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ABSTRACT. We study asymptotic behaviour of positive ground state solutions of the non-
linear Schrédinger equation

—Autu=u>""+ " inRY, (Pr)
where N > 3 is an integer, 2* = 2 is the Sobolev critical exponent, 2 < ¢ < 2* and A > 0

is a parameter. It is known that as A — 0, after a rescaling the ground state solutions of (Py)
converge to a particular solution of the critical Emden-Fowler equation —Au = w7t We
establish a novel sharp asymptotic characterisation of such a rescaling, which depends in a
non-trivial way on the space dimension N =3, N =4 or N > 5. We also discuss a connection
of these results with a mass constrained problem associated to (Py). Unlike previous work of
this type, our method is based on the Nehari-Pohozaev manifold minimization, which allows
to control the L?-norm of the groundstates.

1. INTRODUCTION AND NOTATIONS

We study standing—wave solutions of the nonlinear Schrodinger equation with attractive
double—power nonlinearity

iy =AY+ [9]7 %Y + [P 2p  in RY xR (1.1)

where N > 3 is an integer and 2 < ¢ < p. A theory of NLS with combined power nonlinearities
was developed by Tao, Visan and Zhang [27] and attracted a lot of attention during the past
decade (cf. [3, 4, 11] and further references therein).
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2 NONLINEAR SCHRODINGER EQUATION WITH CRITICAL COMBINED POWERS NONLINEARITY

A standing—wave solutions of (1.1) with a frequency w > 0 is a finite energy solution in the
form

P(t, ) = e Q(x).
After a rescaling
Q(z) = wiu(vea),

we obtain the equation for u in the form

—Au+u=|ulPu+ Nu/T%u  in RY, (1.2)
where A\ = w 2 > 0.
When p < 2%, where 2* = % is the Sobolev critical exponent, weak solutions of (1.2)

correspond to critical points of the associated energy functional Iy : H'(RY) — R, defined

by
1 1 A
I u::/ Vul? + |ul? —/ up—/ ul?.
A(u) 2RN(l * + |ul?) pRNll qRNll

By a ground state solution of (1.2) we understand a solution uy € H'(R™) such that Iy (uy) <
I\(u) for every nontrivial solution u of (1.2).

In the subcritical case p < 2%, the existence of a positive radially symmetric exponentially
decaying ground state solution of (1.2) is the result of Berestycki and Lions [9]. If 2* < g < p
there are no finite energy solutions of (1.2), which follows from Pohzaev identity.

In this paper we are interested in the critical case p = 2*. We study the problem

where ¢ € (2,2*) and A > 0 is a parameter. The following result gives a characterisation of
the existence of ground states for (Py).

Theorem 1.1. Problem (Py) admits a positive radially symmetric exponentially decreasing
ground state solution uy € H'(RN) N C?(RN) provided that:

e N>4,q€(2,2%) and A > 0;
e N=3,q€(4,6) and A > 0;
e N =3 and q € (2,4] and X is sufficiently large.

For N > 4, Theorem 1.1 is established by Akahori, Ibrahim, Kikuchi and Nawa [2], Alves,
Souto and Montenegro [8] and Liu, Liao and Tang [21]. In the case N = 3, Theorem 1.1 is
proved in the above mentioned papers for ¢ € (2,6) and large A > 0. Theorem 1.1 for N = 3,
q € (4,6) and every A > 0 was proved in Zhang and Zou [30, Theorem 1.1] (see also Li and
Ma [19] or Akahori et al. [4, Proposition 1.1]).

Very recently, Akahori, Ibrahim, Kikuchi and Nawa [5], and Wei and Wu [29] refined
the results concerning the existence and non-existence of ground states to (Py) when N =
3. Although their definition of the ground state is different from that in our paper, they
established the existence of a A, > 0 such that (Py) has a ground state if A > A, and no
ground state if A < A\x when N = 3 and ¢ € (2,4]. Moreover, when N = 3 and A = \,, (Py)
has a ground state if ¢ € (2,4).

Concerning the uniqueness, Akahori et al. [4, 1, 3] and Coles and Gustafson [11] proved
that the radial ground state u) is unique and nondegenerate for all small A > 0 when N > 5
and g € (2,2%) [4, Theorem 1.1} or N = 3 and ¢q € (4,2%) [11], [1, Theorem 1.1]; and for all
large A when N > 3 and 2 +4/N < g < 2* [3, Proposition 2.4]. Very recently, Akahori and
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Murata [6, 7] established the uniqueness and nondegeneracy of the ground state solutions for
small A > 0 in the case N = 4.

In general, the uniqueness of positive radial solutions of (Py) is not expected. Dévila,
del Pino and Guerra [12] constructed multiple positive solutions of (1.2) for a sufficiently
large A and slightly subcritical p < 2*. A numerical simulation in the same paper suggested
nonuniqueness in the critical case p = 2*. Wei and Wu [29] recently proved that there exist
two positive solutions to (Py) when N = 3, ¢ € (2,4) and A > 0 is sufficiently large, as
[12] has suggested. Chen, Dévila and Guerra [10] proved the existence of arbitrary large
number of bubble tower positive solutions of (1.2) in the slightly supercritical case when
q < 2 < p=2*+¢, provided that € > 0 is sufficiently small. However, if 3 < N < 6
and % < q < 2* then Pucci and Serrin [25, Theorem 1] proved that (Py) has at most one
positive radial solution (see also [2, Theorem C.1]).

Existence of a positive radial solution to (1.2) in the supercritical case 2 < ¢ < 2* < p
for sufficiently large A was established earlier by Ferrero and Gazzola [13, Theorem 5| using
ODE’s methods, however the variational characterisation of these solutions seems open. They
also proved that for 2 < g < 2* < p and small A\ > 0 equation (1.2) has no positive solutions.

Before we formulate the result in this paper we shall clarify the notations.

Notations. Throughout the paper, we assume N > 3. The standard norm on the Lebesgue
space LP(RY) is denoted by |-||,- The space H'(R¥) is the usual Sobolev space with the norm
lull gy = [[Vulla + [Jull2, while HYRY) = {u € H'(RY) : u is radially symmetric}. The
homogeneous Sobolev space D!(R™) is defined as the completion of C°(RY) with respect to
the norm ||Vu/|2.

