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ABSTRACT

A six-degrees of freedom mathematical model of an experimental 
Remotely Piloted Vehicle (RPV) and the linearised longitudinal and 
la tera l models at 30 m/sec are developed.

The longitudinal and la tera l dynamics are analysed and the 
equivalent discrete systems are used to provide baseline data for the 

iden tif ica tion  of the aerodynamic derivatives of the RPV.
An advanced a irc ra ft  parameter estimation method - the Extended 

Kalman F i l te r  - is implemented for the estimation of the aerodynamic 

characteristics of the RPV. Conclusions are drawn about the id e n t i f i -  

a b i l i ty  of the s ta b i l i ty  and control derivatives from pitch, ro l l  and 
yaw rate measurements.
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INTRODUCTION

The determination of a i r c a r f t  s t a b i l i t y  and control derivatives  

is of great importance in the design and testing  of any a i r c r a f t .

These derivatives are needed fo r  the following reasons:

1. They define a given a i r c r a f t  and can be used as q u a li ty  
c r i t e r i a .

2. They provide model parameters fo r  a i r c r a f t  simulators.

3. They are used as a basis fo r  the design of f l i g h t  control 
systems.

Over the past few years, a great deal of e f fo r t  has been placed in 

determining aerodynamic derivatives using parameter id e n t i f ic a t io n  

techniques. This new approach makes i t  possible to evaluate from one 

te s t  run a l l  the s t a b i l i t y  and control d e r iva t ives , th e i r  accuracy and 
th e ir  confidence in te rv a ls .

A irc ra f t  parameter id e n t i f ic a t io n  is p a r t ic u la r ly  useful fo r  

Remotely Piloted Vehicles (RPVs), where the type of manoeuvre flown is  

not re s tr ic te d  by the human fa c to r ,  an RPV having no p i lo t .
The purpose of th is  work is  twofold:

1. Development of the six degrees of freedom mathematical model of 

an experimental RPV to provide simulation data fo r  f l i g h t  

control system design and parameter id e n t i f ic a t io n .

2. Development of an Extended Kalman F i l t e r  (EKF) fo r  the i d e n t i f i 

cation of the aerodynamic derivatives  of the RPV.
The contents of th is  study are as follows:

In the f i r s t  chapter, the equations of motion of a f ly in g  vehicle  

and the assumptions upon which they are based are presented.

The concepts of the aerodynamic s t a b i l i t y  and control derivatives  

and the l in e a r is a t io n  of the equations of motion are given in Chapter 2.

A b r ie f  discussion about the longitudinal and la te ra l  dynamics is also 
presented in th is  chapter.

In Chapter 3, the mathematical model of an experimental RPV -  the 

X-RAE1 -  is  derived based on s ta t ic  longitudinal wind-tunnel tests  and 

on ESDU Data Sheets. I ts  purpose is to provide simulation data fo r  six  

degrees of freedom motions of the RPV fo r  f l i g h t  regimes below s t a l l .



The l inearised  longitudinal and la te ra l  models at 30 m/sec are also 

given while th e ir  dynamics are analysed.

In Chapter 4, an EKF is  implemented fo r  the id e n t i f ic a t io n  of 

the aerodynamic derivatives of the longitudinal and la te ra l  models at 

30 m/sec, assuming that measurements from the p itch , r o l l  and yaw rates  

alone are ava ilab le . Conclusions about the i d e n t i f i a b i l i t y  of the d e r i 

vatives from these measurements are drawn.

The software developed to support the nonlinear and l in e a r  

mathematical models of X-RAE1 and the computer implementation of the 

EKF algorithms is given in the f i f t h  chapter, while the conclusions 

of th is  work and the recommendations fo r  fu r th e r  research are presented 

in Chapter 6 .
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Chapter 1

THE EQUATIONS OF MOTION OF A FLYING VEHICLE

1.1 Introduction .

The equations of motion of a r ig id  body and the assumptions 

upon which they are based are b r ie f ly  presented in th is  chapter. Suitable  

systems of axes fo r  the following analysis are defined and the process 

of converting from one system to another with d i f fe re n t  o r ien ta tion  is 

set fo r th  using Euler angles.

F in a l ly ,  the general o r ig in  of the forces and moments acting  

on a f ly in g  vehicle is discussed and they are incorporated w ithin the 

equations of motion.

1.2 Assumptions Defin it ions  and the Equations of Motion

In th is  section, the equations of motion of a f ly in g  vehicle  

are given with no attempt of any deta iled  proof. The interested reader 

is referred to the many texts ava ilab le  fo r  th is  purpose (Refs 1 ,2 ,4 ,1 0 ) .

1 .2 .1  Assumptions^

Assumption 1 . The a i r c r a f t  is a r ig id  body and the mass and 

mass d is tr ib u t io n  of i t  are constant. Therefore, the motion of the a i r 

c ra f t  can be described by a t ra n s la tio n  of i t s  centre of g rav ity  and 

a ro ta tion  about i t .  Any deformations of the structure are not taken 

into account nor the dynamics of any moving element with respect to  

the airframe apart from the s ta t ic  deflection  character is t ics  of the 

control surfaces.

Assumption 2 . The earth is  f l a t  and fixed  in space. This assum

ption is p a r t ic u la r ly  va lid  fo r  an RPV where the f l i g h t  time and the 

distances covered fo r  each operation are generally  small.

Assumption 3 . The a i r c r a f t  has a plane of symmetry.

Assumption 4 . The atmosphere is assumed s t i l l  and not moving 

with respect to earth .
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1 . 2 .2  £ef_in_it_icms

With the foregoing assumptions as a basis, su itab le  sets of 

axes can be defined where Newton’ s laws can be applied. A ll these 

systems are orthonormal and right-handed.

a. Earth -fixed  Axes. They constitu te  an in e r t ia l  frame fixed  

in earth with Oz axis directed towards geocentre.

b. Body-fixed Axes. They are fixed  to the moving airframe

with th e i r  orig in  at the centre of grav ity  of i t .

b . l  Bo^y_Axes. Ox points "forward", Oz "downward" and Oy

"to the r ig h t"  (F ig . 1 .1 ) ,  so xz is the plane of symmetry of the a i r 

c r a f t .

b.2 £rj_n£i£aj_ Axes^ When Ox, Oy and Oz coincide with the 

princ ipa l axes of the airframe they are called principal axes.

b.3 StabjJjty^ Axes^ These are chosen so that Ox points in the 

d irec tion  of motion of the airframe in a condition of steady symmetric 

f l i g h t .

y

X

z

Fig . 1.1 Body-fixed Axes
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The o rien tation  of one system of axes with respect to another 

one needs to be defined. As most of the analysis is l im ited  to p e r tu r 

bations about s tra ig h t symmetric f l i g h t ,  the so-called Euler angles 

are considered as the most appropriate fo r  th is  purpose. I t  can be 

proved tha t three angular displacements (}), 8 , and tp -  and in that  

order - are necessary and s u f f ic ie n t  (Ref. 13) to give the r e la t iv e  

orien ta tion  of any two systems of axes (F ig . 1 .2 ) .  In the f l i g h t  

mechanics l i t e r a tu r e ,  the Euler angles are usually referred  as:

(P : yaw angle or azimuth or heading 

8 : pitch angle or elevation  

ip : roi 1 angle or bank

x

Fig . 1.2 Euler angles and ra tes .

The components of any vector along the axes of the displaced 

system can be determined i f  the Euler transformation w i l l  be 

applied to i ts  components with reference to the i n i t i a l  system, where
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RELR is the orthogonal transformation given bellow:

-sinB 

cosBsinip
RELR

cos^cosB
cos4>sin8 sin(p
-sinijjcosip

cosOsinBcosip
+sin(l)sin(p

sin^cosB
sin^sinBsinip
+COS(J)COSlp

sin^sinBcosip
-costjjsintp

cosBcostp

( i . i )

Then:

X ' X

y ' '  relr y
_ z ' _ _ Z

is orthogonal, R ~ 1  =
kelr

X

y = relr

x '~

y '
_  z _ z '

( 1 . 2 )

Therefore:

(1 .3 )

F in a l ly ,  the re la t io n  between the time deriva t ive  of a vector 

with respect to the in e r t ia l  space and the time deriva t ive  of i t  as i t  

is  observed in a system ro ta ting  with angular ve loc ity  w is given 

(Refs 11, 13):

da da

dt in dt
+ coxa (1 .4 )

m

where:
da

t

da

«

in

m

da
dt

= a

is the time der iva t iv e  of the vector a r e la t iv e
to the in e r t ia l  space.

is the time d er iva t iv e  of the vector a observed
in the ro ta tin g  system.

1 .2 .3  The Equations of Motion

Suppose tha t the a i r c r a f t  with mass m f l i e s  with r e c t i l in e a r  

ve lo c ity  and angular ve lo c ity  2 with respect to the e a r th -f ix e d  

frame. The components of these vectors in body axes (F ig . 1 .3 )  are:

,TV T  =  [ U  

s = [ p

v w ]

Q R ] T
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X

z

Fig . 1.3 A irc ra f t  movement w . r . t .  earth

Then according to Eqn 1.4 and the Newton's second law, the 

equations of motion of the f ly in g  vehicle become:

dV
— T = VT + 2xVt  = F/m -  I 1

= H + SxH = M

dt

dH

dt

where F and M are a l l  the external forces and moments applied to the 

a i r c r a f t  and H is the angular momentum with the following components :

Hx ■ P Ix -  N x y  -  R Ixz

Hy = QIy -  RIyz '  P Ixy

Hz = R Iz * P Ixz '  QIyz

1 , 1  and I are the moments of in e r t ia  about the corresponding
x' y z

body axes and I , I w„ and I are the oroducts of in e r t ia .  Because xy’ yz xz
the a i r c r a f t  has the xz plane as plane of symmetry I = I = 0 .xy yz
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Expanding the equations of motion in body coordinates we obtain  

the following set of equations:

Fx = m(Ù + QW - RV)

Fy = m(V + RU -  PW)

F z  =  m ( W  +  P V  -  Q U )  ( 1 5 )
L = P IX -  ft lxz + QR(IZ - I  ) -  PQIXZ

M = Qly + PR(IX -  I z ) + (p2 -  R2 ) I xz
N = R Iz -  P Ixz + PQ(Iy -  I x ) + QRIXZ

The external forces and moments are generally:

1. Gravity forces and moments.

2. Aerodynamic forces and moments.

3. Thrust forces and moments.

1 .3 External Forces and Moments

1 .3 .1  Gravity Forces and Momentsmw eew «mm# ■■#

The g rav ity  forces can be evaluated by the projection of the 

g rav ita t io n a l acceleration g along the body axes, using Euler tra n s 

formations (Eqns 1 .1 ) .  Therefore:

Fgx = -mgsinQ
Fgy = mgcos@sin$ ( 1 . 6 )

Fgz = mgcosBcos*
As the angles $ and 0 are not generally  the in tegra ls  of P and 

Q, we have to introduce new motion qu a n tit ies .  From Fig. 1 .2 ,  applying 

successive Euler transformations we have:

P = $ -  f s in 0

Q = 0cos$ + Wcos0sin$ (1 .7 )
• .

R = -0sin$ + Wcos0cos$ or

6 = P + Qtan0sin$ + Rtan0cos$

0 = Qcos$ -  Rsin$ (1 .8 )

¥ = (Rcos$ + Qsin$)/cos0 

So, three more d i f f e r e n t ia l  equations have to be added to the 

equations of notion 1 .5 .

The moments due to g rav ity  are zero as the body-fixed axes are 

assumed to have th e ir  o rig in  at the centre of g rav ity  of the f ly in g  

vehic le .
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1 .3 .2  Aerod_yn_amic_ F_or-œs_an_d_Monen_t5_

The aerodynamic forces and moments are acted upon the vehicle

by the surrounding airmass and they are generally  due to the r e la t iv e

motion between the vehicle and the atmosphere. As the atmosphere is

assumed to be s t i l l ,  the re la t iv e  wind ve lo c ity  is -Vy (where Vj is  the 

v e lo c ity  of the vehicle w . r . t .  e a r th ) .  I t  can be proved tha t the aero

dynamic forces can be expressed in the form:

p : is the a i r  density

V ji  the re la t iv e  ve loc ity  of the body w . r . t .  a i r

S : a reference area of the body (wing area)

Cp: a dimensionless c o e ff ic ie n t  depending on the properties

of the a i r  and the airfram e, the geometry of the a i r 

frame and the re la t iv e  motion between the a i r  and the 

airframe

The or ien ta tion  of the a i r  ve loc ity  vector with respect to body 

axes is usually given by two angles (F ig . 1 .4 ) :

F = -|pVjSCp (1 .9 )

where:

angle of attack a 

angle of s id es lip  p

and

where:

T

( 1. 10)

U V

w

Fig. 1.4 Angles of attack and s ides lip
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The to ta l  steady aerodynamic force is conventionally given by 

two components: l i f t  and drag (Ref. 10). The l i f t  acts normal to the 

f l i g h t  path and the drag p a ra l le l  to the f l i g h t  path. According to Eqn 1.9

L " " f  ( 1 . 11 )
D = fpvfsCD

Then:

FAx = Lsina - Dcospcosa

= Dsinp (1 .12)

FAz = -  Lcosa - Dcospsina

Akin to Eqn 1.9 the aerodynamic moments can be expressed as

follows:

r o l l in g  l_A = -^pVySbC^

Pitching = ^pVyScCm (1 .13)

yawing = |pV^SbCn

where b̂ is the wing span and £  the mean aerodynamic chord of the wing.

The aerodynamic co e ff ic ien ts  are generally functionals of the

angle of attack and s ides lip  and th e i r  time ra tes , the angular v e lo c it ie s

P, Q, R and th e i r  time ra tes , the control inputs and th e i r  time rates  

and so on. For example:

C^(t) = CL[a (X ) ,  p ( x ) > p (X ), ; T ) ( x ) > •• •> a ( x ) , • • • ]

where i t  is understood tha t X is a running variab le  in time over the 

in te rva l [0 t ] .  This b r ie f ly  means tha t generally  the present behaviour 

of the aerodynamic co e ff ic ien ts  does not depend only on the present 
values of th e ir  variables but on th e i r  time h is to r ies  also (Ref. 16).

1 .3 .3  Thrust Forces and Moments

The thrust is assumed to act on the longitudinal plane xz along 

a thrust l in e  with e c c e n tr ic ity  e^ from the o rig in  of the body axes 

(p o s it ive  downwards) and a l l  the gyroscopic e ffe c ts  are neglected.

Then (F ig . 1 .5 ) :

F_ = Tcos£t Tx T
Fyz = TsinCy (1 .14 )

MT = TeT
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X

Fig. 1.5 Thrust configuration  

1.4 The Complete Set of the Equations of Motion

As the g rav ita t io n a l forces are proportional to the mass of

the vehicle i t  is convenient to combine them with the in e r t ia l  ones.

Then the equations of motion become:

m(Û + QW - RV + gsinB) = + F ^  = X

m(V + RU - PW - gcos0sin$) = F^ = Y

m(W + PV - QU -  gcos0 cos$) = F ^  + Fyz = Z

" x  - 6 l xz + W ' z  -  V  -  PQIxz z L A = L

QIy + PR(IX - I 2 ) + (P2 - R2) I xz = Mft + Mt = M (1.15)

Rïz -  P IXZ + m i y  -  l x ) + QRIXZ = NA = N

$ = P + Qtan0 sin$ + Rtan0 cos$

0 = Qcos$ - Rsin$

¥ = (Rcos$ + Qsin$)/cos0

These equations constitu te  the six degrees of freedom equations 

of motion of the f ly in g  vehicle on which a l l  the following analysis is 

based.
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Chapter 2

THE LINEARISATION OF THE EQUATIONS OF MOTION 

Longitudinal and Lateral Dynamics

2.1 Introduction

The equations of motion as they have been presented in the 

f i r s t  chapter, are in general dynamically and aerodynamically non

l in e a r .  In th is  chapter, they are linearised  and also decomposed into  

two motions - longitudinal and la te ra l  -  by assuming small perturba

tions around the operating point or the trimmed conditions of the 

f ly in g  vehicle and certa in  aerodynamic properties.

The nature of the so-called aerodynamic s t a b i l i t y  and control 
derivatives is also b r ie f ly  discussed.

2.2 The Perturbed Equations of Motion

The perturbed equations of motion can be obtained by p e rfo r
ming the d i f fe r e n t ia ls  on both sides of the six degrees of freedom 

equations of motion 1.15. I f  we designate the d i f f e r e n t ia l  of each 

motion quantity  by i t s  lower case equivalent ( ie  dU=u, e tc ) ,  the per
turbed equations of motion become:

(gcosQ cos$ )(p + (gsin0 sin$ )8 ]

m[û + WQq + Qow -  VQr -  Rqv + (gcos0o)0]

m[ti + U r  + R u -  Wo - P w o o o o

= dX

o o n ^o 
+ (gcos0osin$o)ip + (gsin0ocos$o )0] = dZ (2 .1 )



-  13 -

i  = p + qtan® sin$ + rtan® cos*o o  o o  p
+ [(Q 0cos*o -  Ros in *o)tan0o]ip + [(Q0s in *o + Rocos*o) ( l  + tan^0o) ]0  

0 = qcos*o -  r s in * o -  (Q0s in *o + Rocos*o)(p ( 2 . 1 )

= rcos*o/cos®o + qsin*o/cos©o 

+ [(Q ocos*o - Ros in *o)/cos0o]ip + [(Qos in *o + Rocos*o)tan0o/cos0o]0

where the zero subscripts denote steady state or trimmed conditions 

about which the small perturbations are performed.

I f  the functional representation of the aerodynamic co e ff ic ien ts  

is dropped and they are assumed to be depended on the present values 

of th e ir  variables and tha t symmetric reactions can be caused by sym

metric disturbances (whereas asymmetric disturbances can cause only 

asymmetric reac tions),  the d i f fe r e n t ia ls  of the aerodynamic forces and 

moments are the follow ing:

where X

The p a r t ia l  derivatives  of the aerodynamic forces and moments 

with respect to the motion quantit ies  are ca lled  s t a b i l i t y  derivatives  

whereas the p a r t ia l  derivatives  with respect to the control deflections  

and settings are called control d er iva tives .

The foregoing d i f fe r e n t ia ls  do not r e a l ly  sound mathematically, 

as in f in ite s im a l disturbance of any quantity  does not necessarily imply 

in f in ite s im a l disturbance of i ts  time rate  at the same instance.

I f  quasi steady flow is assumed a l l  the derivatives  with respect 
to the time rates of the variables can be neglected apart from those 

with respect to jv and y_ ra tes . These derivatives  are retained to model 

the downwash and sidewash e f fe c ts ,  ie .  the dépendance of the flow at 
the t a i l  on the time h is tory  of the motion of the wing.
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When steady, s tra ig h t ,  level and symmetric f l i g h t  is assumed, ie :

V = 0 o

P< f Qo= Ro= 0
$ = W = 0 o o

and with the quasi steady assumption, the perturbed equations of motion 

are decomposed into  two sets of motion:

The Longitudinal Set (Symmetric Motion)

m[û + v  +

1—
1 

CDO
5oucn = X u + X w + K.w + u w w + V

+ 
O

,^
 

—I

m[w - Uoq + (gsin0 o) 0 ] = Î  u + Î  w + Î .w + u w w + V + ?6 T6T

djl = ft u + M w + ft.ti + ft a + ft T) + ft. 0T
M y u w w q T) ôT T

(2 .3 )

6 = q

The Lateral Set (Asymmetric Motion)

m[0 + Uor -  (gcos0o)ip] = t yv + + Ypp + Ÿ^r + Ŷ Ç + L ç

p I x -  " x z  = N v + + CpP + Lr r  + ÿ

r l z - (SIXZ = Rvv + + Npp + Nr r + NÇÇ + ^

(p = p + rtan0

(2 .4 )

Although the linearised  equations of motion are absolutely  

va lid  only fo r  in f in ite s im a l disturbances, they have been proved very 

useful and widely applicable even when the disturbances are of much 

larger magnitude and th e ir  rates are kept in " reasonably " small 

values.
Before proceeding with the dynamics of the longitud ina l and 

la te ra l  motions a b r ie f  discussion about the orig in  of the aerodynamic 

s t a b i l i t y  and control derivatives fo llow s.

2.3 Aerodynamic S t a b i l i t y  and Control Derivatives

The d e f in it io n s ,  the o r ig in  and the equations -  when applicable - 

of the aerodynamic derivatives are given in th is  section. A ll the



derivatives are assumed to be expressed in s t a b i l i t y  axes and the 

com pressib ility  and slipstream e ffec ts  are neglected (Refs 1, 2, 3, 
4, 10, 14, 15).

2 .3 .1  Longitudinal Derivatives

2 .3 .1a  Derivatives Due to Change in Forward V e loc ity

D e fin it io n  Origin Eguation

Xu = Variation  of drag and thrust  

with u.
-pVTSCQ + §Yt

Variation  of normal force - p v t s c l

with u.

•  AM
Mu = Variation  of pitch and thrust  

with u.
pVTScCm + eTëvT

2.3.1b Derivatives Due to Change in Incidence

D efin it io n  Origin Eguation

e QX
Xw = L i f t  and drag variations along 1

2PvTS(CL '  W 1
the x -ax is .

Zw = 1 “  Variation  mainly of l i f t  with
i ec,

" 2PVTS(CD + "Bcf)
incidence.

Mw = | ^  S ta t ic  Longitudinal S ta b i l i t y .
1 GC
K s c  ea

2.1 .3c  Derivatives Due to Downward Linear Acceleration

D efin it io n  Origin Eguation

o QY
X̂ . = qt- Downwash lag on drag (usually  

n e g l ig ib le ) .



Z. = Donwash lag mainly on l i f t  ofw 0 w 3

fi. = |^r Downwash lag on pitching momentW 8 W 3 r a

ta i  1 .

2 . 3 . Id ^e^iyatiyes^ _Du_e to_Rate £f_Pj_t_ch_

D e fin it io n  Origin

; = 6X
q '  6q

e QY
X = E ffec t of p itch ra te  on drag,

Usually n e g lig ib le .

O Q7
Z = Q- E ffec t of pitch ra te  on l i f t
'q 8q

( t a i l  and wing c o n tr ib u t io n ) .

~  E ffec t  of pitch ra te  on pitching

moment (damping in p i tc h ) .

2 . 3 . le  Deriyat_iye_s J)ue t_o_EJ_ey_at_or_ _Def_l£ct_i£n_

D e fin it io n  Origin

E ffec t  of e levator deflection  on 

drag (usually  n e g l ig ib le ) .

E ffec t  of e levator deflection  on 

l i f t .

E ffec t  of e levator deflection  on 

pitching moment.
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2 . 3 . I f  2 eI l1 XaJL^ei .  D.U.Ê. Jt0__C_ha_ng£ _1_n_Tlhr£tt_lê  S_et_tj_n£

D e fin it io n  Origin Equation

Xc = M -  Variation  of thrust along x-axis ^
° t 0ô j  Bûj

with t h r o t t le .

8Z= -g^ Variation  of thrust with th r o t t le

along z-axis  (usually  neg lected).

Mô = 1^- Variation  of p itching moment with e^
 ̂  ̂ t h r o t t le .  T

2 .3 .2  kat_e_raj_ _De_riy a t i ye_s

2 .3 .2a  Derivatives Due to Sideslip

D e fin it io n  Origin Equation

0C
f v = -|^ Variation  of side force with i pVTS-6^

sides lip  angle. Mainly from 

f in  and body.

• 8L i 80-,
LV = W  Rolling moment due to s ides lip  i pVTSl>0p"

known as "e ffe c t iv e  dihedral 

d er iv a t iv e " .  Combination of wing 

dihedral e f fe c t  and f in .

0C
Nv = "Weathercock" or s ta t ic  d irec tion a l ^pVySb-g^

d e r iv a t iv e .  Main contribution from 

f in  ; also wing-body.
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2.3 .2b  Derivatives Due to Rate of Roll

D e fin it io n  Origin Equation

° 6Y i 80
Y = -57 Change of side force due to 7ipVTSb---- f —

P ^  4 T Q ( £ k \
r o l l in g  v e lo c ity .  Fin is the main v2V|

contributor although the wing may 

be s ig n if ic a n t  fo r  some configu

ra tion s .

• 01 1 2  ®^1
Lp = The r o l l  damping d e r iv a t iv e .  Wing ÿV^Sb — g -

is the dominant fac to r  when t a i l  ®^2v |

is of conventional s ize .

BN nu  . . . . . .________ .  1„„ P.2  6CnN = p -  Change in yawing moment from -TpVTSb —— r-
p op . . .  , _  4 1  Of2 2

r o l l in g  v e lo c ity .  Wing 

the main contributors.

0 ( P i
r o l l in g  v e lo c ity .  Wing and f in  v2V|

2 .3 .2c  Derivatives Due to Rate of Yaw

D e fin it io n  Origin Equation

• 0y i 8 C
Y = -n- Variations in side force due to 7pVTSb------

A f J ~ .\
yawing v e lo c ity .  Fin is  the v v j

dominant contributor.

• GL 1 2  ^^1Lr = gp Rolling moment due to varia tions ÿiV^Sb — pg-

in yawing v e lo c ity .  Quite impor- ^ 2 v j

tan t  fo r  sp ira l s ta b i l i ty .M a jo r

contributors wing and f in .

0 C
Nr = Yaw damping d e r iv a t iv e .  Contribu- -|pVTSb2— po

tions from wing fuselage and f i n .  0 ^2v |
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2 . 3 .2d Derivatives Due to Control Deflections

D e fin it io n  Origin Equation

0C
Side force due to a ileron de f lec t io n .

Usually n e g lig ib le .

• 0L 1 2  ^ 1
= gÇ Rolling moment due to a ileron ÿ ' VT ^ ^ W

deflection  known as a ileron e f f e c t i 

veness.

ec
= - | |  Yawing moment due to a ileron

de flec t io n . I t  is  caused from the 

difference between drag on up and 

down a ile rons.

• 0Y 1 2 ^ vŶ  = —  Change in side force due to rudder

de flec t io n .

• 01 i 9 ®̂ 1Lg = Rolling moment produced from rudder

deflection  (minor importance).

BC
= —  Variation  in yawing moment with a ^pV^Sb-g^-

change in rudder de flec tion  known 

as rudder e ffectiveness.

2 .3 .2e  Derivatives Due to Side Acceleration $

The derivatives due to usually arise from si dewash lags that  

produce angle of attack variations at the v e r t ic a l  t a i l .  As only l i t t l e  

is  known fo r  these aerodynamic der iva t iv es , they are usually neglected 

in the usual formulation of the r ig id  body equations. However, there are 

cases where N. a ffec ts  s ig n i f ic a n t ly  the dutch r o l l  damping and has to  

be accounted fo r ,  but the d i f f i c u l t y  is  that there is no good way of 

estimating or of knowing a p r io r i  fo r  which configurations is impor

tan t (Refs 10, 14).
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Another reason fo r  forces and moments to arise due to rate  of 

change in side v e lo c ity  is aeroe lastic  e f fe c ts .  These d is to r t io n  e ffects  

are considered neg lig ib le  fo r  our analysis as the airframe is assumed 
to be r ig id .

2 .4  Longitudinal Dynamics

Rearranging Eqns 2.3 the state  space model of the longitudinal  
equations of motion can be obtained:

Ù ~ I
X

c xw cr
X u

i
X

- » t 1
w zu zw zq a2g w

+ ZD 1—
 

«3 
N

A mu mw mq a39 q % 1—
 

<o 
E

_G_ _ 0 0 i 0 _ e _ _ 0 0

where:

xu = Xu + W ' 1 - V  ’ xw = Xw + W * 1 - Zw>

Xq = V  Wo + (Zq + W ' 1 - V

al  = - coseo -  ( s1n8o )Xw/ ( l  -  V  

W  Z q V * 1 -  Z*) - *6 t  * X6 t  + Z6 t X , / ( 1 - Z .)

