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Abstract

Subject to periodic boundary conditions, it is known that the solution to a cer-
tain family of linear dispersive partial differential equations, such as the free linear
Schrodinger and Airy evolution, exhibits a dichotomy at rational and irrational
times. At rational times, the solution is decomposed into a finite number of trans-
lated copies of the initial condition. Consequently, when the initial function has a
jump discontinuity, then the solution also exhibits finitely many jump discontinu-
ities. On the other hand, at irrational times the solution becomes a continuous, but
nowhere differentiable function. These two effects form the revival and fractalisation
phenomenon at rational and irrational times, respectively.

The main aim of the thesis is to further investigate the phenomenon of revivals
in time evolution problems posed under appropriate boundary conditions on a finite
interval. We consider both first-order and second-order in time problems. For
the former, we examine the influence of non-periodic boundary conditions on the
revival effect. For the latter, we study the revivals under periodic and non-periodic
boundary conditions.

In terms of first-order in time evolution problems, we show that the revival
phenomenon persists in the free linear Schrodinger equation under pseudo-periodic
and Robin-type boundary conditions. Moreover, we prove that under quasi-periodic
boundary conditions, the Airy equation does not in general exhibit revivals. With
respect to second-order in time equations, we first formulate an abstract setting
for the revival phenomenon, which we then apply to establish that the periodic,
even-order poly-harmonic wave equation exhibits revivals. Finally, following the
lack of revivals in Airy’s quasi-periodic problem, we characterise quasi-periodic and
periodic problems, either of first-order or second-order in time, for which the revival
effect breaks.

In general, our approach relies on identifying the canonical periodic components
of the generalised Fourier series representations of solutions, in order to utilise the

classical periodic theory of revivals.
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Notation

The set of integers

The set of positive integers

Z

N

Q The set of rational numbers
R The set of real numbers

C

The set of complex numbers

Re(z) The real part of z € C

Im(z) The imaginary part of z € C

z The complex conjugate of z € C

|z The absolute value or modulus of either a real or a complex number
z

C™[0,2xw] The space of all m-times continuously differentiable functions on
0,21

C2°(0,27) The space of smooth functions with compact support in (0, 27)

Cy(R) The space of bounded, continuous, complex-valued functions
defined on R
() Differentiation with respect to the space variable x

171 = /ST (@) 2da

L*(0,27)  The Lebesgue space of complex-valued functions on (0,27) with

| fIl < o0
(f,9) = Jo7 f(2)g(x)dx
e;(x) = €% /N2, ] €L
) = (f,e;), j €Z
(f) =& [ f(x)da

H™(0,27) The Sobolev space of integer order m > 1 over the interval (0, 27)

H;..(0,2m) The 2m-periodic Sobolev space of order s > 0

v



fr The 27m-periodic extension of a function f

Ts The periodic translation operator

R.(p,q) The periodic revival operator of order n at (p, q)
15 The reflection of a function f

It The even/odd extension of a function f

fxg The periodic convolution of two functions f and g
no(x) =

1
=

n;(z) = \/gcos(j:r) jeN
\ﬁ

() — \/Zsin(ja), j N

a; = |y f(@)n;(z)de, j € {0} UN

b = J7 f(w)dg( >dx, jEN

(fr9)z0m = Jo f

H Complex, separable, infinite-dimensional Hilbert space



Chapter 1

Introduction

1.1 The Phenomenon of Revivals

The revival effect is one part of a dichotomy that is known to appear in the behaviour
of the solution to linear dispersive partial differential equations (PDEs) with integer
coefficients and under periodic boundary conditions posed on a finite interval. The
other part of the dichotomy is the fractalisation effect. The free linear Schrodinger
equation and the Airy PDE are two of the main examples that belong in this class
of equations which exhibit the phenomenon of revivals and fractalisation.

The two effects appear when we consider initial conditions with finitely many
jump discontinuities. The classical example is a piecewise constant initial function
at time zero. For such initial data, the solution at certain times, known as rational
times, is given in terms of a finite linear combination of translated copies of the initial
condition. This implies that the solution evaluated at rational times is also piecewise
constant and essentially revives the form of the initial function. This recurrence of
the initial condition in the structure of the solution at rational times is known
as the revival phenomenon. In stark contrast to the behaviour at rational times,
the solution at generic times, also called irrational times, evolves from an initially
discontinuous function to a continuous, nowhere differentiable function displaying
a fractal-like profile. This smoothing effect on the regularity of the solution at
irrational times is the fractalisation phenomenon.

The revival and fractalisation dichotomy is also known as the Talbot effect, see

for instance [1, Section 3.19] by Gbur. The Talbot effect refers to a diffraction



phenomenon first discovered by Talbot [2] in 1836. It describes the reappearance
at a certain distance, the Talbot distance, of the image of a periodic diffraction
grating after light is incident upon the grading. At rational multiples of the Talbot
distance, a pattern of shifted copies of the profile of the grating is revealed and
as the denominator of the rational number increases a self-similar, fractal form is

constructed, see Figure 1.1.

Figure 1.1: Talbot effect : On the left end of the figure, light is diffracted by a periodic
grading. On the right end of the picture, at the Talbot distance, the full image of the
grading is reproduced. Half-way through the picture, a vertically shifted image of the
grading appears. At regular fractions of the Talbot distance self-images of the grading are
observed. (Original source [1].)

Talbot’s discovery remained unnoticed for almost 50 years. It was re-examined
by Lord Rayleigh [3] in 1881, who calculated the Talbot distance to be a?/\, where
a is the period of the grading and A the wavelength of the incident light. Further
experimental and theoretical developments on the Talbot effect seem to originate
again much later in the 1950s and 1960s, see for example the works of Cowley and
Moodie [4], Hiedemann and Breazeale [5], Winthrop and Worthington [6].

However, it was the contribution of Berry and Klein [7] in 1996, which popu-
larised the subject and attracted the interested of both the physics and mathematics
community. Indeed, Berry an Klein examined the Talbot effect based on the Fourier
series representation of the solution to the free linear Schrodinger equation with pe-
riodic boundary conditions on a bounded interval. They discovered that at rational
multiples of the Talbot distance, the solution reduces to a finite superposition of
copies of the grading, while at irrational multiples it has a fractal non-differentiable
profile.

The theoretical treatment of the Talbot effect as given by Berry and Klein gave an

analytical characterisation of the revival of the periodic grading at regular fractions



of the Talbot distance. As mentioned in [7], it further indicated that the mathemat-
ical theory behind the Talbot effect is similar to this of the experimentally observed
quantum revival, see for example [8] by Vrakking, Villeneuve and Stolow and [9] by
Yeazell and Stroud. Indeed, in certain quantum systems, after a long period of time,
the wave function can be fully reconstructed in its original form, resulting in a full
revival of the initial wave packet. On the other hand, at fractional multiples of this
period, it evolves into a fractional revival which refers to a partial reconstruction
of the wave function in terms of specific copies of the initial form. In [10], Berry,
Marzoli and Schleich provide a good description of the similarities of the underlying
mathematics between the Talbot and the quantum revival effects.

The studies outlined above came from the physics community. However, here
we should also mention the independent contributions of three mathematicians. In
1992, before the work of Berry and Klein, Oskolkov in [11] had already explored the
discontinuous and continuous nature of the solution to the free linear Schrodinger
equation and the Airy PDE. Oskolkov rigorously showed that, for bounded variation
initial datum with a finite number of jump discontinuities, the solution is bounded
and has at most countably many discontinuities at rational times, and thus it revives
the initial discontinuity. At irrational times, Oskolkov proved that the solution is
a continuous function in space, addressing in this manner the fractalisation phe-
nomenon to some extent.

Independently of Oskolkov and Berry and Klein, Taylor [12] in 2003 showed that
the linear Schrodinger equation with zero potential exhibits revivals. In particular,
Taylor showed that the solution at rational times is a finite superposition of trans-
lations of the initial condition. Similar to the previous works of Oskolkov and Berry
and Klein, Taylor noticed that the coefficients in this finite superposition have the
form of Gauss sums which are studied in number theory. However, Taylor further
showed how a classical reciprocity identity for Gauss sums follows from the analysis
of the revival phenomenon.

Finally, in 2010 Olver [13] independently discovered the Talbot effect in the
context of the Airy PDE under periodic boundary conditions. By proving the revival
property at rational times, Olver showed that the effect persists in the class of first-

order in time, linear dispersive PDEs with integer coefficients. Furthermore, Olver



named the effect dispersive quantisation capturing both the dispersive nature of the
equation and the quantisation (revival) of its solution at rational times.

Olver’s result settled the mathematical theory of revivals in the periodic setting
for first-order in time linear dispersive equations with integer coefficients. In the
last 12 years, various others researchers have contributed to the extension of the
revival and fractalisation phenomena in other types of time evolution problems.

Our contribution is in this exact direction and focuses on the revival effect.

1.2 Contribution

In this thesis we examine the revival phenomenon in various time evolution problems
posed on a finite interval under appropriate boundary conditions. The time evolution
problems under consideration can be distinguished into two classes. First-order and
second-order in time evolution problems. For first-order in time equations, we study
the revivals in the case of non-periodic boundary conditions, with the principal

examples being the free space linear Schrodinger equation

Ou(x,t) = i0%u(x,t)

and the Airy PDE
Ou(x,t) = Pu(x,t).

On the other hand, for second-order in time problems, such as the bi-harmonic wave

equation

8t2u(x7 t) = —0§u(m, t)a

we consider the phenomenon of revivals under both periodic and non-periodic con-
ditions.

Based on the framework of Chapter 3, we formulate our findings in Chapters 4
to 8. All these chapters include new results about the revival phenomenon and ex-
tend in various directions the classical theory from the literature, which is presented
in Chapter 2. Specifically, our contribution can be summarised as follows.

1. We introduce the concept of the weak revival effect. This is defined as a pure

revival effect perturbed by a continuous function in space. The pure revival



refers to the classical, mathematical, interpretation of the revival phenomenon,
which means that for a given time evolution problem the solution at a rational
time is expressed as a finite linear combination of translations of the initial
datum. Both effects, pure and weak revivals, describe revival phenomena
in time evolution problems since, in any case, an initial jump discontinuity
reappears in the solution at rational times.

2. We show that the revival effect persists in the form of pure or weak revivals in
the context of the free linear Schrédinger equation under pseudo-periodic or
Robin-type boundary conditions, respectively.

3. We introduce an abstract setting for the revival phenomenon based on a func-
tional calculus for a non-self-adjoint differential operator. As an application,
we extend the revival effect for the even-order poly-harmonic wave equation
with periodic boundary conditions. In this case, the revivals manifest due to
the weak revival effect.

4. We characterise time evolution problems, with either periodic or quasi-periodic
boundary conditions, which do not in general support the phenomenon of
revivals (pure or weak). A primary example in this direction is the quasi-
periodic problem for the Airy PDE.

The results of Chapters 4, 5 and 6 were published in [14] in collaboration with

Boulton and Pelloni. Below, we briefly describe the context of each chapter of the

thesis whose main body consists of Chapters 2 to 9.

1.3 Structure of the Thesis

In Chapter 2, we consider both the revival and fractalisation effects in the periodic
setting. The material here relies on the existing literature and sets the ground to
establish some standard notation and terminology used in the thesis. We begin
with an illustration of the two phenomena based on the free linear Schrodinger
equation and derive the Fourier series representation of the solution by the Fourier
method. Within this setting we also introduce the concept of the generalised solution
which offers a rigorous framework for the consideration of the revival phenomenon.

Then, we present the classical theory of revivals and fractalisation. The classical



theory refers to periodic problems for first-order in time, linear dispersive PDEs with
integer coefficients. At this stage, we introduce the notion of pure revivals in order
to distinguish the various revival phenomena encountered later. Plainly, the pure
revival effect addresses that at rational times the solution of an evolution problem is
a finite linear combination of only translations of the initial condition and does not
involve other transformations. Furthermore, we review some additional results on
the revivals and fractalisation phenomenona in other time evolution problems under
periodic conditions. For instance, we consider non-linear dispersive equations and
linear Schrodinger equations with potentials which exhibit revivals but in a weaker
sense. Thus, we introduce the weak revival effect defined as a perturbation by a
continuous function of a pure revival.

To prepare a clear mathematical framework for the revival effect, in Chapter 3 a
number of special transformations and their properties are considered. Motivated by
the pure revival effect in the periodic setting, we define the periodic revival operator
in terms of a finite linear superposition of periodic translation operators. The revival
operator yields a compact notation for the description of the revival effect. We
illustrate this with a specific example from the classical setting. More importantly,
as we explicitly demonstrate in later chapters, the revival operator allows us to
characterise the revival phenomenon in more complicated time evolution problems,
which do not belong in the classical theory. To complete the list of the necessary
transformations, we recall the properties of four well known, albeit crucial for the
analysis of revivals, transformations. These are the reflection of a function, the even
and odd extensions and the periodic convolution.

One of the fundamental chapters of the thesis is Chapter 4. We examine the
revival effect in the time evolution of the free linear Schrodinger equation with
pseudo-periodic boundary conditions. In [15], Olver, Sheils and Smith established
that the solution to this problem exhibits revivals at rational times. In this chapter,
we outline a different proof which indicates a more universal treatment of revivals in
boundary value problems beyond the classical periodic setting. After deriving the
generalised Fourier expansion of the solution, we show that at any time the solution
to the pseudo-periodic problem is given by a combination of the solutions of four

purely periodic problems for the free linear Schrodinger equation with appropriate



initial conditions. This new representation has two central implications. First, at
rational times, it follows that the revival property for the pseudo-periodic problem
can be obtained directly from this of the periodic case. Additionally, at irrational
times, the fractalisation phenomenon occurs, again, due to the periodic components.
The main results are Theorem 4.8 and Corollary 4.9.

The revival phenomenon in the context of the Airy PDE under quasi-periodic
boundary conditions is examined in Chapter 5. The main result is Theorem 5.2
which establishes a correspondence between the quasi-periodic problem for the Airy
equation and a specific periodic problem for the free linear Schrédinger equation.
It shows that, in this case, the persistence of the revival relies on a real parameter
that controls the boundary conditions. In stark contrast to the Schodinger equa-
tion, when the parameter takes an irrational value then the revival breaks in Airy’s
quasi-periodic problem and instead the fractalisation phenomenon appears at ra-
tional times. The revivals survive only when the parameter is a rational number,
illustrating a strong influence of the boundary conditions for equations with higher
than two order derivatives in space. To our knowledge, Theorem 5.2 seems to be
the first rigorous result showing the lack of revivals in a first-order in time, linear
dispersive PDE with integer coefficients and coupled boundary conditions.

In Chapter 6, we show that the phenomenon of revivals persists in the free
linear Schrodinger equation under a specific type of Robin boundary conditions. In
contrast to the models of previous chapters, here, the boundary conditions do not
couple the end points of the interval. Following a similar line of argument as in
Chapters 4 and 5, we first establish the generalised Fourier series representation
of the solution by analysing the underlying eigenstructure of the problem. We
then prove that at any positive time the solution can be separated into two parts.
One part is always a continuous function in the space variable. The other part
is a periodic function which corresponds to the solution of a periodic problem for
the free linear Schrodinger equation with an even initial condition. By evaluating
the solution at rational times, we establish a weak revival formula which indicates
the existence of the revival phenomenon in the Robin problem. Theorem 6.7 and
Corollary 6.9 are the main contributions of this chapter.

In Chapter 7, we develop an abstract framework for the revival phenomenon



based on a functional calculus approach generated by a non-self-adjoint operator.
A weaker version of this revival functional calculus is applied to second-order in
time evolution problems. In particular, we establish that the periodic problem for
the even-order poly-harmonic wave equation, which includes the wave and the bi-
harmonic wave equations, exhibits weak revivals at rational times. The weak revival
effect follows by deriving a solution representation which is decomposed into a peri-
odic component, which incorporates the pure revival effect, and a component which
is a continuous function in space at all times. The central results are Lemma 7.5,
Lemma 7.6, Proposition 7.8 and Corollary 7.9.

In Chapter 8, we present a different approach to the examination of the re-
vival effect in both first-order and second-order in time evolution problems with
self-adjoint quasi-periodic boundary conditions. We formulate our results by es-
tablishing a correspondence between a given quasi-periodic problem and a periodic
problem. In this way, we first extend the lack of revivals in Airy’s quasi-periodic
problem to quasi-periodic problems with higher order spatial derivatives. The tech-
nique further allows a simple generalisation of the Talbot effect in the cubic non-
linear Schrodinger equation with quasi-periodic boundary conditions. Moreover, we
show that the weak revival phenomenon is present in the quasi-periodic problem for
the bi-harmonic wave equation, but it breaks down for higher order poly-harmonic
wave equations, resembling the situation of the first-order problems. Through the
correspondence between quasi-periodic and periodic boundary conditions, we are
also able to identify periodic problems for linear dispersive PDEs with real, irra-
tional coefficients for which the revival phenomenon fails. As the main results, we
refer to Corollary 8.5 and its implications after it, Corollary 8.6 and the conclusions
following Proposition 8.9.

We conclude on the material of the thesis in Chapter 9, in which we also present
further directions for future work.

The thesis is supported by a number of appendices. The necessary background
for the development of our methods and the statement of the results are included
in the Appendices A to D. In the first appendix, we recall the definition of one-
dimensional linear dispersive partial differential equations which are the main class

of equations considered in the thesis. Appendix B contains the standard definitions



of the generalised Fourier series and orthonormal and Riesz bases, together with
a number of useful properties. In Appendix C, we summarise some classical con-
cepts from the theory of linear operators, such as eigenvalue problems, eigenfunction
expansions, self-adjoint, symmetric and essentially self-adjoint operators. A brief
overview of the periodic Sobolev spaces and Sobolev spaces over a bounded interval
is given in Appendix D. The existence and uniqueness of the generalised solution to
the periodic problem for the free linear Schrédinger equation (Theorem 2.4) is given
in Appendix E. For the same problem, the proof that the generalised solution is the
weak solution (Proposition 2.6) of the problem is included again in Appendix E. In
the final appendix, we verify via numerical examples on the phenomena of revivals

and fractalisation the results established in Chapters 4, 5 and 6.



Chapter 2

Revivals and Fractalisation in the

Periodic Setting

In this chapter, we describe the phenomena of revivals and fractalisation. Begin-
ning with the existing literature, we present a number of results on the revival and
fractalisation effects, in the context of dispersive PDEs under periodic boundary
conditions. Moreover, we settle the standard terminology and notation to be used
in the thesis.

In the first section, we illustrate the phenomenon of revivals and fractalisation
based on the free space linear Schrodinger equation. For a step initial function,
we show graphs of the profiles of the real and imaginary parts of the solution. We
observe that a dichotomy appears at rational and irrational times, which constitutes
the revival and fractalisation effects. At rational times, we notice piecewise constant
profiles with a finite number of jump discontinuities. Hence, a form of revival of the
initial condition. By contrast, at irrational times any discontinuity of the initial data
disappears and the profiles become continuous, nowhere differentiable functions in
space, displaying a fractal form.

In Section 2.2, the Fourier method is employed to obtain the solution of the free
linear Schrodinger equation with arbitrary initial conditions under periodic bound-
ary conditions. The method leads to the Fourier series representation of the solution.
Since it provides the first step for a rigorous treatment of the revival effect, we out-
line the details of the method. Moreover, we introduce the notion of generalised

solution which allows for an accurate interpretation of the solution representation
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as obtained from the Fourier method. We highlight that throughout the thesis, all
solution representations will be considered as generalised solutions (see Remark 2.5).

In Sections 2.3 and 2.4 we present the classical mathematical theory on the phe-
nomenon of revivals and fractalisation in a more systematic manner. The classical
setting refers to the formulation of the revivals and fractalisation effects in linear
dispersive PDEs with integer coefficients under periodic boundary conditions. This
family of equations includes as special cases the free linear Schrodinger equation and
the Airy PDE.

In Section 2.3, we characterise analytically the revival effect based on a represen-
tation of the solution in terms of a finite superposition of translations of the initial
data at rational times. This is the context of Theorem 2.8 which is crucial to our
analysis and sets the central statement on which we are going to improve upon.
The statement further motivates the definition of pure revivals which asserts that
a revival phenomenon occurs in a time evolution due to the decomposition of the
solution in terms of a finite number of only translations of the initial function. In
Section 2.4, we state known results that describe the behaviour of the solution at
irrational times and address the fractalisation effect. Although, our main subject is
the revival effect, the value of the results in Section 2.4 will also become apparent
in other parts of the thesis.

In Section 2.5 we consider perturbations of linear dispersive equations. We dis-
cuss known results that extend to the periodic setting the phenomena of revivals
and fractalisation in the cubic non-linear Schrodinger equation, the Korteweg-de
Vries equation and linear Schrodinger equations with potential. We elaborate on
the proof of the Talbot effect in the context of the non-linear Schrédinger equation,
which indicates that there is another type of revival effect different than the pure
revival. We use this to motivate the definition of the weak revival effect as a per-
turbation of a pure revival effect by a continuous function. The weak revival effect
manifests also in the case of the linear Schrodinger equation with non-zero potential.
Additionally, as we shall see in later chapters, weak revivals occur also in other time
evolution problems that do not belong in the classical setting of Section 2.3. Finally,

in Section 2.6 we refer to a few more results on the revivals and fractalisation.
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2.1 Revivals and Fractalisation

In this section, we introduce the phenomenona of revivals and fractalisation based

on the free space linear Schrodinger equation
Ou(x,t) = i0%u(x,t). (FSLS)

Throughout, the variable ¢t will denote time and z will denote the 1-D space co-
ordinate. It is well-known that the FSLS equation describes the time evolution of
the wave function wu(z,t) associated with a free quantum particle, [16]. It further
provides a typical example of a linear dispersive PDE, where the dispersion relation
is w = k? (see Appendix A).

To describe the dichotomy of revivals and fractalisation, we consider the Schrodinger
equation (FSLS) on the closed interval [0,27] with an initial condition u(x,0) =

uo(x), subject to periodic boundary conditions
u(0,t) = u(2m,t), O,u(0,t) = d,u(2m,t). (2.1)

In order to illustrate the main phenomena in question, we depict the solution

when 1 has jump discontinuities. Specifically, consider

up(z) = (2.2)

see Figure 2.1.

Figure 2.1: Real (blue) and imaginary (red) parts of the step initial condition ug in (2.2)

In Figures 2.2 and 2.3, we plot the solution in two different regimes. They

demonstrate a dichotomy on the behaviour of the solution occurring at rational and
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irrational times which we define as follows.
Definition 2.1. A positive t is called a rational time if /27 € Q. Equivalently, t

is a rational time if there exist co-prime, positive integers p,q € N such that

t= 27r£.
q

Ift/2m & Q, then we call t an irrational time.

p=1, q=2

p=1, q=3 p=2, q=5
4 4 4
2 2 2
o O:':‘ﬁ Oﬂ\zg:’:
2 2 2
01 2 3 4 5 6 01 2 3 45 6 01 23 456
p=2, q=7 p=5, q=9 p=5, q=13
4 4
2 2 2
o S B
01—
2 - >
01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6

Figure 2.2: Real (blue) and imaginary (red) parts of the solution to problem (FSLS),
(2.1), (2.2) at different rational times t = 27p/q.

According to Figure 2.2, we observe a revival of the initial condition in the
structure of the solution at rational times. By this we mean that the real and
imaginary parts of the solution revive the initial jump discontinuity. Moreover,
the profiles are not just piecewise continuous, but in particular piecewise constant.
Furthermore, it seems that they are constructed by a finite number of certain copies
of the initial datum. This recurrence of the initial condition in the solution profile at
a rational time is known as the revival phenomenon. As we shall see later, there is an

explicitly characterisation of the revival phenomenon in this case, see Theorem 2.8.
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On the other hand and in contrast with the behaviour at rational times, in
Figure 2.3 we notice that at irrational times the initial condition has evolved to
a continuous function. In particular, both the real and imaginary parts are now
continuous and they display a non-differentiable structure resembling a fractal curve.
This is referred to as the fractalisation phenomenon which is a smoothing effect,
meaning that it improves the regularity of the solution. Precise statements regarding

the behaviour at irrational times are given in Theorems 2.12 and 2.13.

t=0.01 t=0.4 t=1.2
4 . 4
2 5 2
onmwwm ommm OW
2 2 2
4
0123456 0123456 0123456
t=2 t=2.7 t=3.3
4 4 4
2 2 2
OW o%ﬂ OWW
2 2 2
0123456 0123456 0123456

Figure 2.3: Real (blue) and imaginary (red) parts of the solution to problem (FSLS),
(2.1), (2.2) at irrational times.

As mentioned in the introduction, after the work of Berry and Klein [7], the
manifestation of the revival and fractalisation effects in the FSLS equation has been
closely related to the Talbot effect from optics, with the terminology being inter-
changeable. We also refer to the recent exposition of this mathematical interplay
which is given by Eceizabarrena in [17]. Furthermore, a rigorous justification be-
tween the relation of the Talbot effect and the Schrédinger equation is given in [18]
by Eceizabarrena, addressing in this way Oskolkov’s question in [19]. In the next
sections, further references will be made on specific results and conjectures about

the Talbot effect under periodic boundary conditions in first-order in time, linear
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dispersive PDEs with integer coefficients.

2.2 Solution to the Free Linear Schrodinger Equa-
tion

We now derive a solution representation to the FSLS equation with the periodic con-
ditions (2.1). This will allow us to introduce the standard terminology and notation
to be used in the thesis. The solution will be obtained through the Fourier method,
and although it is standard, it will serve as the main technique to derive solutions
representations to all initial boundary value problems (IBVPs) encountered later.
As it provides a natural starting point to the analysis of the revival phenomenon,
see Remark 4.1, we will describe this well known technique in detail.

The Fourier method is a classical method to solve linear partial differential equa-
tions with constant coefficients and it applies to a variety of problems [20]. The
primary idea is to find a solution representation as a Fourier expansion in terms
of a basis of eigenfunctions of the space operator. The basis of eigenfunctions is
found by solving the eigenvalue problem associated to the latter. Definitions on the
concepts of bases and generalised Fourier series together with some useful charac-
terisations can be found in Appendix B. Also, the notion of a linear operator and
its corresponding eigenvalue problem is included in Appendix C.

The solution procedure begins by rewriting the problem in the following differ-

ential equation form
Owu(z,t) = —iLu(x,t), u(x,0)=uy(x), (2.3)

where L is the linear differential operator defined by the action Lf(z) = —f"(x) on

the domain

D(L) = {f € C*[0,2n] ; f(0) = f(2m), f'(0) = f'(2m)}.

By C?[0,27] we denote the space of all twice continuously differentiable functions
on the interval [0, 27]. The notation () will always stand for differentiation in the

space variable. Problem (2.3) is equivalent to (FSLS) under the periodic conditions
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(2.1) and with u(x,0) = ug(x).
Here, L is a linear operator acting on the complex Hilbert space L?*(0,27), the
usual space of all square (Lebesgue) integrable complex-valued functions. Here and

elsewhere, the inner product and the norm of L?(0,27) are given by

(f.g) = / " f@g@de, Ifl = VI, Y/ g€ L20.2m).  (24)

We seek eigenpairs of the operator. These are found by solving the corresponding

eigenvalue problem which in this case has the form of the boundary value problem

—f"(x) = Af(x),  [f(0) = f(2m), f'(0) = f'(2m), (2.5)

on [0, 27]. From (2.5), we find that the eigenvalues are all real (as expected since L
is symmetric, Definition C.4). In particular, the eigenvalues and the corresponding

eigenfunctions are given by
N=7% filw)=A€e"", jeZ, AeC\{0}.

Furthermore, by normalising the eigenfunctions f;(z) we see that the operator has

an orthonormal basis of eigenfunctions in L*(0,27) given by

JjE€Z. (2.6)

Indeed, the family {e;},cz is the classical orthonormal Fourier basis in L?(0,27),

[20], and we know that any function f in L?(0,27) admits a complex Fourier series

Fl) =" Fes(@),  F() = (f.e5),

JET

~

where the numbers f(j) are the Fourier coefficients of f and the convergence of
the series is understood in the norm of L?(0,27). In essence, the basis property of
the eigenfunctions allows the construction of a solution to (2.3) as a Fourier series
converging in L?(0, 27).

We should remark that instead of looking for sufficiently smooth solutions that

satisfy the problem pointwise, we would like to obtain singular solutions that allow
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for jump discontinuities. Additionally, we would prefer to consider initial data that
can be piecewise continuous and permit the existence of such singular solutions. As
with the example of the step initial condition (2.2), the implications of the revival
and fractalisation phenomena on the behaviour of the solution clearly emerge when
we consider, in general, initial data of bounded variation with finitely many jumps
discontinuities. Such functions belong to the Hilbert space L?(0,27) which sets a
convenient framework for the theoretical development of the revival phenomenon,
which is the main subject of our study, both in and outside the classical setting of
Section 2.3.

First, we note that L?(0,2n) is the natural space in which the eigenfunction
expansion representations of the solutions to our initial boundary value problems
will hold. Moreover, the results on the revival phenomenon could then be formulated
in terms of (bounded) linear operators on L?(0, 27) based on the form of their Fourier
coefficients (see also Remark 2.11). Indeed, in the next chapter, we will set a toolbox
of special operators in L?(0, 27), which we will then utilise in the study of the revival
phenomenon.

Let us now return to problem (2.3). We will now show that there is a meaningful
notion of solution for ug in L*(0,27). This is the concept of the so called generalised
solution, see [21] and [22], which is obtained as the L?*(0,27) limit of a sequence
of smooth solutions of (2.3). By a smooth solution to problem (2.3), we mean a
bounded function u(x,t) which is smooth in z € [0, 27] and ¢ € [0, 00), with bounded
time derivative Oyu(z,t) and satisfies point-wise the time evolution problem and
the boundary conditions. Before we proceed with the definition of the generalised

solution, we set the following notation.

Notation 2.2. Let u : [0,27] x [0, 00] — C be a function depending on x andt. For
every t > 0 we denote by u(-,t) the function on [0,27] whose value at almost all x,

in the sense of Lebesgue measure, is u(x,t).

The notation u(-,t) allows us to separate the roles of the two independent vari-

ables z and t. With this, we formulate the definition below.

Definition 2.3. A function u : [0,27] x [0,00] — C is called a generalised solution

in L2(0,27) to the IBVP (2.3) if it defines a continuous map t — u(-,t) from [0, 00)
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to L*(0,27) and there exists a family {u"(z,t)}nen of smooth solutions to the IBVP
(2.3) such that for every t >0

lim ||u"(-,t) —u(-,t)]]| = 0.

n—oo

The next theorem gives the existence of a unique generalised solution and it is
well known. It utilises the ideas of the Fourier method to find a sequence of smooth

solutions. The proof is included in Appendix E.

Theorem 2.4. Let ug € L*(0,27). Then, there exists a unique generalised solution

u(z,t) in L?(0,27) and for any fized t > 0 it is given by the Fourier expansion

u(e ) =Y d@(i)e e (a), (2.7)
jez
where the convergence is in the norm of L*(0,27) and ty(j) = (uo, €;) are the Fourier

coefficients of ug.

Remark 2.5. In what follows, we will always consider the generalised solution of the
time evolution problems encountered with initial conditions in L*(0,27). Sometimes,
we will refer to the generalised solution just as the solution of the problem and it will
be given as an eigenfunction expansion in L*(0,2m). Motivated by Definition 2.3,
each generalised solution will be considered as a continuous map in the time variable
with respect to the norm of L*(0,27). It will be obtained as an L*(0,2r) limit of
a sequence of smooth solutions which will always exist due to the Fourier method

following the lines of reasoning in the proof of Theorem 2.4.

The concept of the generalised solution is enough for setting a rigorous framework
for the revival phenomenon. However, one can proceed a little further and show that
the generalised solution obtained in Theorem 2.4, is a solution in the weak sense.
In particular, we close this section with the next statement which addresses this

direction.

Proposition 2.6. Let uy € L*(0,2m) and consider the generalised solution u(z,t)

of the IBVP (2.3). Then, for arbitrary ¢ € D(L), the map (u(-,t), ¢) is continuous
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for every t > 0 and continuously differentiable for t > 0 with

2 (ul1),6) = —ilu(-,1), Lo). (2.8)

Proof. See Appendix E. ]

A function u(z,t) that satisfies Definition 2.3 and Proposition 2.6 is called a
weak solution to the IBVP (2.3). We note that the definition of a weak solution
given here coincides with the definition of a weak solution as found in the context
of Cy one-parameter semigroups and abstract Cauchy problems in Hilbert spaces,

[23]. The equation (2.8) is known as the weak formulation of the problem.

2.3 The Classical Theory of the Revival Effect

In the first section we gave a short introduction to the phenomenon of revivals and
fractalisation based on the linear Schrodinger equation (FSLS). We now follow a
more systematic treatment and present what we call the classical theory, first of the
revival effect in this section and of the fractalisation effect in the next section. The
classical theory refers to the case of periodic boundary conditions for first-order in
time, linear partial differential equations with dispersion relation a polynomial with
integer coefficients. Concretely, we are interested in the following initial boundary

value problem posed on [0, 27]

Ou(x,t) = —iP(—i0,)u(z,t), u(x,0)=up(z),
(2.9)
OTu(0,t) = Oru(2m,t), m=0,1,....,n—1,

where P(+) is a polynomial of degree n > 2 with integer coefficients.

It is readily seen that the linear PDE in (2.9) has dispersion relation w = P(k).
When P(x) = x?, the equation corresponds to (FSLS), and when P(x) = 23 we
obtain the third-order in space PDE

oz, t) = Pu(x,t). (AI)

Equation (AI) is known as the Airy PDE, perhaps because its solution on the real
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line can be expressed in terms of the Airy function, [24]. For the same reason, the
equation with the negative sign, dyu = —d3u, is also called Airy PDE, [13], [24] and
it can be obtained by (AI) if we change ¢ with —¢. The negative-sign form is perhaps
more popular in the literature, since it is the linear part of the Korteweg-de Vries
equation (KdV), which is used to model the unidirectional propagation of surface
waves on shallow water, [25], [26]. In this thesis, we will always consider (AI).

