
                          van den Broek, S. F., Minera Rebulla, S. A., Jansen, E., Weaver, P.
M., & Rolfes, R. (2018). Effect of spatially varying material properties
on the post-buckling behaviour of composite panels utilising geodesic
stochastic fields. Paper presented at 6TH AIRCRAFT STRUCTURAL
DESIGN
CONFERENCE, Bristol, United Kingdom.

Publisher's PDF, also known as Version of record

Link to publication record in Explore Bristol Research
PDF-document

University of Bristol - Explore Bristol Research
General rights

This document is made available in accordance with publisher policies. Please cite only the
published version using the reference above. Full terms of use are available:
http://www.bristol.ac.uk/red/research-policy/pure/user-guides/ebr-terms/

https://research-information.bris.ac.uk/en/publications/e752d03c-b051-4d08-99f7-c2faf7cde372
https://research-information.bris.ac.uk/en/publications/e752d03c-b051-4d08-99f7-c2faf7cde372


E�ect of spatially varying material properties on the post-buckling
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The post-buckling behaviour of panels can be very sensitive to imper-
fections or variations in materials or geometry. This paper presents an
e�cient numerical model to calculate the e�ects of material sti�ness
variations on the non-linear response of a structure. This is done by
�rst de�ning a geodesic mesh on which a unit variance random �eld is
generated. This �eld uses the true geodesic distance on the structure to
calculate how points in the �eld should be correlated. The �elds generated
are projected onto a 3D structural mesh which is used for assembly and
post-processing of the structural model. The structural model, based on
the Uni�ed Formulation is capable of accurate non-linear calculations of
both straight and curved elements. Baseline results generated using the
implementation are compared to those in literature, and veri�ed using
Abaqus. Random material variations are then applied to the structure
in a Monte Carlo analysis. The analyses show that the local variation
of sti�ness can have a variety of e�ects on the non-linear response of
structures. Aside from the change of mean sti�ness causing a change in
bifurcation or limit point load, the di�erent sti�ness distributions can
a�ect and trigger competing buckling modes and post-buckling modes
and a�ect their corresponding post-buckling load-de�ection paths.

Additional Key Words and Phrases: Imperfections, Variations, Stochastic,
Non-Linear, Random Field, Monte Carlo, Composite, Post-Buckling

NOMENCLATURE
Λ Array with eigenvalues on the diagonal
λ Eigenvalue
µ Mean value
ρ Correlation
σ Standard deviation
χ Random vector with unit standard deviation.
θ Material orientation
cov covariance operator
E Correlation matrix
E Young’s modulus
E Expectation
f Vector with correlated random values
F Shape function in cross section
дi Unit vector in axis i
K Sti�ness matrix
L Decomposed correlation matrix
Lc Correlation length
m Exponent used to rescale �eld
N Shape function in axial direction
Q Array with eigenvectors
R Correlation matrix
S Second Piola stress tensor
u Displacement �eld
Wext External work

∗E-mail: s.vandenbroek@isd.uni-hannover.de

Wint Internal energy

1 INTRODUCTION

It has long been the habit of designers to design structures using
idealised homogeneous material properties within a structure.

The material properties and geometry of real structures are not
perfect. Variations in production processes can have an e�ect
on the sti�ness of structures due to the curing process (Liu et al.
2006), resulting from variations in �bre orientation (Yurgartis
1987), or from variations in thickness (Sasikumar et al. 2015; Sri-
ramula and Chryssanthopoulos 2013; Kepple et al. 2015). These
e�ects in�uence the mechanical response of a structure, changing
the actual displacement, strains and stresses of real structures
according to a distribution which depends on that of the input
parameters corresponding to the sti�ness and geometrical prop-
erties. A considerable number of works on this topic often make
use of a distribution of a global input parameter, giving no in-
formation of the e�ect of local variations of this parameter. This
in particular holds for variations in material properties. Most re-
search into local variations has focused on variations in geometry
(Bielewicz and Górski 2002; Vryzidis, Stefanou, and Papadopou-
los 2013; Kriegesmann, Rolfes, Hühne, et al. 2010; Kriegesmann,
E. Jansen, and Rolfes 2012; Kriegesmann, Rolfes, E. L. Jansen,
et al. 2012; Chen et al. 2016; Schenk and Schuëller 2007). Some
researchers have looked into the e�ects of random variations in
material properties, either using shell elements (Papadopoulos
and Papadrakakis 2004; Papadopoulos and Papadrakakis 2005), or
beam elements (Tootkaboni, Graham-Brady, and Schafer 2009).
Higher �delity models are generally avoided, due to the addi-
tional computational cost being prohibitive within Monte Carlo
analysis.

