W) Check for updates

Received: 23 December 2022 Revised: 28 January 2023 Accepted: 5 February 2023
DOI: 10.1002/sta4.548

ORIGINAL ARTICLE WILEY

High-dimensional regression coefficient estimation by nuclear
norm plus I1 norm penalization

Matteo Farné | Angela Montanari

Department of Statistical Sciences, University

of Bologna, Bologna, Italy We propose a new estimator of the regression coefficients for a high-dimensional
linear regression model, which is derived by replacing the sample predictor covari-

Correspondence o . . . . .

Matteo Farné, Department of Statistical ance matrix in the ordinary least square (OLS) estimator with a different predictor

Sciences, University of Bologna, Via delle Belle covariance matrix estimate obtained by a nuclear norm plus I; norm penalization. We

Arti 41, 40126, Bologna, Italy. . . . . .

Email: matteo.farne@unibo.it call the estimator AlLgebraic Covariance Estimator-regression (ALCE-reg). We make a

direct theoretical comparison of the expected mean square error of ALCE-reg with
Funding information
RFO 2022, Ministry of University and OLS and RIDGE. We show in a simulation study that ALCE-reg is particularly
Research, Italian Republic. effective when both the dimension and the sample size are large, due to its ability to
find a good compromise between the large bias of shrinkage estimators (like RIDGE
and least absolute shrinkage and selection operator [LASSO]) and the large variance
of estimators conditioned by the sample predictor covariance matrix (like OLS and

principal orthogonal complement thresholding [POET]).

KEYWORDS
high dimension, nuclear norm, precision matrix, regression coefficient, sparsity

1 | INTRODUCTION

Estimating the regression coefficients of a high-dimensional linear regression model is a relevant statistical challenge. Let us consider a

mean-centered n x p predictor matrix X and a mean-centered n x 1 response vector y. The ordinary least square (OLS) estimator

p . - o1,
Pors =argmin (v~ Xp)' (v = Xp) = (XX) "Xy =3"6xv, (1)

where S :% is the sample covariance matrix of the predictors and 6xy is the vector of sample covariances between the response variable y and
the predictors, is not even computable when p =2 n and numerically very unstable when p is large compared with n, even when n > p. Therefore,
some strategies to regularize ;s have been developed, as, when p is large, o5 may present anomalously large absolute values and implausible
signs (see Hoerl, 2020 in the Special Issue appeared on Technometrics, ; Joseph, 2020 to celebrate the 50 years of ridge regression). The two best

known strategies lead to RIDGE estimator (Hoerl & Kennard, 1970), which is derived as
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complement thresholding..
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Price :3rgﬁf2in[£p(Y*Xﬂ)/(Y*X/”)+k\|/3\|§’ 2

where H/iH% =pp= Zle[)’jz and LASSO estimator (Tibshirani, 1996), which is derived as

Buasso :argﬂfgingg(Y*xﬁ)/(Y*X/”) +kIAll1, ®)

where |||, = f’:1|/1’]-\. As clearly highlighted by Hastie (2020), RIDGE and LASSO estimators can be rephrased as constrained optimization prob-
lems, where the constraint is ||]|, < Ck in the case of RIDGE regression and ||$]|; < Ci in the case of LASSO regression, for some Cj > 0.

In Hastie (2020), the link between ridge regression and the spectral decomposition of the matrix X'X is elegantly pointed out, while Le et al.
(2020) describe the relationship between ridge regression and covariance matrix regularization. These results show that, when p > n, fpipge may be
extremely biassed, as also reported in Zou (2020). Although ﬂLAsso tends to be slightly less biassed and a bit more variable, it is also subject to sev-
eral drawbacks in high dimensions, particularly when the coefficient vector g is not element-wise sparse. It follows that, when p is large, ,BOLS is
not feasible or extremely variable, while RIDGE and LASSO are very biassed.

In this paper, we explore the possibility to replace the sample covariance matrix of the predictors x in the OLS estimator ﬁ‘OLS by a
regularized covariance matrix estimate, obtained by solving the specific regularization problem described in Farné and Montanari (2020). Therein,
a high-dimensional covariance matrix estimator is proposed, under the assumption that the true covariance matrix of the predictors Zx follows a
low rank plus sparse structure. This assumption is very natural as it results from an approximate factor model (Chamberlain & Rothschild, 1982)
imposed to the vector x. Principal orthogonal complement thresholding (POET) estimator (Fan et al., 2013) also assumes a low rank plus sparse
structure for Zx. That algebraic structure has been analysed and retrieved in exact form in Chandrasekaran et al. (2011) and in approximate form
in Chandrasekaran et al. (2010). Following those proposals, in Farné and Montanari (2020), =y is recast as the solution of a least squares problem
penalized by the nuclear norm of the low rank component (see Fazel et al. 2001) and the |1 norm of the sparse component of Zx. The statistical
properties of such estimator, called ALCE (ALgebraic Covariance Estimator), have been studied in Farné and Montanari (2020).