In Theorem 2.8 below, we will show that the solution to the periodic problem
(2.9) at rational times can be decomposed into a finite number of translated copies
of the given initial condition uy. Hence, we will obtain a rigorous justification of
the revival of the initial condition in the structure of the solution at rational times.
This will further explain precisely the numerical example in Figure 2.2 for the FSLS
equation. Moreover, as we shall see in the following chapters, Theorem 2.8 will
serve as a fundamental ingredient to extend the revival phenomenon beyond periodic
boundary conditions and beyond first-order in time evolution problems.

To examine the revival phenomenon, we need to find a solution representation
to (2.9). In accordance with Remark 2.5, the Fourier method implies the existence
and uniqueness of a generalised solution in L*(0,27) for any initial function u €
L?(0,27). In particular, at any fixed time ¢ > 0, the (generalised) solution to (2.9)

is given by the complex Fourier series

u(a,t) = ap(j)e e (x), (2.10)
JEL
where the convergence is in the sense of L*(0,27).

The revival effect will follow by showing that at rational times the solution
(2.10) admits a representation in L?(0,27) in terms of a finite linear combination
of translations of the initial function. Such a representation was first considered in
the work of Berry and Klein [7] for the FSLS equation based on the analysis of the
Talbot effect. Independently, Taylor in [12] derived the revival representation for the
same equation. Later, Olver in [13] rediscovered the revival and fractalisation effect
in the context of the Airy equation (AI) and show that the revival effect extends
to the more general class of linear dispersive equations (2.9). Olver also named the

effect dispersive quantisation due to the dispersive nature of the model equation and
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the property of its solution to quantised into a finite number of copies of the initial
datum.

In order to state and prove the revival representation, we first need to give a
meaning to the translation of the initial function ug in the periodic setting. Since
up is given originally on [0, 27], we first extend it periodically to R. We will denote

by u§ the 2r—periodic extension of wy,
ug(x) = ug(x — 2wm), 2rm <z <2m(m+1), meZ. (2.11)

For any real number s, the function u*(x — s) we will be called the translation of u,
by s.

Since the proof of the revival phenomenon will rely on the uniqueness of the
Fourier coefficients of the solution representation (2.10), we are also interested in
the form of the Fourier coefficients of the translation. With this in mind, notice
that if we restrict u*(z — s) on [0, 27], then u*(- — s) defines a function in L?(0, 27)

whenever v is in L?*(0,27). Indeed,

2w 2m—s 2m
o= = [ st = o)Fde = [ P = [ )Py = uol
(2.12)
Therefore, u*(-—s) admits a Fourier series representation in L?(0, 27) and its Fourier

coefficients have a simple form given by the following lemma.

Lemma 2.7. Let uy € L*(0,27) and s € R. Then, the Fourier coefficients of

uo(- — s) are given by

(up(- — s),€;) = e *uy(j), j€Z. (2.13)

Proof. By definition we have

1 o * —ijx
(uo(- — s),e5) = E/o ug(z — s)e”odu.

For fixed s € R we can find ¢ € Z such that 27¢ < s < 27r({+1) or 0 < s—27¢ < 27,
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and thus

1 S—Qﬂ'z . 1 27 ..
Uup(- — §),€;) = — u*m—se_”zdm%——/ un(x — s)e Y*dx.
(= e =—= [ e =) = =

If0 <z < s—2nl, then ui(x—s) = ug(x—s+2n(€+1)), whereas if s—27¢ < x < 27,

then ui(z — s) = ug(x — s + 2n¢). Thus, we have that

s—2ml
(- — 5, e5) = \/LQ_W/ wo(z — 5+ 2m(0 + 1))e7dz
0

1 /27r y
+ —= up(z — s + 2ml)e " dx.
V2T Js—ome

Finally, by changing variables in each of the integrals and collecting terms we arrive

at (2.13). O

We are now ready to show that the solution to the IBVP (2.9) at rational times is
constructed by a finite superposition of translations of the initial condition uy. The
following theorem is the main result of the chapter. The statement can be found in

many places, including the monograph [27, Theorem 2.14] by Erdogan and Tzirakis.

Theorem 2.8 ([13], [27]). Let ug € L?*(0,27). At a rational time t = 2ml the
solution to the IBVP (2.9) is given by

u<x72ﬂ2—9> =
q

The equality in (2.14) holds in L*(0,2m) and the coefficients G, (k) are given by

q—1
. k
0 Gpq(k)ug (x - 27rg>. (2.14)

=[5
3

b
Il

q—1
P2 k
Golk) = ;e‘zm”(m)qem (%E). (2.15)

Proof. We show that the right-hand side of (2.14) has Fourier coefficients

= —iP(j) 222

uo(j)e

Thus, by comparing this with the solution representation (2.10) at a rational time,

we conclude that the claim holds due to the uniqueness of the Fourier coefficients.
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Denote by R(z) the right-hand side of (2.14). Then, by virtue of (2.13) we have

g 2miPimg (27rﬁ> e 2T, (7)
q

Q\ﬁ
3
[}
L
)
L

where we have used the definition of the e,,(x) as given by (2.6). We now distinguish
two cases based on the integer m running from 0 to ¢ — 1.
If m # j (mod q), then there exists z € Z not a multiple of ¢, such that m — j =

21q + z for z; € 7Z. Hence,
q
q—1 q—1 q—1 r 11— (e%zq)
Ze2wi(m—j)§ _ 2mizi gk 62m’z§ _ (egmz) . —0.

On the other hand, whenever m = j (mod ¢), we have m — j = z5q for z, € Z and

SO
q—1

qg—1
6271'1 m— ])k 2 :eQWizgqg =q.
k=0

Moreover, in this case, we know that P(m) = P(j) (mod ¢q), since P is a polynomial
of order n > 2 with integer coefficients. So, P(m) = P(j) + 2z3q for some other
23 € 7, and this implies that

o "2mPM)E _ —2miP(j)k —2mizsgl _ —2miP(j)E (2.16)

Therefore, as m runs from 0 to ¢ — 1, we find that
R(j) =T (j)e "4,

as claimed. O

The representation (2.14) clearly states that for a given initial condition wg, the
solution at rational times is constructed by a finite superposition of translations of
ug. Thus, at rational times the solution revives the structure or the profile of the

initial condition. In particular, this implies that for a piecewise constant function
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up, the solution is piecewise constant at rational times as a linear combination of
piecewise constant functions. In turn, this fully justifies the appearance of the
piecewise constant profiles observed at rational times in Figure 2.2, for the real and
imaginary part of the solution to the FSLS equation. As mentioned in Section 2.1,
this recurrence of the initial condition in the structure of the solution at rational
times is known as the revival effect or revival phenomenon. With Theorem 2.8 we
achieve a precise meaning to the revival effect for the periodic problem (2.9).

In order to show that a given IBVP exhibits revivals, we look for a revival rep-
resentation of the type (2.14). But a revival representation, as considered in other
parts of the thesis, might involve other transformations of the initial condition apart
from translations. For instance, the revival phenomenon for the pseudo-periodic
problem associated to the FSLS equation in Chapter 4 follows by a revival repre-
sentation that includes translations of reflected copies of the initial condition (see
Corollary 4.9). On the other hand, the revival representation that we prove in Chap-
ter 6 (see Corollary 6.9) for the FSLS equation with Robin-type boundary conditions
implies that the structure of the revival effect is different from both the periodic and
the pseudo-periodic case. In general, as it has been noticed in the review paper [28]
by Smith, a rigorous definition of the revival property that captures the various
revival phenomena remains an open problem.

Similar to the revival representation (2.14), all the analytical results on the
revival phenomenon appear to share the following implications. We state them in

the context of the periodic problem (2.9) with the following remark.

Remark 2.9. For uy € L*(0,2m), the revival representation (2.14) implies the fol-
lowing.
(I) Ifug is a piecewise continuous function on [0, 2|, the solution u(-,t) at rational
times t = 27r%0 is also a piecewise continuous function of x on [0, 27].
(11) If ug is 2mw-periodic and continuous as a function on R, the solution u(-,t) at
rational times t = 27T§ depends on finitely many values of uy and it is also a

continuous function of x on [0, 27].

Motivated by the revival formula (2.14), we will establish the following termi-
nology.
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Definition 2.10. Let u(x,t) be the solution to an IBVP with initial condition ug(x)
at time zero. We say that the IBVP exhibits the phenomenon of pure revivals, if at
any rational time t = 27r§ the solution can be expressed as a finite linear combination

of translations of the initial function uyg.

Definition 2.10 serves as a convenient terminology for the exposition of the ma-
terial in the thesis and we will not regard it as a fully rigorous definition of the
revival effect. Its main limitation comes from the fact that it does not necessarily
captures the various revival phenomena observed in time evolution problems outside
the classical setting.

Nonetheless, it sets a point of reference on the concept of revivals. It will help
distinguishing other revival phenomena that we will encountered later and which,
sometimes, will incorporate the pure revival effect. Therefore, we stress that es-
sentially the pure revival effect addresses that the revival phenomenon in a time
evolution problem occurs due to the reconstruction of the solution in terms of a
finite number of only translations of the initial condition and does not involve other

transformations.

Remark 2.11. The statement and proof of Theorem 2.8 provides a tool to char-
acterise the revival property in an IBVP from an operational point of view. In
particular, the right hand-side of (2.14) can be viewed as an operator in L*(0,2m)
constructed by a finite number of translations or in other words translation oper-
ators. In Chapter 3, we properly define first the translation operator and then the
revival operator. The revival operators will allow a more clear reformulation of The-
orem 2.8 in the monomial case (P(z) = x™) and will help us identify the pure revival

effect in time evolution problems which are not in the classical setting of this section.

In the bibliography, the proof of the revival effect usually relies on the funda-
mental solution of the equation with initial condition a (2r—periodically extended)
delta distribution supported on x = 7. By showing that the fundamental solution at
a rational time satisfies the revival representation (2.14), then the conclusion for ar-
bitrary initial condition follows by convolution. This was the direction suggested by
Olver [13] and a self-contained proof can be found in [27] by Erdogan and Tzirakis.

Taylor, [12], similarly considered the fundamental solution to the FSLS equation
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and compared the revival formula (2.14), when P(x) = 22, with another revival
formula derived by solving the FSLS equation on the real line but with 27-periodic
initial conditions. This gives an equivalent point of view of the periodic case, which
is often considered in the literature. Following this idea, Taylor derived a classical
reciprocity identity from number theory involving the coefficients G, ,(k) which are

given by
q—1

Z efzm'mgezmmg’ (2.17)

m=0
as follows from (2.15) when P(z) = z%. For k = 0, these are known as quadratic
Gauss sums, [29]. Note that in general although the coefficients G, ,(k) are g-periodic

functions and have the form of Gauss sums

q_l k

> x(m)en(27) x(m) = eIV,
q

m=0

they are not Gauss sums since the function y(m) is not a Dirichlet character, [29].

The above proof of Theorem 2.8 is partly inspired by Theorem 1 in [13] which
address the solution to one of the exercises in [26, Exercise 8.5.8 | by Olver. With
this theorem, Olver in [13] showed that for a piecewise constant initial function
the solution to Airy’s equation at rational times corresponds to a piecewise constant
function. The underlying ingredient of the argument is the uniqueness of the Fourier
coefficients which is combined with the periodicity of the Fourier coefficients of piece-
wise constant functions. The same characterisation of the revival phenomenon for
the Schrodinger equation with piecewise constant initial data is achieved by Theo-
rem 5.1 in Thaller’s book [16] by following the same idea and we also refer to [30,
Section 9.4 and Exercise 9.46] by Kammler. However, in our case, we were mainly
motivated by the argument in [15] by Olver, Sheils and Smith, where they obtained
the revival property for the FSLS equation under pseudo-periodic boundary con-
ditions. We will consider these boundary conditions later in Chapter 4. For the
moment, we just mention that, roughly speaking, their idea was to carefully con-
struct a linear combination of translations of the initial datum and then show that
the (generalised) Fourier coefficients correspond to these of the solution representa-
tion at rational times. In the case of Theorem 2.8, the construction was given by

Erdogan and Tzirakis in [27, Thoerem 2.14].
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Finally, as noted in [13] by Olver, we should mention that the revival result of
Theorem 2.8 can be extended to the case when the coefficients of the polynomial
P are integer multiples of a common real number. This follows easily by a suitable

rescaling in time and includes the case of rational coefficients.

2.4 The Classical Theory of Fractalisation

Recall from Section 2.1 that in contrast to the revival effect in the FSLS equation,
the fractalisation effect refers to the improvement of the regularity of the solution
at irrational times. In particular, at irrational times the initial discontinuity of the
step function (2.2) disappears and the solution profile becomes a continuous, though
nowhere differentiable function (see Figure 2.3). In this section we now collect the
main results on the fractalisation effect for the time evolution problem (2.9) which
includes the free linear Schrodinger equation and the Airy PDE.

Although the main focus of the thesis is on the revival phenomenon, the state-
ments given here on the fractalisation effect, especially for the FSLS equation (see
Theorems 2.12 and 2.13), will allow us to draw some interesting conclusions in other
cases of boundary conditions. Indeed, in Chapter 4, both the revival and the frac-
talisation effect will be shown to persist in the FSLS equation with pseudo-periodic
boundary conditions. Furthermore, in Chapter 5 we will prove that the revival
phenomenon in general breaks in the Airy PDE under quasi-periodic boundary con-
ditions and instead of revivals the fractalisation effect occurs at rational times.

The methods required to analytically study the fractalisation effect are beyond
the scope of the thesis. Therefore, in this section, we will refer to the original papers
for the proofs and will not include them here. Our approach on the revival effect
will rely on the classical theory of linear differential operators and eigenfunction
expansions in L%*(0,27). On the other hand, the examination of the fractalisation
effect relays on specialised methods in the analysis of periodic linear dispersive
partial differential equations. A variety of such methods can be found in [27] by
Erdogan and Tzirakis with applications on the Talbot effect. In this direction, we
further refer to the work by Erdogan and Shakan in [31]. Their study is on the

fractal dimension of the graphs of the solutions to a number of periodic dispersive
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PDEs. The introduction of [31] offers a concrete overview of the fractalisation effect.
As a smoothing effect, the fractalisation phenomenon cannot be observed in the
setting of L?(0,27) or in general in the setting of the periodic Sobolev space of order

s > 0 (see Appendix D)

H;er(0,2m) = {f € L*(0.2m) : Y (1+7)1FO)I° < oo} :
JEL
which is often regarded as the standard functional space for the analysis of (2.9).

Indeed, notice that for any non-negative reals s and t and integer j, we have that
(147%™ i () = (1+ %)@ (7).

Hence, at any fixed time ¢ > 0 the solution preserves the Sobolev regularity. That
is, whenever the initial data ug belongs in H3_(0,27), so does u(-, ).

Instead, in [11] Oskolkov focused on the behaviour of the solution (2.10) to the
equations (FSLS) and (AI) when the initial condition is of bounded variation over
[0,27] which could possess countably many jump discontinuities. In particular,
recall that a function of bounded variation can only have a countable set of points
at which it is discontinuous, see [32, Theorem 3.27]. Under this specific assumption
and by examining the converge properties of a family of discrete Hilbert transforms,
including

Hy(z,t) = Z ¢’ t-+mx’ n =2 or 3,
otj——nN

Oskolkov proved that there is a dichotomy at rational and irrational values of t/27

in the behaviour of the solution to these two equations.

Theorem 2.12 ([11]). Let P(z) = ™, with n = 2 or n = 3 and consider the
solution u(z,t) given by (2.10) to the IBVP (2.9) with initial condition uy of bounded
variation over the interval [0,2x]. Then, we have the following.
(1) If t/2m is an irrational number, then u(x,t) is a continuous function of x.
(11) If t/2m is a rational number and ug has at least one jump discontinuity, then
u(z,t) as a function of x is a bounded function with at most countably many

discontinuities.
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(111) If ug is also continuous on [0,27] and such that ug(0) = ug(27), then u(z,t)

18 continuous tn x and t.

A concise proof of Theorem 2.12-(i), and Theorem 2.13 below due to Rodni-
anski, is also outlined in [33] by Chousionis, Erdogan and Tzirakis. Oskolkov’s
Theorem 2.12 explains to some extent the dichotomy of revivals and fractalisation
in the case of the Schrédinger and Airy equations. Indeed, for discontinuous ini-
tial data of bounded variation, at irrational times the solution becomes continuous,
whereas at rational times can exhibit countably many discontinuities. Hence, at
irrational times the solution gains regularity whereas at rational times revives the
initial discontinuities as we notice in the example of the step function in Section 2.1.

In [7], Berry and Klein observed that for a step initial function the graph of
the solution to the free linear Schrodinger equation has a fractal structure at irra-
tional times. In particular, they considered rational approximations to understand
the behaviour of the solution at irrational times and they argued that the fractal
dimension of the real and imaginary parts of the solution should be 3/2. Moreover,
Berry in [34] continued the investigation of the Talbot effect in the context of the
FSLS equation confined in a d-dimensional box. Berry, [34], conjectured that for
almost all times ¢ the graphs of the real and imaginary parts of the solution and its
density |u(z, t)|* are fractal sets with dimension d+1/2. In the one-dimensional case,
Rodnianski [35] provided a mathematical proof that justified Berry’s conjecture on
the fractal dimension of the real and imaginary parts.

Before we state Rodnianski’s result, we should mention that with the term fractal
dimension we refer to the upper Minkowski dimension (also known as box counting

dimension), [36], of a non-empty bounded set A of R%. The fractal dimension of A

is given by

_ log (N(A,e))
s = e/

where N (A, €) is the smallest number of e-balls needed to cover A, see [36] for more

detalils.

Theorem 2.13 ([35]). Let P(z) = x* and consider the solution u(x,t) given by
(2.10) to the IBVP (2.9). Let ug be of bounded variation over the interval [0, 2]
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and such that

u ¢ | Hj,,(0,2m). (2.18)

s>1/2
Then, for almost all times t, the fractal dimension of the graph of either the function

Re(u(z,t)) or the function Im(u(z,t)), or both is 3/2.

Condition (2.18) ensures that the initial function uy of bounded variation does
not admit a continuous representative, since Sobolev’s embedding does not apply
(see Lemma D.5). Thus, any possible discontinuity of g is a jump discontinuity and
not removable. The step function (2.2) is an initial condition of this type. Then,
for singular conditions of this form, it follows from Theorem 2.13 that the real and
imaginary parts of the solution have fractal dimension 3/2. In turn, this essentially
implies that they are continuous, but non-differentiable functions and justifies the
fractalisation effect as observed in Figure 2.3 for the FSLS equation.

Rodnianski derived Theorem 2.13 using the results in [37] by Kapitanski and
Rodnianski. Kapitanski and Rodnianski, [37], examined the regularity properties of
the fundamental solution to the FSLS equation with periodic boundary conditions on
the setting of Besov spaces, see [37] and references therein. Measuring the regularity
in this framework, they were able to show that, in general, at irrational times the
solution to the free linear Schrodinger equation is more regular than at rational
times.

In total, Oskolkov’s and Rodnianski’s theorems completely characterise the frac-
talisation effect in the case of the FSLS equation. Moroever, Oskolkov’s result
address the continuity of the solution to the Airy PDE at irrational times. The
extension of both Theorems 2.12 and 2.13 in the monomial case, P(x) = z" for
any integer n > 3, of the periodic time evolution problem (2.9) were obtained in
[33] by Chousionis, Erdogan and Tzirakis. The statement of their theorem holds
for general polynomials with integer coefficients and can be found in the book [27,

Theorem 2.16] with a self-contained proof.

Theorem 2.14 ([27], [33]). Let P be a polynomial of degree n > 2 with integer
coefficients and P(0) = 0. Consider the solution u(z,t) given by (2.10) to the IBVP
(2.9) with initial condition ug of bounded variation over the interval [0,2x]. Then,

we have the following.

30



(i) For almost every time t, the solution u(x,t) is a continuous function of x.

(11) Assume in addition that

u & | H;,.(0,2m).
s>1/2
If P is not an odd polynomial, then for almost all times t, the fractal dimension
of the graph of the functions Re(u(x,t)) and Im(u(z,t)) lies in [1 +2'7",2 —
2177 whereas if P is an odd polynomial, the statement holds for the real-valued

solutions.

Theorem 2.8 and Theorem 2.14 complement one another and mathematically
describe in the periodic setting the dichotomy of revivals and fractalisation for the
time evolution problem (2.9). In particular, by Theorem 2.8, for any initial condition
ug € L*(0,27), at rational times the solution wu(z,t) is a finite superposition of
translations of the initial function and thus the IBVP exhibits the phenomenon of
pure revivals (see Definition 2.10). Moreover, if ug is of bounded variation over the
segment [0, 27| and has finitely many jump discontinuities, then at rational times
the solution displays finitely many jump-discontinuities. On the other hand, by
Theorem 2.14, at irrational times the solution becomes a continuous function of x

with its real and imaginary parts being fractal curves.

2.5 Perturbations and Weak Revivals

Apart from the family of linear dispersive PDEs (2.9), the phenomenon of revivals
and fractalisation has been shown to appear in other type of equations under periodic
boundary conditions. In this section, we describe how revivals manifest in non-linear
dispersive equations and linear Schrodinger equations with potential.

The results presented here will serve as context of the notion of weak revivals.
Plainly, a weak revival effect is understood as a pure revival effect perturbed by a
continuous function in space. The term was introduced in [14] to describe the revival
phenomenon in the FSLS equation subject to a specific type of separated boundary
conditions on [0,7]. The revival property for this initial boundary value problem

will be discussed extensively in Chapter 6.
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Starting with the non-linear regime, the numerical studies [38] and [39] by Chen
and Olver indicated that, under periodic boundary conditions, the quantisation and
fractalisation of the solutions to the free linear Schrédinger and Airy evolution per-
sist into their non-linear counterparts, including both integrable and non-integrable
cases. Some of their numerical observations were subsequently proved in the works

[40], [41] by Erdogan and Tzirakis for the cubic non-linear Schrodinger equation
Ou(x,t) = i02u(x,t) +i|lu(z, t)Pu(z, ) (NLS)
and the Korteweg—de Vries equation
ou(x,t) = —02u(z,t) — 2u(x, t)ou(z, t), (KdV)

respectively.

By virtue of the seminal work of Bourgain, [42] and [43], we know that the 27-
periodic problems for (NLS) and (KdV) are globally well-posed in L?(0,27). The
results in [41] and [40] showed that for initial data of bounded variation, there is
a smoothing effect on the solution at irrational times. This follows from a more
general smoothing property that, at any positive time, the difference between the
solution and their linear evolution is more regular than the initial data. Thus, in
both cases, the revival /fractalisation dichotomy is characterised in terms of change
in the regularity of the solution at rational/irrational times. As we will explain
shortly, the analysis of the phenomenon for the NLS equation still gives a revival
representation, but this time in a weak sense.

Below, we state the main theorem from [41] due to Erdogan and Tzirakis on the

periodic problem for the NLS equation.

Theorem 2.15 ([41]). Consider the equation (NLS) with periodic boundary condi-
tions on [0, 27]

uw(0,t) = u(2m,t), 0,u(0,t) = O,u(2m,t),

and initial condition ug of bounded variation on [0,2x]. Then, we have the following.
(1) If t/2m is an irrational number, then u(x,t) is a continuous function of x.

(11) For rational values of t/27, the solution u(x,t) is a bounded function with at
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most countably many discontinuities.
(111) If ug is also continuous on [0,27] and such that ug(0) = ug(27), then u(zx,t)
15 continuous i x and t.

(iv) Assume in addition that

uy & U H;,.(0,2m).

s>1/2

Then, for almost all times, the fractal dimension of the graph of the functions

Re(u(z,t)) and Im(u(z,t)) is 3/2.

From the results of [40], it also follows that parts (i)-(iii) of Theorem 2.15 hold
for the solution to (KdV) under periodic boundary conditions on [0, 27]. Later, in
[33], the graph of the solution was shown to have fractal dimension in [5/4,7/4].
Apart from the original papers, [41], [40], [33], we also refer to the monograph [27,
Section 5.3|, for the statements and proofs of Theorem 2.15 and the similar result
for the Korteweg-de Vries equation.

We would now like to elaborate more on the approach of the proof of Theo-
rem 2.15. This will give a motivation to the weak revival effect. Using Duhamel’s

principle, Erdogan and Tzirakis, [41], decomposed the solution into two parts
u(x,t) :U,FSL5<I,t)+N($,t>, (219)

by considering the NLS equation as a non-linear perturbation of the FSLS equa-
tion. Here, upsys denotes the solution to the periodic problem for the free linear
Schrodinger equation with initial condition ug and N (z,t) is the contribution of the
non-linearity. When uy is of bounded variation, they proved that the function N (z,t)
is continuous in both variables. Thus, by applying Oskolkov’s (Theorem 2.12) and
Rodnianski’s (Theorem 2.13) results to the linear part upsrs, Theorem 2.15 follows.

As a direct implication of (2.19) combined with Theorem 2.8, we notice that the
solution at any rational time ¢ = 27wp/q is given by

-1 g—1

k k
u(z, 27T Z Z 2wty m (27=)uf(z — 2m=) + N(z, 27?2—9). (2.20)
q q q

k=0 m=0
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From (2.20), it is clear that although the solution is no longer a finite superposition
of translations of ug, the revival of jump discontinuities in the solution profile still
occurs at rational times, whenever the initial condition is a piecewise continuous
function in L?(0,27). The representation (2.20) shows that there exists a weaker

type of revivals and motivates the following definition.

Definition 2.16. We say that an initial boundary value problem exhibits weak re-
vivals if its solution evaluated at rational times is given as the sum of a pure revival

effect and a continuous function in space.

In accordance with Definition 2.16, the main observation is that the weak revival
effect has the same implications as the pure revival effect, outlined in Remark 2.9.
Hence, the revival effect in the periodic problem for the NLS equation is viewed as
the revival of the initial jump discontinuities and occurs due to a weak revival effect.

Recently, similar results to Theorem 2.15 have been reported on the periodic

problem for the linear Schrodinger equation with a potential function V' (z),

Ou(x,t) = —i(—=02u(z,t) + V(x)u(z,t)). (2.21)

In [44], Cho, Kim, Kim, Kwon and Seo considered the linear Schrodinger equation
(2.21), where the potential V' is in UsoH5,(0,27). Following, the same line of
arguments as in [41], they show that for an initial condition uq of bounded variation
on [0, 2], parts (i)-(iii) of Theorem 2.15 hold for (2.21). They also provide lower
and upper bounds on the fractal dimension of the real and imaginary parts of u(z, t)
and of the density |u(z,#)|?. In particular, based again on Duhamel’s principle, they
show that the solution to (2.21) at any fixed time ¢ > 0, is given by the sum of the
solution to FSLS with initial condition uy and a continuous function in the space
variable. Thus, similar to the cubic NLS equation, at rational times the solution to
the periodic problem for the Schrodinger equation will exhibit a weak revival effect.

At this point, we should mention that Rodnianski in [45] also studied the Talbot
effect for the Schrodinger equation (2.21). In particular, for a potential function in
Uss1/2H;56,.(0,27), it follows from [45] that the fundamental solution to (2.21), re-

sulting from a periodic delta distribution, can be represented by the sum of the fun-

damental solution to the FSLS equation and a more regular function. Therefore, the
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regularity of the fundamental solution to (2.21) is completely determined by that of
the fundamental solution to the FSLS which incorporates the revival/fractalisation
dichotomy, [37].

We further note that the results on the periodic problems for the NLS equation,
[41], and the linear Schrédinger equation (2.21), [44], [45], strongly support that
the additional conjecture of Berry in [34] is true. In turn, the Talbot effect should
survive under non-linear or smooth perturbations of the free linear Schrodinger
equation. Although, as we discussed above, the solution is not given purely by a finite
number of translations of ug at rational times, but by a weak revival representation
in accordance with Definition 2.16. Surprisingly, the same type of weak revival takes
place in the behaviour of the solution to the FSLS equation with separated boundary
conditions on [0, 7] (see Chapter 6). Similarly, for second-order in time evolution
problems with periodic boundary conditions the main revival phenomenon seems to

be the weak revival effect (see Chapter 7).

2.6 Further Results

In [38], Chen and Olver considered also periodic problems for dispersive equations
having a non-polynomial dispersion relation. Examples include the linearisations of
the Benjamin-Ono and Boussinesq equations from water wave theory. They numer-
ically observed that other types of revival phenomena should exist. Indeed, later
in [46], Boulton, Olver, Pelloni and Smith investigated the revivals in three mod-
els of integro-differential equations with non-polynomial dispersion relations. They
analytically described another type of revival and rigorously confirmed some of the
observations of Chen and Olver [38]. For example, in case of the linear Benjamin-
Ono equation, they showed that at rational times the solution is given by a finite
linear combination of translates of the initial function and of its periodic Hilbert
transform.

An unexpected manifestation of the revival and fractalisation effect was reported
by de la Hoz and Vegas in [47] for the vortex filament equation. The equation
models the motion of a vortex filament (a vortex curve) in a ideal fluid and there is a

correspondence between the equation and the cubic non-linear Schrodinger equation
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due to Hasimoto’s transformation, [48]. For initial datum a planar regular polygon,
de la Hoz and Vegas showed that at rational times the solution becomes a skew
polygon. At generic times, their numerical considerations suggest that the solution

exhibits a fractal behaviour.
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Chapter 3

Special Transformations and their

Fourier Representation

In this chapter we define a number of isometries and other maps of L?(0,27). We
describe the form of the Fourier coefficients under the action of these operators
and summarise their properties. Both the notation and the results presented here
will provide a clear mathematical framework of the revival phenomenon beyond the
classical setting. This will be used extensively in the upcoming chapters.

Following Remark 2.11, in Section 3.1 we introduce the periodic translation and
the revival operators. Based on these two transformations, we reformulate Theo-
rem 2.8 (for P(z) = 2") in terms of the latter. In this way, we obtain a compact,
convenient notation to describe the revival property. Moreover, their consideration
allows for further extensions. Indeed, as we shall see in later chapters, combining
the transformations described in Sections 3.2 and 3.3 with the translation and re-
vival operators, we will be able to characterise the revival effect in more complicated
situations than the periodic problem (2.9) from Chapter 2. Therefore, in Section 3.2
we recall the definitions of the reflection and the even and odd extension of a func-
tion, whereas in Section 3.3 we consider the 27-periodic convolution of two function.
Although the setting of Sections 3.11 and 3.3 is considered well known, we review
these transformations due to their fundamental role in the analysis of the revival

phenomenon later.
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3.1 Periodic Translation and Revival Operators

A revival operator is constructed as a finite linear combination of periodic translation
operators which in turn are defined from the periodic extension of a function given

on [0,27). We begin by fixing our notation with the following definition.

Definition 3.1. The 2r—periodic extension to R of a function f given on [0,27)

is defined by
f(z) = f(x — 2mm), 2rm <z <27(m+1), meZ. (3.1)

The first important isometry is the translation operator which we properly define

as follows.

Definition 3.2. Consider s € R. The periodic translation operator 7T, : L*(0,27) —
L?(0,27) is defined by the formula

T.f(x) = f*(x —9), x € 0,27). (3.2)

The periodic translation operator is a linear operator. Moreover, as we see from
the next lemma, it is an isometry on L?(0,27). The first claim below follows from
calculation (2.12), whereas the proof of (ii) is exactly the same as the proof of

Lemma 2.7.

Lemma 3.3. Let s € R. Then, we have the following.
(i) Ts is an isometry on L*(0,27).
(ii) For any f € L*(0,2m), the Fourier coefficients of T,f are given by

~

T.7() = e f(5). (3.3)

We now introduce the concept of the revival operator which is defined as a finite
superposition of translation operators. In particular, the revival operator describes
the pure revival effect in the classical periodic setting of the time evolution problem
(2.9) in the monomial case P(z) = 2", with n > 2 in N. In accordance with
Remark 2.11, the definition of the revival operator is based on the right-hand side

of the revival representation (2.14) in Theorem 2.8.
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Definition 3.4. Consider p and q co-prime integers and let n > 2 in N. The
periodic revival operator R, (p,q) : L*(0,27) — L*(0,27) of order n at (p,q) is
defined by the formula

R(p.q)f = G ()Tt f (3.4)

where the coefficients G,(fq)(k;) are given by

q—1

n —2mimn 2 21k
G;(),q)(k') = Ze qem<—). (3.5)
m=0 q
Revival operators provide a concise notation for the revival statements. To illus-
trate this claim, let us consider the IBVP (2.9) for the monomial case P(z) = 2",

where n is an integer with n > 2. That is, we consider the time evolution problem

Owu(x,t) = —i(—i0,)"u(z,t), wu(z,0) = ug(x),
(3.6)
oru(0,t) = Olu(2m,t), m=0,1,....,n—1,

on [0, 27r]. Now, based on the definition of the revival operators, we can reformulate
Theorem 2.8 in the case of the periodic problem (3.6) and describe the pure revival

effect.

Corollary 3.5. Let ug € L*(0,27). Then, at any rational time t = 27T§, the solution

to (3.6) admits the representation

u(x, 27r§> = R.(p, Q)uo(z). (3.7)

Two main features of the revival operator are given in the next lemma. The first
property gives the expression of the Fourier coefficients of R(p,q)f. The second
assertion characterises the mathematical invariance of the revival operator. Similar

to the translation operator, the revival operator preserves the norm in L?(0, 27).

Lemma 3.6. Let p and q be co-prime integers and n > 2 in N. Then, we have the

following.
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(i) For any f € L*(0,2r), the Fourier coefficients of R, (p,q)f are given by

(Ru(p.a)f.e5) = e ™" 0 f(j). (3.8)

(ii) Ra(p,q) defines an isometry on L?(0,27).

Proof. From the proof of Theorem 2.8 we directly deduce (i). Moreover, using

Parseval’s identity (Lemma B.1-(iii)) it follows that R,(p, q) is an isometry. O

Remark 3.7. Revival operators are formed as finite linear combinations of specific
translation operators. As such, they are a finite linear combination of isometries
of L*(0,27). In turn, this implies that in the classical periodic setting the revival
effect corresponds to the property of the solution being expressed at rational times,
in terms of a finite number of isometries (or equivalently in terms of one non-trivial
isometry, the revival operator). This observation stays in agreement with the case of
pseudo-periodic boundary conditions for the linear Schrédinger equation (FSLS) in
Chapter 4. There, we will show that the solution at rational times can be given via

a combination of four isometries with each one containing a revival operator (see

Corollary 4.9).

