ERA, 31(2): 1089-1105.

EE Elect . DOI: 10.3934/era.2023054
AIMS ectronic Received: 24 September 2022

@ Research Archive Revised: 04 December 2022

Accepted: 04 December 2022
http://www.aimspress.com/journal/era Published: 14 December 2022

Research article

Persistence of the heteroclinic loop under periodic perturbation

Bin Long* and Shanshan Xu

School of Mathematics & Data Science, Shaanxi University of Science and Technology Xi’an
710021, P. R. China

* Correspondence: Email: longbin210@ 126.com.

Abstract: We consider an autonomous ordinary differential equation that admits a heteroclinic loop.
The unperturbed heteroclinic loop consists of two degenerate heteroclinic orbits y; and y,. We assume
the variational equation along the degenerate heteroclinic orbit y; has d;(d; > 1,i = 1,2) linearly
independent bounded solutions. Moreover, the splitting indices of the unperturbed heteroclinic orbits
are s and —s (s > 0), respectively. In this paper, we study the persistence of the heteroclinic loop under
periodic perturbation. Using the method of Lyapunov-Schmidt reduction and exponential dichotomies,
we obtained the bifurcation function, which is defined from R4 +%+2 to R41+%2  Under some conditions,
the perturbed system can have a heteroclinic loop near the unperturbed heteroclinic loop.

Keywords: heteroclinic orbit; heteroclinic loop; bifurcation; Lyapunov-Schmidt reduction;
exponential dichotomies

1. Introduction

The problems in homoclinic or heteroclinic bifurcation are critical in dynamic systems because
they may have some complex dynamic behavior, such as chaotic motions [1]. Homoclinic and
heteroclinic orbits are important invariant sets. The homoclinic orbit tends asymptotically to the same
hyperbolic equilibrium along stable and unstable manifolds. However, the heteroclinic orbit tends
asymptotically to two different hyperbolic equilibria along the stable and unstable manifolds. A
heteroclinic loop consists of two saddles connecting two heteroclinic orbits. A numerical simulation
reveals that the Lorenz equation has a heteroclinic loop when o = 10, r = 40.375 and b = 2.623 [2].
The heteroclinic loop is equidimensional if the two saddles have the same dimension of the unstable
manifold. Otherwise, it is heterodimensional loop [3]. This elementary phenomenon occurs in any
dimension larger than two, and is one of the primary mechanisms for non-hyperbolicity. In addition,
the existence of the heteroclinic loop is often related to the traveling wave solutions of the
reaction-diffusion equation.
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In [4], Han et al. considered quadratic Hamiltonian systems with a heteroclinic loop under
polynomial perturbations. Using the Melnikov function, the authors found three limit cycles near the
heteroclinic loop. Later, Sun, Han, and Yang extended the theory for a heteroclinic loop with a cusp
in [5]. Chen, Oksasoglu, and Wang considered a heteroclinic loop under periodic perturbation on the
plane [6]. They proved three types of dynamic behavior near the heteroclinic loop under periodic
perturbation. One of which with strange attractors admitting SRB measures representing chaos. More
complicated dynamic behavior, such as strange attractors and horseshoes near the heteroclinic loop
with periodic perturbation see, [7] and [8].

Chow, Deng, and Terman [9] investigated the homoclinic or periodic orbit bifurcated from a
heteroclinic loop based on the method developed by Shilnikov. In 1998, Zhu and Xia [10] established
a coordinate system in a neighborhood of a heteroclinic loop. They studied the bifurcation of the
heteroclinic loop using the coordinate systems near the heteroclinic loop. Moreover, Rademacher [11]
studied the homoclinic orbit bifurcated from a codimension 1 and 2 heteroclinic loops by Lin’s
method [12]. In [13], Geng, Wang, and Liu investigated the bifurcation of a heterodimensional loop
using the local coordinate system. They assumed the unperturbed equation has a heteroclinic loop in
R* that the splitting indices of the unperturbed heteroclinic orbits are 1 and —1. They obtained the
persistence condition for the heterodimensional loop. For more research results regarding the
bifurcation of the heteroclinic loop see [14].

We let d,d > 1, denote the number of the bounded solutions of the variational equation along the
heteroclinic orbit. If d = 1, the homoclinic or heteroclinic orbit is nondegenerate; otherwise, it is
degenerate [15], which means, along the orbit, the intersection of the spaces tangent to the stable and
unstable manifolds of the equilibrium has a d dimensional subspace. Hence, parameter d describes the
degeneration of the homoclinic or heteroclinic orbit.

