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ABSTRACT

Partially magnetized low-temperature plasmas (LTP) in an E × B configuration, where the applied magnetic field is perpendicular to the
self-consistent electric field, have become increasingly relevant in industrial applications. Hall thrusters, a type of electrostatic plasma pro-
pulsion, are one of the main LTP technologies whose advancement is hindered by the not-fully-understood underlying physics of operation,
particularly, with respect to the plasma instabilities and the associated electron cross field transport. The development of Hall thrusters with
unconventional magnetic field topologies has imposed further questions regarding the instabilities’ characteristics and the electrons’ dynam-
ics in these modern cross field configurations. Accordingly, we present in this effort a detailed parametric study of the influence of three
factors on the plasma processes in the radial-azimuthal coordinates of a Hall thruster, namely, the magnetic field gradient, secondary elec-
tron emission, and plasma number density. The studies are carried out using the reduced-order particle-in-cell code developed by the
authors. The setup of the radial-azimuthal simulations largely follows a well-defined benchmark case from the literature in which the mag-
netic field is oriented along the radius, and a constant axial electric field is applied perpendicular to the simulation plane. The salient
finding from our investigations is that, in the studied cases corresponding to elevated plasma densities, a long-wavelength azimuthal mode
with the frequency of about 1MHz is developed. Moreover, in the presence of strong magnetic field gradients, this mode results from an
inverse energy cascade and induces a significant electron cross field transport as well as a notable heating of the ions.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0138223

I. INTRODUCTION

Low-temperature plasma technologies in which a partially
magnetized plasma is subject to perpendicular electric and mag-
netic fields, such as the magnetrons for material processing and
Hall thruster for spacecraft plasma propulsion, are today of high
interest from both the applied and scientific perspectives.
Particularly in case of the Hall thrusters, they are currently consid-
ered as optimal solutions for a variety of next-generation space
mission scenarios due to their relatively higher propulsive metrics,
easier manufacturing, and higher versatility of operation compared
to other electrostatic electric propulsion solutions. Moreover, the
rich underlying physics of plasma in Hall thrusters has made them
a subject of active research in the last few decades. The E� B

plasma configuration of these thrusters and the consequent large
gradients and anisotropies in the plasma lead to a wide range of
instabilities and oscillations developing across a broad spectrum of
spatial and temporal scales. These processes are demonstrated to
significantly affect the dynamics of the plasma species, in particu-
lar, the electrons.1 The modification of the electrons’ dynamics by
the instabilities can affect the global performance and stability of
the plasma discharge and, hence, the operation of the Hall thrust-
ers. This coupling between the underlying physics and the opera-
tional behavior of Hall thrusters provides the academic research
into the plasma phenomena in these devices an important applied
significance since the resulting insights enable the development of
high-performance, optimized devices, and their reliable in-space
applications.
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Establishing clear links between the plasma instabilities and
the operation of Hall thrusters requires a comprehensive under-
standing of the nature and characteristics of the instabilities in each
operating condition, characterizing the nonlinear interactions
among the instability modes, and identifying the mechanisms by
which these instabilities influence the electrons’ dynamics during
various phases of their evolution and across the plasma conditions.
In this regard, the three-dimensional, multiscale nature of the insta-
bilities in Hall thrusters’ plasma, which has become increasingly
evident by the mounting body of research,2 poses a major challenge
for progress in this direction.

Nevertheless, in the absence of high-fidelity 3D plasma simu-
lations of Hall thrusters, the investigation of the above aspects has
been pursued in various 2D configurations and has led to valuable
insights into the dominant instability modes, their interplays, and
their contributions to electrons’ cross field transport. In this regard,
the study of the impact of plasma-wall interactions and radial
plasma gradients on the instabilities and the resulting electrons’
transport in the radial-azimuthal coordinates is a growing area of
interest. Over the past years, the main subjects of research have
been the excitation and evolution of the electron cyclotron drift
instability (ECDI),3,4 the effect of the plasma-wall interactions on
this instability,5,6 and the role of the ECDI in electron transport.4

In particular, the nonlinear evolution of the ECDI and the impact
of the radial direction on the dynamics of azimuthal instabilities is
studied in Ref. 3, in which the authors observed that the instabili-
ties evolve toward larger azimuthal wavelengths and, at the later
stages of the nonlinear evolution, the excitation of the so-called
“modified two-stream instability (MTSI)” intensifies this inverse
energy cascade. The evolution of the instabilities toward longer
wavelength modes has been also evidenced in Ref. 7.

Regarding the impact of the MTSI on the plasma properties,
the simulations of Refs. 3 and 7 showed that, because of its wave-
vector component along the magnetic field, the instability causes
strong heating of the electrons in the radial direction. They also
observed that the MTSI plays a significant role in the electrons’
axial transport. In fact, in Ref. 7, the authors distinguished the con-
tributions of the ECDI and the MTSI to transport using a dynamic
mode decomposition (DMD) analysis and concluded that the
MTSI, when present, has the dominant contribution.

The interactions between the ECDI and the secondary elec-
trons emitted from the walls, together with their combined roles in
“anomalous” cross field transport of electrons, have been studied in
Ref. 5. From their kinetic PIC simulations, the authors showed
that, in the presence of high secondary electron emission (SEE)
rates, the “beam-plasma” instability is excited which induces very
large axial electron currents. In Ref. 6, the individual effect of the
SEE on the sheath characteristics and the electrons’ transport was
investigated by performing a wide-range parametric study. The
authors observed that increasing the SEE yield coefficient from 0 to
1 enhances the near-wall cross field mobility of the electrons by a
factor of 2 while decreasing the mobility in the bulk due to the
cooling effect of secondary emitted electrons.6 The results of Ref. 6
complemented prior investigations of the role of SEE in the elec-
trons’ dynamics and mobility in E × B configurations8–11 by extend-
ing the analyses to a 2D radial-azimuthal configuration. In
addition, in Ref. 12, the authors used a cylindrical 2D

radial-azimuthal simulation and showed that an enhancement of
the electron cross field mobility can occur due the presence of a
high-frequency sheath instability in the space-charge-saturated
(SCS) regime. They demonstrated that the instability arises from
the negative differential resistance in the I–V characteristics of the
wall in this regime.12

Finally, noting the recent development of high-power Hall
thrusters with the so-called “shielding” magnetic field topologies13

designed to address the life-limiting issue of the erosion of the
thrusters’ channel, some limited research has been carried out to
investigate the instabilities’ characteristics and the electrons’ trans-
port in these unconventional field configurations. In this respect,
the authors in Ref. 14 numerically solved the electrostatic disper-
sion relation of a homogeneous, unbounded plasma with the con-
ditions representative of the near-plume region of a magnetically
shielded Hall thruster obtained from 2D axial-radial multifluid PIC
simulations. They noticed the presence of the MTSI with the fastest
growing mode occurring close to the front magnetic poles of the
thruster.14 As according to Ref. 15, the MTSI can heat up the ions
perpendicular to the magnetic field almost to the same extent as it
heats up the electrons parallel to field lines, the authors concluded
that this could have a significant implication on the energy deposi-
tion on and sputtering of the magnetic poles.14

Most recently, the impact of the magnetic field gradients and
curvature on the plasma is analyzed using a 1D radial PIC simula-
tion in Ref. 16. In this publication, the authors performed simula-
tions with various magnetic field curvatures and showed that the
electron distribution function becomes more isotropic, and the tail
of the electrons’ distribution function is greatly replenished.16 They
also observed a concentrating effect in cases with concave magnetic
field curvatures such as those encountered inside the channel of
magnetically shielded Hall thrusters. It was noticed that the density
in the center of the domain becomes higher than the case with a
constant radial magnetic field.16

Considering the above overview, the aim of the present article
is to provide a comprehensive evaluation of the influence of various
physical factors on the dynamics of the azimuthal instabilities and
the consequent electrons’ cross field mobility using high-fidelity
reduced-order kinetic simulations. The simulations are performed
for relatively long timescales so as to cast light as well on the long-
term evolution and interactions of the instabilities. The use of
our reduced-order PIC code, introduced and verified in Refs. 17
and 18, serves as an essential enabler for this effort due to its
remarkably lower computational cost compared to the conventional
full-2D PIC codes and its high predictions’ accuracy, which is on a
par with the traditional 2D codes. The factors whose influence we
analyze in this paper are the magnetic field gradient, the secondary
electron emission, and the plasma number density. As such, the
analyses and discussions presented in this article are meant to
expand the knowledge available in the literature concerning the
radial-azimuthal physics of Hall thrusters and similar E� B
discharges.