Remark 3.8. The expression of the Fourier coefficients of R, (p,q)f enable us to
describe the revival phenomena in more complex cases. In particular, due to the
form of the coefficients we can identify the pure revival effect (Definition 2.10) when
working with the eigenfunction expansion of the solution to a given IBVP. As we
shall see in Chapter 5, using (3.8) an operational approach can be applied on the
examination of the revival effect for the Airy PDE (Al) with quasi-periodic boundary

conditions (see Proposition 5.2).

3.2 Reflections and Even and Odd Extensions

In this section we provide the standard definitions of the reflection with respect to
7 of a function on [0, 27] and the even and odd extension to [0, 27] of a function in
[0, 7]. As in the case of the translation and revival operators, we are also interested
in their Fourier series representation. Similar to what we mentioned in Remark 3.8,

by knowing the form of the Fourier coefficients of these transformations, we can
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analyse the revival effect based on an operational manner. More precisely, we will
be able to represent the solutions of the time evolution problems of Chapters 4
and 6 through reflections and even and odd extensions of the initial condition (see
Theorems 4.8 and 6.7). With this, the study of the revival effect under pseudo-
periodic (Chapter 4) or Robin-type boundary conditions (Chapter 6) for the FSLS
equation will be based on the classical periodic theory.

We begin by recalling the definition of the reflection of a function f € L?(0,2m)

and set our notation as follows.

Definition 3.9. The reflection with respect to ™ of a function f € L*(0,27) is
denoted by the symbol f* and is defined by

filx) = f(2m — 2). (3.9)

The function f* is also in L2(0,27) and its norm is equal to f since, after the

change of variables y = 27 — x, we have that

12— )2 = / 1 (@r — 2)Pde = / F@)Pdy = 1]

The main property of interest is the expression of the Fourier coefficients of f?.

These are given in terms of the Fourier coefficients of f by the following lemma.

Lemma 3.10. Let f € L%*(0,2m) and consider its reflection f. Then, for all integers

J we have

o~ o~

FrG) = f(=9). (3.10)
Proof. The proof follows by the calculation

~

R y 1 [ y -
F) = o= [ ser—o)de = —— [ puyenan = f-i), vie.

where the second equality comes from the change of variables y = 27 — z. O]

We now change our point of view and consider a function on [0, 7] and define
its even and odd extension to [0,27]. These extensions provide a convenient way
to consider the free linear Schrodinger on [0, 7] with either zero Neumann or zero

Dirichlet boundary conditions as a time evolution problem on [0, 27] with periodic
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boundary conditions. We will elaborate on this more in Section 6.1. Furthermore,
as stated above, even and odd extensions will also appear in the context of more

complicated separated boundary conditions (see Theorem 6.7).

Definition 3.11. Let f be a function defined on [0, 7). The even (+) and odd (-)

extension of f to the segment [0,27] are defined by

fa), 0<z<m,

fE(z) = (3.11)

+f(2r —z), ®™<ax<2m.

Definition 3.11 implies that f* is an even/odd function with respect to the
middle point 7 of [0,27]. Each extension naturally introduces the cosine or sine
Fourier series. Indeed, from [20] recall that the cosine and sine orthonormal Fourier

bases in L?(0, ) are given accordingly by

no(x) = = ni(zr) = \/gcos(jx), jeN, (3.12)

and

dj(x) = 1/ 2 sinja), jeN. (3.13)

T
Therefore, any element f € L?(0,7) admits, in the L?(0, ) sense, a Fourier cosine

expansion

f@=2hwm7wzlvww@@,jHMUN (3.14)

j=0

or a Fourier sine expansion
f@) =Y bidta), b= [ f@ddy jeN (3.15)
j=1 0

The connection of the Fourier coefficients of f* with the cosine/sine Fourier coef-
ficients of f is given explicitly in the lemma below. The proof is a direct consequence

of Definition 3.11.

Lemma 3.12. Let f € L*(0,7) and consider the even and odd extension f* in

L?(0,27). Then, we have the following.
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(i) F+(j) = a; and F(—j) = f¥(j) for all j € N. For j =0, f+(0) = v/2a,.
(ii) f=(j) = —ib; and f=(—j) = —f~(j) for all j € N.

Consequently, by Lemma 3.12, we recover the expansions (3.14) and (3.15) by

the Fourier expansion of f*. Specifically, we have that

@) = 3T G)es(@) = 3 ajng(a)

(3.16)
Fo@) =) - (Gei(a) = ) bid;().
JEL Jj=1
Remark 3.13. From (3.16) we observe that a cosine Fourier series in L*(0,27)
represents an even function or equivalently the even extension in [0, 27| of a function
in L*(0,7). Similarly, a sine Fourier series in L*(0,2m) corresponds to an odd

L*(0,27) function or equivalently to the odd extension in [0,27] of a function in

L*(0, 7).

3.3 Periodic Convolution

In this final section, we review two properties of the 27-periodic convolution of two
functions in L?(0,27). We present a regularity property of this operation and also

recall the form of its Fourier coeflicients.

Definition 3.14. Let f, g be in L?(0,27). The (normalised) 2m-periodic convolu-
tion of f and g is defined by

frglx)= \/%/0 Wf*(w - )9 (y)dy, x€0,2x]. (3.17)

Since the product of two measurable functions is measurable, the integral in
(3.17) makes sense for any = € [0,27]. As it turns out, the convolution is even more
regular than both f and g. Following the argument in [49, Proposition 3.2] by Stein

we prove the following statement.

Lemma 3.15. Let f and g be in L?(0,27). Then, we have the following.

(1) f*g is a continuous function on [0,27] and f * g(0) = f * g(2m).
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(ii) f* g belongs in L*(0,2m) and its Fourier coefficients are given by

— ~

f9() = F()a). (3.18)

Proof. (i) First we show the implication of the statement for functions f and ¢ in

{f€C0,2x] ; f(0) = f(2m)}.

The assumption on f implies that the 27-periodic extension f* is a 2m-periodic
continuous function on R. Hence, it is uniformly continuous on every closed interval
and due to the periodicity, f* is uniformly continuous on R.
Let € > 0. Then, there exists ¢ > 0 such that for every z;, x5 € [0,27] and
y € R, with
|21 — 32| = [(21 — y) — (21 —y)| <6,

we have that

[ (@1 —y) = [z —y)| <e
From this and Definition 3.14, we obtain
€
[frg(wr) = frg(z2)] < —= / (w1 —y) = (w2 =y)llg" (y)ldy < \/—Q—WHgHLl(o,?w)'

Therefore, f * g is also continuous.

For general f and g, we use the density of the function space

{f eCl0,2a]; f(0) = f(2m)},

on L*(0,2m). Let {f,}5°, and {g,}52; be two sequences in the function space above

such that
|f = full and |lg — gull — 0O,
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as n — oo. Fixing = € [0, 27],
|fxg(z) — fux ga(@)] < |(f = fo) x g(2)] + | fa * (9 — gn)(@)]

< %/ — ) — £z — )lg* ()\dy

o= [ = lls ) = sl

The sequence {f,}22, is uniformly bounded in n by, say, a positive constant C.

From this and the Cauchy-Schwarz inequality in L*(0,27) we obtain

[Fx9(@) = Fax (@) < —2=lf = Sull + Cllg = gnll

Thus, for any = € [0, 27],

Tim f gn(z) = f* g(2),

and we conclude that fx*g is continuous on [0, 27| as the uniform limit of continuous
functions on [0, 27].

Now, by definition, the periodicity condition is satisfied

fg(0) = J% / Py )y = J% / " f@r —y)g ()dy = | g(2r).

(ii) Because we have concluded that f ¢ is continuous on [0, 27|, it follows that
it also belongs in L?(0,27). Hence, it admits a Fourier series representation. The
proof of (3.18) is based on Fubini’s Theorem. We refer to [49] for an approximation
argument with continuous 27-periodic functions as in (i), or to [50] directly for

L0, 27) functions (any function in L?(0,27) belongs in L(0, 2)). O

We conclude this section with a remark which gives a first indication of the con-
sequences of the continuity of the periodic convolution on the revival phenomenon.

We will return to this idea and expand it thoroughly in Chapters 6, 7 and 8.

Remark 3.16. As we shall see in Chapter 6, the generalised Fourier series rep-

resentation of the solution to the FSLS equation with a specific form of separated
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boundary conditions on [0, 7] can be expressed through the solutions of five particu-
lar 2m-periodic problems for the same equation. Four of these problems have initial
conditions which are given in terms of 2m-periodic convolutions, involving the even
and odd extensions of the initial condition. The fifth one starts with the even exten-
sion of the initial function (see Theorem 6.7). As a consequence of the continuity of
the periodic convolution, we will then deduce that the four 2w-periodic solutions are
continuous functions on [0,27] (and thus on [0,7]) at any rational time. The other
periodic solution at rational times will exhibit the phenomenon of pure revivals in
accordance with Definition 2.10. Hence, the solution at rational times will be given

as a weak revival representation, a pure revival plus a continuous function.

Similar results based on the 27-periodic convolution will be derived for the even-
order poly-harmonic wave equation under periodic (Section 7.3) or quasi-periodic
(Section 8.4) boundary conditions. Therefore, we will show that the weak revival
is possibly the main revival phenomenon in second-order in time, linear dispersive

PDEs.
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Chapter 4

Revivals in the Free Linear
Schrodinger Equation with
Pseudo-Periodic Boundary

Conditions

In this chapter we examine the revival phenomenon for the linear Schrodinger equa-
tion with zero potential under pseudo-periodic boundary conditions on [0, 27]. For
this problem the revival property of the solution at rational times was obtain for
the first time in the work of Olver, Sheils and Smith in [15]. Here, we provide a
different proof and develop further the results in [15].

In Section 4.1 we outline the basic idea of our approach which comprises two
steps. The method is developed in Sections 4.2 and 4.3. In the former, we examine
the properties of the underlying spatial differential operator and derive a gener-
alised Fourier series representation of the solution. In the latter, we show that the
pseudo-periodic problem exhibits revivals at rational times. The proof follows by
manipulating the generalised Fourier series in order to obtain a new representation
of the solution. This holds at any positive time. We show that the solution is a
combination of the solutions of four purely periodic problems for the FSLS equation.
Thus, the revival property follows from that in the periodic case. On the other hand,
at irrational times, we can further conclude that the fractalisation effect occurs in

the pseudo-periodic problem.
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The main results of this chapter are Theorem 4.8 and Corollary 4.9 and were

published in [14].

4.1 The Time Evolution Problem and a Remark
on the Methodology

Let By and B; be complex numbers. Consider the initial boundary value problem

for the free linear Schrodinger equation on [0, 27]

ou(x,t) = i0%u(z,t), u(z,0) = uo(z)
(4.1)
Bou(0,t) = u(2m,t), [10,u(0,t) = O,u(2m,t).

The boundary conditions in (4.1) are called pseudo-periodic. When Sy = f; = 1,
these reduce to periodic conditions for which the revival phenomenon holds, as we
have seen in Chapter 2. Our goal in this chapter is to show that the revival prop-
erty at rational times extends to the pseudo-periodic problem (4.1). The method
compromises two steps which we describe in the next two sections.

Conditions on 31, (> that enable a representation of the solution as a generalised
Fourier series are given in the next section. From this representation we decompose
the solution at each time as the sum of four terms. Each term includes the solution
of a periodic problem for the FSLS equation with an initial condition a suitable
transformation of the original initial function uy. Hence, the revival effect for the
pseudo-periodic problem at rational times is recovered from this new representation
based on the existence of pure revivals for periodic problems.

This technique provides a new approach to discover revivals beyond periodic
boundary conditions. The effectiveness of the method will be further discussed in
Chapters 5 and 6. In the former, we will consider the Airy PDE (Al) on [0, 27]
with a particular type of pseudo-periodic boundary conditions called quasi-periodic.
In the latter, we discuss the FSLS equation with separated Robin-type boundary

conditions on [0, 7].

Remark 4.1. In general, for a given boundary value problem the strategy can be

summoarised as follows.

48



1. We obtain the generalised Fourier series representation of the solution. This
is due to the basis property of the eigenfunctions of the underlying spatial
differential operator.

2. We identify the canonical periodic components by decomposing the solution

representation.

4.2 Generalised Fourier Series Representation

Our first task is to derive a representation of the solution. Let us write the initial

boundary value problem as
Owu(z,t) = —iLu(x,t), u(x,0)=uy(x), (4.2)

where the linear differential operator L : D(L) — L*(0,2n) is given by Lf = —f"

on the domain

D(L) = {f € C*[0,27] ; Bof(0) = f(27), Brf'(0) = f'(2m)}. (4.3)

A crucial difference between the pseudo-periodic and periodic boundary conditions
comes from the underlying spatial differential operator. The operator is not always
symmetric and thus non-self-adjoint in general. This is the context of the following
lemma which provides a necessary and sufficient condition on the parameters g, and

[y for the operator to be symmetric or have a self-adjoint extension.

Lemma 4.2. Consider the above linear differential operator L : D(L) — L?(0,2m).
Then, the following are equivalent.

(i) BoPr = 1.

(11) L is symmetric.

(111) L has a self-adjoint extension.

(iv) L is essentially self-adjoint.

Proof. We first show that (i) = (i7). Let f and g be functions in the domain of L.

Then, integration parts twice yields

(Lf,g) = (BoBr — 1)£'(0)g(0) + (BoBr — 1) £(0)g'(0) + (f, Lg).
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Thus, If 5o8; = 1, then (Lf. g) = (f, Lg).
To show (i7) = (7), let f, g € D(L). Then, since L is symmetric, we have

(BoBr — 1)£'(0)g(0) + (BoBy — 1)£(0)¢'(0) = 0.

The above holds for any functions f and g that satisfy the boundary conditions and
for which f(0), f(0), g(0) and ¢’(0) can be arbitrary values. Set f and g such that
f(0)=1,4'(0) =1, f'(0) = 0, then fof; = L.

Now, each one of (ii7) and (iv) imply (i7) by definition. We finish by showing
that (i7) implies (7i7) and (iv). So, let L be symmetric, then (i) holds. Moreover,
from Lemmas 4.5 and 4.6, which we prove below, we know that when 8,8; = 1, then
the eigenfunctions of L form a family of orthonormal basis in L?(0,27). Hence, L is

essentially self-adjoint by Lemma C.6, and thus it has a self-adjoint extension. [

The analysis of the pseudo-periodic problem (4.1) will be considered under con-
sistency conditions on [y and (3; as stated below. One of the assumptions depends
on the self-adjointness condition £y, = 1. However, this does not affect the treat-
ment of the problem and our methods work regardless of the self-adjointness or not
of the boundary conditions. Consequently, this further implies that the revival effect

for the pseudo-periodic problem does not depend on whether 5,3, = 1.

Assumption 4.3. We pose the following restrictions on the complex parameters By
and (.
()
Bo#1 and By # 1,

(i)

1+ Bo B

Bo + P € C\ (=00, ~1) U (1, +00) for BoB # 1,

Bo+ B1#0 with

L+ By B _ 2Re(f)
Bo + B 1+ (612

or [Bo+ 1 #0 with €(-1,1) for  Bofr =1,
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(iii)
1+ Bofh
Bo + B ) <k

From the Assumption 4.3, the first condition excludes the periodic case and it

arccos (

will imply that zero is not an eigenvalue of the differential operator L. The other
two conditions will allow us to obtain a solution in L?(0,27) to the pseudo-periodic
problem (4.1). In particular, the second condition will ensure that the eigenfunctions
of the operator L form a Riesz basis in L%(0,27), whereas the third condition will
guarantee that all the eigenvalues are real, and thus avoiding that the equation is
ill-posed. Here and in the rest of this chapter, we will assume that the parameters
Bo and S satisfy these three conditions.

To find a solution to the initial boundary value problem (4.1), we follow the
Fourier method and express the solution as an eigenfunction expansion. Hence, we

consider the eigenvalue problem associated with the linear operator L

—¢"(x) = Ap(x),  Fod(0) = ¢(27), S19'(0) = ¢'(27). (4.4)
Set
_ 1 1+ 6o B ik _ L+ B0 By _<1+5051)2
ko om arccos( Bt By ), v=e Bot B +@\/1 G )
(4.5)

where the square root in (4.5) is well defined due to Assumption 4.3-(ii).

Lemma 4.4. The eigenvalues of the operator L are all real and are given by

1 1
=k, kj=(j+k), JEZ, k= —arccos(ﬁt%oﬁfl

- ) £0.  (4.6)

The corresponding eigenfunctions can be written as follows

A

¢j(x) = (e®i® 4 Nge™™i%),  jeZ, AeC\{0}, (4.7)

5

where Ny is a complex constant given by

- v — Bo - v =5
b= T oA (48)
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Proof. Consider the eigenvalue problem (4.4). If A = 0, then ¢(x) = Ax + B, with
A and B in C. From Assumption 4.3-(i) on Sy, 1 and the boundary conditions it
follows that A = B = 0, and so ¢(z) = 0 for all x € [0, 27]. Hence, A = 0 is not an
eigenvalue.

Let A # 0. Then, the general solution to (4.4) is
¢(r) = Ae™ + Be ™

where k is taken as the principal branch of the square root of A € C. From the
boundary conditions we obtain a linear system for the two unknown complex con-

stants A and B
A(ﬁo _ ei?ﬂk) + B(ﬁo o 6—i27rkz) — 0’

A(ﬁl — €i2ﬂk) + B(einﬂk — 51) =0.

Eigenfunctions do not vanish identically, hence |A|? 4+ |B|? # 0. Thus,

(Bo + B1) (7™ + e7™™) = 2(1 4 BoBy).

So,
1+ BB
cos(2mk) = ———
( ) Bo + B
and
kj = J+ ko,

with ko given by (4.5). Hence, the eigenvalues are \; = ka

Now, the eigenfucntions take the form
¢j(x) = Ae™*i®  Be~™HiT,

Since

—ik;2m —i2wko __

e =e =1,

the boundary conditions imply that

B:AV_%leVF&,
Bo—~ Y =5
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Hence,

¢](1’) — A<€ik]~x _'_Aoefikja:)’
with Ag as in (4.8). Rescaling A" = A/v/27 yields (4.7). O

Having found the expression of the eigenfunctions, we now show that they form
a basis of L?*(0,27). This will allow us to represent the solution of the pseudo-
periodic problem by a generalised Fourier series. In [51], an approach relying on the
Cauchy method of residues and the Green’s function of the non-self-adjoint problem
(4.4) rendered that the family of eigenfunctions {¢,};ez is a Riesz basis. On the
other hand, in [15], the basis property was obtained from the Unified Transform
Method (UTM) applied directly to the evolution problem (4.2). This correspondence
between time evolution problems and spectral problems in the context of UTM has
been examined in more details in [52]. Nevertheless, noticing that the eigenfunctions
(4.7) are a linear combination of two orthonormal bases of L?(0,27), we can deduce

that they form a Riesz basis (see Lemma B.5).
Proposition 4.5. The family of eigenfunctions {¢;}cz forms a Riesz basis of L*(0, 27).

Proof. Write the eigenfunctions in the form

" ( ) eiij A e—ikjcc
() = + ,
! V2T 0 2T

with A € C\ {0}. If {h;},ez forms a Riesz basis, then the same is true for {¢;};cz.

¢j(z) = Ah;(z),

J €L,

So, it is enough to check the conditions of Lemma B.5 for the family {h;}cz.
We know that e;(z) = €% //2r for j € Z is an orthonormal basis of L?(0, 27).

Moreover, the reflections
e s(@) = es2n—a), jeEZ,

form an orthonormal basis.

Set




Then, both {m;};cz and {¢;};cz are orthonormal families in L*(0,2r). By virtue
of Lemma B.1-(i), we see that they are actually orthonormal bases. Indeed, let
w(x) = e~ for x € [0,27] and f € L*(0,2n). If (f,m;) = 0, then we equivalently
have that (w f,e;) = 0 or that w f = 0. Since, w can not be zero, we conclude
that f = 0, which means that {m,} ez is an orthonormal basis. A similar argument
shows that {¢;};cz is also an orthonormal basis.

Finally, we show that |Ag| # 1. Suppose, the opposite holds true. Then, [Ag|? = 1
and using the definition (4.8), we have that

(7=%) (75—::5_0) — 1= (=B = B) = (BB — ),

iko2m

where v = ¢ . The above implies that

Hence, we require v € R, which gives sin(27ky) = 0 or 27ky = nx, for n € Z. Recall

that ko is given by (4.5). Therefore, |Ag| = 1 if and only if

L+ BB
Bo+ B £

But the last condition contradicts Assumption (4.3)-(ii). So, |Ag| # 1 and from

Lemma B.5 we conclude that h;(z) forms a Riesz basis. O

In what follows we choose

a- Lo (PG 1) = 2960 + B, (4.9)

VT (Boy = )(Biy — 1)

so that the eigenfunctions (4.7) take the form

6;(x) = ¢217r_r(€ik’“ + Aoe 7). (4.10)

The choice of A reflects the biorthogonality property of the basis {¢;};cz when

paired with the eigenfunctions of the adjoint eigenvalue problem on [0, 27]

—¢"(z) = Mp(z),  ¥(0) = By (2m), ¥'(0) = B/ (27), (4.11)
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see [51]. The adjoint eigenvalue problem is associated with the adjoint operator of

L which is an extension of the linear differential operator H f = — f” with domain

D(H) = {f € C*[0,2n] ; f(0) =1/ (27), ['(0) = Bof'(27)}.

As with the eigenvalue problem (4.11), we find the family of the adjoint eigenfunc-
tions

1 . .
Yi(x) = %(e’w + Ioe_’ij) (4.12)

where 7 is as in (4.9) and o
_ 0= 1/B
/B —~yt

The eigenvalues of H are the same as those of L.

I (4.13)

We now show the biorthogonality property of the two systems of eigenfunctions.
Moreover, under the self-adjointness condition 8y3; = 1, we see that they coincide

and become orthonormal.
Lemma 4.6. Consider the eigenfunctions (4.10) and their adjoints (4.12). Then,
they form a biorthogonal system

1, j=k,

0, j#¢L

<¢j7¢4> =

If BofB1 = 1, then ¢; = for all j € Z and {¢p;}jez becomes an orthonormal family.

Proof. We first prove the biorthogonality condition for general gy and ;. Let j =
¢ € Z, then using the expressions of ¢;(z) and ¢;(z) we have that

2w

1 21 o 1 — o
<¢j7,¢}j> = %/0 (1 +A010)d$ + 2— (]Oeiij + Age Zk3$)dx‘

™ Jo

The second integral on the right-hand side is zero. Indeed, recalling that v = e?7*o,

we have

2

2w 2w 2 —2
- s ) T A A v
T k5% 4 + A ik gy = Tyl — A - (h+=2).
0/0 crdre 0/0 T T ik, ok, \°F
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Then, using the definitions of Iy and Ay by (4.8) and (4.13), we find that

Ao -1/ v — B

Tt to_ o
e Y i v gy

On the other hand,

v =P )(7—1/51> _

1+A[0:1+<BO—’71 1/51_7

thuS <¢j7¢]> =1.
For integers j and ¢, such that j # ¢, we compute

1 2r - 2 . -
(3, %e) = —</ ekiTe=iker gy 4 Aofo/ e_lijem”da:)
2nT \ Jo 0

1 _ 2 ] ] 2w ] )
+ ([0 / 6zij€zkgxdx + AO / efzijefzkgxd{ﬂ) )
0 0

2T

Since

2 2
/ ehi®e= ket dy = 0 and / e Ttk dy = 0,
0 0

we find that

1 . 2m ) ) 2 A 4
<¢jv ¢e> =5 <[0/ ki ke (g + Ao/ e_’kﬂ’e—%kwdx>
2nT 0 0

)

- 27 (2k + j + ) \7° * V2

=0.

Finally, if 5y = 1 then by definition I, = Ay, which implies that ¢; = 1y, for

7 =1+ |Ag|?>. Then, the orthonormality condition is automatically fulfilled.

From the above analysis of the eigenvalue problem and its adjoint, it follows

that every function f in L?*(0,27) admits a unique expansion in L?(0,27) in terms

of {¢;}jez,
F@) = (f.0)0(x).

JEL

Therefore, the Fourier method yields a unique solution in L?(0,27) to the pseudo-
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periodic problem (4.2) as an eigenfunction expansion

U($, t) = Z<u(a t)? w]>¢j($)
JEZ
Assuming at the moment that u(x,t) is a smooth solution of the problem sat-
isfying the pseudo-periodic boundary conditions, then for each generalised Fourier
coefficient we have

%<u("t)>¢j> = <atu('vt)v¢j> = <Zagu(vt)v¢]> = _i/\j<u("t)>¢j>;

since each 1); satisfies the adjoint boundary conditions. Note that, on the left-
hand side above, we can exchange differentiation with integration by the Dominated
Convergence Theorem since we assume that u(z,t) and du(z,t) are bounded and
continuous functions of ¢ (see Theorem 2.27 in [32]). Now, solving for (u(-,%),1;),

with initial condition (ug, ;) at time zero, we obtain

(u(+,),15) = (ug, ¥s)e~ ™",

We finish this section with a proposition which gathers the precise expression of
the generalised Fourier series representation of the solution with initial condition in
L?(0,27). This completes the first step of the analysis in Remark 4.1. The proof

runs along similar lines as this of Theorem 2.4.

Proposition 4.7. Let ug € L*(0,27). Then, there exists a sequence of smooth
solutions of the IBVP (4.2) denoted by {u"(x,t)}nen such that for every fixred t > 0,

as n — oo, u(x,t) converges in L*(0,2m) to

u(a,t) = (ug, ) '¢;(x). (4.14)

jez

Moreover, the map t — u(-,t) is continuous in L*(0,2m) with respect to the time

variable t € [0,00).
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Proof. Let n € N and set

n —1 2
uMx,t) = Y (ug, e M gy ().
j=-n
The functions u™(z,t) are smooth in both variables, for x € [0,27] and t > 0.
Moreover, they satisfy the free linear Schrodinger equation, the pseudo-periodic
boundary conditions in (4.1) and at time zero the initial condition is the partial

sum
n

u(x,0) = Y (o, ;) d5(x) = uf(x),

j=—-n
of the initial function ug. Hence, the functions u"(x,t) form a sequence of smooth
solutions of the pseudo-periodic problem (4.2).
Now for any ¢ > 0, |{ug, ¥;)e~"*|? = |(uo, ¥;)|*. Hence

D Nuoy e P =3 uo )l

j=—n j=—n

Since ug € L*(0,2m), then as n — oo we see that the series on the right hand side
above converges due to the Riesz basis property of {¢;};ecz (see Lemma B.5-(iii)).
Therefore, the sequence of partial sums u"(+,t) converges uniformly in ¢ with respect

to the L?(0,27) norm and defines a map
u(-,t) = Z(Um?/)ﬂe_wtﬁbja
jEZ

which takes every ¢ € [0, 00) into L*(0,27), again by Lemma B.5-(iii).
We show continuity in ¢ from the right with respect to the L?(0,27) norm. A
similar argument establishes continuity from left for ¢t > 0. Fix t > 0 and let A > 0.

Then, from Lemma B.5-(ii), there exists positive constant ¢ such that

lu(t+h) —ul O < 2\6_” = 1P*[{uo, v5) .

JEZ

However, because

eI — 112 (uo, ;)| < 4l (uo, ¥5)I7,
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and uy € L?(0,27), the series on the right-hand side above converges absolutely and

uniformly with respect to h by the Weierstrass M-test. Moreover, since
e — 1P = 2(1 — cos(j*h))

is continuous as a function of h and vanishes as h — 0, we see that
lim Ju(-, ¢ 4 ) — u(- 1)[[> = 0,

]

For each fixed t > 0, the function u(z,t) given in L?*(0,27) by the generalised
Fourier series (4.14) is called the generalised solution of the IBVP (4.2) and from
now on we will call it just the solution of the pseudo-periodic problem in accordance

with Remark 2.5.

4.3 The Revival Effect

In this section we show that the revival effect is exhibited at rational times in the
context of the pseudo-periodic problem (4.2) for the free space linear Schrodinger
equation. The revival property will be obtained as a corollary of the next more
general result which is one of the main contributions of this thesis. Examining the
structure of the pseudo-periodic eigenpairs, we will find that the solution wu(z,t)
at any time (thus at rational times) can be constructed from the solutions of four
periodic problems for the FSLS equation with initial data some transformations of
the initial condition ug.

Recalling from Chapter 3 the definitions of the reflection f% of a function and

the periodic translation operator 7T, we have the following statement.

Theorem 4.8. Let ug € L*(0,27) and set

vo(x) = up(x)e™* 0% wo(x) = up(x)e™”. (4.15)

Consider the FSLS equation with periodic boundary conditions on [0, 2x] and denote

by
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e v(x,t) the solution corresponding to initial condition vo(x),

e w(x,t) the solution corresponding to initial condition wy(x),

e vi(z,t) the solution corresponding to initial condition vg(x),

o w(x,t) the solution corresponding to initial condition wh(x).
Then, for every fized time t > 0, the solution to the pseudo-periodic problem (4.2)
has the L*(0,27) representation

)
e—zkot

u(z,t) =

. {eikox’EkOtv(m, t) + Aoe’ikom’[%otv”(x, t)

(4.16)
+ I_Oeikozﬁk‘otwh(xa t) + Aol_oe_ikoxKQkotw(w7 t) } .

Proof. Let ug € L?(0,27). Then for fixed t > 0, we know from Proposition 4.7 that

the solution is given by the eigenfunction expansion

u(w ) =Y (ug, ;) gy ()

JET

1 2m - _ 2m - o . .
" onr </ uo(y)e_lkjydy%- [0/ UO(y)e’kﬂydy> okt (elkjdf + Aoe_mﬂx).
jez V0 0

(4.17)
We consider each of the terms in the series above and recall that k; = ko + J.

From the definition (4.15) of vy and wy, we have

2 e*ikj’y _ 2 eikjy —
U d+I/ U dy = 0(5) + Inwe(—17). 4.18
/0 o) oty + Iy | o) iy = 5(5) + o) (4.18)

We further have the elementary relation,

e~ kit — kgt p—2kojt —ij%t (419)

Y

and for the eigenfunctions

eikjac e—iij

+ A
\ 2T 0 V2T

= *Te (1) + Age ™Te_;(z), (4.20)

where e;(x) are the periodic eigenfunctions (the classical Fourier basis (2.6)).
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By substituting (4.18), (4.19) and (4.20) into (4.17), we obtain

—ikgt o ,
u(x, t) _ e Z 6—12190]756—”21& <€zk0ij\0(]~)€j($) + Aoe—zkox{)\o(]-)e_j (l‘)
T
JEZL

(4.21)

o+ Toe™75(—)es () + AoToe™ ™ To(—)e () ).

Each term in (4.21) involves the solution of a periodic problem. Indeed, from (3.3)

it follows that for f € L?(0,27) and s € R

Tof(@) =" e 7 f(j)e; (), (4.22)

=

hence we have for the first term

Z e—iQkojte—itheikgz{JB(j)ej (z) = eikoxﬁkot<Z{}B<j)e—ij2tej(x)> _ eikox%koth,t)?
JEZ JEZL

(4.23)
where v(z,t) solves the FSLS equation with periodic boundary conditions on [0, 27]
and with initial condition vy(x).

For the second sum in (4.21), recalling that the Fourier coefficients of the reflec-

tion has the form (3.10), we find that

Z e—iQkojte—z‘thAOe—ikox{)B(j)e_j(x) _ Aoe—ikox Z eiQkojt,&B(_j)e—ijztej(w)

JEZ JEZ

= Noe T o (S0 Bl )e ey () )

jET

= Aoe_ikozﬁgkotvb (I, t),
(4.24)

where according to the hypothesis v%(x,t) solves the FSLS equation with periodic

boundary conditions on [0, 27| and with initial condition the reflection of vy, that is

vg(x).
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Similarly, the fourth sum can be written as

Z 6—i2k0jt€—ij2tA0E6—ikoxw/\0(_j)e_j(x) _ Aoj_oe—ilcox Z e—i2k0jt6—ij2tﬂ)\0<_j)€_j(x)
JEZ JEZ

_ AOI_Oefikox Z 6i2k0jt@6(j)efij2t€j(l,)
JEZ

= AT T g (3 Tl (0)

jez
= AOI_Oe_ikOx’T_gkotw(:v, t).

(4.25)
Finally, the third sum gives

Z e—iQkojte—ithj_Oeikomw/\O(_j)ej<x> _ ]_Oeikgz Z e—z‘2k0jtl/u\0(_j)e—ij2tej<x>
JEZ JEZ

_ I—OeikoxTQkOt < Z @0(—j)€_ij2t€j (3;)) (4.26)

JEZ
= -[_Oeikoz7'2160151'0n <I7 t) )

where w?(z, t) solves the FSLS equation with periodic boundary conditions on [0, 27]
and with initial condition w?(z), the reflection of wy.

Combining (4.23), (4.24), (4.25) and (4.26) with (4.21), yiclds (4.16) 0

As we have mentioned earlier, in [15] the authors showed that the FSLS equa-
tion with pseudo-periodic boundary conditions exhibits the phenomenon of revivals
at rational times t = 2mp/q. In particular, they showed that at rational times the
solution (4.14) is constructed by a finite linear combination not only of translations
of the initial condition but also of reflections. This gives a more complex structure
of the revival phenomenon than that found in the periodic case. Indeed, moti-
vated by numerical investigation, in [15] the authors carefully constructed a finite
superposition of translated and reflected pseudo-periodic extensions of ug(z) of the
form

to(z) = Y"up(x — 2mn), 2mn <z <2n(n+1), n€E€Z, (4.27)
with 7 given in (4.5). Then, by comparing the generalised Fourier coefficients of
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the solution at rational times with the generalised Fourier coefficients of the finite
superposition they were able to rigorously confirm the revival effect.