Given these premises, it sounds appropriate to replace the matrix £x by ALCE estimator in BOLS and to explore the statistical properties of the
resulting estimator of 3. Our expectation is that the ALCE estimator of f is able to attain a convenient balance between bias and variance when p
is large, thus providing a valid alternative when OLS is too unstable and RIDGE/LASSO are too biassed.

The rest of the paper is structured as follows. Section 2 explores the theoretical framework behind our proposed high-dimensional regression
coefficient estimator. Section 3 describes in more detail the statistical properties of our proposed estimator. Section 4 contains a wide simulation
study, where a full p-dimensional regression coefficient vector is recovered, under different dimensions and sample sizes, by means of several
methods, which are thoroughly compared. Finally, Section 5 provides some concluding remarks.

1.1 | Notation

Given a p x p symmetric positive semidefinite matrix M, we denote by 4;(M),i€ {1,...,p}, the eigenvalues of M in decreasing order. We recall the

following norm definitions:

1. Element-wise:
a. Lo norm: [[M[|o=3"7_; 377 1(Mj # 0), which is the total number of nonzeros;
b. Ly norm: [M[|; =37, 377 4 [Myl;
c. Frobenius norm: [[M|[z = /37, >°F \MZ;
d. Maximum norm: ||[M||, = maXx;<pj<p|Mj].

2. Induced by vector:
a. [[Mllo, = maxi<p>; ., 1(Mj # 0), which is the maximum number of nonzeros per row-column;
b. Spectral norm: [|[M||, =||M|| =41 (M).

3. Schatten:
a. Nuclear norm of M, here defined as the sum of the eigenvalues of M: M|, =3, 4(M).

We denote the rank of M as rk(M) and the sparsity pattern of M as sgn(M), where sgn(M) is a p x p matrix whose ij entry is 1 if M; >0, O if
M;=0, —1 if M;<0. We indicate with diag(M) a diagonal p xp matrix containing only the diagonal of M, and we define the matrix
off_diag(M) =M — diag(M).
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2 | THEORETICAL FRAMEWORK

The aim of this paper is to compare the performance of different estimators of the vector of linear regression coefficients in high dimensions and
to test the validity of a new proposal. The covariance structure of the vector of predictors x is crucial when deciding how to replace the matrix
(X'X)™" in BoLs with a feasible alternative when p=n. From Hoerl and Kennard (1970), we know that ﬂAR,DGE:(X’X-&-kIp)*lX’y, where the
shrinkage term kl, has the effect of reconditioning the eigenvalues of X'X in a way that avoids singularity and guarantees invertibility, although at
the price of a large bias. Instead, the LASSO acts as a variable selector and is thus oriented to identify a restricted set of predictors from the
p input ones, even when in the true model f is not element-wise sparse.

When p is large, it is very likely to have a redundant set of predictors, that is, to have predictor multicollinearity, which inevitably affects the
conditioning properties of the sample covariance matrix of x. As a consequence, it is not unreasonable to postulate for the vector of predictors x

an approximate factor model of the following kind:

X=x+e 4)

where y is the common component of x, that is, y = Bf, with B p x r matrix of factor loadings s.t. BB=1,, and f r x 1 random vector of common
factors s.t. E(f)=0 and E(f) =1, while € is the vector of the so called unique factors of x, that is, a px 1 random vector s.t. E(e)=0 and

V(e)=S", with S* p x p sparse covariance matrix. From these assumptions,
V(x):=Zx =BV(f)B'+V(e)=L* +-5*, (5)

where L* =BB'. In other words, (5) states that the covariance matrix of x, Zx, admits a low rank plus sparse decomposition.

Let us analyse the OLS estimator fq s = (X’X)flx’y: 2)_(16”, where Zx :X,;—X is the sample covariance matrix of x and é6xy is the vector of
sample covariances between the response variable y and the predictors x1,x2,...,Xp. In order to obtain a computable estimator when p 2n, RIDGE
regression replaces X'X by the matrix X'X +klp, k >0, in ﬁOLs- This plug-in process has the effect of reconditioning the eigenvalues of X'X, thus
producing a computable and very stable estimator of j, at the price of introducing a systematic bias in the estimate, also due to the inversion of
the matrix X’X+klp. For this reason, the need arises to study an alternative estimator of Xy able to limit this inevitable estimation bias, while
reconditioning 2x, which is not positive definite when p = n.

