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ABSTRACT 

The battery electric vehicle (BEV) is considered to be one of the solutions for 

reducing greenhouse gasses and an alternative means of transportation. 

However, some current limitations such as higher powertrain costs, limited driving 

range and negative perceptions of that range, have reduced BEVs’ popularity.     

This thesis aims to improve the tank-to-wheel energy consumption of the BEV by 

presenting possible powertrain architectures and developing new tools for 

powertrain analysis. The study has two main objectives; the first is to evaluate 

different possible powertrain topologies. The selected topologies include the 

single-motor single-axle, the double-motor double-axle, the in-wheel-motor 

single-axle and the in-wheel-motor double-axle. Models of these powertrains 

have been modified from the Quasi-Static toolbox, using vehicle parameters from 

the Nissan Leaf and subject to state assumptions. The multi-objective 

optimisation method has been applied to establish the costs/benefits of energy 

consumption, acceleration performance and powertrain cost. The results show 

that each topology presents its own benefits as the in-wheel types are good at 

energy efficiency and drivability, while the cost of the powertrain is the major 

drawback. The non-in-wheel-motor vehicle provides sufficient energy efficiency 

and driveability with lower powertrain cost.   

The second objective is to evaluate a possible alternative tool for BEV powertrain 

modelling and optimisation. The tool consists of four methodologies: sensitivity 

analysis, differential flatness, the Chebfun computational tool and the multi-

disciplinary optimisation method. The study presents a possible alternative 

optimisation tool which may perhaps benefit the designer. This new tool may not 

be as convenient as the previous one; however, the new tool may give the 

designer greater understanding and insight into the BEV powertrain.  

Keywords: battery electric vehicle, multi-objective optimisation, powertrain 

topologies, sensitivity analysis, differential flatness, Chebfun, multi-disciplinary 

optimisation.  





 

iii 

 

ACKNOWLEDGEMENTS 

I would like to express my sincere gratitude to all my thesis supervisors, Dr Daniel 

Auger, Dr James Whidborne, Professor Francis Assadian, Dr James Marco and 

Professor Patrick Luk. This thesis would not have been possible without their 

teaching, guidance and encouragement throughout the completion of my study. 

I also want to acknowledge Professor Stephen James, Dr Marko Tirovic and Dr 

Glenn Sherwood for whose valuable suggestions during this study. 

Thank you to the proofreader, Heather Simpkins, to my supervisors, Dr Daniel 

Auger and Dr James Whidborne, for helping me by checking my English and 

suggesting improvements. 

I would like to offer my special thanks to my co-authors of published papers on 

both sensitivity analysis and powertrain topologies.  

I would like to thank the Ministry of Science & Technology, Naresuan University, 

Thailand, and Cranfield University, UK, for the funding that supported this work. 

I would like to thank Morris family, Robert, Aom and Joyce for the cosy 

accommodation during my study. 

I would also like to thank you both of examiners, Professor Keith Burnham and 

Dr Stefano Longo for providing constructive feedback to improve my thesis. 

Finally, I would like to thank my parents, families and friends who have always 

supported me throughout this study. 



 

iv 

 

TABLE OF CONTENTS 

ABSTRACT ......................................................................................................... i 
ACKNOWLEDGEMENTS................................................................................... iii 
1 Introduction ...................................................................................................... 1 

1.1 Background ............................................................................................... 1 
1.2 Problem statement .................................................................................... 4 
1.3 Thesis aims, objectives and scope ........................................................... 4 
1.4 Thesis structure ........................................................................................ 5 
1.5 Thesis contributions .................................................................................. 6 
1.6 Journal publications in due course ............................................................ 7 

2 Battery electric vehicle powertrain components and simulation ...................... 9 
2.1 Vehicle modelling structure ....................................................................... 9 

 Driving cycle ..................................................................................... 10 
 The simulation technique ................................................................. 12 

2.2 Component descriptions ......................................................................... 14 
 Vehicle body and environmental resistance ..................................... 14 
 Transmission .................................................................................... 16 
 Electric machine ............................................................................... 18 
 Battery .............................................................................................. 21 

2.3 Battery electric vehicle integrated descriptions ....................................... 23 
 Energy consumption......................................................................... 24 
 Powertrain weight estimation ........................................................... 25 
 Powertrain cost estimation ............................................................... 26 
 Regenerative braking control rules for BEV ..................................... 26 

2.4 Powertrain performance and drivability (acceleration time) .................... 28 
2.5 Chapter conclusion ................................................................................. 28 

3 Battery electric vehicle optimisation with single motor ................................... 29 
3.1 Introduction ............................................................................................. 29 
3.2 Vehicle case study, the Nissan Leaf ....................................................... 29 
3.3 System model ......................................................................................... 29 

 Vehicle body specification ................................................................ 30 
 Transmission and speed ratio .......................................................... 31 
 Torque map used in this simulation .................................................. 31 
 Battery pack ..................................................................................... 33 
 Vehicle weight .................................................................................. 34 

3.4 BEV powertrain control strategies ........................................................... 37 
 Regenerative braking control ........................................................... 37 
 Two-speed transmission ratio control ............................................... 37 

3.5 Optimisation ............................................................................................ 37 
 Optimisation methodologies ............................................................. 37 



 

v 

 

 Objective function ............................................................................. 39 
 Constraints ....................................................................................... 39 

3.6 Optimisation results ................................................................................ 42 
3.7 Chapter conclusion ................................................................................. 45 

4 A Multi-objective comparison of four BEV topologies .................................... 47 
4.1 Introduction ............................................................................................. 47 

 Possibility of using multiple electric machines for BEV..................... 47 
 Comparison between different powertrain topologies ...................... 50 

4.2 Selected powertrain topologies ............................................................... 51 
 Double motor, double axles (DM-DA)............................................... 51 
 In-wheel motor, single axle (IWM-SA) .............................................. 52 
 In-wheel motor, double axle (IWM-DA) ............................................ 53 

4.3 System model ......................................................................................... 54 
 Modified motor efficiency map for In-wheel motors .......................... 54 
 Weight of vehicle .............................................................................. 55 
 Cost of powertrain ............................................................................ 57 
 Drivability (acceleration time) ........................................................... 58 

4.4 Multi-objective optimisation on different BEV topologies ......................... 58 
4.5 Results .................................................................................................... 59 

 Vehicle simulations without optimisation .......................................... 59 
 Results of multi-objective optimization for different topologies ......... 61 

4.6 Discussion of results by topology ............................................................ 64 
 SM-SA .............................................................................................. 64 
 DM-DA ............................................................................................. 64 
 IWM-SA ............................................................................................ 64 
 IWM-DA ............................................................................................ 65 

4.7 Chapter conclusions ............................................................................... 65 
5 Sensitivity analysis for battery electric vehicle ............................................... 67 

5.1 Introduction ............................................................................................. 67 
5.2 Mathematical techniques for sensitivity analysis ..................................... 68 

 First order sensitivity analyses from the literature ............................ 68 
 Expression of second-order sensitivities .......................................... 70 

5.3 Case study in powertrain optimization .................................................... 71 
 Vehicle model and energy calculation .............................................. 73 
 Energy consumption......................................................................... 75 
 First-order sensitivity analysis .......................................................... 76 
 Second-order sensitivity analysis ..................................................... 78 

5.4 Chapter discussion ................................................................................. 81 
5.5 Chapter conclusions ............................................................................... 82 

6 Modelling EV powertrain as a differentially flat system .................................. 85 
6.1 Introduction ............................................................................................. 85 
6.2 Modelling and simulation of the EV powertrain ....................................... 86 



 

vi 

 

 Dynamical modelling and simulation ................................................ 87 
 Quasi-static backward simulation ..................................................... 88 
 Inversion of the dynamical model simulation .................................... 89 

6.3 Differentially flat system .......................................................................... 90 
 Background ...................................................................................... 91 
 Flatness in automotive applications ................................................. 93 
 BEV powertrain model as a differentially flat system ........................ 95 
 Implementation of flatness in BEV model and simulation ............... 104 

6.4 Simulation tools for BEV powertrain energy estimation ........................ 111 
 Forward-facing simulation using dynamical models ....................... 111 
 Quasi-static backward facing simulation ........................................ 114 

6.5 Chapter discussions .............................................................................. 120 
6.6 Chapter conclusion ............................................................................... 122 

7 Multi-disciplinary design in BEV powertrain optimisation ............................. 123 
7.1 Introduction ........................................................................................... 123 
7.2 Fundamentals ....................................................................................... 124 

 Chebfun .......................................................................................... 124 
 Multi-disciplinary optimisation ......................................................... 132 
 Sensitivity analysis ......................................................................... 140 

7.3 Implementations ................................................................................... 143 
 Sensitivity analysis of BEV using Chebfun ..................................... 143 
 Multi-disciplinary design procedure for BEV optimisation using 

Chebfun................................................................................................... 148 
7.4 Case study in powertrain optimisation with Chebfun............................. 165 
7.5 Chapter discussion ............................................................................... 167 

 Interesting points of the limitations ................................................. 168 
7.6 Chapter conclusion ............................................................................... 170 

8 Thesis conclusions ...................................................................................... 171 
8.1 Chapter summarise ............................................................................... 171 

 Traditional tools for BEV powertrain optimisation ........................... 171 
 Alternative possible tools for BEV powertrain optimisation ............. 172 

8.2 Findings ................................................................................................ 174 
8.3 Overall objectives.................................................................................. 178 
8.4 Further Works ....................................................................................... 178 

 Near-term study ............................................................................. 179 
 Long-term study ............................................................................. 180 
 Optimisation of multi-dimensional dynamics for BEV topologies .... 180 

REFERENCES ............................................................................................... 181 
APPENDICES ................................................................................................ 193 

 Appendix A ................................................................................................ 193 
  



 

vii 

 

LIST OF FIGURES  

Figure 2-1 NEDC driving cycle ......................................................................... 11 

Figure 2-2 Combined Artemis velocity reference .............................................. 11 

Figure 2-3 Vehicle forward-facing model .......................................................... 13 

Figure 2-4 Backward-facing simulation ............................................................. 14 

Figure 2-5 Vehicle body and resistant forces ................................................... 15 

Figure 2-6 Quasi-static backward simulation model of the vehicle model ........ 15 

Figure 2-7 Backward-facing simulation of transmission model ......................... 18 

Figure 2-8 Quasi-static backward simulation of an electric machine model ..... 20 

Figure 2-9 Scalable Motor MAP for Permanent Magnet Synchronous Motor ... 21 

Figure 2-10 Battery cell and battery pack for EV .............................................. 23 

Figure 2-11 Quasi-static backward simulation of battery model ....................... 23 

Figure 2-12 Power flow of vehicle backward-facing model ............................... 24 

Figure 3-1 SM-SA Vehicle layout ..................................................................... 30 

Figure 3-2 Motor efficiency map of the Nissan Leaf ......................................... 32 

Figure 3-3 Motor Efficiency Map in the Lookup Table ...................................... 34 

Figure 3-4 Battery discharge and charge open circuit voltage at 25ºC ............. 35 

Figure 3-5 Battery internal resistance at 25ºC .................................................. 35 

Figure 3-6 BEV powertrain components and model signals flow ...................... 41 

Figure 4-1 Double motor double axles (DM-DA) .............................................. 51 

Figure 4-2 In-wheel motor single axle (IWM-SA) .............................................. 53 

Figure 4-3 In-wheel motor double axles (IWM-DA) .......................................... 54 

Figure 4-4 Modified motor map for in-wheel vehicle ......................................... 55 

Figure 4-5 Pareto front of acceleration time and energy consumption ............. 62 

Figure 4-6 Pareto front of energy consumption and powertrain cost ................ 63 

Figure 4-7 Trade- off between different topologies and objective functions ...... 66 

Figure 5-1 Schematic diagram of case study vehicle powertrain. ..................... 72 

Figure 5-2 First-order sensitivity analysis of the nominal vehicle parameters. (a) 
NEDC and (b) Artemis Cycle ..................................................................... 76 



 

viii 

 

Figure 5-3 Second-order sensitivity analysis for the nominal vehicle parameters.
 .................................................................................................................. 79 

Figure 5-4 Second-order sensitivity analysis results. ....................................... 80 

Figure 6-1 The combined merits of inverse dynamic simulation ....................... 89 

Figure 6-2 Mechanical mass-spring-damper system ........................................ 93 

Figure 6-3 Pchip and spline piecewise interpolations ....................................... 99 

Figure 6-4 Motor efficiency map ..................................................................... 105 

Figure 6-5 Difference in motor efficiency map ................................................ 106 

Figure 6-6 Model to estimate the battery SOC ............................................... 107 

Figure 6-7 Derivative of acceleration (jerk) of the driving cycle ...................... 108 

Figure 6-8 Modified NEDC ............................................................................. 109 

Figure 6-9 Force and power by the powertrain ............................................... 110 

Figure 6-10 Current and change in current of the motor ................................ 110 

Figure 6-11 Energy consumption versus time and distance ........................... 110 

Figure 6-12 Velocity profiles for quasi-static backward simulation ................. 117 

Figure 6-13 Model of a simplified electric vehicle presented in a graphical 
programming view ................................................................................... 118 

Figure 6-14 Model of the quasi-static backward simulation ............................ 119 

Figure 7-1 MDO is a bridge connection between the Chebfun mathematical tool 
and the application of BEV powertrain constraints optimisation. ............. 123 

Figure 7-2 Example of 17 Chebyshev points on the [-1,1] interval. ................ 125 

Figure 7-3 Chebyshev polynomial. ................................................................. 127 

Figure 7-4 Chebfun command example. ........................................................ 129 

Figure 7-5 The manual selection of Chebyshev points. .................................. 130 

Figure 7-6 Global minimisation and maximisation of function ......................... 131 

Figure 7-7 Three generations of multi-disciplinary optimisation system (a) 
integrated, (b) distributed analysis and (c) distributed design .................. 134 

Figure 7-8 Multidisciplinary Feasible (MDF) Method ...................................... 137 

Figure 7-9 Individual disciplinary feasible (IDF) method ................................. 138 

Figure 7-10 Optimisation variable for the MDF and IDF methods .................. 139 

Figure 7-11 Comparison of MDF and IDF methods ........................................ 139 



 

ix 

 

Figure 7-12 Energy consumption on the selected range of vehicle mass and 
aerodynamic drag area. Both of these plots are simulated using the NEDC.
 ................................................................................................................ 144 

Figure 7-13 Linear surface plot and contour of energy consumption between 
variables. ................................................................................................. 145 

Figure 7-14 First order sensitivity analysis of mass and average gear efficiency 
on the selected range. ............................................................................. 146 

Figure 7-15 Plots of 2nd order cross-coupling effect between BEV powertrain 
variables. ................................................................................................. 147 

Figure 7-16 Energy consumption contours between selected BEV powertrain 
variables. ................................................................................................. 148 

Figure 7-17 Variables and solutions are exchanged between subsystems.     The 
multidisciplinary design analyser is a coordinator of the system. ............. 154 

Figure 7-18 Using MDF method with the BEV powertrain optimisation .......... 158 

Figure 7-19 The procedure of BEV optimisation using Chebfun and multi-
disciplinary optimisation methods. ........................................................... 160 

Figure 7-20 Search area of the Chebfun is located by a range of difference cost 
function at each side of the two variables. ............................................... 161 

Figure 7-21 Comparison between Chebfun minimisation global search method 
and the Steepest Descent minimisation method. ..................................... 162 

Figure 7-22 Constraints adjustment process using ‘rootsfinding’ function in 
Chebfun ................................................................................................... 163 

Figure 7-23 A 3-D plot of Chebfun optimisation .............................................. 164 

Figure 7-24 The SM-SA BEV powertrain. ....................................................... 165 

 

  



 

x 

 

LIST OF TABLES 

Table 2-1 Details of NEDC driving cycle .......................................................... 10 

Table 2-2 Details of Artemis driving cycle ........................................................ 12 

Table 3-1 Comparison of vehicle weight. ......................................................... 37 

Table 3-2 Optimisation results .......................................................................... 42 

Table 3-3 Optimisation results in percentage change ...................................... 42 

Table 4-1 Weight of transmission in different topologies .................................. 56 

Table 4-2 Weight of motors and transmission in different topologies ............... 56 

Table 4-3 Cost of Motors and Transmission in different topologies .................. 57 

Table 4-4 Vehicle weight estimation equivalent to 80kW motor ....................... 60 

Table 4-5 Estimation of objective functions ...................................................... 60 

Table 4-6 Energy Consumption for Acceleration benchmark ........................... 62 

Table 4-7 Powertrain cost for energy consumption benchmark ........................ 63 

Table 4-8 Trade-off between different topologies and objective functions ........ 66 

Table 5-1 Energy consumption on the Nissan Leaf in different percentage of 
regenerative braking. ................................................................................. 77 

Table 6-1 Optimum results of DC motor parameterisation ............................. 106 

Table 7-1 Chebyshev polynomial ................................................................... 126 

Table 7-2 First order SA between variables and optimisation function. .......... 155 

Table 7-3 Cross-coupling effect between design parameters. ....................... 156 

Table 7-4 Design variables for BEV optimisation ........................................... 165 

Table 7-5 Constant and dependent parameters ............................................. 166 



 

xi 

 

LIST OF ABBREVIATIONS 

ABS Anti-Lock Braking System 

BEV Battery Electric Vehicle 

BLISS Bi-Level Integrated System Synthesis 

CO Collaborative Optimisation 

CSSO Concurrent Subspace Optimisation 

CVT Continuously Variable Transmission 

DM-DA Double-Motor Double-Axle 

EMF Electromotive Force 

EPA The US Environmental Protection Agency 

EV Electric Vehicle 

HEV Hybrid Electric Vehicles 

IDF Individual Disciplinary Feasible 

IWM-DA In-Wheel Motor Double-Axle 

IWM-SA In-Wheel Motor Single-Axle 

MDF Multidisciplinary Feasible 

NEDC New European Driving Cycle 

PI Proportional-Integral 

SM-SA Single-Motor Single-Axle 

SOC State of Charge 

 



 

 

 



 

1 

 

1 Introduction 

Environmental concerns and the fossil fuel shortage crisis have become global 

issues recently. In particular, the automobile is regarded as one of the major 

sources of air pollution and most of them still require fossil fuel as an energy 

source. One target that the UK needs to achieve is to cut greenhouse gas 

emissions by 80% by 2050 [1]. In the transport section, the electric vehicle (EV) 

will be a necessary key to this achievement. In addition, to reach the target more 

quickly, electricity, which will supply the EVs, should be generated from low-

carbon energy sources [2] and components may produce from bio-materials [3]. 

To encourage people, the UK Department of Transport has announced 

promotions for road users, some examples include: tax benefits for ultra-low 

emission vehicles [4], free parking spaces for EVs [5] and subsidised home 

charging units for EV users [6].    

However, pure EVs still suffer from some limitations such as[1]  

 High cost of the vehicle due to the battery cost, 

 Limited range between recharges, 

 Longer recharge time, and 

 Small number of recharging infrastructures. 

1.1 Background 

Early stages of EV 

Battery electric vehicles (BEVs) were first invented in the early 19th century which 

was around 50 years earlier than the first petrol-powered engine was built [7]. 

However, the BEV did not draw a large amount of attention due to its lower on-

board energy storage. At that time, the use of the lead-acid battery with its specific 

energy at around 0.03 kWh/kg, was hardly comparable with petrol and diesel fuel 

which provided their specific energy at around 46.4 and 48 MJ/kg (12.8 and 13 

kWh/kg) respectively. As a result, this led to the use of the EV being inconvenient 

as they only afforded a short driving range when compared to internal combustion 

vehicles and required a long time for recharging.  
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However, due to the oil crisis in the Middle East in the late 20th century, energy 

shortages and environmental issues became a global concern. The automotive 

industry then had to look for an alternative technology in order to use fossil fuel 

more efficiently and emit less pollution. These approaches challenged the 

automotive designers to develop sustainable powertrain technology. Thus, EVs 

were considered as possible solutions for the above concerns and will become 

one of the candidates for road vehicles in the 21st century [8], [9]. 

Transition from internal combustion vehicles to pure EV 

The hybrid electric vehicle (HEV) is a suitable option at the present time. The 

HEV combines the advantages of using two or more sources of energy. Two of 

those generally used are the internal combustion engine and the electric 

machine. The key advantage of this type of vehicle is its greater fuel efficiency 

compared with that of the conventional internal combustion vehicles, although the 

HEV still requires energy from fossil fuel and produces pollution while being 

driven on the roads. This has led to the need for a vehicle that uses pure electric 

energy, has its alternative on board energy storage [10] and produces zero 

tailpipe emissions such the BEV. Furthermore, it will be beneficial if this electricity 

is generated from low-carbon sources or renewable energy. 

Powertrain conversion    

The traditional BEV is converted from an internal combustion vehicles by 

replacing the internal combustion engine  with an electric machine and the fuel 

tank with an electric energy storage unit [11]. However, the transmission system, 

including clutch, shaft drive, multi ratio gearbox and differential, is still used. As a 

result, this affects overall transmission efficiency and vehicle weight. 

Consequently, the electric machine provides a maximum torque at low speed, 

unlike an internal combustion engine  that provides maximum torque when the 

engine reaches a certain speed. It is possible that an EV can be operated with a 

single or double ratio transmission rather than the five speed transmission of the 

internal combustion vehicles. A simplified and higher efficiency transmission, e.g. 

single-ratio transmission, is possible to use in the BEV as there are many 
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examples of production BEVs, such as well the Tesla Roadster and the Nissan 

Leaf. 

BEVs available in the market 

BEVs tend to be produced more now and are being sold in the marketplace. 

Several automobile companies have introduced a new BEV, such as the Nissan 

Leaf [12], the Mitsubishi MiEV [13], the Tesla Model S, X [14], the BMWi  [15], 

the Smart Fortwo electric drive [16], and the BYD e6 [17]. It is quite likely that the 

BEV will become an everyday-use car since the battery capacity is sufficient for 

use on a regular daily basis. As Loft (2014) [18] suggested, a range of 150 km is 

required to cover at least 95% of all daily distances by a car in both the UK and 

Germany. This is possible within the range per charge provided by most BEVs, 

such as the Nissan Leaf, Tesla Roadster. 

Alternative powertrain topologies 

The major advantage of the BEV over the internal combustion vehicles is their 

flexibility of powertrain arrangement. The possible BEV powertrain topologies 

are: a single electric machine as in the Nissan Leaf [12], front and rear 

independent motors as used in the Tesla Model X [14], rear-wheel-drive by twin 

traction motor with a single speed reduction gearbox as in the Lightning GT [19], 

[20] and in-wheel motors as presented in most of the concept vehicles. 

Benefits and limitations of the flexible powertrain 

By using electric machines as the traction power source, around 80% of energy 

is delivered to the wheels whereas only around 20% efficiency is obtained from 

internal combustion engines because of much energy being lost as heat [1]. In 

addition, mechanical parts such as the mechanical differential can be replaced 

by an electronic one. Eliminating mechanical parts and transferring energy by 

wire can reduce vehicle weight and mechanical losses. This results in less 

complexity in terms of mechanical layout, possible device arrangement and more 

space.  
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However, some BEV topologies, such as an independent wheel drive using an 

electronic differential, increases the complexity of the non-linear control which 

requires an attention to be paid to the design for stability and safety [21], [22]. In 

addition, the integrated motor to the wheel (hub motor) can add weight to an 

unsprung mass, which needs to be considered in vehicle handling dynamics and 

motor vibration [23]. 

1.2 Problem statement 

BEVs provide zero tailpipe-emissions and use energy more efficiently. However, 

it may not possible to switch immediately from internal combustion vehicles to 

BEV due to the many limitations of the BEV, such as energy storage capacity, 

charging facilities [24] and perception of range anxiety.  

Guzzella stated some approaches to improving the tank-to-wheel efficiency for 

EVs in [25] which may increase the attention being paid to the BEV and can be 

described briefly as: 

i. To improve the components’ peak efficiency 

ii. To improve components’ part-load efficiency 

iii. To improve a kinetic energy recuperative system 

iv. To optimise the structure and parameters of the propulsion system, and 

v. To take advantage of the appropriate supervisory control algorithms. 

Since the first three issues are beyond the scope of this study, the rest are of 

more concern; however, this thesis mainly focuses on the fourth issue, which is 

structure and parameter optimisation.     

1.3 Thesis aims, objectives and scope 

This thesis aims to improve the tank-to-wheel energy consumption by using the 

methodology of BEV powertrain components sizing and powertrain system 

optimisation. 

The objectives of this thesis consist of two main concerns; the first objective is to 

develop a methodology to evaluate different possible BEV powertrain topologies 

using multi-objective optimisation. 
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The second objective is to construct and evaluate alternative modelling/ 

optimisation methodologies for BEV powertrain design. The approaches to be 

explored include sensitivity analysis, consideration of differential flatness, 

Chebfun-based methods and multi-disciplinary optimisation. 

This thesis is scope to longitudinal vehicle dynamics, considers only BEV 

powertrain, and focuses on the C-segment passenger car. However, many of the 

methods could be applied more generally.     

1.4 Thesis structure 

In Chapter 2, the fundamentals of the BEV powertrain model simulation will be 

presented and their components will be mathematically described. The 

implementation of the BEV model for estimating the energy consumption by using 

the quasi-static backward simulation method will be explained. This chapter is 

aimed at introducing the general idea of the simulation technique which is 

generally used for powertrain sizing and optimisation.    

Chapter 3 presents the use of a modelling technique as presented in Chapter 2 

to optimise the single-motor single-axle (SM-SA) type BEV. The Nissan leaf, SM-

SA BEV, as it is equipped with a single traction motor and front-wheel drive, will 

be used as a benchmark for the optimisation. Results from this chapter will be 

used to construct the model of different BEV powertrain topologies.  

Chapter 4 presents the multi-objective optimisation between three objective 

functions for four different types of BEV powertrain architectures which are: the 

SM-SA, double-motor double-axle (DM-DA), in-wheel motor single-axle (IWM-

SA) and the in-wheel motor double-axle (IWM-DA). This chapter aims to present 

a comparative study of some possible BEV topologies. This study is based on a 

system level design and optimisation from which some assumptions will be 

included and introduced. Finally, the results will show the merits and limitations 

of energy efficiency, driveability performance and cost between selected 

powertrain architectures.    

Chapter 5 will present an insight into the BEV powertrain parameters by 

determining which of those parameters affect the energy consumption the most. 
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The sensitivity analysis technique will be implemented by starting with first order 

sensitivity analysis to determine the most sensitive parameter in the BEV 

powertrain. Then, the second order sensitivity analysis will also be implemented 

to explore the cross-coupling effect between a pair of powertrain parameters. In 

other words, the first order sensitivity analysis will present the most important 

parameter for the energy consumption and the second order sensitivity analysis 

will determine which pair of parameters have a significant effect on energy 

consumption. These techniques will be applied to the SM-SA BEV and again the 

Nissan Leaf is the case study vehicle.  

Chapter 6 investigates the differential flatness of the BEV powertrain model. 

Differential flatness is a property of the system dynamics which means that if an 

output is flat, the system dynamics can be inverted so that the system input can 

be calculated from the flat output and its derivatives without iteration. This chapter 

presents the background to the simulation techniques used for powertrain 

modelling then introduces the differential flatness and compares them. The 

results will show the advantages and limitations of the differential flatness for BEV 

powertrain modelling and optimisation. 

Chapter 7 presents an alternative technique for BEV powertrain optimisation. The 

technique is comprised of sensitivity analysis, presented in Chapter 5, the 

differential flatness, presented in Chapter 6, and the technique of multi-

disciplinary optimisation with a new computation tool, Chebfun [26]. Moreover, 

the sensitivity analysis technique will be implemented using Chebfun and a new 

result visualisation is presented.  

The final chapter summarises the thesis, indicates the findings, and presents the 

conclusion, contributions and suggestions for future work.     

1.5 Thesis contributions 

The main contribution points of this thesis are in Chapters 4, 5, 6 and 7 and are 

as follows: 

 To evaluate cost and benefit of different powertrain topologies of the BEV. 
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 To develop the second order sensitivity analysis technique to investigate 

the cross-coupling parameters in the BEV powertrain. 

 To determine that the differential flatness property is useful for modelling 

the BEV powertrain for the purpose of components sizing and 

optimisation, and indicate its merits and limitations. 

 To develop and encourage the use of the alternative methodology of BEV 

powertrain sizing and optimisation using the Chebfun computational tool 

and multi-disciplinary optimisation methods. 

1.6 Publications in due course 

Journal publications  

1. Othaganont, P.; Assadian, F.; Auger, D. Sensitivity Analyses for Cross-

Coupled Parameters in Automotive Powertrain Optimization. 
Energies 2014, 7, 3733-3747.  

2. Pongpun Othaganont, Francis Assadian and Daniel J. Auger Multi-

objective optimization for battery electric vehicle powertrain topologies, 

Proceedings of the Institution of Mechanical Engineers, Part D: Journal 

of Automobile Engineering 0954407016671275, published on October 6, 

2016 

Conference publications 

1. Othaganont, P., Assadian, Francis and Marco, James (2012) Battery 

electric vehicle powertrain simulation to optimise range and 

performance. In: Powertrain Modelling and Control conference, University 

of Bradford, UK, 4-6 Sep 2012 

2. Othaganont, P. Assadian., F.; Auger, D., Cycle-based optimisation of 

multi-speed transmission for battery electric vehicles, in Future Powertrain 

Conference: National Motorcycle Museum, Solihull, UK, 25–26 February 

2014 
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2 Battery electric vehicle powertrain components and 
simulation 

The model and its simulation are considered to be an indispensable process for 

concept evaluation, developing a prototype and analysis of a road vehicle. 

Especially for developing EV, where more electrical components, such as electric 

machine, power electronics and battery, are required to be developed 

simultaneously with the mechanical components. These integrations among 

various engineering disciplines increase the complexity of designing and 

analysing the powertrain system [27], [28].         

Consequently, computational modelling and simulation may be considered as a 

design tool to decrease development time and cost [27] and shorten the product 

life cycle. The complexity of the model is dependent on the level of expected 

results. For example, modelling a powertrain of the road vehicle can be steady-

state, quasi-steady or dynamic. Examples of modelling techniques can be further 

studied in [27].      

For developing a longitudinal dynamic of the BEV, generally, performance, cost 

and safety may be considered as key factors in designing the product. Customers 

expect the high performance of a vehicle while the automotive company aims to 

minimise costs while retaining satisfactory performance and safety. As a result, 

model and simulation is a tool used that predicts performance by requiring less 

investment.  

This chapter will describe a model for BEV. A brief introduction of the motor and 

its type will be included. BEV components that are used in this simulation and 

optimisation will be explained in this chapter.  

2.1 Vehicle modelling structure 
When the energy consumption of a passenger car is considered, in an early 

stage, the energy estimates of a road vehicle can be found using computer 

models; these can be used to calculate the amount of energy required to 

complete a given cycle without needing a physical prototype. This modelling 



 

10 

 

process can be carried out using computer software, as described in the literature 

[27]. There are various free vehicle simulation software packages available on 

the market, such as ADVISOR [29] and the quasi-static toolbox [30]. By using 

these tools, many properties such as energy consumption, vehicle performance, 

drivability and cost of the powertrain can be predicted, all before a prototype is 

created. If the energy consumption is considered, one of the most important 

things to identify before simulating the model is how the vehicle will be used. For 

example, a vehicle used in urban or highway traffic consumes energy differently. 