In contrast to the argument in [15], (the proof of) Theorem 4.8 clearly indicates
the mathematical reason for the persistence of revivals in the FSLS equation, subject
to this general class of non-self-adjoint boundary conditions. It shows that we can
solve the pseudo-periodic problem via certain associated periodic problems. This
enables us to deduce from the existing results on the periodic case, that at rational
times the pseudo-periodic problem (4.2) exhibits the revival effect. On the other
hand, due to Oskolkov’s (Theorem 2.12) and Rodnianski’s (Theorem 2.13) results
on the periodic setting, at irrational times the fractalisation effect arises under the
pseudo-periodic boundary conditions. To be precise, when the initial profile has
a finite number of jump discontinuities, the solution at irrational times becomes a
continuous, though nowhere differentiable, function of the space variable.

As a consequence of Theorem 4.8, we can derive a revival representation at
rational times. Recall from Lemma 3.5, that the solution at a rational time to a
periodic problem for the FSLS equation is given by the second-order revival operator

Ro(p, q) as defined in Chapter 3.
Corollary 4.9. Letuy € L*(0,27). Then, at any rational time t = 27T§, the solution
to the pseudo-periodic problem (4.2) is given in L*(0,2m) by

_7;271'k(2)p
u(x,27r]2) :6—{6““0’” [7’477;90;;722(]9, q)} e~ kot (x)
q q

T

+ e~ thor [on‘l’f,ng(p, Q)} e*oryl ()
a (4.28)

+ 07 [Ty Tinsar Ra(p, 0) | €070 ()

+ g ihow [Aofot@,]zg (p, q)} ek (2) }

Similar to the classical periodic case and in accordance with Remark 3.7, the
revival effect in the pseudo-periodic setting can be characterised as the property

of the solution to be given in terms of a finite linear combination of isometries in

63



L*(0,27). In particular, given in terms of four isometries which have the form
T, 1y R (p, )70
q

acting on the initial condition wug or its reflection u’.

We further highlight that the revival formula (4.28) holds in the general case of
Po and B (under Assumption 4.3). Thus, in the pseudo-periodic case the lack of self-
adjointness in the boundary conditions does not affect the existence of the revival
phenomenon. On the other hand, in stark contrast, the case of the Airy PDE in
the next chapter will not exhibit such behaviour. As we shall see, under self-adjoint
quasi-periodic boundary conditions, the revival phenomenon in general breaks for
the Airy PDE. Hence, in the context of first-order in time linear dispersive PDEs
with integer coefficients the FSLS equation seems to be special with regards to the
revival phenomenon. An additional confirmation of this will come in Chapter 6,
where we show that the FSLS equation exhibits revivals (in the weak sense) when
subject to separated Robin-type boundary conditions.

The appearance of the reflections in the revival formula (4.28) are worth a com-
ment. It is evident that the reflections arise from the solution representation (4.16).
They can be viewed as a consequence of the form of the eigenfunctions ¢;. We
observe from (4.10) that the second component of the eigenfunctions is formed by

i(2n—2)

multiplying the function e~ with the reflection e’ or as a constant multiple

of the reflection of the first component of the eigenfunctions

e—ikj:c _ eik027r€ikj(27r—a:)

Remarkably, the presence of reflections does not depend on the self-adjointness
of the boundary conditions. If we consider the case when the differential operator
L is symmetric, that is when By8, = 1, the solution representation (4.16) of the

pseudo-periodic problem (4.2) with self-adjoint boundary conditions becomes

1.2
eflkot

u(z,t) = m

{eikozTgkOtv(x, t) + Aoe_ikomT_Qkotvh(x, t)
(4.29)

+ Aoeikom’ﬁkotwh(x, t)+ |A0|26_ik°$7:2k0tw(x, t)}
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Here, at a rational time t = 27T§ a similar revival formula as in Corollary 4.9 holds,
and reflected copies of the initial condition are still present as expected from the
decomposition (4.29).

However, for Ay = 0 we should not expect to have reflections. An example of
this case is the self-adjoint quasi-periodic boundary conditions, which correspond to

the following choice of the boundary parameters

fo=P5 =5

The self-adjointness of the boundary conditions requires |3|> = 1. Hence, we can

set B = e2™ for § € (0,1). Then from (4.5), ko satisfies

1+62_ 1_|_e47ri9
25 T Qp2mif

cos(2mky) = = cos(270),
and so we pick kg = 6. From (4.5) and (4.8) we find that

N = 27r20 5 and AO

Substituting these values into (4.29), yields the reduced expression
u(z,t) = et 0z, t), (4.30)

where

ZUO ej(x),

JEL
is the solution of the periodic problem for the FSLS equation with initial condition
vo(7) = e uy(z). Again, because we know that v(z,t) supports the revival effect

at rational times, from (4.30) we obtain the revival formula
u<x, 27TE> = e_wZQ”%emﬂﬂg%RQ(p, q)e " uy(2), (4.31)
q

with the absence of reflections. Note that (4.31) holds for any any choice of 6 € (0, 1).
As mentioned above, in the next chapter we will compare the Schrédinger equation

with the Airy PDE under these conditions. We will find that the revival effect in

65



the quasi-periodic Airy PDE holds only when 6 is a rational number in (0, 1).
According to the results above, the revival phenomenon persists under the gen-
eral class of pseudo-periodic boundary conditions for the free linear Schrodinger
equation. Specifically, at all times, the solution of the pseudo-periodic problem is
the sum of four components corresponding to solutions of a periodic problem for the
same equation with appropriate initial condition. From this decomposition, both
the revival and the fractalisation effect follow. In the first section of Appendix F, we
provide numerical examples which illustrate and confirm the statements presented

here. We close this section with a final remark on the revival representations.

Remark 4.10. Consider the revival representation (4.31). The solution is given
explicitly in terms of a finite number of translated copies of e~ “*ug(x). Note that the
final result is then multiplied by €%, and hence the solution is indeed given in terms
of a finite linear combination of translated copies of ug(x). Using the definitions of
the revival operator Ra(p,q) and the periodic translation operator Ts, then (4.31)

can be written as

u(x, 27r§) = euﬁ%%ﬁ(x — 47r92),

q
-1 g—1
1y k
LS~ § it mins (0 k)
q k=0 m=0 q
where the tilde denotes the quasi-periodic extension of a function (y = €™ in

(4.27) ). Similar considerations apply for each one of the four terms in the revival

formula (4.28), which reduces to an analogous statement with the main result in

[15].
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Chapter 5

Revivals in Airy’s Partial
Differential Equation with
Self-Adjoint Quasi-Periodic

Boundary Conditions

In this chapter we consider the Airy PDE (AI) subject to quasi-periodic bound-
ary conditions of self-adjoint type and examine the revival property. In contrast to
the periodic case and even more surprisingly to the quasi-periodic problem of the
free space linear Schrodinger equation, we will show that the Airy PDE with quasi-
periodic boundary conditions does not in general supports the revival effect. In
particular, the revival phenomenon depends explicitly on a real parameter control-
ling the boundary conditions. Whenever this boundary parameter is an irrational
number, then at rational times the revival property breaks and instead, the frac-
talisation phenomenon takes place. On the other hand, for rational values of the
parameter the revival indeed persists.

To confirm our claims, we follow the general method described in the previous
chapter. In Section 5.1 we solve the time evolution problem by means of a gener-
alised Fourier series. Then, in Section 5.2 we simplify the solution representation to
reveal its periodic components and show that the solution at rational times can be
computed via the solution of a periodic problem for the FSLS equation, but at times

that depend on the boundary parameter. This is the main result of the chapter,
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which corresponds to Theorem 5.2 and is also included in [14]. Theorem 5.2 seems to
be the first rigorous result showing the lack of revivals in linear dispersive PDEs of
first order in time, with integer coefficients and under coupled boundary conditions

on a finite interval.

5.1 The Time Evolution Problem and its Solution

Recall from Chapter 2, that under periodic boundary conditions on [0, 27|, both the
Airy PDE and the free space linear Schrodinger equation exhibit the phenomenon
of revivals at rational times (Theorem 2.8). Furthermore, in Chapter 4 we found
that the revival property extends to the case of the free linear Schrodinger equation
subject to pseudo-periodic boundary conditions, both of self-adjoint and non-self-
adjoint type.

Therefore, we now investigate the effect of the boundary conditions on the re-

vivals in the context of the Airy PDE
Ou(x,t) = Pu(x,t). (5.1)

We consider an initial state at time zero u(x,0) = wy(z) and fix quasi-periodic

boundary conditions on [0, 27] of the form
e omu(0,t) = 0™ u(2r,t), m=0,1,2, 6 (0,1). (5.2)

According to Remark 4.1, our first step is to solve the initial boundary value
problem and obtain a series representation. Various non-periodic boundary value
problems for Airy’s PDE and the properties of the underlying eigenvalue problem
were thoroughly examined by Pelloni in [53] and an explicit general representation
of the solution was given. Here, due to the simplicity of the boundary conditions,
we can derive the solution as a generalised Fourier series.

For fixed 6 € (0,1), we consider the third-order, essentially self-adjoint, linear

differential operator Lf = if"” with dense domain in L?*(0,27) given by

D(L) = {f € C?0,2x] : *?fM(0) = f™(27), m =0,1,2}. (5.3)
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The time evolution problem can be written as follows
Ouu(z,t) = —iLu(z,t), u(z,t) = up(z). (5.4)

Integrating by parts three times yields that, for f and g in the domain of the

operator, the symmetry condition

(Lf,9) = (f Lg)

is satisfied. Hence, we expect that the eigenvalues of the operator are all real. We
confirm this by solving the eigenvalue problem in the lemma below. We also compute

the eigenfunctions.

Lemma 5.1. The eigenvalues of L : D — L*(0,27) are all real and are given by
A=k, ki=j+0, jeZ. (5.5)

The corresponding eigenfunctions can be written as follows

eikj.’[’

¢j(z) = Norh

jez. (5.6)
Proof. We solve the boundary value problem on [0, 27]
i (x) = Ap(x), ¢ (0) = ¢ (2m), m=0,1,2 (5.7)

If A = 0, then the boundary conditions imply that ¢(x) = 0 for all z € [0, 27]. Thus,
A = 0 is not an eigenvalue.

Let A # 0 and write A\ = |\|e”® with s € [0,27). Due to the symmetry of
the operator, we know that any eigenvalue should be real, hence s = 0 or s = 7.
However, it is more convenient to treat A as an arbitrary complex number. For this,
we set A = p® and take pu = |A|"/3¢?/3, the principal branch of the third root of .

Then, the general solution to the differential equation i¢” (z) = pu?¢(x) is given by

o(x) = Coe* + Cre'* + Chef?”,
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where

po =i, p1= —g(\/g+2) and py = g(\@— i).

Applying the boundary conditions, results to the following linear system
(€2Mi0 _ e2m0) Oy = (2P — e2M0) Oy 4 (2702 — 2T\,
(po — p)(e7P = ™) C1 = (pa — po) (€772 — €*™) Ca,
(e — 29Oy = 0.

We focus on the third equation of the system above and distinguish two cases.
(I) Let Cy # 0. Then, e*™2 = €™ and taking the complex logarithm we find
that
(V3+1i)i

MjZ(j+9)—2 , JEZ,

which gives
A\=(+0)?° jeL.

Since Cy # 0 and p = p; the second equation of the system gives (e2™1 —e?™%)C} = 0.

276

However, when p = i, then €™ = 2™ g0 () = 0, and then from the first equation

we have (e*™ — e2™0)(Cjy = (0. But again for p = u;, ¥ # > and thus Cy = 0.

Therefore, we conclude that
¢](I) = 026p2x = Cg@i(j—i_e)m, )‘j = (] + Q)g, j €.

(IT) If Cy = 0, then the second equation gives (2™t — ¢*™)C} = 0. If moreover,

C, # 0, then we require ™t = ¢?™_ Thus, in this case, we find that

(=1)(V3 1)

pi = (j+0) 5 ,

which gives

N=0G+0)? jez

Now because Co = 0, C; # 0 and €™ = > the first equation implies that
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Co = 0. Therefore, we see that
¢j(x) = CreM* = C, etz N=(G+0)? ez

On the other hand if O} = 0, we require Cjy # 0 and so > = €27  This implies
that p; = (j +0), for j € Z and

/\j = (] -+ 9)3, ¢]($) = Coei(jJre)x, j € 7.

From these two cases above, we conclude that the eigenvalues are given by (5.5)

and the eigenfunctions can be written as in (5.6). [

It is readily seen from (5.6) that the eigenfuctions form an orthonormal basis in

L*(0,2m). In fact,
eijx

\/27r7

meaning that they directly satisfy Definition B.2.

e_wmqu =ej(x) =

The solution, in a generalised sense, to the quasi-periodic problem (5.4) follows as
an eigenfunction expansion converging in L?(0,27). That is, for any initial condition
ug € L?, the unique (generalised) solution in L?(0,27) is given at any fixed time

t > 0, by the generalised Fourier series
ulwt) =Y (uo, ;)¢ g, (x), (5.8)
JEZL

where the series converges in L?(0, 27).

Using the exact same arguments as for the proof of Theorem 2.4, u(z,t) given
by (5.8) is obtained as the L?(0,27) limit of smooth solutions and defines a map
t — u(-,t) form [0,00) to L*(0,27), which is continuous in ¢ with respect to the
norm of L?(0, 27).

5.2 Lack of Revivals at Rational Times

In contrast with the Schrodinger equation, the quasi-periodic problem for Airy’s

PDE (5.4) does not exhibit any form of revivals at rational times in general. As we
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show below, the revival property holds in this case only for rational values of # and
it breaks otherwise. The manifestation of this dichotomy on 6 is explained through
the next theorem which gives a correspondence between the solution to Airy’s quasi-
periodic problem at a rational time with the solution to the FSLS equation at a time
which is a # multiple of the given rational time.

Recalling the definitions of the periodic translation and revival operators from

Chapter 3, we obtain the main result of this chapter.

Theorem 5.2. Fiz 0 € (0,1) and let u(z,t) be the solution to Airy’s quasi-periodic
problem with an initial condition ug in L*(0,27). Let p and q be positive, co-prime
integers and set

w (@) = Rs(p, q) [uo(x)e ] (5.9)

Then, the solution at rational time t, = 27r§ 18 given by
w(z, ty) = e 0 e 0, v P9 (1, 361,), (5.10)

with vPD (1) being the solution of the periodic problem for the FSLS equation with

initial condition v

Proof. At a fixed rational time ¢, = 27T§, the solution to Airy’s quasi-periodic prob-
lem is given by

u(@,t) =Y (ug, &) " p;(x). (5.11)

jez
According to (5.6), ¢;(x) = ee;(x), where {e;};ez is the periodic Fourier basis.

Hence,

(i) = [ wnla)e e = Tli), wnlo) = wlwe . (512

—ik;’.’tr

The exponential term e can be written as

s 034, _iiBs  _iiep2y 2
JHO3te i3t ,—ifite 1§30t ,—if230t: (5.13)
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Substituting all this into (5.11) for the solution of (5.4), we find

ulw,tr) = 3 (o, ;)¢ "y ()

JEZ
_ _ 2 a2

— E wO —i03 tr ij3 6 1730 tr 1j< 30ty 19z6]<x)

JEZ

(5.14)

_ 303 _ 2 a2

— 10 tr 0z E ,w —ij tr 1736 tr 1j7°30t; ](x)
JEZL

—z@str z@ac —ij3t, —ij230t,

= T@%(E wo(J Fhre= ](x)>

JEL

For the last equality we have used the Fourier representation (3.3) of the translation
operator 7.

Now, by virtue of Lemma 3.6,

—

- —7:'3 T 5
Wo(j)e ™" = (Ry(p, @)wo, e5) = (0 e5) = v (),

where the function v\"?(z) is given by (5.9). Substituting this final identity into
(5.14), gives

—

u(z, t,) = e_i93trewx7§,92tr ( Z v(()p’Q) (j)e_ij239trej(a:)) = e_wgtremeggztrv(p’q) (x,30t,).
jez

(5.15)

as claimed. ]

The surprising statement in Theorem 5.2 can be compared with the case of the
free linear Schrodinger equation. As follows, we observe that the fundamental differ-
ence between the two equations lies in the fact that the solution of the quasi-periodic
problem for the Airy equation corresponds to the solution of a periodic problem for
the Schrodinger equation but evaluated at a different time. Indeed, the solution of
(5.4) at a rational time ¢ = ¢, is obtained via the solution of a periodic problem
for the Schrodinger equation evaluated at time ¢ = 36t,. Therefore, if 6 ¢ Q, this
is an irrational time, for which the fractalisation effect occurs (Theorems 2.12 and
2.13). From this, it follows that the quasi-periodic Airy problem exhibits revivals at

rational times if and only if 8 € Q. More precisely, we have the following dichotomy
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on 6.

1. Let # € Q. Then, the time t = 36t is a rational time for Schrodinger’s
periodic problem. Hence, Airy’s quasi-periodic problem will exhibit revivals
at any rational time t,.

2. Let 0 ¢ Q. Then, the time ¢ = 30t, an is an irrational time for Schrodinger’s
periodic problem. It follows that for piecewise continuous initial conditions,
the solution to Airy’s quasi-periodic problem at rational times ¢, becomes a
continuous but nowhere differentiable function. Hence, there is no revival at
rational times in this case.

Remarkably, this additional dichotomy controlled by the parameter 6, does not
seem to have been observed in second-order models. We strongly suspect that the
revival property carries onto the case of higher-order in space linear dispersive PDEs
only under very specific hypotheses, even if the boundary conditions support it for
the second-order case. The influence of the boundary conditions on the revival
property appears to be crucial for this to hold true. It further suggests that the
general pseudo-periodic case for third-order PDEs should not exhibit revivals.

Through the revival operator, we can now establish an explicit representation
formula for the solution at rational times, whenever # € Q. A direct consequence of

combining Theorem 5.2 with Lemma 3.5 provides the next statement.

Corollary 5.3. Let (p,q), (¢,d) be pairs of co-prime positive integers, with ¢ < d.
Set 0, = c¢/d and let ug € L*(0,27). For fived 6 = 0., the solution u(x,t) of Airy’s

quasi-periodic problem (5.4) at rational time t, = 27T§ 15 given by the representation
u(@, t,) = e"e " Togn, Ry (3cp, dq)Rs(p, q) [e* u(x)] . (5.16)

Remark 4.10 applies also to the revival identity (5.16). We give below another
representation involving the quasi-periodic eigenfunctions ¢;(x). The formula can
be verified directly, following the proof of Theorem 2.8 by showing that both sides
of the equality have the same generalised Fourier coefficients with respect to the

orthonormal basis {¢;}jez.
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Proposition 5.4. Let p, q, ¢, d, up(x) and 0, be as in Corollary 5.3. Set
fi(x) = e¥™a"uy(z — 2mn), 2mn <z <2m(n+1), né€Z,

to be the quasi-periodic extension of ug. Then, the solution u(x,t) to Airy’s quasi-
periodic problem (5.4), for 6 = 0., is given at a rational time t, = 27T§ by the

representation

dqldql 27k 27k
— m 3
u(,r: E 2: (+)t¢m< ) (x——d2q>. (5.17)
k=0 m=0

In the second section of Appendix F, we provide numerical examples displaying
the implications of Theorem 5.2 on the existence and non-existence of the revival
property whenever 0 € Q or 6 ¢€ Q respectively. Furthermore, we note that in
Chapter 8 we will revisit the self-adjoint quasi-periodic problems. By invoking a
different method, based on space-time transformations, the results on the Airy and
Schrodinger equation will extend to time evolution problems with higher-order spa-
tial differential operators.

Finally, we close this chapter with the remark below. It address the question
of considering other times, different than 27r§, for which the revival effect could
possibly persist in Airy’s quasi-periodic problem when 6 ¢ Q. Specifically, times

27 p

that depend on the parameter 6 and have the form 0 g , where p and ¢ are positive

co-prime integers.

Remark 5.5. Fizing 0 € (0,1) and following a similar approach as in the proof
of Theorem 5.2, the solution u(x,t) to Airy’s quasi-periodic problem with initial

condition ug is given at a fived time ty = 27”5’ by the representation
U(l’, t@) = e_itgegeiew,]?’ﬁ%g ( Z<R2(6pﬂ q)U07 €j>6_ij3t€€j ('I)> ;
JEZ

where vy is as in Theorem 5.10. We observe that the term in the brackets above
corresponds to the Fourier series representation of the solution to Airy’s periodic
problem at time tg with initial condition R(6p, ¢)ve. If 0 & Q, then tq is an irrational

time for Airy’s periodic problem. Hence, for irrational values of 0, the revival effect
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breaks down at times ty in the quasi-periodic case.
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Chapter 6

Weak revivals in the Free Linear
Schrodinger Equation with
Robin-type Boundary Conditions

In this chapter we further explore the revival phenomenon in the context of the free
linear Schrodinger equation. The equation is posed on the interval [0, 7] and we
impose separated boundary conditions. This is in contrast to the coupled condi-
tions in the previous chapters. Under a specific type of Robin boundary conditions,
which allows an exact analytical treatment of the model, we characterise the revival
phenomenon based on the notion of the weak revival effect, see Definition 2.16.
Thus, in this case, the dichotomy between the behaviour of the solution at rational
and irrational times is still present, resembling the Talbot effect in the context of
the cubic non-linear Schrédinger equation or the linear Schrondinger equation with
potential described in the 27-periodic setting of Section 2.5.

In Section 6.2, by solving the underlying eigenvalue problem, we obtain the
solution representation as a generalised Fourier series. Then, in Section 6.3, we
show that at all times the solution can be decomposed as the summation of two
components. One of them is at all times a continuous function of the space variable,
whereas the other part is periodic in space and, at rational times exhibits the pure
revival effect, see Definition 2.10. These results were also in [14], however here
we provide complete proofs of the properties found. Our main tool described in

Section 6.1 involves two auxiliary problems for the free space linear Schrodinger
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equation on [0, 27| with periodic boundary conditions.
Note that, since we are going to work on both intervals [0, 7] and [0, 27, we keep
the notation (-, -) for the inner-product in L?(0, 27) and we denote the inner-product

in L?(0, ) by a subscript

(f,0)120m) = /0 f(@)g(x)dz, ¥ f, g€ L*0,7).

6.1 Two auxiliary problems. The Dirichlet and
Neumann boundary conditions

We begin by establishing a correspondence between periodic problems on [0, 27] for
the free space linear Schrodinger equation with the time evolution problems for the
same equation posed on the half interval [0, 7] with either zero Dirichlet or zero
Neumann boundary conditions at the end points. We show that the Dirichlet and
Neumann problems can be recast in terms of periodic boundary conditions on [0, 27]
by considering odd or even initial conditions with respect to w. The statements and
proofs in the following sections will rely on these two time evolution problems.
Furthermore, as we shall see, these correspondences allow periodic revival operators
to characterise completely the revivals in these two cases.

We are interested in the following two time evolution problems on [0,7]. The

first is the Dirichlet problem
ou(x,t) = i0*u(z,t), u(z,0) =ue(z), u(0,t)=u(nm,t) =0, (6.1)
and the second one is the Neumann problem
Ou(x,t) = i0*u(z,t), u(z,0) =up(x), 0yu(0,t) = dpu(nm,t) = 0. (6.2)

We have chosen the sub-interval [0, 7], because we want to describe their solutions
through periodic boundary conditions on [0, 27]. Indeed, on [0, 7] the eigenvalues
of the underlying spectral problems have the same form as the eigenvalues with

the periodic problem on [0, 27], although they do not take all the integers values.
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Specifically, the eigenvalue problem for the Dirichlet case

—¢"(z) = Ad(z), ¢(0) = ¢(m) =0,

has eigenvalues \; = j2, with j € N and corresponding eigenfunctions the elements

d;(x) of the sine Fourier basis, which, recalling from (3.13), are given by

2
dj(x) = \/jsin(ja:), jeN. (6.3)
T
On the other hand, the eigenpairs for the Neumann eigenvalue problem
—¢"(z) = Ap(x), ¢'(0) = ¢'(m) =0,

are (j2,n;(x)) with j running on all non-negative integers and n;(z) being the ele-

ments of the cosine Fourier basis given by

no(z) = ——,  n(x) = \/g cos(jz), jeEN, (6.4)

as we recall from (3.12).
Hence, for the Dirichlet problem (6.1), it follows that the (generalised) solution

representation in L?(0,7) is given by the sine Fourier expansion
—ii2
u(a,t) =Y bie 7 d;(x),  bj = (ug,d;)r20m)- (6.5)
j=1

For the Neumann problem (6.2), the (generalised) solution in L?(0, ) has the form

of the cosine Fourier expansion
oo
_i2
u(z,t) = agno(z) + Zaje Tin(z),  aj = (up,nj)r2(0.m)- (6.6)
j=1

Then, as we observe from (6.5) and (6.6), the generalised Fourier coefficients resem-
ble the form of the Fourier coefficients f( §)e~i°t of a periodic problem on [0, 2n]
with some initial function f € L*(0,2n). Therefore, going from [0, 7] to [0, 27] we

match the form of the Fourier coeflficients.
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Recall further that the revival property is described by a finite number of trans-
lations of the initial function. But, to describe the translation of a function defined
on [0, 7] we need to extend its values outside of its interval of definition to the whole
real line. The extension follows the behaviour of the eigenfunctions. Thus, since
d;(z) are odd in [0, 27| with respect to m and 27-periodic in R, for Dirichlet bound-
ary conditions, we take odd extensions on [0,27]. Then, the periodic translation
operator acts on the odd 2m-periodic extension of the initial condition. The same
idea applies to Neumann boundary conditions, however instead of odd extensions
we take even extensions following the behaviour of the eigenfunctions n;(x).

The correspondence between 27-periodic and Dirichlet or Neumann problems
can be formulated in terms of the following two lemmas. The proofs are elementary
and almost the same with the only difference lying on odd and even extensions of

the initial condition. So, for the Neumann case we briefly sketch it.

Lemma 6.1. Let ug € L*(0,7) and uy be its odd extension defined by (3.11). Then,

u(z,t) solves the periodic problem on [0, 27]
Owu(w,t) = idu(w,t), u(w,0) = ug (),
u(0,t) = u(x,2m), 0,u(0,t) = d,u(2m,t),

if and only if its restriction on [0, 7| solves the Dirichlet problem (6.1) on [0, 7).

Proof. Suppose that u(x,t) is the solution to the periodic problem. Since the ini-
tial condition w, is odd with respect to m, its Fourier coefficients are given by

Lemma 3.12-(47). That is for every j € N,

u () = —i\/g/oﬂ wo(x) sin(jz)da = —ib;.

For j =0, ;0:(0) = 0. Moreover, we have that

o~ o~

up (=J) = —ug (4), VjeN

We know that for every time ¢ > 0, the solution to the periodic problem has the
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L?(0,27) representation

=3 ug ()e ey (a). (6.7)

JEL

—

However, the form of the Fourier coefficients ug (j) imply that

Zuo a e;()
JEZ

—Zuo e te] —I-Zuo )e 9t e_j(x)

—Zuo ej(x) — e—i(@)

sin(jz), b = (ug, d;)12(0.7)-

> o, 27
= —q be it
20

Therefore,

- Z bie "t (x). (6.8)

Comparing with (6.5), we notice that the right hand-side of (6.8), when restricted
on [0, 7|, corresponds to the sine Fourier series representation of the solution to the
Dirichlet problem on [0, 7.

For the reverse direction, starting from (6.5) or (6.8) on [0, 7], we can equivalently

extend to [0, 27] and go back to (6.7) using

elT _ p—ijx

dj(x) = W

]

Lemma 6.2. Let ug € L*(0,7) and ug its even extension defined by (3.11). Then,

u(z,t) solves the periodic problem on [0, 27]
Ou(x,t) = i0%u(z,t), u(z,0) =ud(x),

u(0,t) = u(x,2m), 0,u(0,t) = d,u(2m,t),
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if and only if its restriction on [0, 7| solves the Neumann problem (6.2) on [0, 7].

Proof. Suppose u(z,t) is the solution to the periodic problem. Then for every fixed

t > 0, its solution is given by the Fourier expansion in L?(0, 27)

Zuo el tej (x). (6.9)

JEZ

Because ug is even with respect to m, by virtue of Lemma 3.12-(7), its Fourier

coefficients are given by

_ \/2/027r uo(y)dy = v 2aq,
- \/%/07r uo(y) cos(jy)dy =, j € N.

Moreover, we have that

Hence, the solution representation (6.9) becomes

= > ug (e e, (x) = aomo(a +Zage Mej(@) +esy(@),  (6.10)
JEL

or
u(z,t) = agno(z) + Zaje a tnj aj = (o, ;) r2(0.7)- (6.11)

Finally, comparing with (6.6), we notice that the right hand-side of (6.11), when
restricted on [0, 7], corresponds to the cosine Fourier series representation of the
solution to the Neumann problem on [0, 7]. This establishes the correspondence,

with the opposite direction obtained by

eijx +67ijx
n(r) = ———— o
[l

Remark 6.3. The solution to the Dirichlet problem with initial function ug, is the
restriction on [0, 7] of the solution to the periodic problem on [0,27] with initial

condition the odd extension of ug. On the other hand, the solution to the Neumann
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problem corresponds to the restriction on [0, 7] of the solution to the periodic prob-
lem on [0, 27| with initial condition the even extension of ug. Hence, for Dirichlet
and Neumann boundary conditions on [0, 7], we can describe the revival property at
rational times as the restriction of the action of the periodic revival operator applied

on odd and even extensions.

Therefore, we obtain the following statement addressing the revival effect in the
Dirichlet and Neumann problems. In particular, we see that both problems exhibit

pure revivals (in accordance with Definition 2.10).

Corollary 6.4. Consider the free space linear Schrodinger equation on [0, 7] with
initial condition ug € L*(0,7). Denote by ui the even and odd extensions of ug to the
interval [0, 27t]. Then, at rational time t = 27r§ the solution under Dirichlet boundary

conditions is given in L*(0,7) by the restriction on [0, 7] of the representation

u(x, 27r§> = Ra(p, Q)uq (),

and under Neumann boundary conditions is given in L*(0,7) by the restriction on

[0, 7] of the representation

U<x, 2#%) = Ra(p, Q)UJ(I)‘

6.2 The Time Evolution Problem and its Solution

We turn our attention on the initial boundary value problem on [0, 7]

ou(x,t) = i0u(x,t), u(z,0) = ug(z),
(6.12)
bu(zg,t) = (1 — b)Oyu(xo,t), o =0, m, be (0,1).

The boundary conditions are a type of Robin boundary conditions which involve
the value of the function and its derivative at the each endpoint. These specific
form of Robin conditions in (6.12) can be viewed as an interpolation between the
Neumann (b — 0) and Dirichlet (b — 1) boundary conditions. Although from the

previous section the revival property at rational times under Neumann or Dirichlet
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conditions follows easily from the periodic problem on [0, 27] in terms of the revival
operator only, the case when b # 0, 1 turns out to be fundamentally different. The
difference lies in the solution representation of problem (6.12), which, at any time
t > 0, consists of the solution to a Neumann problem perturbed by a continuous in
space component.

The presence of the Neumann component guarantees that the dichotomy be-
tween the persistence versus regularisation of discontinuities at rational versus ir-
rational times still holds. This perturbed revival is exactly the weak revival, see
Definition 2.16. The time evolution problem under question provides a benchmark
example for which a complete analytical description of the weak revival phenomenon
in the context of linear dispersive equations can be conducted.

As in the previous chapters, we begin our analysis with the solution of the

underlying eigenvalue problem

—¢"(z) = Ap(z), bo(xg) = (1 —b)d(x0), ©o =0, m, be(0,1). (6.13)

This eigenvalue problem is a regular Sturm-Liouville problem, [20]. The boundary
conditions are self-adjoint and the eigenvalue problem (6.13) corresponds to the
eigenvalue problem of the essentially self-adjoint differential operator Lf = —f”

defined on the domain

D(L) = {f € C*[0, 7] ; bf(zo) = (1 —b)f'(z0), o =0, 7}.

Lemma 6.5. Let b € (0,1). The eigenvalues and the corresponding normalised

eigenfunctions of the eigenvalue problem (6.13) are given by

‘ -

2
(i) X=—-mi <0, my= ;o p(x) = Ape™”, Ay = e%bm%’

1—

(=)

(6.14)

1

(ii) Ay =352>0, ¢;(x)=—=(e"" = Nje ), jeN,

9
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where

Aj = (— jeN. (6.15)

Proof. Assume A = 0. From the boundary conditions follows that ¢ = 0, and so
there is no eigenpair. Moreover, since we know that the eigenvalues are all real, we
can consider the two cases A < 0 and A > ( separately.
Let A = —m < 0, with m > 0. Then, the general solution of the differential
equation in (6.13) is
p(z) = AeV™ 4 Be Vme,

From the boundary conditions we know that m satisfies the equation
(b* — (1 = b)>m)(e” V™™ — V™) = 0,

whose solution yields
b2
(1—-0)*

Setting m;, = b/(1 — b), we have \, = —m?. Hence, ¢(z) = Ae™* + Be ™",

m =

However, the boundary conditions imply that B = 0, and thus ¢,(z) = Ape™",
with the normalising constant A, to be given as in (6.14).

If now A > 0, then the general solution of the differential equation in (6.13) is
o(z) = AeVAr L Be—iVAz,
Applying the boundary conditions we find that A has to satisfy the equation
(0 + (1= DAY (AT — &) = 0,

which gives solutions of the form \; = j with j € N.

Moreover, using the boundary conditions again we can find that A and B satisfy

b— (1—b)ij

B=—hd A= iy

jeN.

Consequently, after normalisation, the eigenfunctions ¢, are indeed (6.14). ]

Remark 6.6. Since {¢;}32,, is an orthonormal basis in L*(0,), we have that any
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f € L*0,m) has a generalised Fourier expansion in terms of the eigenfunctions
F(@) = (f.on)r20m@6(x) + > {f, 05 2(0.m 5 (2)- (6.16)
j=1

In the limiting cases b — 0 and b — 1, this expansion behaves as follows.