For any small A > 0, any ¢ € (2,2*), and two nonnegative functions f(A,q) and g(\, q),
throughout the paper we write:

e f(Nq) S g\ q) org(Aq) 2 f(Nq) if there exists a positive constant C' independent
of A and ¢ such that f()\ q) < Cg(},q),
o f(Aa) ~g(Xq)if f(Xq) S g(A g and f(Xq) 2 g(A q)
Bpr denotes the open ball in R with radius R > 0 and centred at the origin, |Bg| and B%

denote its Lebesgue measure and its complement in RY, respectively. As usual, ¢,¢; etc.,
denote positive constants which are independent of A and whose exact values are irrelevant.

2. MAIN RESULT

In this paper we are interested in the limit asymptotic profile of the ground states u) of
the critical problem (P)), and in the asymptotic behaviour of different norms of uy, as A — 0
and A — oo. Of particular importance is the L?-mass of the ground state

M(A) = Jual3,

which plays a key role in the analysis of stability of the corresponding standing—wave solu-
tion of the time—dependent NLS (1.1), and in the study of the mass constrained problems
associated to (Py), cf. Lewin and Nodari [17, Section 3.2] and Section 3 below for a discussion.

In the subcritical case p < 2%, it is intuitively clear and not difficult to show (using e.g.
Lyapunov—Schmidt type arguments) that as A\ — 0, ground states of (1.2) converge to the
unique radial positive ground state of the limit equation

—Au+u=|uf 2 inR". (2.1)
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In the critical case p = 2*, by Pohozaev identity, the formal limit equation (2.1) has no
nontrvial finite energy solutions. In fact, we will see later that u) converges as A — 0 to a
multiple of the delta-function at the origin.

Recently Akahori et al. [4, Proposition 2.1] proved that after a rescaling, the correct limit
equation for (Py) as A — 0 is given by the critical Emden-Fowler equation

~AU=U*"1 inRM. (2.2)
Recall that all radial solutions of (2.2) are given by the Talenti function
. N2
N-—2 2
U =|NN-2)] 7 | ——F 2.3
o) = VOV =20 () (2:)

and the family of its rescalings
_N-—2
Up(z):=p 2 Ui(z/p), p>0. (2.4)
Note that while (Py) and the associated energy I, are well-posed in H'(RY), the limit
critical Emden-Fowler equation (2.2) is well-posed in D'(RY) ¢ H'(RY). Moreover, in the
dimensions N = 3,4 the ground states U, ¢ H' (RM), so small perturbation arguments are
not (easily) available for the study of limit behaviour of uy.

Akahori et al. [4, Proposition 2.1] proved, using variational methods, that the rescaled
family of ground state solutions of (Py), defined as

2
() = pytua(uy Y P2), = ua(0) = Jluafleo (2.5)
converges as A — 0 in DY(RY) to the U,,, where ||U,,||cc = 1. This result was used in the
proof of the uniqueness and nondegenaracy of the ground states of (Py) for N > 5 in [4],
and for N = 3 in [1]. Very recently, Akahori and Murata [6, 7] obtained the uniqueness and
nondegeneracy of the ground state solutions in the case N = 4. The rescaling ) in (2.5) is
implicit.
Our main result in this work is an explicit asymptotic characterisation of a rescaling which
ensures the convergence of ground states of (P)) to a ground state of the critical Emden—
Fowler equation (2.2). More precisely, we prove the following.

Theorem 2.1. Let {uy} be a family of ground states of (Py).
(a) If N > 5 and q € (2,2*), then for small A >0

un(0) ~ X" 72, (2.6)

* 2" -2 2% —q
IVuall3 ~ lluxll3- ~ 1, [luall3 ~ (27 = )X a=, [luallf ~ Ao (2.7)

Moreover, as A — 0, the rescaled family of ground states
1 2% —2
oA(z) = A2y (A22 ), (2.8)
converges to Uy, in HY(RN) with
2%—2
2(2" — q) Jpu |Un|*) 22
po = ( Jpx , (2.9)

q(2* —2) f]RN Un[?
and the convergence rate is described by the relation

2¥-2
IV U 13 = [IV0xll3 ~ (¢ = 2)A 2. (2.10)
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(b) If N =4 and q € (2,4) or N =3 and q € (4,6), then for small A >0

N Heo(In e s if N =4
q— n =) 26— 7 =4,
u(0) ~ { CNep (2.11)
A" o if N=3,
IVunll3 ~ [lurll3- ~ 1, (2.12)
2 4—q
ATE(lnbya i N =4,
luall3 ~ 4 “ A , (2.13)
AT if N=3
Ait(Inb)"i i N=4
Jurllf ~ < Te N ‘ ’ (2.14)
Aa—4 Zf N = 3.

Moreover, there ezists £y € (0,+00) verifying

1 1
Arz(lnd)y iz i N =4,
Ex ~ L( ») (2.15)
P if N=3,
such that as A — 0, the rescaled family of ground states
N—2
wi(x) =&, % ur(érz), (2.16)
converges to Uy in DY(RY) N LYRY) | and the convergence rate is described by the
relation
, , Ay oy N=d
IVULz = [[Vwallz ~ : ’ (2.17)

AT if N=3.

Similar type of results were recently obtained by Wei and Wu [28, 29]. In [29] the authors
study solutions of (P)) in the case N =3 and ¢ € (2,4). In particular, [29, Theorem 1.2 and
Propostion 2.4] proves that for sufficiently large p there exist a ground state and a blow-up
positive radial solution of (P)), and derives asymptotic estimates of type (2.11) on these two
solutions. These results complement Theorem 2.1 above. In [28] the authors study normalised
solutions of (Py) for N > 3 and general range ¢ € (2,2*). In [28, Theorem 1.2 and Propostion
2.4] they show convergence up to a rescaling of the mountain—pass type normalised solution
of (Py) with a fixed mass to a normalised solution of the Emden—Fowler equation (2.2) and
derive asymptotic estimates of the rescaling similar to the results in Theorem 2.1. It is not
known in general (cf. Section 2) whether or not normalised solutions in [28] are (rescalings
of) ground states in Theorem 2.1. In fact, comparison of estimates in [28] and Theorem 2.1
could potentially help to study this question. The techniques in our work and in [28, 29] are
different.