The primary purpose of this paper is to extend the theory of [13,14] for heteroclinic loop bifurcation.
We consider an autonomous ordinary differential equation that admits a heteroclinic loop in R". The
unperturbed heteroclinic loop consists of two degenerate heteroclinic orbits. Furthermore, the splitting
index of the unperturbed heteroclinic orbits can be arbitrary. We investigate the bifurcation of the
heterodimensional loop under periodic perturbation using the Lyapunov-Schmidt reduction method.
We start with the following equation:

x(1) = f(x(0), (1.1)
and its periodic perturbed equation is as follows:
(1) = f(x(0) + T 58, (x(1), 1, 1), (1.2)
where x € R", u = (u;, 42) € R?, and we make the following assumptions:

(H1) f € C3.

(H2) p, and p_ are the two distinct hyperbolic equilibria of Eq (1.1). Namely, f(p.) = 0 and the
eigenvalues of Df(p.) lie off the imaginary axis, where D denotes the derivative operator.

(H3) Equation (1.1) has two heteroclinic solutions y;(f) and y,(f), which are asymptotic to the
equilibrium p, and p_, respectively. That is, y;(#) = f(y;(¢)),i = 1,2, and

lim y1(0) = p, lim y() = p-,

,Elfio Y2(t) = p-, ,EI_IL Y2(t) = ps.
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(H4) gj € C°, gi(ps i) = 0, g;(x,0,2) = 0 and g;(x, pu, 1 + 2) = g;(x, i, ).
(HS5) dim(W*(p,)) = d, and dim(W?*(p_)) = d_, where W*(p,) and W*(p_) are the stable manifold of
the equilibrium p, and p_, respectively.
(HO6)
dim(Ty, 0 W' (p) () T W'(p-) = di
and
dim(Ty, 0 W*(p-) [ ) Ty W) = da,

where T, W*“(p.) is the tangent spaces of the corresponding invariant manifolds at y;(0) and
di>1,i=1,2.

By (H3) and (H6), we know unperturbed Eq (1.1) has a heteroclinic loop I" (see Figure 1), where

F={ptU{yi(0):1eR}U{p,} U{y:(0) : 1 € R}

Figure 1. Heteroclinic loop I'.

By (HS), we know that d, and d_ can be arbitrary. Thus, the unperturbed Eq (1.1) has a
heterodimensional loop. We provide conditions for the persistence of the heterodimensional loop
under periodic perturbation. The structure of the paper is as follows. We present some background on
the Lyapunov-Schmidt reduction and Lin’s method in Section 2. Section 3 details the notations for the
fundamental matrix of the variational equation along the heteroclinic orbit y;(¢) and the main result.
Section 4 provides proof of the main result. The bifurcation function is obtained using the functional
analytic method. We construct some solutions near the unperturbed heteroclinic loop, which can have
a gap at t = 0, and glue those solutions at t = 0. Thus, the bifurcation function can be obtained.
Hence, under some conditions, some solutions near the unperturbed heteroclinic loop can constitute a
heteroclinic loop for a perturbed system.

2. Preliminaries

Many problems in bifurcation theory can be changed by solving the zeros of an operator equation
in some Banach space. Sometimes, the corresponding operator is not invertible, making it difficult
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to solve. However, this problem can equivalently transform the operator equation into an equation in
a low-dimensional space using the Lyapunov-Schmidt reduction method (see [16]). Therefore, this
method is very effective, especially in studying homoclinic or heteroclinic bifurcation.

Lin’s method [17] is an implementation of the Lyapunov-Schmidt reduction method to construct
solutions near the unperturbed heteroclinic orbit. The idea of Lin’s method originated from the work
by Chow, Hale, and Mallet-Paret [18] using the function space approach to construct piecewise
continuous solutions approximating the unperturbed homoclinic orbit. The bifurcation function can
be obtained using these solutions, and the zeros of the bifurcation function correspond to solutions in
the homoclinic or heteroclinic bifurcation problems. Later, Palmer [19], Hale and Lin [20] extended
the methods to R” and the functional differential equation. Lin used the function space approach to
construct solutions near the heteroclinic chain [12]. He assumed that heteroclinic orbits in the chain
all have the same index. In the 1990s, Gruendler [21, 22] generalized the method to the case of
degenerate homoclinic bifurcation problems.

