZ equations viewed from the maximum of the sume ((5.1.11)). Accessing
its distribution requires a precise description of the conditional joint law of the top curves of two
independent copies of the KPZ line ensemble on random intervals around the joint maximizer.

Thus (i) reduces to the following results, which we elaborate on individually:

(a) Two Brownian bridges when viewed around the maximum of their sum can be given by
two pairs of non-intersecting Brownian bridges to either side of the maximum (Proposition

5.4.10).

(b) For a suitable K(z) T oo, the Radon-Nikodym derivatives associated with the KPZ line en-
sembles (see (5.2.3) for the precise expression of Radon-Nikodym derivative) on the random

interval [P — K(1), P + K(t)] containing the maximizer goes to 1.

Combining the above two ideas, we can conclude the joint law of

(D1(x,1), Da(x, 1)) := (Hi (P, 1) = HI(P +x,1), Ho(P + x,t) — Ho(P, 1)) (5.1.12)

onx € [-K(t),K(t)] is close to two-sided pair of non-intersecting Brownian bridges with the
same starting point and appropriate endpoints. Upon taking ¢ — oo, one obtains a two-sided
Dyson Brownian motion (D, ;) defined in Definition 5.5.1 as a distributional limit. Proposition
5.6.1 is the precise rendering of this fact. Finally a 3D-Bessel process emerges as the difference of
two parts of the Dyson Brownian motion: D;(-) — D;(+) (see Lemma 5.5.3).

Before expanding upon items (a) and (b), let us explain the reasons behind our approach. Since
our desired random interval includes the maximizer of two independenet copies or the joint max-
imizer, it is not a stopping domain and is inaccessible by classical properties such as the strong
Gibbs property for KPZ line ensemble. Note that a similar context of the KPZ fixed point appeared
in [119], where the authors used Gibbs property on random intervals defined to the right of the
maximizer in their proof. However, [119] relied on a path decomposition of Markov processes at

certain spatial times from [254], which states that conditioned on the maximizer, the process to the
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right of the maximizer is Markovian. However in our case, the intervals around the maximum is
two-sided. Thus the abstract setup of [254] is not suited for our case. Thus, the precise description
of the law given in item (a) is indispensable to our argument.

Next, one needs an exact comparison of the Brownian law and KPZ law to transition between
the two. Traditional tools such as stochastic monotonicity for the KPZ line ensembles help obtain
one-sided bounds for monotone events. Especially for tail estimates of the KPZ equation, it reduces
the problem to the setting of Brownian bridges, which can be treated classically. However, this
approach only produces a one-sided bound, which is insufficient for the precise convergence we

need. Hence we treat the Radon-Nikodym derivative directly to exactly compare the two laws.

A

RO

Figure 5.1: First idea for the proof: The first two figures depict two independent Brownian bridges
‘blue’ and ‘black’ on [0, 1] starting and ending at zero. We flip the blue one and shift it appro-
priately so that when it is superimposed with the black one, the blue curve always stays above the
black one and touches the black curve at exactly one point. The superimposed figure is shown in
third figure. The red point denotes the ‘touching’ point or equivalently the joint maximizer. Con-
ditioned on the max data, the trajectories on the left and right of the red points are given by two
pairs of non-intersecting Brownian bridges with appropriate end points.

To describe the result in item (a), consider two independent Brownian bridges B; and B, on
[0, 1] both starting and ending at zero. See Figure 5.1. Let M =: argmax(B;(x) + Ba(x)). We
study the conditional law of (Bj, B») given the max data: (M, B(M), Bo(M)). The key fact from

Proposition 5.4.10 is that conditioned on the max data

(Bi(M) = B1(M - x), Bo(M — x) = Bo(M))sejor),  (B1(M) — Bi(x), B2(x) — Bo(M))xe[m.1]

are independent and each is a non-intersecting Brownian bridge with appropriate end points (see
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Definition 5.4.4). The proof proceeds to show such a decomposition at the level of discrete random
walks before taking diffusive limits to get the same for Brownian motions and finally for Brownian

bridges. The details are presented in Section 5.4.

My— K M M+ K

Figure 5.2: Second idea for the proof: For all “good" boundary data and max data, with high
probability, there is an uniform separation of order r'/3 between the first two curves on the random
interval [M; — K, M; + K].

To illustrate the idea behind item (b), let us consider an easier yet pertinent scenario. Let
HWD (x,1) and H? (x, 1)) be the first two curves of the KPZ line ensemble. Let M, = argmax H " (x, 7).

We consider the interval I, := [M; — K, M; + K. See Figure 5.2. We show that
1. The maximum is not too high: HV (M;,1) - HD(M, £ K, 1) = O(1),
2. The gap at the end points is sufficiently large: H'D (M, + K, 1) = HP (M, £ K, 1) = O(t'/3).
3. The fluctuations of the second curve on I; are O(1).

Under the above favorable class of boundary data: HW (M, + K, 1), H® (-, 1) and the max data:
(M;, HV (M,, 1)), we show that the conditional fluctuations of the first curve are O(1). This forces
a uniform separation between the first two curves throughout the random interval I;. Consequently

the Radon-Nikodym derivative in (5.2.3) converges to 1 as t — oo.
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We rely on tail estimates for the KPZ equation as well as some properties of the Airy line
ensemble which are the distributional limits of the scaled KPZ line ensemble defined in (5.2.6)
to conclude such a statement rigorously. Section 5.2 contains a review of the necessary tools.
Note that the rigorous argument for the Radon-Nikodym derivative in the proof of Theorem 5.1.4
(Proposition 5.6.1) is more involved. Indeed, one needs to consider another copy of line ensemble
and argue that similar uniform separation holds for both when viewed around the joint maximum
P. We also take K = K () T oo and the separation length is consequently different.

We have argued so far that (D (x,?), D>(x,t)) defined in (5.1.12) jointly converges to a two-
sided Dyson Brownian motion. This convergence holds in the uniform-on-compact topology.

However, this does not address the question about behavior of the tail integral in (ii)

/ ¢D200-D1(0) gy
[-KK]¢

Parabolic Regime

Dyson Regime

Transition Regime

I
1
I
I
I
I
I
I |
I |
I |
I |
I |
I |
I

|
K 51219 A

Figure 5.3: Third idea for the proof: The three regimes
To control the tail, we divide the tail integral into three parts based on the range of integration
(See Figure 5.3):

* Dyson regime: The law of (D;(x,1), D>(x,1)) on the interval [0, 5r%/3] is comparable to
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that of the Dyson Brownian motions for small 6 and for large 7. For Dyson Brownian

1/4

motions, w.h.p. Di(x) — Dyr(x) > g|x|'/* for all large enough |x|. This translates to

(D1(x,t), Dy(x,1)) and provides a decay estimate over this interval.
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* Parabolic Regime: The maximizer P lies in a window of order region w.h.p.. On the

2

other hand, the KPZ equation upon centering has a parabolic decay: H (x,1) + 57 ~ =5 +

a2

77 on the

O(1'/3). Thus taking A large enough ensures w.h.p. D;(x,) ~ j—j and D> (x,1) ~

interval [Ar?/3, 00). These estimates give a rapid decay of our integral in this regime.

* Transition Regime: Between the two regimes, we use soft arguments of non-intersecting

brownian bridges to ensure that D (x,)—D;(x, ) > pt1/3 w.h.p. uniformly on [672/3, Ar2/3].

Proposition 5.5.6 and Proposition 5.7.2 are the precise manifestations of the above idea. Propo-
sition 5.5.6 provides decay estimates in the Dyson and transition regimes for Brownian objects.
Proposition 5.7.2 translates the estimates in Proposition 5.5.6 to D, D, for the “shallow tail
regime" (see Figure 5.10). The parabolic regime or the “deep tail" in Section 5.7 is addressed

in Proposition 5.7.2.

Qutline

The remainder of the paper is organized as follows. Section 5.2 reviews some of the exist-
ing results related to the KPZ line ensemble and its zero temperature counterpart, the Airy line
ensemble. We then prove the existence and uniqueness of random modes in Theorem 5.1.8 in
Section 5.3. Section 5.4 is dedicated to the behaviors of the Brownian bridges around their joint
maximum. Two important objects are defined in this Section: the Bessel bridges and the non-
intersecting Brownian bridges. Several properties of these two objects are subsequently proved in
Section 5.5. The proofs of Theorems 5.1.10 and 5.1.11 comprise section 5.6. Finally in Section
5.7, we complete the proofs of Theorems 5.1.4 and 5.1.5. Appendix 5.8 contains a convergence

result about non-intersecting random walks used in Section 5.4.
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5.2 Basic framework and tools

Remark on Notations

Throughout this paper we use C = C(a,8,7,...) > 0 to denote a generic deterministic pos-
itive finite constant that may change from line to line, but dependent on the designated variables
a, B,v,.... We will often write C, in case we want to stress the dependence of the constant to the
variable . We will use serif fonts such as A, B, . . . to denote events as well as CDRP,DBM. . . to
denote laws. The distinction will be clear from the context. The complement of an event A will be

denoted as —A.

In this section, we present the necessary background on the directed landscape and Gibbsian
line ensembles including the Airy line ensemble and the KPZ line ensemble as well as known
results on these objects that are crucial in our proofs.

5.2.1 The directed landscape and the Airy line ensemble

We recall the definition of the directed landscape and several related objects from [138, 140].

The directed landscape is the central object in the KPZ universality class constructed as a scaling
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limit of the Brownian Last Passage percolation (BLPP). We recall the setup of the BLPP below to

define the directed landscape.

Definition 5.2.1 (Directed landscape). Consider an infinite collection B := (B (-))rez of indepen-

dent two-sided Brownian motions with diffusion coefficient 2. For x < y and n < m, the last

passage value from (x, m) to (y, n) is defined by

m
B[(x,m) — (y,m)] =sup } [Bi(m) = Bi(mi1)],
T k=n
where the supremum is over all 7 € I, ,(x,y) = {7y, < -+ <7y < My | Ty = X, 1 =

y}. Now for any (x,s;y,t) € R}, we denote (x,s), := (s + 2xn~'/3,—|sn]) and (y,1), := (¢ +

2yn~'/3,~|tn]) and define
Ln(x,53y.1) == nVOB,[(x, 8)n = (3, 0)a] = 2(t = )n*7 = 2(y —x)n'’>.

The directed landscape L is the distributional limit of £,, as n — oo with respect to the uniform

convergence on compact subsets of R‘T‘. By [138], the limit exists and is unique.

The marginal A;(x) := L(0,0;x,1) is known as the parabolic Airy, process. In [275] the
Airy, process Aj(x) + x> was constructed as the scaling limit of the polynuclear growth model.
At the same time, A (x) can also be viewed as the top curve of the Airy line ensemble, which we

define formally below in the approach of [109].

Definition 5.2.2 (Brownian Gibbs Property). Recall the general notion of line ensembles from

Section 2 in [109]. Fix ki < k, with ki, k> € N and an interval (a,b) € R and two vectors

ki,ky,(a,b).X,y.f.8

X,y € Rk=k1+1 Given two measurable functions f, g : (a,b) — R U {#c0}, let P

be the law of k; — k1 + 1 many independent Brownian bridges (with diffusion coefficient 2) {B; :
[a,b] — R}l]fjkl with B;(a) = x; and B;(b) = y; conditioned on the event that

f(x) > By, (x) > Bg+1(x) > --- > By, (x) > g(x), forallx € [a,b].
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Then the N X R indexed line ensemble £ = (L, Ls,...) is said to enjoy the Brownian Gibbs
property if, for all K = {ky,...,k;} € N and (a,b) C R, the following distributional equality
holds:

ki,ka,(a,b).X,5.f.g

Law (LKx(a,b) conditioned on LNxR\Kx(a,b)) =P . )

where X = (L, (a),..., L, (a)), ¥ = (Lk,(b),..., Li, (D)), Li,—-1 = f (or co if k; = 1) and

Lk2+l =4.

Definition 5.2.3 (Airy line ensemble). The Airy line ensemble A = (A, Ay, ...) is the unique
N x R-indexed line ensemble satisfying Brownian Gibbs property whose top curve A;(-) is the
parabolic Airy, process. The existence and uniqueness of A follow from [109] and [151] respec-

tively.

The Airy line ensemble is in fact a strictly ordered line ensemble in the sense that almost surely,
Ar(x) > Ags1(x) forall k e N, x € R. (5.2.1)

(5.2.1) follows from the Brownian Gibbs property and the fact that for each x € R, (A (x) +x?)k>1
is equal in distribution to the Airy point process. The latter is strictly ordered. In [140], the
authors studied several probabilistic properties of the Airy line ensembles such as tail estimates
and modulus of continuity. Below we state an extension of one of such results used later in our

proof.

Proposition 5.2.4. Fix k > 1. There exists a universal constant Cy > 0 such that for allm > 0

and R > 1 we have

| A (x) +x2 = A (y) = y?

sup
x#ye[-R,R] ﬂlx - yl log% |x3y|

[x—y|<1

P

v

m|<Cp-Rexp(-&,m?). (5.2.2)

Proof. Fix k > 1. By [140, Lemma 6.1] there exists a constant Cy such that for all x, y € R with
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|x —y| < 1, we have

P (l&zlk(x) +x2 - Ar(y) = y?| = m\/xTy) < Crexp (—Clkmz) )

Thus applying Lemma 3.3 in [140] (withd = 1,T = [-R,R],r1 =1, a; = %, B1 = 2) and adjusting
the value of Cy, yields (5.2.2). ]

5.2.2 KPZ line ensemble

Let £ = (Li1,L>,...) be an N x R-indexed line ensemble. Fix k; < ko with k1,k, € N

—k1+1

and an interval (a,b) € R and two vectors ¥,y € R* . Given a continuous function H :

R — [0, o0) (Hamiltonian) and two measurable functions f,g : (a,b) — R U {xoo0}, the law

Pg’kz’(a’b)’f’y 158 on Li,,..., Lk, : (a,b) — R has the following Radon-Nikodym derivative with

ki,ky,(a,b).%.y

respect to Py .

, the law of k> — k1 + 1 many independent Brownian bridges (with diffusion

coefficient 1) taking values X at time a and y at time b:

exp { - Z,IZZ]I [H(Li(x) - -l:i—l(x))dx}

Zkl,kz,(a,b),fi,f,g
H

ki,k2,(a,b).%.5.1,
dPHl 2,\a,0),X,y,] 8
, (5.2.3)

(‘Lk]a-'-’Lkz) =

ki.ka,(a,b).X.y
deree

where Ly,—1 = f, orcoif k; = 1; and L4,41 = g. Here, Zﬁl’kz’(a’b)j’y’f’g is the normalizing
constant which produces a probability measure. We say L enjoys the H-Brownian Gibbs property

if, forall K = {ky,...,k2} ¢ Nand (a, b) C R, the following distributional equality holds:

Law (.EKX(,L;]) conditioned on LNxR\KX(a,b)) = Pg’kz’(“’b)’i’i’f’g ,

where X = (-Ekl(a)’ s Lkz(a))’ ; = (Llﬂ (b), cees Lkz(b))’ and where again -Ekl—l = f, or oo if

k1 = 1; and £k2+1 =4.
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In the following text, we consider a specific class of H such that
H, (x) = 13"~ (5.2.4)

The next proposition then recalls the unscaled and scaled KPZ line ensemble constructed in [CH16]

with H,-Brownian Gibbs property.

Proposition 5.2.5 (Theorem 2.15 in [CH16]). Let t > 1. There exists an N X R-indexed line

ensemble H; = {Wt(n) (X) }nen xer Such that:

(a) the lowest indexed curve 7-(,(1)()() is equal in distribution (as a process in x) to the Cole-Hopf
solution H (x,t) of the KPZ equation started from the narrow wedge initial data and the line

ensemble H; satisfies the Hy-Brownian Gibbs property;

(b) the scaled KPZ line ensemble {b,(") (X) }nen xer, defined by
") () 1= 1713 (?{,(") (%) + r/24) (5.2.5)

satisfies the H;-Brownian Gibbs property. Furthermore, for any interval (a,b) C R and € > 0,

there exists 6 > 0 such that, for all t > 1,

<e&

—_ b

(1) (1) s (2)
P(lei,l’(a’b)’b’ @0 (oo _ 5)

Dy () o)
11,(ab), B ()00,
where Zy (@.b).5; (@), (B).eo.by
1

is the normalizing constant defined in (5.2.3).

Remark 5.2.6. In part (3) of Theorem 2.15 [CH16] it is erroneously mentioned that the scaled
KPZ line ensemble satisfies H,-Brownian Gibbs property with H;(x) = el (instead of H;(x) =
12/3¢!""* from (5.2.4)). This error was reported by Milind Hegde and has been acknowledged by

the authors of [CH16], who are currently preparing an errata for the same.

More recently, it has also been shown in [149] that the KPZ line ensemble as defined in Propo-

sition 6.5.1 is unique as well. We will make extensive use of this scaled KPZ line ensemble I)f") (x)

229



in our proofs in later sections. For n = 1, we also adopt the shorthand notation:
b (x) = 5 (x) = 13 (7‘((t2/3x, 1)+ ﬁ) . (5.2.6)

Note that for ¢ large, the Radon-Nikodym derivative in (5.2.3) attaches heavy penalty if the curves
are not ordered. Thus, intuitively at 1 — oo, one expects to get completely ordered curves, where
the H;-Brownian Gibbs property will be replaced by the usual Brownian Gibbs property (see Defi-
nition 5.2.2) for non-intersecting Brownian bridges. Thus it’s natural to expect the scaled KPZ line
ensemble to converge to the Airy line ensemble. Along with the recent progress on the tightness of
KPZ line ensemble [321] and characterization of Airy line ensemble [151], this remarkable result

has been recently proved in [280].
Proposition 5.2.7 (Theorem 2.2 (4) in [280]). Consider the KPZ line ensemble and the Airy line

ensemble defined in Proposition 6.5.1 and Definition 5.2.3 respectively. For any k > 1, we have

(239D 2Bk L (A (x)

i=1°

in the uniform-on-compact topology.

The 2!/3 factor in Proposition 5.2.7 corrects the different diffusion coefficient used when we
define the Brownian Gibbs property and H; Brownian Gibbs property. We end this section by
recalling several known results and tail estimates for the scaled KPZ equation with narrow wedge

initial data.
Proposition 5.2.8. Recall Y);(x) from (5.2.6). The following results hold:
(a) Foreacht > 0, b,(x) +x?/2 is stationary in x.

(b) Fixty > 0. There exists a constant C = C(tg) > 0 such that for all t > ty and m > 0 we have

P([b,(0)] = m) < Cexp (—Lm*2).
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(c) Fixty > 0 and B > 0. There exists a constant C = C(B,ty) > O such that for all t > ty and

m > 0 we have

P (sup (b, (x) + "72(1 -p) = m) < Cexp (—ém3/2) .
xeR

The results in Proposition 5.2.8 is a culmination of results from several papers. Part (a) follows

from [6, Corollary 1.3 and Proposition 1.4]. The one-point tail estimates for KPZ equation are

obtained in [115, 116]. One can derive part (b) from those results or can combine the statements

of Proposition 2.11 and 2.12 in [117] to get the same. Part (c) is Proposition 4.2 from [117].

5.3 Uniqueness and convergence of random modes

In this section we prove the uniqueness of random modes that appears in Theorems 5.1.4 and
5.1.5 and prove Theorem 5.1.8 which claims the convergences of random modes to appropriate

limits. The following lemma settles the uniqueness question.

Lemma 5.3.1. Fix p € (0,1) and t > 0. Recall f,; and f.; from Theorem 5.1.4 and 5.1.5.
Then f.; has almost surely a uniqgue mode M., and f,; has almost surely a unique mode M, ;.

Furthermore for any ty > 0, there exist a constant C(p, to) > 0 such that for all t > ty we have
P(t_2/3|Mp,t| >m) < Cexp (—ém3) , and P(t'2/3|M*,,| >m) < Cexp (—ém3) . (8.3

Proof. We first prove the point-to-point case. Fix p € (0,1) and set ¢ = 1 — p. Take r > 0.
Throughout the proof C > 0 will depend on p, we won’t mention this further.

Note that (5.1.5) implies that the density f,;(x) is proportional to Z(0,0;x, pt)Z(x, pt;0,1)
and that Z(0,0;x, pr) and Z(x, pt;0,t) are independent. By time reversal property of SHE we

have Z(x, pt;0,1) 4 H (x, gt) as functions in x. Using the 1 : 2 : 3 scaling from (5.2.6) we may
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write

l‘_‘

d — — _ _
Fpa () £ ——exp (113p1 2,4 (p=21722x) 4 113 by, (72172 (532)

Dt

where b, 1(x) and b, | (x) are independent copies of the scaled KPZ line ensemble b, (x) defined in

(5.2.6) and Z, .t 18 the normalizing constant. Thus it suffices to study the maximizer of

Sp(x) = p 2,1 (p7x) + '8, (a7 x). (5.3.3)

2/3

Note that maximizer of f,; can be retrieved from that of S, ; by a /7 scaling.

We first claim that for all m > 0 we have

P(A)) <Cexp (—ém3) , where A; = {bpt,T(p_zﬁx) > b,,1(0) for some |x| > m} (5.3.4)

P (A;) < Cexp (—ém3) ,  where A := {I)qt’l(q_zﬁx) > by1,1(0) for some |x| > m} . (5.3

Let us prove (5.3.4). Define

m2

i |2 m?
D, := {S“p(bpm(p x)+4p4/3)s8p4/3}’ > ::{'b””T(O)'S16p4/3} |

xeR

2 2
Note that on D5, b,,1(0) € [—16’;’)—4/3, #], whereas on Dy, for all |x| > m we have

-2/3 m? m? m?
x) < - =
bpl,T(p ) 8B apil 83

Thus A; € =D U =D, where A is defined in (5.3.4). On the other hand, by Proposition 5.2.8(c)

with 8 = % and Proposition 5.2.8 (b) we have

P(D;) > 1 - Cexp (—%m3) . P(Dy) > 1-Cexp (—ém3) .
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Hence by union bound we get P(A;) < P(=D;) + P(=D,) < C exp(—ém3). This proves (5.3.4).
Proof of (5.3.5) is analogous.

Now via the Brownian Gibbs property [, is absolute continuous w.r.t. Brownian motion on
every compact interval. Hence for each r > 0, S, ;(x) defined in (5.3.3) has a unique maximum on

any compact interval almost surely. But due to the bounds in (5.3.4) and (5.3.5), we see that
P (S,(x) >S,,(0) for some |x| > m) < Cexp (—ém3) ) (5.3.6)

Thus S, ;(-) has a unique maximizer almost surely. By the definitions of f,;(x) and S, ;(x) from

(5.3.2) and (5.3.3), this implies f},;(x) also has a unique maximizer M, ; and we have that

M, 4 203 argmax S, (x). (5.3.7)
xeR

In view of (5.3.6), the above relation (5.3.7) leads to the first inequality in (5.3.1).
For the point-to-line case, note that via (5.1.6) and (5.2.6), f.;(x) is proportional to exp(¢'/3p,(~%/3x)).
The proofs of uniqueness of the maximizer and the second bound in (5.3.1) then follow by analo-

gous arguments. This completes the proof. 0

In the course of proving the above lemma, we have also proved an important result that connects
the random modes to the maximizers of the KPZ equations. We isolate this result as a separate

lemma.

Lemma 5.3.2. Consider three independent copies H, Hy, H| of the KPZ equation started from the
narrow wedge initial data. The random mode M, ; of [, (defined in statement of Theorem 5.1.4)

is same in distribution as the maximizer of
Hr(x, pt) + H (x, q1).

Similarly one has that the random mode M., of f., (defined in statement of Theorem 5.1.5) is

same in distribution as the maximizer of H(x, t).
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Proof of Theorem 5.1.8. Due to the identity in (5.3.7) we see that 723 M p,r 18 same in distribution

as

argmax S, ;(x)
xeR

where S, ;(x) is defined in (5.3.3). By Proposition 5.2.7 we see that as t — oo
Sp,t(X) i) 2_1/3 (p1/3ﬂ1,T(2_1/3P_2/3x) + ql/3ﬂl,l(2_l/3q_2/3X))

in the uniform-on-compact topology where Aj 1, A | are independent parabolic Airy, processes.

Note that the expression in the r.h.s. of the above equation is the same as
Alx) =271 (ﬂy’ﬁ’ () +A T (x)) (5.3.8)

where ﬂ%p V) (x), ﬂiqﬁ) (x) are independent Airy sheets of index pV?2 and ¢ V2 respectively. By
Lemma 9.5 in [138] we know that A (x) has almost surely a unique maximizer on every compact

set. Thus,

argmax S, ;(x) 4 argmax A(x). (5.3.9)
x€[-K,K] x€[-K,K]

Finally the decay bounds for the maximizer of S, ;(x) from Lemma 5.3.1 and the decay bounds for
the maximizer of A from [279] allow us to extend the weak convergence to the case of maximizers
on the full line. However, by the definition of the geodesic of the directed landscape from Defini-
tion 6.1.6, we see that ['(pV2) 4 argmax g A(x). This concludes the proof for the point-to-point
case. For the point-to-line case, following Lemma 5.3.2 and recalling again the scaled KPZ line

ensemble from (5.2.6), we have

2_1/3t_2/3M*,; = argmax H (2'3+*/3x, 1) = argmax (t1/3b,(21/3x) - 2’—4) = argmax 2'/3p,(2'3x).

x€eR xeR xeR
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From Proposition 5.2.7 we know 2!/3p,(2!/3x) converges in distribution to A; (x) in the uniform-
on-compact topology. Given the decay estimates for M. ; from (5.3.1) and decay bounds for the
maximizer of A; from [138], we thus get that argmax  p 21/ 3lf),(21/ 3)c) converges in distribution

to M, the unique maximizer of the parabolic Airy, process. This completes the proof. 0

5.4 Decomposition of Brownian bridges around joint maximum

The goal of this section is to prove certain decomposition properties of Brownian bridges
around the joint maximum outlined in Proposition 5.4.8 and Proposition 5.4.10. To achieve this
goal, we first discuss several Brownian objects and their related properties in Section 5.4.1 which
will be foundational for the rest of the paper. Then we prove Proposition 5.4.8 and 5.4.10 in the
ensuing subsection. We refer to Figure 5.4 for the structure and various Brownian laws conver-
gences in this and the next sections. The notation p;(y) := (27t)~1/2¢=*/(2) for the standard heat

kernel will appear throughout the rest of the paper.

Non-intersecting Diffusive limiff ~ Non-intersecting Brownian motions
random walks Lemma 5.4.7 | (NonInt-BM) defined in Defintion 5.4.3.
(Conditioning)
Dysoné% I;(Ii/lwncllarfli m;)— Diffusive limjt Non-intersecting Brownian bridges
tion (DSM) define Prpposition 5.4.NonInt-BrBridge) defined in Defintion 5.4.4.
in Definition 5.5.1 T

Lemma 5.5.3 | (Taking Differences) Lemma 5.4.6 | (Taking Differences)
3D Bessel process Diffusive limit Bessel bridges
(Definition 5.5.2) Corollary 5.5.9 (Definition 5.4.1)

Figure 5.4: Relationship between different laws used in Sections 5.4 and 5.5.
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5.4.1 Brownian objects

In this section we recall several objects related to Brownian motion, including the Brown-
ian meanders, Bessel bridges, non-intersecting Brownian motions and non-intersecting Brownian

bridges.
Definition 5.4.1 (Brownian meanders and Bessel bridges). Given a standard Brownian motion
B(-) on [0, 1], a standard Brownian meander By, : [0, 1] — R is a process defined by

Brne(x) = (1-0)2[BO+ (1 -60)x)|, xe[0,1],

where 6 = sup{x € [0,1] | B(x) = 0}. In general, we say a process Bp : [a,b] — Risa

Brownian meander on [a, b] if
Bre (1) = (b~ a) 2 Be(a+x(b-a)), xe[0,1]
is a standard Brownian meander. A Bessel bridge Ry, on [a, b] ending at y > 0 is a Brownian

meander B, on [a, b] subject to the condition (in the sense of Doob) B (b) = y.

A Bessel bridge can also be realized as conditioning a 3D Bessel process to end at some point

and hence the name. As we will not make use of this fact, we do not prove this in the paper.

Lemma 5.4.2 (Transition densities for Bessel Bridge). Let V be a Bessel bridge on [0, 1] ending

ata. Then for0 <t < 1,

X pi(x)

P(V(1) € d) = 0

[Pl—t(x_a) _Pl—t(x'l‘a)]dx’ X € [0’ OO)

ForO<s<t<landx >0,

[pr-s(x =) = pr—s(x + V)] [p1-+(y = a) = p1-(y +a)]

P(V(r) edy|V(s)=x) = [p1-s(x —a) = p1_s(x + a)]

dy, ye€|[0,).

236



Proof. We recall the joint density formula for Brownian meander W on [0, 1] from [204]. For

O=ty<ti<thrp<---<tp<1:

k-1 k
X1 X .
P(W (1) € dri.... W(t) € dxi) = = pr, (x) ¥ () Hg(x,-,x,+1,t,-+l ~1)) l—! dx;
J= J=
where

8(xj X5 tjer = 1) = [Prj—1; (Xj — Xj41) = Prjoy—1; (X +Xj11) ],
X
W) =/} [ e P
0
The joint density is supported on [0, c0)*. We now use Doob-# transform to get the joint density

for Bessel bridge on [0, 1] ending at a. ForO =ty <t <t <--- <ty < 1:

k k
X1 pll(xl)
P(V(t)) €dxy,...,V(ty) € dxy) = — S Xirltiv] — 1 dx ;
(V(t1) € dx; (tx) € dxy) a1 pi(a) Lllg(x/ Xjt15tje1 J)]l:1| X

where x;4+; = a and #x4+; = 1. Formulas in Lemma 5.4.2 is obtained easily from the above joint

density formula. [

Definition 5.4.3 (Non-intersecting Brownian motions). We say a random continuous function
W(t) = (Wi (1), Wa(2)) : [0, 1] — R? is a pair of non-intersecting Brownian motion (NonInt-BM

in short) if its distribution is given by the following formulas:

(a) We have for any yi,y2 € R

H{y; > y2}(y1 - yz)Pl(yl)Pl(yz)d
Sion, (1t = 12)p1(r1)pi(r2)dridra

P(Wi(1) € dy;, Wa(1) e dy;) = yidys. (5.4.1)
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(b) For0 <t < 1, we have

P(Wi (1) € dyy, Wa(t) € dy2)

Hy1 >y} (1 =y2)p 0P (32) [, ., det(pioi(yi = 7))} ;- dridr (5.4.2)

dyidy».
t [ o, (rt =r2)pi(r)pi(ra)dridry
(c) ForO <s <t <1andx; > xp, we have
P(Wi (1) € dyy, Wa(2) € dy2|Wi(s) = x1, Wa(s) = x2)
det(ps—s(yi =x))7 ;[ ., det(pi(yi = r))7 ,_ dridra (5.4.3)
=1{y1 > y2} RASALE o dyidys.

oo, det(pios (i = )7 dridr

We call W1 a NonlInt-BM on [0, M] if (M =2 "M (), M= WM} (a1x)) is a NonInt-BM
on [0, 1].

Definition 5.4.4 (Non intersection Brownian bridges). A 2-level non-intersecting Brownian bridge
(Nonlnt-BrBridge in short) V = (V1, V,) on [0, 1] ending at (z1, z2) with (z; # z2) is a NonInt-BM
on [0, 1] defined in Definition 5.4.3 subject to the condition (in the sense of Doob) V(1) =
21, V(1) = zp. It is straight forward to check we have the following formulas for the distribu-

tion of V:

(a) For0 <t < 1, we have

PV, (1) € dyy. Va(1) € dys) = H{y1 > y23(y1 = y2)p:(y1) pi(y2)

t(Zl _ZZ)pl(Zl)pl(Zz) (pl l(yl J))l,j—l y1ay2

(b) ForO < s <t <1andx; > xp, we have

P(Vi(1) € dy1, Va(1) € dy2|Vi(s) = x1, Va(s) = x2)
det(pr—s (yi = X))}y det(p1-:(vi = 2)))7
= 5 dyidy,.
det(p1-s(xi = 2j)); ;-
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Just like NonInt-BM, we call VI®™] a NonInt-BrBridge on [0, M] if (\/LMVI[O’M] (Mx), \/LMVZ[O’M] (Mx))

is a NonInt-BrBridge on [0, 1].

Remark 5.4.5. It is possible to specify the distributions for a n-level non-intersecting Brownian
bridge. However, the notations tend to get cumbersome due to the possibility of some paths sharing
the same end points. We refer to Definition 8.1 in [155] for a flavor of such formulas. We remark

that in this paper we will focus exclusively on the n = 2 case with distinct endpoints.
The following Lemma connects NonInt-BrBridge with Bessel bridges.

Lemma 5.4.6 (NonInt-BrBridge to Bessel bridges). Let V = (V1,V2) be a NonInt-BrBridge on
[0, 1] ending at (z1, z2) with z1 > zo. Then, as functions in x, we have Vi (x) — V,(x) g V2Ryp (x)

where Ryp : [0, 1] — R is a Bessel bridge (see Definition 5.4.1) ending at (z1 — z2) V2.

The proof of Lemma 5.4.6 is based on the following technical lemma that discusses how

NonlInt-BM comes up as a limit of non-intersecting random walks.

Lemma 5.4.7. Let X;. be i.i.d. N(0,1) random variables. Let S(()i) = 0 and Sff) = ll‘.zl X;

5@

Consider Y,(t) = (Y,1(2),Y,2(1)) == ( %) an R? valued process on [0, 1] where the in-

St
\/ﬁ s
between points are defined by linear interpolation. Then conditioned on the non-intersecting event

A, = ﬁ’}:l{S;l) > S;z)}, Y, 4 W, where W(t) = (W1(t), Wa(t)) is distributed as NonInt-BM

defined in Definition 5.4.3.

We defer the proof of this lemma to the Appendix as it roughly follows standard calculations

based on the Karlin-McGregor formula [219].

Proof of Lemma 5.4.6. Let X' to be iid. N(0,1) random variables. Let S}’ = 0 and S} =
. 1 @)

le X}. Set Y, (1) = (S"T;, S”T;l) an R? valued process on [0, 1] where the in-between points

are defined by linear interpolation. By Lemma 5.4.7, conditioned on the non-intersecting event

A, = O?ZI{S;U > S;z)}, Y, converges to W = (W, W), a NonInt-BM on [0, 1] defined in Def-

inition 5.4.3. On the other hand, classical results from [204] tell us, (S,(l}) - S,(i)) /+/n conditioned
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on A, converges weakly to V2B (¢), where Bne(-) is a Brownian meander defined in Definition

5.4.1. The V2 factor comes because S/(cl) - S/(Cz) is random walk with variance 2. Thus
d
Wl() - WZ() = \/E%me(')-

From [204], B, is known to be Markov process. Hence the law of W;—W, depends on (W (1), W»(1))
only through W;(1) — W,(1). In particular conditioning on (W;(1) = z;, Wa(1) = z»), for any
71 > 72, makes W to be a NonlInt-BrBridge on [0, 1] ending at (z;, z2) and the conditional law of

% (W) — W,) is then a Bessel bridge ending at %(z 1 — z2). This completes the proof. O

5.4.2 Decomposition Results

In this section we prove two path decomposition results around the maximum for a single
Brownian bridge and for a sum of two Brownian bridges. The first one is for a single Brownian

bridge.

Proposition 5.4.8 (Bessel bridge decomposition). Let B : [a,b] — R be a Brownian bridge
with B(a) = x and B(b) = y. Let M be the almost sure unique maximizer of B. Consider
W @ [a, M] — R defined as W¢(x) = B(M) — B(M + a — x), and W; : [M,b] — R defined as

We(x) = B(M) — B(x). Then, conditioned on (M, B(M)),
(a) We(-) and W(-) are independent.
(b) W¢(-) is a Bessel bridge on [a, M] starting at zero and ending at B(M) — x.
(c) Wi(-) is a Bessel bridge on [M, b] starting at zero and ending at B(M) — y.
Recall that the Bessel bridges are defined in Definition 5.4.1.

Remark 5.4.9. There is a technical issue in considering the regular conditional distribution of Wp,
W, separately as the objects are defined on intervals of random length. Instead we should always

view W, W, appended together as one random function defined on the deterministic interval [a, b],
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as done in our proofs in Sections 5.6 and 5.7. However here in Proposition 5.4.8 (as well as in

Proposition 5.4.10), we state their distributions separately for simplicity.

Proof. We will prove the result for a = 0, b = 1 and x = 0; the general case then follows from
Brownian scaling and translation property of bridges. We recall the classical result of Brownian
motion decomposition around maximum from [145]. Consideramap Y : C([0, 1]) — C([0, 1]) X

C([0,1]) given by

(YS)_(1) = M72[f(M) - fF(M(1=1))], 1€[0,1],

(YS)a(t) i= (1= MYZ[f(M) = f(M + (1= M)D)], 1€[0.1],

where M = M(f) :=inf{r € [0,1] | f(s) < f(¢),0 < s < 1} is the left-most maximizer of f. We

set (Yf)_=((Yf)y=0if M =0or M = 1. We also define

YMf)-() = M2 )-(Gp), 1€ [0,M],

(YM1)a(0) = (1= M2 (28, 1e [M,1].

Given a standard Brownian motion B on [0, 1], by Theorem 1 in [145], Y(B) is independent of
M = M(B) and Y(B)- and Y (B), are independent Brownian meanders on [0, 1]. By the Brownian
scaling and the fact that Y (B) is independent of M (B), conditioned on M (B), we see that (YM B)_
and (Y™ B), are independent Brownian meanders on [0, M] and [M, 1] respectively. Observe that
(YMFY_(M) = f(M)and YM ), (1) = f(M)—f(1) forany f € C([0, 1]). Thus conditioning on
(B(M) = v, B(1) = y) is equivalent to conditioning on ((YMB)_(M) = v, (YMB),(1) =v—y). By
definition the conditional law of Brownian meanders upon conditioning their end points are Bessel
bridges. Thus conditioning on (M = m, B(M) = v, B(1) = y), we see that (YYB)_ and (Y B),
are independent Bessel bridges on [0, M| and [M, 1] ending at v and v — y respectively. But the
law of a Brownian motion conditioned on (M = m, B(M) = v, B(1) = y) is same as the law of a

Brownian bridge B on [0, 1] starting at 0 and ending at y, conditioned on (M (B) = m, B(M) = v).
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Identifying (YMB)_ and (Y™ B), with W, and W, gives us the desired result. O]

The next proposition show that for two Brownian bridges the decomposition around the joint

maximum is given by non-intersecting Brownian bridges.

Proposition 5.4.10 (Non-intersecting Brownian bridges decomposition). Let By, B> : [a,b] — R
be independent Brownian bridges such that Bi(a) = x;, Bj(b) = y;. Let M be the almost sure
unique maximizer of (B1(x) + Ba(x)) on [0,1]. Define Ve(x) : [0,M —a] — R? and V, :

[0,b — M] — R? as follows:

Ve(x) := (Bi(M) = Bi(M - x),=B2(M) + B2(M — x))
V,(x) := (B1(M) = Bi(M +x),-B2(M) + By(M +x))
Then, conditioned on (M, B|(M), B2(M)),
(a) V¢(-) and V,(-) are independent.
(b) V() is a NonInt-BrBridge on [0, M — a] ending at (B; (M) — x1, x> — Bo(M)).
(c) V.(-) is a NonInt-BrBridge on [0, b — M] ending at (B\(M) — y1, y2 — B2(M)).
Recall that NonlInt-BrBridges are defined in Definition 5.4.4.

As in the proof of Proposition 5.4.8, to prove Proposition 5.4.10 we rely on a decomposition
result for Brownian motions instead. To state the result we introduce the 2 map which encodes the

trajectories of around the joint maximum of the sum of two functions.

Definition 5.4.11. For any f = (fi, /) € C([0,1] — R?), we define Qf € C([-1,1] — R?) as
follows:

[Ai(M) — A(M(1+1)) M1/ -1<t<0
Q1) =
[AM) - M+ -M)D)](1-M)"1?2 0<t<1
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~[A(M) = o(M(1 +1)] M1/ -1<t<0
(Qf)a(1) =
—[A(M) - H(M+(1-MN](1-M)"? 0<t<1

where M = inf{t € [0, 1] : fi(s) + f2(s) < fi(¢) + f2(¢),Vs € [0, 1]} is the left most maximizer.
We set (Qf) = (0,0) if M = 0or 1 on [0, 1]. With this we define two functions in C([0, 1] — R?)

as follows

(Qf)+(x) = (N1 (x), (Qf)2(x)), x€[0,1]
(Qf)-(x) = ((Qf)1(=x), (Qf)2(=x)), x € [0,1].

We are now ready to state the corresponding result for Brownian motions.

Lemma 5.4.12. Suppose B = (B1, B») are independent Brownian motions on [0, 1] with B;(0) =
x;. Let

M = argmax (B (1) + By(1)).
te[0,1]

Then (QB)4, (QB)_ are independent and distributed as non-intersecting Brownian motions on

[0, 1] (see Definition 5.4.3). Furthermore, (QB)., (QB)_ are independent of M.
We first complete the proof of Proposition 5.4.10 assuming the above Lemma.

Proof of Proposition 5.4.10. Without loss of generality, we set @ = O and b = 1. Let B}, B> :
[0, 1] — R be two independent Brownian bridges with B;(0) = x; and denote M = argmax o 1 B1(x)+

B> (x). Consider

Ve(x) := (B1(M) — By(M —x),=B2(M) + B2(M — X)) xe[0,m]

Vi(x) := (B1(M) = Bi(M +x), =B2(M) + Bo(M + x))xe[0,1-m]

By Lemma 5.4.12, conditioned on M and after Brownian re-scaling, we have where V,,V, are

conditionally independent and V, ~ WI%1=Ml and v, ~ WIOMI where W1%#] denote a NonInt-BM
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on [0, p] defined in Definition 5.4.4. To convert the above construction to Brownian bridges, we

observe that the map
(B1(M), B2(M), B1(1), By(1)) < (V,(1 = M), Ve(M))

is bijective. Indeed, we have that

Bi(M) = by, Bo(M) = b, o Vi(1=M) = (b1 —y1,-ba+y2)
Bi(1) =y1, Bo(1) =y Ve(M) = (by — x1,—b2 +x2)

Thus conditioned on (M = m, B;(M) = b;, B;(1) = y;), V,(+) is now a NonInt-BrBridge Brownian
bridge on [0,1 — m] ending at (b; — yi,—b, + y2) and V¢(-) is a NonInt-BrBridge on [0, m]
ending at (b; — x1, —by + x3) where both are conditionally independent of each other. But the
law of a Brownian motions conditioned on (M = m, B;(M) = b;, B;(1) = y;) is same as the
law of a Brownian bridges B on [0, 1] starting at (x1,x») and ending at (y1, y»), conditioned on

(M = m, Bi(M) = b;). Thus this leads to the desired decomposition for Brownian bridges. O

Let us now prove Lemma 5.4.12. The proof of Lemma 5.4.12 follows similar ideas from [145]
and [204]. To prove such a decomposition holds, we first show it at the level of random walks.

Then we take diffusive limit to get the same decomposition for Brownian motions.

Proof of Lemma 5.4.12. Let X\ “"N(0,1), i =1,2, j > 1 and set 5\ = 3"_ X'")_ Define

M, = argflnax{S]((l) + S](Cz)},
k=1

and let Aj.i) be subsets of R. Define

k-1 n
T = P( s -5 e (-n*a@ yn ()45 -8V e 1AV 0 (M, = kY| (5.4.4)
j=0 Jj=k+1
i=1,2 i=1,2
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Noting that the event {M,, = k} is the same as

k-1

{S(l) S(Z) S(l) S(Z)} ﬂ {S(l) S(2) S(l) S(Z)}
Jj=0 j=k+1
i=1,2 i=1,2

we have

k
rh.s of (5.4.4) = (ﬂ{S(‘) sV e (=AY s+ 57 > s+ 52y
j=0

i=1,2

n
D) o) o (it 4@ oD, <@ o (D), o2
n ﬂ{sk N e R e R I

J=k+1
i=1,2
We also observe that the pairs (S,(cl) - Sﬁ.l),S,(cz) - S;Z))j?:‘(} and (S,((l) — S;l),S,((z) S(z))] iy Ar€
independent of each other and as X;. is symmetric
(S](cl) S(l) S(z) S(Z))k 1 (d) S(l)] S(z) k(}
(D) _ o) ¢@ _ ¢c@yn @ o) (2)
(Sk _Sj Sy S )J =k+1 ~ (S] k’_S k)] =k+1"
Thus,
AN 6 o 40 ) L @ PN (o) o A ) - @
_ i i o 2 i i (1 2
P( Q{S}. e Al s> s }).p( ﬂl{sj e AV sV > sy (5.4.5)
i=1,2 Li2
Based on (5.4.5), we obtain that
d ﬂ{s(’) e Ay ﬂ{s“) S
P(M, = k) =0
=12 (5.4.6)

n—k n—k
P( ()18 e A )8tV > sj?)})
j=1

J=1
i=12
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where we utilize the fact P(M,, = k) = P(ﬁj‘.zlS;U > S;z))P(ﬂﬁ;fS;I) > S;z)). The above splitting

essentially shows that conditioned on the maximizer, the left and right portion of the maximizer

are independent non-intersecting random walks.

s @

We now consider Z,(t) = "/%, \7%) on [0, 1] where it is linearly interpolated in between.

By Donsker’s invariance principle, Z, = B = (B}, B;) independent Brownian motions on [0, 1].

Recall Q from Definition 5.4.11. Clearly P(B € Discontinuity of Q) = 0, so

(QZ,)+ = (QB), and (QZ,)- = (QB)_.

On the other hand, following (5.4.6) we see that conditioned on M, = k, (QZ,)+ @ —, and

d ) . ) ) ) )
(QZ,)- @ Yy are independent where Y, (-) is the linearly interpolated non-intersecting random
d
walk defined in Proposition 5.4.7. As k,n — oo, Y;(-),Y,—x(-) — W where W is the non-
intersecting Brownian motion on [0, 1] defined in Definition 5.4.3. At the same time, % = M,

which has density « —— on [0, 1]. Thus, (QB).,, (QB)_, M are independent and (QB)., @

Vi(1-1)
©B). Yw. 0

Remark 5.4.13. We expect similar decomposition results to hold for 3 or more Brownian motions
or bridges around the maximizer of their sums. More precisely, if M is the maximizer of B;(x) +

B (x) + B3(x), where B; are independent Brownian motion on [0, 1], we expect the law of
(B1(M) = Bi(M +x), B2(M) — Bo(M +x), B3(M) — B3(M +x))

to be again Brownian motions but their sum conditioned to be positive (its singular conditioning;
so requires some care to define properly). Indeed, such a statement can be proven rigorously at the
level of random walks. Then a possible approach is to take diffusive limit of random walks under
conditioning and prove existence of weak limits. Due to lack of results for such conditioning event,
proving such a statement require quite some technical work. Since it is extraneous for our purpose,

we do not pursue this direction here.
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5.5 Bessel bridges and non-intersecting Brownian bridges

In this section, we study diffusive limits and separation properties of Bessel bridges and non-
intersecting Brownian bridges. The central object that appears in this section is the Dyson Brown-
ian motion [dyson1962brownian] which are intuitively several Brownian bridges conditioned on
non-intersection. In Section 5.5.1, we recall Dyson Brownian motion and study different properties
of it. In Section 5.5.2 we prove a technical estimate that indicates the two parts of non-intersecting
Brownian bridges have uniform separation and derive the diffusive limits of non-intersecting Brow-
nian bridges. The precise renderings of these results are given in Proposition 5.5.6 and Proposition

5.5.8.

5.5.1 Diffusive limits of Bessel bridges and NonInt-BrBridge

We first recall the definition of Dyson Brownian motion. Although they are Brownian motions
conditioned on non-intersection, since the conditioning event is singular, such an interpretation
needs to be justified properly. There are several ways to rigorously define the Dyson Brownian
motion, either through the eigenvalues of Hermitian matrices with Brownian motions as entries or
as a solution of system of stochastic PDEs. In this paper, we recall the definition via specifying the

entrance law and transition densities (see [265] and [317, Section 3] for example).

Definition 5.5.1 (Dyson Brownian motion). A 2-level Dyson Brownian motion D(-) = (D;(-), Da1(+))

is an R? valued process on [0, o) with D;(0) = D,(0) = 0 and with the entrance law

(y1 = y2)?

P (D (t) € dy1, Da(t) € dy2) = 1{y > y2} ”

pi(y)pi(y2)dyidy,, t>0. (55.1)
For 0 < s <t < oo and x| > x», its transition densities are given by
P (D1(1) € dy1, Da(1) € dyz | Di(s) = x1, Da(s) = x2)

yi— Y2
det(p;—s(xi = ¥,)); j-1dy1dya.
X1 — X2

(5.5.2)

=1{y; > y2}
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The above formulas can be extended to n-level Dyson Brownian motions with (see [317, Section
3]) but for the rest of the paper we only require the n = 2 case. So, we will refer to the 2-level

object defined above loosely as Dyson Brownian motion or DBM in short.

We next define the Bessel processes via specifying the entrance law and transition densities

which are also well known in literature (see [284, Chapter VI.3]).

Definition 5.5.2 (Bessel Process). A 3D Bessel process R; with diffusion coefficient 1 is an R-

valued process on [0, co) with R;(0) = 0 and with the entrance law
P(R(1) € dy) = 2 pi(y)dy, x€[0,), 1>0.
For 0 < s <t < oo and x > 0, its transition densities are given by

P(Ri(t) € dy | Ri(s) =x) = =[pi—s(x = y) = pr—s(x + y)]dy, y € [0, 00).

=<

More generally, R(-) is a 3D Bessel process with diffusion coefficient o > 0 if o™'/>R(-) is a

3D Bessel process with diffusion coefficient 1.

In this paper we will only deal with 3-dimensional Bessel processes. Thus we will just loosely
refer to the above processes as Bessel processes.

DBM is directly linked with Bessel processes. Indeed the difference of the two paths of DBM
is known (see [158] for example) to be a 3D Bessel process with diffusion coefficient 2. This fact
can be proven easily via SPDE or the Hermitian matrices interpretation of DBM. Since we use this

result repeatedly in later sections we record it as a lemma below.

Lemma 5.5.3 (Dyson to Bessel). Let D = (D, D;) be a DBM. Then, as a function in x, we have
Di(x) + Dr(x) 4 V2B(x) and D (x) — Da(x) 4 R>(x) where B(x) is a Brownian motion and

R : [0,0) — R is a Bessel process (see Definition 5.5.2) with diffusion coefficient 2.

We end this subsection by providing two lemmas that compare the densities of NonInt-BrBridge

and DBM.
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Lemma 5.5.4. Suppose the pair of random variables (Uy, U,) has joint probability density func-
tion:

P(U, € dy,U; € dy,) =

N2
M%()’l)m()’z)’ Vi > yo. (5.5.3)

Conditioning on (U1, U,), we consider a NonInt-BrBridge (Vi,V3) on [0, t] ending at (Uy, U,),
see Definition 5.4.4. Then unconditionally, (Vy,V3) is equal in distribution as DBM (D, D;) on
[0,1]. (see Definition 5.5.1).

Lemma 5.5.5. Fix 5, M > 0. Consider a NonInt-BrBridge (Vi, V,) on [0, 1] ending at (ay, az)
(see Definition 5.4.4), where a1 > as. Then, there exists a constant Cyr s > 0 such that for all

t€(0,0), yi >yrand —-M < ay <a; <M,

P(Vi(t) € dy1, Va(2) € dy»)
P(Di(1) € dy1, Dy(t) € dyr)

< Cuys, (5.5.4)

where (D1, D) is a DBM defined in Definition 5.5.1.

Proof of Lemma 5.5.4. To show that (Vi,V>) is equal in distribution to (D;, D;) on [0, ¢], it suf-
fices to show that (Vj, ;) has the same finite dimensional distribution as (D;, D5) on [0, f]. Fix
any k e N,and 0 < 51 < ... < s¢ <tandy; > y;. Using Brownian scaling and the formulas from

Definition 5.4.4 we have

k
P( m{Vl(Si) € dx; 1, Va(si) € dxia} Uy = y1, Uz = yz)
i=1

k=1

(x1,1 —x12)
= Tpsl (xl,l)psl (xl,Z) l_[ det(pé'm+1—sm (xm+1,i - xm,j))iz,jzl
m=1
det(prs, (xii = Y2 oy -
= ndxi,ldxi,z,
1 =y2)p: ()P (y2)
where the above density is supported on {x;; > x;2 | i = 1,2,...,k}. For convenience, in the

rest of the calculations, we drop ]_[l’.(=1 dx; 1dx; > from the above formula. In view of the marginal
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density of (Uj, U,) given by (5.5.3), we thus have that

k
P( ﬂ{Vl(s,-) € dx; 1, Va(sy) € dxi,z})

i=1

k a2
= [ P00 € ann Vit € anavn = 0.2 =5 L2 vy
yi>y2 i=1
(x1,1 —x122) = )
= TPSI (x1,1)ps, (x12) l—[ det(ps,i—sp (Xm1,0 = Xm, 1)) 12
m=1

: / (y1 = y2)det(pr—, (xii = y))7 = dy1dya.
y1>y2

But given the transition densities for DBM from (5.5.2). we know that

/ (y1 = y2)det(pr—g, (Xii = )7 =y dy1dyz = xe1 = Xe2-
Y1i=>y2

Plugging this back we get

k
P( ﬂ{Vl (s;) € dx; 1, Va(si) € dxi,Z})

i=1

(X1 | —x12)? X+l — Xm+12

2
det(pst,l—sm (xm+l,i - xm,j))hj:l .

Ps; (X1,1) s, (x1,2) l—[

Xm,1 — Xm,2

Using the entrance law and transition densities formulas for DBM from Definition 5.5.1, we see
that the above formula matches with the finite dimensional density formulas for DBM. This com-

pletes the proof. O

Proof of Lemma 5.5.5. Fix any arbitrary y; > y, and ¢ € (0, ) Recall the density formulas for
NonlInt-BrBridge and DBM from Definitions 5.4.4 and 5.5.1. We have

det(p1-:(yi = a)))} ;_,
(y1 = y2)(a1 —az2)pi(a)pi(az)
__ PO —a)piaya—ar) [ i)
(y1 —y2)(a1 — az2)pi(ai)pi(az)

Lhsof (5.5.4) = (5.5.5)

-1]. (5.5.6)
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If (y1 —y2)(a; —az) > 1 —t, then

det(pii(yi—a))i,ey | o

< 7 < —1
(I -t)pi(ar)pi(az) ~ (-n?¢ = T-on¢

r.h.s. of (5.5.5) <

If (y1 —y2)(a; —az) <1 —t, we utilize the elementary inequality that y(e% —1) <e-1,forall

1t > 1 in this case we have

vy > 1. Indeed, taking y = eI

p1-(y1 —a2)p1-(y2 — ap) 2 ajr 2 M?
r.h.s. of (5.5.6) < (0 =0p1aDp (@) (e—1) < e’ < o7
Combining both cases yields the desired result. ]

5.5.2 Uniform separation and diffusive limits

The main goal of this subsection is to prove Proposition 5.5.6 and Proposition 5.5.8. Propo-
sition 5.5.6 highlights a uniform separation between the two parts of the Nonlnt-BrBridge de-
fined in Definition 5.4.4, while Proposition 5.5.8 shows DBMs are obtained as diffusive limits of

NonInt-BrBridges.