Asymptotic characterisation of ground states of the equation with a double—well nonlin-
earity in the form

—Au+wu = [ulP2u — |u|? % in RY, (2.18)
with w > 0 and 2 < ¢ < p < +00 was obtained by Moroz and Muratov [24], and by Lewin and
Nodari [17]. Our proof of Theorem 2.1 is inspired by [24] yet the techniques in the present
work are different. While the arguments in [24] are based on the Berestycki-Lions variational
approach [9], the proofs in this work use minimization over Nehari manifold combined with
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Pohozaev’s identity estimates, and the Concentration Compactness Principle. The advantage
of the Nehari-Pohozaev approach is that it allows to include the control the L? norm of the
ground states, which is essential in the study of the mass constrained problems associated
to (Py). Our method could be extended to nonlinear Hartree type equations with nonlocal
convolution terms which include competing scaling symmetries [23] and nonlocal Kirchhoff
equations [22], while the Berestycki-Lions approach seems to be limited to local equations
only.

In the case A — oo, the explicit rescaling
1
v(x) = Na2u(x) (2.19)

becomes relevant. Clearly, (2.19) transforms (Py) into the equivalent equation

2% 2 .
—Av+v=X\ 22 L4l in RV, (Ry)
This suggests that as A — oo the limit equation for (R} ) is given by the equation
~Av+v=2"1 inRY, (2.20)

which has the unique positive radial solution v, € H'(RY) N C?(RY). For completeness, we
formulate the following result, which was proved by Fukuizumi [14, Lemma 4.2] (see also [3,
Proposition 2.3]).

Theorem 2.2. Let N > 3, q € (2,2*%) and {u)} be a family of ground states of (Py). Then
as A — +oo, the rescaled family of ground states

1
va(z) = A2 uy (x) (2.21)
converges in H'(RY) to vs. Moreover, the convergence rate is described by the relation
9 9 1 22
HWOOHHl(RN) - HU)\HHl(RN) = (1_72)‘ 2 (1+0(1)). (2.22)

The Nehari—Pohozaev variational arguments developed in this work can be adapted to show
that the statement of Theorem 2.2 remains valid also for the equation (1.2) in whole range
case of admissible exponents 2 < ¢ < p < 2*. We omit the details, as these mostly repeat (in
simplified form) the arguments in our proof of Theorem 2.1 in the case N > 5.

In the rest of the paper we concentrate on the case A — 0. In Section 4 we obtain several
preliminary estimates. In Section 5 we prove Theorem 2.1. However, before we proceed with
the proof of Theorem 2.1, in the next section section we discuss a connection with the mass
constrained problem.

3. A CONNECTION WITH THE MASS CONSTRAINED PROBLEM

Consider the energy

1 1 1
J(v) = 2/|Vv2dx—q/|v]qu—p/|v|pdx,

S,={ve HYRNY ]| = p}.
For 2 < g < p < 2%, critical points of J on S, satisfy

constrained on

~Av+ww = [P 2u+ [v]7 %0 in RY, (3.1)
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where w, € R is an unknown Lagrange multiplier. A ground state of J on S, is a minimal
energy critical point of J on S,.

According to [26, Theorem 1.1] (see also [18, Theorem 1.4]), for all N > 3, 2 < ¢ < 2*, and
for all sufficiently small p > 0, the energy J admits a ground state v, on S,. The ground state
v, is positive, radially symmetric and satisfies (3.1) with an w, > 0. When 2 < ¢ <2+ 4/N
the ground state v, is a local minimum of J on S,, while for 2 4+ 4/N < ¢ < 2* the ground
state v, is a mountain—pass type critical point of J on S,.

Recall that (3.1) is equivalent to (Py) after a rescaling

_(N=2)(2*—q) N-2

Ap =Wy * , v(z) =w, * u(y/wyx) (3.2)

and thus the results of Theorem 2.1 in principle could be applicable to (3.1). Caution however
is needed as it is a-priori unknown (and generally speaking isn’t always true [16, 17]) if
a ground state of J on S, corresponds, after the rescaling (3.2), to a ground state of the
unconstrained problem (Py,). Recall however that when 3 < N < 6 and ¢ € (2* — 1,2%),
equation (Py) has at most one positive radial solution [25, Theorem 1] (see also [2, Theorem
C.1]). Hence a positive ground state of J on S,, when it exists, must coincide after the
rescaling (3.2) with the unique positive solution of (Py,). Even in this uniqueness scenario,
the relation p — w, (and hence p — A,) is apriori unknown. It turns out however that
the asymptotic of A, as p — 0 can be recovered via the Pohozaev-Nehari identities and the
estimates of the Li-norm of u,, from Theorem 2.1. The following result links Theorem 2.1
with the mass constrained problem.

Theorem 3.1. Assume that 3 < N <6 and q € (2* —1,2%). Let p — 0, and v, € S, be the
the ground state of J on S,. Then

o1 2
) = 2y T, (3, T ),
where uy, is the ground state of (Py,) and

(N-2)2(q-2)(2* ~q)

p 8 if N>5,
)4 - 1(4—0q)?
Ap ~ p(q 2)(4-q) (Wo <mp_2iq—42)>> 1 i N—4 (3.3)
(¢g—4)(6—q)
p a2 if N =3.

here Wy(+) is the principal branch of the Lambert W —function.® In particular, as p — 0, the
ground states v, converge to a ground state of the critical Emden—Fowler equation (2.2), after
the rescalings described in Theorem 2.1.

Proof. Given p > 0, assume that v, € H! (RV) is a critical point of J on S, with a critical
level m, = J(v,) and with a Lagrange multiplier w, € R. Denote

A= Vo3, B=llvld, C= vl

Wo(x) is defined as the the unique real solution of the equation ye¥ = z, z > 0.
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Applying Nehari and Pohozaev identities (cf. [9]), we obtain the system

11 1
SA-SB-_—C=
2Bl
A—B—C=—wyp (3.4)
N-2 N_ N N
T o=- 2
2 Bl g

This is a linear system and the determinant is zero when ¢ = 2*. We solve the system
explicitly to obtain

(N —2)(2* — q) 1. N1 11
- B, :714—7(7—7)3, C=4A— (7—7)3 3.5
“r 2qp? T =N 2\qg 2* 2 q (3.5)
From the first relation we can deduce
N —2)(2* —
PP, = ( & =d)p (3.6)
2q
Taking into account the rescaling (3.2), we obtain
__4a _p=2
B = lopllg = A 7 AT un, 12 = Ay, 1 (3.7)
plig P P Apllg Pl Apllg>
and from (3.6) we have
4
PQ)\p N-2)2%-q) _ C)\pHUApHga (3.8)
or
e o g
P’ = cAp (=27 =q) Hu,\pHg. (3.9)