Next, we introduce an application of the Lyapunov-Schmidt reduction method, known as the
Fredholm alternative property for linear differential equations. = We consider the following
nonhomogeneous linear differential equation:

(1) = A@D)y(?) + h(), (2.1)

where y € R”, A(¢) vary continuously with ¢ € R and A(¢) is bounded and continuous on ¢ € R. We
assume that the homogeneous differential equation y(f) = A(#)y(¢) has exponential dichotomies on R*
and R, respectively. Then, M > 0, K, > 0, and projections P and Q exist, such that

|U(t)PU_1(S)| < KoezM(“‘t)’ 0<s<t
U — P)U_l(s)| < KOeZM(t—s)’ 0

U - QU™ ()] < Koe? =), 1
UOOU9) < Ko™, s <1 <

N

r<s,

0,

NN

(2.2)

N

S

=]

)

where U(?) is the fundamental matrix. We define the Banach spaces as follows:

Z" = {z € C"(R,R") : max{sup |D’z(1)|e""} < oo},

0<j<r teR

Mltl}

with the norm [|zll, = maxo < {sup, |D’z(t)le”1}, |D2(¢)| indicates |z(r)|. We let the linear operator

L:Z' — Z° be defined by
L(y) ==y — A@®)y. (2.3)

The adjoint operator for L is
L) =+ (AD)' ¢, 24)

where (A(1))T denotes the transpose of matrix A(¢)). By the definition of the linear operator L and the
exponential dichotomy, we know that

dimKer(L) = dim(Ran(P) N Ran(I — Q)),
dimKer(L") = dim(Ran(I — PT) N Ran(Q")).
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If dimKer(L*) = d and ¥(?), ...,4(t) are the orthonormal unit bases of Ker(L*), we define a
projection operator I1 : Z° — Z9 as follows

d )
M) = ) wit) f Wl @, hn)dr. (2.5)
i=1 -

By the method of the Lyapunov-Schmidt reduction, Eq (2.1) is equivalent to the following system
y =A@y + I = IDh(), (2.6)
IA(f) = 0. (2.7)

By the definition of II, Ran(I — IT) = RanL. We can first solve Eq (2.6) for y € Z', and the
bifurcation equations are obtained by Eq (2.7). That is,

1

Thus, Eq (2.1) has a bounded solution y(¢) if and only if Eq (2.8) holds.

d
=1

Wilt) f w(;z/f(z), h(t))dt = 0, for all y; € Ker(L"). (2.8)

3. Notation and main result

The variational equation of (1.1) along the heteroclinic orbit v; is:

w(t) = D f(yi(1)u). (3.1

From (H6), we know that Eq (3.1) has d;(d; > 1) linearly independent bounded solutions, i =
1,2. Based on Sacker’s definition [23], we can define the splitting index S (y;) for the unperturbed
heteroclinic orbit y;, as follows:

Sty)=di—d-=580)=d-—d, =—s. (3.2)

By (H3) and the exponential dichotomy roughness theorem, we know that the variational Eq (3.1)
has two-side exponential dichotomies. We let U; be the fundamental matrix of Eq (3.1). Then, M > 0,
Ky > 0, projections P; and Q; exist, such that

\U)P,UT ()] < Koe?™, 0< s <1,

V) = PYU; (9)] < Ko™, 0 <1 < s, 3.3)
U~ Q)U; ()] < Koe®™ ™, 1< 5 <0, '
UQU; ' (9)] < Kpe?™, s <1<0,
where I is the n X n unit matrix. We let the linear operator L; : Z' — Z° be defined by
Li(u) := it = Df(yi(D)u. (3.4)
Further, the adjoint operator for L; is
LiW) = § + (Df(ri)" ¢ (3.5)

Electronic Research Archive Volume 31, Issue 2, 1089-1105.
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We let Ul.‘1 denote the inverse of U;. Then we have Ul.‘lU,- = [. Differentiating Ul.‘l(t) U(t) = I with
respect to £, we obtain
Ui_lU,‘ + U[_IUZ' =0
hence,
U~ = -U7'UU = -U'Df(y)).
Therefore, we have
- -
U )" =-Dfey)" (WU H".

We know that (U; )" is a matrix solution of the adjoint equation of (3.1). Taking the transpose in
Eq (3.3), it is apparent that the adjoint equation of (3.1) also has exponential dichotomy on R* with
projection / — P!, and on R~ with projection I — Q7, respectively.

By the definition of the linear operator L; and the exponential dichotomy, we know that

dimKer(L,) = dim(Ran(Py) N Ran(I — Q1))
= dim(Tyl(O)Ws(p+) N T)’l(O)Wu(p—))
=d,

dimKer(L,) = dim(Ran(P,) N Ran(I — Q»))
= dim(T,,0)W*(p-) N Ty, yW*(p+))
= dy,

dimKer(L}) = dim(Ran(I — P} ) N Ran(Q})).