To perform the physical parametric studies in a simulation
setup that is rigorously defined and is widely accepted within the
E� B plasmas research community, we adopted, as the baseline
setup, the one used for the radial-azimuthal kinetic code bench-
marking activity.19 Accordingly, the simulations in this work allow
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us to build upon the well-known results from the benchmark and
to evaluate the variations in the observed behaviors due to each of
the abovementioned three physical factors. Consequently, it is
worth briefly describing the main physics that has been reported in
the benchmark publication.19 In this regard, the authors observed a
cyclic quasi-steady evolution of the plasma discharge after an initial
transient. During this transient, the ECDI and MTSI modes were
developed. For detailed information about these instability modes,
including the derivation and analysis of their dispersion relations,
interested readers are referred to the existing literature, such as
Refs. 3, 7, 20–23, and the references therein. The nonlinear interac-
tions between these instabilities were observed to lead to the peri-
odic growth and damping of the two modes. When the MTSI
modes were strongest, the radial electron temperature was seen to
be at a local maximum. The damping of the MTSI resulted in a
reduction of the radial electron temperature. When the radial elec-
tron temperature reached a local minimum, it was demonstrated
that the ECDI becomes dominant.19 It was also emphasized in
Ref. 19 that the periodic oscillations in the radial electron tempera-
ture are reflected in the time evolution of the plasma density,
which is due to the coupling that the imposed ionization source
introduces between these two parameters in the benchmark’s simu-
lation case.

Before proceeding further, the extensive nature of this article
warrants providing an overview of the paper’s organization at this
point. In this regard, in Sec. II, we provide an overview of the
reduced-order quasi-2D particle-in-cell code that is developed at
Imperial Plasma Propulsion Laboratory (IPPL). The simulation
setup and conditions are reviewed in Sec. III. We present in Sec. IV
the results of our parametric studies. We begin by discussing the
effects of the magnetic field gradients in Sec. IV A. Next,
in Sec. IV B, we assess the influence of the SEE and, finally, in
Sec. IV C, we evaluate the effects of the plasma number density. In
Sec. IV, the effects of each physical factor on the plasma discharge
are analyzed in terms of the variation in (1) the distribution of the
macroscopic plasma properties, (2) the characteristics of the azi-
muthal instabilities, and (3) the electrons’ transport. Concerning
the azimuthal instabilities, in particular, we have characterized the
observed fluctuations using spatial and temporal spectral analyses.
The main findings and insights from this effort are summarized in
Sec. V.

II. OVERVIEW OF THE REDUCED-ORDER IPPL-Q2D PIC
CODE

IPPL-Q2D is a quasi-2D electrostatic explicit kinetic code
based on the generalized reduced-order PIC scheme.17 The
reduced-order PIC is an innovative plasma simulation technique,
devised by the authors, to tackle the computational cost issue of
the conventional PIC schemes. It is predicated on a
dimensionality-reduction approach for the decomposition of
multi-dimensional Poisson’s equation into a system of coupled
1D ODEs. The reduced-order scheme also features a decomposi-
tion of the domain into multiple “regions.”17 Within each region,
a fine discretization of the simulation dimensions is carried out
using custom 1D cells, which enables resolving the variations of
the plasma properties separately along each simulation

coordinate.18 Accordingly, for a 2D simulation case, the number
of required computational cells and, hence, the total number of
macroparticles can be reduced from O(N2) to O(N), with N being
the number of cells along each simulation direction. This trans-
lates into significantly lower computational resource demand of
the quasi-2D PIC compared to the traditional full-2D codes.17

The detailed explanation of the reduced-order PIC scheme and its
underlying dimensionality-reduction formulation can be found in
Refs. 17 and 18.

The overall structure and the algorithmic implementations of
IPPL-Q2D are introduced in Refs. 17 and 18. The reduced-order
quasi-2D code is verified extensively in our previous works against
the well-defined axial-azimuthal17,24 and radial-azimuthal18 bench-
mark cases available in the literature. Particularly relevant to the
present paper, the verifications of IPPL-Q2D in the
radial-azimuthal simulation setup of the benchmark showed that a
50-region quasi-2D simulation, which offers a factor of 5 speed-up
with respect to a full-2D simulation, provides high-fidelity predic-
tions of the underlying physical processes and the plasma proper-
ties’ distribution that compare well with the full-2D results.18

Consequently, the simulations in this work are carried out using
this approximation order of the 2D problem.

For the investigation of the effects of SEE, we have used the
wall-interaction module of IPPL-Q2D. The wall-interaction module
is described in Ref. 25, which also reports some of its verification
results. In this work, we have used the linear SEE model from the
wall-interaction module, which is further explained in Sec. IV B.

III. DESCRIPTION OF THE SIMULATION SETUP AND
CONDITIONS

The setup and conditions of the simulations performed in this
effort are overall based on the 2D radial-azimuthal benchmark case
by Villafana et al.19 In any case, certain modifications are intro-
duced in the baseline benchmark setup to enable the investigation
of the effect(s) of each specific physical aspect mentioned in Sec. I.
We highlight these modifications in the following after providing
an overview of the baseline setup.

The simulation domain is a 2D x � z Cartesian plane, repre-
sentative of a radial-azimuthal section of a Hall thruster. The
x-coordinate is along the radial direction, and the z-coordinate rep-
resents the azimuthal direction. The y axis is directed along the
axial direction. The domain is 1.28-cm long along both the radial
and azimuthal directions. All simulations are collisionless and are
run for 30 μs. A constant axial electric field is applied in all studied
cases. Table I presents the values of the main computational and
physical parameters used for the simulations.

At the beginning of the simulations, the electrons and ions
are sampled from a Maxwellian distribution at 10 and 0.5 eV,
respectively, and are loaded uniformly throughout the domain at
exactly the same positions. In order to limit the growth of the azi-
muthal waves and the particles’ energy in the simulations,26 the
approach of Ref. 19 is pursued, and a virtual axial extent with the
length of Ly = 1 cm is considered. The particles crossing a
domain’s boundary along the axial direction are resampled from
their initial Maxwellian distribution and are re-injected onto the
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simulation plane, maintaining their azimuthal and radial
positions.

In all simulation cases, a zero-volt Dirichlet boundary condi-
tion is used for the electric potential at the walls. It is noteworthy
that, in a Cartesian radial-azimuthal configuration, the symmetry
of the simulation domain results in the absence of any net electron
and ion current reaching the radial boundaries, which implies that
the electrically floating boundary condition is automatically satis-
fied at the walls.6 Hence, the adopted Dirichlet boundary condition
in this study is reasonably well representative of the more realistic
floating wall condition in modern Hall thrusters that feature a
dielectric wall material. A periodic boundary condition is consid-
ered in the potential solver for the nodes at the two azimuthal ends
of the domain. Moreover, particles that exit the domain along the
azimuth from one side are re-introduced into the domain from the
opposite side.

In order to compensate for the flux of particles lost to the
walls, the approach of the radial-azimuthal benchmark19 is
adopted, and an ionization source is imposed. As described in
more detail in Ref. 19, the ionization source is uniform in the azi-
muthal (z) direction and has a cosine distribution along the radius
(x), extending from x = 0.09 cm to x = 1.19 cm. The peak of the ion-
ization source (S0) is nominally 8:9� 1022 m�3s�1, which corre-
sponds to an axial ion current density of 100 Am−2. The electron–
ion pairs injected at each time step due to the ionization source are
sampled from a Maxwellian at the respective initial temperature of
each species.

We underline that adopting an approach to compensate for
the radial flux of particles is a necessity for achieving steady-state
condition in all simulations studying the plasma–wall interactions
in 1D and 2D which do not self-consistently resolve the axial fluxes
of the plasma species. In this regard, the adoption of an ionization
source is one of the proposed approaches in the literature,4,19,27

which, as explained in Sec. I, results in the simulations reaching a
quasi-steady state.

Concerning the aspects of the simulation setup specific to
each investigated case in Sec. IV, for the simulations in Sec. IV A,
which are dedicated to the study of the effects of the magnetic field
gradients, the field intensity has a distribution along the radial
coordinate with the magnitude at the mid-radial plane being equal
to 20 mT. In all other simulated cases, the magnetic field has only a
constant radial component with the same magnitude of 20 mT.