Zu * V ( 1  -  Z ,)  , 7W -  Zw/ ( 1 -  Z ,)  , zq -  (Zq + U0 ) / ( l  -  Z ,)  <2 6)

a2 ‘  - ( ^ * 0 ) / ( 1  -  Zw) > ^  *  V (1 •  V  ’ Z6 t  *  Z ô / d  -  V

mu = Mu + W d  - ZW> - mw = Mw + W l l  -  Z . )

mq = Mq + (Zq + U0 ) V ( 1  -  2ft)

a3 “ - ( s l ^ V O  - Zw)
%  = %  + ZnM . / ( l  -  Z,.) , % t  -  % t  -  2 ^ / ( 1  -  Z i l )

The derivatives appearing on the right hand side of the Eqns 2.6  

are the so-called normalised aerodynamic s tab il ity  and control derivatives. 
They are obtained from the basic ones by dividing the force derivatives
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by the mass of the a i r c r a f t  and the moment derivatives by the corre

sponding moment of in e r t ia ,  ie :

xu s IT = mfr ’ ' V  = T IK  ’ • • •

The eigenvalues of the longitudinal system of equations fo r  

nearly a l l  a i rc ra f ts  in most f l i g h t  conditions are two sets of complex 

numbers. Therefore the modes of the motion are two o s c il la t io n s :

The Short Period. A r e la t iv e ly  high frequency ( ) o s c i l la t io n

with heavy damping ( £sp ) p r im arily  consisting of varia tions in a 

and 0 with the forward ve lo c ity  remaining almost constant and

The Phugoid. A r e la t iv e ly  small frequency ( wp  ̂ ) o s c i l la t io n  

with very l ig h t  damping ( ) characterised by varia t ions in u and

0 with a about constant. I t  can be thought as an exchange of potentia l  

and k in e t ic  energy as the a i r c r a f t  tends to f l y  an o s c i l la to ry  f l i g h t  

path on the longitudinal plane (Ref. 2 ) .

2.5 Lateral Dynamics

The state space model of the la te ra l  equations of motion (Eqns 2 .4 )  

becomes as follows:

V *" >
>-i

V Wo Yr - Uo gcos0o “ V
YÇ \

p s Lv LP Lr 0 P
+ LÇ LE

t Nv NP Nr 0 r
Nç \

_< L _ 0 1 tang 0 _<P_

----1
oo

where a l l  the derivatives are normalised.

The eigenvalues of the la te ra l  system of motion are usually  

a set of two real and two complex numbers which consitute the three  

modes of the la te ra l  motion:

The Dutch Rol1 . I t  p r im arily  consists of s ides lip  and yaw. The 

damping and natural frequency of the dutch r o l l  vary with a i r c r a f t  and 

f l i g h t  conditions where the damping may become very l ig h t .
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The Roll Subsidence, I t  is the one degree of freedom r o l l in g  

response to a ileron d e f lec t io n . Usually a small time constant is re 

quired.

The Spiral Divergence. I t  is a combination of an increase in 

yaw and r o l l  angle and the a i r c r a f t  eventually  f a l l s  in to  a high-speed 

spira l d ive. The sp ira l mode is not usually objectionable as the time 

constant is so large tha t i t  can be controlled by the p i lo t  (Ref. 2 ) .
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Chapter 3

THE MATHEMATICAL MODELLING OF THE X-RAE1 RPV

3.1 Introduction

The concepts and princ ip les  presented and analysed in the f i r s t  

two chapters are applied in th is  chapter fo r  the development of the six  

degrees of freedom model of an experimental RPV - the X-RAE1. A combi

nation of s ta t ic  wind-tunnel tests  and ESDU data sheets is used fo r  the 

formulation of the aerodynamic character is t ics  of the RPV.

The linearised  model fo r  s tra ig h t and level f l i g h t  at forward 

ve lo c ity  of 30 m/sec is derived and the longitudinal and la te ra l  dyna
mics are analysed.

A new method also fo r  the estimation of the moments and products 

of in e r t ia  of the airframe is proposed using an Extended Kalman F i l t e r .

3.2 The Six Degrees of Freedom Mathematical Model of X-RAE1

X-RAE1 is a small Tow cost experimental RPV. The six degrees of 
freedom mathematical model of i t  is developed in th is  chapter. I ts  

primary purpose is to provide baseline data fo r  f l i g h t  control system 

design and improvement and fo r  the id e n t i f ic a t io n  of the aerodynamic 

s t a b i l i t y  and control derivatives of X-RAE1. I t  can be considered as 

the necessary prelim inary step fo r  the assesment of the most appropriate  

id e n t i f ic a t io n  algorithm before proceeding with the analysis of f l i g h t  

te s t  data.

The model is dynamically nonlinear but as i t  is intended to 

provide simulation data fo r  f l i g h t  regimes well below s t a l l ,  the aero

dynamic characteris t ics  of i t  are assumed l in e a r .

The modelling work was preceded by s ta t ic  wind-tunnel tes t in g  

of a fu l l - s c a le  unpowered model at RAE Farnborough. These data provided 

the basis fo r  the derivation  of the longitudinal aerodynamic characte

r is t ic s  of the RPV (s ta t ic  and r o ta t io n a l) .  The engine model and the 

la te ra l  aerodynamics are based on ESDU data sheets and fundamental theo

re t ic a l  concepts as wind-tunnel or any other kind of data were not 
ava ilab le .
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A general arrangement of X-RAE1 and some of i ts  specifications  

are shown in Fig. 3.1 and Table 3.1 respective ly .

X

y

xj

Fig. 3.1 X-RAE1 layout
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Length ( 1  ̂ ) 2.1  m

Wing Area ( S ) 0.9307 m2

Wing Span ( b ) 2.638 m2

Mean Aerodynamic Chord ( c ) 0.353 m
T a il  Area ( ) 0.2576 m2

Distance of the centre of grav ity

from the leading edge of the mean

aerodynamic chord 0.34c = 0.121 m
Typical Weight ( mg ) 15 Kgr
Typical Payload 2 Kgr
Speed Range 40 to 68 Kts
ENGINE: Webra '91' 1.5cc two stroke de livering

approximately 1.9 Kw at 14000 RPM and

driv ing  a 14 inch dia . x 6 inch pitch
p ro p e lle r .

Table 3.1 X-RAE1 specifications

3 .2 .1  Aerodynamic Forces*■

The aerodynamic forces are assumed to consist of three compo

nents: l i f t  L, drag D and side force Y. L i f t  and drag act on the long i

tudinal plane normal and p a ra l le l  respective ly  to the v e lo c ity  vector 

in symmetric f l i g h t  whereas side force acts along the Oy body axis.

Any aerodynamic quantity with subscript s is  assumed to be 

expressed in s t a b i l i t y  axes.

3 .2 .1a  L i f t _

L i f t  is  mainly produced by the l i f t i n g  surfaces -  wing and t a i l  -  

and by the deflection  of the e levato r .  I t  is  estimated from the formula:

L = |PV^SCL (3 .1 )

where = C^(a, 6 , q, T)) is  assumed a l in e a r  function of the 

angle of attack a, the time ra te  of the angle of attack d, the pitching
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ra te  q and the e levator de flec tion  t) ie :

C =  C +  C,  a  +  C,  ( § )  +  C { § )  +  C 1) ( 3 . 2 )
0 a a T q Li)

A f u l l  derivation  of C. , C. , C. and C. from wind-tunnel
a â q T)

data is given in Apx A . l  and fo r  reasons of completeness th e i r  values
are shown in Table 3.2 .

3 .2 .1b  Dr_ag_

Drag is derived by a s im ila r  formula as l i f t ,  namely:

D = ^ j S C D (3 .3 )

Wing and body are the main contributors and CD can be estimated 

from wind-tunnel data as:

CD = C + kcj; (3 .4 )
0 w

O
where is the z e r o - l i f t  drag and kC. is the drag induced by the 

o w
l i f t  produced by the wing-body combination (Apx A . l  , Table 3 .2 ) .

C, = 4.98 /rad  
La

CD = 0.0227 
0

n -1 .05  /rad

C, = 2.78 /rad  
a

k = 0.0514 hE
°

(_) -9 .32  /rad

C. = 4.83 /rad
q

ll
cr

o
E - 1 9 .1 5 /rad

= 0.49 /rad
T)

o
J3

ii -1 .63  /rad

Table 3.2 Longitudinal aerodynamic derivatives
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3 .2 .1c  Side Force

Akin to Eqn 1.9 the side force Y is expressed as follows:

Y = -IpvifSCy (3 .5 )

where = C^(V, P, R, Ç) is  a l in e a r  function of i ts  variables ie :

Cy * ?TV  + ¥ t YPP + V / r R + (3 .6 )

The main contribution to the side force arises from the rudder 

deflec tion  with s ides lip  and yaw ra te  also having some e f fe c t .  Side 

force due to r o l l  ra te  is almost n e g lig ib le .

The aerodynamic derivatives Yv , Y , Ŷ  and Y  ̂ are given in 

Table 3.3 . ESDU data sheets are mainly used fo r  the estimation of the 

side force der iva t ives . Deta ils  can be found in Apes A .2, A .3, A .4 

and A. 6 .

Yps $ w / i pVTSb

%  É 8 - f 4 VTSb

\  , i r / ?pVTs

-  0.3054

0.078C
( 1)
L -  0.3133 [ 11.32cosa -  110.19sina  

263.8

85 (2)
-  0 . 1 8  &  ]

« i^ i

-  0.0109 + 0.2164 ( 109.51cosa + 8 .8 7 s in a ) /  263.8

0.1184

Table 3.3 Side force aerodynamic derivatives

(1) L i f t  c o e ff ic ie n t

(2) Si dewash term due to body
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3 .2 .2  Aerodynamic Moments ■■ **

3.2 .2a  £ i t. c h_i n_g_M£m e_njt

The main contributors to the pitching moment are the wing and 

the t a i l .  The equation fo r  i t  is :

MA = l P VTScCm ( 3 - 7 )

where:

= Cm0 + Cmaa+  Cm . ( § )  + + Cm ^  ( 3 -8)

* C , C , C and C are derived from wind-tunnel data 
mo a à q J)

(Apx A .1) and th e ir  values are reca lled  in Table 3.2 .

3 .2.2b R_oJ_lj_ng_ Momejrt_

The r o l l in g  moment is assumed that depends on the la te ra l  

motion quantit ies  V, P, R and on the a ileron deflection  mainly, whereas 

rudder deflection  contributes only a very small amount. The equation 

fo r  the r o l l in g  moment is as follows:

LA = I pVTSbCl (3 .9 )

where:

C1 "  Vt LvV + VTLpP + ï TLr R + LÇÇ + L f  (3 -1 0 )

All the derivatives are estimated from ESDI! data sheets (Apes A .2, A .3, 
A .4, A .5 and A .6 ) and th e i r  values are given in Table 3 .4  .

3 .2 .2c  Yawi n_g_Moment_

The yawing moment is derived by an analogous way to the r o l l in g  

moment. The rudder deflection  is now more important than the a ile ron  

de flec t io n . The expression fo r  the yawing moment is :

NA -  l P VT SbCn (3 .11 )
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Lvs e 1 7 / i e vTSb

Lf  s | / i p vTSb

Ls ;  l r / i pvTSb

( 1) ( 2 )
-  0.0005a. -  0.0119 -  0.0016C,b L
- 0.1969 ( 8.87cosa -109.51sina ) /26S.8

(3)
0.2457 + YpF ( 11.32cosa

( 2 )
0.00189 + 0.1243Cl +

(4)
+ Yr p ( 8.87cosa

-  0.2291

- 110.91sina ) /263 .8

- 109.51sina )7263 .8

0.00398

Table 3.4 Rolling moment derivatives

(1) Body incidence measured from i t s  zero l i f t  value.

(2) Wing l i f t  c o e ff ic ie n t .

(3) Contribution of f in  to side force due to ra te  of r o l l .

(4) Contribution of f in  to side force due to ra te  of yaw.

where:

Cn = ?t NvV + ? TNpP + VTNr R + + ^  (3-12)

The values of the aerodynamic derivatives  are reca lled  in 

' Table 3.5 . Detailed analysis fo r  th e i r  estimation is given in Apes A .2, A3, 

A.4, A.5 and A. 6 .
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\  Ê § 7 / i e VTSb

n p s , l 5 ' K sb2

Nr  $ § F / i e VTSb2

Nçs S | f / ^ sb

\  î E / i pvTSb

-  0.0363 + 0.1969 ( 109.51cosa + 8 .8 7 s in a )  /263 .8

, ( 2 )
(1) 8C

-  0.034Cl + 1.23-g^D

(3)
- YpF ( 110.91cosa + 1 1 .3 2 s in a ) /2 6 3 .8

(4)
-  0.0022 - 0.1261Cd -  0.0090^

( 6 )

(5)

-  Yr p ( 109.51cosa + 8.87sina ) /263 .8

0.0195C,

-  0.0492

(5)

Table 3.5 Yawing moment derivatives

(1) L i f t  c o e f f ic ie n t .

(2) Viscous drag d eriva tive  w . r . t .  angle of attack (per degrees).

(3) Contribution of f in  to side force d er iva t ive  due to ra te  of r o l l .

(4) Wing drag at zero l i f t .

(5) Wing l i f t  c o e f f ic ie n t .

( 6 ) Contribution of f in  to side force der iva t ive  due to ra te  of yaw.

3 .2 .3  Th_ru_st_F_orc_es_ _and Moments

Thrust forces and moments are produced by one 12 inch diameter 

by 6 inch pitch two blade p ro p e lle r .  The prope ller  axis l ie s  on the  

longitudinal plane of the RPV and is p a ra l le l  to the body x -a x is .  As 

the only data ava ilab le  about the engine are those given in Table 3.1 ,
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an ana ly tica l model has been developed based on a combination of the 

momentum and blade element theory and the use of power-required and 

power-available curves (Ref. 18) .

The resu lt ing  thrust force is given by the fornula:

T = k16T -  kgVy (3 .13)

where:

= 26.7154 Watts sec /  m 

kg = 0.0055 Watts ( m /  sec )~^ 

ô-j- : th r o t t le  setting  (from zero to one)

A pitching moment is also produced due to the e c c e n tr ic i ty  Q j  
of the thrust l in e :

My = Te-j. (e-p = -  0.16 m) (3 .14)

The ro l l in g  moment due to the torque moment of the engine 

is  assumed neg lig ib le  and is not taken into account in the following  

analysis. A deta iled  development of the engine model is  given in Apx A . l  .

3 .2 .4  The Eclations. o_f_Motj_oj  ̂£f_Xz RAE1

A fter the evaluation of the aerodynamic and thrust forces and 

moments acting on the airframe the equations of motion of X-RAE1 can be 

developed. The following aspects are taken into account fo r  th e ir  d e r i 
vation:

1. A ll the derivatives given in s t a b i l i t y  axes have to be 

transformed to body axes.

2. The aerodynamic co e ff ic ien ts  C^, and are estimated 

with reference to the point 0^ on the centre l in e  chord of the wing at  

a distance 0.34c from the leading edge of the mean aerodynamic chord 

whereas the centre of g rav ity  of the airframe is assumed to be the 

centroid of the equivalent cross-section at 0^ (F ig . 3.2 and Apx B . l )  .

3. The product of in e r t ia  I is  assumed to be zero.
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z

Fig. 3.2 Pitching moment reference point 

-  1 2I f  q = j pVj , the eguations of motion of X-RAE1 in body axes
become:

LI = RV - QW - gsinQ + [ gSfC^sina -  C^cosa) + I ]  /m

V = PW - RU + gcos0sin$ + (gSC^) / m

W = QU - PV + gcos0cos$ + [ gS(-C^cosa -  C^sina) ] /  m

P = [ QR(Iy -  I z ) + qSbC1 ] / I x

Q = [ PR(IZ -  I x ) + qScCm + qS(CLsina -  CDcosa)hQ + Te^] /  I (3 .15)

ft = [ P Q ( I X -  I y ) + qSbCn ] / I z 

$ = P + Qtan0sin@ + Rtan0cos$

0  jr 0 = Qcos$ -  Rsin$

$ = (Rcos$ + QsinG) /  cos© 

where:

VT = ( u2 + w2 + v2 )* , a = tan-1 W an(j & = WU_J)W
u + w

What remains to be evaluated is the trimmed conditions ( ie .  the 

i n i t i a l  conditions fo r  the set of Egns 3.15) and the moments of in e r t ia .  

They are a l l  given in the follow ing two sections.
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An ACSL programme - the RPVPI.CSL - has been developed fo r  the 

d ig i ta l  simulation of the six degrees of freedom motion of X-RAE1 (Ch. 5) 

The responses to small amplitude pulse deflections of the e levator  

and a ile ro n , a f te r  the trimmed values have been subtracted, are shown 

in Figs 3.4 to 3.16 at the end of th is  chapter.

3 .2 .5  Trim Conditions of X-RAE1

X-RAE1 is assumed to be i n i t i a l l y  set to s tra ig h t ,  horizontal 

and level f l i g h t  with ve lo c ity  V jo . The deflections of the control 

surfaces, the th r o t t le  setting  and the angle of attack required fo r  

sustained f l i g h t  at V j0 m/sec are computed in th is  section.

The trimmed values of the motion quantit ies  become:

Uo = VTocosao ’ Wo = VTosinao ’ V  0 ’ 0o = ao

Vo = Po = Ro = 0 ’ *o = = 0

The la te ra l  conditions can be e as ily  obtained by setting  the 

aileron and rudder at th e ir  zero value positions. Then, the longitudinal  

equations are the follow ing:

F = mû = -  mgsina + qS(C^sina -  C^cosa) + T

Fz = mW = mgcosa - qS(C^cosa + C^sina) (3 .16)

M = QIy= qScCm + Te-j- + qS(C^sina -  CDcosa)hQ 

where:

1 =V CL a + 
a

CL T) 
1)

0 =V kC?
w

Lw= Cl ow
+ C, a 

aw

m = V*V
For equilibrium :

U = W = 0 

M = 0
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Eliminating thrust T from Eqns 3.16 we have:

T = -  -  qS(CLsina -  CpCosa)^ (3 .17)

F = -  mgsina + qS(l -  ■— ) (C. sina -  Cncosa) -  •^■C  
x i T

Fz = mgcosa -  qS(C^cosa + Casino)
(3 .18)

The system of Eqns 3.18 is nonlinear and i t  is solved numerically  

fo r  the unknown vector

X = [ a  T ) ] T 

using the Newton-Raphson method. Therefore (Ref. 5):

-1

- Fz -
where 0 is  the Jacobi an

J =

0Fx /  0a 0Fx /  0q

0F /  00 0F /  01) L- z z

and

6FX h
-g j-  = (1 -  — )qS[(CL + CD)sino + (CL -  CD )coso] -

-  mgcosa -  C„
T a

0 F  h
W  = U  " i ; )9 S C ^ s in a  -

0Fz
-Q^- = qS[(CL - CD )sina -  (CL + CD)cosa] -  mgsina 

8F
- 0 q  =  -  q S C L  c o s a

The solution fo r  = 30 m/sec is

x =
' « o ' -  0 .0245“

-"n o - 0.0445 _
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Then Eqns 3.13 and 3.17 give t h r o t t le  setting  = 0.7156 .

Summarising, the control deflections and the th r o t t le  sett ing  fo r  steady, 

s tra ig h t ,  symmetric f l i g h t  at 30 m/sec are as follows:  

elevator n = 0.0445 rad

aileron EL = 0 .0  rad
  o
rudder = 0 .0  rad
th r o t t le  0-j. = 0.7156 or 71.56%

3 .2 .6  Moments a_nd Products_of Jnertja_

A method fo r  the estimation of the moments and products of in e r t ia  

of X-RAE1 is presented in th is  section. I t  is based on the use of an 

Extended Kalman F i l t e r .

I t  is assumed that the position of the centre of g rav ity  of the 

airframe is known and three accelerometers and three ra te  gyros are 

f i t t e d  on i t  along the body axes. The RPV is hung from a point on the

longitudinal plane and is l e f t  to perform small amplitude o s c i l la t io n s .

Therefore, the forces acting on the airframe are only the g rav ita t io n a l  

ones and the reaction at the hanging point (F ig . 3 .3 ) .  The measurements 

are assumed to be corrupted by bias errors and white gaussian noise of 

zero mean (Ref. 9 ) ,  ie :

where:
ym = y + by + ny (3 ,19 )

^m
y

by
n

the measured value
the true value of the measured quantity  

the bias error

the white noise, E[n ] = 0, E [n f]  = af
y y y u y

The equations of motion then become:

-  6 l xz ■ L
QI = M (3 .20 )

R Iz -  P IXZ = N

where a l l  the second order terms of the motion quantit ies  have been 

ignored, and
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x

Fig. 3.3 General arrangement fo r  the estimation  

of the moments and products of in e r t ia

L * - V z

H = FX12 - F 21X (3 .21)

N = FA
Fx> Fy and F  ̂ are the reactions at the hanging point and can be 

evaluated by the accelerometer readings according to Eqn 3 .19 , ie :

Fx = max z m( axm -  bax -  nax >

Fy = may = m(aym '  bay -  "a*)  ( 3 - 22>

Fz = maz " m(azm -  ba * na >z z
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Incorporating Eqns 3.21 and 3.22 into Eqns 3.20, the equations 

of motion become as follows:

* = -  I xz1xbaz -  ï z ’ z V  + W v J M J z  -  'xz  ) +

+ m (Iz 1znay '  I xz1xnaz ) / ( I xI z " 4 »

Q = m( -  + + l z axm -  l xazm -  + 1^ ) / ^  (3 .23)

*  = m (Ixz1zbay -  I x1xbaz " ' x z V y a  + ^ V z m ^ V z  " &  +

+ "^xz’ z V  - W z M J z  - :xz' y  z

The system of equations 3.23 can be w ritten  in the form:

where:

*  = f ( ï ,  y,  t )  + r (x )w (t )  

i  = b(x, u, t )  + v ( t )

*  -  [ p ,  q, r ,  b b b bp, bq , br> I x , I y , I z , I x z ]
X y  z 

is the state  vector.

« = [ axm’ aym’ azm ] 1s the vector.

¥  = ^ P m. qm, I"ml  is the output vec to r .

w = Fn^ , , n_ ] is the white process noise.
L ax y azJ ------------------

Y = |^n , nq, nr  1  is  the white measurement noise.
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f t ï ,  y, t )  =

m( -  l b  + 
z ax

m (Ixz1zba.

- V z m ^ y

+ h V z m ^ V z  -  V

h(x, y, t )  = [ p  + bp q + bq r  + br ]

r (x)  =

ml

nlIz 1z

V z  -  K z

mIxz1z

V z  -  4

mIxz1x

^x'z -  4

ml

mIx1x

Vz - 4

The s ta te  vector x and so the moments o f in e r t ia  I x , I  and 

the product of in e r t ia  I , can be estimated in p r inc ip le  using an 

Extended Kalman F i l t e r .  Their i n i t i a l  values are assumed to be:
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I = 2.1678 Kgr

I = 1.6469 Kgr

I = 3.6962 Kgr m2

I Xz= 0 .0  Kgr m2

and they are evaluated in Apx MI. A b r ie f  discussion of the Kalman 

f i l t e r  theory and i t s  use as state  and/or parameter estimator is given 

in the following Chapter 4.

3.3 The Linearised Model of X-RAE1 at 30 m/sec

The l in e a r  model of X-RAE1 about a steady, s tra ig h t ,  symmetric 

and horizontal f l i g h t  at a constant ve lo c ity  of 30 m/sec is given in 

th is  section. The aerodynamic s t a b i l i t y  and control derivatives fo r  th is  

f l i g h t  condition are computed and the dynamics of the longitudinal and 

la te ra l  motions are analysed.

3 .3 .1  Tjie Longitudinal_Lj_near Mo^ei a.t_3£ m/sec

The aerodynamic s t a b i l i t y  and control derivatives fo r  a trimmed 

f l i g h t  at 30 m/sec are evaluated fo r  the l in e a r  longitudinal motion in 

Apx L A .l .  Their normalised values in body axes are shown in Table 3 .6 .

X c
II -  0.097 V -  0.789 Mu = 0.029

Xw = 0.037 Zw = - 5.496 M = 
w - 3.865

Xw = -  0.00044 Zw = -  0.018 M*  = -  12.381

iio
r

X

-  0.019 V -  0.902 V -  0.201

XT} = -  0.397 zv -  16.172 MT1 = -  179.079

x6 = 
T

1.719 V 0 . 0

IIV

-  2.595

Table 3.6 Normalised longitudinal derivatives  

at 30 m/sec -  Body Axes.

Then according to Eqns 2.5 and 2.6 the state  space longitud ina l  
model becomes:
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Û

w

4

II

1
Q>

1
■0.097

■0.775,

0.185

0

0.039

-5.399

-2.782

0

0.704

28.575

•18.117

1

-9 .804

0.236

-0.047

0

-0 .39

-15.887

•175.89

0

1.719

0

-2 .595

0

The c h a ra c te r is t ic  equation of the longitudinal system is :

p(s) = s4 + 23.613s3 + 179.537s2 + 18.048s + 31.018

and the eigenvalues' of i t  (roots of the ch a ra c te r is t ic  equation) are:

Short Period: - 11.767 + J6.249 

Phuqoid: -0.039 ± j 0.416

The corresponding natural frequencies and damping ra t io s  of the 

longitudinal dynamics are given in Table 3 .7 .

natural frequency damping

Short Period 

Phugoid

(ù = 13.328 rad/sec  
sp

or . = 0.410 rad/sec • npn

&SP = 0-883 

Sph -  ° - 095

Table 3.7 Longitudinal modes of X-RAE1 at 30 m/sec

I t  is apparent from the above tab le  the need of c o n tro l lin g  the

phugoid mode to avoid low frequency o s c il la t io n s  due to the l ig h t  damping 

r a t io  Although the short period is heavily  damped i t  is also a good

control strategy to make i t  fa s t  so the trans ien t e ffe c ts  mainly on the
pitching ra te  q w i l l  die out rap id ly .

The programme RPVLG.CSL has been developed fo r  the simulation of 

the l in e a r  longitudinal motion of X-RAE1. The response to a small amplitude 

pulse deflection  of the e levator is  shown in Figs 3 .4  to 3.10 where 

the short period and phugoid ch aracter is t ics  can be observed.

3 .3 .2  The Lateral Linear Model at 30 m/sec

The normalised s t a b i l i t y  and control derivatives  of the la te ra l  

motion at 30 m/sec are given in Table 3 .8 .  Detailed determination of



-  41 -

th e ir  values can be found in Apx LA.2.

Yv = -0.336 -0 .414 Nv = 0.558Yp = 0.175 LP = 13.360
NP ‘

-0.622
Y = 0.224 r Lr  = 2.412 Nr = -1.426
Y- = 0 .0 LF, " -142.902 " r 4.182
Y, = 3.909 Lr 2.485 Nr -18.015

Table 3.8 Normalised la te ra l  derivatives  

at 30 m/sec -  Body Axes

Substituting the values of the derivatives to Eqns 2.7 the 

la te ra l  equations of motion become as follows:

1
<•

I

<L II

1 1

■0.336

0.414

0.558
0

-0.561

■13.360

-0.622

1

•29.767

2.412

-1.426

-0.025

9.804

0

0

0

0 3.909

-142.902 2.485

4.182 -18.015  

0 0

The c h a ra c te r is t ic  polynomial of the la te ra l  system matrix is :  

p (s ) = s4 + 15.122s3 + 41.897s2 + 241.099s -5.517  

and the eigenvalues of i t  are the fo llow ing:

Dutch Rol1 : -0 .903 ± j'4.163

Roll Subsidence: -13.338  

Spiral Divergence: 0.023

The corresponding natural frequency, damping r a t io  and time 

constants of the la te ra l  modes are given in Table 3 .9 .

Dutch Roll Roll Subsidence Spiral Divergence

u = 4.259 rad/sec 
d

= 0.212

T^ = 0.075 secs Ts = 43.478 secs

Table 3.9 Lateral modes of X-RAE1 at 30 m/sec
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The dutch r o l l  mode is of reasonably short period and l ig h t ly  

damped so an attempt should be made to overcome i t s  o s c il la t io n s .  The 

unstable sp ira l mode has a very large time constant (T = 43.478 secs) 

and can be eas ily  to le ra ted  by the p i lo t .  As a stable sp ira l mode may 

be usually achieved at the expense of a less well damped dutch r o l l  i t  

does not seem advisable to be controlled by the f l i g h t  control system.