For this purpose, we propose to exploit the low rank plus sparse structure of Zx displayed in (5). In particular, since we have assumed the

covariance matrix of x to be low rank plus sparse, we can approach the estimation of Zx by solving the following problem:

min 112 — (L+8)|¢ +yrk(L) +plISllo, (6)
LS e RP*P

where y and p are threshold parameters. Unfortunately, this approach is not feasible, because the composite penalty yrk(L) +p[|S||y is nonconvex,

so that problem (6) is NP-hard. A possible way to overcome this drawback is by solving the following problem

Lmin_[1Sx = (L+S)lle +y Ll +plSll, (7)
,S €R!

since it has been proved that ||L|| , is the tightest convex relaxation of rk(L) and ||S||; is the tightest convex relaxation of ||S||, (see Fazel, 2002).
Problem (7) is thus nonsmooth but convex, which means it is solvable in polynomial time.

The pair of estimators (L,S) =argmin s c gew £(L,S) +P(L,S), where £(L,S)=[I£x — (L+S)||r and P(L,S) =w||L||, +p||S||; are called ALCE
(ALgebraic Covariance Estimator, Farné & Montanari, 2020). We denote the pair of ALCE estimators as (LA,SA), and the overall ALCE covariance

estimator as $4 = La + Sp. (I:A,gA) has been proved to be both algebraically and parametrically consistent, in the following sense.

Definition 1. A pair of symmetric matrices (L,S) with L,S € RP*P is an algebraically consistent estimate of the low rank plus sparse
decomposition (5) for the covariance matrix Zx if the following conditions hold:

(i) the low rank estimate L is positive semidefinite with rank rk(L) =rk(L* ) =r;
(i) the residual estimate S is positive definite with the true sparsity pattern sgn(S) =sgn(S*);

(iii) T=L+Sis positive definite.

Parametric consistency holds if the pair (L,S) is close to (L*,S™) in some norm with probability approaching 1.
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Definition 2. A pair of symmetric matrices (L,S) with L,S € RP*P is a parametrically consistent estimate of the low rank plus sparse
IL=L" 1, [IS=S" Il
T 5 To

decomposition (5) for the covariance matrix 2 if the norm g, = max( ) with y € R", converges to O with probability

approaching 1.

Parametric consistency is a usual property in statistical analysis, while algebraic consistency is a typical feature of this approach. The word
‘AlLgebraic’ in the ALCE acronym follows from the need to control the degree of transversality of the following algebraic manifolds:

£(r)={LIL>=0,L=UDU,U € R*",U'U=1,,D € R™"diagonal}, (8)

S(s) ={S € RP*P|S>0,|supp(S)| s s}, ©)

where L(r) is the variety of matrices with at most rank r and S(s) is the variety of (element-wise) sparse matrices with at most s nonzero elements.
The two varieties £(r) and S(s) can be disentangled if L* € L(r) is far from being sparse and S € S(s) is far from being low rank. It follows the

need to impose them to be close to orthogonality, which is enforced by bounding the following rank-sparsity measures:

TL7))=  max L, (10)

S LeTUL*) L, <1

HQ(S™)) IISll., (11)

= max
ScQ(s*), 5] <1

where T(L*) and Q(S*) are the tangent spaces to £(r) and S(s), respectively. Further, the algebraic and parametric consistency of (La,S5a)
requires to control the magnitude of the eigenvalues of L*, the sparsity pattern of S*, the smallest eigenvalue of L* and the minimum absolute
nonzero element in S* with respect to £(7(L*)) and x(©(S™)). The latent random processes f and e are imposed to be independent and identi-
cally distributed, with sub-Gaussian tails. We stress that the r eigenvalues of L* are imposed to scale to y,p*, withy, >0 and a e (% 1}, which cor-
responds to allowing for weak factors in (4) and that the sparsity pattern of S is controlled by imposing ||S* lloy < 7sp%, with ys>0and s € [O, %]
which corresponds to limit the cumulation of residual covariances in a specific row. We refer to Farné and Montanari (2020) for more technical
details.

In this paper, we focus on the ALCE estimator of the regression coefficient (ALCE-reg), defined as /?ALCE:E,Zlfrxy. Following Farne and
Montanari (2020), we also perform the unshrinkage of estimated latent eigenvalues, as this operation improves the sample total loss as much as
possible in the finite sample. Once we set iy = rk(I:A) and we define the spectral decomposition of iA as I:A = lAJAIADAU;, with UA p x Fa matrix such
that U;UA =I;, and D #a % Fa diagonal matrix, we can get the UNALCE (UNshrunk ALCE) estimates as follows:

Ly =Ua(Da +yi)U,, (12)
diag(Sy) = diag(£a) — diag(Ly), (13)
off_diag(éu) = off_diag(éA), (14)

where y >0 is any chosen eigenvalue threshold parameter. Importantly, it can be proved (Farne & Montanari, 2020) that it holds

o ) 1.
(LU,SU):arg “min 28— (L+S)], (15)
L€ L(7),S € Suag 2

where
L(Fa) = {L|L= 0,L=U,DU),,D € R™"diagonal}, (16)

Sd;ag = {S e RP*P|diag(L) + diag(S) = diag(Za),

; . (17)
off_diag(S) = off_diag(Sa),Le L(fa)}.
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For each threshold pair (y,p), we can finally compute the overall UNALCE estimate Sy= I:u+§U and derive the UNALCE estimator of the

regression coefficient (UNALCE-reg) as Synace = ialﬁxy.