Proposition 5.5.6. Fix M > 0. Let (Vl(n), Vz(")) be a sequence of NonInt-BrBridges (see Definition

(n) _
1

1

5.4.4) on [0, 1] beginning at 0 and ending at (aﬁ”),agn)). Suppose that a aé”) > 57 and

|a§")| < M forallnandi = 1,2. Then for all p > 0, we have

lim sup lim sup P (/n exp (—\/ﬁ[vl(n)(%) - Vz(n)(%)]) dy > p) =0. (5.5.7)
0

00— 00 n—oo

Recall that by Lemma 5.4.6, the difference of the two parts of NonInt-BrBridge is given by
a Bessel bridge (upto a constant). Hence we can recast the above result in terms of separations

between Bessel bridges from the x-axis as well.

Corollary 5.5.7. Fix M > 0. Let ngg) be a sequence of Bessel bridges (see Definition 5.4.1) on

[0, 1] beginning at 0 and ending at a™ . Suppose that M > a\ > L for all n. Then for all p >0,
1 M
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we have

n
lim sup lim sup P (/ exp (—\/EREZ)(%)) dy > p) =0.
0

H— o0 n—oo

Proof of Proposition 5.5.6. We fix ¢ € (0, zlt)' To prove the inequality in (5.5.7), we divide the in-
tegral from 6 to n into two parts: (6, nd) and [nd, n) for some ¢ € (0, 1) and n large and prove each
one separately. For the interval (nd, n) interval, we use the fact that the non-intersecting Brownian
bridges Vl(") (y), Vz(") (y) are separated by a uniform distance when away from 0. For the smaller
interval (6, nd) close to 0, we define a Gap,, 4 ;5 event that occurs with high probability and utilize
Lemmas 5.5.4 and 5.5.5 to transform the computations of NonInt-BrBridge into those of the DBM

to simplify the proof.

We now fill out the details of the above road-map. First, as (Vl(”), Vz(n)) are non-intersecting
Brownian bridges on [0, 1] starting from 0 and ending at two points which are within [-M, M|
and are separated by at least %, for every 4,6 > 0, there exists a(M, d, 1) > 0 small enough such

that
P (Vf")(y) - Vz(n)(y) > a,Vy € [6, 1]) >1-A. (5.5.8)
(5.5.8) implies that with probability at least 1 — 4,

/: exp (—\/E[Vl(”)(%) - Vz(")(%)]) dy < (n — né)e V@ (5.5.9)

which converges to 0 as n — oo. Next we define the event

Gap, g, := {\/E[Vl(n)(%) - Vz(n)(,%)] > yi,Vy € [0, ncS]} .
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We claim that -Gap,, , s event is negligible in the sense that

lim sup lim sup P(-Gap,, 4 5) = 0. (5.5.10)

f— o0 n—oo

Note that on Gap,, 4 s event, we have

no

no
/9 exp (Vi (2) - vy ()] ) dy < /6 exp(—y'/*)dy (5.5.11)

which goes to zero as n — oo, followed by 6 — oco. In view of the probability estimates from

(5.5.8) and (5.5.9), combining (5.5.10) and (5.5.11) yields

0— 00 n—oo

lim sup limsup P (/ exp (—\/ﬁ[vl(")(%) - Vz(n)(%)]) dy > p) <A (5.5.12)
6

Since A is arbitrary, (5.5.12) completes the proof. Hence it suffices to show (5.5.10). Towards this
end, by the properties of the conditional expectation, if we condition on the values of Vl(") (20), Vz(") (20),

we have that

P(=Gap,4,) = E [P (~Gap, 51" (26), ;" 26)) |

_ / P, ,,(~Gap, ;) P(V" (26) € dyi, V" (26) € dy») (5.5.13)
yi>y2

where Py, ,, is the conditional law of NonInt-BrBridge conditioned on (Vl(") (26) = y1, VZ(") (26) =
y2). Note that Gap, 4 5 event depends only on the [0, §] path of the NonInt-BrBridge. Thus by
Markovian property of the NonInt-BrBridge, P, ,,(Gap,, 4 s) can be computed by assuming the
NonInt-BrBridge is on [0, 25] and ends at (y1, y7).

On the other hand, P(V{'(26) € dyi,V;(25) € dy,) is the probability density function of the
marginal density of NonInt-BrBridge on [0, 1]. ViaLemma 5.5.5, this is comparable to the density

of (D1(26), D,(26)), where D follows DBM law defined in Definition 5.5.1. Thus by (5.5.4) the
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r.h.s of (5.5.13) is bounded from above by

r.h.s of (5.5.13) < Cyr25 / Pyl,yz(—-Gapnﬁ,(;)P(Z)l (26) € dyy, Dy(26) € dy,)dydy,

= CM,26 : PDyson(_‘Gapn,g,(s) (5.5.14)

Here the notation Ppys,, means the law of the paths (Vi, V) is assumed to follow DBM law. With
this notation, the last equality of (5.5.14) follows from Lemma 5.5.4. From the density formulas

of DBM from Definition 5.5.1, it is clear that DBM is invariant under diffusive scaling, i.e.

V(D1 (5), Da(2)) £ (D1 (), Da()) (5.5.15)

and by Lemma 5.5.3, Di(-) — D2(:) = Ra(-), a 3D Bessel process with diffusion coefficient 2.

Thus, we obtain that for any n € N,
Ppyson(~Gap, g.5) < P(Ra(y) < y'/4, for some y € [6, ). (5.5.16)

Meanwhile, Motoo’s theorem [257] tells us that

limsup P(Rz(y) < y1/4, for some y € [0, c0)) = 0. (5.5.17)
g— 00
Hence (5.5.14), (5.5.16) and (5.5.17) imply (5.5.10). This completes the proof. ]

We now state our results related to the diffusive limits of NonInt-BrBridge (defined in Defini-

tion 5.4.4) and Bessel bridges (defined in Definition 5.4.1) with varying endpoints.

Proposition 5.5.8. Fix M > 0. Let V" = (Vl("), Vz(")) : [0, a,] — R be a sequence of NonInt-BrBridges

(defined in Definition 5.4.4) with Vl.(”)(O) =0 and Vl.(")(an) = zl(n). Suppose that for alln > 1 and
(

i=1,2 M > a, > ﬁ and |zi”)| < % Then as n — oo we have:

VAV (), V() S (D1(1), Da(0)
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in the uniform-on-compact topology. Here D is a DBM defined in Definition 5.5.1.

In view of Lemma 5.4.6 and Lemma 5.5.3, Proposition 5.5.8 also leads to the following corol-

lary.

Corollary 5.5.9. Fix M > 0. Let R(") : [0,a,] — R be a sequence of Bessel bridges (defined in

Definition 5.4.1) with R(n) (0) =0 and R(n)(an) =z, Suppose foralln > 1, M > a, > L and

M

12| < % Then as n — oo we have:

VAR® (1) 5 Ry (1)

in the uniform-on-compact topology. Here R is a Bessel process with diffusion coefficient 1,

defined in Definition 5.5.2.

Proof of Proposition 5.5.8. For convenience, we drop the superscript (n) from Vi, V; and z;’s. We
proceed by showing convergence of one-point densities and transition densities of vn(V; (%), V2(£))
to that of DBM and then verifying the tightness of the sequence. Fix any ¢ > 0. For each fixed

Y1 > y2, it is not hard to check that we have as n — oo

an\ndet(p,, 1 (3 ~2))} iy
(21 — 22)Pa, (21)Pa, (22)

— Y1 - Y. (5.5.18)

uniformly over a, € [+

M’M] andzl,zg € [—M,M].

Utilizing the one-point densities and transition densities formulas for NonInt-BrBridge of
length 1 in Definition 5.4.4, we may perform a Brownian rescaling to get analogous formulas

for Vi, V, which are NonInt-BrBridge of length a,. Then by a change of variable, the density of
(VAV (L), VaVa(£)) is given by

an(y1 = y2)p(y1)p:(¥2)
t(z1 = Zz)pan (Zl)pan (22)%(1 t(pa”_L( Z/))l] I

O1=y2)° Y2)

Using (5.5.18) we see that for each fixed y; > y,, the above expression goes to ~——==p,(y1)p;(y2)
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which matches with (5.5.1).

Similarly for the transition probability, letting 0 < s < ¢t < a,, y; > y2 and x| > x,, we have

P (VaVi(L) € dyi, VnVa(L) e dyy | VaVi(2) € dxy, VaVa(2) € dxy)
det(p,, -+ (3£ ~ 7))}
M det(pa, -3 (G = 2))2 1y

= det(pi—(yi — x,)); dyidys. (5.5.19)

Applying (5.5.18) we see that as n — oo

Yi— )2

rh.s of (5.5.19) — det(p,_(x; - y,))ul _xz-

which matches with (5.5.2). This verifies the finite dimensional convergence by Scheffe’s theorem.

For tightness we will show that there exists a constant Cg »s > O such that forall0 < s <7 < K,

2
PUE[(VAVi(h) - Vavi($)*| < Cromte - 7. (5.5.20)

i=1

We compute the above expectation by comparing with DBM as was done in the proof of Proposi-

tion 5.5.6. Using definition of the conditional expectation we have

E|(vavi(t) - vavi2))'|
= [ [ V) 1) =) =] P € dyivas) e dv)
yi=y2

< CK,M/ E [(\/ﬁVi(ﬁ) - \/ﬁVi(%))4 Vi(®) =y vi(%) = )’2] P(D(X) e dy, Dy (£) € dy,)
y1=>Yy2

where the last inequality follows from Lemma 5.5.5 by taking n large enough. Here D = (D1, D;)
follows DBM law. Due to Lemma 5.5.4 and (5.5.15) the last integral above is precisely E[ (D; (1) —

D;(5))*]. Hence it suffices to show

E[(Di(t) - Di(s))*] < C(r - 5)>. (5.5.21)
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By Lemma 5.5.3, we see V2B(x) := D;(x) + D>(x) and V2R (x) := D (x) — D, (x) are a standard

Brownian motion and a 3D Bessel process with diffusion coefficient 1 respectively. We have
E[(Di(1) - Di(s))*] < C[E[(R(t) - R(s))*] + E[(B(1) - B(s))*]] .

We have E[(B() — B(s))*] = 3(¢—s5)?, whereas for R(-), we use Pitman’s theorem [284, Theorem
VI.3.5], to get that R(?) 4 2M(t) — B(t), where B is a Brownian motion and M () = sup, ., B(u).

Thus,

E[(R(1) - R(5)*] < C[E[(M(1) - M(5)*] + E[(B(1) - B(5))"]]

< C|E[( sup B(u) - B(5))*] +E[(B(t) - B(s))"]] .

s<u<t

Clearly both the expressions above are at most C(¢ — s)2. This implies (5.5.21) completing the

proof. ]

5.6 Ergodicity and Bessel behavior of the KPZ equation

The goal of this section is to prove Theorems 5.1.10 and 5.1.11. As the proof of the latter is
shorter and illustrates some of the ideas behind the proof of the former, we first tackle Theorem
5.1.11 in Section 5.6.1. After that in Section 5.6.2, we state a general version of the k = 2 case of
Theorem 5.1.10, namely Proposition 5.6.1. This proposition will then be utilized in the proof of
Theorem 5.1.4. Finally in Section 5.6.3, we show how to obtain Theorem 5.1.10 from Proposition

5.6.1.

5.6.1 Proof of Theorem 5.1.11
For clarity we divide the proof into several steps.

Step 1. In this step, we introduce necessary notations used in the proof and explain the heuristic

idea behind the proof.
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Fix any @ > 0. Consider any Borel set A of C([—a,a]) which is also a continuity set of a
two-sided Brownian motion B(x) restricted to [—a,a]. By Portmanteau theorem, it suffices to

show
P((H(-,t) —H(0,1) e A) > P(B(:) € A). (5.6.1)

For simplicity let us write P,(A) := P((H(-, 1) — H(0,t) € A). Using (5.2.6) we have H (x,t) —
H(0,1) = t'3(H,(+7*/3x) —5;(0)). Recall that b, (-) = t(l)(~) can be viewed as the top curve of the
KPZ line ensemble {bt(") (*) }nen which satisfies the H,-Brownian Gibbs property with H; given by
(5.2.4).

Note that at the level of the scaled KPZ line ensembles we are interested in understanding the
law of bt(l) (-) restricted to a very small interval: x € [—2/3a,172/3a]. At such a small scale, we
expect the Radon-Nikodym derivative appearing in (5.2.3) to be very close to 1. Hence the law
of top curve should be close to a Brownian bridge with appropriate end points. To get rid of the

endpoints we employ the following strategy, which is also illustrated in Figure 5.5 and its caption.

* We start with a slightly larger but still vanishing interval [, := (—¢~%,17%) with @ = % say.
We show that conditioned on the end points bt(l) (=179), bt(l) (=) of the first curve and the
second curve bt(z), the law of I)l(l) is close to that of a Brownian bridge on /; starting and

ending at I),(I)(—t_“) and I)t(l) (17%) respectively.

« Once we probe further into an even narrower window of [-7*/3a, t*/3a], the Brownian bridge

no longer feels the effect of the endpoints and one gets a Brownian motion in the limit.

Step 2. In this step and next step, we give a technical roadmap of the heuristics presented in Step

1. Seta = é and consider the small interval I, = (7%,¢t™%). Let ¥ be the o -field generated by

F =0 ({bz(l)(x)}xelf’ {f),(n)(')}nzz) ) (5.6.2)
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[T SR P —

—t_%a t_-%a, £
Figure 5.5: Illustration of the proof of Theorem 5.1.11. In a window of [¢7%,¢%], the curves

,(1) (x), bl(z) (x) attains an uniform gap with high probability. This allows us to show law of bl(l) on
that small patch is close to a Brownian bridge. Upon zooming in a the tiny interval [-r*/3a, r*/3a]
we get a two-sided Brownian bridge as explained in Step 1 of the proof.

Fix any arbitrary 6 > 0 and consider the following three events:

Gap, (6) = {b;” (<) < min{b{" (), b (<)} - 5}, (563)

Rise, (6) = {sup b?(x) < L5+ b?)(—f@)} : (5.6.4)
xel;

Tight, (6) := {—5‘1 <), 5V (=) < 5—1} . (5.6.5)

Note that all the above events are measurable w.r.t. . A visual interpretation of the above events
are given later in Figure 5.6. Since the underlying curves are continuous almost surely, while
specifying events over I;, such as the Rise, () event defined in (5.6.4), one may replace I by its
closure I, = [-t~, 1] as well; the events will remain equal almost surely. We will often make

use of this fact, and will not make a clear distinction between I, and 1.
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We set
Fav,(6) := Gap,(5) N Rise,(6) N Tight, (). (5.6.6)

The Fav,(0) event is a favorable event in the sense that given any & > 0, there exists 69 € (0, 1)

such that for all 6 € (0, &)
litminf Fav;(6) > 1 —«¢. (5.6.7)

We will prove (5.6.7) in Step 4. For the moment, we assume this and continue with our calcula-
tions. We now proceed to find tight upper and lower bounds for P,(A) = P((H (-, t)—=H (0,t) € A).
Recall the o-field ¥ from (5.6.2). Note that using the tower property of the conditional expectation

we have

P/(A) =E[P,(A | F)] = E [I{Fav/(6)}P,(A | F)]. (5.6.8)

P,(A) =E[P,(A | )] <E[1{Fav;(0)}P;(A | F)] + P (=Fav;(9)) . (5.6.9)

Applying the H;-Brownian Gibbs property for the interval I; we have

l’lvltvbf(_t_a)vbf(t_a)7b(2) Efree,z [WIA]

P,(A|F)=P " (A) = ——, 5.6.10
I( | ) HI ( ) Efree’t [W] ( )

where

t—(l
W = exp (—t2/3 / !0 -5 () g (5.6.11)
-«

and Ppree; = Pér’;él”b’(_l_a)’b’(t_a) and Efee, = E;r’éél”b’(_t_a)’b’(’_a) are the probability and the

expectation operator respectively for a Brownian bridge B (-) on [ starting at h,(—z~%) and ending
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at b;(1?). Note that the second equality in (5.6.10) follows from (5.2.3). We now seek to find
upper and lower bounds for r.h.s. of (5.6.10). For W, we have the trivial upper bound: W < 1. For

the lower bound, we claim that there exists #o(d) > 0, such that for all ¢ > ty, we have
1{Fav;(9) }Pgrec (W = 1 — ) = 1{Fav,(5)}(1 - 9). (5.6.12)

Note that (5.6.12) suggests that the W is close to 1 with high probability. This is the technical
expression of the first conceptual step that we highlighted in Step 1. In the similar spirit for the

second conceptual step, we claim that there exists #o(d) > 0, such that for all ¢ > 7¢, we have
1{Fav,(6)} [Prrec..(A) — y(A)| < 1{Fav,(6)} - 4, (5.6.13)

where y(A) := P(B(:) € A) € [0, 1]. We remark that the L.h.s. of (5.6.12) and (5.6.13) are random
variables measurable w.r.t. #. The inequalities above hold pointwise. We will prove (5.6.12) and
(5.6.13) in Step 5 and Step 6 respectively. We next complete the proof of the Theorem 5.1.11

assuming the above claims.

Step 3. In this step we assume (5.6.7), (5.6.12), and (5.6.13) and complete the proof of (5.6.1). Fix
any € € (0,1). Geta dp € (0, 1), so that (5.6.7) is true for all § € (0, §g). Fix any such ¢ € (0, dp).

Get 1(0) large enough so that both (5.6.12) and (5.6.13) hold for all # > #y. Fix any such # > #.

As W < 1, we note that on the event Fav,(6),

Efree,t [WIA]

> E w1
Efree,t [W] free,t [ A]

= (1 - 6)Pfree,t (A N {W >1- 5})
= (1 - 5)Pfree,t(A) - (1 - 5)Pfree,t(W <l1l- 6)

= (1 - 5)Pfree,t(A) - (1 - 5)&

261



where in the last line we used (5.6.12). Plugging this bound back in (5.6.8) we get

P/ (A) > (1 - 6)E [1{Fav;(6)}Ppee,(A)| = (1 - 6)§
> (1-6)E [1{Fav,(6)}y(A) - 6] - (1 - 6)é

= y(A)(1 - 6)P(Fav,(6)) — 26(1 — ).

where the inequality in the penultimate line follows from (5.6.13). Taking liminf both sides as

t — oo, in view of (5.6.7) we see that
li;niant(A) >(1-0)(1-e)y(A)-26(1-9).

Taking liminfs)y and using the fact that ¢ is arbitrary, we get that liminf, . P;(A) > y(A).

Similarly for the upper bound, on the event Fav, (&) we have

Efree,t [WIA] < Pfree,t(A) < 1
Efree,z [W] B (1 - 5)Pfree,t(W >1- 6) B (1 - 5)2

Pfree,t (A),

where we again use (5.6.12) for the last inequality. Inserting the above bound in (5.6.9) we get

1
P,(A) < m

< 0 N 1
C(1-9?2 (1-0)

0 1
< e + = 6)27(A) + P (=Fav,;(9)) .

E [1{Fav,(6)}Pfrec(A)] + P (=Fav,(5))

E [1{Fav,(6)}y(A)] + P (=Fav;(9))

The inequality in the penultimate line above follows from (5.6.13). Taking lim sup both sides as

t — oo, in view of (5.6.7) we see that

1
li P,(A) < +
I?LSOEP (A) L (1_5)27

(A) +e.

As before taking lim supg and using the fact that ¢ is arbitrary, we get that limsup,_,, P,(A) <
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_t7Q i1;*1‘1'

Figure 5.6: In the above figure Gap, () defined in (5.6.3) denotes the event that the value of the

blue point is smaller than the value of each of the red points at least by d, The Rise,(5) event

defined in (5.6.4) requires no point on the whole blue curve (restricted to I, = (—¢t7%, 1 %)) exceed
the value of the blue point by a factor %6 (i.e., there is no significant rise). The Tight,(5) defined

in (5.6.5) event ensures the value of the red points are within [-6~!,57']. The Flucﬁ")(é) event
defined in (5.6.15) signifies every value of every point on the i-th curve (restricted to /) is within
%5 distance away from its value on the left boundary: bt(l) (—t~%). Finally, Sink;(5) event defined
in (5.6.20) denotes the event that no point on the black curve (restricted to /;) drops below the value
of the red points by a factor larger than ié , (i.e., there is no significant sink).

v(A). With the matching upper bound for liminf derived above, we thus arrive at (5.6.1), com-

pleting the proof of Theorem 5.1.11.

Step 4. In this step we prove (5.6.7). Fix any ¢ > 0. Recall the distributional convergence of KPZ
line ensemble to Airy line ensemble from Proposition 5.2.7. By the Skorokhod representation
theorem, we may assume that our probability space are equipped with A (x) A, (x), such that as

t — oo, almost surely we have

max sup [2'77(2"3x) - A:(x)| - 0. (5.6.14)
=12 ye[-1,1]
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Fori =1, 2, consider the event

Fwﬁkﬁﬁ{wmw%m—fW4ﬂﬂsi%- (5.6.15)

xel;

See Figure 5.6 and its caption for an interpretation of this event. We claim that for every 6 > 0,
lim inf P (Fluc,(")(a)) - 1. (5.6.16)

Let us complete the proof of (5.6.7) assuming (5.6.16). Fix any £ > 0. Note that {|b,(1)(—t“”) -
I)t(l)(t_“)l < }1(5} ) FIuc,(l)(é). Recall Gap, (6) from (5.6.3). Observe that

~Gap, (&) 0 {1b}" (<) - (7)) < do} < b (=17 5" (=) = -6}

C{x inf (67 =" ()] 2 %}

Using these two preceding set relations, by union bound we have

P (<Gap, () < P (1o (=) = 5" ()| = $6) + P (~Gap,(5) n 15" (=) = 517 < }5)

_P(ﬂRiset(l)(é))+P( inf [b§2>(x) b (x)] > —3)

As t — oo, the first term goes to zero due (5.6.16) and by Proposition 5.2.7, the second term goes

to

P(xe%l—l{ [A(2713x) = A (273x)] > 4251/35)

But by (5.2.1) we know Airy line ensembles are strictly ordered. Thus the above probability can
be made arbitrarily small be choose ¢ small enough. In particular, there exists a 6; € (0, 1) such

that for all 6 € (0, 1) the above probability is always less than . This forces

lilmian (Gap,(6)) > 1 - z. (5.6.17)
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Recall Rise,(6) from (5.6.4). Clearly Rise;(5) C Fluct(z)(é). Thus for every 6 > 0,
lim inf P(Rise; (6)) = 1. (5.6.18)

Finally using Proposition 5.2.8 (a) and (b) we see that I)t(l)(t_“), I)fl)(t_“) are tight. Thus there

exists 05 € (0, 1) such that for all § € (0, 65), we have
litm inf P (Tight,(6)) > 1 - 5. (5.6.19)

Combining (5.6.17), (5.6.18), (5.6.19), and recalling the definition of Fav,(§) from (5.6.6), by
union bound we get (5.6.7) for all 6 € (0, min{d, 52}).

Let us now prove (5.6.16). Recall Flucfi) (6) from (5.6.15). Define the event:

Conv, (5) := { sup [ (x) =27 P A (27 3x)) < %5}.
xe[-1,1]

Observe that

{ﬂFIuct(i)((S),Convt(é)} C { sup [ﬂi(x) _ﬂi(_2—1/3z_—a)] > %6}

|x|<2-1/3¢-«a

Thus by union bound

P (ﬂFIucgi) (5)) < P (-=Conv,(5)) + P (—|F|uc§i) (5), COnv,(a))

< P (=Conv(9)) +P( sup [ﬂi(x) —ﬂi(—z-l/%-a)] > %5)

|x|<2-1/3¢-e

By (5.6.14), the first term above goes to zero as t — oo, whereas the second term goes to zero

as t — oo, via modulus of continuity of Airy line ensembles from Proposition 5.2.4. Note that

2

in Proposition 5.2.4 the modulus of continuity is stated for A;(x) + x>. However, in the above
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scenario since we deal with a vanishing interval [—2_1/ 3pma -1/ 3t‘o‘] , the parabolic term does not

play any role. This establishes (5.6.16).

Step 5. In this step we prove (5.6.12). Let us consider the event
Sink, (6) := {in]f b" (x) > —16 + min{h, (—7), b, (t™) }} . (5.6.20)
x€el,

See Figure 5.6 and its caption for an interpretation of this event. Recall Gap,(6) and Rise,(6)
from (5.6.3) and (5.6.4). Observe that on the event Gap, () N Rise,(6), we have sup, ;. bt(z) (x) <
min{b,(=t7%), b, ()} - %6. Thus on Gap, (6) N Rise; () N Sink, (&), we have

inf 5" () -7 ()] = 4.

Recall W from (5.6.11). On the event {inf¢, [bl(l)(x) - bt(z) (x)] > %6} we have the pointwise
inequality

W > exp(—212/3_“e_%tl/35) >1-9,

where we choose a 71 () > 0 so that the last inequality is true for all ¢ > 1. Thus for all ¢ > ¢y,
1{Fav;(0) }Prec (W > 1 — 0) > 1{Fav;(6) }Pfrec.(Sink;(5)). (5.6.21)

Recall that Py ; denotes the law of a Brownian bridge B (-) on I, starting at B (—1~%) = b, (—=17%)
and ending at B{(t™*) = b,(¢™%). Let us consider another Brownian bridge Bi(-) on [, starting and
ending at min{h,(—7~%), h,(¢~*)}. By standard estimates for Brownian bridge (see Lemma 2.11 in

[CH16] for example)
Pinf By (x) > =16 + min{B, (=), 5, ()} | = 1 — exp (—i) — 1 —exp (—5—2;”)
vel, 1N =74 ! >t 8[7;] 16l ) -

Note that By (-) is stochastically larger than B (+). Since the above event is increasing, we thus have

Pireer (Sink,(6)) is at least 1 —exp (—%t"). We now choose t,(0) > 0, such that 1 —exp (—%t") >
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1 — 6. Taking ty = max{ty, t,}, we thus get (5.6.12) from (5.6.21).
Step 6. In this step we prove (5.6.13). As before consider the Brownian bridge B;(-) on I, starting
at Bj(—t7%) = bh;(—t~?) and ending at B1(t™%) = bh,(¢~*). We may write B; as

x+1t¢

S (01 () =B (=) + B(a).

Bi(x) = ;) (=17) +
where B is a Brownian bridge on I, starting and ending at zero. Thus,

(B (7 x) = B1(0) = ' |BGPx) = BO) | + 5 PV () - by (<),

(5.6.22)

Recall that a = %. By Brownian scaling, B, (x) := t'/3B(r™2/3

x) is a Brownian bridge on the large
interval [—V/f, V1] starting and ending at zero. By computing the covariances, it is easy to check
that as t — oo, B,.(x) — B.(0) converges weakly to a two-sided Brownian motion B(-) on [—a, a].

This gives us the weak limit for the first term on the r.h.s. of (5.6.22). For the second term, recall

the event Tight,(6) from (5.6.5). As |x| < a, on Tight,(6), we have
51 PV () =Y () < 1767

This gives an uniform bound (uniform over the event Fav,(§)) on the second term in (5.6.22).
Thus as long as the boundary data is in Tight,(6), Pgec(A) — y(A) where y(A) = P(B(:) € A).

This proves (5.6.13).

5.6.2 Dyson Behavior around joint maximum

In this subsection we state and prove Proposition 5.6.1.

Proposition 5.6.1 (Dyson behavior around joint maximum). Fix p € (0,1). Set g = 1 — p.
Consider 2 independent copies of the KPZ equation H;(x,t), and H|(x,t), both started from

the narrow wedge initial data. Let M, ; be the almost sure unique maximizer of the process
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x = (Hpy(x, pt) + H| (x, gt)) which exists via Lemma 5.3.1. Set

Di(x,t) == Hy(M, 4, pt) — Hy(x + M, 4, pt),

(5.6.23)
Di(x,t) = H (x + M, qt) — H (M, qt).
As t — oo, we have the following convergence in law
d
(D1(x,1), Da(x,1)) = (D1 (x), Da(x)) (5.6.24)

in the uniform-on-compact topology. Here D = (D1, D5) : R — R? is a two-sided DBM, that
is, D:(-) = D() ljo,0) and D_(-) := D(=-) |(-w0,0] are independent copies of DBM defined in
Definition 5.5.1.

For clarity, the proof is completed over several subsections (Sections 5.6.2-5.6.2) below and

we refer to Figure 5.7 for the structure of the proof.

KPZ line ensemble framework

In this subsection, we convert Proposition 5.6.1 into the language of scaled KPZ line ensemble
defined in Proposition 6.5.1. We view H;(x, 1) = ?{t(;) (x), H| (x,1) = ?{t(i) (x) as the top curves of

two (unscaled) KPZ line ensembles: {H t(? (x), 7—(;1‘) (x) }nenxer. Following (5.2.5) we define their

scaled versions:
[)[(”? (x) =13 (Wt(’?)(tzﬂx) + ﬁ) , I)t(,”l) (x) =113 (7‘(;’11)(1‘2/3?6) + 2[_4) :
Along with the full maximizer M, ;, we will also consider local maximizer defined by

MY, = argmax (74<j>T(x) +74<j>l(x)), M € [0, 00]. (5.6.25)
7 x€[-M1213,M12/3] P "
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Recasting Proposi-
tion 5.6.1 in the KPZ

Heuristics and outline

Reducing the global
maximizer to the local
maximizer (Section 5.6.2)

and the desired conver-
gence (Section 5.6.2)

For each M > 0, M% is unique almost surely by H,-Brownian Gibbs property. We now set

Conditioning w.r.t. the
max data and small
boundaries to obtain

NonInt-BrBridge
law (Section 5.6.2)

. —{ of proof of Proposition
line ensemble frame- 5.6.1 (Section 5.6.2)

work (Section 5.6.2) - "
Defining “Nice" events Conditioning w.r.t.
that happen with high large boundaries to

probability (Lemma obtain Brownian bridge

5.6.2, Section 5.6.2) law (Section 5.6.2)

Obtaining match-
ing upper and lower
bounds for (5.6.31) || _ Lroof of Lemma

5.6.2 (Section 5.6.2)

Proofs of Lemmas 5.6.6
and 5.6.7 (Section 5.6.2)

Figure 5.7: Structure of Section 5.6.2.

(n) o 1/3p () “2/3 AqM\ _ 1/3p () (. -2/3
Yy = p b U ((p) ML) = p o (P ), 5626
V@ = a0 (677x) = 4700 ((an P M),

Taking into account of (5.6.23) and all the above new notations, it can now be checked that for

eachr > 0,
Di(x,1) & Py D (B, +x), Dalx,n) £y (B M ), (5.627)

both as functions in x. Thus it is equivalent to verify Proposition 5.6.1 for the above Yo(oli . Yo(olz I

expressions. In our proof we will mostly deal with local maximizer version, and so for convenience
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we define:

D1 () =t'PY 0 (PR MY, +5)), Daray(x) =Py, (PR MY, +x)). (5.6.28)

where Ylf/[l)l - Y ]E/[l )t | are defined in (5.6.26). We will introduce several other notations and parame-
ters later in the proof. For the moment, the minimal set of notations introduced here facilitate our

discussion of ideas and outline of the proof of Proposition 5.6.1 in the next subsection.

Ideas and Outline of Proof of Proposition 5.6.1

Before embarking on a rather lengthy proof, in this subsection we explain the core ideas behind
the proof and provide an outline for the remaining subsections.

First we contrast the proof idea with that of Theorem 5.1.11. Indeed, similar to the proof of
Theorem 5.1.11, from (5.6.27) we see that at the level YL‘,?,T, Y‘Sj’ | We are interested in under-
standing their laws restricted to a very small symmetric interval of order O (~2/3) around the point
=2 3M;ft. However, the key difference from the conceptual argument presented at the beginning
of the proof if Theorem 5.1.11 is that the centered point £~%/3 M, is random and it does not go to
zero. Rather by Theorem 5.1.8 it converges in distribution to a nontrivial random quantity (namely

I'(pV2)). Hence one must take additional care of this random point. This makes the argument

significantly more challenging compared to that of Theorem 5.1.11.

We now give a road-map of our proof. At this point, readers are also invited to look into Figure

5.8 alongside the explanation offered in its caption.

* As noted in Lemma 5.3.1, the random centering =2/ M3, has decaying properties and can
be approximated by 172/ 3M% by taking large enough M. Hence on a heuristic level it
suffices to work with the local maximizers instead. In Subsection 5.6.2, this heuristics will
be justified rigorously. We will show there how to pass from Y:ol,i,r YS}’ I defined in (5.6.27)

to their finite centering analogs: Y ]E/Il)t - Y[f})[ L The rest of the proof then boils down to
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—-M [ A P O+t M

Figure 5.8: An overview of the proof for Proposition 5.6.1. The top and bottom black curves are

Y }E/II)IT and Y 15/11)1 I respectively. Note that the way they are defined in (5.6.26), Ylf/ll,)z,’r (x) > Y]f/[l)l L (x)

with equality at x = ® = =2/ 3M%, labelled as the red dot in the above figure. The blue curves are

(1) (2
YM,z,T’ YM,z,l'

as well as with the black curves. With a = %, we consider the interval K; = (® — 7%, ® +17%).
In this vanishing interval around ®, the curves will be ordered with high probability. In fact, with
high probability, there will be a uniform separation. For instance, for small enough §, we will have
Yy (x) =Yy (x) > 16, and ¥ (x) = Y,7) | (x) > 10, forall x € K, wth high probability. This
will allow us to conclude black curves are behave approximately like two-sided NonInt-BrBridges
on that narrow window. Then upon going into a even smaller window of O (r72/3), the two-sided
NonlInt-BrBridges turn into a two-sided DBM.

There is no such ordering within blue curves. They may intersect among themselves

analyzing the laws of the latter.

* We now fix a M > 0 for the rest of the proof. Our analysis will now operate with M%. For
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simplicity, let us also use the notation
@ =1 BM), (5.6.29)

for the rest of the proof. We now perform several conditioning on the laws of the curves.
Recall that by Proposition 6.5.1, {b;’;?T(-)}neN {b;';,)l( ) }nen satisfy the H,,,-Brownian Gibbs
property and the H,;-Brownian Gibbs property respectively with H; given by (5.2.4). Con-
ditioned on the end points of b;ll)T(iM p~23) and b;?l(iM g~2/3) and the second curves
b;z) () and I);?l(-), the laws of I)S) (+), and b;l) (+) are absolutely continuous w.r.t. Brown-

t1 t.1 t.1
ian bridges with appropriate end points. This conditioning is done in Subsection 5.6.2.

o 1 - 1 -

We then condition further on Max data : M%,b;t}((pt) 2/3M%,),b;t?l((qt) MM
Under this conditioning, via the decomposition result in Proposition 5.4.10, the underlying
Brownian bridges mentioned in the previous point, when viewed from the joint maximizer,
becomes two-sided NonInt-BrBridges defined in Definition 5.4.4. This viewpoint from the

joint maximizer is given by Ylfll )t - Y 1541 )t 2 See Figure 5.8 for more details.

We emphasize the fact that the deduction of NonInt-BrBridges done above is only for the

underlying Brownian law. One still needs to analyze the Radon-Nikodym (RN) derivative.

-2/3

As we are interested in the laws of ¥'! |y () on an interval of order ¢ around @, we

M1 " Mgt,|
analyze the RN derivative only on a small interval around ®. To be precise, we consider a

slightly larger yet vanishing interval of length 217 for o = % around the random point ©.
We show that the RN derivative on this small random patch is close to 1. Thus upon further
conditioning on the boundary data of this random small interval, the trajectories of Y]f/ll’)m and
Y 15/111 L defined in (5.6.26) around @ turns out to be close to two-sided NonInt-BrBridge with

appropriate (random) endpoints.

Finally, we zoom further into a tiny interval of order O (~2/3) symmetric around the random

point ®. Utilizing Lemma 5.5.3, we convert the two-sided NonInt-BrBridges to two-sided
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DBM:.

We now provide an outline of the rest of the subsections. In Subsection 5.6.2 we reduce our
proof from understanding laws around global maximizers to that of local maximizers. As explained
in the above road-map, the proof follows by performing several successive conditioning. On a
technical level, this requires defining several high probability events on which we can carry out our
conditional analysis. These events are all defined in Subsection 5.6.2 and are claimed to happen
with high probability in Lemma 5.6.2. We then execute the first layer of conditioning in Subsection
5.6.2. The two other layers of conditioning are done in Subsection 5.6.2. Lemma 5.6.6 and Lemma
5.6.7 are the precise technical expressions for the heuristic claims in the last two bullet points of
the road-map. Assuming them, we complete the final steps of the proof in Subsection 5.6.2. Proof
of Lemma 5.6.2 is then presented in Subsection 5.6.2. Finally, in Subsection 5.6.2, we prove the

remaining lemmas: Lemma 5.6.6 and 5.6.7.

Global to Local maximizer

We now fill out the technical details of the road-map presented in the previous subsection. Fix
any a > 0. Consider any Borel set A of C([—a, a] — R?) which is a continuity set of a two-sided

DBM D () restricted to [—a, a]. By Portmanteau theorem, it is enough to show that

where D, D, are defined in (5.6.23). In this subsection, we describe how it suffices to check

(5.6.30) with M%t. Recall Dy ;1(+), Dy, (+) from (5.6.28). We claim that for all M > 0:
lim P((Dir1(), Dar () € A) = P(D() € A). (5.6.31)
Note that when M, = MM (Dupip(+), Dy, () is exactly equal to

psr

1/3y(1 -2/3 00 1/3y(1 -2/3 00
r/Y;},T(t BMS +9), 1 on,i,l(f BM, +9)
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which via (5.6.27) is same in distribution as D (-,t), D2(-,t). Thus,
[P((D1(-.1), Da(-, 1)) € A) =P((Dpr41(-), Dpr ) () € A)| < 2P(M,, = M.

Now given any ¢ > 0, by Lemma 5.3.1, we can take M = M(g) > 0 large enough so that
2P(M,,; # M%) < &. Then upon taking + — oo in the above equation, in view of (5.6.31), we
see that

limsup [[P((D1(-,7), D2(-,1)) € A) —P((D() € A)| < &.

1—00

As ¢ is arbitrary, this proves (5.6.30). The rest of the proof is now devoted in proving (5.6.31).

Nice events

In this subsection, we focus on defining several events that are collectively ‘nice’ in the sense
that they happen with high probability. We fix an M > 0 for the rest of the proof and work with
the local maximizer M% defined in (5.6.25). We will also make use of the notation ® defined in
(5.6.29) heavily in this and subsequent subsections. We now proceed to define a few events based
on the location and value of the maximizer and values at the endpoints of an appropriate interval.

Fix any arbitrary 6 > 0. Let us consider the event:
ArMx(6) :={P e [-M +6,M - 6]}. (5.6.32)

The ArMx(6) controls the location of the local maximizer ®. Set @ = =. We define tightness event

1
g

that corresponds to the boundary of the interval of length 2% around ® :
Bd;(0) :=Bd, 1(6) nBd_1(6), Bd;(¥) :=Bd, (6) nBd_(9), (5.6.33)
where

Bd. 1(5) := “f);‘t} (P2 (@ +17)) - b;lt?T((]Dp_z/3)| < }St—“/z} (5.6.34)
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B, () i= {[50, (4250 £ 170)) 50, (047 < ).

qt,]

Finally we consider the gap events that provide a gap between the first curve and the second curve

for each of the line ensemble:

Gapy1(6) = {p' ()} (@p ) = p' Py (@p7) + 5}, (5.6.35)
Gap, | (8) :—{ Byl (0g7%) = ¢'1p'?) (0g 2/3)+5}. (5.6.36)

We next define the ‘rise’ events which roughly says the second curves b;]t)T and b;?L of the line

ensembles does not rise too much on a small interval of length 2:~ around ®p~2/3 and &g ~2/3

respectively.
Ri S5) = 1/3 (2) -2/3 1/3 (2) -2/3y , & 56.37
isey 1(6) = sup b, (PP +x) < p 7 (@7 + 40 (5.6.37)
xXe[-t—2~@ ]
Risey | (0) := { [ sup | 1/31);?l( -2/3 +x) < q1/3b;2t)l( q_2/3) + g}. (5.6.38)
xe[-t-a @

Bd, Gap, Rise type events and their significance are discussed later in Subsection 5.6.2 in greater
details. See also Figure 5.9 and its caption for explanation of some of these events. We put all the

above events into one final event:

Nicer (6) := {AMMX(8) N () Bde(6) N Gapy.(6) N Riseu «(6) ¢ (5.6.39)
xe{T.1}

All the above events are dependent on ¢. But we have suppressed this dependence from the nota-

tions. The Nicey,(6) turns out to be a favorable event. We isolate this fact as a lemma below.

Lemma 5.6.2. For any M > 0, under the above setup we have

lim inf lim inf P, (Nice (9)) = 1. (5.6.40)
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We postpone the proof of this technical lemma to Section 5.6.2 and for the moment we continue

with the current proof of Proposition 5.6.1 assuming its validity.

Conditioning with respect to large boundaries

As alluded in Subsection 5.6.2, the proof involves conditioning on different o--fields succes-
sively. We now specify all the different o-fields that we will use throughout the proof. Set o = %.

We consider the random interval
Ki=(®-1t%®+1 ). (5.6.41)

Let us define:

Fii=o ({b;lt}(p 2P, b (g7 )}xe(—M,M)c . {bz(azt?T(x) : b;i)l(x)}xeR) (6:642)
7 = o (0,500 (@p2%), 5 (9g72%)) (5.6.43)
Fr=0 ({b;lt}(p 2P, h) (g _2/3x)}xeK") ' (649

In this step we perform conditioning w.r.t. ¥ for the expression on the Lh.s. of (5.6.31). We
denote P;(A) := P((Dp1(-),Dumysy(+)) € A). Taking the Nicey (6) event defined in (5.6.39)

under consideration, upon conditioning with #; we have the following upper and lower bounds:

P;(A) > P;(Nicey (9), A) = E, [P;(Nicey (8),A | F1)] . (5.6.45)

P;(A) < P;(Nicey (5), A) + P;(—=Nicey (0)) = E; [P;(Nicey (5), A | F1)] + P;(—Nice (9)).
(5.6.46)

Note that the underlying measure consists of the mutually independent b;lt)T(-) and bélz)l(') which

by Proposition 6.5.1 satisfy H,, and H,, Brownian Gibbs property respectively. Applying the
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respectively Brownian Gibbs properties and following (5.2.3) we have

. Efree,r [ INicep (5),AW1W| ]
P, (Nicey (6),A | 1) = : whhel (5.6.47)
l‘( M( ) | 1 ) Efree,[ [WTWL]
Here
2/3 M 1/371,,1/30(2) 2/3 1/3p (1) 2/3
Wy :=exp (—t / /_M exp (t / [p / bpl’T(p / xX)—p / bpl’T(p / x)]) dx) (5.6.48)
and
M @ ()
W, :==exp (—t2/3 [M exp (t1/3 [q1/3bqt,l(q_2/3x) - q1/3bqt’l(q_2/3x)]) dx) . (5.6.49)

In (5.6.47), Piree; and Ege; are the probability and the expectation operator respectively corre-
sponding to the joint ‘free’ law for (p1/3bpt’T (p~*3x), q1/3bq,7l(q_2/3x))x€[_M’M] which by Brow-
nian scaling is given by a pair of independent Brownian bridges (B;(-), B2(-)) on [-M, M] with

starting points (p'/*h,,1(~-Mp~2/3), ">, | (~Mg~*/?)) and endpoints (g'/3h,, 1 (Mp~23), ¢' 2y, (Mg~23)).

Conditioning with respect to maximum data and small boundaries

In this subsection we perform conditioning on the numerator of r.h.s. of (5.6.47) w.r.t. %, and
%3 defined in (5.6.43) and (5.6.44). Recall that by Proposition 5.4.10, upon conditioning Brownian
bridges on %>, the conditional laws around the joint local maximizer ® over [-M, M| is now given
by two NonlInt-BrBridges (defined in Definition 5.4.4) with appropriate lengths and endpoints.
Indeed, based on Proposition 5.4.10, given 71, 2, we may construct the conditional laws for the

two functions on [—-M, M]:

Definition 5.6.3 (Nlarge Law). Consider two independent NonInt-BrBridge V}arge and V,Ialrge

with following description:
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1. Vél)arge is a NonInt-BrBridge on [0, ® + M| ending at
( 1/3 [b(l)T(CD ~2/3) _ b(l)T( M —2/3)] 1/3 [b(i)l( Mg - I)(?l(q)q—z/s)])
2. Vrlarge is a NonInt-BrBridge on [0, M — @] ending at
( 1/3 [f)(l)T((D ~2/3y _ I)(I)T(M —2/3)] 1/3 [b(i)l(M ~2/3) _ b(i)l(q)q—z/s)])
We then define B'29€ : [-M, M] — R? as follows:

Ve(@—x) xe[-M,D]
Blarge(x) — )

Viix—®) xe[D M]
We denote the expectation and probability operator under above law for B'29 (which depends on
F1, F2) as Enjargej2,1 and Pnjarge2,1-

Thus we may write

Efree,r [INicey (5),AW1W (] = Efree,r [ENiarge|2,1 [INicey (5),4 W1 W 1] (5.6.50)
Since NonlInt-BrBridges are Markovian, we may condition further upon %3 to get NonInt-BrBridges
again but on a smaller interval. To precisely define the law, we now give the following definitions:

Definition 5.6.4 (Nsmall law). Consider two independent NonInt-BrBridge stmall and VMl with

the following descriptions:

1. Vg‘ma” is a NonInt-BrBridge on [0, %] ending at

(p1/3[ ;)T(q, =213y _ ;lt)T(p—z/s(@_t—a))] ,q1/3[ ((;)l(q-m(q, 19)) — I)(i)l(q)q-m)])
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2. vsmall is a Nonint-BrBridge on [0, 77?] ending at
(P72 [B00; (@723 =100 (p2 @+ 7)) | g B0} (a2 (@ + 7)) = 1) (@g 7))
We then define BSMal ; [® + 77, @ — 1] — R? as follows:
Vi(d-—x) xe[D-1t7% D]
Viix —®) xe[D,D+17%] |

We denote the the expectation and probability operators under the above law for BS™a! (which

depends on 71, %2, 73) as Ensmai3,2,1 and Pnsmal32,1 respectively.

We thus have
r.h.s. of (5.6.50) = Efree s [ INice,, (5) ENsmal3,2,1 [1a W1 W ]]. (5.6.51)

The 1Nice,, (5) comes of the interior expectation above as Nice, (6) is measurable w.r.t. F1UF U F3
(see its definition in (5.6.39)).

Next note that due to the definition of Wy, W| from (5.6.48) and (5.6.49), we may extract certain
parts of it which are measurable w.r.t. 1 U %, U 3. Indeed, we can write Wy = Wy W;, and

W, =W W, where

Wi —exp( 2/3/
K

2 1
Wi s = exp (—t2/3/ exp (t1/3 [pl/3b( )T(p 2/3x) _ 1/3b( )T(p 2/3x)]) )
[-M,M]NK¢

exp 1/3 1/3b(2)T(p 213 x) —p1/3b(1)T(P 2/3x)])dx) (5.6.52)

~

and

W1 :=exp (—t2/3/K exp( 1/3[ 1/3b;3l(q 2By) - q1/3b£11tl(q 2/3)6)]) dx) . (5.6.53)
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2 — 1 —
Wy, = exp (—tm / exp (1'3]q' P07 (47x) - 4" (g 2/%c)])dx),
[-M,M]NK¢

where recall K; from (5.6.41). The key observation is that W, W » are measurable w.r.t. ¥ U

F> U F3. Thus we have
r.h.s. of (5.6.51) = Egree s [ INices, (5) W1.2W 12 - Ensmanz 2,1 [1aWr i Wi 1]]. (5.6.54)

Remark 5.6.5. It is crucial to note that in (5.6.51) the event Nicey; (&) includes the event ArMx(6)
defined in (5.6.32). Indeed, the ArMx(6) event is measurable w.r.t. F U ¥, and ensures that
[® -1 D+t c [-M, M] for all large enough ¢, which is essential for going from Nlarge
law to Nsmall law. Thus such a decomposition is not possible for Ef..[W;W|] which appears
in the denominator of r.h.s. of (5.6.47). Nonetheless, we may still provide a lower bound for

Efree,. [W1W)] as follows:

Efree [W1W|] = Efiee s [INicey, () W1W] = Etree,: [Wr 2 W 21INicey (5) - ENsmalz,2,1 [Wr1 W 1]].
(5.6.55)

With the deductions in (5.6.54) and (5.6.55), we now come to the task of analyzing Wy W/
under Nsmall law. The following lemma ensures that on Nicey;(6), Wy W is close to 1 under

Nsmall law.

Lemma 5.6.6. There exist to(6) > 0 such that for all t > tg we have

INices, (6)PNsmaliz.2,1 (Wi iWi 1 > 1 =6) > 1Nice,, (5)(1 = ). (5.6.56)

This allow us to ignore Wy W, 1, in Ensmanz2,1[1aW71W) 1]. Hence it suffices to study
Pnsmali32,1(A). The following lemma then compares this conditional probability with that of

DBM.
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Lemma 5.6.7. There exist to(6) > O such that for all t > ty we have

INices, (5) IPNsmall3,2,1(A) — T(A)| < INicey, (5) * 0s (5.6.57)

where T(A) := P(D(-) € A), D being a two-sided DBM defined in the statement of Proposition
5.6.1.

We prove these two lemmas in Section 5.6.2. For now, we proceed with the current proof of

(5.6.31) in the next section.

Matching Lower and Upper Bounds

In this subsection, we complete the proof of (5.6.31) by providing matching lower and upper
bounds in the two steps below. We assume throughout this subsection that 7 is large enough, so

that (5.6.56) and (5.6.57) holds.

Step 1: Lower Bound. We start with (5.6.45). Following the expression in (5.6.47), and our
deductions in (5.6.50), (5.6.51), (5.6.54) we see that

P/(A) > E, [P;(Nicey (), A | F1)]

:E[ freet [ INicers () W2 W12 - Ensmaljz 2.1 [1aWp.1 “”} (5.6.58)
Efree,t [WT Wl]
2(1—6)E,[ tree.t [ INiceys (5) W1.2W 1.2 - PNsmalz 2,1 ( 1171 )]] (5.6.59)
Efree,t [WT WL]

where in the last inequality we used the fact Wy ;W) ; < 1. Now applying Lemma 5.6.6 and Lemma

5.6.7 successively we get

INicey (6)PNsmal3.2,1 (A, Wy 1 Wy > 1 -9)

> INicey, (5) [PNsmal3,2,1 (A) — Pnsmanz2, 1 (W1 W1 < 1-0)]
> INicey (5) [PNsmallj3,2,1 (A) — 6]

> INicey, (s)[T(A) — 26]
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where recall 7(A) = P(D(-) € A). As Wy W, | < 1 and probabilities are nonnegative, following

the above inequalities we have

INicey, (6)PNsmal3.2,1 (A, Wy 1 W, 1 > 1 =6) > max{0,7(A) — 26} INice,, 5) W11 W1

Substituting the above bound back to (5.6.59) and using the fact that Wy oW, Wy (W | = W)W,

we get

Efree, [ INicey (5) W1 W, ]

P;(A) > (1 —6)max{0,7(A) — 26} E,; Eoer (W1 W]

= (1 - 6) max{0, 7(A) — 26}P,(Nicey (5)).

In view of Lemma 5.6.2, taking liminf;_,, followed by liminfsy we get that liminf;_,., P;(A) >

7(A). This proves the lower bound.

Step 2: Upper Bound. We start with (5.6.46). Using the equality in (5.6.58) we get

E | INT WioW,5 - E 1Wr W
P,(A) < E[ free, [ INicen (o) T,zEfl,z [WI::‘TSms,zj[ AW W] + P, (=Nicey (6))
ree,t
Efree, [INicer (5)W12W, 2 - PNsmalz,2,1(A)] .
<E - - - — + P, (=Nicey (6
[ Efree,t[WTWl] t( M( ))
Efree,r [ INicey (5) W12 W) 2] .
< (1(A) +6 E[ : 271211 P, (=Nicey (5)). (5.6.60)
) ) Efree,t [WTWl] ! ( M(

Let us briefly justify the inequalities presented above. Going from first line to second line we
used the fact Wy ;W) ; < 1. The last inequality follows from Lemma 5.6.7 where recall that

7(A) =P(D(-) € A). Now note that by Lemma 5.6.6, on Nicey,(6),

Ensmanz2,1 [W1.1Wi1] = Ensmans.2.1 [1w, w1 21-5 - WraW 1]

> (1 = 6)Pnsmanz.21 (WiaW 1 = 1-6) > (1-06)%
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Using the expression from (5.6.55) we thus have

Efree [W1W|] > Efree s [INicey, () Wr1.2W 12 - Ensmaniz 2,1 [Wr 1 W 1]

> (1 = 6)*Efree.s [ INice, (5) W12 W 2]

Going back to (5.6.60), this forces

T(A)+6

r.h.s. of (5.6.60) < m

+ P;(=Nicey (6)).

In view of Lemma 5.6.2, taking lim sup,_,, followed by lim sup; (, in above inequality we get that
limsup,_,, P;(A) < 7(A). Along with the matching lower bound obtained in Step 1 above, this

establishes (5.6.31).

Proof of Lemma 5.6.2

Recall from (5.6.39) that Nice,,(6) event is an intersection of several kinds of events. To show
(5.6.40), it suffices to prove the same for each of the events. That is, given an event E which is part

of Nicey () we will show

limsup limsup P(E) = 1. (5.6.61)

d—00 t—o00

Below we analyze each such possible choices for E separately.

ArMx(5) event. Recall ArMx(6) event from (5.6.32). As noted in (5.3.9),

d
M% — argmax A(x),
xe[-M,M|

where A is defined in (5.3.8). Since A restricted to [—-M, M| is absolutely continuous with Brow-

nian motion with appropriate diffusion coefficients, argmax,c;_y 5 A(x) € (=M, M) almost
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surely. In other words, maximum is not attained on the boundaries almost surely. But then

lim inf lim inf P(ArMx(6)) = liminf P( argmax A(x) € [-M + 5, M - 6])
5l0 oo 610 x€[-M,M]

= P( argmax A(x) € (-M,M)) = 1.
xe[-M,M]

This proves (5.6.61) with E — ArMx(¢6).

Bd;(6), Bd () events. We first define

Tight, (1) := {p” 3 ‘b%@p‘z/ ) =b) (xMp~h )‘ <

ol
Naynd
.

Tight, | (1) := {q' [o(}) (@g 72 = b\}), (xMq )| <

=
[ —
-

and set
Sp(4) := ArMx(4) n Tight, ;(4) N Tight_;(2) N Tight, | (1) N Tight_ | (1) (5.6.62)
where ArMx(1) is defined in (5.6.32). We claim that

lim sup lim sup P(=Sp(1))) = 0. (5.6.63)
10 f—o0

Let us assume (5.6.63) for the time being and consider the main task of analyzing the probabil-
ity of the events Bd;(6), Bd|(5) defined in (5.6.33). We have Bdi(6) = Bdi(6) N Bd_1(6)
where Bd, 1(0) is defined in (5.6.34). Let us focus on Bd, 1(6). Recall the o-fields 77, #> from
(5.6.42) and (5.6.43). As described in Subsection 5.6.2, upon conditioning on 77 U %, the con-
ditional law on [-M, M| are given by Nlarge defined in Definition 5.6.3, which are made up of
Nonlnt-BrBridges V%%, ;%% defined in Definition 5.6.3.

Note that applying Markov inequality conditionally we have

1sp)P (Bds1(8) | F1. F2)
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1 - - 1 — _
= Lgp( - P (100, (723 (@ +17) = b0 (@p™)| > L | 77, 75)

| 23—
< Igp(y) - 677 - Entargepa.t | V% (02 )]?