The work presented in this paper describes techniques which
can be utilised to quantify the variation of the mechanical re-
sponse. This is done by combining a uni�ed formulation struc-
tural model with randomly generated distributions of material
parameters. These patterns are generated using a correlation
length which is de�ned using a geodesic length measure within
the structure. This allows the correlation of points on a structure
to be accurately computed on curved structures. These patterns
are mapped back to the structure and used to run Monte Carlo
analyses. Running su�cient analyses makes it possible to cre-
ate a statistical distribution of the response of the non-linear
response of a structure. These tools allow designers to analyse
how structures might respond to loads when it is manufactured
within speci�ed tolerances or manufacturing processes. Using
these results can lead to an understanding of the e�ects of these
variations, and gives information to designers on the sensitivity
to these variations.
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2 METHODS
This section describes the methods used within this paper. This in-
cludes a brief description of the structural model, the way random
�elds are generated and how those are mapped to the structural
model.

2.1 Structural approach
The structural model is based on an implementation based on a
Uni�ed Formulation, utilising Serendipity Lagrange shape func-
tions (Minera et al. 2018). This model has been extended to include
geometric non-linearity and curved elements1. This formulation
has then been used to do non-linear analyses using Newton-
Raphson and arc-length based methods.

2.1.1 Basic formulation. The structural model is a non-linear
three-dimensional model. It utilises a displacement �eld using
two di�erent shape functions in the cross-sectional F (x , z) and
axial direction N (y).

Starting with a displacement �eld u = [u,v,w]T the Green-
Lagrange stress tensor E can be de�ned as

Ei j =
1
2
(
u,i ·дj +u,j ·дi +u,i ·u,j

)
(1)

where commas denote derivatives and дi denotes a unit vector
on the i axis. The displacement �eldu is approximated within the
Uni�ed Formulation as

u(e) (x ,y, z) = F (x , z)N (y)ui , with i = 1, . . . ,N , (2)

where N are the degrees of freedom of the model. For quasi-static
problems the elastic equilibrium is

δWint = δWext (3)

whereWext andWint are the external work and internal energy.
Noting that the internal energy of the structure can be calculated
as the sum of internal energy of all the elementsW int =

∑
eW

(e)
int

the internal energy can be expressed using the stress and strain
tensors

δW
(e)
int =

∫
V(e)

δE · SdV (4)

where S is the second Piola stress tensor. For non-linear analyses
it is of interest to create tangential matrices, the change in internal
energy can be written down as (Borst et al. 2012, sec. 3.1.1)

δ (δW (e)
int) =

∫
V(e)

δ (δE · S) ,dV (5)

=

∫
V(e)

δE · δS dV +

∫
V(e)

δ (δE) · S dV (6)

where V is the volume of an element. These can be written in
terms of a non-linear contribution of the tangential matrix, and
geometric sti�ness matrix as (Pagani and Carrera 2018)

δ (δW (e)
int) = δuT

j K
(e)
(O)i jui + δu

T
j K

(e)
(G)i jui . (7)

The tangential matrix can then be written as

K (e)
(T)i j = K (e)

(O)i j +K
(e)
(G)i j (8)

where K (e)
(O)i j is the non-linear contribution and K (e)

(G)i j the geo-
metric sti�ness matrix.
1The extensions developed by Minera and Patni have been communicated through
personal correspondence. The technical details of these extensions will be published
in their future works.

