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The energy-frontier TeV colliders based on plasma accelerators is attracting more attentions due to recent achievements

in multi-stage laser acceleration, as well as the remarkable advances in electron- and proton-driven plasma accelerators.

Such colliders may suffer a fundamental energy loss due to the radiation reaction (RR) effect, as the electrons lose

energy through betatron radiation emission. Although the RR may not be critical for low energy accelerators, it will

exert limitations on TeV-class plasma-based colliders that needs to be considered. In this paper, we have provided an

extensive study of RR effect in all pathways towards such colliders, including multi-stage plasma acceleration driven

by the state-of-the-art lasers and the relativistic electron beam, as well as the single-stage plasma acceleration with

the energetic proton beams available at the CERN accelerator complex. A single-particle Landau-Lifschitz approach

is used to consider the RR effect on an electron accelerating in the plasma blow-out regime. The model determines

the boundaries where RR plays an energy limiting role on such colliders. The energy gain, the radiation loss and the

validity of the model are explored numerically.

I. INTRODUCTION

Colliders are one of the most important scientific tools of

discovery in particle physics, e.g. the Large Hadron Col-

lider (LHC) at CERN led to the discovery of the new par-

ticle Higgs boson a decade ago. The future lepton collid-

ers are going to be in the TeV energy range, however those

will be huge and expensive if they are based on the conven-

tional radio-frequency acceleration.1–3 In other words, TeV-

class colliders may rely on plasma accelerators which have

shown a tremendous progress in the last decades.4–6 In plasma

accelerators, a much higher energy gradient than that in the

conventional accelerators is generated in a plasma medium

driven by an energetic driver, e.g., laser pulse,7 electron-8 or

proton-beam9. Therefore, electrons potentially can gain high

energy in a very short distance. On the other hand, plasma-

based positron acceleration is very challenging due to the

asymmetric response of the plasma, however, some ideas have

been proposed and experimentally demonstrated the positron

acceleration.10–13 Although very promising for applications in

high energy physics research, plasma-based colliders require

considerable and long term research effort.

The laser wakefield accelerators (LWFA) have been proved

to produce the shot-to-shot stable and high quality quasi-

monoenergetic electron beams up to 1 GeV in a centimetre-

long plasma.14 Since then there have been lots of progress

increasing the beam’s energy gain in a single plasma stage

with the energy gain record of 7.8 GeV in a 20 centimetre-

long plasma.15 With the successful coupling of two LWFA

stages,16 it is natural to think about the future compact and

high energy colliders based on LWFA with several stages.17–19

The electron beam driven plasma wakefield accelerators

(PWFA) have successfully demonstrated the energy doubling

of a 42 GeV electron beam within an 85 centimetre long

plasma at the Final Focus Test Beam facility at SLAC.20 In

addition, the recent experiments at Facility for Advanced Ac-

celerator Experiment (FACET) have also shown the high effi-

ciency electron beam acceleration with a considerable charge

and low energy spread.21 Therefore it is envisaged that a high

energy collider can be designed based on PWFA scheme.22,23

It will surely rely on the multi-stage acceleration to boost the

beam energy up to TeV level due to the limited energy content

of the electron beam driver.

On the other hand, the CERN accelerator complex has the

high energy proton beams with an intrinsically significant en-

ergy content, usually two to three orders of magnitude greater

than that of the electron beams nowadays, e.g. the 400 GeV

Super Proton Synchrotron (SPS), and the 7 TeV LHC pro-

ton beams. The idea of proton-driven plasma wakefield accel-

eration (PDPWFA) has been proposed to accelerate an elec-

tron bunch up to the energy frontiers in a single stage plasma

acceleration.24 It opened a new avenue that a single stage

PDPWFA-based collider can be realised using the existing

CERN accelerators.25 Soon after, the Advanced Wakefield

Experiment (AWAKE) Run 1 demonstrated for the first time

that a 400 GeV SPS proton bunch can excite plasma wakefield

and accelerate a bunch of low energy electrons up to 2 GeV

within a 10 metre long plasma.26 Following the great success

of the Run 1 experiment, the AWAKE Run 2 (2021-) aims

at producing a stable and monoenergetic multi-GeV electron

beam suitable for particle physics experiments.27

There are three common factors that limit the energy gain of

plasma accelerators.7 First is the energy depletion of the driver

inside the plasma. Today’s high power lasers and the elec-

tron drivers have almost the same amount of energy (≤100

J), but much smaller than the huge amount of energy in the

SPS (∼19 kJ), and LHC (∼129 kJ) proton beams. The sec-

ond factor is the de-phasing of the driver and the accelerating
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electrons which put a limit on energy gain even if there is still