In Sec. IV B, which is related to the study of the influence of
SEE, the electrons’ radial boundary condition is different with
respect to the other simulations carried out. Indeed, whereas elec-
trons hitting a wall are, in general, removed from the simulation,
the secondary electron emission is accounted for using a linear
model for the simulations of Sec. IV B. The secondary emitted elec-
trons are sampled from a Maxwellian at the assumed temperature
of 2 eV. Regarding the ions, they are always removed from the sim-
ulation in all studied cases if they cross a radial boundary.

Finally, in Sec. IV C, where we study the effects of the plasma
number density (or, equivalently, the axial current density), the
nominal peak of the ionization source (S0) is multiplied by a factor
α corresponding to the ratio of the imposed current density for
each case to the nominal one (100 Am−2). Accordingly, the initial
plasma density (ni,0 ) was scaled by the same factor, whereas the
cells’ size (Δx andΔz) and the simulations’ time step were scaled by
1/

ffiffiffi
α

p
.

IV. EFFECTS OF RADIAL MAGNETIC FIELD GRADIENTS,
SEE, AND CURRENT DENSITY ON THE
RADIAL-AZIMUTHAL PLASMA PHENOMENA

In this section, we present and discuss the results from our
50-region quasi-2D simulations aimed at studying the individual
influence(s) on the radial-azimuthal dynamics of the plasma due to
each of following factors: (1) radial gradients in the magnetic field,
(2) secondary electron emission, and (3) plasma number density.

A. The effect of radial gradients in the magnetic field

Figure 1 shows the radial profiles of the radial (Bx) and axial
(By) components of the magnetic field, as well as the radial distri-
butions of the magnetic field intensity (B) and the angle (θ)
between the magnetic field lines and the radial coordinate (x) for
three studied magnetic field configurations. Moreover, Fig. 1(e) pre-
sents a 2D schematic of the adopted magnetic field topology in this
work. Referring to plot (a) in Fig. 1, among the three studied
magnetic field configurations, Config. 1 corresponds to that of the
baseline benchmark setup. Config. 2 has a convex radial profile of
Bx , with the magnitude of the radial component increasing from
Bx ¼ 0 at the walls to the maximum value at the mid-radial loca-
tion. Config. 3 has instead a concave Bx radial profile, with the
maximum Bx occurring at the two radial ends of the domain.
Magnetic field configurations 2 and 3 are representative of the
“magnetic-shielding” topology. In this respect, it is seen in Fig. 1(e)
that Config. 2 resembles the shielding configuration inside a Hall
thruster’s discharge channel, whereas Config. 3 corresponds to the
field topology slightly outside the channel and within the “magnetic
lens.”28

TABLE I. Summary of the computational and physical parameters used for the
radial-azimuthal quasi-2D simulations.

Parameter Value (unit)

Computational parameters
Domain length (Lx = Lz) 1.28 (cm)
Virtual axial length (Ly) 1 (cm)
Cell size (Δx = Δz) 50 (μm)
Number of cells in each direction (Ni =Nk) 256
Time step (ts) 1.5 × 10−11 (s)
Total simulated duration (tsim) 30 (μs)
Initial number of macroparticles per cell (Nppc) 100

Physical parameters
Initial plasma density (ni,0) 5 × 1016 (m−3)
Initial electron temperature (Te,0) 10 (eV)
Initial ion temperature (Ti,0) 0.5 (eV)
Axial electric field (Ey) 10 000 (Vm−1)
Radial magnetic field intensity at the mid-radial
plane (Bx) 0.02 (T)
Electric potential at the walls (fw) 0 (V)
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From plot (c) in Fig. 1, it is noticed that the gradient in the
magnetic field intensity is larger for Config. 3, which is expected to
result in a more pronounced magnetic mirror effect due to a larger
∇B force, i.e., the force due to the gradient in the magnetic field. In
addition, plot (b) in Fig. 1 shows that By varies from −30 to 30 mT
from one wall to the other in Configs. 1 and 2 and becomes zero at
the mid-radial plane. Finally, looking at plot (d) in Fig. 1, it is
evident that, in Config. 2, the magnetic field lines are parallel to the
walls at the radial extremes of the domain, which, as will be dem-
onstrated later, results in a notably reduced flux of particles to the
walls.

We start presenting the results from various B-Config simula-
tions with the radial distributions of the time-averaged plasma
properties, ion number density (ni), electron temperature (Te), and
ion temperature (Ti), in Fig. 2. Looking at plot (a) in this figure, it

is observed that, for Configs. 2 and 3, ni is much higher in the
center of the domain compared to Config. 1. This higher density
points to the confinement of the plasma by the magnetic field as
the radial flux of plasma species is reduced in Configs. 2 and 3. In
this respect, as the ∇B force is larger in Config. 3 [Fig. 1(c)], the
plasma is more concentrated in the center in this case compared to
Config. 2. Similar observations are also reported in Ref. 16 from 1D
radial simulations in which the effect of the magnetic field curva-
ture on the radial distribution of the plasma properties was
investigated.

Referring now to Fig. 2(b), we notice that Te is relatively the
same for Config. 2 compared to Config. 1, but it is much lower
for Config. 3. As it will be shown in the following, the notably
lower time-averaged Te for Config. 3 is due to the absence of the
ECDI modes in this magnetic field configuration. Nonetheless,

FIG. 1. Radial profiles of the studied magnetic field configurations: (a) radial component (Bx ), (b) axial component (By ), (c) magnetic field intensity (B), and (d) the angle
between the tangent to the magnetic field lines and the x-coordinate. In plot (e), a schematic of the adopted field topology and the cross sections corresponding to
Configs. 2 and 3 are shown.

FIG. 2. Radial profiles of plasma properties averaged over 25–30 μs from the simulations with various magnetic field configurations: (a) ion number density, (b) electron
temperature, and (c) ion temperature.

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 133, 123301 (2023); doi: 10.1063/5.0138223 133, 123301-5

© Author(s) 2023

D
ow

nloaded from
 http://pubs.aip.org/aip/jap/article-pdf/doi/10.1063/5.0138223/16788652/123301_1_online.pdf

https://aip.scitation.org/journal/jap


from plot (c) in Fig. 2, it is seen that a significant ion heating has
occurred in Config. 3. Indeed, the time-averaged Ti profile for
Config. 3 shows notably higher values across the radial extent of
the domain. Ti is also higher in Config. 2 compared to Config. 1,
which implies some degree of ion heating in this configuration as
well but clearly less significant than that in Config. 3.

Figure 3 shows the time evolution of the ion number density
[plot (a)], electron temperature [plot (b)], average ions’ kinetic
energy [plot (c)], and the electrons’ axial mobility [plot (d)], for
the three magnetic field configurations. The ions’ kinetic energy
and the electrons’ axial mobility are calculated using Eqs. (1)
and (2), respectively. In Eq. (1), Ei is the ions’ average kinetic
energy in eV, Mi is the ion mass, e is the unit charge, Ni is the total
number of ion macroparticles, and vi,n is the velocity vector of the
nth ion macroparticle. In Eq. (2), μ is the electrons’ axial mobility,
vye is the axial electron velocity, Ey is the axial electric field, and Ne

is the total number of electron macroparticles,

Ei ¼ 1
2

Mi

Nie

� �XNi

n¼1

(vi,n � vi,n), (1)

μ ¼
PNe

n¼1 vye
Ne Ey

�����
�����: (2)

Referring to Fig. 3, it is observed that the fluctuations in
various plasma parameters are of much higher amplitude and
lower frequency for Config. 3 with respect to the other two mag-
netic field configurations. Moreover, the mean ions’ kinetic energy
and electrons’ axial mobility is also higher for Config. 3 compared
to Configs. 1 and 2. In Config. 2, the time evolution plots of
ions’ energy and electrons’ mobility show higher-frequency,

lower-amplitude oscillations, and a lower time-averaged Ei and μ
compared to Config. 3. The mean Ei and μ for Configs. 2 and 3 are
both larger than the corresponding values for Config. 1.

The different temporal behaviors of the plasma parameters in
Fig. 3 suggest that, among the three magnetic configurations, there
are notable variations in the underlying physical mechanisms and
interactions. To illustrate this point, we first refer to Fig. 4, in
which we show, for each magnetic configuration, the 2D snapshots
of various plasma properties at an instance of time corresponding
to a local maximum in radial electron temperature (Tex).

