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Abstract
Resonant metamaterials have attracted significant research interest in mechanical
and acoustic engineering with applications in the fields of sound and vibration
control thanks to their integrated tuned mass dampers. One prevailing issue
regarding industrial application of such structures is the high probability of local
damage for their resonating parts. Accurate and efficient health state estimation
methods for resonant metamaterials are therefore urgently required. In particular,
the quantification and localization of damaged resonators represent key pieces of
information for the operator of a structural asset. This work presents for the first time
an investigation into quantifying and identifying damaged oscillators in a resonant
metamaterial based on the measured frequency response function data. Both data-
driven and physics-based methods are implemented and corresponding results
are exhibited. Manufacturing-induced structural uncertainty is quantified through
physical measurements and taken into account in this work. It is demonstrated
that such uncertainty may have a rather significant impact on the response of 3D
printed resonant metamaterials, leading to difficulties vis-a-vis damage quantification.
The proposed theoretical developments are able to properly account for such
uncertainties, providing probabilistic estimation indices for the existing damage level
and location. Both simulated and experimental case studies are presented to validate
the two proposed methodologies and comparisons are also exhibited and discussed.

Keywords
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Introduction
Optimally designed metamaterials can manipulate electromagnetic, elastic and acoustic
waves in a human-defined manner not observed in bulk materials. Those families
of metamaterials exhibiting a negative index of refraction for particular wavelengths
have attracted significant research over the last twenty years, with several potential
applications being envisaged including cloaking [1], filters for medical imaging [2],
remote space applications, ultrasound signal filters for infrastructure monitoring [3],
smart solar power management, crowd control, high-frequency communication and
lenses for high-gain antennas [4], attenuating noise and vibration and even shielding
structures from earthquakes [5]. With specific regard to mechanical and acoustic
wave manipulation [6], locally resonant metastructures are finite structures exploiting
locally resonant metamaterial concepts for low-frequency vibration attenuation as a
result of stop band formation for wavelengths much larger than the lattice periodicity.
Such structures have phenomenologically increased impedance (thus reduced vibration
levels) within their stop band regions thanks to energy absorption and dissipation
through their integrated tuned mass-damper resonators. A prevailing issue vis-a-vis the
applicability of such metastructures within industrial systems is the high probability of
local failure due to the number of intensely resonating parts. It should be noted that
increasing the thickness of the resonant parts would ruin optimality and performance
of the design and therefore constitutes no option for engineers. There is consequently
a compelling need for accurately and efficiently extracting as much health state
information as possible for such metastructures. Such information should not only be
limited to damage detection (since a single breakage would not be structurally critical,
thus probably tolerable), but should ideally quantify the number of damaged resonators
and their locations within the metastructure.

Generally, structural damage detection can be classified as local-damage detection
and global-damage detection [7]. The former refers to non-destructive testing such as
ultrasonic guided wave, acoustic emission and electromagnetic testing, etc., which are
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mainly used to evaluate the local properties of a structure for characteristic differences
or defects. Baseline data of the healthy structure are not always necessary since these
approaches can employ baseline data extracted from the damaged structure [8, 9].
However, this local damage detection methodology can only be used to detect some
special components of a structure [10, 11]. In order to be able to inspect the entire
structure (especially regarding complicated structures), researchers have developed
global approaches based on the measurements of vibration signals over the last three
decades [12, 13]. The rationale of global damage detection approaches is that damage
changes the stiffness of the structure and therefore the behavior of vibration-based index
such as natural frequencies [14], mode shapes [15], modal strain energy [16], modal
flexibility [17], frequency response function (FRF) [18] and transmissibility [19], which
can be obtained from the results of dynamic testing. Among others, FRF to be used in
this study has been widely recognized as an appropriate approach to quantify the health
state of an inspected structure. Sampaio and Maia [20] proposed a damage indicator,
the FRF curvature, to locate and quantify the damage. Motivated by the concept of the
modal assurance criterion (MAC), a response vector assurance criterion (RVAC) was
proposed in [20] for damage detection by considering the correlations of the FRFs.
The rationale behind RVAC is that less correlation indicates greater damage. Esfandiari
[21, 22, 23] investigated the sensitivity-based model updating technology based on FRF,
which was then applied to locate and quantify damage of beams. Recently, FRF-based
damage detection was conducted within the Bayesian framework by accommodating
multiple sources of uncertainty in [24].

According to [25], the damage identification problem can also be addressed using
an inverse problem where a high-fidelity physical model of the structure is required
[26] or as a pattern recognition problem requiring a statistical model representation
of the system [27]. For the model-based approach, the concept of damage sensitivity
equations [28] is usually used in an inverse problem which can be based on any type of
data, e.g. modal data or time series. The resulting inverse problem usually is ill-posed,
and therefore special attention such as l1 regularization [29] or sparse regularization
[30] are usually required for an accurate solution. The deterministic approaches are
more likely to produce poor results in practice. Therefore, the problem of how to treat
the uncertainties explicitly always arises [31, 32]. One novel research stream is the
Bayesian approach which is able to find the plausible structural damage extents as well
as their probabilities given a model of the structural system and the measured data
[33, 34].

Different from the inverse-problem approaches, a data-based strategy for structural
health monitoring (SHM) is based on the idea that measured data from the system
of interest are assigned a damage class by a pattern recognition algorithm [25]. The
data-based approaches usually make extensive use of statistical models rather than the
physics-based ones. One extracts damage-sensitive features from the measurements,
which are then combined with a machine learning analysis to construct statistical
models of the different classes one wishes to distinguish and a classifier to determine
which class new data might belong to. There are two main types of learning in
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the context of vibration-based SHM: supervised learning and unsupervised learning
[25, 35]. Supervised learning algorithms learn to associate labels with features from
the training data which consist of a set of feature vectors together with their known
class labels, while unsupervised algorithms are usually applied in a two-class problem
where feature data are only known for one class [36]. The damage detection level
can be realized by unsupervised learning algorithms which only requires data from
the normal condition of the structure [37]. However, damage localization ought to be
achieved by dividing the structure into substructures and assigning a class label for data
corresponding to damage in given substructures. One may need data from the structure
of interest in many different damage scenarios which may be impossible or at least very
expensive to obtain. Similarly, the damage assessment level requires data for different
damage extents with each dataset represented by a class label for the classifier [25].
Therefore, the availability of damage state data is a serious issue for data-driven SHM.

