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A B S T R A C T

Experimental results are presented for the evolution of three turbulent quantities in the wake of a porous
object, analogous to a wind-turbine wake. These are the mean velocity deficit, the turbulence intensity, and the
characteristic wake width. It is noted that characteristic wake widths can be defined both in terms of the mean
velocity deficit profile and the profile of turbulence intensity. Both definitions of wake width are observed to
grow linearly, although not at the same rate, with that defined by turbulence intensity growing more rapidly
than velocity deficit. The streamwise scaling of both wake width, and velocity deficit is found to conform
to a non-equilibrium dissipation scaling in which the dissipation rate within the wake is out of equilibrium
with the inter-scale energy flux within the mean cascade of turbulent kinetic energy. The cumulative effect
of turbulence intensity produced by 𝑁 upstream porous objects is also considered. It is shown that when the
object spacing is sufficiently large that the wake-added turbulence decays substantially only consideration of
the most immediately upstream wake is important. Contrastingly, when the spacing between adjacent objects
is small then summing the contributions from all upstream wakes in the array is necessary.
1. Introduction

The wake of a wind turbine is well-characterised as a region of
decreased wind velocity and increased turbulence which leads to a
reduction in the power output and an increase in fatigue stresses of
turbines situated within the wake of an upstream machine [1–3]. Pre-
icting the spreading rates of turbulent wakes is thus vitally important
o the process of designing optimal layouts for future wind farms,
eeking to maximise overall power production whilst accounting for
he structural and mechanical life of the turbines/components. Much
f the analysis accounting for the spreading of turbulent wind-turbine
akes has only considered the highly simplified case of a non-turbulent
ackground, whilst in reality wind turbines are situated within either
he wake of an upstream machine or are exposed directly to the
tmospheric boundary layer, both of which are turbulent environments.
igher levels of turbulence in the incoming flow into a wind turbine
re known to increase the wake recovery rate due to an enhancement
f the mixing processes [4]. It is thus vital to model the development
with downstream distance) of turbulent statistics, such as turbulence
ntensity, within wind-turbine wakes in future analytical wake models
ince the development of subsequent wakes will be affected by the
urbulent inflow produced by upstream wakes.

Analytical (or ‘‘engineering’’) wake models are extensively used
ithin the wind energy industry for the purposes of wind-farm design
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and control due to their relatively low complexity and computational
cost [5,6]. Gaussian-type models are among the most commonly ap-
plied analytical wake models and were developed based on experi-
mental and computational observations of wind-turbine wakes which
identified that after some distance downstream, the mean velocity
profile of the wake develops a self-similar, Gaussian profile—even
under the conditions of turbulent boundary layer inflow [2,7]. These
models rely on the common assumption that the wake grows linearly
with a rate 𝑘 that is a function of the incoming turbulence intensity to
the turbine, 𝐼0. As the wake growth determines the velocity recovery in
the wake, accurate modelling of turbulence intensity between rows of
turbines is therefore crucial for accurate velocity and power predictions
of an array of turbines.

There have been numerous attempts in literature to model the
turbulence intensity added by a turbine, 𝐼+. Most commonly this is
modelled as a constant value distributed across the whole wake corre-
sponding to the peak turbulence intensity induced by the turbine. Cre-
spo and Hernandez [1] developed the following expression by fitting
to the results from RANS simulations of a single turbine wake

𝐼+ = 0.73
(

0.5
(

1 −
√

1 − 𝐶𝑇

))0.8325
𝐼0.03250 (𝑥∕𝐷)−0.32 (1)

where 𝐶𝑇 is the turbine’s thrust coefficient, 𝐷 is the turbine’s rotor
diameter, and 𝑥 is the streamwise distance from the turbine. Frandsen
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[8] developed a model which characterises 𝐼+ as a function of 𝐶𝑇 and
he downstream distance only

+ =

(

𝑐1 + 𝑐2
(𝑥∕𝐷)
√

𝐶𝑇

)−1

(2)

where 𝑐1 = 1.5 and 𝑐2 = 0.8. More recently, Ishihara and Qian [9]
developed a model that takes into account the spatial distribution of
the turbulence intensity in the wake, i.e. 𝐼+ = 𝐼+(𝑥, 𝑦), by modelling a
double-Gaussian profile

𝐼+ = 1
𝑑 + 𝑒( 𝑥𝐷 ) + 𝑓 (1 + 𝑥

𝐷 )−2

×

[

𝑘1 exp

(

−
(𝑦 − 𝐷

2 )
2

2𝜎2

)

+ 𝑘2 exp

(

−
(𝑦 + 𝐷

2 )
2

2𝜎2

)]

(3)

where

𝑘1 = cos2(𝜋∕2 ⋅ (𝑟∕𝐷 − 0.5)); 𝑘2 = cos2(𝜋∕2 ⋅ (𝑟∕𝐷 + 0.5))

and 𝑑, 𝑒 and 𝑓 are constants dependent on 𝐶𝑇 and 𝐼0:

𝑑 = 2.3𝐶−1.2
𝑇 ; 𝑒 = 1.0𝐼0.10 ; 𝑓 = 0.7𝐶−3.2

𝑇 𝐼−0.450

and 𝜎 = 𝜎(𝑥) is the representative wake width (modelled with a linear
spreading rate, i.e. 𝜎 = 𝑘𝑥∕𝐷 + const.). An important observation here
is the different axial scalings, i.e. differing exponent 𝛼 for 𝐼+ ∼ 𝑥𝛼 , for
the three different models presented above which depicts the physical
inconsistency in the available models. This can become particularly
important in large wind farms, extending over large distances, which
are becoming ever more common. Presently, the available engineering
models for wind-turbine wakes are built upon empirical correlations
established under a specific range of conditions, thus it is not surprising
to find such a range of scalings used. The purpose of this study is
thus to continue building the foundation of evidence for establishing
a physics-based and theoretically-grounded model for the evolution
of turbulent quantities in arrays of wind turbines which will then
inform more accurate, and hopefully universally-applicable, tools for
wind-farm development. Despite the high volume of research into the
modelling of wind-turbine wakes, the literature on analytical wake
models for turbulent quantities has been less rigorous — thus in the
present study, there is a larger focus on investigating the evolution and
combination of turbulent quantities from multiple turbine wakes.