As described in Sec. I, in the benchmark’s simulation setup,
which is identical to Config. 1, it has been observed that, when the
radial electron temperature is maximum, the MTSI is fully formed
and is dominant.18,19 In this regard, the plots on the first row of
Fig. 4, which correspond to Config. 1, are reminiscent of the
results from the benchmark19 and our previous work,18 with the
radial and azimuthal wavenumbers of the MTSI being particularly
observable in the axial current density (Jey) distribution. However,
the 2D snapshots for Configs. 2 and 3 show notably different
structures with respect to each other and also compared to
Config. 1. Of course, in both configurations, MTSI-like patterns
can be noticed, but the distributions and amplitudes are quite
dissimilar.

Second, in Fig. 5, we have plotted for each magnetic configura-
tion the 2D snapshots of the electron axial current density over one
period of the discharge evolution (T). The video of the cyclic
behavior shown in Fig. 5 for the three B-Configs. is available in
Ref. 29, which more clearly visualizes the involved dynamics in
each case. Looking at the evolution of Jey for Config. 1, the
observed periodic behavior is similar to that reported in Refs. 18
and 19. Indeed, at t ¼ t0, the MTSI is dominant. This instability
starts to mitigate at t0 þ T

4, and the ECDI modes become eventually
dominant at t0 þ T

2. The nonlinear interactions between MTSI and

FIG. 3. Time evolution of various
plasma parameters from the simula-
tions with various magnetic field config-
urations: (a) ion number density, (b)
electron temperature, (c) average ions’
kinetic energy, and (d) average elec-
tron’s axial mobility. The horizontal
dashed lines in plot (d) show the time-
averaged mobility values.
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ECDI19 leads to the disruption of the ECDI waves and the growth
of the MTSI waves at t0 þ 3T

4 . Finally, the MTSI becomes fully
formed and dominant again at t ¼ T , and the cycle repeats. This
described interaction between the ECDI and the MTSI modes is
also visible in Fig. 6(a), which shows the time evolution of the azi-
muthal wavenumber content of the electric field fluctuations along
the azimuth for Config. 1.

In Configs. 2 and 3, the same cyclic growth and damping
of the MTSI is seen in Fig. 5. However, the damping of the
MTSI modes in the latter magnetic configuration is noticed from
Fig. 6(b) to be associated with an inverse energy cascade that leads
to the formation of a long-wavelength mode. The large structure in
Config. 3 is observed in Fig. 5 (bottom row) to break away at
t ¼ t0 þ 3T

4 , when the lower-wavelength MTSI-like modes start to
grow and then become again dominant at t ¼ T .

To further elaborate on the characteristics of the observed
wave modes in Figs. 4–6, we have shown, in Fig. 7, the spatiotem-
porally averaged 1D spatial FFT plots of the azimuthal electric field
signal from the B-Config simulations in three time intervals along
the simulations. Moreover, we have plotted, in Fig. 8, the frequency
spectra of the azimuthal electric field signal from various B-Config
simulations.

The plots in Fig. 7 are obtained using the same approach
detailed in Refs. 3 and 19. The horizontal axis of the spatial FFT
plots is the normalized azimuthal wavenumber, kz/k0, where k0 is
the fundamental resonance wavenumber of the ECDI defined as
k0 ¼ Ωce

vde
.19 In the relation for k0, Ωce is the electron cyclotron fre-

quency, and vde is the electrons’ azimuthal drift velocity. To calcu-
late Ωce for Configs. 2 and 3, in which the magnetic field intensity
varies along the radius, we have used the B value at the mid radial

FIG. 4. Comparison of the 2D snapshots of plasma properties at the time of local maximum of radial electron temperature for various magnetic field configurations. The
columns, from left to right, represent the azimuthal electric field (Ez), radial electron temperature (Tex ), and axial and radial electron current densities (Jey and Jex ).
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location, i.e., 20 mT, so that k0 in these two cases is consistent with
its value for Config. 1.

Referring to Fig. 7, we first notice that, for Config. 1, the first
and second harmonics of the ECDI at kz

k0
� 1 and kz

k0
� 2, respec-

tively, as well as the MTSI mode at kz
k0
� 0:2 are present in all time

intervals. The frequency of the first ECDI harmonic from Fig. 8 is

5.4 MHz, whereas the second harmonic has a frequency in
the range of 10–11MHz. The frequency of the MTSI mode in
Config. 1 is 1.2 MHz.

For Configs. 2 and 3, we see from Figs. 7 and 8 that the ECDI
modes did not excite. For Config. 2, we notice the presence of the
first and second harmonics of the MTSI, with the first harmonic

FIG. 5. 2D snapshots of the axial electron current density at four different moments through the discharge evolution cycle for each magnetic field configuration. T repre-
sents the period of the cycle, which is different for each case.

FIG. 6. The time evolution of the 1D
spatial FFT of the azimuthal electric
field signal within the time interval of
0–20 μs from the simulations of (a)
Config. 1 and (b) Config. 3. These
plots are obtained following the
approach of Ref. 3.
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occurring at the same kz
k0
and frequency as those for Config. 1. For

Config. 3, the first MTSI harmonic is seen in all time intervals in
Fig. 7, but it is slightly shifted to shorter wavelengths compared to
Configs. 1 and 2. The frequency of the first MTSI harmonic for
Config. 3 is the same as that for Configs. 1 and 2, i.e., 1.2 MHz.
The second MTSI harmonic for Config. 3 is only present during
the time interval of 15–20 μs in Fig. 7 and is not distinctly evident
in Fig. 8.

For the magnetic configurations 2 and 3, we notice, in Fig. 7,
a long-wavelength mode at kz

k0
� 0:07, which has been also

observed in the corresponding 2D snapshots of Fig. 5. The long-λ
mode can be easily distinguished in Fig. 8 as well for Config. 3 at
the frequency of 0.9 MHz. For this magnetic configuration, this
long wavelength mode has the largest magnitude across the spatial
and temporal FFT spectra.

The final point to mention concerning the characteristics of
the azimuthal instabilities is that we have shown in Fig. 27 of the
Appendix that, for Config. 1, the linear dispersion relation of the
ion sound waves can be fitted well on the dispersion plot of the
wave modes. However, for Configs. 2 and 3, the ω� kz spectra of
the waves show clear deviation from the linear and nonlinear theo-
retical dispersion relations of the ion acoustic wave (IAW).

We now assess the effect of the observed instability wave
modes on the axial and cross field mobility of the electrons. It
should be noted that, in Config. 1, the magnetic field is radially
constant and, thus, the axial and cross field mobilities are equiva-
lent. However, in Configs. 2 and 3, due to the radially varying mag-
netic field profile, the two mobility terms are different. In this
regard, the time-averaged electrons’ axial mobility, whose radial
distribution for the three magnetic configurations is shown in
Fig. 9(a), is obtained using the time-averaged axial electrons’ veloc-
ity (vey) and the (constant) axial electric field (Ey) as given by
Eq. (3). The time-averaged electrons’ cross field mobility, whose
radial profile is seen in Fig. 9(b), is calculated using Eqs. (4) to (6)
and according to the schematic illustrated in Fig. 9(c),

μy ¼
vey
Ey

����
����, (3)

ve? ¼ jveycosθj þ jvexsinθj, (4)

E? ¼ jEycosθj þ jExsinθj, (5)

FIG. 7. 1D spatial FFT plots of the azimuthal electric field signal from various B-Config simulations, averaged over all radial positions and over three time intervals:
(a) 5–10 μs, (b) 15–20 μs, and (c) 25–30 μs.

FIG. 8. 1D temporal FFT plots of the
azimuthal electric field signal from
various B-Config simulations, averaged
over all radial positions; (a) spectrum
over the frequency range of 0–30 MHz,
(b) zoomed-in view of the spectrum in
plot (a) over the frequency range of 0–
10 MHz.
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μ? ¼ ve?
E?

: (6)

In Eqs. (4)–(6), ve? is the electrons’ cross field velocity, vex is
the electrons’ radial velocity, E? is the magnitude of the electric
field vector perpendicular to the magnetic field line at each radial
location, Ex is the radial electric field component, and μ? is the
cross field mobility. θ is the angle between the x axis and the
tangent to the magnetic field line.

