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A B S T R A C T   

The prediction of the solubility of gasses in semi-crystalline polymers is still a challenging task due to the dif-
ficulty in providing a comprehensive description of the morphological and mechanical perturbation felt by the 
amorphous phase intercalated with the impermeable crystal domains. Among the different modeling techniques, 
a frequently adopted strategy models the reduced solubility experienced by the confined amorphous phase via an 
additional pressure to the external gas pressure acting on the latter, the so-called constraint pressure ‘pc’. The 
work presented here is dedicated to a newly developed multi-scale modeling strategy, belonging to the afore-
mentioned category, that innovatively couples Molecular Dynamics simulations with Lattice Fluid theory. The 
model was applied to carbon dioxide, ethylene, and propane solubility isotherms in High-Density Polyethylene, 
and validated against experimental literature data, confirming its ability to model the solubility in semi- 
crystalline polymers. In addition, it showed good accordance with a fully macroscopic model already present 
in the literature. The successful multi-scale coupling presented here paves the way for the development of a fully 
predictive modeling strategy.   

1. Introduction 

In the last decades, polymers have acted as main characters in a wide 
array of applications, ranging from common usage to high-performance 
services. Although several classifications of such materials exist, a 
noticeable one relies on their morphology, which is deeply related to key 
macroscopic features. Semi-crystalline polymers, in this regard, are bi- 
phasic materials that, instead of having a fully random coil chains ar-
chitecture, as pure amorphous polymers, incorporate ordered domains 
called crystallites. Upon cooling from the melt, once the degree of 
supercooling overcomes the crystal nuclei-amorphous interfacial free 
energy, a part of the randomly distributed chains begins to self-fold and 
align forming lamellar structures. After nucleation, according to the 
applied stress tensor and temperature time and space gradients, groups 
of lamellae developing from distinct nucleation centers build up into a 
series of complex crystalline domains differing in amount, dimension, 

and shape [1–3]. At the end of the crystallization, the residual uncrys-
tallized molten mass remains in the amorphous state. Nevertheless, tight 
intercalation with the crystal phase is guaranteed by an articulated 
population of chains that is continuously flowing across the interface, 
providing the material with a unique topology as depicted in Fig. 1. 

The existence of the crystal phase is responsible for outstanding 
features. The intermolecular interactions holding adjacent chains 
packed in the lamellae provide them with enhanced ability to withstand 
stresses, hence limiting the matrix deformation, also in the amorphous 
domains [4–6]. In addition, tie chains and entanglements improve me-
chanical resistance by acting as stress transmitters between the con-
nected crystal domains. Moreover, the semi-crystalline morphology 
provides excellent gas barrier properties [7–12]. The Permeability 
across dense materials, according to the solution-diffusion model [13], is 
the product of the Solubility and Diffusivity coefficients, which are both 
strongly affected by the presence of the crystallites. Compared to a 
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wholly amorphous polymer volume, the experimental solubility of the 
semi-crystalline materials is drastically reduced, primarily because the 
crystal phase does not adsorb. On top of that, the amorphous phase 
fraction itself generally shows a lower fluid solubility compared to the 
wholly amorphous one; that is conventionally ascribed to the interaction 
with the crystal phase, that alters the morphological and volumetric 
properties of the amorphous region [14–18]. 

At the same time, the diffusion coefficient is decreased in reason of 
the tortuosity generated by the impermeable crystal domains; never-
theless, the reduced amorphous free volume and chain mobility also 
represent a non-negligible contribution [19–23]. 

Many authors have addressed the topic of fluid solubility in semi- 
crystalline polymers and developed different modeling techniques 
[24], but there is still the need to improve their predictive power and 
transferability. The strategies present in the literature rely on a fully 
amorphous phase model in which the crystal-induced perturbation is 
taken into account from different perspectives. 

A class of models considers the fraction of elastically effective chains 
‘f’ (active tie-chains) to be responsible for the reduced swelling of the 
amorphous matrix, hence introducing an additional elastic term to the 
Equation of State (EoS) chemical potential that is a function of f, which is 
treated as a model adjustable parameter [18,25,26]. 