Gaussian wake models make an implicit assumption that wakes
behave in such a self-similar fashion in order to preserve the functional
form of the wake’s profile. Previous studies on self-similar axisymmet-
ric turbulent wakes have yielded predictions on the axial scaling of
the maximum (centreline) mean velocity deficit, 𝛥𝑢𝐶 , and the wake
width 𝑟𝑤 with downstream distance 𝑥. Classically, this was predicted
in George [10] to be 𝛥𝑢𝐶 ∼ 𝑥−2∕3 and 𝑟𝑤 ∼ 𝑥1∕3 for high Reynolds num-
ber flows past solid, axisymmetric objects. This theory was developed
by using a closure on the self-similar form of the dissipation rate within
the wake. In particular, the classical closure

𝜀 = 𝐶𝜀
𝐾3∕2

𝐿
(4)

is used, which assumes that the rate of dissipation (𝜀) of turbulent
kinetic energy (𝐾) is in equilibrium with the interscale flux of the
mean cascade of turbulent kinetic energy. Here 𝐿 is the integral length
scale of the turbulence and 𝐶𝜀 is a constant. (N.B. throughout the
manuscript we use standard SI units e.g. 𝐿 (m), 𝐾 (m2/s2), 𝜀 (m2/s3)
etc.) Henceforth, we refer to this as the equilibrium scaling law. More
recently, new scaling laws were developed based on the observation
that 𝐶𝜀 can in fact be a function of the ratio of two different Reynolds
numbers, a global Reynolds number 𝑅𝑒𝐺 (defined by inlet conditions)
and a local, turbulent Reynolds number 𝑅𝑒𝐿 [11] such that 𝐶𝜀 ∼
𝑅𝑒𝑚𝐺∕𝑅𝑒

𝑛
𝐿 ≠ const. This scaling for the dissipation coefficient 𝐶𝜀 violates

the classical Richardson-Kolmogorov (equilibrium) phenomenology for
2

the mean cascade of turbulent kinetic energy and is henceforth referred
Table 1
Overview of the theoretical axial scaling laws for the evolution of turbulent axisym-
metric wakes defined by the wake half-width, 𝑟𝑤, and the maximum mean velocity
deficit, 𝛥𝑢𝐶 .

Scaling Law 𝑟𝑤 𝛥𝑢𝐶
Equilibrium scaling ∼ 𝑥1∕3 ∼ 𝑥−2∕3

Square-root non-equilibrium scaling (𝑚 ≈ 𝑛 ≈ 1) ∼ 𝑥1∕2 ∼ 𝑥−1

Linear non-equilibrium scaling (𝑚 ≈ 𝑛 ≈ 2) ∼ 𝑥1 ∼ 𝑥−2

to as the non-equilibrium dissipation scaling. If self-similar analysis
akin to that of George [10] is conducted with 𝐶𝜀 = const. being
replaced by the non-equilibrium dissipation scaling law then alternative
scalings for the centreline mean velocity deficit and wake width are
obtained [11–13]

𝛥𝑢𝐶 ∼
(𝑥 − 𝑥0

𝜃

)
−2
3−𝑛

( 𝑙
𝜃

)

−2𝑛
3−𝑛 𝑅𝑒

2(𝑛−𝑚)
3−𝑛

𝐺 (5)

𝑟𝑤 ∼
(𝑥 − 𝑥0

𝜃

)
1

3−𝑛
( 𝑙
𝜃

)

𝑛
3−𝑛 𝑅𝑒

𝑚−𝑛
3−𝑛
𝐺 (6)

where 𝜃 is the momentum thickness, 𝑙 is the characteristic length of
the wake-generating body, and 𝑥0 is a virtual origin. In turbulent,
axisymmetric wakes produced by solid objects it has been observed
that 𝑚 ≈ 𝑛 ≈ 1 [11]. These values lead to the scalings of 𝛥𝑢𝐶 ∼ 𝑥−1

and 𝑟𝑤 ∼ 𝑥1∕2.
An important feature of the non-equilibrium dissipation theory is

that it accommodates different values for 𝑚 and 𝑛 to describe wake
behaviour in different types of flows. Stein and Kaltenbach [14] pos-
tulated that the often-observed linear growth of wind turbine wakes
could be explained in terms of the non-equilibrium scaling law when
𝑚 ≈ 𝑛 ≈ 2; resulting in the scaling laws of 𝛥𝑢𝐶 ∼ 𝑥−2 and 𝑟𝑤 ∼ 𝑥1.
They validated this by measuring the wake of a model wind turbine
placed in a neutrally-stratified boundary layer flow and found it to be
in good agreement with the theory. Table 1 provides an overview of the
different theoretical scaling laws for the downstream evolution of 𝑟𝑤
and 𝛥𝑢𝐶 according to the equilibrium and non-equilibrium dissipation
theories.