From the theory of homoclinic bifurcation, the linear operators L; and L, are Fredholm operators,
and the index of the Fredholm operator L; is

indexL; = dimKer(L;) — codimRan(L;).
If dimKer(L?) = d;,i = 1,2, then we have

indexLy =d) —d{ =d, —d_-=S(y)) =5,
indexL, =d, —d; =d_—d. = S(y,) = —s.
In addition, if u}(?), ..., ul, _, (), ,(t) are the orthonormal unit bases of Ker(L;), ¢1(1), ..., pa,s(t) are

the orthonormal unit bases of Ker(L}) and ¢(?), ..., ¥4,+4(f) are the orthonormal unit bases of Ker(L),
then define

al(a)) = f Wl (), ge(y1(s), p, s + ap))ds,

bly= | W), Dy fn())up(s)ul(s)ds,

wherei=1,..,dy — s, p,qg=1,....d, — 1,and k = 1,2. Moreover,

—+00

@)= | (@l (), gya(s). . s + @)t

—00
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bimn:f (@] (), D11 f (ya () () (s))ds,

where j = 1,..,d» +s,m,n = 1,....,d, — 1, and k = 1,2. Using those notations, we let M' : R~ x
R? x R — R%~5 be given by

Ml(ﬁl’/la al) = (Mll(ﬁl9ﬂa al)’ ceey Mclll_s(ﬁla/”h al))’

and
2

Mil(ﬂla/'l’ a’l) = Zail,k(all)/lk +

k=1 p=1 ¢g=1

wherei = 1,..,d; — s,5' = (8], ...,ﬁ}i]_]).
We let M? : R27! x R2 x R — R%“** be given by

&
I
—
.
-~

-

1 1l
bi,pqﬂpﬁq’

Mz(ﬁz’ /’la G*IZ) = (M%(ﬁz’ /’La a’2)’ eeey M52+y(ﬁ2’ /J’ aZ))’

and
2

1
MiB ) = ) @+ 35 > > bbb
k=1 m=1 n=1
where j = 1,....d> + s and 8% = (8], ...,,8312_1). Further, we let M : R4+%72 x R?2 x R? — R4~5 x R%*s
be given by
M@B,p, @) = (M' (B, 1, @), M*(B%, i, @2)), (3.6)

Whereﬁ = (ﬁl 9ﬁ2)9 a = (ala a/2)'
We can state the main result as follows:

Theorem 1. Assume that (H1) — (HS) hold. Let M(B, u, @) be as in Eq (3.6). If there are some points
(Bo, Mo, @) € RNT272 x R2 x R?, such that

M(ﬁ()’ Hos a/()) = 0
and
D(B,M)M(,Bo,llo, @)

is a nonsingular (d, + d,) X (d| + d,) matrix, then there exists an open interval I containing origin,
the C' function k, : I — R?, and the heteroclinic solutions x,(&,t), x,(g,t) of the Eq (1.2) with u =
X(uo + ko (€)), where € € 1\ {0}, x,(&, 1) and x,(e, t) are located near the heteroclinic orbits y, and v,
such that x,(g,t), x2(&,t), p. and p_ can constitute a heteroclinic loop T'..

The proof of Theorem 1 is performed in Section 4. The heteroclinic loop I', as illustrated in Figure 2.

Electronic Research Archive Volume 31, Issue 2, 1089-1105.
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Y, ()

Y,(1)

Figure 2. Heteroclinic loop I..

4. Proof of Theorem 1

By (H2), we know the unperturbed Eq (1.1) has a heteroclinic loop I'. In this section, we find
conditions such that the perturbed Eq (1.2) have a heteroclinic loop I', with sufficiently small u. For
i =1ori=2,we suppose x;(¢) is a solution of Eq (1.2). With the change of variable

Xi(t + ;) = yi(t) + z:(0), 4.1)
Equation (1.2) can be transformed into

Z.i = Df(?’i)Zi +§(Zia /J’ Q’,‘), (42)
where

8z, p, @)(1) =f(yi(®) + (1) = f(i(1)) = Df (yi(0)zi(0)

5 4.3)
+ Ejzlllfg](yl(t) + Zi(t)’/l’ I+ ai)'

By direct calculation, we have

(1) ¢(0,0,;) = 0; D;g(0,0,;) = 0;

(if) D11g(0,0, @;) = D11 f(y));

(lll) E(O’ 09 a,l)(t) = g/(?/l’ O’ r+ a’i)a
ey '

where D; and D;; denote the derivative of the multivariate function concerning its i-th and i and j-th
variables, respectively.

Because we only consider the Eq (1.1) under a small periodic perturbed equation, we suppose
uEe B,(0,6) C R?, where B, (0, 6) is a closed set with radius § > 0 centered at the origin. Moreover, we
have the following property regarding the function g.

Lemma 1. The function g(-, i, a;) : Z' x B1(0,6) x R — Z°.