energy in the driver. In fact, electrons overrun the driver and

enter the deceleration stage. This effect, however, is more sig-

nificant for LWFA. The third limiting factor is the laser pulse

diffraction and the particle beams expansion. A combination

of these factors puts limitation on the energy gain of the elec-

trons specially on one stage LWFA and PWFA, however, it

is still possible to increase the energy gain over multi-stage

acceleration.

The blow-out (bubble) regime28 is the most efficient plasma

acceleration scheme. The energetic driver makes a bubble in-

side the plasma, ideally, free of electrons. This bubble ex-

hibits strong longitudinally accelerating and transversely fo-

cusing electric fields. Therefore a well-suited electron beam

inside the bubble can be accelerated to high energies while it

is focused transversely. As electron acceleration accompanies

transverse oscillations, the electron beam radiates electromag-

netic fields in the forward direction known as betatron radia-

tion.29 This radiation spectrum lies usually in the X-ray range.

During such interaction, non-linear effects like radiation re-

action (RR) come into play which arises from the interaction

between the betatron radiation and the accelerating/oscillating

electrons. In this case, radiation emission dominates the elec-

tron motion and can lead to the electron beam energy loss.30,31

For the above-mentioned possible colliders based on

plasma accelerators, the energy gain by the electron beam will

be close to the TeV range, and so the accelerating beam is af-

fected by the radiation loss.32 There are already some stud-

ies on the RR and its impact on the particle dynamics in the

plasma accelerators.33–36 The effect of the RR due to the be-

tatron radiation of a single electron in the plasma accelerators

has been studied theoretically and numerically within a clas-

sical approach.35 Recently, a three-dimensional model of the

RR has been presented in which the long-term equations of

motion have been derived without resolving the betatron fre-

quency.36 In this paper, an extensive study of RR effect in all

pathways towards the plasma-based colliders is presented. A

single-particle Landau-Lifschitz (LL) approach is used to con-

sider the RR effect on an electron accelerating in the plasma

blow-out regime. The model determines the boundaries where

the RR plays an energy limiting role on such colliders. The en-

ergy gain, the radiation loss and the validity of the model are

explored numerically. The paper is organised as follows: Sec-

tion II showcases the theory of RR based on the LL approach.

In Section III, the radiation loss by a test electron accelerating

in a multi-stage LWFA and PWFA is presented. The radia-

tion loss in a single-stage PDPWFA with both SPS and LHC

proton drivers is investigated in Sec. IV. A comparative study

between proton drivers with different energies, as well as var-

ious initial electron offsets is also presented. The conclusions

are summarised in Sec. V.

II. RADIATION DAMPING

Radiation reaction (also known as radiation damping) is

the recoil force from the electromagnetic radiation emitted

by an accelerating charged particle. This problem has been

investigated over a century and the Lorentz–Abraham–Dirac

(LAD) equation is believed to describe the RR effect fun-

damentally.30,37 However LAD equation suffers from some

self-inconsistent problems like run-away solution and the pre-

acceleration without an accelerating force on some specific

conditions. On the other hand, some papers are based on the

LL equation, which is a variation of the LAD by assuming

that the RR force is a small perturbation to the Lorentz force.

The LL equation is believed to give more accurate solutions,

but still there are debates about which equation is more appro-

priate in physics.38 In LL approach, the equation of motion of

an electron with charge e and mass me in an electromagnetic

field is given by39

γ
duµ

dt
=

cre

e
Fµν uν +

2r2
e

3mec

[

F
µ

RR1 +F
µ

RR2 +F
µ

RR3

]

, (1)

where the RR force is defined as

F
µ

RR1 =
e

re

∂Fµν

∂xλ
uν uλ , (2)

F
µ

RR2 =−Fµλ Fνλ uν , (3)

F
µ

RR3 = (Fνλ uλ )(Fνmum)u
µ . (4)

Here, Fµν is the electromagnetic field tensor, uµ is the four-

velocity of the electron, γ is the Lorentz factor of the elec-

tron, re = e2/4πε0mec2 is the classical electron radius, c is

the speed of light and ε0 is the vacuum permittivity. This RR

force damps the particle energy and momentum, so it changes

the electron trajectory in the individual Lorentz force.