Therefore, the sequence of vehicle simulation for energy estimation is normally 

started by choosing the speed profiles for testing the vehicle – called the driving 

cycle.   

 Driving cycle  
The driving cycle is a standard profile of speed and elevation (and perhaps gear 

shift for a manual transmission vehicle) which are used as a reference to compare 

the emissions of the test vehicle. Driving cycles were originally introduced for the 

comparison of vehicle fuel consumption as measured in dynamometer tests [25], 

[31]. Several commonly used test cycles applied in Europe are NEDC and 

Artemis. 

 New European Driving Cycle (NEDC) 
The NEDC is the standard velocity reference for testing light-duty vehicles in 

Europe. It contains four-repeated cycles of ECE15 that represent urban driving 

and is followed by the EUDC which represents extra-urban driving under high 

speed conditions. Table 2-1 [32] and Figure 2-1 present information and plot the 

NEDC. The details of this driving cycle and legislative emission testing 

procedures can be found in [33]. 

Table 2-1 Details of NEDC driving cycle 

 ECE 15 x 4 EUDC NEDC 

Distance (km) 4.05 7 11.05 

Duration (s) 780 400 1180 

Average Speed (km/h) 18.7 62.6 33.6 

Max Speed (km/h) 50 120 129 



 

11 

 

 

Figure 2-1 NEDC driving cycle 

 The Artemis driving cycle 

The NEDC contains a smooth and gentle acceleration, while under real road 

conditions more frequent start, stop and rapid acceleration may be required. The 

Artemis driving cycle was developed under the European Artemis project to 

produce a more realistic real-world driving cycle. This driving cycle was created 

from actual driving data collected from Europe [34]. The Artemis speed profile 

includes urban and rural roads, and motorways, details of which are presented in 
Table 2-2 [35]. In this work, simulations have used a “combined” Artemis cycle 

made from two cycles of the “urban” segment followed by two cycles of the “rural” 

segment, then one cycle of the “motorway” segment as presented in Figure 2-2. 

 

Figure 2-2 Combined Artemis velocity reference 
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Table 2-2 Details of Artemis driving cycle 

 Urban Rural Motorway 
Duration (sec) 920 1081 1067 
Distance (km) 4.47 17.27 28.74 
Average speed (km/h) 17.5 57.5 97 
Maximum speed (km/h) 58 112 132 
Speed Distribution (%)    
Idle (0 km/h) 29 3 2 
Low Speed (0-50 km/h) 69 31 15 
Medium Speed (50-90 km/h) 2 59 13 
High Speed (90-132 km/h) 0 7 70 

 The simulation technique 

There are generally two types of technique for vehicle powertrain simulation: 

forward-facing simulation and quasi-static backward simulation. The literature in 

[29], [36] discusses the advantages and disadvantages of these two simulation 

methods, and a brief description is provided in the following sections.   

 Forward-facing simulation 

forward-facing simulation  presents a realistic approach to vehicle simulation as 

it uses a driver model to control the vehicle speed, similarly to a driver controlling 

a car. Figure 2-3 illustrates the structure of a generic forward-facing simulation. 

Starting from the driver model, the reference speed and actual vehicle speed are 

compared giving an “error” signal, and this is used to generate a control signal to 

control the torque to power the vehicle. (Driver models normally use proportional-

integral (PI) controllers). In practice, the source of power of the BEV is an electric 

machine, so a model of this is used to translate throttle and brake commands 

from the driver into torque and mechanical braking signals. Torque will transmit 

from the motor through the transmission and applied as a force at the wheels. 

For this application, to estimate energy consumption, the vehicle is usually 

assumed to simulate the effect of the longitudinal vehicle dynamic only. As a 

result, the effects of the two-dimensional vehicle dynamics are ignored. 
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Figure 2-3 Vehicle forward-facing model 

The advantage of the forward-facing simulation is that it is highly realistic, 

contains many details (dynamics) and normally uses small simulation time-steps. 

This method is used for designing vehicle hardware and detailed control 

development. However, this has to be a trade-off against the computational time-

consuming. 

 Quasi-static backward simulation 

A quasi-static backward simulation, uses an opposite simulation approach 

compared to forward-facing simulation by using speed references (driving cycle) 

as an input rather than controlling the vehicle to follow the desired velocity, as in 

forward-facing simulation. One assumption made with the quasi-static backward 

simulation is that the vehicle will perfectly follow the driving cycle, a diagram of 

quasi-static backward simulation is presented in Figure 2-4. The traction forces 

of the vehicle are calculated from the environmental resistant forces which are 

dependent on the vehicle parameters and the driving cycle. The principle of 

conservation of power is applied from one component to the others; for example 

resultant forces and speeds between tyre and road contact are converted to 

torque and angular velocity to the gearbox. Then power required from the 

gearbox, including gearbox losses, is transferred to the electric machine and 

battery model. As a result, a driver model is not required for this simulation.  

The electric machine in the quasi-static backward simulation as presented in [30] 

is typically modelled using a motor efficiency map. This map is a look-up table of 

the efficiencies, which are a function of the required torque and speed of the 

motor. These data are collected from the testing of a real electric machine at 

steady-state. This simulation type may not represent the real dynamical 

behaviour of the component, as in the forward-facing simulation. However, for the 

Vehicle 
Driver 

(Controller) 

Desired 
Vehicle 
Speed 
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energy consumption estimation and optimisation, the quasi-static backward 

simulation requires less time and less computational resources compared to 

those of forward-facing simulation. 

 

Figure 2-4 Backward-facing simulation 

2.2 Component descriptions 

Two types of common vehicle simulation technique were described briefly in the 

previous section. This section will present mathematical equations to describe 

the fundamental system of BEV, including power flow in the powertrain and 

components of the BEV.     

 Vehicle body and environmental resistance 

Environmental resistant forces for the road vehicle typically include aerodynamic 

drag force, rolling resistant force and force due to the vehicle climbing a slope, 

as presented in Figure 2-5. In order to estimate the energy consumption, these 

forces will be converted to the force required for the vehicle traction. 

The linear traction force, ,  will be converted to torque at wheels,	 , by 

, , ∙  (2-1) 

and the angular velocity at the wheels,	 , can be calculated by 

,  (2-2) 

 

Vehicle Driving Cycle Consumption 
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Figure 2-5 Vehicle body and resistant forces 

Losses from the environmental force result from aerodynamic, tyre rolling 

resistance and the vehicle climbing the slope as described by  

,
1
2

∙ ∙ ∙ ∙ ∙ ∙ cos ∙ ∙ sin 	 (2-3) 

where   is vehicle velocity, 	the effective tyre radius,  the air density,  the 

drag coefficient,  the vehicle frontal area,  the rolling resistant coefficient,  

the gravitational acceleration,  the body mass,  the vehicle velocity and  the 

road angle. Figure 2-6 summarises the vehicle model.  

 

Figure 2-6 Quasi-static backward simulation model of the vehicle model 

gmv 

cAerodynamiF

RollingF

v

TractionF

 
,

,



 

16 

 

 Transmission 

The purpose of transmission is to transform a mechanical power quantity at 

certain speeds with certain torques to different speeds and torques. Transmission 

in a BEV powertrain usually includes the gearbox and final drive. However, this 

model has assumed that the gear ratios associated with the transmission and 

final drive are included in a single unit, as shown in Figure 2-7. This simulation is 

applied to both single speed transmission and two-speed transmission. 

In general, electric machine provides a constant torque from zero speed to base 

speed and supplies constant power after the base speed, as seen in Figure 3-2. 

Because of the benefits of this torque-speed characteristic, it is possible that an 

EV can be used in a constant ratio transmission as can be seen from most of the 

pure EVs, such as the Nissan Leaf, Mitsubishi i-MiEv and Tesla roadster 

[37],[13],[14]. Moreover, single transmission can also benefit the minimisation of 

the drivetrain weight, volume, efficiency losses cost and complexity of the control 

system [38], [39]. The single transmission used in this simulation is described 

below.   

 Single speed transmission 

For a single motor BEV, in order to achieve high efficiency and reduce weight, it 

is possible for the BEV to use a high speed motor and high reduction single speed 

gearbox to reduce motor speed and increase torque. The equations for 

transmission are expressed by 

, , ∙  (2-4) 

,
,

∙
 (2-5) 

where 	and  are angular velocity at motor and wheel,  and  are torque 

at motor and wheel,  is efficiency of the transmission.    

However, several researches have introduced a multiple speed gearbox and 

automatic transmission to increase the efficiency of a pure EV. Xi et al. [40] 
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present the use of automatic manual transmission (AMT) for a pure electric bus 

that was used in China. A three-speed AMT with transmission ratios of 4.03, 

2.446 and 1.507 for the first to third gears respectively was used. Gear changes 

can be performed while the vehicle is in drive without using a clutch. In addition, 

the shift schedule can be determined by vehicle speed and throttle position. The 

results show that when using an AMT system, energy consumption decreases by 

9% and acceleration time is shortened by 18%. 

 Two-speed transmission 

While a motor has the capability to drive an EV by using only a single transmission 

ratio, a two-speed gearbox probably increases the vehicle’s performance in other 

aspects. The motor peak torque drops after the base speed as a result, therefore 

it is possible that a 2nd gear may help to increase wheel torque after the 1st gear 

reaches the base speed, which may result in increased acceleration performance 

and improve slope climbing ability. While the vehicle is running at low speed, a 

1st gear will keep the motor running at high speed to maintain higher efficiency. 

In contrast, when the vehicle is running at high speed, a 2nd gear ratio can also 

reduce the motor speed to keep the motor operating at its most efficient and keep 

the motor within a motor speed limit [39],[41]. 

The mathematical expression used in the two-speed transmission is similar to the 

previous one for single speed, as stated in equations (2-4) and (2-5). However, 

the additional switching routine, which is a function of vehicle speed, is used to 

select a gear ratio and can be described by  

,  (2-6) 

A specific velocity that makes a decision to change between the lower and upper 

gears is called the shift point. Gear ratio and shift point are selected to find the 

optimum point between acceleration performance and energy consumption over 

the driving cycle. A lower gear (higher number gear ratio e.g. 8:1) is used for 

increased available traction force. This results in improved acceleration 

performance. Moreover, for the gradient test, this gear ratio will also improve hill 
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climbing. For the higher gear (lower number gear ratio e.g. 5:1), this gear will 

reduce the speed of the motor when the vehicle speed is high. As a result, more 

torque is available at the higher vehicle speed and provides better overtaking 

performance at high speed.  

 

Figure 2-7 Backward-facing simulation of transmission model 

 Electric machine 

The electric machine is the sole source of traction torque in a BEV. There are 

various possible choices of selecting an electric machine. Factors which are used 

in the consideration include performance, packaging and maintenance [42].     

  

 Electric machine type for BEV applications 

 Brush motor 

One of the motor types that can be used as an EV traction motor is a simple 

brushed DC motor [43]. Because of its simple structure, the motor is equipped 

with permanent magnets as a stator and a rotating wire coil inside as an armature. 

This motor is named a brush type because of the current flow to the rotor by 

brushes that connect to the commutator. As a result, this type of motor is simple 

and less expensive because of the uncomplicated electronics controls. However, 

there are some disadvantages that make this motor not applicable in an EV [43]. 

Since the motor is a brush type, there is friction between brushes and the 

commutator that generates heat and energy loss. Brush wearing is the main 

problem that affects the maintenance. More importantly, the coil is located in the 

middle of the motor which also generates heat and is difficult to remove.  

 

,  

,

,

,
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 Brushless motor 

By using an electronic commutator to replace a mechanical one, the problem of 

brush wearing can be eliminated. Moreover, using a magnetic field that is 

generated by the coil at the outer stator, heat is removed more easily and the size 

of the motor is also reduced. Because of these advantages, the brushless motor 

is preferred to the EV traction motor. Three possible brushless motors for traction 

motors include the induction motor, permanent magnet synchronous motor and 

switched reluctance motor [43]. 

 Induction motor 

Induction motor is widely used for industry and capable for EV application. This 

is because of their mature technology, low cost, light weight and high reliability. 

However, there are some losses due to the current induced in the rotor. This 

results in 1-2% less efficiency than other brushless types [43]. This induction 

motor is used in production BEVs, such as the Tesla Roadster [44].  

 Permanent magnet motor 

Permanent magnet synchronous motor has torque-speed characteristics similar 

to the brush DC motor; however, using an electronic commutator makes 

permanent magnet synchronous motor preferable in EV application. Due to the 

lower inertia, higher power density, higher efficiency and smaller size, permanent 

magnet synchronous motor becomes more attractive for EVs when compared to 

the induction motor. When the speed of the motor increases, back electromotive 

force (EMF) is also increased, which reduces the motor current. As a result, this 

motor is more efficient at higher speed; however, the torque reduces due to the 

reduction of magnetic field strength. The maximum speed is limited to the supply 

voltage because back EMF cannot be greater than the supply voltage. In terms 

of motor cost, permanent magnet synchronous motor needs strong magnets that 

are more expensive than other brushless motors [43]. 

 Switched reluctance motor 

The switched reluctance motor is considered to be one of the attractive 

candidates for the EV traction motor because of its better efficiency over a wider 
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torque-speed range compared to the permanent magnet synchronous motor. 

Thus, its rotor is made from soft iron. This results in low cost and higher speed 

operation. Additionally, no back EMF leads to higher power density. Nonetheless, 

critical disadvantages are difficulty in control and noisy torque ripples [43].  

 Electric machine modelling 

The role of an electric machine is to provide the traction torque during 

acceleration as a motor and to capture the kinetic energy losses during 

deceleration as a generator. The motor power can be calculated from motor 

torque and speed as described by  

, , ∙ , ,⁄ 	 (2-7) 

where  and  are power and efficiency of motor 

Power in the mechanical domain (torque and speed) transfers to electrical power 

by a fraction of motor efficiency, which is the function of motor torque, speed and 

size, as shown in 

, , , , ,  (2-8) 

where is motor size in kW. 

 

Figure 2-8 Quasi-static backward simulation of an electric machine model 

 Electric motor modelling using a motor efficiency map 

Significant factors which affect the efficiency of electric machines include size, 

mass and motor cooling. Different powertrain architectures use different numbers 

of motors and motor sizes. For the same power requirement, the SM-SA type 

needs a single high powered electric machine. On the other hand, the 

independent drive considers two or four small motors, the total power of which is 

,  

,  
,
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equal to that of requirement. As a result, size, mass and method of motor cooling 

may influence the powertrain design. In general, increases in motor power also 

increase motor efficiency [43]. A high speed motor is more likely to have a better 

efficiency than a lower one [43]. This is because the losses in the motor are 

directly proportional to the motor current which is related to torque rather than 

power. Hence motor at which same power rating, a low speed, high torque motor 

is more likely to dissipate higher losses. Similarly, in terms of motor size, a high 

speed motor is likely to be smaller than a low speed, high torque motor [43].    

Guzzella et al. [30] developed a quasi-static toolbox that provided a scalable 

motor efficiency map for the generic motor. This toolbox contains a look-up table 

of the electric machine efficiency in both motor and generator mode. A scaled 

motor map depends on the size of the motor results in modified motor efficiency, 

peak torque and maximum power. The quasi-static motor efficiency map modified 

the torque axis to match the peak power of the permanent magnet synchronous 

motor, as shown in Figure 2-9.  

Figure 2-9 Scalable Motor MAP for Permanent Magnet Synchronous Motor 

 Battery  

The battery is the only source of energy for the BEV. It is an electrochemical 

device that stores electrical energy in the form of chemicals. In this chapter, a 

simple battery model is utilised. A static model of battery consists of an open 
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circuit voltage source and internal resistance is utilised. The battery model for 

quasi-static backward simulation is presented in Figure 2-11. 

 Battery state of charge 

Battery state of charge (SOC), a quantity describing the amount energy available 

in the battery, is calculated from the charge	  remaining related to the maximum 

capacity of the battery  as described by  

	 (2-9) 

	 (2-10) 

where  is an charge available of the battery, 	is the terminal current of the 

battery. Positive current is the discharge and negative current is the charge of the 

battery. Current at the terminal of the battery can be calculated as a function of 

power that is required from the battery and the terminal voltage of the battery, as 

described by. 

,
, 	 (2-11) 

where  is a terminal voltage calculated from the open circuit voltage 	and 

internal cell resistance  ,  as described by 

∙ ,  (2-12) 

By substituting current , 	from equations (2-11) to (2-12), the terminal voltage 

can be calculated as the function of power, open circuit voltage and internal 

resistance as in    

∙ , ∙ , 0	 (2-13) 

4 ∙ , ∙ ,

2
	 (2-14) 
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 Battery pack calculation 

Battery terminal voltage and battery capacity are calculated from the series 

stacks of a battery cell, as shown in Figure 2-10 [45].  

 

Figure 2-10 Battery cell and battery pack for EV 

The open circuit voltage of a battery pack is calculated from the open circuit 

voltage cell and the number of cells in series, as shown by     

∙ 	 (2-15) 

where  is a battery series stack and the model of the battery can be illustrated 

by Figure 2-11. 

 

Figure 2-11 Quasi-static backward simulation of battery model  

2.3 Battery electric vehicle integrated descriptions  

As mentioned earlier, concerning the quasi-static backward simulation for BEV, 

Figure 2-12 shows the power flow from the driving cycle to the energy 

,   
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consumption of the battery. This section will describe the integration of BEV 

powertrain components, the method of energy calculation, how weight and cost 

of the powertrain are estimated, the regenerative braking control algorithm and 

vehicle acceleration time calculation.   

Figure 2-12 Power flow of vehicle backward-facing model 

 Energy consumption 

Energy consumption is one of the key objective factors for this study.  The energy 

consumption,	 , calculates the amount of required energy to traction the vehicle 

over a speed profile. Energy consumption can be calculated by the integral of 

power required at the battery terminal over a specific time period as described by 

	 ∙ 	 (2-16) 

However, in a discrete time simulation, the integration is replaced by  

, ∙ , 	 (2-17) 
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where the positive power ( , ∙ , ) indicates power is required from the battery. 

On the other hand, negative power means power is captured from regenerative 

braking and it is being charged to the battery.  

 Powertrain weight estimation 

Estimation of powertrain weight is described in this section. These equations are 

based on the information using a long-term assumption from [46].  

 Electric Motor weight estimation 

Weight of the motor,	 Motor , can be calculated by 

Motor 0.532 PMotor,kW 21.6 (2-18) 

 Transmission weight assumption  

Weight of transmission for an SM-SA is assumed to be constant for all sets of 

gear ratio. However, for the other type of BEV, the assumptions made will be 

described in a later chapter.   

 Battery weight estimation 

Battery weight is simply calculated from the number,	 , of battery cells and 

battery cells’ weight, including battery accessories such as cables and battery 

cooling devices. The equation to estimate battery weight can be described as 

Battery cells,seies,Battery cells,parellel,Battery cell,Battery	 (2-19) 

where cell,Battery is weight of a battery cell. 

 Weight of powertrain integration 

The weight of the powertrain is the combined weight of the motor and battery in 

the powertrain, as presented by 

Powertrain Motor Battery (2-20) 
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 Powertrain cost estimation 

The cost of the powertrain is estimated by the cost of the motor and the cost of 

the battery. The cost of the motor can be estimated by [46]  

CostMotor,$ 16 ∙ Motor,kW 385	 (2-21) 

The cost of the battery can be estimated as presented in  

Costcell,Battery,$/kWh 11.1 221.1	 (2-22) 

For the battery cell, the cost of the battery in $US per energy capacity in kWh is 

presented as follows: where  is the power to energy ratio of each battery 

cell.  In this simulation, a value of 4 is assumed for the model of a lithium battery 

[47].  The cost of the battery pack is calculated by 

CostPack,Battery,$ Costcell,Battery,$/kWh 13 Capacitycell,Battery,kWh 680	 (2-23) 

and is based on information using a long-term assumption from [46]. 

Total powertrain cost can be calculated by the cost of both the motor and battery, 

as presented by  

CostPowertrain,$ CostMotor,$ CostPack,Battery,$	 (2-24) 

 Regenerative braking control rules for BEV 

Without the braking system, a 1500kg vehicle with a speed of 70 km/h requires 

approximately 2 km to bring itself to rest, while with a braking system only a few 

tens of meters are required [48]. The main concern of the braking system is to 

stop the vehicle in the shortest possible distance with safety and comfort [48]. In 

the BEV, the braking system can be either solely regenerative or friction brake, 

or both. The main objective of regenerative braking is to maximise the 

recoverability of kinetic energy associated with vehicle inertia at a given speed. 

The control algorithm is required to switch between friction and regenerative 

braking to make the most of energy efficiency and maintain vehicle safety and 

comfort [49]. 
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This section explains the model of a regenerative braking system and its control 

strategy. The regenerative braking model includes a control strategy to switch 

between the use of a regenerative brake and a friction brake. The main concern 

of this regenerative braking model is to calculate the amount of recoverable 

kinetic energy of the vehicle while the vehicle is in the deceleration period.  

Energy consumption is the priority factor for this simulation, while the vehicle 

dynamics and effects of vehicle stability are beyond the scope of this study. The 

friction brake system normally consists of a hydraulic system. The process of 

switching between regenerative braking and friction braking is estimated by 

reducing the friction brake force (similarly to reducing the hydraulic brake 

pressure in a physical brake system) and compensating the braking torque by the 

use of the electric machine. In this study the detailed process of pressure 

reduction is negligible. Only the recoverable kinetic energy from the regenerative 

braking is being considered.         

 Regenerative braking control strategy 

Control rules are presented to estimate the energy recovered of vehicle braking 

situations. These rules are implemented for vehicle stability and safety purposes.   

1) Maximum regenerative braking torque was limited at the available 

negative torque of the motor at that particular motor speed as 

Regen max	 Regen,Require, Motor,Regen,max 	 (2-25)	

If the required negative torque is greater than the available motor torque, 

a mechanical friction brake will be operated with the regenerative braking 

to maintain the amount of sufficient brake demanded [50]. 

2) If the vehicle speed is lower than 10 km/h, the regenerative braking will be 

disabled [51]. This is because the amount of energy recovered below this 

speed is very small and the disabled regenerative braking below this 

speed also keeps passengers comfortable [52]. 
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3) For emergency braking (acceleration > 0.7g [48]) all brake forces are 

provided by the friction brake to maintain vehicle safety [53]. It was 

presented in [48] that at a deceleration greater than 0.7g, with a vehicle 

mass of 1500 kg and vehicle speed faster than 70 km/h, a braking power 

of more than 250 kW will be created, which is greater than the maximum 

available power of the motor.         

4) The regenerative braking will be disabled if a battery’s SOC is greater than 

90%. If a charging current is greater than 2C (two times the battery 

capacity in amp-hour) of the battery capacity, then the regenerative 

braking is also limited. This control aims to protect the battery from over-

charging. 

2.4 Powertrain performance and drivability (acceleration time)  

Vehicle acceleration time is considered as a powertrain drivability and 

performance. This factor affects the BEV in terms of ‘how the vehicle is fun to 

drive’ [54] and it will also affect the marketing aspect. The equation to estimate 

this performance is to calculate time to accelerate BEV from 0 m/s to 27.78 m/s 

(0-100 km/h) presented by  

TimeAcceleration	0‐100	km/h
.

	 (2-26) 

2.5 Chapter conclusion 

This chapter described general idea methods of the estimation of energy 

consumption, weight and cost of the BEV powertrain. The quasi-static backward 

simulation is a main methodology used in this simulation where this technique 

was modified from the quasi-static toolbox. Examples of control algorithms were 

presented, such as the regenerative braking control rules. Finally, these 

techniques will be used for optimising the SM-SA BEV powertrain in the next 

chapter. 
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3 Battery electric vehicle optimisation with single motor 

3.1 Introduction 

This chapter implements the BEV powertrain model from the Chapter 2 to optimise their 

components sizing. The quasi-static backward simulation technique which modified from the 

quasi-static toolbox were used for this simulation. This chapter will limit the powertrain 

topology to the SM-SA type and used the Nissan Leaf (2011/2012 model) as a vehicle case 

study. Two driving cycle, the NEDC and Artemis, will be considered and the optimisation 

technique will be applied to indicate the optimum powertrain sizing. Finally, the results from 

this chapter will be used as a benchmark to optimise different BEV powertrain topologies.   

3.2  Vehicle case study, the Nissan Leaf 

The Nissan Leaf, one of the pure production BEV, has been introduced since 2010. The 

name of the vehicle, LEAF, stands for Leading Environmentally-friendly, Affordable, Family 

car [55] and this indicates that the Nissan Leaf is designed as an everyday use, family car, 

rather than a very high performance sports car. For this reason, the Nissan Leaf will be the 

vehicle case study used for our study as we will be looking to optimise a compact pure EV 

that can be used on a daily basis. At the time that this thesis is being written, the Nissan 

Leaf model 2016 is now available; however, this simulation uses the vehicle information of 

the previous version (the 2011/2012 model) as theses information are used at this study 

started.  

3.3 System model 

The model of the vehicle case study is based on the Nissan Leaf. The front wheel drive with 

a single motor and fixed ratio gearbox is developed as presented in Figure 3-1. This type of 

vehicle topology is called a “Single Motor Single Axle”. The main components of this vehicle 

type include;  

1) The vehicle body, this vehicle information is used to calculate all resistances from the 

external environment.   

2) The transmission, which is the connection between the wheels and motor. It also performs 

as the torque/speed transformer between them.   
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3) The electric machine, which is the sole source of the traction power for the BEV. 

4) Lastly, the battery, which performs as a fuel tank for the BEV as it stores all the energy 

for traction of the vehicle. 

 

Figure 3-1 SM-SA Vehicle layout 

 Vehicle body specification 

The aim of the quasi-static backward simulation is to calculate the transformation of power 

between components. Each of the components provide losses that make the total energy 

increase. For the vehicle body, the power required of the vehicle body will be calculated in 

order to move the vehicle along the driving cycle. Power required by the vehicle body is 

calculated from the product of total torque and speed of the vehicle. Forces that act on the 

vehicle body include aerodynamics drag forces, rolling resistance and vehicle inertial forces. 

The assumption made for this simulation is that the vehicle is travelling on a flat road only 

and any force due to the hill climbing of the vehicle is ignored.  Vehicle speed is calculated 

from the speed that vehicle body perfectly follows the driving cycle and the speed is 

transferred to the rotational speed of the shaft gearbox and motor. The Nissan Leaf details 

of vehicle body specification are presented in Appendix 1.     
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 Transmission and speed ratio 

The Nissan Leaf is equipped with a fixed ratio transmission of 7.94:1. A standard tyre of 

P205/55R16 is provided that has an effective diameter of 0.632 m. As a result, this 

configuration makes the motor spin almost eight time faster than the wheels and this makes 

the motor operate in the high speed and high efficiency areas. 

The fixed ratio transmission provides a higher efficiency compared to those with multi-ratio 

or continuously variable transmission (CVT) transmission [25]. The assumption made in this 

simulation is that the average efficiency of this fixed ratio gearbox is 97%. As the objective 

of this study is to estimate the vehicle energy consumption, then the dimension, package 

size and its volume of transmission is safely ignored. For this optimisation purposes, it is 

assumed that changing the transmission ratio will not affect the weight change of the whole 

vehicle. All transmission properties and their coupling devices, except the gear ratio, will 

remain unchanged.      

In this chapter, a two-speed transmission is provided in order to investigate the amount of 

energy saved compared with the original Nissan Leaf with single transmission. The 

assumption will be made that transmission efficiency will be decreased by 2% due to losses 

in the multi-ratio gearbox and clutch. The weight of the additional gear set will be added to 

the original powertrain weight and the details are presented in the next section.       

 Torque map used in this simulation 

For a quasi-static backward simulation, it is possible to calculate the energy consumption of 

the electric machine by using a static map as presented in [56]. The use of a motor map for 

this energy estimation has been described in section 2.2.3.  In this section motor simulation 

using a static motor map will be explained in more detail.   

A motor map is a 2D lookup table that contains the motor efficiency information. The motor 

efficiency is a function of motor torque and speed as described in equation (2-8). Figure 3-2 

[57] shows the motor efficiency map of the Nissan Leaf. The vertical axis presents the torque 

of the motor and the horizontal axis is the motor speed. The different contour colours show 

the different efficiencies of the motor at a particular torque and speed. The motor map 

presents only a steady stage of the motor efficiency and this information is usually collected 
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by measuring the power when motors are tested with a dynamometer [25]. It can be seen 

from the efficiency map in Figure 3-2 [57] that a range of 85% to 95% energy efficiency is 

produced by the motor which shows that the electric motor is a better efficiency power 

source for the traction of a vehicle compared to those with the average 30% energy 

efficiency of a conventional internal combustion engine vehicle [25]. 

For the simulation this Nissan Leaf motor map has been converted into a lookup table in 

Simulink, as presented in Figure 3-3. A motor map image data was converted into a lookup 

table into a MATLAB’s file with a data interpolation. Once this map has been converted into 

a lookup table, for using with the optimisation process, this modification assumes that the 

speed of the motor is limited at 10,500 rpm in every size of the motor. A peak torque and 

efficiency map was developed according to the standard size of the motor of the Nissan 

Leaf. A unit scale factor for motor power is 80 kW and unit peak torque is 280 Nm. The motor 

can be scaled up or down by multiplying factors to the unit scale of the motor, as presented 

in Figure 2-9. Due to a limit of motor information on the original motor from the Nissan Leaf, 

the assumption was made that an ability to operate in the regenerative braking has an 

identical efficiency to the operation in the traction mode. 

 

Figure 3-2 Motor efficiency map of the Nissan Leaf 

In Figure 3-3, it can be seen that this lookup table provides motor efficiency data in both the 

traction (positive torque) and regenerative braking side (negative torque). The value in the 

z-axis is the efficiency of the electric machine. In the lookup table, it can be seen that these 
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values are greater than 1 and for regenerative braking, are less than 1.  The meaning of 

these numbers in this backward facing simulation is that in the traction mode, power is 

required from the battery for traction and motor losses. On the other hand, when the vehicle 

is in the regenerative braking mode, the motor provides a power (negative power in this 

case) that is conserved from the vehicle inertia and can be stored to the battery. A number 

less than one means less power from kinetic energy can be conserved to charge the battery. 

For example, the power required from the motor for traction at 100 Nm and 200 rad/s can 

be calculated by	100	Nm	 200 rad

s
1.05 21kW. The extra 1 kW is due to the motor losses. 

Moreover, for regenerative braking at -100 Nm (generator mode) and 200 rad/s, the power 

which stored to the battery can be calculated by 100	Nm	 200 rad

s
0.95 	19.04	kW.  