However, on 1gp4), the NonInt-BrBridge has length bounded away from zero and the endpoints
are tight. Applying (5.5.20) with K +— 2,1 — 1,5  0,n — p*3t%, M s 1/4, for all large

enough ¢ we get Enjarge|2,1 [[Vrlirge(p—z/3t‘“)]4] < Cp,/ll'_za. Thus,

limsup P (=Bd, 1(6)) < limsup P(=Sp(A)) + 6°Cp.1.
t—o00

t—o00

Taking 6 | 0, followed by 4 | 0, in view of (5.6.63) we get lim supg( lim sup,_,, P(=Bd, 1(9)) =
0. Similarly one can conclude lim sup;,, lim sup,_,, P(=Bd_1(6)) = 0 Thus, this two together
yields liminfs)oliminf,_,., P(Bd;(6)) = 1. By exactly the same approach one can derive that

P(Bd;(0)) goes to 1 under the same iterated limit. Thus it remains to show (5.6.63).

Let us recall from (5.6.62) that Sp(A) event is composed of four tightness events and one event
about the argmax. We first claim that lim sup, |, lim sup,_,, P(Tight, (1)) = 1 foreachx € {+, -}
and y € {7,]}. The earlier analysis of ArMx(1) event in (5.6.62) then enforces (5.6.63). Since
all the tightness events are similar, it suffices to prove any one of them say Tight, ;. By Propo-
sition 6.5.1 we have the distributional convergence of 2!/ 3[)2}(2” 3x) to Ay (x) in the uniform-
on-compact topology, where A (-) is the parabolic Airy, process. As ® € [-M, M], we thus

have

limsup P(Tight, ;(1)) < limsup P (pl/3 sup ]|b;]l?T(xp_2/3) - b(l)T(Mp_ZB)‘ < %)

1—c0 1—00 xe[-M.M Pt

— — _ 1/3
:P(p”3 sup [ (op2) = 271 P bp )| < 27).
|x|<2-13Mm

For fixed p, M, by tightness of parabolic Airy, process on a compact interval, the last expression

goes to one as A | 0, which is precisely what we wanted to show.
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Gap,, 1(6), Gapy, | () events. Recall the definitions of Gap,, ;(5) and Gap,, | (6) from(5.6.35)

and (5.6.36).We begin with the proof of Gap,, ;(5). Let
i N 1/3 (D (,-2/3 (2) (,-2/3
Diffy1(0) := {|xl|rgwp / (bpm(p 3%) _bm,T(p /x)) > 5}.

Note that ® € [-M,M]. Thus Gap, ;(6) > Diffy4(5). Thus to show (5.6.61) with E —

Gapyy 4(9) it suffices to prove
tim inf 1im inf P(Diffy 1(5)) = 1, (5.6.64)

We recall from Proposition 5.2.7 the distributional convergence of the KPZ line ensemble to the
Airy line ensemble in the uniform-on-compact topology. By Skorokhod representation theorem,
we may assume that our probability space is equipped with A;(-) and A, (-) such that almost

surely as t — oo

max  sup |21/3r)t<2(21/3x) — A;(x)| = 0. (5.6.65)
=12 |x|<Mp-2/3 ’
We thus have
lim inf P(Diffy 1(6)) = P inf  p'BP(A(x) - Ax(x)) = 2'36]. (5.6.66)
t—oo |X|SM2_1/3p‘2/3

As the Airy line ensemble is absolutely continuous w.r.t. non-intersecting Brownian motions,
it is strictly ordered with touching probability zero (see (5.2.1)). Hence r.h.s. of (5.6.66) goes to

zero as 0 | 0. This proves (5.6.64). The proof is similar for Gap,, | (9).

Rise 1(6), Risey 1(0) events. Recall Risey 1(0), Risey 1(6) events from (5.6.37) and (5.6.38).

Due to their similarities, we only analyze the Rise M,T(5) event. As with the previous case, we

assume that our probability space is equipped with A (-) and A, (-) (first two lines of the Airy line
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ensemble) such that almost surely as t — oo (5.6.65) holds. Applying union bound we have

P (-Risey(8)) <P sup p'P2'Pp% 215 - Ay ()| > &
lx|<Mp=2/3 pit

+P|-Risey(5), sup p1/3|21/3b(2t)T(21/3x)—ﬂz(x)lSl‘s—6
x| <Mp=2/3 "

<P| sup  pPRPYD (1) - Aol 2
|x|<Mp=2/3 Pt

+P( sup  p'P A (x) - Ax(y)| 2 %)
x,ye[-M,M]
[x—y|<t=¢

In the r.h.s. of above equation, the first term goes to zero as t — oo by (5.6.65). The second
term on the other hand goes to zero as t — oo by modulus of continuity estimates for Airy line
ensemble from Proposition 5.2.4. This shows, lim,_,., P(Risey 1(6)) = 1. Similarly one has

lim;—,.. P(Risey | (6)) = 1 as well. This proves (5.6.61) for E +— Rise; 1(6), Risey | (6).

We have thus shown (5.6.61) for all the events listed in (5.6.39). This establishes (5.6.40)

concluding the proof of Lemma 5.6.2.

Proof of Lemma 5.6.6 and 5.6.7

In this subsection we prove Lemma 5.6.6 and 5.6.7.

Proof of Lemma 5.6.6. Recall W; ; and W ; from (5.6.52) and (5.6.53) respectively. We claim

that for all large enough 7, on Nice,, (6) we have
Prsmali321 (Wit > VI=6) > 1= 36, Prsmanpzi (Wit > VI=6) > 1-36  (5.6.67)

simultaneously. (5.6.56) then follows via union bound. Hence we focus on proving (5.6.67). In

the proof below we only focus on first part of (5.6.67) and the second one follows analogously. We
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2 e
b5y ()

P [ $+t @

Figure 5.9: In the above figure we have plotted the curves f(x) := p!/ 3[);1[)T (p~23x) (black) and

g(x) = pl/ 3b;2t)T (p~23x) (blue) restricted to the interval K, := (®—1~%, ®+1~%). For convenience,
we have marked two blue points along with their values as (A, f(A)), (B,g(B)). Gapy 1(3)
defined in (5.6.35) denote the event that the blue points are separated by ¢, i.e, f(A) — g(B) > 6.
The Risej 1(0) defined in (5.6.37) ensures no point on the blue curve (restricted to K;) has value
larger than g(B) + 4—1‘5 (that is no significant rise). The Bd;(9) event defined in (5.6.33) indicates
the red points on the black curve are within [ f(A) — %t“y/z, f(A) + %t‘“/z]. The Sink;(6) event
defined in (5.6.68) ensures that all points on the black curve (restricted to K;) have values larger
than f(A) — }15 (that is no significant sink). Clearly then on Sink;(6) N Risey 1(5) N Gap,, 1(0)

for all x € K;, we have f(x) —g(x) > f(A) — ié - g(B) - %5 > %5.

now define the ‘sink’ event:

; — . 1/3¢(1) -2/3 1/3¢ (1) -2/3 5
SlnkT(5) = { _}nf ]P / bpt,T(ch / +x)>p / bpt,T((Dp / ) — Z} . (5.6.68)

—a —a
N3

x€[

Recall Rise 1 (0) and Gap,, 1(0) from (5.6.37) and (5.6.35). Note that on Sinky (5)NRisey 1 ()N

Gap M,T(é) we have uniform separation between b;lt)T and I)‘fft) ,on the interval p‘z/ 3K,, that is

inf p1/3b;1t?T(p_2/3x) - p1/3b;2?T(p_2/3x) > %. (5.6.69)

xe[@-1~2, P+~ !

See Figure 5.9 alongside its caption for further explanation of the above fact. But then (5.6.69)

forces Wy > exp(—1%/3 2t el 1/3‘5) which can be made strictly larger than V1 — ¢ for all large
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enough 7. Thus,
INicey (6)PNsmalz,2,1 (Wp1 > VI = 6) > 1Nice,, (5)PNsmal3,2,1 (Sink; (6)). (5.6.70)
Now we divide the sink event into two parts: Sinks(6) = Sink,1(6) N Sink_ 1(5) where

i — : 1/3g (1) -2/3 1/3w(1) -2/3y _ 6
Sink. 1 (9) := {xe[lg}tfw]p b, (Pp~"£x) 2 p°h S (Pp~) 4},

In view of (5.6.70), to prove first part of (5.6.67), it suffices to show for all large enough ¢, on

Nice () we have
Prsmaliz,2,1(Sink 1(6)) > 1= %, Pngmalja 2,1 (Sink_1(6)) > 1 - 4. (5.6.71)

We only prove first part of (5.6.71) below. Towards this end, recall Y 15/11)1 - Y[f/ll )I L from (5.6.26).

Observe that

(1) _ 134 (D) -2/3y _ 1/3,(D) -2/3
Yiiq(@+x)=pp, (®p™=) = p " W (@p~~ +x).

Recall Nsmall law from Definition 5.6.4. Our discussion in Subsection 5.6.2 implies that under

PNsmall|3.2,1 s

1 1 d 1 1 d
Wy Vs D@+ )00 SVEO), () ) (@ 4oy S VI (),

where recall that Vgsma” and VSMal are conditionally independent NonInt-BrBridge on [0,77%]

with appropriate end points, defined in Definition 5.6.4. In particular we have,

Pnsmall3,2,1 (Sink; 1(6)) = Pnsmalz2,1 | sup Vrs,rlna"(x) < 16 (5.6.72)

x€[0,1=9]

where vsmall — (VVSTa”,Vrsr;a”). Recall Nicey(6) event from (5.6.39). It contains Bd;(5) event
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defined in (5.6.33). On this event, —% < Vrslma”(t_“), Vrséna”(t_"‘) < %t“’/z. We consider another
NonInt-BrBridge U = (U;, U;) on [0,t7%] with non-random endpoints U;(t™%) = U,(t™%) =
%t“’/ 2. On Bd;(9) event, by monotonicity of non-intersecting Brownian bridges (Lemma 2.6 in
[109]), one may couple U = (U}, Us) and V3™ 5o that U; always lies above Vrs;"a” fori = 1,2.

Thus on Bd;(0) event,

PNsmaII|3,2,1 sup Vrsrlnall(x) < A2 >P| sup l‘a/zUl(xt_a/) <Al >1- %,
xe[0~@] x€[0,1]

where the last inequality is true by taking A large enough. This choice of A is possible as by Brow-
nian scaling, 1%/2U; (xt™®), t*/?U, (xt~?) is NonInt-BrBridge on [0, 1] ending at (%, %). Taking ¢
large enough one can ensure At~/ < %. Using the equality in (5.6.72) we thus establish the first
part of (5.6.71). The second part is analogous. This proves the first part of (5.6.67). The second

part of (5.6.67) follows similarly. This completes the proof of Lemma 5.6.6.

Proof of Lemma 5.6.7. The idea behind this proof is Proposition 5.5.8, which states that a
NonlInt-BrBridge after Brownian rescaling converges in distribution to a DBM. The following

fills out the details. Recall that

Pnsmalij3.2,1(A) = Pnsmai3.2,1 (Dt Dy, (0) € A).

Recall from (5.6.28) that Dy, 1, Dy, is a diffusive scaling of Y]f/ll)t T,Ylfll)l ! when centering at

@, where Ylf/;)lT,Ylf;)ll are defined in (5.6.26). Recall Nsmall law from Definition 5.6.4. Our

discussion in Subsection 5.6.2 implies that under Pnsmalij3.2,1
1 1 d 1 1 d
By Yy ) @400 S VIO, () WY V(@) e gy S VI (=),

M7 M1’

where V;mall and VM are conditionally independent Nonlnt-BrBridge on [0, 7] with appro-
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priate end points defined in Definition 5.6.4. Using Brownian scaling, we consider
V{?(x) = ta/ZV;mall(xt_a), VrO(X) — ta/zvrsmall(xt—a)’

which are now NonlInt-BrBridge on [0, 1]. Note that on Bd;(6), Bd| () (defined in (5.6.33)), we

see that endpoints of V2, VY are in [—%, %]. Thus as @ = %, performing another diffusive scaling by

Proposition 5.5.8 we see that as t — oo
t1/4V£9(Xt_1/2) , z‘1/4‘/"()”—1/2)

converges to two independent copies of DBMs (defined in Definition 5.5.1) in the uniform-on-
compact topology. Hence we get two-sided DBM convergence for the pair (D1, Dy, ) under
PNsmalij3.2,1 as long as 1{Nicey; ()} holds. This proves (5.6.57).

5.6.3 Proof of Theorem 5.1.10

We take p — % and ¢ — 2t in Proposition 5.6.1. Then by Lemma 5.3.2, $,; defined in the
statement of Theorem 5.1.10 is same as M 1o considered in Proposition 5.6.1. Its uniqueness is

already justified in Lemma 5.3.1. Furthermore,
Ra(x,1) £ Di(x,1) = Da(x,1),

as functions in x, where R,(x,?) is defined in (5.1.11) and D, D, are defined in (5.6.24). By
Proposition 5.6.1 and Lemma 5.5.3 we get that D (x,7) — Da(x,1) 4, R>(x) in the uniform-on-

compact topology. This proves Theorem 5.1.10 for k = 2 case.

For k = 1 case, by Lemma 5.3.2, # ; is same as M. ; which is unique almost surely by Lemma

291



5.3.1. This guarantees P ; is unique almost surely as well. Thus we are left to show
d
H(Prs.1) = H(x+Prs, 1) = Ri(x). (5.6.73)

where R (x) is a two-sided Bessel process with diffusion coefficient 1 defined in Definition 5.5.2.
The proof of (5.6.73) is exactly similar to that of Proposition 5.6.1 with few minor alterations listed

below.

1. Just as in Subsection 5.6.2, one may put the problem in (5.6.73) under the framework of KPZ
line ensemble. Compared to Subsection 5.6.2, in this case, clearly there will be just one set

of line ensemble.

2. Given the decay estimates for M, ; from Lemma 5.3.1, it boils down to show Bessel behavior
around local maximizers. The rigorous justification follows from a soft argument analogous

to what is done in Subsection 5.6.2.

3. In the spirit of Subsection 5.6.2, one can define a similar Nice’,; (&) event but now for a single
line ensemble. Nice’, (&) will contain similar events, such as:
* control on the location of local maximizer (analog of ArMx(6) event (5.6.32)),

* control on the gap between first curve and second curve at the maximizer (analog of

GapM’T(cS) event (5.6.35)),

* fluctuations of the first curve on a small interval say / around maximizer (analog of

Risey () event (5.6.37),

* and control on the value of the endpoints of I (analog of Bd; () event (5.6.33)).
On Nice), () event, the conditional analysis can be performed in the same manner.

4. Next, as in proof of Proposition 5.6.1, we proceed by three layers of conditioning. For first
layer, we use the H, Brownian Gibbs property of the single line ensemble under considera-

tion. Next, conditioning on the location and values of the maximizer, we similarly apply the
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same Bessel bridge decomposition result from Proposition 5.4.8 to convert the conditional
law to that of the Bessel bridges over a large interval (see Subsection 5.6.2). Finally, anal-
ogous to Subsection 5.6.2, the third layer of conditioning reduces large Bessel bridges to

smaller ones following the Markovian property of Bessel bridges, see Lemma 5.4.2.

5. Since a Bessel bridge say on [0, 1] is a Brownian bridge conditioned to stay positive on
[0, 1], it has the Brownian scaling property and it admits monotonicity w.r.t. endpoints.
These are two crucial tools that went into the Proof of Lemma 5.6.6 in Subsection 5.6.2. Thus
the Bessel analogue of Lemma 5.6.6 can be derived using the scaling property and mono-
tonicity stated above in the exact same way. Finally, the Bessel analogue of Lemma 5.6.7 can
be obtained from Corollary 5.5.9. Indeed Corollary 5.5.9 ensures that small Bessel bridges

converges to Bessel process under appropriate diffusive limits on the Nice, (8) event.

Executing all the above steps in an exact same manner as proof of Proposition 5.6.1, (5.6.73)

is established. This completes the proof of Theorem 5.1.10.

5.7 Proof of localization theorems

In this section we prove our main results: Theorem 5.1.4 and Theorem 5.1.5. In Section 5.7.1
we study certain tail properties (Lemma 5.7.1 and Proposition 5.7.2) of the quantities that we are
interested in and prove Theorem 5.1.4. Proof of Proposition 5.7.2 is then completed in Section

5.7.2 along with proof of Theorem 5.1.5.

5.7.1 Tail Properties and proof of Theorem 5.1.4

We first settle the question of finiteness of the Bessel integral appearing in the statements of

Theorems 5.1.4 and 5.1.5 in the following Lemma.

Lemma 5.7.1. Let R, () be a Bessel process with diffusion coefficient o > 0, defined in Definition
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5.5.2. Then

e Rrl®) o) | =1.
P(/R dx € (0, )) 1

Proof. Since Ry (-) has continuous paths, sup,cjg 1] Re-(x) is finite almost surely. Thus almost

1
/e_R”(x)dx 2/ e Re@gy > 0.
R 0

On the other hand, by the classical result from [257] it is known that

surely we have

P(R,(x) < x'/* infinitely often) = 0.
Thus, there exists Q such that P(Q) = 1 and for all w € Q, there exists xo(w) € (0, 00) such that
Ry (x)(w) = x"* for all x > xo(w).

Hence for this w,

00 (w) o0 00
/ e Re@) gy = /xo ’ e Ro (@) gy +/ e Re@dx < xo(w) +/ e dx < oo
0 0 xp(w) 0

This establishes that /R e Ro™dx is finite almost surely. 0
Our next result studies the tail of the integral of the pre-limiting process.

Proposition 5.7.2. Fix p € (0,1). Set ¢ = 1 — p. Consider 2 independent copies of the KPZ
equation Hy(x, t), and H| (x,t), both started from the narrow wedge initial data. Let M, ; be the
almost sure unique maximizer of the process x — (H;(x, pt) + H| (x, gt)) which exists via Lemma

5.3.1. Set

Dl(.x, t) = WT(MP,[’ pt) - WT(X + Mp,ta pt)a
(5.7.1)

Dz(x, l‘) = WL(X + Mp,z, qt) - WL(Mp,t’ qt)-
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For all p > 0 we have

lim sup lim sup P (/ eP20=DixD gy > ) = 0. (5.7.2)
[_K7K]C

K—o t—o00

As a corollary, we derive that for any p € (0, 1) the pt-point density of point-to-point CDRP

of length ¢ indeed concentrates in a microscopic region of size O(1) around the favorite point.

Corollary 5.7.3. Recall the definition of CDRP and the notation P¢ from Definition 6.1.1. Fix
p € (0,1). Suppose X ~ CDRP(0,0;0,1). Consider M, the almost sure unique mode of f,;,

the quenched density of X (pt). We have

lim sup lim sup P¢ (I1X(pt) = Mp,| = K) =0, in probability.

K—o0 t—o00

One also has the analogous version of Proposition 5.7.2 involving one single copy of the KPZ
equation viewed around its maximum. This leads to a similar corollary about tightness of the
quenched endpoint distribution for point-to-line CDRP (see Definition 6.1.2) when re-centered

around its mode. The details are skipped for brevity.

The proof of Proposition 5.7.2 is heavily technical and relies on the tools as well as notations
from Proposition 5.6.1. For clarity, we first prove Corollary 5.7.3 and Theorem 5.1.4 assuming the

validity of Proposition 5.7.2. The proof of Proposition 5.7.2 is then presented in Section 5.7.2.

Proof of Corollary 5.7.3. We have Z(0, 0; x, pt) 4 oH(opD) and by time reversal property Z (x, pt; 0, t) d
eM(x:a1) a5 functions in x, where H;, H) are independent copies of KPZ equation started from nar-
row wedge initial data. The uniqueness of the mode M, ; for f,; is already settled in Lemma

5.3.1. Thus, the quenched density of X (pt) — M, ; is given by

exp(Da(x,t) — Dy(x,1))
S exp(Da(y,1) = Di(y, 1)dy’
R

fpa(x+Mp;) = (5.7.3)
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where D;(x,1),i = 1,2 are defined in (5.6.23). Thus,

f eDz(x,t)—Dl (x,1) dx / eD2 (x,t)-D1(x,1) dx

[-K.K]* [-K.K]¢
P¢ (|X(pt) - > K) = < . 7.4
(| (p1) = Myl = ) /eDz(x,t)—Dl(x,t)dx N f eD2(x.)=D1(x,t) dx (5.74)
R [-K.K]

Notice that by by (5.7.2) the numerator of r.h.s. of (5.7.4) goes to zero in probability under the
iterated limit lim sup,_, ., followed by limsupg_,.,. Whereas due to Proposition 5.6.1, under the
iterated limit, the denominator converges in distribution to /R e R dx which is strictly positive
by Lemma 5.7.1. Thus overall the r.h.s. of (5.7.4) goes to zero in probability under the iterated

limit. This completes the proof. O

Proof of Theorem 5.1.4. Fix any p € (0,1). Set ¢ = 1 — p. Recall from (5.7.3) that

exp(Da(x,1) — Di(x,1))

(5.7.5)
/exp(Dz(y,t) - Dl(yat))dy
R

fp,l(x + Mp,l) =

where D;(x,t),i = 1,2 are defined in (5.6.23). Note that by Proposition 5.6.1, a continuous map-

ping theorem immediately implies that for any K < oo

exp(Da(x,1) — Dy(x,1)) d e~ Ra(¥)

K K (5.7.6)
L eexp(Da(y, 1) = Di(y,t))dy [ e ReWdy

in the uniform-on-compact topology. Here R, is a 3D Bessel process with diffusion coefficient 2.

For simplicity, we denote

g (x) := exp(Da(x,1) = D1(x,1)) and g(x) = exp(=Ra(x)).

We can then rewrite (5.7.5) as product of four factors:

a:(x) :f_l,((gt(y)dy. J 8(y)dy _/_I;g(y)dy_ a;(x)
femdy  faMdy [ g(pdy sy % g (ydy

fp,t(x + Mp,t) =
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Corollary 5.7.3 ensures

[ ai(dy

—PE(IX(pt) = M, | < K) D1
ng,(y)dy (I1X(p?) pl )

as t — oo followed by K — co. Lemma 5.7.1 with o = 2 yields that f[_K K¢ g(y)dy =

f[_K’K]C e R dy 2, 0as K — 0. Thus as K — o

Le(ndy
1
[ ca(»dy

Meanwhile, (5.7.6) yields that as t — oo,

L8Oy g 4 L8O @) e
Lsdy  [*amdy sy [ gndy  fe()dy

g(x)
f 8(y)dy

uniform-on-compact topology. This establishes (5.1.7), completing the proof of Theorem 5.1.4.

d
in the uniform-on-compact topology. Thus, overall we get that f, ,(x + M,;) — , in the

]

5.7.2 Proof of Proposition 5.7.2 and Theorem 5.1.5

Coming to the proof of Proposition 5.7.2, we note that the setup of Proposition 5.7.2 is same as
that of Proposition 5.6.1. Hence all the discussions pertaining to Proposition 5.6.1 are applicable
here. In particular, to prove Proposition 5.7.2, we will be using few notations and certain results

from the proof of Proposition 5.6.1.

Proof of Proposition 5.7.2. Fix any M > 0. The proof of (5.6.24) proceeds by dividing the integral

into two parts depending on the range:

U = [—t2/3M -~ M., 2B M - M, 1, (Deep Tail)

Uy = [K,K]° 0 [-12PM = M, 22PM — M, ], (Shallow Tail)
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and controlling each of them individually. See Figure 5.10 for details. In the following two steps,

we control these two kind of tails respectively.

Shallow Tail

&
Y

b
4

Deep Tail
b

I
I
I
I
I
| I
Deep Tail : |
: 1 I
: I Shallow Tail !
: Dz(({},t) - Dl(:cat) : | % I
: I I
1 i | 1
| . 1 |
| ' 1 I
I I | I
I : I |
1 : | 1
I . 1 |
~ MR - M, K 0 K Mt — M,

Figure 5.10: Illustration for the proof of Proposition 5.7.2. In Deep Tail region we use parabolic
decay of KPZ line ensemble, and in Shallow Tail we use non-intersecting Brownian bridge sepa-
ration estimates from Proposition 5.5.6.

Step 1. In this step, we control the Deep Tail region: U;. The goal of this step is to show

limsupP(/ eP2e=Dilet) gy > £ < Cexp(—gM?), (5.7.7)
Uy

t—oo

for some constant C = C(p) > 0. We now recall the framework of KPZ line ensemble discussed

in Subsection 5.6.2. We define

Sps(x) = p' P (p7x) + ¢' ) (a7 x) (5.7.8)

where by 1, b, are scaled KPZ line ensembles corresponding to H;, H|, see (5.2.6). Observe that

Da(x,1) = Dy(x,1) & 113 Sy (7 (x+ M,y)) - sulg S,:(2)],
ZE
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where D, D, are defined in (5.7.1). Thus we have

/ exp(Dy(x,t) — Dy(x,t))dx 4 exp (t1/3 [Sp,,(x) — sup Sp,,(z)]) dx
U, |x|>=M z€R

where U is defined in (Deep Tail). Towards this end, we define two events

A= {supSp,,(z) < —MTZ}, B:= {sup (Sp,,(x) +x2) > MTz}

z€R xeR

Note that on =A N =B, for all [x| > M, we have
Spe(x) = supSp(z) < Mo 4 M2 32 < MM _an o M

z€R

This forces

/ exp (tl/S [Sp,,(x) - supSpJ(z)]) dx < / exp (—t1/3(M72 + yzz)) dy,

|x|>M zeR [-M.M]¢

which goes to zero as t — oo. Hence 1.h.s. of (5.7.7) < P(=A) + P(=B). Hence it suffices to show
P(-A) < Cexp (—éM3), P(-B) < Cexp (—éM3) . (5.7.9)

To prove the first part of (5.7.9), note that

P(=A) < P(S,,,,(O) < —MTZ)

2 2
<P (p0) (0 < =2) + P (1)), 0) < -] < Coxp(-¢ar)

where the last inequality follows by Proposition 5.2.8 (b), for some constant C = C(p) > 0. This

proves the first part of (5.7.9). For the second part of (5.7.9), following the definition of S, ;(x)
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from (5.7.8), and using the elementary inequality # + ﬁ > 1 by a union bound we have

2 1 - 2 2
Pl (S50 ) = 2 <2 o000 ) - ]
xeR xeR

(5.7.10)

1 _ 2 2
+P (sulg (q1/3b(qt’)T(q 23x) + j{—q) > MT) .
X€E

Applying Proposition (5.2.8) (c) with g = %, we get that each of the terms on r.h.s. of (5.7.10) are
at most C exp(—éM 3) where C = C(p) > 0. This establishes the second part of (5.7.9) completing
the proof of (5.7.7).

Step 2. In this step, we control the Shallow Tail region: U,. We first lay out the heuristic idea
behind the Shallow Tail region controls. We recall the nice event Sp(1) from (5.6.62) which occurs
with high probability. Assuming Sp(1) holds, we apply the the H; Brownian Gibbs property of

the KPZ line ensembles, and analyze the desired integral

/ eDz(x,l‘)—Dl(x,l‘)dx
U,

under the ‘free’ Brownian bridge law. Further conditioning on the information of the maximizer
converts the free law into the law of the NonInt-BrBridge (defined in Definition 5.4.4). On Sp(A1),
we may apply Proposition 5.5.6 to obtain the desired estimates for the ‘free’ law. One then obtain
the desired estimates for KPZ law using the lower bound for the normalizing constant from Propo-

sition 6.5.1 (b).

We now expand upon the technical details. In what follows we will only work with the right

tail:
Uy = [-12PM = M, ;. PM — M, ] N [K, ) = [K, 1M - M,,,]

and the argument for the left part of the shallow tail is analogous. Note that we also implicitly

assumed >3 M — M, > K above. Otherwise there is nothing to prove. As before we utilize
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the the notations defined in Subsection 5.6.2. Recall the local maximizer Mg’{, defined in (5.6.25).

Recall YIE;,)t,T’ Ylfll)[ L from (5.6.26). Set

MP2B-M,, 1 . 1y .-
Iimx I=/ e [YMJ-T(’ M 40)Yy | PRMGLR) (5.7.11)
K

MPP-M,,,
- / exp(=Diyp () + Dagr (),
K

where the last equality follows from the definition of Dy 1, Dy, from (5.6.28). Recall that the
only difference between D1, D> (defined in (5.6.27)) and Dy ; 1, Dy, is that former is defined
using the global maximizer M, ; and the latter by local maximizer M%. However, Lemma 5.3.1
implies that with probability at least 1 — C exp(—%M 3), we have M,,, = M%. Next, fix 2 > 0.
Consider Sp() event defined in (5.6.62). We thus have

P ( / eD2(eD=D1(x D gy > 2—) < Cexp(—-EM?) +P(=Sp(2)) +P (T x> 5,5p(2)) .
U+,2

(5.7.12)

We recall the o-fields ¥, ¥, defined in (5.6.42) and (5.6.43). We first condition on ;. As

noted in Subsection 5.6.2, since b;lt)T and bf;)l are independent, applying H,; and H,; Brownian

1

Gibbs property from Proposition 6.5.1 for b; es b;?l respectively we have

Efree,t [lft,M,K > % ,Sp(Q) WT Wl]

Efree,t [WT WL]

P (T vk > 5,Sp(1) =E , (5.7.13)
where Wy, W are defined in (5.6.48) and (5.6.49). Here Pfee and Egec ; are the probability and the
expectation operator respectively corresponding to the joint ‘free’ law for (p'/3} i1 ( p~23x), and
q"*941.1(g7*3x))xe[-p.m Which by Brownian scaling is given by a pair of independent Brownian
bridges (B (), B2(-)) on [-M, M] with starting points (p1/3bpt,T(—Mp‘2/3), q1/3bq,7l(—Mq‘2/3))
and endpoints (q1/3bp,,T(Mp_2/3), q1/3I)Qt,l(Mq_2/3)).

In addition, from the last part of Proposition 6.5.1 we know that for any given 4 > 0, there
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exists (M, p, 1) > 0 such that
P(Efree:[WiW|] > 6) > 1 - A. (5.7.14)
Since the weight W;W| € [0, 1], (5.7.13) and (5.7.14) give us

rh.s. of (5.7.12) < Cexp(-tM?) + P(=Sp(1)) + A + éE [Péree.s (Cemx > £.Sp())].

(5.7.15)

Next we condition on 7, defined in (5.6.43). By Proposition 5.4.10, upon conditioning the
free measure of two Brownian bridges when viewed around the maximizer are given by two
NonlInt-BrBridge (defined in Definition 5.4.4). The precise law is given by Nlarge law defined in
Definition 5.6.3. Note that Sp(1) is measurable w.r.t. 1 U %>. By Reverse Fatou’s Lemma and the

tower property of conditional expectations, we obtain that

lim sup lim sup E [Ppree; (Ivm.x > 5. Sp(2))]
K—oo —o0
< E (lim sup lim sup 1sp 1y Pniargeiz1 Tk > %) | - (5.7.16)

K— t—o00

Following the Definition 5.6.3 and (5.7.11) we see that under Nlarge law,
d Mt2/3_Mp,t /3 [Vlarge(1’2/3x)—Vlarge(t’2/3x)]
vk = / e 1 r2 dx. 5.7.17)
K

where V,I"’lrge = (Vrlalrge, Vrlazrge) is a NonlInt-BrBridge defined in Definition 5.6.3. Now notice that
by the definition in (5.6.62), on the Sp(1) event, the length of the Brownian bridges considered
are bounded from below and above and the end points are tight. Following the equality in distribu-

tion in (5.7.17), the technical result of Proposition 5.5.6 precisely tells us that the term inside the
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expectation of r.h.s. of (5.7.16) is zero. Thus, going back to (5.7.15) we get that

lim sup lim sup P (/ P2 D=DixD gy > % < Cexp(—éM3) +lim sup P(=Sp(1)) + A.
U+,2

K—o t—00 t—o00

Taking limsup,,, in view of (5.6.63), we get that last two terms in r.h.s. of the above equa-
tion are zero. Similarly one can show the same bound for the integral under U_; := [-123M —

My, 2B3M - M1 N (=00, —K]. Together with (5.7.7), we thus have

lim sup lim sup P (/ P21 gy > p < Cexp(—éM3).
[_KvK]c

K—oo —o0
Taking M — oo we get (5.7.2) completing the proof. [

Proof of Theorem 5.1.5. Recall from (5.1.6) that

Z(0,0;x,1) Mt

f*,t(x) = Z(0,0;*,t) = /Re(H(yJ)dy.

The uniqueness of the mode M. ; for f., is already proved in Lemma 5.3.1. Thus, we have

exp (H (M. +x,1) = H(M.,,1))
J exp (H(Me +y,0) = H(M. 1)) dy’
R

f*,t (X + M*,t) =

Just like in Proposition 5.7.2, we claim that

lim sup lim sup P ( / eHMertyDI=HMD gy > | = 0. (5.7.18)
[_K’K]C

K— t—o00

The proof of (5.7.18) is exactly same as that of (5.7.2), where we divide the integral in (5.7.18) into
a deep tail and a shallow tail and bound them individually. To avoid repetition, we just add few
pointers for the readers. Indeed the two key steps of proof of Proposition 5.7.2 that bound the deep
and shallow tails can be carried out for the (5.7.18) case. The deep tail regime follows an exact

similar strategy as Step 1 of the proof of Proposition 5.7.2 and utilizes the same parabolic decay
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of the KPZ equation from Proposition 5.2.8. The analogous shallow tail regime also follows in a

similar manner by using the uniform separation estimate for Bessel bridges from Corollary 5.5.7.

Now note that by Theorem 5.1.10 with £ = 1, we have
H( Moy +2,0) = HMass 1) 5 Ry (%), (5.7.19)

in the uniform-on-compact topology. Here R; is a 3D-Bessel process with diffusion coefficient

1. With the tail decay estimate in (5.7.18) and the same for the Bessel process from Proposition
e~ R1()
fRe—‘Rl()’)dy

topology by following the analogous argument from the proof of Theorem 5.1.4. This completes

5.7.1, in view of (5.7.19) one can show f, ;(x + M.;) — in the uniform-on-compact

the proof. [

5.8 Non-intersecting random walks

In this section we prove Lemma 5.4.7 that investigates the convergence of non-intersecting ran-
dom walks to non-intersecting brownian motions. We remark that similar types of Theorems are
already known in the literature such as [161], where the authors considered random walks to start

at different locations. Since our walks starts at the same point, additional care is required.

‘We now recall Lemma 5.4.7 for readers’ convenience.

Lemma 5.8.1. Let X;. be i.i.d. N(0,1) random variables. Let S(()i) = 0 and S]((i) = Zf’:] ;
s
_\/ﬁ 9

between points are defined by linear interpolation. Then conditioned on the non-intersecting event

Consider Y, (t) = (Yp1(1),Y,2(1)) = (

(2)
S”T;l) an R? valued process on [0, 1] where the in-

Ay = ﬂ’}:l{Sﬁ.l) > S;z)}, Y, 4 W, where W(t) = (Wi(t), Wa(t)) is distributed as NonInt-BM

defined in Definition 5.4.3.

Proof of Lemma 5.8.1. To show weak convergence, it suffices to show finite dimensional conver-

gence and tightness. Based on the availability of exact joint densities for non-intersecting random
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walks from Karlin-McGregor formula [219], the verification of weak convergence is straightfor-

ward. So, we only highlight major steps of the computations below.

Step 1. One point convergence at 7 = 1. Note that

|XLm‘J+1| > ‘/ﬁs) < =<

g2

P (|VYi(r) = S| > Ve | A,

5

=B |

The last inequality above follows by Markov inequality and the classical result that P(A,) > % in

Spitzer [297]. Thus it suffices to show finite dimensional convergence for the cadlag process:

zD 7@y .= L0 g@

nt °>“~nt \/ﬁ Lnt]’ Ln[J) (581)

We assume that n large enough so that IZ_\/IE > 1 for some M > 0O to be chosen later. When ¢ = 1,

applying the Karlin-McGregor formula, we obtain that

P(Zn(l) € dyl’ Zn(l) € dy2|An) =Ty fn,l(yl,)’Z)dyldy2

where
Jaa (1, y2) = / pi(a)pi(az) det(pp-1(a; — y;Vn)); ;- darday,
ar>aj
and
7! 3:/ / pi(ai)pi(az)det(p,-1(a; - Fj\/ﬁ))[z,_,-zldaldazdrldrz- (5.8.2)
ri>ry Jay>ap

Note that here the Karlin-McGregor formula, after we have conditioned on the first step of the
random walks with Xl1 =a > X12 =a.

12 12
We will now show that MTn‘ l'and % fn1(y1, y2) converges to a nontrivial limit. Observe

N
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that

_1)2
% det(pa-i(ai = yjVn)); _y = (n = D)pp_1(ar = y2Vn) pa-1(az = y1Vn)

vr(aj-ap)(y1-yp)
[e o1 —1].

(5.8.3)

—

.n_

<

Thus, as n — oo, we have

b det(pa-i (i = 3,V 1oy = p1yDP1 () (@1 — @) (31 = y2). (5.8.4)

Next we proceed to find a uniform bound for the expression in (5.8.3). Not that for x,r > 1,

one has the elementary inequality x” > x" — 1 > r(x — 1). Now taking r = 1&_\/% and x =

eXP(%(al —az)(y1 — y2) we get

1 ) )
ths. of (5.83) < >~ exp (—““ yaV® _ (Vi L (g — ag)(y, - yz))
JT

2n-2 2n-2
1 ooy 1
< g-exp|-F -+ (a1 —a2)(y1 — y2) + 3 (laryz2| + [aay1])
1 yz yz 2(a2+y2+a2+y2)
L enp(-2i -3 s einiedy) 559

where the last inequality follows by several application of the elementary inequality |xy| < %(x2 +
y?). One can choose M large enough so that the uniform bound in (5.8.5) is integrable w.r.t. the
measure pi(aj)pi(az)daida,. With the pointwise limit from (5.8.4), by dominated convergence
theorem we have

(n-1)° (n=1)>

S y2) = =2 pi(ar)pi(az) det(p,-1(a; - yj\/ﬁ))l‘z,jzldaldaz

ai>ap

— p1(yDp1(3»2)(y1 —y2) (a1 —az)pi(ar)pi(az)daidas.

ai>aj

Similarly one can compute the pointwise limit for the integrand in 7, ! (defined in (5.8.2)) and the

306



uniform bound in (5.8.5) works for the denominator as well. We thus have

n—-1)2 _
(\/%)-Tnl _>/ / p1(r)p1(r2)(r1 — r2) (a1 — az)pi(ay) pi(az)daidaydridry.  (5.8.6)
ay>ay Jri>r

Plugging these limits back in (5.8.1), we arrive at (5.4.1) (the one point density formula for

NonlInt-BM) as the limit for (5.8.1).

Step 2. One point convergence at 0 < ¢ < 1. When 0 < ¢ < 1, with the Karlin-Mcgregor

formula, we similarly obtain
P(Z\) e dy, 2 € dya | Ay) =70~ (1, y2)dyidys (5.8.7)
where 1, is defined in (5.8.2) and

Jat (V15 y2) =/ / pi(a)pi(az) [det(p -1 (ai = y;Vm)7 -
ri>ry Jai>az (5.8.8)

n- det(pn—Lm‘J(‘/ﬁyi - \/ﬁrj))iz,J':] daidaydridr;.

One can check that as n — oo, we have

n3% det(p -1 (a; yj\/ﬁ)),-z,j:l = 1p,(y1)pi(y2) (a1 — a2) (y1 = y2),

n - det(pa—yu) (Nyi = V)7 oy — det(proi (i = 7))} 1oy

One can provide uniformly integrable bound for the integrand in f,;(y;, y2) in a similar fashion.

Thus by dominated convergence theorem,

2 £ (01, v2) = () (72) (01 = ¥2) pi(ar)pi(az)(a; — az)dadas

ar>aj

/ det(pi1—;(yi — rj))iz,jzldrler-
ry>rp

Using (5.8.6) we get that 7, - f,,,(y1, y2) converges to (5.4.2), the one point density formula for
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NonlInt-BM.

Step 3. Transition density convergence. For the transition densities, let 0 < #; < #, < 1, and fix

X1 > x2. Another application of Karlin-McGregor formula tells us

P(Z(l) € dyl,Z(z) e dy; | zW =X Z(Z) =Xx3)

ntp nty ntg ntg

= n.det(pury -y ) (Vyi = Vx;))7 iy

5.89
[ det(pu-u) (Vnyi = Vir))7 ;_ dridradyidys :89)
ri\>rp
[ det(pu-uy) (Vnxi = Nr )7 dridra
ry>rp

One can check as n — o

det(piy—r, (yi —x;))} i 1/ o, det(pi, (yi = r); j=1dridrady dys

r.h.s of (5.8.9) —
/ > det(pi—r, (x; — r])) dridra

which is same as transition densities for NonInt-BM as shown in (5.4.3). This proves finite dimen-

sional convergence.

Step 4. Tightness. To show tightness, by Kolmogorov tightness criterion, it suffices to show

there exist K > 0 and ng € N such that for all n > ny
E [[Y,i(1) = Yoi()I* | An] < Cipy - (1= 5) (5.8.10)

holds forall0 < s <t < 1.

Recall that P(A,) > % Fort—s < % with K > 5 we have

E [|Y,:(t) = Y, i($)|X | Ay] < C-VnE [|Ym-(t) — Yi(s)[¥]

<C-Vn——m—*—

[ — _
(” E[|X][*] < Cn'7 (nt —ns)* < Cx(t - s)%.

Thus we may assume ¢ — s > 1/n. Then it is enough to show (5.8.10) for Z,g? (defined in (5.8.1))
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instead. Note that if t — s € [n~!,n~1/*], we may take K large enough so }‘(K —4) > 1. Then we

have

E|1zy) - 20K | A < C-VaE |12 - 20 |F

< C-Vn(t— )2 < €. pt/EDB( )2

where in the last line we used the fact (1 — 5)K~4/2 < p=(K=9/8  Ag 1(K - 4) > 1, we have

E |Z,g? - Z,g?lK | An| < C(r — 5)? in this case. So, we are left with the case t — s > n~ /4.

3/4

1 . e
Let us assume ¢t = 0, s > n" 4. Asns > n°/" — oo, we will no longer make the distinction

between ns and | ns] in our computations. We use the pdf formula from (7.4.16) and (5.8.8) to get

E[|1Z71°] < Tn/ |yi|5/ / pi(ar)pi(az) det(pus-1(a; —y]'\/ﬁ)),-z,/:l
yi>y2 ri>ry Jay>ay ’ (5.8.11)

n - det(py—ns(Vny; — \/ﬁrj))[z’jzl dada,dridrydy dy,.

For the last determinant we may use

n- det(pn—ns(\/z)’i - \/Erj))i%j:ldrld’?

<n- pn—ns(‘/r_lyl - \/Erl)pn—ns(\/’;yZ - \/;172)drldr2

which integrates to 1 irrespective of the value of y;, y,. Thus

rhs. of (5.8.11) <, / il / pi(a)pi(az) det(ps-1(a; — y;Vn)); j_daidazdy dys.
yi>y2 ai,az

(5.8.12)

Making the change of variable y; = /sz; and setting m = ns, we have

341
r.h.s. of (5.8.12) < 7, - 527" 1,
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where
Iy = / |Zi|5/ pi(ar)pi(az) det(pp-1(a; - Zjﬁ))i%jzldaldaZdzleZ-
21>22 ap>ap

We claim that %Im < C for some universal constant C > 0. Clearly this integral is finite for

each m. And by exact same approach in Step 1, one can show as m — oo,

m—1)2
gfm = / |Zi|5/ p1(z)p1(z2)pi(ar)pi(az)(ar — az)(z1 - z2)dajdasrdz dzs.
\/% 21>22 ap>az
Thus, (m\/_%) 2[ < Cforall m > 1. Thus following (5.8.11), (5.8.12), in view of the above estimate
we get
BlIZ{017) = Cry W 1
(m—1)2

However, by Step 1, n3/?7! converges to a finite positive constant. As m = ns, we thus get that
the above term is at most C - s2. The case ¢ # 0 can be checked similarly using the formulas from

(7.4.16) and (5.8.8) as well as transition densities formula (5.8.9). This completes the proof. [
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Chapter 6: Short- and long-time path tightness of the continuum directed

random polymer

6.1 Introduction

6.1.1 Background and motivation

Directed polymers in random environment can be considered as random walks interacting
with a random external environment. First introduced and studied in [202], [206] and [61], they
have since become a fertile ground for research in orthogonal polynomials, random matrices,
stochastic PDEs, and integrable systems (see [99, 181, 44] and the references therein). In the
(1 + 1)-dimensional discrete polymer case, the random environment is specified by a collection
of zero-mean i.i.d. random variables {w = w(i,j) | (i,j) € Z, X Z}. Given the environment,
the energy of the n-step nearest neighbour random walk (S;)"; starting at the origin is given by
HY(S) = 2, w(i,S;). The point-to-line polymer measure on the set of all such paths is then

defined as

1 o
PY(S) = ZTeﬁHn SIp(s),
n.p

where P(S) is the simple random walk measure, 3 is the inverse temperature, and Z}‘Zﬂ is the
partition function.

A competition exists between the entropy of paths and the energy of the environment in this
polymer measure. Spurred by this competition, two distinct regimes appear depending on the
inverse temperature 5. When 8 = 0 the polymer measure is the simple random walk; hence it is

entropy-dominated and exhibits diffusive behavior. We refer to this scenario as weak disorder. For

B > 0, the polymer measure concentrates on paths with high energies and the diffusive behavior
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ceases to be guaranteed. This type of energy domination is known as strong disorder. For the
definitions and results on the precise separation between the two regimes as well as results on
higher dimensions, we refer the readers to [103, 237, 97].

While the polymer behavior is characterized by diffusivity in weak disorder, the fluctuations
of polymers in strong disorder are conjecturally characterized by two scaling exponents { and y

([294], [5D):

Fluctuation of the endpoint of the path: |S,| ~ n¢, (6.1.1)

Fluctuation of the log partition function: [log Z;’ 5~ pP(B)n] ~ nX.

It is believed that directed polymers fall under the “Kardar-Parisi-Zhang (KPZ) universality class"
(see [202, 203, 218, 235, 113]) with fluctuation exponent y = % and transversal exponent { = %
This instance of the transversal exponent appearing larger than the diffusive scaling exponent % is

called superdiffusivity. Crucially, the conjectured values for y and ¢ satisfy the “KPZ relation":
x =2-1. (6.1.2)

At the moment, rigorous results on either exponent or the KPZ relation have been scarce. For
directed polymers, { = 2/3 has only been obtained for log-gamma polymers in [294, 29] and for
certain semi-discrete polymers called O’Connell-Yor polymer [lan]. Upper and lower bounds on
{ have been established in [274, 253] under additional weight assumptions. For zero-temperature
models, { = % has been established in [212, 72, 195, 138, 35]. Outside the temperature models, the
KPZ relation in (6.1.2) has also been shown in other random growth models such as first passage
percolation in [89] and [9] under the assumption that the exponents exist in a certain sense. In
strong disorder, the polymer also exhibits certain localization phenomena (see [103, 44, 132] for
partial surveys). In particular, the favorite region conjecture speculates that the endpoint of the
polymer is asymptotically localized in a region of stochastically bounded diameter (see [100, 44,

42, 20, 132] for related results).
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Given the conceptual pictures on the two extreme regimes, in the present paper, we consider

polymer fluctuations in the intermediate disorder regime. Introduced in [5], the intermediate dis-

order regime corresponds to scaling the inverse temperature 8 = 8, = n~'/* with the length of the

polymer n, which captures the transitions between the weak and strong disorders and retains fea-

tures of both. Within this regime, [4] showed that the partition function for point-to-point directed

polymers has a universal scaling limit given by the solution of the Stochastic Heat Equation (SHE)

for environment with finite exponential moments. In addition, the polymer path itself converges to

a universal object called the Continuum Directed Random Polymer (denoted as CDRP hereafter)

under the diffusive scaling.

We consider point-to-point CDRP of length . The main contribution of this paper can be

summarized as follows.

(a)

(b)

(©

We show that as ¢ | 0, the polymer paths behave diffusively and its annealed law converges in

to the law of a Brownian bridge (Theorem 6.1.4).

On the other hand, as t T oo, the polymers have #2/3 pathwise fluctuations. The latter result
confirms superdiffusivity and the conjectural 2/3 exponent for the CDRP (Theorem 6.1.7 (a)).
Moreover, the strength of our result exceeds the conjecture in (6.1.1), which only claims end-
point tightness. Instead, in Theorem 6.1.7 (a), we prove that the annealed law of paths of
point-to-point CDRP of length ¢ are tight (as T o) upon 2/3 scaling. This marks the first

result of path tightness among all positive-temperature models.

We also show pointwise weak convergence of the polymer paths under the 2/3 scaling to points
on the geodesic of the directed landscape (Theorem 6.1.7 (b)). This ensures the 2/3 scaling
exponent is indeed tight. Modulo a conjecture on convergence of the KPZ sheet to the Airy
Sheet (Conjecture 6.1.9), we obtain pathwise convergence of the rescaled CDRP to the geodesic

of the directed landscape (Theorem 6.1.10).

These results provide a comprehensive picture of fluctuations of CDRP paths under short- and

long-time scaling. Our short-time and long-time tightness results also extend to point-to-line
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CDRP (Theorem 6.1.8). The formal statement of the main results are given in Section 6.1.2.

6.1.2 The model and the main results

We use the stochastic heat equation (SHE) with multiplicative noise to define the CDRP model.

To start with, consider a four-parameter random field Z (x, s; y, t) defined on
R‘T1 ={(x,s;y,1) e R* 1 5 < 1}.

For each (x, s) € R xR, the function (y, ) — Z(x, s;y,t) is the solution of the SHE starting from

location x at time s, i.e., the unique solution of
6t~Z:%axx~Z+Z'§, (y,t)ERX(S’OO)5

with Dirac delta initial data lim,; Z(x,s;y,1) = 6(x — y). Here & = &(x,1) is the space-time
white noise. The SHE itself enjoys a well-developed solution theory based on It6 integral and
chaos expansion [48, 316] also [113, 278]. Via the Feynmann-Kac formula ([203, 99]) the four-

parameter random field can be written in terms of chaos expansion as

00 k+1
Z(x’S;yat):p(y_x’t_s)+Z/ /knp()’f_)’é’—lasf—Sf—l)f(y{’,sf)didg, (613)
l=1 ¢ Akss JRE g

with Ay s = {(S[)éf:] (S < S < <8<t} So=8,Y0=X,Sk+1 =1,and yry; = y. Here

p(x,1) = (2r1) 2 exp(=x*/(21))

denotes the standard heat kernel. The field Z satisfies several other properties including the

Chapman-Kolmogorov equations [4, Theorem 3.1]. Forall0 < s < r < t,and x,y € R we
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have

Z(x,s;y,t):/Z(x,s;z,r)Z(z,r;y,t)dz. (6.1.4)

R

Definition 6.1.1 (Point-to-point CDRP). Conditioned on the white noise &, let P¢ be a measure on

C([s, t]) whose finite-dimensional distribution is given by

k
1
PS(X(t1) € dxy,...,X(13) € dxy) = =————— iy Xjel ie1)dxy - dxg.  (6.1.5
(X(11) € dxr,.... X (1) € dxp) Z(x,s;y’l)gzu_, foixjens pa)dvn e (6.1.5)
fors =19 <t) < -+ <ty <try =t, with xg = x and xg41 = y. (6.1.4) ensure P¢ is a valid

probability measure. Note that P¢ also depends on x and y but we suppress it from our notations.
We will use the notation CDRP(x, s; y, t) and write X ~ CDRP(x, s; y, ) when X(+) is a random
continuous function on [s,¢] with X(s) = x and X(¢) = y and its finite-dimensional distributions
given by (6.1.5) conditioned on &. We will also use the notation P¢, E¢ to denote the law and

expectation conditioned on the noise &, and P, E for the annealed law and expectation respectively.

Definition 6.1.2 (Point-to-line CDRP). Conditioned on the white noise &, we let P be a measure

C([s,t]) whose finite-dimensional distributions are given by

k
1
Pi(X(11) € dxy, ..., X(1) € dxy) = ZGosd) HZ(ijj, s Xjs1stjp1)dxy - dxg. (6.1.6)
x’s’ b j:O
fors =10 <t < -+ < tx < tgy = t, with xg = x and xzy; = *. Here Z(x,s;*,1) =

/R Z(x,s;y,t)dy. Note that the Chapman-Kolmogorov equations (6.1.4) ensure Pf is a probability
measure. The measure PS: also depends on x but we again suppress it from our notations. We

similarly use CDRP(x, y; *, r) to refer to random variables with Pf law.

Remark 6.1.3. In both [4] and [99], the authors considered a five-parameter random field Zg(x, s;y,1)
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with inverse temperature 5, which is the simultaneous solution of the stochastic heat equation
0Zp=30uZp+FZpt,  NimZp(e,5:y,0) = 6:(y).

and defined corresponding CDRP measures. Observe that when 8 = 0, the stochastic heat equation
becomes the heat equation and the corresponding CDRP measures reduce to Brownian measures.
Furthermore, for any 8 > 0, by the scaling property of the random field Zg, i.e. (iii) of Theorem

3.11in [4], we have
Zp(x.s:y.0) £ B2Z1 (B2, Bs; By, B*1).

Thus in this paper, we focus on exclusively on 5 = 1.

We now state our first main result which discusses the annealed convergence of the CDRP in

the short-time regime to Brownian bridge law.

Theorem 6.1.4 (Annealed short-time convergence). Fix € > 0. Let X ~ CDRP(0, 0,0, &). Con-
sider the random function Y®) : [0,1] — R defined by Yt(g) = %X(st). Let P? denote the
annealed law of Y'®) on the space of continuous functions on C([0,1]). As € | 0, P® converges
weakly to Pg, where Py is the measure on C([0, 1]) generated by a Brownian bridge on [0, 1]

starting and ending at 0.

Remark 6.1.5. The proof of Theorem 6.1.4 appears in Section 6.4.1. With minor modification in
the proof, the above theorem can be extended to include endpoints of the form x+/e. The resulting
distributional limit is then a Brownian bridge on [0, 1] starting at O and ending at x. We also
remark that we expect Theorem 6.1.4 to hold true even in the quenched case. However, some of
our arguments, in particular the tightness, do not generalize to the quenched case. We hope to

explore this direction in future works.

Our next result concerns the tightness and annealed convergence of the CDRP in the long-
time regime and gives a rigorous justification of the 2/3 scaling exponent discussed in Section 8.2.

The limit is given in terms of the directed landscape constructed in [138, 251] which arises as a
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universal full scaling limit of several zero-temperature models [141]. Below we briefly introduce
this limiting model before stating our result.
The directed landscape L is a random continuous function R‘T‘ — R that satisfies the metric

composition law
L5y, 1) =max [L{x,s32,7) + Lz 3y, 0], (6.1.7)
Z

with the property that L(-,;; -, ti+sl.3) are independent for any set of disjoint intervals (¢;, ti+sl.3). As
a function in x, y, L(x,1; v, +s°) 4. S(x/s%,y/s?), where S(-, -) is a parabolic Airy Sheet. We
omit definitions of the parabolic Airy Sheet (see Definition 1.2 in [138]) except that S(0, -) 4 A()
where A is the parabolic Airy, process and A (x) +x? is the (stationary) Airy, process constructed

in [275].

Definition 6.1.6 (Geodesics of the directed landscape). For (x, s;y,t) € R?, a geodesic from (x, s)
to (y,t) of the directed landscape is a random continuous function I' : [s,7] — R such that

I'(s) =xand I'(¢r) = y and forany s < r| < rp <r3 <t we have
L((r1),r1;0(r3),r3) = L(T(r1),r1;0(r2), r2) + L (T (r2),12;T(r3),73) -

Thus the geodesic precisely contain the points where the equality holds in (6.1.7). Given any
(x,s;y,1) € R4, by Theorem 12.1 in [138], it is known that almost surely there is a unique geodesic

I" from (x, s) to (y,1).