We hereby report for the first time an investigation into quantifying and identifying
defects in resonant metamaterials. Specifically, this work focuses on breakage of the
integrated resonators. Major novelty of this work includes:

1. A hierarchical Bayesian framework is developed to rigorously estimate three
levels of damage-related information in resonant metamaterials with quantified
uncertainty: (1) the number of broken resonators, (2) their locations within the
beam structure, and (3) updated model parameters.

2. Damage indices are proposed to account for the manufacturing-induced structural
uncertainty. A data-driven scheme is then employed based on the proposed
damage indices to assess the level of damage (number of broken resonators) in
the metastructure.

3. Both numerical and experimental case studies involving populations of
damaged metamaterial beam structures are exhibited to validate the developed
quantification and identification methodologies.

The manuscript is organised as follows. The details of the resonant metamaterials
investigated in this work are first presented as well as the measurement configurations
for obtaining FRF data. Comparison between the measured FRFs and the theoretical
predictions are discussed, illustrating the uncertainties encountered. To eliminate the
effect of experimental uncertainty, damage indices are then proposed. The main
theory of both physics-based and data-driven methods used in this work are reviewed.
Numerical and experimental data are presented to validate the developed methods.

The Resonant Metamaterial under Investigation

In this work, the FRFs of the resonant metamaterials are measured for damage
identification and quantification. Specifications of the experimental samples tested in
this work as well as the instrumentation details are presented in this section. The
measured FRFs of the experimental samples are then compared with the theoretical
model predictions, illustrating the uncertainties involved in manufacturing process.
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Experimental testing procedure
The considered metamaterial beam is composed of Π-shaped backbone with parallel
insertions and attached cantilever-mass resonators as shown in Figure 1. It’s experimental
realisation can be found in Figure 2a. The metamaterial beam can exhibit single or
multiple bandgaps depending on whether the two sets of resonators attached to different
side walls are symmetric. In this work, asymmetric resonators are considered.

Figure 1. Schema of the metamaterial beam with cantilever-mass resonators

In order to investigate the FRFs of the metamaterial beam, 12 beams were
manufactured with Nylon-12 powder by Selective Laser Sintering method, which is one
of the most popular additive manufacturing methods. The Nylon 12 powder was filled
in a powder bed, then sintered layer by layer to the designed shapes with a laser. The
printed structures have a density ρ of 948.9 kg/m3, a flexural modulus E0 of 1.62 GPa
and a loss factor η of 0.01. The geometric parameters of the beams are listed in Table 1.

Table 1. Geometrical parameters of tested metamaterial beams

Backbone
Height Hd=10 mm
Width wd=49 mm

Side wall thickness td=2 mm
Backplate thickness bd=4 mm

Insertions
Plate insertion thickness tw=10 mm

Distance between plate insertions Ld=15 mm
Number of segments q=10

Resonators
Height of cantilever beam hs1=2.4 mm,hs2=2.3 mm
Width of cantilever beam bs1=2.5 mm,bs2=2.4 mm
Length of cantilever beam ls1=ls2=19.5 mm

Resonator mass mr1=mr2=0.55 g
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(a)

(b)

Figure 2. Photos of the tested metamaterial beam and experimental setup for the
receptance test: (a) partial view, (b) global view

The receptance functions of beams were tested by an experiment system as shown in
Figure 2a and 2b. The measurement system is composed of a Doppler laser vibrometer
(Polytec PDV-100), a mechanical shaker (Modal Shop 2060E), an impedance head (PCB
288D01) and auxiliary components. The samples are glued firmly to the impedance head
which is screwed to the mechanical shaker at the other end. A chirp signal source that
is generated by the computer and then amplified by an amplifier determines the output
forces by the mechanical shaker. The impedance head measures the actual excitation
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forces on the metamaterial beam. Displacements at the other end of the beam are
measured by the laser vibrometer. The receptance functions can be derived by the ratios
between the tested displacements and excitation forces.

Comparison between experimental and analytical results
The FRFs of the metamaterial beam can be calculated analytically by the displacement
transfer matrix model [38, 39, 40]. The receptance functions of metamaterial beams
calculated by the analytical model are compared with that measured experimentally
as shown in Figure 3. Discrepancies can be found between the theoretical model
predictions and experimental measurements. Differences between the two curves
mainly lie in the resonance frequency of the beam, which are mainly due to the
manufacturing uncertainties, simplifications in the analytical model and non-ideal
experimental conditions. Especially, it has been found that uncertainties of physical
parameters and geometric dimensions from manufacturing process can affect the FRFs
of the metamaterial beam dramatically [40]. Such uncertainties also lead to calibration
issues when applying the physics-based damage identification and quantification method
to experimental data. Detailed analysis can be found in the next section.
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Figure 3. Comparison of receptance functions by analytical evaluation and experimental
measurement. (Solid line: experimental; dashed line: analytical)
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Damage Features and Indices
The properties of FRFs with damaged resonators are investigated and the feasibility of
applying data driven damage quantification methods are discussed in this section. Due to
the nature of resonant metamaterials as well as the involved uncertainties induced through
manufacturing and measurement procedures, conducting damage quantification directly
based on FRFs can be quite challenging. In view of this, damage features are investigated
and damage index extraction strategy is proposed in this section to overcome these issues.