  Battery pack 

Battery terminal voltage and battery capacity are calculated from the series-parallel 

combination of battery cells, as shown in Figure 2-10. The open circuit voltage of the battery 

is calculated from the open circuit voltage cell and the number of cells in series, as shown 

in equation (2-15). The Nissan Leaf uses laminate type Li-ion cells with a rated capacity of 

33.1 Ah, detail described in [45]. However, due to the limited information on the battery of 

the Nissan Leaf, the cell open circuit voltage and internal cell resistance are approximated 

from the model of the 20 Ah Li-ion cell, as presented in Figure 3-4 and Figure 3-5. This 

simulation assumes that the temperature of battery remains constant at 25°C. Equations 

(2-9) to (2-15) describe the cell open circuit voltage and cell internal resistance while the 

battery is charging and discharging.      
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Figure 3-3 Motor Efficiency Map in the Lookup Table 

 Vehicle weight 

Equations to calculate the powertrain weight are described in section 2.3.2. the details of 

how the vehicle mass can be estimated is presented in this chapter. It can be seen that the 

weight of the vehicle is importantly effect energy consumption as this issue will be described 

mathematically by sensitivity analysis method in the Chapter 5.  The following section 

separates the calculation of vehicle mass into three main components: electric machine with 

transmission, battery, and vehicle body with chassis.  
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Figure 3-4 Battery discharge and charge open circuit voltage at 25ºC 

 

 

Figure 3-5 Battery internal resistance at 25ºC 
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 Transmission and electric machine weight 

The weight of the electric motor and transmission in the SM-SA simulation are assumed to 

be integrated into a single unit. Fixed ratio transmission is selected in this optimisation, and 

it is also assumed that the gear ratio will not affect the weight of the motor and transmission. 

In other words, during the optimisation process, only the weight of the motor is changing 

and the weight of transmission remains constant.    

The precise weight of the Nissan Leaf motor and transmission are not publicly available; 

however, the weight of the motor is estimated by using equations in the Section 2.3.2. 

 Battery weight  

The weight of the battery pack is calculated by the integration of battery cells, as presented 

in Figure 2-10. The precise weight of each battery cell for the Nissan Leaf was published by 

the battery manufacturer in [45]. The cell weight is 787 g and there are four cells in one 

module and 48 modules in a battery pack. There are 0.787	x	4	x	48	 	151.1 kg for the Nissan 

Leaf 24 kWh battery pack. The assumption of 0.06 kg/kW for mass of thermal management 

system and 0.14 kg/kW for mass of harness and bus bar [46] were made. The total estimated 

cell weight will be 0.975 kg per battery cell; the total estimated weight of the battery pack 

will be 187.4 kg.  

 Calculate the vehicle curb weight 

Vehicle kerb weight based on the original Nissan Leaf is 1521 kg (i.e. based on the 

2011/2012 model). The weight of the powertrain as mentioned previously is estimated. In 

case of a powertrain size change, the difference in powertrain weight is calculated and 

multiplied by a mass compounding factor of 1.6 to compensate for the weight of the vehicle 

chassis. For example, the standard powertrain and battery of the original Nissan Leaf is 

calculated based on equations (2-18) and (2-19). Table 3-1 shows a comparison of vehicle 

weight between the case study vehicle and an example vehicle equipped with 100 kW motor.  
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Table 3-1 Comparison of vehicle weight. 

 Case Study Vehicle Vehicle with 100kW motor 

Motor Power,	Weight  80 kW, 64.16 kg 100 kW, 74.8 

Battery Capacity,	Weight  24 kWh, 187.4 24 kWh, 187.4 

Total Vehicle Weight 1521 kg 1689 kg 

The motor weight will be 0.532	 80 21.6 64.16	kg and the weight of the battery will be 

96	 2 0.975 187.4	kg.  The total powertrain weight of the 80 kW motor and 24 kWh battery 

will be 64.16 187.4 251.5	kg. However, if the motor size is increased to be, for example, 

100 kW, the calculation will be 0.532	 100 21.6 74.8	kg and the overall vehicle weight will 

be 1521‐64.16‐187.4 74.8 187.4 1.6 	1689	kg. 

3.4 BEV powertrain control strategies 

The model used in this study was created by a quasi-static backward simulation technique, 

thus, driver model and powertrain control were not required. However, there are some local 

control rules that have been applied in this SM-SA vehicle simulation. 

 Regenerative braking control  

The detail of the regenerative braking control algorithm was described in section 2.3.4. This 

control strategy will help the simulation to obtain results as close to reality as possible and 

also prevent the effect of vehicle dynamics while using this regenerative braking. 

 Two-speed transmission ratio control   

The vehicle with two-speed transmission and using the gear change algorithm has been 

simulated, as presented in section 2.2.2.  

3.5 Optimisation 

 Optimisation methodologies 

The purpose of this work is to design an energy efficient powertrain for the BEV. It can be 

seen that the main components of a BEV include an electric motor, transmission and battery, 
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as described earlier. By combining these components and changing their size, the energy 

consumption will change. The question then is ‘What is the optimum configuration and size 

of the BEV that will result in using minimum energy consumption while providing sufficiently 

good vehicle drivability?’   

This section aims to introduce an optimisation technique to search for the best possible 

parameters of the BEV that provides a minimum energy consumption and satisfies the 

constraints. Figure 3-6 shows the interconnection diagram of the BEV powertrain 

components. This vehicle simulation divides the BEV powertrain into four individual groups: 

vehicle, transmission, motor and battery. Each group has a function to solve specific 

equations before sending the results to the other relevant groups, e.g. the vehicle energy 

consumption is the result of the operating points of the motor that are affected by motor size 

and transmission ratio. 

The Genetic Algorithm is an optimisation method selected for this study because of its 

robustness and it does not require gradient information. Other gradient based and non-

gradient based optimisation technique may possible to use in this application but this chapter 

is scoped to the Genetic Algorithm  optimisation only.  

 Genetic algorithm 

The Genetic Algorithm  is a computational method to search for the best solution from within 

a search space. This method was inspired by the natural selection of biological evolution 

and was introduced by Holland in the 1970s. The algorithms of this optimisation tool are 

simple, robust and use a derivative-free method that provides a power to search on both 

continuous and discontinuous functions.  

The beginning of the optimisation process is to create a population of optimisation variables 

randomly throughout the search space. Then the variables are coding into a binary string. 

The selection, crossover and mutation methods are mimicked by natural selection. The 

selection process tries to select a fitter individual which is better than the average population 

to be promoted into the next generation. Crossover is a process to exchange information 

between selected individuals. This process is similar to sexual reproduction in nature. In 

terms of the Genetic Algorithm method, crossover is a random process to create two new 
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strings by exchanging an equivalent length of selected strings. Finally, the mutation is a 

process to randomly flip binary bits in an individual chromosome. After these processes 

have been applied to the initial population, the next generation will be created and this 

process is repeated until it exceeds a limited number of generations or meets the 

convergence criteria. Details of Genetic Algorithm can be found in [35].  

 Objective function 

This optimisation uses the single objective as the optimisation technique. The objective 

function in this optimisation is the energy consumption that is calculated for the battery 

model, as described in (2-16). Optimisation equations and the objective function are 

expressed as the optimisation problem:  

minimise (3-1) 

where 

, ∙ ,  (3-2) 

and where the optimisation parameters (XD) are motor size, transmission ratio and battery 

size of the vehicle.   

 Constraints 

Constraints make the optimiser to search within a feasible solution space. Limitation of the 

powertrain will be applied to the constraints as they will be described in this following section. 

 Limitation of motor torque and motor speed 

While the size of the motor was selected by the optimiser, the motor torque has to be large 

enough to complete the driving cycle. The size of the motor can be increased or decreased 

for the motor peak torque, as described in section 2.2.3. The maximum motor speed was 

limited, as described before. While motor size and gear ratio were selected, this constraint 

was applied to reject infeasible solutions when the motor torque and speed exceeded the 

motor limitations.  
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 Limitation on battery current 

The size of battery was also selected by the optimiser. The selection is based on varying 

the number of battery cells in both parallel and series, as described in section 2.2.4. This 

constraint aims to limit the battery charge and discharge current to prevent battery damage. 

Battery discharge and charge currents were limited at 5C and 2C of the total capacities of 

the battery, respectively, where C is the battery capacity in Ah. This limitation prevents the 

optimiser from choosing too few numbers of batteries in parallel.          

 Vehicle range on NEDC  

The range of a BEV defined in this simulation is the minimum distance that can be completed 

within a single charge.  It is dependent on many factors such as driver behaviour, speed of 

vehicle, traffic or weather. However, one of the important factors is driving style.  The US 

Environmental Protection Agency (EPA) has rated the Nissan Leaf model 2011/2012 based 

on a five cycle testing at 34 kWh per 100 miles (21.25 kWh per 100 km). The range of the 

Nissan Leaf for the 2012/2013 model on the NEDC was published as in the 175 km 

range[44]. Due to the limited information on this test regulation, the decision was made to 

start the initial SOC at 100% and repeat the NEDC driving cycle until the SOC dropped 

below 5%. Then the simulation was terminated and the range of the vehicle on the NEDC 

read out. This vehicle range constraint will be beneficial in selecting a battery pack size. 

Without this constraint, a possible result after the optimisation will give a small sized battery 

with a limited range. This is because the smaller battery size will give a minimum vehicle 

energy consumption.   

 Acceleration time 

One aspect of vehicle performance that might affect the vehicle demand and its life-cycle is 

how the vehicle responds to a rapid acceleration. This constraint aims to limit the lower 

boundary of an electric motor size which affects a vehicle’s acceleration time, as described 

later in Section 2.4. Acceleration time was defined in this simulation as the time required for 

the vehicle to accelerate from rest to reach a speed of 100 km/h as presented in equation 

(2-26).  
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Figure 3-6 BEV powertrain components and model signals flow

Powertrain components and signals flow 
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3.6 Optimisation results 
Table 3-2 Optimisation results 

Result   Motor  Battery  Gear1  Gear2 
Shift 
point 

0‐97 
km/h 

Range 
NEDC  Artemis consumption [kWh] 

No.   [kW]  [kWh]  [km/h]  [s]  [km]  combine  urban  rural  motor 

1  Nissan Leaf  80  24  7.9  ‐  ‐  9.5  >175 11.3 0.56 2.2  5.7 

2  Optimise Artemis 1 gear  78.5  23  7.9  ‐  ‐  9.5  >175 11.18 0.55 2.17  5.6 

3  Optimise Artemis 2 gears  71.2  22.3  13.2  4.7  68.1  9.42  >175 11.16 0.53 2.19  5.6 

4  2 gears w/o weight added    71.2  21.8  13.2  4.7  68.1  9.38  >175 10.91 0.52 2.14  5.48 

5  Optimise Urban 2 gear  72.8  23  11.2  9.5  102.2  9.5  >175 N/A 0.54 2.22  N/A 

6  Optimise Urban 1 gear  74  22.5  10  ‐  ‐  9.5  >175 N/A 0.53 2.16  N/A 

7  Optimise Rural 2 gear  73  22.5  12.29  6.64  55.7  9.45  >175 11.28 0.54 2.21  5.66 

8  Optimise Rural 1 gear  78.5  22.3  8  ‐  ‐  9.47  >175 11.18 0.54 2.17  5.63 

9  Optimise Motorway 2 gear  71.2  22.5  12  4.6  74.3  9.5  >175 11.17 0.53 2.19  5.6 

10  Optimise Motorway 1 gear  84  22.5  6.7  ‐  ‐  9.4  >175 11.2 0.56 2.19  5.6 
 

Table 3-3 Optimisation results in percentage change 

Result     Motor  Battery  Gear1  Gear2 
Shift 
point 

0‐97 
km/h 

Range 
NEDC  Artemis consumption [% in kWh] 

No.   [% kW]  [% kWh ]  [‐]  [‐]  [‐]  [% sec]  [‐]  combine  urban  rural  motor 

1  Nissan Leaf  0  0           0     0.00 0.00 0.00  0.00 

2  Optimise Artemis 1 gear  ‐1.88  ‐4.17           0.00     1.06 1.79 1.36  1.75 

3  Optimise Artemis 2 gear  ‐11.00  ‐7.08           0.84     1.24 5.36 0.45  1.75 

4  2 gear w/o weight added  ‐11.00  ‐9.17           1.26     3.45 7.14 2.73  3.86 

5  Optimise Urban 2 gear  ‐9.00  ‐4.17           0.00     N/A 3.57 ‐0.91  N/A 

6  Optimise Urban 1 gear  ‐7.50  ‐6.25           0.00     N/A 5.36 1.82  N/A 

7  Optimise Rural 2 gear  ‐8.75  ‐6.25           0.53     0.18 3.57 ‐0.45  0.70 

8  Optimise Rural 1 gear  ‐1.88  ‐7.08           0.32     1.06 3.57 1.36  1.23 

9  Optimise Motorway 2 gear  ‐11.00  ‐6.25           0.00     1.15 5.36 0.45  1.75 

10  Optimise Motorway 1 gear  5.00  ‐6.25           1.05     0.88 0.00 0.45  1.75 
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Table 3-2 presents the simulation and optimisation results of the Nissan Leaf 

against various types of the Artemis driving cycle. The optimisation results are 

presented in two groups, the first group was optimised against the combined 

Artemis cycle (results numbers two to four) and another group was optimised 

against individual driving cycles such as urban, rural and motorway (results 

numbers five to ten). In each of these driving cycles the optimisation results are 

presented both with a single gear ratio and two-speed gear ratio. Result number 

one presents the simulation of the original Nissan Leaf that is used as a reference 

for other results. Table 3-3 shows the same results as Table 3-2 but in terms of 

percentage difference to the original Nissan Leaf.  

Parameters of the Nissan Leaf that were optimised include motor size in kW, 

battery size in kWh, gear ratio and shift point (when using a two-speed gear). The 

objective function is the total energy consumption when the vehicle completes 

one driving cycle in kWh. Constraints were constructed on the range of the 

vehicle against the NEDC, which had to be greater than 175 km and the 

acceleration time had to be less than 9.5 s.          

In the optimisation against the urban Artemis driving cycle (results numbers five 

and six), it can be seen that the size of the motor can be reduced by 9% and 7% 

when using a two-speed gear and increased gear ratio of around 10:1 

respectively, while the acceleration time stays the same as the original Nissan 

Leaf. The consumption of the Artemis urban reduces by up to 5% when using the 

fixed gear ratio. However, these optimised parameters cannot be used when the 

vehicle is driven on the motorway due to the too high gear ratio that causes the 

motor to operate over the speed limit.        

On the rural driving cycle, this cycle contains the speed profiles that are in the 

middle, between urban and motorway. It can be seen that if a vehicle is designed 

to use a single gear ratio, this driving cycle will give a possible solution for every 

range of speed. The optimisation results show that the best possible gear ratio 

for a fixed gear is 8:1 which is close to the original one of the Nissan Leaf and the 

gear ratio from the optimisation of the combined Artemis cycle with a single gear. 
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For a two-speed gearbox, the consumption on the Artemis rural was similar to the 

original gear ratio of the Nissan Leaf. However, the two-speed gearbox was able 

to reduce the size of the motor by 8% while the acceleration time was improved.  

The optimisation against the motorway driving cycle shows close results between 

the two-speed and single gears. For the two-speed gear, the traction motor can 

be reduced in size by 11% while the acceleration time stays the same and 

consumption improves. For a single gear, the motor has to increase in size by 

5% to keep the acceleration less than 9.5 s.      

For the combined Artemis driving cycle, it is clear to see that the vehicle 

consumption reduces in both a single gear and a two-speed gear. Moreover, the 

acceleration performance also increases when using a two-speed gear. It can be 

seen from the results of the optimised gear ratio that if a single gear were to be 

selected, the ratio of 7.9 gives the best result and this parameter is the same as 

the original result for the Nissan Leaf. However, if a two-speed gear is selected, 

the higher gear ratio will benefit the acceleration time and vehicle driving in urban 

areas because the motor will operate at higher speeds and in more efficient 

areas. Alternatively, a lower gear ratio will be an advantage while the vehicle is 

travelling at high speeds by reducing the motor speed to the most efficient area. 

One additional to be noted that, if the weight of a two-speed gear box is 

decreased and the efficiency is increased by the new technology. It is clear to 

see in result number four that a two-speed gear will improve consumption in the 

combined Artemis driving cycle by more than 3% and also improve consumption 

while the vehicle is operated in individual urban, rural and motorways conditions. 
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3.7 Chapter conclusion 

In this chapter, a Genetic Algorithm optimisation solver was implemented with a 

cost function of minimum energy consumption. These optimisation results 

present the possible powertrain parameters that have minimum energy 

consumption and satisfy vehicle constraints. Constraints used in this optimisation 

include vehicle range, acceleration time, limit of battery current and limit of motor 

torque and speed. Simulation results of regenerative braking control rules were 

presented and implemented within the optimisation. Some findings are 

discovered in this optimisation result include:  

 The battery size should be balanced between required range and required 

vehicle performances. A larger size of battery gave a better result in 

vehicle range but provided some negative effects of acceleration time and 

energy consumption. 

 There are some range of gear ratio which is suitable for each of road 

condition. For example, lower gear ratio of 6.5:1 gave the most efficient 

energy consumption in the motorway condition while a higher gear ratio of 

12.6:1 presents the best consumption efficiency of urban traffic. However, 

to design a powertrain which is capable for every road condition, gear ratio 

range between 8:1 may suitable for this single ration transmission BEV.    

 For the two-speed gearbox, almost 2% of the energy consumption and 1% 

of the acceleration time were improved. These results based on 

assumption of 20 kg weight was added and the transmission efficiency 

was reduced by 2%. 

 In the case of the two-speed gearbox, if the additional weight and 

inefficiency is negligible due to the advanced transmission technology; the 

improvement will be almost 4% of energy consumption and 1.3% of 

acceleration time. 

 Two-speed transmission might be a possible option for the BEV 

manufacturers to increase the powertrain efficiency and vehicle 

performance for BEVs used in a wide range of speed profiles 
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4 A Multi-objective comparison of four BEV topologies 

4.1 Introduction 

In the previous chapter the properties of a conventional SM-SA type of the BEV 

were considered. In this chapter, the investigation is extended to the three 

different types of BEV powertrain.  A comparison study will be performed in this 

chapter to find the benefits and costs of each topology. This chapter will begin by 

describing the BEV topologies considered. The changes and extensions to 

previous modelling methods, equation used and assumptions will be described. 

The results will show a trade-off between three objective functions to the selected 

powertrain topologies. Results and discussions will be described in the later 

section in this chapter. 

 Possibility of using multiple electric machines for BEV 

Due to simplicity of electric powertrain and the advantage of a precise control of 

the electric motor, it is possible to add more traction motors to wheels or to 

another axle of the BEV. These are some possible BEV topologies of the 

research and prototype vehicles.  

 Double electric machine with double axles drive 

Instead of using only a traction motor at either front or rear axle, both axle can be 

driven by their separate motor and gearbox. When two traction sources are 

combined in a single vehicle, with an appropriate controlling method, there are 

more degree of freedom to operate these power sources in the efficiency and 

effective ways. This powertrain topology is already developed in the production 

BEV. The Tesla Model X [14] is equipped with motors and single ratio gearboxes 

in both front and rear axle. This vehicle become a four-wheel-drive BEV which is 

currently available in the market. The manufacturer claimed the acceleration 

performance of 0 to 100 km/s in less than 3 sec.  
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  Multiple machine with independent wheel driven 

To further reduce the mechanical devices, wheel can be individually driven by an 

electric machine. Two traction motors can be used to drive each side of the wheel. 

The speed and torque of left and right wheels can be equalised electronically. 

The mechanical differential is eliminated which results in an improvement in 

efficiency and a reduction in weight [23]. In addition, low speed, high torque 

motors are needed. Fixed gearing, belt drive or planetary gearbox can be 

connected between motor and wheel to reduce the speed of the motor and 

increase torque. Thus, more space becomes available. One of the key 

advantages of this powertrain architecture is that small (power) motors, which are 

working together, increase the chance of optimising the efficiency operating 

points of motors which leads to a reduction in energy consumption [22]. 

Electronics stability control can be performed by applying vehicle dynamics 

control directly to the motor [58].  

This type of machine is widely used in the electric wheelchair. Using two motors 

with a gearbox at each of their wheels. By control these motors, the wheelchair 

can be driven and turned easily. For using with a wheelchair which operated in 

low speed, this concept is possible however, to use with a BEV there are some 

challenges in terms of vehicle dynamics to be considered. It is required to control 

the torque balance between left and right wheels by using an electronic 

differential. This method may increase the complexity of the non-linear control. 

Fail to operate will causing problems in vehicle stability and safety [58].     

Furthermore, by increasing the number of traction motors, two small motors are 

working together instead of one large motor. Therefore, the cost of motor per 

kilowatt is more expensive than a single motor [43]. The number of motor control 

units and power electronic devices also increase. These affect the overall cost of 

the system [58].  

 In-wheel motor drive 

In-wheel motors are one of the current research topics to improve driving 

methods for BEVs [59], [22]. However, the numbers using in-wheel motors in 
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passenger cars are limited number and most of them are still at the research and 

development stage. The use of in-wheel motor drives are also available in 

different areas of research, such as in robotics, as presented in [22]. As in-wheel 

motor wheels are independent from the drive shaft, this motor is also used in 

research on an Omni-direction Kart (OK-1) vehicle which is equipped with a four-

wheel, in-wheel motor which has its ability to turn at 0 radius [60]. These 

researches indicate the possibility of using in-wheel motors in a different type of 

vehicle and discuss the advantages of their high mobility. However, these are 

applied only at low speeds and mainly focus on the motion of the vehicle rather 

than the energy consumption.     

In terms of energy efficiency, the in-wheel motor is integrated into the vehicle 

wheel which then eliminates all the mechanical gears and results in no losses in 

transmission [43]. The in-wheel motor makes a vehicle lighter, more compact, 

and reduces losses by friction losses and heat losses in transmission. All the 

power is transferred by wire which benefits space saving and the flexibility of 

components arrangement and also lowers the centre of gravity [21],[61],[62]. 

Literature in [63] shows the use of a wheel motor on a motor cycle; the results 

show that with a wheel motor and using regenerative braking, it can be increased 

their range by 20%. 

However, there are several negative aspects that might affect vehicle 

performance. The in-wheel motor requires an electronic differential. This is 

important while the vehicle is driving into the curve path. Consequently, this 

results in complex torque and speed control between motors. Moreover, an 

integrated motor in the wheel increases the wheel mass and inertia which causes 

the effect of un-sprung mass, thus affecting stability, safety and comfort [64],[58], 

[61],[65]. 

There are some positive aspects of using in-wheel and independent motors in 

terms of vehicle dynamics and control. The paper in [66] presents the advantages 

of using an electric motor as a direct drive in terms of vehicle stability and control. 

Because the electric motor has some benefits in quick torque generation, possibly 
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torque estimation. The results in most vehicle stability controls, such as anti-lock 

braking system (ABS), direct yaw moment control and integrated vehicle dynamic 

control systems, can be performed more easily than with conventional engine 

vehicles by using the benefits of electric motors. More details on vehicle dynamics 

are also available in [58],[66],[67],[68]. The paper in [69] discusses an assisted 

steering system and global torque control for a four-wheel-independent-drive EV. 

And the paper in [70] implemented torque-vectoring to control vehicle yaw rate 

by controlling left and right motors individually.   

In-wheel motors require high torque/low speed and this may result in more losses 

due to higher current required than with a traditional electric motor. The 

development of an axial flux permanent magnetic machine is considered in [58], 

[61] and this will help to design and select a suitable in-wheel motor to be used 

in the BEV [58],[21].  

 Comparison between different powertrain topologies 

Qian et al. [22] present a comparison of energy consumption between a four-

wheel independent drive and a centre drive EV. This research uses the reference 

vehicle model from the Smartcar EV and rescales the motor efficiency map by 

decreasing motor speed and increasing motor torque by a factor of 0.1 and 2.5 

respectively. By using this scale factor, the motor power remains equivalent to 

the original Smartcar EV. For the four-wheel independent drive, the gearbox was 

eliminated. It was assumed that torque distributed between the left and right 

wheels, wheels are in non-slippery condition and regenerative braking is 

neglected. The results show a more than 13% energy saving compared to the 

traditional centre drive. Research in [71] also presents the concept design of pure 

EV by comparing between a centre drive and a gearless drive. This research 

used the Volkswagen Golf as a reference vehicle.  The results show that due to 

the losses from the gearbox, the centre drive consumed 1-2% more energy than 

the gearless drive.          
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4.2 Selected powertrain topologies 

In this section, three additional topologies are selected to be simulated and 

optimised in this chapter. These topologies are the DM-DA, IWM-SA and IWM-

DA. The details of each of these topologies will be explained in the following 

sections. 

 Double motor, double axles (DM-DA) 

This type of powertrain is extended from the SM-SA type of powertrain. A second 

motor is added at the rear axle and a fixed gearbox was still used for both axles. 

The vehicle then becomes a 4WD vehicle as presented in Figure 4-1. The two 

front and rear vehicle axles become independent because of their own electric 

machine and both are equipped with and independent a single transmission ratio. 

One reason behind this selection is that it was found that the transmission 

efficiency has the most sensitive parameters in the BEV powertrain, more details 

will be discussed in the Chapter 5.  

 

Figure 4-1 Double motor double axles (DM-DA) 

It can be seen from the SM-SA type that, unlike a conventional vehicle, the 

electric machine has enough torque to start traction a BEV and a single ratio 

transmission is sufficient for the BEV application. However, motor efficiency is not 

uniform over the torque and speed range. The most efficient operating points are 
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in a small range of torque and speed as presented as a red area in Figure 3-2. 

Moreover, if the BEV is to be used in every traffic condition (different driving 

cycle), two electric machines at different operating points could give a designer 

greater to match components to requirements. Any given torque demand will be 

met from either axle, so this topology will be equipped with a torque-split algorithm 

that will allocate torque between the two axles. 

 In-wheel motor, single axle (IWM-SA) 

In-wheel motors have been considered for use with EV for many years and they 

can be found as a traction motor for vehicles in many conceptual vehicles. In 

addition, in the academic and research areas, there are literatures contain 

number of sources describing these motors’ use in vehicle traction as presented 

earlier section in this chapter. However, only a small number of in-wheel motor 

production BEVs are available in the market today, probably due to difficulties 

with some of the problems of vehicle handling and complex control algorithm on 

vehicle dynamics. 

If the limitations can be overcome, in-wheel motors have potential for next-

generation BEVs as they offer many benefits. Because of their compact package, 

lighter weight and direct drive, less space is required, and they provide greater 

efficiency because they experience no transmission losses. With a more efficient 

powertrain and lighter vehicle, we might expect better performance and lower 

energy consumption. In this study, it can see if this is true and will seek to 

understand the trade-offs between energy efficiency, acceleration performance 

in relation to other topologies.  

This IWM-SA BEV is similar to the SM-SA, apart from the use of in-wheel motors 

as presented in Figure 4-2. By comparing this vehicle to SM-SA BEV in Figure 

3-1, it can be seen that most of the mechanical linkages (black line) have been 

replaced by electrical linkages (red line). In effect, the gearbox and shaft are 

replaced by electric cables. All traction forces are produced at the wheels and 

use direct drive. 
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Figure 4-2 In-wheel motor single axle (IWM-SA) 

In this topology, the two front in-wheel motors have to be the same size, since 

differing sizes would present challenges for vehicle stability. 

 In-wheel motor, double axle (IWM-DA) 

This topology is similar to the IWM-SA type, but provides four-wheel drive by 

adding another two in-wheel motors at each wheel in the rear axle.  This is 

illustrated in Figure 4-3. The advantage is that each wheel can share the load 

which means that smaller sized motors can be attached in each wheel for the 

same total amount of power compared to others topologies. As in the DM-DA 

type, a torque-split algorithm can be applied to maximise the motor efficiency for 

any given torque demand.  An added benefit of this topology is that the vehicle 

becomes a 4WD, which tends to result in favourable vehicle dynamics.    
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Figure 4-3 In-wheel motor double axles (IWM-DA) 

4.3 System model 

 Modified motor efficiency map for In-wheel motors 

In the first two cases (SM-SA, DM-DA), a scalable version of the permanent 

magnet synchronous machine motor from the Nissan Leaf is used, as mentioned 

in section 3.3.3. However, for the in-wheel motor, the torque and speed 

characteristics are different, as mentioned in section 4.1.1 For a reasonable 

comparison between a conventional and an in-wheel motor, the motor efficiency 

map is based on the original Nissan Leaf map with torque and speed axis 

modification. The torque and speed scale were modified to match the normal in-

wheel motor available in the market. The original motor map provides a peak 

torque at 280 Nm, based on a speed of 280 rad/s and a max speed of around 

1100 rad/s. This motor delivers up to 80 kW of power. For the in-wheel motor, the 

torque scale is extended by a factor of 2.5 at the torque axis to get the max torque 

to 700 Nm and based on a speed of 53 rad/s and a max speed of around 210 

rad/s. The peak power becomes 38.5 kW as presented in Figure 4-4. 
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(a) (b) 

Figure 4-4 Modified motor map for in-wheel vehicle 

(a) Original motor map with 80 kW peak power. 

(b) Modified motor map with 38.5 kW peak power 

 Weight of vehicle 

The equations to calculate the powertrain weight are described in section 2.3.2. 

In this chapter, a method of vehicle mass estimation will be presented in details. 

As can be seen, the weight of the vehicle affects both acceleration performance 

and energy consumption. As it can be seen from the result in the Chapter 5 that 

vehicle mass is a parameter that sensitive to energy consumption. The following 

section separates the calculation of vehicle mass into three components: electric 

machine and transmission, battery and vehicle body. 

 Weight of transmission and electric machine 

This section aims to integrate the weight of the electric machine and its 

transmission into a single unit. It is assumed in this study that the SM-SA and 

DM-DA, each motor is equipped with a single ratio transmission only. And it is 

also assumed that all transmission ratios are uniform in weight calculation.  

The exact weight of the Nissan Leaf motor is not published by Nissan; however, 

the weight of the motor is estimated by using the average weight of the permanent 

magnet motor at the same peak power as the Nissan Leaf. The estimation of 
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motor weight is based on the data available. This table shows assumptions of 

transmission weights in different powertrain topologies. 

Table 4-1 Weight of transmission in different topologies 

Type Transmission weight 

SM-SA Unchanged for every powertrain size 

DM-DA Unchanged for the front axle and 30 kg added for rear axle 

IWM-SA The reduction of 25% applied for overall powertrain weight 

IWM-DA The reduction of 25% applied for overall powertrain weight 

Table 4-1 and Table 4-2 show details of assumptions and the equations on the 

weight of motors and transmission. In this DM-DA type, 30 kg of additional 

transmission is added to the total vehicle weight. And 25% of weight reduction 

will be applied to in-wheel vehicles as they do not require transmission.  

Table 4-2 Weight of motors and transmission in different topologies 

 Front motor Rear motor Transmission 

SM-SA 0.532	 , 21.6 No motor Unchanged 

DM-DA 0.532	 , 21.6 0.532 , 21.6 30 kg added 

IWM-SA 0.532	 , 21.6 2 No motor 25% removed 

IWM-DA 0.532	 , 21.6 2 0.532 , 21.6 2 25% removed 

From these tables, it can be found that if the vehicle is subjected to the equal 

combination of total electric machine power (80 kW SM-SA and 40 + 40 kW DM-

DA) the DM-DA type is always heavier than the SM-SA. These results will be 

shown in the Table 4-4 

 Weight of battery 

The weight of the battery pack is calculated by the integration of battery cells. 