Equation (1) is applicable if three conditions are satisfied:39

i) the damping force is small compared with the Lorentz force,

ii) the wavelength of the incident radiation is large compared

with the electron radius, and iii) the incident radiation should

be weaker than the Schwinger limit, i.e., Es ≈ 1.3 × 1018

V/m. In other words, the radiation can be treated in classical

approach if the quantum electrodynamics (QED) parameter

X ≪ 1, where31

X = γ

√

(E+v×B)2 − (E ·v/c)2

Es
≃ γ|F⊥|

eEs
. (5)

Here, E and B are the electric and magnetic fields of the inci-

dent radiation, respectively, v is the electron velocity, and F⊥
is the transverse force responsible for the electron oscillation.

One can simply model the bubble in the blow-out regime

as a sphere comprising uniform ions with a radius of rb that

moves with the relativistic velocity vp along the longitudinal

x−axis. A phenomenological model for the electric and mag-

netic fields inside the bubble, is then given by40

E =
1

4

[

(1+ vp)ξ x̂+ r
]

, (6)
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B =
1

4
[zŷ− yẑ], (7)

where r = yŷ+ zẑ is the electron off-axis position, ξ = x−vpt

is the longitudinal co-moving coordinate which moves with

the bubble velocity, x and t are the electron longitudinal po-

sition and the time, respectively, x̂, ŷ, and ẑ are the unit

vectors. Hereafter, the variables are normalized as follow:

x → kpx, t → ωp t, p → p/mec, and φ → φ/mec2, where

ωp = (n0e2/ε0me)
1/2 is the plasma frequency, n0 is the plasma

density, and kp = ωp/c is the plasma wave number. It is worth

mentioning that a more accurate model of the bubble fields is

given in41, however, using simplified Eqs. (6) and (7) is jus-

tifiable as the difference with the accurate fields is negligible

on betatron radiation in this work.36

The aforementioned electric and magnetic fields are then

substituted into LL equation to obtain the equaitons of motion.

In order to calculate RR force in Eqs. (2)-(4), it is assumed

that vx ≈ 1 and vp ≈ 1, as both the electron and the bubble ve-

locities are close to the speed of light. Moreover, the electron

transverse velocity is far less than unity, i.e., vy,z ≪ 1, while

its transverse position is typically on the order of 1. With a

straightforward calculation, it can be shown that the RR force

terms depend on different orders of the Lorentz factor, i.e.,

F
µ

RR1 ∼ O(γ1), F
µ

RR2 ∼ O(γ0) and F
µ

RR3 ∼ O(γ2). Since the

RR is significant in the highly relativistic regime, where F
µ

RR3
is much larger than the other two terms, it is reasonable to ne-

glect the terms F
µ

RR1 and F
µ

RR2. Then, the simplified equations

of motion in the normalized units are obtained as

d px

dt
=− (1+ vp)ξ

4
+

r ·p
4γ

− γrer2

6
px, (8)

dp⊥
dt

=−γ + px

γ

r

4
− γrer2

6
p⊥, (9)

dξ

dt
=

px

γ
− vp, (10)

dr

dt
=

p⊥
γ
. (11)

Here, the electron motion is divided into parallel and perpen-

dicular to the acceleration direction, so px and p⊥ = pyŷ+ pzẑ

represent the longitudinal and transverse momenta, respec-

tively. The RR depends on the electron energy and its trans-

verse amplitude of oscillations.

Equations (8)-(11) are solved numerically with SciPy in

Python, that uses lsoda from the FORTRAN library odepack

for solving a system of ordinary differential equations, to find

the electron evolution with time. The electron is assumed to be

initially located off-axis at the rear side of the bubble, where

the accelerating field is maximum. It then accelerates till de-

phasing happens, i.e. ξ = 0. The numerical calculation is

considered over an acceleration stage to find the electron en-

ergy gain and radiation loss.