Properties of FRFs with broken resonators
In order to choose proper damage identification and quantification features for the
metamaterial beam, the properties of its FRFs with different numbers and locations
of broken resonators are investigated in this section. Figure 4 shows the numerical
predictions of FRFs based on the theoretical models with sequence of missing resonators
(randomly picked). Differences can be found in the FRFs with different numbers of
missing resonators, illustrating the feasibility of conducting damage identification and
quantification based on FRF data. However, challenging issues are still encountered when
applying data-driven models directly on the FRF data, which are listed as follows.

200 220 240 260 280 300 320
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Figure 4. Numerical predictions of FRFs with broken resonators (Solid line: undamaged;
dashed line: damaged)
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• Dimension of the input features will be very high when directly applying FRFs
data to data-driven models. The resulting damage identification and quantification
method will lack computation efficiency. Dimension reduction techniques can
be applied as pre-process steps (e.g., Principal Component Analysis [41]) but
the resulting features are obtained in a fully data-driven manner without direct
physical interpretation. Noting that there are also discrepancies between the FRFs
of experimental data and theoretical model predictions. This will cause problems
in applying outcomes from the data-driven space to the physics-driven one and
vice-versa.

• Even when the number of missing resonators is the same, FRFs of the metamaterial
beams can behave quite differently. It is also possible that the FRFs are close when
for two damage cases with different number and locations of missing resonators.
Figure 5 shows a typical example of such situation. The dashed line and the dashed
line with dots represent two samples with one broken resonator, which are not
close. The former is much closer to the undamaged case (the solid line). This
relatively simple example illustrates the issues encountered when inferring the
number of broken resonators in the metamaterial beam.
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Figure 5. A typical example of FRF under different damage situation (Solid line: undamaged;
dashed line: resonator no.15 damaged; dashed line with dots: resonator no.5 damaged)
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One way to overcome the foregoing issues is to first extract damage features from
FRF data that are sensitive to the number of broken resonators. Significant changes
can be found around the spectral peak and through of FRFs within the frequency
bands of [210,225] Hz and [240, 255] Hz, respectively. Two damage features are hence
considered, i.e., the integral of FRFs within these two frequency bands, respectively.
Numerical investigation has been conducted to assess these two damage features.
One hundred numerical metamaterial samples have been simulated with the number
of missing resonators ranging from 1 to 10. The locations of missing resonators
are randomly selected for each sample. Figure 6 shows the first two PCAs of these
samples based on the FRF data and Figure 7a shows the selected damage features
of these samples. It can be seen that compared to the first two principal components
obtained using PCA, the extracted damage features provide similar performance where
the samples within different number of broken resonators are gathered in groups.
This indicates that the selected features extract the damage information from the FRF
properly, providing opportunities of later applying clustering approaches for damage
quantification. Compared to PCAs that are fully data-driven, the proposed damage
indices can provide similar performance but with more insightful interpretation towards
the physical properties of the metamaterials (i.e., the location of spectral peaks). This
is beneficial when applying them from numerical simulation to experimental samples
where the location of spectral peaks may be different.

Damage index extraction strategy
Analysis in the last section demonstrates the feasibility of conducting damage
quantification based on the extracted damage features. The extraction strategy is
hereby further investigated. The numerical simulation discussed above does not
involve uncertainties. The standard deviation of density and Young’s modulus of the
metamaterials resulting from the manufacturing process are presented in the appendix
and the induced impact on the measured FRFs is quite significant. Figure 7b shows the
simulation results where such material uncertainties are taken into consideration. It can
be seen the resulting realisation based on the current damage features is rather fluctuating
and it is not possible to cluster the data in clearly distinguished classes. In view of
this, damage indices that could eliminate the material uncertainties and the discrepancies
between different tested metamaterials would be preferred. Considering that the spectral
peaks in FRFs also vary with material properties, the frequency band for extracting
damage features should be determined in a relative way, i.e., based on the location of
spectral peaks for each sample of the population, rather than fixed deterministic values.
Noting that the FRF of the healthy structure are a priori known, the damage indices can
be further normalised with respect the damage index values under health condition to
further eliminate the effect due to variations between samples of the population.

Eventually, damage index 1 is obtained as follows. The location of the first spectral
peak in the FRF of the sample under investigation is firstly localized. Then the lower and
upper bound of the frequency band is set as ±5Hz of the resonance frequency. Then the
integral of the FRF is calculated within the frequency range of interest and the value is set
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Figure 6. Observation of simulated data based on PCA (No. of damaged resonators, blue
circle: 0; red circle: 1; green circle: 2; magenta circle: 3; cyan circle: 4; yellow circle: 5; black
circle: 6; blue square: 7; red square: 8; green square: 9; magenta square: 10)

as a reference one, namely Fundamaged. For this sample structure under a certain damage
condition, the integral of FRFs within the frequency band is calculated, namely Fdamaged.
The Damage Index 1 is then calculated as:

Normalised Damage Index 1 =
(Fdamaged − Fundamaged)

abs(Fundamaged)
(1)

Following a similar procedure, the second damage index is calculated based on the
integral of FRFs within ±5Hz of the lowest point in the recorded FRF. Figure 8 shows
the realisations of simulated data with uncertainty involved based on the proposed
‘normalised’ damage indices. It can be seen that the distributions of the sampled data
are similar to the case when there is no uncertainty involved (as initially shown in Figure
7a), indicating that the proposed damage indices are capable of eliminating the effect of
material uncertainties and discrepancies among the population.

Having said that, quantifying the number of broken resonators is rather challenging.
Data with different numbers of broken resonators are still overlaid based on the proposed
normalised damage indices. Instead of applying hard clustering methods, it would be

Prepared using sagej.cls

Page 12 of 34

http://mc.manuscriptcentral.com/shmij

Structural Health Monitoring

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

12 Journal Title XX(X)

-1220 -1200 -1180 -1160 -1140

Damage Index 1

-930

-920

-910

-900

-890

-880

-870

D
a
m

a
g

e
 I
n

d
e
x
 2

(a) without uncertainty

-1400 -1350 -1300 -1250 -1200 -1150 -1100 -1050

Damage Index 1

-900

-850

-800

-750

-700

-650

D
a
m

a
g

e
 I
n

d
e
x
 2

(b) with material uncertainty

Figure 7. Observation of simulated data based on damage indices (No. of damaged
resonators, blue circle: 0; red circle: 1; green circle: 2; magenta circle: 3; cyan circle: 4; yellow
circle: 5; black circle: 6; blue square: 7; red square: 8; green square: 9; magenta square: 10)

more appropriate to conduct flexible clustering on data, that is assessing the probability
of a data point being part of a cluster.