2.1.2 Formulation for curved elements. Returning to the displace-
ment �eld approximation of eq. (2), the model used in the pre-
sented research uses Serendipity Lagrange shape functions in
the cross section (F ), and Lagrange shape functions in the axial
(N ) direction. These shape functions are used to approximate
the displacement �eld of the structure. The F shape function has
either 4, 8, 12, 17, 23 or 30 degrees of freedom per cross section,
depending on the order chosen. The current implementation uses
four noded beam elements.

Unlike most �nite element formulations the choice is made
to use di�erent shape functions for the displacement �eld and
the geometry. This allows for a higher �delity representation of
the geometry, without increasing the degrees of freedom of the
structural problem. This additional shape function N 3D (α , β , ξ ) is
de�ned within [−1, 1]3. These shape functions are usually de�ned
in brick (e.g. 8, 27 or 64 node) elements. The three shape functions
N 3D , F (x , z) and N (y) are connected through a Jacobian matrix
which consists of the shape function’s derivatives. These can be
interpreted as curvilinear basis vectors.

2.1.3 Non-linear solvers. The problems shown in this paper are
solved using either Newton’s method or arc length (Riks) method.
The implementation is based on (Junuthula Narasimha Reddy
2014, A. 2) and (Lam and Morley 1992). The results presented are
generated using updated tangential matrices at each iteration.

The arc-length approach uses a circular constraint, and con-
verges using Newton’s method between each converged step.

2.2 Assigning random material variations
The variations analysed in this paper are generated and applied
by combining a number of di�erent techniques and methods. The
choice has been made to generate random �elds correlated to
the geodesic distance of the structure. This approach does make
the generation and mapping more complex. This section will
discuss the methods used to generate the geodesic distance array,
generate the �eld and how it is mapped to the structure.

2.2.1 Geodesics. The geodesic length refers to the length as it
would be on a surface. This di�ers from the Euclidean length,
which calculates the distance between two coordinates in space as
a straight line. The easiest approach for this problem would be to
�nd the shortest path between two points using the connectivity
of a mesh. This can be done by searching for the point by slowly
moving away from the origin point in all directions until the other
point has been found. This approach was published by Dijkstra
1959, but has a tendency to overestimate the distance. This is
because the shortest distance usually crosses over the face of
an element (usually a polyhedron). Finding the actual shortest
distance over a mesh is a classic �eld of research in computational
geometry, with many approaches being proposed and extended
on over the years (Bose et al. 2011). The approach used within this
paper is based on the idea �rst published by Varadhan 1967 and
recently extended by Crane, Weischedel, and Wardetzky 2017. In
this approach heat is introduced at a point on a mesh for a time t ,
this generates a vector �eld of the heat �ux on the surface. This
vector �eld is normalised, after which the distance is calculated
by solving the Poisson heat equation. Crane has shown how this
approach can be prefactored, greatly reducing the computational
time when distances between many points are required, as is the
case for random �elds.
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Within the current implementation a shell mesh is generated
within the structure. This is done using coordinates in the cross
section, which are then projected using mapping functions. Al-
ternatively a mesh can be generated manually within a mesher
and used to generate the random �eld.

2.2.2 Generating random fields. Random �elds are stochastically
generated distributions of a parameter in n dimensional space.
The �elds generated within this work are generated on a 2D plane
within 3D space. The values of these random variables are not
completely unrelated to each other, actual variations are usually
related to the variations around it. This is why the geodesic length
of section 2.2.1 is used as a parameter to relate points. There are
many di�erent techniques to generate random �elds (Spanos and
Zeldin 1998). Many of these methods have assumptions in the
space or correlation function. The method that is used within
this work is called Covariance Matrix Decomposition (CMD), and
has the advantage of its relative ease in which other correlation
functions can be used, and with which geodesic length can be
included.