Another relevant class of models, instead, embodies the overall 
crystal effect on a fictitious constraint pressure ‘pc’, that is added to the 
gas pressure acting on the polymer phase. In this framework, Memari 
et al., relying on a fully amorphous molecular structure, modeled the 
solubility of gasses in polyethylene below the melting temperature by 
adding such a constraint pressure parameter and fitting it to match the 
Monte Carlo simulated solubility with the experimental reference [27, 
28]. Some years later, Minelli et al. transferred the concept of the 
additional constraint pressure at a fully macroscopic level (Lattice Fluid 
theory [29]) by introducing the latter as an adjustable parameter in the 
Sanchez-Lacombe EoS [30]. More recently, Fischlschweiger et al. aimed 
at boosting the predictive ability of the strategy by deriving an expres-
sion for the constraint pressure that was directly linked with the EoS 
specific volume through the material elastic constants and the mass 
degree of crystallinity [31]. A detailed explanation of the different 
available modeling techniques can be found in our previous review 
article dedicated to the topic [24]. 

Following these considerations, the present work introduces a 
modeling strategy belonging to the category of ‘additional constraint 
pressure (pc)’ models, which aims at improving the precision and flex-
ibility of previous models through the adoption of a multi-scale 
approach. From this point of view, because of the adopted atomistic 
and macroscopic coupling, the present model figures as a hybrid version 

of those proposed by Memari et al. and Minelli et al. The choice of using 
a multi-scale strategy came from the idea of exploiting the in-depth 
depiction provided by the atomistic description of gas-polymer sys-
tems without the load of time-consuming phase equilibrium simulations, 
which is delegated to the fast response of the thermodynamic model. 

2. Modeling 

2.1. Molecular modeling 

High-density polyethylene (HDPE) amorphous phase molecular 
structure was represented with three all-atom linear chains having 443 
monomers each (Mw = 12,406 g/mol), leading to a total number of 7980 
atoms . The choice for such a simplified molecular model will be 
extensively addressed in Section 3.1. 

The chains were inserted simultaneously with the Amorphous 
Builder tool of the Materials and Processes Simulations (MAPS) software 
by Scienomics accounting for non-bonded interactions. The initial 
simulation cubic box edge was 42.6 Å. Both the polymer and penetrant 
molecules (carbon dioxide, ethylene, and propane) bonded and non- 
bonded interactions were modeled with PCFF, a class II force field 
[32] provided by LAMMPS [33]. A graphical representation of all the 
potential energy contributions accounted for in the force field functional 
form is schematically reported in Table S1 in the Supporting Information. 
Intramolecular interactions potential expressions comprise a quartic 
polynomial for each bond stretching (Eq. (1)) and angle bending (Eq. 
(2)) and a three-term Fourier expansion for dihedral angles torsional 
contributions (Eq. (3)). Out-of-plane angles are computed according to 
Wilson [34] (Eq. (4)). 

UBonds =
∑NBonds

i=1
bi,2
(
r − r0,i

)2
+ bi,3

(
r − r0,i

)3
+ bi,4

(
r − r0,i

)4 (1)  

UAngles =
∑NAngles

i=1
ai,2
(
Θ − Θ0,i

)2
+ ai,3

(
Θ − Θ0,i

)3
+ ai,4

(
Θ − Θ0,i

)4 (2)  

UTorsion =
∑NTorsion

i=1

∑3

n=1
ki,n
(
1+ cos

(
n Φi − Φ0, i,n

))
(3)  

U Out− of − plane =
∑NWilson

i=1
ki
(
χ − χ0,i

)2 (4) 

Second- and third-order cross-term expressions, quantifying the 
interplay between different contributions, such as Bond-Bond, Bond- 
Angle, Angle-Angle-Torsion, and others were not reported here for the 

Fig. 1. Representation of a semi-crystalline material topology.  
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sake of synthesis. Nonetheless, the complete force field functional form 
and parameters can be found in Refs. [32,35]. 

On the other hand, non-bonded interactions were described using the 
LAMMPS lj/class2/coul/long pair style. The functional expression 
describing the Van de Waals interactions, together with its parameters, 
is chosen at the force field parametrization stage, and since it proved to 
be accurate for the aims of the present work, it was not changed from its 
original formulation. A 9–6 Lennard Jones pair potential expression 
therefore quantified the dispersion interactions (Eq. (5)) with a sixth- 
power mixing rule (Eq. (6)) and a cutoff distance rc of 12 Å. 

ULJ =
1
2
∑NAtoms

i,j=1
εij

[

2
(

σij

rij

)9

− 3
(

σij

rij

)6
]

rij < rc (5)  

σij =

(
σ6

i + σ6
j

2

)1
6

εij =
2 ̅̅̅̅̅̅̅εiεj
√ σ3

i σ3
j

σ6
i + σ6

j

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(6)  

where εij and σij represent, respectively, the depth of the potential well 
and the distance at which the potential is zero, while rij is the distance 
between atom i and j. 