In the following, different possible plasma colliders based

on the laser pulse, electron- and proton beam drivers are in-

vestigated numerically. In all cases, the electron is initially

located off-axis in the y direction, i.e., y0kp = 0.1, and at the

rear side of the bubble, i.e., ξ0 =−rb. Moreover, a small trans-

verse momentum of py0
= 10−3 px0

is considered where px0
is

the electron’s initial longitudinal momentum.

III. MULTI-STAGE PLASMA COLLIDERS

For multi-stage plasma-based colliders, the plasma cells are

interconnected by vacuum regions. Each plasma cell is ex-

cited by an individual driver (either laser pulse or electron

beam) at a constant time gap. At the onset of the process,

the first driver excites the plasma wave and generates an en-

ergetic electron beam. Once the electron beam is at the de-

phasing point ξ = 0, the second plasma cell is excited by a

similar driver and let the electron beam to place at the correct

phase. In this way one can multiply the energy gain. In the

present model, the vacuum gap between the plasma cells are

neglected.

The electron evolution is calculated numerically for each

stage, till it reaches the de-phasing point ξ = 0, at which the

electron enters the next stage. In the new stage the electron is

located at the rear side of the bubble and with the final momen-

tum and transverse position in the previous stage. The simula-

tion runs over all acceleration stages to explore RR-dominated

regime and the relevant radiation loss.

A. Multi-stage LWFA collider

In an LWFA, the energy gain scaling usually depends on the

plasma density n0 and the laser strength a0. In other words,

the maximum electric field amplitude of the wake is Emax ≃√
a0E0 where E0[V/m]≃ 96×

√

n0[cm−3] is the wavebreak-

ing limit of the plasma. The associated de-phasing length is

given by Ld ≃ λp(ω0/ωp)
2 assuming that ω0/ωp ≪ 1, where

λp is the plasma wavelength and ω0 is the laser frequency.7

For a plasma density of n0 = 1017cm−3, the corresponding

field strength is nearly Emax ≃ 33 GV/m, and the de-phasing

length is about Ld ≃ 1.2m for a laser wavelength of 1 µm.

Therefore, for an LWFA-based collider, one needs about 30

acceleration stages to achieve 1 TeV energy.

The corresponding laser and plasma parameters for numer-

ical calculation are as follow: laser wavelength λ0 = 1 µm,

laser strength parameter a0 = 1.2, and the plasma density

n0 = 1017 cm−3. The electron initial velocity is the same

as the laser group velocity. The bubble phase velocity is

vp = (1 − ω2
p/ω2

0 )
1/2, and the bubble radius of rbkp = 3.1

is considered which is comparable to the analytical formula

rbkp = 2
√

a0.42

Figure 1 shows the electron trajectory indicating the oscil-

latory nature of the electron motion (a), energy gain (b), radi-

ation loss (c), and the QED parameter (d) of a single electron
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FIG. 1. A test electron accelerating in a staged LWFA. For plots (a)-(d) the number of stages are 5. The figure includes trajectory (a), energy gain (b), radiation

loss (c), and the QED parameter (d). However, plots (e) and (f) correspond to 30 plasma stages to achieve 1 TeV energy. The maximum energy gain and a

contour plot of energy loss are shown in plots (e) and (f), respectively. The laser and plasma parameters are λ0 = 1 µm, a0 = 1.2, and n0 = 1017 cm−3.

accelerated over 5 subsequent LWFA stages. The energy gain

for each stage is about 33 GeV over the de-phasing length of

1.2 m, that leads to about 165 GeV energy gain in 6 m. The

final radiation loss is about 20 MeV which is negligible. The

energy loss is increasing with the number of staging as the

energy gain increases. In other words, one can see from Eqs.

(8) and (9) that the RR force depends on the electron energy

mainly via γ px term. The plot (d) confirms the validity of the

classical approach as the QED parameter is much smaller than

unity. For a TeV collider we may need about 30 LWFA stages

which is investigated in plots (e) and (f). Plot (e) indicates the

energy gain with respect to the number of stages. Plot (f) de-

picts the contour plot of the radiation loss as a function of the

number of stages and the initial transverse position of the elec-

tron. The radiation loss is clearly significant when 30 stages

are considered specially for larger initial transverse positions.