The correlation of two sets X and Y is de�ned mathematically
as (Dekking et al. 2005, ch. 10)

ρX ,Y =
cov(X ,Y )
σXσY

=
E[(X − µX )(Y − µY )]

σXσY
. (9)

where ρ is the correlation, cov the covariance operator and E the
expectation operator.Within random �elds these sets could be
seen as two points of the �eld, and how they are related with a
su�ciently large sample size. The correlation varies between 1
and -1, and indicates the relationship between two sets. For gen-
erating random �elds it is useful to de�ne functions, which de�ne
the correlation as a function of distance. The �elds generated in
this paper are generated using the correlation function

ρs,exp = e
−

(
∆L
Lc

)2

, (10)

in which Lc is called the correlation length, and ∆L the (geodesic)
distance between two points.

The CMD method uses discretised points in space and assigns
a random value to that value (Davis 1987). It is important that
the �eld is discretised �ne enough to represent the transition in
variation amplitude. The necessary re�nement was studied by Li
and Der Kiureghian 1993 and found to be between Lc

4 and Lc
2 for

the correlation function of eq. (10).
The CMD method decomposes the correlation matrix. This

decomposed matrix can be used to calculate random �elds through
simple multiplication with a random vector χ with unit variance
and zero mean. The �rst step in generating �elds is to build a
correlation matrix of all points yi of the �eld,

Ri j =
cov(yi ,yj )
√
σyiσyj

→ R =


1 ρ(y1,y2) . . . ρ(y1,yn )

ρ(y2,y1) 1 . . . ρ(y2,yn )
...

. . .
...

ρ(yn ,y1) ρ(y2,yn ) . . . ρ(yn ,yn )


(11)

where ρ(yi ,yj ) = ρ(yj ,yi ), noting that the correlation here can
be calculated using eq. (10).

Taking the de�nition of covariance

cov [X ,Y ] = E [XY ] − E [X ]E [Y ] (12)
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Fig. 13. A cantilevered slit annular plate subjected at its end to a vertical shear force.

Fig. 14. Tip deflections at points A and B vs. shear force P for the isotropic slit annular plate.

The transverse tip deflections vs. the net applied force P = (Ro � Ri )q at points A and B are shown for the
isotropic case in Fig. 14. The computed deflections agree very well with the tabulated displacement values reported
by Sze et al. [49]. In Fig. 15 we trace the tip deflections at point B vs. the applied load P for four distinct lamination
schemes. Our computed results are found to be in excellent agreement with the displacements reported by Arciniega
and Reddy [11] for each set of stacking sequences. In Fig. 16 we show the undeformed and various deformed mid-
surface configurations of the isotropic plate and the (�45�/45�/�45�/45�) laminated composite structure. Clearly,
both structures undergo very large deformations which are qualitatively quite similar. As in the cantilevered plate strip
under an end load example, we utilize the isotropic form of the current problem to observe convergence characteristics
of the nonlinear solution procedure. We employ 61 load steps (with uniform load spacing) and find that 157 and 265
total iterations are required to meet the respective convergence criterions of ✏ < 0.01 and ✏ < 0.001. Such behavior
is again quite competitive with the convergence results obtained by Sze et al. [49].

6.4. A cylindrical panel subjected to a point load

We next examine the mechanical response of various thin cylindrical roof-like panels, each subjected to a
point force P as shown in Fig. 17. Variants of this problem are found throughout the literature (see for example

Fig. 1. Annular slit under vertical shear force, adapted from Paye�e and
J. N. Reddy 2014, fig. 14

4 CONCLUSIONS

4.1 Future work

A POSSIBLE APPENDIX

B SUPPLEMENTARY MATERIALS
See the supplementary materials in the online version
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Fig. 1. Mapping between random field and geometrical brick elements

and keeping in mind the �eld has mean of zero, it is possible to
show that R can be decomposed into two matrices.

R = cov[x ,x] = E(x ,xT ) − 0 · 0

= E(LχLχT ) = LE(χ χT )LT = LILT = LLT (13)
From eqs. (10) and (11) the matrix R is symmetric and positive
de�nite, the eigenvalues should all be positive and real. This
decomposition is done by using eigendecomposition in the form
of

R = QΛQ (14)
in which Λ is a diagonal matrix with the eigenvalues of R, and
Q contains the eigenvectors of the matrix. The matrix L can be
extracted from this:

R = QΛ̂Λ̂Q = LLT → L = QΛ̂ (15)

in which Λ̂ = diag(
√
λ), in which λ are the eigenvalues of the R

matrix. Using the decomposed correlation matrix L it is possible
to generate random �elds using

f = Lχ . (16)
This makes it possible to generate a large amount of �elds, with
the main computational costs being in pre-factoring.