Electrostatic interactions were described with Coulomb’s law (Eq. 
(7)) for distances within the cutoff, whereas long-range interactions 
were computed in k-space using a particle-particle-mesh solver [36]. 

UElect =
1
2
∑NAtoms

i,j=1

Cqiqj

εrij
rij < rc (7)  

where the C term is an energy-conversion constant, qi and qj are the 
charges on the two atoms, and ε is the dielectric constant. A collection of 
PCFF force field parameters used for non-bonded interactions is reported 
in Table 1. End-chain and middle-chain carbon atoms are indicated as 
‘C3’ and ‘C2’ respectively. 

2.1.1. Simulation details 
Molecular Dynamics (MD) simulations were performed to obtain 

pressure-volume-temperature data of molten amorphous HDPE, both 
pure and in the presence of penetrants. The simulations also provided an 
extrapolation of the theoretical unconfined amorphous system behavior 
below the melting temperature at pressures of 0.1, 40, and 80 MPa. 
Simulations were set up with 3D periodic boundary conditions. The 
initial velocities ensemble was created using a randomly generated 
Gaussian distribution at the specified temperature having zero linear 
and angular momentum. Newton’s equations of motion were integrated 
with a time step of 1 fs while configuration recording was carried out 
every 1000 fs. Simulation temperature and pressure were controlled by a 
Nose-Hoover type thermostat and barostat with a damping factor of 10 

and 150, respectively. Stress tensor diagonal components (hydrostatic 
pressure) were coupled (‘iso’ command) in NPT simulations. 

The amorphous HDPE molecular structure previously defined was 
initially simulated in the NPT ensemble at T1 = 250 ◦C and P = 0.1 MPa 
for 5 ns. After stabilization, the structure was cooled down to ambient 
temperature according to the following simulation path: for i = 1:9  

1) NPT Temperature ramp from Ti to Ti+1, P = 0.1 MPa (200 ps)  
2) NVT at Ti+1 (50 ps)  
3) NPT at Ti+1 and P = 0.1 MPa (750 ps) 

where Ti+1 = Ti – ΔT with ΔT = 25 ◦C. 
Specific Volume versus Temperature data points were obtained by 

averaging simulation outputs at point 3) at each Ti. 
At the same time, to obtain the stabilized configurations at 40 and 80 

MPa and T = 250 ◦C, the simulated structure at T1 = 250 ◦C and P = 0.1 
MPa underwent a secondary simulation pathway that is here reported:  

a) NPT at T = 250 ◦C, Pressure ramp from P = 0.1 MPa to P = 40 MPa, 
(2 ns)  

b) NPT at T = 250 ◦C and P = 40 MPa (5 ns)  
c) NPT at T = 250 ◦C, Pressure ramp from P = 40 MPa to P = 80 MPa, (2 

ns)  
d) NPT at T = 250 ◦C and P = 80 MPa (5 ns) 

The stabilized configurations at the end of step b) and d) were af-
terwards simulated according to the first simulation pathway at the 
relative pressures, as for the case at 0.1 MPa, thus providing us also with 
the PVT data at 40 and 80 MPa. 

Binary mixtures of penetrant in amorphous HDPE were simulated by 
building four initial configurations for each penetrant type, differing for 
the number of penetrant molecules inserted in the matrix, namely: 22, 
35, 70, and 140 (210 for ethylene). Each configuration was stabilized at 
T = 250 ◦C and 0.1 MPa and simulated according to the previously re-
ported pathways, thus allowing us to map the polymer partial density as 
a function of the penetrant mass fraction from 250 ◦C to 25 ◦C in the 
pressure range 0.1–80 MPa for each penetrant 

It is important to stress that, at temperatures below the melting 
point, the simulated pressure in the simulation covers the meaning of an 
overall pressure felt by the matrix, encompassing the gas phase hydro-
static pressure and the fictitious constraint pressure mimicking the 
crystals confinement effect. 

2.2. Thermodynamic modeling 

At the macroscopic level, both the amorphous HDPE and gas mole-
cules were modeled according to the Lattice Fluid theory [37]. In this 
framework, the Sanchez-Lacombe equation of state (EoS) was used for 
the modeling of single compounds pressure-volume-temperature data. 
The Sanchez-Lacombe EoS formalism for a pure compound is synthe-
sized in Table S2 in the Supporting Information. 