The added turbulence in the wake can be similarly analysed for
its underlying scaling law. For wind energy applications, the overall
level of turbulence in the flow of interest is commonly measured by
the turbulence intensity which is defined as 𝐼 = 𝑢′∕𝑈 , where 𝑢′ is the
root-mean-square of the turbulent velocity fluctuations in the flow and
𝑈 is the mean velocity. As previously noted, the available models for
turbine-added turbulence intensity show a wide range of exponents for
the axial scaling of 𝐼+ ∼ 𝑥𝛼 which have not been rigorously derived
from any theory of conservation. Stein and Kaltenbach [14] attempted
to determine a physically motivated scaling law for turbulence intensity
and found that their results suggested this to be 𝐼+ ∼ 𝑥−1 which
can be consistently explained through the non-equilibrium dissipation
theory with a linear wake growth assumption (i.e., 𝑑𝑟𝑤

𝑑𝑥 = constant).
he Frandsen model for wake-added turbulence (2) subscribes to this
caling, however as the model predates the development of the scaling
aw [11], we cannot easily conclude the physical validity of this model
y citing an adherence to the non-equilibrium dissipation theory.

A further aspect of modelling turbulence intensity in a turbine array
s to consider how the turbulence intensity from multiple overlapping
akes would sum. The cumulative velocity deficit from multiple wakes

s commonly calculated by simple summation methods such as linear
uperposition [15,16] or a sum of squares [17,18]. In regions where
ultiple turbine wakes interact, we could also expect that other tur-

ulent quantities will sum to a certain degree. This summation is less
ell explored in the current literature and many wind-farm modelling

ampaigns only take into account the added turbulence intensity in-
uced by the closest upstream turbine [e.g.16,19] or Method 𝐴 in

Table 2. With this assumption, in a wind turbine array with regular
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Table 2
Overview of three methods for wake turbulence intensity superposition.

Method 𝐴 Method 𝐵 Method 𝐶

𝐼𝑤,𝑖 =
√

𝐼2
∞ + 𝐼2

+,𝑖 𝐼𝑤,𝑖 =

√

𝐼2
∞ +

𝑁
∑

𝑖
𝐼2
+,𝑖 𝐼𝑤,𝑖 = 𝐼∞ +

√

𝑁
∑

𝑖
𝐼2
+,𝑖

spacings, the turbulence intensity at each row becomes a constant
value after the 2nd row of turbines. Wessel et al. [20] suggested that
alternatively, the cumulative turbulence intensity from multiple wakes
can be calculated as illustrated by Method 𝐶 in Table 2. Here, 𝐼𝑤,𝑖
is the total turbulence intensity behind the 𝑖th turbine and 𝑁 is the
number of turbines upstream of the 𝑖th turbine. Extending the idea
of method C, we can also identify a third possible way to sum the
turbulence intensity illustrated by Method 𝐵 in Table 2. Note that
unlike the scalings for 𝑟𝑤 and 𝛥𝑢𝐶 presented in Table 1 the summation
approaches for turbulent intensity do not have a theoretical basis and
thus introduce empiricism.

In the present work, porous discs were used as representative wind
turbines. Previous experimental campaigns have similarly made use
of porous discs to simulate the turbulent wakes of wind turbines
[21–23]. As noted in Theunissen et al. [24], in order to maintain
dynamic and kinematic similarity to real wind turbines, experiments
making use of rotating turbine models require the complex redesign
of the blade characteristics to replicate realistic power coefficients.
Accordingly, static models provide a more cost and time-effective way
to investigate wind farm flows. Theunissen et al. [24] concluded that
the disc porosity is the dominant parameter influencing the kinetic
energy deficit in the flow. Lignarolo et al. [23] showed that a carefully-
designed porous disc model can replicate the wake of a wind turbine
to a high degree. While the near-wake (𝑥∕𝐷 ≲ 2) of a rotating model
exhibits significantly higher fluctuations than that of a porous disc,
these differences disappear quickly downstream and the wake flow
statistics become similar. The experimental campaigns presented in this
paper were designed to investigate: (1) the evolution of the turbulent
wake from a single representative turbine (porous object), and (2)
how turbulent quantities sum when multiple wakes overlap. This paper
presents these results with the overarching aim of informing more accu-
rate, and hopefully universally-applicable, wind-turbine wake models
with a stronger physical motivation.

2. Experimental methodology

Experiments were conducted in the T1 Wind Tunnel at Imperial
College London. The facility is a closed-loop wind tunnel with a test
section length of 5 m and a square cross section of 0.914 m × 0.914 m.
The experiments were conducted with a uniform inflow of 𝑈∞ = 10 m∕s
and under a freestream turbulence intensity 𝐼∞ ≈ 0.5%. The uniformity
and low turbulence intensity of the inflow were utilised for this exper-
iment to investigate the turbine-generated turbulence in isolation from
the effects of the atmospheric boundary layer and the higher ambient
turbulence that would be expected in real-world conditions.

2.1. Porous disc models

The main design parameter of interest for the porous disc models
is the porosity, 𝛽, which is the ratio between the open and total areas
of the disc. The porosity determines the disc’s drag coefficient which
acts as an analogue for the thrust coefficient of the represented wind
turbine, 𝐶𝑇 . The disc dimensions were constrained by the desire to
keep the total blockage in the wind tunnel below 5% and to prevent
their wakes from interacting with the wind-tunnel walls as they spread
downstream. Finally, the discs and their towers should be sufficiently
3

stiff to avoid vibrations of the disc free edge and to prevent bending of
the tower under the testing wind velocity.

Similar experiments in literature have produced discs with the
desired porosity and stiffness by stacking different layers of metal
mesh together [23,25], or by using perforated metal plates of specified
porosity [26,27]. For this investigation, the decision was made to use
perforated plates. Thus, six identical discs of 100 mm diameter were
cut from a 1.5 mm-thick sheet of perforated aluminium with a uniform
porosity of 45%. The discs were placed along the test section centreline
and affixed to towers made of 8 mm steel rods. To facilitate easy
adjustment of the spacings between the discs, the models were mounted
onto extruded aluminium rails bolted to the tunnel floor. The tower
height of ℎ = 225 mm avoided submersion of the discs within the
boundary layer produced by the rails. Consequently, ground effects are
also neglected for this investigation.