Recall that according to Theorem 2.1, for small A > 0 the L%norm of ground states of (Py)
satisfies

= it N> 5,
luallf ~ § AeZF(niy"a? it N =4, (3.10)
= it N=3.
Substituting into (3.9) we obtain
)\W if N>5,
P ATITD (1 LT i N =4, (3.11)
AT it N =3,
and then (3.3) follows after the inversion. O

Remark 3.2. We conjecture that the estimates (3.3) remain valid beyond the uniqueness
scenario of [25, Theorem 1]. The proof of this would require a direct analysis of the ground
states of J on S, adapting the techniques in this paper, and thus bypassing the unconstrained
problem (Py). Note that the estimate (3.3) is different from the estimates in [28, Proposition
4.1, 4.2], where p is fixed.
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4. RESCALINGS AND PRELIMINARY ESTIMATES AS A — 0
The formal limit equation for (Py) as A — 0 is given by
—Au+u=uv¥"1 inRV (Po)

Recall that (Py) has no nontrivial solutions in H!(RY), this follows from Pohozaev’s identity.
We denote the Nehari manifolds for (Py) and (Fp) as follows:

My = {uEHl(RN)\{O} ‘/RN |Vu\2+|u|2:/RN |u|2*+A|u|q}.
Mo = {ue HYE)\ (0} ] Lovue sl = [}

Denote
1

— 2 2 _1/ P
B =5 [ (P + 1) =5 [l

the limiting energy functional Iy : H'(R™) — R. It is easy to see that

my = uél}\ﬁAIA(“)’ mey = uierjlaolo(u).

are well defined and positive. Let uy be the ground state for (Py) constructed in Theorem
1.1. Then we have the following

Lemma 4.1. The family of solutions {ux} o is bounded in H'(RN).

Proof. It is not hard to show that m3 < mg. Moreover, we have

. 1
my = In(uy) = I(uy) — gIQ(UA)UA

R
1 1
> (575) [ 7t
q RN

Therefore, {uy} is bounded in H'(RM). O
For A > 0, define the rescaling
v(x) = Aq%?u(/\%x) (4.1)
Rescaling (4.1) transforms (Py) into the equivalent equaition
—Av+ A0 =0 L4 A% in RY, (@Qx)
where
o= 22 1 (4.2)

-2 (N-2)(q-2)
The corresponding energy functional is given by
1 1 « 1
Ta(v) = / Vo2 4 Ao — / ] — X’/ ", (4.3)
2 RN 2% RN q RN
The formal limit equation for (@) as A — 0 is given by the critical Emden—Fowler equation
—Av=0v""1 inRM (Qo)
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We denote their corresponding Nehari manifolds as follows:

Ny = {’U c Hl(RN)\{O} ‘ / |VU‘2 +)\U|U‘2 _/ |U‘2* +)\U‘Uq} .
RN RN

Noi={oe @iy | [ wor= [ op ).

Then
= inf J = inf J
my = inf Av),  mg Jnf. o(v)
are well-defined. It is well known that mg is attained on Ny by the Talenti function
N-—2
N—2 1 2
U =[N(N -2 —_—
o) = VOV =20 ()

and the family of its rescalings
_N-2
Up(z) :=p~ 2 Ui(z/p), p>0. (4.4)
For v € H'(RM)\ {0}, we set
Jen [Vl
T(v) = -
Jan [v]
Then (T(U))¥’U € Ny for any v € HY(RV)\ {0}, and v € N} if and only if 7(v) = 1.
It is standard to verify the following.
Lemma 4.2. Let A > 0, u € HY(R™) and v is the rescaling (4.1) of u. Then:
(@) [IVoll3 = [Vul3, [[vll5- = ul3:,
(b) A7Mvll3 = llull3, A7[vll§ = Allul

(c) Ja(v) = Ix(u), my =mj.

(4.5)

q
q

In particular, if vy is the rescaling (4.1) of the ground state wy, then Jy(vy) = Ix(uy) and
hence vy, is the ground state of (Q)). Moreover, vy satisfies the Pohozaev’s identity [9]:

1 A 1 « A
Voy 2 + & 2_/ 2+/ 7, 4.6
2% RN ‘ U)\‘ 2 /]RN ’v)\| 2% RN ”U)\’ q RN |U)\‘ ( )

Define the Pohozaev manifold
Py = {ve H(RY)\ {0} | P\(v) =0},

N —2 NN N « NN
Py() ::/ |w2+/ MR AY N / Wl (@)
2 RN 2 RN 2% RN q RN

Clearly, vy € Pyx. Moreover, we have the following minimax characterizations for the least
energy level m).

where

Lemma 4.3. Let A > 0. Set

v(x) = { U(Ot) Zj iig
Then

my = inf sup Jy(tv) = inf sup Jy(vg).
A veH1(RN)\{0} tzg A(#v) veH1(RN)\{0} tzg A(w)



NONLINEAR SCHRODINGER EQUATION WITH CRITICAL COMBINED POWERS NONLINEARITY 11
In particular, we have my = J\(vy) = sup;~q Ja(tvn) = sup;sg Ja((vr)e)-

Proof. The proof is standard and thus omitted. We refer the reader to [19, Theorem 1.1], or
to [15]. O

Lemma 4.4. Let A\ > 0. The rescaled family of ground states {vy\} is bounded in H'(RY).
In particular, {vy} is bounded in LP(RY) uniformly for all p € [2,2*].

Proof. Since ||Vvy|l2 = ||Vuyll2 is bounded by Lemma 4.1 and Lemma 4.2, we need only to
show that vy is bounded in LQ(RN). Since vy € Ny NPy, we have

/ |w|2+v/ w-/ |w|2*—v/ a7 = 0,
RN RN RN RN

1 N 1 « N
+ Vol 4+ 2 2_/ 2_/ 9_0
AR /RNW 5 [ =2 o

It then follows that

and

Thus, we obtain

By the Sobolev embedding theorem and the interpolation inequality, we obtain

2%—¢ q=2 2% —q 2%(g=2)

2% -2 «\ 2F-2 2% -2 1 2(2*-2)
/ ual? < (/ |UA|2> (/ ENG > < </ |UA|2> (S/ \VUA!2> ;
RN RN RN RN RN

where S is the best Sobolev constant. Therefore, we have

*

2 92 —q) (1 oy
2 o —4q / 2 o
(/R i ) = 4@ -2) <s o [V

It then follows from Lemma 4.2 that

*

[k < @g:g;) (; L. yvuw)m, (49)

which together with the boundedness of uy in H'(RY) implies that v is bounded in L?(RY).
Finally, for any p € [2,2*], by (4.9) and the interpolation inequality, we have