Electronic Research Archive Volume 31, Issue 2, 1089-1105.
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Proof. For i = 1 ori = 2, we let z; € Z' be given. We can choose a closed set B such that
zi(0), yi(0), z/(1) + yi(t) and p. + z;(r) + y:(¢) are all € B for 1 € R. According to smoothness of f, g; € C*
and g; is periodic about t. We can choose a constant M; such that

D1 f(x)| < My, |Digj(x,pu,t + ;)| < My,

for (x, i, ;) € Bx B1(0,8) xR. If z; € Z", because ; is a heteroclinic solution which is heteroclinic to
the hyperbolic equilibrium p., we can assign a constant M, such that

|z < Mae™12(0) + yi(0) — pal < Mpe™,

We define oi(s) = f(sz;(t) + y:/()) — f(vi(®)) : [0,1] — R". By the smoothness of f, oy € C* and
for some s* € (0, 1),

fzi@®) +vi(@®) = f(yi(®) = o1(1) = 01(0) = 7 (5)
= Df(szi(t) + vi(1)zi(1).

Therefore,

|f(zi(t) + yi(0)) = flya)] < IDf(s72:(8) + yi(1)zi(1)]
< M,|z;(@)|
< M Mye ™M1

We define a map o, (s) : [0, 1] — R”" by
02(8) = gj(px + $(zi(1) + i) = p+), ps t + @) — 8j(Pas i T + @)).

By (H4), 05 € CP,05(1) = gi(yi(t) + z(t), pt, t + @;) and 05(0) = gj(ps, .t + @;) = 0. For some
s* € (0, 1), we have
i) + zi(O), p, t + @) — gi(ps, p, t + @) = 02(1) — 02(0) = 75(s5")
= Digj(ps + 5 (zi() + vi(t) — pe), 1, t + @))(zZi(t) + yi(t) — ps).
Therefore,
1gi(vi(®) + zi(D), 1, t + ;) — gj(pa, 1, t + ;)|
< ID1gj(ps + 57 (zi() + yi(t) — po), p t + @) (zi(t) + yi(1) = po)l

< My|(zi(®) + yi(0) = p2)l
< M1M2€_M|tl.

Forany u e R, gj(ps,u,t + ;) = 0, thus

8(zi» p, @) (1) =g(zi, o, @)(t) — Z?:l/"jgj(pi’ﬂ, I+ ;)
=f (i) + zi(0) — f(yi(0) — Df(yi()zi(2)
+ Z0 (g (vi0) + 20, 1, T+ @) = 8Py phs T+ ).

Electronic Research Archive Volume 31, Issue 2, 1089-1105.
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As a result,
18(zis . @) D)) = [z 1 @)() = T 11,8 /(P i T + )
< 1f@i0) +vi@) = fiO) + 1D f(yi()zi (D)l
+ 125 (g (yi) + 2(0), 1, 1 + @) = 8P 1, T+ @))|
< M\ M; + |ulM  Mp)e™",
that is

18(zi, i1, @)llo = sup [8(zi» i, @) ()™ < QM M, + M, M>).
teR

Thus, for any given z; € Z', 2(z;, ut, ;) € Z°. The proof is complete.

From the variable transformation of Eq (4.1), if lim,_.« [z;(¥)] = 0, then x;(¢) is a heteroclinic
solution which is heteroclinic to the hyperbolic equilibrium p_ and p.. Hence, the persistence of the
heteroclinic loop I' under the periodic perturbation of Eq (1.1) is equivalent to the search solution z;(¢)
of Eq (4.3) in the Banach space Z'. Next, we use the method of the Lyapunov-Schmidt reduction to
solve the operator equations

Li(z)) =21 = Df(yDz1 = 8z, p, ay),
L(22) = 22 = Df(y2)z2 = 8(z2, p, @),

in the Banach space Z'. B
We define spaces Z; and Z, which are closed linear subspaces of Z°, as follows

Zi =theZ": fw@f(r), h@))dt =0,i=1,....,d, — s},
N o (4.4)
Z={heZ: f W@, h)dt =0,i=1,...,dy + s},

where ¢(7), ..., 4 s(t) are the orthonormal unit bases of Ker(L]) and y(?),...,Yq,4+s(t) are the
orthonormal unit bases of Ker(L}). We define maps I1; and I, : Z° — Z° as follows

dy—s 0

M@0 = Y00 [ (ol .20 45)
d:—ls 00

Mm@ = Y0 [ Wlo.or, (46)
i=1 -

where o7 and ¢/, satisfying (i, ¢7) = 6;; and (;, ) = &y, respectively. When i = j, 6;; = 1, and
when i # j, ¢;; = 0. By the definition of map II;, we have

(M1 (2))*(7) = T (T (2))(2)

dy—s di-s

= Yo [ .Y e [ fooands
=1 e =1 —oo

Electronic Research Archive Volume 31, Issue 2, 1089-1105.
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dy—s dy—s ) 0o
=Y o)y f T (0. 20 f @l (@, ¢ (0t
1 =1 e —0c0

dy—s

= Zgo,(r) f (@l (1), 2(0)d1
= 1L (2)(®).