The total frontal area of the discs and their respective towers, as well
as the mounting rail, resulted in a total blockage of 4.7% in the T1 Wind
Tunnel. A disc Reynolds number (based on the disc diameter), 𝑅𝑒𝐷, of
approximately 68,500 was achieved at the 10 m/s testing wind velocity
— in this regime, the velocity deficit and far-wake turbulence intensity
generated by the disc are independent of the Reynolds number [28].

2.2. Experimental procedure

Overall, three runs of experiments were conducted, with the first
measuring the wake behind a single disc in order to characterise the
individual wake. The next set of experiments then investigated the
six discs arranged in a columnar configuration with two different
streamwise spacings of 𝑆𝑥 = 5𝐷 and 3𝐷, where 𝐷 is the disc diameter.
Whilst a spacing of 3𝐷 is small in comparison to typical spacings in
urrent wind farms, this test case was deliberately set up to observe the
erger of wakes in which the turbulence intensity of multiple wakes

rom upstream in the array had not decayed to low levels. We also
ote that with the ever-increasing size of offshore wind turbines in
articular, with the largest modern turbines having diameters in excess
f 200 m, smaller values of 𝑆𝑥∕𝐷 will become increasingly common
ue to space constraints.

Velocity and turbulence measurements were obtained using a single-
omponent, constant temperature anemometry (CTA) hot-wire probe
hich was mounted onto a computer-controlled 3-axis traverse system.
easurements were taken at the disc centre height (𝑧 = 225 mm) at
𝐷 intervals downstream of each disc for the lateral range of −1𝐷 ≤
≤ 1.5𝐷 with intervals of 0.1𝐷. For each measurement point, data
as obtained for 30 s at a sampling rate of 10 kHz. A digital low-pass

ilter with a cut-off frequency of 2.5 kHz was then applied to the raw
ot-wire signal before further analysis.

The disc 𝐶𝑇 is estimated indirectly through momentum deficit
heory and using the velocity deficit distribution downstream of a single
isc. Integrating the momentum deficit across the disc area gives an
stimate of the axial force acting on the disc [25]

= 2𝜋𝜌∫𝑅
𝑈𝑤(𝑟)(𝑈∞ − 𝑈𝑤(𝑟))𝑦 d𝑦 (7)

here 𝑈𝑤 is the mean wake velocity at each radial position and 𝑈∞ is
he mean freestream velocity at the disc centre height. This is calculated
or the linear-interpolated velocity deficit profile at 𝑥 = 3𝐷 downstream
f a single disc where the maximum wake velocity deficit is reached.
he disc thrust coefficient is then defined as:

𝑇 = 𝑇
0.5𝜌𝑈2

∞𝐴𝐷
(8)

where 𝐴𝐷 is the disc area. Thus, the disc thrust coefficient for an
inflow of 10 m/s is determined to be 𝐶𝑇 ≈ 0.72. Whilst inaccuracies
in this method are expected, not least due to non-uniform pressure
in the measurement region, it is considered satisfactory to produce a
representative thrust coefficient
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Fig. 1. Lateral profiles of the normalised velocity deficit (𝛥𝑈∕𝑈∞) measured for the single wake at different downstream locations. Solid blue lines depict the profiles’ Gaussian
its for the far wake. Dotted black lines mark the disc edges and dashed red lines mark the identified wake edges.
c

𝑟

. Results and analysis

.1. Single-wake characterisation

Fig. 1 depicts the measured lateral profiles of the normalised mean
elocity deficit for the single-wake experiment. A Gaussian function
f the form of (9) is fitted to the velocity deficit profiles by way of
nonlinear least squares regression

𝛥𝑈
𝑈∞

= 𝐶(𝑥)𝑒−
(𝑦−𝑦𝑐 )2

2𝜎2 . (9)

The fitting coefficients are the amplitude coefficient 𝐶(𝑥), which cor-
responds to the maximum velocity deficit in the wake, the standard
deviation 𝜎, which defines the characteristic wake width, and the co-
ordinate of the wake centre 𝑦𝑐 . The resulting Gaussian fits are depicted
in Fig. 1 as the solid blue lines. Observing the quality of the fits suggests
that the transition from the near to far-wake occurs at 𝑥 ≈ 3𝐷 where
the self-similar Gaussian profile becomes a good representation of the
wake profile.

According to the wake models proposed by Bastankhah and Porté-
Agel [4] and Ishihara and Qian [9], the characteristic wake half-width,
𝑟1∕2, is calculated from the standard deviation of the Gaussian profile as
𝑟1∕2 = 𝜎

√

2 ln 2. For a Gaussian distribution, this is also defined as half
the lateral distance between two points with a value that is half of the
amplitude of the curve (i.e. half of the full width at half maximum).
From the coefficients of the Gaussian fit and 𝑟1∕2, the location of the
wake edges at each downstream position could also be identified as

𝑦+(𝑥) = 𝑦𝑐 (𝑥) + 𝑟1∕2(𝑥) (10)

𝑦−(𝑥) = 𝑦𝑐 (𝑥) − 𝑟1∕2(𝑥) (11)

which are depicted by the dashed red lines in Fig. 1. From this, we can
observe that the wake expands monotonously from 𝑥∕𝐷 = 3 onwards.