2% —p p—2 " 2% —p 2*/2
2% 2 L\ 252 2(2 _q) q—2 1/
P < 2 2 < 1 2
Lol (Loor) ™ ([ o) < (Comm) T (5 L ver)

and

*

2" —p

fim (2E =@\ 7 Nt p)a
q—2 q(2* — 2)
Therefore, by Lemma 4.1, {vy} is bounded in LP(R¥") uniformly for p € [2,2*]. O

, for any p € [2,27].
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Remark 4.5. A straightforward computation shows that

9 22 9 2*—2
—2 2 * -2
lim | — ! =e N-2, lim 4\ —e !
q—2 \ q =2\ 2* — 2
2% _2

. 1 2% —q\ a2 N —2

im = —.

q—2* 2% — q 2% — 2 4
2(2* =
— —2
q(2* —2)

Next we obtain an estimation of the least energy.

and

Therefore, we have

Lemma 4.6. Let

*

2F —q\ a2 q—2
= = . 4.1
A= (371" i o= 500 (4.10)
Then Q(q) ~ 1, G(q) ~ q— 2 and for all X > 0:
(1) 1<7(va) <1+G(9)N,
(1) mo > ma > mo (1= N NG()(1+ G(@)r*) 7).
Proof. For 6 € (0,1), consider the function
g(x) == 2’ (1 — :1:1*9) ) z € [0,400).
It is easy to see that
6
max g(x) = 77 (1 - 0).
Using the interpolation inequality,
2*—q q—2
2¥ 2 L\ 22
Lol ([ mP) ™ (L)
RN RN RN
we see that
[oal? — EXrs 1-6, =
JrsPde ol g <o) —cw. a
R
where )
0 _ 2= C,\ZifRN‘U’\’ .
q 9% _ 2’ fRN |U)\|2*
Since vy € Ny, by (4.8) and (4.11), we have
1< T(U)\) — M =1 _’_)\UIRN |'U)\|q — fRN |U/\|2 <1 _|_)\UG(q).
Jrw (oA Jrw [oal” -

This proves (7). To prove (ii), we first note that by (4.8) and (4.11) the following inequality

holds . )
[ote=5 [P [ onl= [ P <6 [ o
q JrN 2 JgN RN RN RN
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Since vy € Ny, by (4.8), we also have

S s e [ o (s e [ e
ma= (=5 [ Vol +G=g¥ [ P =G0 [ o

1
== Vual%.
N Jon V0N

Therefore, by Lemma 4.3 and the definition of 7(v)), we find

mo < sup Jx((v):) + A7 (7 (vy))N/? [; /]RN lual? — ;/]RN ’1))\‘2] (4.12)

>0

<mjy + )\U(T<U)\))% /RN \UA|2*G(Q)

< m + A7 (r(vy)) 2 /RN Vor[2G(q)
<my |1+ N NG(g)(1+ G(qw)%] .

Hence, we obtain
my > o =z > mo [1 - M NG(@)(1+ Gla)3) ]
1+ X NG(q)(1+ G(g)A?) =

which completes the proof. ]

Lemma 4.7. Assume N > 5. Then there exists a constant cy > 0, which is independent of
q, A\, and such that for all small A > 0,

*

—q

2\ a2 2N
my < mo — A7 %0 <q> "Gl -\ . _mQOG(q)2

Proof. For each p > 0, the family {U,} of radial ground states of (Qo) defined in (4.4) verifies
2(2*—q)

0I5 = 21013, UpNE = p 22 ||UA 2. (4.13)

Let go(p) = %fRN [Uy|?7 = 5 [an |Uy|?. Then there exists a unique po = po(q) € (0, +00) given

by
2% 2
p (2(2* ) ||U1H3>2<q—2>
0 — ¥ : )
q(2* —2) |U1]3

e L2 G (G
(o) =swpn(s) =+ (2) G@<mmﬁyq> . (4.14)

p>0 q \q

such that

Since N > 5, by using the Lebesgue Dominated Convergence Theorem, it is not hard to show

that
1
q(2"=2)\ a-2 2 [*° k(r)In —L5dr 00
lim ||U1Hq 2 — = exp fO Og ) 1472 / H(T)d’l",
AN Jo™ r(r)dr 0
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where k(1) = (1 + r2)2~NrN=1 Therefore, we conclude that

(|4 2\ 2
co := inf q72 > 0. (4.15)
a€(22%) \ ||t |5

2* ¢

o 2> =2
0 - G(q).
wim) =2 (2) 6t
Put Uy(z) := Up,(x), then by Lemma 4.3, we have

Thus, we get

my < St1>lp In(tUy) = Ja(taUp) (4.16)
3 t3 . t2 td
=2 [ovok =2 [l e [ Sk - 2
N RN q

< t2 tz* / |VU ‘2 4 Aa/ ti’U |2 t§\|U ‘q
su —_ = el -
- tz%)) 2 2% RN 0 RN 2 0 q 0

o t%\ 2 tg\
=mo + A < 10| —*on\q-
RN 2
It follows from dtJ)\ tUp) ‘t ;, =0and Jan [VUo|? = [on [Uo* = Nmg that
Nmg + /\"/ Uo|*> = 2 ">Nmg + t‘f\_z/\"/ |Up|?.
RN RN

Recall that go(po) = ¢ fan |Uol? = 5 Jan [Uol* > 0, it follows that [on [Uol? > [ [Ul*. If

ty > 1, then
Nm0+)\a/ Uof* > 1§72 {Nmo-i-)\U/ |U0’q}
RN RN

1

Nmo+ X7 [ou [Up|? 72

t)\§< mo IRN‘ 0|) <1,
Nmo—i-)\afRN’Uo‘q

a contradiction. Therefore, ¢ty < 1 and hence

Nmo—i—)\U/ ’U0|2 <t§\_2 {Nm()-i-)\a/ ‘U()‘q},
RN RN

from which it follows that

and hence

1
Nmo-i—)\afRN |UQ|2)‘12
<ty <l 4.17
<Nm0+>‘UfRN|U0q * (4.17)

Let
fRN |U0‘q - fRN ’U0|2
Nmg + A\° f]RN ’U0|q '

