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Abstract—This paper proposes a framework to assess the
flexibility of active distribution networks (ADNs) via P-Q area
segmentation, considering the reliability of flexible units (FUs). A
mixed-integer quadratically constrained programming (MIQCP)
model is formulated to analyse flexible active and reactive power
support at the interface with transmission networks, explicitly
capturing the contributions and reliability of FUs that provide
flexibility services within an ADN. The numerical simulations
performed for a real 124-bus UK distribution network demon-
strate the optimal flexibility provision by different FUs, as well
as the corresponding reliability and the impact of network
reconfiguration. Distribution system operators (DSOs) can use the
proposed framework to identify critical units, select an adequate
combination of flexibility volumes, and manage its reliability.

Index Terms—Active distribution network, combinatorial op-
timisation, flexibility services, reliability, TSO-DSO coordination.

I. INTRODUCTION

The emergence of distributed energy resources that can
act as flexible units (FUs), coupled with information and
communications technologies and intelligent controls, brings
new opportunities to enhance the efficiency and flexibility
of distribution networks operation [lf]. In this context, the
increased controllability of the now active distribution net-
works (ADNs) allows managing power injections at specific
points (e.g., at a substation or a feeder), making ADNs natural
providers of flexibility services such as active and reactive
power support and voltage control [2]. This has motivated
research on the flexibility potential across entire distribution
networks, which would allow distribution system operators
(DSOs) to trade active and reactive power with transmission
system operators (TSOs). Such arrangements enable DSOs to
use part of their flexibility to support the distribution network,
whereas trading the rest at the TSO/DSO interface to support
the transmission network (e.g., in congestion management) and
the overall power system operation (via ancillary services).

Multiple coordination schemes have recently been proposed
to enable the provision of flexibility services between DSOs
and TSOs [3], [4]]. Flexibility services provided by ADNs
can be characterised by an aggregated P-Q flexibility area,
defined as feasible combinations of active and reactive power
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exchanges at the TSO/DSO interface [5]. In studies such
as [6], [7], Monte Carlo simulations were used to map the
availability and cost of flexible power at the TSO/DSO in-
terface. This approach requires a large number of randomly
generated operating points, some of which can be infeasible
and, therefore, get discarded. Despite their simplicity, such
methods suffer from significant computational burden and
approximation errors. To overcome these limitations, more ad-
vanced flexibility area assessment techniques were developed,
such as [8]-[10]. These techniques aim to approximate the
boundary of the feasibility area by considering FUs limits
and network constraints. Thus, the ADN flexibility can be
estimated through a lower number of targeted simulations.
Additionally, these algorithms allow explicit control over the
accuracy of the approximation, which can be set as the desired
level of the area’s granularity.

In existing approaches for P-Q flexibility areas estimation, it
is generally assumed that FUs are fully available for flexibility
services provision. This might not be reasonable in practical
applications, as the reliability of each FU to deliver the full
requested P-Q output is uncertain. For example, some units
may not be available for flexibility services provision or may
fail to provide estimated flexible power support. However, few
attempts have been made to characterise the structure of ADN
flexibility and incorporate the contributions and uncertainties
associated with FUs activation. To capture the uncertainties
of ADN flexibility, study [[11]] proposed probabilistic reactive
power capability charts that represent reactive power support
limits of distribution systems as families of random variables
with their associated probabilistic density functions. This ap-
proach identifies different levels of flexibility with associated
uncertainties, but the structure of ADN flexibility and the
contributions of each FU are concealed. ADN flexibility can
also be modelled by solving a set of scenario-based robust
optimisation problems [12], [13]. However, such approaches
require large data sets of scenarios to incorporate uncertainties.

The lack of the explicit components of ADN flexibility areas
limits the capability to request services with desired levels
of reliability (e.g., TSO might request the maximum flexible
power output that can be provided with a 95% confidence
level). Understanding the contribution of each FU to the



flexibility areas is also relevant when delivering services that
require specific metrics, such as dynamic (ramp) flexibility,
duration, cost, etc. [5]]. Furthermore, it is crucial to perform
disaggregation of ADN flexibility to obtain dispatching com-
mands for FUs during real-time operation [14].