The weight of the battery cell for the Nissan Leaf was published in [45]. The cell 
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weight is 787 g and there are four cells in one module and 48 modules in a battery 

pack. There are 0.787 x 4 x 48 = 151.1 kg. Therefore an assumption can be made 

of 0.06 kg/kW for the mass of thermal management system and 0.14 kg/kW for 

the mass of harness and bus bar [46]. The total weight of cell weight will be 0.975 

kg of battery cell as described by 

cells,seies,Battery cells,parellel,Battery 0.975	 (4-1) 

The total estimated weight of the 24 kWh battery will be 187.2 kg. The mass of 

the battery estimation in every topology remains the same as the SM-SA type 

because they use a similar type of battery pack. 

 weight of vehicle body and chassis  

Vehicle body and chassis weight are estimated from the original Nissan Leaf total 

kerb weight which is 1521 kg (the 2011/2012 model) and the weight of the 

powertrain which is described previously. In case the powertrain size changes, 

the difference in powertrain weight is calculated and multiplied by a mass 

compounding factor of 1.6 to compensate for the weight increase of the vehicle 

chassis. 

 Cost of powertrain 

Table 4-3 shows details of equations and the assumptions made for calculating 

the powertrain cost. 

Table 4-3 Cost of Motors and Transmission in different topologies 

 Front Rear Transmission 

SM-SA 16 , 385 No motor As SM-SA 

DM-DA 16 , 385 16 , 385 2nd	gearbox 5%  

IWM-SA 16	 , 385 2 No motor As SM-SA 

IWM-DA 16	 , 385 2 16 , 385 2 As SM-SA 
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Battery cost for every powertrain topology is calculated by the same method as 

presented in this section.  

Costcell,Battery,$/kWh 11.1 221.1	 (4-2) 

CostPack,Battery,$ Costcell,Battery,$/kWh 13 Capacitypack,Batt,kWh 680	 (4-3) 

Total powertrain weight and cost are calculated based on the weight and cost of 

the motor, transmission and battery as presented by 

CostPowertrain,$ CostMotor,$ CostPack,Battery,$	 (4-4) 

 Drivability (acceleration time) 

The equation to calculate the acceleration test time is a simple integration of 

traction force, vehicle total mass and velocity. The integration takes a limit 

between 0 m/s to 27.78 m/s (0 – 100 km/h) as presented by 

TimeAcceleration	0‐100	km/h
.

	 (4-5) 

4.4 Multi-objective optimisation on different BEV topologies 

The multi-objective optimisation for the BEV topologies are considered to 

minimise three objectives. The first objective is energy consumption on the 

combined Artemis driving cycle, the second objective is accelerative time from 0-

100 km/h and the last objective is the powertrain cost. The constraint of this 

optimisation is the range of NEDC that require to be greater than 175 km. This 

multi-objective optimisation using Genetic Algorithm solvers from the MATLAB 

Global Optimisation Toolbox, the detail of this software is available from [72]. 

Equation of the cost functions and constraints of this multi-objective optimisation 

are presented by  

 Minimise	 , , 	 (4-6) 

cycle	energy	consumption (4-7) 
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acceleration	time /  (4-8) 

CostPowertrain,$ (4-9) 

subject to                 Range NEDC 	 	175	km  (4-10)

4.5 Results 

 Vehicle simulations without optimisation 

Table 4-4 shows the vehicle weight estimation on the different BEV topologies 

when a total 80 kW motor such as the Nissan Leaf was applied to every topology 

and some assumptions are applied to the transmission weight. The first topology, 

SM-SA, a single 80 kW motor at a front axle is applied. In this type the parameters 

are set as a benchmark for the comparison. For the DM-DA, it is applied two 40 

kW motors at the front and rear axle, for the IWM-SA a two 40 kW in-wheel motor 

at each left and right wheel on the front axle and for the IWM-DA is applied a four 

20 kW in-wheel motor at each of their wheels. This comparison presents a vehicle 

weight assumption for different powertrain topologies if the same motor size (80 

kw) and battery size (24 kWh) as the Nissan Leaf is applied.  

The results show that the DM-DA will gain the most extra weight because of using 

an additional motor and gearbox on the rear axle. For in-wheel topologies, a 

smaller sized with four motors are applied; however, due to the beneficial 

gearless drive, an assumption of 25% of powertrain weight reduction was made 

and this made the whole powertrain just a little different from the original case 

study vehicle.    
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Table 4-4 Vehicle weight estimation equivalent to 80kW motor  

 Front motor               

(power, weight, number) 

Rear motor               

(power, weight, number) 

Transmission 

weight 

Different from 

Nissan Leaf (kg) 

SM-SA 80 kW, 64.16 kg, 1 No motor Front only 0 

DM-DA 40 kW, 42.88 kg,1 40 kW, 42.88 kg, 1 
Front and Rear, 

30kg added 
+51.6  

IWM-SA 40kW, 42.88 kg, 2  No motor 25% reduce +0.16  

IWM-DA 20kW, 32.24 kg, 2 20kW, 32.24, 2 25% reduce +32.56 

Table 4-5 shows the simulation results for all objective functions (energy 

consumption, acceleration time and powertrain cost) from the vehicle parameters 

of the Table 4-4 on the combined Artemis cycle. The simulation results show that 

the in-wheel topologies consume less energy consumption than the original 

vehicle case study. The interesting results show that the DM-DA type had around 

50 kg extra added due to the rear axle motor and transmission; however, the 

vehicle consumed around 1% extra energy than the original vehicle. This is 

because of the effect of the motor torque split that divides the vehicle torque into 

front and rear motors efficiently. The next section will show a consumption result 

improved if all motors and transmission ratios are optimised.   

Table 4-5 Estimation of objective functions  

 Total Weight (kg) Acceleration Time (s) Cost (US$) Energy (kWh/100km) 

SM-SA 1521 9.9 8,920.3 16.47 

DM-DA 1572.6 10.5 9,305.3 16.64 

IWM-SA 1521 11.18 9,325.7 15.99 

IWM-DA 1553.6 11.47 10,108 16.05 
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 Results of multi-objective optimization for different topologies 

Figure 4-5 shows the results of the multi-objective optimisation between the 

energy consumption and acceleration time of different BEV topologies. A solid 

line shows the benchmark of the acceleration of the Nissan Leaf. It is clear to see 

that all optimised results in every topology give a better result than the original 

Nissan Leaf. Energy consumption and acceleration performance are traded off 

against each other. Better acceleration requires a large motor with more weight 

that consumes more energy. The Pareto-front in this Figure shows the best 

optimisation results and trade-off between these objectives. 

Table 4-6 shows the detailed results of each topology at the Nissan Leaf 

benchmark (9.9 sec acceleration time). To get this acceleration performance, it 

is required at least an 80 kW motor for every topology. The results show that 

IWM-DA gives the best energy consumption among other topologies with an 

improvement of more than 3% energy from the case study vehicle. The optimum 

result of SM-SA which is similar to the Nissan Leaf shows a small improvement 

from the case study vehicle. To obtain this improvement, the gear ratio of the SM-

SA will be selected a little higher than the case study and requires a smaller sized 

battery. This make the vehicle consume a little better on the combined Artemis 

driving cycle with the same acceleration performance and range. 

Figure 4-6 shows the powertrain cost for each of the BEV topologies. As can be 

seen from Figure 4-5, the IWM-DA gives the best results in both energy efficiency 

and acceleration. However, the disadvantage of this powertrain is the most 

expensive powertrain cost. To compare the energy consumption results with the 

benchmark result from the vehicle case study, a solid line in Figure 4-6 and 

information in Table 4-7 show the benchmark optimisation results between 

powertrain cost and energy consumption. The results show that for the optimised 

SM-SA, a slightly larger motor and gear ratio (84kW, 8.9:1) was selected and the 

battery size was reduced by 1 kWh. This optimisation result was around 2.3% 

cheaper. For other topologies, they are more expensive than the original vehicle. 

There are some interesting points to note, i.e. by using an in-wheel motor, the 
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IWM-SA is about 1% more on cost while the IWM-DA is about 26% more 

expensive. However, an expensive powertrain cost of the IWM-DA type is trade-

off with a better energy consumption and drivability. 

Figure 4-5 Pareto front of acceleration time and energy consumption 

 

Table 4-6 Energy Consumption for Acceleration benchmark (9.9s) 

 Motor Size in kW              
(Front, Rear) 

Transmission 
Ratio

Battery Size 
(kWh)

Energy Consumption 
(kWh/100km), (%)

Case Study 80 kW, not present 7.9, - 24 16.47, (0%) 

SM-SA 80 kW, not present 8.1, - 23 16.4, (-0.5%) 

DM-DA 42 kW, 46 kW 6.56, 6.29 24 16.4, (-0.3%)  

IWM-SA 43kW + 43kW, not present Direct Drive 21.1 16.2, (-1.8%) 

IWM-DA 29kW + 29kW, 17kW + 17kW Direct Drive 22.3 16.0, (-3.3%) 
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Figure 4-6 Pareto front of energy consumption and powertrain cost 

 

Table 4-7 Powertrain cost for energy consumption benchmark (16.47kWh/100km) 

 Motor Size in kW              
(Front, Rear) 

Transmission 
Ratio

Battery Size 
(kWh)

Powertrain Cost        
(US$), (% change)

Case Study 80 kW, not present 7.9,- 24 8,920.3, (0%) 

SM-SA 84 kW, not present 8.99, - 23.07 8710.75, (-2.35%) 

DM-DA 60 kW, 40 kW 7.96, 8.01 24 9631, (+7.96%)  

IWM-SA 61.7kW + 61.7kW , not present Direct Drive 20.57 9002, (+0.91%) 

IWM-DA 65kW + 65kW , 20kW + 20kW Direct Drive 23.3 11258, (+25.98%) 
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4.6 Discussion of results by topology 

 SM-SA 

The SM-SA is the simplest BEV powertrain that uses the most mechanical 

connection between components, thus, the powertrain cost is low and require 

less complex electronics control system. The result shows that 60 kW is the 

smallest motor size to complete the driving cycle. This solution provides the most 

minimum energy consumption but it has a poor acceleration performance.     

This topology provides a greatest benefit in low-cost powertrain but it does not 

give a good trade-off between energy consumption and driveability performance. 

 DM-DA 

This BEV topology has two separate motors in the front and rear axles. Providing 

two motors options and two set of single ratio gearbox, this topology has a benefit 

in improving consumption and performance to the SM-SA as there are more 

options to optimise the powertrain components.  

This topology provided a better power for acceleration with minimum 

consumption than SM-SA. However, the disadvantages are that the powertrain 

cost is still higher than an SM-SA type and it may need a powertrain controller 

with torque split algorithm between front and rear axle. This topology is possibly 

suitable for an off-road BEV that requires power and 4WD ability.    

 IWM-SA 

IWM-SA required a small additional powertrain cost compared to the SM-SA but 

it provided a better energy consumption and acceleration performance. However, 

the IWM-SA is not as good as the IWM-DA in term of energy efficiency and 

drivability performance but for the budget issue. The use of in-wheel motors may 

require a consideration of electronic differential algorithm and the un-sprung 

mass issues.  
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In the author’s point of views, this topology will be suitable for the future small city 

BEV which is not require a high-performance powertrain but sufficient energy 

efficiency and lower price than the IWM-DA. 

 IWM-DA 

IWM-DA is the topology that provided a very good acceleration time with 

minimum energy consumption. The drawback of this topology is their number of 

motors that make it become more expensive. Moreover, without using 

mechanical links between motors, it will be a complex task for the motor control 

algorithm. Vehicle dynamics are still a large issue for this topology. More limitation 

on the motor size will be considered if the vehicle’s dynamic performance is 

investigated. This issue will be interesting to investigate in the future work.  

4.7 Chapter conclusions 

In this chapter the model, assumptions and optimisation results of the selected 

BEV powertrain topologies have been presented. The first two BEV powertrain 

topology, SM-SA and DM-DA, are already available as a production vehicle. 

However, the last two BEV topologies, the in-wheel types, are mostly available 

as a conceptual vehicle and research prototype. The findings in this chapter will 

give comparative details for those selected BEV topologies as far as the 

limitations of powertrain data is available.  

 The first topology, SM-SA, benefit from its simple powertrain. This results 

in a lower powertrain cost compared to the other topologies.  

 The DM-DA topology’s additional motor at the rear wheels gives an extra 

degree of freedom to operate motors in an efficient way. Compared to the 

SM-SA, it is more expensive but it provides a good acceleration with 

minimum consumption.  

 The in-wheel BEV topology has high drivability performance and low 

energy consumption because of the elimination of weight and efficiency 
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losses in mechanical transmission components. It is, however, the most 

expensive.  

Each topology is trade-off between energy saving, driving performance and cost. 

Table 4-8 and Figure 4-7 summarise the keys strengths and weaknesses for each 

topology which may be a guideline for vehicle manufacturers to produce more 

available and a variety of styles of future BEVs.   

Table 4-8 Trade-off between different topologies and objective functions 

 Energy efficiency Driving performance Powertrain cost 

Energy efficiency IWM-DA IWM-DA SM-SA 

Driving performance  DM-DA IWM-SA 

Powertrain cost   SM-SA 

 

 

Figure 4-7 Trade- off between different topologies and objective functions 
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5 Sensitivity analysis for battery electric vehicle  

5.1 Introduction 

Key important components of a BEV powertrain are the electric machine, 

transmission and battery which are required to be designed simultaneously 

because parameters of these components also affect the interaction between 

them. For example, BEV range will be directly affected by the size of battery while 

the vehicle acceleration performance is strongly link to the size of motor. To be 

precise, battery size is not the only parameter that affects the vehicle range but 

motor size and gear ratio are parameter that used for estimating the vehicle 

range.      

In general, BEV powertrain components and their sizing are usually designed 

simultaneously using optimisation technique as described earlier in the previous 

chapters. There is much literature that presents optimisation technique for vehicle 

powertrain in both single objective (e.g. [27],[73],[74]) and multi-objective (e.g. 

[75], [76]). Usually these optimisation techniques just to find the cost function and 

constraints without exploring insight the interaction between components and the 

energy consumption.  

To investigate the effect of parameters on the objective function, a sensitivity 

analysis can be performed on the parameters of the BEV powertrain. Sensitivity 

analysis is a technique to answer the question of which input parameters and 

assumption parameters are the most important to determine the objective 

function. Sensitivity analysis is also used to study the accuracy and robustness 

of mathematical models [77]. It is used in a wide area of research such as 

financials, ecology, nuclear physics and environmental science [78]. In 

engineering, sensitivity analysis has been used in aerospace vehicle design [79], 

in combustion modelling [80] and automotive [81],[82],[83],[84].  

This chapter aims to obtain an insight into the BEV powertrain parameters by 

determining which of those parameters affect the energy consumption the most. 

The sensitivity analysis technique is implemented by starting with first order 
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sensitivity analysis, in Section 5.2.1, to determine the most sensitive parameter 

in the BEV powertrain. Then, the second order sensitivity analysis, in Section 

5.2.2, is implemented to explore the cross-coupling effect between a pair of 

powertrain parameters. Finally, these techniques are applied to the SM-SA BEV 

and use the Nissan Leaf as a vehicle case study as presented in Section 5.3. 

5.2 Mathematical techniques for sensitivity analysis 

The BEV powertrain model can be generalised as an algebraic equation for a fixed 

driving cycle as presented by Guzzella and Sciarretta in [25]. Energy consumption 

can be expressed as an algebraic function of several parameters; 

, , … ,  (5-1)

This technique in the literature [25] shows methods of calculating first order 

sensitivity analysis for a limited number parameters of road vehicle. In this thesis, 

a formal technique is developed that explores the effect of the energy 

consumption sensitivity on the BEV by extending EV powertrain parameters from 

the normal road vehicle such as motor efficiency, gear efficiency and regenerative 

breaking efficiency. Moreover, the effect of cross-coupling between different 

powertrain parameters using the second order sensitivity analysis is also 

introduced in this study. The mathematical technique for sensitivity analysis and 

their application with a case study of the C-segment BEV is explained in the 

Sections 5.3.      

 First order sensitivity analyses from the literature 

In [25], for a fixed-driving cycle, energy consumption can be formulated as a 

quasi-static model of the vehicle parameters:   

Φ  (5-2)

where 	 	 , 	 , … , 	 	represents the vehicle key’s parameters. In 

optimization terms,  is the objective function. Sensitivity to parameter  can be 

defined in terms of the partial derivatives: 
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	≝ 	 lim
→

δ ⁄

δ ⁄
 (5-3)

Thus 

	
∂
∂

∙  (5-4)

This formula describes the change in energy consumed in response to small 

changes in vehicle parameters. 

Equation (5-4) defines the first-order sensitivity analysis common in the literature. 

This analysis shows which parameters most affect the energy consumption at the 

nominal parameter values. For the designer, the result will shows which 

parameters should be considered to improve as a priority and to value them 

accurately. 

In the literature [25], three vehicle parameters, aerodynamics drag area, vehicle 

mass and rolling resistance coefficient are compared. The standard NEDC has 

been used in this literature to investigate the sensitivity of the energy 

consumption. The results show that the mass of the vehicle is the most sensitive 

parameter for the energy consumption.  

The literature [25] presents a very good method and results from the sensitivity 

analysis however, the results themselves were limited to the parameters of the 

vehicle body (drag mass and rolling resistant) only and not investigate into the 

vehicle powertrain such as transmission and electric machine efficiency. 

Moreover, the interaction between parameters has not been investigated. In 

practice, if the gearbox efficiency is improved it is likely that the efficiency of 

electric machine that connected to the gearbox will become more significant. In 

this thesis, the second order sensitivity analysis will present the coupling between 

parameters and help designers to focus on the improvement of the most sensitive 

parameters on the optimisation process. 
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 Expression of second-order sensitivities  

The second order sensitivity analysis is described by 
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 (5-5)

This second-order sensitivity analysis indicates the cross-coupling parameters in 

the powertrain equations. The equations (5-6) to (5-11) will present the examples 

of using first and second order sensitivity analysis to examine the sensitivity and 

cross-coupling of parameters. 

To understand the equation (5-5) this following example will give a fundamental 

idea of cross-coupling effect between parameters. Consider a problem: 

E  = 0.5p1+ 0.5p2 (5-6)

where E is our objective function and p1and p2are the considered parameters.  

The sensitivity of parameters is presented by the first-order partial derivative as 

presented by 

SΦ = 0.5 0.5  (5-7)

It can see that E is equally sensitive to each parameter p1and p2. Furthermore, it 

can see the second-order sensitivity are  

SΦ
' 	= 0 0

0 0
 (5-8)

which shows that the sensitivities are not cross-coupled: if a small change is 

made in p1, then the sensitivity to p2 will not change.  

Consider another problem 
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E 	=
p1

p2

 (5-9)

The first-order sensitivity analysis is: 

SΦ	= 
1

p2

p1

p2
2

Φnom

= 1 1  (5-10)

and it can see from the equation (5-10) that E will increase in response to a small 

relative change in p1 but p2 will decrease in a similar quantity. And the second-

order sensitivity analysis is  

SΦ	
' 	=	

   0
1

p2
2     

1

p2
2

2p1

p2
3

Φnom

=	    0 1    
1 2

 
(5-11)

 

From the equation (5-11) shows that p1 is sensitive to p2 and vice versa. But if p2 

is increased, the problem becomes more sensitive to p2 itself; however, there is 

not a corresponding relationship for p1. It can see that if p1 is a vehicle’s 

powertrain efficiency and p2 is vehicle mass. It would say that if a vehicle mass is 

reduced, a powertrain efficiency will become an important factor to consider in 

this design.  

In the next section, the techniques of applying formal second-order sensitivity 

analyses are developed and this technique is used for the quasi-static vehicle 

models. The following section shows the parameters of the BEV and the use of 

this sensitivity analysis to help the designer determine the interdependencies of 

the vehicle parameters.  

5.3 Case study in powertrain optimization 

In the previous section, the mathematics for the sensitivity analysis technique 

was introduced; in this section the technique is applied to a case study based on 

a popular real-world vehicle. BEVs have now entered the mass consumer market. 
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The Nissan LEAF a production C-segment vehicle is perhaps the best known. 

This section aims to present a simplified analytical BEV model and perform the 

first and second order sensitivity analysis. Vehicle parameters and powertrain 

components are based on publically available data [44] and are otherwise based 

on the authors’ assumptions: which are based on the range performance data 

provided by the vehicle manufacturer [12]. In particular, this study has aimed to 

reproduce the stated “combined” range of 175 km on the NEDC with a 24 kWh 

battery. 

Figure 5-1 shows a schematic diagram of the BEV powertrain of the Nissan 

LEAF. The vehicle is driven by a single 80 kW motor with a 7.9:1 constant ratio 

transmission at the front wheels. It is similar to the quasi-static backward 

simulation as in the previous chapter, to compute energy consumption, the 

calculations are started at the wheels. Driving cycle gives information of vehicle 

speed and losses due to environment are computed as functions of speed and 

acceleration then the required power at transmission, electric machine and 

battery is determined. Finally, all losses are combined and the energy 

consumption of the vehicle is calculated. 

 

Figure 5-1 Schematic diagram of case study vehicle powertrain. 

The assumption for this chapter are  

i) The nominal average fixed ratio transmission efficiency is 97%. 

ii) The nominal average combine motor and inverter efficiency is 85%. 
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iii) The battery average voltage (modelled as constant) is assumed to be 

345V.   

iv) The charge and discharge battery resistances are taken to be 216 × 10−3 

ohm and 192 × 10−3 ohm. 

The vehicle is also assumed to be driving on a level surface, so gradient effects 

are ignored. Two driving cycles are considered: the NEDC as specified in 

international testing standards [33], and a combined “real-world” cycle made from 

combinations of the well-known ARTEMIS cycles [34]. The “combined” ARTEMIS 

cycle which is used in this chapter consists of two cycles of the “urban” segment 

followed by two cycles of the “road” segment and then one cycle of the “motorway” 

segment as presented in the Section 2.1.1. In the following subsections, algebraic 

equations will be presented for describing the vehicle’s energy consumption. The 

sensitivity analysis is then applied to them. 

 Vehicle model and energy calculation 

In this chapter, the energy balance is considered to be associated with the 

following elements: aerodynamic drag force, rolling friction force, inertial forces, 

transmission losses, losses in the motor, and losses in the battery.  

Energy balance can be classified from the integral of summing force acting onto 

the vehicle and average speed on each of the driving cycle: 

	 F ∙ dt (5-12)

Note that for practical reasons, energy,	 , will be scaled so that it is expressed 

per unit distance rather than per unit time (this is consistent with the way 

standards are presented and enables a better understanding of the results). In 

the following equations, xtotal is the driving distance (m). The consumption due to 

aerodynamic losses, EAero, is given by: 

	
1

∙
1
2
1.25 ∙ ∙ ∙ ∙ ∙ 100  

	
62.5

∙ ∙ ∙ ∙  
(5-13)
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The energy consumption from rolling resistance is given by: 

	 	
1

∙ 9.81 ∙ ∙ ∙ ∙ ∙ 100 

981
∙ ∙ ∙ ∙  

(5-14)

The energy consumption from inertia is given by: 

	 	
1

∙ ∙ ∙ ∙ ∙ 100
100

∙ ∙ ∙
 

(5-15)

The energy recovered through regenerative braking is a function of inertia energy 

and percentage of regenerative braking: 

ReGen Inertia ReGenηE E  (5-16)

where EReGen is the energy recovery by regenerative braking and ηReGen is 

regenerative braking efficiency. Gear losses include losses due to the energy 

transfer between environmental losses and electric machine:
 
 

GearLoss Aero Rolling Inertia ReGen Gear( ) (1 η )E E E E E      (5-17)

where EGearLoss is the energy loss in transmission in both traction and regenerative 

braking, and ηGear is the transmission efficiency. 

Motor losses are computed as:
 
 

MotorLoss Aero Rolling Inertia ReGen GearLoss Motor( ) (1 η )E E E E E E       (5-18)

where EMotoLoss is the energy loss in motor in both traction and regenerative 

braking and ηMoto is the motor efficiency. 

Battery energy dissipation is calculated on both discharge and charge current: 

	 ∙ 	 , ∙ ∙
∙

∙ ∙
 

(5-19)
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2ReGen
BattCharge c

Batt

[ ]
E

E R T
TV

    (5-20)

where EBattDisCharge and EBattCharge are losses in the battery due to discharge and 

charge the battery. The terms IRMS,Batt, VBatt, Rd, Rc and T are average battery 

current, battery voltage, battery discharge/charge resistant and simulation time, 

respectively. This leads us to the result we have been working towards: the total 

energy equation for the vehicle is: 

Total Aero Rolling Inertia ReGen GearLoss MotorLoss BattDischarge BattcahrgeE E E E E E E E E        (5-21) 

where the terms are given by the expressions above. 

 Energy consumption 

Before a sensitivity analysis is performed, the predictions of energy consumption 

are firstly considered for the models and checked to make sure that they are 

reasonable. Table 5-1 shows the energy consumption on each of the vehicle and 

powertrain components on both NEDC and combined Artemis driving cycles. 

Energy consumption presented in this table is in kWh per 100 km range based 

on Equation (5-21) and with component sizes for the Nissan Leaf powertrain. The 

nominal regenerative braking efficiency is assumed to be 40%, but in this table 

the percentage of regenerative braking efficiency is selected differently to see the 

variation in energy consumption on each powertrain component. It is clear to see 

that the highest consumed energy in both NEDC and combined Artemis are 

associated with the vehicle inertia. The other biggest losses are due to 

aerodynamic drag force, followed by rolling resistant losses. The regenerative 

energy recovery is simply calculated from the percentage of the energy from 

vehicle inertia. Battery losses are also included in this calculation as presented in 

the Equations (5-19) and (5-20). However, battery energy losses are very small 

and it is therefore safe to ignore these losses. 
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 First-order sensitivity analysis 

The techniques of Section 5.2 have been applied to the model and the results are 

shown in Figure 5-2. It can be seen that for both the NEDC and ARTEMIS cycles, 

the most sensitive parameter sensitivities is weight. As the regenerative braking 

efficiency improves, gear and motor efficiency become even more sensitive (note 

that changing the regenerative braking fraction from 40% to 100% results in a 

large relative change). Vehicle inertia sensitivity is reduced when the 

regenerative braking efficiency is improved; however, the relative change is much 

smaller compared with the sensitivity changes of gear and motor efficiencies. The 

aerodynamic and rolling resistance sensitivities are also increased as the 

regenerative braking energy efficiency is improved, but with a smaller relative 

change 

When comparing these two driving cycles, it can be seen that there is a large 

difference in energy consumption, as illustrated in Table 5-1, but the relative 

change in sensitivities are comparable. Some trends have been observed in the 

sensitivities for a single parameter, and they will be presented by several plots. 

In the following section, it will be seen that a second-order analysis could have 

predicted this as well, and also that it can achieve similar results far more quickly 

and easily. 

 

(a) (b)

Figure 5-2 First-order sensitivity analysis of the nominal vehicle parameters. 

(a) NEDC and (b) Artemis Cycle 
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Table 5-1 Energy consumption on the Nissan Leaf in different percentage of 

regenerative braking. 

Energy (kWh·100 km−1) 
NEDC  

0% regen 

NEDC 
40% 

regen 

NEDC 
50% 

regen 

NEDC 
80% 

regen 

NEDC 
100% 
regen 

Aerodynamics 4.03 4.03 4.03 4.03 4.03 

Rolling Resistance 3.05 3.05 3.05 3.05 3.05 

Vehicle Mass 4.95 4.95 4.95 4.95 4.95 

Regenerative Recovery 0.00 −1.98 −2.47 −3.96 −4.95 

Transmission Loss 0.36 0.42 0.44 0.48 0.51 

Motor Loss 1.86 2.16 2.24 2.47 2.62 

Battery Discharge Loss Negligible 

Battery Charge Loss Negligible 

Total Energy (kWh·100 
km−1) 

14.25 12.63 12.23 11.02 10.21 

Energy (kWh·100 km−1) 
Artemis 

0% regen 

Artemis 
40% 

regen 

Artemis 
50% 

regen 

Artemis 
80% 

regen 

Artemis 
100% 
regen 

Aerodynamics 6.42 6.42 6.42 6.42 6.42 

Rolling Resistance 3.05 3.05 3.05 3.05 3.05 

Vehicle Mass 7.91 7.91 7.91 7.91 7.91 

Regenerative Recovery 0.00 −2.37 −3.95 −6.33 −7.91 

Transmission Loss 0.52 0.59 0.64 0.71 0.76 

Motor Loss 2.68 3.05 3.30 3.66 3.91 

Battery Discharge Loss Negligible 

Battery Charge Loss Negligible 

Total Energy (kWh·100 
km−1) 

20.58 18.64 17.35 15.42 14.13 
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 Second-order sensitivity analysis 

Figure 5-3 illustrates the results of second-order sensitivity analysis at the vehicle 

nominal points for NEDC and Artemis. Figure 5-3a shows the results for the 

NEDC in number values and text explanations and the same for Artemis cycle, 

as shown in Figure 5-3b. 

It can be seen that the cross-coupling between the gear efficiency and the motor 

efficiency is very strong, as is the cross-coupling between gear efficiency and 

vehicle mass: the numerical values are close in magnitude to one. There is also 

strong cross-coupling between vehicle mass and motor efficiency. In fact, the 

gear and motor efficiency are also cross-coupled to every parameter. 

Cross-coupling between other parameters is smaller, and there are some cases 

where the cross-coupling is so small that it could be ignored. The same results 

are broadly true for both driving cycles. This relates well to the results shown in 

Figure 5-2: where it can be seen that there is significant coupling between the 

sensitivities to regenerative braking efficiency, vehicle mass, gear efficiency and 

motor efficiency, but not much with the aerodynamic drag area and the rolling 

resistance. 

Figure 5-4 shows second order sensitivity results from selected parameters. In 

Figure 5-4a, energy consumption on NEDC of two parameters between 

aerodynamics and vehicle mass are presented. The black solid line illustrates 

change in vehicle mass only; the blue dash-dot line shows change in 

aerodynamic area only. The red dash line shows changes in energy consumption 

while both parameters are changed simultaneously. It can be seen that there is 

no coupling between aerodynamic drag area and vehicle mass. As a result, when 

varying both parameters simultaneously, the impact on the energy consumption 

is linear due to the parameters being decoupled. 
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Figure 5-4b shows the coupling sensitivities for mass and rolling resistance and 

Figure 5-4c illustrates these sensitivities for mass and gear efficiency. The 

coupling between mass rolling resistance and mass gear efficiency are 

respectively medium and very strong as presented in Figure 5-3. When two 

parameters are varying simultaneously, the impact on the energy consumption 

changes non-linearly as shown in red-dash line. This is due to the coupling effect 

between the aforementioned parameters as presented in Section 5.3.4. 