2.2.3 Mapping random fields to structure. Using the methods
described in the previous sections, 2D (surface) �elds are gener-
ated within a 3D space. The structural model has an additional
dimension (thickness). The assumption is made that the variation
through thickness is negligible, and constant properties are used
for every material through thickness2. The choice was made to
use the 3D brick elements described in section 2.1.2 to evaluate
the �eld within the geometry of an element. This approach al-
lows the �eld and the structure to be discretised independently.
Certain structures with a lot of curvature may bene�t from a
�nely discretised random �eld (as the geodesic length would be
more accurate) while not needing a large re�nement in structural
elements to converge to accurate results.

During initialisation of the analysis the nodes of the brick ele-
ment are projected to the nearest location on the �eld. During this,
the random �eld element number and local coordinates associated
with every brick node are stored. This makes it possible to quickly
compute the values associated with those nodes when an analysis
is started, using quadrilateral shape functions for the random �eld
mesh. This process is illustrated in �g. 1, where eight node brick
elements are used. It is still necessary to have shape functions in
the brick elements that can describe the �eld values accurately.
Using higher order brick functions (e.g. 27 nodes) makes it pos-
sible to reproduce more complex distributions throughout the
volume. During assembly, the material properties are assigned as
2It is still possible to have di�erent materials through thickness.
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Fig. 2. Annular slit under vertical shear force, adapted from Paye�e and
J. N. Reddy 2014, fig. 14

Ept = Eµ + xptEσ (17)

in which Ept is the Young’s modulus at point pt , Eµ is the mean
value of E, xpt is the value of the random �eld at the point and
Eσ is the standard deviation of the parameter E. The same holds
true for any other material parameter (such as �bre angle).

3 ANALYSES
The methods described in the previous section were used on
a number of di�erent examples. The �rst examples show the
e�ect of variations on force-displacement of an annular slit ring
under shear. The second problem analysed is a �at plate under
compression, in which membrane e�ects are more dominant. The
�nal examples are of a curved panel.

3.1 Annular ring under shear (isotropic)
3.1.1 Description. This example has been taken from Payette and
J. N. Reddy 2014, sec. 6.3. It consists of an annular ring with a slit.
One of the edges is clamped, the other is subjected to a shear force.
The structure is illustrated in �g. 2. The dimensions are h = 0.03
m, Ri = 6 m R0 = 10 m. The structure is discretised into 10 ele-
ments along the cross section, and 20 elements in axial direction.
The system has a total of 15 372 degrees of freedom, and takes
an average of 22 minutes to solve using a single computational
thread. Using 32 computational cores on the Blue Crystal phase
3 cluster it takes an average of 41 seconds per run. The material
properties used are Eµ = 21 · 106 and ν = 0. The Young’s modulus
is varied with a standard deviation of Eσ = 420 kPa, equating to
a coe�cient of variation of 2%. The �elds are generated using a
correlation length Lc = 1 m.

This structure does not buckle, but serves as a reference to
verify the non-linear solver and analyse the behaviour of material
variations on the displacement results within a geometrically non-
linear setting. Using the geodesic length means that the actual
length on the ring is used for calculating the correlation, not the
Euclidian length.

3.1.2 Numerical results. The analysis is repeated 2000 times and
solved using a Newton scheme and third order shape functions.
The unscaled �nal deformation of the structure is shown in �g. 3,
showing the highly non-linear deformation of the structure. An
example of the material distribution is found in �g. 4. Figure 5

Fig. 3. Deformed isotropic annular ring at a shear load of 26 Pa

Fig. 4. Young’s modulus distribution within one sample run

has the force-displacement graph of the baseline (homogeneous)
results and those found in (Payette and J. N. Reddy 2014, sec. 6.3),
showing good agreement. An analysis of the variation in the
force-displacement graph shows that the overall displacement
of the structure at point A does not vary a lot during the Monte
Carlo analysis using random sampling. All runs are shown within
one �gure in �g. 6.