It is observed in Fig. 9(a) that the radially averaged electrons’
axial mobility is the highest for Config. 3, followed by that for
Config. 2. The mean μy for Config. 1 is much lower than the corre-
sponding values for Configs. 2 and 3. The mean values for the
three configurations are expectedly consistent with those observed
in Fig. 3(d). The radial profile of μy for Config. 2 [Fig. 9(a)] shows
sharp increases toward the walls, which is due to the fact that the
magnetic field lines in Config. 2 are along the y-direction near the
walls [Fig. 1(d)]. Hence, it is also of interest to look at the electrons’
cross field mobility (μ?) in Fig. 9(b). As it was expected, the rise in
the mobility profile near the walls for Config. 2 is now less signifi-
cant, and the mean μ? for Config. 3 is more distinctly higher than
that for Config. 2. Moreover, it is observed in plot (b) of Fig. 9 that
the cross field mobility is overall lower in the center of the domain
and increases toward the walls before decreasing again. This behav-
ior is more pronounced for Config. 2 in which the time-averaged
radial profile of μ? also shows an oscillatory distribution, absent in
the other two cases.

Considering the results shown in Fig. 9 and noting that, for
Config. 3, the long-λ mode was seen to be dominant (Fig. 5, third
row, and Fig. 7), it seems that the high cross field mobility in this
magnetic configuration is due to the long-λ wave. To verify this
speculation and to also identify the main contributor to the elec-
trons’ mobility among various instability modes in the other mag-
netic configurations, we present in Fig. 10 the time evolution of the
electrons’ axial mobility and the amplitude of the dominant azi-
muthal wave modes (jEzj2) separately for Configs. 1 to 3 over the
time interval of 5–30 μs.

It is noticed that, for Config. 1 [Fig. 10(a)], the time evolution
of μ is in phase with the evolution of the amplitude of the domi-
nant first harmonic of the ECDI, which underlines that the elec-
trons’ axial mobility in this case is mostly driven by the ECDI
modes. For Config. 2 [Fig. 10(b)], the fluctuations in μ are of larger
amplitude compared to Config. 1 and are instead correlated with
the oscillations in the amplitude of first MTSI harmonic, i.e., the
dominant MTSI mode for Config. 2 as seen in Fig. 7. Finally, for
Config. 3, a rather violent temporal fluctuation in μ is observed in
Fig. 10(c), which is correlated with the oscillations in jEzj2 for the
long-λ mode. Indeed, the electrons’ axial mobility is noticed to
peak whenever the strong long-λ instability becomes dominant.

Another interesting point from the plots in Fig. 10 is that, for
each configuration, the two dominant instability modes seem to
interact and exchange energy such that when one mode strength-
ens, the other weakens. This behavior has been also reported in
Ref. 19 for the interactions between ECDI and MTSI in the bench-
mark’s setup, which is identical to Config. 1 [Fig. 10(a)].

To conclude the discussions in this section, we look at the
normalized radial and azimuthal velocity distribution functions for
the electrons and the ions at the end of the simulations, i.e., at
t = 30 μs. The distribution functions are shown in Fig. 11. It is
observed in Fig. 11(a) that, for Config. 1, the tail of the electrons’
radial velocity distribution function is lost, whereas the confine-
ment of the plasma in Configs. 2 and 3 has resulted in the retain-
ment of the tail of the distribution functions. Moreover, the radial
EVDF for Config. 2 spans across a broader range of velocities,
which is consistent with the higher electron temperature observed
for this configuration in Fig. 2. Comparing the radial EVDF in plot
(a) against the azimuthal one in plot (b) of Fig. 11, the distribution
functions for Configs. 2 and 3 seem to be rather isotropic, which is
in line with the results of Ref. 16.

Concerning the radial and azimuthal ions’ velocity distribu-
tion functions, we notice, from the radial IVDF [Fig. 11(c)], that
the distributions increasingly deviate from a Maxwellian
from Config. 1 to Config. 3. Especially for Configs. 2 and 3, the
IVDFs are depleted in the mid-velocity range, with the depletion
being more significant for Config. 3. The azimuthal IVDFs for

FIG. 9. Comparison between the time-averaged (over 25–30 μs) radial profiles of (a) electrons’ axial mobility, and (b) electrons’ cross field mobility for various magnetic
field configurations. In (c), a schematic associated with the calculation of the cross field velocity is shown; the blue curve represents the magnetic field line.
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Configs. 2 and 3 [Fig. 11(d)] show a considerable broadening,
which is again more pronounced for Config. 3. The distortions of
the IVDFs, particularly for Config. 3, suggest a strong interaction
between the ions and the long-λ waves, which seems to have
caused a redistribution of the ions’ energy from the radial direc-
tion to the azimuthal one.

B. The effect of secondary electron emission

In this section, we present and discuss the results concerning
the effect of the SEE phenomenon on the plasma processes along
the radial-azimuthal coordinates.

The SEE from the walls is accounted for using a linear model.
A linear SEE model provides a rather simple estimate of the SEE

yield coefficient (γ) according to

γ(ϵ) ¼ min γmax , γ0 þ ϵ

ϵ*
(1� γ0)

� �
: (7)

In the above equation, ϵ is the primary electron energy, γmax
is the maximum electron emission coefficient, γ0 is the probability
of attachment, and ϵ* is the crossover energy, i.e., the energy at
which the SEE yield coefficient becomes equal to 1. For the studies
presented in this article, we have kept the values of γmax and γ0
constant and equal to their corresponding values for Boron Nitride,
which are γmax ¼ 2:9 and γ0 ¼ 0:578. However, we have varied the
ϵ* value over a broad range, from 5 to 35 eV. Modifying the cross-
over energy values implies changing the slope of the linear part of
the γ vs energy plot as it is illustrated in Fig. 12.

FIG. 10. Time evolution of the amplitude of the dominant azimuthal modes (left axes) and the average electrons’ mobility (right axes) for (a) Config. 1, (b) Config. 2, and
(c) Config. 3. The approach pursued to plot the time evolution of jEzj2 for the dominant wave modes identified from the 1D spatial FFTs (Fig. 7) is explained in Ref. 19.

FIG. 11. Normalized radial and azi-
muthal velocity distribution functions for
various magnetic field configurations.
First row: electrons’ velocity distribution
function along (a) the radial (x) and (b)
the azimuthal (z) direction; second row:
ions’ velocity distribution function along
(a) the radial and (b) the azimuthal
direction.
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From plots (a) and (b) in Fig. 13, it is noticed that decreasing
the value of ϵ* results in a consistent increase in the time-averaged
ion number density and a decrease in the time-averaged electron
temperature. In this regard, Fig. 13(c) shows that the time-averaged
SEE yield increases for lower ϵ* values. Consequently, the higher
emission rate of relatively cold secondary electrons reduces Te.
This, in turn, translates into a smaller sheath potential drop for
lower ϵ*, which reduces the radial flux of the ions, hence, increas-
ing the ion number density in the bulk.

It is also interesting to note from Fig. 13(c) that, for ϵ*¼5 eV,
the time-averaged γ is slightly below 1. As ϵ* is increased to 15 eV,
γ is stabilized at about the critical SEE yield value for xenon
(γcr ¼ 0:985), which corresponds to a space-charge saturated
sheath. Increasing ϵ* further results in a monotonic decrease in γ.

Figure 14 presents the 2D snapshots of several plasma param-
eters from the simulations with various ϵ* values at an instance of
time corresponding to a local maximum in the radial electron tem-
perature. The No-SEE case, i.e., the first column in Fig. 14, corre-
sponds to the benchmark’s baseline setup and, as such, the 2D

distributions in this case are representative of the results in Refs. 18
and 19, with the MTSI-like patterns being fully developed.
However, as the SEE is taken into account and the value of ϵ* is
reduced from 25 to 5 eV, the overall structures in the 2D snapshots
and the values of the plasma properties become notably different.
In particular, an increasing cooling effect is clearly visible in the 2D
snapshots of the radial electron temperature when the SEE rate
becomes more and more significant. Furthermore, a long-
wavelength instability mode is seen to become dominant for ϵ*

values of 5 and 15 eV. In this respect, we observe from the plots of
Ez and, especially, Jey in Fig. 14 that, by decreasing the crossover
energy, the 2D distributions change from that of the No-SEE case
with dominant MTSI modes to those of the ϵ*¼5 eV where large-
scale, coherent structures have appeared. A video of the cyclic evo-
lution of Jey from the No-SEE simulation case and the simulations
with various ϵ* values is available in Ref. 30.