 

(a) 

 

(b) 

Figure 5-3 Second-order sensitivity analysis for the nominal vehicle parameters.  

(a) NEDC and (b) Artemis. 
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(a) (b)

(c) 

Figure 5-4 Second-order sensitivity analysis results.  

(a) Coupling between mass and aerodynamic drag area (no coupling); 

(b) Coupling between mass and rolling resistance (medium coupling);  

(c) Coupling between mass and gear efficiency (very strong coupling). 
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5.4 Chapter discussion 

The case study above has presented both first- and second-order sensitivity 

analyses. Compared to the literature, this study has considered a large parameter 

set including “traditional parameters” such as drag area and mass, but also 

adding detailed characteristics of the powertrain such as the gearbox efficiency 

and the motor efficiency. For the legally-mandated NEDC and the more realistic 

ARTEMIS driving cycle, it is shown that the greatest sensitivity is to the efficiency 

of the gearbox. This is particularly interesting because there are examples in the 

literature of attempts to reduce BEV energy consumption through the use of 

multiple transmission ratios to improve motor efficiency [85],[86]. Typically, the 

use of multiple transmission ratios makes the gearbox efficiency worse. The 

sensitivity results of this chapter suggest that in this particular case energy 

consumption is actually more sensitive to gearbox efficiency than motor 

efficiency, so it may sound reasonable to keep the more-efficient single-speed 

transmission for the selected vehicle. 

The first-order analysis has shown which parameters have the greatest 

sensitivities, but the second-order analysis has shown how the parameters 

interact with each other. For example, it can be seen that there is very strong 

cross-coupling between the gearbox efficiency and the motor efficiency: this 

result shows that if the motor is made to be more efficient, the gearbox becomes 

(relatively) even more of a problem. If the optimal designs are considered, these 

results show that it need to be mindful of changes that will affect these 

parameters. Small changes of these parameters together is the optimum solution.  

Conversely, some other parameters show that they are not strongly-coupled 

together. For those parameters, it does not need to take cross-coupling into 

account. As well as informing the design process, these sensitivities present 

about the accuracy of the results: if the model is very sensitive to a certain 

parameter, it need to be sure that the models are accurate, because a small 

change would result in significantly misleading results. 
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For the vehicle manufacturer, insight into cross-coupling is useful since it can act 

as a guide as to which aspects of a vehicle configuration are particularly 

interconnected. A vehicle manufacturer will often use multi-objective optimization 

to address the trade-offs between design parameters. A second-order sensitivity 

analysis would aid in selecting the correct set of parameters for this type of 

optimization. A first-order analysis tells the manufacturer which components to 

improve first, but a second-order analysis gives an idea which components will 

be of significance next. In the case study, for example, results show that drag 

area was only lightly coupled to drag gearbox efficiency, so it can work on one or 

the other in confidence, knowing that any gains will not be swamped by a new 

limiting factor. Conversely, it is certainly true that as it makes the gearbox more 

efficient, the efficiency of the motor will become more of a relative problem. It 

would be interesting though probably not tractable to weight sensitivities with 

development costs as a tool to directing research investment. 

The model used in this example is illustrative and some assumptions were made: 

the assumption is that the electric machine efficiency is a constant 85% efficiency 

both when motoring and generating; in practice, it varies. The model of 

regenerative braking is also simplified: some sources in the literature estimate an 

efficiency of around 50% [25], though this can depend greatly on the driving cycle 

and limitations imposed in the interest of good vehicle dynamics. Another 

assumption considers a nominal transmission efficiency of 97%, which author 

feels is reasonable, but may not be perfect. Despite these limitations, author feels 

that the model is adequate for the purposes of this paper: sensitivity analysis 

shows which parameters will have the greatest effect on the results, if 

inaccuracies in the model are significant, sensitivity analysis will highlight this. 

5.5 Chapter conclusions 

This chapter has presented an extended technique for analysing parameter 

sensitivities in modern road vehicles. The new techniques consider first-order and 

second-order effects, showing both the effects on individual parameters and also 

the cross-coupling between different parameter sensitivities. This method is quick 
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and intuitive, and will help a vehicle designer quickly gain extra insights and 

identify cross-coupled parameters. The techniques have been demonstrated on 

an energy-minimisation problem for a C-segment BEV. The parameter set 

considered was larger than that typically encountered in the literature, and 

highlighted the sensitivity of the result to the powertrain efficiency. 

The work to date has considered only a single topology in a theoretical context, 

and it would be interesting to conduct further work determining how useful 

second-order analyses are in practice. Second-order analysis could potentially 

inform research and development work, aiding engineers to understand how 

“limiting factors” interact and giving insight into the technical challenges that will 

arise once today’s problems have been addressed. However, to be certain of 

benefits, it would be worth evaluating the techniques in the context of a 

development project and determining whether the theory translates into useful 

practice.
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6 Modelling EV powertrain as a differentially flat system  

6.1 Introduction 

This chapter presents some possibilities of exploiting the differential flatness 

property of the model to simulate an EV powertrain. The powertrain model in this 

study is limited to a longitudinal vehicle dynamic and electrical energy 

consumption is a main attribute to consider. The well-known methods of 

modelling the longitudinal dynamics of a road vehicle, i.e. the forward-facing 

simulation and quasi-static backward simulation, will be presented and compared 

to the differentially flat property. Differential flatness is a property of the system 

dynamics which mean that if an output is flat, the system dynamics can be 

inverted so that the system input can be calculated from the flat output and its 

derivatives without iteration. Thus if a system output is flat, it becomes very easy 

to simulate the system for a known flat output and unknown inputs. This study 

will link the similar properties of the flatness technique to the well-known 

simulation methods and combine the merit issues from these two.        

Longitudinal vehicle dynamics have been modelled and simulated in earlier 

times, before the electric powertrain became as commonly used as it has 

recently. The purpose of the simulation is to study the gas emissions as it used 

in the conventional internal combustion engine. Since the BEV has zero emission 

at the tail pipe, the energy consumption of the electric powertrain will be a main 

consideration for this simulation. To design HEV, longitudinal vehicle simulation 

is an important tool for designing a powertrain configuration. It is very clear to see 

that, to achieve the optimum energy consumption, a number of literatures show 

that the electric powertrain allows designers to arrange the powertrain 

components in a number of different ways. For example, the recent HEV can 

have its powertrain arranged in at least three ways, i.e. series, parallel and series-

parallel. In addition, as a purely EV, the complexities of the internal combustion 

engine are detached, and there are a considerable numbers of possible 

powertrain topologies, as presented previously in Chapter 4. 
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The chapter starts by introducing the differentially flat property of the BEV 

powertrain model. This property is exploited for estimating energy consumption 

by inverting the dynamics. The merit and limitation of this technique on the BEV 

application is then discussed. The details explanation of forward-facing and 

quasi-static backward methods which are commonly used in powertrain 

simulation will also be addressed in the Section 6.4 to introduce a better 

understanding of these techniques.   

6.2 Modelling and simulation of the EV powertrain 

Computational modelling and simulation are methods of testing the system, e.g. 

the vehicle powertrain, in the preliminary stage without involving physical 

instruments or powertrain test rigs, by using computer programming and 

mathematical equations. These computational tools can save the designer both 

time and cost when designing and evaluating the prototype of the powertrain. 

There are two well-known simulation methods that are used in powertrain design: 

forward-facing simulation and quasi-static backward simulation as will be 

described in detail in Section 6.4. The name ‘forward’ and ‘backward’ indicate the 

energy and power flow in the simulation (engine to wheels as forward, or wheels 

to engine as backward); details of these two will be addressed and explained in 

the following section. 

There are two methods to obtain the results from models of a dynamic system as 

stated by Bosgra in [87] and mentioned again by Hofman in [88].  

 Experimental modelling: this technique aims to find the systematic 

relationship of the real system variables by measuring them during 

experiments  

 Theoretical or physical modelling: this technique uses mathematical model 

and scientific theory to describe the system behaviour.   

This study will focus on the theoretical and physical modelling only. In order to 

obtain the most benefits from the model there are some valuable suggestions 

made by Gao et al. in [27], that the model is representative of the system in all or 
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some aspects depending on the intention of the study. In addition, to create a 

model, there is some trade-off between the amount of assumptions 

(uncertainties), amount of simulation time, and the effort required to set up the 

model to obtain a sufficient level of model accuracy.  

  Dynamical modelling and simulation 

The behaviour of a system is usually described by the dynamical model in a 

format of mathematical equations. One of the classical examples of a dynamical 

model in a mechanical engineering study can be represented by a mass-spring 

and damper system; the resistance and capacitors circuit is also a fundamental 

system for the electrical engineer. Other complex systems such as cruise control 

of the road vehicle, radar tracker and the space-shutter control can be initially 

described by this fundamental dynamical equation. The models of these systems 

can be found in many excellent text books, for example [89],[90]      

Fundamentally, the dynamical system is usually described by this state equation 

format as presented by 

, , ,  

,  

(6-1) 

where  is a vector of state variables,  is a vector of input signals and  

is a vector of output variables. The term  represents the change of  with 

respect to time. Then  and  are the mapping of their arguments to the vectors 

of the appropriate dimension. In other words, this state of the system is a 

collection of variables that summarise the past of the system and are used for 

predicting the future [91]. 

The dynamical modelling and simulation is used for longitudinal vehicle study by 

simulating the vehicle to follow the causality of the powertrain system. For 

example, the vehicle dynamic simulation starts at the desired velocity and the 

vehicle is controlled by the driver model to follow that velocity which is what 
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normally happens in a real-life situation. The driver model controls the vehicle 

speed by either controlling the traction force (engine of motor torque), as is 

usually implemented in a road vehicle, or controlling the traction speed as 

presented in Figure 6-13. Thus the power plant (engine or motor) powers the 

vehicle through the transmission and wheels which causes the vehicle to 

accelerate. This simulation technique is also called forward facing simulation and 

details are described in the Section 6.4.1. 

 Quasi-static backward simulation 

On the other hand, the backward model means inverting the physical causality of 

the powertrain system by using the predefined velocity references as a starting 
simulation process. The velocity reference is also called a driving cycle and is 
usually similar to the term desired velocity in the forward-facing simulation. 

However, the difference between these two simulation techniques is that the 

driving cycle used in the forward-facing simulation requires a driver model (control 

methods) to differentiate between the desired velocity and actual velocity before 

controlling vehicle. In contrast, the quasi-static backward simulation does not 

require the driving model to control the vehicle but makes the assumption that 

the vehicle is perfectly following the velocity references vector,	 . The velocity 

reference, , indicates vehicle in each time step, , in every interval, , as 

described by     

 

∙ , 0, … ,  

(6-2) 

Details of this quasi-static backward simulation is described in the Section 6.4.2 

of this chapter. 

There are two techniques for estimating energy consumption, the forward-facing 

simulation which requires the driver model to control vehicle speed tracking and 

quasi-static backward simulation which is assumed the perfect tracking 

performance. In fact, the issue of tracking performance may cause a different 

result between these simulations. The study in [92] indicates that in the emission 
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legislation, the driving cycle has to be tracked within a certain limit by the human. 

Thus, it was found that two different velocity trajectories (within prescribed limits) 

may result in different fuel consumptions. This leads to the fact that velocity 

tracking performance will affect fuel consumption. 

 Inversion of the dynamical model simulation 

The forward-facing simulation and quasi-static backward simulation are two 

common longitudinal analysis tools for powertrain design the details of these two 

method will be discussed in the Section 6.4. There are some advantageous 

features between both of them which are described in Figure 6-1 by [92]. The 

quasi-static backward simulation was recommended as a tool for the optimisation 

of powertrain design space, powertrain configuration and some system-level 

powertrain control strategies as these applications require a great number of 

simulations during their process. The quasi-static backward simulation provides 

the key advantage of a fast simulation time within an acceptable range of 

accuracy. The forward-facing simulation, on the other hand, provides a greater 

detail of simulation accuracy and the system dynamic behaviour but with some 

drawbacks of a longer time simulation.            

 

Figure 6-1 The combined merits of inverse dynamic simulation 

Froberg et al. presented a simulation method which is fast simulation without 

losing transient dynamical performance in their inversion of the dynamical model 

simulation in 2008. This simulation approach was adapted from the theory of the 
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stable inversion of nonlinear systems. Their development extended the quasi-

static method by including dynamical properties of powertrain, such as transient 

behaviour.  

The difference between quasi-static backward simulation and inversion of the 

dynamical model simulation was stated in [92] as; the quasi-static method uses 

only one state variable i.e., vehicle speed          

,  (6-3) 

While the inversion of the dynamical model simulation may include more states  

in their simulation. As a result, higher derivatives, such as  

, , , , ,  (6-4) 

of the speed profile or driving cycle are required. Froberg et al. also extended 

their applications of inverse dynamic powertrain simulation to control the gas flow 

dynamic in a diesel engine presented in [92] 

Petit and Sciarretta presented a solution to the energy management problems of 

an EV by using an inversion-based approach simulation in [93]. They presented 

the EV model as a two-states single-input dynamical system. An electric machine 

modelling was simplified by a DC-type motor. The objective of their study was to 

introduce a simulation tool for an optimum control of EV application. Finally, they 

also claimed that the inversion of the dynamical system provides an effective and 

accurate means of powertrain simulation [93]. 

6.3 Differentially flat system 

The inverse simulation of a dynamical system is claimed to be a technique that 

provides better accuracy than the quasi-static backward simulation method and 

requires less computation time than the forward-facing simulation one [92]. In an 

application of the EV powertrain modelling, some literature was presented in the 

earlier section to confirm these advantages. However, number of research papers 

using this technique in EV powertrain simulation applications are still small in 

number. 
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This section aims to introduce a differentially flat system model of the EV 

powertrain. The model is focused on the application of powertrain sizing and 

optimisation. The rest of this section includes an introduction to the background 

and concept of differential flatness; then the application of an EV powertrain 

energy estimation will be demonstrated and implemented by a case study of 

modelling an electric powertrain. 

 Background 

Differential flatness, also referred to as flatness, is a property of the system 

dynamics in which the control and state vectors of the dynamical system can be 

expressed as a function of the output and its derivatives [94]. Flatness was firstly 

introduced by Flies in 1992 and has been applied in a variety of different 

applications where a predefined trajectory is provided [95]. These applications 

include multi-rotor aerial vehicle [96], [97], [98] wheeled mobile robot [99], control 

strategies of the nonlinear system [94] and also automotive applications.    

A differentially flat system can be expressed by these following equations. Firstly, 

starting with a general nonlinear dynamic system similar to that presented earlier 

in equation (6-1) and presented again in more detail as    

,  

, , … , ,  

, , … , ,  

,  

, , … , ,  

(6-5) 

where  is a vector of the state variables which is represented as an -dimension, 

 is the input vector of -dimension,	  is an output vector of -dimension, 

, ,  are numbers, { , , 	 ∈  and  .   

The system (equations) can be called a differentially flat system if, and only if, 

there exists a 
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, , … , , ,   (6-6) 

such that  

	∅ , , , … , (6-7) 

then  and its derivatives , , … ., are independent. 

Conversely ,  can be expressed as:  

, , … ,  

	 , , … ,  

(6-8)

with  

, (6-9) 

Vector  is called a flat output, and ∅, ,  are smooth functions. 

This flat system can be also explained in a simple description, such that: 

1) The nonlinear dynamical equations in (6-5) are those in which  and  are 

state variables and input variables respectively. Then if it is possible to 

invert this causality by finding a vector of  which is an output vector and 

its size is equal to the input vector , then this vector  is called a flat 

output.    

2) There is a one-to-one relationship between the vector  and  [100],[94]. 

3) The output  is differentiable and its successive derivatives , , … ., are 

independent. 

4) The state vector  of this differentially flat system and its control input   

can be expressed as a function of flat output  and their derivatives as 

presented in (6-8) [100],[101].  

5) This differentially flat system represents its dynamical system without 

dynamics. In other words, time in the dynamical system is removed and 

replaced by a one-to-one mapping between outputs and inputs [102]. As 
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a result, the state variable and control input can be estimated by the 

trajectory of output  without performing integration [103],[102]. 

The system dynamics as presented in Figure 6-2 can be modelled in the form of 

equation (6-5) as  

Figure 6-2 Mechanical mass-spring-damper system  

The position,	 , of the mass, , can be defined by  

1 2 

(6-10)

2
1

1 2  

where 1 	 , 2 	  and  and where  is the external force,  is the position 

of the mass ,  is the friction coefficient and  is the spring coefficient constant. 

Equation (6-10) can be rearranged into the form of equation (6-8) as 

 

(6-11)
1  

2  

Thus the mass-spring-damper system is a flat system. 

 Flatness in automotive applications 

There are some examples in which the flatness system was also implemented 

and applied to automotive and electric powertrain applications. For example, the 

study in [104] presented the use of a flatness based control for anti-slip regulation 
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of a hybrid vehicle by controlling the torque from the electric motor to eliminate 

rear wheels slip. Three control laws were compared: PI control, a linearising 

feedback control and flatness based control. The flatness control in this study 

was presented as a feedforward controller which required a flat output to 

command system dynamics. As a result, an open loop control law can be 

implemented using flatness in this system. 

The study in [105] presented the design of a feedforward controller of an HEV 

drivetrain by using a differential flatness approach. The two-degree of freedom of 

the electric drivetrain structure was presented. The electric machine torque and 

speed controller were implemented with a feedforward control design using the 

differential flatness. The study illustrates the simplicity and efficiency of the 

flatness based feedforward controller design of the HEV powertrain.   

The study in [106] presented the control algorithm of multi-sources of energy for 

the electric traction of a road vehicle. The lithium-ion battery was considered to 

be the primary energy source and the supercapacitors provided an additional 

power source. The flatness principle was implemented to control the nonlinear 

energy flow between energy sources within the DC voltage bus (DC power lines). 

This control strategy generates reference trajectories of electrostatic energy 

contained in the capacitors to control the bus voltage without solving any 

differential equations. 

The study in [102] presented the control approach of the hybrid power sources, 

which are fuel cell and supercapacitor, using a differential flatness-based 

controller. A control method for power source supplied distribution was 

implemented using a flatness approach. This study states that using a differential 

flatness property results in proposing simple solutions to manage and stabilise 

the hybrid energy sources. 
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 BEV powertrain model as a differentially flat system 

 Powertrain equations 

It can be seen from the dynamics equation that the velocity can be calculated 

from equation (6-40). Recalling the fundamental equation of longitudinal dynamic 

of road vehicle as 

1
 (6-12)

If the traction force is mainly considered, the equation can be arranged as  

∙  

∙

(6-13)

where  is the traction force,  the total vehicle mass and inertia,  the vehicle 

acceleration, and the acceleration  can be rewritten as  in this equation. 

The  which are environmental forces and can be described as    

	 Aerodynamic Rolling	resistant Slope 

	
1
2

∙ ∙ ∙ | | sin  

(6-14)

where  is the air density,  the drag coefficient,  the vehicle frontal area,  

the rolling resistant coefficient,  the slope angle,	  the gravitational acceleration, 

 the body mass and , which is represented in bold, represents a vector of the 

vehicle velocity. 

It can be described that  

, , … ,  

, , … ,  

(6-15)

where  and its derivative, , are vectors with dimension . 

Equation (6-13) can be rewritten as  
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1
2

∙ ∙ ∙ | | cos sin  (6-16)

where  is a vector with dimension	  similar to vectors  and  . 

This force  is the traction force of the vehicle body. If the torque in the 

powertrain which is used to propel the vehicle is considered, the equation can be 

described as 

∙  (6-17)

where  is a vector of the traction torque at the wheels and  is an effective 

tyre radius   

Torque is transferred from wheels to motor via transmission. If the BEV is 

considered as a single gear ratio, torque between wheels and motor can be 

described as  

∙
 (6-18)

where  is a vector of torque at the motor,  is a motor load torque (not 

including motor friction),  is a single speed gear ratio,  is a gearbox efficiency 

and  is a mechanical friction coefficient in the motor. 

Similarly, the speed of the motor is modified from the speed of the vehicle and 

can be calculated through the gearbox and wheel radius by 

∙ ∙  (6-19)

where  is a vector of motor speed,  is a vector of speed at wheels. 

Mass of the vehicle can be defined as the mass of the body  and total mass of 

the vehicle including rotational inertia  as presented by 

∙
2

2 ∙
1
2 

(6-20)

where , ,  are moments of inertia of the motor, drive and driven 

gear respectively. 
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If a DC motor is considered, motor current , can be described as function of 

torque at the motor and the motor constant,  

 (6-21)

where  and  are vectors of dimension . 

To combine equations (6-17) to (6-21), the motor current  can be described as 

the speed input  and its derivatives, as in 

∙ ∙
1 ∙

∙
∙  

∙ ∙
∙
1
2

∙ ∙ ∙ | | sin
∙

∙  

(6-22)

 

The motor current  can be differentiated and presented as; 

∙ ∙
∙ ∙ ∙ ∙

∙
∙   (6-23)

If the voltage supply to the DC motor is considered, the following equation 

presents a simple DC motor the voltage supply  of which can be described as a 

function of the vehicle velocity,  

∙  

∙ ∙
∙ ∙ ∙ ∙

∙ ∙

∙
1
2

∙ ∙ ∙ | | sin
∙

∙ ∙ ∙  

(6-24)

where  and  are vectors of similar dimension . 

 Driving cycle modification 

The NEDC, which is used for the emission test, originally provided the data 

resolution in every one second (1Hz) [33]. In this section the driving cycle 

modification has two main objectives. Firstly, the driving cycle has to be 

differentiable in order to be used with the differential flatness simulation. 
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Secondly, a better data resolution will be beneficial in providing more information 

on transient behaviour. 

The one hertz driving cycle is interpolated to the required frequency by using the 

Hermite piecewise cubic function [107] as presented in Figure 6-3. Piecewise 

cubic is a function defined for all time  (in Figure 6-3) which is a cubic polynomial 

will be interpolated between the original one hertz data. A piecewise cubic 

interpolant , is a piecewise cubic which interpolates the data.                 

As the interpolated data are required to be differentiable, the Hermite cubic 

interpolant, using a cubic spline which is provided with two continuous 

derivatives, is implemented. Basically, in each interval of original data , , 

the interpolated velocity  is represented by four coefficients of the cubic 

function. This cubic function represents interpolated data between intervals. The 

detail of this piecewise interpolation can be further consulted in [107]. 

MATLAB provides standard functions of piecewise interpolation with the 

commands of ′spline′ and ′pchip′ [108]. In this study, these two commands were 

implemented to interpolate the velocity data. In Figure 6-3, it is clear that both 

functions are passed through the data but they interpolate differently. The spline 

function gives a better smoothness and is closer to the original data but has more 

overshooting, while the pchip give a better tracking without overshooting the 

original data.                  
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Figure 6-3 Pchip and spline piecewise interpolations   

  Electric machine parameterisation 

The differences between the modelling of electric machine in quasi-static 

backward simulation and the flatness simulation are that the quasi-static 

backward simulation presented by [30] models the motor efficiency map as a 

looking-up table, as presented in Figure 6-14, while the flatness simulation model 

electric machine from dynamical equations uses motor physical parameters. This 

section describes a method of parameterising the electric machine equations by 

using available data from the published motor specifications. This electric 

machine parameterisation starts from the dynamical equation as presented by    

∙  

 

 

(6-25)

If the steady state is considered, all transient parameters can be eliminated. Then 

equation (6-25) is replaced by  

∙

 
(6-26)
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Motor power can be obtained by a product of motor current and voltage and is 

represented by 

2  (6-27)

The efficiency of the motor can be defined by a fraction between outputs and 

inputs, as the output is the mechanical torque and the input is electric power. The 

motor efficiency can be presented by starting with the fundamental output/input 

equation as 

,
∙ ∙

 (6-28)

Finally, the efficiency can be determined with a function of the torque load  and 

motor speed . 

The steady-state efficiency data of the electric motor can be obtained by motor 

testing and is usually published as the motor technical datasheet. The motor’s 

unknown parameters ,  and  can be estimated by comparing the motor 

efficiency in equation (6-28) with the published motor efficiency information. To 

compare these parameters, a minimisation technique could be implemented by 

using the cost function as 

min , , , , min , , , ,

,

,

 (6-29)

to estimate the unknown parameters by comparing motor efficiency in equation 

(6-28) with available published motor efficiency, where  is efficiency from the 

motor’s published data and  is the motor efficiency model in equation (6-28).  

 Energy consumption estimation 

Total energy consumption (excluding losses in the battery) can calculated from 

data after the motor, as presented in Figure 6-14, as the fundamental equation of 

energy consumption is to integrate power with respect to time, as presented in 

equation (3-2). However, for discrete time data, the energy , can be calculated 

by a summation of power, as presented by       
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, ∙  (6-30)

where ,  is the element of each motor power, which is a function of each velocity 

, and  is a time interval between velocities. 

The motor is powered by the DC electrical energy supplied by the battery; then 

the motor power consumption can be calculated by a product of motor voltage 

,  and motor current ,  as indicated by 

, , , , , , ∙ , ,  (6-31)

Power losses in power electronic switching devices, such as an inverter, may not 

be included directly in this equation; however, their losses may already be 

included in an overall motor efficiency, as presented in Figure 6-4.    

A positive power in equation (6-31) represents a traction power, while the 

negative power is the result of power captured by regenerative braking. In theory, 

all kinetic energy should be captured by the regenerative braking and the ideal 

motor power can be represented by  

,100% Regen ,  (6-32)

However, not all kinetic energy can be captured and converted back into electrical 

energy. As a result, the electric powertrain can be modelled by estimating factors 

of regeneration (from 0% to 100%) to represent the ability of power conversion 

due to regenerative braking. If 0% regenerative braking is considered, the motor 

power can be presented by 

,0%	Regen ∙ , 0 (6-33)

where all the negative power (power at acceleration < 0) is being eliminated, and 

the factor of estimating regenerative braking , can be presented as    

,			 %	Regen ∙ , 0 ∙ /100 (6-34)
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 Limitation of modelling batteries as a differentially flat system 

The differentially flat system was broadly applied to many systems from linear 

time-invariant single-input-single-output systems to multivariable nonlinear 

systems and optimal control applications, examples of which are presented 

clearly in [109]. However, not every system can be modelled as a differentially 

flat system. This section will present some limitations of the flat system when 

applied to the electric powertrain. 

In the previous section, the model of a BEV powertrain was described and 

presented as a differentially flat system. The energy consumption was estimated 

by the power used from the motor. The battery is an important component in the 

BEV powertrain. In most cases, the battery affects the vehicle energy 

consumption by its mass, as different battery chemistries have their own specific 

energy density (in Wh/kg). Firstly, increased battery capacity means increasing 

the vehicle load. Secondly, losses in the battery due to its internal resistance can 

also be included as losses in the BEV powertrain; however, battery losses are 

considered to be a very small compared to the overall losses in the entire 

powertrain. This assumption is already presented in detail in the sensitivity 

analysis of the BEV powertrain, in Chapter 5. Thirdly, the concept of battery 

efficiency has already been mentioned in [25]. At least two definitions can be 

defined for battery efficiency, such as efficiency due to full charge/discharge cycle 

and power ratio between charge and discharge current. However, the battery 

efficiency topic is beyond the scope of this thesis. The assumption that battery 

losses are relatively small, compared to the overall powertrain losses, will be 

applied and battery losses will be safely ignored in this study. 

The battery model which is used for a system level powertrain analysis usually 

provides information on how much electrical charge is stored in the battery and 

this is indicated by the battery SOC. Battery SOC is defined as how much the 

electric charge , is available in the battery related to the nominal battery 

capacity  as indicated by  
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(6-35)

Battery capacity is expressed in coulomb but in the BEV application, it is usually 

indicated in Ah (ampere-hours). A simplified battery model is usually created as 

an equivalent circuit of voltage source and battery internal resistance, as 

presented in Figure 2-10. The power required from the motor, as in equation 

(6-30), is converted to battery current ,  and is a function of motor power ,  

and battery terminal voltage  as presented by 

,
,

, 1
 (6-36)

The current ,  represents current drawn from a battery and is equal to the rate 

of electrical charge . The positive power is an energy removed from the battery 

and vice versa. Battery charge at a particular time , is indicated by charge , in 

the battery and can be calculated by the charge removed from the initial, fully 

charged battery capacity .    

∙  (6-37)

As a result, the battery terminal voltage, , can be calculated, as presented by 

, 1 ∙ , ∙ ,  (6-38)

and is a function of battery open-circuit voltage and battery resistance both of 

which are functions of battery SOC. The diagram in Figure 6-6 summarises the 

equations and signals flow in the battery model.  

Sections 6.3.3 aim to verify that the differentially flat system is possible to be 

applied to BEV powertrain modelling. By starting from the vehicle referent 

speed	 , and its further derivatives	 , , the motor power consumption in equation 

(6-31) can be described by voltage ,  and current ,  both of which are 
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functions of , , . Thus, if the battery is considered to be a flat system, the SOC 

has to be a function of , ,  only. 

Figure 6-6 shows that the SOC is calculated by the charge  which is a result of 

the rate of charge , (current , ), and the current ,  is a result of battery 

terminal voltage , which is a function of the battery open-circuit voltage and 

internal resistance which are functions of the SOC. At this stage, it can be 

concluded that the battery model, which is using an equivalent circuit of voltage 

source and internal resistance, both of which are functions of battery SOC, is not 
possible to be modelled as a differentially flat system. 

  Implementation of flatness in BEV model and simulation 

The earlier sections in this chapter present some related methods for modelling 

and simulation of a BEV powertrain for the purpose of energy estimation and 

powertrain sizing. The differential flatness is the method emphasised in this 

chapter and it was verified that the BEV powertrain can be modelled as a flat 

system except for the battery losses and its SOC. However, the main objective 

of this chapter is to present the energy consumption estimation technique for the 

BEV powertrain, for which the energy consumption is calculated by motor power 

required, as presented in section 6.3.3; this modelling technique will then be used 

for powertrain sizing and optimisation in Chapter 7. This section aims to 

implement the idea of modelling the BEV powertrain as a flat system. The outline 

of this section is: results of motor parameterisation, modified driving cycle results 

and energy estimation of the BEV powertrain. 

 Motor parameters estimation from the motor map 

In many applications, where the electric machine is required as a power 

converter, manufacturers usually provide technical information for their products. 

In most cases, manufacturers usually publish the motor information (freely 

available on their website) as a motor efficiency map, similar to the one presented 

in Figure 6-4 [110], rather than the actual resistance or conductance values of 

their motor. This information can be useful to guide designers by giving an 
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overview of the motor efficiency but it is sometimes inadequate for a detailed 

design and precise model tuning. 

The motor efficiency information is a function of the operating torque and speed, 

as presented in their vertical and horizontal axes. By using this parameterisation 

method, the motor parameters were estimated, and compared to the original 

motor map published by the motor manufacturer, Yasa [110], by the methods 

described in section 6.3.3. MATLAB’s function ‘fminsearch’ was implemented to 

find the optimum solution of the motor parameter, as described in equation (6-29). 