The dual-peak profiles of turbulence intensity measured at each
location downstream of the single disc are depicted in Fig. 2. The
maxima of each profile are found to coincide at or near the disc edges
(𝑦 = 0.5𝐷), consistent with the observations from previous experi-
mental and computational studies of wind-turbine wakes [9,14,29]. A
similar procedure to the one performed for the velocity deficit profiles
is carried out to fit a two-term Gaussian function (12) to the turbulence
intensity profile at each streamwise location

𝐼𝑤 = 𝐶1(𝑥)𝑒
− (𝑦−𝑦𝑐1)

2

2𝜎21 + 𝐶2(𝑥)𝑒
− (𝑦−𝑦𝑐2)

2

2𝜎22 . (12)

From the resulting fits depicted in Fig. 2, we can observe that
the double-Gaussian function provides a good representation of the
turbulence intensity profiles, and again shows increasing agreement
4

for 𝑥 ≳ 3𝐷. For the double-Gaussian profile, we can define a new
haracteristic half-width 𝑟∗ as follows

∗ =

√

2 ln 2(𝜎1 + 𝜎2) + |𝑦𝑐1 − 𝑦𝑐2|
2

(13)

with the location of the wake edges calculated similarly as in (10) and
(11), except with the newly-defined wake half-width 𝑟∗. Comparing the
turbulence intensity profiles to those of the velocity deficit in Fig. 1, we
can observe that the wake width as defined by the turbulence intensity
profiles is consistently larger than that of the velocity deficit and also
expands at a faster rate. Whilst our present data does not enable us to
determine the causes for this, one possible explanation is the existence
of a ring of intermittent flow that surrounds the wake of a porous
disc [30]. Such a ring of intermittency has also been shown to exist
in the wake of a realistic wind turbine [31]. With our methodology
such an intermittency ring would be detected as elevated turbulence
intensity from the low background levels. Further research is, however,
required to determine why this intermittency ring spreads at a faster
rate than the wake itself as defined by the mean velocity deficit.

The streamwise evolutions of 𝑟1∕2 and 𝑟∗ are presented in Fig. 3
where the differences in magnitudes and growth rates can be com-
pared. Employing the linear wake growth assumption, linear fits are
performed on the data for 𝑥 ≥ 3𝐷 to obtain (i) the conventional wake
expansion rate 𝑘 as defined by the growth rate of 𝑟1∕2 for the velocity
deficit profile, and (ii) an expansion rate for the turbulence intensity
profile defined by the growth of 𝑟∗, which we will now denote as 𝑘∗.

In the established models for added turbulence in a wind turbine
wake, the turbulence intensity distribution is commonly modelled as
a constant value across the wake width defined by the velocity deficit
profile (i.e. a top-hat distribution) [1,32], or in the case of the model
proposed by Ishihara and Qian [9], the turbulence intensity is modelled
as a double-Gaussian distribution similar to (12), but with 𝜎1,2 equal to
the value of 𝜎 for the single-Gaussian velocity deficit profile. The results
presented in this study show that the added turbulence in the wake
is not only distributed over a larger spanwise area than the velocity
deficit, but that this area also expands at a different rate. Understand-
ing that the turbulence intensity affects the wake characteristics of
downstream turbines, we can expect that neglecting these differences
can lead to inaccuracies in wind-farm modelling, especially for closely-
spaced arrays where the merging of turbulent wakes from multiple
turbines would be significant.

3.2. Scaling law analysis of the single-wake case

In Section 3.1, consistent with the established analytical wake mod-
els as well as the non-equilibrium scaling law where 𝑚 = 𝑛 = 2, the
wake is assumed to grow linearly downstream. In order to investigate
this assumption and compare it against the other theoretical scaling
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Fig. 3. The downstream evolution of the wake half-width defined by the normalised
elocity deficit, 𝑟1∕2, and the half-width defined by the wake turbulence intensity, 𝑟∗.

aws laid out in Table 1, power law fits are conducted on the streamwise
volution of 𝑟1∕2 and 𝑟∗

𝑤 = 𝑏(𝑥 − 𝑥0)𝛼 (14)

here 𝑏 and 𝑥0 are coefficients to be fitted (𝑥0 is the virtual origin in
6)), and 𝛼 is the exponent of the respective scaling laws. The resulting
its are presented in Fig. 4 with the normalised root-mean-square errors
NRMSE) of each fit detailed in Table 3 as a measure of the quality
f fit. Immediately, it can be seen that the scaling law of 𝑟𝑤 ∼ 𝑥1∕3

predicted by the classical equilibrium theory does not provide a good
fit to the data. Based on the quality of fit data, we can see that for the
experimental conditions of this study, the square-root and linear wake
growth scalings are nearly equivalent in their ability to describe the
evolution of the conventional wake half-width 𝑟1∕2.

Similar results are obtained for the spreading of the wake width
as defined by the turbulence intensity profile; the square-root and
linear scalings provide a better fit. This is in contrast to the findings
of Stein and Kaltenbach [14] that specifically supported the linear
scaling. However, their study only looked at the wake growth in terms
of the conventional wake width defined by the standard deviation of the
mean velocity profile. It should also be noted that over the relatively
small distances typically considered for wind-turbine spacing in a wind
farm (i.e. ≲ 10𝐷) Fig. 4(a) shows that there is little difference between
the linear and square root scalings. Of course this difference can
become large with greater downstream distances and could therefore
become significant when computing cumulative turbulence intensity
5

using either Method B or C from Table 2 in large wind farms, or even t
Table 3
The Root-mean-square errors normalised by the range
of the measured values (NRMSE), of the power law
fits to the measured wake widths, 𝑟1∕2 and 𝑟∗, from
the single-wake experiment.

Scaling 𝑟1∕2 NRMSE 𝑟∗ NRMSE

∼ 𝑥1∕3 13.2 × 10−2 8.7 × 10−2

∼ 𝑥1∕2 6.1 × 10−2 2.7 × 10−2

∼ 𝑥1 5.9 × 10−2 3.1 × 10−2

Table 4
The Root-mean-square errors nor-
malised by the range of the mea-
sured values (NRMSE) for the power
law fits to the normalised maximum
velocity deficit 𝛥𝑈𝑚𝑎𝑥.