To address the mentioned research gaps, this paper proposes
a new approach to characterise the flexibility services provided
by ADNSs based on P-Q flexibility area segmentation. For this
purpose, a combinatorial optimisation model is formulated to
classify the segments of the flexibility area by the number
of FUs activated and the reliability associated with units
activation. This approach explicitly models the contributions
of each FU and requires little information to build portfolios of
ADN flexibility, which makes it suitable for practical applica-
tions. The resulting classification provides detailed information
for DSOs to manage uncertainties associated with the use
of flexibility and trade ancillary services with the desired
level of reliability. Moreover, flexibility P-Q area segmentation
captures the effects of network reconfiguration and changes in
the reliability estimation of FUs activation.

The proposed framework is tested on a 124-bus radial
distribution network from the UK, which can be reconfigured
to meet reliability standards. The results demonstrate that the
contributions and reliabilities of FUs across segments of the
ADN flexibility area vary drastically, especially subject to their
locations and electrical distance to the TSO/DSO interface.

II. METHODOLOGY

In this section, a mixed-integer quadratically constrained
programming (MIQCP) formulation is proposed to explicitly
map the operation of every FU deployed to provide P-Q sup-
port. The methodology includes an optimal power flow (OPF)
model and dedicated algorithms for aggregating flexibility,
estimating its limits, and segmenting the P-Q flexibility areas
based on the number of FUs activated and their reliability.

A. Combinatorial Optimal Power Flow

A variety of OPF models can be used to identify feasible
operating points of FUs within an ADN and produce P-Q
flexibility areas. In this work, the DistFlow OPF model @-
(IIiI) is selected, which enables formulating network constraints
as quadratic equations [15], [16][1] The model defines active
and reactive power flows through each branch, p;;, ¢;;, as a
function of generator outputs, p; 4, ¢;4, nodal voltages, v;,
and branch currents, ¢;;. The formulation is simplified by
substituting the products of the nodal voltage variables by w;
and the squared branch currents by ;;, i.e., v} = w;, @fj = l;j.
The DistFlow model is modified by including power outputs
of FUs, p; r, g;,r, and corresponding binary variables to map
the activation of each FU, x; .

To produce P-Q flexibility areas for a selected reference
location (e.g., TSO/DSO interface), the objective function (1al)

'Note that the DistFlow model is equivalent to the exact AC power flow
equations, but is only valid for radial networks, such is the case study analysed
in Section[II] Other models can be selected to handle more complex network
configurations [8], [[10].

MODEL Modified DistFlow OPF [MIQCP]
Variables:
Di,gsi,g VieN,ge g
Dij, Qij V(i,j) € L
vi (v =w;) Vi e N
iy (is5” = lij) V(i,j) € £
Di,f> i, f VieN,feF
z,p € {0,1} VieN,feF
Objective:
i= i
min 7, Zpij "‘ﬂ'qzqw Tp, Mg € (la)
(i.d)€L (ig)eL {-1,0,1}

Constraints:
P < pig < M VieN,geG (Ib)
e < qig < @ VieN,geG (lo)
pz‘,f;(h,fesi,f VieN,feF (1d)
Dij = Pj.d — Pjg — T5.fPj.f (le)

+R(Zij)lij + Y pi V(i,j) e L

(7,k)eL

Gij = Gjd — Qg — Tj,r9.f (1f)

+(Zi5)li; + Zq]'k V(i,j) € L

(4,k)eL

wj = wi +|Zy [t (1g)

—2(R(Zij)pij + S(Zij)ai5) V(i,j) € L
P+ ap; = Lijwi V(i,j) € L (1h)
pij + a4y < (S5 V(i,j) € L (1i)
(VM2 <y < (V)2 Vie N 1j)

is iteratively updated to minimize or maximize the distribution
network’s power consumption at the reference node, i™f. For
this purpose, the coefficients 7, and 7, are introduced as a
means to control the optimisation direction. Constraints
and limit active and reactive power outputs of generators.
Constraint (Td) defines the flexible capacity of each FU as a
P-Q capability set S; r, such that p; ; and ¢; ; are feasible
flexible power outputs available at node i. Constraints (Te)
and define active and reactive power flows between nodes
1 and j. For each node j, net nodal active and reactive
power withdrawals are given by the differences between power
demands, p; 4, q;,4, generator outputs, p; ¢, ;.4 FU outputs,
Dj,f» ¢;,¢ (each coupled with a binary decision variable x; ),
and power flows via connected lines, p; and g;;. Active and
reactive power losses in each line are represented by R(Z;;)1;;
and ¥(Z;;)l;;, where Z;; is branch impedance. The voltage
relation between nodes ¢ and j is given by (Ig). Constraint
(Th) defines the relation between power flows and currents.
The apparent power of each line and the voltages are limited

with and (Ij), respectively.