An analysis of the components of the total displacement reveals
that there is one component in which the displacement result
has a higher relative spread, the y-component shown in �g. 7.
This can be explained by x-displacement being susceptible to
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Fig. 5. Comparison of shear-displacement of unified model and results
of Paye�e and J. N. Reddy 2014 at points A and B of fig. 2

Fig. 6. Monte Carlo results of total displacements at point A of fig. 2

local variations close to the boundary condition. The y position
of the end point is largely dependent on how the structure curves
close to the boundary condition. This makes it sensitive to local
variations in that area. Analysing the other components, the z-
displacement is dominated by the sti�ness of the total structure
(as this is the load direction). The x-displacement is dominated
by the the geometric non-linear response, it is not highly loaded
causing the sti�ness variation to have only a small contribution
to the response.

3.2 Annular ring under shear (composite)
3.2.1 Description. This problem uses the same geometry as sec-
tion 3.1, but uses the material properties found in table 1. The
structure is split into three equal layers with a 90-0-90 degree ori-
entation. This is modelled using 10x3 third order elements in the
cross section and 20 elements in the axial direction. The system
has a total of 34 770 degrees of freedom. Using 32 computational

Fig. 7. Y-displacement results of point A

Material properties
E1 20 MPa E2 = E3 6 MPa
G23 2.4 MPa G13 = G12 3 MPa
ν23 0.25 ν23 = ν12 0.3

Table 1. Material properties for composite examples, taken from Paye�e
and J. N. Reddy 2014

cores on the Blue Crystal phase 3 cluster it takes an average of
86.4 seconds per run.

Instead of varying the Young’s modulus the �bre orientation
is varied. This is done with a standard deviation of θσ = 2◦.
This is the upper range of the measurements found by Yurgartis
1987. These variations are applied to each layer separately, with
a correlation length of Lc = 1 m.

3.2.2 Numerical results. As was the case for the isotropic re-
sults, the composite results were �rst compared to those found in
(Payette and J. N. Reddy 2014), this comparison can be found in
�g. 8, and shows good agreement. A Newton solver was used to
solve all 2000 runs of the structure using load control. The general
trend shown in �g. 9 in the displacement �elds are the same as
the isotropic case, but the displacements diverge more as the load
increases. This e�ect is particularly visible in the y-displacements
shown in �g. 10. This can be explained by the misalignments
causing bend-twist coupling, which a�ect the displacement �eld.

3.3 Flat panel (isotropic)
3.3.1 Description. This analysis is on the 600x200x1 mm �at
panel shown in �g. 11. Out of plane displacements are restricted
on all the edges and rigid body modes are restricted through two
point constraints. The model is discretised into a 16x1 element
cross section and 24 elements in the axial direction. The system
has a total of 28 908 degrees of freedom. Using 32 computational
cores on the Blue Crystal phase 3 cluster it takes an average of
66.7 seconds per run.
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z

z

Fig. 8. Results of current implementation compared to that of (Paye�e
and J. N. Reddy 2014) showing z-displacement at point B in fig. 2.

Fig. 9. Total displacement of composite ring of point A in fig. 2

Fig. 10. Y-displacement response of composite ring at point A in fig. 2

Fig. 11. Free body diagram of flat plate

Fig. 12. First linear buckling mode of flat panel structure

The material properties used are Eµ = 181 GPa and ν = 0.3. A
geometric imperfection is applied in the shape of the �rst buckling
mode (�g. 12) of the baseline result, with an amplitude of 5% of
the thickness. The baseline linear buckling load is 3.23 kN and
was veri�ed using Abaqus. Variations in the Young’s modulus
are applied with a standard deviation of Eσ = 1.81 GPa (CoV 1%).
The correlation length of these imperfections is 100 mm.