The optimum solution is presented Table 6-1.  

By comparing the original motor efficiency map in Figure 6-4 and using the 

parameterisation method, Table 6-1 shows the optimum values of the model 

motor parameters, and Figure 6-5 shows the efficiency difference of the optimum 

solution for DC motor parameters.   

 

 

Figure 6-4 Motor efficiency map 
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Figure 6-5 Difference in motor efficiency map 

Table 6-1 Optimum results of DC motor parameterisation 

 Resistance,  Friction coefficient,  Motor constant,  

Optimum solution 5 x 10-4 Ω 2 x 10-4  0.1 

Efficiency Difference of optimised motor parameters 
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Figure 6-6 Model to estimate the battery SOC  
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 Driving cycle modification results 

The original driving cycle is modified in this study for two main reasons: to make 

them differentiable and to increase their resolution, as described in detail in 

section 6.3.3. Figure 6-7 presents the derivative of acceleration, called ‘jerk’. As 

the resolution is 100Hz, the details of this signal can be seen in every 0.01-time 

step. 

It can also be seen from Figure 6-8 that Figure 6-7 is a zoom window of the jerk 

information at around 136 sec. It is clear to see that the driving cycle achieves 

the objectives by make the driving cycle a smooth function (differentiable) and 

provides more detail information for a transient behaviour estimation. 

 

 

Figure 6-7 Derivative of acceleration (jerk) of the driving cycle  

The rest of this section presents simulation results by starting at the results of the 

force and power required to drive a vehicle over the NEDC cycle, as presented 

in Figure 6-9(a) and (b). Figure 6-10 shows the required motor current and rate 

of motor current, then Figure 6-11 presents the energy consumption in both per 

time and per distance in a different regenerative braking scenario.   
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Figure 6-8 Modified NEDC 

zoom-in
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(a) (b)

Figure 6-9 Force and power by the powertrain 

 

 
(a) (b)

Figure 6-10 Current and change in current of the motor 

 

(a) (b)

Figure 6-11 Energy consumption versus time and distance  

zoom-in 
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6.4 Simulation tools for BEV powertrain energy estimation 

 Forward-facing simulation using dynamical models 

Mathematical models to describe the behaviour of a vehicle powertrain can be 

defined in as much in detail as the level of accuracy expected from them. In this 

study, the energy consumption is the key concern therefore all other vehicle 

dynamic aspects may be safely neglected. The conventional and EV model can 

be fundamentally described by Newton’s 2nd law of motion as presented by 

∙  (6-39)

The vehicle can be modelled as a lump of mass (modelled as a particle with 

mass), , and the traction force, , which is a function of time, and pushing the 

vehicle forward. The environmental forces, , will pull the vehicle in an opposite 

direction to the traction force. As a result, the resultant force between  and  

causes the vehicle of mass  to move with acceleration . 

Equation (6-39) can be rearranged to a state space format as in equation (6-1) 

and replaced by  

1
 (6-40)

The environmental forces, , can be described in detail as  

	 Aerodynamic Rolling	resistant Slope 

1
2

∙ ∙ ∙ | | sin  

(6-41)

where  is the air density,  the drag coefficient,  the vehicle frontal area,  

the rolling resistant coefficient,  the slope angle,	  the gravitational acceleration, 

 the body mass and  the vehicle velocity. The velocity in the aerodynamic 

part is presented as | | to make sure that the aerodynamic drag will only be 

opposite to the vehicle’s moving direction. 
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In this study, traction force, , is solely propelled by the electric motor which is 

described as the torque, , and the relationship between traction force and 

motor torque is described by 

∙ ∙ ∙
∙  

(6-42)

where  and  are torque at the wheels and motor respectively. The ,	  and 

 are the effective tyre radius, gear ratio and average efficiency of the gearbox; 

 is the mechanical losses in the motor which are a function of the motor speed.  

If a simple DC motor is considered, motor current, , can be described as a 

function of motor torque and the motor constant,  

∙  (6-43)

Motor supply voltage  can be described as the Kirchhoff’s law of voltage around 

the loop as presented by 

 (6-44)

where  is a DC supply voltage to the motor,  is the motor inductance,  is the 

motor resistance,  is a derivative of motor current  and  is the motor 

rotational speed. 

The wheel speed, , vehicle speed  and the motor speed  are related to 

each other as described by 

 
(6-45)

Equation (6-44) can also be described as a state equation and can be rewritten 

by 

1
 (6-46)
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These equations represent the simplified model of an electric road vehicle which 

is using a DC motor as the only source of traction force. There are two states in 

these equations; the first is the vehicle acceleration  and the second is the 

rate of motor current  as presented in equations (6-40) and (6-46). These 

differential equations can be solved by integration to obtain the output  and   

by these following equations. 

	 	
1

 (6-47)

0

1

0
 (6-48)

Figure 6-13 shows the diagram that represents all these dynamical equations in 

a graphical signal flow diagram. This is somewhat similar to graphical 

programming tools, such as Simulink from MathWorks which is widely used in 

solving nonlinear differential equations [111]. 

 Driver model 

The driver of a physical road vehicle is referred to as a person who controls the 

speed and direction of that car. However, the driver model in this vehicle 

simulation is represented as a controller to control speed of the vehicle model 

and is usually demonstrated as a PI or PID controller [112],[113]. The driver 

model which is described in [36] consists of two PI controllers to control both the 

vehicle accelerator and brake pedal. This driver model represents a similar 

situation to the internal combustion engine vehicle which is that the internal 

combustion engine is generally used for accelerating the vehicle and the brake 

torque is supplied from the mechanical friction brake. However, for the simplified 

EV model, as presented in Figure 6-13, the driver model can be represented by 

just a single PI controller to control the voltage of the motor. In the case of vehicle 

deceleration, the brake torque is solely supplied from the motor and this negative 

motor torque is produced from regenerative braking.   
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The forward-facing simulation is represented by multiple state equations and 

required numerical integration to obtain a vehicle speed trajectory. The driver 

model is an important part of vehicle tracking and to control vehicle speed as 

close as possible to the given speed references. Moreover, this situation is similar 

to other control applications in which the tracking behaviour is dependent on the 

quality of the controller. The tuning of the driver model is certainly required and 

one method of driver model tuning is represented by assigning controller 

parameters (P and I control gain) as optimisation design variables as presented 

in [36] and [92]. 

 Use of a forward-facing model 

forward-facing simulation represents a precise view of vehicle model drivability 

because it was created by the dynamical equations and it is also present both in 

the transient and steady-state of the system. Moreover, the limitation of the 

physical system is possibly captured using this technique [36]. The development 

of a control algorithm and the implementation of hardware-in-the-loop (HIL) are 

usually required for this forward model technique. There is some literature that 

uses the forward model in controller design and HIL, as presented in [112]. 

There is a question about whether or not the forward-facing simulation is a useful 

technique, as mentioned earlier, and if it is possible to use this technique for 

powertrain component sizing. Mohan et al. (2013) presented a comparative study 

between the use of forward-facing and backward-facing in powertrain sizing. 

They concluded that the forward-facing simulation technique is possible to be 

used in this application as long as the driver model is co-optimised, along with 

the powertrain components. However, this technique may suffer from slower 

simulation time because the computation has to run at the smaller time step 

compared to the quasi-static backward simulation one. 

 Quasi-static backward facing simulation 

In this quasi-static backward simulation, a driving cycle which is an -dimension 

vector is defined as the reference velocity, as in 
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∙ , 0, … ,  

(6-49)

where	  is a velocity vector which is a function of time , constant interval  and 

dimension . The elevation profile and gear ratio profile are sometime indicated 

together with this velocity profile. These data will be presented versus time.  

Elements of the velocity profile in the velocity vector are usually indicated by a 

different of speed at a constant time interval which is normally in one second. 

However, different time intervals and varying time intervals are possible to 

implement depending on the objective of the simulation. The representative 

velocity, ̅ , which is used to calculate the traction force in the quasi-static 

backward simulation is an average velocity presented in 

̅
2

, ∀ 1 ∙ , ∙  (6-50)

and average acceleration can be described as 

, ∀ 1 ∙ , ∙  (6-51)

then vehicle travelling distance, ̅ , can be defined as a summation of velocity 

over the driving cycle, as described in  

̅ ∙
1

 (6-52)

These reference data used for calculating the traction force of the quasi-static 

backward simulation are summarised and presented in Figure 6-12.  

The energy estimation equations for quasi-static backward simulation were 

previously presented in Chapter 2. However, in this section, these equations will 

be summarised and briefly re-presented for a comparative view between various 

types of vehicle simulation. The traction force ,  consists of forces of 

environmental and vehicle inertia, as presented in 

 



 

116 

 

, , , , ∙  

(6-53)
,

1
2
∙ ∙ ∙ ∙ ̅ ∙ ∙ ∙ ∙ ∙ ∙  

where  , , ,  and ,  are the forces of aerodynamic, rolling resistance and 

grading respectively. Then the traction force ,  is converted to torque at the 

wheels, , , and similarly, vehicle velocity is converted to the wheels’ speed, , , 

as 

, , ∙  
(6-54)

,  

where  is an effective tyre radius. 

Torque at motor, , , and motor speed,	 , , can be converted from torque and 

speed at wheels as 

,
,

∙
 

(6-55)

, , ∙  

where  is the gear ratio and  the average gear efficiency. Then, the motor 

power is calculated from the product of motor torque, speed and efficiency as 

, , ∙ , ,⁄  
(6-56)

, , , , ,  

where ,  is the motor efficiency which is a function of motor torque, motor speed 

and motor size, . This motor efficiency is usually represented as a motor map 

which is a looking-up table. The motor efficiency at a particular point is dependent 

on the torque and speed of the motor at that operating point. The details of this 

motor efficiency map have already been presented in Section 3.3.3.  

Figure 6-14 presents a summarised version of equations (6-49) to (6-56) in a 

graphical format. It is interesting to see that the signal flow of this quasi-static 
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backward simulation is one-directional from the driving cycle to the power and 

energy required from the motor. This simulation technique can be computed as 

a series of algebraic equations, which allow a large computational time interval 

and do not require any feedback or controlling techniques as in the forward-facing 

simulation presented in Figure 6-13. As a result, this quasi-static backward 

simulation is presented as a method that offers a substantial benefit when used 

to optimise a long trip simulation [30].         

 

Figure 6-12 Velocity profiles for quasi-static backward simulation 

 

̅  
 

Time (s) 

 



 

118 

 

 

Figure 6-13 Model of a simplified electric vehicle presented in a graphical programming view 
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Figure 6-14 Model of the quasi-static backward simulation 
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6.5 Chapter discussions 

Computational modelling and simulation is a tool to examine and design a system 

using mathematical equations to describe their behaviour. This technique is also 

applied and used in designing the powertrain for a road vehicle and especially in 

electric powertrain design where more possible topologies are available. There 

are many computational tools available in both freeware and commercial 

software; however, most of them can be classified broadly into two categories: 

forward and backward simulations. The terms forward and backward do not mean 

any particular technique but the author aims to justify them by the signal flow 

during the simulation. With the forward simulation, the current and past 

trajectories are known but the future trajectory is unknown. The forward 

simulation will seek the nearest future trajectory (for which time step ∆ , is usually 

defined by a small increment either fixed or variable) as close as possible to the 

desired trajectories. As a result, a control method is required in this operation. 

The backward simulation, on the other hand, is when the current, past and future 

trajectories are already defined beforehand. This issue makes the backward 

simulation follow defined trajectories. As a result, this technique allows a less 

complex simulation and the controlling process is also negligible. In fact, the 

legislative requirement for a road vehicle also uses a predefined speed profile for 

the vehicle test [33] which is somehow similar to the backward simulation. The 

backward simulation in the powertrain study was presented using two techniques; 

the first is the quasi-static backward simulation and the other is the inverse 

simulation, details of which were presented in the earlier section of this chapter. 

The differential flatness, which is a property of the system dynamics is 

emphasised and applied to the BEV powertrain simulation.      

To justify, if the system is a differentially flat, the system should follow a 

differentially flat property, as presented in section 6.3.1; then the electric 

powertrain was modelled as a differentially flat system, as presented in section 

6.3.3. To be precise, the electric powertrain can be modelled as a flat system 
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because all the powertrain components can be modelled as a function of the 

velocity profiles and their derivatives except battery SOC. 

The battery SOC, presented in the Section 6.3.3, is a component that cannot be 

included in the system. This is because the SOC is a function of the SOC itself 

and it is not possible to model only as a function of velocity and its derivatives. 

However, the objective of this model aims to study the components sizing and 

use for optimisation. As a result, size of the battery affects powertrain by its mass, 

losses in the battery is considered to be a small number in this study as discuss 

in the Section 5.3 and then energy consumption can be estimated by the energy 

used at the motor. 

One assumption which is defined in this study is to use a DC motor to represent 

the electric machine for the electric powertrain. In general, the BEV is usually 

equipped with two types of electric motor. The induction motor, such the Tesla 

EV [14] and the permanent magnet motor which is mostly used in the Japanese 

EV, such as the Nissan Leaf [12] and the Mitsubishi I-MIEV [13]. The DC motor 

which uses a permanent magnet to create magnetic flux is, in some ways, similar 

to the permanent magnet motor. The differences are in the power electronics and 

method to drive this machine, where the invertor efficiency is already included in 

the motor efficiency map, while the induction motor is modelled differently to the 

permanent magnet motor because it requires additional power to create the 

magnetic flux [25],[114]. A model of the induction motor as a component of the 

differentially flat system is not included in this study but it may be useful for further 

investigation.      

The method of motor parameterisation was introduced in this chapter to make an 

adjustment to the motor model in order to be as accurate as possible compared 

to a real-world motor. The motor information obtained for this study is available 

only from the manufacturer’s website; however, a better level of accuracy of 

motor parameterisation can be performed later in the laboratory by using a 

physical machine and measurement apparatus. The raw data can be analysed 
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and estimated using a similar technique to that presented in this chapter to obtain 

accurate motor parameters. 

Finally, I was proved that the differential flatness is possible to apply to electric 

powertrain modelling. This technique uses the same idea of signal flow as the 

quasi-static backward simulation and inversion of the dynamical model 

simulation, which from the family of backward simulation. This study emphasises 

the idea the inverse dynamical system in the powertrain design of the road 

vehicle, which was presented earlier in [92] and introduces the connection 

between designing the EV powertrain and differential flatness property, which is 

already used in the area of automatic guided vehicles.      

6.6 Chapter conclusion 

This chapter shows that the EV powertrain can be modelled as a differentially flat 

system. This allows the dynamics to be inverted and simulation to be performed 

without iteration. The comparison between existing methods to model the EV 

powertrain, such as the forward-facing simulation, quasi-static backward 

simulation and inversion of the dynamical model simulation were presented. 

Then, the details of the differentially flat system method and the implementation 

of this method to the EV powertrain modelling and the limitations of battery SOC 

modelling were explained. The implementation and results were included, which 

are similar to the quasi-static backward simulation solution but include transient 

behaviour, which is missing from the quasi-static backward simulation.  

Even though differential flatness and BEV modelling have already existed for 

many decades, the link between them is small in number. This study claims that 

differential flatness is possible to be used for the purpose of modelling BEV to 

design their powertrain size and to optimisation them. The technique of applying 

this flatness design for BEV powertrain optimisation as the energy consumption 

is the goal objective will be presented in the next chapter. Finally, for those 

researchers who are familiar with the differential flatness technique, this study 

presents a connection to extend their knowledge of flatness properties and then 

apply them to BEV powertrain applications.
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7 Multi-disciplinary design in BEV powertrain 
optimisation  

7.1 Introduction 

This chapter presents an alternative method of constrained optimisation for the 

BEV powertrain. The new optimisation processes developed in this study use a 

new computational tool, Chebfun, and apply it to BEV powertrain sizing and 

optimisation. Chebfun is an open-source, MATLAB based software for computing 

functions of real and complex variables. The idea of Chebfun is to approximating 

functions with Chebyshev polynomials interpolation [115]. This computational tool 

provides a feeling of symbolic calculation, such as some well-known Maple and 

Mathematica symbolic computational software, but with the speed of floating-

point numerics. In other words, Chebfun is not a symbolic calculator but it does 

provide sufficiently enough accuracy for engineering application such as 

simulating the BEV powertrain energy estimation. The key that make Chebfun 

different from ordinary MATLAB is that Chebfun store data points as Chebyshev 

polynomial rather than data points, as a result, Chebfun computes function faster 

and require less memory. However, there are some limitations for being used 

Chebfun solely for BEV powertrain design and optimisation, details will be 

discussed later in the chapter. 

The method of SA and differential flatness for BEV application, which are 

described in the previous chapters, are integrated with Chebfun and the multi-

disciplinary optimisation (MDO) process to develop this alternative way of BEV 

powertrain optimisation as presented in Figure 7-1.  

 

Figure 7-1 MDO is a bridge connection between the Chebfun mathematical tool 

and the application of BEV powertrain constraints optimisation.  

BEV 

Powertrain 

Multi-Disciplinary 

Design Optimisation 

methods  
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This chapter begins with the introduction of Chebfun, multi-disciplinary 

optimisation and sensitivity analysis which are the key fundamental components 

of this system. Then the implementation of Chebfun with sensitivity analysis and 

integrated Chebfun with multi-disciplinary optimisation for optimisation will be 

presented. Finally, a case study of BEV powertrain constraints optimisation using 

Chebfun and multi-disciplinary optimisation will be examined and discussed.      

7.2 Fundamentals 

Chebfun, multi-disciplinary optimisation and sensitivity analysis are key 

fundamentals in this study. This section presents the background of these 

techniques, explains their merits and limitations, finally demonstrates points at 

which to apply these fundamentals for optimisation.  

 Chebfun 

Chebfun is a software system that extends MATLAB object-oriented functions 

and operators to work with continuous and piecewise continuous functions on a 

real or complex variable. The command ‘chebfun’ in MATLAB provides an 

approximation of a smooth function  : 1,1 →  by interpolating Chebyshev 

polynomial of degree , where  is selected adaptively by the Chebfun system 

to be accurate close to the machine precision (close to 10-13 digits accuracy). 

Chebfun was initially created from the Oxford University during 2002-2004 [26]. 

The very first idea was to overload MATLAB vectors to functions. This first 

Chebfun version was implemented only with smooth functions on [-1,1] intervals. 

The second version of Chebfun was started in 2006 and extended the Chebfun 

to piecewise continuous functions and arbitrary intervals. Some other 

applications were added, such as solving differential and integral equations, 

finding eigenvalues of matrices etc. Chebfun version 2 was released in June 

2008. The third and fourth versions were released in 2009 and 2010. At this time, 

the developers decided to create Chebfun as open-source software as they 

aimed to make this tool available and up-to-date, to help people to solve other 

scientific problems. The current version was started in 2012 and released in 2014, 
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this fifth version includes Chebfun2 which breaks the restriction of the one-

dimensional function and enables Chebfun to compute with a 2D smooth function. 

Chebfun2 provides important functions which are used in this study, including 

global optimisation and root finding. The 3D extension in Chebfun3 is being 

developed (at the time this thesis is being written) and they expect to release this 

version in 2016 [26]. 

 Chebyshev points 

Any interval ,  can be scaled to [-1,1]. And this scaled interval can be divided 

into a positive integer  of equally spaced angles from 0 to . Then there are 

1 Chebyshev points between interval [-1,1]. The Chebyshev points are the 

real values of these points. 

	
1
2

, 0  (7-1) 

These Chebyshev points can also be defined by their original angle as: 

cos , 0  (7-2) 

For example, if N = 16, there are 16 intervals and 17 points between [-1,1] as 

presented in Figure 7-2.  

Figure 7-2 Example of 17 Chebyshev points on the [-1,1] interval.  
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 Chebyshev polynomials 

Chebyshev points are defined as the real parts of equally spaced points on the 

unit circle, as shown in Figure 7-2. Similarly, the kth Chebyshev polynomial can 

be defined as the real part of function zk on the unit circle. 

	 cos ,    
(7-3) 

∈ 1,1 , ∈ 0,  

When the range of the variable  is in the interval 1,1 , then the range of the 

corresponding variable  can be represented as 0, . But the range is in an 

opposite direction, as presented in Figure 7-2, when 1, then   and 

1 which corresponds to 0  

The Chebyshev polynomials are presented in Table 7-1. 

Table 7-1 Chebyshev polynomial 

cos 0 1	 1 

cos 1 cos 	  

cos 2 2cos 1	 2 1 

cos 3 4cos 3cos 4 3  

cos 4 8cos 8cos 1 8 8 1 

cos 5 16cos 20cos 5cos  16 20 5  
 ⋮ 		⋮ 

	 2 , 1

Similarly, Figure 7-3 plots the Chebyshev polynomial from 0: 5 .  
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Figure 7-3 Chebyshev polynomial from : . 

 Chebyshev series expansion 

If  is continuous on 1,1  , this function can be represented as a Chebyshev 

series 

 (7-4) 

where  is the Chebyshev polynomial defined as:  

1,  

2  

(7-5) 

and  is a Chebyshev coefficient 

2

√1
, 1 (7-6) 

If 	 0, the factor of  is changed to  [116] 

In Chebfun, the infinite series in (7-4) can be approximated by truncating its 

Chebyshev expansion into a finite  series expansion. The exact Chebyshev 

coefficients  in (7-6) are not computed by Chebfun. However, the 

approximation of Chebyshev coefficients  in (7-7) are computed back and forth 

in between Chebyshev point grid by using the Clenshaw-Curtis quadrature 

1 

2 

3 4 5 
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implemented with the fast Fourier transform (FFT) [117]. The polynomial  is an 

approximation to  without evaluating the integral of (7-6) [116].    

 (7-7) 

For a numerical method, a finite number  has to be defined; however, each 

coefficient  and polynomial  will converge to  and  respectively as → ∞.  

Chebfun works within the MATLAB structure by overloading original MATLAB 

variables and commands. Continuous functions will be created as Chebfun 

objects and computed slightly differently from the original MATLAB functions. For 

example, the sum command in MATLAB adds up elements of vectors; however, 

if  is a Chebfun object and the specific range of  is , , then  evaluates 

the value of  at point  and sum  evaluates the finite integral of  over the 

range , . There are about 200 Chebfun operators which are overloaded from 

original MATLAB commands and functions. More details of Chebfun functions 

can be obtained from the Chebfun guide [118]. 

Chebfun works based on storing Chebyshev coefficients of function rather than 

storing discrete points of data, as has been done in normal MATLAB. Then if  

and  are Chebfun, the operation such as , , ,/ can be performed over these 

functions rather than its points in the function. Consequently, Chebfun can reduce 

the use of computational memory and time by operating numerical computing 

with functions. As a result, numerical operation can be computed to an accuracy 

close to machine precisions (10-13 accuracy). Hence, it can be said that symbolic 

calculating in Chebfun can be performed numerically [119].         

The freeware Chebfun toolbox and instruction manual are available from the 

Chebfun website [26]. In this section some examples will be presented to 

introduce the basic idea behind this MATLAB toolbox. Firstly, Chebfun can be run 

from the MATLAB command windows as;   
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x chebfun 'x' ; 

f	 x.^5; 

plot f ;			hold	on; 

plot f,	'.r','markersize',20 ;			 

grid	on;  

Figure 7-4 Chebfun command example. 

The ‘chebfun’ command constructs a Chebfun object from a specification such as 

string 'x'. By default, the interval is specific at 1,1 , but the user can select other 

ranges ,  by giving a range input with the chebfun command such as: 

x chebfun ' ' , ‐5,5  .Figure 7-4 shows a plot of  over a 1,1  .This result 

shows that  is represented by a polynomial interpolant through 6 Chebyshev 

points as presented by the red dots.  

The Chebfun command "chebpoly" returns Chebyshev polynomial  as;  

p = chebpoly(f) p = 

0.0625         0    0.3125         0    0.6250         0 

 The example below shows the summing of the Chebyshev polynomial as in 

equation (7-7). 

0.0625 0 0.3125 0 0.625 0  

0.0625 16 20 5 0.3125 4 3 0.625  

1.25 0.3125 1.25 0.9375 0.625  

 

The result is similar to using the MATLAB command "poly"  

r	 	poly f  r	  

1     0     0     0     0     0 
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The accuracy of the Chebfun approximation is dependent on the number of 

Chebyshev points (degree of Chebyshev interpolation). By default, Chebfun 

determines these numbers by their adaptive process to obtain results of the 

required accuracy. Figure 7-5 shows the results if this number of Chebyshev 

points is adjusted manually.     

Figure 7-5 The manual selection of Chebyshev points. 

 Chebfun2  

Chebfun2 is an extension of Chebfun that is able to work with smooth functions 

of two variables on a rectangular , 	 	 , 	  matrix. The method for two 

variables is similar to a single variable by extending Chebyshev polynomials into 

2D. In a similar manner to equation (7-7), the Chebfun2 algorithm computes the 

expansion coefficients as:  
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,  (7-8) 

and the  matrix returned represents these coefficients.  The command of 

‘chebpoly2 (f)’ in this Chebfun2 is represented by  

Chebpoly2 f chebpoly chebpoly  (7-9) 

The low rank function approximation will be used to fit the data with a given matrix. 

Details of this algorithm are presented by Townsend [120].   

Two-dimensional global optimisation 

Chebfun2 provides functionality for global optimisation. The command of 

‘minandmax2’	gives results of minimisation and maximisation (red dots in Figure 

7-6 [118]) of two variables over a specific parameter boundary.    

Figure 7-6 Global minimisation and maximisation of function 

 , ∙ ∙ ∙ ∙  

Chebfun uses different optimisation algorithms to locate minimum and maximum 

points depending on the rank of the Chebfun2 object. 
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Roots finding 

The capability of finding zeros is provided by the "roots" command in Chebfun2. 

This command computes the zero contours of that function. The roots finding is 

an important tool for finding boundary constraints between variables. More 

examples will be presented in the implementation section. Details of this 

command can be further consulted in the Chebfun guide [118].    	

 Multi-disciplinary optimisation 

The objective of this chapter is to propose an alternative method of BEV 

powertrain constraints optimisation using the Chebfun computational tool and to 

critically analyse its strengths weakness. The multi-disciplinary optimisation 

technique has to be applied as a bridge connection between these two fields. 

This section aims to introduce the multi-disciplinary optimisation as a tool to 

overcome the limitations of Chebfun2 which can optimise a system with limited 

design parameters. The background of multi-disciplinary optimisation will be 

briefly described to introduce the roots and application of multi-disciplinary 

optimisation both in the aerospace and automotive industries. Two non-

hierarchical multi-disciplinary optimisation methods will be introduced, with 

explanations, then the comparison will be presented at the end of this section. 

This study does not intend to describe details of multi-disciplinary optimisation 

methods in the automotive application but the authors’ intention is to elaborate 

on the technique of optimisation and to maximise the use of Chebfun in BEV 

powertrain application using the multi-disciplinary optimisation technique. 

Readers who are interested in the possibility of using multi-disciplinary 

optimisation in the former application are referred to the technical report that 

presents a critical review of multi-disciplinary optimisation in automotive 

application at [121].  

 Background  

multi-disciplinary optimisation is a well-known method in the aerospace industry; 

in fact, the concept of multi-disciplinary optimisation was originally developed for 
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structural optimisations [122]. The reason behind this is that structure is a 

subsystem that is attached to other engineering fields. The weight of the structure 

is usually an objective function to minimise and satisfy constraints (e.g. maximum 

stress, safety factor). Design variables usually include a cross section and 

thickness of the structure of beams. Eventually, multi-disciplinary optimisation 

was introduced into the aerospace industry where structure and aerodynamics 

interact and optimise together.  

One of the most common multi-disciplinary optimisation applications in the 

aerospace industry is the simultaneous optimisation between aerodynamics, 

structure of aircraft wings and aircraft configurations [123]. A design conflict 

between slender and stubby shaped aircraft exists. A slender shape benefits from 

its lower drag force and results in better fuel consumption, while the stubby shape 

is lighter and has a lower manufacturing cost. A trade-off between drag and 

structure weight involves the solving of problems between different disciplines. 

The weight of a structure affects the power required for both a lifting force and 

drag force, whilst structure deformation causes the aerodynamic shape to be 

changed. The optimal design results in the design of a structure that deforms to 

the desired aerodynamic shape and the structural deformation is approximately 

constant during the flight time [123]. This is an example where the multi-

disciplinary design is used for designing a system that requires parameter 

coupling between different disciplines. 

The development of multi-disciplinary optimisation was described by Kroo and 

Manning KrMa00 [124]. There are three generations of multi-disciplinary 

optimisation system: integrated, distributed analysis and distributed design as 

presented in Figure 7-7. The first generation was to integrate all systems in a 

single optimisation loop. Then, a second generation was developed as the 

problem size increased. In this generation, subsystems were distributed by 

system analyser and coordinated by a single optimiser. These two generations 

are classified as a single-lever MOD. The third generation is called a multi-level 

multi-disciplinary optimisation and this method is used with large scale problems 

where subsystems are distributed and require their own optimiser.  
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Single-level methods, for example, Multidisciplinary Feasible (MDF) and 

Individual Disciplinary Feasible (IDF), have a non-hierarchical structure and a 

single optimiser. These methods work effectively with a strong interaction system 

but do not perform well in large dimension problems. On the other hand, multilevel 

methods include a hierarchical structure and each level has an optimiser. 

Concurrent subspace optimisation (CSSO), bi-level integrated system synthesis 

(BLISS) and collaborative optimisation (CO) are examples of multilevel methods 

[125]. 

(a) (b) (c) 

Figure 7-7 Three generations of multi-disciplinary optimisation system (a) 

integrated, (b) distributed analysis and (c) distributed design 

 Multi-disciplinary optimisation method in automotive applications 

Multi-disciplinary optimisation techniques were analysed and evaluated for the 

automotive industry, as described in a technical report presented by Ryberg et 

al. [121]. This report presents a comprehensive summary of multi-disciplinary 

optimisation with a focus on structural optimisation for automotive application. 

One interesting topic presented in this report is to compare the method of multi-

disciplinary optimisation between aerospace and automotive applications. There 

are some interesting key points that make the multi-disciplinary optimisation in 

automotive different from aerospace: 
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o Product cycle 

The aerospace industry has fewer in number but more expensive products than 

the automotive one. It takes a longer time for a design cycle and this is usually 

funded by a government organisation such as the military. Through both the 

available time and resources, the development of new processes and methods 

are likely to be possible. However, there are many more large automotive 

manufacturers than aerospace ones and this is leading to a competition in 

producing better, shorter and less expensive products rather than focusing on 

process development.     

o Rules and regulations 

The methods and processes in aerospace development are ruled by standards 

and regulations; they have to be approved by governmental safety agencies such 

as the FAA (Federal Aviation Administration) and EASA (European Aviation 

Safety Agency). However, the design of passenger cars is controlled by 

legislative requirements such as CO2 emissions and safety. The competitiveness 

in automotive design is focused on market requirements, such as vehicle 

performance, and price.      

o Coupling between disciplines 

Structure is a good example of comparing the multi-disciplinary optimisation 

method for automotive and aerospace applications. The wings and fuselage of 

the aeroplane are compared to the body of the car. In a normal operation, 

deformation of the aeroplane wings affects their aerodynamic properties while the 

body of the car is likely to be more rigid or have only a small deformation 

compared to the aeroplane body. This indicates that multi-disciplinary 

optimisation in the automotive design process is therefore simpler than for 

aerospace application because of its loose coupling between disciplines. And it 

can be said that multi-disciplinary optimisation in automotive applications, such 

as in crashworthiness, are created in a multi-attribute environment (shared 

system variables) rather than in a truly multi-disciplinary design.   
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This study concludes that the multi-disciplinary optimisation which is developed 

in the aerospace industry is unsuitable for the automotive industry because of the 

disciplines in the automotive application being loosely coupled. Also, the 

computational cost of multi-level multi-disciplinary optimisation methods is 

greater than the benefits. The authors in this study, Ryberg et al. [121], suggest 

using a single-level method in most automotive applications. In addition, they also 

recommended using a metamodel, which is a detailed model simplification with 

a smooth gradient function to increase optimisation efficiency.    