To analyze more closely the characteristics of the observed
wave modes in Fig. 14, we refer to Figs. 15 and 16. Figure 15 shows
the average 1D spatial FFTs of the azimuthal electric field from the
various-ϵ* simulations in three time intervals along the simulation,
whereas Fig. 16 presents the 1D temporal FFTs of the azimuthal
electric field fluctuations over the entire duration of the simula-
tions. From the plots in Figs. 15 and 16, it is evident that for ϵ*

values of 15–35 eV, the first harmonics of the ECDI and MTSI are
clearly present throughout the simulations. However, for ϵ* equal
to 15 and 5 eV, we notice that the long-λ wave is the dominant
mode. In addition, in the case of ϵ*¼5 eV, the ECDI and MTSI
modes are not distinctly visible in either the spatial or temporal
FFT plots. Indeed, the ECDI does not appear as a single dominant
mode but seems to be present as a spectrum of modes around kz

k0
of

about 1 in Fig. 15 and ω of around 5MHz in Fig. 16.
The above observations concerning the ECDI and the MTSI

modes are also evident from the time evolution plot of kz
k0
in Fig. 17,

where for the case of ϵ*¼5 eV [plot (b)], the MTSI is not observed,
the ECDI appears as a broadband spectrum with a periodic evolu-
tion, and the long-wavelength mode is seen to develop in the first
few microseconds of the simulation and persists throughout with a
constant magnitude. In contrast, we see in plot (a) of Fig. 17 that,
for the case of ϵ*¼35 eV , the ECDI is present as a distinctly

FIG. 12. The variation of the secondary electron emission yield vs the electron
energy for various ϵ� values according to the linear re-remission model.

FIG. 13. Time-averaged (over 25–30 μs) radial profiles of (a) ion number density and (b) electron temperature for various ϵ� values. Plot (c) shows the variation vs ϵ� of
the SEE yield, i.e., the ratio of the secondary emitted to primary electrons, averaged over the entire simulation duration.
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FIG. 14. Comparison between the 2D snapshots of several plasma properties at the time of local maximum of radial electron temperature from the simulations with
various ϵ� against a simulation with no SEE. The rows, from top to bottom, represent the azimuthal electric field, radial electron temperature, and the axial and radial
current densities, respectively.

FIG. 15. 1D spatial FFT plots of the azimuthal electric field signal from the simulations with various ϵ�, averaged over all radial positions and over the time intervals of (a)
5–10 μs, (b) 15–20 μs, and (c) 25–30 μs.
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dominant mode and the MTSI is also present even though its mag-
nitude is relatively mitigated compared to that observed from the
benchmark’s No-SEE case in Fig. 6(a).

It is highlighted that the underlying mechanisms behind the
observations concerning the instabilities’ characteristics and evolu-
tion in the case of ϵ*¼5 eV are not studied here and require
further investigation, which is left for future work.

The comparison shown in Fig. 28 of the Appendix between
the dispersion plots of the azimuthal waves from various-ϵ* simula-
tions and the theoretical dispersion relations of the ion acoustic
waves revealed that, for ϵ* values of 25–35 eV, the spectra can be
well fitted with the linear dispersion of the ion sound waves.
However, from ϵ* of 20–5 eV, the numerical dispersions increas-
ingly deviate from the dispersion relation of the ion sound waves.
In particular, for the case of ϵ* ¼ 5 eV, the dispersion plot is char-
acterized by a broadband spectrum around the frequency and
wavenumber of the ECDI with a few distinct modes aligned at an
angle with respect to the linear IAW dispersion.

The absence of the MTSI and the smeared ECDI modes in the
simulation case of ϵ*¼5 eV are seen in Fig. 18(a) to have resulted
in a reduction in the electrons’ axial mobility, both in the center of
the domain (μsim, center) and over the total radial extent (μsim), con-
trary to the overall trend of the μ vs ϵ* plot. In fact, it is observed
in Fig. 18(a) that, as the crossover energy is reduced, the total
mobility and the mobility in the center of the domain increase.
This trend is also evident from Fig. 18(b) which shows the time-
averaged radial distribution of the electrons’ mobility for various ϵ*

values. However, for ϵ*¼5 eV , whereas the difference between

μsim, center and μsim, which implies the significance of the near-wall
transport from the SEE, has increased compared to other cases,
both mobility terms are lower than the corresponding values for
ϵ*¼15 eV.

It is also worth pointing out that the increase in the near-wall
mobility for decreasing values of crossover energy, observed in both
plots (a) and (b) of Fig. 18, is consistent with the previous results
reported in the literature on the effect of the SEE on the electrons’
transport.6

As the final point on the SEE effects, we have plotted, in
Fig. 19, the normalized energy distribution function of the elec-
trons from the simulations with various ϵ* at t ¼ 30 μs. It is
evident from this figure that, as the SEE increases for lower cross-
over energies, the width of the distributions diminishes. This is
because of the cooling effect of the secondary electrons, which was
also reflected in the time-averaged profiles of the electron tempera-
ture [Fig. 13(b)] for various values of ϵ*. Accordingly, we see in
Fig. 19 that the tail of the distributions become increasingly
depleted from the No-SEE case to the case with ϵ* ¼ 5 eV .

C. The effect of plasma number density

The last effect we have studied in this work is that of the
plasma number density or, equivalently, the axial ion current
density. Since the simulations feature an imposed ionization source,
as described in Sec. III, the plasma number density is controlled by
the value of the peak of this source. As a result, to investigate the

FIG. 16. 1D temporal FFT plots of the
azimuthal electric field signal from the
simulations with various ϵ�, averaged
over all radial positions; (a) ϵ� values
of 35, 30, and 25 eV, (b) ϵ� values of
20, 15, and 5 eV.

FIG. 17. The time evolution of the 1D
spatial FFT of the azimuthal electric
field signal within the time interval of
0–20 μs from the simulations with (a)
ϵ�¼35 eV, and (b) ϵ�¼5 eV. These
plots are obtained following the
approach of Ref. 3.
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effect of plasma number density, we have changed the nominal
peak of the ionization source, S0, by a factor ranging from 1

32 to 6.
In this regard, Fig. 20 presents the radial distributions of the

ion number density and the electron temperature for various peak
values of the ionization source (S). Expectedly, as the peak of the
ionization source is increased, so does the ion number density
[Fig. 20(a)]. The increase in the ion (plasma) number density can
also translate into stronger wave-particle interactions,24 which, in
turn, causes a more significant heating of the plasma by the azi-
muthal instabilities and, thus, increasingly higher electron tempera-
tures. This trend is clearly observed in the time-averaged electron
temperature profiles in Fig. 20(b).

The increase in the plasma number density also affects the azi-
muthal wave content of the discharge, and the overall associated
magnitudes of the excited wave modes. This is illustrated in
Figs. 21 and 22, which show, respectively, the 1D spatial and tem-
poral FFT plots of the azimuthal electric field signal from the simu-
lations with various values of S. From Fig. 21, in particular, we can
distinguish three distinct plasma regimes depending on the plasma
number density, or the value of S.

In the first regime, from S0
32 to S0

8 , the ECDI does not exist
whereas the first harmonic of the MTSI is visible. The second har-
monic of the MTSI is also excited for S ¼ S0

16 and
S0
8 , which is more

distinctly visible in Fig. 21. From Fig. 22, the frequency of first
MTSI harmonic is seen to be in the range of 1–1.8 MHz across the
simulations with S values from S0

32 to
S0
8 .

In the second regime, for S in the range of S0
4 to S0, the first

and second harmonics of the MTSI, as well as the first harmonic of
the ECDI are noticed in Fig. 21. In the nominal case, the second

ECDI harmonic at kz
k0
slightly higher than 2 and with the frequency

of about 11MHz is also visible.
In the third regime, i.e., for 3S0 and 6S0, the ECDI mode is

not observed as a single mode but rather as a continuous spectrum
around the wavenumber associated with this instability. Moreover,
the long-λ mode and the first harmonic of the MTSI are visible in
both the spatial and temporal FFT plots. In the case of S ¼ 3S0, the
second MTSI harmonic can be also seen in the time intervals of 5–
10 μs and 25–30 μs in Fig. 21. The presence of the second MTSI
harmonic in the case of S ¼ 3S0, which induces further heating of
the electrons, can justify a slightly higher time-averaged Te for this
case in Fig. 20(b) compared to the case with S ¼ 6S0.