Pure CO2 Sanchez-Lacombe EoS parameters (T∗, p∗, ρ∗) were taken 
from Ref. [38], whereas pure HDPE, ethylene, and propane parameters 
were regressed by using a least square minimization approach. HDPE 
and ethylene minimized objective function is the one reported in Eq. (8), 
namely, the sum of the square relative errors of the modeled compound 
specific volume with respect to the experimental one. Experimental 
molten pressure-volume-temperature data in the range 140–270 ◦C and 
0.1–80 MPa were chosen for HDPE from Ref. [39], while gas-phase 
P-V-T data in the range 26.85–176.85 ◦C and 0.1–100 MPa were 
selected for ethylene [40]. Concerning propane, parameters were 
regressed by fitting L-V equilibrium data from [40] using the objective 
function reported in Eq. (9). 

Table 1 
Non-bonded interactions PCFF force field parameters used in this work [32].  

Molecule σ (Å) ε (kcal/mol) q (e) 

HDPE    
C2 3.367 0.062 − 0.1060 
C3 3.367 0.062 − 0.1590 
H 2.514 0.023 0.0530 
Propane    
C2 3.367 0.062 − 0.1060 
C3 3.367 0.062 − 0.1590 
H 2.514 0.023 0.0530 
Ethylene    
C 3.407 0.064 − 0.2536 
H 2.514 0.023 0.1268 
Carbon-dioxide    
C 3.420 0.068 0.8000 
O 2.935 0.067 − 0.4000  
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f (T∗, p∗, ρ∗) =
∑NT

i=1

∑NP

j=1

(
V̂

S− L(
T∗, p∗,ρ∗,Ti,Pj

)
− V̂

exp(
Ti,Pj

)

V̂
exp(

Ti,Pj
)

)2

(8)  

f (T∗, p∗,ρ∗) =
∑NT

i=1

((
V̂

S− L
LS

(
T∗, p∗, ρ∗,Ti,P∗

i

)
− V̂

exp
LS

(
Ti,P∗

i

)

V̂
exp
LS

(
Ti,P∗

i
)

)2

+

(
V̂

S− L
VS

(
T∗, p∗,ρ∗,Ti,P∗

i

)
− V̂

exp
VS

(
Ti,P∗

i

)

V̂
exp
VS

(
Ti,P∗

i
)

)2) (9) 

The Lattice Fluid formalism was employed also for the modeling of 
penetrant–amorphous polymer mixture, allowing to estimate the solu-
bility by equating the chemical potential of the penetrant in the gas 
phase and in the polymer. Binary mixtures phase equilibria according to 
Lattice Fluid theory are reported in Table S3 of the Supporting Informa-
tion. The LF formalism applies to the phase equilibria of a penetrant gas 
in a fully rubbery amorphous matrix; therefore, it can be directly applied 
to model sorption in the molten polymer. Nevertheless, as already 
pointed out, the modeling of the solubility isotherms in the confined 
amorphous phase below the melting point is performed by adding the 
fictitious constraint pressure (pc) to the hydrostatic gas pressure (pi), to 
account for the constraint effect. The term that is essentially modified is 
the penetrant reduced pressure in the amorphous phase: 

p̃i =
pi + pc

p∗
i

(10) 

It is relevant to notice that the reduced pressure explicitly appears in 
the expression of the penetrant chemical potential of the gas in the 
confined amorphous polymer phase. 

To obtain the solubility in the semi-crystalline polymer, ωsc
i , and 

compare it with the experimental values below the melting transition, 
the modelled equilibrium penetrant mass fraction in the constrained 
amorphous phase, ωam

i , needs to be rescaled by means of the mass degree 
of crystallinity (Xc), as follows: 

ωsc
i = ωam

i (1 − Xc) (11) 

The approach described so far represents the fully thermodynamic 
modeling strategy adopted by Minelli et al. [30]. The multi-scale 
modeling strategy here presented follows the same formalism, 
although relying on MD simulation derived P-V-T data of the 
penetrant-polymer mixture instead of describing them according to the 
S-L EoS. 