An ACSL programme - the RPVLT.CSL -  has been developed fo r  the 

simulation of the la te ra l  model of X-RAE1 (Ch. 5 ) .  The response to a 

small amplitude pulse deflection  of the a ileron is shown in Figs 3.11 

to 3 .16.



0.00 8.00 16.0 24.0
TIME

Fig. 3.4 Elevator deflection  

Amplitude: 0.005 rad

Duration: 1.0 sec
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F ig . 3.5 q response to elevator  deflection

00 I -09 0 OZ'O- 09 0-

LU

00 1 09 "0 OZ 0 OZ 0- 09 0- 00 I -

F i g .  3 . 6  u response t o  e l e v a t o r  d e f l e c t i o n
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Fig. 3.7 w response to elevator  def lect ion

00 9 oo > 00 2 00  2 - 00 > -00 0 00 > -00 2 00  2 -00'9 00 > 00 02-0 U D

F ig  3 . 8  g response t o  e l e v a t o r  d e f l e c t i o n
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Fiq 3.9 8 response to elevator  def lect ion
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Fi  g . 3 , 1 0  a response t o  e l e v a t o r  d e f l e c t i o n
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0.00 8.00 16.0
TIME

24.0 32.0 40.0

Fig. 3.11 Aileron def lect ion  

Amplitude: 0.005 rad 

Duration: 1.0 sec
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LU

02 0 21 ‘0 too wro- 210- 02 0-

z:

02 0 21 0 too tO'O- 21 0- 02 0-

Fig. 3.12 v response to ai leron def lect ion
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LUz:
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F i q .  3 .1 3  p response to  a i l e r o n  d e f l e c t i o n
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LU
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Fig. 3.14 r response to ai leron def lect ion
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LUz:
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F i g .  3 .1 5  ip response t o  a i l e r o n  d e f l e c t i o n
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Fig. 3.16 v response to ai leron def lect ion
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Chapter 4

IDENTIFICATION OF THE STABILITY AND CONTROL DERIVATIVES OF X-RAE1

4.1 Introduction

An Extended Kalman F i l t e r  (EKF) is used in th is  chapter fo r  the 

estimation of the aerodynamic der ivat ives of X-RAE1. I t  is based on 

simulated data (p, q and r measurements only) from the discret ised longi 
tudinal and la te ra l  models of the RPV.

The general problem of id e n t i f ic a t io n  and i ts  applicat ion to 

a i r c r a f t  is discussed in section 4.2 and the concepts of the EKF are 

presented and b r i e f l y  analysed in section 4 .3 .

4.2 The General Problem of Id e n t i f ic a t io n  and 

I ts  Application to A i rc ra f t

System id e n t i f ic a t io n  and parameter estimation can be considered 

as a technique fo r  evaluating the properties of any system by the measu

rement of i t s  input and output time h istor ies  (Ref. 8 ) .  As i t  appears 

from th is  d e f in i t io n  the id e n t i f ic a t io n  process is distinguished in the 

following two problems:

1. System Id e n t i f ic a t io n .  The problem of determining the structure  

and the parameters of the system.

2. Parameter Estimation. The problem of determining the system 

parameters fo r  a given or an assumed structure.

I f  the f i r s t  problem has to deal with a "black" nontransparent 

box, then the second is re lated to a "grey" semi-transparent one (Ref.  17).

Both problems can arise in a i r c r a f t  id e n t i f ic a t io n  although 

parameter estimation is more common as any information about the possible 

a i r c r a f t  structure or s u f f ic ie n t l y  general permissible st ructure can 

considerably accelerate the process of estimation.

Therefore, a i r c r a f t  parameter estimation -  as i t  has been developed 

over the past 25 years -  is the process of extract ing numerical values of  

the aerodynamic s t a b i l i t y  and control der ivat ives and other parameters 

(gusts, sensor errors etc) from the time h istory  of the input and output
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variables (Ref.  12).  The basic id e n t i f ic a t io n  procedure can be seen in 

Fig. 4 .1 .

process
noise

measurement
noiseinput u

measurement 
noise ------ '

error  or
innovations
sequence

sensors

sensors

a i r c r a f t
model

optimisation
algorithm

actual or 
simulated 
a i r c r a f t

Fig.  4.1 Basic id e n t i f ic a t io n  procedure

As the system is generally corrupted by process and measurement 

noise the problem of parameter estimation is that  of stochastic appro

ximation. The optimisation c r i te r io n  can then be the evaluation of the 

extremum of a performance index J ( | )  given in the form of an expectation  

(Refs 17, 19):

J ( | )  = Ex[Q (x ,a ) ]  (4 .1 )

where:

Ex[ • ] is the expectation operator and

Q (x , I )  is a function of the vector a = (a^ . an ) T of
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the unknown parameters and of the vector x = ( x p  xm) of a random 

process with usually unknown p robab i l i ty  density function p ( x ) . When 

Q (x , | )  is a quadratic function in § then the performance index J(a) is 

the fa m i l ia r  least  squares cost funct ion.  The condition of opt ima l i ty  

fo r  J ( | )  can be wri t ten  as follows:

VJ(U = E ^ Q C x , ! ) ]  = 0 (4 .2 )

where VJ ( | )  is the gradient of J and

?.Q(x,a)  is the gradient of Q w . r . t .  |

Eqn 4.2 can be solved recursively  by the fol lowing formula:

~k = ~k- l  " Y k ^ a 9 ( * k - l ' - k - l ) ]  ( 4 '3 )

As ^ a Q ( * k - l ' ~ k - l )   ̂ ~ due to the presence of the random sequence 
- k - P  is necessary that  the gain sequence should tend towards zero 

as k increases, fo r  | k to converge almost surely to a. The scalar gain 

Tk can be replaced by a matrix usually of the form:

r k -

Ik
O

o
'nk

4.3 The Extended Kalman F i l t e r  (EKF)

The theory of the EKF and i t s  use as state and parameter e s t i 
mator is given in th is  section.

4 .3 .1  The EKF as State Estimator

The EKF is a recursive least  squares approximate state  estimator  

of nonlinear dynamical systems based on f i r s t  order l in e a r is a t io n .  The 

cost function to be minimised is:

E [ ( x ( n )  -  x ( n ) ) T ( is(n) -  x ( n ) ) ]

where x(n) and x(n) are the state  vector and the estimated state vector  

respect ively (Refs 12, 19) .
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Consider the dynamical system:

x(n+l)  = f ( x ( n ) ,  u(n) ,  n) + r (x (n ) )w (n )  

y(n) = h (x (n ) ,  u(n) ,  n) + y(n)

where:

x(n) : is the state  vector

u(n) : is the input vector

y(n) : is the output vector

w(n) : is zero mean white process noise, ie:

E[w(n)]  = 0, E[w(n)wT( k ) ]  = Q6nk 

y (n) : is zero mean white measurement noise, ie:

E[v (n ) ]  = 0, E[y(n)yT( k ) ]  = R6n|<

and w (n ) , y (n) are not correlated each other and with  

the i n i t i a l  state  vector,  ie:

E[w(n)yT(n ) ]  = 0, E[w(n)xT(no) ]  = 0, E[y(n)xT (no) ]  = 0

Then the EKF algorithm for  the estimation of the state  vector  

is given by the fol lowing predict ion and update equations:

Prediction

Vn-l = f (V l ’ -n-l’ "'I)
Pn / n - l  ■ FnPn - l Fn + ^ - 1 ^ - 1

Correction (4 .5 )

= * n / n - l  + J n[ ^ (n ) "  Hn ^ n / n - l ]

Pn ■ Pn / n - l  “  Pn / n - l Ĥ HnPn / n - lHJ +

where:
Jn “  Pn / n - l Hn ^HnPn / n - lHn + ^

~n/n - l  15 the estimation of the state  vector at the nth step 
based on information up to the previous step.

Pn is the error  covariance matrix ie :

Pn = E [ ( x ( n )  -  x ( n ) ) ( x ( n )  -  x ( n ) ) T]  .

F = F  .  . h . S t
n 0x x=Sn„ i  ’ Hn 8x x -n /n -1
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Eqns 4.5 can be considered as a separation into update at the 

measurement times and predict ion between measurement times as i t  is 

schematically shown in Fig. 4 .2 .

predict ion

» -n+m/n+m-1

I n c o r r e c t i o n
-n+m

11 predict ion

-n+m-1-n + l /n

-n /n -1 o y(n+m)n-1

~ny(n-l)<>

n+1n-1 n+m-1 . n+mn

Fig.  4.2 The EKF state predict ion and 

correction procedure

Notice that  EKF l inear ises the equations around the la te s t  best 

estimate of the state and i t  requires a p r io r i  knowledge of the s t a t i 

s t ics  of the i n i t i a l  state  x , and P , .~o/o o/o

4 .3 .2  The EKF_ ^s^P^ram et er^E stjm at or

The EKF can also be used as parameter estimator i f  the problem 

of id e n t i f ic a t io n  w i l l  be set up correc t ly  and care w i l l  be taken fo r  

the u t i l i s a t io n  of the a lg o r i th m . I f  the vector a of the unknown parame

ters  has to be estimated, the dynamical system can be rewri t ten  as 

fol lows:

x(n+l)  = f ( x ( n ) ,  a, u(n) ,  n) + r (x (n ) )w (n )  ( 4 _?)

ÿ(n)  = h (x (n ) ,  a, u (n ) ,  n) + y(n)

Including the unknown parameters in the state  vector the system 

of Eqns 4.7 becomes:

x * (n+ l )  = f * ( x * ( n ) ,  u (n ) ,  n) + r * (x * ( n ) )w * (n )  ( 4 g )

y(n)  = h * ( x * (n ) ,  u (n ) ,  n) + y(n)
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where:

x*(n) =
x(n)

d(n)

is the augmented state  vector

f ( x ( n ) ,  a, u ( n ) , n) 

0

*
r  =

b * (x * (n ) ,  u(n) ,  n) = h (x (n ) ,  a, u(n) ,  n)

w*(n) =

w(n)

0

An EKF can then be used fo r  the estimation of the augmented 

states x* (n)  and therefore fo r  the estimation of the states and the pa
rameters of the i n i t i a l  system (Eqns 4 . 7 ) .

As the EKF is a non-l inear estimation procedure even i f  the system 

to be id e n t i f ie d  is l in e a r ,  there is no guarantee of convergence nor is 

the Pn matrix necessari ly any accurate estimate of the covariance of the 

estimation errors.

Because l ine a r isa t ion  is applied to the normal stochastic s ta te -
space representation and not to the inovation representations (y(n) - 

*  *-  Hn£ n/ n_^) the EKF is an approximate parameter estimator (Ref. 19) .  

Problems of convergence and low s t a t i s t i c a l  e f f ic iency  are often reported 

in the l i t e r a t u r e .  Nevertheless i f  care is taken in i t s  u t i l i s a t i o n  the 

algorithm appears to work well and has been very popular among users 

over the past f i f t e e n  years. The major disadvantage of the EKF method 

is that  i t  requires knowledge of the a p r io r i  covariances which are 

unknown fo r  the parameters but i t  is simpler and less computer-time 

demanding than the more advanced maximum l ike lihood estimation.
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4.4 The Estimation of the Longitudinal  

Aerodynamic Derivatives of X-RAE1

The estimation of the aerodynamic derivar ives of the longitudinal  
model of X-RAE1 is t r i e d  out in th is  section. Pitch rate q is assumed to 

be the only measurement available  corrupted by small amounts of white 

noise with RMS level of 0.01 rad/sec. I t  is the response to small ampli

tude def lect ions of the elevator  about i t s  t r im posit ion . No attempt was 

made to model the sensors and the actuators of the system which is consi
dered f ree  of process noise.

The model to be id e n t i f ie d  is of the fol lowing form;

(4 .9 )

where;

A,LG

xy xw 0.704 -9.804

zu zw 28.575 0.236

mu mw mq -0-047

0 0 1 0

-0 .390

BLG

0

0 1

w q

y ( t )  = Vq(t)  , white gaussian measurement noise with

E[vq( t ) ]  = 0, E[vq( t ) v q( t - T ) ]  = Rô(t-T) and 

R = (0 .0 1 ) 2 ( rad /sec ) 2
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I f  the variation of the derivatives is modelled as a random 
walk accounting for the mismatch between the system and the model when 
the parameters are not known, the augmented system becomes:

where

x* = ^u w

s = [_

Ds
t— CD

1

ic _i ' blg" - g

X + T) +

_  0  _ _ 0  __ w

oo
 

1 
!

1  0 0  . • • » ]
X *  +

XXCDa z z z_ m mu w u w T) u J
x2 • • • xi3 and

w_m. j white gaussian noise

with E [w ( t ) ]  = 0, E[w(t)wT( t - T ) ]  = Q^(t-%)

The simulated pitch rate is derived from the equivalent discrete 
system of the continuous time Eqns4.9 (Apx DE) as follows:

0.7041c. -9.804Tu(n+l) 1+xuTs V s
w(n+l) V s l + v
q(n+l) V s V s
0(n+l) 0 0

28.575T

1+mqTs

0.236T.

-0.047T.

u(n)

w(n)

q(n)

6(n)

-0.390T,

V s  

V s
n(n)

y(n)  = 0 0 1 0 j x ( n )  + y(n)

where = 0.01 secs is the sampling period (or the integration 
step for the EKF).
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where:

The augmented system to be id e n t i f ie d  by the EKF becomes

x*(n+l)  = f ( x * ( n ) ,  T)(n)) + r (x*(n ))w(n)  
y(n) = h(x*(n) ,  Tj(n)) + y(n)

( l+T^x^jx^+T^XgXg+O.7047^X2-9 .804TgXg-0.39T^tl

T s x 7 x 1+ ^ + T s x 8 ^ x 2+ 2 8 * 5 7 ^Ts x 3+ 0 , 2 ^6T s x 4 + x 9T s t1

Tsx10xl +Tsxl l x2+ 1̂+Tsx12^x3‘ 0,047Ts V x13Ts‘nf ( x * ( n ) ,  T)(n)) =

T s x 3+ x 4

r (x* (n ) )  = Ts T Q

o s - •

h(x*(n) ,  T)(n) ) = £ o  0 1 0  0 . . .  0 J  x*(n)

The measurements are assumed to be obtained every 0.05 secs. 

Therefore, the equations fo r  state prediction fo r  the EKF are evaluated 

every Tg = 0.01  secs and they are corrected every measurement update ie .  

every 0.05 secs. Full  der ivat ion of the F and H matrices and of the noise 

covariances can be found in Apx P I . l .

The elevator  deflect ions are assumed to be a pseudorandom gaussian 

sequence of zero mean and standard deviation cr̂  = 0.01 rad. The trimmed 

conditions are assumed known whereas the der ivat ives are 50% in error  

i n i t i a l l y ,  with the i n i t i a l  error  covariance matrix set to the correspo

nding error  values.



The nominal values of the der ivat ives and the estimated ones by 

the EKF a f te r  50 secs are summarised in Table 4 .1 .

Estimated Derivatives

Nominal
Derivatives " No measurement 

noise
Measurement noise 
of +0.01  rad/sec

xu -0.097 -0.0984 -0.0984

xw 0.039 0.0374 (?) 0.0579 (?)

zu -0.775 -0.7879 -0.8936

zw -5.399 -5.3977 -5.4507

\ -15.887 — —

mu 0.185 0.1805 0.1517

"w -2.782 -2.7819 -2.7986

mn -18.117 -18.1170 -18.2888

%
-175.890 -175.8903 -175.3183

Table 4.1 Nominal and estimated aerodynamic der ivat ives  

Longitudinal model.

As i t  can be seen from the above Table and p a r t ic u la r ly  from 

the recursive estimates of the der ivat ives (Figs 4.4 to 4 .11 ) ,  the 

estimates of x^, xw, zu and mu are r e l a t i v e l y  poor; especia l ly  xw is 

dramat ical ly  af fected by the measurement noise. The small deflections  

of the elevator  about i t s  t r im posit ion can explain the poor estimation  

of these der ivat ives.

As û = o and u = 0, the model to be identified is eventually 
the following:
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Therefore, good estimates of zw, z^, mw, mq and could be 

expected. Their values converge at about 20 secs but is d i f f i c u l t  to 

be id e n t i f ie d .  This can be explained by the t ransfer  function of the 

complete longitudinal model (Eqns 4 . 9 ) ,  between the elevator  def lect ion  
*0 and the pi tch rate  q.

The t ransfer  function between q and q is:

<*(s) -  s (v 2 *  v  + v

where:

As4 + Bs3 + Cs2 + Ds + E

Aq = mT)

Bq = muxi) + mwzr, -  ( zw + xu K

Cq = ( z umw -  muzw)xT) -  (xumw -  muxw)zT) + (xuzw * xwzu,mT,
A = 1

B = -  xu " zw -  mq

C = zwmq -  28.575mw -  + xu(mq + i j  -  0.704mu + 0.047

D = -  xu(zwm - 28.575mw + 0.047) -  0.047zw -  0.236mw +

+ zu(xwmq -  0.704mw) -  mu(28.575xw -  9.804 + 0.704z^)

E = xu(0.047zw + 0.236mw) - zu(0.047xw -  9.804mw) -

'  mu ( ° - 236xw + 9 -804zw) + 9 .804(zumw -  m ^ z j

As i t  can be seen from the above t ransfer  funct ion,  z appears 

only in the Bq and Cq coe f f ic ien ts  and a l l  the terms involving z and 

x are neg l ig ib le  compared to the terms involving m , in a l l  frequencies

Bq coe f f ic ie n t :  m̂ x = -0.072

V i) = 44 ' 198
(zw + xu)mT) = 966.691 

Cq coe f f ic ie n t :  ( z ^  -  m^z^jx = -1.230

(xumw - muxw)z!î = - 4 ’ 173

(xuzw - V u ,%  = - 97-430
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Therefore, neither x nor z can be id en t i f ie d  from q recordsT) T)
as they l i t t l e  a f fec t  the pi tch ra te .  Terms also involving xw and m 

are very small compared to other terms in the q/T) t ransfer  function  

and th is  could be one more reason fo r  the poor estimation of these 

der ivat ives and t h e i r  dépendance on the measurement noise.

Other inputs l ik e  square waves or t ra ins  of multisteps were 

also t r ie d  with s imi lar  results  (Apx P I . l ) .

4.5 The Estimation of the Lateral  Aerodynamic Derivatives of X-RAE1

The estimation of the la te ra l  aerodynamic s t a b i l i t y  and control  

derivat ives of the la te ra l  model of X-RAE1 from r o l l  and yaw rates only,  

is presented in th is  section. The model to be id e n t i f ie d  is of the form:

where:

I T

I T

~ ~ ^LT~ + ^LT~ 

y = CLTx + y ( t )
(4 .10)

Yv -0.561 -29.767 9.804

Lv LP Lr 0

Nv NP Nr 0

0 1 -0.025 0

0

2.485

4.182
"c

0 0

I T
0 1 0  0 
0 0 1 0

x = T v  p r  ip Ï  ■ [ p  r ] ' » • [ ?  £ ] '
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y ( t )  = [ v p vr ]  , white gaussian measurement noise with

E[y(t ) ]  = 0, E[y(t)y ( t -T ) ]  = Rô(t-T) and 

R = 0.0001 0 

0 0.0001

The simulated data are derived from the equivalent discrete 
system with sampling period =0.005 secs:

v(n+l) 1+YvTs
p(n+l) V s -
r(n+l) NvTs
tp(n+l) 0

-0.561T

1+LPTS

-29.767Ts 9.804Ts

V s

0 V s

V s 2.485T

4.182T V ss
0 0

V s

1+NrTs
-0.025T.

5(n)

G(n)

v(n)

P(n)

r(n)

ip(n)

where:

and the augmented system is:

x*(n+l) = f (x * (n ) ,  u(n)) + r(x*(n))w(n)  

y(n) = h(x*(n), u(n)) + y(n)

x*(n) = [ v  P r  v \  \  ^  Lp L,  Lç Ny Np Nr  N£ ]  

= x2 . . . x14J

W ( n )  = j^Wy Wy  ̂ wL . . . w. , gaussian white noise

with E[w(n)] = 0, E[w(n)% (k)] = Qônk
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f ( x * ( n ) ,  u(n))  =

( l +Tsx ^ ) x ^ - 0 . 5 6 1 T sX 2 - 2 9 .7 6 7 T sXg+9.804Tsx^+Tsx^U2

T s x 7x 1+ ^1+T s x 8 ^ x 2+T s x 9 x 3+T s x 1 0 u 1+ 2 , 4 8 5 T s u2

T s x 11 x 1+T s x 12 x 2+ ^1+Ts x 13^ x 3+ 4 * 182 T s u 1+ T s x 14 u2

■T s x 2 ‘ 0 , 0 2 5 T s x 3+ x 4

b (x * (n ) ,  u ( n ) ) = 0 1 0  0 0 

0 0 1 0  0
%*(n)

and r ( x * ( n ) ) s imilar  to that  appearing in the longi tudinal model.

The ai leron and rudder deflect ions are pseudorandom gaussian 

sequencies with zero mean and standard deviations = 0 .01  rad.

The EKF is started up with i n i t i a l  values of the der ivat ives 50% in error  

(more deta i ls  can be found in Apx LA.2 ) . The estimates of the der ivat ives  

a f te r  50 secs and th e i r  nominal values are shown in Table 4.2 whereas 

t h e i r  time h is tor ies  can be found in Figs 4.12 to 4.21.

Nominal
Derivatives

Estimated Derivatives

Measurement noise 
of ±0.01  rad/sec

Yv -0.336 -0.3215 (?)

Ys
Lv

3.909 ?

-0.414 -0.4582

Lp -13.360 -13.2223
r

Lr 2.412 2.6635

Lç
Nv

-142.902 -140.6240

0.558 0.5557

NP
-0.622 -0.6210

Nr -1.426 -1.4099

-18.015 -18.2482

Table 4.2 Nominal and estimated aerodynamic der ivat ives  

Lateral model.
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As i t  can be seen from Fig. 4.13 is not id e n t i f i a b le .  Evalu

ating the t ransfer  function between the rudder def lect ion [  and the 

yaw rate r  the fol lowing expression can be obtained:

r ( s )  .  V 3 + Br s2 + Cr s + Dr
As4 + Bs3 + Cs2 + Ds + E

where:

Ar  = NS

Br  “ V S + NpLS -  (LP + Yv)NS

Cr = (LvNp - NvLp)YS " (YvNp + ° -561V LS + (YvLp + ° - 561Lv)NS
Dr = 9.804(NvLs -  LvN£ )

A = 1

B = '  Yv " Lp " Nr

C -  LpNr  -  NpLr + Yv(Nr  + Lp) + 29.767NV + 0.561LV

D = Yv(NpLr " W  + 29 - 767LvNp - ° - 561LvNr  -
-  NV(29.767L -  0.561Lr ) -  9.804(Ly -  0.025Ny)

E = 9 .804(LvNr  -  NvLr ) + 0 .245(LyNp -  NyLp)

Derivative  appears only in coe f f ic ien ts  Br and and i t s  

contribution to t h e i r  values in a l l  frequencies is small compared to 

contributions from terms involving N^:

Br  coe f f ic ie n t :  N^Yg = 2.181 

NpLç = -1.546  

(Lp + Yy )Nç = 246.733

Cr c o e f f ic ie n t :  (LyNp -  NyLp)Yg = 30.148 

(YvNp +0.561Nv )L,  = 1.297 

(YyL +0.561LV)N, = -76.685

Therefore, as N, is the dominant fac tor  in B and C coe f f ic ien ts  
S r  r

Y, is not expected to be id e n t i f ia b le  from yaw measurements only.
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Derivative also does not converge s a t i s fa c t o r i l y  to i t s  steady 

value but rather wonders about i t  (Fig.  4 .1 2 ) .  This can be j u s t i f i e d  by 

the Bode plots of the terms

* ( s ) / C ( s ) ,  Y y V (s ) / [ (s ) ,  Y^

of the Y-equation of motion and by the input that  is used (pseudorandom 

sequence) fo r  the i d e n t i f i c a t io n .o f  the la te ra l  der ivat ives.

As i t  can be seen from Fig. 4 .3 ,  Y, , is id e n t i f ia b le  at low frequ-
f 1 ) v

encies only ( u <15 rad/sec ) . Therefore, a rudder input with a low

frequency spectrum is more suitable  than a pseudorandom sequence which 

th e o re t ic a l ly  contains almost a l l  the frequency spectrum with uniformly 

distr ibuted power.

4.88E1 A

Z .B B t l
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-2.88E1 —

_
l— 

1— 
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— ; ! ! ! ! ! ! ! !— r TT!!T!!j— T T * ™
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a . i w t i j Q ^  i  io  ̂ i d 0 id ! »  2 io 3 o  *

Fig. 4.3 Bode plot  of the Y-equation terms

(1 ) .  “I f  at  a given frequency the magnitude of a term is large compared

with the other terms, i t  has a great influence within the equation of 

motion. I t s  der ivat ive  is well id e n t i f ia b le  at th is  frequency. I f  a term 

has a small influence, i t s  der ivat ive  can not be id e n t i f ie d .  As a ru le  

of thumb, a der ivat ive  is considered to be id e n t i f i a b le  when i t s  term
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has a magnitude of at least  10% of the largest term's magnitude. I f  the 

i n e r t i a l  term is small only ra t ios  of the der ivat ives can be i d e n t i f i e d . "

in "Practical Input Signal Design"

PIaetschke E. and Schulz G.

paper, AGARD LS-104 "Parameter Id e n t i f ic a t io n " ,  Nov. 1979
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Chapter 5 

THE SOFTWARE

5.1 Introduction

The computer implementation of the equations of motion of X-RAE1 

and the id e n t i f ic a t io n  algorithms is considered in th is  chapter. The 

purpose of the software development is twofold:

1. To support the mathematical modelling of X-RAE1, ie :

a) Derive the aerodynamic s t a b i l i t y  and control derivatives  

fo r  a range of f l i g h t  v e lo c it ie s .
b) Compute the trim  conditions fo r  s tra ig h t,  le v e l ,  horizo

ntal f l ig h ts  of d i f fe re n t  v e lo c it ie s .

c) Develope simulation programmes fo r  the complete 6 -DOF non

l in e a r  model of X-RAE1 and fo r  the l in e a r  longitudinal and

la te ra l  models.

2. To implement the parameter id e n t i f ic a t io n  algorithms ( EKE ) 

fo r  the estimation of the aerodynamic s t a b i l i t y  and control 

derivatives of X-RAE1.

5.2 Software fo r  the Mathematical Modelling of X-RAE1

5 .2 .1  Aerodynamic Derivatives

Programme RPVDER.FOR has been developed fo r  the computation of 

the aerodynamic derivatives of X-RAE1. I t  is a FORTRAN programme and i t  

can be eas ily  used fo r  any subsonic a i r c r a f t  when s im ila r  data are ava i

lab le .

The inputs to the programme are:

1. Geometrical mass and in e r t ia  character is t ics  of the RPV.

2. Longitudinal s t a b i l i t y  and control derivatives in the form

of curve slopes (C, , C, , . . . ,  C ) .
a 'd "tj

3. Parameters derived from ESDU data sheets.

4. Ve loc ity  of the RPV.
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The output is given in the f i l e  RPVDER.DAT and consists of:

1. The normalised longitudinal derivatives in body-axes.

2. The system and input matrices of the l in e a r  longitudinal  

model.

3. The normalised la te ra l  derivatives in body-axes.

4. The system and input matrices of the l in e a r  la te ra l  model.

A flowchart of the programme RPVDER.FOR is given in Fig. 5 .1 .