In Fig. 23, we have shown the temporal evolution of the nor-
malized azimuthal wavenumber of the electric field fluctuations
from the simulations with 3S0 and 6S0. In line with the observa-
tions pointed out regarding Figs. 21 and 22, we notice from Fig. 23
as well that, in both simulation cases, the wavenumber spectrum is
quite broadband. Moreover, in the case of S ¼ 6S0 [Fig. 23(b)], the
broadband spectrum of the wave modes features a periodic tempo-
ral variation in time. At this plasma density, it is interesting to note
that the long-λ mode is formed earlier into the simulation com-
pared to the lower-density simulation with S ¼ 3S0.

As the last point concerning the waves’ spectra from simula-
tions with different plasma densities, the plots in Fig. 29 of the
Appendix illustrated that the numerical dispersion of the azimuthal
wave modes is only consistent with the linear dispersion of the
IAW for the simulations with S in the range of S0

4 to S0, i.e., in the
second plasma regime identified above.

Moving on to the effect of the plasma number density on the
electrons’ axial mobility, we observe, in Fig. 24(a), that, as the
plasma density increases, the spatiotemporally averaged electrons’
mobility monotonically increases. This is an expected behavior
since the FFT plots in Fig. 21 illustrated that the overall intensity of
the excited wave modes increases with the plasma number density
and, additionally, the electron-wave interactions are more signifi-
cant at a higher plasma density.

FIG. 18. (a) Variation vs ϵ� of the
electrons’ axial mobility terms, μsim and
μsim, center , averaged over the entire
simulation domain and over time; (b)
time-averaged (over 25–30 μs) radial
profiles of the electrons’ axial mobility
for various ϵ� values. The mobility
terms μsim and μsim, center are both cal-
culated using Eq. (2), but for μsim, center ,
only electrons within the range of
0:25 to 0:75x/Lx are considered. The
dashed black line in plot (b) corre-
sponds to the no-SEE case.

FIG. 19. Normalized electrons’ energy distribution function for various ϵ�
values. The zoomed-in view on the tail of the EEDF is also shown where the y
axis is in a logarithmic scale.
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FIG. 20. Time-averaged (over 25–30 μs) radial profiles of (a) ion number density, and (b) electron temperature from the simulations with various ionization source peak
intensities (S).

FIG. 21. 1D spatial FFT plots of the azimuthal electric field signal from the simulations with various S, averaged over all radial positions and over the time intervals of (a)
5–10 μs, (b) 15–20 μs, and (c) 25–30 μs.

FIG. 22. 1D temporal FFT plots of the azimuthal electric field signal from the simulations with various S, averaged over all radial positions; (a) S values in the range of
[S0/32, S0/4], (b) S values in the range of [S0/2, 6S0]. The frequency spectrum corresponding to the benchmark case with S ¼ S0 is shown for reference on both plots.
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FIG. 23. The time evolution of the 1D
spatial FFT of the azimuthal electric
field signal within the time interval of
0–20 μs from the simulations with (a)
S ¼ 3S0 and (b) S ¼ 6S0. These
plots are obtained following the
approach of Ref. 3.

FIG. 24. (a) Variation vs S of the elec-
trons’ axial mobility averaged over the
entire simulation domain and over time,
(b) the time-averaged (over 25–30 μs)
radial profiles of the electrons’ axial
mobility for various values of S.

FIG. 25. Normalized particles’ velocity distribution functions for various values of S. First row: electrons’ velocity distribution functions along (a) radial and (b) azimuthal
direction; second row: ions’ velocity distribution functions along (a) radial and (b) azimuthal direction.
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FIG. 26. 2D snapshots of the plasma properties through one evolution cycle of the discharge from the simulations with (a) S ¼ S0/16, (b) S ¼ S0/8, (c) S ¼ 3S0,
and (d) S ¼ 6S0. In each subplot, the columns, from left to right, represent the azimuthal electric field, radial electron temperature, and the axial and radial elec-
tron current densities, respectively. Also, the rows, from top to bottom, represent various instances in one period (T ) of the discharge evolution, i.e., t0 and T,
t0 þ T

4, t0 þ T
2, t0 þ 3T

4 .
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The trend mentioned above between the electrons’ mobility
and the plasma number density can be also noticed from the time-
averaged radial distributions of the electrons’ mobility in Fig. 24(b).
Referring to this figure, it is interesting to note that, for cases with

S in the range of S0
32 to S0

2 , the mobility around the center of the
domain, i.e., x

Lx
� 0.5, is quite similar. However, as the spectrum of

the excited azimuthal instabilities changes from the very low
number density cases to those corresponding to S values of S0

4 and

FIG. 26. (Continued.)
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S0
2 , the mobility profiles show a more notable increase from the
center of the domain toward the walls. For the nominal case with
S ¼ S0 , the mobility in the bulk is higher than the cases with S0

4
and S0

2 , but it is lower near the walls. In the cases with S value of

3S0 and 6S0, as the long-λ mode becomes more dominant with
increasing plasma density, the radial profile of the electrons’ mobil-
ity overall moves toward larger values both in the bulk and near the
walls.

FIG. 26. (Continued.)
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The normalized velocity distribution functions of the ions and
electrons along the radial and azimuthal directions are provided in
Fig. 25 for the simulations with various S values at t = 30 μs. From
plot (a) in Fig. 25 corresponding to the electrons’ radial VDF, we

observe that, as the plasma density increases, the radial EVDF is
increasingly broadened and moves toward a Maxwellian. The azi-
muthal EVDF [Fig. 25(b)] shows an increasing heating of the elec-
trons along the azimuth for higher plasma densities. These two

FIG. 26. (Continued.)
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observations are consistent with the fact that higher plasma
number densities translate into stronger azimuthal waves and more
significant interactions between the plasma species and the
instabilities.

In this respect, the radial and azimuthal IVDFs, Figs. 25(c)
and 25(d), also exhibit clear signs of the heating of the ion popula-
tion along both directions. This heating is most significant for the
cases with S ¼ 3S0 and 6S0, where the long-λ mode was seen to
develop and become dominant.

Finally, in Fig. 26, we have compared the 2D snapshots
of various plasma properties through one evolution cycle of
the discharge from the simulations corresponding to low and
high plasma-number-density limits, namely, S ¼ S0

16 and S ¼ S0
8

vs S ¼ 3S0 and S ¼ 6S0. It is overall noticed that the visualiza-
tions in Fig. 26 are consistent with the 1D FFT plots shown
in Fig. 21.

Looking more closely at the different subplots in Fig. 26 and
the plots within, we notice that, in the cases with low plasma
density, only MTSI-like structures are present. However, as the dis-
charge evolves in one cycle, the first harmonic of the MTSI
becomes dominant at t ¼ t0 þ T

4, following by the dominance of
the second harmonic at t0 þ T

2. The interactions between these
MTSI harmonics causes a merging and splitting of the modes,
leading to the tilted structures observable at t ¼ t0 and t0 þ 3T

4 .
In the high number density limit, on the contrary, the 2D

plasma distributions are dominated by the long-wavelength mode
superimposed on a spectrum of shorter wavelength ECDI and
MTSI waves. The long-λ wave mode is seen to be always domi-
nantly present, but its amplitude slightly varies over the discharge’s
evolution cycle. A video of the dynamics of the discharge in terms
of the time evolution of the axial electron current density (Jey) from
the simulations with various plasma number densities is available
in Ref. 31.

The development of the long-λ mode in the case of S ¼ 3S0
[Fig. 26(c)] and the similar plasma number density in this case
[Fig. 20(a)] compared to the simulation in Sec. IV B with an SEE
level corresponding to ϵ* ¼ 5 eV [Fig. 13(a)], for which the same
long-wavelength mode was observed, allows us to link the observa-
tions and conclude that the formation of this mode is mainly
driven by the plasma number density. Nevertheless, it is pointed
out that the azimuthal wave content is case dependent and varies
depending on the plasma conditions.