3 | ESTIMATION FRAMEWORK
We set the standard linear regression model

y=XpB+e¢, (18)
where ¢, the residual vector, is assumed to be distributed as MVN(0,421,) and uncorrelated with the p x 1 vector of predictors x. First, we consider

the OLS coefficient estimator ﬁou:i;lé'xy. We know that VAR(/?OLS):#(X'X)%. We write the sum of squared errors
12, = (Bois— B) (Bows — ). We know from Hoerl and Kennard (1970) that E(LéLs):oztr[(X’X)_l], which leads to E(3y,sfors) =Ff+

oztr[(X’X)fi] and that V(L3,5)= 2a4tr[(X’X)72]. Following Hoerl and Kennard (1970), we also ?et that E(L3.5) =062 Zf:iw%xj and
V(LéLS) =204 ]‘E’:l # whose lower bounds are - ("’1;) and % respectively. Similarly, we know that f, s is obtained by minimizing the sum
(N “Ap . Ap(nZEx

of squares ¢(8) = (y — X ) (y — Xp). For a generic estimator 3, we thus know that

. . . oy L.

#(B) = (y = Xpos) (Y = Xpors) + (6 — Pors) XX (B — Povs)- (19)

When p = n, however, (X’X)f1 does not exist, so that [3’0L5 is unfeasible. Moreover, when p is large, due to the Marcenko-Pastur law

(Marenko & Pastur, 1967), it is likely that 4,(nEx) is really small, thus making E(L3,5) and V(L3,) explode. Therefore, the need to recondition the

eigenvalues of 3 rises, in order to limit the expected sum of squared errors and its variance. For this reason, first, we construct an alternative
estimator of the coefficient vector with this aim, and second, we compare its statistical properties with the OLS and the RIDGE ones.

Let us consider the ALCE-reg estimator ﬁALCE(w,p):i;\l(w,p)&Xy, where the dependence on the threshold pair (y,p) is made explicit.
Suppose that (5) holds. We note that solving the following problem

(Lawr) Salyp)) =arg_min_ Sk~ (L+ )l +wLl, +7ISl) (20)

is equivalent to solve the problem

(Latwip) Satwp)) =arg, min_[[Sx—(L+9)]); (21)

subject to ||L||, < ¢, and ||S||, < ¢, for some ¢,,,, > 0. Then, we can write Sa(w.p) = La(w.p) +Sa(w.p).

Theorem 1. Suppose that 1,(Zx) = O(1). Under all the assumptions and conditions of Theorem 1 in Farné and Montanari (2020), there
~—1 _
122" (w0) = Zx*l2 < ¢a Io% -1

exists a positive {5 such that for all p €N as n — oo, P <ﬁ

In light of Theorem 1 (proof reported in Section S1), the definition of S cr(w.p) is thus well-posed. In practice, the ALCE solution pair
(LA(w,p),ﬁA(y/,p)) is computed by the algorithm in Section S2. At this stage, we need to decide how to optimally select the thresholds y and p.
We select them under a validation set scheme, that is, by selecting the pair (y,q,pa) =argminy c 5, c o (Y — XﬁALCE(y/,p))/(y— XBaice(w.p)), where,
@, the vector of candidate eigenvalue thresholds, y, is composed by multiples of %, and o= ¢/./p. It is worth stressing that here, differently from
Farné and Montanari (2020), the tuning parameters y and p are chosen in order to optimize ﬁlA(w,p) taking the linear dependence between X and
y into account. In the same way, we derive [unace(WvarPva) =0 Warpuar)oxy: Where Su(anpuar) = LuWyapva) + S0 (Wanpuar) With
Lu (e Pva) and Su(wyapval) cOmputed as in (12), (13) and (14).

Under all the assumptions and conditions of Theorem 1 in Farné and Montanari (2020), 4 (w,p) is both algebraically and parametrically
consistent, in the sense of Definitions 1 and 2, respectively. Under the same conditions, A.7 in Farné and Montanari (2020) ensures that 2 is also
parametrically consistent wrt Zx in spectral norm. Moreover, imposing 4,(Zx) =O(1), the same rate also holds for its inverse, although the strict

requirement p <n is needed.

Theorem 2. Suppose that ,(2x) =O(1) and p <n. Under all the assumptions and conditions of Theorem 1 in Farné and Montanari
(2020), there exists a positive {x such that, for all p €N as n — o, P(p—ﬁ”ﬁ;l — =, = ¢x "’%) —1.
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Then, it is possible to prove that, provided that Theorem 1 in Farné and Montanari (2020) holds, iA(y/,p) is the estimate with the most

concentrated possible eigenvalues around the true ones among the estimators X =L+S, under the constraints L], <¢, and [|S||; < ¢,.