Scaling 𝛥𝑈𝑚𝑎𝑥 NRMSE

∼ 𝑥−2∕3 0.171
∼ 𝑥−1 0.047
∼ 𝑥−2 0.018

when estimating the cumulative wake of a large wind farm over several
kilometres (which then impinges on a neighbouring wind farm).

The maximum mean velocity deficit in the wake, 𝛥𝑈𝑚𝑎𝑥 is an im-
portant quantity of interest in wind-farm modelling as it determines the
wind velocity incident onto downstream turbines which subsequently
affects their power output. The theoretical similarity scalings in Table 1
also predict the evolution of the wake centreline mean velocity deficit
𝛥𝑢𝐶 with streamwise distance. For an unyawed wind turbine/porous
disc under uniform inflow, this will be equivalent to 𝛥𝑈𝑚𝑎𝑥. Similarly to
he analysis for the wake-width evolution, the different power laws are
itted to the experimental data and presented in Fig. 5 and the NRMSE
f each fit in Table 4. Again, the scaling predicted by the equilibrium
heory (𝛥𝑈𝑚𝑎𝑥 ∼ 𝑥−2∕3) does not give a good fit to the measured data.

For the velocity deficit evolution a larger relative difference is seen
between the quality of fits for the square-root and linear scalings with
the linear scaling law of 𝛥𝑈𝑚𝑎𝑥 ∼ 𝑥−2 providing the better fit of the
two.

Given that we are seeking a theoretical basis for the spreading of
the turbulent statistics of the wake we should select the best fit for the
triplet of {𝑟1∕2, 𝑟∗, 𝛥𝑈𝑚𝑎𝑥} ∼ 𝑥{𝛼,𝛼,𝛾}, as opposed to picking and mixing
the fits with the lowest NRMSE. Our results therefore suggest at the
validity of the linear wake growth assumption in accordance with the
non-equilibrium dissipation theory for 𝑚 ≈ 𝑛 ≈ 2. Note that the combi-
ation of these scalings, i.e. 𝑟1∕2 ∼ 𝑥1 and 𝛥𝑈𝑚𝑎𝑥 ∼ 𝑥−2, is in contrast
o the classical Gaussian wake-spreading models in which 𝑟1∕2 ∼ 𝑥1

nd 𝛥𝑈𝑚𝑎𝑥 ∼ 𝑥−1 [e.g.4]. By selecting these scalings we are at last able
o provide a physics-based rationale for the wake spreading/recovery

∗
hat does not suffer from inconsistencies such as 𝑟1∕2 and 𝑟 (via 𝐼+)
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Fig. 4. Power law fits of different theoretical scalings for the streamwise evolution of the measured normalised wake half widths in the far-wake region as defined by (a) the
velocity deficit profile and (b) the turbulence intensity profile.
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Fig. 5. Power law fits of different theoretical scalings for the streamwise evolution of
the measured maximum velocity deficit, 𝛥𝑈𝑚𝑎𝑥.

scaling with (𝑥∕𝐷) raised to non-complementary power-law exponents.
However, we offer no evidence as to why this is the case with further
research being required in this area, in particular why the exponents
𝑚 ≈ 𝑛 ≈ 2 for the porous discs we investigate whilst data for wakes
produced by non-porous objects suggests 𝑚 ≈ 𝑛 ≈ 1 [13]. Further,
we note that this physical basis comes at the expense of NRMSE being
slightly larger than if we pick and mix scalings for {𝑟1∕2, 𝑟∗, 𝛥𝑈𝑚𝑎𝑥}. We
have laid out arguments for why it is desirable to have a physical basis
for wake spreading (with wind-turbine technology developing rapidly
it provides more assurance in extrapolating to newer, bigger turbine
designs), however we acknowledge that for our data at least a lower
NRMSE across the board can be attained purely empirically.

The streamwise evolution of the maximum turbulence intensity
(𝐼𝑚𝑎𝑥) measured in the wake is depicted in Fig. 6. The mean turbulence
intensity, that is averaged across the wake width of 2𝑟∗, is also plotted
against streamwise location. 𝐼+ values predicted by the Crespo and
Frandsen added turbulence models are calculated from (1) and (2)
6

respectively. The 𝐼+ maxima of the Ishihara model are also determined g
Fig. 6. The maximum and mean turbulence intensities at each downstream station
measured in the single-wake experiment (𝐼𝑚𝑎𝑥 and 𝐼𝑚𝑒𝑎𝑛) compared alongside model
predictions and a power law fit of the ‘‘Modified Frandsen’’ model function to the 𝐼𝑚𝑎𝑥
data.

as per (3). The total wake turbulence intensities, 𝐼𝑤, for each of
these models are then calculated by 𝐼𝑤 =

√

𝐼2∞ + 𝐼2+ where 𝐼0 is the
ackground turbulence intensity in the wind tunnel (𝐼0 = 0.5%). It is
pparent that the Frandsen model substantially over-predicts the wake
urbulence from the onset of the far-wake and only falls into decent
greement with the experimental data after 𝑥∕𝐷 ≈ 8. This could be
ttributed to the fact that the Frandsen model was developed for the
tructural design of wind turbines [32] and therefore gives conservative
stimations of the wake turbulence. The Crespo model provides better
redictions and falls somewhere in between the experimental 𝐼𝑚𝑎𝑥 and
𝑚𝑒𝑎𝑛. However, this model does not accurately represent the trend of
he wake turbulence decay. Finally, the Ishihara model consistently
ver-predicts the maximum wake turbulence (although to a lesser
egree than the Frandsen model), however, the trend of its downstream
volution seems to agree well with that of the experimental data.