B. Flexibility Aggregation

The aggregated ADN flexibility area describing all feasible
TSO-DSO active and reactive power exchanges can be found
by solving a sequence of OPF problems (Ia)-(Ij). In this
work, the e-constraint method is selected to approximate P-
Q flexibility areas at a selected reference bus, i.e., TSO/DSO
interface [|10]]. This approach offers greater control over the ac-
curacy of the flexibility area than alternative approaches such
as random sampling [[7] and radial reconstruction methods [9]].
Moreover, the e-constraint method guarantees that the extreme
points of the flexibility area are identified. The first step of the
method involves estimating the extreme points of the flexible
area, e.g., maximum and minimum active and reactive power
exchanges at the TSO/DSO interface. Then, the identified
ranges of flexible active and reactive power are divided into
a selected number of k intervals, which dictates the accuracy
of the model. For each interval, components of aggregated
flexibility can be limited by using inequality constraints (2a)
or (2b), where ¢ is a small positive constant

Pik —eP < Z pij < Pik +€P i= (2a)
(4,7)EL

QF— 1< Z gij < QF + &7 i=4"  (2b)
(3,9)EL

For example, if considering k intervals between maximum
and minimum aggregated reactive power, constraint (2b) is
added to limit the reactive power at interval values Q¥. Then,
for each interval, model (Ta)-(Ij) is solved two times to find
the minimum and maximum active power exchanges. Thus,
by dividing the flexibility area into k intervals, the model
approximates it with 2%k boundary points.

C. P-Q Flexibility Area Segmentation by the Number of FUs

The binary variables z; ; included in model (Ta)-(Ij) are
used to explicitly capture the contribution of each FU to the
aggregated ADN flexibility at the reference node (TSO/DSO
interface). In this work, the full available capacity of each FU
is considered for the provision of flexibility services. However,
this assumption is optimistic because, in practice, the volume
of power that can be delivered at the reference node will
likely be lower as some FUs may be unavailable, may have
committed part of their capacity to other services, and so
on. Accordingly, the proposed model can be improved with
robust/chance constraints and other less optimistic approaches
[L1]-[13]], which is the subject of future research.

The structure of the P-Q flexibility area and individual
contributions by different FUs can be analysed by dividing the
area into segments. In each segment, the number of activated
FUs is limited using the following constraint:

Z T, f S Xseg

VieN,fEF

Vseg € S 3)

2It is important to choose an appropriate value for e that is small enough
to accurately limit the P and Q components of aggregated flexibility, but large
enough to ensure numerical stability, feasibility, and solver convergence.

In this manner, it is possible to map the aggregated P-Q
flexibility area with |S| segments based on the number of
activated FUs. The key advantage of this mapping approach
is that it facilitates identifying the FUs that are required for
each P-Q flexibility service. This information can be used to
select the lowest number of FUs that offer a certain service
request (e.g., from the TSO). As will be further discussed
below, this segmentation approach also facilitates customising
the reliability levels of the flexibility services.

D. Reliability-based Segmentation of P-Q Flexibility Area

To demonstrate the reliability-based segmentation of P-Q
flexibility areas, in this work, the reliability of each FU is
described by a coefficient R; ;. Under this assumption, the
reliability of a flexibility segment can be calculated as the
product of the coefficients for activated FUs:

Rseg = H

ViEN,fe]:‘wi,f:1

R; ¢ Vseg € S 4

This approach captures that, as expected, reliability de-
creases with the number of FUs required for the flexibility
services. The services at the boundary of the aggregated P-Q
flexibility area are the least reliable as all FUs would have to
be activated. Accordingly, the model can rank segments of the
P-Q flexibility areas based on their reliabilities, which can be
used by DSO to manage the volumes and reliability of the
flexibility services traded at the TSO/DSO interface.