It should also be noted that the bandwidth of the FRFs used for damage index
extraction is not fixed (e.g., ±5Hz of the resonance frequency in this work). A wider
frequency band can include more damage information but will increase the data
dimension and involve more modelling error. On the other hand, a narrow frequency
band can increase computation efficiency but will lose information. In applications, a
proper frequency band should be set balancing computational efficiency and damage
quantification quality.

Damage Identification and Quantification Methods
Both physics-based as well as data-driven methods are applied in this work for
conducting identification and quantification of damage in resonant metamaterials. A
physics-based multi-level Bayesian inverse method is applied to explore the possibility of
identifying the location of damaged resonators. On the other hand, a data-driven method
is applied to quantify the number of damaged resonators where the training data for each
damage class is assumed to be Gaussian distributed. The theoretical background of these
two methodologies are reviewed in this section.

Physics-based approach: A multi-level Bayesian inverse method
Damage quantification and identification is simultaneously addressed using a multilevel
Bayesian approach based on [42] with three levels: (1) damage patterns, (2) damage
hypothesis, and (3) parameters inference. This methodology builds on the relative degree
of belief of several candidate damage-related model classes that are hierarchically
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Figure 8. Observation of simulated data based on proposed ‘normalised’ damage indices
(No. of damaged resonators, blue circle: 0; red circle: 1; green circle: 2; magenta circle: 3;
cyan circle: 4; yellow circle: 5; black circle: 6; blue square: 7; red square: 8; green square: 9;
magenta square: 10)

interdependent. In the context of metamaterials, the global damage is identified as the
number of broken resonators, and therefore a damage pattern Mj (i.e. highest level)
can be defined assuming j broken resonators. If the monitored structure has several
resonators, a set of damage patterns can be defined as M = {Mj}

Np

j=1 where Np is the
maximum number of broken resonators. In turn, each damage pattern Mj is described
by a set of damage hypotheses M = {Mi}Nm

i=1 where Nm is the maximum number of
hypotheses. Note that the damage hypothesis Mi (i.e. middle level) is identified with the
location of the i-th missing resonator. Besides, each damage hypothesis or model class
is defined by a set of uncertain model parameters θ along with their prior PDF p(θ|Mi).
Note also that the evidence (i.e. lowest level) is used in this multilevel approach to rank
all the damage hypotheses and patterns [42] as shown below.

Damage patterns: number of broken resonators The ranking of damage patterns,
which are related to the number of broken resonators, is obtained by sorting them using
their posterior probability given the experimental FRF data D, namely P (Mi|D,M).
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This probability is calculated by applying the well-known Bayes’ Theorem as follows:

P (Mj |D,M) =
p(D|Mj)P (Mj |M)∑Np

k=1 p(D|Mk)P (Mk|M)
(2)

where P (Mj |M) is the prior probability of the candidate model class Mj , and p(D|Mj)
is the evidence of the damage pattern Mj . This evidence can be obtained by applying the
Total Probability Theorem as follows:

p(D|Mj) =

Np∑
ℓ=1

p(D|Mℓ,Mj)P (Mℓ|Mj) (3)

Note that Equation (3) defines the evidence of the damage pattern Mi as a function of
the evidences of its damage hypotheses M = {Mi}Nm

i=1. Therefore, this creates a bond
between the highest and middle levels of this hierarchical Bayesian approach.

Damage hypotheses: Location of a broken resonator Similarly to the damage patterns,
the hypotheses can be ranked based on their posterior plausibility conditioned to the same
data D (i.e. P (Mj |D,Mi)). This probability is defined using the Bayes’ Theorem, so
that:

P (Mj |D,Mi) =
p(D|Mj ,Mi)P (Mj |Mi)∑Np

k=1 p(D|Mk,Mi)P (Mk|Mi)
(4)

where P (Mi|Mj) is the prior probability of the i-th damage hypothesis and
p(D|Mi,Mj) its evidence, which can be expressed as a function of the model
parameters contained in Mk, so p(D|Mi,Mj) =

∫
p(D|θ,Mi,Mj)p(θ|Mi)dθ where

p(D|θ,Mi,Mj) is the likelihood function. This multidimensional integral is usually
addressed with Monte Carlo approximation methods given that it typically lacks of
analytical solution. However, given that the high probability area of the likelihood and
prior PDFs might be unlike, the result of the evidence p(D|Mi,Mj) could be heavily
affected by numerical noise [43]. To overcome this limitation, an approach that uses
samples from the posterior PDF of the model parameters is adopted in this paper [44, 45].

Parameters inference The lowest level of this Bayesian approach addresses the
inference of the uncertain model parameters θ ∈ Θ ⊂ Rnθ . To this end, we need the
stochastic embedding of the deterministic model that provides predictions about the
FRF of a structure Rec(θ) ∈ RnR (refer to [38]) as a function of θ. The probabilistic
description of such a model is achieved by adding a prediction error term e ∈ RnR that
represents the discrepancy between the measured FRF RD

ec and the predicted one:

RD
ec = Rec(θ) + e (5)

The error term is represented here as a zero-mean Gaussian distribution with standard
deviation σe, given that it provides the largest uncertainty. This is supported by the
principle of Maximum Information Entropy [43, 46]. Assuming that the nR components
errors ei ∈ e are independent and identically distributed, the likelihood function is
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defined by:

p(RD
ec|θ,M) =

1
√
2πσe

nR
exp

−1

2

nR∑
i=1

(
Rec,i(θ)−RD

ec,i

σe

)2
 (6)

Then, the posterior information of the model parameters condition to the data
p(θ|D,Mj) is obtained by updating the prior information using the data D and the
Bayes’ Theorem, as follows:

p(θ|D,Mj) =
p(D|θ,Mi)p(θ|Mi)

p(D|Mi,Mj)
(7)

where p(D|θ,Mi) is the likelihood function previously defined in Equation (6). The
set of uncertain model parameters is common for all the damage hypotheses and it is
assumed to be defined by θ = {E, ρ, σe}, where E is the Young’s modulus and ρ is the
density of the printed beams. Note that Equation (7) is addressed using the Metropolis-
Hastings (M-H) algorithm [47, 48], which provides samples from the posterior PDF.