Theorem 3. Let us define s, =tr(x)/p. Under the assumptions of Theorem 1 in Farné and Montanari (2020), once fixed Ex, the

following statement holds for all p € N as n — co:

(L) 3utup)) =arg, min, 2[5 (4(L+9) s,

LScRPp

under the constraints |[L|| ., <, and ||S||; < ,.

Theorem 3, proved in Section S1, is a guarantee that ﬁA(y/,p) presents the best possible conditioning properties under the constraints
ILll, <&, and [|S||; < ¢,, forallpeN asn— co.

Let us consider L3 ce = (Baice — ) (Bace — )- It naturally holds E(L%c¢) = o? lem and V(Lce) = 20" inﬁ’ whose lower
i il jlzA(y,p
bounds are —2 and —2¢ -, respectively. It follows that, when p 2 n, or p is large, ALCE-reg solution provides a clear improvement over
Ap(Za(yop)) Ip(Ea(w,p))

OLS, due to the maximum eigenvalue concentration property of Theorem 3. Also, recalling Corollary 5 in Farné and Montanari (2020), we learn
that UNALCE has more stringent requirements for positive definiteness compared with ALCE, such that 4,(Zu(Wyanfvar)) < Ao (Za WyanPvar)) bY
construction. Therefore, although UNALCE is also improving considerably the explosive value of LéLS, it is nonetheless expected to perform worse
than ALCE, because it is systematically closer to nonpositive definiteness on average.

We now formally compare the performance of 4 ¢ to the one of o5 and Bripge. Let us define g :¥+§Ip. We can alternatively define
RIDGE estimator as fgpge = iglﬁxy. Then, (4.6) in Hoerl and Kennard (1970) shows that E(L3pc) = 7R (k) + 73 (k), where 7R (k) = 62 f:i%
is the variance of g, and y5(k) :kzﬂ’(nﬁ‘.R)_2/)’ is the squared bias of fgpge. In Hoerl and Kennard (1970), the authors claim that there aIXways

exists a value of k such that the overall sum of squared errors L3 is lower than L2 . Comparing L2 to L3, since the variance of

. . P
ﬂALCE (Wvulvpval)v %(anl’pval)v can be written as J/? (anlﬂpvul) = E(LALCE) = 62 Zlem

73 (WyaPvar) = O under the conditions of Theorem 1, we first learn that E(L% ) can be much lower than E(L2,¢) when p is large, due to Theorem

, because the expected squared bias of fyc¢ is

3, and, second, that it will be harder to find a value of k ensuring that E(L25¢) < E(L3,¢), because YA Wyanpvar) < 7S for the maximum eigenvalue
concentration property of Theorem 3.

We can state the following corollary (proved in Section S1) on the error rate of f,;c-

Corollary 1. Under the conditions of Theorem 1, for some positive ¢, it holds ﬁ”EAH ¢y %8 b with probability approaching 1, for all

n

peNasn— oo.

Corollary 1 provides the error rate of /?ALCE, which is related to the spikiness degree of the eigenvalues of L* and the sparsity degree of S*.
When a=1 and §=0 (like in Fan et al., 2013), which corresponds to the case of pervasive latent factors and negligible residual sparsity, the
rescaling term pT{g boils down to %.

Let us finally analyse and compare in detail the estimation errors of the three methods. We define the estimation error matrices E,, Eg, Ep as

=1, _ =1, _ &1, _ . . .
EA = ZA oxy — 2)(10')(Yy ER = ZR oxy — leo'xy, Eo = ZX OoXy — indxy, respectlvely. First, we can write

HEAH*HERH:O<%>*O<3{;+;>‘ (22)

because 3 = Uy (ﬁx +§Ip) U;(, with $x = UXIADXU;(. Therefore, the comparison as k varies will also depend on the value of n. If n is not that large,
it may be the case that ||[Ea|| — ||Er|| <O, also because ||Egr|| becomes larger and larger after a certain value of k, due to the increasing estimation
bias (see Figure 1 in Hoerl & Kennard, 1970). It follows that, if p is large and n is not, ALCE may overcome RIDGE due to the excessive bias in the
RIDGE estimate, provided that Theorem 3 holds.

The difference ||Ea|| — ||Eo|| will intrinsically depend on the p/n ratio. When p/n is not smaller than 1, OLS is not feasible. When p/n is slightly
below 1, the expected sum of squared errors is such that ALCE is going to prevail, because they are both asymptotically unbiassed, but
Y4 (Wvanpval) < 75 Moreover, a high sparsity degree in the residual covariance component S* will also certainly favour ALCE, because it leads to
even better conditioned covariance matrix estimates. When p is reasonably small and n is large, instead, the situation will be drastically different,
with OLS likely to prevail.