Longitudinal Derivatives in Body-Axes 

(C.G. on the mean aerodynamic chord) 

Apx LA.l

TRANSFORM

Longitudinal Derivatives in S tab ility -A xes  

(C.G. on the mean aerodynamic chord)

Apx LA.l

COMPUTE

1. Geometry of RPV

2. Mass and In e r t ia  Characteris tics

3. Aerodynamic Characteris tics

4. Thrust Derivatives

5. Parameters from ESDU data sheets

6 . Trim Conditions

INPUT

F i g .  5 .1  F lo w c ha r t  o f  th e  programme RPVDER.FOR
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OUTPUT

Normalised Longitudinal Derivatives

OUTPUT

Normalised Longitudinal Derivatives  

Apx LA.1

COMPUTE

Lateral Derivatives in S tab ility -A xes

COMPUTE

Longitudinal Derivatives in Body-Axes 

(C.G. displaced la te r a l ly  to i ts  f in a l  position)

Apx LA.1

COMPUTE

System (A^g) and Input (B^g) matrices 

fo r  the state-space Longitudinal model

- = alg-

DERIVE

LG~

F i g .  5 . 1  con td .  Programme RPVDER.FOR



-  84 -

OUTPUT

Normalised Lateral Derivatives

OUTPUT

Normalised Lateral Derivatives  

Apx LA.2

COMPUTE

Lateral Derivatives to Body-Axes 

Apes A .6 , LA.2

TRANSFORM

System ( A ^ )  and Input ( B ^ )  matrices 

fo r  the state-space Lateral model 

*  = Al t x

DERIVE

LTy

F i g .  5 .1  c o n t d . Programme RPVDER.FOR



The FORTRAN programme TRIM.FOR has been implemented fo r  the 

computation of the tr im  conditions of X-RAE1 fo r  s tra ig h t,  horizontal 
f l ig h ts  of a range of f l i g h t  v e lo c it ie s .

Inputs:

1. Geometry and aerodynamic character is t ics  of X-RAE1.
2. Required f l i g h t  ve lo c ity .

Outputs (F i le  TRIM.DAT):

1. Angle of attack.

2. Elevator se tt ing .

3. T h ro tt le  se tt ing .
4. L i f t .

5. Drag.

6 . Pitching moment.
7. Thrust.

A flowchart of the programme TRIM.FOR is shown in Fig. 5 .2 .

YES

Results 

acceptable ?

Specify accuracy

Trim Conditions

OUTPUT

Newton-Rampshon method 

fo r  trim  conditions (Section 3 .2 .5 )

1. Geometry of RPV

2 . Aerodynamic Characteris tics

3. Thrust Characteris tics

4. Required F l ig h t Velocity

INPUT

F i g .  5 . 2  F lo w c ha r t  o f  t h e  programme TRIM.FOR
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5 .2 .3  Simulation Programmes 

5.2 .3a  Nonlinear 6-DOF Simulation

The complete 6 -DOF equations of motion of X-RAE1 as they are 

described in Chapter 3 have been used fo r  a simulation study. A simula

tion  programme -  RPVPI.CSL - has been developed to accomodate these 

equations. The simulation language used is the Advanced Continuous 

Simulation Language (ACSL).

The general structure of the programme is shown in Fig. 5.3 and 

the main features of i t  are given bellow:

Inputs:
Time h is to r ies  of e levato r ,  a ileron and rudder deflections and 

th r o t t le  sett ings .

Outputs:

1. R e c ti l in e a r  ve lo c it ies  and accelerations, angular rates and 

angular accelerations in body axes.

2. Ve loc ity  and X-RAE1 position w . r . t .  earth .

3. Orientation of X-RAE1 in form of Euler angles.

4. Lateral derivatives in s t a b i l i t y  and body axes as functions  

of the angle of a ttack.

5.2 .3b SimuJ[ajtign_o_f _the Unear_Long_it_udinaj_ M o d e ]_

Programme RPNLG.CSL has been developed in ACSL language to simu

la te  the l in e a r  longitudinal model of X-RAE1. I t  uses the longitudinal 

derivatives as they are computed by the programme RPVDER.FOR.

The inputs to the programme are e levator deflections and v a r ia 

tions in th r o t t le  settings , and

the outputs are the perturbed longitudinal motion q u a n tit ies .

The structure of the programme RPVLG.CSL is shown in Fig. 5 .4 .
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cr
LU

Earth to Body

Engine Model

Body to Earth 

and 

in tegration

Equations fo r  Euler Angles

long itud ina l Aerodynamic 

Forces and moments

Lateral Aerodynamic 

Derivatives

4. Parameters from ESDU Data Sheets

1. Geometry

2. Mass and In e r t ia  Characteris tics

3. Aerodynamic Characteris tics

RPV DATA

programme RPVPI.CSL
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*1— 
CO +->0) ro 
C  3  •r- CT

<0c
•O3
4 -)

o>C
o
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>,q
Integr'ation

Fig. 5.4 Simulation programme RPVLG.CSL

5.2 .3c  Simulation of the Linear Lateral Model

The l in e a r  la te ra l  eguations of motion of X-RAE1 have been impleme

nted by the ACSL programme RVPLT.CSL. The la te ra l  derivatives  computed 

by the programme RPVDER.FOR are used as input data.

The inputs to the programme are a ileron and rudder deflections  

about th e ir  tr im  positions, and 

the outputs are the perturbed la te ra l  motion gu a n tit ies .

The structure of the programme is shown in Fig. 5 .5 .
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Earth to Body

Euler Equations

Lateral Derivatives

CZ)

Fig. 5.5 Simulation programme RPVLT.CSL

5.3 Software fo r  the Parameter Id e n t i f ic a t io n  of X-RAE1

The computer implementation of the EKF algorithms fo r  the 

id e n t i f ic a t io n  of the longitudinal and la te ra l  aerodynamic s t a b i l i t y  

and control derivatives of X-RAE1 is presented in th is  section.

5 .3 .1  The EKF Algorithm
« ■ * ■ ■  mum* Mtm mmm

Programme EXKAL.FOR has been developed fo r  the id e n t i f ic a t io n  

of the aerodynamic derivatives of X-RAE1.

Certain types of inputs (pseudorandom noise, square waves and 

multisteps) are selected and the outputs of the longitudinal or la te ra l  
models of the equivalent discrete systems are simulated.

An EKF is then implemented to id e n t i fy  the parameters of the 

models. The estimates of the aerodynamic derivatives and the Kalman 

f i l t e r  gains as well as the diagonal of the erro r  covariance matrix
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are given in the output f i l e  EXKAL.DAT. Plots of the time h is to r ies  of 
the estimates can also be provided.

The user has to supply the subroutines fo r  the creation of the 

A, B and C matrices of the equivalent discrete system, the system 

function f  of the augmented system and the matrix F fo r  the EKF.

A flowchart of the programme EXKAL.FOR is shown in Fig. 5.6

INITIALISE EKF

~o/o o/o

Measurement noise

SELECT

1. In tegration  step (sampling period)
2. Measurement in te rva l

SPECIFY

1. Pseudorandom gaussian sequence
2. Square wave

3. Multi step

SELECT SYSTEM INPUT

1. Number of states

2. Number of inputs

3. Number of outputs

4. Number of parameters to be id e n t if ie d
5. Number of i te ra t io n s

6 . Covariance matrix Q

INPUT

F i g .  5 . 6  F lo w c ha r t  o f  programme EXKAL.FOR
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Measurement YES

Measurement 

ava ilab le  ?
YES

Ite ra t io n s  

f in ished ?

Prediction Eqns of EKF

Correction Eqns of EKF

System output
SIMULATE

1. Estimates
2. Kalman f i l t e r  gain

3. Error covariance matrix

OUTPUT

F i g .  5 . 6  c o n t d . F lo w c ha r t  o f  programme EXKAL.FOR



-  92 -

YESPlots 

required ?

Estimates
PLOT

Fig. 5.6 contd. Flowchart of programme EXKAL.FOR

5 .3 .2  Supporting Subroutines

5 .3 .2a  Subrouti_ne_SMT£S_(A, B, C, H, IS , INP, 10)

Subroutine SMTCS creates the system matrices A, B and C of the 

equivalent d iscrete system given the number of states, number of inputs, 

number of outputs and the samplingperiod. I t  has to be supplied by the 

user.

A ( IS , IS ) OUTPUT : System matrix

B(IS,INP) OUTPUT: Input matrix

C ( I0 , IS ) OUTPUT : Output matrix

H INPUT : Sampling period

IS INPUT : Number of states

INP INPUT : Number of inputs

10 INPUT : Number of outputs

! I (F, X, U, H, IAS, INP)

Subroutine SYFN gives as output the system function of the 

augmented system and i t  has to be supplied by the user.
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F(IAS) OUTPUT: System function

X(IAS) INPUT : Augmented state vector

U(INP) INPUT : System input vector

H INPUT : Sampling period ( in tegra t ion  step)

IAS INPUT : Number of states of the augmented system

INP INPUT : Number of inputs

5.3 .2c  Subroutine J1TXPHJ[ (PHI, X, U, H, IAS, INP)

The matrix F fo r  the EKF algorithm is generated by th is  subrou

t in e  which has to be supplied by the user.

PHI(IAS,IAS) OUTPUT: Matrix F 

X(IAS) INPUT : Augmented state vector

U(INP) INPUT : System input vector

H INPUT : In tegration  step

IAS INPUT : Number of states of the augmented system

INP INPUT : Number of system inputs

5.3.2d Otjier Subroutines_

1. Subroutine SQW (INP,H)

I t  generates a set of square waves

2. Subroutine MLSTP (INP,H)

I t  creates a set of multisteps

3. Subroutine RANDOM (INP)

I t  generates gaussian random noise



-  94 -

Chapter 5

CONCLUSIONS - RECOMMENDATIONS

A six-degrees of freedom dynamically nonlinear mathematical model 

of an experimental RPV has been developed. Non-linear aerodynamic e ffec ts  

and cross-coupling terms have been ignored while Euler angles have been 

employed fo r  the a t t i tu d e  d e f in it io n  of the RPV. (Sensor and actuator 

character is t ics  have not been included in the modelling).

From the model developed, simulated data can be provided fo r  

f l i g h t  regimes below s ta l l  ( a < 10° )  and pitch angles of less than s ix ty  

degrees.

The linearised longitudinal and la te ra l  models fo r  s tra ig h t,  

le v e l , horizontal f l i g h t  at 30 m/sec have also been derived. Phugoid 

and dutch r o l l  modes have been computed and found to exh ib it  low damping 

ra t io s .  A f l i g h t  control system has to be designed to control these modes. 

An unstable sp ira l mode was found but i t  would not appear to present any 

obvious d i f f i c u l t i e s  as i t  is characterised by a large time constant.

The id e n t i f ic a t io n  of the aerodynamic s t a b i l i t y  and control 

derivatives has been undertaken. P itch, r o l l  and yaw ra te  measurements 

corrupted by small amounts of measurement noise have been used while  

an EKF has been implemented fo r  the estimation of the aerodynamic d e r i 
vatives.

Small amplitude pseudorandom deflections of the e levator have 

been applied fo r  the id e n t i f ic a t io n  of the longitudinal d er iva t iv es .
I t  was not possible to id e n t i fy  the d er iva t ive  from pitch ra te  

measurements as i t  has n eg lig ib le  e f fe c t  on the pitch ra te .  However, 

good estimates have been obtained fo r  the m ajority  of the longitudinal  
d eriva tives .

Small amplitude pseudorandom sequencies were used as a ileron  

and rudder inputs. Accurate estimates of the la te ra l  derivatives  with 

the exception of and Yv have been obtained from r o l l  and yaw rate  

measurements.

I t  was d i f f i c u l t  to id e n t i fy  Y  ̂ since i t  is not a dominant term
in the tra n s fe r  function between yaw ra te  and rudder d e f lec t io n . Y couldv
have been id e n t if ie d  more accurately through use of low frequency
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rudder inputs. I t  is f e l t  tha t estimation of the Y der iva t ive  may be 

obtained more accurately by using latax measurements.

With a view to improving the mathematical model of the RPV, the 

fo llowing recommendations are suggested:

1. As f l i g h t  te s t  data is  acquired non-linear aerodynamics and 

cross-coupling terms may be included in the model.

2. Quaternions should be used instead of Euler angles to enable 

a greater range of manoeuvres to be represented.

3. An atmospheric model could be developed to model gusts. I ts  

inclusion in the overa ll model would make the la t t e r  more 

r e a l is t i c .
4. The sensor and actuator character is t ics  could also be modeled.
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1. Longitudinal Aerodynamic Derivatives

2. Engine Model
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1. Longitudinal Aerodynamic Derivatives

The longitudinal aerodynamic derivatives of X-RAE1 are estimated 

in th is  section. Most of the estimation is based on s ta t ic  wind-tunnel 

tests  of a model f i t t e d  with a wing with rounded t ip s .  Measurements from 

a model with a wing with skid t ip s  are used .when other data are not 
ava ilab le .

A.C.C.G.

Fig. A .1-1 X-RAE1 longitudinal geometry (Ref. 3)

h = 0.24 (skid t ip s )

Table A .1-1 X-RAE1 longitudinal geometry (Ref. 3)



From Table A .1-1 the following Table A .1-2 is constructed to be 
used fo r  the estimation of the longitudinal derivatives (Ref. 1 ).

= 0.955

= 0.099

= 0.869

= 0.21  (skid t ip s )

=  0.21

Table A .1-2 X-RAE1 parameters fo r  the estimation of the 

longitudinal d er iva tives .

1.1 U  lt_Derjvatj_ves

1 .1 .1  L i f t  D erivative  w . r . t .  AngJe__of_ Attack_

where:

Then

GC. S. Dp
CLaÊ W  = a + T ai (1 " bE] (Ref* 1]

Be _ 
0a "

a -  

a, =

0.47

80,
___ w

6a
80,

(Ref. 3, skid t ip s )

= 4.53 /rad  (Ref. 3)

1 0a, = aFSt ( l  -  0e/0a) = 3.10 /rad  (Ref. 1)

-  4.98 /rad

( 1)

( 2 )

(3)

(4 )
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1 .1 .2  L i l t_ Dl ri vl t i vi  i M - i - J l i t e  £f_the_Angle of Attack

C L ,  '  C L 4 | t l i l  ■  Z l l ¥ l l  Z >

Therefore (Eqns 1, 3 and Table A .1 -1):

= 2.78 /rad (5)

1 .1 .3  L i f t  Derivative w . r . t .  Pitch Rate

+ C,
wing ta i  1

where:
V t

I I = 2 a , ~ - ~  = -0 .92  /rad (Ref. 2) 
qI wing

, ; = 2 ^ 0 . =  5.75 /rad (Ref. 2)
q I t a i 1 c a

(6)

(7)

Then according to Eqns 3 and 4 and to Table A .1 -1 , C, becomes:
q

= 4.83 /rad
q 6(o£)

( 8 )

1 .1 .4  L i f t  D erivative  w . r . t  Elevator Deflection

VTa2 (Ref. 1) ( 9 )

where :
8C,

a 2 = 0T) and is estimated by the following two 

expressions:



T h e r e f o r e  = 1 . 7 6  / r a d  and Eqn 9 g iv e s :

= 0 .49/rad ( 10 )

1.2 Pitching Moment Derivatives

1 .2 .1  £it_chi_ng_M_om£nt_ _De_ri_vat_iv.e_wJ_r^t^ £n£l_e £f_A_tta_c!k

ma
Cm becomes:

-Cl Hn (Ref. 1) , so according to Table A .1-2 and Eqn

( 11)= -1 .05  /rad

1 .2 .2  £i£chjn^_Momen_t Deri v_at_i v_e_w_Lr_:_t_:_ R_a£e_of_ £h£ An l̂_e £f_Ajtta_c_k

C-a " \ t a i l  c û ta i  1
(Ref. 2)

Therefore (Eqn 5 and Table A .1 -1 ):

-9 .32  /rad ( 1 2 )
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1 . 2 . 3  P i t c h i n g  Moment D e r i v a t i v e  w ^ r . t ^  P i t c h  Rate

+ cm
wing q ta i  1

where:

(Ref. 2)
wing

■ - > = Lt a i l  q ta i  1
(Ref. 2)

Then from Table A .1-1 and Eqns 6 and 7, Cm becomes
q

= -19.15 /rad (13)

1 .2 .4  Pitching Moment Derivative  w . r . t .  Elevator Deflection

X " ^ X  ( Ref - x)

So (Table A .1-1, Eqn 10):

C -  -7Î— -  -1 .6 3  /rad (14)

1.3 D̂ r_ag_D_erj_va_tj_v_es

Drag is estimated from the formula

fo r  the drag c o e f f ic ie n t ,  where is computed by applying regressional 
analysis to wind-tunnel data (Ref. 3 ) .
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Then:

CD = 0 .0 2 2 7
o

and

k = 0.0514
Therefore:

CD = 0.0227 + 0 .0 5 1 4 (f
w

(15)

According to Eqn 15 the der iva t ive  of the drag c o e ff ic ie n t  

with respect to angle of attack is :

2. Engine Model 

2 .1 Thrust_Com£onents.

An ana ly tica l method fo r  the computation of the thrust characte

r is t ic s  of X-RAE1 is used . A graphical method, as opposed to the ana

ly t ic a l  one, is impossible to be used due to lack of s u f f ic ie n t  data.

The ava ilab le  power fo r  a f ixed  pitch prope ller  is  given 
by the formula (Ref. 4):

CDa
= 2kC^ CL = 0.466Cl /rad

w aw w
( 16)

I f  the viscous drag c o e ff ic ie n t  is defined as

CD " CD " H then

0.0801C, /rad (17)

( 1 8 )
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where:

br

r

Brake torque moment.

Distance of a representative blade element of the propeller  

from the axis of ro ta tio n .

Representative blade setting  angle w . r . t .  the zero l i f t  

d irec tion  of the blade p r o f i le .

Zero l i f t  drag c o e ff ic ie n t  of the prope ller  p r o f i le .
Blade area.

Wing area.

Weight of the RPV -  assumed constant.
Vj = 2W/pS

I f  the a l t i tu d e  e ffec ts  are ignored, P becomes

Pav ■ kl 5TVT - k2Vï (19)

where:

kl  = [M^p(fu ll t h r o t t le ) ] / r t a n p '

6j  : t h r o t t le  setting  (from 0 to 1 ) .

kg constant to be computed.

rtanp'=  p/2  and p is  the propeller p itch .

Computation of k^

Assume that Pb r ( f u l l  t h r o t t le )  is  50% of 1.9 Kw at 14000RPM (losses 

not modelled in the P_  ̂ equation and bad engine perfofmance, Table 3 .1 )
Then:

where

1b r( f u l l  t h r o t t le )  = Pb r ( f u l l  th ro t t le ) /2 n n

Pb r( f ul l  t h r o t t le )  = 950 Watts and 

n = 14000RPM = 14000/60 sec" 1 (Table 3.1)

k j then becomes: k  ̂ = Pb r ( f . t . ) /p n  (p=6 inches), ie :

k  ̂ = 26.7154 Wsec/m ( 20 )



-  105 -

Computation o f

I f  a maximum speed of 35 m/sec is assumed,the required power P 

fo r  an RPV mass of 16 Kgr is :
re

Pre = I  pVTSCDVT = 618• 24 Watts.

where:
CD ~ CD + kCL 

o
2W

C i  '

W = mg = 16g

Allow a th r o t t le  margin and an a l l-u p  weight greater than 16 Kgr, 

So, assume:

P3W = 700 Watts at 35m /sec ,fu ll  t h r o t t le .  (21)

Then Eqns 19, 20 and 21 give:

kg = 0.0055 W(m/%ec) -3 ( 2 2 )

I f  T is the thrust produced by the p rope lle r ,  T = P ^ /V y  and 

according to Eqns 19, 20 and 21 the thrust model is

(23)T = 26.7154ô-r -  0.0055V

2.2 Derivatives Due to Thrust

2 .2 .1  Truslt Denyat_i-ve_w_Lr_Lt_:_ t̂ h_e V_eJ_o_city

According to Eqn 23:

~  = -0.011V (24)

2 .2 .2  Trust Deriva tive  w . r . t .  T h ro tt le  Setting

= 26.7154 ( 2 5 )
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1. Side Force Due to Sideslip

2. Rolling Moment Due to S ideslip

3. Yawing Moment Due to Sideslip
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Appendix A .2

DERIVATIVES DUE TO SIDESLIP

ESDI) Data Sheets are used fo r  the estimation of the la te ra l  

derivatives due to s id es lip . A ll the derivatives are assumed to be 

given in s t a b i l i t y  axes unless i t  is stated otherwise.

1. Side Force Derivatives Due to Sideslip  ( )

Yv = § 7  7 i pVT S

1.1 Wijig^Body S jde_Forœ_Den_vjitj_ve^

Due to Sides!ip (Item 79006)

-  0.139 (Apx A .7)

2bqrg = 11-04 (Apx A .7)

Then F = 0.012 (Item 79006)

A = 7.48 (Apx A .7)

X = 0.87 (Apx A .7)
Then = 0.820 (Item 79006)

-Y vWB
= [0.0714 + 0.674 4̂ — + 4.95 Izl „ g

bs bs n 21

h2 HbFF |h I S.
= [0.0714 + 0 . 6 7 4 f — + - 5- ^ ( 4 . 9 5 ^  -  0 . 1 2 ) ] - ^ -

(Item 79006)

bs bs

= 0.1085 (Apx A .7)

Therefore:

\w B  “ -0.1085
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1.2 £orrtribut_i£n_o£ M ji tLo_Sj_d-e £o_rc£ D̂ er î_vajkiv_e_D_ue_t£ _Sid_es_lj_p_ 

J_n_t]ie_P_re_se_nc£ £f_B£d/ ^ijig_ajld_Ta_i J_pJ_a_ne_( I tern 82010)

From Apx A .8 :

JB = 0.7513 JT = 1.304 Jw = 0.91

Then:
C, = 1.88 /rad  SF = 0.1093 m' 

aF h

YvF “ JBJTJWCLaF S = -0.1969

= -0.1969

1.3 Side_F£r£e_Derj_vatj_v£ D_u_e _to_Sj_d_esJ_i£ 

fo r  Compiete_Aircraft (Item 82011)

Y V = YvWB + YvF therefore:

Y = -0.3054
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2 .  R o l l i n g  Moment D e r i v a t i v e s  Due t o  S i d e s l i p  ( Lv )

Lv = ' F / - b VTSb

2.1 Effects o f js p la t e d  BodyJ Lvb )_and_Win£-Body_Inteference_( Lvh ) 

on_R£lJ_ijig_Moment_ _Du£ t^o_Sj_d£sJ_i£ (Item 73006)

Isolated Body

l h S.
Lvb= - 0 . 0 1 4 - ~ - p  ab = -0.0005ab (Apx A .7)

where:
(%b : body incidence measured from i ts  

z e r o - l i f t  value ( in  degrees)

L . = -0.0005a. vb b

Winq-body interference

~ =  -0 .139 (Apx A .7)

= 0.125 (Apx A .7)

= 0.449 (Apx A .7)

1 = U V w / H j f W  -  - 0 - 0076 dtem  73006)

A = 7.48 then (Item 73006), f (A )  = 1.08

Therefore:

Lvh = - 0 -0119



2.2 Çpjrtribirti£n_of_ ^ijl9_Plan_f£rm t_o_
R ° l l in £  Mome_nt_D_erj_v_at2_vê  JDû  _to_Sj_d£sJ_i£ ( LyW ) (Item 80033)

LvW = ^LvŴ o + ^vW^A
*  Then LvW = f Lvw^o ( Item 80033)

Ai  '  °

= 0.0016 (Item 80033)
ULA = 7.48  

X = 0.87

Therefore:

LvW = -0 .0016Cl

where is the wing l i f t  c o e f f ic ie n t .

2 .3 £ontr iJbuibi£n_o£ M £ £o_
R ° l l i n£  Moment_Derivative__Due__to Sideslip__( L^p ) (Item 82010)

LvF = YvF(z Fcosa - l Fs ina)/b
where:

a : angle between s t a b i l i t y  x-axis  and longitudinal 

body axis ( ie .  angle of a t ta c k ) .

Then (Apx A .8 ) ,  the r o l l in g  moment d er iva t ive  due to s ides lip  becomes:

LvF
-0 .1 9 6 9 (8 .87cosa -  109.51sina) 

263.8

2.4  £s£ima£i£n_of RoJ_lj_n£ Mome£t_D£rwatj_v£ _0u£ £o_Sj_de_sj_i£ 

fojr -CompJ_e_te_AJ_r£r_af£ _at_S£bs_0£ i £  _Sp£ed_s_( I tern 81032)

Lv = -0.0005ab -  0.0119 -  0.00160^ -0 .1 9 6 9 (8 .87cosa -  109 .51s ina)/263 .8
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3 .  Yawing Moment D e r i v a t i v e s  Due t o  S i d e s l i p  ( )

Nv = i r  /  i P v T Sb

3.1 Wjjig^Bod^ _Ya_win_g_M£mê nt_ 2 eJliv_ajti_ve_Du_e_ t £  Ŝ i\de_slj_p_( N^g ) (Item 79006)

’ b "  i  " h f
= [0.2575 + (0.0008-r-E- -  0 . 0 2 4 ) ] [ 1 .3 9 - r  -  0 . 391-

mi d bs bs h!

= 0.0515 (Apx A .7)

1 - 0 .5k

-N Sbs]b
Sb

j — “ Y>wt ( I t . .  79006)

where

1 : distance of C.G. from the nose of fuselage (1=0.681 m)

Then

= -0.0363

3.2 Contribut_ion_o£ F_in_ t_o

Y_awin_g_Mome_nt_ d e r i v_ajtiXe_Dne_ t£  Ŝ i.des_lj_p_( N^p ) (Item 82010)

NvF = -YvF( ï Fcosa + ZpSincO/b
where:

a : angle between s t a b i l i t y  x-axis and longitudinal  
body axis ( ie .  angle of a t ta c k ) .

Then according to Apx A .8 , is :

Nvp = 0 .1969(109.51cosa + 8 .87s ina ) /263 .8

3.3 E_stjmat.ion_o_f _Yavvijng_M£m£nt_ £en'y^ajtiy^e_Djje_t£ _Sid̂ es_lj_p_ 

fo r  Complete A irc ra f t  at Subsonic Speeds (Item 82011)
«MW eew* eew mmtm e w  «■■■

Nv = NvWB + NvF SO,

Nv = -0.0363 + 0 .1969(109.51cosa + 8 .87s ina ) /263 .8
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DERIVATIVES DUE TO RATE OF ROLL

1. Side Force Due to Rate of Roll
2. Rolling Moment Due to Rate of Roll

3. Yawing Moment Due to Rate of Roll
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Appendix A .3

DERIVATIVES DUE TO RATE OF ROLL

The la te ra l  derivatives due to ra te  of r o l l  are estimated in 

th is  appendix using ESDU Data Sheets. A ll the derivatives are assumed 

to be given in s t a b i l i t y  axes unless i t  is stated otherwise.

1. Side Force Derivatives Due to Rate of Roll ( Yp )

V f J / i e vTSb

1.1 Contributeon_of_ WiJig_PJ_an_form to_Sj_de. Farce De_riy_at1iy_e_

Due to__Rate o f_R o ll  ( YpW ) (Item 81014)

= -0.0136 (Apx A . l )
Then: Y

= 0.078 (Item 81014) , therefore

1.2 £ontri_but_i£n_o_f M ji t_o_SJ_dê  £o_rcê  £eM_va£iy^e 

_Du_e t_o_Ra_t£ cif_R£lJ_ ( Ypp ) (Item 83006)

= 1.36 (Apx A.8 )

= 1 (Apx A .8 )

Then, = 0.975 kg = 1 (Item 83006)

Also k  ̂ = 0.625 (Item 83006)
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Then (Item 83006)

S p h p  (z*cosa -  I p S i n a )  /b -  8ô^/8 (pb/Vy) -  8âa/ 8 (pb/VT)

V  ■ - ( ki + ¥ 3 )  sb l  (Z* „ ZcrF)/b ]

where:

a : angle between s t a b i l i t y  x-axis and longitudinal 

body axis ( ie .  angle of a t ta c k ) .

8ôw/ 6 (pb /V j) = 0.18 sidewash term due to wing (independent

from angle of attack v a r ia t io n s ) .

8ôg/8 (pb/Vy) sidewash term due to body (function of

angle of a t ta c k ) .  I t  is  given w . r . t .

k = [ z *  -  (ZpCosa -  TpSina)]/b (Item 83006).