Motivated by the findings of Stein and Kaltenbach [14] that sug-
−1
ested a physically-motivated axial scaling of 𝐼+ ∼ (𝑥∕𝐷) consistent
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Fig. 7. Streamwise evolution of the normalised characteristic half-widths of the velocity deficit and turbulence intensity profiles (𝑟1∕2∕𝐷 and 𝑟∗∕𝐷 respectively) behind each disc
in the one-dimensional array with 5𝐷 spacing (a) and 3𝐷 spacing (b).
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with the linear wake growth non-equilibrium scaling (under the classi-
cal assumption that 𝑢′ ∼ 𝛥𝑈𝑚𝑎𝑥), a fit of the Frandsen model function
(2) is performed on the experimental values of 𝐼𝑚𝑎𝑥 for 𝑥 ≥ 4𝐷 to
etermine new values of 𝑐1 and 𝑐2. This fit can be seen in Fig. 6, denoted
s the ‘‘Modified Frandsen’’ model. The resulting function is determined
o be:

+ =

(

5.0 + 0.759
(𝑥∕𝐷)
√

𝐶𝑇

)−1

(15)

Due to the low background turbulence intensity for the experiment,
we can assume that (15) gives a good representation of the added
urbulence intensity due to the disc.

.3. One-dimensional array experiment

The one-dimensional array experiment had the aim of investigat-
ng how turbulence intensities from multiple aligned and overlapping
akes sum. The experiment was performed with six porous discs in a

olumnar configuration (thus a one-dimensional array). Two different
treamwise disc spacings of 𝑆𝑥 = 5𝐷 and 3𝐷 were tested in order
o explore whether the common assumptions applied in wind-farm
odelling hold as turbines are packed closer together. Hot-wire mea-

urements were again taken at 1𝐷 intervals downstream of each disc.
s previously for the single-wake case, Gaussian and double-Gaussian
istributions are fitted to the measured velocity deficit and turbulence
ntensity profiles, respectively.

Fig. 7 presents the two defined wake half-widths plotted against the
istance downstream of each disc for both 5𝐷 and 3𝐷 cases. Examining
he evolution of 𝑟1∕2 in the first wake shows an initially negative trend
hich is indicative of the very near-wake region. In contrast to this, 𝑟∗
xhibits monotonous growth immediately behind the first disc. Fig. 7
hows that both 𝑟1∕2 and 𝑟∗ exhibit drops immediately downstream of
particular disc: this is symptomatic of the way that they are both

alculated as Gaussian fitting parameters. Nevertheless, it can be seen
hat the overall cumulative wake from the array (whether defined
s 𝑟1∕2 or 𝑟∗) shows the intuitive increasing trend with downstream
istance 𝑥.

Physically, we picture the wake from a particular disc existing
ithin a turbulent background (produced by the upstream disc-wakes),
ith each successive wake becoming larger with streamwise distance

n response to the increasing influence of the turbulent background.
his further illustrates that the spreading of the wake in terms of
ean velocity deficit and turbulence intensity behaves differently in the
ear wake. Keeping the assumption of linear wake growth in the far-
ake, the expansion rate behind each disc is determined by a simple
7

c

Table 5
The linear wake growth rates calculated for the wake behind each disc in the 1D array
experiment for the 5𝐷 and 3𝐷 spacing cases, where 𝑘 is the growth rate of the velocity
eficit profile and 𝑘∗ is the growth rate of the turbulence intensity profile.

5𝐷 Spacing 3𝐷 Spacing

Disc no. 𝑘 𝑘∗ 𝑘 𝑘∗

1 −0.022 0.034 −0.010 0.039
2 0.056 0.035 0.050 0.049
3 0.096 0.065 0.093 0.079
4 0.125 0.092 0.118 0.107
5 0.146 0.119 0.121 0.116
6 0.156 0.147 0.137 0.125

linear fitting to the half-width values as a function of 𝑥∕𝐷 to obtain
he conventional wake expansion rate 𝑘—defined by the spreading of
he velocity deficit profile—and the expansion rate of the turbulence
ntensity profile which we will denote as 𝑘∗. The values of 𝑘 and 𝑘∗

or the 5𝐷 and 3𝐷 spacing cases are detailed in Table 5. As expected,
he rate of this wake growth increases with each disc due to the
ncreased turbulence intensity in the ‘‘background’’ of each subsequent
ow. However, whilst 𝑟∗ > 𝑟1∕2 for both array spacings it should be
oted that, in contrast to the single disc, 𝑘 > 𝑘∗, i.e. the wake as
efined by the mean velocity deficit grows at a faster rate than that
s defined by the turbulence intensity. We postulate that this is due
o the definition of the wake as defined by the turbulence intensity
ecoming increasingly ill defined as the turbulent background (formed
rom the cumulative effect of all upstream wakes) effectively merges
ith the outer part of turbulence-intensity-defined wake of a particular
isc. These results only go to highlight the complexity of the merging
f multiple turbulent wakes in a wind farm.

.3.1. Turbulence intensity superposition
Conventional wind-farm modelling commonly only takes into ac-

ount the added turbulence due to the closest upstream turbine when
etermining the turbulence intensity (TI) experienced by a given tur-
ine within an array [e.g.16,19]. For closely-packed wind-turbine ar-
ays, we could hypothesise that this assumption would give rise to
ore significant errors in predicting the incoming turbulence intensity

t a particular turbine and subsequently in modelling its downstream
ake characteristics. This can be tested using the results of the array
xperiment — the values of 𝐼𝑚𝑎𝑥 and 𝐼𝑚𝑒𝑎𝑛 measured immediately
pstream of each disc are extracted and plotted together with the
odelled values predicted using the different methods of turbulence

ntensity superposition as outlined in Table 2. For the sake of this

omparison, the added turbulence due to an individual disc is modelled
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array with spacings of 5𝐷 (a) and 3𝐷 (b), plotted with values predicted from the ‘‘Modified Frandsen’’ turbulence model used in conjunction with three methods of turbulence
intensity superposition.
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by the ‘‘Modified Frandsen’’ model (15) to ensure that deviations are
not caused by an over or under-prediction of 𝐼+.