For map IT,, we can similarly obtain (IT,(z))*(¢) = II,(z)(r). Hence, II; and II, are projections. For
any z; € Z', we have

Hi(Z: = Df(y)z) = 0

Next, we apply the Lyapunov-Schmidt reduction to solve Eq (4.2). Applying I1; and (/ — I1,) on Eq
(4.2), we find that Eq (4.2) is equivalent to the following system

= Df(y)z + (I = I1)g(z;, p, y), 4.7)
ITig(zi, p, ;) = 0. (4.8)

We first solve Eq (4.7) for z; € Z'. Then, the bifurcation equations are obtained by substituting the
solution z; into Eq (4.8).

We can define a bounded linear map K; : Ran(L;) — Z'\ Ker(L;). Thus K;(h;) is a solution of
the linear operator equation L;(u) = u(t) — Df(y;) = h;, when h; € Ran(L;). By (H6), we suppose
u’i 0, ..., ”iz,-— ,(¢) are the orthonormal unit bases of Ker(L;). Moreover, we solve Eq (4.7) forz; € Z L

Lemma 2. Equation (4.7) has a unique solution z; € Z" such that z; satisfies
Filz, ' s i) = Z/s’ u + K1 = TRz 1, @),

where (8, i, @;) € R4 x R? x R.
Proof. We define a C?> map: F; : Z' x R4 x R2 xR — Z! as follows:

di-1
Fi(aBopan) = 3 Bty + Kl = T)g(zs . ) (4.9)
=1
where 8 = (B.,...8,_,) € R%"'. By Eq (4.4), we obtain Z; = Ran(L;) = Ran(I - TI,), i = 1,2. By the
definition of the projection operator I1; and Lemma 3.1, we have (I — I1,)g(z;, u, @;) € Ran(L;). Thus
KA{(I —11,)g(z;, 4, @;)} is a solution of the Eq (4.7). And uj.(t) € Ker(L;), then the fixed points of F; are
the solutions of Eq (4.7). Thus, we must demonstrate that the map F; has a unique fixed point in the
space Z'. .
We let B(0, 6;), EI(O, 5,), and B;(0, 6,) be a closed subset with radius §; > 0 and &, > 0 centered at
the origins of Z', R%"!, and R?. By g(0, 0, @;) = 0 and the smoothness of f, g;, we can set §; and §, to
be sufficiently small such that

||:§(Zi’/”la a,i)”() < 62a

Electronic Research Archive Volume 31, Issue 2, 1089-1105.
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for (z;, u, @;) € B(0,68,) X B(0,5,) X R.
Further, u’] € Ker(L;), K; and (I — II;) are bounded linear operators. We can set constants M5 >
0, M, > 0 such that
il < M3, |IK:( =TI < My,
forany i = 1,2,j = l..,d;— 1. Welet§, = min{ﬁ,m} For any (z;, 8, i, a;) € XB(0,6;) x
B'(0,6,) x B1(0,5,) X R , we have

IFizi, B s @)l = |l Zﬁ’ul + K{(I - 1)g(zi, p, p)lly

j=1
<l Zﬁ’ulul KA = TG )y

< 52(61,' - 1)M3 + 0, M,y

<9;.

Thus, for any (8, u, @;) € Fi(O, 072) X El(O, 02) X R, we have
Fi(-.B . @) : B(0,6,) — B(0,6)).
We let

h(z)(@) = f(ri(@) + zi(0) = f(yi() = Df(yi(0)zi(2).

Then 2(0) = 0, Dh(0) = 0, so we can choose above ¢, to be sufficiently small such that ||Dh(z;)|| <
5,, for z; € B(0,6;). We select a constant Ms > 0 such that ID1g(yi(t) + zi(2),u, t + @Il < Ms, for
(zi, i1, @;) € XB(0,8,) X B1(0,8,) X R.