According to Apx A .8 , Y^p becomes:

Y p = -0.3133[(11.32cosa -  110 .19sina)/263.8  -  0.18 -  Bor / 8 (pb/VT) j

1.3 Estjmatjon_of _Si_de_F-or_ce_Dierj_va_tj_vê

Due to__Rate of__Roll fo r  Complete^Aircraft (Item 85010)

YP ■ Ypw + ypf 1e:

Y = 0.078C|_ -  0.3133[(11.32cosa -  110 .19sina)/263.8  -  0.18 -  8o^/8 (pb/Vy)J
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2 .  R o l l i n g  Moment D e r i v a t i v e s  Due t o  Rate o f  R o l l  ( )

Lp = |  / - |p VTSb2

2.1 RoJ_lj_nç| Momejit_D£rj_va_tj_v£ 2 uâ  to__Rat£ £f_R£lJ_

£o_r S w ep t _and̂  _Ta£er_e_d Ŵi_ng_s ( ) ( I tern A .06.01.01)

P = ( l -M 2) *  = 1

âlo^M : two dimensional l i f t - c u r v e  slope ( = 2it )

^  - A = 7.48 (Apx A .7)

Ag = tan '^ ( tan A i)  = 1 .66° (Apx A .7)

X = 0.87 (Apx A .7)

Then (Item A.06 .01 .01 ):

LpW -  -0.2438

2.2 Ç o n tn b u y  on_of_ Mji _to_R£l Y \Jig__Mô me_nt_ _De_riv̂ ajtiv_e 

_Du_e t_o_R_at-e £ f_ R £ l l  ( Lpp ) > j_n_tJie_P_re_sen_c_e £ f  

.Body^ Wi ing_ajid_Ta_iJ_pJ_ajie_( I tern 83006 )

Lpp = Yppîzpcosa -  l * s in a ) /b  therefore  (Apx A.8 ):

Lpp = Ypp(11.32cosa -  U 0 .1 9 s in a ) /2 6 3 .8
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2.3 Çontn_buti£ n_o_f Jaj_l£l_an£ t_o_R£lJ_in_g_M£mê njt £e_riv_a_tive__ 

2 U1  t.o_Ra_t£ o f_R o ll  ( Lp j  ) ( I terns 83006, A .06.01.01)

From Item A.06.01 .01 , Lpj = -0.127 based on Ŝ . and b^.

Then: ? «
Lpj = -0 .1 2 7 *0 .5S^b^/Sb Hence (Apx A .7):

LpT = -0.0019

2.4 E_st_imat_ion_of_ t_h_e R.oJ_lj_n£ Momen_t_D_erj_va_tj_v£ (Item 85010) 

£u£ £o__Rat£ £ f  Roll fo r  Complete A irc ra f t

Lp LpW + LpF + Lp l s° !

Lp = -0.2457 + Y p(11.32cosa -  110 .19sina)/263.8
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3 .  Yawing Moment D e r i v a t i v e s  Due to  Rate  o f  R o l l  ( )

V  i ? z i pVTSb2

3.1 £o_nt_ri_bu_tiom_of_ W.ij2_g_PJ_aj2f£rm to

Y_awin_g_M2 me_nt_ £e_riv_aii_ve_D_ue_t£ R_at_e_o_f R_oJ_l_( ) (Item 81014)

Linear contribution to NpW

N it
[ - j P ] 0 = -0 .034 (Item 81014, F ig. 1)

Nonlinear contribution to N ,,---------------------------------------------  pw

N
- 5^ - =  1.23 (Item 81014, F ig . 3)

D
8a

0 0 '
where -g j-  : viscous drag-curve slope (per degrees).

Then

N = -0.034C. + 1.23

: wing l i f t  c o e f f ic ie n t .

3.2 Contrib_ut_i£n_of_ F_in_ -to__Yawi_n£ Momen_t_De_rj_v_atj_v_e 

_Du£  jto_Ra_t<e £f_R£lj_ ( Npp ) J_n_tjie_P£es_ejiC£ £ f  

^ody^ Win_g_an_d_Ta_iJ_pJ_a£e_(Item 85010)

Npp = -YpF(lpCOsa + z *s in a ) /b

hence :

V  = -YpF(H0.19cosa + 11 .32s ina)/263 .8
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3.3 Estjmajti£n_of_ Y_awijig_M£m£n2e_ri_vat_iu.e_t£ R.atejof^ R_oj_l 

Ï P L  £ompj_et_e_Aj_rc_r_aft_ (Item 85010)

Np = NPW + NpF 50-

Np = -0 .034Cl + 1 .2 3 -g Y  -  Y p(110.19cosa + H .3 2 s in a ) /2 6 3 .8
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DERIVATIVES DUE TO RATE OF YAW

1. Side Force Due to Rate of Yaw

2. Rolling Moment Due to Rate of Yaw

3. Yawing Moment Due to Rate of Yaw
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Appendix A.4

DERIVATIVES DUE TO RATE OF YAW

The derivatives due to ra te  of yaw are estimated in th is  appendix.

Their derivation  is based on ESDU Data Sheets. A ll the derivatives
are expressed in s t a b i l i t y  axes.

1- Side Force Derivatives Due to Rate of Yaw ( Yr )

Yr = f r  7 fp V TSb

1.1 Contrjbu_ti_on_o_f Jtody_to Sjde_Force_Der_i_vstive 
Due to_Rate of_YawJ YrB ) (Item 83026)

S. 1.
YrB = ~Q,04~ B ' therefore (Apes A .7 and A .8 ):

YrB = -0.0109

1.2 CpntnjDut_ion of Fin to Side Force Derivative  

Due to_Rate of_Yaw_( YrF ) (Item 82017)

Yr p = “ [ Yvp] (IpCosa + ipSina)/b
Jw=1

From Apx A .2 (Section 1 .2 ) ,  [Yvp] = -0.2164 . Then, Yrp 
becomes (Apes A .7 and A .8 ):

Yr p -  0 .2164(109 .Blcosa + 8 . 87s in a )/263 .8

1.3 Estjmatjon_pf. _Si_de_F£rc_e_D_erJ_va_tj_v  ̂_Du_e _to_R_at£ £f_Yaw 

£o_r C,ompJ_ejte__Aj_r£r_aft_ (Item 84002)

Yr  = -0.0109 + 0 .2164(109 .Slcosa + 8 .87s in a ) /263 .8 )
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2 .  R o l l i n g  Moment D e r i v a t i v e s  Due t o  Rate o f  Yaw ( Lf  )

Lr = I f '  I ? VTSb2

2.1 E /fect_o£ W_in_g_Oj% R_o_l_lj_n£ Momejit_D£r£v_atj_v£

D_u_e t_o_R_at£ of_Ya_w_( LrW ) (Item 72021)

where:
LrW = Lrp + Lr r  + Lre + Lr f

rp : due to wing planform

rF : due to dihedral (Lr r  = 0 )

re : due to wing tw is t

r f : due to flaps (Lr f  = 0, flaps

) ■J ’P = 0.1219 (Item 72021 Fig. la )  

g U J  = 1.02 (Item 72021 Fig. lb )

Hence L.Yp

're = -0.00185 /degree

Then, fo r  g U jJ  = 1.02 and e = 1° washout , L = -0.00189  4 rs

So LpW = 0.1243Cl -  0.00189

0.1243Cl

where is the wing l i f t  c o e ff ic ie n t
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2.2 Çpntribut_i£ n_of_ F_i_n t_o_R£ 1 J_in_g_M£iïi£nt_ £e_riv_at_i_ve 

_Du_e t^o_R_at£ £f_Y_aw_( ) (Item 82017)

LrF = YrF (zFcosa - îpSina)/b 

So, from Apx A. 8

LrF = Yr p (8.87cosa - 109 .51sina)/263.8

2.3 Estimât^*on_of_ R_°J_lj_n£  Momen_t_De_rj_v_atj_ve_ t_o_R_at£ o_f_Y_aw 

£o_r £om 1 t_e_Aj_r_cr_aft_ (Item 84002)

Lr = -0.00189 + 0.1243Cl + Y^(8 .87cosa -  109 .51sina)/263.8



Yawing Moment D e r i v a t i v e s  Due to  Rate o f  Yaw ( )

Nr = f ' I P V ' 2

1 Ç p n tH b>ut,i£n_ojf _Body_t£ _Yawi_ng__Mom^n£eH v_at_i v_e_ 

£ue_ t_o_R_ate_ £f_Ya_w_( NfB ) (Item 83026)

ifs .
N R = -0 .01— s—  therefore (Apx A.7) :

rti b S

NrB = -0 .0022

2 E.ff.e£t_of Wijng_o£ Y^awi£g_Moment_ £er.i vat_iv_e_ 

£u_e jfco_R_at£ _of_Y_aw_( NrW ) (Item 71017)

Nr  Nr

A = 7.48, X = 0 .87 , A j.  = 1.66°
4

( Nr  /  CD ) = -0 .168 (Item 71017 F ig . la )
0 0 X=1

(Nro / C D o V o 8 7
- r .--------------=— - - - - - - -  =  0.9675 (Item 71017 Fig. lb )>\ ' \u

( Nr /  c f )  = -0 .008  (Item 71017 Fig. 2c) 
v L X=0.5

(N_ /  c f )  = -0 .01  (Item 71017 Fig. 2c) 
r v L X=1

Hence

and : wing l i f t  c o e ff ic ie n t

Cp : wing drag c o e ff ic ie n t  at zero l i f t  
o

N = -0.1621C. -  0.009C
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3.3 Contn t)ution__crf F_iji t_o_Y_awj_n£ Momen_t_Dê rj_v_atj_ve_ 

£ U1 o f _ Y a w _ (  Nr p ) (Item 82017)

Nr F  = - Y r F ( l F c o s a  + Z p S i n a ) / b

So, from Apx A.8 :

Nr p = -Yr p(109.51cosa + 8 .87s ina ) /263 .8

3.4 E_st_imat_i£n_of_ %awijig_Mgmen£ £e_ri v_ajbi_ve_Du_e_t£ Ŷ aw Rate 

fo r  £ompJ_e_te_Aj_rc_ra_ft_ (Item 84002)

Nr  * NrB + NrW + NrF

Nr  = -0.0022 -  0.1621Cd -  0.009C^ - Y^(109.51cosa + 8 .87s in a ) /263 .8
0



APPENDIX A . 5

DERIVATIVES DUE TO AILERON DEFLECTION

1. Rolling Moment Due to Aileron

2. Yawing Moment Due to Aileron
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Appendix A .5

DERIVATIVES DUE TO AILERON DEFLECTION

The r o l l in g  moment and yawing moment derivatives of X-RAE1 due 

to a ileron deflection  are given in th is  appendix. The side force due 

to a ileron deflection  is assumed n eg lig ib le .  A ll the derivatives are 

expressed in s t a b i l i t y  axes.

x

i

0

c

—  b

h
t — •n

Fig. A .5-1 Aileron geometry of X-RAE1 

b. = 0.4588 m bf  = 1.932m c = 0.357 m

1- Rolling Moment Derivative  Due to Aileron Deflection ( Lç)

Then, ^  ^ p V j 0.5626

= /  ^-PVySb = -0.2291 /rad

Qi o I f
i f = - pVT - § r cJ  yày

b . / 2

ecL
= 1*79 /rad  (Apx A .9)



2 .  Yawing Moment D e r i v a t i v e  Due to  A i l e r o n  D e f l e c t i o n  ( )

The yawing moment due to a ileron deflection  is caused by the 

difference on drag between up and down aileron (only vortex drag is  

assumed). Then, the.components that produce the yawing moment are:

Starboard : C^AC^/nA

Portboard : -C^AC^/nA

where:

Then:

(F ig . A .5-1)

l n = (bf  + b . ) / 4  (F ig . A .5-1)

Therefore N Sb = 0.0195CLo /rad

where C. , l i f t  c o e ff ic ie n t  about which the var ia t ion  in l i f t  Lo7
co e ff ic ie n t  due to a ileron deflection  takes place.



APPENDIX A . 6

DERIVATIVES DUE TO RUDDER DEFLECTION

1. Side Force Due to Rudder
2. Rolling Moment Due to Rudder

3. Yawing Moment Due to Rudder
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Appendix A. 6

DERIVATIVES DUE TO RUDDER DEFLECTION

The aerodynamic derivatives of X-RAE1 due to rudder deflection  

are estimated in th is  appendix. A ll the derivatives are given in body 

axes.

1. Side Force Due to Rudder ( )

I f  wing, body and t a i l  plane interference is assummed, the 

side force d er iva tive  due to rudder deflection  can be expressed as:

where

8C

: 1i f t -c u rv e  slope of f in  due to rudder d e f le c t io n .

Then, according to Apes A. 8 and A .9, becomes:

Y, = 0.1184 /rad

2. Rolling Moment Derivative Due to Rudder ( )

so, according to Apx A. 8

L Sb = 0.00398 /rad

3. Yawing Moment D erivative  Due to Rudder ( N )

'  0£ F
6N -  S I ï so: N Sb = -0.0492 /rad



APPENDIX A . 7

XRAE-1 USEFUL DETAILS
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1.  X-RAE1 Geometry

WING WITH ROUNDED TIPS

Area ( S ) 0.9307 m2
Span ( b ) 2.638 m
Mean Chord ( c ) 0.353 m
Aspect Ratio ( A ) 7.48
Sweepback of Quarter chord ( Ax ) 1 . 66°
Taper Ratio ( X ) 0.87
Distance of the Centre of Gravity from
leading edge of mean chord 0.34c = 0.121 m

AILERON

Span 0.7366 m
Chord 0.055 m

TAILPLANE

Area ( ) 0.2576 m2
Span ( bt  ) 0.2575 m2
Mean Chord ( c^ ) 0.2995 m
Tail  Arm ( 1 ^ )

(Distance of C.G. to t a i l  plane
mean quarter-chord) 1.182 m

Tail  Volume ( S^l^/Sc ) 0.932

ELEVATOR

Span 0.860 in
Chord 0.063 m

Table A .7-1 X-RAE1 geometry (Ref. 1)
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2. Centre of Gravity Nominal Position, Cross-Sectional Areas and 

Side Elevation Area

2.1 £ .G ._Posnion  _and Use_fu 1 e_ct_ionaj_A-rea_s (Item 73006)

The centre of g rav ity  is assumed to be the centroid of the. 

cross-section through the longitudinal position of i t  ( 0 . 34c a f t  of 
leading edge of mean chord).

F ig . A .7-2 Maximum cross-sectional Fig. A .7-3 Eguivalent e l l i p t i c a l

B

A

x

A B
Fig. A .7-1 C.G. nominal position

hQ : la te ra l  distance of C.G. from mean guarter-chord  

(negative fo r  C.G. below mean guarter chord).

B - B

1 5 . Î

area ( S. ) area ( Sgg)

Sfam = 436.26 cm̂ SgB = 383.5 cm2 

H = nW SBB = 32,99  cm
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2.2 Side Elevation Area (Item 79006)w»

0.75 1

0.25 1

F ig . A .7-4 Side elevation area ( 'S  ̂ ) 

Sbs = 3187.65 cm2

2.3 Summary

Body length ( 1^) 210 cm

Maximum cross-sectional area ( S ^  ) 436.26 cm2

Equivalent height ( H ) 23.99 cm

Width ( W ) 14.8 cm

Lateral distance of C.G. from

mean quarter-chord ( hQ ) -4 .6 cm

Side elevation area ( ) 3187.65 cm̂

REFERENCES

1. Trebble W. J. G. "Low-Speed Wind-Tunnel Tests on a F u ll-S c a le  

Unmanned A irc ra f t  (X-RAE1)"

Tech. Memo, AERO 2043, RAE, Aug. 1985.
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1. L ift -C urve  Slope of Fin (Items 82010, 70011)

Centre of

pressure

CrF * - --------------  crF “
Fig. A .8-1 Geometry of X-RAE1 Fin

m gitudinal

>dy-Axis

crF 40.0 cm

CtF 36.4 cm

hF = zT 27.2 cm

hBF = dBF 6 .0  cm

ZcrF 5.0 cm

u_ 8 . 0°

mF 107.9 cm

Table A .8-1 Fin Characteris tics

Then (Item 82010, Table A .8 -1 ) :

Sp = hp( Cpp + ct p ) /2  = 1093.44 cm'

Ap = 2hp/Sp = 1.35 

V  = ctF^CrF = 0.83

Ap tan A^p = AptanA^p -  ( l -,Xp)/(l+Xp) = 0.0968
Hence (Item 70011)

BC
F1n = 1.88  /rad



APPENDIX A . 8

1. L ift -C urve  Slope of Fin

2. Calculation of Jg, J j  and Jw

3. Centre of Pressure of Fin

( fo r  derivatives due to s id es lip )

4. Centre of Pressure of Fin

( fo r  derivatives due to ra te  of r o l l )
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2". C a l c u l a t i o n  o f  Jg,  and Jw ( I t e m  82010)

Ap = 1.35

hBF/ ( h BF + hF) = 0.181
Jg = 0.7513

i p  = 3.16 (Table A .7-1)

J -  = 1.304

then Jw = 0.91

3. Centre of Pressure of Fin

(deriva tives  due to s id es lip )  (Item 82010)

Zp.| = 0.6hp =16.32 cm (Item 82010)

Then

lp = nip + 0.7Zp^tanAj_p = 109.51 cm (Item 82010) 

Zp = zcrF + 0 .85 zf1 = 8.87 cm (Item 82010)

4. Centre of Pressure of Fin

(deriva tives  due to ra te  of r o l l )  (Item 83006)

1* = nip + 0.6hptanA^p = 110.19 cm (Item 83006) 

z* = zcrF + 0.6hp = 11.32 (Item 83006)

lp = 109.51 cm 

ip = 8.87 cm

ip = 110.19 cm 

ZÎ = 11.32 cm



APPENDIX A . 9

1. L ift -C urve  Slope of Wing 

Due to Aileron Deflection

2. L ift-C urve  Slope of Fin 

Due to Rudder Deflection
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1. L ift -C urve  Slope of Wing Due to Aileron Deflection  

(Items W.01.01.05 , C .01.01.03 , C.01.01.04)

From Item W.01.01.05 ( log^R  = 5 .87 , out of range) and fo r  

t r a i l in g  edge tra n s it io n  :

=0.814 ( 1)

Where (a^ )Qj  = GC^/8a fo r  two-dimensional theore tica l f low. 

Also:

' f  0.055

1 0.357

: a ileron chord (a2 ) oT = 3.225 (Item C.01.01.03) (2)

c-| : wing local chord 

t / c  = 0.141

where (a2 )0j  = 0C^/8Ç fo r  two-dimensional theore tica l flow .

Then from (1 ) ,  (2) and Item C.01.01.03  

(a2 )o~ r~—\— = 0.67 so, (a9)A = 2.16 /rad
i a 2 ; oT ù 0

BO.
a2 = -QÇ- = (a2 )Q f  (Item 0 .01 .01 .04 )  

f  = 0.83 (Item 0 .01 .01 .04  no balance)
Therefore

? 1.79 /rad
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2. L ift -C urve  Slope of Fin Due to Rudder Deflection (Item 74011)

6C,
( -g j* ) pT = 1.88 /rad (Apx A.8 )

- r  = 0 .2 2c
c^ = .092 m : rudder chord 

c = .42 m : local f in  chord

80, 00,
I T  = ° ' 71 ( W  )FT (Item 74011)

Subscript T means theore t ica l value. Then:

= 1 .1 3  /rad



APPENDIX MI

MOMENTS OF INERTIA OF X-RAE1 

(rough estimation)
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Appendix MI

MOMENTS OF INERTIA OF X-RAE1

A rough estimation of the moments of in e r t ia  of X-RAE1 is given 

in th is  appendix. The RPV is assumed to consist of four parts (wing, 

t a i l ,  f in  and body) with th e ir  masses uniformly d is tribu ted  (F ig . M I.1 ) .  

The mass and geometrical character is t ics  of each part are given in 

Tablé M I . l  and the positions of th e ir  centres of g rav it ies  w . r . t .  body 

axes are shown in Table M I.2.

Mass
(Kgr)

Mean Chord 
(cm)

Span
(cm)

Thickness
(cm)

Wing 3.55 35.3 263.8 2.5
Tail 0.39 29.95 86.0 1.4

Fin 0.166 40.0 27.2 1.4

Body 11.434

Length
(cm)

Radius
(cm)

82.0 9.5

Table M I . l  Assumed mass and geometry of w in g , ta i l ,  
f in  and body of X-RAE1.

xw = -5 .25 xT = -122.225 xF = -120.9 Xg = 7.709
zw = -4 .25 z j  ~ - 22.2 Zp = - 8 .6 zB = 2.202

Table M I.2 C.G. positions of wing, t a i l ,  f in  and body 

w . r . t .  body axes.

Then the moments of in e r t ia  of X-RAE1 become:

I x = 2.1678 Kgr m2 

I y = 1.6469 Kgr m2 

I^ = 3.6962 Kgr m̂

Table M I .3 Moments of in e r t ia  of X-RAE1
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z

y

z

<=

Fig. M I . l  Assumed geometry fo r  the estimation  

of the moments of in e r t ia  of X-RAE1



APPENDIX LA.1

STABILITY and CONTROL DERIVATIVES at 30 m/sec 

Longitudinal Model
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Appendix LA.l

STABILITY and CONTROL DERIVATIVES at 30 m/sec 

Longitudinal Model

1. Introduction

The procedure fo r  the estimation of the longitudinal s t a b i l i t y  

and control derivatives at 30 m/sec is given in th is  appendix.

C^, Cg and are referred  to , from wind-tunnel measurements, 

a nominal C.G. on the mean aerodynamic chord 0.34c a f t  of the leading  

edge. Therefore, the aerodynamic derivatives and the derivatives due 

to thrust are f i r s t  evaluated in body axes through the forementioned 

nominal C.G. and they are transformed afterwards to body axes through 

the f in a l  C.G. (displaced downwards by 4.5 cm, Fig. LA.1-1)

F ig . LA.1-1 Nominal and f in a l  C.G.

0A : nominal C.G.

0 : f in a l  C.G.

Due to the ec c e n tr ic ity  of the thrust axis a thrust moment ex ists  

which has to be balanced by an opposite and equal aerodynamic moment fo r  

steady-state f l i g h t .  Therefore, C  ̂ f  0 at tr im .

The tr im  values of the aerodynamic co e ff ic ien ts  as they are 

derived from programme TRIM.FOR are given in Table LA.1-1.
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p = 1.225 Kgr/m3 a = -0.025 rad

g = 9.80665 m/sec^ CL = 0.298

VT = 30.0 m/sec CD = 0.026

m = 15.54 Kgr C = 0.008 m

I = 1.6469 Kgr m̂ CD = 0.139 
a

/rad

Table LA.1-1 Trim values fo r  the

Linear Longitudinal model

2. Aerodynamic Derivatives at 30 m/sec

(Derivatives due to thrust are not included)

The aerodynamic derivatives of X-RAE1 at 30 m/sec are presented 

in th is  section. The derivatives due to thrust are excluded.

2.1 Ae£Odynami£ D^riv_at_ives_ Sta_bj_1j_t  ̂ Axes_

(C.G. on the mean aerodynamic chord)

*Au = pVTS^ CD̂

^Aw = "2 pVTS^CL '  CD ^

■ -
= 0

llu - - PVTSCL

■  - f P VTS(CLa -  S ’

” - i p VTSCL
el 1 ^
ZAw '  " 4 pScCL.

a
1
Au K ,TuvumM: = pVTScC 

^Aw = i 'P VTScCm

SAw = T pSc2cm.
a



Ae^od^amic_ DenvaVues ^  ô_dy_Ax_e_s (Item 67004) 

(C.G. on the mean aerodynamic chord)

XAu = XAucos2a " ( *Aw + 2 i u)slnacoso + ^ wsin2a

^Aw " ^Awc o s 2 a  + ( *Au  " ^ w)sinacosa -  Z ^ s in  a

^Aq = XAqC0Sa ‘  Z*Aqsina

Âw = Â*cos2a + (*AÙ " z°L )s1nacosa " ZMs1r,2a

2Au = ?Aucos2a -, (?Aw -  ^ u)sinacosa -  ^ wsin2a

ZAw " ZAwcos2a + (?Au + * L )s1nacosa + ^Ausin2a

ZAq = ?AqC0Sa + ^Aqs1na

?A* = ?L cos2a + (ZAÙ + X ^ lcosas in a  + ^ s i n 2a

flAu = SAucosa -  fiAws1na

fiAw = fiAwcosa + flAus1na

flAq “ ^

fiA *  = fiL C0Sa + fiAûs 1 n a

*At, = * U c o s a  -  ?Aqsina

ZAq " f Aqcosa + XAllsina
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3. Derivatives Due to Thrust -  Body Axes 

(C.G. on the mean aerodynamic chord)

= -0.011VT (Apx A . l )

H  = 26.7154 (Apx A . l )

Then:

Xju = ^co sa  = -O.OllVjCosa 

Xyw = f ^ sina = -O.OllVjSina

^Tu = XTu(eT + %) = -0.011VT(-0.115)cosa  

= X^w(eT + k) = -0.011VT(-0.115)cosa

^6t ■ I /  26-7154

^  (eT + k) = 26 .7154(-0 .115)

4. S ta b i l i t y  and Control Derivatives -  Body Axes 

(C.G. on the mean aerodynamic chord)

K  XAu + XTu 

XAw + XTw 

“ XAq 

K  = *Aw

K  = ? Au

K  -  ?Aw

Zq = ^ q

-  &

«u " « L  + fiTu

K  -  C  + »Tw

%  = fiAq

= fiA*

(F ig . LA.1-1)  

(F ig . LA.1-1)



S ta b i l i t y  and Control Derivatives -  Body Axes (Item 67004) 

(C.G. displaced l a t e r a l ly  by k = 0.045 m)
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6 .  Normal ised L o n g i t u d in a l  D e r i v a t i v e s  a t  30 m/sec -  Body Axes

Xu = V m = -0-097
Xu, = X/ m = 0.037w w

= X /m - = -0.019
X. = X./m = -0.00044w w

Zu - 2 /̂m = -0.789

ZW = ̂ w/m = -5.496
2  ̂ - Zg/m - -0.902

Zw = V " 1 = -0.018

Mu * = 0.029
Mw ■ V !y " -3-865
Mq = V ' y  = -12-381
M*  = V ! y  = - 0-201

= X /m = -0.397
= Z /m = -16.172

%  = V !y = -328-079

X„ = L  /m = 1.719
I  I

Mx = fl, / I  = -2.595
T T y

All values are outputs from programme RPVDER.FOR



APPENDIX LA.2

STABILITY and CONTROL DERIVATIVES at 30 m/sec 

Lateral Model
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Appendix LA.2

STABILITY and CONTROL DERIVATIVES at 30 m/sec 

Lateral Model

1. Introduction

The aerodynamic s t a b i l i t y  and control derivatives of the la te ra l  

model of X-RAE1 at 30 m/sec are given in th is  appendix. They are f i r s t  

estimated in s t a b i l i t y  axes (Apes A .2 to A .5) and transformed afterwards 

in body axes.