B. Multi-stage PWFA collider

High energy electron beams can be produced in conven-

tional accelerators like SLC. Therefore, a PWFA-based col-

lider has been conceptualized23 by considering several stages

of acceleration. Such colliders may suffer the limiting fac-

tor of RR effect. In this regard, a similar numerical approach

to staged LWFA is followed and the electron evolution over

several stages of PWFA is investigated.

Here, 10 PWFA stages are considered, with the plasma den-

sity of n0 = 2×1016 cm−3 which is consistent with the PWFA-

based collider design.23 Both the driver and the single electron

energy are considered to be 25 GeV. The driver interacts with

the plasma and creates a bubble, so the single electron at the

rear side of the bubble accelerates. The bubble phase velocity

is considered to be the same as the driver’s velocity, and the

bubble radius of rbkp = 3.6 is assumed.42
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FIG. 2. A single electron accelerating in a multi-stage PWFA collider with

10 stages. The plots are, electron trajectory (a), energy gain (b), radiation

loss (c), and the QED parameter (d). Here, n0 = 2×1016 cm−3, and both the

driver and the single electron energies are 10 GeV.

Figure 2 shows the trajectory (a), energy gain (b), radiation

loss (c), and the QED parameter (d) of a single electron accel-

erated over 10 PWFA stages. The energy gain for each stage

is about 25 GeV over the distance of 1 m. It leads to about 250

GeV energy gain in 10 m. The plot (c) confirms the validity of

the classical approach as the QED parameter is much smaller

than unity. As one can see in plot (d), the energy loss is neg-

ligible in the early stages, but it increases sharply to above 3

GeV as the number of stages increases. The reason is that the

RR force depends on the electron energy which increases with

respect to the staging. That indicates the significant role of the

RR at high energies which limits the energy gain from what is

expected.
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FIG. 3. A test particle in a PDPWFA with SPS driver. The plots are the elec-

tron trajectory (a), energy gain (b), QED parameter (c), and the corresponding

radiation loss (d). Here, n0 = 7×1014 cm−3, and the proton driver energy is

400 GeV.

IV. SINGLE-STAGE PDPWFA COLLIDER

The CERN accelerators complex can deliver very energetic

proton beams of 400 GeV and 7 TeV energies at the SPS and

LHC, respectively. Such TeV-range proton beams can drive

plasma wakefields for longer distances. The electron beam

then can potentially gain energies high enough for a TeV col-

lider over a single stage.24,43

After various theoretical investigations, the AWAKE exper-

iment was proposed to exploit existing SPS proton beam to

study the PDPWFA.44 After the successful proof of princi-

ple of PDPWFA in AWAKE Run 1,26 the AWAKE Run 2

experiment (2021-) aims at producing a monoenergetic and

stable electron acceleration suitable for particle physics ex-

periments.27,45

In the linear regime, the phase velocity of the bubble is

smaller than the proton beam velocity but becomes compa-

rable when going to the nonlinear regime.46 Considering the

nonlinear bubble, we can solve the Eqs.(8)-(11) to estimate

the energy gain and the corresponding radiation loss for a test

electron.

A. SPS driver: AWAKE experiment

In the AWAKE Run 2, the electron beam is accelerated over

10 metres of plasma.27 However, the electrons potentially can

ride the wakefield over hundreds of metres before de-phasing.

In that case, the electrons achieve collider energies in a single-

stage acceleration. It is shown that de-phasing is a limiting

factor for sub-TeV proton beams.47 Specially, within simula-

tion it is shown that by the SPS driver, the maximum energy

gain of the electron beam is 55 GeV.48 Although this can be

increased to about 250 GeV within a proper plasma density

modulation.49

The parameters are chosen as follow: The plasma density

of n0 = 7× 1014 cm−3 is considered. The SPS proton driver
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FIG. 4. A test particle in a PDPWFA with LHC proton driver. The plots

are the electron trajectory (a), energy gain (b), QED parameter (c), and the

corresponding radiation loss (d). Here, n0 = 7× 1014 cm−3, and the proton

driver energy is 1 TeV.

has the energy of 400 GeV, and creates the bubble wakefield

when interacting with the plasma. The single electron initially

is located off-axis at the rear side of the bubble with the initial

energy of 150 MeV, as in the AWAKE Run 2 case.27 The bub-

ble phase velocity is considered to be the same as the driver’s,

and the bubble radius of rbkp = 2.26 is assumed.42. The elec-

tron evolution is investigated in one acceleration stage till it

reaches the de-phasing point.