III. CASE STUDY

The proposed methodology is demonstrated with a real 124-
bus 6.6 kV distribution network in the UK [[17]]. The network is
visualised as a graph in Fig.[TJusing the ForceAtlas2 algorithm
[18]. The sizes of the nodes represent the power demand
at each bus. The lengths of the edges are proportional to
the impedance of the lines. Nodes are colored according to
their voltage levels during reference conditions, i.e., assuming
that all FUs are switched off. This highlights areas with high
or low voltages which may limit the operation of FUs. The
network can be reconfigured to supply the demand through
either branches 7-1 or 7-6. In the figure, the network is
supplied via feeder 7-1 (path 7-26 is displayed with dashed
lines) The system is typically configured as radial feeders,
and reconfiguration is only used to reconnect customers and
meet reliability standards.

As shown in Fig. [T} ten FUs are located in the network.
The P-Q capabilities and reliability of each unit are given
in Table [ where the negative and positive regulation limits
correspond to flexible power consumption and generation. The
proposed MIQCP model (Ta)-(Ij) was used to characterise the
contributions of the FUs and build flexibility area segmentation
by the number of units activated. The resulting P-Q area
segmentation is presented in Fig. [2| The MIQCP model was
implemented in JuMP 0.21.8 for Julia 1.6.1 programming

3Note that nodes 2-6 and 11 are switching stations with no loads. Therefore,
they are displayed disconnected in Fig. [} as this simulation corresponds to
supply via feeder 7-1.
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Fig. 1. Case study: 124-bus radial distribution network with 10 FUs.

TABLE I
PARAMETERS OF FLEXIBLE UNITS PLACED IN THE NETWORK

FU location P regulation limits ~ Q regulation limits =~ Reliability
(bus #) (MW) (MVAr) R; ¢
14 [-0.2,0.2] [-0.2,0.2] 0.970
20 [0.0,0.4] [0.0,0.4] 0.990
83 [-0.2,0.2] [-0.2,0.2] 0.975
60 [-0.1,0.1] [-0.1,0.1] 0.965
79 [-0.2,0.2] [-0.2,0.2] 0.960
86 [-0.2,0.2] [-0.2,0.2] 0.980
99 [-0.2,0.2] [-0.2,0.2] 0.955
100 [-0.2,0.2] [-0.2,0.2] 0.950
106 [-0.2,0.2] [-0.2,0.2] 0.945
107 [-0.2,0.2] [-0.2,0.2] 0.985

language and solved with the Gurobi 9.1.2 solver. A laptop
with an Intel Core 17-10510U CPU 1.80GHz and 16 GB of
RAM was used for the simulations. To estimate the aggregated
flexibility areas and perform their segmentation, the model
was solved iteratively for 50 e-constrained intervals (i.e., the
boundary of each segment was approximated by 100 points),
and the average computational time to produce the P-Q area
segmentation for this case study was 970 seconds.

The segmentation presented in Fig. [2] identifies the P-Q
limits of the aggregated network flexibility that can be reached
by activating different numbers of units. Since the FUs under
consideration have different P-Q capabilities, the shapes of
the segments are determined by the combinations of their
capability sets, subject to network constraints. The segments
do not expand equally in all directions. For example, the
central segment is formed by the contributions of unit 20
(FU with the highest capacity) and units 106 and 107 (the
most distant units that can increase the network’s consumption
and power losses). As more units get activated, the voltage
regulation limits set by v™" = 0.94 p.u. and v = 1.06
p.u. restrict the outputs of some FUs. This effect can be
observed in the right upper side of the plot, where diminishing
contributions of additionally activated units occur. Fig. 2] also
highlights that the flexibility areas and their reliability can
change significantly under different network configurations.