By Eq (4.3), we have

8z, @)() = h(@)(0) + Ey (8 (viD) + zi0), 1o T + ).
For z!,22 € B(0,6,), (B, i, @) € EI(O, 8,) X B1(0,8,) x R. From Eq (4.3), we obtain the following:
|Fiz}, B 1, @) — Fi@, By, @)
=K - T){E (! ps @)} — Kd( = T1)g(z7, w1, a)l
=||Ki{(I - Hi){g(Z} M, @) — ?(Z%,#, a)ill
=K - T){h(z} (1) — h(Z (1))
+ 22 (8 i) + 2 (O, t + @) — g (i) + (D, 1, t + @)
<|IK:(I = TIDI{IDAGE! (1) + s(z2(0) — 2} (O)))IIz} (1) — Z(2)|
+ 2 IlICg (yir) + 21 (0, £ + @) = 8(yi(D) + 27 (D), . 1 + )}
<|IKi(I = I)I{DA(z; (1) + s(z; (1) — z; (1))
+ 25 (D1 g (i) + 2 (6) + 5(2} (1) = 22 (0)), . £ + @Ml = 2],
for s € (0, 1). Thus,

|Fi(z}, Bl s @) — Fi(Z2, B, )l < 62(My + 2Ms)|lz) — 221
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Therefore, if we set §, = min{zM;(ilz o 2(;‘44, TR +2M )} then

. . 1
WFiz B, ) = Fu(Z2 B, a)l| < Ellzi1 -z

As aresult, F; is a uniform contraction in B(0,6)). By the contraction mapping principle, a unique
C' map w; : B(0,6) X B1(0,5) X R — Z' exists such that

wiB', 11, @) = Z,B’ ' + K{(I - TI)g(ws, w, i)}

j=1
Moreover, F;(0,0,0,a;) = 0, hence, w;(0, 0, @;) = 0, which implies the desired statement.

Substituting w;(8’, u, ;) into Eq (4.8), we obtain the bifurcation function

0= Hig(wi(ﬁi,ﬂ, @), M1, @;). (4.10)

By the definition of projection I1;, we have

dy—s +00

PNZC f W (T @B ). an)(s)ds = O, @.11)
d2+s

Z 901(1) <(P, (8), 3(w2(B, i, @2), 1, @2)(5))d's = (4.12)

By the linear independence of ¢y, ..., ¢4 s and ¥y, ..., ¥4, +4(t), Eqs (4.11) and (4.12) are equivalent
to

H' (B, ) = f W (). F@r(B s ), s 1 )()pdls = O, @.13)

H B )= | (@) (5), 3B, p, @), pt, a2)(8))ds = 0, (4.14)

—00

wherei=1,..d;—s,j=1,...,d, + 5. We let

Hl(ﬁlall’al) = (Hll(ﬂl’/’laall)’~ H¢111 s(ﬁl /J’a,l))
Hz(ﬁz’ M (1’2) = (H%(BZ, M 0{2)’ . d2+g‘(ﬁ M4 0,2))

Therefore, by the Lyapunov-Schmidt reduction, we obtained the bifurcation function:

HPB.p, @) = H' B 1, @), H (B, 1, a2)),

where 8 = (8',8%), @ = (a1, a,). If there are some parameter values (3, i, @) € RU1+%272 x R? x R?, such
that

H(B,u,a) =0
then z; = w; 1s a solution of Eq (4.2). Hence, the perturbed Eq (1.2) has heteroclinic solutions

xi(B @)@ = Y1) + wi (B, a))(®),
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and
-XZ(ﬁz’ M, QZ)(I) = yZ(Z) + wZ(ﬁza M, aZ)(t)’
which are asymptotic to the equilibrium p, and p_, that is

tglgoxl(ﬁl,u,al)(t) = p+,tgr_r§oxl(,81,u,al)(t) =p_

and
lim x(B%, , ay)(t) = p- lim (B, 1, a)(@) = p,

are uniform for some (8!, 8%, i, @y, a,). Thus, the heteroclinic orbits x; (8!, u, a1)(f) and x,(B%, u, a2)(¢)
and the equilibria p,, p_ constitute a heteroclinic loop of the perturbed Eq (1.2).
Through direct calculations, the function H (8, u, @) has the following properties:

o , H! oH;

(O H0,0,a7) = H(0,0,a5) =0, %(0, 0,ap) = (9,82 —2(0,0,a,) =
2H1 +00

(i0) aﬂlaifl 0,0,ay) = [ Wi (), D11 f(ri()uy(s)uy(s))d's:
62H2

) 8,826,82 0,0,a) = f (@] (9), D11 f (o () ()uz(s))ds;

OH!
(ZV) a_l(oa O’ al) = f <w1T(S)> 8k(71(5),ﬂa s+ a’l)>ds’
Mk —00

8H2 +00
(v) WJ(O, 0,a,) = f (@] (5), 8k (y2(5), 1, s + 2))dt.
k —c0
We define M!' : R~ x R? x R — R4~ given by
Ml (ﬁl s M, al) = (M} (ﬂl s M, al)a eees M;I_S(ﬁ],/l, Q])),

and
“1di—-

M}(ﬁl,p,al)—z lk(al)pk+ ZZb,pq Vi=1,...d —s.