2. S ta b i l i t y  and Control Derivatives -  S ta b i l i t y  Axes

Apx A .5

Apx A.4

Apx A .3

Apx A .2
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3.  S t a b i l i t y  and Contro l  D e r i v a t i v e s  -  Body Axes ( I t e m  67004)

?.. =

YpCosa - Y^sina 

Y^cosa + YpSina

C'cosa - NJsina

iTp = l!pCoŝa + R̂sin̂a - (C' + Npjsinacosa 

C = f 'cos^a - N'sin^a + (L '  + S")sinacosa

N'cosa + L 's ina

= SpCOs^a - f 's in ^ a  + (l!p - Npsinacosa  

= N'cos^a + C'sin^a + { £ '  + N')sinacosa

L^cosa -  N^sina 

N^cosa + C^sina

2 pVTSYÇ

■̂ ■pVjSbLç

|pV jSbN£

Apx A. 6
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4 .  Normal ised L a t e r a l  D e r i v a t i v e s  a t  30 m/sec

Yv = V m = -0-336

Y = Y /m = 0.175

Yr = ?r /m = 0.224

Lv = V 1* = -0-414

Lp = f p / 1% * -13-360

Lr “ V l x  ■ 3-412

Nv = K ' l z ‘  0.558

Np = N / I z = -0.622

Nr = Nr / l z = -1.426

= U / l x = -142.902  

N̂  = 8 / I z = 4.182

Yg = Y jr/m = 3.909

L£ = L / I x = 2.485

Ng = L / I z = -18.015

A ll values are outputs from the programme RPVDER.FOR
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CONTINUOUS TIME SYSTEM
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Appendix DE

DISCRETISATION OF A CONTINUOUS TIME SYSTEM

The discrete  equivalent of a continuous time system is presented 

in th is  appendix. I f  the continuous time system is expressed in the 
state space form, ie:

* ( t )  = Ax(t)  + Bu(t)  

y ( t )  = Cx(t)  + Dx(t)

and samples are taken every T secs, the equivalent discrete
system is:

x(n+l)  = Adx(n) + Bdu(n)

y(n) = Cdx(n) + Ddy(n)

where: x(n) = x(nT) ,  u(n) = u(nT), y(n) = y(nT) and

Ad = exp(AT) = I + AT ( i f  T reasonably small)

T
Bd = [ exp(AT)di]B -  BT ( i f  T reasonably small)  

o

cd = e

Dd = D
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Appendix P I . l

PARAMETER IDENTIFICATION 

Longitudinal Model

1. Introduction

The matrices F, H and Q of the EKF algorithm for  the i d e n t i f i 

cation of the longitudinal  model of X-RAE1 are given in th is  appendix.

The system to be id e n t i f ie d  is of the form (Ch. 4 page 58 ):

x * (n+ l )  = f ( x * ( n ) , T)(n)) + r (x * (n ) )w (n )

y(n)  = h (x * (n ) ,  T)(n)) + y(n)

The EKF algorithm that  is used is the one presented in Ch. 4.

The only d i fference is the way in which the error  covariance matrix is 

updated. The expression fo r  P̂  is:

V C 1 " W n / n - l t 1 '  W 1  +  JnRJn O

This formula is equivalent to that  appearing in Eqns 4.5 but i t  

is preferable fo r  the fol lowing two reasons (Ref.  1):

1. The r ig h t  hand-side of Eqn 1. is the sum of two pos it ive  

d e f in i te  matrices. As a consequence, is better  conditioned 

fo r  numerical computation and w i l l  tend to re ta in  more f a i t h 

f u l l y  the posit ive  def initeness and symmetry of P .

2. To f i r s t  order, is insensit ive to errors in the f i l t e r  gain 

and is to be preferred in numerical computations.

2. The F and H Matrices

The F matrix is computed by the form:

Then, according to the f  expression of the longi tudinal model 

(Ch. 4 page 59 ) ,  the matrix F becomes:
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1,1 1 + V s F3,l = V i o

1,2 = V s F3,2 = Tsxl l

1,3
= 0.704T,. F3,3 = 1 + TsxlZ

1,4
= -9.804T,. F3,4

= -0.047TS

1,5 = V l F3,10 = V l

1,6
=

V z F3 , l l
-

TsxZ

F3,12
=

Tsx3

2,1 - Tsx7 F3,13 =

2,2 = 1 + V s
28.5751 F. , = T2,3 5 4,3 s

2,4 - 0.236T$ F4,4 = 1

2,7 - V i

2,8 = V z

2,9
=

V

All the other elements of matrix F are zero.

The matrix H is given by the form:

H = i r *

Therefore, H = £

3. The Covariance Matrix Q

0 0 1 0  0 ] (Ch. 4 page )

An estimate of the covariance matrix Q of the var ia t ion  of the 

aerodynamic der ivat ives is given in th is  section. The Q matrix is  used 

only when the system is f ree  of measurement noise to move the estimates 

to t h e i r  correct values.
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The fol lowing procedure is applied fo r  the estimation of the 

diagonal elements of the Q matrix:

umin = 20 m/sec

"max = 35 m/sec

amax = 10° = 0 -175rad

"max " umaxtanamax = 6' 188m/sec

\ a x  = 30° = ° - 524 rad

"max = 39

V x  = *max/umin = 1-471rad/sec 

Then, using the nominal values of the derivatives (Table 4 .1 ) ,

we have:

X-equation of motion

(u- force,max = Vm ax = 3' 395 

(w- force)max = Vm ax = ° - 241

Z-equation of motion 

(u -force)

(w-force)

(Ti-force)

M-equation of motion 

(u-moment)max = ■ 6.475

(w-moment)max = M ^ ax = 17.215

(q-moment)max = Mqqmax = 26.650

(T)-moment)max = M ^ ax = 92.166

Each diagonal element q  ̂ of the covariance matrix is then given 

by the form:

Pu = E [wk2]

= Z u = 27.125max u max

= Z w = 33.409max w max

max 2T}T\nax = 8.325
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where:
wk is the kth output of the f i l t e r  shown in Fig. P I .1-1 and 

w is noise with covariance
C|z

E*[w?

E*[w2

E4 [w2

* 4

e* [ w2

E4[ w2
8

= 10% of the corresponding force or moment, ie:

■ 10* XuVx = 0-340

" 10* Vmax = ° - 024

* 10% Zuumax = 2 ' 713

* V m a x  = 3 ' 341

= Z^max ■ ° - 833

= 10% Muumax = ° -648

■ 10% Mwwmax = 1 ’ 722

■ 10%MqVx = 2‘ 665 

‘ 10% Vmax = 9-217

1
s + 0.5

Fig. P I . 1-1 Arrangement fo r  the estimation 

of the diagonal elements of Q

Then, (Ref. 2) :

9 l  = 

^2 =

0.5

0.002

Qg = 30.0

Q/i = 45.0  

3 .0q5 =
Ac = 2 .0
q7 = 12.0
q8 = 29.0  

qg = 340.0

All the other elements of the covariance matrix Q are zero.



-  149 -

4 .  D e r i v a t i v e  E s t im ates

The estimates of the longitudinal der ivat ives are given in th is

section.
Figs P I .1-2 to P I . 1-9 are the estimates fo r  a square wave as 

elevator  input (period 0.1  sec and amplitude 0.005rad) .
Figs P I . 1-10 to P I . 1-17 are the estimates fo r  a multistep as 

elevator  input (period 0.35 sec and amplitude 0.005 r a d ) .
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Academic Press, 1970.

2. Papoulis A. "Probabi l i ty ,  Random Variables and Stochastic

Processes"

McGraw-Hill Kogakusha, L t d . , 1965.



n
*

-  150 -
XlO-2
-8

-9

-10

- 1 1

- 12 :

-13

-14

-15

-19

T im e  ( s e c s  )

Fig. P I . 1-2 xu estimate (square waveinput)

X10-3
GO

58

56

54

52:

50

48

46

44

42:

40:

38:

36

34

T im e  ( s e c s  )

F i g .  P I . 1 -3  xw e s t i m a te  (square  wave i n p u t )
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x i c r 2

-96

-98:

- 100:

- 102 :

-104

-106:

-108

-1 1 0

- 112 :

-1 U

-116:

-118L
T im e  ( s e c s )

Fig. P I . 1-4 zu estimate (square wave input)

X10"1
-5 0 ——,, -,—|—,—|—|—,—r—|—i—i—i—i—r—i—i—i—i—|—i—i—i ' i i " i '- 1—1—I i i i ' ■—r—r—i—i—|—i—i—i—' ' " '—r- 

-55;'--------------- ---------- ----------------------------------------------------------------------------------------------- ---- -----

- g o :

-65

-70

-75.

—80

-85.

-90.

-95 j.
1 n n p     ■ ■ ■ ■ i__ i _ i __ i i » i ..I.—i— i— i— 1 . 1 . »  . . i— »— i « 11... «— i— i— i— i— i— i— »— <-

0 1 2  3 4
T im e  ( s e c s )  X10*

F i g .  P I . 1 -5  zw e s t i m a t e  (square  wave i n p u t )
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x i c r 2
29

28

27

26

25:

24

23

22 :

20 :

19t.
Time ( s e c s ) X10*

Fig P I . 1-6 mu estimate (square wave input)

X 1 0 " 1
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- 2 i

-22

-24

-26

-28

-30

-32

-36

-38

-40

-421
Time ( secs  )

F i g .  P I . 1 -7  mw e s t i m a te  (square  wave in p u t )
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Time ( secs  ) X10*

Fig. P I . 1-8 Mg estimate (square wave input)
XIO1
-15

-16

-17

- l e ;

-19.

- 20 ;

-21

- 22 ;

-23

-24

-25

-26;

-27

Time ( secs  )

F i g .  P I . 1 -9  niq e s t i m a te  (square  wave i n p u t )
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x i c r 2
- 1 0

- i l

- 1 2 ;
3
<

-13

-14

-15;

-16

T im e  ( s e c s  )

Fig. P I . 1-10 xu estimate (multistep input)

x io-3
70

65

60

55

50:

45

40

35
T im e  ( s e c s  )

Fig.  P I . 1-11 x estimate (multistep input)



-  155 -

x i c r 1
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i
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-13

-14

T im e  ( s e c s  )

Fig. P I . 1-12 zu estimate (multistep input)
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-5
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-7

-8
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-10

- 1 1

T im e  ( s e c s  )

F i g .  P I . 1 -1 3  zw e s t i m a te  ( m u l t i s t e p  i n p u t )
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XlO-2
36
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32

30
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26

24

22L

20

18t

T im e  ( s e c s  )

Fig. P I . 1-14 mu estimate (multistep input)
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-10

-15

-20

-25

-30

-35

-40

-45

T im e  ( s e c s  )

F i g .  P I . 1 -1 5  mw e s t im a te  ( m u l t i s t e p  in p u t )
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-20

-22

-2d

- 2 6

- 2 8 -
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Fig. P I . 1-16 niq estimate (multistep input)

X 1 0 1
- 1 3

- 1 4

- 1 5 -

- 1 6 *

- 1 7
V  :

- 1 8 :

- 1 9

- 2 0

- 2 1

- 2 2

- 2 3

- 2 4

- 2 5

- 2 6

- 2 7
0  1 2  3  4  =

T im e  ( s e c s  ) X I O *

F i g . P I . 1 -17  m^ e s t i m a te  ( m u l t i s t e p  i n p u t )
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Appendix P I . 2

PARAMETER IDENTIFICATION 

Lateral Model

1. F and H Matrices of the Lateral  Model

The F and H matrices of the la te ra l  model of X-RAE1 (Ch.4 

are presented in th is  appendix. They are derived in a s imilar  way 

F and H matrices of the longitudinal model.

The non-zero elements of the F matrix are:

" Y n
SX12

The H ma

1,1 = 1 + Tsx5 F3 , l  = T

1 ,2  = " ° - 561Ts F3,2 ° T

1,3 = - 29- 767Ts F3,3 = 1

1,4 " 9 -804Ts F3 , l l  “ T

1,5 = V l F3,12 " T

1 ,6  = Tsu2 F3,13 " ?

F3,14 = T

2 ,1  = Tsx7

2 ,2  = 1 + Tsx8 F4,2  " Ts

2,3 = Tsx9 F4,3  ■ - °

2,7 = Tsxl

2 ,8  = Tsx2

2,9 = Tsx3

2 ,10  = V l

r i x  is:

H =
0 1 0  0 0 

0 0 1 0  0

s 13

sAl

sx2

s*3

su2

page 63) 

to the
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PROGRAM RPVDER

DIMENSION X ( 1 1 ) , Y ( 1 1 ) , AS( 4 , 4 ) , 6 8 ( 4 , 2 )

REAL LF1 , LF2, M A S S , IX , IY , IZ ,K
REAL MUS, MWS, MQS, MWDS, MNS, MUB, MWB, MOB, MWDB, MNB, MTHB
REAL MU, MW, MO, MWD, MN, MTH
REAL LVS, NVS, LPS, NFS, LRS, NRS, LXS, NXS
REAL LV ,NV,LP,NP,LR,NR,LX,NX,LZ,NZ

DATA ( X ( I ) , 1 * 1 , 1 1 ) / O . , 0 . 0 2 5 , 0 . 0 5 , 0 . 0 7 5 , 0 . 1 , 0 . 1 2 5 , 0 . 1 5 ,
# 0 . 1 7 5 , 0 . 2 , 0 . 2 2 5 , 0 . 2 5 /

DATA ( Y d ) ,1 = 1 ,1 1 ) / O . , 0 . 0 3 6 , 0 . 0 7 5 , 0 . 1 1 4 , 0 . 1 5 6 , 0 . 2 , 0 . 2 5 ,
*  0 . 2 9 5 , 0 . 3 4 5 , 0 . 4 , 0 . 4 5 /

OPEN(F IL E = ' RPVDER' , STATUS*' NEW' , UNIT=7 >

RPV GEOMETRY

C * * * * * * * * * * * * * * * * * * * * * * * * * * *

S * . 9307 
B * 2 .638 
C=.35 3  
AR=7•48  
E T = .16 
HA=.045  
ZF1*.0B87  
L F 1*1 .0951  
Z F 2 * .1132 
LF2=1.1019

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

RPV MASS & INERTIA CHARACTERISTICS 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

MASS=15.54 
IX = 2 .1678 
IY = 1.6469  
12=3.6962

RPV STABILITY & CONTROL DERIVATIVES

CLOW=.42 
CLAW=4.5 3  
CLO=.39B
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CLA=4.98 
CLAD=2.78 
CLQ=4.03 
CLN=.49

CDO«*. 0227  
K -.0 5 1 4

CM0-.055  
CMA=-1 .0 5  
CMAD=-9.32 
CMQ=-19.15 
CMN=-1.63

] * * * * * * * * * * * * * * * * * * * * * * * *

: CONSTANTS

; * * * * * * * * * * * * * * * * * * * * * * * *

. RO=l.2 2 5  
G=9.80665  
P I = 3 . 1415926

WRITE( 6 | 110)
10 FORMAT(1 X, / , 5X , #ENTER VT,ALPHA,E N '/ )

READ<6,*> VT,A,EN  
WRITE(7 ,1 2 0 )  VT 

20 FORMAT<1X, / , 5X , ' STEADY STATE VELOCITY' , F 5 . 1 , / / >

DERIVATIVES DUE TO THRUST

TV— 2. # .0 05 5#  VT 
TTH=26.7154

t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

AERODYNAMIC COEFFICIENTS 

a * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

CLW=CLOW+CLAW*A
CL=CLO+CLA*A+CLN*EN
CM=CMO+CMA#A+CMN*EN
CD=CDO+K*CLW#CLW

CDA=2.*K*CLW*CLAW
CDVD-2. *CLW*(K - 1 . / ( P I * AR) ) *CLAW*P1 /1 8 0 .



: LONGITUDINAL AERODYNAMIC DERIVATIVES-STABILITY AXES
: (C .B . on th e  Mean Aerodynamic Chord)

: * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

XUS=-RO*VT*S*CD 
XWS=.5*R0*VT*S*(CL—CDA)
XQS=0.0 
XMDS-O.O 
ZUS=-RO*VT*S*CL 
ZWS=-.5*R0*VT*S*(CLA+CD)
ZQS=-.25*R0*VT*S*C*CLQ  
ZWDS=-.25*R0*S*C*CLAD 
MUS=RO*VT*S*C*CM 
MWB=.5*R0*VT*S*C*CMA 
MQS=.25*R0*VT*S*C*C*CMQ 
MWDS=.25*R0*S*C*C*CMAD 
XNS=0.0
ZNS=-. 5*R0*VT*VT*S*CLN  
MNS=.5*R0*VT*VT*S*C*CMN

; * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

I LONGITUDINAL DERIVATIVES-BODY AXES 
} (C.G. on th e  Mean Aerodynanic Chord)

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

XUB=XUS*(COS(A)) * * 2 - (XWS+ZUS)*SIN(A)*COS(A)+ZW S*(SIN(A)> * *2
*  +TV*COS(A)

XWB=XWS*(COS(A)) * * 2 + (XUS-ZW S)*SIN(A)*COS(A)—Z U S * (S IN (A ) ) * *2
*  +TV*SIN(A1 

XQB=XQS*COS(A)-ZQS*SIN(A)
XWDB=XWDS*(COS(A)) **2-ZW DS*SIN(A)*COS(A)
ZUB=ZUS*(COS(A)) * * 2 - (ZW S-XUS)*SIN (A)*CO S(A)-XW S*(SIN(A)) * * 2  
ZWB=ZWS*(COS(A)) * * 2 + (ZUS+XW S)*SIN(A)*COS(A)+XUS*(SIN(A)) * * 2  
ZQB=ZQS*COS(A)+XQS*SIN(A)
ZWDB=ZWDS*(COS(A)) **2+XWDS*SIN(A)*COS(A)
MUB=MUS*COS(A)-MWS*SIN(A)+TV*COS(A)* (HA-ET)
MWB=MWS*COS(A)+MUS*SIN(A)+TV*SIN(A)*(HA-ET)
MDB=MOS
MWDB=MWDS*COS(A)
XNB=XNS*COS(A)-ZNS*SIN(A)
ZNB=ZNS*COS(A)+XNS*SIN(A)
MNB-MNS 
XTHB=TTH 
MTHB=TTH*(HA-ET)

LONGITUDINAL DERIVATIVES-BODY AXES 
(C.G. in  F in a l  P o s i t io n )
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XU-XUB
XW-XWB
XQ=XQB-HA*XUB
XWD-XWDB
ZU-ZUB
ZW=ZWB
ZQ=ZQB-HA*ZUB
ZWD-ZWDB
MU»MUB-HA*XUB
MW=MWB-HA*XWB
MQ*MQB-HA*(XQB+MUB)+HA*HA*XUB
MWD=MWDB-HA*XWDB
XN»XNB
ZN=ZNB
MN=MNB-HA*XNB
XTH-XTHB
MTH-MTHB-HA*XTHB

NORMALISED LONGITUDINAL DERIVATIVES-BODY AXES 
(C.G in  F in a l  P o s i t io n )

XU=XU/MASS
XW=XW/MASS
XQ-XQ/MASS
XWD-XWD/MASS
XN-XN/MASS
XTH=XTH/MASS

ZU=ZU/MASB
ZW=ZW/MASS
ZQ=ZQ/MASS
ZWD-ZWD/MASS
ZN-ZN/MABS

MU-MU/IY
MW=MW/IY
MQ=MQ/IY
MWD=MWD/IY
MN=MN/IY
MTH-MTH/IY

WRITE(7 y 10) XU,XW,XQ,XWD,XN,XTH
F0RMAT(1X,/,5X,'NORMALISED LONGITUDINAL DERIVATIVES-BODY AXES' 

« , 2 ( 1 X / ) , 5 X ,
*  'X U = ' ,F 8 .3 ,2 X , 'X W = ' ,F 8 .3 ,2 X , 'X Q = ' ,F 8 .3 ,2 X , 'X W D = ' ,F 8 .5 ,2 X ,
*  'X N = ' ,F 8 .3 ,2 X , 'X T H = ' ,F 8 .3 )

WRITE(7y20) ZU,ZW,ZQ,ZWD,ZN
F O R M A T (5 X , 'Z U = ' ,F 8 .3 ,2 X , 'Z W = ' ,F 8 .3 ,2 X , 'Z Q - ' ,F 8 .3 ,2 X ,

*  'Z W D = ' ,F 8 .3 ,2 X , 'Z N - ' ,F 8 .3 )
WRITE(7 ,3 0 )  MU,MW,MQ,MWD,MN,MTH
FORMAT(5Xv 'M U - ' ,F 8 .3 ,2 X , 'M W - ' ,F 8 .3 ,2 X , 'M Q » ' ,F 8 .3 ,2 X ,
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*  'M W D - ' ,F 8 .3 ,2 X , 'M N - ' ,F G .3 ,2 X ,  M T H - ' , F 8 . 3 / / / )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

LONGITUDINAL SYSTEM MATRIX

UO=VT*COS(A)
WO-VT*SIN(A)

AS(1,1)-XU+ZU*XW D/<l-ZWD)
AS < 1 ,2 ) -XW+ZW*XWD/( l-ZWD)
AS < 1 ,3 ) -XQ-WO+(ZQ+UO)*XWD/<l-ZWD)
AS( 1 , 4 ) — B #C 08(A )-G *S IN (A )*XW D /( l-ZWD)

A S (2 ,1 )= Z U /( l-Z W D )
A S (2 ,2 )"Z W /( l-Z W D )
AS( 2 , 3 ) » (ZQ+UO)/ (l-ZWD) 
A S (2 ,4 )— G *S IN (A )/( l -Z W D )

AS( 3 , 1 ) -MU+ZU*MWD/(l-ZWD)
AS( 3 , 2 ) =MW+ZW*MWD/(l-ZWD)
AS( 3 , 3 ) =MQ+( ZQ+UO) *MWD/(1 -ZWD >
AS( 3 , 4 ) =-G *S IN (A )*M W D /( l-ZWD)

A S ( 4 ,1 ) * 0 .0  
AS( 4 , 2 ) B0 . 0 
A S (4 ,3 )= 1 .0  
AS( 4 , 4 ) "Oe 0

LONGITUDINAL INPUT MATRIX

BS( 1 , 1 ) =XN+ZN*XWD/( l-ZWD)
BS( 1 , 2 ) «XTH

BS( 2 , 1 ) * Z N / ( l-ZWD)
B S (2 ,2 )= 0 .0

BS( 3 , 1 ) -MN+ZN*MWD/( l-ZWD)
BB(3,2)-M TH

B S ( 4 , l ) - 0 . 0  
BS( 4 , 2 ) ■O.0

W R ITE (7 ,101>
1 FORMAT(5X,'LONGITUDINAL SYSTEM M A TRIX '/)  
WRITE(7 ,1 0 2 )  ( ( A S ( I , J ) , J - l , 4 ) , 1 - 1 , 4 )

2 FORMAT( 4 ( F 9 .3 , 2 X ) )
WRITE(7 ,1 0 3 )

3 FORMAT(1X//5X,'LONGITUDINAL INPUT M ATRIX '/)
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WRITE<7,104) < <BS( I , J > ,3 = 1 ,2 ) ,1 = 1 ,4 )  
L 04 FORMAT(2(F9.3,2X>>

LATERAL DERIVATIVEB-BTABILITY AXES

Y V S » -.3 0 5 4 * .5 *R 0 *V T *S
LVS=■5 *R 0 *V T *S *B *( - . 0 1 1 9 - . 0 0 1 6*CL

*  - .1 9 6 9 * (Z F 1 *C 0 S (A ) -L F 1 *S IN (A ) ) /B )
N V S ".5*R 0*V T *S *B *( - . 0 3 6 3 + .1 9 6 9 * (L F1*C 0S (A )+ZF 1*B IN (A )>/B )

XC= < Z F 2 - ( ZF2*C0S(A) - L F 2 * B IN (A ) ) ) /B  
XCA=ABS(XC)
1=1

.11 I F (XCA.EQ.X( I ) )  THEN
YPBD=Y <I ) *XC/XCA 
ELBE IF (X C A .LT . X ( I ) )  THEN

YPBD=Y ( I  —1 > + (XCA—X ( I —1) > * (Y ( I>  —Y ( I —1) ) / ( X ( D —X ( I —1) ) 
YPBD=YPSD*XC/XCA 
GO TO 121 
ELSE 
1=1 +  1 
GO TO 111

END I F 
.21 CONTINUE

Y P F = -.3 1 3 3 # ( (Z F 2 *C 0 S (A )-L F 2 *S IN (A )) /B-.1B-YPBD)
YPB-. 5 *R 0 *V T *S *B *( . 07B#CL+YPF>
LPB«.5#R0*VT#B*B#B#( - . 2457+YPF*( Z F 2*C 0S (A )-L F 2*S IN (A )) /B >
NPB*. 5#R0#VT*S#B#B#( - . 034*CL+1 . 23*CDVD

*  -Y P F *(L F 2 *C 0 S (A )+ Z F 2 *S IN (A )) /B )

Y R F -.2 1 6 4 * (LF1*C 0S (A )+ZF 1*S IN (A )) /B  
YRS=. 5#R0*VT*S*B#( - .0 1 0 9 + YRF)
LRS-. 5 *R 0 *V T *S *B *B *( - .0 0 1 8 9 + .1 243*CL

*  + Y R F *(Z F 1*C 0S (A )-L F 1 *S IN (A )>/B )
NRS=.5*R 0*VT*S*B *B *( - . 0 0 2 2 - . 1621*CD0-.009*CL*CL

*  -Y R F*(L F 1*C 0S (A )+ Z F 1 *S IN (A )>/B )

LXB». 5 *R 0*V T *V T *S *B *( - .2 2 9 1 )
NXS-.5#R0#VT#VT#S#B*.0195*CL

LATERAL DERIVATIVES-BODY AXES 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

YV=YVS
YP=YPS*COS(A) -Y R S *S IN (A)
YR=YRS*COS(A)+YPS*SIN(A) 
YZ= .5#R 0*V T*V T#S *.1184
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LV«LVB*COS< A>-N V S *S IN (A)
LP=LPS*(COS(A)) **2 + N R S *< SI N (A > ) * * 2 - < LRS+NPS) * 8 1N(A > *COS(A) 
LR=LRS*(COS(A)) * *2 -N P S * (S IN (A ) ) * * 2 + (LPS-NRS)*SIN(A)*COS(A) 
LX=LXS#COS(A)-NXS*SIN(A)
L Z " .5 *R O *V T *V T *S *B *.00398

NV»NVS*COS(A)+LVS*SIN(A)
NP=NPS*(COS(A)>* * 2 -L R S * ( S IN ( A ) ) * * 2 + (LPS-NRS)*BIN(A> *COS(A) 
NR=NRS*(COS(A)) * *2 + L P S * (S IN (A ) ) * * 2 + (LRS+NPS)*SIN(A)*COS(A) 
NX=NXS*COS(A)+LXS*SIN(A)
NZ=. 5*R 0*V T *V T *S *B *( - .0 4 9 2 )

NORMALISED LATERAL DERIVATIVES-BODY AXES

YV-YV/MASS
YP-YP/MASS
YR-YR/MASS
YZ-YZ/MASS

L V -L V /IX
LP=LP/IX
LR=LR/IX
L X -L X /IX
L Z -L Z / IX

NV=NV/IZ
NP=NP/IZ
NR-NR/IZ
N X-NX/IZ
NZ=NZ/IZ

WRITE(7 ,4 0 )  YV,YP,YR,YZ
FORMAT(1X///5X,'NORMALISED LATERAL DERIVATIVES-BODY AXES'

*  , 2 ( 1 X / ) , 5 X ,
*  *YV= * ,F 8 .3 ,2 X , 'Y P = ' ,F B .3 , 2 X , ' YR=' , F 8 .3 ,2 X , YZ= F 8 .3 )  

WRITE(7 ,5 0 )  LV, LP, LR, LX, LZ
FORMAT(5X, L V = ' ,F 8 . 3 , 2 X , 'L P = ' , F 8 . 3 , 2 X , 'L R » ' , F 8 . 3 , 2 X ,

*  'L X - ' , F 8 . 3 , 2 X , 'L Z =  ,F 8 .3 )
WRITE(7 ,6 0 )  NV,NP,NR,NX,NZ
F O R M A T (5 X , 'N V » ' ,F 8 .3 ,2 X , 'N P » ' ,F 8 .3 ,2 X , 'N R = ' ,F 8 .3 ,2 X ,

*  ' N X - ' , F 8 . 3 , 2 X , ' N Z - ' , F 8 . 3 / / / >

LATERAL SYSTEM MATRIX

A S (1 ,1 ) -Y V  
AS( 1 , 2 ) * YP+WO 
AS( 1 , 3 ) “ YR-UO
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A S (1 ,4 )-G *C 0S (A )