Concerning prediction error, we stress that the optimal threshold pair (4, ,4/) is specifically chosen by minimizing ¢(f.ce(w.p)) in a valida-

tion set. Similarly, in practice, the penalization parameter k is chosen by minimizing ¢(fgpce(k)) under a cross-validation scheme. Theoretically
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speaking, it is thus enough to note that ¢(Bace(w.p)) = |IXEall, ¢(Brioce(k)) = IXEr|l, #(Bors) = |[XEo||, to claim that the properties of regression
coefficient estimators are directly transmitted to the predictions based on estimated coefficients.

4 | SIMULATION STUDY
4.1 | Data generation

In this section, we describe the simulation study carried out to explore the performance of different estimators of a high-dimensional regression

coefficient vector. We set the regression model fori=1,...,n:
Yi=Xp+ei (23)

where we draw f;~N(10,1),j=1,...,p. The data vector x; is generated in order to have a covariance matrix Zx respecting (5), which is a typical
situation in a real high-dimensional setting. For this purpose, we set x; =Bf;+¢;, where f;~MVN(0,l,), B is a semi-orthogonal p x r matrix
such that tr(BB')=6,0=0.8, and ¢ ~MVN(0,S*), where S* is element-wise sparse positive definite such that tr(S*)=1-6. We set
& ~MVN(0,62(n,SNR)), with 6%(n,SNR) :ﬁ’s)z’;f,SNR =10.

The key simulation parameters are as follows: the dimension p and the sample size n; the rank r and 9, the variance proportion of Zx explained

by L*; the number of off-diagonal nonzeros s in the sparse component S*; the percentage of nonzeros zs- over the number of off-diagonal
— M),
T (X)

Table 1 describes the scenarios used to test estimation performance. We set three values of p, that is, p = 100,250,500, and two values of n,

elements; the percentage of the (absolute) residual covariance gs- ; the condition number of Zx, c(Zx) N =100 replicates for each setting.

that is, n = 100,250. Apart from Scenario 1, which is a classical p < n scenario, all the other scenarios present a p = n situation, where the OLS esti-
mator /?OLS = (X’X)71X’y does not exist, because Sx is not positive definite. Under all scenarios, Sx follows a low rank plus sparse decomposition
of type (5), where the nonzero elements of S* are extremely small (gg- close to 0). The proportion of residual nonzeros 7 is really similar across
scenarios and close to 2.5%. The condition number of Zx increases as p increases.

4.2 | Performance metrics

For each scenario, we calculate ﬁOLs = (X’X)71X’y, and ﬁPOET = i,;éET&xy, where Spoer is derived by POET as in Fan et al. (2013), with the sparsity
threshold selected by cross-validation. Then, we derive Ba ce(Wyapva) by the algorithm in Section S2, Bunaice (WyanPvar) s in (12), (13), (14), and
we compute Sripge_min aNd Biasso_min, Which are, respectively, the RIDGE/LASSO estimate with k =kmi,, that is, the value of k returning the
minimum cross-validated mean square error of predictions.

On each replicate t=1,...,N of model (23), we calculate the estimates Si= I:t +§t, obtained by ALCE, UNALCE and POET and the
f@ We focus on the estimated coefficient

Matrix 2g min =2 (X'X+Kpinlp). We derive the two following metrics: Losss = || — Zx|| and ¢(Zt) =3 &
N P
vector f via all considered methods, that is, OLS, POET, ALCE, UNALCE, RIDGE and LASSO. Then, we measure their estimation performance as
follows: M(B)=%>t 14, and b;=M(B)—p; VARt‘/;:(ﬁth(ﬂA))z; MSEty/;:(ﬁtfﬁ)z. We generate for each replicate t* =1,..,N one test
observation, (X¢+,y;+), from model (23), we calculate the prediction y;- :,B/Xp , and we derive the prediction mean square error
erry = Z?j 1Vt — Ve )2~
Finally, we obtain the following overall performance metrics:

e by :Avg{b/;}

. ;
=1...p

TABLE 1  Scenarios 1-6: key parameters.

p n p/n SNR r s 0 Ps+ c(Zx)
Scenario 1 100 250 0.4 10 2 256 0.8 4.01E-05 59.82
Scenario 2 100 100 1 10 2 256 0.8 4.01E-05 59.82
Scenario 3 250 250 1 10 5 1563 0.8 6.39E-05 89.97
Scenario 4 250 100 25 10 5 1563 0.8 6.39E-05 89.97
Scenario 5 500 250 2 10 10 6372 0.8 9.35E-05 116.77
Scenario 6 500 100 5 10 10 6372 0.8 9.35E-05 116.77
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. RKA\SEM:Avg{ NIDLAMSE )

where BM,S/I\DM and RI\//EEM are the average bias, standard deviation and root mean square error across all the coefficients, respectively. Two
more performance metrics are then derived by just averaging over the N replicates: Losss = M(Losss ), ¢(2)y = M(c(%)).