Sequential search for damage pattern Identifying the most probable damage pattern
leads to a combinatorial problem where the number and location of the broken resonators
need to be found. To exhaustively address this optimization problem, the number of
candidate damage patterns could be unfeasibly large given the high number of possible
combinations of the location of missing resonators. To alleviate this burden, a sequential
search strategy based on [49, 50] is adopted to provide an optimal or suboptimal solution
for this problem. A pseudo-code of the adopted search approach is shown in Algorithm 1.

Algorithm 1: Bayesian search for the most probable damage pattern
1 Define ▷ p(θ|M) ; // Prior PDF
2 Define ▷ Np, Nm;
3 Initialize ▷ Ξ← ∅; // Set of damage patterns
4 for j = 1 to Np do
5 Initialize ▷ H ← ∅; // Set of damage hypotheses
6 for i = 1 to Nm do
7 H ← H ∪ i;
8 Obtain p(θ|D,Mi) ; // Equation (7)
9 Estimate p(D|Mi,Mj);

10 end
11 Compute P (Mi|D,Mj) ; // Equation (4)
12 FindM∗ = argmaxM P (Mi|D,Mj) ∀i;
13 Ξ← Ξ ∪M∗

14 end
15 Compute P (Mj |D,M) ; // Equation (2)
16 Find M∗ = argmaxM P (Mj |D,M) ∀j;
17 Output: {M∗} ; // Most probable damage pattern
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The hierarchical Bayesian approach needs to firstly provide the posterior PDF of the
model parameters (Equation (7)) for each of the damage hypotheses (i.e. location of
a broken resonator) under the assumption of a damage pattern (i.e. number of broken
resonators). Then, all these posterior PDFs are used to compute the posterior probabilities
of the damage hypotheses by using Equation (4). The hypothesis with higher probability
is chosen as the location of the broken resonator. Finally, when all the damage hypotheses
have been explored for all the possible damage patterns, the posterior probabilities of
the damage patterns are obtained through Equation (2), and the most probable one is
identified.

Data-driven method

In structural health monitoring (SHM), data-driven approaches (i.e., machine learning
[36]) are often used to detect and classify structural damage. In general, this requires
clustering the data into groups corresponding to different health states of the investigated
structure. In literature, various methods haven been employed, including support vector
machines [51] and artificial neural networks [52]. Considering the damage characteristics
of metamaterial beams discussed in the last section, inferring the damage level through a
probabilistic manner instead of finding hard boundaries for different clusters is preferred.
Since the training data are labelled, a simple fully-supervised data-driven model is
applied in this work. Specifically, assuming that each cluster of data are Gaussian
distributed. The mean and covariance of each class can be determined based on the
sample mean and covariance of training data. The number of damaged resonators for
a test data D then can be inferred based on the posterior PDFs of the test data belonging
to each damage class, providing a probabilistic estimation of the damage level. That is:

p (Ci |D ) = N (D |µi, Σi)

= det (2πΣi)
−1/2

exp

(
−1

2
(D − µi)

T
Σ−1

i (D − µi)

)
(8)

where Ci (i = 1..M ) denotes the damage class; µi and Σi denote the estimated mean
and covariance of this damage class.

A straightforward classification method is employed in this work. This is due to the fact
that the main aim here is not to infer complex functional descriptions on the clustering
boundaries, but to properly account for the uncertainties among different test samples.

Results and Discussion

Both numerical and experimental data examples are presented in this section to assess
the damage identification and quantification quality based on the methods mentioned in
the last section.
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Numerical results based on the Bayesian inverse method
The proposed methodology is numerically assessed considering a beam with ten unit
cells and one pair of resonators per unit cell. Two numerical case studies are designed by
assuming that the experimental data D is numerically obtained from the response of the
beam with damage in: (1) the 6-th unit cell, and (2) the 4-th and 6-th unit cells. Note that
these case studies are for illustration purposes of the Bayesian methodology, and only
two examples with one and two missing resonators are shown.

For the multilevel Bayesian damage identification approach, the prior distributions of
each of the uncertain parameters p(θ|M) have been chosen to be as follows (based on
17) : Young’s modulus normally distributed as E ∼ N (1621.7, 49.902) in MPa, density
normally distributed as ρ ∼ N (948.96, 7.392) in kg/m3, and standard deviation of the
prediction error uniformly distributed as σe ∼ U(0.01, 10). These prior PDFs are defined
according to the measured distribution of the values of E and ρ in real experiments. Note
that these prior distributions are used for both numerical case studies.

One broken resonator The accuracy of Bayesian approach is firstly evaluated using the
data D stemming from ten unit cell beam with a broken resonator in the 6-th unit cell.
Therefore, the number of possible damage patterns and damage hypotheses per pattern
are defined to be Np = Nm = 10. The M-H algorithm is run using 20, 000 samples and
a Gaussian proposal distribution. The standard deviation of the proposal distribution is
appropriately selected so that the acceptance rate is within the interval [0.2, 0.4] [53, 45].