From Fig. 8a we can see that for 𝑆𝑥 = 5𝐷, Method A under-predicts
the TI values at the locations downstream of multiple discs whereas
the alternative Methods B and C produce over-predictions of 𝐼𝑤 that
ncreasingly deviate from the measured values further downstream.
hus, in the case of 5𝐷 spacing, Method A is the most appropriate
ption. In contrast, examining the case where 𝑆𝑥 = 3𝐷 as seen in
ig. 8b, we can observe that the wake turbulence intensity at each
isc location does not reach the asymptotic behaviour that is often
een in wind farms after several turbine rows [19,33]. In this case of
mall inter-disc spacing, Methods B and C seem to be able to predict
he incoming turbulence intensity at each row to a good degree, with
ethod B giving a slightly better agreement to the measured values.

n the closely-spaced array, Method A’s underestimation of the wake
urbulence intensities is more significant and results in the conventional
ethod showing the poorest agreement with the experimental data

etween the two cases.
As porous discs are placed closer together, the wake turbulence

ntensity of upstream discs do not decay sufficiently to maintain the
alidity of the assumptions of Method A - the cumulative turbulence
nduced by all upstream discs must be considered in order to pro-
uce good turbulence intensity predictions and facilitate accurate wake
odelling. Whilst it is unlikely that current wind turbines within a

eal wind farm will be placed at such short distances apart the lateral
preading of wind turbines in staggered, two-dimensional arrays, are
ikely to contribute to the cumulative turbulence intensity experienced
y a turbine centrally located within a large array. Further, as future
ind turbines become ever larger, space constraints on potential wind-

arm sites makes smaller 𝑆𝑥∕𝐷 values increasingly likely. In these cases
ur results show that it is important to consider this source of additive
urbulence when the intersection of the wake and turbine is sufficiently
lose. Overall, since the alternative Methods B and C were also found
o be lacking when applied to the 5𝐷 case, this points towards the need
or the development of a summation method that has a wide range of
pplicability across different turbine spacings.

. Summary

In this study, porous discs were used as representative wind turbines
n a series of wind tunnel experiments which included studies for a
ingle wake case as well as for an aligned column of six ‘‘turbines’’.
he single-wake study established that profiles of turbulence intensity
8

row downstream at a rate different from that of the mean velocity i
eficit profile. Furthermore, the turbulence intensity in the wake was
lso found to be distributed over a larger area than the velocity deficit.
hese differences could be characterised by defining a separate char-
cteristic wake half-width 𝑟∗ (13), and wake expansion rate 𝑘∗, for

the turbulence intensity profile. Today’s conventional analytical wake
models do not consider these observed differences which becomes a
source of inaccuracies that is expected to manifest in more significant
errors as we attempt to model larger and more closely-packed wind
farms.

The single-wake study also allowed the underlying axial scaling
laws for the evolution of the wake widths, velocity deficit, and added
turbulence intensity to be investigated. By producing power law fits
to the measured data, the scaling laws predicted by the equilibrium
and non-equilibrium theories (see Table 1) were assessed. Consistent
with the findings in Stein and Kaltenbach [14], the axial scaling laws
predicted by the classical equilibrium theory did not produce a good
fit to the experimental data. The linear scaling predicted by the non-
equilibrium theory where 𝑚 = 𝑛 = 2 in (5) and (6), proposed by Stein
and Kaltenbach [14], was found to provide good fits for the evolution
of the conventional wake width 𝑟1∕2 and the maximum mean velocity
deficit 𝛥𝑈𝑚𝑎𝑥. Furthermore, the linear wake growth scaling also predicts
a scaling of 𝐼+ ∼ (𝑥∕𝐷)−1 which is consistent with the Frandsen

odel for added turbulence intensity (2) under the assumption that
′ ∼ 𝛥𝑈𝑚𝑎𝑥. As the coefficients used in the original Frandsen model
roduced conservative values for the wake turbulence, a ‘‘Modified
randsen’’ model was developed by fitting the Frandsen model function
o the experimental values which determined new values for the model
oefficients as 𝑐1 = 5.0 and 𝑐2 = 0.759.

The one-dimensional array experiment—where wake measurements
ere taken for an aligned column of six porous discs with two inter-
isc spacings of 𝑆𝑥 = 3𝐷 and 𝑆𝑥 = 5𝐷—had the aim of investigating
he summation of turbulence intensities from multiple wakes. It was
ound that for the smaller disc spacing, the wake turbulence intensity
t each row does not reach the asymptotic behaviour that is commonly
bserved in wind farms after several turbine rows. Thus the conven-
ional method of only taking into account the added turbulence due
o the closest upstream porous disc (Method 𝐴) breaks down for the
𝐷 case. Alternative methods of summing the cumulative turbulence
ntensities were assessed against the experimental results and found
o perform better in predicting the turbulence intensity for the 3𝐷
ase, however produced over-predictions of the incoming turbulence
ntensity at downstream rows. The results from this study point towards
here being significant scope for the development of a potentially
niversally-applicable method of predicting cumulative turbulence in-
ensities within a turbine array through the use of a wake turbulence

ntensity superposition method with a stronger physical basis.
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