Figure 3 shows the trajectory of the test electron with a par-

tially magnified inset to show its oscillatory nature (a), the

corresponding energy gain (b), the QED parameter (c), and

its energy loss due to the radiation damping (d). The electron

gains significant energy of ∼ 250 GeV in one stage, which is

suitable for high energy physics experiments. The negligible

amount of the QED parameter in plot (c) indicates that the

classical approach is still working here. The energy loss due

to the radiation is also negligible as one can see in plot (d).

B. LHC driven PDPWFA

A multi-TeV electron/positron linear collider similar to the

AWAKE, but with much higher energy has been proposed by

employing the LHC proton beam as the driver.25 Here, we

investigate the RR effect on a single electron in the wakefield

of a 1 TeV proton driver. The electron evolution is investigated

in one acceleration stage till it reaches the de-phasing point.

The plasma density of n0 = 7× 1014 cm−3 is considered.

The initial electron velocity is assumed to be similar to the

proton driver. The bubble phase velocity is considered to be

the same as the driver’s, and the bubble radius of rbkp = π is

assumed.42.

Figure 4 presents the trajectory of the single electron with a

partially magnified inset to elucidate its oscillatory behaviour

in the bubble (a), the corresponding energy gain reaching ∼3

TeV at the de-phasing point (b), the negligible QED parameter

confirming the validity of the classical approach (c), and its
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energy loss due to the radiation (d). Although the energy loss

seems quite high, it is really small compared with the energy

gain.

Initially different transverse offsets of the test electron can

influence the RR impact. In this regard, a comparison study

is done with different transverse initial positions of the test

electron, i.e. y0 kp = 0.2, 0.4, 0.6. Moreover, various proton

beams with different energies in the range of 400 GeV SPS

beam to 7 TeV LHC beam are explored. The parameter are

the same as the LHC-driven acceleration. Figure 5 compares

maximum energy gain (a), radiation loss (b) and the percent-

age of the radiation loss to the energy gain (c) for a single

electron with the initial velocity equal to that of the relevant

proton driver. Plot (a) elucidates the desired TeV energy gain

especially with more energetic drivers. A non-trivial trend in

this plot is that the particle with lower offset gains more en-

ergy than that with higher offset. This can be explained within

plot (b). In fact the particle at higher offset loses more energy

due to the radiation. This is because of the higher oscillation

amplitude during acceleration, so it emits more radiation. In

other words, the radiation loss depends on the particle offset

from the propagation axis as well as its energy. Therefore, an

electron with higher energy and higher offset loses more en-

ergy due to the radiation effect. Plot (c) indicates the impor-

tance of RR effect specially for those drivers with multi-TeV

energies as the radiation loss percentage becomes consider-

able.

The significant energy gain over a single acceleration stage

without considerable energy loss, makes PDPWFA more in-

teresting for particle physics applications of a plasma-based

TeV collider.

V. CONCLUSIONS

The huge progress in laser wakefield accelerators and spe-

cially multi-stage LWFA, as well as electron-driven PWFA at

SLAC, and proton-driven wakefield experiment AWAKE at

CERN is promising to an energy frontier collider for particle

physics applications. The concepts of such colliders have al-

ready been discussed. However, the future TeV plasma-based

colliders may suffer from the RR effect limiting its continu-

ing energy gain. In this paper an extensive study of RR ef-

fect in all pathways of plasma accelerators towards energy-

frontier colliders including staged-LWFA and PWFA, as well

as the single-stage PDPWFA has been done. A single-particle

Landau-Lifschitz approach is used to consider the RR effect

on an electron accelerating in the bubble regime. The model

determines where RR plays a limiting role on the electron en-

ergy gain. It is shown that while the radiation damping is

negligible in a single LWFA or PWFA, it becomes impor-

tant within several stages. Moreover, in a single stage PDP-

WFA, significant energy gain over a single stage of accelera-

tion without considerable energy loss is achieved.
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