(i) When b — 0, the boundary conditions in (6.13) become of the Neumann type

Using the expressions from (6.14) we find that

Ay = 1m0 gu(x) = 1/m, Aj=-1, ¢;(x) = \/gcos(jx).

Hence, (6.16) becomes, as expected, the usual cosine Fourier series of the func-

tion f in L*(0, )
fa) == [ty + 2 [ ) costidycosti.

(ii)) When b — 1, then the boundary conditions are of the Dirichlet type

Since (6.14) yields my, — oo and A, — oo, it follows that \y — —oo and

op(x) — 00. Hence, (N, ¢p) s not an eigenpair. Again from (6.14), we have

¢j(x) = i\/gsm(j%’)-

Therefore, as expected, the expansion (6.16) takes the form of the sine Fourier

Aj — 1 and so

series of f

fla) =23 [ ) sntindysintio)

Having obtained explicitly the form of the orthonormal basis {¢;}32,, in (6.14),
the solution of the time evolution problem (6.12) can be expressed as a generalised

Fourier series. Indeed, for any initial condition uy € L*(0,a), the Fourier method
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provides the generalised solution at any fixed time ¢ > 0 in terms of the eigenfunction

expansion
u(w,t) = (uo, dv)r2(0,m€ i "o (0 +Z o, §5) 12(0.m)€ ]Qt@( ); (6.17)
7j=1

where equality is understood in the norm of L?(0, ).

6.3 The Weak Revival

Now, in this section, we follow the idea of decomposing the solution representation
(6.17) into 2m-periodic components in order to derive the revival effect for the Robin
problem (6.12). We focus on the infinite sum in (6.17) and break it in terms of
specific solutions of the 2m-periodic problem for the linear Schrodinger equation
with zero potential, noticing that the eigenvalues \; = j* have the same form as
those of the periodic problem.

Furthermore, to give perhaps an intuition as to why we should expect some form

of revivals, let us focus for a moment on the eigenfunctions

1

- ’L](L’ A —ijx . N.
\/%( e ), je

¢j(x) =
On the one hand, the first component e“*/y/27 corresponds to elements of the
classical Fourier basis. Thus, if we isolate the terms multiplied by this component,
we will obtain a solution representation similar to the periodic problem. Since j runs
on N and not on Z, writing €* = cos(jz)+isin(jz), we expect to have Neumann and
Dirichlet boundary conditions involved, that is periodic boundary conditions with
even and odd extensions. On the other hand, the second component e~%% /v/27 will
produce reflections of even and odd extensions. Since we also have multiplication
by A;, we expect a new transformation applied to the initial condition. This new
transformation will be the 27-periodic convolution with a function whose Fourier
coefficients will involve the real and imaginary parts of A;.

All the above realises as follows. Let the auxiliary function

™ my

§m€mbm, T e [0727'('), (618)

fi(x) =

87



where my, is the positive constant in (6.14). Note that, following Definition 3.9, its

reflection with respect to 7 is given by

fﬂx)=:fﬂ2w——x)=:vég——lzi——emwy ze0,2r).  (6.19)

1 _ e—27rmb
Then, the Fourier representation of these two functions has

A) = h and f3(j) = fi(—j) =

XE?%EY je L. (6.20)

We now establish the main result of this section. We show that the solution of
(6.12) can be expressed at all times in terms of (the restrictions to [0, 7] of) the
solutions to five periodic problems for the free space linear Schodinger equation.
The initial condition of each problem is specified by an explicit transformation of
ug. In particular, four of these initial conditions are obtained as the 2mw-periodic

convolution of f; or flh with corresponding odd or even 2m-periodic extensions of the

initial data. The other initial condition is the even extension of uy(x).

Theorem 6.7. Let ug € L*(0,7) and uf € L*(0,27) be its even and odd extension.
Consider the following solutions to the 2mw-periodic problem for the free space linear
Schrodinger equation
e n(z,t) denotes the solution corresponding to initial condition no(z) = ug (),
e h(x,t) denotes the solution corresponding to initial condition ho(z) = (f1 +
f) # ug (),
e v(x,t) denotes the solution corresponding to initial condition vy(x) = (ff —
£+ (@),
e 2(xz,t) denotes the solution corresponding to initial condition zy(z) = (f1 —
f) g (),
e w(xz,t) denotes the solution corresponding to initial condition wo(z) = (f1 +
1) g (),
where fi(x) and fi(x) are defined by (6.18) and (6.19) respectively. Then, for all
t > 0 the solution u(z,t) in L*(0,7) to the initial boundary value problem (6.12) is

given by

u(,t) = (uo, o) 120.m €™ () + 0, t) — h(x, t) +v(x, ) + (2, 1) +w(z,t). (6.21)
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Here, the pair (my, ¢p(x)) is given by (6.14).

Proof. Write (6.17) as

U(ZL‘7 t) = <u07 ¢b>L2(0,7r)6im§t¢b($) + U(fL’, t):

where

= (uo, 65) r20me T 5 (). (6.22)
7j=1

We show that U(z,t) = n(z,t) — h(x,t) +v(z,t) + 2(z, t) + w(zx, t).

Step 1. Recall that the elements of the sine d;(z) and cosine n;(x) Fourier bases
for j € N are given by (6.3) and (6.4) respectively. Note that for the cosine basis
we have an extra element for ;7 = 0, which is ng(x) = 1/y/m. Let j € N. The

eigenfunctions can be written as follows

6;(x) = (1 _QA )i (@) +¢(1 *‘QAj)dj(x). (6.23)
Moreover, o o
(uo,05) L2(0,7) = (1 _2Aj>aj + (1 ;Z.Aj>bj,
(6.24)
o = [ w5 = [ sy
Substituting (6.23) and (6.24) into (6.22), yields
R I e R e
= (6.25)

(L+A)(1—A)
43

bymyta) + LRI ERD, )
However, since |A;| = 1, we have
(1= T)(1 - A)) =201~ Re(Ay) , (1 - K7)(1+ A;) = 20 Tm(A,)

(1+A)(1—Ay) =—2iTm(A;) ,  (1+A;)(1+A;) =2(1 + Re(A))).
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Using the expression of A; in (6.15), we get

—2myJ
m2 + 52’

2 -9
my —J
2 9
my + 7

Re(A;) = Im(A;) =

where my, = b/(1 —b) as in (6.14). Therefore, the expression (6.25) for U(x,t) takes
the form

U(Jf,t) = Sl(ZL’, t) + SQ(ZE, t) + Sg(x, t) + 54(17, t), (626)

where

—iJ m —1
Si(ait) = D2 o ) St =3 e M
j=1 "0

mb+]2 7
S3(z,t) = be_” ni(x) , e .
) =32 e ) St = 3 e o)

In the following steps we analyse each of the sums S;(x,t), i = 1, 2, 3, 4, and
show that they give solutions to specific 2w-periodic problems.

Step 2. Consider Sy(z,t). We have

I 1 mi -+ —mp o
Si6) =+ [Cuno)y =~ [ uly dy+2 T g e
0 0

m+j

:<%/ uo(y dy—l—Za] n;( >

0

- (% /07r uo(y) age_ijzt”j(@"))
(x,t) — h(x,t)
where _ -
) = = [ty + ey
h(z,t) = ;/Oﬂuo(y)dy—i—i ) b Saje I (x)

By Lemma 6.2, we know that n(z,t) is a solution to the 27-periodic problem with

initial condition ng(z) = wug (x). Furthermore, h(x,t) is the solution to the 27-
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periodic problem for the free space linear Schrodinger equation with initial condition

ho(z) = (fy + 1) % ud (). Indeed,

S ho(i)e Ptey(x) = SURG) + HG)ug (e ey (@),

JEL JEZ

where we have used (3.18). Recall that

\/>/ uo(y)dy, uo \[/ uo(y) cos(jy)dy, j# 0.

Also from (6.20) we have for all integers j,

2

~ . hon my, my, _omy _
+ = — T — = = € 7.

h)+ fiG) 20mp —ij)  2(myp+ij)  mi+ j? J

—

_ ug (0)(1(0) + f2(0))
V2m

m} iz [€7F e
3 e ]
jz: mi + 5% V27

o OIS p Ly
= — u a;e n;\r
0 oly)ay g m2+j2 J J

= h(x,t).

Step 3. Now, we consider Sy(z,t). Let v(x,t) be the solution to the 2m-periodic
problem for the free space linear Schrodinger equation with initial condition vg(x) =

(f1 f1) *ug (x ( ). Then, we know that

= S e e @) = S(FHG) — L) (e e, ().

JEZ JEZ
Now,
T T mp my Y] ,
— = — — — = —i =, JEZ.
fl(j) fl(]) Q(mb‘l’Z]) 2(mb_2]) m2+j2 J
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Thus, since f7(0) — f1(0) = 0, we have

) mbj Y eijx e—ija:
v(x,t) = —1 —ae " [ ]
; mi + 52 V2T
. 2 M) —ij2t
= Z —i —a;e 7 d;(x)
i=1 b
= SQ (I‘, t)

Step 4. For Si(x,t), we consider z(x,t) to be the solution of a 2m-periodic

problem for the free space linear Schrédinger equation with initial condition zo(x) =

(f1— flh) * Uy (). Then,
2@, t) = Y B0 Tt (@) = S (HG) - () (e e (@),

JEZ. JEZ

Recall that for all 5 € Z,

50 =12 [ty sntivys

Hence, uy (—j) = —uq (j). Also, from (6.20) we have

~ . b my, b LY
B _ _ =1 )
fl(]) fl(]) Q(mb_ij) 2(mb+ij) m§+-j2

jE.

-~ —

Therefore, since ﬁ(()) — f%(0) = 0 and ug (0) = 0, we have

> : B ijx + —ijT
dwt) = _¢2—m;”bjj bje~ % [—6 c ]
j_

V2r

Step 5. Finally consider Sy(x,t). Let w(x,t) be the solution to a 2m-periodic

problem for the free space linear Schrédinger equation with initial condition wg(x) =
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(fi + %) % ug (x). Then,

w(e,t) = S @o()e e (2) = SR G) + ) (e e ().

jJEL JET
Thus, according to Step 2 and Step 4, we have

iy efij:p ]

m 2, [ €
w Jf,t = —i—b,b-e_” t|:—
( ) ]Z m%-l—jQ J /_27T

L —ij%t
= —i —be”7"d;(x)
D
254(1‘,t)

O

Each of the solutions n(z,t), h(z,t), v(z,t), z(x,t), w(z,t) is an even or odd
function with respect to 7, since in each case they come from an even or odd initial
function. Consequently, according to Lemmas 6.1 and 6.2, they also represent solu-
tions to Dirichlet and Neumann problems for the free linear Schrodinger equation
with initial conditions the restrictions on [0, 7] of the initial conditions ng, hg, vo,
20, wo. Therefore, we could have characterised the solution representation (6.17) in
connection with Neumann or Dirichlet problems on [0, 7]. However, our choice on
the periodic problems on [0, 27| corresponds to the revival property, which as with
Neumann or Dirichlet boundary conditions, can be deduced by applying the revival
operator on a specific transformation of the initial condition extended on [0, 27].
Thus, making the action of the periodic translation operator possible.

A further point to highlight before we proceed to a revival representation is the

following.

Remark 6.8. Due to the linearity of the FSLS equation, the representation (6.22)
for U(x,t) corresponds to the solution of the 2w-periodic problem with initial condi-
tion

Uo(x) = no(z) — ho(z) + vo(z) + 20(x) + wo(z).

In the context of Theorem 6.7 and by the distributive property of the convolution,
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we have that

Uo(z) = ugd (z) + 2f1 * (ug — ug )(x).

Therefore, at any fived t > 0, U(z,t) admits the L*(0,2r) representation

Ule,t) = > ug () es(a) + D@+ (ug — u),e)e ej(w). (6.27)
jez jez
The next corollary characterises the revivals in the Robin problem (6.12). The

proof follows from Theorem 6.7 and Remark 6.8

Corollary 6.9. Let ug € L*(0,7) and uf € L*(0,2r) be the corresponding even/odd
extension. For any fized rational time t = 27?%’, where p and q are co-prime integers,
the solution of the time evolution problem (6.12) is given in L*(0, ) by the restriction

on [0, 7] of the representation

(2, 2m7 ) ={uo, 63) 120, 0u(0) + Ralp, )i ()
(6.28)

+Ra(p. q) [2f1 * (ug — ug))(z)] .

We distinguish the three components on the right hand side of (6.28).

1. The first and third term are continuous on x € [0,7]. For the first term this
obvious. The third term is the revival of a 27-periodic continuous, and thus
continuous on [0,7]. Indeed, first note that the translation of a continuous
27m-periodic function on R would be continuous on [0, 27| as well, and we
know that the periodic convolution is a 2w-periodic continuous function (see
Lemma 3.15).

2. The second term is the revival of the (even extension of the) given initial
condition.

As a consequence of the representation (6.28), we conclude that (6.12) exhibits
the weak form of revivals. The weak revival effect observed in equation (6.12) is
manifested as a perturbation by a continuous function of the Neumann revival (27-
periodic problem with even initial condition), which is a pure revival effect. While
the solution is not simply a linear combination of translated copies of the initial

condition, and thus not a pure revival, the second term in (6.28) ensures that the
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functional class of the initial condition is preserved at rational times. Recall that the
implications of the weak revival are the same as those of the pure revival described in
Remark 2.9. In particular, whenever uy has a finite number of jump discontinuities,
then the same will be true for the solution at rational times. Then, the dichotomy
in the behaviour of the solution between rational and irrational times will still be
present in the weak revival regime. In fact, if /27 is an irrational number, then

following Remark 6.8 the solution has the representation

u(x, t) =(uo, ¢b>L2(0,w)€imgt¢b(I) + Z ug (j)efijztej(x)
jez

+ ) _(2f1+ (uy — u) ej)e T ey (x)
JEL
Hence, the first term is again obviously continuous on [0, 7]. The second and third
terms will be continuous on [0, 27| due to Oskolkov’s result on the periodic problem,
see Theorem 2.12. Thus continuous on [0, 7]. Additionally, with regards to the
third term, at all times the series represents the Fourier expansion of a 27-periodic
smooth function in the real line.

In the final section of Appendix F, we provide numerical evidence which illus-
trates weak revivals and non-revivals in the time evolution problem (6.12). Finally,
as we shall see in the next chapter, the weak revival will appear again. It will be the
main revival phenomenon in the context of second-order in time evolution problems

with periodic boundary conditions.
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Chapter 7

Functional Calculus for Revivals

and Further Applications

We now give an abstract treatment of the revival phenomenon and examine some
applications of this scheme. In the first section we introduce a functional calculus on
a non-self-adjoint setting and develop a transfer principle which enables a derivation
of various properties of the non-self-adjoint case from the periodic self-adjoint model.
In Section 7.2, we then generalise the classical revival statement, Theorem 2.8. The
actual application, in Section 7.3, is a family of second-order in time evolution
problems; including the wave and the bi-harmonic wave equation under periodic
boundary conditions. We show that these periodic time evolution problems exhibit
weak revivals at rational times. This is in contrast with the pure revival effect in
first-order in time evolution problems. The main results, Lemma 7.5, Lemma 7.6,
Proposition 7.8 and Corollary 7.9 appear to be new. We are preparing a manuscript

to report on these findings.

7.1 Functional Calculus of a Non-Self-adjoint Op-
erator

A functional calculus of a linear operator refers to the procedure of constructing
functions of this operator, which are again linear operators. In our case, we introduce
a functional calculus for the linear differential operator denoted by Ly ¢ and defined

in L?(0,27) as follows.
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Let h > 0 and 6 € [0, 1), and consider the linear operator Ly g by
Lpg = —i0, +ilnh : D(Lyg) — L*(0,27) (7.1)
on the domain

D(Lng) = {6 € H'(0,27) ; (he®)*"$(0) = 6(27)}, (7.2)

where H'(0, 27) denotes the usual Sobolev space of order one on the interval (0, 27).
We refer to Appendix D for the definition of Sobolev spaces and some of their
properties.

For specific values of the parameters i and 6, powers of the model operator Ly, g
incorporate (extensions of) some of the differential operators encountered in the
time evolution problems from previous chapters. For example, when A = 1, the time
evolution of L7, or L}, corresponds to the free space linear Schrodinger equation
or the Airy PDE, respectively, under periodic (# = 0) or quasi-periodic boundary
conditions (6 # 0). On the other hand, when h # 1, then the theory developed
below could possibly support the examination of the revival effect in time evolution
problems where the underlying spatial differential operator is non-self-adjoint. In
the second subsection of Section 9.2, we state an appropriate time evolution problem
to be considered in the context of the operator Lj ,.

With regards to the revival property and within the framework of this and the
next section on the differential operator Ly, ¢, of main interest will be the even-order

poly-harmonic wave equation under periodic boundary conditions

atQu@j?t) = _(_iax)Qru(x7t)a U(.T, O) = f(x)a 8tu(x7 0) = g(a:),
(7.3)
Oru(0,t) = Oru(2m,t), m=0,1,2,...,2r — 1,

on [0,27] and with 7 > 1 an integer. Notice that when r = 1, the time evolution
problem is posed for the wave equation, whereas for r = 2 for the bi-harmonic
wave equation. As it will be shown, in contrast to first-order in time evolution
problems with periodic boundary conditions, the solution to (7.3) at rational times

will exhibit weak revivals, enriching the class of linear PDEs for which this perturbed
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pure revival effect holds.

Although the applications regarding the revival effect occur when h = 1, this
follows from treating the more general case h # 1. Therefore, our main focus will
be on Ly g, which, in general, is a non-self-adjoint operator with its adjoint given by

the statement below.

Proposition 7.1. The adjoint of the operator Ly, ¢ is given by
Lyy=—i0, —ilnh: D(L} ) — L*(0,2n) (7.4)
on the domain
D(Lyg) = {4 € H'(0,27) ; h™*7e*™%9(0) = (2m)}. (7.5)

Proof. Let ¢ € D(L;,) C L*(0,2m). Then, there is g € L*(0,27) such that g =
Ly, o and (Lyp9,v) = (¢, g), for all ¢ € D(L} »). In particular, for any ¢ € D(Lj ,),

using the definition of Ly g, we have that

/0 P @)0.6(x)de = /D i) TR @)e(a)dz,

or equivalently

/0 ()0 @) de = / " (Cig(e) + In ) (2)B@)de.

Now, since C>°(0,27) C D(Lp ) and (—ig+Inh)y € L*(0,27), it follows that ¢ has
first weak derivative 9,7 in L*(0,2m), and thus ¢» € H'(0,27). Moreover, we have
that

Outp(x) = —(—ig(x) + Inh)(z),

which implies that the action of the adjoint Lj 4 is given by

Ly, g9 () = g(x) = (=i0: — iln(h))(2),

for any ¢ € D(Lj ).
To specify the domain of the adjoint, let ¢» € H*(0,27). Then for all ¢ € D(Ly ),
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integration by parts implies that

@M¢w:%me6ﬁ+AWWM4@—wmwww.

Now, if 1 satisfies the boundary condition h=27e?*%(0) = (27), then the
boundary term above equals zero and thus (Lne¢,v) = (¢, L 43). Therefore, ¢
belongs in D(L}, ;). On the other hand, if ¢» € D(L},) then the boundary term

turns to be zero, that is
2

[¢ (@W} 0o 0.
Equivalently,

(¥(0) — B> p(2m))p(0) = 0, ¥V ¢ € D(Lyy),

or h=27e2™0),(0) = 1)(27). We conclude that the domain is given as in the statement.

]

To motivate the functional calculus of Ly, g, let us first briefly review the case of
L. Notice that L; is self-adjoint and the boundary condition in the domain of
definition becomes periodic, ¢(0) = ¢(27).

If we denote by Cy(R) the space of continuous and bounded complex valued
functions then a functional calculus in L?*(0,27) of L;o can be defined from the
eigenvalues \; = j € Z and the normalised eigenfunctions e;(x) = %% /1/2m, which
are the elements of the complex Fourier basis. In particular, for any function o €
Cy(0,27), o(L1p) is defined as the linear bounded operator in L?(0,27) by the

formula

o(Lio)f =Y F(i)o(G)e;, f € L*(0,2m). (7.6)

jEZ

Note that in the literature it is common to use the notation o(L) for the spectrum

of a linear operator L. But here and everywhere below o will always be a function
in Cp(R).

Now, since {0 (j)};jez is a bounded complex valued sequence, then o(L; ) coin-

cides with the Fourier multiplier associated to the sequence o = o(j). For a concise
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introduction to Fourier multipliers in the periodic setting see [54] and for extensions
of the functional calculus (7.6) within the framework of periodic distributions see
[55].

We now mention a couple of examples. Fix integer » > 1 and a real parameter
t > 0, and consider the functions cos(z"t) and sin(2"t) for € R. Then, from (7.6)

we have the representations

cos( 1075 f= Zf ) cos(jt)e;, sin(L{yOt)f = Zf(]) sin(j"t)e;,
jEL JEL

for all f € L?(0,27). As we shall see in Section 7.3, linear combinations of these
operators will be solution representations of the periodic poly-harmonic wave equa-
tion (7.3). The complex exponential function of L, provides another interesting
example which will be considered in the next chapter.

Going back to the operator Lj, in order to define o(Ly ) we follow the def-
inition of Fourier multipliers (7.6). Thus, we determine the eigenvalues and the

eigenfunctions of the operator L;¢. For this, we solve the eigenvalue problem

—i¢/(x) + iln(h)d(z) = Ap(x),  (he”)*¢(0) = p(27), (7.7)

on [0, 27]. The solution to (7.7) is given by
Aj=J 40, () = htee(x), jeL. (7.8)

From the expression of the eigenfunctions, we deduce that they form a Riesz basis
of L?(0,2m), since h="e~*¢;(x) = e;(x). Therefore, any f € L?(0,27) admits a

generalised Fourier series in terms of the eigenfunctions

flx) =Y (fiiy) (),

JEZ

where the series converges in the mean and 1); are the eigenfunctions of the adjoint

operator Lj 4. These are given by

Yi(x) = h_“”ewxej(x), jEZ, (7.9)
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and when paired with ¢;, they form a biorthogonal system

L j=¢

0, j#L

(b, %) =

Now, if ¢ € Cy(R) and we take a function f € L*(0,27), focusing on the gener-
alised Fourier coefficients (f, ;)0 ();) and since o is bounded by a positive constant

C, we have

DML ie ()P < C* 3 1)l < Cf* < oo (7.10)
jez jez
Due to (7.10) and because {¢; } jez forms a Riesz basis in L?(0, 27), from Lemma B.4-
(23i) follows that we can define a map denoted by (L) and which takes any

f e L*0,27) to

o(Lno)f =D (f,)a(\)e; € L*(0,27).
jez
Proposition 7.2. Let o € Cy(R). Consider the map o(Lyg) : L*(0,27) — L*(0, 27)
defined by
o(Lno)f = Z(ﬁ Vi) (Nj)d;. (7.11)

JET
Then, we have the following.
(i) 0(Lnge) is a linear bounded operator in L*(0,27).

(i) Each o(\;) is an eigenvalue of o(Ly) with associated eigenfunction ¢;.

Proof. Linearity follows from the linearity of the inner product in its first argument.
Now, let f € L?(0,2n). Then, from the hypothesis on ¢ and Lemma B.4-(i7), there
is a positive constant C' such that (7.10) holds. This shows (7). For (i), let £ be an

arbitrary integer. Then, by biorthogonality, we have

o(Lno)pr = Y (b0 5)0(\)d; = o (M)

jez
]
Expression (7.11) describes the functional calculus generated by the linear op-
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erator Ly g on the space of continuous and bounded functions and it will be used
to formulate a revival functional calculus in Section 7.2. Before we proceed, we
should mention that recently in [56], Ruzhanski and Tokmagambetov considered an
arbitrary linear differential operator accompanied by fixed boundary conditions in
a bounded domain € of R?. Under the assumption that the given operator has dis-
crete spectrum and its eigenfunctions consist a Riesz basis of L?*(€2) and do not have
zeros in ) (this was relaxed in [57] by the same authors), they developed a func-
tional calculus of pseudo-differential operators generated by the given operator. In
our case, the operator Lj, o provides another example which falls into this framework
and the functional calculus (7.11) is a special occurrence, which holds in L?(0, 27),
of their “L-quantization” representation [56, Theorem 9.2, Equation (9.2)].

We close this section with the following lemma which can be viewed as a transfer
principle between the functional calculus of Lj g and the functional calculus of L .
Meaning that, when proving a particular property for L, o, using the lemma below,
we extend it to the case of Ljp for general h and 6. As an application of this

procedure, in the next section we establish an abstract framework for the revival

property.

Lemma 7.3. Fiz h > 0, with h # 1 and 6 € (0,1). Let 0 € Cy(R) and denote by
oy the function o(x + 0). Then, for any f € L*(0,2r)

0(Lnp) f(x) = B ag(L1o)(h e ™ f(z)). (7.12)

Proof. Let f € L*(0,2m). Then, by (7.11)

0(Lne)f(x) = h® e Z /o ’ h_ye_wyf(y)ej(y)dya(j +0)e;(z).

JEZ

Because o € Cy(R), the function oy = o(z + ) also belongs in C,(R). Therefore, if
we denote by F(z) = h™%e~%* f(z), then

o(Lng)f(x) = h*e” Y “(F,e;)a9(j)e ()

JEZ

— hx€wx0'9([/1’0> (h_xe_wxf(m)).
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Remark 7.4. Lemma 7.3 implies the following. There exist a bounded linear op-
erator S : L? — L%(0,2m) given by Sf(x) = h¥e® f(z), with bounded inverse
S7f(x) = h==e™% f(z), such that the operator o(Lyyg) is given by

O'(Lh’g) = SO‘Q(LLO)Sfl.

This observation might allow further generalisations of the revival functional calculus

presented next.

7.2 Functional Calculus for Revivals

In this section, we generalise Theorem 2.8 by showing that a special class of functions

of the operator Ljy can be decomposed into finite linear copies of the operator
h™*exp(—isLyy) : L*(0,27) — L*(0,27), (7.13)

where s is a real number. The operator (7.13) corresponds to the quasi-periodic
analogue of the periodic translation operator 7,. More specifically, through the

functional calculus of Proposition 7.2, we have that

exp(—isLno)f = ) (f.ug)e Vg,

jET

for any f € L?(0,2m). On the other hand, if we regard the quasi-periodic extension
of an L?(0,2n) function f by

f(x) = (he®)™ f(z — 2rm), 2mm <z <2x(m+1), meZ,

then the quasi-periodic translation of f by a real number s, denoted by f, is

fs= f(z —s).
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From the generalised Fourier coefficients of f, with respect to the adjoint eigenfunc-

tions v, we find by a similar argument as in Lemma 2.7, that

(fos ) = hoe VRO (f ),

which implies that
fs =h™%exp(—isLpyg)f.

To motivate the idea behind the main lemma below, we look at Theorem 2.8.
There, we showed that the first-order in time problem (2.9) under periodic boundary
conditions, exhibits pure revivals at rational times ¢ = 27T§. In particular, translating
the revival representation (2.14), in terms of complex exponential functions of the

operator L; o we have that

V2T L& 2rk 2k
o(L1p) Z Z o(m ( > exp <—2—L1 0) f(x), (7.14)
q k=0 m=0 q q
—iP(z) 2P

with o(z) =€ s where P is a polynomial with integer coefficients and integer
order n > 2 and x € R. One of the key features that lead to (7.14) was that
for m and j integers such that m = jmod ¢, then o(m) = o(j). Based on this
observation, we establish the following generalisation of Theorem 2.8. The proof
consists of two steps. First, we extend the revival formula (7.14) in the context of

the operator L; ¢ and through Lemma 7.3 we pass to the case of Ly y. The following

is one of the main results of this chapter.

Lemma 7.5. Fiz h > 0, 0 € [0,1) and consider the linear differential operator
Ly defined by (7.1) and (7.2). Let s € R and q be a positive integer. Consider a
function o : R — C in Cy(R) satisfying the property

o(m) = eis(m*j)a(j), whenever m = jmod q, m, j € Z. (7.15)

Then, for any f € L*(0,27), we have

o(Lng)f(a) = V2T ra<k>h—<2”q’“—s>exp(—z'<7—s)Lh,a)f@), (7.16)
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where

$- 2mh ) (7.17)

To(k) =S o(m + 9)¢m(7 s

3
|

Proof. Step 1. Let h = 1 and # = 0. Recall that in this case the eigenpairs of the
operator Ly are (j,e;(x)) where j runs over the integers and e;(z) = €9 /v/27 is
the Fourier basis. By definition of the functional calculus for the operator L; we

know that for any f € L?(0,2n)

o(Lio)f(@) =Y Fi)o(i)e; (@),

jez
where equality is in L?(0, 27).
Note that for any s € R,
exp(—isLi) Z f = T.f(x),

where 7, is the periodic translation operator. Therefore, the right hand side of

(7.16) in this case corresponds to the representation

I
2
2
S
3
T
|
w

vam > To(k)Teme_ f(x), To(k)
k=0

Calculating the Fourier coefficients of this representation, we have

q—1 .
<@ > To(k)Tams_f, ej> = @ S To(k)e V5T F ()
=0 k=0

’\. q—1 g—1

f(] Z —is(m—j) z(m ])z-n—k
E— e 6
q k=0 m=0
1) :
— e —is(m— _] 6z(m ])27r .
. 2 Z

By the hypothesis (7.15) on the function o and since

0, m # jmod g,

q—1

. N\ 27k
E M= —
k=0

qg, m = jmod q,
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we conclude that

<@ ZFo(/ﬁ)T%_Sf, €j> = A(j)O'(j) = (o(L1p)f, €j)
k=0
Hence,
2 S i 21k
(L) (@) = =7 3 Lok Tage_ (@), Tulk) = mzoa(m)em(T ~s),

and so (7.16) holds whenever h = 1.
Step 2. Let h > 0, with h # 1, and 6 € (0,1). From Lemma 7.3 we have that

o(Lng) f(x) = h™ e " oq(L1o)h"e"" f (),

with o9 = o(z + 6). Moreover, from Step 1, we obtain that

o 14 2k
o(Lng)f(x) = h "e v 22 age(m)en, (— — S) Toxe_ 7€ f(2)
q k=0 m=0 q !
o ok . .
= —7T O'(TTL + G)em (L _ S) h*xe*lQmTM_shxezexf(m).
q k=0 m=0 q !

However, we see that

, . , 2k ;
h_a’e_w’”TM_sh‘”ew‘”f(x) — h—me—wm exp (—Z <L — 8) L1’0> h‘”e’e‘”f(x).
a q

Now, consider the function defined on R,

g(z) = exp(—i(% - 3)1:—1—2'(% - s>9).

Then, if go(x) = g(z + ), we have that

go(x) = exp (—i(? — S)x)
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Therefore, using Lemma 7.3 once more, we obtain
h™e™ " Tame_ W f(x) = h™e™ " go(L1 0)h"e™" f(x) = g(Ln) f ().

On the other hand, the functional calculus implies that

9(Lno) F(@) = S 90+ 0)65(2) = )P exp (—z‘(? - s)Lhye)-
JEL.
Going back to o(Lyg), we find that
qg—1 g—1
o(Lne)f(x) @ Z Z o(m +0) em<¥ — s)e(%«;k_s)w exp(—z(% — s)Lh9>

k=0 m=0

Finally, due to (7.9), we know that ¢,,(x) = h%e?*¢,,(x), which implies that

V2T U 21k _(2mk g 21k
0(Lne)f(x) = —— a(m+ 0)oy, <— - s)h X ) exp (—z(— — )Ly, g)f( )
7 =0 m=o q q
V2 it _(2mk 2k
= = Cy(k)h (2 )exp(—z(— — S)th)f( ),
— q
where ['y(k) is given as in the statement. O

It follows from (7.16) that for any function o € C(R) which satisfies (7.15), the

operator o(Ly ) can be expressed as a finite linear combination of the operators

. ok
h_(zqk_s)exp(—z<% —S)Lha) k=0,1,...,q—1.

In turns this is a finite superposition of operators and an extension of the revival
phenomenon in an theoretical operator setting.
Indeed, first note that the revival functional calculus (7.16), extends the concept

of the periodic revival operator R, (p, q) of order n € N; recall Definition 3.4,

27p
Rn(p7 Q) = exXp <_ZTL1,O))

where p and ¢ are co-prime, positive integers. Furthermore, it includes Theorem 2.8
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which holds for the operator

21
o(Lyp) = exp <—szP(L170)) .

Here P is a polynomial of order n > 2 and integer coefficients. Hence, in some sense,
any operator o(Lj, ) can be thought of as a revival operator whenever the function o
satisfies the periodicity condition (7.15). In the following section more applications
of Lemma 7.5 will be considered in the context of specific time evolution problems
and the revival phenomenon.

In accordance with Remark 7.4, we could possibly take a step further and broaden
the revival functional calculus (7.16) for any linear bounded operator A in L?(0, 27)
given by a similarity transformation S~'o(L)S. Here, S is some arbitrary bounded
operator with bounded inverse and o in Cy(R). If o satisfies the periodicity property

(7.15), then we see that A admits a linear decomposition in terms of the operators
S Tome S7', k=0,1,...,q— 1.
q

Finally, as an implication of Lemma 7.5 and for later convenience in applications,

we extract the periodic case, corresponding to the operator Ly .

Lemma 7.6. Consider the linear differential operator Ly, defined by (7.1) and
(7.2). Let s € R and q be a positive integer. Consider a function o : R — C in

Cy(R) satisfying the property
o(m) = e Dg(5), whenever m =jmodq, m, jEZ.

Then, for any f € L*(0,27), we have

o(lio)f(x) = @ irt)(’f)"fzyc_sf(w), WOEDS o<m>em(@ ~s).
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7.3 The Even-Order Poly-harmonic Wave Equa-
tion

In the existing literature, the revival phenomenon seems to be restricted to first-
order in time evolution problems, consistent with the linear dispersive PDEs that
we examined in the previous chapters. Here we consider second-order in time PDEs,
and using Lemma 7.6, we will show that the weak revival effect is present in the
poly-harmonic wave equation of even-order with periodic boundary conditions. This
class of equations includes the wave equation and the bi-harmonic wave equations,
both models of special interested in mathematics and physics.