3.3.2 Numerical results. The analysis was performed 2000 times
and solved using Newton’s approach utilising increments in the
load level. The out of plane displacement in the centre of the
plate (100,200,0) mm is shown in �g. 13. The results show less
shifting in the buckling mode than was found in previous work
(Broek et al. 2017). This is most likely due to the 5% geometric
imperfection dominating the post-buckling shape.

3.4 Curved panel (isotropic)
The structures analysed thus far consist of �at geometry. This
analysis instead focuses on a curved panel. The panel has a radius
of 100 mm, is 2 mm thick and 150 mm in length. The geometry is
illustrated in �g. 14. It is discretised in 10x1 third order elements
in the cross section and 10 elements in the axial direction. There
are 7 812 degrees of freedom. The problem is solved using an arc-
length approach, taking 30 minutes using a single computational
thread. Using 32 threads on the Blue Crystal phase 3 cluster, a run
is completed every 56 seconds. The structure is constrained in out
of plane displacement on the edges on which load is introduced.
Axial displacement is constrained by constraining two points on
one of the loaded edges in the axial (y) direction. The usage of
geodesic length in the generation of random �elds means that the
curvature of the structure is taken into account in the generation
of the �eld.
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Fig. 13. Out of plane displacement in centre of the plate

A

B
xz

y

Fig. 14. Geometry of the curved panel

3.4.1 Description. The material properties are the same as the
�at panel of section 3.3, with Eµ = 181 GPa and ν = 0.3. The linear
buckling load of 569.6 MPa (178 930 N) was veri�ed in Abaqus.

The Young’s modulus is varied with Eσ = 1.81 GPa, equivalent
to a 1% coe�cient of variation. The correlation length used to
generate the �elds is Lc = 0.025 m. Non-linear analyses are run
2000 times using an arc-length based solution algorithm.

3.4.2 Numerical results. The behaviour of the structure in post-
buckling is characterised by two dominant shapes found in �g. 15.
The pre-buckling displacement is symmetric on the y-z plane, as
shown in �g. 15a The non-homogeneous sti�ness distribution
causes one side of the panel to dominate in post-buckling. This
leads to an asymmetric post-buckling shape in which one of the
edges becomes dominant, as shown in �g. 15b. This tendency to
deviate from the symmetric solution is best illustrated by �g. 16,
where the asymmetric sti�ness in the structure clearly shifts the
centre of the structure to one side, instigating the out of plane
behaviour on that side.

The z-displacement at the middle of the straight edge (A in
�g. 14) is shown in �g. 17. This force-displacement graph shows
the three main possibilities for the load-displacement path of
point A in the structure. Which of the three possibilities will oc-
cur, depends on the sti�ness distribution of the structure. In the
neighbourhood of the critical load level, the sti�ness of the struc-
ture strongly changes and the structure buckles at a limit point.
Subsequently, depending on the buckling deformation, point A
follows one of three main paths:

(a) Symmetric mode, taken from the baseline (homogeneous) run in
post-buckling

(b) Asymmetric mode, Post-buckling from a run with material variations

Fig. 15. Dominant displacement fields found in the non-linear response

Fig. 16. X-displacement in the centre of the panel, point B in fig. 14

Asymmetric sti�ness If the side of the panel with point A
corresponds to a strong buckling deformation (the "weak
side"), this side will dominate in out of plane displacement.
Alternatively, point A is on the "sti� side" of the structure.
The de�ection on this side of the panel will reverse and
reduce.
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Fig. 17. Z-displacement in the edge of the panel, point A in fig. 14

Fig. 18. Probability density function of limit point load of the isotropic
curved panel

Symmetric sti�ness In the rare case that the sti�ness dis-
tribution of the structure remains nearly symmetric (only
0.1% of runs), a symmetric de�ection of the structure will
continue to dominate. This corresponds to a less steep de-
cline in the load-displacement curve.

In all three cases the post-buckling behaviour is unstable.
Another thing that is of interest is the limit point load of the

structure, particularly since the post-buckling behaviour is un-
stable. A probability density plot of the limit point load is shown
in �g. 18. The mean and standard deviation of the limit load are
Fµ = 297.3 MPa and Fσ = 2 MPa, which equates to a coe�cient
of variation of 0.7%. This is less than the coe�cient of variation
of the input parameter, which indicates that local variations of
the Young’s modulus do not dominate the distribution of the limit
point load.