 Multi-disciplinary optimisation methods for Chebfun optimisation 

This study is not intended to classify the multi-disciplinary optimisation design for 

automotive application but it aims to use the properties of the multi-disciplinary 

optimisation design and apply them to connect Chebfun with the BEV powertrain 

optimisation. The author shares the view of Agte et al. [122] that multi-disciplinary 

optimisation for the BEV powertrain is more likely to be a multi-attribute 

environment rather than a multi-disciplinary design; however, there are some 

properties of multi-disciplinary optimisation that are useful to use. A single-level 

multi-disciplinary optimisation method is used in this study because of its simple 

processes and because it is sufficient for this BEV powertrain application. The 

following section will present the single-level multi-disciplinary optimisation, MDF 

and IDF methods.           

 Multidisciplinary Feasible Method 

The MDF method is the most common formulation and is demonstrated more 

frequently than other non-hierarchical multidisciplinary methods; it is also called 

“nested analysis and design” or “All-in-one” [126],[127]. The MDF method 

consists of an optimiser and a multidisciplinary design analyser, as shown in 

Figure 7-8. The vector of design variables , is supplied from the optimiser to 

the multidisciplinary design analyser, where the analyser has a role to manage 

the data flow between optimiser and subsystems. Variables between subsystems 

are shared between those subsystems in order to compute the objective function  

,  and the constraints	 , .  These cost functions and 
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constraints are returned from the analyser as vector . This optimisation 

process will be repeatedly calculated in every iteration, keeping all constraints 

within the feasibility space until they reach the optimum [128].   

Minimise ,   

(7-10) 

 

with respect to  

and subject to , 0

 

Figure 7-8 Multidisciplinary Feasible (MDF) Method 

 Individual disciplinary feasible (IDF) method  

The IDF method is in some ways similar to the MDF method as both of them are 

non-hierarchical multi-disciplinary optimisations, using a single optimiser and 

required multidisciplinary design analyser. However, there is a main difference 

that makes IDF more flexible than MDF. A drawback of the MDF method is that 

a complete multidisciplinary analysis at every optimisation iteration is required, 

which results in computational expense. In contrast, the IDF method maintains 

an individual disciplinary feasibility and the multidisciplinary design analyser is 

included in the subsystem. An optimiser drives the individual discipline to obtain 

multidisciplinary feasibility by controlling the interdisciplinary variables. Coupling 

variables between disciplines are promoted to become optimisation variables and 

are replaced by surrogate variables. Auxiliary equality constraints are created in 
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an optimiser to ensure that surrogate variables are equal to the interdisciplinary 

coupling variables [127], [129]. The IDF method equations can be written by       

Minimise ,  

(7-11) 
with respect to ,  

subject to 
, 0 

0	

 

Figure 7-9 Individual disciplinary feasible (IDF) method 

Figure 7-9 shows the data flow in the IDF method, where ,  are the vector of 

design variable,  are the interdisciplinary coupling variables that are promoted 

to become optimisation variables, ,  and , 0 represent the 

objective function and system constraints, respectively. The interdisciplinary 

coupling variables are converted to auxiliary equality constraints, as presented 

in	 	 0. Auxiliary constraints are required to enforce subsystem 

consistency at convergence [130]. 

 Comparison between MDF and IDF Methods 

In terms of disciplinary feasibility methods, the IDF requires only individual 

feasibility at each optimisation iteration, while the MDF requires complete 

multidisciplinary feasibility. In other words, every constraint has to satisfy the MDF 
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optimisation before moving to a new optimum point while IDF requires only a 

feasibility of each subsystem but does not require system feasibility. As a result, 

the overall cost of simulation and number of functions that are called for the IDF 

method are less than those for the MDF method. Figure 7-10 (a) shows that the 

shared variables in the MDF are linked between subsystem to make whole 

system feasibility, while the variables of IDF in Figure 7-10 (b) are independent 

and only require subsystem feasibility. 

 

(a) (b) 

Figure 7-10 Optimisation variable for the MDF (a) and IDF (b) methods [131] 

It can be seen from Figure 7-11 [127] (a) that the MDF method may take longer 

to find the optimum point because it always stays in the feasible design space (or 

keeps returning to the feasible space) before driving the analysis to the optimum 

point. On the other hand, Figure 7-11 (b) shows the method of IDF that requires 

only individual subsystem feasibility and runs directly towards the optimum point 

at the first feasible space [129]. In addition, as the IDF subsystems are 

independent, optimisation task of different subsystem can be spit and computed 

separately. This IDF method is suitable for a parallel computing system.   

 

(a) MDF (b) IDF 

Figure 7-11 Comparison of MDF and IDF methods 
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The MDF is slower to find the optimum but it can make sure that the solution is 

feasible; on the other hand, the IDF, which is faster than MDF, may be trapped 

outside a feasible space and fail to find the optimum feasible solution.      

 Sensitivity analysis 

Sensitivity analysis  is defined as a mathematical technique (numerical or 

otherwise) to study how uncertainty in the output of a system (model) can be 

apportioned by the different sources of uncertainty in the model input [78]. Two 

approach techniques can be performed for calculating sensitivity analysis: local 

and global. Sensitivity analysis initially started with the local sensitivity method 

using the derivative-based technique [132]. This technique finds the partial 

derivative at a point of the design parameter and cost function to obtain the 

sensitivity solution. If there are many input design parameters, this local 

technique changes one variable at a time while keeping other parameters fixed; 

this technique is also called one-at-a-time.  Another approach method is global 

sensitivity analysis; instead of using a single data point, as in local sensitivity 

analysis, global sensitivity analysis uses a set of input factors to explore the 

output space. Some examples are Variance-based methods and Screening 

technique.   

There are some benefits of the global technique that provide an opportunity to 

explore the sensitivity of the model in a wider range of inputs and are also 

possible to be used with a discontinuities function. However, the local method 

has an advantage in its efficient calculation time. This study has limited the scope 

by using the local method and extended it for BEV powertrain application. 

However, the use of the global technique can be explored more in [133] and a 

comparison between these methods is presented in [134].            

In the optimisation context, sensitivity analysis can be used either before, after or 

both, such as[135]: 

 Using sensitivity analysis before optimisation – When a large number of 

model parameters influences the optimisation problems. sensitivity 
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analysis can be used for determining the most significant parameter to the 

objective function or prioritize a set of input parameters. This technique 

helps to obtain the initial guesses of parameters in order to estimate the 

cost function before running the optimisation and also to reduce 

computational costs for optimisation.  

 Using sensitivity analysis after optimisation – sensitivity analysis can be 

used after optimisation to test the robustness of the cost function to both 

design and fixed parameters.  

o Derivative-based sensitivity analysis for vehicle energy estimation 

The literature [25] demonstrates examples of using local sensitivity analysis for a 

road vehicle. The energy equation, which is an initial stage of finding sensitivity 

analysis, can be expressed as the algebraic equations presented by      

Aero Rolling Inertia 
(7-12) 

1.9 ∙ 10 ∙ 8.4 ∙ 10 ∙ ∙ 10 ∙  

This equation contains three design parameters to estimate energy over a 

predefined driving cycle where,  is an aerodynamic drag area,  is a rolling 

resistant coefficient and  is a vehicle mass. Average energy consumption over 

a specific distance, , can be calculated based on these product of vehicle 

parameters and coefficients which vary for each driving cycle. For this example, 

the coefficients	 1.9 ∙ 10 , 8.4 ∙ 10 , 10 	 are used to calculate energy estimation 

for NEDC in kJ/100km. 

 First order sensitivity analysis 

Sensitivity analysis of parameters to energy consumption can be expressed as: 

lim
i‐nom→

i‐nom i‐nom i‐nom / i‐nom

i‐nom/ i‐nom
 

(7-13) 

, ,  

This derivative-based method compares the rate of change of energy 

consumption with a change of a specific parameter at a particular point. In other 
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words, the sensitivity analysis value gives information on how much energy 

changes (as a percentage) if a parameter value is changed by a percentage. 

When there is more than one parameter in the equation, one parameter can be 

analysed at a time while other parameters are kept constant at their nominal 

points. Deriving three partial derivatives, the sensitivity analysis of each 

parameter can be expressed as  

f d 	 f d	
f d ‐nom ∙

f d ‐nom

f d, , ‐nom
1.9 ∙ 10 ∙ f d ‐nom

f d, , ‐nom
 

(7-14) 
	 	 ‐nom ∙

‐nom		

f d, , ‐nom
840 ∙ ‐nom ∙

‐nom

f d, , ‐nom
 

	 	
	 ‐nom ∙

	 ‐nom

f d, , ‐nom

840 ∙ ‐nom 10 ∙ ‐nom

f d, , ‐nom
 

If a compact class vehicle is considered, parameters of , ,  can be 

easily substituted by 0.6,0.012,1000  and give the sensitivity value of 

0.36, 0.32,0.64  respectively. This first order sensitivity analysis technique shows 

the different impacts when each parameter changes over an energy 

consumption; however, they do not provide any insight information of cross-

coupling between parameters. 

 Second order sensitivity analysis 

Analysis of cross-coupling parameters in the BEV powertrain is presented in the 

Chapter 5 . This technique was extended from first order sensitivity analysis and 

by performing a further partial derivative between two design parameters. This 

second order sensitivity analysis of a simplified road vehicle powertrain is 

presented by   

,	 	 ∙ 	
∙ f d ‐nom ∙ ‐nom

f d, , ‐nom
0 

(7-15) 
,	 	 ∙ 	

∙ f d ‐nom ∙ ‐nom

f d, , ‐nom
0  

,	 	 ∙ 	
∙ ‐nom ∙ ‐nom

f d, , ‐nom
840 
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Sensitivity analysis has been used for analysing the uncertainty of mathematical 

models and is also used in the optimisation process. This section gives a general 

idea of how to apply derivative-based sensitivity analysis in road vehicle 

powertrain analysis. Examples of energy equations using three general design 

parameters have been presented. The first order sensitivity analysis gives us the 

information on the most important parameters at the particular point of interest, 

and the second order sensitivity analysis tells us about the interaction between 

them.  

From the above example, in the design parameters of a compact road vehicle, 

the mass of the vehicle is the most sensitive parameter for energy consumption. 

This can be easily observed from the value of the first order sensitivity analysis 

as presented earlier. Then if the cross-coupling parameters are considered, the 

second order sensitivity analysis will give the information that which parameters 

are cross-coupling to the mass. The above example shows that the aerodynamic 

drag area is not cross-coupled to other parameters. In other words, the 

aerodynamic part can be improved alone without affecting other parameters, but 

improving the mass and rolling resistance may significantly improve energy 

consumption.   

7.3 Implementations 

 Sensitivity analysis of BEV using Chebfun 

The previous sections have given some general ideas of using sensitivity analysis 

in BEV powertrain application and Chebfun was introduced in a very early 

section. Partial derivation can be calculated by using analytical techniques, as 

presented in the previous example; however, for a complex equation when many 

design parameters are involved, an analytical solution may not be a flexible 

technique for this computation. This section aims to present a numerical 

technique for first and second order sensitivity analysis using Chebfun and then 

apply this method to the existing energy equation of the BEV powertrain from the 

Chapter 5. The energy equation of full parameters for the BEV powertrain is    
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Aero f d Rolling Inertia ReGen ReGen

GearLoss Gear MotorLoss Motor BatteryDischargeLoss

BatteryChargeLoss 

(7-16) 

This equation provides most of the influential sources of energy dissipated by the 

BEV powertrain. The details and fundamentals have been clearly explained in the 

literature. This section will treat the equation as a function with six design 

parameters and seven fixed parameters 

f d, , , ReGen, Gear, Motor  (7-17) 

Details of this equation are presented in the Chapter 5. 

Figure 7-12 shows plots of the energy consumption of vehicle mass and 

aerodynamic drag area on their possible operated ranges. As the plot is linear, 

Chebfun approximate three Chebyshev points and approximately two intervals 

between them.    

Figure 7-12 Energy consumption (kWh per 100 km) on the selected range of 

vehicle mass and aerodynamic drag area. Both of these plots are simulated 

using the NEDC.  

Figure 7-13 shows the Chebfun2 capability to operate two variables of a smooth 

function simultaneously. A surface and contour of energy consumption has been 

plotted against two selected parameters: vehicle mass and aerodynamic drag 



 

145 

 

area. Since these parameters are not cross-coupling to each other, then a linear 

surface and contour can be observed in these figures.     

(a) (b)

Figure 7-13 Linear surface plot (a) and contour (b) of energy consumption 

between variables. 

 First-order sensitivity analysis using Chebfun 

Chebfun (one variable) is capable of operating both smooth and piecewise 

smooth functions [118]. In this case, the energy equation in equation (7-16) is a 

smooth function and differentiable at every point. Using the Chebfun provided 

function 'diff 	 ' for a numerical differentiation. Figure 7-14 shows plots of 

sensitivity values of vehicle mass and average gear efficiency over a selected 

operating range. The nominal value of vehicle mass at 1590 kg (2012 model 

weight plus rotational inertia and loads) and average gearbox efficiency at 97% 

are presented. Positive sensitivity analysis shows a direct proportionality of 

energy consumption and vice versa.      

 Second-order sensitivity analysis of cross-coupling variables 

Cross-coupling effect between two BEV variables can be visualised as a smooth 

surface or contour by using Chebfun2. This section presents a sample using 

Chebfun to plot the second order sensitivity analysis on the BEV powertrain 

variables.     
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Figure 7-14 First order sensitivity analysis of mass and average gear efficiency 

on the selected range.  

 Cross coupling between variables 

Figure 7-15 shows the cross-coupling between two parameters of the BEV 

powertrain. Figure 7-15 (a) shows the coupling between vehicle mass and the 

aerodynamic drag area. The points in these figures illustrate the nominal 

variables of the vehicle which are 1590 kg vehicle mass, 0.64 m2 drag area and 

97% (0.97) average gearbox efficiency. Based on the results from the Chapter 5, 

the cross-coupling effect between aerodynamic and vehicle mass is almost 

negligible (~0, no coupling) while the cross-coupling effect between average gear 

efficiency and vehicle mass is indicated as a very strong coupling (value of -8.8 

as presented in the Section 5.3.4). These figures present similar results to those 

presented in the Chapter 5; however, the use of Chebfun helps to present a better 

visualisation of how the cross-coupling values between two variables change 

over the variables domain instead of only a snapshot of cross-coupling values at 

those particular powertrain parameters, as in the Chapter 5.     
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(a) (b) 

Figure 7-15 Plots of 2nd order cross-coupling effect between BEV powertrain 

variables.  

Results from these figures conclude that there are very small (almost negligible) 

cross-coupling effects between the aerodynamic drag area and vehicle mass, as 

presented in Figure 7-15 (a), and the cross-coupling effect between average gear 

efficiency and vehicle mass is very strong and they will be a stronger coupling 

when the value of mass and gear efficiency increases, as presented in Figure 

7-15 (b). 

Figure 7-16 shows the confirmation results of the cross-coupling effect between 

variables presented in Figure 7-15. The contours in Figure 7-16 visualise the 

energy consumption increase between powertrain variables. In Figure 7-16 (a) 

the straight line contour indicates a linear slope between these variables, as they 

are not cross-coupled to each other, while the curved contour in Figure 7-16 (b) 

presents a clear result of the non-linear increase of energy consumption due to 

the strong cross-coupling effect between variables.   

mass = 1590 kg, Gear efficiency = 0.97 (97%)  

Cross-coupling value = -0.879 

mass = 1590 kg, Drag Area = 0.6412 m2  

Cross-coupling value = 7x10-7 
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(a) (b)

Figure 7-16 Energy consumption contours between selected BEV powertrain 

variables.   

 Multi-disciplinary design procedure for BEV optimisation using 
Chebfun 

In the previous section, the energy balance equation is associated with the 

following elements: aerodynamic drag force, rolling friction force, inertial force, 

transmission losses, losses in the motor and losses in the battery. These 

elements can be considered as fundamental elements of the energy estimation 

for the BEV powertrain; however, for optimisation purposes, a different set of 

design parameters, which affect the fundamental elements, is required. This 

section aims to introduce the BEV model for an optimisation purpose. The cost 

function and constraints will be indicated, and this section will explain how the 

multi-disciplinary optimisation process integrated with Chebfun and the BEV 

model.   

 Model of BEV powertrain optimisation 

This study selects three system-level design variables for this BEV powertrain 

optimisation: motor size, gear ratio and battery size. The objective function of this 

model is the energy consumption over a unit distant (in kWh/km). Constraints in 

this optimisation are range, motor maximum speed and vehicle acceleration.      

Energy consumption of a road vehicle starts from a fundamental balance 

equation of vehicle traction and environmental losses. Vehicle traction force  in 
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ForceTraction ForceAerodynamic ForceRolling	resistance Inertia 
(7-18) 

0.5 | | ∙ ∙ ∙  

results from the force needed to overcome aerodynamic resistances, tyre rolling 

resistance, vehicle climbing a slope and inertia. However, the vehicle is simulated 

on a flat road; consequently losses from hill climbing are ignored. In equation 

(7-18),  is air density,	  is the drag coefficient,  is the vehicle frontal area, 

 is the rolling resistant coefficient,	  is the vehicle mass and  is the 

gravitational acceleration. Vehicle traction force is a function of a vehicle speed 

profile. The speed profile, also called a driving cycle, is an input to the equation 

as parameter  (m/s) and its derivative,  (m/s2). These parameters are a function 

of time along the driving cycle. 

Vehicle mass 	  is a parameter that affects overall energy consumption of the 

vehicle and is composed of mass from gliding body	 , motor , battery  

and loads , as described by 

MassVehicle	kg  (7-19) 

Since motor size and battery size are the design parameters, these variables will 

affect the energy consumption by increasing vehicle mass as their size increases. 

The relationship between motor, battery size and mass of the BEV powertrain are 

presented in  

MassMotor	kg 0.532 Motor	sizekW 21.6 (7-20) 

MassBattery	kg 7.8 Battery	sizekWh   (7-21) 

These powertrain mass equations are based on a long-term scenario of motor 

mass and battery mass estimation, as in [46]. Changes in gear ratio may affect a 

small change in powertrain weight but they will be assumed to be a uniform 

weight over their different ratio which will be included in the weight of a gliding 

body.  
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The electric machine is an energy converter which acts as a motor/generator. In 

motor mode, it provides torque for acceleration and keeps the vehicle moving at 

a constant cruising speed, while it captures kinetic energy that would otherwise 

be lost during braking. The motor current   is proportional to the motor torque, 

as presented in 

∙ ∙
 (7-22) 

and is also related to the vehicle traction force described previously. The motor’s 

stator current, the rate of motor current ,  and motor rotational 

speed	 , which are a function of the driving cycle , are described by  

, 	 ∙ )  (7-23) 

  (7-24) 

where  is the motor’s internal current, ,  is a change of motor current, 

 is motor torque,  is motor constant, 	is wheels’ radius,  is gear ratio 

and  is gear efficiency. The  is a rotational speed of the motor. 

Energy consumption is calculated by the total energy that drives the electric 

machine. These electric machine equations are based on the fundamentals of a 

DC motor. Power consumption of the motor is a product of motor current 	 

and motor voltage , . Energy consumption can be calculated from summing 

of the powertrain during a driving cycle of the motor. Battery losses, which are 

small in number, have been safely assumed to be negligible as was verified in 

the Chapter 5. The cost function will be the energy over a unit distance as 

presented by  

, , ∙ ∙  (7-25) 

∙ ,   (7-26) 
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per	cycle ∙ ∆  

(7-27) 

per	km
per	cycle

∑ ∙ ∆
 

where ,  is a motor voltage,	  is motor power and  is an energy 

consumption of a vehicle.   

 Constraints for BEV powertrain optimisation 

Constraints help designers force the optimiser to select optimal results within a 

desired feasible area. For example, the minimum energy consumption of the 

powertrain is the objective function in this study. However, the designers want a 

powertrain that provides the greatest energy efficiency but still provides enough 

driving range, satisfactory acceleration time and is within the limits of the motor’s 

capability. This section describes three constraints which are used in this study.   

 Range constraints  

One of the major issues of concern of a BEV is that the vehicle may have an 

insufficient range to reach the destination. The range of the BEV can be defined 

as the distance that the vehicle can travel electrically without having to be 

recharged. The range estimation in this study is based on two factors, energy 

consumption per a unit distance and size of the battery, as described in 

RangeEstimation Battery sizekWh 1000/Eper	kilometre (7-28) 

Increased battery capacity results in increases in travel range but requires more 

energy per unit distance. Range constraint is a factor to balance the minimum 

sufficient amount of battery capacity and keeping as low an energy consumption 

as possible. 
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 Max speed constraints 

Equations (7-22) and (7-25) show that losses in the motor are due to electrical 

losses (coil resistance) and mechanical friction losses. However, electrical losses 

are the only ones of concern for this study. Losses in the motor are due to the 

amount of electric current in the motor coil and proportional to the amount of 

motor torque. It can be concluded that operating the motor at high speeds to 

maintain sufficient necessary power results in lower torque being required and a 

saving of energy, since the power is a product of torque and speed. This is 

possible if a high ratio gearbox is available. However, the losses due to operating 

the gearbox at high speeds are assumed to be negligible since the gearbox 

efficiency is modelled on an average value. The simple rule applied to this 

simulation as described in the following condition    

motor	constraint 1 feasible if  
(7-29) 

motor	operation 0 infeasible if  

This constraint prevents the optimiser from selecting too high a gear ratio, since 

the higher gear ratio results in lower torque and energy saving. This factor is 

dependent on the maximum vehicle speed which is also dependent on different 

driving cycles.  

 Acceleration constraint 

This constraint affects the BEV in terms of the marketing aspect, rather than 

engineering practices and energy efficiency, since higher acceleration reflects 

how much fun driving the vehicle is and how enjoyable. This restriction keeps the 

motor size sufficiently large enough for driving to be a pleasure and avoids the 

optimiser selecting too small a motor. The acceleration time from rest to 100 km/h 

can be computed by       

TimeAcceleration T100 ∆
.

 (7-30) 

where  is vehicle velocity in m/s and T100 is in second. 
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 BEV powertrain optimisation as multi-disciplinary optimisation 
technique 

Components of the multi-disciplinary optimisation method, as presented in [123], 

include a mathematical model, approximation concept, system sensitivity 

analysis, optimisation procedures with decomposition, and human interface. 

These components were deduced from various literature surveys in multi-

disciplinary optimisation developments. For a particular multi-disciplinary 

optimisation application, all these components may not be used but most of them 

may be included. This study requires most of their properties except for the 

approximation concept. The following section will give some explanations and 

examples of how these concepts will be integrated in this Chebfun - multi-

disciplinary optimisation  method for BEV powertrain constraints optimisation.    

 Optimisation procedures with decomposition 

System decomposition and associated optimisation is one key component of the 

multi-disciplinary optimisation technique [123]. This may somehow make the 

multi-disciplinary optimisation different to the conventional optimisation 

technique. A conventional optimisation algorithm usually considers the model to 

be a black box. The optimiser responds to the cost function and constraints which 

are the results of the optimiser selecting the model input and calculating the 

results of the model. The optimiser, such as Genetic Algorithm, will select a new 

set of variables and then continue searching until an optimum is found [35].  It 

can be seen from the optimisation toolbox [136] that the optimisation algorithm 

can be developed separately to the model and can perform correctly, as long as 

the interface between them is correct. 

Multi-disciplinary optimisation tries to break the system synthesis into smaller 

tasks and it is possible to execute these concurrently. In most cases, it can reduce 

the computational effort. Multi-disciplinary optimisation divides a large system 

into many disciplines and lets disciplines communicate (exchange parameters 

and results). In this study the discipline in the multi-disciplinary optimisation 



 

154 

 

method is called a subsystem and these subsystems can be coordinated by the 

system analyser.  

In this particular case, the BEV powertrain model is divided into smaller 

subsystems, as presented in Figure 7-17. Variables and solutions are exchanged 

between subsystems. The multidisciplinary design analyser is a coordinator for 

the system. The powertrain system is separated into five subsystems, each of 

which has its own communication routine. Most subsystems require results from 

the others; for example, the result of energy consumption ,  requires the 

result of vehicle mass , . It can be seen that to calculate energy 

consumption, the motor and battery variables ,  may not be directly required; 

however, these variables are required to compute the vehicle mass 

solution,	 1, 3 , beforehand. This is an example of cross-coupling design 

variables in the powertrain simulation. Moreover, the motor speed constraint 

subsystem does not require any results from the previous subsystem. Only the 

gear ratio  affects this maximum motor speed . Furthermore variable  in the 

motor speed constraint subsystem has no cross-coupling effect on other design 

variable 

 

 

Figure 7-17 Variables and solutions are exchanged between subsystems.     

The multidisciplinary design analyser is a coordinator of the system.   

where , ,  in the Figure 7-17 are design variable (motor size [kW], gear ratio 

[-] and battery size [kWh]) and , , , ,  , in the same figure, are results from 

each subsystem.  
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 Parameter sensitivity in the BEV model 

This section presents the sensitivity values of design variables (motor, gear and 

battery) for the cost function and constraints. In other words, this sensitivity values 

present the importance of each variable to the cost function and constraints. 

o First order sensitivity analysis 

Table 7-2 presents the 1st order sensitivity analysis values of each parameter to 

the cost function and constraints. These sensitivity analysis values were 

calculated using a similar method to that presented in the previous section, 

except that these results were calculated from the BEV model used for powertrain 

optimisation as presented in the previous section.     

Table 7-2 First order sensitivity analysis between variables and 

optimisation function. 

(parameters: motor, gear, battery) 

First Order Sensitivity Analysis 

Motor Gear Battery 

Energy cost function @ (80,8,24) 0.0202 0.0510 0.0887 

Range constraint @ (80,8,24) 0.0202 0.0510 0.9113 

Motor speed constraint @ (80,8,24) 0.0 1.0 0.0 

Acceleration constraint @ (80,8,24) 0.9 0.6 0.5 

It can be seen that for a particular powertrain size (80 kw motor, 8:1 gear ratio 

and 24 kWh battery), battery size is the most sensitive parameter in both energy 

consumption and range, while motor size is very sensitive to acceleration 

performance. The gear ratio is the only parameter that affects the maximum 

motor speed. These results provide an insight into the complex equation of how 

the parameters are effected by the cost function and constraints of the model. 
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o Second order sensitivity analysis 

Table 7-3 shows the cross-coupling value between each pair of variables for cost 

function and constraints. These results were obtained by using 2nd order 

sensitivity analysis with the BEV model for optimisation. The sensitivity values 

show how much each pair of variables are cross-coupling with each other. This 

table demonstrates only a particular design variable, such as at this particular 

point of the powertrain’s selected variables (80,8,24). Chebfun can calculate 

sensitivity analysis for a range of variables (instead of a single set of variables) 

as the results presented in the previous section. 

Table 7-3 Cross-coupling effect between design parameters. 

Energy @ (80,8,24)  Gear Battery 

Motor 0.0025 0.0001 

Gear - 0.0111 

 

Range @ (80,8,24)  Gear Battery 

Motor 0.0005 0.0167 

Gear - 0.0531 

 

Motor Max Speed @ (80,8,24)  Gear Battery 

Motor 0 0 

Gear - 0 

 

Acceleration @ (80,8,24)  Gear Battery 

Motor 0.0025 0.0001 

Gear - 0.0111 
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Results from 2nd order sensitivity analysis presented in Table 7-3 indicate that 

motor-gear is the strongest coupling parameter pair at this design variables 

(80,8,24), then gear-battery is the strongest coupling in range constraint. In the 

maximum motor speed constraint, there are no coupling effects between 

variables and gear-battery is the strongest coupling variable pair for the 

acceleration constraint. 

 Multi-disciplinary feasible for BEV optimisation using Chebfun 

MDF is a single layer multidisciplinary method consisting of system analyser and 

optimiser. The optimiser is responsible for finding the optimal design parameters 

by requesting cost and constraints functions from the subsystem (model), while 

the system analyser has a role to enforce multidisciplinary consistency. In this 

example, both optimisation and system analyses have been undertaken using 

Chebfun. Figure 7-18 shows a diagram of the MDF technique in this example. 

The optimiser, as presented at the top level in this diagram, manages the role of 

finding the minimum cost function and adjusting the parameters to satisfy the 

constraints, while the system analyser manages the interaction between the 

optimiser and models (subsystem). A hierarchical structure can be seen in this 

system; however, in the multi-disciplinary optimisation system, this MDF method 

is a non-hierarchical (single layer) system because there is a single optimiser. In 

addition, this MDF method requires a feasible solution in every iteration, which is 

different from the IDF method that only requires feasibility at the optimum. In the 

next section, the optimiser and system analyser will be explained in more detail 

with examples.  
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Figure 7-18 Using MDF method with the BEV powertrain optimisation 

 Multi-disciplinary system analyser 

The system analyser has an important role in this multi-disciplinary optimisation 

system. And this is one of the important features of the multi-disciplinary 

optimisation system that provides an additional capability beyond ordinary 

optimisation techniques. Normally, optimisers are directly connected to the 

model. This routine often starts with initial parameters then the optimisation 

algorithm will select a design variable that improves the cost function and satisfies 

the constraints until the termination criteria are met. However, the system 

analyser can make the ordinary optimiser deal with more complex tasks, such as 

using Genetic Algorithm with the multi-disciplinary optimisation system, or 

overcome the optimiser limitation such as using Chebfun optimisation in this 

study. 

 Selecting optimisation parameters using sensitivity analysis 

The limitation of Chebfun2 is that it can manipulate only two parameters at a time, 

while the BEV optimisation in this study required three parameters to optimise. 

This system analyser has a role to select a pair of design variables to optimise. 
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This procedure can be done by using the sensitivity analysis to rank the sensitivity 

parameters for the cost function and constraints, then choosing two variables to 

optimise at a time. 

Figure 7-19 presents a flow chart of this optimisation procedure, starting from 

selecting the initial design variables, after which the constraints are checked to 

make sure that the solution is within the feasible space. If any of constraints 

criteria are unsatisfied, the constraint adjustment process will be performed by 

using the 1st order sensitivity analysis to select the most sensitive parameter to 

that constraint and using 2nd order sensitivity analysis to rank and find the cross-

coupling variable. After that the design variables will be adjusted.  