Theorem 6.1.7 (Long-time CDRP path tightness). Fix £ > (0,1]. V ~ CDRP(0,0;0,s71).
Define a random continuous function L'®) : [0,1] — R as Lt(g) = £23V(e7t). We have the

following:

(a) Let P? denote the annealed law of L'®, which is viewed as a random variable in the space
of continuous functions on [0, 1] equipped with uniform topology and Borel o-algebra. The

sequence P? is tight w.r.t. €.

317



(b) For eacht € (0,1), Lf‘g) converges weakly to T'(tV2), where T'(-) is the geodesic of directed
landscape from (0,0) to (0, V2).

The above path tightness result under 2/3 scaling is first such result among all positive-temperature
models. Part (b) of the above theorem shows that this 2/3 scaling is indeed correct: upon this scal-
ing, the CDRP paths have pointwise non-trivial weak limit.

In the same spirit, we have the following short- and long-time tightness result for point-to-line

CDRP.

Theorem 6.1.8 (Point-to-line CDRP path tightness). Fix e € (0, 1]. Suppose X ~ CDRP(0, 0; *, &)
and V ~ CDRP(0,0; *, ™). Define two random continuous functions Y*(E), Lis) :[0,1] = Ras

Y9 (1) == &7 2X (et) and L9 (t) = €23V (e7't). We have the following:

(a) If we let P _ denote the annealed law of Y*(E)(-), then as € | 0, P _ converges weakly to Pp,,

where Pp, is the measure on C([0, 1]) generated by a standard Brownian motion.
(b) If we let P | denote the annealed law of Lff) (+), then the sequence P% | is tight w.rt. &.

(c) Lff)(l) converges weakly to 2'/3 M, where M is the almost sure unique maximizer of Airy,

process minus the parabola x*.

We now explain how the pointwise weak convergence result in Theorem 6.1.7 (b) can be up-

graded to a process-level convergence modulo the following conjecture.
Conjecture 6.1.9 (KPZ sheet to Airy sheet). Set b, (x,y) = 1713 [log Z(t*/3x,0; 3y, 1) + £]. As
t — oo we have the following convergence in law (as functions in (x,y))

2113p,(213x, 213y) 4 S(x, y)

in the uniform-on-compact topology. Here S is the parabolic Airy sheet.

When either x or y is fixed, the above weak convergence as a function in one variable is proven

in [280]. For zero-temperature models, such convergence has been shown recently in [141] for a
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large class of integrable models. It remains to show that their methods can be extended to prove

the Airy sheet convergence for positive-temperature models such as above.

Assuming the validity of Conjecture 6.1.9, we can strengthen Theorem 6.1.7 (b) to the follow-

ing statement.

Theorem 6.1.10 (Process annealed long-time convergence). Fix & > 0. Let V ~ CDRP(0,0;0, &71).
Define Lt(g) = &23V(e7't), t € [0,1]. This scaling produces a measure on C([0,1]) for each
& > 0 conditioned on &. Assume Conjecture 6.1.9. Fort € (0,1), € | 0, the annealed law oth(g)

as a process in t converges weakly to T'(V2t), where T'(+) is the geodesic of the directed landscape

L from (0,0) to (0, V2).

6.1.3 Proof Ideas

Our main result on short-time and long-time tightness of CDRP (i.e., Theorems 6.1.4, 6.1.7
and 6.1.8) follows a host of efforts that attempts to unravel the geometry of CDRP paths. In
[132], the authors showed that the quenched density of point-to-point long-time CDRP exhibit
pointwise localization. In particular, they showed any particular point on a point-to-point CDRP
of length ¢ lives within a order 1 window of a ‘favorite site’ (depending only on the environment)
and this favorite site varies in a #*/3 window upon changing the environment. This suggests that the
annealed law of polymers are within /3 window pointwise. Our theorems on long-time tightness
extend this result to the full path of the polymers.

One of the key ingredients behind our tightness proofs is a detailed probabilistic understanding
of the log-partition function of CDRP. The log of the partition function of point-to-point CDRP,

1.e.,
H(x,s;y,t) :=log Z(x,s;y,t) (6.1.8)

solves the KPZ equation with narrow wedge initial data. Introduced in [218] as a model for random

growth interfaces, KPZ equation has been extensively studied in both the mathematics and the
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physics communities (see [166, 278, 113, 192, 191, 281, 87, 124] and the references therein). In
[6], the authors showed the one-point distribution of the KPZ equation H (x, ) := H(0,0;x,1),
has limiting Tracy-Widom GUE fluctuations of the order r'/3 as f T co (long-time regime), whereas
fluctuations are Gaussian of the order 7!/# as ¢ 1 0 (short-time regime). Detailed information of the
one-point tails of H (x, t) as well as tail for the spatial process H (-, t) are rigorously proved in the
mathematics works [115, 116, 117, 310, 131] for long-time regime and in [128, 249, 238, 311] for
short-time regime.

For brevity, we only sketch the proof for our long-time path tightness result. The proof of
short-time path tightness uses a relation of annealed law of CDRP with that of Brownian counter-
parts (Lemma 6.4.1). The finite-dimensional convergence for the short-time case (Theorem 6.1.4)
follows from chaos expansion and the same results for the long-time regime (Theorem 6.1.7 (b)
and Theorem 6.1.8 (c)) follow from the localization results in [132]. Let us take a long-time poly-
mer V ~ CDRP(0,0;0,s~!) and scale it according to long-time scaling Lt(g) = 2BV (&7 1t) for
t € [0, 1]. By the definition of the CDRP (Definition 6.1.1), we see that the joint law of (L', Lt(g))

(where 0 < s <t < 1) is proportional to

8_4/3 exp [A(s,t);s (X, y)]

where

5) + W(xa_%, ﬁ;ys_%, é) + W(ys_%, é;O, %) +Er .. (6.1.9)

£
&

Asye(x,y) == H(O, 0;xe7 3,

Here Err(, ;). is a correction term free of x, y that one needs to add to extract meaningful fluctuation
and tail results for the KPZ equation (see statement of Lemma 6.3.7). This correction term does
not affect the joint density as it can be absorbed into the proportionality constant.

We next proceed to understand behaviors of the process (x,y) = Ay, ). (x,y). From [6], it is

(x—y)*
2(t—s)

known that for each fixed s < ¢ and y € R, the process x +— [H(x,s;y,1) +

Naively speaking, x — H(x, s; y,t) looks like a negative parabola: — (zx(;_y 2)2 . Thus it is natural to

] is stationary.
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expect

2 2 2
3o, A k) S .
€ (S,I),E(-x,y) 2S 2(t—s) 2(1 _t)‘ (6' . 0)

One of the technical contributions of this paper is to rigorously prove the above approximation
holds for all x, y. Given any v > 0, we show with probability at least 1 — C exp(—éM 2,
T Ot T

.91/3A(S,t);g(x,y) <M-(1-v) 2_s+ 21— ) + -0 forall x,y € R.

The precise statement of the above result appears in Lemma 6.3.7. This multivariate process

estimate allows us to conclude the quenched density of (Lgs), Ll(g)) at (x, y) is exponentially small,

whenever % — oo. Armed with this understanding of quenched density, in Proposition 6.3.1,

we show that given any 6 > 0, with probability at least 1 — C exp(—éM %) we have
L — L] < Mt — |27,

In fact the sharp decay estimates of quenched density (Lemma 6.3.7) allows us to prove a quenched
version of the above statement (Proposition 6.3.1). Due to exponentially tight probability bounds
of the above two-point differences, Proposition 6.3.1 can be extended to quenched modulus of
continuity estimates (Proposition 6.3.3) by standard methods. This leads to the path tightness of

long-time CDRP.

Qutline

The rest of the paper is organized as follows. Section 6.2 reviews some of the existing results
related to the KPZ equation before proving a useful result on the short-time local fluctuations of
the KPZ equation (Proposition 6.2.4). We then prove in Section 6.3 a multivariate spatial process
tail bound (Lemma 6.3.7) and modulus of continuity results (Propositions 6.3.1 and 6.3.1-(point-

to-line)) that culminate in the quenched modulus of continuity estimate in Proposition 6.3.3 and
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Proposition 6.3.3-(point-to-line). In Section 6.4, we prove Theorems 6.1.4, 6.1.7, and 6.1.8, and
Theorem 6.1.10 (modulo Conjecture 6.1.9). Lastly, proof of a technical lemma used in Section 6.2

appears in Appendix 7.6.

6.2 Short- and long-time tail results for KPZ equation

Throughout this paper we use C = C(x,y,z,...) > 0 to denote a generic deterministic posi-
tive finite constant that may change from line to line, but dependent on the designated variables
X,V,Z,.... We use sans serif fonts such as A, B, ... to denote events and —A, =B, ... to denote

their complements.

In this section, we collect several estimates related to the short-time and long-time tails of the
KPZ equation. We record existing estimates from the literature in Proposition 6.2.2 and Proposition
6.2.3. These estimates form crucial tools to our later proofs. For our analysis, we also require an
estimate on the short-time local fluctuations of the KPZ equation which is not available in the
literature. We present this new estimate in Proposition 6.2.4. Its proof appears at the end of this
section.

Recall the four-parameter stochastic heat equation Z(x, s; y, t) from (6.1.3). We set
H(x,s;y,t) :=log Z(x,s;y,t). (6.2.1)

When x = s = 0, we use the abbreviated notation H(y, ) := H(0,0;y,t). As mentioned in the
introduction, fluctuation and scaling of the KPZ equation varies as ¢ | O (short-time) and ¢ T oo

(long-time). For the two separate regimes we consider the following scalings:

H( /”(Z_s)x,s; #y, ) +log\/m

85 (x,y) = (”(’4‘5))1/4 for the short-time regime, 622)
H((t —5)3x,s:(t — $)* Py, 1) + =2
bss(x,y) = « ) ( Y0+ 5 for the long-time regime.
’ (t—s)1/73

We will often refer to the above bivariate functions as short-time and long-time KPZ sheet. In
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particular, when both s = 0 and x = 0, we use the shorthands g;(y) = go,(0,y), and b;(y) =

bO,t(O’ y)

Remark 6.2.1. The above scalings satisfy several distributional identities. For fixed s < ¢ and

y € R, from chaos representation for SHE it follows that
Z(0,53%,0) £ Z(0,5-x,0),  Z(x, 89,0 £ Z(0,0;y —x,1 - ).
where the equality in distribution holds as processes in x. This leads to g ,(x,y) 4 gr—s(x —y) and

by (x, ) 4 b;—s(x — y), as processes in x.

The following proposition collects several probabilistic facts for the long-time rescaled KPZ

equation.
Proposition 6.2.2. Recall b,(x) from (6.2.2). The following results hold:
(a) Foreacht > 0, b;(x) +x?/2 is stationary in x.

(b) Fix tg > 0. There exists a constant C = C(ty) > 0 such that for all t > ty and s > 0 we have

P (19:(0)] 2 s) < Cexp (~Ls7/2).

(c) Fix ty > 0. There exists a constant C = C(tg) > O such that for all x € R,s > 0, t > 1o, and

v € (0, 1], we have

P( sup |b,(z) + % - b (x) - "72‘ > SW) < Cexp (—és3/2) )
z€[x,x+y]

The results in Proposition 6.2.2 are a culmination of results from several papers. Part (a)
follows from [6, Corollary 1.3 and Proposition 1.4]. The one-point tail estimates for KPZ equation
are obtained in [115, 116]. One can derive part (b) from those results or can combine the statements

of Proposition 2.11 and 2.12 in [117] to get the same. Part (c) is Theorem 1.3 from [117].
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The study of short-time tails was initiated in [128]. Below we recall some known results from

the same paper.

Proposition 6.2.3. Recall g;(x) from (6.2.2). The following results hold:

(/4™ /4)

(a) Foreacht >0, g;(x) + ZL2—x? is stationary in x.

(b) There exists a constant C > 0 such that for all t < 1 and s > 0 we have

P(|g;(0)] > s) < cexp( 1 3/2)

Part (a) follows from [128, Lemma 2.11]. The one-point tail estimates for short-time rescaled
KPZ equation are obtained in [128, Corollary 1.6, Theorem 1.7], from which one can derive part
(b).

For convenience, we write m;(x) := (’” )3/ 41

to denote the parabolic term associated to the

short-time scaling. The following result concerns the short-time analogue of Proposition 6.2.2 (c).

Proposition 6.2.4 (Short-time local fluctuations of the KPZ equation). There exists a constant

C > O such that forall t € (0,1), x € R, y € (0, V1) and s > 0 we have

P| sup [g/(2) +m(2) —g/(x) - m,(x)|>s\/_)<Cexp( ‘3/2) (6.2.3)

z€[x,x+y]

Remark 6.2.5. The parabolic term m,(x) is steeper (as ¢ < 1) than the usual parabola that appears
in the long-time scaling. This is the reason why Proposition 6.2.4 requires y < v, whereas

Proposition 6.2.2 (¢) holds for all y € (0, 1].

The proof of Proposition 6.2.4 follows the same strategy as those of Proposition 4.3 and The-
orem 1.3 in [117] which employ the Brownian Gibbs property of the KPZ line ensemble (see
[CH16]). The same Brownian Gibbs property continues to hold for short-time g,(-) process (see
Lemma 2.5 (4) in [128]). We include the proof of Proposition 6.2.4 below for completeness after

first describing its key proof ingredient.
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We recall a property of g;(-) under monotone events. Given an interval [a, b], we denote
B(C([a, b])) to be the Borel o-algebra on C([a, b]) generated by the uniform norm topology.
We call an event A € B(C([a, b])) monotone w.r.t. [a, b] if for every pair of functions f,g €

[a,b] — R with f(a) =g(a), f(b) =g(b)and f(x) > g(x) forall x € (a, b), we have
f(x) e A = g(x) € A. (6.2.4)
We call (a,b) a stopping domain for g,(+) if {a < a,b > b} is measurable w.r.t. o-algebra gener-

ated by (8(x))rg(a,p) for all a, b € R. A crucial property is the following:

Lemma 6.2.6. Fix any t > 0. For any [a,b] C R, and a monotone set A € B(C([a,b]))

(w.r.t. [a, b)), we have

P [8:() lap] € A | (8(0))ag(an)| < PLe2 (@00 (4) (6.2.5)

where Pﬁfé:)’(y 2 denotes the law of Brownian bridge on [a, b] starting at y and ending at z.

Furthermore (6.2.5) continues to hold if (a, b) is a stopping domain for g;(-).

We will abuse our definition and call {g,(-) |{s»] € A} to be monotone w.r.t. [a, b] if A is
monotone w.r.t. [a, b]. The proof of the above lemma follows by utilizing the notion of the KPZ
line ensemble and its Brownian Gibbs property [CH16, 128]. We defer its proof and the necessary

background on the KPZ line ensemble to Appendix 7.6.

Proof of Proposition 6.2.4. Assume s > 100. For s < 100, the constant C > 0 can be adjusted so
that the proposition holds trivially. We fix a zy € (0, 1) such that for all s > 100, and t < 79 we

have

Ls >t (s +my(2)) = "5+ 2(m/4)3/%, (6.2.6)
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Let us first consider ¢ € [ty, 1]. We use the scalings from (6.2.2) to get

gr(x) +my(x) = \/L,—t (bl(rtx) + #) + ¢, (6.2.7)

where r; := t71/%\/n/4 and ¢, := (nt/4)"Y*(V2nt — 1/24). Take any x € R and y € (0, V7). We
have r;y < 1. Setting y := r;x and then applying Proposition 6.2.2 (¢) with x +— y and y — r;y

we get

Lhss.of (6.23)=P ( sup
z€[y,y+r17]

b(2)+5 - b - 5|2 svﬁ) <Cexp(-¢s). (62.8)

Let us now assume ¢t < fy. By Proposition 6.2.3 (a), we know that the process g;(x) + m;(x) is

stationary in x. Thus it suffices to prove Proposition 6.2.4 with x = 0. Consider the following

events
Gyo= (] {-§=a@+mx <5},
xe{y-2,0,y,2}
Fall, ; := { inf (g,(z) +m;(z)) < 0:(0) - sv”z},
z€[0,y]

Rise, , = { sup (9:(z) +m;(2)) > ¢,(0) + 57’1/2}-
z€[0,7]

By one-point tail bounds from Proposition 6.2.3 (b) we have that P(-G, ;) < Cexp(—ésw 2).

Thus, to show the proposition, it suffices to verify the following two bounds:
P (Fall, s, Gy,) < Cexp(-¢s),  P(Rise,, Gy) < Cexp (-4s7). (6.2.9)

We begin with the Fall, ; bound in (6.2.9). Clearly Fall, ; event is monotone w.r.t. [0,2], by

Lemma 6.2.6 we have

P (Fall,; | (8:(x)ie(02) < P29 (Fall, )

free
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(a,b),(y,2)

where Pf
ree

denotes the law of Brownian bridge on [a, b] starting at y and ending at z. Using

this we have

P (Fally,G,.,) < P (Fally, 8:(0) < §,8:(2) +m(2) > —%)

SE[lgt(O)sg'l 2123 Py @ (Fall, )]
Ssup{Plfgz)yz(Fall Oy <fzm(2) = —;-i}
(0,2),s/4,—s/4—m;(2)
=p"? (Fall,.,) . (6.2.10)

Next, we write the final term in (6.2.10) as

free

p0:2).s/4=s/d=m: (2) (Fall, ;) = ( i[I(l)f | {B'(Z) +m,(z)} < —syl/z)
z€|Vyy

where B’ : [0,2] — R is a Brownian bridge with B’(0) = 0 and B'(2) = —-m,(2) — 5. Now, set

B(z) := B'(z) — 5(-m;(2) — 5). Then B is a Brownian bridge with B(0) = B(2) = 0 and we obtain

P i[%f ](B'(z) +m;(z)) < —syl/z) < P( 1[nf]B(z) < —sy'? = 2(-m,(2) - %))
z€[0,y
< P( inf B(z) < ——71/2) 6.2.11)
z€[0,7]

The latter inequality is due to y!'/?(m,(2) + 5) < sass > 100 and y < Vt. The right-hand
probability can be estimated via Brownian calculations, which yields the desired bound of the
form C exp(—%sz).

We next prove the Rise, s bound in (6.2.9). Note that sup, (g, m:(2) < ,?_/24 < % 12 (asy <

Vi < 1and s > 4). Thus it suffices to show

(Rlseyz,Gys) < Cexp (—ész), RISG(I) = { S[l(l)p] a:(z) > ¢,(0) + %s\/?} (6.2.12)
z€|Vy
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Set

x::inf{xe(o,mg,(x) 5/(0) > s 1/2},

and set y = oo if no such points exist. Then we have P (Rise(l) G, ) ()( <v, Gy,s) and we

.82

can write the right-hand probability as
P ()( <7.Gy5a(x) —ai(y) < is\/?) +P (X <7.Gy5a(x) —a(y) 2 %SW) . (6.2.13)

On the event {y < v,G,, a:(x) — a/(y) < %SW} we have that {g,(y) — g,(0) > isﬁ} holds

as the continuity of g,(-) implies that g,(y) = ¢,(0) + %s vy on {y < y} event. Now with the
same argument of the Fall, ; event, we bound the probability of this occurrence by C exp(—ész)
for some constant C > 0. This is why G, ; involves g,(-2 + ¥) and g;(y). The parabolic term
m;(z) again can be ignored as sup,¢(g, m:(2) <y 3/2 % 172 for s > 8.

Let us focus on the second term in (6.2.13). Note that (y, 2) is a stopping domain and {g,(y) —

ar(y) = }Ls\/?} is a monotone event w.r.t. [ v, 2]. Applying Lemma 6.2.6 one has

P (0:00) = 9:(9) = £5v7 | (@(0)reir)) < P20 (g,00) - 0,(7) 2 dsyy)

Note that on {x <, G, ,} we have

19:(x) = 8:(2)] = 18:(0) + 55V = 6i(2)] < s/4+ 5svy +mi(2) +s/4 =5 +m(2). (6.2.14)

As2—y > lon{y < y}, we thus get that the absolute value of the slope of the linearly interpolated
line joining (y, g:(x)) and (2, g;(2)) is at most s + m,(2). Note that }ls Y > y(s+my(2)) due
to (6.2.6). Thus the event {g;(x) — g:(y) = %SW} entails that the g,(y) lies below the linearly

interpolated line. Under Brownian law, this has probability 1/2. Thus,

P ()( <¥,.Gy 0/ (x) —a:(y) = zl;S\W)
2 t t 2
<E [lxs%G”nge) (8100020 (9 () —a:(y) 2 45\/—)] 3E[Lga,.] -
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Hence we have shown that P (y <y,G,,) <C exp(—ész) + %P (x < v,Gy,) which implies that

P (v < v,Gy,) < 2Cexp(—¢s?) which gives us the bound in (6.2.12), completing the proof. [

6.3 Modulus of Continuity for rescaled CDRP measures

The main goal of this section is to establish quenched modulus of continuity estimates: Propo-
sition 6.3.3 and Proposition 6.3.3-(point-to-line), for CDRP measures under long-time scalings.
The proof of these propositions requires detailed study of the tail probabilities of two-point differ-
ence when scaled according to long-time. This is conducted in Proposition 6.3.1 and Proposition
6.3.1-(point-to-line) respectively. One of the key technical inputs in the proofs of Propositions
6.3.1 and 6.3.1-(point-to-line) is a parabolic decay estimate of a multivariate spatial process in-
volving several long-time KPZ sheets. This estimate appears in Lemma 6.3.7 and is proved in
Section 6.3.1. In the following text, we first state those Propositions 6.3.1 and 6.3.1-(point-to-line)
and assuming their validity, we state and prove the modulus of continuity estimates. Proofs of

Proposition 6.3.1 and 6.3.1-(point-to-line) are deferred to Section 6.3.2.

Proposition 6.3.1 (Long-time two-point difference). Fix any € € (0,1], § € (0, %) and v > 1.
Take x € [—TS_%,T&‘_%]. Let V ~ CDRP(0,0;x,&7"). Fort € [0,1], set L,(8> = S%V(S_ll‘).
There exist two absolute constants Ci(t,6) > 0 and Cy(7,6) > 0 such that for all m > 1 and

t #s € [0, 1] we have
£ £ 1_
P P§(|L§ ) _ Lt( )| > m|s —1]27%) > C; exp(—cilm2)] < Crexp (—Cizm3) .

We have the following point-to-line analogue.

Proposition 6.3.1-(point-to-line). Fix any € € (0,1], § € (0, %). Let V ~ CDRP(0,0; %, ).
Fort € [0,1], set Lt(,i) = 8%V(8_1t). There exist two absolute constants C1(6) > 0 and C2(6) > 0

such that for allm > 1 and t # s € [0, 1] we have

P P‘jf(ngi) - Lt(i)l > m|s — t|%‘5) > Cy exp(—cllmz)] < Cyexp (_ém3) )
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Remark 6.3.2. In the above propositions, the quenched probability of the tail event of two-point
difference of rescaled polymers is viewed as a random variable. The above propositions provide
quantitative decay estimates of this random variable being away from zero for point-to-point and

point-to-line polymers under long-time regime.
Proposition 6.3.3 (Quenched Modulus of Continuity). Fix € € (0,1], § € (0, %) and v > 1. Take
y € [—TS_%,TS_%]. LetV ~ CDRP(0,0;y,&"). Set L,(S) = sgV(s'lt)fort € [0, 1]. Then there

exist two constants Ci(t,0) > 0 and Cy(71,6) > 0 such that for all m > 1 we have

< Cyexp (—CLZm3) . (63.)

(e) (e)
L7 —L
P[Pg( sup ILs | > m) > Crexp (—Cllmz)

1
r#s€(0,1] | — s]279 log |IES|

Proposition 6.3.3-(point-to-line). Fix £ € (0,1], § € (0, %). Let V. ~ CDRP(0,0;%,&7!). For
t € [0,1], set L;(,i) = E%V(E_lt). Then there exist two constants C1(6) > 0 and Cr(6) > 0 such

that for all m > 1 we have

< Crexp (—Cizm3) .

Ly - L)
P[Pf( SUp 2 m) > Crexp (g’
1#s€[0,1] |t — s]27% log |,ES| |

Remark 6.3.4. The paths of continuum directed random polymer are known to be Holder contin-
uous with exponent vy, for every y < 1/2 (see [4, Theorem 4.3]). Our Theorem 6.3.3 corroborates

this fact by giving quantitative tail bounds to the quenched modulus of continuity.

Before proving Propositions 6.3.3 and 6.3.3-(point-to-line), we present below a few important
corollaries for point-to-point long-time polymer. Similar corollaries hold for point-to-line case as

well.

Corollary 6.3.5. Fixe € (0,1], and v > 1. Take x € [—TE_%,TS_%]. LetV ~ CDRP(0, 0;x, 7).
Fort € [0, 1] set Ll(s) = 8-%V(8_1t). Then there exist two constants Ci(t) > 0 and Cp(7) > 0

such that for all m > 1 we have

P[Pf ( sup [L?)] > m) > Cj exp (—C%mz) < Cyexp (—CLZWR). (6.3.2)

te[0,1]
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Proof. Sets = 0and p =1+ sup,¢( /4 log% € (1, ). By Proposition 6.3.3, with § = }‘ there
exist C;(7) and C,(7) such that for all m > 1, (6.3.1) holds with s = 0. Replacing m with m/p in
(6.3.1) yields that

P Pf( sup |Lt(8)| > m) > Ciexp (_CLmz)]
te[0,1] 1
(&)
L
<P Pg( sup |1 | > ﬂ) > Cjexp (—%(m)z) < Cyexp (—%(%3).
te[0,1] ¢4 10g% P 1P 2N p
Adjusting C; further we get the desired result. 0

From Proposition 6.3.3, we also obtain the annealed modulus of continuity.

Corollary 6.3.6 (Annealed Modulus of Continuity). Fix € € (0,1], 6 € (0, %) and T > 1. Take
y € [—Ts_g,rg_%]. LetV ~ CDRP(0,0;y,&7!). Set L,(S) = sgV(s_lt)fort € [0, 1]. Then there
exists a constant C(t,06) > 0 such that for all m > 1 we have

L - L)

P| sup - > m) < Cexp (—émz) . (6.3.3)
t#s€[0,1] |t — s|§_5 log |fT25|

Clearly one has similar corollaries for the point-to-line version which follow from Proposition
6.3.3-(point-to-line) instead. For brevity, we do not record them separately. We now assume
Proposition 6.3.1 (Proposition 6.3.1-(point-to-line)) and complete the proof of Proposition 6.3.3

(Proposition 6.3.3-(point-to-line)).

Proof of Propositions 6.3.3 and 6.3.3-(point-to-line). Fix T > 1 and m > 1672 + 1. The main idea
is to mimic Levy’s proof of modulus of continuity of Brownian motion. Since our proposition
deals with quenched versions, we keep the proof here for the sake of completeness. We only
prove (6.3.1) using Proposition 6.3.1. Proof of Proposition 6.3.3-(point-to-line) follows in a similar

manner using Proposition 6.3.1-(point-to-line). To prove (6.3.1), we first control the modulus of
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continuity on dyadic points of [0, 1]. Fix 6 > 0 and set y = % — 0. Define

IL]],2"
L@y = sup LG, - L L] L) = sup
k={1,..,2"} >0 n+l
Observe that by union bound
co 21
PE(IL 2 m) < 3 S (|, L | = ma ).
n=0 k=1

Thus in light of Proposition 6.3.1 we see that with probability at least
1- Z Cy2" exp (—Cizm3(n + 1)3) >1-Clexp (—Ci,zmS)
n=0

we have
P¢ (||L(‘9)|| > m) < ZC12" exp (—élmz(n + 1)2) < Cexp (—Ci,lmz) )
n=0

Finally one can extend the results to all points by continuity of L(¥) and observing the following

string of inequalities that holds deterministically. For any 0 < s < ¢ < 1 we have

© &) Ny ) () ()
|Lt - LS | < Z ‘LZ*"LZ”IJ - L27n+1 [27-1¢] - L2’”|_2"sj + L27n+1 [2n-1g]| " (634)

n=1

Note that we have

(e) (e) (&) (e)
‘Lz—n [27¢] - Lz—n+1 [27-1¢] - LZ*" [275] + L2_"+1 [27-1s]

(&) (e)
< L2—n [271] - L2—n+1 |_2n—1[J

(&) _7@ (&)
+ |L2_”|_2"SJ L2_"+1|_2”_15J S 2||L ‘ ||n,

and

(e) 1G] _ 7 (a (e)
‘LZ‘"LZ”IJ Lz—n+1[2n—1rj L2—"L2"SJ+L2‘"“L2”“SJ
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L(s) L(s)

"LZ"I‘J "|_2"SJ -n+l L2n ltJ 2- n+1L2n 1 J

| g = L < 2(1 = $)2"|1L .
Combining the above two inequalities we get

rh.s. of (6.3.4) < Z 2(1t = 52" A2) IL@|],

n=1

<SILDNS (n+ D27 (Jt= 512" A2) < ||IL@| - |2 - 5] 1o
g

n=1

2
|t=s]"

where ¢, > 0 is an absolute constant. Combining this with the bound for P¢(||L®)|| > m),

completes the proof. [

6.3.1 Tail bounds for multivariate spatial process

Recall the KPZ sheet H (-, -; -, -) defined in (6.2.1). The core idea behind the proof of Propo-
sitions 6.3.1 and 6.3.1-(point-to-line) is to establish parabolic decay estimates of sum of several
KPZ sheets scaled according to long-time. We record this parabolic decay estimate in the follow-

ing Lemma 6.3.7.

Lemma 6.3.7 (Long-time multivariate spatial process tail bound). Fix any k € Z~g and v € (0, 1).

Set xo = 0, and X := (x1,...,x;). Forany € € (0,1) consider 0 =ty < t; < --- < t; = 1. Set
f:=(t1,...,t). Then there exists a constant C = C(k, v) such that for all s > 0 we have
- (1 - V)(xt+l _xl)Z 1 3 2
P|sup |F, (3) + > 5| < Cexp( / ) 6.3.5)
(zeRk ; ;‘ 2(ti1 — 17)

where

k-1 »

Fro(®) = &P ) [H (e, 67 taine™, 67 ) + =)
i=0 (6.3.6)

{11 —1; < €} - log V2me~ (1 = 1) | -
Proof. For clarity, we split the proof into three steps.
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Step 1. Let us fix any € € (0,1) consider 0 = #p < #; < --- < t; = 1. For brevity, we denote

F(X) := F;(¥) and set

F(3) = F(?) + 2 % (6.3.7)
Forany d = (ay,...,ax) € ZF, set V; := [aj,a; + 1] X --- X [ay, ax + 1] and set
k=1
lall* := a +)r?givr;;(x,-+1 )% (6.3.8)
We claim that for any @ = (ay,...,ax) € Z¥ and v € (0, 1)
P sup F@®) +Z a _221-(::”—1 t:)x")z > s) < Cexp (—é(s3/2+ ||a’||3)) 6.3.9)

for some C = C(k, v) > 0. Assuming (6.3.9) by union bound we obtain

k-1
P+ Y —xi>2] g )
i=0

Lh.sof (6.3.5)=P (SUP 2t — 1)
i+ i

XeRk

sup
)?EV&

k-1
. (1= v)(xis1 — x:)?
FE+ ;‘ 2(tis1 — 1;) } = S)

< > Cexp (-4 +11a@l)) .

aezkx

<§:P

aezk

The r.h.s. of the above display is upper bounded by Cexp(—ésw 2) and proves (6.3.5). Thus it

suffices to verify (6.3.9) in the rest of the proof.

Step 2. In this step, we prove the claim in (6.3.9). Note that

s)sP

by the definition of F(-) in (6.3.7) and the defintion of ||@||> from (6.3.8). Applying union bound

T ->112
sup |F(X)| = s + 3|lall
)?EVC;

P

W%

sup
)?EVC;

k-1
. (1= v)(xi1 — X:)?
FO)+ ; 2(tiv1 — 1) ]
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yields

P|sup [F(¥)] > s+ 3ld|l*
)?EV&
<P|sup |F(X)-F(a)| > 5+ §||a||2) +P (|F(a)| > 5+ §||Zi||2) . (6.3.10)
EEVa

In the rest of the proof, we bound both summands on the r.h.s of (6.3.10) from above by C exp(—% (s3/%+
l@|1?)) individually. To control the first term, we first need an a priori estimate. We claim that for

allu € [0,1],i=1,2,...,k and s > 0 we have
P (F(zi+ e;-u) - F(@) > su1/4) < Cexp (—és3/2) . 6.3.11)

for some absolute constant C > 0. We will prove (6.3.11) in the next step. Given (6.3.11), ap-
pealing to Lemma 3.3 in [140] with @ = a; = 4—1‘,,8 = f; = %,r = r; = 1, we get that for all

m>0

P |sup |F(X) - F(d)| > m) < Cexp (—ém3/2) .

)_EGV&

Taking m = 5 + 7|la ||? in above, this yields the desired estimate for the first term in (6.3.10).
For the second term in (6.3.10), via the definition of F in (6.3.7) applying union bounds we

have

P(|

el

- s =2
@] = § + ¥llal?)

=~
—

_ _ _ _ =2/3 (4. 1 _¢.
< P(‘31/37{(ai5 2B e s arne™3 67 ) + St
i=0
(ai _ai)z 1/3 _ [ . -2
+m + & / 1{ti+1 -1 < 8} . 10g\/2ﬂ'8 1(tl'+1 - tl)| > 45—]( + ﬁ”a” )
k-1

_ o
< P(lgl/aq{(o,g (o — 1 4 &m0

TI.
o

+&' Pt — 1; < &} - log \2me (1141 — ti)| > &+ ﬁ”ﬁ”z) (6.3.12)
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where the last line follows from stationarity of the shifted version of H. Now if e (t;41 — ;) > 1,

we may use long-time scaling to get

8_2/3(ti+1 — 1) _ bs_l(fm—li)(o)

1/3 -1
e"HO,e" (tiy1 — 1)) + = .

Using the fact that € < |t;4; — t;] < 1 along with the one-point long-time tail estimates from

Proposition 6.2.2 (b) we get

P (19111 (O)] 2 (211 = 1) + 01D ) < P (10110 O] = 5 + 2 0117)
< Cexp(~4(s + al)*)

< Cexp (-4 (2 + all))

for some constant C = C(k,v) > 0. If e™!(#;,1 — #;) < 1, we may use short-time scaling to get

e (ti1 — 1)
24

=2/3¢4. . _ ¢

_ 13 me i —ti) (174 & (tis1 — 1)

_ o/3(ne ) i+l = 1

8e-1 (11011 (0) + ————

e3H (0,7 (11 — 1)) + + '3 log V2me (141 — 1;)

The linear term above is uniformly bounded in this case. Furthermore,

8”%%)1/4 _ (”(Iij—li))l/481/l2 <1

Thus, in this case, appealing to one-point short-time tail estimates from Proposition 6.2.3 (b), we

have
rh.s. of (6.3.12) < Cexp(—L (s + @l2)*?) < Cexp (—é(f/2 + ||5||3))

for some constant C = C(k,v) > 0.

This proves the required bound for the second term in (6.3.10). Combining the bounds for the
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two terms in (6.3.11), we thus arrive at (6.3.9). Hence, all we are left to show is (6.3.11) which we

do in the next step.

Step 3. Fix a € ZK fixi=1,2,...,k. The goal of this step is to show (6.3.11). Towards this end,

note that for each coordinate vector ¢;,i = 1,...,k — 1, and for u € [0, 1] observe that

F(d+e;-u)—F(a)

=g'/? [W(ai—18_2/3, e tiors (ar+w)e P67 ) = H(ai g7 67 i a7, 8_1ti)]

(ai-1 —a; —u)? - (a1 — a;)?
2(ti = tic1)

+&!'/? [W((ai +u)e P e ape™ e ) — H(aie™R, 67 5 apn g7, 8_1ti+1)]

(aiy1 —a; - M)2 — (ajy1 - ai)2
2(tip1 — 1) '

Thus using distributional identities (see Remark 6.2.1) by union bound for all s > 0 we get that

P (|F(5+ei u) - F(d)| > su‘l‘)

SP(S%

7—{8_1([[—1,'_])((6” +u-— ai—l)g 2/3) - Hs_l(l[—t[_l)((ai - ai—l)g 2/3)‘ 2 §u4) (6'3'13)

+P(s%

=7 _ =7 _ 1
Ws‘l(l‘m—li)((ai +u—ai1)e 2/3) - 7_{é‘_l(lm—l‘i)((ai ~ aiv1)e 2/3)‘ = %u4) ’

(6.3.14)

where H,(x) = H(x,1) + ’é—i We now proceed to bound the second term on the r.h.s. of above

display (that is the term in (6.3.14)); the bound for the first term follows analogously.

Case 1. ¢! (ti+1 — t;) = 1. We then use the long-time scaling to conclude

1= _ s _
& [F (o (@ + 0= @)™ = (= i)™

a aitu—aiy1 \ _ g ai—ajy]
I).9—1 (tiv1—1;) ((li+]_ti);/3) bg—l(t,»+1—z,-) ((ti+1—li;2/3)
(tip1 —1;)7113

where b, (x) = b, (x) + "72 We now consider two cases depending on the value of u.
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Case 1.1. Suppose u € [0, (1,11 — ;)*/3]. By Proposition 6.2.2 (c) with y > and using

—uw
(tiv1—1:)*3°

the fact that vy < u'/*(tis1 — ;) 71/, we see that (6.3.14) < Cexp(—¢s*/?) for some C > 0 in this

case.

Case 1.2. For u € [(t;41—1;)*/3, 1], we rely on one-point tail bounds. Indeed applying union bound

we have

B I ) ( ai_ai+1/
e =) \ (101-1;)%3
+P s > Syl

b aitu=ais1

&7 (ti1=1) \ (170112 1/4 8
— =8

(tiw1 = 1;)7113

6.3.13) < P S s
( ) (tis1 — 1;)71/3 C

<Cexp( 1.3/ 3/8(t — 1) 1/2) <Cexp( 1 3/2)

The penultimate inequality above follows from Proposition 6.2.2 (a), (b) and the last one follows

from the fact u > (t;41 —1;)%> and t;4; — t; € (0, 1].

Case 2. £~ !(t;41 — ;) < 1. We here use the short-time scaling to conclude

1
E3

Hot -t (@14 10 = ai)e™) = H o, (a1 = )™

_ (7e! Plin-t) |1 2(ai+u—ai1) = 2(ai=ai+1)
= (& 4 ) Go (101-17) e Blim—t) = e (1) e Bt —t)

(NS/4) i

where g,(x) = gy(x) + . We again consider two cases depending on the value of u.

Case 2.1. Suppose u € (0, 5 & 1/3(1‘,-+1 —t;)). Then W < Ve 1(tiy1 — t;). This allows

2u
Vel 3 (tip1—1;)

u'/2 < u'’* foru € [0, 1], we see that (6.3.14) < C exp(—gs>/?) for some C > 0 in this case.

us to apply Proposition 6.2.4 with y — and t — &7 '(t;,1 — ;). Using the fact that

Case 2.2. Foru € [‘/2_ “13(t;41 — 1;), 1], we rely on stationarity and one-point tail bounds (Propo-

sition 6.2.3 (a), (b)). Indeed applying union bound we have

1
(63.14) <P ((W)

2(aj+u—ais1)
Bo~1 (1401-1) e Pt —tr)

o (et

s 1/4
>8u )

>

OOIM

2(ai—ai+1)
G (111 Ve P (i1 —17)

i /4)
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3/2
< Cexp (—é [su1/4(t,~+1 - ti)_l/“g‘%] ) .

Asu > gs_m(tm —1;),and € € (0,1) we have u1/4(t,-+1 — 1) H1Z > g Thus the last
expression above is at most C exp (—és” 2).

Combining the above two cases we have (6.3.14) < CeXp(—és3/ 2) uniformly for u € [0, 1].
By the same argument one can show the term in (6.3.13) is also upper bounded by C exp( —és3/ 2).
This yields (6.3.11) fori =1,2,...,k — 1.

Finally for i = k, observe that

F(d+ey-u) — F(d)

=g/ W(ak_13_2/3, e o1 (ap + M)8_2/3, el - W(ak—18_2/3, 8_1tk—1;ak8_2/3,8_1)

(ar-1 = ax —u)* = (ag-1 — ap)?
2(1 = tg-1) '
Then (6.3.11) follows for i = k by the exact same computations as above. This completes the proof

of the lemma. L]

6.3.2 Proof of Proposition 6.3.1 and 6.3.1-(point-to-line)
We now present the proofs of Proposition 6.3.1 and 6.3.1-(point-to-line).

Proof of Proposition 6.3.1. We assume m > 167> + 1. Otherwise the constant C; can be chosen

large enough so that the inequality holds trivially. Without loss of generality assume s < r. We

first consider the case when s,¢ € (0, 1). Note that

PE(ILYE — L] 2 mls —1]270)

f/ Z0,0;u, ') Z(u, e ls;v, e ) Z(v, et x, 71

du dv.
Z(0,0;x,&71) e

1_
lu—v|2me=2/3|s—t|2 °
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We make a change of variable u = pe2/3, v = ge7/3 and x = z&7?/3. Then

PE(ILY = 17| 2 ms = 1]270)

—g4/3 f/ Z(0,0; ps™21, ) Z(pe23, £, qe73, 1) Z (g™, Ly 26723, 1)
Z(0,0,25 27,5 )

dg dp.
p—qlzmls—t2~°

(6.3.15)

Recall the multivariate spatial process F7., (X) from (6.3.6). Take k = 3 and set 7 = (s,¢, 1), and

X = (p,q,z). We also set

> t— 1-1¢
B(t) :=1{s < &}log iy 1{r—s5 < 8}10g1/27r—s +1{1 —r < s}log‘/Zﬂ—.
N e P P

For the numerator of the integrand in (6.3.15) observe that

Z(0,0;p&™3, ) Z(pe 5, 514

L9ZGge L bze D) = o |6V () - 57 - BO)|
(6.3.16)

Set M = rg—j. Applying Lemma 6.3.7 with v = % and s = M, we see that with probability greater

than 1 — Cexp(-Lt M3/?),

ths. of (6.3.16) < exp o730 = 571 (B4 Y24 b ) — 22— p(H)]. (63.17)

On the other hand, for the denominator of the integrand in (6.3.15) by one-point long-time tail

bound from Proposition 6.2.2 with probability at least 1 — C exp(—éM 3/2) we have
Z(0,0;ze723, 671 > exp( 13y, .1(z) - ) > exp( B+ 1) - —)

Combining the previous equation with (6.3.17) we get that with probability at least 1 -C exp(—éM 3/2)
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we have

r.h.s. of (6.3.15) < e exp (.9_1/3(2M + %72) - B(?)) .

-1/3 (P* | (4=p)? | (z=q)
//|P—t1|>mls—t|5‘5 P [_8 : (E tary t 4(1—;))] dq dp

2

_4 _1 m2 > _1(p? ;
<e¢ 3exp(s 3(2M+%T2—m)—B(t))/‘/Rzexp[—s 3 (Z—s+m)]drdp

- _1 2 -
— 4x+/s(1 = )&~ exp (g QM+ ) B(t)) . (6.3.18)
Observe that
2
\rexp (—1{r < e}log %) <1 (6.3.19)
As M = ’g—j we have 2M — # < —#. Furthermore %72 < ﬁ under the condition

m > 1672 + 1. Thus,

_m
16]t—s|20 £

r.h.s. of (6.3.18) < dre! exp (—g_% ~1{t-s < e}log 27r(t—s)) .

Clearly the last expression is at most C; exp(—cl]mz) for some C; > 0 depending on 7,¢. This
bound holds uniformly over ¢, s € (0, 1) with ¢t # s and € € (0, 1). This concludes the proof for
s,t € (0,1).

Finally, when s = 0 we have

dv.

. -1 ~1,. —1
PE(ILE| > mt]270) = // Z0,5v,e'0Z (v, e x,87h

Z(0,0;x,&71)
|v|2ms‘2/3|t|%76
The proof can now be completed by following the argument for s,7 € (0, 1) case. Indeed, the
denominator can be bounded by the exact same manner as above, whereas the numerator can be

controlled with the k = 2 version of Lemma 6.3.7. The case t = 1 is analogous to the case s = 0.

We have thus established Proposition 6.3.1. [
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Proof of Proposition 6.3.1-(point-to-line). We now explain how the above proof can be modified
to extend it to the point-to-line version. Fix any m > 0 and M > 1. Indeed observe that for
0 < s <t<1,onehas

PE(LE) — L] = mls — 1777

) -2 . z_ _zL e 21
%/ // Z0.0pe ) 2lpe L gide %, ) LGe T 3,8)dqdpdz.

. Z(0.0:ye™3, &7 ydy

p-q|zmls—1]27°

(6.3.20)

Since Lemma 6.3.7 is a process-level estimate that allows even the endpoint to vary, (6.3.17) con-
tinues to hold simultaneously for all p, g, z € R with same high probability. However for the lower
bound on the denominator, one-point lower-tail bound is not sufficient. Instead, for the denomi-
nator we use long-time process-level lower bound from Proposition 4.1 in [117] to get that with

probability at least 1 — C exp(—éM 3/2) we have

/RZ(O’ 0;ye™*, &7 )dy > _/RCXP (_AZIL/{2 - %) dy > Ceb exp (_8_]/3M - %) )

Combining the previous equation with (6.3.17) we get that with probability at least 1 -C exp(— éM 3/2)

we have

rhes. of (6.3.20) < &3 exp (28_1/3M - B(?)) :

-1/3 (q ) (z—
/// |2mls—1]2” 6exp[ : (4Y+4(I 5) +4 )]dqdpdz
|p—g|=m|s—

(6.3.21)

On|p—gq| = mls—tlé"s, we have (g —p)2/4(t— s) > (g —p)2/8(t— s) +m2/8|t— s|25. Applying

this inequality followed by expanding the range of integration we get

rhes. of (6.3.21) < &3 exp (8—%(2M - ) - B(?))
_1 72
-///exp [—g 3 (” + 5 T WD t))]dqdrdu
R JR JR

342



= 2T 3s(1—1)(t—s) - & ' exp (s—%(zM - ) - B(?)) .

Just as in the proof of Proposition 6.3.1, setting M = 'g—j, and using (6.3.19), the above expression

can be shown to be at most Cexp(—émz) uniformly over € € (0,1) and 0 < s < ¢t < 1. This

establishes the proposition. [

6.4 Annealed Convergence for short-time and long-time

In this section we prove our main results. In Section 6.4.1 we prove Theorems 6.1.4, 6.1.7, and

6.1.8. In Section 6.4.2, we show Theorem 6.1.10 assuming Conjecture 6.1.9.

6.4.1 Proof of Theorems 6.1.4,6.1.7, and 6.1.8

In this section we prove results related to short-time and long-time tightness and related point-
wise weak convergence. While the proof of long-time tightness relies on modulus of continu-
ity estimates from Proposition 6.3.1 and Proposition 6.3.1-(point-to-line), the proof of short-time

tightness relies on the following Brownian relation of annealed law of CDRP.

Lemma 6.4.1 (Brownian Relation). Let X ~ CDRP(0,0;0,7) and Y ~ CDRP(0, 0; *, t). For any

continuous functional L : C([0,t]) — R we have
E |Z(0,0;0,1)V2nrt - L(X)| =E(L(B)), E[Z(0,0;%,1)- L(Y)] =E(L(B.)) (6.4.1)

where B, and B are standard Brownian motion and standard Brownian bridge on [0, t] respec-

tively.

Remark 6.4.2. Note that V27t = where p(0,¢) is the heat kernel. Since the Brownian

1
p(0.1)
bridge finite-dimensional densities are product of heat kernels divided by p(0, ¢), this additional

factor zﬁ is required in the point-to-point version for appropriate comparison to the the Brownian

bridge law (see (6.4.2) below).
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Proof. Take 0 =1ty < t; < -+ <ty < ty41 = t. The Brownian motion identity appears as Lemma

4.2 in [4]. To show the bridge version note that by Definition 6.1.1, the quantity

Z(0,0:0,0)P (X (1) € dxy, ..., X(t%) € dxg)

is product of independent random variables with mean p(x;41 —x;,¢;+1 —t;) where p(x, t) denotes

the heat kernel. Noting that p(0,7) = and recalling the finite-dimensional distribution of

\/2_
Brownian bridge (Problem 6.11 in [214]) we get that

k
1
E|Z(0,0:0,0 V27 - (X (1) € drt, .. X(1i) € dxy) | = | P = xn i =)
’ j=0

:P(B(tl) € dxy,...,B(t;) € dxy).

(6.4.2)
(6.4.1) now follows from the above by approximation of £ with simple functions. [
Proof of Theorem 6.1.4. We first show finite-dimensional convergence. Fix 0 = 1) < #; < -+ <

trv1 = 1. Take xq, ..., x; € R. Setxg = 0 and x;4; = 0. Note that the density for (YIE‘S)){‘=1 at (x; ;‘21

is given by

£k/2

fl‘s(x) = ) HZ(\/EXJ,EIJ,\/EXJ+1,8tJ+1)

Z(0,0;0,

For a Brownian bridge B on [0, 1] starting at O and ending at x, the density for (B,l | at (xl)

given by
|k

g:(X) = —— | |p(x- | =X, ti1 — 1)

1 e—x2/21

where p(x,t) = . Using the distributional identities for Z (see Remark 6.2.1) and using
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Equation (8.11) in [99] and Brownian scaling, we deduce

LY, o173 VEXs1, Ejt1) g gty [: exp {s”“ I e B(S))ds}]
P(Ne(xj —x)), et —17)) 0 0

where B is a Brownian bridge conditioned B(0) = 0 and B(¢;,1 — ;) = x;41 — x;. The expectation

above is taken w.r.t. this Brownian bridge only. Here : exp : denotes the Wick exponential (see [99]

for details). The right side of the above equation is a random variable (function of the noise &). We

claim that this random variable converges to 1 in probability. Indeed using chaos expansion, and

Lemma 2.4 in [105], it follows that for every fixed ¢, x we have

! 2 © - (k=1)/2.k/2 k
{Ef)’,’g [: exp : {81/4/0 g(s,B(s))ds}] _ 1} ] _ \/EZ € (470];2 (1;((1]{//22)) ).

k=1

E

The above sum converges. Thus as € | 0, the above expression goes to zero, proving the claim. As
p(\ex, et) = e /2p(x, 1), we thus have Ji.e(X) LR g7(X). Thus the quenched finite-dimensional
density of Y(®) converges in probability to the finite-dimensional density of the Brownian Bridge.
We now show that the same holds for the annealed law. Indeed, note that | gr(%) = fro ()?)|+ con-
verges to zero in probability and is bounded above by gz(X). Thus by DCT and Jensen’s inequality,

we obtain
|g:(%) —E[ £, (D]]" < E¢|g:(®) - £, B >0

as € | 0. Now by Scheffe’s theorem, it follows that the annealed finite-dimensional distribution of
Y(®) converges weakly to the finite-dimensional distribution of the Brownian bridge.
Let us now verify tightness. Recall that X (e1) = /€Y, t(e). Observe that by union bound followed

by Markov inequality we have

P| sup |Yt(g) ~Y¥ > | <P|Z(0,0,0,6)V2re sup |Yt(8) ~Y¥| > o'l
0<t,s<1 0<t,s<1
[t—s|<6 [t—s|<6
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+P [z(o, 0:0,£)V2re < 51/3]

V2
< B 1Z(0,0,0,8) sup |X(er) - X(e5)]
nol/3 0<t,s<1
[t—s|<6

+P [gg(()) < (4e/m)" 14 1og(51/3)] .

Note that by one-point short-time tail bounds from Proposition 6.2.3 (b), the second expression

above goes to zero as ¢ | 0 uniformly in € < 1. For the first expression, by Lemma 6.4.1 we have

1
E|Z(0,0;0,&) sup |X(et)— X(es)||= E| sup |B,, - B.|,
0<t,s<1 V2ne |0<ts<1 °f Es
[t—s|<6 lt—s|<6

where B’ is a Brownian bridge on [0, £]. By scaling property of Brownian bridges we may write

the last expression simply as

1
LE| sup |B: - By~ (t—5)Bi|
Vo gt

|t—s|<6

where B is a Brownian motion on [0, 1]. This expression is free of € and by [167, Lemma 1] this

goes to zero with rate O(6'/277) for any y > 0. Thus we have shown

limsup sup P| sup |Y,(8) -9 >n|=0.
6l0  £€(0,1) 0<t,s<1
[t—s|<6

Since Yés) = 0, by standard criterion of tightness (see Theorem 4.10 in [214]) combined with
finite-dimensional convergence shown before, we have weak convergence to Brownian Bridge.

This completes the proof. 0

Proof of Theorem 6.1.7. Let us first prove (a) using Corollary 6.3.6. Fix v € (0, 1). We consider

B € (0,1) small enough so that y > p(B) where p(B) = sup,¢(o g te log%. Taking ¢ = i, the
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estimates in (6.3.3) ensure that for all £ € (0, 1) we have

(€) (e)
Ly’ — L
P sup 1L - L,(‘S)I >y| <P sup ILs ! | > 7
1#s€[0,1],|—s|<B 1#s€[0,11,i-s|<B |t — 5|7 log “E_Y' p(B)

2
< Cexp (—ép("ﬁ)z) )
Note that as 8 | 0, we have p(8) | 0. Hence

limsup sup P
BlO  e€(0,1)

sup L — Lt(g)| >vy|=0.
t#s€[0,1],]t—s|<B

Since L(()‘g) = 0, the above modulus of continuity estimate yields tightness for the process L,(S).

For (b), let us fix r € (0, 1) and consider V ~ CDRP(0,0;0,&7!). Let M, -1 denote the unique
mode of the quenched density of V(s~'¢). By [132, Theorem 1.4], we know M, -1 exists uniquely

almost surely. By [132, Corollary 7.3] we have

lim sup lim sup P¢ (|V (g7 '¢) — M, ¢-1] = K) = 0, in probability.
K—o |0

Applying reverse Fatou’s Lemma we have

lim sup lim sup P(|V (¢ 'r) — M, 1] 2 K) =0.
K—o el0

Thus in particular, &3 [V(s7't) - M, 1] 5o However, 8_2/3/\/([78—1 4 ['(rV2) due to [132,

Theorem 1.8]. This proves (b). [

Proof of Theorem 6.1.8. Let us first prove part (a) which claims short-time process convergence.

We first show finite-dimensional convergence. Fix 0 =7y < f; < --- < ft341 = 1. Take x1,...,x; €
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R. Set xg = 0 and x4, = *. Note that the density for (Y*(“")(z‘i))lf":1 at (x; le is given by

£ki2

[, (%) = HZ(\/Exj,et,,\/Ex]H,stHl)

Z(0,0;%,0) |}

From the finite-dimensional convergence argument in proof of Theorem 6.1.4 we know that

k-1

k-1
P .o
gk/? l_l Z(‘/Exj, &ty \/Exj+l, 8t_j+l) - l—[ p(xj+1 —Xj, i1 — tj) = g;(x). (6.4.3)
=0 j=0

Note that g;i‘ (X) is the finite-dimensional density for the standard Brownian motion. We now claim

that
Z(0,0;%,8) 51, Z(Nexei,sti-i3 %, 611) - 1. (6.4.4)

Combining (6.4.3) and (6.4.4) we have that f?’fjs()?) LN gtf()?) which implies quenched finite-
dimensional density convergence. This convergence can then be upgraded to annealed finite-
dimensional density convergence by the same argument of the proof of Theorem 6.1.4.