p=1 g=1
We define M? : R27! x R?2 x R — R%* given by

M (B, p, @5) = (M (B, 1, @2, ..o M, (B2, 11, @02)),

and
2 dz 1dr—
MAB ) = ) @l + Z Z B, BB = 1, dsy + 5.
k=1 p=1 g=1
Thus,

Hi(ﬁi9 M, ai) = Mi(ﬁi’ M, a/i) +H.O.T.
Moreover, we define M : R41*%72 x R? x R? — R4175 x R%** given by
M(ﬁ’ M, a/) = (Ml(ﬁ17/”la a’l)a Mz(ﬁz’ M, a’Z))»

hence
HPB,u,a) = MB,u,a) + HO.T.
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Lemma 3. If points (Bo, o, @) € RIT272 x R? x R? exists such that M(By, 1o, @g) = 0, and
D ,yM(Bo, 1o, ) is a nonsingular (d; + dy) X (d\ + d») matrix, then an open interval I C R exists
containing zero and differentiable functions, k; : I — R%*72 and k, : I — R2, such that ,(0) = 0,
k2(0) = 0, and H(e(By + k1(€)), £X (o + k2(€)), ag) = 0 for e € 1.

Proof. We define a C? function N : R17%272 x R? x R? > Ré+42;

SH(e(Bo + X), € (1o + ), ap), fore #0,

N(x,y, &) =
M(By + x, (o + v, p), fore = 0.

Itis clear that H = O if and only if N = O for £ # 0. Through direct calculations, we have N(0, 0, 0) =
0, and D, ,,N(0,0,0) = D,y M(Bo, 10, @) is nonsingular matrix. Using the implicit function theorem,
we know an open interval / C R exists containing the zero and differentiable functions, which are
ky o I — RU*2 and x, : I — R?, satisfying «;(0) = 0 and k»(0) = 0, respectively, such that
N(ki(g), ky(€),€) = 0 for € € I. Hence, we obtain

H(e(By + ki(€)), 82(/.10 + Kk2(€)),a9) =0 for € € I'\ {0}.

The proof is complete.

Hence, the perturbed Eq (1.2) has heteroclinic orbits

x1(g,1) = yi(t — @19) + w1 (B + k[ (£)), £ (1o + ka2(&)), @1 o)t — @1 ),

and
X2(8,1) = ya(t — ang) + wa(e(By + ki (), € (o + Ka(E), 2 0)(t — @),

where € € 1 \ {0}’ﬁ0 = (ﬂé’ﬁ(z))’ Kl(8) = (K}(S)a K%(S))’ @y = (a,l,O’ aZ,O)' In addition,

lim x;(e, 1) = p,, lim x;(e,t) = p_,
t——00

t—+00
lim x2(8’ t) =p- lim x2(85 t) =D+
t—+00 1—>—00
for some ¢ € I\ {0}. If we let
Ie={ptUlxi(e,n): t e R}U {p} U {xa(e, 1) i 1 €RY,

then some solutions near the unperturbed heteroclinic loop I' exist which can constitute a heteroclinic
loop I'; for perturbed Eq (1.2).

5. Discussion and conclusions

In this paper, we investigated the persistence of a heteroclinic loop under periodic perturbation
in R”. We assumed unperturbed heteroclinic loop is a heterodimensional loop and the unperturbed
heteroclinic orbits are degenerate. Using the method of Lyapunov-Schmidt reduction and exponential
dichotomies, we obtained the bifurcation function, which is defined by

HPB,p, @) = H' B 1, @), H (B, 1, a2)),
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1104

where 8 = (8',8%), @ = (a1, a,) and (B', 8%, 1, a1, a») € R17T x R~ x R? x R x R. Under the condition
of Theorem 1, there exist some points such that H(8, u, @) = 0. Hence, there exist heteroclinic solutions
x1(&,1), x2(&, 1) of the Eq (1.2) with u = £2(ug + k2(€)), where & € I\ {0}, x,(&, ) and x,(&, t) are located
near the heteroclinic orbits y; and 7y, such that x,(&, 1), x2(&, 1), p+ and p_ can constitute a heteroclinic
loop I'.. The heteroclinic tangles is one of the primary mechanisms for non-uniformly hyperbolic
dynamics. Our results extended the theory of heteroclinic loop bifurcation.

There are still many interesting and instructive issues worthy of further study. For example, the
hyperbolicity of the heteroclinic solution x;(&, f) and chaos motion near the heteroclinic loop I',.
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