Then Ay < NLmOU‘RN |Uol? — fRN [Up|?] and

Ay =

[1—ATA\77 <ty < 1. (4.18)
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Let g(t) := % S~ [Uo* — % Je~ 1U0]%, and h(z) := g([1 — x]q%?) for z € [0,1]. Then g¢(t) has

1
2 —
fRz :ZE:J "% and is strictly decreasing in (¢, 1), and for
R

an unique miximum point at g = (

small z > 0, we have

W)= -l - [ P -0 [ ] o

Therefore, for small A > 0, it follows from (4.18) and the monotonicity of g(t) in (o, 1) that
1 1 1
g9(tx) < g([1 = A7Ay]72) = h(X7Ay) = 2/ |Uol* — / |Uo|? + ()X A,
RN q JrRN

for some £ € (0,\A)). Since for small A > 0, we have

/ L _ 2
o< 25| [ ol [ o).

and similar to (4.11), we have

Jaw 100]? = [ [Uo)? <C
fRN ’UO 2* - (q)7

thus, by the definition of Ay, we obtain that

o 2
s <5 [ Wk [l 2 e [ k]
2 RN q JrRN Nmo(q—Q) RN RN

2
2)7 fRN ‘Uo‘q - fRN ’U0|2]
= — +———|Nm -
2Nm
< —golpo) + A7 =—"Glg)?,
q—2
from which the conclusion follows. O

Lemma 4.8. There exists a constant w = w(q) > 0 such that for all small A > 0,

- e 2 1\—d=a )
mo—A (Ing) 2@ = mo—Ac2(lny) 2w if N=4,
my <

ot —26-9) 2 ,
mo — A @2 g = mg—\iiw if N=3andq>4.

Proof. Let p > 0, R > 1 be a large parameter and ng € C§°(R) is a cut-off function such
that nr(r) = 1 for |r] < R, 0 < nr(r) < 1 for R < |r| < 2R, nr(r) = 0 for |r| > 2R and
() < 2/R.

For ¢ > 1, a straightforward computation shows that

s [ Nmo+0O(72) if N =4,

[ i = Nmo + 0(¢ ),

nf(1+o(1) if N =4,
/RN melnl* = { ((1+o0(1) if N=3.
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By Lemma 4.3, we find

my < sup In((MrUp)t) = Ix((nrUp)t,) (4.19)

N2 , Y 9"
< sup IV(URU/)” ~ o ‘URUp’
tZO 2 RN 2 RN

. 1 1
BN [ [ 2ot - \nRUﬂ
RN q 2
— (1) = \(I1).

where

NI

o (N = 2) fo [V (1m0, ) )

N [2% - )\70 fRN ’nRUp|2 + )\70 fRN |77RUp|q}
L[|V (neUn ]y { mo+O(2) if N =4,

1) = — VUElly
D=x [neUL |5 mo+O0(~Y) if N=3.

Set ¢ = R/p, then
(4.21)

Since
q 2 1 Nf—q q 1 2 2
o(p) = \HRU! —*!ﬂRU| [neUr|* — =p IneU1|
RN q RN 2" Jry

takes its maximum Value ©(po) at the unique point pg > 0, and

12\ s e[| 2 RN
w(po)zsupw(p)=(> G(q) —q 2 S() G(a)lItn 3+,
0" "\ e 12 a \q

where we have used the interpolation inequality

2(2%—q) 2% (q—2)

IneULllg < ImeUnlly™ 2 lIneUnlly”

_ V@l ™
(H)_(IIan1|%I+/\U2*<p(pO)> o) (4.22)

IV () 12\ V2 . N2(p)
2\ 1-A
17U |5+ (N —2)||nUy

Then we obtain

%:] ©(po)-

Therefore, we have
m) < i ||V(TMU1||§V 1 _ )\0’ N |:1 _ Ao’ NQSO(pO) :| QO(P())
A IneU |55 =2/ (N = 2)[netn]|[3:

L[|V (neUnly N
N nUy || 2| neln || PN/

1 [V (neUn 3 { 2

<< 1= X"—(po) ¢ -
N neUr]5 mo

For the rest of the proof, we consider separately the cases N = 4 and N = 3.
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CASE N = 4. Since

L (2) 013 o) | 72
e(po) = g(g) G(q) (MHOQ))]H])

2*—q

2*¥—q q(2*-2)

2*711 — —
L(2)7 sl

v
—
—

=
)
~—
|

Q

|
M
[~

by (4.21), we have

qmo \ g

Take £ = (1/A\)M. Then

If M > q%27 then 2M > o, and hence

*

1

= (o)L (2) 7 Glo) (Jg T 4 o))

1 _2"-q 1 2\ 2 € -2)
m < mo — A7(In 7) < ) U]l 7

2q q7M
Thus, if N = 4, the result of Lemma 4.8 is proved by choosing

2* ¢

1 9 = q(2*-2)
- (=) ¢ =
w = () Gl

CASE N = 3. In this case, we always assume that ¢ € (4,6). Since

T (U o))
wm = (3) " ow ( €1+ o1

2% —¢

(2) 7 ot g2+

2% —¢

_2eg 1 (2 2 1@'-2)
> ¢ (q) Gl 7

we have

2% —¢q

q(2*-2)

ma < fmo + O] 41— A7(ng)~ 7 L <2> " G,

a(2*-2)

_2"—¢q 1.2 1 2 -
my < [mo +O(>\2M)] 1-M 2q—2q>\"(hq—) Qq—zqi <> -2 G(Q)||U1]lq

_ * 1 2 ) 4(2*_2)
m < [mo + O] {1 - A7 () G(a)|[Ulg

qmo

Take ¢ = 6~\" @1, Then

(=]

—-q

6— q—2

2 6-qg 2 ] 2\ a2 )
my < [mo 4+ 60(N71)] {1 — §a—2 \a—4 - G(9)||Uxllq

amo \q

4q

} |

(4.23)

(4.24)
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Since % < 1, we can choose a small § > 0 such that

6—q
2 1 [26\ a2 A
nuénm—xq4() oA

29 \ q
and take .
—-9q
1 %>w2 A
w=—\|— G q U1 q_2,
(%) cwinl;
which finished the proof in the case N = 3.
Corollary 4.9. Let §) := my — my, then
A7 if N >05,
) _
A 2628 ArE(lnd) Tt i N =4,
2
Aa—1 if N=3andq€ (4,6).