We thus focus on proving (6.4.4). To prove the first part of (6.4.4) we utilize the short-time

scaling from (6.2.2) to get

1
0,0;%,¢€) = HED gy = / ( xeyl/4g, \ = )d ) 6.4.5
Z(0,0; %, ) /Re X o Rexp (Z8) /0 (x4 =) | dx ( )

Fix any v € (0, 1). Applying [128, Proposition 4.4] (with s = 8_%) we get that with probability at

least 1 — Cexp(——s %)

(ne/4)3/*(1 + v)x2
B 2¢e

4 3/4 1 - 2
_ e < g (x) < —ZED) 2( WXL e U6, forallx € R, (64.6)
&

where the constant C depends on v. Inserting the above inequality in (6.4.5) we get that with
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probability at least 1 — C exp(—és'%)

1 (1) 1 (1=v)x?
exp (—(%)1/431/12) E/Re_ S dx < Z(0,05%,8) < exp((%)l/481/12) /Re_lex_

V2re
Thus
exp (—(%)1/451/12) exp ((%)1/481/12)
1
P < Z(0,0;%, ) < > 1 - Cexp(—g&4),
I+v -y

which implies

. 1 )
hin_iljpp(‘/m <Z(0,0;%,&) <

1) _
)=t
Taking v | 0, we get the first part of (6.4.4). The second part follows analogously.

Let us now verify tightness. Observe that by union bound followed by Markov inequality we

have

P| sup [Y9)-YO 1) 2n| <P|Z(0,0;%,) sup [Y ) -Y (s)] = ns'’?
OSt,SSI 0<t,s<1
|t—s|<6 [t—s|<6

+P [z(o,o; £ ) < 51/3]

(6.4.7)
1
<—3E Z(0,0;%,6)— sup |X(et) — X(&s)]
né /3 € 0<t,5<1
[t—s|<6

+P|g:(+) < &7/ log(s)

where

gs(*) = g /4 log Z(0,0;*, &)

_ ol [_ log V2ne +10g/exp ((%)1/495( %x)) dx]
R

with g.(x) defined in (6.2.2). Let us now bound each term in the r.h.s. of (6.4.7) separately. For
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the second term we claim that

limsup sup P|g.(x) <& *log(s'3)] = 0. (6.4.8)
510 e€(0,1)

Note that by Proposition 4.4 in [128] (the infimum process bound with v = 1) we have for any

s > 0 with probability at least 1 — C exp(—és3/ 9,

2 2
() M0 (7e0 = = [s+ (Y- i = =) s - 4, forallx e R

nEe &€

Thus, with probability at least 1 — C exp( —és3/ 2),

Qe () > /4 l_ logm+log (/ exp (_(%)1/4s — %2) dx)]
R
=g /4 [— log V2re + log (\/Eexp (—(%)”%))]

_ /4 [—log\/i— (72_8)1/4S] > —s— s V41og 2.

Now we take s = —&~1/*1og(26'/) which is positive for § small enough. Then —s — £~ '/4log2 =
%8_1/4 log(6'/3) > &71/410g(6'/3). Hence uniformly in all £ € (0, 1), with probability at least
1 - Cexp(—&[-1og(26'/9)]3/2), we have g, (x) > e™1/*1og(6'/3). This verifies (6.4.8).

Next for the first expression on r.h.s. of (6.4.7), by Lemma 6.4.1 we have

1 1
E |(Z(0,0;%,&)— sup |X(et) - X(es)||=—=E| sup |B, — BLl|,
€ 0<1,s<1 \/E 0<t,s<1
[t—s|<6 [t—s|<6

where B’ is a Brownian motion on [0, £]. By scaling property of Brownian motion we may write

the last expression simply as

E| sup |B - B,
0<t,s<1
[t—s|<6

where B is a Brownian motion on [0, 1]. This expression is free of £ and by [167, Lemma 1] this
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goes to zero with rate O(6'/277) for any y > 0. Thus we have shown

limsup sup P| sup [Y¥(r)-Y¥(s)| = n|=0.
6l0  €€(0,1) 0<t,5<1
[t—s|<6

Since Y*(‘g)(O) = 0, this proves tightness. Along with finite-dimensional convergence, this estab-

lishes part (a).

The tightness results in part (b) follows via the same arguments as in the proof of Theorem
6.1.7 (a) utilizing the point-to-line modulus of continuity from Proposition 6.3.3-(point-to-line).
For part (c), we rely on localization results from [132]. Indeed, by Theorem 1.5 in [132], we know
the quenched density of V(g7!) (recall V. ~ CDRP(0, 0; *, £~!)) has a unique mode M, -1 almost
surely. By the same argument as in the proof of Theorem 6.1.7 (b), the point-to-line version of
Corollary 7.3 in [132] leads to the fact that £~2/3 [Lig)(l) - M, 1] 0. Finally from Theorem

1.8 in [132] we have 23 M, 4, 213 M. This establishes (c), O

6.4.2 Proof of Theorem 6.1.10 modulo Conjecture 6.1.9

In this section we prove Theorem 6.1.10 assuming Conjecture 6.1.9. The proof also relies on a

technical result which we first state below.

Lemma 6.4.3 (Deterministic convergence). Let f(x) : R¥ — R be a continuous function with
a unique maximizer @ € R and f:(x) : R — R be a sequence of continuous functions that
converges to f(x) uniformly over compact subsets. Fix any § > 0 and take M > 0 so that

(aj —0d,a;+06) € [-M,M] foralli. Forx € R, set

exp(e S fe®)
Sty XP(E73 fo(3)d5

gs(x) =

Forall b € [-M, M]k, we have:
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by b k
lim sup/ / ge(X)dx < l—[ 1{a; < b; + 6}, (6.4.9)
-M -M

&l0 i=1

by b k
liminf/ / & (X)dx > 1{a; < b; - 6}. 6.4.10
minf [ [ ee@dix |1 ) (64.10)

Proof of this lemma follows via standard real analysis and hence we defer its proof to the end

of this section. We now proceed to prove Theorem 6.1.10 assuming the above lemma.

Proof of Theorem 6.1.10. For clarity we split the proof into three steps.

Step 1. Fix0 =1 < t; < ... <t < tg4+1 = 1. For convenience set I, := I'(#;V2) where I'(+)
is the geodesic of directed landscape from (0, 0) to (0, V2). Consider any @ = (ay, . ..,ax) € R¥,

which is a continuity point for the CDF of (I';,) ;‘:1. For any M > sup; |a;| + 1, define
Vi(M) = [-M,a;] X --- x [-M, a;] c R¥. (6.4.11)

To show convergence in finite-dimensional distribution, it suffices to prove thatas € | 0

k k
P (ﬂ{L}f’ < ai}) P (ﬂ{r,[ < ai}) : (6.4.12)

i=1 i=1

From Definition 6.1.1 and using the long-time scaling from (6.2.2), we obtain that the joint density

of (L, LY

DAY PP L,(:)) at (xi):‘:1 is given by

g_); (f) —_ — -
tg—_)_)’ g?;g(x) = exp(g 1/3U?’8(‘x))
for 87.6(F)dy
where
k+1
Uz, (%) = Z(ti — 1) POty ooty (1 = 1i21) P, (4 = 121) ™) (6.4.13)
i=1

Here X0 = Xk+1 = 1.
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In this step, we reduce our computation to understanding the integral behavior of gz, on a
compact set. More precisely, the goal of this step is to show there there exists a constant C > (0

such that for all M large enough

/Va(M) gf,g(y)di

— E = =
vty 8 ()Y

< Cexp (-4M?) (6.4.14)

k
P (ﬂ{Lﬁf) <a;}
i=1

where V;(M) is defined in (6.4.11). We proceed to prove (6.4.14) by demonstrating appropriate

lower and upper bounds. For upper bound observe that by union bound we have

k k
P(ﬂ{L,(f) < ai}) <P m{Lt(f) €[-M, a,-]}) +P( sup |L[(‘9)| > M)
i=1 i=1

te[0,1]

<E

[ S 8 (DAY ]
Vathn S T | L p
,./[—M,M]k g?,g(y)dy_
[ ‘/“/6(M) g;,g(y)dy ]
,4/£—M,M]k g,‘,g()_f))d)_;_

sup |Lt(5)| >M
te[0,1]

+Cexp (-LM?) (6.4.15)

where the last inequality follows from Corollary 6.3.5 for some constant C > 0. For the lower

bound we have

k k
P(ﬂ{L,(f) < ai}) >P(( L € [-M, ai]})
i=1 i=1

-E » ./VL;(M) g?,b“(j;)dj; ) ji—M,M]k g?,s()_;)di
,/[—M,M]k g?;s(y)d)_; /Rk g;;s(i)di

o 8re(V)dy
2E|:/‘V/G(M) N — _)'Pf(
A—M,M]k g;,é‘(y)dy

sup || <Mm||. (6.4.16)
te[0,1]

By Corollary 6.3.5 we see that there exist two constants C;,C, > 0 such that with probabil-

ity at least 1 — C; exp(—cizM3), the random variable P* (SuPze[o,u |L[(8)| < M) is at least 1 —
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C exp(—cile). Thus,

-/i—M,M]k gis()—;)dy

rhes. of (6.4.16) > [1 —Cyexp (—CLZM3)] E

[i-ciew (_CL]Mz)]]

o &e()dY
ZE[ s & _Crexp (—CLIMZ). 6.4.17)

</£—M,M]k g?,s(j;)di

In view of (6.4.15) and (6.4.17), we thus arrive at (6.4.14) by adjusting the constants. This com-

pletes our work for this step.

Step 2. In this step, we discuss how directed landscape and hence the geodesic appear in the limit.
Recall the random function Uz (X) from (6.4.13). We exploit Conjecture 6.1.9, to show that as

€ | 0, as R¥-valued processes we have the following convergence in law

k+1

Uz (@) 5 Up(®) =275 Y| L0xior. i1 V2ixi, 1V2) (6.4.18)
i=1

in the uniform-on-compact topology. Here L (x, s;y, ) denotes the directed landscape. Note that
by Definition 6.1.6, (I7;,) le is precisely the almost sure unique k-point maximizer of f:(x).
To show (6.4.18), we rely on Conjecture 6.1.9 heavily. Indeed, assuming Conjecture 6.1.9, for

each i, as € | 0 we have

bs*ltifl"‘?*lfi((ti - ti—l)_2/3X, (ti — li—l)_2/3)’)

52718 (2713t = 1) 2P, 27 = 1i21) )

where the convergence holds under the uniform-on-compact topology. Here S”) are independent
Airy sheets as b1, | .1, (-, ) are independent. Now by the definition of directed landscape we

have

k+1

2-3 Z L(xj—1, ti V2 x;, t,-\/i)
i=1
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k+1

1 N _ _ _

273 Z(tm —t)'BSV (27 3ty — 1;21) 2 Pxi, 2713 (1 — 1121) )
i=1

1Y

with xo = x¢41 = 1. Here the equality in distribution holds as R¥-valued processes in X. This allow

us to conclude the desired convergence for Uz (X) in (6.4.18), completing our work for this step.

Step 3. In this step, we complete the proof of (6.4.12) utilizing (6.4.14) and the weak convergence
in (6.4.18). Using Skorokhod’s representation theorem, given any fixed M, we may assume that

we are working on a probability space where

P(A) =1, for A:= { sup |U;.£()?) - U;()?)| - O}.
ge[-M Mk

Let us define

ko >
(Fl[(M))izl ‘= argmax f?(x)’
Xe[-M,M]*
where in case there are multiple maximizers we take the one whose sum of coordinates is the

largest. We next define

B:= { argmax Uz(X) exists uniquely and (Fh(M))f‘:1 € [—%, %]k}.
Xe[-M,M]k

Fix any ¢ € (0, 4). By Lemma 6.4.3 we have

fVa(M) g?,g()_;)dy

[ o 8ie(F)dY
—— | < P(-B) +E |limsup Va(M) 71
-/[-—M,M]k g?,g(y)dy

limsup E T
el Ji_ypape 8ie(F)dY

£l0

1{An B}

k
<P(-B) +P ﬂ{rti(M) <a+ 5})
i=1
k

< P(_|B) +P ﬂ{r;[ < al‘+(5}) +P( S[L(l)p] |F[| > M) ,
i=1 te[0,1

(6.4.19)

where the last inequality follows by observing that I', (M) = I, for all i, whenever sup,¢o 17 [I| <
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M (and the fact that I'(-) exists uniquely almost surely via Theorem 12.1 in [138]). In the same

manner we have

Lo 8ie(F)dY [ o 8 (F)dY
Va(M) % E |lim inf -2 2" _1{AN B}

liminf E > =
|0 e 8 (DAY

el0

/[—M,M]k g?,g(ﬁ)di

k
> P ﬂ{F,i(M) <a;-6}1LAN B)
i=1

k
> P ﬂ{r,i <a; -6} -P(-B)-P| sup |T}| > M]|.
i=1 t€[0,1]
(6.4.20)

By Proposition 12.3 in [138],

P(-B) <P| sup |I}| = M| < Cexp (—éM3).
te[0,1]

Thus taking M T oo, followed by & | 0, and using the fact that & is a continuity point of the

density on both sides of (6.4.19) and (6.4.20) we have

-/Va(M) g?,g(y)d)_; ./‘-/a(M) gf,g(y)d;

= lim liminf E

lim limsup E
M—o0 glo

M—o00 81,0

=P (ﬁ{rzi < a;}
i=1

/[—M,M]k g?;s(y)d)_; ‘/[_M’M]k g?;g(;)dy

Combining this with (6.4.14) we thus arrive at (6.4.12). This completes the proof. L]

Proof of Lemma 6.4.3. We begin by proving (6.4.9). When a; < b; + ¢ for all 7, the r.h.s of (6.4.9)
is 1 whereas the Lh.s of (6.4.9) is always less than 1. Thus we focus on when a; > b; + 6 for some
j. Inthatcase @ ¢ [—-M,by]| X --- X [-M, by]. As a is the unique maximizer of the continuous

function f(X), there exists n > 0 such that

sup f3) < f(@ -n.
vi€[-M,b;],i=1,2,....k
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By uniform convergence over compacts, we can get £g such that

sup - sup [ fo(¥) — fF(D)] < gm.

£<80 Re[-M,M]*

By continuity of f at @, we can get 5y < ¢ such that for all 0 < p < § we have

sup . [f (@) = f@] < 3.

xi€la;—p,a;+pl,i=1,...,
Thus forall € < gg and 0 < p < §p we have f(X) > f(a) — %17 for all X with x; € [a; — p, a; + p].

And forall € < g, f:(¥) < f(a) — %n for all y with y; € [-M, b;]. Thus in conclusion

b1 bk 1
/ e / eXp(S_ﬁfg(f))d} < (2M)k eXp(g_1/3 [f(C_l)) - %n)])
-M -M

and

a+oo ak+60

/ exp(s ™3 fo(¥))d¥ 2 / exp(s ™5 fo())dX = (260)F exp(s™' [ £(a) - sm1).
[-M,M]* a;—do ax—bo

Combining the above two bounds we have

by br
[ suar < (0 exp(-3e )

which goes to zero as € | 0. Thus, we conclude the proof of (6.4.9). The proof of (6.4.10) follows

analogously. U

6.5 Proof of Lemma 6.2.6

In this section, we prove Lemma 6.2.6. The idea is to view short-time scaled KPZ equation
g;(+) defined in (6.2.2) as the lowest index curve of an appropriate line ensemble and use certain
stochastic monotonicity properties of the same. To make our exposition self-contained, below we

briefly introduce the line ensemble machinery.
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Fix t > 0 throughout this section and consider the convex function
G,(x) = (7rt/4)1/2e(”’/4)1/4x.

Recall the general notion of line ensembles from Section 2 in [109]. Let £ = (L, £>,...) be

an N X R indexed line ensemble. Fix k; < k, with k{, k, € N and an interval (a,b) € R and

ki,k2.(a,b).%.y

two vectors X,y € Rk2=ki+l et P

denote the law of k» — k1 + 1 many independent
Brownian bridges taking values X at time a and ¥ at time b. Given two measurable functions

f.g 1 (a,b) — R U {0}, the law sz’kz’(a’b)’z’y’f’g on Ly,..., L, : (a,b) — R has the

ki.ka,(a,b).X,y,

following Radon-Nikodym derivative w.r.t. Py

exp { -2 [ G Lix) = Liy (x))dx}

— (Lo Liy) = —
Pk (@h) iy (Lii»-- > L) ik (ab) 55,0 g
free G,

del k2.(a,b).X.3.f.8
G,

, (6.5.1)

where Ly, = f,orooif ky = 1; and Ly,+1 = g. Here Zélt’kz’(“’b)j’y’f’g is the normalizing constant
which produces a probability measure. We say £ enjoys the G;-Brownian Gibbs property if, for

all K = {ky,...,ko} c Nand (a, b) C R, the following distributional equality holds:

Law (LKX(a,b) conditioned on Lyxr\kx(a, b)) - P’(f}lt,kz,(a,b),i,i,f,g ’ (6.5.2)
where X = (L, (a), ..., Ly, (a)),y = (Lk,(b),..., Lk, (b)), and where again Ly, = f, or oo if
ki1 =1;and Ly,+1 = g.

Similar to the Markov property, a strong version of the G,-Brownian Gibbs property that is
valid with respect to stopping domains exists. A pair (a,b) of random variables is called a K-
stopping domain if {a < a,b > b} € Fexi(K X (a, b)), the o-field generated by L xr)\ (kx(a.b))-
L satisfies the strong G;-Brownian Gibbs property if for all K = {ki, ..., k»} C N and K-stopping
domain if (a, b), the conditional distribution of Lxx(q.p) given Fext (K X (a, b)) is Pgt’kz’(l’r)j’y /8

where £ = a,r =0, X = (L;(a))iex, ¥y = (Li(D))iek, and where again L,—; = f, or o if k = 1;
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and £k2+1 =8
The following lemma shows how the short-time scaled KPZ process g;(+) fits into a line en-

semble satisfying the G,-Brownian Gibbs property.

Lemma 6.5.1 (Lemma 2.5 in [128] and Lemma 2.5 of [CH16]). For each t > 0, there exists an
N x R-indexed line ensemble {gt(n) (x) }nenxer satisfying the G;-Brownian Gibbs property and the
lowest indexed curve g,( 1)()c) is equal in distribution (as a process in x) to §;(x) defined in (6.2.2).

Furthermore, the line ensemble {gf") (X) }nen xer satisfies the strong G;-Brownian Gibbs property.

Before beginning the proof of Lemma 6.2.6 we recall one more property of line ensembles,
1.e. the stochastic monotonicity, which is indispensable to the study of monotone events in Lemma

6.2.6.

Lemma 6.5.2 (Lemmas 2.6 and 2.7 of [CH16]). Fix a finite interval (a,b) C R and x,y € R.
For i € {1,2}, fix measurable functions g; : (a,b) — R U {—co} such that g>(s) < gi(s) for
s € (a,b). Foreachv € {1,2}, let P, denote the law Pgtl’(a’b)’x’y’JM’g”, so that a P,-distributed
random variable R; = {R, (5)}se(a,p) Is a random function on [a, b] with endpoints x and y. Then
a common probability space may be constructed on which the two measures are supported such

that, almost surely, Ri(s) > Ra(s) forall s € (a,b).

Proof of Lemma 6.2.6. Fix an interval [a, b] and a corresponding monotone set A € B(C([a, b])).

By Lemma 6.5.1 and tower property of expectation we may write

P [6:() ljas) € A | (8(eetan] = EZ? [P () Iy € A1 (6" (Dos (61" st ||

D) a® (p) too.a? (.
:E(ZZ) Pl’l’(a’b)’g[ (a)’g[ (b)’+ 7g[ () (g;l)(') |[a,b] EA):|

G,

(6.5.3)

where the last equality follows from (6.5.2). Here E(2?) denotes the expectation operator taken
over all lower curves {g,(") (‘) }n>2. Now by Lemma 6.5.2, decreasing gt(z)(-) pointwise on [a, b]

reduces the value of gt(l) (+) pointwise stochastically. But by the definition of monotone set A (see
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(6.2.4)), we know decreasing gt(l) () l{a,p) stochastically pointwise and keeping the endpoint fixed,
only increases the conditional probability appearing above. Thus, we may drop gl(z) () all the way

to —oo, to obtain
D () o« (h) 400 —co
rhs. of (6.5.3) < EG) |yl (@0har (@ arphre. (g,“)(-) l(ab] eA)]. (6.5.4)

Under the above situation the Radon-Nikodym derivative appearing in (6.5.1) becomes constant,
and thus
LL(ab).g" (a).g; (b)teo—eo o SLL(ab)g (a)g;" (b)
PG, [] ~ ~ free [] :
The measure on the right side above is a single Brownian bridge measure on [a, b] starting at
gl(l)(a) and ending at gt(l)(b) and hence free of {g,(")(-)}nzz. Thus r.h.s. of (6.5.4) can be viewed
PP @8 0D (4 Thig esablishes (6.2.5). Th hen [a, b] i ing domai

as P (A). This establishes (6.2.5). The case when [a, b] is a stopping domain

follows from the same calculation and the fact that {g,(")(-)}nzl satisfies the strong G;-Brownian

Gibbs property via Lemma 6.5.1. [
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Chapter 7: KPZ exponents for the half-space log-gamma polymer

7.1 Introduction

7.1.1 The model and the main results

Fix & > 0, @ > -6, and consider a family of independent variables (W; ;) jyer With I :=

{(i,)) € Zio : J < i} such that
Wi, ~ Gamma ™! (@ +6) fori = j and  W;; ~ Gamma™' (20) for j < i, (7.1.1)

where X ~ Gamma™' (8) means X is a random variable with density 1{x > 0}I""!(B)x#~le~1/*,
A directed lattice path 7 = ((x;, yi))ll.c=1 confined to the half-space index set J is an up-right
path with all (x;,y;) € I, such that it only makes unit steps in the coordinate directions, that
is, (Xis1, Yir1) = (x5, ¥:) + (0, 1) or (xi41, yir1) = (x;, i) + (1, 0); see Figure 7.1. Given (m,n) € 1,
we denote I, , to be the set of all directed paths from (1, 1) to (m,n) confined to 7. Given the
random variables from (7.1.1), we define the weight of a path 7 and the point-to-point partition

function of the half-space log-gamma (#SLG) polymer as

w(m) = H Wi, Za)(m,n) = Z w(rm).

(i,j)er €l n

The parameter a controls the strength of the boundary weights and there is a phase transition
in the behavior of this model at « = 0. In our current work we will probe the behavior in the

13 of 0, as well as in the supercritical

critical regime where « is in a scaling window of order N~
regime when « is strictly positive. The subcritical regime may be probed in subsequent work as

described in Section 7.1.4. This phase transition has been the subject of quite a lot of previous
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Gamma (@ + 6

Gamma™'(26)

Figure 7.1: Vertex weights for the half-space log-gamma polymer and two possible paths (one
marked in blue and the other in black) in Ilg g.

work, some which we review in Section 7.1.4. The basic picture (some as of yet unproved) is
as follows. For @ > O the free energy (i.e., log of the partition function) should demonstrate the
KPZ 1/3 fluctuation and 2/3 transversal scaling exponents as well as certain universal limiting
distributions. Here the transversal scaling references both the N?/3 fluctuations of the endpoint of
the length 2N half-space polymer as well as the N?/3 correlation length of the free energy as a
function of (m, n) subject to m + n = 2N. For a < 0 the situation is different — the free energy
fluctuations should be of order N'/2, the endpoint should fluctuate transversally in an order one
scale (i.e., not growing with N), while the free energy correlation length should be of order N and
the limiting distributions should be Gaussian. To be clear, in terms of the polymer measure, this
phase transition relates to the pinning (@ < 0) or unpinning (@ > 0) of the path from the diagonal.

Our main result captures the KPZ scaling exponents in the critical and subcritical regimes.

Theorem 7.1.1. Fix0,r > 0. For each @ > -6, s € [0,r], and N > max{3, r3} define the centered

and scaled HSLG free energy process

10g Z(4.0)(N + sN?3, N — sN?/3) + 2N¥(6)

HOE T
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Here ¥ denotes the digamma function defined on R by

- 1 1
Y(z) := azlogr(z):—y+2(n+1 —n+Z), (7.1.2)
n=0

where y is the Euler-Mascheroni constant. The function fy(-) is linearly interpolated in between
points where Z 4 g) is defined. Let P}, denotes the law of fy (-) as a random variable in (C[0,r], C)
— the space of continuous functions on [0, r| equipped with uniform topology and Borel o-algebra

C. Then the following holds.

(a) The sequence P, is tight for each a € (0, o).

(b) For ay = N™'3p with u € R fixed (noting that for large enough N, ay > —8, and thus W6

is well defined), the sequence P%N is tight.

As discussed below, it is possible to show (e.g. using the ideas of [29]) absolute continuity of
the limit points in Theorem 7.1.1 with respect to certain Brownian measures. We do not pursue
this here, but remark further about this and related directions below.

The rest of this introduction is structured as follows. Section 7.1.2 introduces the idea of a
half-space Gibbsian line ensemble, the study of which constitutes the key technical innovation
responsible for the above theorem. Section 7.1.3 provides a precise definition of the half-space
log-gamma line ensemble and Gibbs property, the key input from [34] and then a sketch of the
steps to proving Theorem 7.1.1. Finally, Section 7.1.4 reviews some related work in studying half-
space polymer and related models (Section 7.1.2 contains extensive literature review on the topic

of Gibbsian line ensembles).

7.1.2 Half-space Gibbsian line ensembles

In order to prove Theorem 7.1.1 we develop a new probabilistic structure — half space Gibbsian
line ensembles — and introduce a toolbox through which to study limits of such ensembles. A

remarkable fact, due to the geometric RSK correspondence [121, 263, 260, 59] and the half-space
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Whittaker process [25], is that the free energy process log Z(, ) (N +m, N —m) for the log-gamma
polymer can be embedded as the top labeled curve of an ensemble of log-gamma increment random
walks interacting through a soft version of non-intersection conditioning and subject to an energetic
interaction at the left boundary (where m = 0) depending on the value of . In particular, when
a > 0the 2i — 1 and 2i labeled curves of the line ensemble are attracted for each i, while for @ < 0
they are repulsed (and a = 0 corresponds to no interaction). We briefly describe this embedding in
Section 7.1.3 and 7.1.3 (see Section 7.2.2 for further discussion).

The basic premise of Gibbsian line ensembles, as initiated in the study of full-space models
in [109], is to use the resampling invariance of a sequence of such ensembles to propagate one-
point tightness information (generally for the top curve of the ensemble) into tightness of the entire
sequence of ensembles. In particular once the scale of one-point fluctuations (in this case N'/3)
is known, the Gibbs property implies transversal fluctuations are correlated in a diffusive scale
(in this case N?/3) and that lower curves also all fluctuate with these exponents in the same scale.
In other words, one point tightness of the top curve translates into spatial tightness of the entire
ensemble. Moreover, all subsequential limits of these line ensembles enjoy, themselves, a Gibbs
property corresponding to the diffusive limit of that of the pre-limiting ensembles. This general
approach has been applied widely in studying a variety of different Gibbs properties related to
probabilistic models, e.g. [110, 114, 137, 322, 29, 154, 155, 295, 319]. Moreover, it has been
leveraged to give fine information about the local behavior of these models [197, 199, 196, 198,
81, 172, 171, 82, 83, 117, 128, 318, 132, 133, 174] and in studying related scaling limits such as
the Airy sheet and directed landscape [dov18, 140, 37, 45, 139, 288, 119, 173, 283].

In this work we initiate the study of half-space Gibbsian line ensembles. These are measures
on collections of curves in which there exists a left boundary around which the Gibbs property
differs from its behavior in the bulk. As an illustrative example, consider curves |(s) > 2(s) > ---
for s > 0 which enjoy the following resampling invariance. In the bulk, for 0 < a < b and
1 < ki < ko the law of [ 1,1 ([a, b]) (i.e., curves k through k> on the interval [a, b]) conditioned

on the values of [, 1,1(@), [k,.k,](D)s k,-1([a, b]) Gf k; = 1 then ¢ = +o0) and x,+1([a, b]) is
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that of Brownian motions conditioned to start and end at the correct boundary values and to not
intersect each other or the curve ¢, ([a, b]) above and ,+1([a, b]) below. At the boundary, for
¢ >0and 1 < ky < ky the law of [, 1,1([0, ¢]) conditioned on the values of [, x,j(¢), k,-1([0, c])
and ,+1([0, c]) is the law of Brownian motions conditioned to end at values [, 4,](c) at time c,
not intersect with each other or the ¢,_; and ¢,+; curves on the interval [0, c¢] and to have values at
zero such that »;_1(0) = »;(0) for all ;. It is this last condition that is quite novel to the half-space
models. An example of such an ensemble is illustrated in Figure 7.2 (B).

Half-space Gibbsian line ensembles have not previously been studied. However, this structure
exists implicitly in some previous literature studying half-space integrable probabilistic models.
For instance, the half-space (or Pfaffian) Schur processes [sis, 74, 12] have such a structure where
the Brownian resampling is replaced by certain discrete random walks (geometric, exponential
or Bernoulli), the non-intersection conditioning persists, and where the odd/even pairing at the
boundary is replaced by an exponential interaction in the spirit of ¢~®i-10=21(0)  Half-space
Whittaker processes [hbigmac] have a more complicated Gibbs property which is the one relevant
to our current work. Essentially, the Brownian motion is replaced by log-gamma random walks, the
non-intersection by a soft exponential energy reweighing, and the interaction at zero by the same
sort of ¢~@(i-10=2(0) reweighing. There are other half-space Gibbs properties that should be
studied such as related to half-space version of Hall-Littlewood processes, g-Whittaker processes
and their spin generalizations. Furthermore, periodic or two-sided boundary versions of Gibbsian
line ensembles (for instance related to periodic or two-sided boundary versions of Schur processes
as in [66, 50] will also likely play a key role in study of related integrable probabilistic models and
hence warrant study in the spirit of what is done here.

The core technical purpose of this paper is to extend the Gibbsian line ensemble methodology to
address half-space models. We do this for the type of Gibbs property mentioned above that relates
to half-space Whittaker processes which, owing to its relation to the log-gamma polymer, we call
the half-space log-gamma Gibbs property. However, the ideas and tools developed here should be

useful in studying more general line ensembles and related probabilistic models mentioned above.
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Figure 7.2: (A) depicts the half-space log-gamma line ensemble for large N along with the type of
scalings that are deduced in proving Theorem 7.1.1. This ensemble enjoys a half-space log-gamma
Gibbs property. (B) depicts a potential limiting line ensemble which should enjoy a half-space non-
intersecting Brownian Gibbs property.

As in the full-space setting, the challenge is to develop a route to take one-point fluctuation

information about the top curve zlv of a sequence of line ensembles ¥ and propagate that into
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fluctuation information about the whole ensemble. (Figure 7.2 (A) illustrates the scalings that we
prove to be associated with this sequence of line ensembles.) One-point information about the top
curve for the half-space log-gamma polymer (and hence the top curve of our line ensemble) is in
short supply with only two result due to (chronologically) [34] and then [205].

As explained in Section 7.1.3, we rely only on the work of [34]. From [34] we are able to
extract two vital pieces of information: after proper centering the process s +— N~/ 311\/ (sN?/3)

stays bounded from positive infinity at N — oo, and at a random sequence of growing times

N N

51585

. that stay tight as N — oo, the process has tight (bounded from positive and negative
infinity) fluctuations around the parabola —vs? (for some explicit v > 0). The slightly odd nature
of these inputs come from the fact that [34] studies a point-to-(partial)line partition function and
not point-to-point directly. The work of [205] does provide tightness (and a limit theorem) for the
point-to-point free energy, but is restricted to precisely the left boundary of 11\’ which is insufficient
information for our approach. Currently, there are no limit theorems proved for the point-to-point
free energy process away from the left-boundary.

With the above input we proceed to show how the Gibbs property propagates tightness to the
whole ensemble. The idea is to first argue that (with proper centering) N~/ 312\’ (sN?/3) must be tight
at some random time s. If not, the first curve would not follow a parabolic decay but rather a linear
one in contradiction our parabolic decay input. Now, we know that the (scaled) first and second
curves are tight at some random times (not necessarily the same). The next step is to argue that
this pair of scaled curves to the left of the random times (including the left-boundary) are likewise
tight. This relies on showing (using the Gibbs property and some a priori bounds) that the third
curve cannot rise much beyond the first two curves, and that the first two curves remain bounded
from infinity (as follows from [34]). With this and a form of stochastic monotonicity associated to
this Gibbs property, the control over the first two curves can be established by a fine analysis of the
behavior of a pair of log-gamma random walks subject to soft non-intersection conditioning and
attractive energetic pinning at zero. We call these weighted paired random walks and a substantial

amount of work is needed to develop tools and estimates regarding them. We give a more detailed
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overview of the steps of our proof in Section 7.1.3. The attractive nature of the boundary is directly
linked to the choice here that @ > 0.

In this paper we do not pursue showing that the tightness propagation process extends to the
entire line ensemble, though it very likely can be done, e.g. in the spirit of [154]. Any subsequential
limit should enjoy the type of half-space Brownian Gibbs property discussed earlier. This would
show that any such subsequential limit should also enjoy local comparison to Brownian motions
when looking away from the boundary, or two 2-particle Dyson Brownian motions started paired

together when looking near the boundary (provided a > 0; fora = N~'/3

u the paired particles start
in an attractive potential but are not equal). In fact, for the top two curves we can extract (though do
not explicitly record here) such absolute continuity results without showing tightness of the whole
ensemble, e.g. as in [29]. Note, the Gibbs property in [154, 29] differs slightly from that here since
they consider point-to-point polymer endpoints varying along a horizontal line, while we consider
endpoints varying along a down-right zigzag path.

Besides the directions alluded to above, we mention here a few more natural points of inquiry
spurred by our work. Our analysis is restricted to @ > 0. When @ < 0, the pair interaction at
the boundary becomes repulsive and thus curves separate and behave quite differently. In particu-
lar, the log-gamma free energy (i.e., top curve) is expected to have O(VN) Gaussian fluctuations
and O(1) transversal fluctuation around (N, N). The Gaussian fluctuations on the diagonal was
recently proven in [205], while the O(1) transversal fluctuations result will appear in the upcom-
ing work [134]. The behavior in this O(1) scale relates to a portion of the phase diagram for the
half-space log-gamma stationary measure [27]. Using our Gibbsian line ensemble techniques and
modifications of the log-gamma polymer (i.e., adding a boundary condition on the first row too), it
should be possible to access and re-derive the description of the entire phase diagram.

Beyond tightness, the half-space log-gamma line ensemble should converge to a universal limit,
the half-space Airy line ensemble. This object, which should enjoy the type of Brownian Gibbs

property discussed earlier, has not been constructed. While the log-gamma convergence result is

currently out of reach, it should be possible to construct this from solvable last passage percolation,
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1.e. half-space Schur processes [12]. This should enjoy uniqueness characterization in the spirit of
[152, 149] and may even relate to a half-space Airy sheet in the spirit of [dov18].

A different scaling regime for the half-space log-gamma line ensemble involves weak-noise
scaling in which 6 goes to infinity while o remains fixed. In the full-space setting, [320] proved
tightness of the full-space line ensemble and (via [120]) convergence to the KPZ line ensemble
[264, 110]. A half-space analog of this result should hold and help in exploring questions related
to the half-space KPZ equation and the corresponding half-space continuous directed random poly-

mer.

7.1.3 Ideas in the proof of Theorem 7.1.1

We start in Section 7.1.3 by precisely defining the half-space log-gamma Gibbs measure and
line ensemble. In Section 7.1.3 we record the key input from [34] which we then combine with the
Gibbs line ensemble structure in Section 7.1.3 to give the key deductions in the course of proving
Theorem 7.1.1 (see Section 7.5 for the full proof of this theorem).

Though the Gibbs measure and line ensemble definition holds for general @, most of our discus-

1/3

sion, especially around the proof, will focus on the case @ > 0 which is harder than the @ = N7/

case. As noted earlier, we do not address the case of @ < O here.

HSLG Gibbs measures and the #5.G line ensemble

The main technique that goes into the proof of Theorem 7.1.1 is our construction of the half-
space log-gamma (#HSLG) line ensemble whose law enjoys a property that we call the half-space
log-gamma (#HSLG) Gibbs measures. In what follows we construct these objects and describe how
they relate to the #SLG polymer free energy.

We will start by defining the HSLG Gibbs measure whose state-space and associated weight
function is indexed by the following directed/colored graph. Define the graph G with vertices

V(G) :={(m,n) : m € Zsg,n € Zo + %lmezz} and with the following directed/colored edges:

369



* For each (m,n) € Zio, we put two blue edges:
2m—-1,-n) - (2m,-n+0.5) and 2m + 1,-n) — (2m,-n+0.5).

2

* For each (m,n) € ZZ

we put two black edges:

(2m,-n-0.5) - 2m - 1,—n) and 2m,—n+0.5) - 2m + 1, —n).

» For each m € Z~(, we put one red edge: (1,-2m + 1) — (1,-2m).

The portion of the corresponding graph is shown in Figure 7.3 (A). We write E(G) for the set of
edges of graph G and e = {v| — v,} for a generic directed edge from v to v, in E(G) (the color

of the edge is suppressed from the notation).

(a) (b)

Figure 7.3: (A) The graph G associated to half-space log-gamma Gibbs measures. In the figure, a
few of the vertices of G are labeled by ¢-induced labeling. A generic bounded connected domain
A is shown in the figure which contains all vertices in the shaded region. A consists of white
vertices in the figure. (B) The domain K considered in Theorem 7.1.3. A}, consists of vertices in
the shaded region.

We next define a bijection ¢ : V(G) — Zio by ¢((m,n)) = (—|n],m). This pushes the
directed/colored edges in G onto directed/colored edges on Zio which we denote by E (Zio). We

will always view G as in Figure 7.3 and will use the ¢-induced labeling when describing this graph.
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We associate to each e € E(Z?) a weight function based on the color of edge defined as follows:

exp(6x — e*) if e is blue,

We(x) ==y exp(—e®) if e is black, (7.1.3)

exp(—ax) if e is red.

Definition 7.1.2 (Half-space log-gamma Gibbs measure). Consider the graph Zio endowed with

directed/colored edges E (Zio) as above. Let A be a bounded connected subset of Zio. Set
ON={veZ2 nA:{V > v} eE(Z2) or{v—}eE(Z), forsomeV € A}.

The half-space log-gamma (H$SLG) Gibbs measure for the domain A, with boundary condition

(u;; € R: (i, j) € OA), is a measure on R with density at (u; ;)(; j)ea proportional to

We(uvl - uvz)-
e={vi—vy}€E(AUIA)

Lemma 7.6.2 shows that the HSLG Gibbs measure is well defined.

The following result shows how the #HSLG free energy process can be embedded in a HSLG
Gibbs measure. Its proof, given in Section 7.2.2, relies directly on results of [34] that build on the
analysis of the log-gamma polymer via the geometric RSK correspondence [121] on symmetrized
domains [263, 260, 59]. In Section 7.2.2, for each N > 0, we will define explicitly such a choice
for (Y(j) : (i,j) € Ky) that will satisfy the two criterion of the above theorem. We will call this

the half-space log-gamma (HSLG) line ensemble.

Theorem 7.1.3. Fix 0 > 0, @ > —0, and N € Zso. Set Ky := {(i,j) € Z%, : i € [1,N],j €
[1,2N = 2i + 2]}. There exists a collection of random variables (lN (j) : (i, )) € Ky) defined on

the same probability space such that the following holds.
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(i) We have the following equality in distribution
. d . .
(?’(2] + 1))]'6[[0,1\]—1]] = (log Zo)(N+j,N—j)+ 2N‘P(9))je[[0’N_1]]. (7.1.4)

(ii) Let Ay :={(i,j) € Z>, i € [I,N—1],j € [1,2N =2i + 1]}. The law of (N (j) : (i, ]) € A})
conditioned on (fv () = (4, )) € (A ) is given by the HSLG Gibbs measure for the domain

A}, with boundary condition (fv(]) 2 (i, )) € (9/\;‘\]).

Deductions from the #$5.G Gibbs measures

It is useful to visualize the #SLG Gibbs measures from Theorem 7.1.3 in terms of the language
of Gibbsian line ensembles. Consider k and T fixed and N sufficiently large so that all of the ran-
dom variables Y [1,7], ¥[1,T], ..., % [1,T] are defined. We will think of ¥ as the label i line in the

ensemble. The values of (N (2T+1) : i € [1,2k]) and J/

s+ () constitute boundary data which, once

known, uniquely identify (via the Gibbs description) the laws of ]1V [1,7], 12\’ [,7],..., S’k [1,7].
Let us consider the three types of weights in the Gibbs measure. The weights corresponding to

—eltv Uy

black edges vi — v, contribute a factor of e (here u, is the dummy variable in the Gibbs
density corresponding to a vertex v) in the Gibbs measure. Whenever u,, > u,,, this weight is

very close to 0, whereas otherwise it is close to 1. Thus, this weight produces a soft version of

conditioning on the event that Ivvz > IVVI Black edges arise between consecutive lines thus we expect
. . N N N .
that our measure will strongly favor configurations where (1) > 7(-) > §(-) > -+, i.e., the

curves are non-intersecting (Theorem 7.3.1 provides a precise statement substantiating this). Of
course, the soft nature of this conditioning will not rule out crossing, but a heavy penalty will be
incurred so at a heuristic level it is useful to think in terms of non-intersecting lines.

The red edges are (2i — 1,1) — (2i, 1) and come with a weight e~*(*2-1.17%2i.1)  This weight
is close to O when u2;_1,1 > uo;; (since @ > 0). This creates an attractive force between Z_ 1(1)
and 12\;(1) which tries to establish the ordering 12\;_1 < 12\1 Of course, this is in opposition to the

soft non-intersecting influence already discussed. Combined, these forces ultimately (through our
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analysis of weighted paired random walks) result in the difference 12\2_1 (1 - g(l) remaining O (1)
as N — oo. In contrast, in the critical regime, when ay = N~'/3y, the attraction weakens with N
and the forces result in § (1) = §(1) like O(N'/3). It is the O(1) distance between §_ (1) and
12\;( 1) that makes the supercritical case harder than the critical case.

Finally, consider the blue edges that encode the Gibbs weights between consecutive values of
a given line, i.e. between fv (j) and fv (j + 1). Alone, these weights define log-gamma increment
random walks (with two-step periodicity in the law of the increments). Thus, putting these three
factors together one arrives at the picture illustrated in Figure 7.2 (A) — an ensemble of softly non-
intersecting log-gamma random walks whose 2i — 1 and 2i left starting points are O(1) distance
apart for each i. In order to prove Theorem 7.1.1 we essentially need to justify the distance scales
in Figure 7.2 (A). To do that, we use the Gibbs property (in the spirit of the line ensemble language

described above) along with some one-point control over the behavior of 11\’ that we describe now.

Point-to-line free energy fluctuations

The HSLG Gibbs measures machinery gives us access to the behavior of the #$£G line ensem-
ble conditioned on the boundary data. However, we still need to understand the behavior of the
boundary data. The theory of (full-space) Gibbsian line ensembles that has been developed over
the last decade has become proficient at taking very minimal seed information, such as the scale in
which tightness occurs for the one-point fluctuations of the top curve of a Gibbsian line ensemble,
and outputting the scaling and tightness for the entire edge of the line ensemble. We take the first
step in developing such a half-space theory.

There are currently only two fluctuation results about the HSLG polymer. The first (chronolog-
ically) is a result of [34] that we will recall below and appeal to, while the second is the slightly
more recent work of [205] that proves a limit theorem for N~/ 311\’ (1) (i.e. fy(0)). Our work began
prior to the release of [205] and thus we rely only on the work of [34]. The control [205] provides
is for IIV (1) only and since we need some information away from the boundary too, most of the

work herein is unavoidable and not really simplified by using [205]. It is natural to wonder if [205]
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could have been used along, in place of [34], at the seed for our analysis. While we do not rule this
out, it would certainly require a very different type of argument since we rely heavily on the fact
that [34] provides some information about ]1\7 (j) as j varies.

Let us recall the result of [34]. For each k > 0, define the point-to-(partial)line partition

function

N
Ze(k) = Y Zway(N+j,N = j). (7.1.5)
J=TAT

This sum is restricted to endpoints at least distance 2k from the boundary. Set p = 11:,’—4_',’; Let 6. be

the unique solution to ¥/ (6.) = p¥ (26 —6,) and set (recall the digamma function ¥ from (7.1.2))
1/3

fe,p =-Y(6.) - p¥P(20-6.), O9,p = %(_T”(QC) - pl,l/”(ze -6.)

Theorem 7.1.4 (Theorem 1.10 in [34]). Suppose (kn)nez., is such that for some y € R U {oo},

limy_ 00 (N — kN)1/3<79,p(a/ +0—-06.)=y. Then,as N — o

log Zy"(kn) — (N = kn) fo.p
(N - kN)1/30-9,p

- U_,.

where for y € R, U_, is distributed as the Baik-Ben Arous-Péché distribution with parameter y

(see Eq. (5.2) in [34]). When y = oo, U_ is distributed as the GUE Tracy-Widom distribution.
The crucial deduction from Theorem 7.1.4 is that there exists v > 0 such that for each M > 0,

log Zline(MN?%) + 2¥(6)N

V(M) + M? A Xy, where Vy(M) :=
N1/3y

(7.1.6)

Here the BBP distributions of the limiting random variables (Xj7) >0 form a tight sequence in
M, in particular they converge in law to the GUE Tracy-Widom distribution as M — oo. A
precise version of this deduction in given later in Lemma 7.3.6. Essentially, the rescaled point-to-

(partial)line free energy process Vi (M) looks like an inverted parabola —M? with tight fluctuations
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around it.

Using the Gibbs line ensemble structure to prove Theorem 7.1.1

We now give a brief overview of the steps of our proof and how it follows from combining the
seed information from [34], i.e. (7.1.6), and the HSLG line ensemble Gibbs property.

Fix any r > 0 and Ny large enough so everything below is well defined for N > Ny. Let us set
T = 8rN?/3]| (the key point is that this time window scales like N%/3). We will say that a sequence
of random variables Xy is upper-tight if max(Xy, 0) is tight, and lower-tight if min(Xy, 0) is tight.
Recall that Xy is tight if for all € > 0 there exists K = K(&) > 0 such that P(|Xy| > K) < & for
all N > Ny. If Xy is both upper and lower tight, then it is tight. The broad steps of establishing
our main theorem can be summarized as follows. Note that we consider staggered (i.e., even and
odd) arguments for 11V and 12\’ below due to the diagonal interaction of the Gibbs property. This is a

technical point which can be ignored currently.

(i) Prove that N_%IIV(Zp* —1) and N_%]Z\](Zp*) are tight for some random p* € [MlN%, MZN%].
(i1) Assuming (i) and g\’ = —oo, prove that N —%11\/ (1) and N _%’2\' (2) are lower-tight.

(ii1)) Assuming (i) and g\’ = —oo, prove that any M* > 0, with positive probability (depending on

M* and r but not of N) that

Np) = M*N'3, and Y(p) = M*N'3, forall p € [1,T].

(iv) Assuming (i) and ]3\] (+) = —oo, prove process-level tightness of

(N1 (eN?3), NVY (eN?))sefo201-

We shall describe how we establish the above broad steps in a moment. Let us first sketch how

the above steps work together to yield our main theorem, Theorem 7.1.1.
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1
3 JSVE—OO,

We first argue that N —%11v (1) and N75/(2) are tight without any conditioning on
Indeed, since point-to-line free energy is an upper bound for the point-to-point free energy process,
utilizing (7.1.6) it follows immediately that N —%11\1 (1) and N _%]2\’ (2) are upper-tight. Since the
lower-tightness event is increasing with respect to the boundary data, by stochastic monotonicity

of HSLG Gibbs line ensembles (Proposition 8.2.3) it suffices to show the lower-tightness under

13\’ = —oo, which is precisely established in item (ii).
We next argue that with positive probability there is a uniform separation of order N'/3 between

N
1

N
3

the first two curves ¢ and }2V and the third curve Indeed, once we have tightness at the left
boundary, it is not hard to show that N‘%]lv(2v — 1) and N‘%ZZV(ZV) are tight for any v € [1, p*].
Combining this with the soft non-intersection property of the line ensembles and (ii), we deduce
in Theorem 7.3.7 that with high probability Sup,cq1,2r] NV -1/ 32\] (p) is upper tight. As the event
considered in (iii) is increasing with respect to the boundary data, using (iii) we establish the
desired uniform separation of order N'/3.

Finally, to prove the process-level tightness of the top two curves of our ensemble, we com-
bine the uniform separation deduced above with the stochastic monotonicity of HSLG Gibbs line
ensembles (Proposition 8.2.3) and the process-level tightness of the first two curves with the third

curve moved to —co (as shown in item (iv)). This establishes tightness of the first two curves which,

through identifying the first curve with the free energy process, yields Theorem 7.1.3.

Remark 7.1.5. We mention that in a recent work, [205] established fluctuation results for log Z, ) (N, N)
(equivalently 11\’ (1)). Their result immediately implies the tightness of N~!/ 3]1\’ (1). However, to

carry our proof outlined above we need tightness of ]2\’ (1), and other fine information about ’1\’ and

N

, away from the boundary, as described in item (ii) and (iv), which to our best understanding is

beyond the scope of [205]. Our argument does not need the input from [205] and since there is
little reduction in length or complexity gained from using [205], we have opted to rely only on the

results from [34].

We return to steps (i)-(iv) stated above and describe the main ideas in achieving them.

Proof idea for (i):
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(a) We start by proving (Theorem 7.3.1) that the curves lN are typically non-intersecting, or at least
do not overlap by much. Owing to this and the fact that the point-to-line partition function
controlled in [34] dominates the point-to-point partition function for any point along the line, it

follows that sup; ; N -1/ 35\’ () is upper-tight. Lower-tightness is more difficult.

(b) From the parabolic decay of the point-to-(partial)line free energy (7.1.6), we deduce that the
point-to-point free energy process has to be in the N'/3 fluctuation scale at some random point

pjina O(N??) window. We essentially (see Proposition 7.3.4) we show that for M large

enough

No2p+1
sup % + 52 (7.1.7)
pelSN2B (Mpr25)N23] N I3y

is uniformly tight over all § > 0. The parameter v is an explicit function of 6, see (7.3.13). Here
the crucial point is the uniformity, i.e., the constant K (&) in the definition of tightness can be

chosen independent of S > 0. Thus, in N'/3 and N?/3 scaling]]V follows an inverted parabola.

(c) We next show essentially (see Proposition 7.3.3) that there exists M; and M, large enough so
that sup,,, e[y, v2/3,M,N2/3] N‘1/312V(2p2) is tight. The idea is if LY is uniformly low in [M{N?3, MyN?/3],
then, due to the Gibbs property of the line ensemble, the first curve L’lv behaves like a random
bridge, i.e., linearly, in that interval. However, as we show in the proof of Proposition 7.3.3, this
violates the inverted parabolic trajectory (7.1.7) for some S. This leaves us with a random point
p; € [M N33, M,N?/3], so that N‘1/3’2V(2p;) is tight. Owing to the typical non-intersection

(Proposition 7.3.1) we have that N~'/3¥ (2p3 — 1) is tight as well.

Proof idea for (ii) and (iii): Our proof relies on understanding the

law ijlv’sz conditioned on 11V(2T -1) =ar, ]ZV(ZT) =brand Y = —o0 (7.1.8)

for T, as above, of order N/ and ar, by of order VT. Since the events in (ii) and (iii) are increasing

w.r.t. the boundary data, we may further assume a7 = 0 and by = —VT by stochastic monotonicity
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(Proposition 8.2.3). We focus on the proof idea of (ii). The proof idea for (iii) is quite similar and
done parallelly in Section 7.4.

As alluded to in Section 7.1.2, (7.1.8) has connections to weighted paired random walk (WPRW)
law. We now briefly introduce them here. Let f denote the density of logY; — logY> were Y1,Y;
are independent Gamma(6) random variables. Let g(z) := [['(«)]~'e?*~¢". A paired random walk

(PRW) (R, Sk)i_, with endpoints Ry = ar and St = by is a measure on R*’ =2 with density

T-1 T T-1
P ){R € dxi. Si € dyk}) cg(yr=an) | |[F G =xie) f i =yl | | dvedyi. (7.1.9)
k=0 i=2 k=1
We define the random variable:
T-1
Wy := exp ( — SR _ (es"_R"“ + eSk_Rk) )
k=2
Using Wy, we define a new measure on R2T-2 a:
E[WsclA]
Py . (A) = ——— (7.1.10)
WA = ]

We call the above measure as weighted paired random walk (WPRW). The measure depends on

ar and by as well but we have hide its dependency from the notation.

aT:O

br = —NT

Figure 7.4: The above is a realization of the PRW law having non-intersection where we have
assumed a7 = 0 and by = —VT.

The law of (R, Si);_, under Py, is same as the law of (¥ (2k — 1), (2k))T_, under (7.1.8).
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Thus to establish (i), it suffices to show Py,_(R; < —~MVT) and Py, (S; < —M~VT) can be made
arbitrarily small by choosing M large enough. Towards this end, we shall utilize the formula in

(7.1.10) for A := {R; < —MVT} (and A := {S; < —MVT}). Under this setting we show that

& T2 <E[W] <CT 72,
(7.1.11)

L-T7V2.E[1p] < E[Wla] < C-T7V2-E[1a].

for some universal constant C > (. The inequalities in (7.1.11) are established in the proof of
Lemma 7.4.1, Lemma 7.4.11, and Corollary 7.4.12. The T-1/2 behavior here is particular to
(ar,br) = (0, T ). For general boundary values of ar, br, this estimates may not be true.

We now briefly explain the proof idea first for the upper bound of E[Wy.]. Along the way,
we shall explain why T~'/? factor shows up. The starting point of our proof is to first convert
the soft non-intersection reweighing (W) to hard non-intersection conditioning by the following

inequality

Wee < "™ MRy = S = p - 1,Vk € [2,T]}.
p=0
Let us write NI := {R; > S, Vk € [2,T]} for the non-intersection event. In Lemma 7.7.5, we show
that there is an absolute constant C > 0, such that P(R; > Sy — p — 1,Vk € [2,T]) < %7 - P(NI)
for all p > 0. Thus plugging this inequality in the above display yields E[W, ] < C - P(NI). It s
thus suffices to understand the order of P(NI).

Due to the presence of g factor in (7.1.9), under PRW we expect a pinning effect in the left
boundary, i.e., Ry — S; = O(1). Thus we expect the large scale behavior under PRW should be
similar to that of two independent random walks with zero as a starting point. It is well known
(see for example [297, 228]) that when Ry, S are independent random walks with Ry = §; = 0,
the non-intersection probability P(NI) is precisely of the order T-'/2. This is why we expect 7~!/2
behavior of the non-intersection probability under PRW law as well. We show this fact by using

the following two lemmas:
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e Lemma 7.4.7: |R; — Si], Rl/\/T, and Sl/\/T have exponential tails.

3
2
e Lemma 7.7.6: P(NI'1|R1|+|Sl|sx/7(1ogT)3/2) < %E (max{R; — S;,0} + 1)-max {%|R1|,2} ]

The first bullet point follows from the description of the PRW law in (7.1.9) and the nature of
the densities f and g. The second bullet point is more subtle and requires various estimates under
random walk bridge law that are uniform over a specified set of starting and ending points. The
details are presented in Appendix 7.7. Clearly from the above two bullet points, it is not hard to

deduce that P(NI) < CT~'/2. The upper bound for E[W,.14] also follows in a similar manner.

The lower bound argument for E[W.] is more involved. Here we define a particular event,
called Gapﬁ (see (7.4.20) for definition), and show in Lemma 7.4.8 that W, > aﬁ'lGapﬁﬁ{Rl—Sle[O,l]}’
for some deterministic constant ag > 0. To estimate P(Gapﬁ N{R; — S; € [0,1]}). Note that
conditioned on Ry, S;, PRW are two independent random walk bridges started from R;, S| and
ending at ar, br. In Lemma 7.4.10, we show that random walk bridge can be compared to mod-
ified random bridge which is a certain concatenation of random walks and random bridges (see

Definition 7.4.9). In particular, this leads to
P(Gap; N {Ri - $1 € [0,11}) = E |1, _sicf01] - Prys, (Gapﬁ)] (7.1.12)

where l~’R, s, 1s the law of two independent modified random bridges started from Rj, S; and ending
at ar, br. The key point is that the modified random bridge has a true random walk portion,
and hence one can rely on standard non-intersecting random walk estimates to eventually obtain
estimates for the above quantity. In Appendix 7.7, we establish various uniform estimates and in
particular show that Pg, s, (NI) > CT~'/2 and ﬁRl,gl(Gapﬁ | NI) > § uniformly over R;,S; <
MNT and Ry — S; € [0, 1]. This leads to a T~'/? order lower bound for the right hand side of

(7.1.12).