Figure 9 depicts the results obtained from the multilevel Bayesian inverse problem.
Figure 9b shows that the most probable damage pattern is the one that assumes
one broken resonator with a posterior probability of P (M1|D,M) = 32.32%. The
corresponding most plausible damage location (or damage hypothesis) is obtained at
the 6-th unit cell with a probability P (M6|D,M1) = 20.35%, as shown in Figures 9a
and 9c. Therefore, the identified damage pattern matches with the modelled one.
However, it is worth mentioning that probability mass distribution of the damage
hypothesis is almost symmetric with respect to the geometrical center of the beam. This
could lead to misidentification if the posterior probabilities of the hypotheses, hence their
evidences, are not properly calculated.

Two broken resonators This case study considers two broken resonators in the 4-th
and 6-th unit cells of the beam, and therefore the data D is numerically obtained in
this scenario. Note that the damage patterns, hypotheses, and the M-H algorithm are
equally configured as the first case study. The most probable damage pattern results to
be M2 with a posterior probability of P (M2|D,M) = 30.15% as can be observed in
Figure 10b. For illustration purposes, the results obtained for the first damage pattern M1

are shown in Figure 10. Figures 10a and 10c represent the probability mass distribution
considering one broken resonator, i.e. P (Mi|D,M1).The most probable damaged
location results to be the 6-th unit cell with a posterior probability of P (M6|D,M1) =
24.10%, which partially matches with the original damage.

The results obtained for the second and most probable damage pattern M2 are shown
in Figure 11. This damage pattern is built by the union of the previously selected damage
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(a) Graphical representation of the damage hypotheses for the first pattern, P (Mi|D,M1).

(b) P (Mi|D,M) (c) P (Mi|D,M1)

Figure 9. Damage identification results from the first numerical case study considering one
broken resonator and the multilevel Bayesian approach. Panel (a) and (c): spatial
representation and bar graph of the posterior probability of damage hypotheses in M1. Panel
(b): posterior probabilities of the candidate damage patterns in M.

hypothesis M6 and a new candidate. Note that the 6-th unit cell is represented in gray in
Figure 11a to show that is fixed in this second stage of the sequential search algorithm.
The probability mass function of the damage hypotheses P (Mi|D,M2) is depicted in
Figures 11a and 11c. Note also that the most probable damaged resonator would lie in
the 4-th unit cell (i.e. P (M4|D,M2) = 19.10%), although a symmetry effect is again
identified between the 4-th and 7-th unit cells.

The identification of the number of broken resonators in the beam has been accurately
obtained with both numerical cases studies. Additionally, the localization of damage has
been properly obtained. However, it shows a less identifiable scenario as observed from
the probability mass distributions of the damage hypotheses in Figures 9c, 10c, and 11c.
The similar mechanical behavior of the beam when removing resonators at symmetric
locations make the response to be alike and the damage hypothesis less identifiable. In
fact, for real experiments, this limitation could be further strengthen given that further
uncertainties and noise in the data will be present. To address this challenging scenario,
one desirable extension of the multilevel Bayesian framework would be to introduce

Prepared using sagej.cls

Page 19 of 34

http://mc.manuscriptcentral.com/shmij

Structural Health Monitoring

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

19

(a) Graphical representation of the first most probable broken resonator P (Mi|D,M1).

(b) P (Mi|D,M) (c) P (Mi|D,M1)

Figure 10. Results from the second numerical case study considering two broken resonators.
Panel (a) and (c): spatial representation and bar graph of the posterior probability of damage
hypotheses in M1. Panel (b): posterior probabilities of the candidate damage patterns in M.

further uncertain physical parameters in θ from the FRF model, such as the attenuation
or the thickness of the printed walls. This could provide further sensitivity for specific
unit cells and make the damage hypotheses more easily identifiable.

Numerical results based on data driven method
Based on the proposed damage indices, the quality of damage quantification using
the exhibited data-driven method is numerically assessed in this section. One hundred
metamaterial beams have been generated as training data. (Although details are omitted
here, investigation on the effect of sampling number has been conducted and it is shown
that one hundred samples are sufficient for analysis balancing accuracy and efficiency.)
The Young’s modulus and density of each sample are randomly generated based on the
distribution of E ∼ N (1621.7, 49.902) in MPa and ρ ∼ N (948.96, 7.392) in kg/m3.
The damage conditions are then simulated by removing one to ten resonators with
randomly picked locations, leading to one thousand data points in total. An independent
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(a) Graphical representation of the second most probable broken resonator P (Mi|D,M2).

(b) P (Mi|D,M) (c) P (Mi|D,M2)

Figure 11. Results from the second numerical case study considering two broken
resonators. Panel (a) and (c): spatial representation and bar graph of the posterior probability
of damage hypotheses in M2. In this damage pattern, the 6-th is initially considered as
broken, as extracted from Figure 10. Panel (b): posterior probabilities of the candidate
damage patterns in M.

experimental dataset has also been generated through the same procedure with 10 sample
beams (i.e., 100 data points in total) as described above.

Figure 12 shows the clusters based on the training data. The overall accuracy based
on the test dataset is about 67%, which is not acceptable from first glance. Since a
soft clustering method is applied in this example, posterior PDFs of a tested case for
all damage classes are available. Detailed investigation of these posterior PDFs shows
that the damaged samples are mainly misclassified to the neighbouring damage numbers.
Figure 13 shows the confusion matrix (i.e., posterior PDFs of all damaged classes) of a
test beam as a typical case. It can be seen that the highest posterior pdfs are distributed
around ±1 of the true number of damaged resonators. This is reasonable since the
neighbouring damaged cases are quite overlaid. Changing the damage quantification
criteria to ±1 of damaged resonators, the overall accuracy can be increased to 100%.
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Figure 12. Observation of simulated data based on proposed ‘normalised’ damage indices
with clusters (No. of damaged resonators, blue circle: 0; red circle: 1; green circle: 2; magenta
circle: 3; cyan circle: 4; yellow circle: 5; black circle: 6; blue square: 7; red square: 8; green
square: 9; magenta square: 10. Corresponding clusters are overlaid on the top of each
damage class)