2.3. Multi-scale modeling 

As anticipated in the previous paragraphs, the multi-scale modeling 

Fig. 2. Multi-scale modeling strategy paradigm: MD simulations + LF theory. 1) Solubility in the molten polymer, kij(T) relationship. 2) Solubility in the semi- 
crystalline polymer, pc parameter. 
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strategy here presented allows the prediction of gas solubility in semi- 
crystalline HDPE by coupling the MD simulated amorphous phase 
density with the Lattice Fluid theory. In particular, the mixture P-V-T 
data were described with MD simulations, thus establishing a key link 
between the atomistic and macroscopic scales. The multi-scale modeling 
paradigm, which is displayed in detail in Fig. 2, consists of two steps. In 
both stages the density of the pure gas phase ρ̃ is calculated, as usual, 
using the LF EoS.  

1) MD simulations of the polymer-penetrant mixture above the melting 
point are used to generate the molten polymer density in mixture, 
ρHDPE molten, that is fed to the LF chemical potential to calculate sol-
ubility ωmolten

i , which is then fitted to the experimental isotherms 
ω molten, exp

i . This multi-scale model is repeated on at least three 
experimental solubility isotherms in molten HDPE, to retrieve an 
expression of the model binary interaction parameter as a function of 
temperature kij(T).  

2) The kij(T) expression obtained in 1) is extrapolated below the 
melting point and fed to the LF model to fit a single experimental 
solubility isotherm in the semi-crystalline state by adjusting the 
constraint pressure parameter pC. At this stage, the MD simulated 
polymer amorphous density below the melting point, namely, 
ρHDPE am. , is used in the expression of the LF chemical potential. 

The modeling paradigm depicted above coincides with the one 
described by Minelli et al. [30] if the MD simulated mixture density is 
substituted by the mixture Sanchez-Lacombe EoS. The authors’ choice of 
using MD simulated data will be explained in next chapter. 

3. Results 

3.1. Pure polymer and pure gasses PVT data modeling 

Pure molten HDPE pressure-volume-temperature data were calcu-
lated both with atomistic and macroscopic models above and below the 

melting point and they were reported against the experimental reference 
[39] in Fig. 3. The fundamental difference between the two approaches 
is that, while MD simulations are entirely predictive, the LF calculation 
must be fitted on a certain number of experimental PVT data of the 
molten polymer to obtain the three characteristic LF parameters. This 
makes obviously the MD modeling a much more powerful tool to 
describe the polymer volumetric behavior. 

Moreover, as depicted in the graph, even though the chosen molec-
ular structure is a simplified model, having monodispersed chains with 
lower molecular weight (Mw = 12,406 g/mol) compared to the experi-
mental HDPE sample used as reference for the PVT data (Mw =126,000 
g/mol, Mw/Mn = 4.5 [39]), the molten polymer experimental density, 
thermal expansion, and isothermal compressibility were well 
represented. 

The experimental semi-crystalline polymers’ features indeed differ in 
reason of the specific sample molecular weight distribution, degree of 
crystallinity, and crystalline morphology. However, for the limited case 
of gas solubility, which is discussed here, the main variable affecting the 
latter value by means of the LF theory is the amorphous phase density, 
which of course can be influenced by the factors previously mentioned. 
Nevertheless, regarding the molten polymer density, only the molecular 
weight distribution may cause a substantial discrepancy in reason of the 
density increasing and asymptotic behavior with the molecular weight 
[41]. In this context, due to the common high molecular weight 
exhibited and the presence of non-bulky end-chain groups, the molten 
densities of HDPE samples having different molecular weight distribu-
tions are expected to lie in a narrow region within the value of the 
plateau. For this reason, the simplified molecular model is believed to be 
representative not only for the PVT data of the reference HDPE sample 
previously reported, but also the ones of the several HDPE samples 
whose experimental solubility isotherms will be used in the testing of the 
multi-scale modeling. 

The readers might have noticed that no molecular simulations of the 
gasses were carried out in order to validate the force field ability to 
faithfully reproduce also the pure gasses PVT data. In this context, PCFF 

Fig. 3. HDPE Pressure-Volume-Temperature data: Experimental data [39]: 0.1 MPa (black dots), 40 MPa (black triangles), 80 MPa (black diamonds). MD simulated 
data: 0.1 MPa (red dots), 40 MPa (green triangles), 80 MPa (blue diamonds). Sanchez-Lacombe EoS modeling: 0.1 MPa (red line), 40 MPa (green line), and 80 MPa 
(blue line). 
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force field parameters assigned to CO2 are the same reported in litera-
ture as resulting from the optimization of the COMPASS force field, 
which shares the same functional form of PCFF, and was demonstrated 
capable of reproducing a series of CO2 thermophysical properties at 
normal and critical conditions, including the gas PVT data [42]. 
Therefore, the PCFF demonstrated ability to describe hydrocarbon 
structures such as HDPE chains and a polar small molecule like CO2 led 
the authors to consider it reliable to model hydrocarbon gasses such as 
ethylene and propane without any further checks. On the other hand, 
thermodynamic modeling was carried out for both pure HDPE and 
gasses. HDPE and penetrants S-L EoS parameters used for the thermo-
dynamic modeling can be found in Table 2. 