AS( 2 , 1 ) «LV 
A S (2 ,2 )=LP  
AS( 2 , 3 ) «LR 
A S (214 ) - 0 . 0

AS(3,1)=NV
AS(3,2)=NP
AS(3,3)=NR
A S (3 ,4 )= 0 .0

A S ( 4 , l ) - 0 . 0
A S ( 4 ,2 ) - 1 .0
A S (4 ,3 )-T A N (A )
A S (4 ,4 )» 0 .0

LATERAL INPUT MATRIX

BS(1,1)=0.0 
BS( 1 , 2 ) =YZ

B S(2,1 )=LX
B S (2 ,2 )=L Z

B S (3 ,1 )-N X  
BB( 3 , 2 ) *NZ

B 9 (4 1l ) - 0 . 0
B B ( 4 ,2 ) - 0 .0

WRITE(7 ,2 0 1 )
1 FORMAT<5X,'LATERAL SYSTEM M ATRIX '/)  
WRITE<7,102) ( (AS( I , J ) , J - l , 4 ) , 1 - 1 , 4 )
WRITE(7 ,2 0 2 )

2 FORMAT(1X//5X,'LATERAL INPUT M A TRIX '/)  
WRITE(7 ,1 0 4 )  ( ( B S ( I , J ) , J - l , 2 ) , 1 - 1 , 4 )

CLOSE(UNIT-7)

STOP
END
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PROGRAM TRIM

OPEN (FILE*» 'TRIM ' , STATUS» 'NEW ' , U N IT-7)

S—•9307  
C -.3 5 3  
EM -15.54  
G—9.8 0 6 6 5

WRITE(6,1>
L FORMAT <1X, / , 5X , ' ENTER STEADY STATE V E L O C IT Y ', /)

READ( 6 , * )  VT

Q -.5 *1 .2 2 5 *V T *V T

H A -.045  
E T - . 16

CL0-.39B  
CLA-4.98  
CLN-.49  
CLOW-.420  
CLAW-4.53

C D 0-.0227
DK -.0514

CM0-.055  
CMA— 1.0 5  
CMN— 1 .6 3

WRITE(6 ,2 )
FORMAT( IX ,/5 X , 'E N T E R  ERROR C O E FF IC IEN T ',/)
READ(6,*> ER

1=0
CL=(EM*G)/(Q*S)
A-(CL-CLOW)/CLAW 
E N -0 .0  

b i-i+i 
EL=Q*S*(CLO+CLA*A+CLN*EN)
CLW-CLOW+CLAW*A 
D-Q*S*(CDO+DK*CLW*CLW)
CDA-2.*DK*CLW*CLAW 
CM-CMO+CMA*A+CMN*EN

F X - ( 1 . - (H A /E T)) * (E L*S IN (A )-D *C O S (A )>-EM*G*SIN(A)
*  +Q*S*C*CM/ET

FZ-(EM *G -EL)*C O S(A )-D *S IN (A )
W R ITE (6 ,11) FX,FZ  
FO R M A T(5X ,F12.9 ,2X ,F12.9)
I F ( ( ABB(FX>+ABS(FZ)) . LE.ER) GO TO 20

F X A -( 1 . - (H A /E T)) * ( (Q*S*CLA+D)*SIN(A)+ (EL-Q*S*CDA)*COS(A)>
*  -EM*G*COS(A)+Q*S*C*CMA/ET
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FXN=C l . - ( H A /E T ) ) *Q*S*CLN*SIN(A)+Q*S*C*CMN/ET  
FZA=(EL-EM*G-Q*S*CDA)*SIN(A)- (Q*S*CLA+D)*COS(A) 
FZN=-Q*S*CLN*COS(A)

DET»FXA*FZN-FZA*FXN

A"A-(FZN*FX-FXN*FZ)/DET  
EN-EN-(FXA*FZ-FZA*FX)/DET  
GO TO 10

0 T-(EM *G-EL)*S IN(A)+D*COS(A)
T H B -(T + .0 0 5 5 *V T *V T )/2 6 .7 1 5 4

WRITE(7 ,9 0 )  I  
0 FORMAT(1 X, / , SX, ' NUMBER OF ITERATIONS i , 1 4 , / / )  

WRITE<7,100) VT 
00 FORMAT(5X,'STEADY STATE VELOCITY : ' , F 5 . 1 , / >

WRITE(7 ,1 1 0 )  A, EN, THS 
10 FORMAT CSX,'ANGLE OF ATTACK',F 1 6 .9 , / , SX,

*  'ELEVATOR SETTIN G ',F I S . 9 , / , SX,
*  'THROTTLE SETTIN G ',F I S . 9 , / )  

AM=Q*S*C*CM
WRITE C7,120) EL, D, AM, T 

20 FORMAT C S X , 'L IF T ' , F 2 7 .9 , / , 5 X ,
*  ' DRAG' , F27• 9 , / , SX,
*  'PITCHING MOMENT',F16.9 , / , SX,
*  ' THRUST' , F 2 5 . 9 / )

WRITE(7 ,1 3 0 )  FX,FZ
50 FORMAT CSX,'FX=' ,F 1 2 .9 , / ,5 X , 'F Z = ' ,F 1 2 .9 , / )

WRITEC7,140) ER 
10 FORMAT CSX,'ERROR i ' ,F ÎO .7>

CLOSECUNIT-7)

STOP
END
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PROGRAM XRAE1 6D0F NONLINEAR SIMULATION FOR P I PURPOSES

" RPV GEOMETRY "

CONSTANT 8= 0 .9307  ,
AR=7.4B ,
ZF1=0.0887 , 
Z F 2 = 0 .1132 ,

B =2 .638 
E T = 0 .16 
L F i = l .0951  
L F 2 = 1 .1019

C =0 .353 
HA=0.045

RPV MASS & INERTIA CHARACTERISTICS

CONSTANT MASS=15.54
, IX = 2 .1678 , IY = 1 .6469  , IZ = 3 .6 9 6 2

■RPV STABILITY & CONTROL DERIVATIVES "

" LONGITUDINAL "

CONSTANT CL0W=0.420 
CL0=0.398 
CLQ=4.S3 
CDDW=0.0178  
CM0=0.055 
CMQ=-19.15

y ■ w W

, CLA=4.98 , CLAD=2.78
, CLN=0.49
, CD0T=0.0049, K =0 .0514 . .
, CMA=-1.05 , CMAD=~9.32 . .
, CMN=-1.6 3

" LATERAL "

CONSTANT YVB=-0.3054 
, L X = -0 .2291 
, YZB=0.11B4 , LZB=0.00398 , 

SIDEWASH COMPONENT OF YPF-

N ZB =-0 .0492

TABLE YSD,1 , 1 1 / 0 . 0 , 0 . 0 2 5 , 0 . 0 5 , 0 . 0 7 5 , 0 . 1 0 , 0 . 1 2 5 , 0 . 1 5  
, 0 . 1 7 5 , 0 . 2 0 , 0 . 2 2 5 , 0 . 2 5
, 0 . 0 , 0 . 0 3 6 , 0 . 0 7 5 , 0 . 1 1 4 , 0 . 1 5 6 , 0 . 2 0 , 0 . 2 5  
, 0 . 2 9 5 , 0 . 3 4 5 , 0 . 4 0 , 0 . 4 5 /

CONSTANT

CONSTANT

CONSTANT

CONSTANT

" ELEVATOR INPUT-
TN1=0.0 , TN2=0.0
KN1=0.0 , KN2=0.0

"  AILERON INPUT-
TX1=0.0 , TX 2=0.0
KX1=0.0 , KX2=0.0

TZ 1=0 .0 
KZ1=0.0

■RUDDER INPUT- 
, T Z 2=0 .0

K Z2=0.0

.. THROTTLE INPUT-
TT1=0.0  , T T 2= 0 .0
KT1=0.0 , KT2=0.0
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RD=1.225  
G =9 .80665  
P I = 3 . 1415926

CINTERVAL CINT=0.00 5  
NSTEPS NSTP=1
VARIABLE T IM E=0.0 
CONSTANT TMX = 3 9 .9 9

IN IT IA L

RPV IN IT IA L  CONDITIONS-

CONSTANT VTZ=30 , VZ=0.0
,P Z = 0 .0  , QZ=0.0 , RZ=0.0
,P H Z=0.0 , T H Z =-0 .024524845 , PSZ=0.0  
,DNZ=0.044591375 , DZZ=0.0 , DXZ=0.0 
,THRZ=0.715571165  
,X Z = 0 .0  , Y Z=0.0 , HZ=1000.0

UZ=VTZ*COS(THZ)
WZ=VTZ*SIN(THZ)

END $ "OF IN IT IA L "

DYNAMIC

DERIVATIVE

" ANGLE OF ATTACK-
A=ATAN(W/U)

" TOTAL VELOCITY "
VT=SQRT(U**2+V**2+W**2)

"--------DYNAMIC PRESSURE— -------"
Q P=0.5*R 0*VT**2

•» ELEVATOR DEFLECTION "
DN=KN1*STEP(TNI)+KN2*STEP(TN2)+DNZ

" AILERON DEFLECTION "
DX=KX1*STEP(TX1 )+KX2*STEP(TX2)+DXZ

" RUDDER DEFLECTION "
DZ=KZ1*STEP(TZ1)+KZ2*STEP(TZ2)+DZZ

"-------- THROTTLE SETTING "
THR=KT1*STEP(TT1) +KT2*STEP(TT2)+THRZ

" -PART OF TOTAL L IFT  COEFFICIENT "
" L IFT  DUE TO ANGLE-OF-ATTACK RATE IS  EXCLUDED
CL1=CL0+CLA*A+CLQ*Q*C/(2*VT)+CLN*DN

" -------- WING-BODY L IF T  COEFFICIENT-----------"



-  171 -

CLW=CLOW+CLAW*A

" TOTAL DRAG COEFFICIENT "
CD=CDOW+CDOT+K*CLW**2

11-------- THRUST —11
T = 2 6 .7 1 5 4 *T H R -0 .0 0 5 5 *V T **2

"-------- COEFFICIENTS NEEDED FOR LONGITUDINAL EOS "
B l=R *V-Q *W -G *S IN (TH )+Q P*S*(C L l*S IN (A )-C D *C O S(A ))/M A SS.. .  

+T/MASS
B2=Q*U-P*V+G*COS<TH)*COS(PH) . . .

-Q P*S*(CLl*COS(A)+CD*SIN(A))/M ASS  
D =Q P*S*CLAD*C/(2*M ASS*VT*(U**2+W **2)>
D l= l+D *(U *C O S (A )+W *S IN (A ))
D2=D*(B1*CQ S(A)+B2*SIN(A)>

"----------VELOCITY RATE ALONG XB AXIS-----------"
UD=(B1+U*D2)/D1

"----------VELOCITY RATE ALONG ZB AXIS-----------"
WD=(B2+W*D2)/D1

" ANGLE OF ATTACK RATE "
AD=(WD*U-UD*W)/ (U**2+W **2)

..----------PITCHING MOMENT COEFFICIENT-----------"
CM=CMO+CMA*A+CMAD*AD*C/(2*VT)+CMQ*Q*C/(2*VT)+CMN*DN

» L IFT  COEFFICIENT "
CL=CL1+CLAD*AD*C/(2*VT)

" PITCHING ANGULAR ACCELERATION ABOUT YB AXIS "
Q D=C(IZ-IX)*P*R+Q P*S*C*CM -T*ET) / I Y 

-HA*QP*S*(CL*SIN(A)-CD*COS<A> > / IY

" LATERAL STABILITY DERIVATIVES "
•• ABILITY AXES------------------------11

NV = - 0 .0 3 6 3 + 0 .1 9 6 9 *(L F 1 *C 0 S (A )+ Z F 1 *S IN (A )) /B  
LV = - 0 . 0 1 1 9 - 0 . 0016*C LW -0 .1 9 6 9 * (Z F 1 # C 0 S (A )-L F 1 *S IN (A )) /B  
XI = (Z F 2 - (Z F 2 *C 0 S (A )-L F 2 *S IN (A )) ) /B  
Y1 =ABS( X1>
YPS =X1*YSD(Y1)/Y1
YPF =—0 .3 1 3 3 *  <(ZF2*C0S(A)—L F 2 *S IN (A )>/B -0 . IB -Y P S )
YP = 0 .07B*CL+YPF
CDVD=2*CLW *(K-1/(P I* AR) ) *CLAW*P1 /1 8 0 .0
NP = - 0 . 034*CL+1. 23*C D V D -Y PF*(LF2*C 0S(A )+ZF2*S IN (A ))/B
LP — 0 . 2457+YPF*< ZF2*C0S(A) -L F 2 * S IN (A ) ) /B
YRF = 0 .2 1 6 4 * (L F 1*C 0S (A )+ZF 1*S IN (A )) /B
YR = -0 .0 1 0 9 + YRF
NR = - 0 .0 0 2 2 -0 .1 6 2 1 *CD0W-0. 009*CLW**2 . . .

-Y R F *(L F 1*C 0S (A )+ Z F 1 *S IN (A )) /B  
LR =—0 .0 0 1 8 9 + 0 .1243*CLW +YRF*(ZF1*C0S(A)-LF1*B IN(A)>/B  
NX =0.019S*CLW
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" TRANSFORMATION TO BODY REFERENCE AXES "

YPB=YP*COS< A) -YR*SIN  < A)
YRB=YR*COS(A) +YP*SIN < A)
LVB=LV*COS(A) -N V *S IN (A >
LPB=LP*(COS(A)) * * 2 - (LR+NP)*S IN (A )*C O S(A )+N R *(S IN (A> > **2  
LRB=LR*(COS(A))* * 2 - (N R -L P )*S IN (A )*C O S (A )-N P *(S IN (A ) ) * * 2  
NVB=NV*COS(A) +L V *S IN (A >
NPB=NP*(COS(A)> * * 2 - (N R -L P )*S IN (A )*C O S (A )-L R *(S IN (A )> **2  
NRB=NR*(COS(A)) * * 2 + (L R +N P )*S IN (A )«C O S (A )+LP *(S IN (A )>««2 
LXB=LX*COS(A)-NX*SIN(A)
NXB~NX«C0B(A)+LX*SIN(A)

" AERODYNAMIC FORCE ALONG YB AXIS "
Y=QP*S«(YVB*V+B*YPB*P+B*YRB«R)/VT+QP#8«YZB*DZ

» AERODYNAMIC MOMENT ABOUT XB AXIS "
L=QP*S*B*(LVB#V+B*LPB*P+B*LRB*R)/VT+QP*S*B*(LZB*DZ+LXB*DX)

"-------- AERODYNAMIC MOMENT ABOUT ZB A X I S - - - - - -
N~0P«8«B«(NVB*V+B*NPB*P+B*NRB«R)/VT+QP«S*B*(NZB«DZ+NXB«DX>

" VELOCITY RATE ALONG YB AXIS "
VD=P*W-R*U+G*COS(TH)«SIN(PH)+Y/MASS

..-------- ROLLING ANGULAR ACCELERATION ABOUT XB AXIS---------- "
PD=( ( I Y - I Z ) *D«R+L) / IX

" YAWING ANGULAR ACCELERATION ABOUT ZB AX IS  "
RD=( ( I X - I Y) *P*Q+N) / IZ

"---------VELOCITY RESOLVED ON EARTH AXES "
UE=COS(TH)«COS(PS)«U

+ (S IN(PH)«SIN(TH)«CO S(PS)-CO S(PH)«SIN(PS)) «V . . .
+ (COS(PH)«SIN(TH)«COS(PS)+S IN (P H )« S IN (P S )) *W

VE=COS(TH > * S I N (PS > «U
+ (S IN (P H )« S IN (T H )« S IN (PS)+COS(PH)«COS(PS)) «V . . .
+ (COS(PH)«SIN (TH)«SIN(PS)-S IN (PH)«CO S(PS)>*W

W E--S IN (TH )«U+SIN(PH)«COS(TH) * V+COS(PH) «COS(TH) «W

HD=-WE

"— — EULER ANGLE RATES— 11 
PHD=P+Q«TAN(TH)«SIN(PH)+R*TAN(TH)«COS(PH)
THD=Q*COS(PH)—R*SIN(PH)
PSD-(R*COS(PH)+Q«SIN(PH)) /COS(TH)

U =INTEG(UD, UZ>
V =INTEG(VD, VZ)
W =INTEG(WD, WZ)
P =INTEG(PD, PZ)
Q =INTEG(QD, QZ)
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END $

END *

R =INTEG(RD, RZ) 
XE=INTEB <UE, XZ) 
YE=INTEG(VE, YZ>
H =INTEG(HD, HZ) 
PH=INTEG(PHD,PHZ) 
TH=INTEG(THD,THZ) 
PS=INTEG(PSD,PSZ)

"OF DERIVATIVE"

UPR=U-UZ
WPR=W-WZ
THPR=TH-THZ
ALPHA=A-THZ
HPR=H-HZ
TERM!(TIME.GE.TMX .OR. 

"OF DYNAMIC"

H .L E .O.O)

END $ "OF PROGRAM"



-  174 -

PROGRAM XRAE1 LINEAR LONGITUDINAL MODEL 

IN IT IA L

"-----AERODYNAMIC DERIVATIVES-------"
CONSTANT X U =-0 .097 ,XW= 0 .0 3 7 ,X Q = -0 .0 1 9  ,XW D=-0.0 0 0 4 4 . . .

fZ U = -0 .789 ,Z W = -5 .4 9 6 ,Z Q = -0 .9 0 2  ,ZWD=-0.018 . . .
,MU= 0 .0 2 9  ,MW =-3.865,M Q=-12.381,MW D=-0.201

" CONTROL DERIVATIVES----------"
CONSTANT X N =-0 .397 ,Z N = -16 .17 2 ,M N = -17 9 .0 79  

, XTHR=1 .7 1 9 ,MTHR=-2.5 9 5

"-------ELEVATOR INPUT-------- "
CONSTANT TN l-O .O ,TN 2=0. O, KN1 = 0 .O, KN2=0.0

».-------THROTTLE INPUT-------- "
CONSTANT TT1 = 0 .0 ,TT2-O. 0 , KT1 = 0 .0 ,KT2=0.0

T H 0 = -0 .024524845  
8=9.80665  
VT0=30.0

CINTERVAL C INT=0.05  
NSTEPS NSTP=1 
VARIABLE T IM E=0.0 
CONSTANT TMX=4O.O

" IN IT IA L  CONDITIONS "
CONSTANT U Z=0 .0 ,W Z = 0 .0 ,Q Z =0 .0 ,T H Z =0 .0 ,H Z= 0 .0

UO=VTO*COS(THO)
WO=VTO*SIN(THO)

END $ "OF IN IT IA L "

DYNAMIC
DERIVATIVE

" ELEVATOR DEFLECTION- "
DN=KN1*STEP(TNI)-KN2*STEP(TN2)

"---THROTTLE INPUT "
THR=KT1*STEP(TT1 ) -KT2#STEP(TT2)

"— EQUATIONS OF MOTION & GEOMETRY "
UD=XU*U+XW*W+(XQ-WO)*Q-G*COS(THO)*TH+XN*DN+XTHR*THR

+(ZU*U+ZW*W+(ZQ+UO)*Q-G*SIN(THO)*TH+ZN*DN)*XWD/( l-Z W D ). . .

WD=(ZU*U+ZW*W+(ZQ+UO)*Q-G*SIN(THO)*TH+ZN*DN)/ (l-ZWD)

QD=MU*U+MW*W+MQ*Q+MN*DN+MTHR*THR
+(ZU*U+ZW*W+(ZQ+UO)*Q-G*SIN(THO)*TH+ZN*DN)*MWD/(l-ZWD). . .

THD=Q
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HD=SIN(THO)*U-COS(THO>*W+VTO*TH

U=INTEG(UD,UZ)
W=INTEG(WD,WZ)
D=INTEB(DD,QZ>
TH=INTEG(THD,THZ)
H=INTEG(HD,HZ)

END $ "OF DERIVATIVE"

ALPHA=(UO*W-WO*U)/ (VTO**2)

TERMT(TIME.GE-TMX)

END $ "OF DYNAMIC" 
END $ "OF PROGRAM"
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PROGRAM XRAE1 LINEAR LATERAL MODEL 
IN IT IA L

»----AERODYNAMIC DERIVATIVES "
CONSTANT YV— 0 .3 3 6  , YP=0.1 7 5  , YR=0. 2 2 4 . . .

,L V = -0 .4 1 4  ,L P = -1 3 .3 6 0 ,L R = 2 .4 1 2 . . .
,NV=0.558 ,N P = -0 .6 2 2  , NR— 1.4 26

" CONTROL DERIVATIVES----------"
CONSTANT Y Z -3 .9 0 9  ,L Z = 2 .485 ,NZ— 1 8 . 0 1 5 . . .

,LX— 1 4 2 .9 0 2 ,N X = 4 .182

"— ——AILERON INPUT— —"
CONSTANT 7 X 1 = 0 .0 ,TX2=0. 0 , KX1 = 0 .0 ,KX2=0.0  
” RUDDER INPUT "
CONSTANT TZ1 = 0 .0 ,TZ 2= 0 .0 ,K Z 1= 0 .0 ,K Z 2= 0 .0  

T H 0 = -0 .024524845  
8=9 .80665  
VT0=30.0

CINTERVAL C INT=0.005  
NSTEPS NSTP=1 
VARIABLE TIM E=0.0  
CONSTANT TMX=40.0
"------ IN IT IA L  CONTITIONS----- "
CONSTANT VZ=0. 0 , PZ=0. 0 , RZ=0. 0 , PHZ=0.0  

UO=VTO*COS(THO)
WO=VTO*SIN(THO)
END $ "OF IN IT IA L "
DYNAMIC
DERIVATIVE

"------ AILERON DEFLECTION----- "
DX=KX1*STEP <TX1 ) -KX2*STEP <TX2)
" RUDDER DEFLECTION "
DZ=KZ1*STEP(TZ1 ) -KZ2*STEP(TZ2)

VD=YV*V+(YP+WO)*P+<YR-UO)*R+G*COS(THO)*PH+YZ*DZ 
PD=LV*V+LP*P+LR*R+LX*DX+LZ*DZ 
RD=NV*V+NP*P+NR*R+NX*DX+NZ*DZ 
PHD=P+TAN(THO)*R

V=INTEG(VD,VZ)
P=INTEG(PD,PZ)
R=INTEG(RD,RZ>
PH=INTEG(PHD,PHZ)

END $ "OF DERIVATIVE"
TERMT(TIME.GE.TMX)

END $ "OF DYNAMIC"
END $ "OF PROGRAM"
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PROGRAM KALMAN
/

DOUBLE PRECISION T ( 1 5 ) ,W1<4>, EPS,HM,HI 
REAL X G (lO O l),Y G (10010)
INTEGER IA 1 (2)

PARAMETER<ISZ=4)
PARAMETER( INPZ=2)
PARAMETER( I0Z=2)
PARAMETER(IPZ=10)
PARAMETER( IASZ=14)
PARAMETER( IT Z = 1001>

DOUBLE PRECISION AS( IS Z , IS Z ) ,B S ( IS Z , IN P Z ),C S ( IO Z, I S Z ) ,
*  X S ( IS Z ) ,X 1 S ( IS Z ) ,X 2 S ( IS Z ) , U ( IN P Z ) ,U S ( IN P Z ) ,Y ( IO Z ) ,Y S ( IO Z ) ,
*  Q ( I P Z , IP Z ) , R ( IO Z , I O Z ) ,R I ( IO Z , IO Z ) ,
*  C ( IO Z , IA S Z ) ,C T ( IA S Z , IO Z ) ,E ( IA S Z , IP Z ) ,E T ( IP Z , IA S Z ) ,
*  P H I ( IASZ, IA S Z ),P H IT ( IA S Z ,IA S Z ) ,G M ( IASZ, IA S Z ) , GP( IASZ, IA S Z ) ,
*  JK(IASZ yIO Z ) ,J K T ( IO Z , IA S Z ) , XM<IA S Z ), XP( IA S Z ) ,U N I( IA S Z , IA S Z ) ,
*  UG( INPZ, I T Z ) , VG( IO Z, IT Z ) ,V ( IO Z > ,E M (IO Z > ,Z H (IO Z > ,
*  A 1 ( IA S Z , IO Z ) , A 2( IO Z , IO Z ) ,A 3 ( IASZ, IA S Z ) ,A 4 ( IASZ, I P Z ) ,
*  A 5 ( IA S Z , IA S Z ) ,A 6 ( IA S Z , IA S Z ) , A 7( IASZ, IASZ)

COMMON UG

DATA I S , I N P , 1 0 , I P / 4 , 2 , 2 , 10 /
DATA R ( l , l ) , R ( 1 , 2 ) , R ( 2 , 1 ) , R ( 2 ,2 ) / 2 . 0 1 4 D - 7 ,0 . 0 , 0 . 0 , 2 . 0 1 4 0 - 7 /

OPEN(FILE='EXKAL' ,STATUS='NEW' ,UNIT=17>

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

ENTER PROCESS MATRIX Q ( IP , IP )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
WRITE(6,99Q>

?B FORMAT( 2 ( IX / ) ,5 X , 'E N T E R  0 ( I , I ) , 1 = 1 , I P ' )
READ( 5 , * )  ( Q ( I , I ) , 1 = 1 , IP )
DO 10 1 = 1 , IP
DO 10 J = 1 , IP
I F ( I .N E .J) Q( I , J ) = 0 .0
CONTINUE

ENTER MEASUREMENT AND INTEGRATION STEPS 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

WRITE(6 ,9 9 9 )
? FORMAT(1X/5X,'ENTER H M ,H I' )
READ( 5 , * )  HM,HI 
WRITE(1 7 ,1 0 0 0 ) HM,HI
>0 FORMAT( 2 ( 1 X / ) , IX,'MEASUREMENT INTERVAL i ' ,F 8 .4 ,  ' secs /

1 IX,"INTEGRATION STEP : " , F 8 . 4 , "  s e c s ' )
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IS  I NUMBER OF STATES
INF 8 NUMBER OF INPUTS
10 8 NUMBER OF OUTPUTS
IP  8 NUMBER OF PARAMETERS TO BE IDENTIFIED
IAS 8 NUMBER OF AUGMENTED STATES

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

IA S=IS+IP

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

CREATE SYSTEM MATRICES 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

CALL S M T C S (A S ,B S ,C S ,H I,IS ,IN P ,IO )

SELECT SYSTEM INPUT 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 4

WRITE(6 ,1 0 1 0 )
010 FORMAT< 2 (I X / > ,1 X , '

1 I X , '  TYPE 1 a For
2 I X , '  TYPE 2 a For
3 I X , ' TYPE 3 8 For

READ( 5 , * )  INPUT
I F ( INPUT.EQ.1> CALL SQW(INP,HM)
I F ( INPUT.EQ.2) CALL MLSTP<INP,HM>
I F ( INPUT.EQ.3) CALL RANDOM(INP)

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

SELECT MEASUREMENT NOISE

> * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

SELECT SYSTEM IN P U T '/ /  
SQUARE WAVE'/ 
MULTISTEP'/ 
RANDOM N O IS E ' / / )

WRITE(6 ,1 0 2 0 )
>20 FORMAT (2 < I X / )  , IX ,  '

1 IX ,  '
2 IX ,  '

READ( 5 , * )  NOISE
IF (N O IS E .N E .1) GO TO 50

DO 20 1=1,10  
EM( I > = 0 .0  
CONTINUE

SELECT MEASUREMENT N O IS E ' / /
TYPE 1 8 IF  YOU WANT N O IS E '/
TYPE 2 a IF  YOU DO NOT WANT N O IS E ' / / )

WRITE(6 ,1 0 3 0 )
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030 FO RM AT(2(lX />, 1 X, '  ENTER COVARIANCE R OF
1 MEASUREMENT N O IS E ' / / )

READ( 5 , * )  ( < R ( I ,J > , 1 = 1 , 1 0 ) ,J = 1 , I0 >
WRITE <17,1040)

040 FORMAT( 2 (IX /),1X ,'C O VA R IA N CE R OF MEASUREMENT N O IS E '/)
DO 30 1=1 ,10
WRITE(1 7 ,1 0 5 0 ) (R ( I , J ) , J = 1 , ID)

0 CONTINUE
050 FORMAT(1 X, 4F1 1 .5  >

EPS=0.0 1 /DBLE(10)
1=1
CALL B05CBF( I >
IFA IL=0
CALL G 05E A F(E M ,IO ,R ,IO ,E PS ,T , 1 5 , IF A ID  
I F ( IF A IL .NE.0) WRITE(6 ,1 0 6 0 )