In the performed segmentation based on the number of units
activated, all FUs were considered equally reliable and avail-
able for flexibility services provision. However, in practice,
the reliability of each FU may vary. This happens due to
the uncertainties associated with the availability of different
technologies and forecasts for FUs generation. There can be a
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Fig. 2. Flexibility P-Q area segmentation for the 124-bus network based on the number of FUs activated: (a) network configuration with the power supply
via feeder 7-1; (b) supply via feeder 7-6. The grey color scheme indicates the number of FUs activated in each of the segments. The markers correspond to
the initial operating point of the network (all FUs are switched off), while the coordinates represent the network’s power consumption.

lack of data from electric vehicle aggregators, the availability
of consumers participating in demand response programs can
be uncertain, etc. Considering such factors, DSOs can measure
the level of reliability of each FU and manage the network’s
flexibility by activating units with high reliability of providing
flexible power. To illustrate this, different reliabilities R; s
were assigned to the FUs located in the network, as listed in
Table[ll The unit at node 20 is considered the most reliable one
with the coefficient Rog = 0.99. Other units have reliability
between 0.945 and 0.985. Under these assumptions, each unit
is reliable enough to provide flexible power. However, the
aggregated flexibility of the network is formed by different
combinations of FUs. The resulting reliability of a segment
can be significantly lower than the reliability of individual
units. For example, the reliability of simultaneous activation
of all ten FUs is 0.718.

The proposed reliability-based segmentation method is used
to produce all possible combinations of FUs’ P-Q capabilities
and arrange them by their reliability in decreasing order,
Ri > Ry > > Mingges(Reeg). Note that estimating
flexibility for all possible combinations of FUs is a complex
combinatorial problem that can be impractical to solve. In the
case of 10 FUs, there are only 1023 possible combinations to
simulate. In larger case studies, the problem can be simplified
by limiting the number of segments to consider, e.g., DSO
might only be interested in a handful of reliability levels to
analyse (e.g., greater than 80%, 95%, etc.). The reliability-
based segmentation for the networks’ flexibility area is vi-
sualised in Fig. [3(a). The central segments indicate reliable
operating points that can be reached by activating a few
FUs with the highest reliabilities. The reliability of activating
more units decreases as operating points become closer to the

boundary of the aggregated flexibility area. DSO can use this
segmentation to analyse and manage the flexibility available
in the network. For example, DSO might plan to provide
flexibility services whose estimated reliability exceeds 0.9.
Thus, only a fraction of the segments can be considered for
network operation. These segments are depicted in Fig. [3|by a
dashed outline. The area with reliability exceeding 0.9 contains
much fewer operating points than the entire flexibility area.
It follows that the aggregated flexibility can be significantly
overestimated without considering reliability constraints.

The estimated reliabilities of FUs can change throughout the
network operation. Such changes can have a major impact on
the aggregated flexibility area and its segmentation. To illus-
trate this, it is assumed that the reliability associated with unit
20, Ry, drops from 0.99 to 0.92. L.e., the most reliable unit is
turned into the least reliable one. Then, the reliability analysis
of FUs combinations is repeated. The modified reliability-
based segmentation is displayed in Fig. [3(b). Even though
the aggregated flexibility area stays the same, its components
change drastically. Specifically, the reliabilities of the flexibil-
ity area segments decrease. The union of the segments with
reliability exceeding 0.9 (the dashed outline) shrinks compared
to the simulation presented in Fig. [B(a). Thus, the proposed
flexibility area segmentation framework captures the effects of
changes in reliability estimation and network parameters. DSO
can update the network’s flexibility segmentation regularly to
manage its flexibility services provided.

IV. CONCLUSION

This paper highlights the need for a thorough analysis
of the flexibility inherent in ADNs and the reliability of
flexibility services. Specifically, it is required to characterise
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flexibility segments with reliability greater than 0.9.

flexibility by explicitly considering the contributions and re-
liability of each FU. As illustrated by the simulations for
a real distribution network, the flexibility of a network can
change significantly depending on the network configuration,
technical limits, and reliability of FUs. By capturing these
effects, the proposed flexibility area segmentation framework
enables DSOs to manage the provision of ADN flexibility
services, e.g., by increasing the reliability of the services
whereas reducing the number of dispatched units and control
actions. Moreover, the obtained segmentation can also be
used as an input for risk assessment of distribution networks
and optimisation problems at the transmission level, e.g., to
consider solutions for TSO-DSO coordination with predefined
levels of reliability.
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