3.2. Gas-polymer mixture volume modeling 

Both the MD and S-L EoS can model the polymer-gas mixture vol-
ume, although the EoS needs some additional information, namely the 
binary interaction parameter. Such a parameter was derived from the 
fitting of molten solubility isotherms with the fully macroscopic 
approach proposed by Minelli et al., for each penetrant. For the sake of 
synthesis, the authors chose to report the comparison of MD and S-L EoS 
modelled mixture data only for the system HDPEam.-CO2 in Fig. 4. 
Analogous results for ethylene-HDPEam. and propane-HDPEam systems 
can be retrieved in Figs. S1 and S2 in the Supporting Information. The 
experimental molten solubility isotherms used in the fitting procedure 
for the S-L EoS can be found in Refs. [43,44]. 

The displayed P-V-T data report how the polymer specific volume 
changes with the penetrant mass fraction at the given temperature and 
pressure ranges. It is therefore reasonable that with increasing CO2 
concentration a more significant swelling of the amorphous matrix oc-
curs. Someone could argue that, at a fixed temperature and gas pressure, 
the only consistent penetrant mass fraction is the thermodynamic 
equilibrium one. For this reason, it is important to clarify that, at this 
level, MD simulations results and EoS modelled data are intended to 
provide us just with a comparison of the mapping of the polymer density 
for several pressures, temperatures, and penetrant mass fractions 
without any regard for the actual thermodynamic equilibrium. The 
chemical potentials equalization at the thermodynamic level, coupled 
with the P-V-T-ωi relationship, either from S-L mixture EoS or MD 
simulations results, would instead provide the actual penetrant mass 
fraction and the corresponding polymer density according to the fully 
thermodynamic approach or the multi-scale model here presented, 
respectively. 

It is interesting to notice that MD and S-L EoS derived mixture data 
show a good match and it is worth it to stress that the latter is not 
provoked by a cross-fitting; the two derivations are in fact uncoupled. 
MD simulations provide a full prediction of the mixture density, by ac-
counting for the penetrant-polymer interactions which are directly 
shaped by the force field, whereas the S-L mixture EoS modelled density 
was derived by prior fitting of the binary interaction parameter rela-
tionship with temperature kij(T) on the experimental solubility data in 
the molten polymer and not on the MD simulated data themselves. 
Nevertheless, some deviations are evident at the lowest mass fractions 
below 70 ◦C, namely, in the region where experimental solubility iso-
therms in semi-crystalline HDPE lay. In particular, the EoS provides a 
systematically higher value of the theoretical amorphous phase specific 

volume with respect to MD simulations and that in turn would affect the 
value of the constraint pressure parameter that has to be added to match 
the experimental solubility. The authors believe that the atomistic 
model is superior in describing the polymer-gas mixture volume, and 
literature provides examples of the mismatch between the experimental 
measured swelling and the one predicted by even advanced equations of 
state [45]. Hence, we have chosen to rely on MD simulated mixture 
volumetric data, thus establishing the key link between the microscopic 
and macroscopic approach. 

Rearranging the MD simulated P-V-T simulated data, it was noticed 
that at any given temperature and pressure the polymer density is, with 
excellent approximation, a linear function of the penetrant mass frac-
tion, thus, the previously reported P-V-T data were fitted according to 
the relationship reported in Eq. (12) which is the one that is ultimately 
fed to the Lattice Fluid model in place of the S-L EoS when calculating 
the solubility. A visual rendering of the linearity is reported in Fig. S3 in 
the Supporting Information at a temperature equal to 25 ◦C. 

ρHDPEam.
(T, p,ωi) = αsw,i (T, p)ωi + ρ∘

HDPEam.
(T, p) (12) 

Where ρ∘
HDPEam.

and ρHDPEam.
are the pure polymer density and in 

mixture respectively, while αsw,i figures as the polymer dilatation co-
efficient due to the swelling induced by the penetrant i. ρ∘

HDPEam.
can be 

easily retrieved from the pure amorphous HDPE simulated P-V-T data 
displayed in Fig. 3. whereas the values of the dilatation coefficients 
(αsw,CO2 ,αsw,C2H4 ,αsw,C3H8 ) fitted with Eq. (12) are summarized in Table 3. 