Other advanced data driven classification methods have also been applied for
comparison, including support vector machine (SVM) [54], k-nearest neighbors (KNN)
[55], linear discriminant analysis (LDA) [56] and complex tree [57]. MATLAB
classification learner has been used to deploy these methods with default settings.
(Specifically, quadratic SVM, fine KNN with the number of neighbors set to be 1 and find
tree with maximum number of splits set to be 100 are used.) Details are omitted while the
quantification results are shown in Table 2. It can be seen that applying advanced methods
does not provide much improvements in performance. This is reasonable due to the nature
of the investigated resonant metamaterials. The geometrical and material uncertainties
among samples are significant and the samples with different damage conditions are quite
overlaid. The major difficulty here is to properly account for such uncertainties instead of
finding complex clustering boundaries. The performance will become even worse when
applying to experimental data with limited training data and measurement noise. Through
balanced accuracy and efficiency, the simple damage quantification method used in this
work is sufficient for damage quantification purposes.

Prepared using sagej.cls

Page 22 of 34

http://mc.manuscriptcentral.com/shmij

Structural Health Monitoring

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

22 Journal Title XX(X)

2 4 6 8 10

True No. of Damaged Resonators

1

2

3

4

5

6

7

8

9

10

Id
e
n

ti
fe

d
 N

o
. 
o

f 
D

a
m

a
g

e
d

 R
e
s
o

n
a
to

rs

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 13. Confusion matrix of a test sample beam, numerical example

Table 2. Accuracy of other classification methods

Methods SVM KNN LDA Complex Tree
Accuracy (%) 79.1 69.1 70.9 72.7

Experimental Results

The proposed damage indices and soft clustering method are applied to experimental
data, hereby presented in this section. Figure 14 shows the realisation of the experimental
samples based on the proposed damage indices. It can be seen that the data are more
divergent compared to the numerical dataset. This is reasonable due to the uncertainty
involved during manufacturing as well as induced by measurement noise. Furthermore,
the number of experimental samples are also limited, which is ten in this work. It is
much more difficult to get a properly trained data-driven model in this case. In view of
this, the overall quality of the damage quantification method is assessed by randomly
picking one sample beam as test beam and using the data from remaining beams for
training, leading to 10 different cases in total (each corresponding to a different number
of broken resonators). The overall damage quantification accuracy of the proposed data-
driven method ranges from 40% to 90% with an averaged value of 61%.
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Figure 14. Observation of experimental data based on proposed ‘normalised’ damage
indices (No. of damaged resonators, blue circle: 0; red circle: 1; green circle: 2; magenta
circle: 3; cyan circle: 4; yellow circle: 5; black circle: 6; blue square: 7; red square: 8; green
square: 9; magenta square: 10)

Figure 15 shows the confusion matrix of a test beam as a typical case. Similar
to the numerical example, high posterior PDFs are mainly distributed around the
neighbouring classes. However, the misclassification range for experimental data is
wider than numerical data (which are mainly misclassified within ±1 resonator). This is
reasonable since the number of training data is extremely limited and more manufacture
and measurement uncertainties are involved.

Remarks on presented results
As exhibited in the case studies above, the proposed damage indices are capable of
reducing the effect of variation between test samples due to uncertainty. Compared to
outputs for the numerical dataset, quantifying the damaged resonators in experimental
samples based purely on the data-driven method can still be challenging due to the limited
number of training data and more uncertainty involved which cannot be controlled.
Recently, the idea of transfer learning has been applied to structural health monitoring
in order to deal with the situation when training and testing datasets are obtained from
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Figure 15. Confusion matrix of a test sample beam, experimental example

two different systems [58]. By projecting these two datasets to the same domain where
they are overlaid, one clustering strategy can be applied. This opens the possibility of
fusing numerical and experimental datasets for damage identification. Having said that,
this is still an open fundamental problem which needs to be tackled in the decades to
come. Instead of quantifying the exact number of damaged resonators, the data driven
method based on the proposed damage indices in this work provides a good estimation
on a possible range of damaged resonators for both numerical and experimental data. It
is expected that having a larger training dataset could improve the quantification results.

Compared to the data-driven method, the multi-level probabilistic Bayesian approach
provides a rigorous way of not only quantifying but also localising the damaged
resonators with quantified uncertainty. However, one main issue of this method is that
it requires a well calibrated model (i.e., the system parameters should be accurately
identified during the process) in order to provide reasonable inference on damage patterns
and hypotheses, which is not needed for data driven methods. When the involved
uncertainties (e.g., geometrical and material uncertainties of the experimental samples)
are significant, identifiability problems can be encountered, leading the calibration issues
of the system model that cannot be overcome.
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As the uncertainty of the experimental resonant metamaterials is rather high, a
relatively large discrepancy between experimental FRF data and model predictions has
been obtained. This has caused insurmountable issues regarding the model calibration in
undamaged conditions, which has ultimately leaded to the inability to use the multi-level
Bayesian approach along with the experimental data. To further investigate the reasons
of this apparent limitation, a global sensitivity analysis (GSA) [59] of the FRF model
has been performed. Thus, the total effect index Ti of the i-th model parameter, which
gives the relative importance of the i-th parameter in the model output, can be obtained
as follows [60]:

Ti =
E(V (Y |X−i))

VY
(9)

where E(V (Y |X−i)) is the remaining variance of Y (i.e. the model output) in case the
value of the X−i (i.e. all the parameters except Xi) are known; and VY denotes the total
unconditional variance of the model. The calculation of these indices is computationally
challenging, but approximate methods have been adopted to reduce the computational
burden [61].