Fix an integer » > 1 and consider the initial boundary value problem on [0, 27|

82 ([L’ t) _(_iaz)Qru($’ t)> U(IL‘, 0) = f(l‘), atu($’ O) = g(!L’),
(7.18)

Oru(0,t) = dru(2m,t), m=0,1,2,...,2r — 1.

In order to explore the phenomenon of revivals, we begin with the Fourier series
representation of the solution as we did in the preceding cases. In particular, for
any initial conditions f and ¢ in L?(0,2n), the Fourier method gives at any time

t > 0 the L?(0,27) representation

Zf cos(jt)e;(x) ) t+ Z —Sm (77t)e;(z), (7.19)

JEZ 0#j€Z

where (g) is the mean of g over [0, 27/,

(9) = %/0 ﬂg(x)dx-

Note that (7.19) is a solution in a generalised sense. Indeed, u(z,t) given by (7.19)
defines a continuous function of the time parameter ¢t with respect to the norm of

L*(0,27). Also, for every t € [0,00), u(z,t) is the limit in L?*(0,27) as n — oo of
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the sequence of smooth solutions of (7.18) given by the partial sums

n A~/ -
~

" aig) . .
) = () +@t+ S () cos() + L sin(ir)es a).
0j——n J
We can already observe a form of weak revival at a rational time t = 27r§ on
each of the terms of (7.19). More specifically, using

o e
el t+€ 17"t

cos(j"t) = i :

it follows that the first term represents a linear combination of the revival operators
R.(p,q) and R,.(—p, q) applied on f. However, as we see shortly, we can directly use
Lemma 7.6 and deduce a pure revival effect. On the other hand, the second term,
at each time, always gives a constant, so we can concentrate on the third term. For

any g € L?(0,27), note that

# sin(j"t)e;(x) 9u) .

<=
j’/‘

)

Moreover,by the Cauchy-Schwarz inequality, we have

> < [ ¢ = <
0#£j€Z 0#£jE€Z

0#j€Z
Hence, it follows from the Weierstrass M-test (see for example [26, Theorem 3.27]),

J

that the third term gives, at each time, a continuous 2m-periodic function in the
space variable (otherwise we may invoke Lemma D.5).

The above indicate that at rational times we should expect the phenomenon of
weak revivals, since the solution representation (7.19) will be given by the sum of a
pure revival effect and a continuous function in space (recall Definition 2.16).

In the case of the periodic poly-harmonic wave equation, we can derive a weak re-
vival representation utilizing Lemma 7.6, by explicitly characterising the continuous

function given in terms of the Fourier series

Z g sm (7"t)ej(x).

0#£j€Z
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We do this by introducing a sequence of polynomials {h,(z)},cn defined on [0, 27)

such that h, is of order r and their Fourier coefficients are of the form 57", for 5 # 0.

Lemma 7.7. There exists a sequence of polynomials denoted by h.(z), r € N,
with x € [0,27), such that each h.(z) is of order r and ﬁr(j) = j7" when j # 0.
Concretely, for fized integer r > 1, h,.(z) is defined inductively by

(=) — (-1 (@2t

(=11 27Tr' p—y =) (r =44 1)!

h.(x) = hg((lf). (7.20)

Proof. Fix integer r > 1 and consider the function f,.(x) = z" with = € [0, 2m).

Then, for j # 0, the Fourier coefficients of f,.(x) are given by

r—1 k 27T)T k 1

_\/_kz:; )lijrl’

Solving the above equation for 77" and setting £ = k + 1 in the sum over k, we

find that

1 ) Ve o (DT emt 1
e Pl e e e ES V)

Let h,.(z) be the function whose Fourier coefficients are given equal to j~" for

j # 0. Then, the last equation above implies that

[ o= [ - 5 e S

— (=) (r— £+ 1)

Therefore, h,(x) is the polynomial of order » > 1 given by (7.20). O

Hence, we have another representation of the solution u(z,t) to (7.18), in terms
of convolutions with h,(z). Recall that the linear differential operator L,y = —i0,

is accompanied by the periodic boundary condition on [0, 27].

Proposition 7.8. Fiz integer v > 1 and let f and g be in L*(0,2m). Then at every
time t > 0 the solution to (7.18) admits the L*(0,27) representation

u(z,t) = cos(Liy t) f(x) + (g) t +sin(Li, t)[g * h,] (), (7.21)

where g = g — (g) and h, is given by (7.20).
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Proof. From (7.19) and the definition of the functional calculus (7.11) for the oper-

ator L; o, we have that

u(z,t) = cos(L’l"yo t)f(x) + (g) t+ Z /QL‘Z) sin(j"t)e;(x).

0£jEZ J

Let g = g — (g), then calculating its Fourier coefficients we found that

Moreover, from Lemma 7.7 we know that for fixed integer » > 1 and when
j # 0 the Fourier coefficients of h,.(z) are equal to j~". Hence, by considering the

2m-periodic convolution

g*hr<x>=¢%_ﬁ / i (e — gkt (y)dy, e (0,27,

we obtain that

0, =0,
g*hr(j>:
2 J#0.

Therefore, using the functional calculus again, the solution u(x,t) admits the rep-

resentation

u(z,t) = cos(Ly o ) f() + (9) t+ > G hy(j) sin(j t)e; (z)

= COS(L?O t)f(x) +{(g) t+ Sin(LiO t) (G * h,](x).
]

By combing Proposition 7.8 with Lemma 7.6, the next corollary gives the weak
revival representation of the solution to the poly-harmonic wave equation at rational

times.

Corollary 7.9. Fiz integer r > 1 and let f and g be in L*(0,27). Then, at rational

time t = 27r§, with p and q co-prime integers, the solution to (7.18) is given in
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q—1 g—1
u(a:, 27r§> — 27r<g>g + ﬁ Z Z cos (27Tm7’§>em<¥>7’2§kf(x)

Proof. From Proposition 7.8, at rational time ¢t = 27r§, the solution to (7.18) is given

by

u(m, 27r§) = 27T§ (g) + cos (27‘(‘2[/{70) f(z) + sin (27‘(‘2[/{70) (G * h](x)

However, we observe that both functions (of m)

cos (QWETTLT) , sin (QWEmT>
q q

satisfy the hypothesis of Lemma (7.6) with s = 0, which implies that representation
(7.22) holds in L*(0, 2m). O

As a consequence of (7.22), the even-order poly-harmonic wave equation un-
der periodic boundary conditions exhibits the weak revival effect at rational times.
More specifically, the second term in (7.22) corresponds to the pure revival of the
initial function f, whereas the third term is the revival of the continuous on [0, 27]
function g * h, and thus, together with the constant term, a continuous function on
[0, 27]. Hence, whenever the initial condition f has a finite number of jump discon-
tinuities, then the solution profile at rational time will exhibit finitely many jump
discontinuities.

We now focus on the specific important models of the wave and bi-harmonic
wave equation. In the case of the wave equation, we are going to compare the
(weak) revival representation (7.22) with the classical D’Alembert’s representation
at rational times. For the bi-harmonic wave equation, we will establish a different

approach to the revival effect. This approach stems from the special structure of the
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bi-harmonic wave equation which can be factorised in terms of two linear Schrodinger

equations.

7.3.1 The Wave Equation

When r = 1, the corresponding PDE is the classical wave equation
Otu(z,t) = 0u(x,t) (WA)

which is posed under periodic boundary conditions on [0, 27] and with initial con-
ditions u(z,0) = f(z) and dyu(x,0) = g(x). For the one dimensional wave equation
we classically know that the solution at any time ¢ > 0 is also given by D’Alembert’s

formula

) = 5 (T + Tor@) +5 [ o tan (7.23)

—t
where recall that g* denotes the 27-periodic extension of g.
Notice that D’Alembert’s formula indicates that the weak revival effect is in fact
present at all times for the wave equation. The pure revival of the initial condition

comes from the finite linear combination of translations

S (77 @) + T of ()

and the continuous in space component is given by the other term

which is a continuous function of . As a matter of fact, we can show that at rational
times the weak revival representation (7.22), when r = 1, reduces to D’Alembert’s

formula (7.23) evaluated at rational times.

Proposition 7.10. Let r = 1. Then, the weak revival representation (7.22) of
the solution to the wave equation reduces to D’Alembert’s formula at rational time

t =27k,
q

x+27r§
u(w2rt) = 5T i)+ Tanes@) +5 [ o'



Proof. For r = 1, we look at the second term on the right hand-side of (7.22). Then,

we have

q k=0 m=0

1 = k - 2 2 2

_ f*(x—Qw—)( ( —im wf_i_ezmw )ezmw >
2q % q m=0
1 q—1 k’ q—1 q—1 k q—1

. or . 2T

= — I (.11: - 27r—> e a P LN e 97D e”"7(k+p)>,

2(] < k=0 q m=0 ;0 q n;J

which gives

V21 < L 2rk
Z Z cos (27Tm ) m(——) Tz f(2)
k=0 m=0 q !

(f*(x—27r )+f (x+27r§>>

_ %(TQWZf(x) + Toane f ().

Therefore, when r = 1, (7.22) is

N | —

u(x, 27r§> :%(Eﬂz;f(x) + fzﬂgf(x))-%
(2n(s)? + @zmz (202 Yen (25 T Ll (0)) ] (0))

where from (7.20), the polynomial hy is given by hy(z) = —iz/v/ 27, for x € [0, 27).
Let

G<x) = [(g - <g>) * hl] (ZL‘), S [0’ 271—)?
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and let

D p 27T q .
J(x,27r—) = -
q q q ==
1 q—1 g—1
= 2m(g)® + =
qa 9
2<>p+ 1 qz_iG*( 27rk')
= T _— —_
94" 2
k=0
We have
q—1 q—1

q—1
sin (27Tm > em(— 2mk )Tzﬂk G(x
q
—0

. ( p)
sin{ 2mrm= |e
k=0 m=0 q

By definition,

G(x) =

(9 —(9)) * h(z) = g * h(x) —

(g) * h(x)

im

(9)

. )
q
-1
( im2Z2 —im2IRN  jp 2nk
e 7 —€ q )6 a .

27 (k—p)
]

= \/%/Owh*(ﬂf—y)g*(y)dy—ﬁ/oWh*(w—y)dy-
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Now, since h(x) = —iz/v/27 in [0,27), we find that
2m T 2m
/ W (x —y)dy = / h(x —y)dy + / W (x —y)dy
0 0 T
T 2m
= / h(z —y)dy + / h(z —y + 2m)dy
0 T

T (a-y) T lw—yt2m) o
- | v

Similarly, we have

/0 @ — y)g" () dy = / "z — )9 (w)dy + / " h(e =y + 2m)g(y)dy

= Ll [ s [ vl

By substitution, we arrive at

2

Gla) = =ito)f@) =i [ gy + 5= [ sy +inte). w € o.2m),

f(@)

where f(z) =z in [0, 27).
Going back to J (x, 27r§), the above calculations give that

O )

= on(g)L + ! [— i{g) f* (w+ 2%79) - z‘/f% g (y)dy

()
27 2 2
v | vy sinto) it (s ZE) vi [ 5w

- [ sty - imta)]

or equivalently,



Recall that f(z) = « in [0,2) and since 27 is a positive real number we can

write

I (m — 27‘(‘8) —z—orl 2ml,  f*(x+ 2#8) =z +2rl - 27,
q q q q

for some ¢ and n in Z, with n > 0. Then, we have

a:+27TTp—27rn

Py _ p_ g, 2w ., ,  271p 1 .
J(a:,27rq>—27r(g)q+ (z . 2l —x . +27m)+2 ’ 9" (y)dy

2 72%7271'5

-0+ 5[ w7 )

_2mp P
p 27l m+27rq

Because n > 0, using the periodicity of ¢*, we see that

ac—l-Q%qp—%rn :c+27r§ 27
/ g (y)dy = — / g (y)dy = —n / g (y)dy = —2m(g)n,
x x 0

P 2mp
+27 a + 2 2mn

which gives

J(l’, 27T§> =m(g)(n—{) + %(/:%5 9" (y)dy — 27T<g>n) . /:mg 9" (y)dy.

—27D _9ry 2
q

To complete the proof, we distinguish the two cases ¢ > 0 and ¢ < 0.
(7) If £ > 0, then

/x_ N 9" (y)dy = 6/0 Wg*(y)dy = 2m(g)¢,

—2m2_org
q

giving

1278 = nlghn-tpsgCatat-2nlani g [ o= [Ty

2 _27p 2mp
q
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(73) If £ < 0, then ¢ = —|¢| and
z—27r§ 27
/ 5wy =1l [ gy = ~2xt9)l
o— 222 1 om¢| 0
giving

(208 = nlahntlt 5 (-2elalll-2nlgin g [ oy =35 [y

2 27p 2mp
q q
Therefore, in any case we conclude that
P
P 1 :c+27ra .
J(a:,27r—> = 5/ v 9 (y)dy.
q o222
O

7.3.2 The Bi-harmonic Wave Equation

The existence of the weak revival in the poly-harmonic wave equation can be con-
jectured in the basis of its special structure. The bi-harmonic wave equation sets an
interesting example for this analysis through a system of linear Schrodinger equa-
tions. When r = 2, the initial boundary value problem (7.3) reduces to the periodic

boundary value problem on [0, 27| for the bi-harmonic wave equation

Oful@,t) = —Oyu(w, 1), (BHW)

with initial conditions u(z,0) = f(x) and du(z,0) = g(x). This PDE is also known
as the beam or Euler-Bernoulli equation and is of fundamental importance in engi-
neering applications since it describes the free, absent to external loads, transverse
vibrations of a homogeneous beam [58].

Notice that we can write (BHW) in the form
(9 +02) (0, — i) u(z, 1) = 0.

Hence, setting

w(z,t) = (8, — i07)u(z,t),
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we see that the bi-harmonic wave equation can be equivalently written as the coupled

system of linear Schrodinger equations
Ou(x,t) = id2u(x,t) + w(w,t), Ow(x,t) = —id’w(z,t).

The solution u(x,t) of the periodic by-harmonic wave equation can be obtained

by solving the initial boundary value problems on [0, 27]

ou(x,t) = i0*u(z,t) + w(x,t), ow(z,t) = —i0%w(x, t)
u(z,0) = f(x), w(z,0) = g(z) — 0, f(2),
(7.24)
u(0,t) = u(2m,t), w(0,t) = w(2m,t)
0,u(0,t) = Opu(2m,t), O, w(0,t) = d,w(2m,t).

By looking at the inhomogeneous linear Schodinger equation
oz, t) = i0%u(z,t) + w(x,t),

we conjecture that, most likely, there will be a type of a revival phenomenon. Intu-
itively, this is a consequence of Duhamel’s principle, which states that the solution
to the inhomogeneous equation is obtained by the solution to the homogeneous

equation with initial condition f(z), denoted by us(x,t), plus an integral, that is

u(x,t) = up(z,t) + /0 Uy (2, t — s)ds.

In our case the solution to the homogeneous equation is given by

up(wt) = f(i)e 7 es(w),

jEz

and consequently whenever f(z,t) is piecewise continuous, us(x,t) would be piece-
wise continuous at rational times. From the Fourier method, we will show that the

Duhamel integral corresponds to a continuous function in x, as expected from the
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weak revival formula (7.22).

In the next statement, we will consider the domain of the linear operator L} ; =
—O?
D(-0;) = {¢ € H*(0,27) ; $(0) = ¢(2m), ¢'(0) = ¢'(2m)}.

Theorem 7.11. Let f € D(-0?%) and g € L*(0,27) and consider the system of
periodic problems (7.24). Then, at any time t > 0, the solution u(x,t) admits the

following representations in L*(0,2m)

(i)

w(z, t) = Zf( ) cos(j2t)e;(x) + (g) t + Z —sm (7%t)e;(x),  (7.25)

0#j€Z
(it)
u(x,t) = exp(—iLiOt)f(x) +(g) t

+ 55 (0L t) = exp(—iL3 1)) [(w(-,0) = (-, 0)))  haf)]
(7.26)

where w(z,0) = g(x)—i0%f(x) and hy(x) is the polynomial defined in Lemma 7.7.

Proof. We begin by deriving a representation in L?(0, 27) for u(z, t) using the Fourier

method. For this, we expand both u(z,t) and w(z,t) in Fourier series in L?(0, 27),

u(z,t) = Zﬁ(], t)ej('r>7 w(z,t) = Zﬂ}(]? t)6j<l‘).

JEZ JEZ

Since w(x,t) is the solution to a free space linear Schrodinger equation, its Fourier

coefficients are given by
W(j,t) = @(5,0)e™,

and because f € D(—0?), we have that
@(3,0) = §(5) +is*f ().

Now, to compute the Fourier coefficients of u(x,t), notice that if we multiply the
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inhomogeneous equation
ou(x,t) = i0%u(x,t) + w(x,t)
by a function ¢ € D(—0?), and integrade over (0,27), then we obtain

(Opu(-t),¢) = i(07u(- 1), d) + (w(-), d).
After integration by parts twice in the first term of the right-hand side, and using

the periodic boundary conditions satisfied by u(x,t), we arrive at the weak form

d . /!
(1), 8) = ilu(-, 1), ¢") + (w(-,1), 9).

Choosing ¢(z) = e;(x) = €9 /+/27, the last equation above gives for each Fourier

coefficient u(j,t) the differential equation

d . o .
Eu(jat) = _Z.]2u(j7t) + U)(j,t)

~

Taking as initial conditions u(j,0) = f(j), the Fourier coefficients are obtained by
.0) = e+ [ @l e Vs
0

However, we know the form of @w(j,t) from above, and thus

~

t
alj,t) = F(j)e 7 +@(j, 00" / e*ds,
0
So, u(z,t) is given in L*(0,27) by

u(z,t) = Z f(j)e_ijgtej(as) + Z@(j, O)e_ij%/ 275 s e;(x)

jez JET 0

= Z f(j)e’ij%ej (x) + Z w(y, O)eiﬂt/ 25 s e;(x)

jez jez 0

= Z f(j)e_ij%ej (x) + @ O)t + i Z Méo)(e_“% — eith) e;(x).
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Observe that w(0,0) = g(0), hence

t) = Z FG)e e (x) + (g) t+ Ql Z M(e_iﬂt — e e;(x).

2
jez Yogjer  J
From the last representation we derive (i) and (i¢) as follows.

(i) Using @(j,0) = §(j) + ij2f(j), the solution u(z,t) becomes

Zf cos(j*t)e;(z —sz sin(j%t)e;(z) + (g) t

JEL JEZ
—1—29 sin(j%t)e;(x) —|—sz sin(5°t) e;(x).
0#£j€EZ 0#£j€Z

Hence,

Z ) cos(j%t)e;(x) + (g) ¢ + Z @L‘g)sin(jzt)ej(x).

0#£j€Z
(ii) From our previous calculation, using the functional calculus for the operator
L1,07 we have

@(j, 0) (eij%

u(z,t) = exp(—iLiOt)f(x) +(g) t+ Zi Z 72

- e t)ej (x).
0#£jEL
Moreover, recall from Lemma 7.7 that the polynomial

1
221

ho(z) = (z* —27x), = €10,2m),

2

has Fourier coefficients j7“. Therefore, the Fourier coefficients of the 2m-periodic

convolution

(w(-,0) = (w(-,0))) * ha(z)

are given by

<(w('>0> - <w('a0)>) * h2>€j> =
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Hence,
u(z,t) =exp(—iLiot) f(z) + (g) t

+ %(eXp(iLiot) —exp(—iLigt))[(w(-,0) = (w(:,0))) * ho(z)].

O

Part (i) from Theorem 7.11 shows that the solution to the bi-harmonic wave
equation can be obtained through the system of linear Schrédinger equations (7.24).
Indeed, as we noticed, solving (7.24) for u(z,t) results into the same Fourier series
representation in L?(0,27) as in (7.19) when r = 2.

On the other hand, from the representation in part (i7) of Theorem 7.11, it
follows that the solution to the periodic bi-harmonic wave equation exhibits weak
revivals at rational times as anticipated earlier by the intuition given by the Duhamel

principle. In particular, at rational times, we have

(e, 260) = Ralp. )L/ (2)]
+27209) & 52 (Ra(=p,) = Rap, ) [0, 0) = {w(. 0)) * hao)]
(7.27)
which is exactly the definition of the weak revival, a pure revival effect perturbed
by a continuous function.

The weak revival representations (7.27) and (7.22)-(r = 2) is an attempt to a
mathematical treatment of the revival effect in the context of the bi-harmonic wave
equation. In accordance with this, only recently in [59] the revival phenomenon was
experimentally observed in the context of the bi-harmonic wave equation in the two
dimensional setting and under clamped boundary conditions.

Here, we note that the revival property can be extended to the case of simply

supported boundary conditions on [0, 7]
u(zo,t) = Ou(xo,t) =0, x0=0, 7.

This follows from the periodic problem by considering the initial conditions to be
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odd functions with respect to m. Then, the solution representation (7.25) becomes

o0

uwt) = 23 ([ swsinGndycos(7e)+; [ ow)sintindysin(i?) ) sintio)

J=1

which when restricted to L?(0,7) corresponds to the solution of the bi-harmonic
wave equation on [0, 7] subjected to simply supported boundary conditions.
Finally, to close this section, we remark that the poly-harmonic wave equation

of order 2r, for any r > 3, can always be written in the form
(0 + i(—i0,)") (0, — i(—i0y)" ) u(z, t) = 0.

Consequently, a similar approach as in the bi-harmonic wave equation (r = 2) would
be effective for the study of the weak revival. However, and more importantly, this

approach indicates that properties of the first-order in time dispersive equations
Owu(x,t) = —i(—i0;) u(z,t)

are transferred to the poly-harmonic wave equation, with perhaps some perturba-
tions. For example, the pure revival phenomenon in the first-order in time problems
became weak revival in the second-order case. So, one can asks if the weak revival
property will be present in the poly-harmonic wave equation under quasi-periodic
boundary conditions. Also, recalling that the Airy PDE under quasi-periodic bound-
ary conditions does not in general exhibit revivals, should we then expect a break of
the weak revival in the poly-harmonic wave equation of order 2 x 3, under the same
type of boundary conditions? In the next chapter, we will address these questions

in detail.
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Chapter 8

Revivals Under Self-adjoint
Quasi-periodic Boundary

Conditions

In this final chapter, we generalise various results obtained earlier. We consider both
first-order and second-order in time evolution problems under, self-adjoint quasi-
periodic boundary conditions. From Chapter 4, we know that, in contrast to the
free space linear Schrédinger equation, the revival phenomenon in general breaks at
rational times in the context of the Airy PDE. Here, we extend this result to higher-
order linear differential operators using a Galilean transformation approach which
allows to convert quasi-periodic boundary conditions to periodic. As an additional
consequence of this approach, we extend the Talbot effect in the cubic non-linear
Schrodinger equation with quasi-periodic boundary conditions. Moreover, a similar
technique in second-order in time problems shows that in this case the weak revival
phenomenon is present in the bi-harmonic wave equation, whereas for higher-order

poly-harmonic wave equations this is no longer true.

8.1 Overview

Our purpose is to examine the revival property in the family of PDEs
Ou(z,t) = (=)™ ( —i0,) " u(z,t),
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with initial conditions

u(z,0) = f(z), O u(z,t) = g(x),
and under the quasi-periodic boundary conditions on [0, 27|
P00k u(x,t) = OFu(x,t), k=0,1,2,...,mn—1,

for integers n > 1 and m = 1,2 and 0 € (0, 1).

This class of equations includes the main PDEs we have encountered in previous
chapters. For example, when m = 1, it includes the free space linear Schrodinger
equation and the Airy PDE, whereas when m = 2, it corresponds to the family of
poly-harmonic wave equations of even order greater or equal than two.

In order to examine the revival property, we will develop a different approach
in comparison with the analysis in the previous chapters and Remark 4.1. Instead
of examining directly the quasi-periodic problems through their generalised Fourier
series, we establish a correspondence between the solutions of the quasi-periodic
problems and a class of periodic problems. Then, using the classical Fourier series
representation of the solution to the periodic problems, will be able to deduce various
conclusions for the quasi-periodic problems regarding the revival effect at rational
times.

The main idea in the correspondence between quasi-periodic and periodic bound-

ary conditions is encoded in the following transformation

folw) = e f(x) (8.1)

and a modification of this involving Galilean-type transformations in x and ¢. Ob-

serve that if f is quasi-periodic,

™ f(0) = f(2m),

then fy is periodic.
In Chapter 4, a similar situation was encountered for the free linear Schrodinger

equation with quasi-periodic boundary conditions, that is when (m,n) = (1,2)
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above. Recall that, in this case, the solution u(z,t) to the quasi-periodic problem is

given by the representation (4.30) stating that
u(z, t) = e e T (x, 1),

where v(z,t) denotes the solution to the free linear Schrédinger equation with peri-
odic boundary conditions and initial condition v(z,0) = e~**u(x,0). The represen-

tation can be rewritten in terms of a Galilean transformation as
u(z,t) = Oy (z — 26t 1), (8.2)

with v* denoting the 2m-periodic extension of v.

The expression (8.2) implies that, whenever v(x,t) solves the linear Schrédinger
equation with periodic boundary conditions and initial condition e~**u(x,0), the
transformed function u(x,t) given by (8.2) solves the same equation with quasi-
periodic boundary conditions and initial condition u(x,0). In particular, the free
linear Schrodinger equation is invariant under the transformation (8.2), meaning
that whenever v(z,t) satisfies the equation, so does u(x,t). This is known as the
Galilean invariance of the linear Schrédinger equation, [60]. From (8.2) and as a
direct consequence of the Galilean invariance, the revival effect in the quasi-periodic
case follows immediately from the periodic case.

Following a generalised form of (8.2), we will show in Section 8.2 that first-
order in time evolution problems (m = 1) under quasi-periodic boundary conditions
correspond to time evolution problems with periodic conditions. However, for n > 3,
the PDE does not stay invariant under the transformation and the revival effect for
the obtained periodic problems is present if and only if the quasi-periodic parameter
0 is a rational number. This generalises the lack of revivals in the quasi-periodic Airy
PDE. Another implication of this approach is for the cubic non-linear Schrodinger
equation, as for the linear Schrodinger equation there is also a form of revival. Thus,
in Section 8.3 we establish an extension of the (weak) revival and fractalisation effects
from the periodic case by Erdogan and Tzirakis [41] to the quasi-periodic case.

Finally, in Section 8.4, the quasi-periodic problem for the poly-harmonic wave

equation (m = 2), will be transformed through (8.1) to a periodic problem. Again,
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by considering the Fourier series representation of the periodic problem, we will
deduce that the weak revival phenomenon holds in the quasi-periodic case for all
0 € (0,1) when n = 2, that is for the bi-harmonic wave equation, whereas for n > 3

the revival persists only when 6 is rational.

8.2 First-Order in Time Evolution Problems

In this section we consider the revival property in the initial boundary value problem

on [0, 27]

Owu(x,t) = —i(—i0y)"u(z,t), wu(z,0)= f(z),
(8.3)
e?09%u(0,t) = % u(2r,t), k=0,1,...,n—1, 0€(0,1),

with n > 2 a fixed integer.

From Chapter 4, we know that the revival property at rational times ¢ = 2%’5’,
with § € Q, holds for any value of € in (0,1) when n = 2, whereas when n = 3
this is true only if # € Q. In both of these cases, the revival effect was implied by
a representation at rational time of the solution of the quasi-periodic problem in
terms of a solution of a periodic problem for the Schrodinger equation.

In contrast to this, and the arguments in Chapter 4 based on eigenfunction ex-
pansions through the Fourier method, here we provide an one-to-one correspondence
between the quasi-periodic problem (8.3) and a periodic problem where the spatial
differential operator is a polynomial of —id, with real but, not necessarily rational
coefficients. As a corollary, we find that the solution to (8.3) can be derived through

another time evolution problem with periodic boundary conditions.

Lemma 8.1. Let n > 2 be an integer and 6 € (0,1). Consider the transformation

w(z,t) = "y (2, 1). (8.4)
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Then, w(x,t) satisfies the initial boundary value problem on [0, 27|

<8t+n9"_18x>w(3:, t) = ( Z 0" ( i(?x)k>w(:v,t),
(8.5)
w(z,0) = fo(z) = e P f(x), 0Fw(0,t) = OFw(a,t), k=0,1,....,n—1,
if and only if u(x,t) satisfies the quasi-periodic problem (8.3).

Proof. We show that w(x,t) satisfies the periodic problem when u(x,t) satisfies the
quasi-periodic problem. We note that the converse follows by similar calculations.

Take the time derivative of w(z,t). From the assumption on u(z,t), we find that
dyw(x,t) = i0"w(z,t) + 09,02, t)
(8.6)
= i0"w(x,t) 4+ (—i)" e 0D gy (2, 1),
We claim that

N, 1) = (0, +i6) "w(z, 1), ¥ € N, (87)

It is straightforward to see that the claim holds for m = 1 and 2, and we proceed

by induction. Assuming that it is true for m we examine the case m + 1. We have

Oy (ei(ent_ex)ﬁg‘u(x, t)) =0, ((595 +i0) "w(x, t))

which gives
G0N0 gLy (0 p) — (ax (0. +1i0)™ +1i0(0, + i9)m>w(a:, t).

Using the Binomial Theorem the last equation becomes

ei(ent’%)@glﬂ ( Xm: (10)™~ ka’“ + 6 Zm: (10)™~ k(?k))w(x,t)
—0 k—o0 \ K
(zm: ™) aoyrrarn 3 (™) oy O (e, 1)
=0 \ k k=0 \ k



We expand the sums over k£ and find that

Gty ) = (ot |7 Jasap s |7 aopeorte
m—1 m—2

+ (m) (i0)™ 0, + (m) 00" + ( " ) (00" + ...
0 m m—1

+ (m> (10)™0x + (i9)m“)w(ﬂ%t)
1

+1 +1
= (ot [ Jasap e T ) Goar
m m—1

4 <m+ 1) (i0)"0. + (i)™ w(z, 1)
1

— (mZH (m—l— 1) (z’G)m“’kﬁﬁ)w(x,t)

k=0 k
= (0, + i@)m+1w(:1:, t).
Hence, (8.7) holds true. Now substituting for m = n in (8.6), we arrive at

Ow(z,t) = i0"w(x,t) + (—i)" (0, +i0) "w(z, 1)

= i0"w(x,t) + (—i)" Z (:) (i0)"*0Fw(x, t)

k=0

= (i + (=9)" ™) 0 w(x, t) + (—i)" T (T) 0" 0, w(x,t)

n—1

+ (=)t (:) (i0)" O w(z, t) + (i)™ w(z, b).

2

B
||

Now, for any n, we have that i 4+ (—1)
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above equation takes the form, after clearing,

—_

(8t+n0”’18x)w(x,t):(—i)<(—i8x)n+ ; O (=)= kaff) (2,1).

n
2 \k

>
[|

Observing that (—i)"" k9% = (—id,)*, we find that w(x,t) satisfies the PDE

(0 + nb" 10, )w(z, t) = (—i) ( —i0y,) Z 0"k ( iax)k)w(x,t),
which is exactly the one in the statement and with initial condition

w(r,0) = e u(z,0) = e " f(2) = fo(z).

Finally, we need to show that w(z,t) satisfies the periodic boundary conditions

on the interval [0, 27]. For any m =0, 1,...,n — 1 we have from (8.7) at x = 27
m—1 m
Omw(2m,t) = e e gmy (2, t) — (10)™ 0% w (2, t)
k=0 \ K
m—1 m
= "m0 gy (2 1) — (10)™ " 0% w (2, t)
k=0 \ k
m—1
0™t am m - \m—k 9k
=" 00 'u(0,t) — (10)" " 07w (2m, t).
k=0 \ K

As w(0,t) = w(2m,t) and O,w(2m,t) = d,w(2n,t), assuming that & w(0,t) =
& w(2m,t) holds for j = 0,1,...,m — 1, the above equation gives

3
L

. m

Omw(2m,t) = e o™ u(0,t) — (10)™*0%w(0,t) = 0™ w(0,1). (8.8)
k

0

iy

]

We continue with a second transformation in the following lemma and recall that

Ts, for s € R, denotes the periodic translation operator (see Definition 3.2).
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Lemma 8.2. Let integer n > 2 and 6 € (0,1). Consider the transformation
Z(JT,t) _ e—i((n—l)grLt+9z) 7d—n6n*1tu($a t) (89)

Then, z(x,t) satisfies the initial boundary value problem on [0, 27]

Dyz(x, 1) = —i((—iax)” + i Qn_k(—zﬁx)k>z(:c, ),

k
2(2,0) = fo(z) = e f(x), 0F2(0,t) =% 2(2m,t), k=0,1,...,n—1,

if and only if u(zx,t) satisfies the quasi-periodic problem (8.3).

Proof. From Lemma 8.1 we know that if u(x,t) satisfies the quasi-periodic problem
(8.3) then
w(z,t) = "0y (2, 1) (8.11)

satisfies the periodic problem (8.5). We apply on w(x, t) the Galilean transformation
r=y+nd"tr, t=r1.

Hence,

O;w = (@5 + Gn_lﬁx)w, Oyw =30 w, m=1,...,n.

Therefore the function
2(y.7) = wly +n0"77) = e VT g )

satisfies the periodic problem (8.10).

For the converse, by applying on z(z,t) the Galilean transformation
r=y—nd"'r, t=r,

we find that the function w(y,7) = Tpgn-1,2(y, T) satisfies the periodic problem
(8.5). Therefore, by Lemma 8.1, the function

aly,7) = e O wiy, 1) = e OT0) T ()
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satisfies the quasi-periodic problem (8.3). O

The following corollary from Lemma 8.2 gives the solution to the quasi-periodic

problem (8.3) through the solution to the periodic problem (8.10).

Corollary 8.3. Let integern > 2, 0 € (0,1) and consider the quasi-periodic problem
(8.3) for u(x,t). Then, at a fized time t > 0 we have

u(z,t) = e T g1 2 (2, t), (8.12)

where z(x,t) satisfies the periodic problem (8.10).