There is an extensive literature in studying non-intersecting random walks and random bridges
that are pinned at the starting and/or ending points (see [18, 161, 144] and the reference therein).

In particular, non-intersecting random walks and non-intersecting random bridges under diffu-
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sive scaling are known to converge to Dyson Brownian motion and non-intersecting Brownian
bridges. Our work establishes uniform estimates (uniform over starting and ending points) for
non-intersection probabilities of random walks and random bridges. Indeed in our technical ar-
guments, we require our estimates of probability of events (such as the Gapﬁ event and others)
under random bridges to be uniform over all possible O(1) apart ending points that lies in a diffu-
sive O(T"'/?) window. In Appendix 7.7, we thus develop the machinery to establish such uniform

estimates.

Proof idea for (iv):

The argument to prove (iv) also uses the machinery developed in the proof of (i1) and (ii1). How-
ever, one caveat is that to show (iv), one needs to consider events related to modulus of continuity
of the processes which are not increasing events. Thus one can not assume ar = 0, by = —\T. In-
stead, here we can only use the soft non-intersection property to deduce that az—b7 > —(log T')7/S.
Under this boundary conditions the estimates in (7.1.11) may no longer be true. However note that
(iv) claims tightness for the processes on the range [[1,7/4], i.e., the first quarter of the total points.

Hence here the strategy is to first perform a decomposition:

E[W,1a] _E[WL1A]l-E[W2Z] E[W\1a]
E[(Wel = E[WLIE[W2Z] — E[W.]

: (7.1.13)

where A corresponds to the tightness event associated to the modulus of continuity of the process.
Here W), (resp. W2,) are super-exponential factors associated to the first (resp. last) quarter of the
points of the walk (the point before the first dashed line and points after the second dashed line in
Figure 7.5).

Let us briefly explain why the approximation in (7.1.13) is true. Recall from our discussion in
the proof idea of (ii) and (iii) that W is close to the indicator of non-intersection event. Since the
walks have pinning effect in either of the boundaries, the non-intersection probabilities essentially
depend on the initial part of walks and final part of the walks. The non-intersection probabil-

ity for the middle portion does not decay to zero. Thus we expect, E[W . 1a] =< E[WLWZ214].
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Figure 7.5: The above figure corresponds to a realization of PRW law with non-intersection, where
we can only assume ar, by = 0(\/7) and ar — by > —(log T)7/6. We utilize the fact that the event
associated to (iv) depends only on the first-quarter of points of the walk.

As mentioned before, one can compare the PRW law to modified random bridges. In a modi-
fied random bridge the first quarter and the last quarter of the walk are completely independent.
Thus, via the comparison between PRW and modified random bridges, one eventually gets to
E[WLW21a) < E[WLIA]E[W2]. The last term in (7.1.13) is then estimated by following similar
ideas to what described in the proof of (ii) and (iii). The full technical details are presented in the

proofs of Lemmas 7.5.2 and 7.5.6.

7.1.4 Related works on half-space polymers

Half-space polymers are a particular variant of full-space polymers that are well-studied in the
literature (introduced in [202, 206, 61]). Full-space polymers are widely believed to be in the KPZ
universality class in the sense that they are expected to have 1/3 fluctuation exponent and 2/3
transversal exponent. However, besides a few solvable models, these exponents are not proven
rigorously for general polymers. We refer to [99, 294, 44, 29, 132, 133] and references therein for
more details.

Half-space polymer models have been studied in the physics literature since the work of Kardar
[215]. They arise naturally in the context of modeling wetting phenomena [269, 1, 76] where one
studies directed polymers in the presence of a wall. They have been of great interest due to the

presence of phase transition (called the ‘depinning transition’) and a rich phase diagram for limiting
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distributions based on the diagonal strength. This phase diagram was first rigorously proven for
geometric last passage percolation (LPP), i.e., polymers with zero temperature, in a series of works
by Baik and Rains [15, 17, 16]. Multi-point fluctuations were studied then in [289] and similar
results were later proven for exponential LPP in [11, 12] using Pfaffian Schur processes. For
further recents works on half-space LPP, we refer to [bete, 51, 52, 165].

Positive temperature models such as polymers resisted rigorous treatment for longer compared
to LPP since they are no longer directly related to Pfaffian point processes. For such class of models
in the half-space geometry, the first rigorous proof of depinning transition appeared in [34] where
the authors proved precise fluctuation results including the BBP phase transition [10] for the point-
to-line log-gamma free energy. For the point-to-point log-gamma free energy, the limit theorem
along with Baik-Rains phase transition was conjectured in [hbigmac] based on an uncontrolled
steepest descent analysis of certain formulas coming from half-space Macdonald processes. This
result was proved recently in [205] using a new set of ideas, relating the half-space model to a
free boundary version of the Schur process. In fact, [205] also proves analogous results for the
half-space KPZ equation which is the free energy of the continuum directed random polymer in
half-space. The half-space KPZ equation arises as a limit of free energy of HSLG polymer [320,
27]. Since the early work by Kardar [215], the half-space KPZ equation has received significant
attention, with a flurry of new results recently in in both mathematics [123, 26, 25, 272, 271,
27, 205] and physics literature [189, 67, 207, 142, 231, 30, 32, 31]. Apart from log-gamma and
continuum polymer, a half-space version of the beta polymer was recently introduced and studied

in [33].

Organization

In Section 7.2, we study several properties of HSLG Gibbs measures and Gibbsian line en-
semble, and prove Theorem 7.1.3. Section 7.3 is divided into three subsections that discuss three
important probabilistic results for the line ensemble. In Section 7.3.1, we show a certain ordering

of points on the line ensemble (Theorem 7.3.1). This is the precise technical form of the typical
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non-intersection property discussed in Section 7.1.3. In Section 7.3.2, we show that there is ‘high
point on the second curve’ (Theorem 7.3.3) that is discussed in item (i)(c) from Section 7.1.3. In
Section 7.3.2, we provide high probability uniform upper bounds for the second and third curves
(Theorem 7.3.7). These bounds are used later in proving item (i1) from Section 7.1.3. In Section
7.4, we prove one-point tightness on the left boundary and study the probability of a certain ‘re-
gion pass event’. The study of the region pass event is utilized in proving the lower bound on
the uniform separation between the first two curves and the third curve (described earlier in (ii)
from Section 7.1.3). Finally, in Section 7.5, we study the modulus of continuity under the WPRW
law and prove Theorem 7.1.1. Appendix 7.6 collects several basic facts about log-gamma random
variables and related measures. Appendix 7.7 is devoted to proving several technical estimates
related to non-intersecting random walk bridges which are required in studying the WPRW law.

Appendix 7.8 includes the proof of stochastic monotonicity for #SLG Gibbsian line ensembles.

Notations and Conventions

For a,b € R, we denote [a,b] := [a,b] NZ, a A b = min(a,b), and a V b = max(a, b).
Throughout this paper we work with three fixed parameters: 8 > 0 (bulk parameter), { > 0
(supercritical boundary parameter), and ¢ € R (critical boundary parameter). All our constants
appearing in the rest of the paper may depend on 6, , u and possibly other specified variables.
We will only specify the dependency of the constants on the variables besides 6, {, i by writing
C =C(a,b,c,---) > 0to denote a generic deterministic positive finite constant that may change
from line to line, but is dependent on the designated variables a, b, c,---. We will often write
f(x) 2o g(x) to mean that for all x, f(x) > Cg(x) for some C > 0 depending on the subscript
parameters. If f(x) 25 g(x) and g(x) 25 f(x), we write f(x) =g g(x). Given a density function
f, X ~ f denotes a random variable X whose distribution function has a density given by f. For

two densities f and g, we write f * g(x) = fR f(z2)g(x — z)dz for the convolution density.
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7.2 Half-space log-gamma objects and proof of Theorem 7.1.3

In Section 8.2.1, we gather several useful properties of #SLG Gibbs measures from Definition
7.1.2 including stochastic monotonicity (Proposition 8.2.3). The HSLG line ensemble is defined in

Section 7.2.2 which includes the proof of Theorem 7.1.3.

7.2.1 Properties of HSLG Gibbs measures

We start by writing down several immediate observations that all follow directly from the defi-

nition of HSLG Gibbs measures (Definition 7.1.2).

Observation 7.2.1. Fix a bounded connected subset A. For each (i, j) € OA fix some u; ; € R.
Fix any C > 0. Let (L(v) : v € A) be a collection of random variables that are distributed as the

HSLG Gibbs measure on the domain A with boundary condition (u; ; : (i, j) € OA).

(a) (Translation invariance) The law of (L(v) +C : v € A) is given by the HSLG Gibbs measure on

the domain A with boundary condition (ui,j +C:(i,j) € OA).
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(b) (Gibbs property on smaller domain) Take a bounded connected A" C A. The law of (L(v) 1V E
N’) conditioned on (L(v) : v € A\ A') is given by the HSLG Gibbs measure on the domain A’

with the boundary condition (L(v) : v € OA’) where we set L(v) = u, for v € dA.

Although HSLG Gibbs measures are defined for any bounded connected subset A, we will be

mainly concerned with two kinds of domains A. Given k > 1 and T > 2, we define
Kir ={G.)) i e[Lk].je[1.2T -1 -1;1]}, K, :=[Lk]x[1,2T -2].  (7.2.1)

The domains Kj r and K] ;. are shown as shaded regions in Figure 7.6.

e

r -

®) K,

Figure 7.6: Two domains K 7 and ‘K,’(I are shown in (A) and (B) with k = 3, T = 4 and boundary
conditions (y, Z) and (¥, w) respectively. They include all the vertices within the gray dashed box
as well some labels for the points. The directed edges with lighter colors are edges connecting
vertices from A to A or viceversa (A = Ky r or A = 7(,’(1). The boundary variable zo does not
actually play any role in the density of the corresponding HSLG Gibbs measure after normalizing
it to be a probability density. This point is explained after the statement of Observation 7.2.2.

Observation 7.2.2. Fix k,T € Zs, and @ > —6. Fixy € RK, 7 e R, and w e RT~1,

(a) The HSLG Gibbs measure on the domain Ky with boundary condition (y,?7) is a probability

measure on RI%e1l ywhose density at w = (u; ;)i jyex,  is proportional to

k T—1;- 2T—1-1;-

.. o
fir(u) = 1_[ e~ aui 1—1 W (U125 Winje1, Wij—1) l_[ G (1yim (Ui j = Ui j+1)

i=1 j=1 j=1

(7.2.2)

386



where W(a; b, ¢) := exp(—e®~? — %) and (owing to the two-step periodicity of the measures)
Go(1yn(y) = P pg). (7.2.3)

Here ui12j = zj for each j € [1,T], uior—1 = y1, and ujor = yi, uior+1 = +00 (so that the

factor exp(—eti+12r74iar) = 1) for each i € [2, k].

(b) The HSLG Gibbs measure on the domain K, ;. with boundary condition (¥, w) is a probability

measure on R cr! ywhose density atu = (Mi,j)(i,j)e?(,; 18 proportional to

k 7-1 2r-2

V.Z o —Diau; .

k,T(u) = l_[ (=D e 1_[ Wttt 055 Winj1> Ui2j—1) n Go,—iym (Ui j — i) | -
i=1 j=1 j=1

(7.2.4)

Here uy12; = wj for each j € [1,T — 1], and u;»r—1 = y; for eachi € [[1, k].

Let us explain how we arrived at the above formulas (see Figure 7.6 for a visual representation
of the measures). Recall the edge weights from (7.1.3). The blue edges in the figure corresponds
to Gy (_1)/+ (+) factors that appear in (7.2.2) and (7.2.4). The (=1)/*! factor is due to the alternate
switching of the direction of blue weights as we read off from left to right. Here we have obtained
the G function from the blue edge weights by multiplying by a constant. This is done so that the
G function becomes density (i.e., integrates to 1), a fact that will be useful in the later analysis.
The black edge weights from (7.1.3) corresponds to the W factor in (7.2.2) and (7.2.4). Finally
the red edge weights are of type e™*“2i-1L17H201 = ~@2i-11 . @21 = Note that only for odd k is
(k+1,1) € 0K 1, 67(;{1. In that case, the factor e”*“*+1.! can be absorbed into the proportionality
constant. Thus, overall, the red weights contributes the factor Hf: | e=D'@i1 in the above densities.
This also explains why the zg value does not play any role in the definition of these densities.

We will mostly be concerned with the HSLG Gibbs measure on K 7 with boundary condition

y.2:k, T
a

(¥,2). We will denote the probability and the expectation operator under this law as P and

EZ’ak’T respectively and a random variable with this law by L := (L(i, j) := L;(j) : (i, ) € Ki.1)-
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We may drop @ and write PY kT and EY35T when clear from the context. We will also use the

H$LG Gibbs measure on K 7 with boundary condition ¥ € R¥, 7 := (~o0)7, as now defined.

Definition 7.2.3. The bortom-free measure on the domain K 7 with boundary condition ¥ is the
HSLG Gibbs measure on the domain K 7 with boundary condition (¥, (—o0)T). We shall see in
Observation 7.4.2 that the corresponding density f,i ’T(_OO)T is integrable when £ is even and @ € R
(in fact, in that case the measure does not even depend on @) or when k is odd and @ € (-6, 0).

Note that whenever the bottom-free measure is a valid probability measure, we have

1

3. T.
— Ey,(—oo) kT lA
ACE I

T
P, (A)

Wiz Li(2j + 1), L (2j = 1)) |, (7.2.5)
j=1

for any event A, where we set L; (2T + 1) = +oo and the normalization is given by

T
S(—oo)T - . .
VEE.2) =By O T T T W (a5 (27 + 1), Le(2) = D) | (7.2.6)

J=1

In other words, we can build the full Gibbs measure PZ’M’T by reweighting the bottom-free mea-
sure by a Radon-Nikodym derivative given by the expression (except 1a) inside the expectation in

(7.2.5), normalized by dividing by V/ (¥, 7).

Next, we record how HSLG Gibbs measures are absolutely continuous with certain random

walks.

Remark 7.2.4 (Absolute continuity with random walks). The bottom-free measure can be de-
scribed as a reweighting of certain log-gamma random walks subject to a Radon-Nikoydym deriva-
tive. This type of absolute continuity with respect to random walks is a common feature in Gibbsian
line ensembles, see [109, 110, 155, 29, 154] for example. However, the key difference from the
existing works is that now we may condition only on the right-side boundary and consider the law
up to and including at zero. This is essential in understanding the effect of the boundary parameter

on the #5LG Gibbs measures.
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Consider a collection of independent random variables (Xi,v)(i,v)ev(kj where X;, has probabil-

ity density function G (_yv+ (+) from (7.2.3). For (i, j) € Ki.r set

2T—1;=1—j

Vi(j) =yi+ Z Xior-1,_,-v-
v=1

We denote the probability and the expectation operator for (Vi(j)), j)ex, ; as PURT and EFRT

free free

respectively. In words, Plfr:eT is the law of k independent ‘zigzag’ random walks starting at y

(‘zigzag’ as the increments alternate their signs). For each @ > -6, the #$LG Gibbs measure

P“*T i absolutely continuous with respect to Pzr:eT with a Radon-Nikodym derivative
dPﬁ,Z;k,T
dPy kT

free

(Ly1,...,Lg) ccexp (—Hw((Lj)le; Z)) ,

where H, (sometimes called the interaction Hamiltonian in the literature) is given by

T-1;—

k T-1,-
Ha((LJ.)]le; ) - a(- 1)l+1L (1) + [ Liv1(2))=Li(2j+1) 4 pLiv1(2))=Li(2j=1)
2B 53
with Li.1(j) = zj for j € [1,2T], L;(2T —1;=1) = y; and L;(2T + 1) = oo for i € [1, k]. The above

observation follows immediately from the form of the density given in (7.2.2).

Besides one-sided conditioning as in the above remark, we can also use the Gibbs property
when conditioning on boundary data on both sides as is standard full-space discrete line ensembles

[155, 29, 154]. We record here one such result that will be useful in our later proofs.

Observation 7.2.5 (Two-sided boundaries). Fix 1 < Ty < T, — 1. Suppose L is distributed as

ESNEN P (X; ) be a random bridge from X7,_1 = a to Xr,_1 = b with i.i.d. increments

]Tl

from the density Gy * Gg_1. The law of (Li(2j +1) : Ty < j < T» — 2) conditioned on

{L1(2T1 = 1) = a, L1(2T» — 1) = b} is absolutely continuous with respect to the law of (X; )j o
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with Radon-Nikodym derivative proportional to

To—1
W :=exp ( - Z (%% 4 7 Xi-1y].
J=T

The Gg,1 * Gg.—1 appearing in the statement of Observation 7.2.5 is due to the fact that we focus
on the marginal distribution of the odd points only (see Figure 7.7). The proof follows by utilizing

the explicit form of the density given in (7.2.2).

Figure 7.7: The marginal distribution of the odd (black) points of the 452G Gibbs measure shown
above with 71 = 1, T> = 6 is described in Observation 7.2.5.

As with full space line ensemble Gibbs measures [109, 110, 320, 29, 154], the HSLG Gibbs

measures satisfy stochastic monotonicity with respect to the boundary data.

Proposition 7.2.6 (Stochastic monotonicity). Fix k; < kj, a; < b; for ki <i < ky and a > —6.

Let

A={(i,)) k1 <i<kya <j<b}

There exists a probability space consisting of a collection of random variables

(L(V; (ty)weon) 1 v €A, (hy)wean € R'aM)

such that

1. For each (uy)wean € RN the marginal law of (L(v; (uw)wean) : v € A) is given by the

HSLG Gibbs measure for the domain A with boundary condition (i,,)yegn € RIO.,
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2. With probability 1, for all v € A we have

L(V; (Mw)weaA) < L(v; (uiv)wea/\) whenever u,, < ul, for all w € dA.

The proof of the above proposition follows a similar strategy as in [29, 154] and is provided in

Appendix 7.8 for completeness.

7.2.2 The HSLG line ensemble and Proof of Theorem 7.1.3

In this section we define the half-space log-gamma (#$LG) line ensemble and prove Theorem
7.1.3. The construction of the line ensemble is based on the multipath point-to-point partition
functions. These are defined in (7.2.8) as sums over multiple non-intersecting paths on the full
quadrant Zio (not just half-quadrant) of products of the symmetrized versions of the weights from

(7.1.1):

%Wi,j wheni = j,

Wij~iw,; whenj > i, (7.2.7)

W;;  when j <i.

For m,n,r € Z>; withn > r, let H,Sf, ),1 be the set of r-tuples of non-intersecting upright paths in
Zio starting from (1,r),(1,r = 1),---,(1,1) and going to (m,n), (m,n—1),...,(m,n—r+1)

respectively. We define the multipath point-to-point symmetrized partition function as

z8) (m,n) = Z ]_[ Wi, (7.2.8)

(1)1, ) U,

with the convention that Zs(Sr)n(m, n) = 1forall m,n € Zs;.

Definition 7.2.7 (Half-space log-gamma line ensemble). Fix N € Zs;. For each i € [1, N] and
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1(+)

2()

N() o—®

1 2N

Figure 7.8: Half-space log gamma line ensemble = (i('))i]i | (N = 6 in above figure). Each curve
i(+) has 2N — 2i + 2 many coordinates. A} in Theorem 7.1.3 is the set of all black points in the
above figure. Theorem 7.1.3 tells us that conditioned on the blue points, the law of the black points
is given by the HSLG Gibbs measures.

J e [1,2N —2i +2], we set

2280 (p,9)
¥(j) = tog (f
Zoym' (P> q)

+2W¥(O)N.

where p ;== N+ |j/2] and g := N — [j/2] + 1. We call the collection of random variables
(N(j):ie[1,N],j€[1,2N - 2i +2])

the half-space log-gamma (#$LG) line ensemble with parameters («, 6), see Figure 7.8.

Proof of Theorem 7.1.3. Recalling the convention Zs(;)r)n(m, n) = 1, we can write
V() =1og (2Z40(N + Lj/2], N = [/21+ 1)) + 2% (6)N.
Assuming Part (i1) of Theorem 7.1.3 (verified below), Part (i) follows from the easily verified
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identity ZZSI)H( p,q) = Z(p,q). The above identity is noted in Section 2.1 of [34] and follows
easily due to symmetry of the weights (the factor of 2 comes from a lack of double-counting the
weight at (1, 1)). This is an equality (not just in distribution). In any case, from it immediately
follows the claim of Part (i).

Part (i1) is a highly non-trivial deduction from first principles. However, the works of [121,
263, 260, 59, 34] have built a rich theory using the geometric RSK correspondence from which
this part follows in a rather straightforward manner, as now described. We seek to determine the

joint density of the HSLG line ensemble defined above. Let us start by defining
Ky :={(,j):ie[LLN],je[1,2N =2i+2]}, ITW :={(i,j)eZ2 :i+j<2N+1}

Note that the map (i,j) — (N + |j/2] —i+ 1,N —[j/2] — i+ 2) is a bijection from Ky to

IT™ N {i > j}.Forany (i, j) € Ky, we then define

ZOWN + /2], N = Tj/2] +1)
ZED(N+ /2L, N =Tj/21+ 1)

TN j/2)-i1,N=[j/2]-i42 =

and then set 7;; := T; ; for i > j. From Proposition 2.6 in [260], (7;, j)(i, f)er) is precisely the
image under the geometric RSK map of the symmetrized weights (7.2.7) with indices restricted to
the 7™) array. The density of this image has been computed in [34]. Indeed, setting m = 0,n = N,
a; = 0 and ¢ = « in the final two (unnumbered) equations on page 28 in [34] (in the arXiv version
see the second unnumbered equation on page 20), we see that the density of (27; ;);>; at (#; ;)ix;

is given by

l i
e_ﬁ I_IN t(_l)N H'l(l

N
i=1 i (TzN—2j+2'TzN—2j)9 ( tij-1 ti—l,j)
€X - —
TR DA p(- 2 2,

j=1 TON-2j+1 S i 5

1_[ tl_,]l lli,j>0
(i,))eI™)

(7.2.9)

where the 7 variables are defined as 74 = [ (t;; : (i,j) € T™,i—j = k) = [1 (fisss : 1 <

i <N - %) In fact, the density formula in [34] is for (27; ;);<; at (#;j)i<;, thus we needed to
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permute the indices in that formula to arrive at the above formula. The line ensemble {v (j) defined

in Definition 7.2.7 is related to (27} j); jeyv) via the relation

N(j) = 2P(O)N =10g (Tns|j/2)—i+1.N[j/2]-i+2)-

Thus, under the change of variables u; ; = log (tN+U/2J_l-+1,N_[j/2]_,~+2) for (i, j) € Ky and after

considerable rewriting of (7.2.9), we find that the density of (fv (j) —2¥(O)N) at (u; ;)i j)eky 1S

given by
—e¢TUN,1 N (=Diujja N N-i+1
e HiZl € l —0u; oN-2i+2 Oluipj-1- MzZ] Ofuinj—tti2je1]
T et j-1=i2; jur2) (7.2.10)
(T(a +0)N(I(20)""
N N-i+l N-1 N-i
-exp| — Z Wi2j-1—Ui2j _ eMitl.2j i 2+ (7.2_11)
=1 j=1 =1 j=1
N-1N-i N-1N-i
~exp| - Zeui,2j+1—ui,2j — etitl.2j~Hizj-1 | (7.2.12)
i=1 j= i=1 j=1

This follows from the fact that the factor [ | tl‘Jl in (7.2.9) is absorbed as the Jacobian of the change

of variables, as well as the following four relations:

N (L o N\ N N—i+l N—i
n 2N—§]+2 2N-2j — 1—[ e—@ui’2N72i+2 H e@[ui,zj,l—u, 2] 69 Ui 2j+1—Ui 25 ] (7213)
j=1 TZN—2j+1 i=1 j=1 j=1
o NNt N-1N-i
Z i-1,j — pHi2i-17i2j 4 plit1.2j Ui 2j+1 (7.2.14)
= Wi S i=1 j=1
o N-1N-i N—1 N—i
i,j-1 _ Ui+ TUi2j 4 Qi1 i 2j -1 (7.2.15)
iso1 T i=1 j=1 i=1 j=1
N N—j+1 N N
(DY _ (-1/a (-Diui 1
l_[ t./,j - IN- —j+lN=j+1 — ¢ . (7.2.16)
j:l ]:1 i=1

While (7.2.16) is obvious, (7.2.13), (7.2.14) and (7.2.15) are proved in Appendix 7.9.

Recall now that we are interested in the density conditioned on (f\’ (J)=2¥(O)N) at (u; ;) i, j)ekn\ Al
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To compute this conditional density we may absorb all the u; ; terms with (i, j) € Ky \ A}, into the
proportionality constant. Thus in (7.2.10), we may absorb the e V-1 term and e~%“2N-2+2 terms

and observe

N
rle(_l)l”i’laoc rl e~ @it 1=u2i1)
i=1

ie[1,N/2]
Upon a quick inspection of the form of the weight function in (7.1.3), one sees that these factors are
precisely the red edge weights functions in the #52G Gibbs measure on the domain A};; see Figure
7.3 (B) and Definition 7.1.2. Combining the terms which have (u; ;-1 —u;2;) and (u;2;+1 — u;2;)
in (7.2.10), (7.2.11), (7.2.12) give rise to the following factor

N-i+l N-1N-i
exp (0(uipj—1 — uin;) — e“-2-174020) 1_[ exp (0(uipje1 — uipj) — €"i2+17127),

L |

]:] i=1 =1

N
i=1

~

The above factor corresponds to the blue edge weight functions in the H5LG Gibbs measure on the
domain Aj},. Finally, the remaining terms in (7.2.11) and (7.2.12) corresponds to black edge weight
function in the #H5LG Gibbs measure on the domain A}. Thus the density of {f\’ (j) = 2¥(O)N :
(i, ) € Ay} conditioned on {f.v(j) —2¥(O)N : (i, j) € Ky \ Ay} is precisely given by the H5LG
Gibbs measure with boundary condition {fv (J)=2¥(O)N : (i, j) € Kn\ A} } asin Definition 7.1.2.

By the translation invariance of the Gibbs measures, we obtained Part (ii) of Theorem 7.1.3. ]

7.3 Properties of the first three curves

In this section we extract probabilistic information about the first few curves of #HSLG line
ensemble V' (Definition 7.2.7). The section is divided into three parts. In Section 7.3.1 we prove
Theorem 7.3.1, which claims that there is a certain high probability ordering among the points of
the curve. Section 7.3.2 contains Theorem 7.3.3 which asserts that with high probability there is a
point p = O(N?/3) such that 12\/ (p) is reasonably large. Finally in Section 7.3.3, we show Theorem
7.3.7 which argues that with high probability (lzv(s))se[[l,kNZB]] and (g(s))se[[l,sz/ﬂ] always lies

below MN'/3 for large enough M.
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7.3.1 Ordering of the points in the line ensemble

In this section we show that there is ordering among the points of the #5.2G line ensemble.
Throughout this subsection we shall assume @ € (-6, o) is a fixed parameter. The results can be

easily extended to the case where @ = a(N) satisfying

—6 < liminf a(N) < limsup @(N) < co.

N—co N—o00
We consider the H5£G line ensemble V' from Definition 7.2.7 with parameter (, ).

Theorem 7.3.1. Fix any k € Z~g and p € (0, 1). There exists Ny = No(p, k) > 0 such that for all

N > No,i € [1,k] and p € [1,N — k — 2] the following inequalities holds:

P(Y(2p+1) <Y (2p) + (logN)"/%) > 1-p",
P(Y(2p - 1) < ¥(2p) + (logN)"/®) > 1 - p¥,

(7.3.1)
PN, 2p) <¥(2p+1)+ (logN)"%) > 1 - p",

i+1
PY.(2p) <N2p-1)+(logN)"%) >1-p".

i+1

We refer to the caption of Figure 7.9 for a visual interpretation of the above Theorem. In order
to prove the above theorem, we first provide an apriori loose bound for the entries of the first &

curves of the line ensemble V.
Proposition 7.3.2. Fix any p € (0,1) and k € Z~¢. There exists a constant C = C(p, k) > 0 and
No(p, k) > 0 such that for all N > Ny, i € [1,k], j € [1,2N — 2i + 2] we have

P(If-v(j)l < C-N) >1-pV. (732)

We first prove Theorem 7.3.1 assuming Proposition 7.3.2.

Proof of Theorem 7.3.1. Fix any p € (0,1) and k € Z-o. SetT := N — k. Fix ip € [1,k] and

p € [1,T —2]. We will show only the first of the inequalities in (7.3.1), as the rest are all proved
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Figure 7.9: Ordering of points within Half-space log gamma line ensemble: The above figure
consists of first 3 curves of the line ensemble . A black or blue arrow from a — b signifies
a < b — (log N)7/¢ with exponential high probability. The blue arrows depicts the ordering within
a particular indexed curve (inter-ordering). The black arrow indicates ordering between the two
consecutive curves (intra-ordering).

analogously. For simplicity, we write for V. Consider the event
Vi= {4 2p+1) 2 1, (2p) + (l0g N)/%}

We apply Proposition 7.3.2 with k — k + 1 and p — p/2 to get C > 0 so that for all large enough
N, by union bound we have P(A) > 1 — 2Nk - (p/2)" where

A= {len (DL QT = DI < C-N, j e [1,2T].i € [1, k]}.
Thus if we consider the o-field
F =0 (k1()),i(2T = 1) 1 j € [1,2T],i € [1,£]),
by union bound and tower property of the conditional expectation we have
P(V) <P(-A) +P(VNA) <2Nk - (p/2)N +E[1aE[1y | 1] . (7.3.3)

Recall K] ;. from (7.2.1). From Theorem 7.1.3 and Observation 7.2.1 (b), the law of {(v) : v €
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‘K]’C’T} conditioned on ¥ is given by the HSLG Gibbs measure on the domain 7(,’{] with boundary

condition y := {; (2T - 1)};‘.:1. 7= {k+1(2i)}l.T=_11. In view of Observation 7.2.2 (b) we see that

L Q1 (wdu

& %! 0y 7(w)du

E[ly | F] = (7.3.4)

where i’ZT(u) is defined in (7.2.4). We will now bound the numerator and denominator of (7.3.4)
respectively. Towards this end, we claim that there exists R, 7 > 0 depending only on k, a, 8, C

such that

1A'/Qiif(u)du < Tpexp(—Le®eM™ ) RN and IA/ , O (wdu > 17V,
L2k 2l ks

(7.3.5)

Clearly plugging this bounds back in (7.3.4) and then back in (7.3.3) leads to P(V) < p" for all
large enough N, which is precisely what we wanted to show. Thus we focus on proving the two

inequalities in (7.3.5).

Proof of the first inequality in (7.3.5). Recall G defined in (7.2.3). Set

Lo(-nk _Dk _ e
Ho 1k (y) = €2 Gy e (y) = m—=exp(0(=1)*y = 37V), W(asb,¢) = exp(—e ™" =),

1
')

Set \/W(a; b,c) := \\W(a;b,c). From (7.2.4) we have

. k Tl 27-2
Y2 ) = ~1)iau; VW .
rr(W = l—[ e~ i l_l W (uiv1,2)3 Ui2j+1, Ui2j-1) 1—[ Hy 1y (uij — i je1)
i=1 j=1 Jj=1
ko |1-1 27-2 y
. 1 (=D u; i—u;
l_[ 1—[ VW (Uir1,2)5 ti2)+15 Wi -1) l_l exp(—ie( ) i)y |
i=1 | j=1 j=1

Now on V, among the terms appearing in the last line of the above equation, the term exp(—%e”@“vio‘”?v-io)

7/6
Lo(log)

is at most exp(— ). We bound the rest of the terms in the above last line just by 1, so that
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.2 _1,00gN)7/0 =3 2
on V, we have z’zf(u) <e 20" Q%’;(u) where

k T-1
—_— IREYS )
Qi;(u) = 1—1 e~ aui n VW(uz‘+1,2j;ui,2j+1a ui,2j—1)
=1

i=1 j

272
Hy (_yyii (uij — i je1) | -
=1

J

By Lemma 7.6.2 it follows that /R”(;’c,r‘ FQH%’ZT(u)du < RY for some R > 0 depending on k, &, 6 and

C only. This verifies the first inequality in (7.3.5).
Proof of the second inequality in (7.3.5). We define the event

k 2T-2

D := ﬂ ﬂ {:(j) - CN = 2N +2i € [0,1]}.
i=1 j=1
Note that on D, |;(1)| < CN +2N + 3 and ;41 (2j) < L;(2j +1),;(2j — 1). Hence on D we have
W(i1(2/)::(2j +1),:(2j = 1)) = exp (_ei+1(2j)—i(2]+1) _ ei+1(2j)_i(2j_1)) > 72,

Hence on D we have

. k 7o )
.z _ -D'au; .
(u) = eV @i VAW gy 0550415 wi2j-1)| | G ryin (uij — i j41)
kT .(=1)
i=1 j=1 j=1
)
—ak(CN42N) —2kT
> ok e 1_[ l_[ Gy —pyin (Ui j — Ui j41)-
i=1 j=1

Again note thaton D, |;(j) —;(j + 1)| < 2 foralli € [1,k] and j € [1,2T — 3], whereas on AN D,
(2T = 2) — (2T = 1) € [0,2CN +2N].
Thus, on D

k

- k(2T-3)
Y.z —ak(CN+2N)-2kT | . .

u) > inf G inf Go1(= )
er(w) 2 € [|x|S2 9’1(x)] Le[o,zcmzzv] 0.1(=%)
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Note that the lower tail of Gg1(x) is exponential. Thus infyc[o2cn+28] Go,1(—x) = T{V for some
71 > 0 depending on «, 6, and C. Thus overall on AN D, i’ZT(u) > 7V for some 7 depending on

@, 6, k, and C. Since the Lebesgue measure of D is 1 we have

1 ﬁ'udugl/ ﬁuduzl-N/du:l-N.
A/R(Kllc,T k,T( ) A b k,T( ) AT 5 AT

This proves the second inequality in (7.3.5) completing the proof. [

Proof of Proposition 7.3.2. Recall f\’ (j) from Definition 7.2.7. Fix any k € Z.g and p € (0, 1).
Forall r € [[1,k] and j € [1,2N — 2i + 2] set

B,(j) = ) N(j) =rlog2+2r ()N +log ZG (N + Lj/2), N = [ /2] + 1),

i=1

where recall Zs():fn(, -) defined in (7.2.8). Set By(j) = 0. We claim that there exist C = C(p, k) > 0

and Ny = No(p, k) > 0, such that for all N > Ny and r € [1, k]
P (‘long(§211(N + /20N = [j/2]+ 1)( <C. N) >1-pV. (73.6)

In view of the above bound, setting C' = C + 2k|W(0)| + k log 2 we see that, by triangle inequality

and union bound
P(|,(j)| <2C"-N) 2 P(IB,_1(j))| < C'-N)+P(|B,(j)| <C'-N) -1 >1-2-p".

Adjusting p, Ny the above inequality yields (7.3.2). The rest of the proof is devoted in proving
(7.3.6).

Recall that Zs(;l)n('a -), defined in (7.2.8), can be viewed as sum of weights of r-tuple of non-
intersecting paths. We first provide concentration bound for weight of a given path & with endpoints

in Is(ylr\:,) :={(i,j) : i+ j < 2N + 1} via standard Chernoff bound for i.i.d. random variables. Then
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we provide an upper bound on the number of r-tuple of non-intersecting paths. Via union bound,

this gives a concentration bound of type (7.3.6) for ZS(;I)H( ).

Recall the symmetric weight W,-, ; from (7.2.7). Note that for an upright path n, (i, j) € 7 and
(j,i) € m cannot happen simultaneously provided i # j. Thus (VP[‘/i, j)(i,j)ex forms an independent

collection. Set

Ry := max{logI'(#) — logI'(20),logI'(a) —Alog2 —logI'(a + 6)},

R, := max{logI'(30) —logI'(20),log'(a +20) + Olog2 —logI'(a + 6)}.

Using moments of Gamma distribution and Markov inequality for each s > 0 we have

Z logW; ; > s+9R1|71| < ¢~ GHR)Ix] l_[ E[ij]
(i.j)en (i.j)en
_ I'(6) I'(a) _
(s+Ry)l7] < sl
¢ [ l;'ﬂ 2T (a+6)  ©

b

(i,j)em,i+j

and

Z logWi,J- S—HOR2|H| < ¢~ (*R)I7l n E[Wijje]

(i.j)en (i.j)en
(s r(39) 2T(a+20) _ _
— ,—(s+Ry)|x| s|x|
¢ n | n Tw@+o ¢
(z,])en,nﬁ]
This leads to the following concentration bound
P(’ Z log Wi | < %w) > 1-2¢e7M, (7.3.7)

(i.j)enm

To upgrade the above bound to (7.3.6), we need an upper bound for the number of r-tuples of
non-intersecting upright paths. To do this, we introduce a few notations. Set m := N + | j/2],

n:= N - [j/2] + 1. Given two points X,y € Is(yll\,/,), let Fy(x — y) be the set of all upright paths
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(

r)
(m.n)

X,y € Is%) Thus |Hgn)n)| < 4KN asr < k. Fix s

from x to y. For any 7 € I1 we have N < || < 2N. Furthermore, |Fy(x — y)| < 4" for all

s(p, k) > 0 such that 4V . 275N < pN and

consider the event

o

Applying the concentration bound (7.3.7) for each path in I1

log n Wi, j

(i,))emU-Un,

< SR 9N for all (mg)!_y € 1T\ }

- (m.n)

(r)

(m.ny» &0 union bound yields

P(A)>1-4N . 267N > 1 - pN, (7.3.8)

Next set C = C(p, k) := klog4 + ££1+%29 ¢ Note that on A we have

log Zs(;r)n(m,n) < log Z 1_[ W,

(71,0, ﬂr)eH(;Zn) (i.j)€m V- Un, (7.3.9)

<log |44 eHN] < kN logd+ HEEREN < C - N,

Similarly for the lower bound we consider any (7y,...,7,) € 18

(;1) n) which forms a disjoint col-

lection of paths. Then on A we have

log Zm(m,m) 2log ||~ Wiy 2 -2RHeokn > —C - N. (7.3.10)

(i,j)emU---Un,
(7.3.6) now follows from (7.3.9) and (7.3.10) and the bound in (7.3.8). This completes the proof.
[
7.3.2 High point on the second curve

The goal of this section is to show there is a point p = O (N?/?) such that with high probability
Y(2p) > —CN'/3 where V is the #5LG line ensemble defined in Definition 7.2.7. For the rest

of this section we work with the boundary parameter fixed in critical or supercritical phase. We
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assume «a equals @ or @, where

@) :=ai;(N) := N3y (Critical)

(7.3.11)

ay ={( (Super-Critical)

where ¢ € R and ¢ > 0 are fixed numbers. The labeling of the parameter might seem a bit
unnatural at this moment. It is related to the technical arguments in Section 7.4. Broadly speaking,
when the boundary parameter is @;, we shall resample top i curves of the HSLG line ensemble in

Section 7.4.

Theorem 7.3.3 (High point on the second curve). Fix any € € (0,1) and k > 0. There exist

Ro(k, &) > 0 such that for all R > Ry

lim inf P sup LY (2p) 2 —[ER*V +2VRIN'?| > 1 -e. (7.3.12)
0 pe[kN?/3,RN2/3]

where

(¥'(9))*

The proof of Theorem 7.3.3 relies on two probabilistic information related to the first curve
which we record below.

Proposition 7.3.4 (High point on the first curve). Fix any € € (0, 1). There exists My(&) > 0 such

that for all My, My > My and k > 0 we have

. LY2p+1)
liminf P sup — i +kv<My|>1-¢, (7.3.14)
N—eo \ pe[kN2/3 (M +2k)N?/3] N
. LY2p+1)
liminf P sup — i3 +kv>-My| >1-c¢. (7.3.15)
N—eo |\ Lekn2i,ms20N23] N
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where v is defined in (7.3.13).

Figure 7.10 depicts the high probability events considered in Proposition 7.3.4.

Figure 7.10: Diagram for Proposition 7.3.4. In the above figure 11V (2p + 1) is given by the black

rough curve. f.(x) := —(Nv)~'x? + M,N'/3 are the parabolic curves drawn above. The horizontal
lines are drawn in such a way that they meet the parabolas at x = kN>/3. The event in (7.3.14)
tells us that on 7 := [kN?/3, (M, + 2k)N?/3] the black rough curve stays entirely below the black
horizontal line. The event in (7.3.15) asserts that there is a point on Z; such that the black rough
curve is above the red horizontal curve at that point.

Proposition 7.3.5 (Low point on the first curve). Fix any € € (0, 1). There exists My(g) such that

forall M > M,
lig inf P (L{V(zMNz/3 +1) < —%M2N1/3v) >1-¢, (7.3.16)

where v is defined in (7.3.13).

The proofs of Propositions 7.3.4 and 7.3.5 rely on the fluctuation results from [34], namely
Theorem 7.1.4, and are postponed to the next subsection. Assuming their validity, we complete

the proof of Theorem 7.3.3.
Proof of Theorem 7.3.3. For clarity we divide the proof into two steps.
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Step 1. In this step we define notation and events used in the proof. For simplicity we write ;(j)

for lN (j). Fixe € (0,1) and k£ > 0. Take M, from Proposition 7.3.4. We set R large enough so that
2R > 2k +1, Mo - 273 (LR?v + Mo) + R3* < —My - 27'°R?y (7.3.17)

and S := 27°R. The precise choice of R will depend on certain probability bounds that will be

specified in the next step. We set
a:=MoN'3, b:=-L1R*N'By, n:=RN*3 —kN*3, v :=-[1R*v+2VRIN'.

Let us define the sets 7 := [SN?/3, (Mo + 2S)N?/3] and J := [kN?/3, RN?/3]. Next we define the

following events:

A= {sup L(2p) < v}, B .= {1;,(21<NZ/3 +1) <a, LIQ2RN*P? +1) < b} .
pPegJ

The A event demands that the second curve »(2p) does not rise above v for any p € J. The B
event requires both 1(2kN?/3 + 1) and 1(2RN?/3 + 1) to be less than a and b respectively. Finally

we set

C:= {sup1(2p+ 1)+ S2yN/3 > —a}
pel

In words, the event C ensures there exists some p € I such that {(2p + 1) is greater than —a —

S2yN1/3,

Note that by Proposition 7.3.4 we have P(C) > 1 — ¢ . Furthermore, by Proposition 7.3.4 and
Proposition 7.3.5 for large enough R we also have P(=B) < 2&. We claim that for all large enough

R we have

P(ANBNC) <. (7.3.18)
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Figure 7.11: In the above figure {(2p + 1) (black curve) and ,(2p) (blue curve) are plotted for
p € 9. A denotes the event that the blue curve lies below the horizontal line y = v. B denotes
the event that the black curve starts below a and ends below b. The curve f in the figure is given
by f(x) = =(Nv)~'x? — a. The event C denotes that there is a point p’ € I on black curve such
that | (2p’ + 1) > f(SN?/3) (this event does not occur in the above figure). The key idea is that on
ANB, the blue curve lies below y = v completely, and the black curve behaves like a simple random
bridge and follows a linear trajectory with starting and ending points less than a and b respectively.
As a result, the event C (which requires the black curve to follow parabolic trajectory) does not
occur with high probability. But we know both B and C occurs with high probability. Thus the
event A occurs with low probability.

We prove (7.3.18) in next step. Assuming this, note that by union bound we have
P(-A) > P(C)-P(-B)-P(ANBNC) > 1-4e.

Changing & — &/4 we arrive at (7.3.12). This completes the proof modulo (7.3.18).

Step 2. In this step we will prove (7.3.18). The readers are encouraged to consult with Figure 7.11
and its caption to get an overview of the key idea behind the proof.

‘We consider the o-field:

F = o {o[1,2N = 2i], 1 ([1,2kN*? + 1] U [2RN? + 1,2N]) }.
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Figure 7.12: In the above figure the random bridge X; from a to b is depicted by the black curve.
The event D ensures the random bridge lies below the blue line y = a + (b —a) + VRn. The event
C requires X; > —[Mo + S?v]N'/3 for some i € K := [(S — k)N?/3, (Mo +2S — k)N?/3]. One can
choose R large enough so that the horizontal black line y = —[My + S?v]N'/3 lies above the blue
liney=a+3(b-a)+ VRn for all x > (S — k)N?/3. This forces D c -C.

Note that A N B is measurable with respect to . Hence
P(ANBNC)=E[1a8E[1c | F1].

Using the Gibbs property for two-sided boundaries (see Observation 7.2.5), the conditional law is
determined by the boundary data and is monotone with respect to the boundary data (see Propo-
sition 8.2.3). On the event A N B, ; (on even points) is at most v, 1(2kN2/3 + 1) is at most a and

1(2RN?3 4+ 1) is at most b. Thus by stochastic monotonicity on A N B we have

a,b v "
Efree (W(X’ V)I{C}) Pfrfe (C)
1ang -E(lc | F) < 1anB - ; — <1pmB- . = (7.3.19)
E?r’ee (W(X’ V)) E?r,ee (W(X’ V))
Here X = (Xo, - .., X,) is a random bridge with Xy = a and X,, = b with i.i.d. increments from

Go+1 * Gg 1, and n. P?r’ebe and E)fcreye denotes the probability and the expectation operator of the
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random walk, and W (X, v) := exp (—2 v eV‘Xf). The event C is now interpreted as

C= { sup Xp_kN2s +SZyN3 > —a}.
pe[SN2/3,(My+2S)N2/3]

Note that

Ea,b

free

(W()?, v)) > exp (—2ne_‘/%) P

o (Xi = v+, foralli € [0,n])

> exp (—2ne-W) peb (X,. —a -0 >y, foralli € [0, n]]) . (7.3.20)

free

where the last inequality follows by noting that X; —a — @ > —y/nimplies X; > b—+/n > v++/n.
Now by the KMT coupling for Brownian bridges and estimates for Brownian bridges, r.h.s. of
(7.3.20) is uniformly bounded below by some absolute constant 6. We now claim that for all large

enough R we have

D c -C, P?r’:e(D) >1-¢&6, where D= { sup (Xl- —a- @) < \/E\/f_l} (7.3.21)
i€[0,n]

Note that (7.3.21) implies P;” (C) < £6. Plugging this back in (7.3.19) along with the bound

£ (W(f(, z)) > 5, yields that r.h.s. of (7.3.19) is at most &. This proves (7.3.18).

free
Let us now verify (7.3.21). Indeed, P?rfe (D) can be made arbitrarily close to 1 by choosing R
large enough due to the KMT coupling for Brownian bridges. We choose R so large that Pl‘frfe (D)

is at least 1 — £6. Let us now verify D ¢ =C (see also Figure 7.12 and its caption). For ¢ > § we

see that

—k)(b— -
a+ 4= 4 R\ < [Mo — Sk (LR2y 4 Mp) + R3/2] N3

< [Mo - 275 (4R + Mo) + R NP3 < — [ Mg + 2] N/

The penultimate inequality follows by observing that as S = 27R, we have S—k > 27>(R—k) > 0.
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Finally the last inequality follows from (7.3.17). Thus for all p > SN?/3,

—kN?/3)(y=
x+ LA 4 VRV < MNP - S2yN'

Clearly this implies D c =C, completing the proof (7.3.21). U

Proof of Propositions 7.3.4 and 7.3.5

Recall Z}\i,ne(m), the point-to-(partial)line partition function defined in (7.1.5). The proofs of

Proposition 7.3.4 and Proposition 7.3.5 rely on the following lemma.

Lemma 7.3.6 (Uniform tightness). Fix & € (0, 1). There exists Ky = Ko(&) > 0, such that for all

M > 0and K > Ky we have

e p |k < log Zline(MN?/?) + 2¥(6)N

ip YIE +M*>v<K|>1-¢

where v is defined in (7.3.13).
We remark that the above lemma was alluded in the introduction in the form of (7.1.6).

Proof. We recall the notations introduced in Section 7.1.3. Fix any M > 0. Set k = MN?*/3
and p = 1+ % Let 6. be the unique solution to ¥'(6.) — p¥'(20 — 6,) = 0. Set fy, =
-¥(6.) - p¥(20 — 6.) and ag”p = %(—‘P”(Qc) — ¥ (20 - 6.)) where ¥ is the digamma function
defined in (7.1.2). It is not hard to check that

(N = k) fop = —2N¥(0) + M>N'3 (¥ (6))*/¥”(0) + O(1), and 7y, = (=" ()" + O(1),

where O(1) terms depend on M, 6, but are bounded in N. When @ = a; > 0, we have that

limy e (N — k)1/3a-9’p(a2 + 6 —6,.) = oo for each fixed M > 0. Thus by Theorem 7.1.4 we get

log Z}ine(MN?/) + 2¥(6)N
(=N¥"(6))!/3

d
+ My S TWguE,

409



where TWgyE is the GUE Tracy-Widom distribution [308] and v is defined in (7.3.13). For a =
a1 = N34, we have limy_,e (N — k)1/30'9,,,(aq +0—-0.) =y =o0p1(u—MY(O)/VY")).
Another application of Theorem 7.1.4 yields

log Zline (M N2/3) + 2¥(9)N
gZy( ) +2%(6) My S U,
(-N¥”(6))'/3

where U_, is the Baik-Ben Arous-Péché distribution [10] (see [34, (5.2)] for definition). As M —
0o, y — oo. Since U_, — TWgyg as y — oo (see [17, (2.36)]), we can thus get tightness uniformly

in M. This completes the proof. [

Proof of Proposition 7.3.4. Fix k > 0, € € (0, 1). Since for any M; > 0

sup Z(N +j,N - j) < Zire(kN*/3),
JE[kN2/3, (M +2k)N2/3]

Appealing to Lemma 7.3.6 with M +— k we see that

logZ(N +j,N —j)+2¥(6)N
P sup

7 +kv<My| > 1-¢,
JE[kN?3,(My+2K)N23] N

where M, can be chosen to be any M > K where Ky(&) comes from Lemma 7.3.6. Recalling that

1(2j+1)=1logZ(N + j,N — j)+2¥(0)N from (7.1.4), we get (7.3.14).

The remainder of the proof is now devoted in proving (7.3.15). Towards this end, set K; =
%(Ml + 2k)?v. Choose M large enough so that K; > Ko(&/4) where Ky comes from Lemma
7.3.6. Applying Lemma 7.3.6 with M +— M| + 2k, K — Kj, and &€ — &/4 we have

log Zline (M, + 2k)N?/3) + 2¥(9)N
liminf P g Zye((My YN=2) (0)
N—ooo Nl/3

< LMy +20) | > 1 - Le. (7.3.22)

_ M2k 2y 102 :
Now we take K> = (=5 k=)v —log2 > ;M7v. We again choose M large enough so that
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K> > Ky(g/4). Then applying Lemma 7.3.6 with M +— k, K — K3, and € — &/4 we have

liminf P

N—>

log Zlne (kN2/3) + 2¥(9)N
N1/3

> —L(M +2k)*v +log 2) >1-le. (7.3.23)
By union bound the above two estimates implies for all large enough M| we have

lim inf P (z}@“e(kNZB) > 2. Zine (M + 2k)N2/3)) >1-1e. (7.3.24)
Let us temporarily set A = Zin(kN?/3) — Zline((M; + 2k)N*/® and B = Zin((M; + 2k)N?/3.
Observe that A + B > 2B implies 2A > A + B. Recall from (7.1.5) that

[(Mi+2k)N?*3]-1 ,
A= Z Z(IN+j,N—j)<(My+k)N3 sup Z(N+j,N—j).
kN2 jelend o +260N 3]

We thus have

{Z\e(kN?P?) > 2. Z3Pe (M +2k)N?)}

y 2 ) (7.3.25)
C sup logZ(N + j,N —j) > log Z*(kN3) —log(2(M; + k)N3) ;.

2 2
JE[KN3 ,(M4+2k)N3]

By Lemma 7.3.6, one can choose M, large enough (but free of k) so that
. line 2/3 2. arl/3 1 2 1
hArInlan(log ZyC(kN2) +29(O)N + k“vN /7 =2 =M, N5 +1og(2(M; + k)N3) > 1 - 3e.

Using this, in view of (7.3.25) and (7.3.24), and using {(2j + 1) = log Z(N + j,N — j) + 2¥ ()N

(see (7.1.4)) we arrive at (7.3.15). This proves Proposition 7.3.4. ]

Proof of Proposition 7.3.5. We use the same notations from proof of Proposition 7.3.4 and utilize

(7.3.22) and (7.3.23) obtained there with k = 1. Let us set M = M +2. Indeed combining (7.3.22)
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and (7.3.23) we have
lin inf P (1og Zie(N23) > LN By + log z]“v“e(MNm)) >1-Le
As ZJ(MN?P3) > Z(N + MN?/3; N — MN?3), this leads to
lig inf P (log Zine(N23) > LNy +log Z(N + MN?3,N - MN2/3)) >1-1e.
Again by Lemma 7.3.6, one can choose M large enough so that
li]\r]n_)iorifP(log le\i,“e(NZB) < %MZNIBV - 2‘P(9)N) >1- %8,
which forces
lim inf P (log Z(N + MN?**;N - MN*3) < -2N¥(9) — %M2N1/3v) > 1 -e.

Recalling that ;| (2MN?/3 + 1) = log Z(N + MN?3; N — MN?/3) — 2¥(6)N from (7.1.4), we get

(7.3.16). This completes the proof of Proposition 7.3.5. U

7.3.3 Spatial properties of the lower curves

In this section, we study spatial properties of the lower curves of the #SLG line ensemble. The

main result of this section is the following.

Theorem 7.3.7. Fix any p € {1,2}. Set a = a), according to (7.3.11). Consider the HSLG line
ensemble from Definition 7.2.7 with parameters (a, 0). Given any k,& > 0, there exist constants

M =M(k,e) > 1 and No(k,e) > 1 such that for all N > No(k,e) and v € {2,3} we have

P| sup VN(s)>MN'|<e. (7.3.26)
se[1,kN3/3]

In plain words, Theorem 7.3.7 argues that with high probability on the domain [1, kN?/3], the
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entire second curve and third curve lies below a threshold MN'/3. The proof of Theorem 7.3.7 can
be easily extended to include other lower indexed curves as well. However, for the proofs of our
main results, it suffices to consider the first three curves.

Recall from Theorem 7.1.3 that the conditional laws of the HSLG line ensemble are given by
HSLG Gibbs measures introduced in Definition 7.1.2. The key technical ingredient in proving
Theorem 7.3.7 is the tightness of left boundary points of the first two curves under bottom-free

measure, defined in Definition 7.2.3.

Lemma 7.3.8. Fix any p € {1,2}. Set @ := @, according to (71.3.11). Fixanyr > 1 and & > 0.

Set T = |rN*3|. Define

L+ VAR (30) ifp =1,
A= (7.3.27)

1 if p =2.

There exists M = M (&) > 0 and No(g) > O such that for all N > Ny we have
pOAVDCT2T (11 (1)] 4 |L2(2)] = MNT) < & (7.3.28)

where the law Pz’lf_w)ZT;z’T is defined in Definition 7.2.3. Furthremore, there exists M=M(e) >0

and No(&) > 0 such that for all N > Ny we have
P (1L (1) > MVT) < e (7.3.29)

As we shall see in the next section, the proof of the above lemma can be extended to include
L>(1) instead of L,(2). For technical reasons we work with L,(2).

As mentioned in the introduction, the proof of Lemma 7.3.8 relies on several ingredients related
to non-intersecting random walks. We postpone its proof to Section 7.4. We now complete the

proof of Theorem 7.3.7 assuming Lemma 7.3.8.