3.5 Curved panel (composite)
The �nal analysis discussed in this paper analyses the same struc-
ture as the previous example, but uses a simple composite layup.

Fig. 19. X-displacement at point A of the composite curved panel

The variations are applied to the �bre angle θ instead of the
Young’s modulus.

3.5.1 Description. As previously mentioned this example uses
geometry identical to that used in section 3.4. Instead of isotropic
material properties the properties of table 1 are used. The structure
is split into three equal layers with a 90-0-90 degree orientation.
The cross section is discretised using 10x3 third order elements,
and 10 elements in the axial direction. The structure has a total
of 17 670 degrees of freedom. The structure is solved using an
arc-length solver, taking an average of 205 seconds per run using
32 computational threads on the Blue Crystal Phase 3 computing
cluster.

The �bre orientation is varied instead of the Young’s modulus.
This is done with a standard deviation of θσ = 2◦. This is the
upper range of the measurements found by Yurgartis 1987. These
variations are applied to each layer separately, with a correlation
length of Lc = 0.025 m.

3.5.2 Numerical results. The analysis was run 1600 times, the
trends seen are similar to those found in section 3.2. The x-
displacement at point A (centre) shows the two post-buckling
paths, �g. 19. The paths are similar to those of the isotropic case.

Looking at the z-displacement of the edge in �g. 20 the three
branches described in section 3.4 can be seen once more. The
symmetric load path diverges from the asymmetric branch later
in later in the graph, there is also more curvature in the non-
dominant path. Both of these responses are most likely due to the
asymmetric bending sti�ness of the laminate. The 90-0-90 layup
causes the bending sti�ness in the axial direction to be less sti�.
It is likely that these a�ect post-buckling behaviour either delay
or stimulate the creation of such features depending on whether
or not energy can be stored within the structure during the load
application.

Figure 21 shows the distribution of the limit point load of the
composite panel. The spread is much more signi�cant than the
isotropic case under a 2% variation in Young’s modulus (�g. 18).
The mean buckling load of Fµ = 17 438 Pa is 0.6% less than
that found in the baseline result of FBL = 17 540. The standard
deviation of the limit point load Fσ = 566 Pa, which equates to a
coe�cient of variation of 3.25%. This is signi�cantly more than
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Fig. 20. X-displacement at point B of the composite curved panel

Fig. 21. Probability density function of limit point load of the composite
curved panel

that of the isotropic example, especially when considering that
the three layers of the structure have independently generated
�elds. This indicates that the �bre orientation has a larger e�ect
than the Young’s modulus of the isotropic structure.

4 CONCLUSIONS
This contribution presented examples on how material property
variations can a�ect the non-linear response of panel-type struc-
tures, including structures with curvature. The stochastic analysis
of these responses was done in an approach which includes the
use of a geodesic length measure, which makes the approach
usable for a wide range of (highly) curved structures. The versa-
tility and capabilities of the approach was demonstrated by its
application on a variety of structures and materials.

The examples presented show that local variations in sti�ness
of a structure can have a variety of e�ects on its non-linear re-
sponse. Aside from the change of mean sti�ness causing a change
in bifurcation or limit point load, it was also shown that the
di�erent sti�ness distributions can a�ect and trigger competing

buckling modes and post-buckling modes and their corresponding
post-buckling load-de�ection paths.

The tools developed could be used in future research to analyse
the sensitivity of structures to variations and in such a way tailor
the structure to speci�c post-buckling paths, decrease sensitivity
to variations or increase the limit point load. Combining the
analysis approach with design and manufacturing tools makes
it possible to achieve realistic variations of the sti�ness within
a structure in order to make structures more robust and better
performing, similar to approaches proposed by Cox et al. 2018
for tailoring post-buckling of structures using modal nudging or
Haldar et al. 2018 to tailor snap-through loads of Variable Sti�ness
laminates.
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