060 FORMAT( 2 ( I X / > ,1X,'ERROR IN B05EAF' / )
DO 40 1=1,1001  
IFA IL=0
CALL G 0 5 E Z F (Z H ,I0 ,T ,1 5 , IF A IL )
I F ( IF A IL .NE.0) WRITE(6 ,1 0 7 0 )

070 FORMAT( 2 ( I X / ) , IX,'ERROR IN B05EZF' / )
DO 40 J = 1 ,10  
VG(J , I ) =ZH(J)

0 CONTINUE 
0 CONTINUE

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

ENTER IN IT IA L  CONDITIONS

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

WRITE(6,10B0)
080 F O R M A T (2 (1 X /) ,1 X ,' ENTER AUGMENTED IN IT IA L

1 STATE VECTOR'//)
READ( 5 , * )  (XM( I ) , 1 = 1 , IAS)
WRITE(1 7 ,1 0 9 0 ) (X M (I> , 1 = 1 , IAS)

>90 F O R M A T (2 ( lX /> ,1 X , ' AUGMENTED IN IT IA L  STATE VECTOR' /
1 1 7 ( lX ,F 1 1 .4 /> )

DO 60 1 = 1 , IS
X S ( I ) = 0 .0
CONTINUE

DO 70 1 = 1 , IAS 
DO 70 J = 1 , IAS 
B M (I , J ) = 0 .0  
CONTINUE

WRITE(6 ,2 0 0 0 )
00 FORM AT(2(1X/), 1 X, '  ENTER DIAGONAL ELEMENS OF G M '//>
READ( 5 , * )  ( G M ( I , I ) , 1 = 1 , IAS)
WRITE(1 7 ,2 0 1 0 ) (GM( 1 , 1 ) , 1 = 1 , IAS)

10 F 0R M A T(2 (lX /), lX ,'D IA G O N A L OF B M ' / l 7 ( l X , F l l . 4 / > >
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WRITE(6 ,2 0 2 0 )
2020 FORMAT( 2 ( I X / ) « I X , ' ENTER NUMBER OF IT E R A T IO N S '/ / )

READ( 5 , * )  ITER  
NPTS=ITER+1

THE EXTENDED KALMAN FILTER ALGORITHM

I« IN T (H M /H I)

K=0
J=0

DO 80 L=1 ,IA S  
DO 80 M = 1 ,I0  
C (M ,L )= 0 .0  

Ï0 CONTINUE 
C ( l , 2 ) = 1 . 0  
C ( 2 ,3 ) = 1 .0

CALL TRANS(C,CT,1 0 , IAS)
CALL M TXE(E ,H I, IA S , IP )
CALL TR A N S(E ,ET,IA S ,IP )
CALL M U L T (E ,Q ,A 4 ,IA S ,IP ,IP )
CALL MULT(A 4 ,E T ,A 5 , IA S , IP , IA S )
CALL NULL(UNI,IAS)

10 CONTINUE
DO 100 L=1 ,IN P  
U(L)=UG(L,K+1)
US(L)=UG<L,K+1)

00 CONTINUE
CALL M U LTI(C S ,X S ,V ,1 0 , IS )
IF (N O IS E .E Q .1) THEN 

DO 110 L = 1 , I0  
V(L)=VG (L,K+1)

10 CONTINUE
CALL A D D 1 (Y ,V ,Y ,I0 )

END I F
CALL MULT(GM,CT, A1, IA S , IA S ,10)
CALL M ULT(C ,A1,A2,1 0 , IA S ,10)
CALL A D D (R ,A 2,A 2,1 0 ,1 0 ,1 0 )
IFA IL=0
CALL F01AAF(A2,1 0 , I O , R I , 1 0 , W1, IF A IL )  
I F ( IF A IL .NE.0) GO TO 9999  
CALL M U L T (A 1 ,R I ,J K , IA S , I0 , I0 )
CALL MULT(J K ,C ,A 3 , IA S ,1 0 , IAS)
CALL SUB(UNI,A 3 ,A 3 , IA S ,IA S ,IA S )
CALL TRANS(A 3 ,A 6 ,IA S ,IA S )
CALL MULT(A 3 ,GM, A7, IA S , IA S , IAS)
CALL MULT(A7, A6, GP, IA S , IA S , IAS >
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CALL M U L T (J K ,R ,A 1 , IA S , I0 , I0 )
CALL TRANS(JK, JKT, IA S , I 0)
CALL MULT( A l , J K T ,A 6 , IA S , ID , IA S )
CALL ADD(GP,A6,GP,IAS,IAS)
CALL M U LTI(C ,X M ,Y S ,ID ,IA S )
CALL SUBI<Y ,Y S ,Y ,IO )
CALL MULTI(J K ,Y , X R ,IA S ,ID )
CALL ADD1<XM,XP,XP,IAS)
XG(K+1)=DBLE(K)*HM 
DO 11 L = 1 , IP  
M=(L-1)*NPTS+K+1 
N=IS+L 
YG(M)=XP(N)

1 CONTINUE
IF(M O D (K ,1 0 ) • EQ.0) THEN 
WRITE(6 ,1 2 )  K 
WRITE(1 7 ,1 2 )  K

2 FORMAT(1X/5X,' IT E R A T IO N S 15)
WRITE(6 ,1 3 )  (X S (M > ,M = 1 ,IS ) , (X P (M > ,M *1 ,IS )
WRITE(1 7 ,1 3 )  < X S (M ),M = 1 ,IS ) , (XP(M >,M =1,IS )

3 FORMAT(IX,f XS' , 10X, ' i ' , 4 F 1 0 .4 /1 X , 'X P ' , 1 0 X ,  : ' ,4 F lO .4 >
WRITE(6 ,1 4 )  (X P (M ),M =IS+1,IA S )
WRITE<17,14) (X P (M ),M =IS+1,IA S )

4 FORMAT(1 X, rPARAMETERS i ' , lO F !O .4 >
W RITE(6,15) (J K (M ,1 ) ,M=1, IAS)
WRITE(1 7 ,1 5 )  <J K (M ,1 ) ,M =1,IAS)

5 FORMAT(IX,'KALMAN GAIN : ' , 4 (5 F 1 0 .4 /1 5 X ) )
WRITE(6 ,1 6 )  (GP(M,M),M=1,IAS>

i WRITE(1 7 ,1 6 )  (GP(M ,M ),M =1,IAS)
16 FORMAT(IX,'COVARIANCE « ' , 4 (5 F 1 0 .4 /1 5 X ) > 
j ENDIF
20 CALL M U L T I(A S ,X S ,X 1 S ,IS ,IS )

CALL M U LTI(B S ,U S ,X 2S ,IS ,IN P)
CALL ADD1(X1S,X2S,XS,IS)
CALL SYFN(XM ,XP,U,H I, IA S ,IN P )
CALL M T X P H I(P H I,X P ,U ,H I, IA S ,IN P )
CALL TRANS(PHI,PHIT, IA S ,IA S )
CALL MULT < P H I, GP, A6, 1AS, IA S , IAS)
CALL MULT< A6, P H IT , A7, 1AS, IA S , IAS)
CALL ADD(A5,A7,G M ,IAS ,IAS ,IAS)
J—J+1
I F (K .EQ.ITER) GO TO 140 
I F ( J .E Q . I )  THEN

J=0  
K=K+1 
GO TO 90

ELSE
DO 130 L=1 ,IA S  
XP(L)=XM(L>
DO 130 M=1,IAS  
GP(L,M)=GM(L,M)

) CONTINUE
GO TO 120

END I F
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40 CONTINUE

PLOT PARAMETERS

WRITE<6,2030)
Î030 FO RM AT<2<lX/>,1X,' PLOT PARAMETERS ? ' / /

1 I X , '  TYPE 1 8 For Y E S '/
2 I X , '  TYPE 2 i For N O ' / / )

READ( 5 , * )  IPLOT 
I F ( IPLOT. EQ.2) STOP

CALL SAVDRA
CALL DEVPAP( 2 9 7 .0 ,2 1 0 .0 ,0 )
CALL WIND02( 0 . 0 , 2 4 0 . 0 , 0 . 0 , 1 7 0 . 0 )
DO 160 L =1 , IP  
DO 150 M=1,NPTS 
N=M+(L-1)*NPTS  
YG(M)=YG(N)

.50 CONTINUE
CALL PICCLE 
CALL CHAHAR(0 ,0 )
CALL M0VT02( 2 0 .0 ,2 0 .0 )
CALL GRAF( XG, YG, NPTS,0 )
CALL M 0VT02(150.0 , 5 . 0 )
CALL CHAHOL('Time ( s e c s ) * . ' )
CALL CHAHAR(0 ,1 )
CALL M0VT02( 9 .0 ,1 0 0 .0 )
READ(5 ,1 7 )  IA 1 ( 1 ) , 1A1(2)

\7 FORMAT ( IX ,  2A1 )
CALL CHAA1( IA 1 ,2 )

60 CONTINUE
CALL DEVEND 
STOP

?99 WRITE(6 ,2 0 4 0 )
1)40 FORMAT(IX, ' ERROR IN FOIAAF ' )

STOP

END
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SUBROUTI NE SMTCS(AS, BS, OS, H , I S , IN P , 10 >
DOUBLE PRECISION AS( I S , I S ) , B S ( IS , IN P ) ,C S < 1 0 ,IS )  
DOUBLE PRECISION YV,YZ,LV ,LP ,LR ,LX ,NV,NP,NR,NZ,H

DATA Y V ,Y Z / - 0 .3 3 6 ,3 .9 0 9 /
DATA L V ,L P ,L R ,L X /—O i4 1 4 , - 1 3 .3 6 0 ,2 .4 1 2 , - 1 4 2 . 9 0 2 /  
DATA NV,NP,NR,NZ/O.5 5 8 , - 0 . 6 2 2 , - 1 . 4 2 6 , - 1 8 . 0 1 5 /

AS ( 1 1)=1.+YV*H
AS ( 1 2 )= -0 .5 6 1 *H
AS ( 1 3 )= -2 9 .7 6 7 *H
AS ( 1 4 )= 9 .8 0 4 *H
AS (2 1 )=LV*H
AS <2 2)=1 .+LP *H
AS (2 3)=LR*H
AS (2 4>~O.O
AS (3 1>=NV*H
AS (3 2)=NP*H
AS (3 3)=1.+NR*H
AS (3 4>~O.O
AS <4 1 )= 0 .0
AS (4 2)=H
AS (4 3 )= -0 .0 2 5 * H
AS (4 4 ) = 1 .0

BS ( 1 1 )= 0 .0
BS (2 1>=LX*H
BS (3 1 )= 4 .1 8 2 *H
BS (4 1 )= 0 .0
BS ( 1 2)=YZ*H
BS (2 2 )= 2 .4 8 5 *H
BS (3 2)=NZ*H
BS (4 2 ) « 0 .0

CS(1 D - 0 . 0
CS(1 2 ) « 1 ■0
CS(1 3 ) « 0 . 0
CS<1 4 > = 0 .0
CS (2 1>=0.0
CS (2 2 ) « 0 .0
CS (2 3 ) « 1 .0
CS (2 4 ) = 0 .0

RETURN
END
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SUBROUTINE S Y F N (F ,X ,U ,H ,IA S ,IN P )
DOUBLE PRECISION F ( IA S ) ,X ( IA S ) ,U ( IN P ) ,H

F ( 1 ) = ( 1 .+ X ( 5 > * H ) * X ( 1 ) - .5 6 1 * H * X ( 2 ) - 2 9 .7 6 7 * H * X ( 3 ) + 9 .8 0 4 * H * X (4)
*  + X (6 )*H *U (2 )  

F (2 )= X (7 > * H * X ( 1 )+ (1 .+ X (8 ) * H ) * X (2 ) + X (9 ) * H * X (3 )+ X (1 0 ) * H * U (1 )
*  + 2 .4 8 5 *H *U (2 )

F (3 > = X (1 1 )*M *X (1> +X <12)*H *X (2 )  + ( l . + X ( 1 3 ) * H ) * X ( 3 ) + 4 . 182*H *U (1)
*  + X (1 4 )*H *U (2 )

F (4 )=H #X ( 2 ) - 0 . 0 2 5 *H *X ( 3 ) +X (4)
DO 10 1 = 5 , IAS 
F ( I ) = X ( I )

10 CONTINUE

RETURN
END

SUBROUTINE M TXE<E,H ,IAS,IP)  
DOUBLE PRECISION E ( IA S , IP ) ,H

DO 10 1 = 1 , IAS 
DO 10 J = 1 , IP  
E ( I , J ) = 0 .

10 CONTINUE
DO 20 1 * 1 , IP  
J = I+ IA S - IP  
E ( J , I ) * H

20 CONTINUE

RETURN
END
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SUBROUTINE MTXPHI(PHI, Xf U ,H ,IA S ,IN P >
DOUBLE PRECISION P H I( IA S , IA S ) ,X ( IA S > ,U ( IN P > ,H

DO 10 1 = 1 , IAS 
DO 10 J= 1 ,IA S  
P H I( I , J ) =0.

10 CONTINUE

P H I ( 1 ,1 )= 1 .+ X ( 5 ) * H  
P H I( 1 , 2 ) = - . 561*H  
P H I(1 ,3 )= -2 9 .7 6 7 * H  
P H I( 1 , 4 ) = 9 . B04*H 
P H I( 1 , 5 ) =X ( 1 ) *H 
P H I(1 ,6 )= U (2 )# H

P H I(2 , i )= X (7 >  *H 
P H I(2 ,2 )= 1 .+ X ( 8 ) * H  
P H I(2 ,3 > = X (9 )*H  
P H I(2 ,7 )= X ( 1 ) * H  
P H I(2 ,8 )= X ( 2 ) * H  
P H I(2 ,9 )= X ( 3 ) * H  
P H I(2 ,1 0 )= U (1 ) *H

P H I(3 ,1 )= X (1 1 ) *H  
P H I(3 ,2 > = X (1 2 )*H  
P H I(3 ,3 )= 1 .+ X (1 3 ) * H  
P H I(3 ,1 1 )= X (1 ) *H  
P H I( 3 ,1 2 ) = X ( 2 ) *H 
P H I(3 ,1 3 )= X (3 ) *H  
P H I(3 ,1 4 )= U (2 ) *H

P H I( 4 , 2 ) =H 
P H I(4 ,3 )= -0 .0 2 5 * H  
P H I(4 ,4 )= 1  •

DO 20 1 = 5 , IAS 
P H I ( I , I ) = 1 .

20 CONTINUE

RETURN
END
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SUBROUTINE SQW(INP,H)
DOUBLE PRECISION UG< 2 ,1 0 0 1 > ,BMC2>,P,H

COMMON UG 

W R IT E (6 j1000)
000 F O R M A T (2 (1 X /) , IX , '  ENTER I P e r i o d ' /

1 I X , ' AND'/
2 I X , ' A m plitude of SQUARE W A VE'//)

READ<5,*> P ,< B M ( I> , I= 1 , IN P >
WRITE(1 7 ,1 0 1 0 ) P ,< S M ( I> , I= 1 , IN P )

010 FORMAT( 2 ( I X / ) , IX,'SYSTEM INPUT « SQUARE WAVE'/
1 I X , '  P er iod  ' , F 1 5 . 4 , '  s e c s ' /
2 I X , '  A m p l i tu d e ' ,4 F 1 5 .4 , '  r a d s ' )

P=P/H
N = IN T (P /2 . )
DO 10 J=1,N  
DO 10 1 = 1 , INP 
U G (I,J )= S M (I>

0 CONTINUE
DO 20 J=N+1,2*N  
DO 20 1 = 1 , INP 
U G ( I ,J )= -S M ( I )

0 CONTINUE
DO 30 J = 1 ,1 0 0 1 -2 *N  
DO 30 1 = 1 , INP 
U G (I ,J + 2 *N )= U G (I ,J )  

0 CONTINUE

RETURN
END
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SUBROUTINE MLSTP(INP,H)
DOUBLE PRECISION UB<2 ,1001>f SM( 2 ) ,P ,H  
COMMON UB

W R ITE (6 ,1000)
1000 FORMAT( 2 ( I X / ) , I X , '  ENTER : P e r i o d ' /

1 I X , '  AND'/
2 I X , ' Am plitude o f M U LTIS TE P '//)

READ<5,*) P , ( S M C I ) , I  = 1 ,IN P )
WRITE(1 7 ,1 0 1 0 )  P , ( S M ( I ) , I = 1 , I N P )

1010 FORMAT( 2 ( IX /) ,1 X , 'S Y S T E M  INPUT a MULTISTEP'/
1 I X , '  P er io d  ' ,F 1 5 .5 , '  s e c s ' /
2 I X , '  A m p l i t u d e ' ,F 1 5 .5 , ' r a d s ' )

WRITE(6 ,1 0 2 0 )
1020 FORM AT(2(1X/), 1 X, '  DO YOU WANT ONE PERIOD ONLY?'/

1 IX ,  ' TYPE 1 a IF  Y E S '/
2 IX ,  ' TYPE 2 a IF  NO')

READ( 5 , * )  IPER 

P=P/H
L = IN T (P /7 . )
DO 10 J = 1 ,3 *L  
DO 10 1 = 1 , INP 
UB( I , J ) =SM( I )

10 CONTINUE
DO 20 J = 3 *L + 1 ,5 *L  
DO 20 1 = 1 , INP 
UB( I , J> =-SM <I >

20 CONTINUE
DO 30 J = 5 *L + 1 ,6 *L  
DO 30 1 = 1 , INP 
UB( I , J ) =8M( I )

Ï0 CONTINUE
DO 40 J = 6 *L + 1 ,7 *L  
DO 40 1 = 1 , INP 
UB( I , J )= -B M ( I )

!o CONTINUE
I F ( IPER.EQ .1) THEN 
WRITE(1 7 ,1 0 3 0 )

030 FORMAT(16X,'ONE PERIOD ONLY')
DO 50 J = 1 ,1 0 0 1 -7 *L  
DO 50 1 = 1 , INP 
U B ( I ,J + 7 * L )= 0 .0  

) CONTINUE 
ELSE
DO 60 J = 1 ,1 0 0 1 -7 *L  
DO 60 1 = 1 , INP 
U B ( I ,J + 7 * L ) = U 8 ( I ,J )
CONTINUE 
END I F

RETURN
END
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SUBROUTINE RANDOM(INR)
DOUBLE PRECISION U G (2 ,1 0 0 1 ) ,E ( 2 ) ,S C (2 ,2 ) ,Z H (2 ) ,T (1 5 ) ,E P S  
COMMON UB

WRITE(6 ,1 0 0 0 )
1000 FORMAT( 2 ( I X / ) , I X , ' ENTER MEAN VECTOR'//)

READ(5 ,# )  ( E d )  , I  = 1,INP>
WRITE(6 ,1 0 1 0 )

1010 FORMAT( 2 ( I X / ) , I X , ' ENTER COVARIANCE M A T R IX '/ / )
READ( 5 , * )  ( (S C ( I ,J > , I= 1 , IN P > ,J = 1 , IN P >
WRITE(1 7 ,10 20 )

1020 FORMAT( 2 ( I X / ) , IX,'SYSTEM INPUT t GAUSSIAN N O IS E ' / /
1 I X , M e a n ' / )

WRITE(1 7 ,1 0 3 0 ) ( E d )  , I  = 1,INP>
1030 FORMAT(IX,4F15 .5 )

WRITE(1 7 ,10 40 )
1040 FORMAT( 2 ( I X / ) , 1 X , 'C o v a r i a n c e ' / )

DO 10 1 = 1 , INP
WRITE(1 7 ,1 0 5 0 ) ( S C ( I ,J ) ,J = 1 , IN P )

10 CONTINUE
1050 FORMAT( IX ,4 F 1 5 .5)

EPS=0.01/DBLE(INP)
1=2
CALL G05CBF(I)
IFA IL=0
CALL G05EAF(E , IN P , SC, IN P, EPS, T , 1 5 , I FA IL )
I F ( IF A IL .NE.0) WRITE(6 ,1 0 6 0 )

1060 FORM AT(2(lX />,lX ,'ERROR IN G05EAF')
DO 20 1=1,1001  
IFA IL=0
CALL G 05E Z F (Z H ,IN P ,T ,1 5 , IF A IL )
I F ( IF A IL .NE.0) WRITE(6 ,1 0 7 0 )

070 FORMAT( 2 ( IX /) ,1 X , 'E R R O R  IN G05EZF'>
DO 20 J = 1 , INP 
UG(J , I ) =ZH(J >

10 CONTINUE

RETURN
END
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SUBROUTINE MULT(A,B,C,M,N,K)
DOUBLE PRECISION A (M ,N ) ,B (N ,K ) ,C (M ,K )

DO 10 1 = 1 ,M 
DO 10 J=1,K  
C ( I ,J > = 0 .
DO 10 L=1,N

10 C ( I , J ) = C ( I , J ) + A ( I , L ) * B ( L , J )

RETURN
END

SUBROUTINE ADD(A,B,C,M,N>
DOUBLE PRECISION A(M ,N),B (M ,N>,C(M ,N>

DO 20 1 = 1 ,M 
DO 20 J=1,N  

20 C ( I , J )= A ( I , J ) +B <I , J )

RETURN
END

SUBROUTINE SUB<A,B,C,M,N)
DOUBLE PRECISION A(M,N>,B(M,N),CCM,N)

DO 30 1 = 1 ,M 
DO 30 J=1,N  

30 C ( I , J ) = A ( I , J ) - B ( I , J )

RETURN
END

SUBROUTINE MULTI(A,B,C,M,N>
DOUBLE PRECISION A<M,N>,B(N>,C(M)

DO 40 1 = 1 ,M 
C (I> = 0 .
DO 40 K=1,N  

40 C <I > =C <I > +A <I , K > *B < K >

RETURN
END
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SUBROUTINE ADD1(A,B,C,M)
DOUBLE PRECISION A (M ),B (M ),C (M )

DO 50 1 = 1 ,M 
50 C <I ) =A <I ) +B( I )

RETURN
END

SUBROUTINE SU BI(A,B,C,M>
DOUBLE PRECISION A CM),B(M>,C(M)

DO 60 1 = 1 ,M 
60 CCI) =A Cl) —B CD

RETURN
END

SUBROUTINE TRANSCA,AT,M,N>
DOUBLE PRECISION A CM,N), AT CN,M>

DO 70 1 = 1 ,N 
DO 70 J=1,M  

70 AT C I, J)=ACJ, I )

RETURN
END

SUBROUTINE NULLCAI,M)
DOUBLE PRECISION AICM,M)

DO 80 1 = 1 ,M 
DO 80 J=1,M  
AI CI , J ) =0.
IFC I.EQ .J>  A IC I ,J ) = 1 .

80 CONTINUE

RETURN
END

SUBROUTINE MULTCCA,B,C,M,N> 
DOUBLE PRECISION ACM,N),BCM,N),C

DO 90 1 = 1 ,M 
DO 90 J=1,N  

90 B C I ,J )= A C I ,J ) *C

RETURN
END



SUBROUTINE SM TCB (A S,B S,C S,H ,IS ,IN P,IO )
DOUBLE PRECISION AS( I S , I S ) VBS( IS , IN P ) ,C S ( 1 0 , IS )  
DOUBLE PRECISION XU,XW,ZU,ZW,ZN,MU,MW,MQ,MN,H

DATA XU,X W /-0 .0 9 7 ,0 .0 3 9 /
DATA ZU, ZW, Z N / - 0 . 7 7 5 , - 5 . 3 9 9 , - 1 5 . 8 8 7 /
DATA MU,MW,MQ,MN/0.1 8 5 , - 2 .7 8 2 , - 1 8 .1 1 7 , - 1 7 5 .8 9 0 /

AS (1 1) =1.+XU*H
AS (1 2) =XW*H
AS (1 3) =0 .70 4*H
AS (1 4) = -9 .8 0 4 *H
AS (2 1) =ZU*H
AS (2 2) =1.+ZW*H
AS (2 3) =28 .575*H
AS (2 4) =0 .23 6*H
AS (3 1) =MU*H
AS (3 2) =MW*H
AS (3 3) =1.+MQ*H
AS <3 4) =—0 . 047*H
AS (4 1) = 0 .0
AS (4 2) = 0 .0
AS (4 3) =H
AS (4 4) = 1 .0

BS (1 1) = -0 .3 9 *H
BS (2 1) =ZN*H
BS (3 1) =MN*H
BS <4 1) = 0 .0

CS Cl 1) = 0 .0
CS Cl 2) = 0 .0
CS Cl 3) = 1 .0
CS Cl 4) = 0 .0

RETURN
END

SUBROUTINE M T X E (E ,H ,IA S ,IP )  
DOUBLE PRECISION E ( IA 8 , I P ) ,H

DO 10 1 = 1 , IAS 
DO 10 J = 1 , IP  
E ( I , J ) = 0 .

10 CONTINUE
DO 20 1 = 1 , IP  
J = I+ IA S —IP  
E ( J , I ) = H

20 CONTINUE

RETURN
END



-  192 -

SUBROUTINE SYFN < F , X, U , H, IA S , INR >
DOUBLE PRECISION F ( IA S ) ,X ( IA S ) ,U ( IN P ) ,H

F ( 1 ) » ( 1 .+ X ( 5 ) * H ) * X ( 1 ) + X ( 6 ) * H * X ( 2 ) + . 7 0 4 *H *X ( 3 ) - 9 . 8 0 4 *H *X (4)
*  —, 3 9 *H *U (1)

F ( 2 ) =X ( 7 ) * H * X (1 ) + ( 1 .+ X ( 8 ) * H ) * X ( 2 ) + 2 8 .5 7 5 * H * X ( 3 ) + . 236*M *X (4)
*  + X (9 )*H *U (1 )  

F ( 3 ) = X ( 1 0 ) * H * X ( 1 ) + X ( 1 1 ) * H * X ( 2 ) + ( 1 .+ X ( 1 2 ) * H ) * X ( 3 ) - .0 4 7 * H * X ( 4 )
*  + X ( 1 3 ) *H *U (1>

F(4>«H#X(3)+X(4>
DO 10 1 = 5 , IAS 
F ( I > = X ( I >

10 CONTINUE

RETURN
END



-  193 -

SUBROUTINE MTXPHI(PHI, X ,U f H , IA S , INF)
DOUBLE PRECISION P H I ( IA S , IA S ) ,X ( IA S ) ,U ( IN P ) ,H

DO 10 1 = 1 , IAS 
DO 10 J = 1 , IAS 
P H I( I , J )= 0 .

10 CONTINUE

P H I(1 ,1 )= 1 .+ X ( 5 ) * H  
P H I( 1 , 2 ) =X ( 6 ) *H  
P H I( 1 , 3 ) = . 704*H  
P H I(1 ,4 )= -9 .8 0 4 # H  
P H I( 1 ,5>=X(1>*H  
P H I( 1 , 6 ) =X ( 2 ) *H

P H I (2 ,1 )= X ( 7 ) * H  
P H I(2 ,2 )= 1 .+ X ( 8 ) * H  
P H I(2 ,3 )= 2 8 .5 7 5 *H  
P H I(2 ,4 )= .2 3 6 *H  
P H I( 2 , 7 ) = X ( 1 ) *H  
P H I(2 ,8 )= X ( 2 ) * H  
P H I( 2 , 9 ) =U ( 1 ) #H

P H I( 3 , 1 ) =X ( 1 0 )#H 
P H I ( 3 ,2 ) = X ( 1 1 ) *H 
P H I(3 ,3 )= 1 .+ X ( 1 2 ) * H  
P H I( 3 ,4 ) = - .0 4 7 * H  
P H I( 3 , 1 0 ) = X ( 1 ) #H 
P H I(3 ,1 1 )= X (2 ) *H  
P H I( 3 ,1 2 ) = X ( 3 ) *H 
P H I(3 ,1 3 )= U (1 ) *H

P H I ( 4 , 3 ) =H 
P H I( 4 ,4 )= 1 .

DO 20 1 = 5 , IAS 
P H I( I , I )= 1 .

20 CONTINUE

RETURN
END