4.3 | Simulation results

Here, we report the simulation results about coefficient estimation and prediction performance. For the results on the performance of low rank
and sparse component estimates, we refer to Section S3.

We start by the analysis of Scenario 1, which is the most favourable to OLS. In Table 2, we report the error metrics relative to the overall
covariance matrix estimates and the regression coefficients. We can note that OLS is by far the best method to estimate f in this case. LASSO is
the second best, due to a very limited variance. Note that LASSO does not estimate any zero coefficient in this case. RIDGE is not doing so well,
due to a strong bias. Then, we note that UNALCE, ALCE and POET, that is, the methods based on a low rank plus sparse assumption, work poorly
in this case. This happens because, in a n > p case, the unnecessary variance introduced by estimation mechanisms involving thresholding proce-
dures leads to too variable estimates. This is also reflected in the prediction performance.

Concerning Scenario 2, Table 3 shows that OLS cannot be computed when p > n. RIDGE regression is extremely biassed. UNALCE performs
better than the competitors in terms of covariance loss but worse in terms of coefficient estimates. ALCE offers the best compromise between
bias and variance in coefficient estimation, apart from LASSO, which anyway reports an average percentage of zero coefficients equal to 27.75%.
Focusing on prediction performance, we note that LASSO is the best in this case, followed by RIDGE and ALCE.

Analysing the performance in Scenario 3, we can observe in Table 4 that ALCE is able to overcome in the RMSE even LASSO, which presents
an average of 25.71% zero coefficients in the estimated g. Concerning prediction error, ALCE comes first while UNALCE comes second in this
case. POET performs instead very badly, due to its excessive variability, coming from bad conditioning properties. In contrast, RIDGE covariance

estimate is too regularized and therefore very biassed.

TABLE 2 Scenario 1: Performance metrics on covariance matrix and regression coefficient estimates.

oLs POET ALCE UNALCE RIDGE LASSO
Losss 0.1275 0.0288 0.0240 0.1041 0.0249
cE)y 50.3784 50.5221 47703 335.3218 3.2322
bry 0.0329 ~1.0325 -1.9723 —0.4451 —20337 -0.0649
Dy 2.0002 10.6623 5.2994 6.3342 1.8812 2.0282
RMSEy 2.0084 10.7909 5.6985 6.3880 2.7806 2.0371
err, 1.5249 50667 29282 3.2580 1.6926 1.5501

Abbreviations: ALCE, ALgebraic Covariance Estimator; LASSO, least absolute shrinkage and selection operator; OLS, ordinary least square; POET, principal
orthogonal complement thresholding; UNALCE, UNshrunk ALCE.

TABLE 3 Scenario 2: Performance metrics on covariance matrix and regression coefficient estimates.

oLs POET ALCE UNALCE RIDGE LASSO
Losss 0.1744 0.1782 0.1660 0.3258
cE) 85.3694 54.5152 68.1953 5.4656
by ~1.0325 ~2.1540 ~0.5621 ~9.3732 —4.2476
Dy 10.6623 8.3666 10.1546 0.5867 6.1503
RMSE 10.7909 8.7133 10.2351 9.4786 7.4959
err, 5.0667 4.2558 4.8431 3.9065 3.5836

Abbreviations: ALCE, ALgebraic Covariance Estimator; LASSO, least absolute shrinkage and selection operator; OLS, ordinary least square; POET, principal
orthogonal complement thresholding; UNALCE, UNshrunk ALCE.
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TABLE 4 Scenario 3: Performance metrics on covariance matrix and regression coefficient estimates.

oLs POET ALCE UNALCE RIDGE LASSO
Losss 0.0901 0.1444 0.1142 0.6875
)y 110.8359 51.4028 71.1490 2.5419
bry —0.7465 —4.7092 ~2.8010 —9.4508 —4.2132
Dy 10.5739 55576 7.6022 0.5517 6.0189
RMSEy 10.6538 7.3308 8.1497 9.5235 7.3738
err, 4.6145 3.5863 3.6945 45236 3.8776

Abbreviations: ALCE, ALgebraic Covariance Estimator; LASSO, least absolute shrinkage and selection operator; OLS, ordinary least square; POET, principal
orthogonal complement thresholding; UNALCE, UNshrunk ALCE.

TABLE 5 Scenario 4: Performance metrics on covariance matrix and regression coefficient estimates.

oLs POET ALCE UNALCE RIDGE LASSO
Losss 0.1464 0.1879 0.1600 0.3518
)y 211.5288 59.4695 85.1038 3.8387
by -3.2978 —4.7464 —2.7805 ~9.5795 —8.7588
Dy 18.2251 9.0520 12.5209 0.6903 3.9818
RMSEn 18.6312 10.3005 12.9046 9.6712 9.9294
err, 8.5758 50294 6.5145 4.8290 5.1829

Abbreviations: ALCE, ALgebraic Covariance Estimator; LASSO, least absolute shrinkage and selection operator; OLS, ordinary least square; POET, principal
orthogonal complement thresholding; UNALCE, UNshrunk ALCE.