After making sure that all design variables are in the feasible space, the 

optimisation process will be performed by using the 1st order sensitivity analysis 

to rank the sensitive parameters, and repeating the steps until the termination 

criteria are satisfied.        
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Figure 7-19 The procedure of BEV optimisation using Chebfun and multi-
disciplinary optimisation methods. 
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Figure 7-20 Search area of the Chebfun is located by a range of difference cost 

function (calculated from sensitivity analysis) at each side of the two variables. 

 Optimisation of two parameters at a time using Chebfun 

Chebfun2 is possible to use as a global optimisation tool for a system with two 

parameters. However, if the number of design parameters is greater than two 

then the methods of multi-disciplinary optimisation and gradient based 

optimisation will be implemented. Recalling the Steepest Descent method, a 

procedure for finding the minimum point is described briefly by [137]: 

 Start with  as current design variable vector at th iteration. A downhill 

direction   and a step size 0 will be selected. A new point will be  

. And it is expected that the new point will improve cost function  

) < . In the gradient optimisation method, it is required that  is a 

descent search direction as T 0. For a descent direction, it can 

be seen that . After the descent direction is chosen, a step 

size  will be selected for the next better cost function. It can be seen that 

when the search direction is fixed as , the objective function depends only 

on  as ≡  and ≡ . The optimisation can 

be presented by  

≡  (7-31) 

And the design variable vector will update for a new minimum point as 
.  
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Chebfun2 provides a ′min′ function to find a minimum point over a search area, 

as presented in Figure 7-21 (a). These procedures are compared with the search 

direction in the Steepest Descent optimisation method, as presented in Figure 

7-21 (b).  

(a) (b) 

Figure 7-21 Comparison between Chebfun minimisation global search method 

and the Steepest Descent minimisation method.  

Instead of finding the gradient vector , direction  and step size  as in the 

Steepest Descent method, Chebfun2 finds a new lowest objective function 

instantly. This makes Chebfun2 fast and accurate for optimisation with two 

parameters in a specific search area. The algorithm behind Chebfun2 is a grid 

search and some optimisation procedures, the details are addressed in [120].  

 Constraint optimisation using Chebfun 

For the MDF method, all optimised parameters have to be selected in the feasible 

area before continuing to the next iteration. The method of keeping parameters 

in the feasible region in Chebfun is by using the rootsfinding function in the 

Chebfun tools. For example, the range calculated at (80,8,24) is 172 km, if the 

minimum range constraint is greater than 170 km, battery size selection can be 

varied by either motor size or gear ratio. Figure 7-22 (a) shows that if the range 

constraint is greater than or equal to 170 km, gear ratio and motor size are 8:1 

and 80kW respectively, and battery size selection should be at least, or above, 

the line and position in the feasible area.     

 
 

 

Energy Consumption NEDC (Wh/km) 
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                                          (a)              (b) 

Figure 7-22 Constraints adjustment process using ‘rootsfinding’ function in 

Chebfun 

System analysers also have a role in selecting parameters for adjusting these 

constraints. The previous example of constraint adjusting is looking at the 

parameters close to (80,8,24) and the most sensitive parameter to the range 

constraint is the battery size, as presented in Table 7-2; this shows that the 

battery size can be adjusted to a minimum to obtain the maximum effort for range 

constraint. The cross-coupling effect also helps to select the second pair of 

parameters to adjust together with battery size. The results from Table 7-3 that 

show that gear ratio is the most sensitive coupling parameter for the battery and 

it is clear that adjusting the battery with the gear ratio will satisfy the range 

constraint.     

Figure 7-23 shows a 3-D plot between battery size and motor size against energy 

consumption. The selected search area will be chosen from the initial variable. 

Range and acceleration constraints which are functions of motor and battery, are 

also plotted.   

Feasible Range Constraint 

Parameter is moved from infeasible to feasible area 

 Feasible Range Constraint 
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Figure 7-23 A 3-D plot of Chebfun optimisation 

It can be seen that BEV powertrain model is a smooth function. This smooth 

function is compatible to be used with Chebfun2. This shows that over the design 

parameters domain the minimum battery size and motor size will give the 

minimum objective function. However, this optimum point is bounded by 

constraints. The selected search area is created as a square region as presented 

in Figure 7-20 and Figure 7-23 to search for a global minimum in that area and 

move along with the new optimum parameter until the optimum point is reached. 

However, this methodology works based on the gradient based optimisation 

method which is limited to finding the solution in a convex set only [137]. In this 

study, the BEV powertrain model is a convex set that is appropriate to this method 

and the initial point has to be in the feasible area only.             
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7.4 Case study in powertrain optimisation with Chebfun 

In the previous section, the optimisation method using Chebfun and multi-

disciplinary optimisation has been introduced. In this section, the optimisation 

technique will be applied to a BEV case study and compared to the traditional 

optimisation methods. The Nissan Leaf (2012 model), a well-known production 

C-segment BEV, is used as the case study and benchmark. This vehicle is a SM-

SA BEV and the powertrain layout is presented in Figure 7-24. 

 

Figure 7-24 The SM-SA BEV powertrain. 

The original Nissan Leaf vehicle is driven by a single front wheel drive 80 kW 

motor with a 7.9:1 fixed ratio transmission and 24 kWh lithium battery. In this 

study, the selected design parameters are motor size, gear ratio and battery size 

while all other constant and dependent parameters are based on publically 

available data [37] and are otherwise based on the author’s assumptions. Table 

7-4 shows the selected design parameters and their boundary constraints.         

Table 7-4 Design variables for BEV optimisation 

Parameters Range of parameters optimisation 

Motor Size (kW) 40 – 120 

Gear Ratio 1:1 – 11:1 

Battery Size (kWh) 20 – 30 
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Table 7-5 Constant and dependent parameters 

Vehicle Body  

Aerodynamic Area f d , ) 0.6412  

Rolling resistant coefficiency ,  0.007 

Vehicle mass ,  Dependent on motor and battery size as 

equation (7-19) 

Wheel radius ,  0.15 

Transmission  

Transmission efficiency	 ,  97% 

Electric Machine  

Motor efficiency	 ,   Dependent on motor torque and speed 

Motor constant  0.4 

Motor resistance , ohm  0.02 

Objective function and constraints 

Minimize:  

(7-32) 

 	 ∈ , ,  

Subject to: 170 0 

 	 1000 0 

 	 10 0 

 ,  1,3 

where  represents the objective function which is the energy consumption of 

the BEV powertrain (Wh/km) over the NEDC. This objective function is restricted 
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by inequality constraints	  which are limited to the vehicle travelling at least 170 

km, motor max speed less than 1000 rad/s and acceleration time from 0 to 100 

km per hour, for less than 10 sec. The  vector represents the three design 

variables: motor size, gear ratio and battery size. These variables are modified 

during the optimisation process to obtain the optimum. The design space is 

defined by the lower and upper bounds (side constraints),  and , of the 

design variables.           

7.5 Chapter discussion 

Chebfun provides a set of powerful computational tools that give high digits of 

accuracy while also providing fast calculation. This system has been developed 

for more than a decade from a single dimension with restricted to continuous 

functions and it is currently developed for piecewise smooth 1D and then smooth 

multi-dimension functions (Chebfun2 and Chebfun3). As the Chebfun developed 

to a 2D function, some useful tools such as global optimisation and rootsfinding 

are possible to apply to many branches of science and engineering applications. 

Chebfun has the ability to find the global minimum of a complicated function [138] 

in just less than 0.2 sec with 12 correct digits [120]. However, there are some 

limitations to applying this tool to some engineering applications, such as the EV. 

Firstly, a BEV powertrain simulation usually requires a study of multi-variable 

optimisation with more than two variables. This study tries to apply a very 

simplified BEV powertrain but it still consists of at least three variables to 

compute. This limitation is possible to be solved by the future Chebfun3 but 

currently Chebfun2 cannot solve it on its own. Secondly, smooth function 

restriction is another constraint when using Chebfun2. 

Multi-disciplinary optimisation was introduced in this study to unlock this 

restriction and, as described earlier, multi-disciplinary optimisation is used as a 

bridge to connect between Chebfun and BEV powertrain constraints optimisation. 

The composition of multi-disciplinary optimisation was defined broadly as it was 

applied in a number of different applications. However, the components of the 

multi-disciplinary optimisation method were concluded by Sobieski in 1997 as 
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presented in [123]. Some of the multi-disciplinary optimisation components which 

it is possible to use to overcome the Chebfun restriction, are the optimisation 

procedures with decomposition. By breaking down the cost function and 

constraints of this BEV optimisation into different subsystems (disciplines), it is 

possible to optimise the BEV variables (two variables at a time) by using Chebfun.  

Sensitivity analysis  which is another multi-disciplinary optimisation component 
that is broadly used in many multi-disciplinary optimisation applications [123]. The 

sensitivity analysis in this study was used as a decision making tool to decide 

which variables are suitable to optimise. The local method sensitivity analysis 

was calculated in both 1st order and 2nd order by using Chebfun. Sensitivity 

analysis in this study is located in the multidisciplinary design analyser to 

coordinate the information flow between the optimiser and the model subsystem.  

Mathematical modelling of a system and the approximation concept are other 

multi-disciplinary optimisation components [123]. Since Chebfun2 was restricted 

to smooth functions, in this study, a concept of differential flatness was introduced 

and evaluated for the BEV powertrain application. Research in [121] encouraged 

the use of a metamodel to increase optimisation efficiency. However, by using 

the differentially flat system, a detailed model of the BEV powertrain components 

exists and also performed fast enough for optimisation. For example, the model 

of the electric machine in this study was created by inverting the simulation of a 

DC electric motor. The differential flatness model contains information at transient 

response while other backward simulation techniques used looked-up table and 

eliminated this system transient behaviour, such as the model presented in the 

following literatures: [9],[30],[139].         

 Interesting points of the limitations 

With Chebfun2 it is possible to locate the global minimum and maximum of two 

variables over a selected search area, but for use in this study, at least three 

variables are required for the powertrain optimisation. By using the process of 

multi-disciplinary optimisation, global optimisation cannot be guaranteed because 

only two variables can be optimised at a time. The idea of the Steepest Descent 
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optimisation method, which is adapted with the Chebfun optimisation, is used and 

then this optimisation may somehow be limited to the convex set of solution space 

only. 

The historical background of multi-disciplinary optimisation indicated that the first 

generation of multi-disciplinary optimisation in aerospace was to integrate all 

systems in a single optimisation loop as presented in the Figure 7-7 (a) [124], and 

as the problems become more complex, the 2nd and 3rd multi-disciplinary 

optimisation generation were applied to decompose the systems as in Figure 7-7 

(b) and the system decomposition using a multi-optimiser as in Figure 7-7 (c). 

Compared to road vehicle powertrain optimisations recently, most of them 

optimise the powertrain in a single loop with different types of optimisation 

algorithms. Then, the report in [121] predicted the trend of multi-disciplinary 

optimisation in the automotive industry as using a global optimisation method with 

single-lever multi-disciplinary optimisation. This may somehow point out that the 

model for road vehicles will become more complex in the near future and multi-

disciplinary optimisation will extend the ability of the optimisation tools to deal with 

a complex automotive system. 

This study does not aim to upgrade mature optimisation algorithms, such as the 

Genetic Algorithm, to deal with a problem of electric road vehicle design. Instead, 

the aim of this study is to investigate the potential of Chebfun to deal with an 

ordinary BEV powertrain constraints optimisation. As a result, it is difficult to 

compare this Chebfun - multi-disciplinary optimisation with the well-known global 

optimisation tools such as Genetic Algorithm or NSGA2 in terms of robustness 

and flexibility. Chebfun - multi-disciplinary optimisation requires a custom-made 

algorithm to suit each application. The push-button design procedure may not be 

applicable when applied to this multi-disciplinary optimisation system. This 

circumstance is already explained as one of the multi-disciplinary optimisation 

components presented in [123]. 

This Chebfun - multi-disciplinary optimisation technique presents a modification 

method of Chebfun2 which is restricted by two variables, and extends its ability 
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to solve three variables optimisation. It is possible to extend Chebfun2 to work 

with more than three variables optimisation; however, this algorithm may not be 

very efficient, since the computational cost of sensitivity analysis may be too high 

to compare with traditional optimisation algorithms.  

Chebfun3 which is aimed at computing functions in a 3D cube , , ,  

is being developed [26], so the global optimisation function in Chebfun3 is not 

currently available. In the author’s opinion, if the Chebfun3 optimisation function 

is available, the three variables optimisation as presented in this study will be 

easily solved. However, the four variables optimisation can be extended by using 

Chebfun3 and the method presented in this study. 

7.6 Chapter conclusion 

The work presented in this study constructs a new idea and method for BEV 

powertrain optimisation. A combination of existing knowledge, the Chebfun and 

multi-disciplinary optimisation, are combined for solving problems in a new 

application, the BEV powertrain constraint optimisation. Multi-disciplinary 

optimisation properties which were used in other applications are introduced, 

analysed for their cost/merit and adapted in this study. The method of 

optimisation procedures with system decomposition is a key process to overcome 

the restrictions of the Chebfun with more than two variables in BEV powertrain 

optimisation. The system sensitivity analysis for the BEV powertrain in both first 

and second order, as introduced in the previous chapter, is judiciously applied to 

make a decision and it is presented as the system analyser for this new 

optimisation technique. Finally, this method has already been tested and the 

results verified against the conventional optimisation technique. In conclusion, 

the author does not claim that the Chebfun - multi-disciplinary optimisation  

technique is a universal optimisation tool; however, the contribution of this work 

is to introduce two existing processes, the Chebfun and multi-disciplinary 

optimisation, break the restriction between them and then introduce this idea to 

researchers in the author’s field which is EV Powertrain Optimisation.  



 

171 

 

8 Thesis conclusions 

This final chapter concludes the thesis by summarising thesis chapters in the 

Section 8.1, states the thesis keys finding in the Section 8.2, emphasises the 

contribution in the Section 8.3 and introduces the future works in the Section 8.4.   

8.1 Chapter summarise 

Two main objectives of this thesis are presented in two groups of chapters. The 

Chapter 2 to the Chapter 4 response to the first objective to evaluate possible 

BEV powertrain topologies using existing computational tool. Then, the Chapter 

5 to the Chapter 7 are elaborated from the second objective to develop new 

computation techniques for the BEV powertrain components sizing and 

optimisation.      

 Traditional tools for BEV powertrain optimisation  

 Chapter 2  

This chapter gives an introduction to the modelling and simulation the powertrain 

of a road vehicle for the purpose of powertrain sizing and optimisation. 

Fundamentals of the powertrain were described by mathematical equations. 

Then, the computational tool, the quasi-static toolbox, was modified and used in 

this simulation and focus for modelling powertrain of a battery electric vehicle 

(BEV). A model of powertrain weight and cost are also included in this study. In 

summary, this chapter uses the simulation technique from the quasi-static toolbox 

to construct a powertrain model for a single motor front-wheel drive BEV. 

Consequently, this model is used for the optimisation purpose in the later 

chapters. 

 Chapter 3 

The Chapter 3 demonstrates the application of the quasi-static backward 

simulation technique on the case study BEV. The Nissan Leaf was selected 

because of its position as an affordable family car which is similar to vehicle 

segment considered in this study. In the author’s opinion, the vehicle’s properties 
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suggest that the Nissan Leaf was initially designed and optimised as a BEV rather 

than modified from an internal combustion engine platform. As it can be seen that 

the high speed motor as presented in Figure 3-2 and single gear ratio were 

originally designed for the vehicle. The optimisation results of the BEV powertrain 

using the Leaf as a case study were presented. In addition, two-speed gearbox 

was also introduced to investigate the beneficial of multi-ratio gearbox in the BEV. 

Finally, these results of the single-motor single-axle (SM-SA) BEV were used as 

a benchmark for developing different powertrain topologies as they were 

presented in the Chapter 4   

 Chapter 4  

This chapter presents a motivation to examine a system level BEV powertrain in 

some selected topologies and analyse the trade-off between them. The study 

assumed some possible vehicle topologies based on the benchmark vehicle used 

scenario and evaluates their performances. The selected BEV topologies include 

the SM-SA, which is similar to the benchmark vehicle; DM-DA which extends the 

first topology by adding a motor at the rear axle to perform a 4WD BEV vehicle; 

IWM-SA which uses two in-wheel motors at the front wheels; and IWM-DA where 

all four wheels are equipped with in-wheel motor.  

Then, the global optimisation technique which was initially applied to the SM-SA, 

was extended to include multi-objective optimisation and compare results using 

Pareto-front plots. Three objectives: energy consumption, acceleration time and 

powertrain cost were applied. Finally, this chapter evaluated costs and benefits 

of the three objective functions for four BEV powertrain topologies. This study 

provides guide line assumptions for researchers and manufacturers to design the 

BEV powertrains for different applications.    

 Alternative possible tools for BEV powertrain optimisation 

 Chapter 5 

The method of sensitivity analysis for a powertrain of a road vehicle has already 

been presented in the literatures [25]. However, this study aimed to extend the 
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method by elaborating the technique for a BEV powertrain application. More 

parameters, which are specific to the BEV, were added including motor efficiency, 

gearbox efficiency and regenerative braking parameters. Compare to the 

literature, the new results were more application specific. 

Moreover, the cross-coupling effect between different parameter sensitivities of 

a BEV powertrain was first introduced in this study. The second order sensitivity 

analysis is a key method of this application. The results presented some new 

outcomes that provide insight into powertrain design.  

 Chapter 6 

In the Chapter 6, the result shows that most of the BEV powertrain can be 

modelled as a differentially flat system. Even though the differential flatness and 

inverse of dynamic system are somehow a similar approach and the literature 

[92] presented the model of powertrain using a stable inverse of dynamic system, 

however, nothing in the literature has considered modelling of a BEV powertrain 

for the purpose of component sizing and optimisation as a differentially flat 

system.    

This chapter explains existing modelling techniques of BEV powertrains such as 

forward-facing simulation, quasi-static backward simulation and inversion of the 

dynamical model simulation. Then, the BEV powertrain modelled as a 

differentially flat system was introduced and were evaluated its possibilities and 

limitations.  

The results indicate that the differential flatness can be exploited for modelling 

this application. However, there are some limitation on battery state of charge 

(SOC) modelling through flatness, as presented in Section 6.3.3. Despite its 

limitation, flatness can be exploited for estimating energy consumption for the 

optimisation purpose.       

 Chapter 7 

This chapter introduces an alternative methodology for a BEV powertrain 

components sizing and optimisation by applying the multi-disciplinary 
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optimisation procedures and the Chebfun computational tool. The methodologies 

in this chapter overcome some limitations of the Chebfun and make it possible to 

apply for this application. Another key achievement is the formulation of an multi-

disciplinary optimisation by decomposing optimisation tasks and optimise them 

within the Chebfun capability. Finally, the use of Chebfun and multi-disciplinary 

optimisation is firstly applied to a BEV powertrain optimisation and illustrating the 

potential of this technique. This methodology gives another computational tool for 

the application of BEV powertrain modelling and optimisation.    

8.2 Findings 

 In Chapter 3, a single-objective (for energy consumption) optimisation of 

the SM-SA vehicle was performed. The optimisation results show that the 

vehicle parameter set that provides the minimum energy consumption 

while satisfying all constraints is very close to the benchmark Nissan Leaf 

(the 2012 model). This result gives confidence in modelling and 

assumptions on the powertrain parameters. The results also show that the 

model was likely to be a valid representation of the case study vehicle, and 

also providing experience and insight for further BEV modelling work. 

 The use of a multi-ratio transmission with the SM-SA configuration was 

considered in Chapters 2 and 3. This study introduces an additional gear 

ratio with a speed-dependent shift-point and used optimisation to find 

values for these. The results show that additional gear ratio makes only a 

very small improvement in energy consumption; although the machines 

are running in more favourable conditions, this is largely offset by 

decreased transmission efficiency and increased weight.  It also makes 

the powertrain more complex. This observation was supported by the 

sensitivity analyses of Chapter 5, which showed that energy consumption 

is very sensitive to transmission efficiency and additional transmission 

ratio is less beneficial compared to a better efficiency gearbox. This finding 

supports the current trends in production BEVs, where most vehicles are 

equipped with a single-ratio transmission. 
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 The result from the Chapter 3 shows that the production SM-SA BEV is 

already near-optimal. This study considered another three BEV 

topologies: double-motor double-axle (DM-DA), in-wheel motor single-axle 

(IWM-SA) and in-wheel motor double-axle (IWM-DA).  Simulation to 

represent these were developed and used to optimise the parameters and 

then compare the topologies to the baseline SM-SA topology. 

 The selected topologies were compared in terms of energy efficiency, 

acceleration performance and powertrain cost. Multi-objective optimisation 

was performed to compare the design spaces for the selected topologies. 

The results show that in-wheel drive vehicles with two axles are the winner 

in energy performance and also acceleration time but due to the numbers 

of motors, this topology’s drawback is higher cost.  

 In the final conclusion, the SM-SA, the current production BEV, has a 

positive aspect in simplified powertrain by using a large electric motor with 

mechanical transmission. This results in lower powertrain cost and 

maintenance compared to other topologies. However, due to the limitation 

of this powertrain’s degree of freedom, further improvements should be 

focussed on the vehicle body such as vehicle weight and improve 

aerodynamics. This topology is the early generation of production BEVs 

and this topology will introduce more attentions of using BEV as an 

everyday vehicle.      

 DM-DA BEV is a good candidate as a near future BEV configuration and 

is already produced by some BEV manufacturers. The results indicate that 

two motors give an extra degree of freedom to operate motors in an 

efficient way. Moreover, two traction motors provide a powerful traction 

force with better vehicle stability on 4WD. The result has shown that the 

topology added almost 100 kg weight of additional motor but consumed 

only around 1% extra energy. The only drawback compare to the SM-SA 

is the additional cost of the extra motor and gearbox. This BEV topology 
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is suitable for a high performance BEV or off-road EV that need extra 

power with similar consumption to SM-SA. 

 For the in-wheel BEV, one of the most critical issues is the vehicle dynamic 

performance and torque-speed control between motors; this was not 

included in this study. However, for the energy consumption aspect the in-

wheel motor has several benefits: the transmission efficiency is 100% 

(because it has no gearbox, etc.) and the powertrain weight is reduced. 

This matches with the results from the sensitivity analysis, which showed 

that the results are sensitive to transmission efficiency and powertrain 

weight. The disadvantage will be the higher cost of the powertrain, so this 

topology is less-suited to low-cost mass-consumer vehicles, and more 

suited to the premium performance sector.    

 The results show costs and benefits of each BEV powertrain topologies on 

the selected objective functions which are energy efficiency, vehicle 

performance and powertrain cost. It is clear to see that each topology has 

its own positive aspect and cost. The trade–off are discussed and this 

informs choices for the manufacturer to select possible BEV powertrain 

topologies for production EVs.    

 In chapter 5, the author has performed a sensitivity analysis of the SM-SA 

configuration using analytical methods, using the case study vehicle as an 

example. The author considered powertrain parameters, and it was found 

that the greatest parameter sensitivity was to the transmission efficiency, 

then motor efficiency. In addition, The author investigated cross-coupling 

effects by changing two parameters at the same time.  A second order 

sensitivity analysis  showed that transmission efficiency-vehicle mass and 

transmission efficiency-motor efficiency are the most sensitive cross-

coupled parameter pairs for the SM-SA BEV.    

 Chapter 6 introduced a model of BEV powertrain as a differentially flat 

system which combine advantages of the forward-facing simulation and 

quasi-static backward simulation technique. Differential flatness is a 
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property of the system dynamics and when adapted to the BEV 

application, powertrain simulation is fast as the quasi-static backward 

simulation and provide system transient behaviour as the forward-facing 

simulation. The work by Froberg et al. presented similar idea of this study 

by adapting a technique of stable inversion of nonlinear systems however, 

the main difference between their work and this thesis is that the work in 

the Chapter 6 explicitly considered differential flatness. Moreover, this 

work also confirms the ideas of using inverse dynamic system for the road 

vehicle’s powertrain.     

 Chebfun, a useful freeware numerical computational tool, was applied to 

recalculate the analytical solution of sensitivity analysis in the Chapter 5. 

The results show that Chebfun calculates sufficiently accurate solutions as 

the solution from analytical technique but requiring less setup time. In 

addition, Chebfun2 visualises clear 3D smooth plots functions of two 

parameters which were used to present the energy consumption and 

sensitivity values of parameters in the Chapter7. 

 The use of Chebfun2 for the optimisation purpose was demonstrated in 

Chapter 7. There are two main limitations on the Chebfun2: it requires 

smooth function and only two parameters can be performed 

simultaneously. The first requirement is resolved by exploiting differential 

flatness and the associated continually differentiable functions. Differential 

flatness provided the smooth function within selected boundaries. 

Secondly, Chebfun2’s limitation to two parameters was overcame by using 

an multi-disciplinary optimisation technique. The technique was originally 

designed for solving complex tasks such as the optimisation of aircraft 

systems. Similar ideas were applied in this thesis by breaking a complex 

task into many small simplified objects. The technique of sensitivity 

analysis presented in the Chapter 6 is one of the methodologies of these 

simplification processes. Finally, the Chapter 7 elaborates an alternative 

optimisation method for designing the BEV powertrain.  
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8.3 Overall objectives 

Finally, this thesis delivers solutions of the objectives mentioned in the Section 

1.3 as: 

 to develop a methodology to evaluate different powertrain topologies of 

the BEV and 

 to construct and evaluate alternative modelling and optimisation 

methodologies for BEV powertrain design 

through these chapters of the thesis. Lastly, author would like to re-mention the 

thesis novelty as: 

Main thesis contributions  

 The thesis evaluated the costs and benefits of different powertrain 

topologies of the BEVs. 

 The thesis developed the 2nd order sensitivity analysis technique to 

investigate the cross-coupling parameters in the BEV powertrain. 

 The thesis determined that the differential flatness property is useful for 

modelling a BEV powertrain for the purpose of components sizing and 

optimisation, and indicate its merits and limitations. 

 The thesis developed an alternative methodology of BEV powertrain sizing 

and optimisation using the Chebfun computational tool and the multi-

disciplinary optimisation methods.  

8.4 Further Works 

This section presents the purpose of future works which are extending the study 

from this thesis and cover some limitations presented earlier. The further works 

can be described in two stages, near-term studies which can be extended 

promptly from this thesis and a long-term one which is likely to be another 

research project.     
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 Near-term study 

 Hybrid optimisation technique using Chebfun 

A global optimisation for more than two variables cannot be performed in 

Chebfun2; however, using the multi-disciplinary optimisation technique as 

presented in this study is to extend the ability of Chebfun2 for optimisation of 

more than bivariable problems. BEV powertrain optimisation for three variables 

is possible using this technique but it cannot guarantee a global solution. The 

expected release of Chebfun3 provides the possibility of dealing with three 

parameters simultaneously but the optimisation tool for Chebfun3 has not yet 

been released at the time of writing this thesis. The work is not aimed at 

developing the Chebfun computational tool but at applying the Chebfun for this 

BEV simulation. It is likely to be possible to apply the future Chebfun3 

optimisation tool to globally optimise these three variable BEV powertrains; 

however, as with Chebfun2, there might be some solutions to the problems. 

To achieve the global optimisation using Chebfun2 and the multi-disciplinary 

optimisation for BEV powertrain optimisation, the technique of hybrid optimisation 

may be introduced. Combining some global optimisation techniques, such as 

evolutionary algorithms and the Chebfun. Evolutionary algorithms can be used 

for locating possible areas of global optimum and the Chebfun local search can 

be performed to detect a local optimum inside a selected area. From this idea, 

the powerful global searching of evolutionary algorithms will be combined with 

the speed of the local Chebfun optimisation technique. In addition, a key strength 

of the multi-disciplinary optimisation technique is to give greater insight of the 

powertrain, so the evolutionary optimisation technique will be more powerful if it 

is integrated and adapted with the multi-disciplinary optimisation.  

 Multi-objective optimisation using Chebfun-MDO-IDF technique 

The Chebfun- multi-disciplinary optimisation technique presented in Chapter 7 

used the MDF technique (these multi-disciplinary optimisation techniques were 

explained in Section 7.2.2). However, there are numbers of multi-disciplinary 

optimisation techniques available for a specific application. The IDF technique, 
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which is a single level multi-disciplinary optimisation, has its benefits and 

limitations. The IDF does not depend on the feasibility of the objective function 

but it will continue to search for optimal feasibility in each discipline, then combine 

optimal solutions in each discipline to gain an optimum solution of the system. 

For this short-term future work, it will be possible to modify the algorithm in Figure 

7-19 to be capable of being used with the IDF method. Then it is likely that this 

IDF may improve the efficiency of the single-objective optimisation and extend 

the multi-objective optimisation in this BEV powertrain application.       

 Long-term study 

 Optimisation of multi-dimensional dynamics for BEV topologies  

One of the scopes of this study was to consider the powertrain for the longitudinal 

dynamics only. As a result, performances of BEV powertrain topologies 

presented in Chapter 4 are representing only the energy consumption aspect.  

This has led to a limitation that some topologies are providing excellent energy 

consumption but may give a poor result for the vehicle dynamics. For example, 

the in-wheel motor gives a good energy consumption because of its weight 

reduction and gearbox elimination, and all energy can be transferred by wire 

instead of mechanical devices. However, a drawback of this in-wheel motor which 

is not considered in this study is its un-sprung mass. This un-sprung mass may 

cause vehicle instability, especially when the vehicle is used at high speeds.       

Long-term future work could optimise the BEV powertrain topologies together 

with the effects of a two-dimensional vehicle dynamics. These results will indicate 

a more realistic solution for designing BEVs. The multi-objective cost functions 

will include the effect of energy consumption, the 2-D vehicle dynamic behaviour 

and the powertrain cost. This work can initially be started with the global 

evolutionary algorithms, quasi-static backward simulation and/or forward-facing 

simulation as presented in Chapter 4 of this thesis. Then the technique of multi-

disciplinary optimisation, Chebfun and sensitivity analysis as presented in 

Chapters 5 to 7 can be performed to evaluate insight of the powertrain and to 

understand their constraints and behaviours clearly. 
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APPENDICES  

Appendix A 

Vehicle specification of Nissan Leaf 

Motors 80 kw rate
type synchronous motor

Max torque 280 Nm
Max torque at 0-2730 rpm
Max Power at 2730 - 9800 rpm

Max speed 10390 rpm
Body

Wheelbase 2690 mm
Curb weight 1,521 kg

coefficient of drag 0.29
Frontal area 2.27 m^2

Transmition
type Single speed direct drive

Final drvie ratio 7.94:1
tire P205/55R16

Tire diameter 0.632 m
Performance

Top speed 145 km/h
0-60 mph acceleration time 9.9 s

range 117 (EPA) km
175 (NEDC) km

Battery
Type lithium ion battery

48 modules, 192 cells
Capacity 24 kW·h

Specific energy 140 W·h/kg  

Table A-1 Published vehicle specification of Nissan Leaf 

 





 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