Now that we have obtained the solution u(x,t) of the quasi-periodic problem
(8.3) in terms of the solution z(x,t) of the periodic problem in Lemma 8.2, we can
focus on z(x,t) and study the revival property in the periodic setting. The behaviour
of the quasi-periodic problem at rational (or irrational) times will be determined by
the behaviour of the periodic problem. Whenever the periodic problem exhibits
revivals at rational times, according to Corollary 8.3, the same will be true for the
quasi-periodic one. In particular, we will show that for the periodic problem (8.10),
when n > 3, the revival effect breaks if 6 ¢ QQ, whereas as we already know it exists
for all § € (0,1) when n = 2. There are two main consequences of this statement
which reflect one another.

First, as we said above, this will imply that all quasi-periodic problems of order
n > 3 lack the revival property whenever 6 ¢ Q, generalising the result for the
quasi-periodic Airy PDE from Chapter 4. Moreover, there exists a family of lin-
ear dispersive PDEs with spatial differential operator a polynomial of order n > 2
of —i0, and with real non-rational coefficients, for which under periodic bound-
ary conditions the revival phenomenon breaks at rational times when the order of
the operator is n > 3. In turn, this is in contrast to the classical revival result,
Theorem 2.8, which shows that the revival property holds under periodic bound-
ary conditions for any linear dispersive PDE with spatial differential operator a
polynomial of order n > 2 and with integer coefficients.

We make all this precise and from now on we concentrate on the periodic problem

(8.10). We replace fy by a general initial condition zj, and so for a fixed 6 € (0,1)
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and integer n > 2, we consider the initial boundary value problem (8.10) on [0, 27,

which is re-written in the following manner

Oz(x,t) = —iP(—i0;)z(x,t), 2z(x,0) = z(x),
(8.13)
orz(0,t) = orz(2m,t), m=0,1,...,n— 1.
Here, in (8.13), P is a polynomial of order n > 2 with real coefficients and it is given

by

n

P(r)=>)_ " ot (8.14)

k=2 \ K

For the analysis of the revival phenomenon we rely on the Fourier series represen-
tation of the generalised solution to (8.13). Specifically, for any initial function

29 € L*(0,27), the Fourier method yields at any fixed time ¢ > 0 the representation

2w t) =Y E(j)e " ey(x), (8.15)

JEZ

where e;(z) = €Y% /+/27 denotes the elements of the Fourier basis, z; are the Fourier
coefficients of z, and the convergence of the series holds in the norm of L?(0,27).
For any integer n > 2, the solution (8.15) can be expressed in terms of the

generalised solutions of the simpler periodic problems on [0, 27]

ow(z,t) = —i(—id,)*v(x,t), v(x,0) = vo(2),
(8.16)
omv(0,t) = dTv(a,t), m=0,1,....k—1,k=2...n.

For any fixed ¢ > 0, the generalised solution of (8.16) in L?(0, 27), which is given by

vz, t) =D G(j)e T e (),

JEZ

is isometric in L?(0,27) to vo. We denote this isometry by Py (t). Concretely,

Pi(t) : L*(0,27) — L*(0,27),  Pi(thug = Y _ to(j)e 7 e;. (8.17)

jEL
Notice that the definition of Py(t) coincides with the definition of the operator
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eXp(—iL’f’Ot) from the periodic functional calculus (7.6) in Section 7.1. Thus, it also
defines a Fourier multiplier and sometimes it is referred as the solution operator of
the initial boundary value problem (8.16).

Allowing negative values of ¢, then Pg(f) can be also viewed as the family of
operators parametrised by ¢ € R. Using the definition (8.17) we see that the family
{Px(t) }1er satisfies the following properties

(i) For any ¢t € R, Py(t) is an isometry on L*(0,27). It is also surjective with
the inverse operator given by Py.(—t). Thus, Py () is a unitary operator for all
teR.

(#7) For any t; and ¢, real numbers we have the semi-group property

(iit) For every vy € L?(0,27), the map t € R — Py(t)vy is continuous in ¢ with
respect to the norm of L?(0, 27).

Properties (i), (i¢) and (4i7) are what normally referred to as a strongly continuous
one parameter unitary group of operators in L?(0,2r), see [55]. The proof of the
third property follows from the same argument as found in the proof of Theorem 2.4.
Finally, notice that P;(0) = I either directly by the definition (8.17) or by taking
t, =ty =0.

With the notation and definition above we will draw central conclusions regard-
ing the revival property for the periodic problem (8.13) and subsequently for the
quasi-periodic problem (8.3) through Corollary 8.3. The following proposition pro-
vides an alternative representation of the solution z(x,t), in terms of a product (or

composition) of the operators Py(t) as k runs from 2 to n > 2.

Proposition 8.4. Fiz integer n > 2 and 0 € (0,1). Then, for any zy € L*(0,27),

the solution to (8.13) at each fized time t > 0 admits the following representation

z(:z:,t):ﬁPk< : 0" ) o), (8.18)

where [ denotes the product of operators.
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Proof. Fix positive time ¢t and note that

. - n
e*ZP(])t _ H exp _ij 9" F¢
k=2 k

Therefore, (8.15) becomes

s, t) = S 20) [Jexo| =i [ ] 0" | es()
' k=2 k

JEZ

]

Now, we combine Proposition 8.4 with Oskolkov’s result from Theorem 2.12
or Theorem 2.14 and derive the following corollary for the revival property of the
periodic problems (8.13). Recall that R, (p, ¢) denotes the periodic revival operator
of order n > 2, which is given by Definition 3.4.

Corollary 8.5. Let n, p and q be positive integers with n > 2, p and q co-prime
and consider 6 € (0,1). Then, for any zy € L*(0,27), the solution z(x,t) to (8.16)

at a rational time t = 27r§ admits the representation

z(:v, 27TZ—Q> = H P <27T " ]—)6"4“) [Rn(p, q)zo(x)]. (8.19)

v s k) d

Moreover,
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(1) if 6 = d/m € Q, then we have
z(a:, 27T§> = HRk(n!pdn_k, kl(n — k)lgm™ ")z (), (8.20)
k=2

(i) if 0 ¢ Q, n > 3 and zy is of bounded variation with finitely many jump

discontinuities, then the solution z(:c, 27r§) is a continuous function of x.

Proof. Representation (8.19) follows easily by substituting the rational times t =
2% in (8.18), which gives

z(m, 277']—?) = ,IIQ Py <27r : g@"k) [Pn <27T§)Zo(x)]

q

However, from the representation (8.17) of P,(¢) and Lemma 3.6 we have
Pal2n?)2o(e) = 3 2" ey (@) = Rulp, 0) ().
jez

Hence, we obtain (8.19). Now, we distinguish on rational or irrational values of
0 e (0,1).

(i) Let & = £ be a rational number in reduced form. Again from (8.17) and

Lemma 3.6 on the revival operators we have for k =2,... ,n — 1 that
B(om () )[Rt )20
=3 (Ralp @)z ey osp | —i'2n | b el

=

or equivalently,
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: g :;i) [Rn(p, Q)ZO(@}

P, (27r

— Z(Rn(p, )20, €;) €Xp <—ijk27rk!( nipd”” )ej (x)

= n — k)lgmn—F

= Ry(nlpd™ ™" kl(n — k)lgm"™) [Rn(p, q)zo(x)} .

Consequently, from the (8.19) it follows that
z(x, 27r£) = HRk(n!pd"’k, El(n — E)lgm" %) zo(2).
q k=2

(74) On the other hand, if 0 ¢ Q, we re-write the solution as

(eart) = maon 1) 2) [T on ) 20 [0

Moreover, if z; is of bounded variation with finitely many jump discontinuities, then

R.(p, q)z0 is a function of the same class. Now, for any k = 3,...,n—1, the function

n p n—k

Py (27r =0 ) [Rn(p, 0)zo(x)
k] 4

will at least be of bounded variation with finitely many jump discontinuities. Finally,

since the time

n
t =2 P gn-2
2/ 4

corresponds to an irrational time for the free space linear Schrodinger equation,
then due to Theorem 2.12, the solution Z(I, 27r§) is a continuous function of x.
Otherwise, we can directly invoke the first part of Theorem 2.14 and conclude that

z(z, 272) is continuous in . O

From Corollary 8.5 we finally arrive at the following conclusions regarding the

revival phenomenon for the periodic problem (8.13) and the quasi-periodic problem
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(8.3). The following summarises our findings.

1. There exists a class of linear dispersive PDEs of order n > 3, given by

Dty = =i S ] 07 (i) (e, 1)
k=2 \ Kk
for which the revival phenomenon under periodic boundary conditions breaks
at rational times whenever 6 is not rational in (0,1). If € is rational, then the
revival phenomenon survives at rational times (as a pure revival effect). In
general, subject to periodic boundary conditions the class of linear dispersive
PDEs
Oz(x,t) = —iP(—i0,)z(x, t),

where P is a polynomial of degree n > 3 and with real, but not rational
coefficients, does not exhibit revivals at rational times.

2. Due to Corollary 8.3, for any integer n > 3, the quasi-periodic problem (8.3)
exhibits revival if and only if the periodic problem (8.13) exhibits revival which

holds if and only if 0 is rational.

8.3 Cubic Non-linear Schrodinger Equation

As another application of the approach presented in the previous section we now con-
sider the quasi-periodic problem for the cubic non-linear Schrodinger (NLS) equation

over the interval [0, 27|

O, t) = idu(x, t) +ilu(e, t)Pu(z, 1), u(@,0) = f(x),
(8.21)
e?m0u(0,t) = u(2m,t),  e?™0,u(0,t) = O,u(2m, 1),

where the parameter 6 lies in (0, 1).

Recall that in Chapter 2, Theorem 2.15, due to Erdogan and Tzirakis [41], ad-
dresses that the revival and fractalisation effects occur accordingly at rational and
irrational times in the cubic NLS equation under periodic boundary conditions. On

the other hand, similar to the free space linear Schrodinger equation, the cubic NLS
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equation is invariant under the transformation
2(m,t) = e 0Ny (1t 4 261),

with the property also being known as the Galilean invariance of the cubic NLS
equation.
Therefore, following the same arguments as in the proof of Lemmas 8.1 and 8.2,

it results that, if u(z,t) solves the quasi-periodic problem (8.21), then it is given by
w(z, t) = e 0 T, 2 (2, 1).

Here, z(z,t) solves the cubic NLS with periodic boundary conditions on [0, 27] and
with initial value z(x,0) = e % f(z) = fo(x).

Notice that if f is of bounded variation, then fy is also of bounded variation
as the product of the non-zero continuous function e=** and f. With this and the
remarks above, we extend the revival and fractalisation phenomena in the case of

the quasi-periodic problem (8.21) for the NLS equation.

Corollary 8.6. Fiz 6 € (0,1) and consider the quasi-periodic problem (8.21) for

the NLS equation. Assume that f is of bounded variation on |0,27]. Then, we have

the following

(i) If t/27 is an irrational number, then the solution u(x,t) is a continuous func-

tion of x.

(111) For rational values of t/2m, the solution u(x,t) is a bounded function with at
most countably many discontinuities.

(i) If f is also continuous on [0,27] and such that €*™ f(0) = f(27), then u(x,t)

18 continuous tn x and t.

8.4 Second-Order in Time Evolution Problems

In this last section, we turn our attention to second-order in time problems subject
to quasi-periodic boundary conditions. More specifically for integer n > 1 and
0 € (0,1), we consider the initial boundary value problem for the poly-harmonic

wave equation on [0, 27]
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Ofu(z,t) = —(—i0y)"u(x,t), u(z,0) = f(x), du(x,0) = g(x),
(8.22)
¥ 00ku(0,t) = 0Fu(2m,t), k=0,1,2,...,2n — 1.

As we mentioned earlier, our approach here will be to transform the quasi-
periodic boundary conditions into periodic boundary conditions. Then, the solu-
tion to (8.22) would be given through the solution of a periodic problem for which
the revival property will be considered. The following lemma provides the desired

correspondence.

Lemma 8.7. Let integer n > 1, 6 € (0,1). Consider the transformation
w(z,t) = e u(a,t). (8.23)
Then, w(x,t) solves the initial boundary value problem on [0, 27]
02w (z,t) = —(—i0, + 0)*"w(w, 1),

w(z,0) = fo(x) = e f(x),
(8.24)

—ifx

atw(x70) :gg($> =€ g(x)a
OFw(0,t) = Fw(2r,t), k=0,1,2,...,2n — 1.
if and only if u(x,t) solves the quasi-periodic problem (8.22).

Proof. Assume that u(z,t) is the solution to the quasi-periodic problem (8.22) with
initial conditions f(x) and g(z). Then, if w(x,t) is given by (8.23), differentiating

twice in time we obtain
Otw(z,t) = —e " (—id,)* u(x, t).
Now, from the proof of Lemma 8.1, we have that
e oM u(z, t) = (0, +i0)"w(z,t), Vm € N.
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Therefore, w(x,t) satisfies the equation
Rw(z,t)=—(—i0, + 9)2nw(x, t).

Moreover, at time zero the initial values for w and d,w are obtained through (8.23)
and given as in (8.24). Again, as in Lemma 8.1, it follows by the transformation
(8.23), that w and d%w satisfy periodic boundary conditions on [0, 27]. Finally, the
complementary direction of the correspondence is obtained by a similar calculation.

]

According to Lemma 8.7, we can now concentrate on the periodic problem (8.24)
and examine the revival property through its Fourier series representation. Then,
via the transformation u(x,t) = e?*w(z,t), we can extract any related information
on the revival effect for the quasi-periodic problem (8.22).

Hence, for 6 € (0,1) and integer n > 1 fixed, we consider on [0, 27| the initial

boundary value problem for w(z,t),
O (i, 1) = — (=i, + 0w (s, ),
w(z,0) = wo(z), Ow(x,0)=w(x) (8.25)
OFw(0,t) = Fw(2m,t), k=0,1,2,...,2n — 1.

In order to study the revival phenomenon at rational times, we follow once again
our general methodology outlined in Remark 4.1. We manipulate the Fourier series
representation of the periodic problem (8.25) in order to decompose it in simpler
components for which the classical periodic revival effect holds. As we shall see,
when n > 3, the revival survives only under rational values of the parameter 0,
which is in alignment with the case of first-order in time dispersive PDEs from
Section 8.2.

Suppose that the initial data wy and w; are in Ly(0,27). Then, by the Fourier

method, at a fixed positive time ¢, the (generalised) solution of the periodic problem
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(8.25) is given by the L?(0,27) representation

—~

w(z, t) = Z (w02(j) + w/\l(j) )ei(jw)ntej(x)

= 2i(j +0)"
(8.26)
0(j) wi () —i(j+O)"t .
+jEZZ< S 2i(j+0)" )e i(®);

where {e,};cz is the classical orthonormal Fourier basis of L?(0,27) given by (2.6).

Recall that in Section 7.3, when the even-order poly-harmonic wave equation
was considered under periodic boundary conditions, we identified in Lemma 7.7 the
polynomials of order n > 1 with Fourier coefficients j~" for j # 0. This allowed us
to derive an alternative solution representation from which the weak revival formula
was obtained. Similarly, the next lemma identifies functions h,(x, ) whose Fourier

coefficients are (j + 6)™"

Lemma 8.8. Let 0 € (0,1). Then, there exists a sequence of smooth functions
denoted by h,(x,0), n € N, with z € [0,27) and such that h,(j,0) = (j + 6)™. For
fized integer n > 1, h,(x,0) is defined inductively by

hn(z,0) =

V2t g lemi0e 2772
- 6127r9 Z ZE 0) (827)

1—e 2 (n—1)!
Proof. Let 6 € (0,1), n € N and consider the function of x
fn(xa (9) — xn—le—iex’

with = € [0,27). Then, for j € Z, the Fourier coefficients of f,(x,0) are given by

< (—D)" 2m)t (n— 1) e~i2m
o (=i)f Var (n=0! (G +0)f

FalG.0) = (ful-,0),¢5) =

(=)™ (n = D (e — 1)

Ver (=) (G0

+

Solving the above equation for (j + 6)~™ gives that

G+0r 1—e2@(n—1)

1 Vom0, 0) (2mi)" 1
6227r6‘ Z
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For ¢ € {1,2,...,n}, let hy(x,8) be the function whose Fourier coefficients are

equal to (5 + ). Then, the last equation above implies that

/O " ho(2,0)e;(x)dx

n—1

2 n n—1_,—ifx
2wt " e 27m
= . 0 ] dx.
/0' |:1 _ 6—127r9 (n _ 1) ]_ _ 6127r9 Z .Z' ) ( ) X

=1

Therefore, for every n € N, the function h,(z,6) is defined by (8.27). O

We proceed by obtaining a representation of w(x,t) in terms of the isometries

Py(t) given by (8.17), with k =2,...,n

Proposition 8.9. Let integer n > 1 and 0 € (0,1). Then, for any initial conditions
wo and wy in L*(0,2m), the solution to (8.25) at fized time t > 0 admits the following
representation

w(z,t) =wt(z,t) +w (z,1), (8.28)

where

wh (@, t) = e T, [ Py ( + 9”*’%) [wo(x) % w1 % hn(-, 0)(2)].
k=2

k

Proof. From (8.26), we write w(z,t) as (8.28), where

—

w (1) = Z (w02(j> n Qiélf)e)n)eﬂ(jw)ntej(l,)_

jez
From Lemma 8.8 we have that

wig) 1

22(] T 9)” - 2_2<w1 * hn('70)7€j>7 Vj € 7.

Thus, if we set

wi (z) = wo(z) £ wi * hy (-, 0)(x),

then we can write w®(z,t) as

Z wi :I:z (J+0)"t g(l'>

JEZ
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Focusing on w*(z,t), for any ¢ > 0 we have
Li(jHO)"t - N L Ry
e = H exp | £ij 0" "t ],
k=0 k
which implies that

— n n
w*(z,t) = Zw(jf(j) Hexp +ij" 0"kt | ej(z).
k=0 k

JEZ

Equivalently, the last representation is written as

. —~ . n
wi(x,t) — et tZwOi(j)ei”"e 't Hexp +i5* okt e;(z)
JEL k=2 k

;O I . - . . n n—
= *i0 t’Eannqt[ngE(]) Hexp 445" 0"kt ej(x)],
= k=2 k
where Tr,gn-1; is the periodic translation operator.
Finally, for each k& = 2,...,n using the definition of the operators P, we find
that

wE(z,t) = e gny H Pk< F . 9”_’%) wi ().

k=2

]

From Proposition 8.9, we now address the behaviour of the solution at rational
times and draw some conclusions on the revival property.
If we let ¢ = 272 be a rational time, then each component wt(x,t) in (8.28)

becomes
w* (x, 27TE>
q

n—1

+2midn 2
= € q :F2ﬂ.n9n—1§HPk<:F27T
k=2

k gen_k) {RH@FP, q)(wo(x) £ (wy * hn(-,0)) () |,
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or due to linearity

n—1
w* (337 QWS) = eﬁ”engﬁgmmqg H Pk< F o gﬁ"k> [Rn(:Fp, q) (wo(x)}
k=2

k
n—1
e I W P | Tl

(8.29)

Now, we first notice that for any 6 € (0, 1) the second component corresponds to a
continuous function on [0, 27]. Indeed, wy * hy (-, 8) is a 2w-periodic smooth function
in R, so when we apply the revival operator R, (Fp,q), we obtain a continuous
function on [0, 271] and the same is true after the action of Py(-) forall k = 2,---n—1.
On the other hand, the behaviour of the first component in (8.29) depends on

the value of n and the parameter 6. In particular, observe that the expression

n—1
[Ir(F2r | ) 2o ) [Ru(p. a) (wo(e)] (8.30)
k=2 k)4
is the same, for the plus sign, as the representation (8.19) of Corollary 8.5. If n = 2,
it reduces to Ra(£p, ¢)wo(z) and if n = 1 we just obtain wy. So, when n < 2/ it
provides a pure revival representation for any 6 € (0,1). However, if n > 3, the
expression (8.30) reduces to a revival formula only when 6 is rational. If otherwise,
it becomes a continuous function on [0, 27] even if wy exhibits jump discontinuities.
Similar considerations apply to the minus sign in (8.30).

Summarising the above, we find that representation (8.29) implies that, at ratio-
nal times, the two components w*(z,t) are given by a pure revival effect perturbed
by a continuous function for all § € (0,1) whenn = 1 or n = 2. For values n > 3, this

weak revival property holds if and only if 6 is a rational number in (0,1). Moreover,

because the solution to the periodic problem (8.25) is given by
w(z,t) =wt(x, t) + w (z,t),

it follows that, when n < 2, the periodic problem (8.25) exhibits weak revival at

rational times, whereas if n > 3 the weak revival phenomenon breaks whenever 6 is
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not rational. Finally, from Lemma 8.7, the same conclusion applies to the solution
u(z,t) at rational times of the even-order poly-harmonic wave equation under quasi-

periodic boundary conditions on [0, 27].
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Chapter 9

Conclusion and Further Directions

9.1 Conclusion

The main goal of this work was to examine the revival phenomenon in a variety
of time evolution problems for linear dispersive PDEs subject to boundary condi-
tions posed on a finite interval. We extended the classical revival Theorem 2.8 in
several time evolution problems. Theorem 2.8 describes analytically the revival phe-
nomenon, as a pure revival (see Definition 2.10), in the family of first-order in time,
linear dispersive PDEs with integer coefficients when subject to periodic boundary
conditions on [0, 27]. In this thesis, we considered two main directions. The influ-
ence of the boundary conditions on the revival phenomenon and the persistence of
the revivals in time evolution problems with second-order derivatives in time.

In Chapters 4 and 6, we showed that the free space linear Schrodinger equation
exhibits revivals under two different types of boundary conditions. Pseudo-periodic
conditions which couple the two endpoints of [0, 27] in Chapter 4, and Robin-type
boundary conditions posed separately at the two ends of [0, 7] in Chapter 6. From
Theorem 4.8 and Corollary 4.9 on the pseudo-periodic problem, we concluded that
the non-self-adjointness of the boundary conditions does not affect the revival effect
in this case. On the other hand, by the examination of the Robin problem we estab-
lished Theorem 6.7 and Corollary 6.9, which showed that the revival phenomenon
appears in this case due to the weak revival effect defined as a perturbation of a
pure revival effect by a continuous function in space (see Definition 2.16).

In comparison to the FSLS equation, we saw in Chapter 5 that there is a strong
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influence of the boundary conditions on the revival property for the Airy PDE.
In particular, Theorem 5.2 implied that the Airy PDE does not in general exhibit
revivals under quasi-periodic boundary conditions on [0, 27], even though they are
self-adjoint. This indicated that outside the classical periodic setting of Theorem 2.8,
the revival phenomenon could break in PDEs with polynomial dispersion relation
and higher than two order derivatives in space, when we consider quasi-periodic
boundary conditions. We confirmed this assertion in Section 8.2 where we gener-
alised the lack of revivals in Airy’s quasi-periodic problem to quasi-periodic problems
with monomial dispersion relations of order higher than two. Furthermore, we were
able to conclude that periodic problems for first-order in time PDEs with dispersion
relation a polynomial with real, non-rational coefficients, do not, in general, exhibit
revivals.

With regards to second-order in time evolution problems, our main model was the
even-order poly-harmonic wave equation. For this family of equations, we analysed
the revival effect under periodic and quasi-periodic boundary conditions on [0, 27] in
Chapters 7 and 8, respectively. For periodic boundary conditions, we found that the
poly-harmonic wave equation exhibit revivals at rational times and thus we extended
Theorem 2.8 to second-order in time periodic problems. The revival phenomenon in
this case resulted due to the weak revival effect as established by Corollary 7.9 and
formulated using the revival functional calculus given in Lemma 7.6. Lemma 7.6 is
a special case of the more general revival functional calculus given in Lemma 7.5.
Both lemmas imply the validity of Theorem 2.8 and provide an abstract operator-
based framework for the revival phenomenon. The quasi-periodic problem for the
even-order poly-harmonic wave equation was consider in Section 8.4. Similar to
the first-order in time problems, we were able to deduce that the (weak) revival
phenomenon survives in the case of the bi-harmonic wave equation (fourth-order in
space), whereas for higher-order space derivatives, in general, breaks.

For any revival phenomenon to manifest, the periodicity and number-theoretic
properties of the Fourier series representation of periodic solutions seem to be es-
sential. Our analysis strongly supports this conjecture. Indeed, for a given time
evolution problem, in the spirit of Remark 4.1 and the overview given in Section 8.1,

our approach on the examination of the revival phenomenon beyond the classical
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theory of Theorem 2.8 was to identify the individual periodic components that en-
sure the existence of pure or weak revivals. We were able to follow this idea either
by decomposing the solutions representations to simpler periodic components and
utilise the special transformations from Chapter 3, or to perform a suitable trans-
formation that converts non-periodic boundary conditions to periodic, such as a
Galilean-type transformation. In the future, we aim to confirm this claim by con-
sidering more general time evolution problems which could require a generalisation
of the methods here or a completely different approach. Possible directions on the

revival phenomenon are included in the next section.

9.2 Open Problems

Below, we list a few open problems for future consideration and indicate further

directions for the study of the revival phenomenon.

9.2.1 Linear Perturbations and More General Boundary Con-
ditions

Recall from Section 2.5, that due to the results of Cho, Kim, Kim, Kwon and Seo in

[44] and Rodnianski in [45], the linear Schrédinger equation with a potential V'(x),
Ou(x,t) = —i(—=02u(z,t) + V(x)u(z,t)),

exhibits weak revivals (see Definition 2.16) at rational times ¢ = 27T§, under periodic
boundary conditions on [0, 27]. We believe that the weak revival phenomenon is also
present in the linear Schrodinger equation with separated boundary conditions such

that the underlying eigenvalue problem is of the regular Sturm-Liouville type.
Conjecture 9.1. Let h and H be real numbers. The IBVP for the linear Schrodinger

equation,

ou(x,t) = —i(=02u(z,t) + V(z)u(z,t), u(r,0) = ug(x)
(9.1)
0,u(0,t) — hu(0,t) =0, Oyu(m,t) + Hu(rm,t) =0,
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on [0, 7], exhibits the phenomenon of weak revivals at rational times t = 27r§, where

p and q are co-prime positive integers.

As a first step, we may consider the potential V' (z) to be a twice, continuously
differentiable function on [0,7]. Observe that Conjecture 9.1 holds true for the
time evolution problem (6.12) from Chapter 6, which is a special case of the time
evolution problem (9.1) when V' (z) = 0 for all z € [0, 7]. However, the eigenvalues of
the more general problem (9.1) can not be computed explicitly, with either V' (z) =0
or V(z) # 0. Thus, a completely similar approach as in Chapter 6 is not possible.

A possible direction could be to utilise the precise asymptotic behaviour of the
eigenvalues \; and then decompose the solution into a continuous and a discontinu-
ous part at rational times. It is known that the eigenvalues behave like 52 for large j
when V' € C?|0, 7], see [61] by Levitan and Sargsian. For more singular potentials,
the work of Fulton and Pruess, [62], on the asymptotic behaviour of the eigenpairs
to regular Sturm-Liouville problems should be valuable.

We should further mention that a rigorous proof of Conjecture 9.1 will strongly
support the general conjecture of Chen and Olver in [38]. Indeed, in [38, page 12],
Chen and Olver suggested that dispersion relations with polynomial growth should
lead the solution of a given time evolution problem to exhibit revivals. Additional
numerical examples by Olver, Sheils and Smith in [15], on the free linear Schrodinger
equation, are in favour of an affirmative answer.

In [15], the authors derived the generalised Fourier series representation of the

solution to the FSLS equation
Opu(x,t) = i0u(x,t),

with an initial condition u(x,0) = ug(z) and subject to the general linear, homoge-

neous boundary conditions
Bnamu(%r, t)—i‘BlgU(Qﬂ', t) + Blgﬁxu(o, t) + 614U(0, t) = 0,
Boou(2m,t) 4 P230,u(0,t) + Bo4u(0,t) = 0,

on [0, 27|, where the coefficients are, in general, complex numbers. They performed

152



numerical experiments for a variety of boundary conditions and observe that there
are cases for which the revival and fractalisation effects occur. However, complete
analytical results have not been established yet.

Another model of notable interest is the bi-harmonic wave equation with clamped

boundary conditions on [0, 7],

Otu(z,t) = =0 u(x,t), wu(x,0) = up(x),
(9.2)
w(0,t) =u(m,t) =0, Opu(x,t) = 0.(m,t)=0.

Contrast to the periodic or simply supported boundary conditions considered
in Section 7.3 and Subsection 7.3.2, in the case of (9.2), the eigenvalues satisfy
a transcendental equation for which a closed form solution is not possible. Thus,
a direct derivation of the revival effect can not follow based on the methods of
Chapter 7 or observed by simply plotting the truncated eigenfuction representation.

Accurate numerical approximation of the solution will first allow the observation
of the revivals at rational times. For example, by employing the shooting method for
the numerical solution of the underlying eigenvalue problem, see [63] by Guenther
and Lee. Furthermore, an analytical approach could follow by deriving the precise
asymptotic behaviour of the eigenpairs in order to extract the periodic components
of the solution. The approach here will be in the same lines as for the study of
Conjecture 9.1. We speculate that if any revival phenomenon is present in the time
evolution problem (9.2), this is because of the weak revival effect, resembling the

case of periodic and simply supported boundary conditions.

Conjecture 9.2. The IBVP (9.2) for the bi-harmonic wave equation on [0, 7] ex-
hibits weak revivals at rational times t = 27?’5’, where p and q are co-prime positive

integers.

As mentioned in Subsection 7.3.2; recently, in [59], Dubois, Lefebvre and Sebbah
provided experimental data for the observation of the revival effect in the context of
the two-dimensional bi-harmonic wave equation with clamped boundaries. There-
fore, a rigorous analysis of Conjecture 9.2, will provide, in the one-dimensional
regime, strong theoretical support to [59].

Finally, in a different direction, as we have seen throughout the thesis, the anal-
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ysis of the revival phenomenon has been on the base of eigenfunction expansions,

see also Remark 4.1-1. Still, for the Airy equation

Oz, t) = Pu(z,t)

there exist boundary conditions for which the associate spatial differential opera-
tor does not admit a basis of eigenfunctions. For example, the pseudo-Dirichlet

boundary conditions

u(0,t) = u(2m,t) = d,u(2m,t) =0

on [0,27], do not yield a generalised Fourier series representation. Nonetheless, an
integral representation of the solution is available via the Unified Transform Method.
For a detailed analysis of the Airy PDE with pseudo-Dirichlet conditions we refer
to [53], [64] by Fokas and Pelloni. Therefore, for these types of boundary conditions
the investigation of the revival phenomenon requires new ideas. Moreover, it would
be interesting to identify other boundary conditions for which the revival effect
breaks at rational times in the Airy PDE, similar to the quasi-periodic conditions

in Chapter 5.

9.2.2 Applications of the Revival Functional Calculus

In Chapter 7, based on the non-self-adjoint differential operator L; g, defined by
(7.1) and (7.2), we developed a functional calculus for the revival phenomenon.
This was the context of Lemma 7.5. However, the main application of the revival
functional calculus was in the framework of Lemma 7.6, which corresponds to the
periodic self-adjoint case of the operator L; . This allowed us to derive the weak
revival representation (7.22) of the solution to the periodic problem for the even-
order poly-harmonic wave equation.

Ideally, we would like to identify situations where the general form of the revival

functional calculus, that is Lemma 7.5, can be utilised. As a starting point in this
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direction, the following initial boundary value problem on [0, 27|,

Ouu(z,t) = (i0? — 2iIn(h)0, +iln*(h))u(x,t), u(z,0) = ue(x),
(9.3)
(he®)?™ u(0,t) = u(2m,t), (he”)?™0,u(0,t) = dyu(27,t),

seems to be a suitable example. In (9.3), h and 6 are fixed real numbers such that

h>0and 6§ € [0,1).

9.2.3 Non-linear Equations

In this thesis, we mainly considered the revival effect in linear dispersive PDEs. In
terms of non-linear equations, we were able to extend the Talbot effect from the
periodic problem for the cubic NLS equation, Theorem 2.15 due to Erdogan and
Tzirakis [41], to the quasi-periodic problem (8.21), Theorem 8.6. We expect that
it is likely to generalise the Talbot effect to the more general non-linear, pseudo-

periodic problem
Oru(z, t) = i07u(x, t) +ilu(z, ) u(z,t), u(z,0)= f(z),
Bou(0,t) = u(2m,t), [10,u(0,t) = Opu(2m,t),

given on [0, 27r] and where the complex numbers f3y, 51 satisfy Assumption 4.3. The
main idea here is to combine the decomposition derived in Theorem 4.8 for the
linear problem in terms of periodic problems together with the analysis in [41] for
the periodic non-linear equation.

In the non-linear regime, a further direction is to consider the revival and fractali-
sation effects in the Korteweg-de Vries (KdV) equation with quasi-periodic boundary

conditions,

Ouu(z,t) = —8§’u(1‘, t) — 2u(z, t)O0,u(x,t), wu(z,0)=wuy(z),
(9.4)
P omu(0,t) = 0™ u(2m,t), m=0,1,2, 6€]0,1),

on [0,27]. For § = 0, the boundary conditions become periodic, and we know that

in this case the Talbot effect persists due to the results in [40] by Erdogan and
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Tzirakis.

For 6 # 0, compared to the quasi-periodic problem for the cubic NLS equation,
the KAV equation is not invariant under the transformation (8.9), for n = 3, which
transforms the quasi-periodic boundary conditions to periodic. This suggests that
new ideas needed to tackle this problem.

Further, we remark that, to our knowledge, there is no result that indicates the
well-posedness of the IBVP (9.4) when 6 # 0. Therefore, a first direction would be
to analyse this aspect, starting with the case when 6 is a rational number. Then, it
might be feasible to adopt the arguments in [27], [40] for the periodic case into the
case of the quasi-periodic problem (9.4). We suspect that the framework provided
by Ruzhanski and Tokmagambeto in [56] should be valuable for the analysis of (9.4),
either for rational or generic 6 in (0, 1).