3.3. Solubility multi-scale modeling results 

Having parametrized the relationship reported in Eq. (12), the pre-
dictive ability of the multi-scale strategy depicted in Fig. 2 could be 
finally tested. As already explained, the first part of the model allowed us 
to retrieve the penetrant-polymer binary interaction parameter relation 
with temperature. In this framework, the experimental solubility data in 
the molten polymer that were fitted to retrieve the kij (T) are the ones 
already introduced in previous chapter when comparing the S-L EoS 
prediction with the MD results. Results of the model application to 
molten solubility isotherms are reported in Fig. 5. 

As displayed in the chart, the model gives a good prediction of the 
solubility in the molten polymer, even though some deviations are 
evident for CO2 solubility data; the authors believe that the fitting of the 
binary interaction parameter is still acceptable, nonetheless. 

The found kij(T) expressions could be readily extrapolated below the 
melting temperature hence allowing the solubility modeling in the semi- 
crystalline state as depicted in Figs. 6, 7, and 8 for CO2, ethylene, and 
propane respectively. The experimental solubility isotherms used in the 
modeling are reported in Refs. [15,18,46-49]. 

The results show that a temperature-independent constraint pressure 
fitted from a single solubility isotherm of a penetrant can provide reli-
able predictions at different temperatures as well. The extension of the 
parameter to different samples of the same polymer also led to excellent 
results for the case of propane solubility in HDPE; ethylene solubility 
predictions showed good overall results even though some deviations 
are evident. However, it is visible that experimental solubility data for 
ethylene from different references are not consistent with each other; for 
instance, the fitted solubility isotherm at 60 ◦C (sample 1) is in between 
the solubility isotherms at 68 ◦C and 88 ◦C of sample 3. Since the pro-
vided mass degree of crystallinity are 0.665 and 0.702 respectively, the 
data location cannot be justified with the idea that a higher crystal 
content leads to a more pronounced constraint effect. The authors 
believe, instead, that the uncertainty on the value of the sample degree 
of crystallinity, which was used to scale the experimental data on the 
amorphous phase fraction, was the major reason for the data shifting 
and consequent modest transferability of the fitted parameter to other 
samples. The most relevant evidence was the dependence of the fitted 
constraint pressure parameter on the penetrant type. Such a result was 

Table 2 
Compounds Sanchez-Lacombe parameters used in this work.  

Compound Sanchez-Lacombe EoS parameters 

T∗(K) p∗(MPa) ρ∗(g/cm3) 

HDPE 687.13 396.98 0.8821 
CO2 [38] 341.80 419.90 1.3970 
Ethylene 332.27 285.49 0.6272 
Propane 354.40 380.18 0.7065  
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not expected since, in principle, the entity of the physical constraint was 
thought to be a solely material property. The mismatch is believed to be 
related to the model sensitivity on the value of the binary interaction 
parameter and the extrapolation of the latter across temperature in-
tervals larger than 100 ◦C. 

In order to evaluate the efficiency of the developed model, one 

should make a comparison against the already existing fully thermo-
dynamic approach with adjustable constraint pressure (Minelli et al. 
[30].) and the predictive thermodynamic model with constraint pres-
sure from continuum mechanics (Fischlschweiger et al. [31]). While in 
the first approach the constraint pressure is simply treated as an 
adjustable parameter, in the latter the constraint pressure felt by the 

Fig. 4. HDPE am. Pressure-Volume-Temperature data with different mass fractions of CO2 (wtCO2=0.0254, 0.0397,0.0764, and 0.142). Pure HDPE experimental P-V-T 
data: 0.1 MPa (gray dots), 40 MPa (gray triangles), 80 MPa (gray diamonds). HDPE am. simulated P-V-T data at different mass fractions of CO2: 0.1 MPa (red dots), 40 
MPa (green triangles), 80 MPa (blue diamonds). HDPE am. P-V-T data modelled with S-L EoS at different mass fractions of CO2: 0.1 MPa (red line), 40 MPa (green 
line), 80 MPa (blue line). 

Table 3 
HDPEam. dilation coefficients αsw,i with CO2, ethylene, and propane penetrants fitted from mixture MD simulated P-V-T data using Eq. (12).   