V. CONCLUSIONS

In this article, we presented the results of an extensive para-
metric study in an E� B plasma configuration representative of a
radial-azimuthal section of a Hall thruster. The studies were
focused on the effects of three physical factors on the characteris-
tics and the dynamics of the azimuthal instabilities and the con-
sequent wave-induced electron transport in this 2D
configuration. The numerous kinetic simulations whose results
were discussed in this work were carried out using the reduced-
order IPPL-Q2D PIC code at an order of approximation of the
2D problem corresponding to 50 regions along either the radial
or azimuthal direction. The cost-effectiveness of the 50-region
quasi-2D simulation, which was demonstrated in Ref. 18, and the

interesting insights derived from this effort confirm the power of
the reduced-order PIC code to be readily used as a tool for the
verification of the theoretical predictions and/or to derive new
theories to explain the nature of the physical phenomena of
interest based on a more comprehensive set of observations
regarding their variations over a wide range of plasma conditions.
This is a desired capability that the significant computational
cost of the traditional fully multi-dimensional PIC codes had so
far hindered achieving.

The physical factors whose influence we investigated in this
paper were the radial gradient in the magnetic field, the secondary
electron emission, and the plasma number density. The common
finding from all of the simulations performed was that, in cases
where the plasma density in the central part of the domain away
from the walls is elevated due to any of the studied factors, a long-
wavelength wave mode with the frequency of about 1MHz devel-
ops. Even though the exact effect of this wave mode on the plasma
species differs among the studied cases and depends on the condi-
tions of the plasma, it overall causes a notable axial mobility of the
electrons and a heating of the ion population.

To summarize the main effects observed from each of the
specific physical factors, we demonstrated that the gradients in
the magnetic field configuration affect the spectrum of the azi-
muthal instabilities, which consequently changes the dominant
mechanism behind the electrons’ axial mobility. In this regard,
it was shown that in the case of a uniform radial magnetic
field profile, i.e., the benchmark setup, the main contributor to
transport was the ECDI. In contrast, for a simulation configu-
ration representative of a cross section of magnetically shielded
Hall thrusters inside the discharge channel, we observed that
the MTSI plays a dominant role in the electrons’ transport. In
addition, for a configuration representative of the near-plume
of the shielded thrusters, the long-λ mode was seen to play the
major role in the electrons’ axial mobility. In this same config-
uration, we showed that the formation of the long-λ wave
mode was due to an inverse energy cascade of the shorter
wavelength modified two-stream instability. To the best of our
knowledge, this is the first time that the 2D radial-azimuthal
physics of the Hall thrusters with a shielding magnetic field
topology is being studied using high-fidelity kinetic
simulations.

Concerning the effect of the SEE, we showed that decreasing
the value of the crossover energy leads to a consistent increase in
the near-wall mobility. However, since the azimuthal wave content
and the dominant instability modes were seen to vary as well with
the strength of the SEE phenomenon, the variation of the overall
average mobility vs ϵ* did not show an always monotonic behavior
and decreased for the lowest crossover energy value studied
(ϵ* ¼ 5 eV), potentially due to the absence of the MTSI and the
smeared ECDI modes in this case. For ϵ*¼5 eV, the long-λ mode
was shown to develop early into the simulation and to persist as
the dominant wave mode, coexisting with a broadband spectrum of
ECDI modes.

Increasing the plasma number density was seen to translate
into stronger azimuthal waves and a more significant broadening
of the plasma species’ velocity distribution functions.
Accordingly, we observed a monotonically increasing average
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electrons’ axial mobility with the plasma density and an increas-
ing ion heating along the radial and azimuthal directions, with
the ions’ azimuthal velocity distribution function showing a
notable asymmetry at the highest plasma densities studied.
Moreover, increasing the plasma number density was shown to
modify the azimuthal wave content. In this respect, for cases with
the lowest plasma densities, only the MTSI modes were seen to
be present. Whereas, at the highest plasma densities, the long-λ
mode was noticed to coexist with a broadband spectrum of
shorter-wavelength wave modes.

For each physical factor, we carried out a comparison between
the numerical dispersion of the observed azimuthal instabilities
from the simulations and the nonlinear dispersion relation of the
ion acoustic waves as well as their linearized dispersion (ω ¼ kzCs).
This analysis was performed to assess the variation in the disper-
sion features of the azimuthal modes due to the physical factors
investigated. The dispersion analyses did not lead to a definitive,
generally applicable conclusion. However, the following main
observations were made: (1) for the simulation cases with a non-
uniform radial distribution of the magnetic field, the spectra of the
waves showed clear deviations from the linear and nonlinear theo-
retical dispersion relations of the ion acoustic waves; (2) in the
presence of the SEE, the linear dispersion relation of the ion acous-
tic waves was only fitting the dispersion map of the instabilities for
ϵ* � 25 eV; (3) across the simulation cases with varying plasma
number density, the spectra of the azimuthal wave modes were
observed to coincide with the linear ion acoustic dispersion relation
only in the plasma regime where the first and second harmonics of
the MTSI in addition to the first harmonic of the ECDI were
present.

Finally, regarding the long-wavelength mode reported in
this article, it is pointed out that, in the simulation of B-Config. 3
in Sec. IV A and in the simulations of Sec. IV C with the peak
ionization source values of 3S0 and 6S0, we captured half a wave-
length of the wave along the azimuthal direction. This suggests
that, in these simulation cases, the long-λ wave mode was limited
by the size of the simulation box along the azimuth.
Nevertheless, we emphasize that our intention in this effort was
to maintain the simulation setup as similar as possible to that of
the benchmark19 so as to be able to assess the variations in the
observed physics from the benchmarking activity due to various
physical factors. Hence, we kept the same azimuthal domain
length as that of the benchmark for our parametric studies. In
this regard, even though a similar azimuthal length to the one we
used here had been chosen in previous literature as well to study
the instabilities and the inverse energy cascade in the
radial-azimuthal configuration,3,7 the influence that the domain
length along the azimuth may have had on the characteristics
and the effects of the long-λ mode warrants further study in a
future work.
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APPENDIX: DISPERSION PLOTS OF THE AZIMUTHAL
ELECTRIC FIELD FLUCTUATIONS

Figures 27–29 show the numerical dispersion plots of the azi-
muthal electric field fluctuations in the ω� kz plane from the sim-
ulations with, respectively, various radial magnetic field profiles,
different values of the crossover energy (ϵ*), and varying peak
values of the ionization source (S) or, equivalently, the plasma
density. For reference, the dispersion relation of the ion acoustic
waves in the ions’ reference frame,25 given by Eq. (A1), is superim-
posed as yellow curves on all plots. In Eq. (A1), Cs is the ion sound
speed and λD is the Debye length,

ω � kzCsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2zλ

2
D

q : (A1)

Moreover, following the same analysis pursued in Ref. 7, we
have plotted as dashed red lines in Figs. 27–29 the linear dispersion
relation of the ion sound waves, Eq. (A2), which corresponds to the
relation in Eq. (8) in the limit of the azimuthal wavenumber being
much larger than the Debye length, i.e., kzλD � 1,

ω � kzCs: (A2)

The discussion of the plots shown here is presented within the
main text of this article. In particular, Fig. 27 is referred to in
Sec. IV A and Fig. 28 is discussed in Sec. IV B. The discussion of
the plots in Fig. 29 is provided in Sec. IV C.
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FIG. 27. Dispersion plots of the azi-
muthal electric field fluctuations at the
mid-radial location from various
B-Config simulations: (a) Config. 1, (b)
Config 2, (3) Config 3. The theoretical
dispersion relations of the ion acoustic
waves, Eqs. (A1) and (A2), calculated
using the time-averaged plasma prop-
erties at the mid-radial location are
superimposed on each plot.

FIG. 28. Dispersion plots of the azi-
muthal electric field fluctuations at the
mid-radial location from the simulations
with various ϵ� values: (a) 35 eV, (b)
30 eV, (c) 25 eV, (d) 20 eV, (e) 15 eV,
(f ) 5 eV. The theoretical dispersion
relations of the ion acoustic waves,
Eqs. (A1) and (A2), calculated using
the time-averaged plasma properties at
the mid-radial location are superim-
posed on each plot.

FIG. 29. Dispersion plots of the azimuthal electric field fluctuations at the mid-radial location from the simulations with various S values: (a) S0/32, (b) S0/16, (c) S0/8, (d)
S0/4, (e) S0/2, (f ) S0, (g) 3S0, (h) 6S0. The theoretical dispersion relations of the ion acoustic waves, Eqs. (A1) and (A2), calculated using the time-averaged plasma prop-
erties at the mid-radial location are superimposed on each plot.
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