In this case, a set of 5 potential model parameters are investigated, namely X =
{E, ρ, η, wd, Hd}. The parameters are assumed to be normally distributed as follows:
E and ρ have the experimental distribution described in 17, while η, wd, and Hd are
centered in their nominal value given in the second section with a standard deviation
of a 10% of the mean value. The model output is evaluated within the frequency range
of [200, 600] Hz, and 1e+6 samples are used to estimate the total effect indices, while
checking its convergence. The resulting indices are shown in Figure 16, where both
the Young’s modulus E and the beam height Hd are found to be the most sensitive
parameters

Figure 16. Total effect indices for the set of 5 model parameters X = {E, ρ, η, wd, Hd}.
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From this standpoint, and to provide further insight into the Bayesian approach
limitation when using the experimental data, the overall variance VY of the model is
compared against the one extracted from the experimental data of the 12 metamaterial
beams in undamaged state. Thus, the model variance is VY = 1.10e+4, while the
experimental variance is 1.21e+4. This shows that the variance of the experimental data
is higher than the model variance, which makes it difficult to have a well calibrated model
in the first place to address the identification. This is the main reason why the Bayesian
approach has not been able to deal with the available experimental data. To overcome this
issue, a larger dataset would indeed be needed to obtain a calibrated model that could in
turn provide more information about damage patterns and hypotheses in metamaterial
beams.

Conclusions

This work investigated the plausibility of damage identification and quantification in
resonant metamaterials based on their FRF data. The properties of FRFs with broken
resonators have been investigated and the challenges in damage identification and
quantification due to material and geometrical uncertainties were discussed. Damage
indices have been proposed in this work to suppress the effect due to such uncertainties.
Based on the proposed damage indices, a data-driven method has been implied to infer
the number of damaged resonators. At the same time, a physics-based Bayesian inverse
methodology was developed and applied to explore the feasibility of localising the
damaged resonators. Both methods were validated using numerical simulations. The
feasibility of applying the methods to experimental data has also been investigated. It
is possible to provide reasonable estimation on the damage states of the experimental
resonant metamaterials but more challenging compared to numerical data. It was shown
that the quality of the data-driven method highly depends on the training data set, which
is rather limited for experimental samples. On the other hand, the Bayesian inverse
method is capable of inferring the location of damaged resonators without the need
of large training datasets. However, to enhance accuracy of estimations, the properties
of the tested samples should be well-known, which cannot be guaranteed for resonant
metastructures manufactured through 3D printed processes.

This work also leads to several research topics that are worth investigating in future.
First, this paper focuses on situations where the damaged resonators are located in
the middle of the beam due to the fact that these resonators are more likely to
encounter damage in industrial applications. However, the proposed methods in this
work are generally applicable to all resonators. Additional experiments for damaged
resonators located at two ends can be conducted to further validate the efficiency
of the methods.Second, it is currently challenging to distinguish the situations when
the damaged resonators are symmetric. Additional uncertainty parameters such as
attenuation or thickness of the printed walls should be introduced to provide sensitivity
for specific resonators, which requires further research.
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Appendix

Experimental uncertainty quantification of the 3D printed material
properties
In order to measure the density and flexural modulus variability 15 beams with
dimensions of 10mm×4mm×80mm were manufactured by the Selective Laser Sintering
method and experimentally manipulated. The densities of the beams were calculated with
their masses and volumes, which were measured by a precision scale and a caliper. The
flexural modulus was measured by the Instron universal testing machine 6800 SERIES
with the employment of the 3-point testing method following the standard ASTM D790-
17 as shown in Figure A.1.
The flexural modulus can be obtained by

E =
D3

smx

4bxh3
x

(10)

where Ds is the distance between two supports, bx and hx are the widths and heights of
the tested beams and mx is slope at the initial straight-line portion of the load-deflection
curve.

Figure A.2 shows the measured densities and flexural moduli, while their mean values
and standard deviations are given in Table A.1.

Table A.1. Mean values and standard deviations of the density and flexural modulus of the
tested beams

Density (kg/m3) Elastic modulus (MPa)
Mean values 948.9 1621.7

Standard deviations 7.4 49.9

Uniform design of the experiment
In real applications, the efficiency and accuracy of damage assessment methods depends
critically on the design of the experiment, whose objective is to establish an unknown
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Figure A.1. Universal test machine with the tested beam sample for flexural modulus testing.

Figure A.2. Measured densities and flexural moduli of the 3D printed beams.

relationship between the response (output) and factors (input) with a realistic number of
experiments. Unfortunately, with an increasing number of factors, the required number
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(a)

(b)

Figure A.3. (a) Schematic of resonator removal from the beam, (b) locations of the removed
resonators in the experimental tests

of experiments increase exponentially in classical experimental designs. Therefore, one
should resort to modern experimental designs by using a small number of experiments
to explore relationships between the response and the factors. The uniform design
proposed by Fang et al. [62] is an efficient fractional factorial design scheme. Uniform
design has often been adopted to seek a reasonable number of design points that are
uniformly scattered in the domain in order to achieve the necessary accuracy. In this
work, 10 resonant metamaterial samples are tested to investigate the effect of damaged
resonators on the FRFs. For each sample, 10 resonators were removed one-by-one from
the beam as shown schematically in Figure A.3(a). Uniform design has been applied in
this work to determine the sequence of the removed resonators for each sample when
conducting the experiment tests, which is shown in Table A.2. The corresponding
locations of these removed resonators are shown in Figure A.3(b). Experimental tests
focus on the situations where damaged resonators are located at the middle of the test
samples. This is because resonators at the middle are more likely to encounter damage
than those at two edges in industrial applications.
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Table A.2. Sequence of the removed resonators for the experimental tests based on the
uniform design

Run Damaged resonator No.
1 7 8 4 5 3 3 10 4 7 8
2 9 2 5 7 2 9 3 6 10 3
3 2 5 6 1 10 6 4 5 9 6
4 1 7 7 10 1 7 8 9 6 2
5 3 6 1 8 6 8 5 3 8 10
6 4 10 10 2 9 10 6 2 2 7
7 10 4 2 3 5 1 7 10 4 4
8 5 3 9 9 8 4 1 8 5 1
9 8 9 3 4 4 2 2 7 3 5

10 6 1 8 6 7 5 9 1 1 9
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