Finally, if we assume that there exists a well-posed setting for the quasi-periodic
problem (9.4), then a natural question that arises is if the revival phenomenon
breaks whenever 6 is irrational, similar to the quasi-periodic problem for the Airy
PDE (Theorem 5.2). In other words, if we fix 6 to be an irrational number in (0, 1),

then is there a smoothing effect on the solution of (9.4) at rational times ¢ = 27£?

9.2.4 Revivals in Higher Dimensions

In the existing literature, the revival phenomenon in higher dimensions seems to be

restricted to the free space linear Schrédinger equation
Owu(z,t) = iAu(z,t). (9.5)

In (9.5), A denotes the Laplace operator and =z is regarded as the space co-ordinate
of dimension d. Extensions of the revival property on higher dimensional spheres
and tori were obtained by Taylor in [12]. Moreover, in [65], Bélin, Horsley and Tyc
recently derived a surprising result. They showed that the revival effect persists in
the Schrédinger equation (9.5) when posed on the surface of a regular tetrahedron.

It should be possible to extend the revival phenomenon in the case of zero Dirich-
let (and/or Neumann) boundary conditions on specific two-dimensional, triangular

domains for the linear Schrédinger equation (9.5). Similar to the one-dimensional
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case, in order to examine the revival phenomenon an investigation of the spectral
problem of the Laplace operator is required. In the case of a half-square (right trian-
gle with two equal sides), the eigenpairs can be obtained by the spectral problem on
the square under rigid transformation methods. From our end, preliminary results
show that at rational times the revivals persist in this case. On the other hand, the
eigenvalues of the Dirichlet-Laplacian on an equilateral triangle are known since the
work of Lamé in the 19th Century and since then many researchers have re-derived
them together with the completeness of the associated eigenfunctions, see for exam-
ple [66] by McCartin. In the future, based on these results we plan to examine the
revival phenomenon. Further directions might include the case of an isosceles or an
arbitrary triangle and regular polygonal domains.

Another, perhaps more ambitious, direction in higher dimensions is the exami-
nation of the revival phenomenon, with either numerical or analytical methods, in

the two-dimensional, bi-harmonic wave equation
Otu(z,t) = —A%u(x,t), (9.6)

on the square [0, 7] x [0,7]. In (9.6), the symbol A? denotes the bi-harmonic op-
erator. We pose the equation under either simply supported or clamped boundary
conditions. Both cases set physical problems of special interest for the theoretical
treatment of the revival effect, since they may lead to full justification of the experi-
mental revival observations in [59]. Simply supported boundary conditions could be
considered as a first step. In this case, we may approach the problem either by utiliz-
ing the one-dimensional results or the equivalence of the bi-harmonic wave equation
with a system of linear Schrodinger equations. For the case of clamped boundaries,
which corresponds to the experimental study [59], a numerical examination of the
revival could be based on spectral methods for the underlying eigenvalue problem

of the bi-harmonic operator, see [67] by Trefethen.
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Appendix A

Linear Dispersive Partial

Differential Equations

One possible classification of a partial differential equation in one space dimension

is based on the attached dispersion relation. Following [25], consider a linear PDE
P(0, 0y )u(x,t) =0, (A.1)

where P is a polynomial in the partial derivatives and with complex constant co-
efficients. The variable ¢ denotes time and z serves as the space co-ordinate of

dimension one. By fixing plane wave solutions of the form

u(z, t) = e'tke=wt) (A.2)
we obtain by substitution the dispersion relation

P(—iw,ik) =0, (A.3)

which gives the time frequency w(k) as a function of the spatial frequency or the
wave number k (assuming that we can solve (A.3) for w).
In physical terms, see [25] or [26], a linear dispersive equation describes the fact

that plane wave solutions of different wave numbers k propagate with a different
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phase velocity w(k)/k. Thus, for example, the transport equation

Ouu(x,t) = —0u(x,t),

with dispersion relation w = k, is not dispersive. Similarly, the classical wave
equation

O ulw,t) = dgu(x, 1),

is not dispersive. On the other hand, a typical example of a linear dispersive PDE

is the linear Schrodinger equation (FSLS)

Op(x,t) = i0%u(x,t), (A.4)
which has dispersion relation w = k?. Another case is the Airy PDE (AI)

oz, t) = Pu(x,t), (A.5)

with the dispersion relation given by w = k3.
In rigorous terms, for a given linear PDE of the form (A.1), the term dispersive

amounts for the following definition, [25].

Definition A.1. The PDE (A.1) is called dispersive if for each wave number k,
the frequency w(k) is real and the second derivative of w with respect to k does not

vanish identically (W" #0).

The condition w” # 0 eliminates some controversial cases, such as the class of
equations with dispersion relation w(k) = ak + b, where a and b are some fixed real

numbers. For example, the equation

Owu(z,t) = —0,u(x,t) — iu(z,t)

has dispersion relation w(k) = k + 1, which implies that the phase velocity is not
constant. Thus, in a sense it is a dispersive equation. However, by a standard
Fourier-transform argument, it follows that an initial waveform f(x) evolves, at
time ¢t > 0, to

u(z,t) = e f(xz —t).
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Therefore, although the initial function f(x) is modified by the propagation, there
is no dispersion in the sense that the shape of f(z) stays essentially unaltered and
does not spread out.

In particular, w” # 0 implies that the group velocity w’(k), which in the one-
dimensional setting has a more significant role than the phase velocity, is not a
constant. We refer to [25] for further details on the group velocity in linear dispersive
equations.

Regarding our investigation of the revival phenomenon, equations (A.4) and
(A.5) are the main points of reference for first-order in time evolution problems.

Moreover, the bi-harmonic wave equation
8152“<l17 t) = —3ifu(x, t)a

gives a model of a second-order in time linear dispersive equation, with dispersion

relation w? = k2.
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Appendix B

Bases in Hilbert Space

In many instances, the solution to an initial boundary value problem on a finite
interval can be expressed as an infinite series in terms of a basis of square integrable
functions. For example, when applicable, this is the result of the classical Fourier
method. Hence, to set some agreed-upon terminology, in this appendix we briefly
revise the notion of a basis in a Hilbert space and provide also relevant properties
useful for the solution to initial boundary value problems.

Following [68], see also [69], a countable family {¢;}52, of elements of a complex,
separable, infinite-dimensional Hilbert space H is called a Schauder basis or simply

a basis if any f € H has a unique expansion of the form
f=2 fi;:=lim »  fio; (B.1)
j=1 j=1

for some (unique) f; € C.

The convergence in (B.1) is with respect to the norm of H defined as usual by
| fll = v/{f, f), with (f,g) the inner product on H. The numbers f; in (B.1) are
called generalised Fourier coefficients or simply Fourier coefficients of f with respect
to {#;}32, and the expansion is called the generalised Fourier series or Fourier series
of f with respect to {¢;}52;.

We say that {¢;}52, forms an orthonormal set in H if it satisfies the condition

17 .j = k?
(0, bn) = (B.2)



If it is a basis, then {¢;}°

521 is said to be an orthonormal basis in H. The next,

elementary lemma gives equivalent conditions for an orthonormal set to be a basis,

see [32, Theorem 5.27].

Lemma B.1. Let {¢;}32, be an orthonormal set in H. Then, the following are
equivalent.
(i) {¢;}52, is an orthonormal basis.

(11) For every f € H the expansion

F=> (f01)0;,
7j=1

holds with the respect to the norm of H.

(i1i) For every f € H, we have Parseval’s identity

FRED N
j=1

() If {f, ;) =0 for all j, then f =0.

Apart form orthonormal bases, in the analysis of time evolution problems we
may encountered other types of bases. For particular interest to us, are the Riesz

bases defined as follows.

Definition B.2 ([68],[69]). A sequence {¢;}52, is called a Riesz basis in a Hilbert
space H if there exists a bounded linear operator B : H — H, with bounded inverse,

and such that the sequence {B;}32, is an orthonormal basis of H.

Notice that if {¢; 521 is a Riesz basis then it is a basis. Indeed, for every f € H

we have
Bf =Y (Bf,B¢;)Bo;.
j=1
Because B is a bounded linear operator we can exchange its action and take the

limit. Hence,
[o¢]

Bf = B( Y (BI. Béye,)

Jj=1
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Then, we take the inverse on both sides to obtain the expansion

f = (Bf,Boj); = f;d;.
Jj=1

j=1

Note that the generalised Fourier coefficients are given by
fi=(Bf.Bf;) €C,
or in terms of B and its adjoint B* by
fi=(f,B"Bfj).
In particular, for a given Riesz basis we obtain a sequence {1;}32, defined by
V; = B"Bg;,
for which the biorthogonality condition

L j=Fk,

0, j#k

(0, 1r) = (Boj, Bow) =

holds. This motivates the following classical definition.

Definition B.3. Two countable sets {¢;}32,, {;}52, in a separable, infinite -

dimensional Hilbert space H are called biorthogonal if the following condition holds

L, j=k,
0, J#k

We note that {1;}22, is also a Riesz basis when {¢;}32, is. The next lemma is

the analogue to Lemma B.1 for Riesz bases, see [68, Theorem 3.4.5]

Lemma B.4. Given a countable set {¢;}52, in H the following conditions are equiv-
alent.

(i) {#;}32, is a Riesz basis.
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(11) There is a positive constant ¢ such that
HLIP< DI ol < ellfIP,
j=1

for all f in H.

(i) Given complex numbers {f;}52,, the series

> fids
j=1
is norm convergent and defines an element in H if and only if

o
Y IfP < oo
j=1

We close with a specific criterion for a sequence to form a Riesz basis in a Hilbert
space. It allows us to derive a generalised Fourier series representation to the solution
of the free linear Schrodinger equation under the class of pseudo-periodic boundary
conditions in Chapter 4. We were not able to find a specific reference for this result,

so we include a self-contained proof.

Lemma B.5. Let {m;}52, and {{;}52, be orthonormal bases in a Hilbert space H

and let a € C such that |a| # 1. Then, the sequence
¢j:m]~+a€j, jeN

forms a Riesz basis in H.

Proof. Consider the linear map S : H — H given by
Sf = (fm)e;.
j=1

Then, since {m;}322, and {/;}32, are both orthonormal bases, by Parseval’s identiy,

we have ||Sf||* = ||f||*, which implies that S is an isometry of H. Moreover, S is
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also one-to-one and onto with inverse given by
ST =D (flymy, Y feMN
j=1

Clearly, S~! is also bounded as it is also an isometry. Moreover, for each j € N,

Smj = Z(mj, My ) ln, = 1.
n=1
Now assume that |a| < 1. Then, [[aSf] < |al||f]| for any f € H. Thus, if I
denotes the identity operator, then the operator operator T'= I +aS has a bounded
inverse 71 (see [70, Theorem 4.40]). Because T'm; = ¢;, we see that T 1¢; = m;,
which implies that ¢; is a Riesz basis.
If |a| > 1, then we can write ¢; = ah;, with h; = {;+a"*m;. However, |[a™!| <1,

and so {h;}32, is a Riesz basis and the same is true for ¢;. O
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Appendix C

Linear Opeators and

Eigenfunction Expansions

In time evolution partial differential equations the spatial part of the equation is
usually viewed as a linear operator, in general unbounded, defined on a suitable
subset of a Hilbert space. For example, the linear Schrodinger equation (FSLS) or
the Airy PDE (AI) can be rewritten as

Owu(x,t) = —iLu(x,t)

where L is either —9? or i92. When we require u(z,t) to satisfy a number of
specific boundary conditions on a finite interval, then L can be defined on a space of
sufficiently continuously differentiable functions satisfying the boundary conditions.
Therefore, in this appendix we introduce the standard concepts around the theory
of (unbounded) linear operators. A detailed exposition of the material here can be

found in [71, sections 1.1 and 1.2].

Definition C.1. A linear operator on the Hilbert space H is a linear map L :
D(L) — H, where D(L) is a linear dense subspace of H. We call D(L) the domain
of the operator L.

The problem of funding all complex numbers A and non-zero f € D(L) such that

Lf=Xf,
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is called the eigenvalue problem for the linear operator L. If such a pair (A, f)
exists then we call A an eigenvalue of L and f an eigenfunction (associated with the
eigenvalue \). Sometimes we refer to the pair (A, f) as an eigenpair of the operator
L.

In the analysis of initial boundary value problems, the underlying spatial linear
differential operator often has a family of eigenfuctions which forms a Riesz basis
of the underlying Hilbert space H. In these cases, for an arbitrary element f € H
its unique expansion with respect to the basis of eigenfunctions is known as an
etgenfunction expansion.

The set of eigenvalues is a subset of the spectrum of an operator L, which is

denoted by Spec(L) and defined below, where I : H — H is the identity operator.

Definition C.2. The spectrum of a linear operator L : D(L) — H is the set Spec(L)
containing all complex numbers z such that the operator (zI — L) : D(L) — H does

not have a bounded inverse.

Eigenvalue problems for linear differential operators correspond to particular
types of boundary value problems for linear differential equations. In such problems,

we often encounter the special classes of self-adjoint operators.

Definition C.3. Let L : D(L) — H be a linear operator. Define D(L*) C H to be
the set of all g € H such that there exist h € H so that

(Lf.g)=(fh), V feDL).
The adjoint operator L* : D(L*) — H is defined by L*g = h. If L = L*, meaning
that D(L) = D(L*) and Lf = L*f for all f € D(L), then L is called self-adjoint.

Due to the density of D(L) in H the adjoint L* is a well-defined linear operator.
Indeed, let g € D(L*) and hq, he be two elements of H such that

<Lfvg> = <f7h'1> = <f7h1>

for all f € D(L). Then, (f,hy — ho) = 0, for all f € D(L), which implies that
hy = hy. Moreover, because Hilbert spaces are reflexive Banach spaces, it follows

that the adjoint is a linear map with dense domain and hence a linear operator.
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A related class of operators is that of symmetric operators.

Definition C.4. A linear operator L : D(L) — H is called symmetric if for every
f and g in D(L) we have
(Lf,g) = (f Lg)-

Notice, that self-adjoint operators are particular cases of symmetric operators.
It is well known that the eigenvalues of a symmetric operator are always real. This

can be seen by considering an eigenpair (A, f) with || f|| = 1. Then, we have

A= AP =ME L) = N f) = (L) = (L) = (LA =ML ) =X,

where (-) denotes complex conjugation.

A symmetric operator L is always closable, meaning that there exists an extension
L of L (that is Lf = Lf, for all f in D(L) and D(L) € D(L)) which is closed. In
turn, L is said to be closed, if for a sequence f,, € D(L) with limit f € H and for
g € H such that Lf, — g as n — oo, it follows that f € D(L) and Lf = g. For a
given closable operator there always exists a closed extension with minimal domain
among all closed extensions, which is called the closure. Self-adjoint operators are
always closed.

Regarding the applications of interest in this thesis, for initial boundary value
problems sometimes it is more convenient to work with domains for which the dif-
ferential operators are not necessarily closed, but nonetheless they are symmetric.
An intermediate class between symmetry and self-adjointness is known as essential

self-adjointness.

Definition C.5. A linear operator L : D(L) — H is called essentially self-adjoint

if it is symmetric and its closure L is self-adjoint.

In practise, working with an essentially self-adjoint operator is almost the same
as working with a self-adjoint operator, since we can use the density of the domain
to argue. The next lemma provides a useful criterion, suited for the framework of
the thesis, which establishes when a symmetric operator is essentially self-adjoint,

see [71, Lemma 1.2.2].
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Lemma C.6. Let L : D(L) — H be a linear symmetric operator with a family
of eigenfuctions {f,}>2, C D(L) forming an orthonormal basis of H. Then L is

essentially self-adjoint and the spectrum of its closure L is the closure of the set of

eigenvalues {\,}22, of L in R.

Observe that, if a linear operator is symmetric and has an orthonormal basis of

eigenfunctions, then Lemma C.6 implies that its closure is self-adjoint.
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Appendix D

Sobolev Spaces

In this appendix we recall the standard L?(0,27) based Sobolev spaces. First, we
give the definition of the Sobolev space of positive integer order over the open
interval (0,27) and outline some of their properties. For this part we follow Grubb
[72, Chapter 4]. Then, we consider the case of 2m-periodic Sobolev spaces of real
non-negative order. For this part see either Kress [73, Chapter 8] or Iorio and Iorio
[55, Chapter 3]. In the former, the approach is directly in the setting of Fourier series
in L%(0,27), whereas in the latter, the approach is in the more general framework
of periodic distributions.

Below, we use the notation ¢, ¢, "™ for the derivatives of a function and we
denote by C2°(0, 27) the space of smooth functions with compact support in (0, 27).
We begin with the notion of the weak derivative in L?(0, 27).

Definition D.1. Let m € N. We say that a function f € L*(0,27) is m times
weakly differentiable in L?(0, 27) if there exist functions g, € L?(0,27), n=1,...,m,
such that

/oﬂf(gj)mdx = (—1)”/0 ' gu()o@)de,

for all for all p € C(0,27) and j =1,...,m. We call g,, the n-th weak derivative
of f and write g, = f™.

The L*(0,27) based Sobolev space H™(0,2m) can now be defined as follows.

Definition D.2 ([72]). The first-order Sobolev space H(0,27) consists of functions
f in L*(0,27) which have a weak derivative f' € L?(0,2m). For integer m > 2, the
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Sobolev space H™(0,27) is defined inductively by
H™0,27) = {f € H™(0,27) ; f' € H™'(0,2m)}.

For any m € N, it is known that H™ (0, 27) is a complex Hilbert space under the

inner product

(f.9)m=> /0 " (@) g (@)dr, Y f, g € H™(0,27).

Also, it is readily seen that H™(0,2m) contains C™[0, 27|, i.e. the space of all m
times continuously differentiable functions on [0, 27]. In particular, as we see in the
next proposition, one-dimensional Sobolev spaces can be characterised in terms of
continuously differentiable functions. Moreover, the formula of integration by parts
extends in the Sobolev space setting. For the proof of each part we refer to [72,

Theorem 4.17 and 4.14].

Proposition D.3. Let m € N. Then H™(0,27) admits the following properties.
(i) H'(0,27) consists of continuous functions on [0,27] which are weakly differ-

entiable. For any integer m > 2, H™(0,27) can be characterised as follows
H™0,27) = {f € ™70, 27] ; fm Y e H'Y.

(ii) If f,g € H'(0,27), then the product fg belongs in H'(0,27) with (fg) =
f'g+ fg' and for any a,b € [0,27x] the integration by parts formula

b b
/f’(ﬂ«“)g(m)dw:[f(ﬂf)g(%')]ﬁ—/ f(x)g (x)dz,

holds.

We now turn our attention to the periodic setting and define the 27-periodic

Sobolev Spaces of real non-negative order.

Definition D.4 ([73], [55]). Let s > 0. The 2m-periodic Sobolev space HE,.(0,2m)

per
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of order s is defined as the following subspace of L*(0,27)

H3,,(0,27) = {f e 12(0,2m) s Y (14 [iP) 1T < oo} ,

JEZL

~

where f(j) are the Fourier coefficients of f.

To give an intuition behind Definition D.4 and establish a connection with Def-
inition D.2, let f € H]..(0,2m). We show that f belongs in H'(0,27) and satisfies
the periodic boundary condition f(0) = f(2x). First, note that since f belongs in

L*(0,27), it admits a Fourier series. Thus, we have
f = Z f(j>ej7

where e;(x) = €9 /y/21 and the hats denote the Fourier coefficients. Also, note

~ ~

that | f(j)e;(z)] = |f(j)]. Moreover, by the Cauchy-Schwarz inequality in ¢*(Z) (the

Hilbert space of square-summable sequences) and the hypothesis on f, we have that

o (LR G))

JEL J

~ 1
< jezz(l + PG jezzm < 00.
Now, by Weierstrass M-test, the Fourier series of f converges absolutely and uni-
formly to a continuous 27-periodic function and coincides with f (since f € L*(0, 27)).
Thus, f € C[0,2x] and f(0) = f(2m).
To show that f has a first weak derivative in L*(0,27), let ¢ € C°(0,27). By

the uniform converge of the Fourier series of f we can exchange integration with

summation below and have the following

(&) = / ST P ) d @ = 3 F) / " (@) F @)

JEZ JEZ
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The function
g=">_ifG)e

belongs in L?(0,27) due to the hypothesis

> 1iFG)? < oo

JEZ

Therefore, there is g € L*(0,27) such that

(£, 0) = =S 9)60) = —(g.8), Ve € C2(0,2n),

jET

~

where the second equality above follows from the isometry f — f(n) between

L?(0,27) and ¢*(Z), see [50]. Tt follows that f has a weak derivative in L*(0, 27).
Now, the converse is also true. Indeed, let f € H'(0,2n) such that f(0) = f(27).

Since, both f and its weak derivative f” are in L?(0,27), they admit a Fourier series

representation
=Y "Ffl)e; and f'=>" Flie;.
JEZ JEZ

The boundary condition implies that for any j € Z,

2w 2 R

f'G) = i f(x)e;(x)de = —ij i f(x)ej(x)de = —ijf(j).

Moreover, by Parseval’s identity we have that

o P = NP+ IFIP = Do+ PIFG)I
JEL
In particular, we notice that for any f € H'(0,27) such that f(0) = f(27), the
series on the right-hand side above converges.
Consequently, we see that the periodic boundary conditions are encoded in the
definition of H},.(0,27). Similar considerations yield, for any positive integer m,

the following identification

H™ (0,21) = {f € H™(0,27) ; f™(0) = f™2r), n=0,1,---,m—1}.

per
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For s > 0, the Space H}, (0,27) is also a Hilbert space with the inner-product
given by

(f.9)s =D A+ 1P F(G)a0G), V£ g € H(0,2m).

jez
For s = 0, H},.(0,27) is identified with L*(0,2n). Finally, the next lemma, known
also as Sobolev embedding, holds true (see [73, Theorem 8.4] or [55, Theorem 3.195]).

Lemma D.5. Let s > 1/2 and f € H,,(0,2m). Then, the Fourier series of f
converges absolutely and uniformly. Its limit is a continuous 2mw-periodic function

which coincides with f almost everywhere.
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Appendix E

Two Proofs

In this appendix we prove two statements from Chapter 2.

Proof of Theorem 2.4. We know that a fixed initial function uy in L?(0,27) admits

the L%(0,27) Fourier series representation

uo(r) =Y do(j)e;(w).
JEL
To prove the theorem, we first construct a sequence of smooth solutions. In partic-

ular, for n € N, the bounded, smooth functions

u () = D7 d(j)e e () (E.1)
j=-n
form a sequence of smooth solutions to the periodic problem (2.3) with the initial

conditions given by the partial Fourier sums

n
ug(a) = Y ao(j)e;(@).
j=—n
The construction (E.1) of these smooth solutions follows from the Fourier method
illustrated along the subsequent lines.
Assume that u™(z,t) is a smooth solution to (2.3) with initial condition uf(x).
Then, for a fixed time ¢ > 0, from Fourier series theory, the solution can be written

as an absolutely and uniformly convergent Fourier series of the space variable, see
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[20]7
() =) wn(j tes().

JEL
Since u™(z,t) satisfies the IBVP (2.3) point-wise, we can uniquely determine the
Fourier coefficients ﬁ( J,t). Indeed, for each fixed j € Z, taking the inner-product

with e;(z) we have that

27 2
/ o (x,t)e;j(x)dr = z/ O™ (z,t)e;(x)dx.
0 0

On the left-hand side, we can exchange differentiation with integration by the Dom-
inated Convergence Theorem since u"(x,t) and O,u™(x,t) are bounded and contin-
uous functions of ¢ (see Theorem 2.27 in [32]). On the right-hand side we perform
integration by parts twice using the periodic boundary conditions. Thus, for each

] €L, ﬁ( j, t) satisfies the differential equation with respect to the time variable

d — —_
(1, 8) = =i (),

with initial condition ﬂﬁ(j, 0) = &g( j). Hence, for each j € Z,
wi(j.t) = ug(j)e ™,
and the solution u™(x,t) takes the form
(o) = S ey @) = 3 Blj)e ey ()
JEZ j=—n

This finishes the construction of the smooth solutions and we continue by showing
that (2.7) satisfies Definition 2.3 of a generalised solution.

Observe that for any ¢ > 0, |@y(j)e "t = |iy(5)]? and so
~ 7\ —if2 o~/ .
D lwe = a ().
Jj=—n j=—n

Since ug € L?(0,27), then as n — oo we see that the series in the right-hand side of
the expression above converges to |[ug||?> (Parseval’s identity). Hence, the sequence

of the partial sums u"(z,t) converges uniformly in ¢ with respect to the L?(0,27)
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norm, and so the map

u(1) =D d(ie e
JEZ
takes every t € [0, 00) into L*(0, 2m).
To prove continuity in ¢ with respect to the norm of L?(0,27), we fix t > 0 and

let h > 0. Then, using Parseval’s identity we have that

lu( ¢ +h) =l )P =D e = 1P| (5)[

JEZ

However, because |e=*" — 1[2|dy(5)|? < 4|uo|? and also ug € L2(0, 27), the series in
the right-hand side above converges absolutely and uniformly with respect to h by

the Weierstrass M-test. Moreover, since
e — 1P = 2(1 — cos(j*h))

is continuous as a function of A and goes to zero as h goes to zero we see that
lim Ju(-, 4 ) — u(- 1)[[> = 0,

proving continuity from the right. To show continuity from the left, we fix t > 0

and pick h € (0,t). Then, we have

lul- 1) = WIF =Y 11— e Plao)P,

JEZL

and a similar argument as before shows that

lim [Ju(-,#) = u(-t = B)|* = 0

h—0

Finally, note that the uniqueness of the generalised solution is implied from the
uniqueness of the Fourier coefficients or equivalently from the basis property of the

periodic eigenfunctions e;(x). O

Proof of Proposition 2.6. For an initial function vy in L?*(0,27), we consider the

generalised solution u(zx,t) of (2.3) given for each fixed ¢ > 0 by the Fourier series
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(2.7).
Let ¢, t; > 0. Then by the Cauchy-Schwarz inequality in L?(0,27) we find that
for any ¢ € D(L)

[(u(, 1), 0) = (u(, ta), o) = [ul-s 1) = ul- tr), @) <l 1) = ul- t)ll|]-

Hence, the continuity of the function (u(-,t),¢) for any ¢ > 0 follows from the
continuity of the map u(-,t) : [0,00) — L?(0, 27).
To show (2.8), first notice that since every partial sum
u(a,t) = Y d(j)e ei(x), neN,

j=—n

is a smooth solution with initial condition the n-th partial sum of the Fourier series

of ug, it satisfies

d

%<un<> s), @) = i{u" (-, s), ¢H>’

for any ¢ € D(L). This implies that

where 0 < § < t. We want to take the limit as n — oo.

Observe that by the Cauchy-Schwartz inequality once more, we have

[(u(2), @) = (u"(-, 1), §) < flul-, ) —u"(, D)4l

and

< (= 0)ul,t) =" )"

[ttt = [ e oas

Because for any ¢ > 0, u"(-,t) converges in L?(0,27) to u(-,t) as n — oo, letting

n — 0o we obtain that
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which gives
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Appendix F

Numerical Examples of Revivals

and Fractalisation

This appendix contains numerical examples which illustrate the revival and frac-
talisation phenomena in three time evolution problems considered in the thesis. In
all the examples, we start with a step initial condition with the jump discontinuity
placed in the middle of the interval of definition. In Section F.1, we display the
numerical solutions to the pseudo-periodic problem for the free linear Schrodinger
equation analysed in Chapter 4. Both non-self-adjoint and self-adjoint boundary
conditions are treated. Numerical examples for the Airy PDE with quasi-periodic
boundary conditions are given in Section F.2. This was the problem examined in
Chapter 5. Finally, in Section F.3, we display numerical examples which correspond
to the free linear Schrodinger equation under the Robin boundary conditions consid-
ered in Chapter 6. All graphs were plotted in Octave by summing over 4000 terms
of the generalised Fourier series representations (4.14), (5.8), (6.17).

F.1 Free Linear Schrodinger Equation with Pseudo-
Periodic Boundary Conditions

Here, we illustrate the phenomenon of revivals and fractalisation in the pseudo-

periodic problem (4.1) for the free linear Schréodinger equation with initial condition
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0, 0<z<nm
up(w) =

1, n<x<2nm.

J

In Figures F.1 and F.2 we plot the graph of the solution (4.14) at rational and
irrational times for non-self-adjoint boundary conditions specified by the choice of
parameters Sy = 1/5 and 57 = 2. In the first figure, the solution is evaluated at
rational times. We clearly notice that the real and imaginary parts are piecewise
constant functions, confirming the revival effect as obtained by Corollary 4.9. On
the other hand, in Figure F.2, the solution profiles at generic times appear to be
continuous, nowhere differentiable functions. Thus in both figures, the behaviour of
the solution is in accordance with the consequences of Theorem 4.8, which gives at
any time, the solution to the pseudo-periodic problem in terms of the solutions to

specific periodic problems.

p=0, q=1

p=1, q=2 p=4, q=3
4 4 4
2 2 2
0 o 11— ol T
-2 2 -2
01 2 3 4 5 6 01 2 3 45 6 01 2 3 45 6
p=4, q=7 p=7, q=5 p=6, q=11
4 4 4
2 2 2
L
2 -2 2
01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6

Figure F.1: Real (blue) and imaginary (red) parts of the solution of the pseudo-periodic
(4.1) for the FSLS equation with Sy = 1/5, f1 = 2 at rational times ¢ = 27p/q.
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01 2 3 45 6
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t=3.7
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Figure F.2: Real (blue) and imaginary (red) parts of the solution of the pseudo-periodic
(4.1) for the FSLS equation with Sy = 1/5, f1 = 2 at generic times.

p=6, q=5

O 1]

01 2 3 45 6

p=5, q=14

I ey

01 2 3 45 6

Figure F.3: Real (blue) and imaginary (red) parts of the solution of the pseudo-periodic
(4.1) for the FSLS equation with By = 1 = 2™ § = \/2/3, at rational times t = 27p/q.
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t=0 1=0.03 t=0.7
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2 2 2

4
0123456 012345686 0123456

t=1.6 t=2.7 t=
4

2 2 2
2 » 2
4 4
0123456 0123456 0123456

Figure F.4: Real (blue) and imaginary (red) parts of the solution of the pseudo-periodic
(4.1) for the FSLS equation with 8y = 81 = €??™, § = \/2/3, at generic times.

Similarly, in Figures F.3 and F.4, the revival and fractalisation phenomena man-
ifest in the simpler case of self-adjoint boundary conditions. In these two figures,
the boundary parameters are fixed by choosing 3y = £ = €™, with # = v/2/3. In
the next section, the same choice of quasi-periodic boundary conditions shows the

lack of revivals in Airy’s PDE at rational times.

F.2 Airy’s Partial Differential Equation with Self-
Adjoint Quasi-Periodic Boundary Conditions

In this section, we display the numerical solutions of the quasi-periodic problem
(5.4) for Airy’s PDE, where the boundary conditions determined by 8 = > with

6 € (0,1). We use the generalised Fourier series (5.8) with the step initial condition

0, 0<z<nm
up(z) =
1, m<az<2m,
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and illustrate the phenomenon of revivals and fractalisation for two choices of the
boundary parameter 6, one rational and one irrational. The figures clearly demon-
strate the extra dichotomy posed on the revival effect by rational and irrational
values of 6.

In Figures F.5 and F.6, we plot the solution profile in space when 6 is rational.
In the first figure, the time is set to be rational and we clearly see the reappearance
of the initial jump discontinuity. In the second figure, the time is irrational and
the real and imaginary parts of the solution are both continuous. As expected, the
discontinuity has been smoothed out.

Now, in Figures F.7 and F.8 we choose 6 irrational. At any time, either rational
or irrational, no discontinuities appear in the solution. In particular, in Figure F.7,
there is no revival at rational times. This is in agreement with Theorem 5.2, which
gives the solution at rational times in terms of the solution of a periodic problem
for the free linear Schrodinger equation at an irrational time. Moreover, note that
the lack of revivals in Airy’s PDE is in contrast to the case of the FSLS equation
for which the revival effect persists under these quasi-periodic boundary conditions,

as this was illustrated in Figures F.3 and F.4.
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Figure F.5: Real (blue) and imaginary (red) parts of the solution of Airy’s problem (5.4)
with 6 = 1/4 at rational times ¢ = 27p/q.
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Figure F.6: Real (blue) and imaginary (red) parts of the solution of Airy’s problem (5.4)

with § = 1/4 at generic times.
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Figure F.7: Real (blue) and imaginary (red) parts of the solution of Airy’s problem (5.4)
with @ = v/2/3 at rational times ¢t = 27p/q.
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Figure F.8: Real (blue) and imaginary (red) parts of the solution of Airy’s problem (5.4)
with 8 = /2 /3 at generic times.

F.3 Free Linear Schrodinger Equation with Robin-
type Boundary Conditions

In this section, we display numerical experiments which correspond to the initial
boundary value problem (6.12). As an initial condition we consider the piecewise

constant function

0, 0<x<3
up(r) =
1, §<x§7r

Picking different values of the parameter b € [0, 1], we plot at generic (irrational)
and rational times the real and imaginary part of the solution u(x,t) as given by
(6.17). In figures (F.9) and (F.11), we observe that at rational times the solution
evolves to, not exactly, only translations (and/or reflections) of the initial profile.
However, the revival of the discontinuities is preserved as predicted by Corollary 6.9.
This is the weak revival effect (Definition 2.16). On the other hand, see figures F.10

and F.12, at generic times the solution profile is clear of discontinuities.
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b = 0.35 at rational times ¢t = 27p/q.
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Figure F.9: Real (blue) and imaginary (red) part of the solution of the IBVP (6.12) with

t=0.15
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Figure F.10: Real (blue) and imaginary (red) parts of the solution of the IBVP (6.12)

with b = 0.35 at generic times.
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Figure F.11: Real (blue) and imaginary (red) parts of the solution of the IBVP (6.12)

with b = 0.6 at rational times t = 27p/q.
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Figure F.12: Real (blue) and imaginary (red) parts of the solution of the IBVP
(6.12) with b = 0.6 at generic times.
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