Lemma 4.10. Assume N > 5. Then for small A > 0,

cw@mozmM@ZQm>‘j(j)QQ—A%NQmwm

2q
2% — 2

q(2* —2)
(7(vx))N/2’

where cog > 0 is given in Lemma 4.7. In particular,

[oAll3 ~ 2" —q and [orll§ ~ 1.

= — = — )\07 q
my N/RN [V, N/RN lual® + 20 Jan lual?,

then by Lemma 4.6, we get

Proof. Since

qg—2 T(vy) — 1
N — 1= ~27 < \N@G
5 /RN Y o) ™S (g)mo,

and hence

G(g) 2q
q<27 g
Joally < 20 S mo = 2

On the other hand, by (4.8) and (4.12), we have

-2
mo < my + )\U(T(v,\))Nﬂh /RN [oal?.

Q(g)mo.

Therefore, it follows from Lemma 4.7 that

2" —q 2
2\ 2 G G 2% —2
foally > (2 (2) 77 U oy (S ) 2E 2D
q \q q—2 a—2/) | (t()N
from which the conclusion follows.
A straightforward computation shows that
9 2% —q 9 2"—g 9 2" —q
=) *_ —2 * -2
lim | — R e_ﬁ, lim 4) " et lim 4\
q—2 \ q q—2 2% — 2 q—2* 2% — 2

which together with [|vy||3 = zg*:g; loal|d yield the last relation.

(4.25)

(4.26)
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Recall that my = mj for A > 0 by Lemma 4.2. Moreover, the following result holds.
Lemma 4.11. mg = mj.

Proof. Clearly, we have
mgy = inf sup Jo(tu) < inf sup Ip(tu) = mg.
’ ue D (RV)\{0} t>%)) ol )_ueHl(RN)\{O} t>g ot) 0

To prove the opposite inequality, we argue as in the proof of Lemma 4.6 and Lemma 4.8, but
easier. 0

Clearly, Lemma 4.11 implies that m is not attained on Mj. In fact, it is also well known
that (Pp) has no nontrivial solution by the Pohozaev’s identity. Observe that

A «
To(un) = In(un) + . /N lux|T=my + o(1) = m + o(1),
R

and
I (uy)v = I (uy)v + )\/
R
That is, the family {uy} of ground states of (Py) is a (P.S) sequence of Iy at level m{ (otherwise
up should be a nontrivial solution of (Fy), which is a contradiction).

. lux |9 2u\v = o(1).

5. PROOF OF THEOREM 2.1

We recall the P.-L. Lions’ concentration—compactness lemma, which is at the core of our
proof of Theorem 2.1.

Lemma 5.1 (P.-L. Lions [20]). Letr >0 and 2 < ¢ < 2*. If (uy) is bounded in H*(RY) and
if

sup / |un|? =0 asn — oo,
yeRN J By (y)

then u, — 0 in LP(RN) for 2 < p < 2*. Moreover, if ¢ = 2*, then u, — 0 in L* (RV).
Using Lemma 5.1, we establish the following.

Lemma 5.2. If N > 5, then vy — U,, in HY(RY) as A\ — 0, where U, is a positive ground
state of (Qo) with

2%—2

<2(2* o q) f]RN |U1|q> 2(q—2)

pPo = .
q(2* = 2) fpn UL

If N =4 and N = 3, then there exists £\ € (0,400) such that £, — 0 and

N—-2

=& 2 UI(ET) =0
in DY(RYN) and L¥ (RY) as A — 0.
Proof. Note that vy is a positive radially symmetric function, and by Lemma 4.4, {v)} is
bounded in H'(RY). Then there exists vg € H'(R") verifying —Av = v ! such that
vy —vo weakly in H'(RY), vy —wvo in LP(RY) for any p € (2,2%), (5.1)

and
va(z) = vo(x) a.e. on RY, vy — v in L3 (RY). (5.2)
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Observe that

)\U )\U
Jo(v) = Jx(03) + / x| — / (a2 = mx + o(1) = mo + o(1),
q RN 2 RN

and
Jo(va)v = J3(va)v + )\U/ [ua|T2upw — X’/ vyv = o(1).
RN

RN
Therefore, {vy} is a (PS) sequence for Jp.
By Lemma 5.1, it is standard to show that there exists Cij) € (0,400), vU) € DL2(RN)

with 7 = 1,2,...,k where k is a non-negative integer, such that
k
N\ N=2 (; N\ — -
on =0+ ()T () ) + (5.3)
j=1

where 7y — 0 in L2 (RY), v\9) are nontrivial solutions of the limit equation —Av = 2" ~!

and [pn Vo2 > S* with S being the best Sobolev constant. Moreover, we have

k
hf\n_jgf HUAHQDI(RN) 2 H”0H2Dl(RN) + ]ZI HU(J)H%)l(RN)v (5.4)
and
k .
mo = JO(UO) + Z Jo(’U(j)). (55)
j=1

Moreover, Jo(vg) > 0 and Jy(v\W)) > mg for all j =1,2,--- k.
If N > 5, then by Lemma 4.10, we have vy # 0 and hence Jy(vg) = mo and k = 0. Thus
vy — vo in L2 (RY). Since Jj(vy) — 0, it follows that vy — v in DY(RV).
Observe that by the Strauss’ H'-radial lemma [9, Lemma A.II] we have
N-1
ua(z) < CN|$‘_T||U>\HH1(]RN) for |z| > 0.
Hence we obtain

2(N—1) *
(— A—Clx|” N2 )v,\ <(—A4+X - vy 2~ )\UUSI\_2)’U)\ =0,

for some constant C' > 0 which is independent of A. We also have

_2(N-1) 1 __2
(‘A—Cm N=2 )W: (eo(N =2 —¢gg) — C|=| N”)W,

which is positive for |z| large enough. By the maximum principle on RN \ Bg, we deduce
that
NG

ua(z) < PRE= for |z| > R. (5.6)

When gy > 0 is small enough, the right hand side is in L?(B$%) for N > 5 and by the dominated
convergence theorem we conclude that vy — vp in L?(R"), and hence in H'(RY). Moreover,

by (4.8) we obtain
20 |
2 _ q
/]RN ool q(2* —2) Jrw fool*
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from which it follows that vy = U),, with

*

27 -2
(2 =0 sy 7
0 = .
7 \a@ =) for [P
If N =4 or 3, then by Fatou’s lemma we have ||vg||3 < liminfy ¢ ||vA|2 < co. Therefore,

vo = 0 and hence k = 1. Thus, we obtain Jo(v(!)) = mg and hence v(!) = U, for some
€ (0, 400). Therefore, we conclude that

N—2
U)\_SA 7 (€>\ )=
in L¥ (RN) as A — 0, where &, := pC/\ € (0, +00) satisfying £, — 0 as A — 0. Since
_N-2
Joton =& 7 U1(&1) = Jo(va) + Jg(Ur) +o(1) = o(1)
as A — 0, it follows that vy — &, ; Ui(&1) — 0 in DY(RN) O

In the lower dimension cases N = 4 and N = 3, we perform an additional rescaling

N-2

w(z) =§,* v(éa), (5.7)

where &) € (0,+00) is given in Lemma 5.2. This rescaling transforms (@) into an equivalent
equation

(Ry) —Aw 4 NEE T = T AT i RV,
here and in what follows, we set for brevity

oo N-2 _ 1, if N=4,
2 3, ifN=3.