Proof of Theorem 7.3.7. We first prove Theorem 7.3.7 for the v = 2 case and then use it to show
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v = 3 case.
Part I: v = 2 case. For clarity we divide the proof into two steps.

Step 1. We shall write ;(j) for the #5LG line ensemble lN (7). Recall that the points in the line
ensemble satisfy certain high probability ordering due to Theorem 7.3.1. In particular, if we know
the even points on , are not too high, Theorem 7.3.1 will force that with high probability the odd
points are not too high as well. Thus it suffices to control the even points on ;. In this step, we flesh
out the details of the above idea. The proof of control on even points on , appears in the second

step of the proof.

We begin by defining a few events that will appear in the rest of the proof. Fix k,& > 0. For

any r € [1, kN?/3] N 2Z, define
A (M) = {2(r) > MN'P}, F.(M) = {1(r - 1) > 3N},
Define

B, (M) = A.(M) N ﬂ A (M),
se[r+2,kN23]n2Z

so that (B, (M)),c[y xn2) forms a disjoint collections of events. We next define

GH(M) = |_| B.(M)NF,(M), G (M) := |_| B, (M) N =F,(M).

re[1,kN23]n2z re[1,kN23]n2zZ

In the above equation, we use Ll instead of U to stress on the fact that it is an union of disjoint

events. Finally set G(M) := G*(M) U G~ (M). Observe that the event
-G(M) = { sup  2(s) < MN1/3}

se[1.kN23]n2Z

controls the supremum of the second curve over the even points. Take 0 < k’ < k. By the union
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bound we get that

P| sup  2(s) 23MN3| <P(GR2M))+P| sup o(s) = 3MN3,-G(2M)|. (7.3.30)
se[1,k’N2/3] se[[1,k’N?3]
s€(2Z+1)

Note that on ~G(2M) the supremum of 5(s) over all s € [1, kN?/3] is at most 2M N'/3. Then by
the ordering of the line ensemble (Theorem 7.3.1) on =G (2M) it is exponentially unlikely that any
odd point within [1, k&’N?/3] will exceed 2MN'/3 + (log N)"/®. In particular the second term on
the r.h.s. of (7.3.30) can be made smaller than £ by choosing N large enough and taking M > 1.
For the first term we claim that there exists My, No depending on k, £ such that for all N > Ny and

M > My we have
P(G(2M)) < 5. (7.3.31)

Clearly plugging this bound back in r.h.s. of (7.3.30) proves (7.3.26) with M + 3M and k' — k.

For the remainder of the proof we focus on proving (7.3.31).

Step 2. In this step we prove (7.3.31). Observe that from the definition of G~ (2M) we have
P(G"(2M)) <P(1(r=1)—2(r) = —%Nm, for some r € [1, kN1/3]] N2Z).

However by Theorem 7.3.1 the r.h.s. of the above equation can be made smaller that % for all

N > Ng and M > 1, by choosing Ny := No(k, &) > 0 appropriately. We next claim that
P(G*(2M)) < 2P(A2(M)) < §. (7.3.32)

AsG(2M) =G~ (2M) UG*(2M), in view of the above claim, (7.3.31) follows via a union bound.
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Let us now prove (7.3.32). Observe that by definition of G*(2M) we have

P(Ay(M)) = P(G*(2M) N Ay(M)) = Z P(B,(2M) NF.(2M) N Ay(M)). (7.3.33)
re[1,kN?3]n2z
We focus on each of the terms in the above sum. Using the tower property of the expectation we

have

P(B,(2M) N F,(2M) N Ay(M)) (7.3.34)

=E [IB,(zM)mF,(zM)E (1A2(M) |3, 1[r = LAN*3], o [r, kN2/3]])] .
Using the Gibbs property (see Theorem 7.1.3 and Observation 7.2.2 (a)) we have almost surely
that
1B, 2m)nF, 2 E (IAZ(M) |3, 1[r = LAN?3], 2 [r, kNw]])

= 18, ek, e Py (La(2) > MN'P) (7.3.35)

w,(—00) ;2,1 /2
> 18, cunor, i Poy ) 2 (La(2) > MN'P),

where y = (1(r=1),2(r)), Z = (3(2\1)):/:21 and w = (N3 3 N3 — A\Jr/2) (A > 11s defined
in (7.3.27)). The last inequality above follows by stochastic monotonicity (Proposition 8.2.3). We
now briefly explain how stochastic monotonicity works here. Not that the event {L,(2) > MN'/3}
is decreasing as the boundary data decreases. Thus to acheive a lower bounda, we can reduce the
boundary Z to (—o0)”. Furthermore, on B,(2M) N F,(2M), we may reduce y to w as y; > w; on
B,2M)NnF,.(2M).

Note that MN'/3 > M k_%\/m. Now by translation invariance (Observation 7.2.1 (a)) and
Lemma 7.3.8, we may choose My(k, e) large enough so that for all M > M, and for all r €
[1, kN?/3] N 2Z we have

RIS 2 (1y(2) > MNP = BV ORI (1 o) s L) 2
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Inserting the above bound in (7.3.35) and then going back to (7.3.34) we get
rhs. of (7.3.34) > 3P(B,(2M) N F,(2M)).

Recall that B, (2M) NF,(2M) are all disjoint events whose union over r € [1, kN*/3]N2Z is given
by G*(2M). Summing the above inequality over r € [1, kN2/3]] N 2Z, in view of (7.3.33), we thus
arrive at P(Ay(M)) > %P(G+(2M )). This proves the first inequality in (7.3.32). For the second

one observe that by union bound
P(A2(M)) < P(1(3) —2(2) < -N'P) +P(1(3) > (M = DN'P).

By Theorem 7.3.1 the first term on the r.h.s. of the above equation can be made arbitrarily small
by choosing N large enough. As for the second term, recall the point-to-line partition function
Zline(.) from (7.1.5). From Theorem 7.1.4 we know N~'/3[log Zlin(1) + 2¥(6)N] is tight. Since
11\' (3) < log Z]l\i,ne( 1)+2%(0)N (see (7.1.4)), one can make the second term arbitrarily small enough

by choosing M, N large enough. This completes the proof of (7.3.32).

Part II: v = 3 case. Fix k > 0. Let us define

E = { sup  3(s) = MN1/3}, F:.= { sup  a(s) = %MNIB}.
se[[1,kN2/3] se[1,kN2/3]

By repeated application of the union bound we have

P(E) < P(F) + P(E N —F)
<P(F) +P(2(s) —3(s) < —%MNIB, for some s € [[1,kN2/3]]

SPF)+ Y Ph(s)-3(s) < -4MN'F). (7:3.36)
[1,&N2/3]

By Theorem 7.3.1, there exists an absolute constant Ny such that forall s > 1, and M > 1, we have

P (2(5) —3(s) < —%MNI/S) < 27N, Since we have established v = 2 case of Theorem 7.3.7, we
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may directed use (7.3.26) withv — 2, M — %M and £ — %s, to get that P(F) < %8 for all large
enough N, M. Thus for all N, M large enough we have (7.3.36) < & + kN*>27N < &. N > N.

This completes the proof. ]

Theorem 7.3.7 and Lemma 7.3.8 can be used to deduce left boundary tightness for the HSLG

line ensemble. We shall refer to this property as endpoint tightness.

Theorem 7.3.9 (Endpoint Tightness). Fix any p € {1,2}. Set a := a, according to (7.3.11).
Recall the HSLG line ensemble from Definition 7.2.7 with parameters (a,6). The sequences

{N—1/311V(1)}N and {N‘1/312V(2)}N are tight.

Again the proof can be extended to include tightness of N~/ 312\’ (1) as well, once we have the
corresponding version in Lemma 7.3.8. We again refrain from doing so, as it is inconsequential to

the proofs of our main theorem.

Remark 7.3.10. In [205], the authors computed the distributional limit of N~/ 311V (1) which im-
plies tightness as well. Currently, their approach does not give access to information we need about

the behavior of 12\' (2).

Proof of Theorem 7.3.9. Fix an & > 0. We shall show that for all large enough N, M we have
P(V(1) < MN'?) > 1-3¢, P (2) < -MN'?) < 36. (7.3.37)

In view of the ordering of points in the line ensemble (Theorem 7.3.1), we know 11\7 (1) > 12\] (2) -
(log N)7/6 with probability at least 1 — 2. This along with the above equation ensures endpoint

tightness. We thus focus on proving (7.3.37).

Proof of the first inequality in (7.3.37). Recall the point-to-line partition function Z]l\i,“e(-) from

A

(7.1.5). From Theorem 7.1.4, we know N~'/3[log Z}in*(1) + 2¥(#)N] is tight. Since ¥(3) <

IA

log Z]l\i,ne(l) + 2¥(O)N, there exists M (&) > O such that for all N > 3 we have P(IIV(S)
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M;N'3) > 1 — &. Thanks to Theorem 7.3.1, there exists M»(g) > M (&) such that for all N > 3

P(A)>1-2s, A:= {?(3) < M|N'3, .S&Jl[i]]lzv(j) < M2N1/3}.
JELL

Define  := o {(}(j));»3, (N[1,2N — 2i +2]);>2}. By the union bound and tower property of the
conditional expectation, for any M3 > 0 we have

P (1) 2 MoN'P 4+ M3) < 26+ B [TaE (L () punivians, | )|

Using Theorem 7.1.3 we have

N3),N2).N 4):1,2
E(17(1)2M2N1/3+M3 | T) — P(]y}f ),(5 (2),5'(4) (L](l) > M2N1/3 +M3)

On event A, the boundary data are at most M, N'/3. By stochastic monotonicity (Proposition 8.2.3)

and translation invariance of the Gibbs measure (Observation 7.2.1 (a)), under event A we have

1p.Ph ;3),@ ()jeragil2

(Li(1) > MoN'3 4 My) < 18- PYOOPO2 (L (1) > M),

The last probability can be made less than & by taking M3 large enough. Thus setting My =

My(g) := M3 + M,, we see that for all N > 3, the first inequality in (7.3.37) holds with M = M.

Proof of the second inequality in (7.3.37). We start by defining two high probability events B,

and By. The idea is to then show P({}(2) < ~MN'*} n B N B;) can be made arbitrarily small

by choosing N, M large enough.

We shall use Theorem 7.3.3 (high point on the second curve) with k& +— 1. Consider Ry =
Ro(1,&) > 0 from Theorem 7.3.3. Set R = max{Ry, 1}. By Theorem 7.3.3 with £ + 1, there

exists Ms(g) > 0 such that for all large enough N

RN?/3

PB)>1-5 Bi:= [ ] Bi(p), Bilg):={)(2q) > -Ms5N'7}.
q:N2/3
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We write the set B; as union of disjoint sets as follows:

RN2/3 RN2/3
Ci(q) =Bi(g)n (] -Bi(s), Ci:= | | Ci(e)=Bu.
s=q+1 q:N2/3

By Theorem 7.3.1, for large enough N we have

RN*3
PBy) >1-¢ B,:= ﬂ Ba(q), Ba(q):={Y(2q) -V (2g-1) < N'/}.
q:N2/3
Set Fy := o {(Y (j=1),Y () js24- (N[1,2N=2i+2]);>3}. Observe that B»(¢)NC; (g) is measurable
with respect to . Note that for any Mg > 0 we have
RN?13
P( {’2\’(2) < —M6N1/3} NB; N Bz) < Z P( {’2"(2) < —M6N1/3} NCi(p) N Bz(p))
g=N2/3

RN*3

= > Bl [Loemwn | 5] 7339)
q:N2/3

By the Gibbs property (Theorem 7.1.3) we have

1g,nCite) " E |Wyyeemns | Fa| = 1BsgnCice) - Pa, 20T (La(2) < ~MgN'P)

2Y2),(=00)4;2,
< Igygrci(q) - PO T (L (2) < ~MeN'P),

where y; = —(Ms + 1)N'/3, y, = —MsN'/3. The last inequality follows due to stochastic mono-
tonicity (Proposition 8.2.3) as on the event B>(¢) N Ci(g) we have Y(2g) > —MsN'/3 and

11\' (2g — 1) > —(Ms + 1)N'/3. By translation invariance and stochastic monotonicity we have
PE (L (2) < —MN') < PN Ly(2) < (M5 + 1 - MON') < e

where the last inequality is uniform over ¢ € [N?/3, RN*/3] and follows from Lemma 7.3.8 by

taking Mg large enough (A > 1 is defined in (7.3.27)). Plugging the above bound back in (7.3.38),
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and noting that (Bz(q))flz\’[;f/3 forms a disjoint collection of events we have that (7.3.38) < &. Using
the fact that P(=B;) < & fori = 1, 2, an application of the union bound yields the second inequality

in (7.3.37) with M = Mg. This completes the proof. [

7.4 Proof of Lemma 7.3.8

In this section, we prove Lemma 7.3.8 that asserts endpoint tightness of bottom-free measures
defined in Definition 7.2.3. Along with Lemma 7.3.8, we also study probabilities of a certain event

which we call region pass event under bottom-free measure.

Fix any 7, M > 0 and p € {1,2}. Set T = [rN?/3|. We define the region pass event as

RP,,,M;:{ inf Lp(i)ZZMN1/3}. (7.4.1)
i€[1,2T+p-2]

Informally speaking, region pass event requires the first 27 + p — 2 points of the p-th curve to lie
above 2MN'/3 . Although this is a low probability event, in the following lemma we claim that

one has a uniform lower bound on this event.

Lemma 7.4.1. Fixany r,M > Oand p € {1,2}. Set T = |[rN?*/3|. We set a = @, according to
(7.3.11). Recall the bottom-free measure from Definition 7.2.3. Let y € R? with y; = —(M +i —

1)N'3. There exists ¢ = ¢(r, M) > 0 and No(r, M) > 0 such that for all N > Ny we have
3 (—o0)2T -
Py (RP, ) > 6. (7.4.2)

In plain words, Lemma 7.4.1 says there is always positive probability that the first half of the
points in second curve are higher than a given threshold (see Figure 7.13).

Recall that @; and a, are the boundary parameters corresponding to critical and supercritical
phases respectively. Depending on the phase being supercritical or critical, the arguments for
proving Lemma 7.3.8 and Lemma 7.4.1 are markedly different. We first give interpretation of the

bottom-free laws under the two phases in Section 7.4.1. In Section 7.4.2 and 7.4.3, we provide
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—MN!/3

—(M +1)N'/3

2T AT

3 2T.
Figure 7.13: The above figure depicts the event RP; 3, under the law Pf,;(_oo) 2

proofs of the aforementioned lemmas for critical and supercritical phases respectively.

7.4.1 Interpretation of the bottom-free laws under critical and supercritical phase

In this section, we provide convenient interpretations of the bottom-free laws. We begin with
the following observation where we mention how the bottom-free measure on the domain Kj r

with boundary condition y is well defined under certain cases.

Observation 7.4.2 (Well-definedness of bottom-free measures). Take y € RK. When k is even and
« > 0orWhen k > 1 and a € (-0, 0), the bottom-free measure on the domain Kj r with boundary
condition y is well defined. Indeed, for k > 1 and a € (-0, 0), f]f’T(_oo)T (w) is proportional to

k=1 T-1;- k 2T—1-1,-
n W(ui+1,2j;ui,2j+1,Mi,zj—l)1_[ n Ge+(_1)i+j—1(,,(_1)j+1(ui,j—ui,j+1). (7.4.3)

i=1 j=1 i=1 Jj=1
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where W(a; b, c) := exp(—e®? — e%¢) and G is defined in (1.2.3). The above form follows from
(7.2.2) by redistributing the edge weights cleverly. See Figure 7.14 A. For the case when k is even
and a > 0, we redistribute according to Figure 7.14 B. One can compute the explicit density for
the corresponding bottom-free measure from the figure. For our later proofs, we record it only for

— )_;’(_OO)ZT ; :
k=2 f5% (u) is proportional to

exp (—e"27"3) Gy (U2 — u1,1)Go (ur,1 — u12)Gaso,1 (U2 — U22)

T-1 2 2T-1-1;o (7.4.4)
rl W(”Z,Zj; U1,2j+15 u1,2j—1) H l—[ GH,(—1)1+1 (Ui,j - u,-’j+1).
J= =1 j=2

From the form of the densities in (7.4.3) and (7.4.4), it is clear that they are integrable.

(a) (b)

Figure 7.14: Redistribution of edge weights for @ € (-6, 8) (Figure A) and for @ > 0 and k even
(Figure B). The weights of green, teal, and purple edges are e(0~®¥=¢" o@x=¢" apg e(f+a)x—e*
respectively.

This observation allows us to interpret the bottom free laws in terms of random walks.

Critical phase

In this section, we give the interpretation of the bottom-free law under critical phase. We
first give an informal interpretation based on the Figure 7.15. Towards this end, we introduce &-

distributions. Given 61,6, > 0 and a,b € R, we consider the following two probability density

423



functions

Epr i () & Gy a1 (a = ) Gy a1 (b = ). (7.4.5)

The graphical representation of the above two distributions are given in Figure 7.15 B.

e, e

L(—o0)41,4 (a.b) (a,b)
(a) P ) (0) &g g a0 Eg"g 0

V1 TN TN * N

2), (=00 3;2,3
(C) PEI);I ¥2),( )

Figure 7.15: Figures (A) and (B) are graphical representations of probability distributions

y2),(—0)*:2,4
P((y)il y2),( )

Pyl,(—oo)4;l,4 and é_,(a,b) res . . ..
o pectively. Figure (C) shows decomposition of into

. 01,0,;%1
PO1-¥2) (middle figure) and W, (right figure). The marginal law of the gray (blue resp.) shaded re-
gion is arandom walk started at y; (y, resp.) with increment Gg.q,,-1%Go-o, +1 (Gora, +1%Go—-a),-1

resp.).

y1.(—00)5:1,
ay

* Letus consider (X (i));c[1,25-1] ~ P 5. See Figure 7.15 (A) for the graphical represen-
tation of the law. We focus on the odd points (shaded inside the gray box in the figure). Note

that (X (2S—1-2k)) ,f;é is arandom walk starting at X (25—1) = y; with increments distributed

(X(2k—1),X (2k+1))

as Ggiq.1 * Gy—q.—1. Conditioned on the odd points, we have X (2k) ~ & b0 01a]

—oo)S-
* Let us now consider the P((,y1 1y2)(=00) 2.5

law whose graphical representation is given in Figure
7.15 (C). We view the graph as superimposition of two graphs where in one graph we collect
all the non-black edges and the other graph we include only the black edges (see Figure 7.15
(C)). We denote the law of the Gibbs measure formed by deleting the black edges as pO1-y2)
(middle figure in Figure 7.15 (C)). The law Péyl 12):(=2)%2:5 (o be recovered from PO1Y2) by

viewing the black edges as a Radon-Nikodym derivative.
o If (X1()ieqi2s-1> (X2()iei2s] ~ PO12) | we have X (+) independent of X;(-) and X is
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—_ S' . . . . .
distributed as Pcyyll’( <)%LS, X5 has a similar representation with even points (X,(2S — 2k)),f;é
forming a random walk starting at y, with increments distributed as Ggyo.—1 * Gg—q,1. Condi-

tioned on the even points, we have X, (2k + 1) ~ f(X(Zk)’X(ZkJrZ)) and X2(1) ~ Ggsa,.1 + X2(2).

O—ay,0+a;—1

All the above bullet points are direct consequences of the graphical representations of distribu-

tions in Figure 7.15. We now summarize our findings in the following observation.

Observation 7.4.3. Consider an independent collection of random variables Y; ; iid. Go+a,,1 and

Ui, . Beta(0 — a1, 2ay) fori = 1,2 and j € Zsq. Define

Vij=Yiaj+logUj —E[logU;s;] = Yizj-1. (7.4.6)

so that V; ; form an i.i.d. collection of mean zero random variables. Set X;(2S +i —2) = y; and

fork € [1,S — 1] define

k-1
X;(28+i =2k =2) 1= (yr+ (=1 (k = DE[log U11]) + ()™ 3" Vi, (7.4.7)
J=1
and set
S-1
Wcr = eXp (_ (eXZ(Zk)—XI(Zk—l) + eXz(Zk)—X1(2k+l))) . (748)
k=1

é:Xi (2k+i—2),X[ (2k+l)

O—ay,0+ay,(-1)i*! fori e

Conditioned on (Xi(2j + i = 2))ieq12),je1,5] we set Xi(2k +i—1) ~
{L,2},k € [1,S — 1] and X»(1) ~ Ggsa.1 + X2(2). We have

(a) (X1(i))ic1,25-1] is distributed as P(yyll’(_oo)s;l’s.

(b) Let PY1Y2) denotes the Joint law of {(X1(0))icq1,25-1)> (X2())icq1,25)}- This law has graphi-

2),(—00)5:2.8 .
P((I)Il ¥2),(=0) i

cal representation given by the middle figure in Figure 7.15 (C). The law s
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absolutely continuous with respect to PO1Y2) yith

dPé)Il’yZ)’(_OO)S 32,8

—~ = WCr'
dPO1.y2)

Observation 7.4.3 follows from the three bullet points above and noting that V; ; +E[log U; 1] ~
Gota1 * Gg—q 1. Note that W, precisely contains all the effect of the black edges in the Gibbs

measure.

Supercritical phase

7,(~00)S; . . . 0
In the supercritical phase, the Pf,’z( )18 1aw is a bit more complicated. To describe it, we first

introduce paired random walk and weighted paired random walk (WPRW) below.

Definition 7.4.4 (Paired Random Walk and Weighted Paired Random Walk). We fix two densities
f and g. A paired random walk (PRW) (S](C"’l), S](("’z))zz0 with endpoints SV = x,, and " =y,

is a distribution on 2n points with density

n—1 n n—1
P ﬂ{S,((n’l) € dxk,S/(cn’z) € dyk}) o< g(yo — o) l_[[f(xi = xi-1) f (Vi = yi-1)] 1—[ dxy dyy.
k=0 i=1 k=0

We will denote the law of the above measure as P (nYn):f-8 'We define the random variable:

n—1

(n,2) _ o(n,1) (n,2) _ o(n,1) (n,2) _o(n,1)

Wee ::exp(—eSO -5) —Z(esk S 4 oSS )) (7.4.9)
k=1

Using Wy, we define a new measure on 2n points as follows:

E[VVSCIA]

(xn>yn)sf.g
P A) =
we A= g

We call the above measure as weighted paired random walk (WPRW).

¥, (—0)5;:1,8
a

With the above definition in place we now give the following interpretation of the Py,

law.
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Observation 7.4.5. Fixany y € R*> and S € Z-. Suppose (L1(2j—1), Ly(2)))jeis] ~ P‘y;:/i,g with
f = Gy1%Gg 1 and g := G, with G defined in (7.2.3). Conditioned on (L1 (2i-1), L2(2i));e[1.s]-
set Ly(1) ~ Go,40,1 + L2(2) and Ly (2k) ~ fé,lél;gzk—l),Ll(ZkH))’ L2k +1) ~ gé,Lez;(_Zlk),Lz(2k+2)) for
k=1,2,...,8— L Then (Li(}))ie[1.2].je[1.25+i-2] i8 distributed as P55,

To see that the above observation holds, we again decompose its graph into two graphs: one
with black edges, say G, and one without black edges, say G, (see Figure 7.16). However, unlike
the critical phase, the Gibbs measure corresponding to G, does not split into two independent parts
because of the teal edge. For this measure, the marginal law of the odd points of the first curve
and even points of the second curve together form the paired random walk. Upon taking the black
edges into consideration, the odd points of the first curve and even points of the second curve

jointly follows precisely the WPRW law.

Y1
TN 2

3.
Figure 7.16: Pﬁ,y;’y 221523 144 is decomposed into two parts. The first part (middle figure)
shaded region corresponds to a paired random walk. The second part (right figure) corresponds to
WSC-

7.4.2 Proof of Lemma 7.3.8 and Lemma 7.4.1 in critical phase

We continue with the notations from Observation 7.4.3. By KMT coupling for random walks
[227] there exists an absolute constant C depending only on 6 and u such that for all S large

enough,

k

P (i)
P k‘E?Z‘JZVi,f“TBk | > Clog§|<1/s. (7.4.10)

J=1
where o2 = Var(Vy,1) with V; | defined in (7.4.6). Here B are independent standard Brownian

-1/3

motions. Recall that @y = N™"/°u. Set k := zltl ,uI‘P’(%H) > 0. As V' is a decreasing nonnegative
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function on [0, o), for large enough N we have
[E[logUi]| = [¥(6 — a1) — ¥(0 +a1)| < 2]a1|P'(36) = kN3, (7.4.11)

Lemma 7.3.8 and Lemma 7.4.1 can now be proven using the above coupling and the estimate for

[E[log U1]].

Proof of Lemma 7.3.8 in the case p = 1. Fix € € (0,1). Set

B1:=P( sup B)(Cl) < %) >0, pB;:=infexp(-2(n- 1)6_%‘/5) > 0.
xe[0,1] neN

Set S = T := |rN?3|. Continuing with the notations from Observation 7.4.3, let us assume
(X1 (D)ieqiar-1]> (X2(i))ic[1 2] has the law P(O=AVD) Observe that (T = DE[log U;]| < Vr«VT.
Following the relation in (7.4.7) and the estimate in (7.4.10) we get that with probability at least

2_ 2
By — % we have

X1(2k = 1) = —4VT = \reVT = Clog T, forall k € [1,T], and

X2(2k) < —AVNT + INT + VrkVT + Clog T, for all k € [1,77].
Recall that A = 1 + 2+/r« from (7.3.27). Thus for large enough T' we have
POAVD (X, (2k — 1) A X1 (2k + 1) = X2(2k) + 3VT, forall k € [1,T - 1]) > 142
Following the definition of W, from (7.4.8) we thus get

E[We] > 182 exp(=2(T = 1)e™2VT) > 1828,
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By Observation 7.4.3, this forces

. (0,-A
ECD [Werl )15 a7

PRI (11, 2)] > MNT) = ———
BO-AVD [, ]

< 28728, - POAVD(1x,(2)| = MNT).

Under ﬁ(o,—A\/T)’ X>(2) has variance T - Var(V1) and mean —ANT + (T - 1)E[log Ui.1]. One can
thus choose M large enough so that the last term in the above equation is at most £. Similarly one
can show P((,(;’_Aﬁ)’(_oo)T;Z’T(lh (1)| = MNT) < & for all large enough M. This proves (7.3.28)
for p = 1. For (7.3.29), observe that by Observation 7.4.3 (a) and Markov inequality one can take

M large enough so that have

ST (1L, (1)] = MNT) = P(1X,(1)] = MVT)

< = (T Var(Vi)) + (I(T - DE[log U1])°) < &.

This completes the proof. ]

Proof of Lemma 7.4.1 in the case p = 1. We continue with the same notations as in Observation
743. Set § = 2T := 2|rN*3]. Let us take L(-) = X;(-) where X; is defined in Observation
7.4.3. By Observation 7.4.3, we get that (L(i)) ™' ~ P;fWN]/};(_OO)zT;I’zT. We may assume V) ;
are defined in a probability space that includes a Brownian motion B = B! such that (7.4.10)
holds. Recall that given a standard Brownian motion B and an open set U c C([0,1]) with
{f : f(0) =0} c U, we have P(B|[o,;j € U) > 0. Thus by the scale invariance of Brownian

motion, there exists ¢(6, u, r, M) > 0 such that
P(0 < 0B, — (16M +5«kr)N'? < MN'/ for all x € [L,27]) > 2¢.

Here k = }1|ﬂ|‘1ﬂ(%9) > 0. Now for y = —MN'/3 we have |y + (k — )E[logU,]| < (M + kr)N'/3

for all k < 2T. For large enough N we also have Clog 2T < MN'/3 where C comes from (7.4.10).
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Thus in view of (7.4.7) and (7.4.10) we have

P | (14M + 4kr)N3 < L(AT — 1 — 2k)
(7.4.12)

< (19M + 6kr)N* forall k € [§,2T - 1]| > 2¢ — 5=,

UNE o
where for simplicity we use Py := Pafwm {(Z0)THL2T T e us set

A= {(14M +4kr)N3 < L(4T — 1 - 2k) < (19M + 6xr)N? for all k € [L,2T - 1]]} ,

B(k) := {|L(2k — 1) = L2K)|, L2k + 1) = L(2k)| = 2(5M + 2Kr)N%} .
Recall the event RP; s from (7.4.1). Observe that

RP,w D AN ﬂ B(k)

ke[1,37/2-1]

Thus by applying the union bound we get

PI(RPI,M)zPI(Am ﬂ B(k))zPl(A)— Z Pl(Aﬂ—B(k)) (7.4.13)

ke[1,3T/2-1] ke[1.3T/2-1]

Let us denote Foaq := o{(L(2k — 1))7Z, }. Note that the event A is measurable with respect to F.
Ontheevent A, |L(2k+1)-L(2k-1)| < (5M +2/<r)N% forall k € [1,37/2 — 1]. Recall that the
distribution of even points of L conditioned on ¥,qq are given by the £-distributions (see (7.4.5)

and Observation 7.4.3). Applying the tail bound for &-distribution from Lemma 7.6.5 we have
1AE| (1-8(k) | Fodd) < 1A - exp (—C(SM + 2KV)N%) ,

for all k € [1,3T/2 — 1]. Taking another expectation above and then plugging the bound back in
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(7.4.13), along with the lower bound of P;(A) from (7.4.12) we get that
Pi(RPyy) > 2¢ — 5 — 3rN3 exp (—C(SM + 2/<r)N%) .

Clearly for large enough N, the right side of above equation is always larger than ¢. This completes

the proof. [

7.4.3 Proof of Lemma 7.4.1 in the Supercritical phase

Recall that Observation 7.4.5 establishes that the law of Pz’z(_oo)s;l’s is related to the law of
weighted paired random walk (WPRW) defined in Definition 7.4.4. We thus first discuss few
important properties of paired random walk and weighted paired random walk before going into

the proof of Lemmas 7.3.8 and 7.4.1 in the supercritical phase.

Basic properties for paired random walk

In this subsection we study the law of paired random walk defined in Definition 7.4.4. We will
work with PRWs whose increments are given by f := Gg 41 * Gy—1 and g := G,,. We record some

of its key properties below.
Lemma 7.4.6 (Properties of the increments). f and g enjoy the following properties.
1. The density f is symmetric.

2. Let y denote the characteristic function corresponding to f. Given any 6 > 0, there exists n

such that sup,ss |y (1) =n < 1.
3. Forany a < b, infyc[q ) f(x) > 0 and inf [, ) g(x) > 0.

4. There exists a constant C > 0 such that f(x) < Ce™™/C and g(x) < Ce™™/C. In particular,

this implies that if X ~ f and Y ~ g, there exists v > 0 such that and

sup [E[e"*] + E[e]] < oo.

[t]<v
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In other words X and Y are subexponential random variables.

For the characteristic function from [2, Formula 6.1.25] one has

2 00 tz
:1_[ [1+ (6 +n)?

n=0

(0 +if) !

T(6)

!//(l)=‘

From here, one can verify part (2) of the above lemma. Remaining parts of the lemma are all
standard to check and hence its proof is skipped. For the rest of this section, we reserve the

notation f and g for Gg 41 * Gy -1 and G, respectively.

Fix any M > 0, n > 1, and consider x,, y, € R with |x,][, |y,| < M. Suppose

(S](Cn,l))ke[[o’n]]’i:]’2 ~ Pr(Vnxn\nyn)if.g

be a PRW. Let f;, be the density of % where X;’s are i.i.d. drawn from f. Assume U,, V, i
n- serve that any event based on 7 ) can be written as
f,. Ob hat any based on (S{"", $"?) can be wri
E[g(vn(V, = Uy = xn + yu)1 ~1124]
P(S(()n,l)’S(()nJ) c A) — n n n n (Un+Xn,Vn+)’n)€”l A . (7.414)

E[g(¥n(Vy — Uy — X+ yn))]

The above formula is the guiding principle for extracting tail estimates of various kinds of functions

of (Sé”’l), S(()”’Z)). We list few of them that are indispensable for our later analysis.

Lemma 7.4.7 (Tail estimates for the Entrance Law). Fix two open intervals 11,1, > 0. Under the

above setup, there exists a constant C = C(M) > 1 such that for alln > 1 and v > 1, we have

P(IS!"V| 2 Tvn) < CeeT, (7.4.15)
P = SUP| 2 1) < CeeT, (7.4.16)

(5™ — 50 ¢ 1y, 0D € i) » (7.4.17)

1
c

Proof of Lemma 7.4.7. For simplicity let us write z,, := x,, — y,,. It is enough to prove the Lemma

7.4.7 for large enough n. So, throughout the proof we will assume 7 is large enough. We first claim
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that the denominator of the r.h.s. of (7.4.14), E[g(\n(V, — U, — x,, + y,))], is of the order n~!/2.

To show this, we rely on certain Gaussian approximation from Lemma 7.6.3. Indeed, the estimate

LP_]
Va* N

n, we have VnP((V,, —=U, —x, +y,) € B) € [R™!, R] for some R > 1 depending only on M. Thus,

from Lemma 7.6.3 ensures that given any interval B := | C [-2,2], for all large enough

using the exponential tails of g we have

Vi
E[g(Va(Vy = U, — 2))] < Ce eV 4 Z Ce‘éPP(% < |Vy = Uy —za] < 22)

Vn
p=0
Vi (7.4.18)
< Ce TV ZCe_ép <&
n — n
p=0
On the other hand,
ELg(VA(YVa = Un = 2] = BIE(V(Va = Un = 21y, e 2]
>PVn_Un_n L,L - inf
> P( € (G yp)) - inf) 8() (7.4.19)
> R gnf
> x;ﬁ,z]gu),

which is bounded below by ¢’ /+/n, by the property of g from Lemma 7.4.6. This proves the n~!/?
order of the E[g(\/n(V, = U, — z,))].

Let us now prove the inequalities in Lemma 7.4.7 one by one. Clearly (7.4.18) can be modified
1 . .
to show E[g(v/n(V, - U, — )Y a(Va-Up=z)27] < %B_ET, In view of (7.4.14) and (7.4.19), this
leads to (7.4.16). For (7.4.17) notice that due to (7.4.14) and (7.4.19) we have

P(S(()n’l) - S(()n,Z) € Il,S(()n’l) € \/ﬁ]z)

> Cy'vn- inf g(=x) - P(Up +x, € Vb, Uy + x = Vi =y € 07121,
xel;

-1
Using Lemma 7.6.3, the probability above can be shown lower bounded by C\/_ for some C; de-
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pending on M, I, I, but free of n. This proves (7.4.17). Finally, for (7.4.15) we observe

E[g(V(Vy = Uy = 22) L 2r] < Ce™ +ZCe CP(d < Vo= Uy =2l < B2, (U] 2 7).
p=1

We focus on the estimation of the probability that appears on r.h.s. of the above equation. We have

P(L < Vo = Uy = 24l < 22, Ua] 2 7) < B[ Leciy,jcaognyeP (& < Vo= Un = 2l < 221 U, )|
+P(U,| = (logm)*").

By Lemma 7.6.3, the conditional probability above can be uniformly bounded above by % for

some C3 free of p and n. Tail estimates of U,, which follows from sub-exponential property of

f (see Theorem 2.8.1 from [314]), show that the r.h.s. of the above equation is at most —=e e,

\/_
Plugging all the estimates back we get

E [g(\/E(Vn - Un - Zn))1|U,,|zT] < %e_%T.

Using the lower bound for the denominator from (7.4.19), in view of (7.4.14), we get (7.4.15).

This completes the proof. 0

In order to deal with WPRW law, the weighted version of the PRW law (see Definition 7.4.4),
we next analyze Wy, weight defined in (7.4.9). We record a convenient lower bound for Wy that
will be useful in our later analysis. Fix any p,g > 1 with p + ¢ < n — 1. Given any 8 > 0, we

consider several ‘Gap’ events:

Gap, 5 := {S"" = 5" > gK'/* for all k € [1, p]},
Gap, 4 := {S,(Cn’l) - S;{”’z) > B(n—k)/*forallk € [n—q,n—1]},

Gaps 4 := {S,i"’l) - Sl({”’z) > n'/* forall k € [p +1,n - q]},
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Gap, g = {S\"" - sV < g7k /8 forall k € [1, p]},
Gaps g = {SVY —s") < gl (n—k+ D) forall k € [n— g+ 1,n]},

Gapg 5 == {IS,E”’I) (n 1)l < B '(logn) forall k € [p+1,n - q]}.

Gap, 4, Gap, 43, and Gap; 4 requires the first walk of the PRW, § ](C"’l), to be bigger than a threshold
plus the second walk of the PRW, S/(:l’z) pointwise in the left ([1, p]), right (Jn — g, n — 1]),
and middle ([p + 1,n — g])) region respectively. The type of threshold depends on the region.

Gap4, 8 Gapi g and Gap6’ s controls the increments of first walk of the PRW. Set

6
Gap := ) Gap, 4. (7.4.20)

i=1
We have the following deterministic inequality for Wy..

Lemma 7.4.8. Recall Wy from (7.4.9). Given any 8 > 0, there exists ag > 0 such that for all
n>1,

WSC > aIB . ]_Gapﬁmﬂs(()n,l)_sénl)|SIB_I}.

where Wy is defined in (7.4.9).

Proof. Assume Gapg holds. For k € [1,n — 1] we have

SV — sV < —min(BK'4, B(n - )4 0! = 4 (k).

(n,2) S(n 1)

Clearly 37—, Sk < Z’,ﬁ;i exp(r,gl) (k)) is uniformly bounded in n and hence can be bounded

by some constant 7} (8) € (0, o). Similarly for k € [1,n — 1] we have

(n,2) (n,1) _ o(n2) (n,1) (n,1) (n,1)
S =Sk =S ST ST =8

—min(Bk'*, B(n — k)4, n'*) + B max((k + 1)V, (n — k)'/3, (logn))

IA

= 137 (k).
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Clearly Z’;;} eSi s < ZZ;} exp(r,gz) (k)) is uniformly bounded in n and hence can be bounded

by some constant 7>(8) € (0, c0). Thus from the definition of W in (7.4.9) we have

-1
Wie 2 IGapﬁm{|Sé"*‘>—Sé"'2>|s5-'} -exp(—e” = Ti(B) - T2(B)).

Taking ag := exp(—ezfr1 —T(B) — T>»(B)) completes the proof. O

We end this section by recording a technical lemma that allows us to compare random bridges
with modified random bridges. In what follows, we use the notation P?_,to denote the law of a

n-step random bridge starting at a and ending at b with increments drawn from f.

Definition 7.4.9 ((n; p, ¢)-modified random bridge). Fix n > 1, and p,q € [0,n] with p + g <

n. Take any a,b € R. Let X,¥; "% f. Set S(()") := g and S := b. For k € [L,p], set

S™ = a+ X%, X;, and for k € [1.q], S, = b - 3%, ¥;. Conditioned on ({");cp ) and
(Sgi)k)ke[[l’q]], set (S,(("))Z;Z ~ P;i__’:z_q where @ := Sé”) and b := S,([i)q. We call the (S;in))keﬂo,nﬂ as

(n; p, g)-modified random bridge of length n starting at @ and ending at b.

The usual random bridge from a to b, is a random walk of length n started from a conditioned
to end at b. In case of the modified random bridge, we start two random walks of length p and
q from a and b respectively where the second one is viewed in reverse direction. Conditioned on
these two walks, we connect their endpoints by a random bridge of length n — p — g. See Figure
7.17.

The laws of random bridge and modified random bridge can be compared with the help of the

following lemma.

Lemma 7.4.10 (Comparison Lemma). Fix any M > 0 and 6 € (0,1/2), andn > 1. Set p = |nd|
and g = |n — né|. Suppose a,b € R with |a — b| < M~n. Let V(X) be the joint density of

(S]((n))ke[[o,n]] where (S]((n))ke[[o,n]] ~P"_ . For all ¥ € R"™ ! we have

V() <sms V(X). (7.4.21)
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Figure 7.17: Modified random bridge. We start random walks of length p and g from A and B with
the second one viewed in the reverse direction. From their endpoints C and D we then consider a
random bridge of lengthn — p — q.

where V()?) is the joint density of the (n; p, q)-modified random bridge starting at a and ending at

b. Furthermore, whenever |x, — X,_q4| < M\/ﬁ we also have
V(@) 270 VE. (7.4.22)

Proof. We have

1—[4;1 f( +1 — ) ~
V(E) = ]fo*n(zj_la) Xj V@ =

[ f (xj1 = ;)
f*(n—2|_n5J) (xl_n5J - xn—Ln(SJ) .

where xo := a and x,, := b. By [163, Theorem 2, Chapter XV.5]

__ 22 | koo
sup [Vk £¥(z) = 2= ma? | — 0.
ng f V2no
The above fact yields the desired result. [

Proof of Lemma 7.4.1 : p = 2 case

For clarity we split the proof into several steps.

Step 1. In this step, we reduce our work in showing (7.4.23). Fix r > 0. Set T := |rN*3| and

n = 2T. Recall y;’s and the event RP j; from the statement of the lemma. Observe that the lemma
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is clearly true for all small values of N. Hence it suffices to show (7.4.2) under lim infy_,. Since

RP,.u is a monotone event, by Proposition 8.2.3 we have
¥,(—0)2T:2.2T %,(—0)2T:2.2
Py P (RPoy) 2 Poy ™ 22 (RPy).

where x; = —2MN 173, Xy = —2MN 13 _ y/n. By translation, it thus suffices to show that there

exists ¢ = ¢(r, M) > 0 such that

lim inf POV 20 e 1) > 8Mr 2| > 6.

n—co ie[1.n]

Towards this end we claim that there exists ¢ = ¢(r, M) > 0 such that

lim inf POV 2y 5 0 (7.4.23)

n—oo

where
Dy = {(L1(2i — 1), L(20)) € (10m+n, 11m«n)* forall i € [[l,n/Z]]},

and m = Mr~'/2. Let us complete the proof assuming (7.4.23). Note that (7.4.23) controls the
even points of the second curve. By Observation 7.4.5, we know conditioned on the even points,
Ly(2k +1) ~ fHLZH(E];)’LZ(zkﬂ) for k = 1,2,...,2n — 1. In view of Lemma 7.6.5, on the event D,,

we have

E[1;,0a1)<smyi | 0(L2(2K), Lo(2k +2))] < Ce™e™Vi,

By Observation 7.4.5, Ly(1) ~ Gg,+9.1 + L2(2). Thus by tail estimates for G,+¢,1, we see that on

the event D,, we have P(L,(1) < 8m+/n | L,(2)) < Ce~ ¢V Thus by union bound we have

POV 20 a1 (i) > 8mi | > POTYDET2(D ¢ petmii 5 g

i€[1,n]
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for large enough n. This establishes Lemma 7.4.1 for p = 2 modulo (7.4.23).

Step 2. In this and subsequent steps we prove (7.4.23). Recall the PRW and WPRW laws from
Definition 7.4.4. Recall from Observation 7.4.5 that (L (2i — 1), La(2i))ie[1.0] ~ P’;;ff"ﬁ);f £ with

f=Gp1%Gg_1,and g := Gy4p. Let us take (S,((n’i))ke[[o,n]],izl,z ~ Pr0—Vn:f-g We can write

n;(0,—vn):f.g E[Wschm]
P (D,,) = ——Dul (7.4.24)
Wie E[Wi]

where Wy, is defined in (7.4.9) and D,, is interpreted as
Dy = {(S{"", 8"Y) € (10mvn, 11mn)? for all k € [1,n/2]}.

We will now provide appropriate lower and upper bounds for the numerator and denominator of

r.h.s. of (7.4.24) respectively. For the upper bound we use the following general lemma.

Lemma 7.4.11. There exists an absolute constant C > 0 such that for all Borel sets A € R? we

have
E|W.1 <C+ gl SO0 _ g gy iy o3
sel g s | <5+ FEL g g0 1 [(Sg77 =577 + 1) 17— v2]’|.
Proof of Lemma 7.4.11. Set A := {(S(()"’l), Sé"’z)) € A} and define
NIy = {s{" = ("% 2 —p, forall k € [0,n]} (7.4.25)
We set NI := Nly. Here NI stands for non-intersection. Observe that
loglogn—1
E[Welal = E[W I{ANNI o 3]+ Z E[Wi1{AN NI, NNISY]
p=0
loglogn loglogn
<iy Z exp(—e”)P (ANNI,, ) <1+ Z exp(—e?)eC? - P(A N NI).
p=0 p=0
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The first inequality above follows by noting that on NIIC7 we have W < exp(—e”). The second
inequality is due to Lemma 7.7.5. Thus to suffices to bound P(A N NI). Towards this end, we first

define the event
B:= {lS(()"’i)l < (logn)*y fori = 1,2, |5\ — 50| < (logn)3/2}~

By union bound we have P(A N NI) < P(An B N NI) + P(B°). For the second term note that by

tail estimates from Lemma 7.4.7 we have

2
P(B) < > P(ISg""| > (logn)*/?) + P (|sg“> ~ 50" > (log n)3/2) <€

i=1

For the first term we condition on ¥ := O'(S(()n’l), S(()"’z)) to get
P(ANBNNI) =E[1{ANB}E[1N/ | F]].

Now by Lemma 7.7.6, uniformly on the event B we have

n, n,2 |S(n’l)| 3
Elln | 71 < SIesg"" =562 + D) v 1] [=2=— v 2]
All the above estimates together establishes the lemma. 0

Note that taking A = R?, and utilizing the exponential tail estimates from Lemma 7.4.7 it

follows that

E[W] < (7.4.26)

<h

This provides an upper bound for the denominator of r.h.s. of (7.4.24).

Step 3. In this step we prove an appropriate lower bound of the numerator in (7.4.24). Towards
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this end, consider the event
En = {1 <5000 =8 < 2,800, 52 € (4lm/n, Bmn)},

and the o-field ¥ := O'(S(()"’l), S(()"’z)). Fix any B8 > 0 and consider the Gap event from (7.4.20).

We have
E[W1p, | = E[W1g,1p,1gap,| = agE[1g,E[lp,nGap, | 71 (7.4.27)

where the second inequality above follows by noting that W > ag on Gapﬁ N E (Lemma 7.4.8).
Note that E[1. | #] is the law of two independent random bridges starting at (Sé”’l), S(()"’z)) and
ending at (0, —+/n) with increments drawn from f. For simplicity set by = 0, b, = —/n. Set

o= p(% ’"T) from Corollary 7.7.3. By Lemma 7.4.10

1g,, - E[1p,nGap, | 71 2m 1E, .ﬁ(sén,.),séng))(Dm N Gapp) (7.4.28)

=1g -P S(n,l)gs(()n,2))(Dm N Gapﬁ | N|)§(S(()n,1)

m (S (ND

(n.2)
So )

where P is the joint law of two independent (n;np, 0)-modified random bridge from

(S(" ,1) S(” 2))
N (()"’i) to b; defined in Definition 7.4.9. Let us consider

P = {(21.22) € (Bmvm, Bvn) 1 1 < 21 - 25 < 2}
We now claim that there exists ¢ = ¢(m) > 0 such that
P (41,0 (D | NI) > 26 (7.4.29)

uniformly over all (aj,a;) € P;. We postpone its proof to next step. Let us complete the proof

of the lemma assuming it. Note that by Lemma 7.7.1 and Lemma 7.7.2 we can get constants
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6 >0, M, > 0and C; > 0 all depending on m such that uniformly over (aj, az) € P we have
Plaran (P > 80 forall k € [1,np], S = S > 6vn, |Si"| < Mavin) > ==

Set G := Sﬁ,’;jl) (” PN |S("’)| < M>+/n. Recall from the definition of (n; np, 0)-modified
random bridge that on [np, n] the modified random bridge is just a random bridge from S, (” Y to b;.

Applying Lemma 7.7.4 it follows that
16 - Prayap (S 2 SO for all k € [np,n]) > 16 - C; ',

for some constant C, > 0 depending on m only. Thus we get P(NI) > % uniformly on E,, for
some deterministic constant C4 depending on m only. By Lemma 7.7.8, we may choose 8 small
enough depending on m such that ﬁ(m’az)(Gapﬁ | NI) > 1 — ¢ uniformly over (aj,as) € Pi.
Plugging this estimates back in (7.4.28), we see that 1g -E[lemGapﬁ | 71> 1g,, 5%; Now, by
Lemma 7.4.7 ((7.4.17) in particular) we know that P(E,,) > Cgl > ( for some Cs depending on

m. Plugging this back in (7.4.27) we see that

E[W,lp | > ag-P(Ey) -6 - % - (7.4.30)

c!
T
where C > 0 is a constant depending only on m. In view of the formula (7.4.24) and the upper
bound from (7.4.26), setting ¢ := %C‘l . E‘l, we thus arrive at (7.4.23).

Step 4. In this step we prove (7.4.29). By Lemma 7.7.2 ((7.7.1) in particular), we know there
exists 6 € (0, %(m A 1)) small enough depending only on p such that l~’(al’a2)(S,(f;;l) - S,S’};z) >
5vn | NI) > unlformly over (ay,as) € Py. Recall that p = p(- 16> m“) comes from Corollary

7.7.3. In view of this choice of p from Corollary 7.7.3, uniformly over (ay, az) € P; we have

ﬁ(a,,az) sup |S,({"") S('”)|<m’\1\/_|NI —g.
ke[0,np]
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Since on $; we also have S(()n’l), Sé"’z) € ( \/_ 1n4/n), combining the last two probability

estimates we get
P, a2>({s(” D5 > sy} nK; NI > 2,
where
Ki = {S,(cn’l),S,({n’z) € (%m\/ﬁ, 8%mx/ﬁ) for all k € [1,np], |S,($1) - S,S’L’Z)l < %ﬁ} i
Following the definition of (n; np, 0)-modified random bridge, to prove (7.4.29) it suffices to show

P”‘”P“bl’b”({v(“,v,ﬁz) e (10m~/n, 11m~/n) for all k € [1,7/2]} N NI) > 105 (7431

(Cl 762)

uniformly over (¢, c3) € P> where

Py = {(z1,22) € R?: z; € (Bmn, Emn), 33n > 21 - 2 > 5+n}.

Here V(l) V(z))n ¥ are two independent random bridges from ¢; to b;. Its law is denoted as

Pn—np;(bl,bz)
(c1,¢2)

. For simplicity set u := n —np > %n. By KMT coupling of random bridges [153]
we may assume V,fi)’s are defined on a common probability space that supports two independent
Brownian bridges (with certain explicit variance depending on the distribution of the increment

f =Gy *Ggy_1) such that

PE DI up [V~ VuBY) — ¢~ (d; —¢;)| = Clogn| < (7.4.32)

I
1, k n
(€002 \ peqoudiz1 2 fu

Let r,,;(x) be the piece-wise linear function interpolated by three points: r,;(0) = r,;(1) = 0 and

ri(3/4) = ﬁ(di —-c¢;). Let U; := B(ry,, }‘6) be the L™ open ball of r,;(x) of radius %5. By
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properties of Brownian bridge, there exists a ;/; = ¢(m) > 0 such that for all (c1, ¢2) € P>, we have
P(BY e U fori=1,2) > 2¢.

Note that the above equation along with (7.4.32) implies that with probability 37—25 - %, for all n

large enough (and hence u large enough) we have the following items simultaneously.

e Forall k € [0,3/4u]

IVlgi) —c;i| < Clogn + }‘\/ﬁé < gvu < %\/ﬁ

e For all k € [0, u]] we have

SUD > ury (5) + 1+ £(dy - e1) - }vus - Clogn
> S 4 V(a1 (5) = ra2(£) = 3Vus + 1 = c2+ £(dy = da = ¢1 + ¢2) = 2Clogn

> Vu(rp1 (kJu) = ran(k/u)) + Vi /26 - 2Clog n + S\
We have r, 1 (x) > r,2(x) by construction, and ¢; — ¢ + %(dl —dy — c1 + ¢2) > Jué for all
(c1,c2) € P. Thus for all large enough n, S,({”’l) > S,({”’Z) for all k € [0, u].

Thus, taking n large enough we have 37—25 - = 2> %5 This establishes (7.4.31) completing the

S |—=

proof of Lemma 7.4.1.
Corollary 7.4.12. There exists an absolute constant C > 0 such that for all n > 1.

(0 — . -1
En»(o» \/E)’fvg[Wsc] 2 CW'

The above corollary follows from (7.4.30) as E=O—Vifg[w, ] > EHO-Vilg[w 1p ]. We
remark that here it is important that the endpoints are O(+/n) apart to get the precise order of

E[Ws.]. We expect a different order if the endpoints are closer or lie in a reversed order. Later, in
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Lemma 7.5.6, we shall prove a different lower bound for E[ W] that is uniform over all possible

endpoints in a specific window.

Proof of Lemma 7.3.8: p = 2 case

Given the machinery developed in the above proof, proof of Lemma 7.3.8 follows easily. By

Observation 7.4.5 we have

— —00 T. . 5 - ; /
POy 2 MNT) = PO (5] > M)

E[Wel{|sy""| = MNT}]
= E[Wal . (7.4.33)

Now by Corollary 7.4.12 we have E[W,.] > % and by Lemma 7.4.11 we have

1, C (T.1) _ o(T.2) 1551 413
E[Wiel gy 7l < 7+ ﬁE[lwg,i)'ZMﬁ[(So =8y T+ D vI[==—v2]

1 C (T,1) (T,2) |S(T,1)| 6
=77 W\/E[(SO =S, T+Dv 1]2]\/E[1|S(<)T,i)|zM\/T[ i/T v 2]

Taking T and M large enough, in view of the tail estimates from Lemma 7.4.7, it follows that

(7.4.33) can be made arbitrarily small. This completes the proof.

7.5 Modulus of continuity: proof of Theorem 7.1.1

In this section we prove our main theorem, Theorem 7.1.1, about spatial tightness of HSLG
polymers. Due to the relation in (7.1.4), Theorem 7.1.1 essentially follows by controlling modulus
of continuity of the first curve of log-gamma line ensemble. Towards this end, we recall the
definition of modulus of continuity function.

Given continuous functions f : Z.9 — R and U > 1, we define the modulus of continuity
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function as

Wi (f:[LUD = sup  sup |f(ir) = f(id)l.
il,ize[[l,Uﬂ iE[[l,k]]
|i1—ia| <6N?/3

We have the following result.

Proposition 7.5.1. Fixr,y > 0and p € {1,2}. Set a = a;, according to (7.3.11). We have

limlim sup P, (wg N [L2LrNB) - 1]) > 7N1/3) - 0. (7.5.1)
N—ooo

By standard criterion for functional tightness (see [58, Theorem 7.3]), the above result along
with endpoint tightness from Theorem 7.3.9 leads to the tightness of N‘1/311V(ﬂ1, 2|rN?3] —1]).

This proves Theorem 7.1.1. The rest of this section is devoted to proving Proposition 7.5.1.

Proof of Proposition 7.5.1 relies on the following technical lemma which deals with the mod-

ulus of continuity for the bottom-free measure.

Lemma 7.5.2. Fix any M, S, k1, ko, y > 0 with ko > k. For each N > 0, define the sets I p :=

{y eR,|y| <2MN'3}, and

Loy = {(y1,y2) €R* 1 y; € 1 yj2, y1 — y2 = —(log N)7/6}

For each p € {1,2}, there exist 6 = 6(M, S, k1, ka,y,&) > 0and No = No(M, S, ky, ks, y,€) >0
such that for allX € I, y, T € [[k1N2/3, k2N2/3]], and N > Ny we have
p i

DRI N L (k)] < SNV, WY (L [LT/4+i-2]) 2 yN'P | < e
i=1 k=1

We postpone the proof of Lemma 7.5.2 to Section 7.5.3. In the next subsection, Section 7.5.1,
we prepare a few lemmas that are used in the proof of Proposition 7.5.1. Proof of Proposition 7.5.1

appears in Section 7.5.2
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7.5.1 Preparatory Lemmas

We first discuss a few consequences of Lemma 7.3.8 that form preparatory tools for our mod-

ulus of continuity analysis.