TABLE 6 Scenario 5: Performance metrics on covariance matrix and regression coefficient estimates.

oLs POET ALCE UNALCE RIDGE LASSO
Lossy 0.0824 0.1232 0.0987 0.1529
cE) 223.6059 59.8279 85.3687 6.0234
Brg —3.9754 —5.6329 —4.0860 —9.4855 —8.2014
Dy 15.5912 6.6111 8.9797 0.6941 4.6687
RMSE,, 16.1936 8.7460 9.9287 9.5737 9.6415
err, 7.3630 4.3897 4.7376 4.3087 4.2394

Abbreviations: ALCE, ALgebraic Covariance Estimator; LASSO, least absolute shrinkage and selection operator; OLS, ordinary least square; POET, principal
orthogonal complement thresholding; UNALCE, UNshrunk ALCE.

In Table 5, we observe that under Scenario 4 RIDGE and LASSO are prevailing in the RMSE, but ALCE is really close and is the second best
(behind RIDGE) in the prediction error. On the contrary, UNALCE and (even more) POET lie far. This occurs because a more biassed estimate of
Tx, but with a lower condition number, results to be more effective for estimating 5. We stress however the extreme bias of RIDGE and that
LASSO in this case produces an average of 83.8% zero coefficients.

Table 6 shows that, under Scenario 5, POET is completely out of target for coefficient estimation, while ALCE is prevailing in the RMSE
against RIDGE and LASSO by a good margin, showing the best balance between bias and variance. Concerning prediction error, ALCE, RIDGE and
LASSO are really close, although LASSO presents 76.23% zero coefficients on average. It is remarkable that, when comparing the median squared
prediction error, ALCE is prevailing over all the competitors. This means that, when p is large, the larger variance of ALCE and UNALCE coeffi-
cients compared with RIDGE and LASSO may occasionally impact on prediction error, while preserving the goodness of systematic performance.

In the end, concerning Scenario 6, Table 7 shows that the variance of ALCE explodes, in a way that awards RIDGE and LASSO in the RMSE.
The gap with RIDGE/LASSO is particularly important in the prediction error, although we must note that 93.95% of coefficients are estimated as
zero by LASSO. All in all, the ratio p/n is too large in this case to ensure the effectiveness of Theorems 1 and 3.
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TABLE 7 Scenario 6: Performance metrics on covariance matrix and regression coefficient estimates.

OoLs POET ALCE UNALCE RIDGE LASSO
Lossy 0.1385 0.1587 0.1475 0.5606
cE)y 1877789 70.5391 102.8426 2.8386
b 8.5758 —5.6909 —4.0805 —9.6669 —9.5867
SDu —3.2978 10.9784 15.2220 0.7840 2.6333
RMSEp 18.2251 12.4715 15.8731 9.7615 10.1526
erry 18.6312 9.0990 11.1340 4.6971 4.9583

Abbreviations: ALCE, ALgebraic Covariance Estimator; LASSO, least absolute shrinkage and selection operator; OLS, ordinary least square; POET, principal
orthogonal complement thresholding; UNALCE, UNshrunk ALCE.

5 | CONCLUSIONS

In this paper, we have proposed a new estimator of a high-dimensional regression coefficient vector, named ALCE-reg, based on estimating the
covariance matrix of the predictors by nuclear norm plus I; norm penalization under the low rank plus sparse structure assumption. We have
shown that, theoretically speaking, ALCE-reg may improve over RIDGE/LASSO when both p and n are large (allowing for p 2 n), because of a
systematically much lower bias. The new method also relevantly outperforms OLS, which is unfeasible if p 2 n or very unstable when p is large.

A wide simulation study shows that adopting for threshold selection a tailored method which targets prediction error turns out to be an
advantage for full regression coefficient vector estimation in high dimensions. Another relevant finding is that a relatively biassed covariance
matrix estimate with a low condition number performs better in terms of regression coefficient estimation than a good covariance matrix estimate
with a systematically worse conditioning. Additionally, when p/n is slightly smaller or larger than 1, ALCE-reg also systematically improves the
prediction error.

In light of these findings, we have discovered that ALCE-reg represents a good compromise between methods like OLS and POET, too much
affected by sample eigenvalues, which results in a large estimation variance, and RIDGE/LASSO, characterized by large estimation bias. ALCE-reg
is particularly effective compared with competitors when both p and n are large, and the ratio p/n is not too far from 1. In the future, it will be
interesting to conduct further experiments under different coefficient or covariance structures and to add to simulation study competitors based

on direct eigenvalue shrinkage.
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