The corresponding energy functional is given by

= 1 oo(2°—2)s 1 1 s @ —g)s
Tw)i= g [ Ful el Pl = o [l = e [ i (5

It is straightforward to verify the following.

Lemma 5.3. Let A > 0, u € H'(RY) and v and w are the rescalings (4.1) and (5.7) of u
respectively. Then:

(@) V|3 = |Vol2 = |Vul, [[w]Z = [o|Z = |ullZ,
2% 2 2—
(®) €7 w]f3 = 0ll2 = A lullZ, €8 wl|d = J[o]|d = A7 lull4,

() Ir(w) = Ja(v) = In(u).

N-2
Let wy(z) =&, * va(rx) where the vy is a ground state of (@y). Then by Lemma 5.2 we
conclude that

||V(w,\ — Ul)”g — 0, HUJ)\ — U1||2* — 0 as A — 0. (5.9)

Note that the corresponding Nehari and Pohozaev’s identities read as follows

(2*—2)s * (2*—
/ |VU))\’2 )\0'5)\ / ‘w)\‘Q :/ |U})\’2 )\UE q / ”w}\’q,
RN RN RN RN
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and

1 - 1 " _
o [V e / wal* = 5, / fwr*" + st@ q / R
RN RN 2 RN

We conclude that
1 1 (2*2)3/ 2 11 (2*q)8/
—— — |\ =(-=—=—1X q,
<2 2*> éx o [w,\| T '3\ o [w,\|

Thus, we obtain
. 2(2* — q)
cla 2)s/ w0y = / w7, 5.10

To control the norm |[wyl|2, we note that for any A > 0, wy > 0 satisfies the linear inequality
—Awy + 27Ty = w4 A eETT DI S 0, 2 e RY. (5.11)

Lemma 5.4. There exists a constant ¢ > 0 such that

2*72)5

wy(z) > clz| NV Pexp(=AZ€, 2 |z]), |z|>1. (5.12)
Proof. The same as [24, Lemma 4.8]. O

As consequences, we have the following two lemmas.

(2*=2)s

Lemma 5.5. If N = 3, then ||wy||3 2 )\_55 2
Lemma 5.6. If N =4, then |wy|3 2 —In(A7¢* "),
To prove our main result, the key point is to show the boundedness of ||w, |-

Lemma 5.7. If N = 3,4 and % < r < 2% then |lwy|; ~ 1 as A\ — 0. Furthermore,
wy — Uy in L™(RY) as A — 0.

Proof. By (5.9), we have wy — Uy in L* (RY). Then, as in [24, Lemma 4.6], using the
embeddings L2 (B;) < L"(B;) we prove that liminfy_,o |wy |- > 0.

On the other hand, arguing as in [4, Propositon 3.1], we show that there exists a constant
C > 0 such that for all small A > 0,

C

which together with the fact that r > % implies that wy is bounded in L"(R") uniformly
for small A > 0, and by the dominated convergence theorem wy — Uy in L"(RY) as A — 0. O

Proof of Theorem 2.1. We only give the proof for N = 3,4. The case N > 5 is easier. We
first note that for a result similar to Lemma 4.4 holds for wy and Jy. By (5.10), (4.5) and
Lemma 5.3, we also have 7(w)) = 7(vy). Therefore, by (5.10) we obtain

3 N (1 (oo 1 (oo
mo < sup (o)) + A7) F {160 [ o= 36 [ P} g
q RN 2 RN

>0

o N o q—2 (Z*q)s/
=my+ A7(v)) 2 ——¢ wy |4,
(o) q(2r —2)>* RN sl
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which implies that

*_q)s _ 2* — 2
5&2 q) / |w>\|q Z )\ o q( ) 5)\,
RN (¢ —2)7(va)
where 0y = mg — m). Hence, by Corollary 4.9, we obtain

4—q
. Ini)"a=2 if N =4,
¢ Q)S/ lwal?Z AT70\ 2 ( 22711) (5.15)
RN A@=2@-10 if N = 3.
Therefore, by Lemma 5.7, we have
=73 if N =
az{a“lqﬁN 4 (5.16)
Aa@2@4 if N = 3.
On the other hand, if N = 3, then by (5.10), Lemma 5.5 and Lemma 5.7, we have

(g—2)s < 1 < )\%5(2*g2)5
A Y s A
Then
gams < 3%
Hence, observing that s = % =1,0= 2;:22 = qf—g, for ¢ € (4,6) we obtain
£ < ATHET (5.17)
If N =4, then by (5.10), Lemma 5.6 and Lemma 5.7, we have
g\q_2)s S 1 2 S 1 2% _9 °
lwall3 ~ —n(Arg® =29
Note that 1 ) )
— ln(Aafg\Q 72)5) =oln " + (2" — 2)sln N >oln v
it follows that ) L1
(q—2)s -
¢ < 5(mf) .
A [[walls A
Since s = % = 1, we then obtain
1 _ 1
£ < (m X) 2 (5.18)

Thus, it follows from (5.14), (5.17), (5.18) and Lemma 5.7 that
4—
Ao F(lnd)"aF if N =4,
2
a1 if N =3,

&zmwmusvﬁ*ws{

which together with Corollary 4.9 implies that
2 4—q

Az (Indi)"e=2 if N =4

V0L ~ [V = Noy ~ o 277 (m2) 7 TN =4

Aa—4 if N =3.

Finally, by (5.10), Lemma 5.5 and Lemma 5.6, we obtain

ni ifN=4
2 by )
sl {Aqi if N =3.
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Statements on u) follow from the corresponding results on vy and wy. This completes the
proof of Theorem 2.1. O
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