Lemma 7.5.3. Fix any € € (0, %) andT > 2. Let (X(i))t.zle_1 and Y(i))l.zle_1 be two independent

random vectors with density proportional to

272 272
1_[ Gy~ (Ui — u1) and 1—[ Go,(—1yi (Ui — uis1)
i=1 i=1

respectively where uy = 0 and uyr—1 = 0. There exists My(g) > 0 such that for all T > 2 we have

P( sup [IX@D|+YH)|] > Mox/f) <e. (7.5.2)
ie[1,27-1]

We refer to Figure 7.18 for graphical representation of the distributions appearing in Lemma

0 0

Figure 7.18: Graphical representation of X (left) and ¥ (right) distribution from Lemma 7.5.3.

Proof. Fix € € (0,1). Note that (X (2i — 1))1.7=1 forms a random bridge from 0 to 0 with increment
from Gg 41 * Gg—1. By KMT coupling for random bridges [153] along with Brownian bridge

estimates, one can ensure there exists a constant M > 0 such that

P(A) < £, where A := { sup |X(2i —1)] = M\/T}
i€[1,7]

Let us write ¥ := o ((X(2i - 1))l.T=1). By a union bound we have

T-1
s &
i€[1,27-1] 4 ; [ [ X (2i)|=5MNT ”
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Note that the distribution of even points given the odd points are given by the &-distribution intro-
duced in (7.4.5). Observe that by Lemma 7.6.5,

1
lx(zi—1),x(2i+1)e(—Mx/7,M\/T) K 1|x(2i)|25M\/T | 7| < CeXP(_G\/T)’

for some absolute constant C > 0. Plugging the above bound back in (7.5.3) and taking 7" large
enough we get the r.h.s. of (7.5.3) is at most 5. Similarly one can show P(sup;cpi o1y [Y (1) >

SMNT) < £. Adjusting M, we arrive at (7.5.6). This completes the proof. [l

Lemma 7.5.4. Fix any p € {1,2}. Set @ := @, according to (1.3.11). Fixanyr > 1 and & > 0.

Set T = |rN?/3|. There exists M = M (&) > 0 and No(g) > 0 such that for all N > Ny we have

Pg,l(—m)T;l,T( sup |L1(l)| > M\/T <e, (7.5.4)

i€[1,2T-1]

P((g,-ﬁ),(—oo)r;z,r( sup  |Li()|+ sup |Lo(j)] = MNT) < e, (7.5.5)
i€[[1,2T7-1] je[1,2T1

where the law Pi’lf_oo) 2T is defined in Definition 7.2.3.

Proof. For clarity we divide the proof into two steps.

Step 1. Fix any ¢ € (0, %) and consider M (&) from Lemma 7.5.3. In this step we prove (7.5.4).

From Lemma 7.3.8 choose M| (&) > 0 such that for all large enough 7" we have

—00 - —o0)7;
PN (L () > MVT) > 6, POYDCD2T (1 (1)) 4+ 1L,(2)] = MIVT) > &.
(7.5.6)

Set M5 :=2My + M; + 1. Consider the events

A= { sup Ljy(i) > (M0+M1)\/T}, B:= { sup Li(i) = (M3 +Mo)\/f}.

i€[2,27] i€[1,2T-1]
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In view of (7.5.6), by a union bound we have
0,(—e0)7:1,
Po M (B) < e+ B (1, )y 7B 8 | o(Li(1)]

As B is an increasing event with respect to the boundary data, to get an upper bound, we may
assume L(1) = L;(2T — 1) = M,VT. But note that under this boundary condition we have

d

(L1(i) - MyNT)?' 71 = (X (1)1 Thus, owing to (7.5.2), almost surely we have

1, (<, viE [1g | o (L1(1))] < P(ie[[lsg;)—l}] | X (@) = (2M, +M)ﬁ) <e.

0,(—c0)T:1,T
1

This implies P,, (B) < 2e&. Following similar calculations one can show

Pg}(_m)r;l,T( inf  Li(i) <—-(M3+ MO)\/T) < 2e.
ie[1.27-1]

This proves (7.5.4) with M = M3 for € — 2e.

Step 2. In this step we prove (7.5.5). At this point we encourage the readers to look at Figure 7.19
and its caption for an overview of the proof idea.
Let us set 71 = o-(L2(2), (L1(i))? ") and %2 = o-(L1(1), (L2(i))?,). We use the shorthand

0,—VT),(-0)T:2,T
Péz ),(—00)

notation P, for . In view of (7.5.6), by a union bound

Py(A) <e+Py[{Ly(2) < MO\/T} ﬂA) <e+E, [ILZ(Z)SMO\/TE2 [1a | 1] -

As A is an increasing event with respect to the boundary data, to get an upper bound, we may
assume L (2T) = Ly(2) = M{VT, and L (i) = +co for all i € [1,2T — 1]. But note that under this

boundary condition we have (L (i + 1) — M;VT)2 ! 4y (i))Z!. Thus, almost surely we have

L@ B2 Al 7l <P sup [X(O] = MoVT | <&
ief[1,2T-
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Figure 7.19: In the above figure, we have plotted L;[1,27 — 1] (black curve) and L;[2,2T] (blue
curve).Due to endpoint tightness, Lemma 7.3.8 ensure L; (1), Ly(2) € (~MoVT, MoVT). Assum-
ing this, in order to seek an uniform upper bound for the blue curve, by stochastic monotonicity
we may push the black curve all the way to +oco. The resulting law for the blue curve is given by
Y introduced in Lemma 7.5.3. Uniform upper bound for the resulting law for the blue curve law
can then be estimated by Lemma 7.5.3. The upper bound is shown in the dashed line above. Once
we have an uniform upper bound for the blue curve, we may elevate the endpoints of black curve
much higher (from black points to red points in the above right figure) so that the curve no longer
feels the effect of the blue curve. The red curve above denotes a sample for L from this elevated
end points. Without the blue curve its law (upto a translation) equals to X in Lemma 7.5.3. An
uniform upper bound for the red curve can then be estimated by Lemma 7.5.3.

Thus P,(A) < 2¢. In view of this bound, applying a union bound we have

P2(B) <3s+Ea 1, y<u,vryn-nE2 (18 | 72

As B is an increasing event with respect to the boundary data, by stochastic monotonicity, to get
an upper bound we may assume Li(1) = L (2T — 1) = M3VT and L, (i) = (Mo + M,)VT for all

i € [2,2T]. From the definition of the Gibbs measure, almost surely we have

1

l{Ll(l)SM1ﬁ}ﬂﬂAE2 [1g | F2] < mE [A-1g].
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where B is now interpreted as {sup;c[; or_17 X (i) > MoVT} and

-1
[e
—

1

A= exp (_ _(M0+l)\/T—X1(2i—l) + e—(M0+1)\/T—X1(2i+1)]) )

AsA < 1,by (7.5.2), E[A-1g] < E[1g] < &. By (7.5.2) we have E[A] > (1 — &) - exp(—2(T —
l)e_ﬁ) > S for some absolute constant 8 > 0. Thus, P,(B) < (3+87!)e. Similarly one can show
Pz( inf Lo(i) < — (M3 +Mo)\/7) <3+ e

i€]2,2T]

P2( inf Ll(i)s—(M0+M1)\/T)szs.
ie[1,27-1]

Thus adjusting the constants we can find M such that

Pz( sup |Li(D)|+ sup |L2(j)| = (M - l)ﬁ) < g/3.
ic[1,27-1] je[2.27]

Finally via Observation 7.4.5 we know L;(1) — L2(2) ~ G,,. Thus, by a union bound, for all
T large enough we have Po(|La(1)] > MNT) < &/3 + Py(|Ly(1) — Ly(2)| > VT) < 2¢/3. By

another union bound, we arrive at (7.5.5). [

Recall the normalizing constant VZ (y,2) from (7.2.5) and (7.2.6). One can easily obtain a

lower bound for this normalizing constant as a consequence of the Lemma 7.5.4.

Corollary 7.5.5. Fix any r > 0 and for each N > 0 set T = |rN*3|. Fix any p € {1,2} and
set @ = ap according to (7.3.11). There exists Qo = Qo(r) > 0, N = No(r) > 0 such that for all
QO > Qpand N > N

T
- - v —00 T. . .
VI3.9) =By [ Wiz Ly + ). L,27 - D) | 2 4,
j=1

a—b_ea—c

forallZ € RT withz; < ON'? and 3 € RP with y; > (20—-1)N'3. Here W(a; b, c) := ¢

and in above equation L, (2T + 1) = co.
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Proof. Consider the event

A= { inf L,(2j-1)>(Q+ 1)N1/3} .
jellT]

Observe that
T ¥o(=e0)T:p,T s . . -N1/3 ¥.(—e0)T:p,T
vV, 2 Eg, 1A HW(ZJ;L[,(Z] +1),L,(2j - 1)) | > exp(—2Te )Py, T (A)
j=1

_N1/3

Taking N large enough ensures exp(—2Te ) > 1/¥2. Since A is an increasing event with

respect to the boundary data, applying stochastic monotonicity and translation invariance we have

PP T (A) = pRCPT (ine (27— 1) > ~(Q - 2)N'/3
’ ’ jelL]

where X = 0 if p = 1 and ¥ = (0, —VT) if p = 2. Appealing to Lemma 7.5.4 we may choose Q
large enough so that the above probability is at least 1/V?2. This completes the proof. [
7.5.2 Proof of Proposition 7.5.1

For clarity we divide the proof into three steps.

Step 1. In this step, we give the roadmap of the proof of (7.5.1) leaving the technical details to

later steps.

Fix r,e,6 > 0 and p € {1,2}. Fix N > 3 large enough so that T = 8[rN?*/3] > 24. Set
@ = ap according to (7.3.11) and consider the #5LG line ensemble N from Definition 7.2.7 with

parameters («, #). Consider the event

MC; = {w (¥, [1,T/4 - 1]) > yN'/?}.
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By Theorem 7.3.9, there exists S(&) > 0 such that
P(A) > 1 —s, where A, := {N‘1/3|]1V(1)| F NP ) < S} . (7.5.7)
By Proposition 7.3.4, there exists M (&) > 0 such that for all large enough N
P (11\'(2T 1) > M1N1/3) <e. (7.5.8)
We claim that there exists M, (r, &) > 0 such that for all large enough N
P (g(zT +p-2) < —M2N1/3) <e. (7.5.9)

We shall prove (7.5.9) in Step 2. Let us assume it for now. Set M = max{M|, M,, 4} and consider

the event

B := {|I¥ (2T - 1)| < 2MN'3},

B, := {Y(2T) = ~MN3, V(2T - 1) < MN3, V(2T - 1) > N(2T) - (log N) "/},
For each B > 0 we define
C(p.B) = (Vh ((F@T + ] = 2))jepipns oy KDL, ) 2 BY, (7.5.10)
where Vl{ (+,-) is defined in (7.2.6). We now claim that there exists B(r, ) > 0 such that
P(-C(p,p)) <e. (7.5.11)

We work with this choice of S for the rest of this step. We postpone the proof of (7.5.11) to Step 3.
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Let us now complete the proof of Proposition 7.5.1 assuming it. Consider the following o -algebra:

Fose = 0 {TL2N =204 2Dz prt, () p2ki-2iefip] } - (7.5.12)

Clearly B, n C(p, B) is measurable with respect to ¥, 7. By union bound and tower property of

conditional expectation we have

P(MC@) < P(—|A1) +P (—|Bp) +P (—IC(p,ﬁ))
(7.5.13)

+E [18,0c(pp E (1a,amc, | )] -
Let us bound the four terms on the r.h.s. of the above equation separately.
(a) A; event: We have P(=A;) < g dueto (7.5.7).
(b) B, event: Note that for large enough N, B, c B;. Combining (7.5.8), (7.5.9), and Theorem

7.3.1 (with p — %, M — M), by a union bound we see that for all large enough N,

P(-B,) < P(-B,)
<P(A,Y2T) < -MN'P)+ P (2T - 1) > MN'/)
+P (JIV (2T - 1) < V(2T) - (log N)7/6)

<2e+27N <3¢,

(¢c) C(p,B) event: We have P(=C(p,B)) < & due to (7.5.11).

(d) Conditional probability: By Theorem 7.1.3 and (7.2.5) we have

9;_), —00 2T; ,T - .
BTV (5 (Y, 20D ) - 1ajomc, |

VI (5 (Y, @) )

E (1a,nmc, | Fpr) = (7.5.14)

where y := (;V(ZT +J=2))jeq1,p) and VpT(~; -) is defined in (7.2.6). From definition we have
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14 (f, (g+1(2i))iT=1) € [0, 1]. On C(p, B) we have

% (—oo0)2T -
1o(pp) - this. of (7.5.14) < Ig(pp - B~ - PATC2T (A AMCy) .

Observe that the event B, ensures y € I, 7 where the set I, y/ is defined in the statement of
Lemma 7.5.2. We can thus apply Lemma 7.5.2 with M — M,u — S,k — k,y — y,e —

B - e, togetad > 0 such that

1g -Pf,f’(“"’)""”T (AINMCGCs) <18, - &,

P

for all large enough N. Thus overall we have
E [Ig,0cppE (Iaomc, | Fpr)] < 2.

Plugging in the above four estimates back in r.h.s. of (7.5.13) and taking limit superior N — oo,

followed by ¢ | 0, yields

lim sup lim sup P(MCs) < 6e.
610 N—oo

As ¢ is arbitrary, we thus have (7.5.1), completing the proof.

Step 2. In this step we prove (7.5.9). We write P, instead of P to stress on the fact that the #5LG
line ensemble has boundary parameter «, defined in (7.3.11). We claim that there exists M;(r, €)

such that for all large enough N

P, Fan(f’))gé, Fall?) .= inf N(j) < -MoN'3Y . 75.15
”( M 4 M; je[[1,4rleq],ie[[1,p]]’ (/) 2 ( )

Note that as {) (2T + p —2) < —~MyN'/*} c Fall(?), (7.5.15) implies (7.5.9). To show (7.5.15), we
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first define a few more necessary events. For each R > 32r + 1 we define

By, = {V@j+i-2) 2 -R*N'}, BY =B n ] -BY,
ke[j+1,RN?/3]

BY = |J BR= || ’B'g)j:{ sup §V(2j+i—2)z—R2N1/3},
JjE[AT+4,RN?/3] je[4T+4,RN2/3] JE[4T+4,RN?/]

Dify := {Y(2/ = 1) 2 §/(2)) + (log N)? for all j € [1, RN*]}

By Theorem 7.3.1, Theorem 7.3.3, and Proposition 7.3.4, we can find a R = R(r, &) > 1 such that

for all large enough N, and for v € {1, 2}
Py, (-BY) + Py, (-BY) + Py, (-Difp) < £. (7.5.16)
We fix this choice of R. Observe that for large enough N, we have

B\ nDifg c BY) n B!
uniformly for all i € [4T + 4, RN*/3]. For p = 2, by the union bound and the tower property of

conditional expectation, in view of (7.5.16), we have

P, (Fall'?) <P, (-B?) + P (=Difg) + P, (B? nBY nFal?
2 M, ) R 2 R,j 2R,j M,
j€[4T+4,RN2/3] , ’

+ Z E [lgg)-ﬁB(l) 'sz (lFa”(2) | ﬁ,l)] ’
' 'P2R,j My
JE[4T+4,RN?/3]

(7.5.17)
<

0|t

where ¥, is defined in (7.5.12). For p = 1, applying union bound and using (7.5.16) we have

P, (Falll)) <P, (-BY')+ > Py (BY)nFally)
JE[4T.RN?/3]

P e et |
jE€[4T+4,RN?/3]

(7.5.18)

|
0| ™
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We now proceed to control the conditional expectation P, (Fallj(‘f;z) | 7, j) separately for p = 1
and p = 2. Applying the Gibbs property (Theorem 7.1.3), we have

2) _ ¥.2:2,j (2)
lﬁg)jﬂB(l) -Ea2 (Fa”M2 | %,j) = 1§§)f08§2‘j . Ea2 (Fa”M2)

2R,

<1z

0,—V7),(=)7 32,/
< 1g gty <P, VIV (Pl

)

Here y = (11\’(2]' -1), 12\’(2]')) and 7 = (]3V(2m))£l:1. Let us briefly explain the above inequality. Note
that on AB'% N Bglk)’j we have y; > (—=4R?*N'/3 — (i — 1)+fj) for i = 1, 2. Furthermore Fall;vzlz is an
event which decreases with respect to boundary data. Thus to obtain an upper bound, by stochastic
monotonicty, we may take the boundary data from (yy, y2) to (~4R?N'/3, —4R*N'/3 — /J) and 7

to (—00)/. The above inequality then follows by translation invariance (see Observation 7.2.1 (a)).

Similar applications of the Gibbs property and stochastic monotonicity yield that on §g; we have

0,(—c0 f;l, j 1
E, (lFau;y | 95,,-) <P R,
2

We now claim that one can choose M;(r, ) > 0 large enough such that for all j € [4T+4, RN 2/ 3]],

2 (—o0)d - .
PZ,S ) ’p’](Fa”;f;;—W) <, (7.5.19)

where X := 0 (if p = 1) or X := (0, —+/J) (if p = 2). Plugging the above bound back in (7.5.18)
and (7.5.17) and using the fact that {§§ep 3.} je[4T+4,rN?/3] 18 a disjoint collection of events we arrive

at the bound in (7.5.15). Thus we are left to verify (7.5.19) in this step. But observe that

PL) 2 (Fg|(P) < pLCnd inf Li(k) < —(M, — 4R*)N'/3
ap ( M2—4R2) ap ke[[1,2j+i—2]],ie[[1,p] l( ) ( 2 )

By Lemma 7.5.4, one can choose M, large enough such that the above expression is bounded

above by &/8 for all j € [4T, RN*/3]. This proves (7.5.19) completing our work for this step.
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Step 3. In this step we prove (7.5.11). For each Q > 0 consider the event

Do:={ sup 7,,() <ON'?, inf ¥@4T+j+2)2-QON'"?+V2T +1 (7.5.20)
ie[1,47+4] jelt.pl’

By Theorem 7.3.1, Proposition 7.3.7, and (7.5.15) there exists Q(r, &) > 0 large enough such that
P(-D, ) < %. Consider ¥ o742 from (7.5.12). Recall the event C(p, ) from (7.5.10). By union

bound and the tower-property of the expectation, we have

P(=C(p,B)) < P(=C(p,B) N Do) + % = E [1p,E[lc(pp) | Fporsal] + 5. (7.5.21)

Applying the Gibbs property and (7.2.5) we have

¥:2:p,2T+2
E[1.c(pp | Fpore] =Py (=C(p. B))

with y = (y1,...,yp) and y; = N(4T+] +2) for j € [1,p], and 7 = (p+l(2k))2T+2. Let us
set X = (—QON'/3 + V2T + 1)P. We now claim that there exists Qo(r, &) > 0, No(r,&) > 0 and
B(r, &) > 0, such that for all N > No, Q > Qo, y; > x; and 7 € R**2 with SUP;e[1,2742] & < QN'/3
we have

P2 (C(p, p)) < 5, where C(p, ) = {V, < B}, (7.5.22)

where V), := VPT((L,-(2T+i =2)ieqip]> (215 - - ,zr)) (see (7.2.6)). Clearly in view of the definition
of Dy from (7.5.20), the above claim shows that r.h.s. of (7.5.21) is at most &. Thus it suffices to

check (7.5.22). Towards this end, we first claim that

573p.2T+2 A E)’;VPZT"'Z[ C(p.B) R (V]
P(y;;z;p, (C(p,B)) = , (7.5.23)
P Vsw;p,2T+2
E, [R-V,]
where W € [—00, 0)?T*2 defined as w; = —oo fori < T and w; = z; fori > T, and R :=
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exp(—esr~ 22T+ p=2). We postpone the proof of (7.5.23) to the next step.

Assuming (7.5.23), to prove (7.5.22), we provide upper and lower bounds for the numerator

and denominator of the r.h.s. of (7.5.23) respectively. Consider the events

Ri = {Li(27 - 1) > 20N},

Ry = {La(27) 2 20N, Ly(2T + 1) 2 20N"3. L, 2T - 1) 2 (20 - DN'F?)
Note that

EZ,;T;;p,ZT+2 [R . (Vp] > EZ,;T/§P,2T+2 [lRp R (Vp]

2

1 —ON!/3 Yw;p,2T+2
5 exp(—e Q )-P(yprp (Ry)

Lexp(-e @V pECTTERAR ) (7.5.24)

%

where the penultimate inequality follows from the definition of R and Corollary 7.5.5 and the final
inequality follows via stochastic monotonicity as R, is an increasing event with respect to the
boundary data (recall y; > x;). To lower bound the above expression, we proceed into two cases
depending on the value of p.

Case 1. p = 1. Note that R; > RP; o event defined in (7.4.1). By Lemma 7.4.1, we have

Pf;’l(_oo)zm;l’ZHZ(Rl) > P;1QN1/3’(_°°)2T+2;1’2T+2(RP1,Q) > ¢ > 0 for some ¢; free of N.

Case 2. p = 2. Letii := (—ON'> + V2T +2,-QN'/3). Let us use the shorthand notation

—on)2T+2. . .. .
P} for Pgl’”)’( ®)7TT22TH2 Note that by stochastic monotonicity and union bound we have

Pi(Ry) > Pl ({L2(2T) = 20N"3} 0 {L,(2T + 1) = 20N3}) =PI (L, (2T - 1) < L,(2T) — N'/3)
Note that RPp c {L2(2T) = 20N'/3} N {L,(2T + 1) > 2QN'/3} (with T replaced by T + 1 in

(7.4.1)). Applying stochastic monotonicity and Lemma 7.4.1 with p — 2and T — T + 1, we see

459



that the first term in the above equation can be bounded as
- AN/ 1/3
Pi({L2(2T) 2 20N} N {Lo(2T + 1) 2 20N'3}) = PLOV T (@ONIRP, ) > ¢,
for some ¢, > 0 free of N. As for the second term, by translation invariance we have

Pi(Li(2T - 1) < Ly(2T) - N'/3) = P>V*D (L, (2T - 1) < L,(2T) - N'P)
o
E[W]

E [WSCIS(Tz_TIH,l)SS(Tz_T1+1,2)_N1/3] .

(0,—V2T+1;£,8)

where the last equality follows from Observation 7.4.5. Here (S ](<2T+1’i))ie{1,2},ke[[0,2T+1H ~ PWSC

is a WPRW defined in Definition 7.4.4 with f = Gy * Gg—; and g = G,,. Now by Corol-
lary (7.4.12), E[Wy] > C/V2T + 1 for some absolute constant C > 0. However on the event

{(STHLD < gTHLD N3y W < exp(—eN'”) (recall Wy from (7.4.9)). Thus,
PI(L,(2T - 1) < Ly,(2T) - N'3) = 0

as N — co. Hence for all large enough N we have Pg (R2) > %¢.

Summarizing the above two cases, for all large enough N, (7.5.24) is lower bounded by some
¢ > 0 free of N. For the numerator in r.h.s. of (7.5.23) observe that as R < 1, by definition of the

event 6( p,B), we have 15 R -V, < B. Let us now choose = ¢&. Plugging these bounds

(B
back in r.h.s. of (7.5.23) yields (7.5.22). This completes the proof.

Step 5. We shall prove (7.5.23) for p = 2. The p = 1 case proof is analogous. Assume (L;[1,4T +
3], Lo[1,4T + 4]) ~ P22 Let G = o (Li[2T +i — 2,4T +i + 2]);c1)- Fix any event F

which is measurable with respect to G. Set L, (4T + 1) = oo and recall the function W(a; b, c) =
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exp(—e?? — ¢97¢). We claim that

2T+2
3 (—oo)2T+2. . ;
BT e T Wiz La(2) + 1), Lo (2] - 1))
|
] - (7.5.25)

= BT 1 exp(-e T T Wy La(2) + 1), La(2) = 1)) - Va
J=1
Clearly (7.5.23) follows from the above identity and (7.2.5) by taking F = Q (the full set, i.e.,
1 =1)and F = =C(p, B). To see (7.5.25), notice that

2T+2
3 (—oo)2T+2. . .
E) TR e T Wz La(2) +1), La(2) - 1)
Jj=1
¥,(=00)2T+2:2 2T+2 2T+1 i
= BT e exp(—e 2T ] W(zj5 La(2) + 1), La(2) = 1)-
j=T+1
)—;(_00)2T+2.2 2T+2 2r—L>(2T-1) = . .
o2 exp (=20 [T W (25 Lo (2] + 1), La(2/ = 1)) | G
j=1

Observe that by the Gibbs property the inner expectation when viewed as a random variable is
almost surely equals to VZT((L,-(2T —1),L,(27)), (z1,22,...,27)) = V> defined in (7.2.6). On the

other hand we have

27+2 2T+2
ﬂ W(z;3 Lo (25 + 1), La(2j — 1)) = ]_[ W(wj; La(2) + 1), L2(2) - 1)).
j=T+1 Jj=1

Combining the above two observations, leads to (7.5.25) completing the proof.

7.5.3 Proof of Lemma 7.5.2

As with the proof of Lemma 7.3.8 and Lemma 7.4.1, we divide the proof of Lemma 7.5.2 into

two parts depending on p = 1 or p = 2.

Proof of Lemma 7.5.2 in the case p = 1. Fix any T € [[klN%, k2N%]:|. Fix any 6§ < y/6k. For
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simplicity we write L := L. We recall the representation of bottom-free law in p = 1 case from
Observation 7.4.3. Consider the Brownian motion B := B! obtained via KMT coupling that

satisfies (7.4.10) with S = T'. Define

As = { sup  |L(2i;—1)=-LQ2ix—-1)| > %yN%},
i1,i2€[1,T]
lii—ip| < S N*/3

B(k) := {|L(2k — 1) = L2K)|, L2k + 1) = L(2k)| = %yN%} .

Fix any x € R and set P| := Py LT Observe that by union bound we have
T-1
P! (wgV(L, [1,27 - 1]) > 7N1/3) <Pl (As) + y P[(-As NB(k)). (7.5.26)
k=1

We now proceed to bound each of the above term separately. For the first term, by (7.4.7) and

(7.4.10), in view of the estimate in (7.4.11) we have for all large enough N we have

PI(As) < P( sup  o|Br_i-1 = Br—i-1] = ZN'? —=2ClogT
i1,ie[1,7]
|i1—i2|SgN2/3
< P( sup  o|Bi, — Bj,| > %Nlﬁ .
il,izé[[l,T]]
liy—iz|<$ N/
By modulus of continuity of Brownian motion, the r.h.s. of the above equation can be made smaller
than %8 by choosing ¢ small enough depending on u, 6, vy, k1, k. For the second term on the
r.h.s. of (7.5.26) we use Lemma 7.6.5 to get
T RN
P, (=A; NB(k)) < Ce T"™".
Plugging the bounds back in (7.5.26) and taking N large enough we get the desired result. This

completes the proof. 0
Proof of Lemma 7.5.2 in the case p = 2. Fix any (x1,x3) € Iy, and T € [kN?/3, koN*/3]. Set
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n:=T-1. Let (S](C"’l),S,((n’z))Z:0 be a paired random bridge defined in Definition 7.4.4 with
endpoints (x1,x2) and f = Gg_1 * Gg4+1 and g = G,,. We recall from Observation 7.4.5 that
bottom-free law is given by appropriate WPRW for the supercritical case. To proceed with our

analysis for the weighted case, we first need an estimate for E[ W] where W, is the weight defined

in (7.4.9).

Lemma 7.5.6. There exist constants C1,Cy > 0, depending on M, such that for all (x1,x2) € I m

we have
— 1 — 5/4
E(Wiel > 07" Pl (ND = Gl (75.27)
where P"* (NI) denotes the non-intersection probability of two independent random walks of

(x1,x2)

length n/4 starting at (x1, x3).

We postpone the proof of Lemma 7.5.6 and complete the proof of Lemma 7.5.2 in the following

two steps.

Step 1. Fixany S,y > 0. Setv = y/vVko,u = S/Vk;,and t = 2loglogn. Let ¥ := U(S(()"’l), S(()n’z)).

Consider the events
MC; := {|sg"»1>| #1809 < uyi, w (80, [0, 2]) > Ly, fori = 1,2}, for 6 > 0.

We claim that given £ > 0, there exists ¢ small enough and N large enough such that

E[We1yc,]

Py, (MCy) := E[Wol <e¢

(7.5.28)

where W is defined in (7.4.9). We finish the proof of the lemma assuming (7.5.28). Indeed from
Observation 7.4.5 we know that (L (27 +1), Lo (2] + 2));?=O is distributed as WPRW. Observe that
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by Lemma 7.6.5 and tail estimates for G (defined in (7.2.3)) for all k > 1 we have

P2(|L1 (2k) = Ly (2k = 1), |L1(2k) = L (2k + 1)| > LyN'/3

| [IL1(2k = 1) = L1(2k + 1)| < %7N1/3) < Cexp(-LyN'73),
P2(|L2(2k +1) = Ly(2K)|, L2 (2k + 1) = Ly(2k +2)| > 1yN'/?

| 1L2(2K) - La(2k +2)] < éme) < Cexp(—LyN'P),

P2(|L2<1> L)< gyw) < Coxp(~LyN'P),
o— ﬂs(_OO)ZT;Zv’r . . .
where P, := Py, . Thus, in view of (7.5.28), by union bound

P, (|L1(l)| +1L2(2)] < SNE, & (VL [1,T/4+j -2]) = yN%) < £+C - 2kyN3 exp(-LyN7)

~.
I Mm
N

which can be made arbitrarily small taking N large enough. This completes the proof.

Step 2. In this step we prove (7.5.28). We first define a few more necessary events.

Gi = {ISg" 1+ 185" < v, 155" = 55| < (logm)*/?},

Go = {8+ 180" < uvn, 1 < SV - 80 < 23,

Recall the non-intersection event NI, from (7.4.25). As Wy, < 1, we write

E[Wilnc,| < E[Wsclpcng nni ] +E[1on), ] + E[1G, ] .

@D (I

For (II), note that on —NI,, we have W, < e™¢ = e~(ogn? 4nd by Lemma 7.4.7, P(=G;) <

Ce~C'10em™ Thys (IM) < CeC'10em*? Ty view of Lemma 7.5.6, (E[Ws])~" - (II) — 0. For
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(I), note that

t

(I = ZE Wselmc;nGinNI,n-NI,_ | < Z “El1g,E[1vc,oni, | 711
p=1 1

bS]

t

IA

Ce™" -E[lg, sup P,(MCsn NI,
=1 pef0.1]

=

where ﬁp denote the law of (n; n/4, n/4)-modified random bridge defined in Definition 7.4.9 start-

(n,1)

ing from (S, + p, S(()”’z)) to (x1 + p,x2). The last inequality follows from Lemma 7.4.10. Here

the constant C depends on u. By Lemma 7.7.1 and Lemma 7.7.5, on G| we have

P,(NI) < G- e max{S{"" = S{** 1} - P*(NI).

(xl’xz)

Thus setting C3 = 37, 2CC3eC e (with Cy coming from Lemma 7.5.6) we have

(E[Wse)™' - (I) < C3 - E [1g, - max{S{"" = s""? 1} - sup P,(MCs | NI)

pel0.]

Now we claim that one can choose ¢ sufficiently small such that

E|1g, - max{S(" D S("2) 1}- sup P,(MC; [ND| < 1ci'e.

pef0.]

We write G; = Gy, U (~31,M2, where
G, = (USSP +1SU2) < uvn, ISSY = 8072 < Mo}, G, = Gi N =G,
Given the tail estimates, one can choose M large enough such that
E 151,1\42 . maX{Sé"’l) (" 2 1} < 1cile.

This fixes our choice for M. Now note that the event MC;s depends only on the first 7/8 points of
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the two (n; n/4, n/4)-modified random bridges. By definition, the first n/4 points of a (n; n/4,n/4)-
modified random bridge is just a random walk. Thus, in view of Lemma 7.7.9, one can then choose

§ small enough and N large enough such that on uniformly on Gy »;, we have

sup P,(MC; | NI) < 1c7'M5 e,
pefo.]

This completes the proof. ]

Proof of Lemma 7.5.6. Recall the definition of (n, p, g)-modified random bridge from Definition
7.4.9. Let ﬁ(al,az) denote the law of two independent (7, p, g)-modified random bridge starting at
(a1, az) and ending at (x1,x,) with increments from Gg 41 * Gg 1. We write (Sl({n’i))ke[[l,n]],ie[[l,z]]
for the corresponding random variable. We also use the notation P’(’Zl’bz) to denote the law of

two independent random walks of length m starting at (b, b,) with same increment law. We use

(Uk, Vi);_,, for the corresponding random variable.

Recall the event Gapg from (7.4.20). Invoking Lemma 7.7.8 we first fixa 8 = (M) < % small
enough so that it satisfies

P (4.0 (Gapy | NI) > 3,

for all |a;| < v/n with 1 < a; — ap < 2. Next by Lemma 7.7.2, we fix & = £&(M) > 0 so that

4
P/, (el Vagal < €N [N = |3

for all |b;| < (M + 1)/n.

We consider the following events

Gs = {IS{")| < Vnfori=1,2, 1 < sV —si"? <2},

Tgt, = {ISV)1, IS5y < & fori = 1,2},
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where Tgt stands for tightness. Observe that by Lemma 7.4.8 we have

E[Ws] > E[WscleapﬁmGnggtf] = CP(Gapﬁ NGsN Tgtg) 1G3I*:[1(3lapﬁ,Tgtf | 71

(7.5.29)
where ¥ := O'(S(()"’l), S(()”’z)). Under the event G3 and Tgt, we may invoke Lemma 7.4.10 to get
16, - E[lgap,rtgt, | 12 C™' - 1g, - P, ) [GaP; N Tgt,] (7.5.30)
almost surely, where a; = S(()”’i). By Corollary 7.7.7

P (4.0 (GaPs N Tat,) = Py, 0y (Gaps N Tty | NDP g, 4, (NI)

-15 n/4 n/4
> C'P(q,.0) (Gapy N Tgt, | NI -P(él,az)(Nl)P(){l’xz)(NI).

(7.5.31)

By our choice of 8 and &, we have ﬁ(al,az) (Gapg, Tgt, | NI) > % uniformly over the event G3. By

Lemma 7.7.1, we have P'(Z ? ) (NI) > C—\/; uniformly over the event G3. Thus combining (7.5.29),

(7.5.30), and (7.5.31) we have
11 n/4
E[W] > WC (x X )(NI) P(G3)

By Lemma 7.4.7 ((7.4.17) in particular), P(G3) > C~!. Plugging this back in the above equation

we get the first inequality in (7.5.27). For the second inequality, we consider the event:
={|U1 —x1| £ 1,|V; = min{x; — 3,x2}| < 1}.
Observe that

P4 N) =P Gy (U 2 v forall j € [2.n/4]3 ).
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By the tail bounds of the increments from Lemma 7.6.4, and given the condition x| — xp >
—(log N)7’6, we have P(Gy) > Clexp(—C(logn)”/®) (recall n > k;N*/3 — 1). Furthermore,
on G4 we must have U; > V|. By Lemma 7.7.1, we have P’Za/?;l)(Nl) > C~!/y/fnforall a; > a.

Thus we have

(x11x2)

p/4 (G4 N{U; 2 V; forall j € [2,n/4]}] = C" exp(~C(logn)"/®) - =
Adjusting the constant we get the second inequality in (7.5.27). This completes the proof. [l

7.6 Basic properties of log-gamma type random variables

In this section we collect some basic facts about log-gamma type random variables. Towards

this end, for each 0, « > 0, and m € Z.( we consider the following function:

Ké)
T(6)

Hy e (-1ym(y) = exp(8(=1)"y — ke=D"™).

It is plain to check H is a valid probability density function. Observe that Hy —1yn = Gg 1)
where G is defined in (7.2.3). The following lemma collects some useful properties of H. Its proof

follows via straightforward computations and is hence omitted.
Lemma 7.6.1. Suppose X ~ Hy 1. We have the following.
(a) =X ~ Hgx-1.

(b) For every a > —0 we have E[e?X] = l,:((yﬁzg

We next define generalized #SLG Gibbs measures in the same vein as #SLG Gibbs measures
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(see Definition 7.1.2) but by considering the weight function

exp(fx — ke*) if e is blue
We(x) = exp(—ye®) if e is black

exp(—ax) if e is red.

instead of W defined in (7.1.3). k =y = 1 in above weights lead to the usual Gibbs measures. The
following result ensures that generalized HSLG Gibbs measures (and hence the usual ones from

Definition 7.1.2) are well defined.

Lemma 7.6.2. Fix any y,«,0 > 0, and @« > —60. Recall the graph G from Section 7.1.3 used in
defining HSLG Gibbs measures. Given a domain A and a boundary condition {u; ; : (i, j) € OA},

we have

J

Let us suppose |u; j| < R for all (i,j) € A. Let us assume A = Ky r or K . defined in (7.2.1).

R We (uy, — uy,) l_[ du, < .
A e={vi—vy}€E(AUIA) veA

There exists a constant C that depends only on vy, k, 8, and « such that

Am ]—[ We(uvl — Uy,) H du, < CKT+R

e={v|—>vy}eE(AUIA) veEA

Proof. First note that, for red edges {vi — v}, the corresponding weight function W, (u,, — u,,)
factors out as e”*"v1-e*"2. Hence they can be viewed as vertex weight functions. More specifically,
at each vertex (k, 1) we can associate the vertex weight function Vi (u) := e(=Dfau, They replace
the role of red edge weights. We denote this vertex weights as red circles in Figure 7.20. We now

divide our analysis into two cases based on the value of «.

Suppose @ € (-0, 6). As black edge weights are less than 1, we may drop all of them to get

a Gibbs measure based on the blue and red edge weights only (see Figure 7.20 B). The integral
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®

Figure 7.20: (A) A possible domain A. (B) Reduction in the case of @ € (-6, 6). (C) Reduction
in the case of @ > 0. (D) Type I Gibbs measures. The figure shows two of them of even length. It
may also have odd length with one edge at either of the end removed. (E) Type II Gibbs measures.
It may also have odd length with one edge at right end removed. (F) Few examples of Type III
Gibbs measures.

of the reduced Gibbs measure can be viewed as a product of integrals of several smaller Gibbs
measures that are two types: Type I and Type II (see Figure 7.20 D and E). Type I Gibbs measures

are the ones where red vertex weights does not appear. The integral corresponding to Type I takes
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the following form:

k k—1
[KH(F(Q))_I]k ‘/IRk_l n HO,K,(—I)H'm (Ml_l - I/t,) 1—[ dul
i=1 i=1

where ug and uy are in A. In this case, we may use Hy , (_j)ism (ug—1 — ux) < C and the fact that
H is a pdf to get that the integral is bounded by C - [KH(F(Q))_I]k. Type 11 Gibbs measures are
the ones where red vertex weights are present. The integral corresponding to the Type II Gibbs

measures takes the form

k ) k
/ | |e(—1)m(1u0 . e(—l)’+m9(ui_1—ui)—Ke(‘l)Hm(“i—l—Mi) | |du,~.
k
RY =1 i=1

The integrand can be manipulated to show that the above integral is equal to

k=1 k £
ymak-1 ; —f+(—1)"m*
(=D aug n(r(9+ (—1)m+l+1a'))K 6+(=1) a/ 1_[H9+(_1)m+i+la,’l(’(_1)i—l(xl') 1—[ dx;
i=1 R¥ i i=1
k-1

— e(—l)"”k_l(mk H(F(Q + (_1)m+i+1a))K—9+(—1)m+fa/.
i=1

This verifies the lemma for @ € (-6, ).

For @ > 0, we remove all the black edges except the ones connecting (2i — 1, 1) to (2, 1).
This leads to a reduced Gibbs measures shown in Figure 7.20 C. The reduced Gibbs measure
decomposes into several Type I Gibbs measures and Type III Gibbs measures. Type III Gibbs

measures are the ones that has the red vertex weights. Few of the possible Type III Gibbs measures

are shown in Figure 7.20.

* If a Type III Gibbs measure has two red vertices in its domain U boundary, we may use the fact

that the weight of the figure
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a c

is e(9+a/)(b—c)—l<eb’c . eoz(c—a)—yec’ < Ce(6‘+a)(b—c)—keb’ )

 If a Type III Gibbs measure has only one red vertex in its domain U boundary, then it must

contain either of the two following figures
SNy
wer” :

with ¢ € JA. The corresponding weights are e%“ - e(B+a)(b=c)=ke”™* < Cpac gpd e=ac .

ea(c—a)—yecfa < Ce@c respeCtiVClY-

Based on the kind of Type III Gibbs measures, we may insert the above obtained bound in the
integrand of this type of Gibbs measures. The resulting integral can then be computed explicitly
to yield a bound of the form CV el®“l where V is the number of vertices in the Gibbs measures. For

example, for the middle figure in Figure 7.20 we have (with uy := u)

3
[K—Hr(g)]4/ e—auoe—)’ef—uo 1—[ HQ,K,(_l)i(Mi — ) du;
R i=0
4 3 4
< [«T(O)]" - Ce /4 HHG,K,(—I)i(ui —up)du; < [«7T(9)]" - Cell.
R* =0

This establishes the lemma for o > 0. O]

For the rest of the appendix we fix some 6 > 0 and reserve the notation f for the function

f(x) = Go41 % Go-1(x) (7.6.1)

Note that f is symmetric. We set the variance of f to be o2(6) > 0. All the constants appearing
in the subsequent lemmas of the appendix may depend on 6. We will not mention this further.

We first state a few properties of f useful for our later analysis. The following lemma concerns
with sharp rate of convergence of pdf of (X; + X, + - -+ + X,,)/+/n, where X; itd. f, to normal

density with appropriate variance.
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Lemma 7.6.3. Let f*" be the n-fold convolution of f. We have

V(i)
b (x)

sup
x| <(log n)?

1‘ =0(n~3%).

1 _i
e 202,
V2no?

where ¢, (x) =

Proof. The proof below is adapted from Theorem 5 in Chapter XV in [163]. Let ¢ denote the
Fourier transform (characteristic function) of f. We will prove the lemma for general f satisfying

the following two assumptions:
* f is symmetric and
 givenany 6 > 0, sup,s45 [¥ ()| =1 < 1.

Clearly f in (7.6.1) satisfies the above two assumptions. In what follows, for simplicity we will

assume o2 = 1.

Set f,(x) = fRe”xw”(I/\/r_z)dt. We have Vnf*"(x/4n) = f,(x). Set @ = 1/16. Under the

assumption on f, we have
2 4
Wt/ = 1- £+ 0(%).

Thus for |f] < n®, we have ¢/(t/yn) = 1 — % + O (n*72) = ¢~*/20+0(* ™) Thyg Y (/) =

e 12(1 + O(n=3/%)), where the O term is free of 7 in that specified range. Thus,

fix) = (1+0(n%) e 21 + / ey (t/Nn)dt
[t|<n® |t|=ne

[t|=n@

= (1+0(n7/%) / e 2 dr + / ey (t/\n)dt = (1+0(n™>'*)) ee™ s,
R |t|=n®

We next compute the order of the last two integrals above. Clearly /| , e '12dt < Ce="™". For

|>na

the second one, we choose ¢ > 0 small enough such that | (¢)| < e~"*1* for all |t|] < 6. This
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implies
[ wrmd < ce.
n®<t<+né

For [t| > v/nd, we know sup,s 4 [¢(¢)| = < 1. This forces
[ wranmlar < [
[t|=+no R

Thus the error integrals are at most C,o_”l/8 in absolute value uniform in x. Furthermore if we as-
sume |x| < (logn)?, ¢(x) > \/%_ﬂe‘(l"g n?/ 2, which dominates the error coming from the integrals.
Hence we may divide ¢ (x) and still obtain that the errors are going to zero. This completes the

proof of the lemma. O
The next lemma concerns with the uniform tail behavior f.

Lemma 7.6.4. For all x € R we have
e < F(x)eM < T (20).
Proof. Since f is symmetric, it suffices to show the lemma for x > 0. We have
f(x) = /eay—ey+9(y—x)—ey—xdy _ e—Gx/eZGy—ey—ey_xdy
R R

Now for the lower bound we observe

1
—eY—eY X —eY—eY X —
/eZHye e dyZ/ e29ye e dy262e’
R 0

whereas for the upper bound we have

/ezey—ey—ey—xdy < /ezey_eydy > I'(20).
R R
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This establishes the lemma. [l
We end this section by recording a tail estimate for the £-distributions introduced in (7.4.5).

Lemma 7.6.5. Fix any a,b € R and 6y > 1. Consider X ~ féi’gz); .1 Where féi’g; .1 is defined in
(7.4.5). There exists a constant C > 0 depending on 6y such that for all 6,0, € [051, 0o and for

all r > |a — b| we have

P(X ¢ [min{a, b} — 2r, max{a, b} +2r]) < Ce ",

(a,b)
01,02;1°

(a,b)

Proof. Fix any 61,6, € [0, 6]. We prove the bound for & P

The proof for the case &

is analogous. Without loss of generality assume b < a. Observe that
a+1
/ Goy1(a =x)Gay1 (b =x) 2 ¢ - e”MHOORIED),
a

where in above we used the fact that Gg 1 (-y) > C e ™ (recall G from (7.2.3)). Similarly one

has

/ Ggl,l(a — x)GQZ,l(b - x)dx + / G@l,l(a - X)ng’l(b — x)dx < C . 6_2(91+92)r.
x<b-2r

x>a+2r

Thus as long as r > a — b adjusting the constant C we get the desired result. 0

7.7 Estimates for non-intersection probability

In this section, we study non-intersection probability of random walks, random bridges, and
modified random bridges defined in Definition 7.4.9.
Let X; ~ f where f is defined in (7.6.1). Set S\ := a and S\ := a + $X, X, for k € [1,n].

We denote the law of (S,({”))Z:O, the random walk of size n starting at a, to be P. Given two

n

independent random walks of size n starting at a; and a,, we denote their joint law to be P(a1 w)
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Given (Uy, Vk)Z:O ~P we define the weak non-intersection event as

14
(a1,a2)’

NI, := {Ux — Vi > —p forall k € [1,n]},

and NI := Nly (the true non-intersection event). When a; — a; = O(1), it is well known that

P’(“al az)(Nl) = O(n~'/%). We record this classical fact in the following lemma.

Lemma 7.7.1. For all (a;,a>) € R? we have P?al az)(N|) < C% for some absolute

. o, -1
constant C > 0. If in addition a; > a;, we have P?a,,az)(Nl) > CW
Proof. The first part is [228, Theorem A] and the second part is [297, Theorem 3.5]. O
Next we study diffusive properties of the random walks under the non-intersecting event.

Lemma 7.7.2. Given any € > 0 there exists a constant 5(g) > 0 such that for all n > 1 and

(a1, az) € R? we have

Pl U =Vi> 6| NI) >1-¢, (7.7.1)
laran| sup (U =Vi) < 6 'Vn + max{a; —a», 0} |[NI| > 1 —¢, (7.7.2)

P\ kefon]
Plaao| 0 Uk =ar > —57n | NI) >1-¢, (7.7.3)
P’Z sup Vi —as <6 'n | NI) >1-g, (7.7.4)

ay,az)
ke[0,n]
where (Ug, Vi)i_, ~ P?al’az).

Proof. Proof of (7.7.1). Set Sy := U — Vi. Note that under the event NI we have U; > V;. Thus

it suffices to study

P, (i 2 6V [ NI

with by > b,. Note that (S k)Z;ll is itself a random walk starting at b; — b> > 0 conditioned to stay
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non-negative. Thus by stochastic monotonicity we have

Plgb_ll,bz)(S”_l = 6\/ﬁ| NI) > P?o_,(l))(sn—l 2 5\/ﬁ| NI).

-1

But under P! | it is known from [204] that the random walk (Uj — V)il

(0,0)’ conditioned to stay

non-negative converges weakly to a Brownian meander with appropriate diffusion coefficient un-
der diffusive scaling. Since the endpoint of a Brownian meander is a strictly positive continuous

random variable, we thus have (7.7.1).

Proof of (7.7.2). Let Sy = Ux—Vk. To obtain (7.7.2), we observe the following string of inequalities

n
PZl_az( sup Sy < 6 'vn+max{a; — a0} | ﬂ{Sk > 0})
ke[[0,n] k=1

n
> Pf’nax{al_%o}(kes[l[zpn]] Sk < 6'Vn + max{a; — az, 0} | Q{Sk > O})

n
> Pf’nax{al_%o}(kes[l[tpn]] Sk < 67'Vn + max{a; — az, 0} | Q{Sk > max{a; — az,O}})

n
:Pg( sup Sp <6 'vVn | ﬂ{Sk > O}) >1-e¢.

ke[[0,n] k=1

Let us briefly explain the above inequalities. The first two inequalities follows from stochastic
monotonicity applied to the boundary point and then to the bottom curve. The equality in the
last line follows by translating the random walk. The final inequality follows by taking ¢ small
enough due to the tightness of the random walk paths conditioned to stay positive (when scaled by

diffusively). This completes the proof.

Proof of (7.7.3) and (7.7.4) Note that due to stochastic monotonicity, the non-intersecting condi-

tion makes U stochastically larger than a usual random walk. Thus,

P! inf Uy —a;>-6" NI) > P ( inf Up—a; = -6 'vVn).
(al,az)(k;ﬁ)’nﬂ ka1 Vi | NI) al(kelﬁ})’nﬂ k—al Vi)

By diffusive behavior of random walks one can choose ¢ small enough so that the above quantity is
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at most 1 — &. Similarly one can take ¢ even smaller so that P?al ) ( SUPyefo,n] Vi — a2 < 6 ') >

1 -e. [
Corollary 7.7.3. Fix any n > 1. ay, a; with |a; — az| = o(\n). Given any &,y > 0 there exists a
constant p(&,vy) € (0, zlt] such that

Pn

(al ’02)

sup |S,(<"’i) —a|=yVn|Nl| > 1-¢
ke[0,np].i=1,2

where (Sk,i)Zi)l ~ P?al,uz)'

n;(b1,b2)

We now study non-intersecting probabilities for random bridges. We use the notation P(al @)

to denote the law of two independent random bridges of size n starting at (a, a2) and ending at
(b1, by) with increments drawn from f. The following lemma shows when the starting points and

endpoints are far apart in diffusive scale, non-intersection probability is bounded away from zero.

Lemma 7.7.4. Fix § > 0. For each n > 4, consider the set
Rys = {(x1,x2) : |xi| < 2vn(logn)*?,x1 — x5 > 6} (7.7.5)
There exists ¢ = ¢(6) > 0 such that for all n > 4 and for all (a1, az), (b1, b) € R, 5 we have

m(buby) [ 1) _ 2] o 1

Proof. Fix any (ai,a»), (b1,b2) € R, s. It suffices to prove the lemma for large enough n. Note
that |b; — a;| < 4+vn(logn)?2. By KMT coupling for Brownian bridges (Theorem 2.3 in [153]
with z = b; — a; and p = 0), there exists an absolute constant C > 0 such that for all n > 1 and
i =1,2 we have

P}’l

ai—>bi

(-CLE)) < 1 L) ._{ sup

(ar,a2) (ar,a2) 0<k<n

S]({n,i) — \/EBZ) —a; — %(b, - ai)

< Clog® n}

(7.7.6)
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where B(), B®® are Brownian bridges with appropriate fixed diffusion coefficient. There exists

¢ = ¢(6) > 0 such that

P sup (IBV ()| + 1B () < L6 = 2.
x€[0,1]

Combining the previous two math displays we see that with probability 2¢ — % we have

S,(ghl) - S/({ﬂ,z) > aj —ay+ %(by — ay — by + ay) —2C(logn)> — }6vn
= ka) — ay + £(by - by) - 2C(logn)® - 6vn

> ~2C(logn)’ + 16vn > 0

for all large enough n. This forces non-intersection. Thus P?;(lb; ’21;2) (NI) > 2¢ - % > ¢ for all large

enough n. This completes the proof. [

Our next lemma gives a crude bound for the weak non-intersection probability in terms of true

non-intersection probability.

Lemma 7.7.5. There exists a constant C > 0 such that for all p > 0, (a1, a2), (b1,b2) € R, n > 1

Pn;(bl,bz)(N|p) < CP. Pn;(bl’b2)(N|).

(ar,a2) (ar,a2)

Proof. By lifting the first random bridge by p units we see that

Pn;(bl,bz) (Nlp) — Pn;(blﬂ’,bz) (NI).

(ar,a2) (ar1+p,az)

Conditioning on the second point and the penultimate point of both the random bridges we get

fxlm,ylzyz NESIYD (NI, (x1, %25 Y1, y2)dxi dxadydys

n;(b1+p.bs)
P NI =
(ND (a1 — by) f*"(az — bs)

ait+p,az

(7.7.7)
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where

Yp(x1,x2;1,¥2) = flar + p —x1) f(az = x2) f(y1 = b1 = p) f(y2 — b2),

n(y1y2)(N|) _/ S —xj10)f(xj2—xj412) dx;idx;o.
XI "2 Xj12Xj2,j€[2n— 2]]“ " i " g l_[ g "

j=2

Here in the above integration we set xj 1 := X1, X12 = X2, Xp—1,1 = Y1, Xp—12 = y2. From Lemma
7.6.4, we have that Y, (x1,x2; 1, y2) < e“PYq(x1,%2; y1,y2), where the C > 0 depends only on 6.

Plugging this bound back in (7.7.7) we get the desired result. ]

The following technical lemma, which can be thought of as the bridge analog of Lemma 7.7.1,

studies the non-intersection probability for random bridges when the starting points are close.

Lemma 7.7.6. Fix M > 0 and n > 1. Suppose |a;| < Vn(logn)>?, |b;| < M~/n, with by > b,

and |ay — as| < (logn)3/%. There exist a constant C = C(M) > 0 such that

. 3/2
P”’(b"bz)(NI)SC%(maX{al—a2,0}+1)'maX{L —b1|,2} :

(a1,a2) \/ﬁlal

Proof. 1t suffices to prove the lemma only for large enough n. Set r = max{%lal — by|,2} and

p = nr=3. We first claim that there exists m (M) > 0 such that

P(NI) < 2P (|S1(,”’i) — ;| < myr-fori=1,2, Nl) . (7.7.8)
Note that the density of S;,"’i) at x is given by £ *p(x_;,f,z{ ;:i_al:;(bi_x). By Lemma 7.6.3, we have

[P (b~ x)
sup

marlomirt (b — ar) = (1+o(1) exp (51 |? - 525

= (L+o(1))exp (m [—r_l —m?r? + Zm]) < 2e2mI7”,

Thus [P (x=ap) f*"7P) (bi—x) < 262m/0’

Frbran) - f*P(x — a;) whenever |x — a;| < m~/nr~!. This allows us to
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go from random bridge laws to random walk laws. Indeed, we have

pribib2) ('Sénj) —a;| <mvnr~!fori=1,2, NI)

(a1,a2)

p

3(by,b i - ) ! 2

< lea(l,t]lz)z) (lS,EJn ) - ail < m\/ﬁr ! fori = 1’2’ m{Sl({n ) = SI(Cn )})
k=1

p
<227 pn (ls,&”") —ail < mynr~ fori=1,2, [ (s 2 s,ﬁ”’z’})
k=1

<P’ (NI) < %,ﬁ/Z - (max{a; —a»,0} +1).

- (a 1 702)

where the last inequality uses Lemma 7.7.1. This completes the proof modulo (7.7.8). The rest of

the proof is devoted to showing (7.7.8).

Similar to the proof of (7.7.3) and (7.7.4), by stochastic monotonicity we have

P (50D _ g < i [ND < P (SYY — gy < —mir ) (7.7.9)

(ay,az) ar—b

Now by KMT coupling for random bridges (see (7.7.6)) with probability 1 — %
SV —ay 2 VB, + £(by - a1) = Clog® n = VB, —