αsw, CO2 (g/cm3) αsw,C2H4 (g/cm3) αsw,C3H8 (g/cm3) 

T ( ◦C) 0.1 MPa 40 MPa 80 MPa 0.1 MPa 40 MPa 80 MPa 0.1 MPa 40 MPa 80 MPa 

25 − 0.738 − 0.702 − 0.719 − 1.351 − 1.284 − 0.994 − 1.260 − 1.169 − 1.188 
50 − 0.747 − 0.715 − 0.719 − 1.354 − 1.297 − 0.978 − 1.252 − 1.172 − 1.176 
75 − 0.774 − 0.736 − 0.717 − 1.365 − 1.308 − 0.988 − 1.265 − 1.176 − 1.176 
100 − 0.773 − 0.740 − 0.729 − 1.369 − 1.324 − 0.988 − 1.251 − 1.178 − 1.183 
125 − 0.799 − 0.749 − 0.722 − 1.422 − 1.318 − 0.971 − 1.246 − 1.183 − 1.160 
150 − 0.819 − 0.743 − 0.721 − 1.430 − 1.329 − 0.956 − 1.258 − 1.158 − 1.149 
175 − 0.800 − 0.737 − 0.724 − 1.424 − 1.328 − 0.958 − 1.259 − 1.153 − 1.159 
200 − 0.803 − 0.751 − 0.718 − 1.436 − 1.308 − 0.940 − 1.275 − 1.140 − 1.138 
225 − 0.837 − 0.755 − 0.719 − 1.459 − 1.319 − 0.943 − 1.301 − 1.134 − 1.122 
250 − 0.846 − 0.757 − 0.722 − 1.478 − 1.338 − 0.944 − 1.283 − 1.116 − 1.106  
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amorphous phase (the ‘Eigen pressure’ in the original article) can be 
predicted by the relationship suggested by the authors: 

pc =
(

K
(Δṽ

ṽ

)
+ 2.5G

)
Xc (13)  

where 
( Δ̃v

ṽ

)
is the relative volume change of the mixture in the amor-

phous phase triggered by the solute sorption, the reference state ̃v is the 
volume of the pure amorphous polymer, K and G are the material bulk 
and shear modulus respectively. A correct application of the model re-
quires reliable values of mechanical parameters K and G, obtained on 
the same samples on which solubility isotherms are performed. Indeed, 
it is well known that different HDPE samples may differ for a series of 
features such as the molecular weight distribution, degree of branching, 
degree of crystallinity, and crystalline morphology. In addition, such 
properties are known to have a non-negligible temperature and time 
dependence. A fair comparison between the latter model and the models 
treating the constraint pressure as an adjustable parameter was thus not 
possible here, because the HDPE moduli K and G found in literature 
[50], were not relative to the sample used for the solubility tests, and 
varied over a very broad range (G = 100–1000 MPa). In Table 4 we thus 
reported and compared only the parameters obtained by the thermo-
dynamic model of Minelli et al. [30] with the multi-scale model of this 
work. 

The multi-scale and the fully thermodynamic models are comparable 
in terms of outputs and parameters, even though the fully thermody-
namic one requires slightly higher values of the constraint pressure, due 
to the higher aforementioned mixture volume estimated at low tem-
peratures by the EoS. 

Nevertheless, the predictive potential of the MD simulations is much 
higher. Indeed, the atomistic model provides a pure prediction of the 
polymer and polymer-gas mixture volume at different pressures, tem-
peratures, and compositions without any adjustable pure component or 
mixture parameter. The reliability of MD predictions was successfully 
tested on experimental data for the pure polymer PVT data available in 
the literature. For the mixture volumetric behavior, there were no 
experimental swelling data available for this gas-polymer system to 
validate the simulations. However, an indirect proof of the accuracy of 
the volume calculated with MD model in the binary case comes from its 
agreement with the one given by the macroscopic approach, i.e., the S-L 
EoS, which, unlike MD simulations, needs to be informed by experi-
mental solubility data on the specific gas-polymer mixture, which pro-
vide the kij, nonetheless. Moreover, compared to a fully molecular 
derivation of the solubility in semi-crystalline polymers, such as the 

Fig. 5. Multi-scale modeling of CO2, ethylene, and propane solubility in molten 
HDPE. Experimental data points from [43,44] & Multi-scale model prediction 
(continuous lines). 

Fig. 6. Multi-scale modeling of CO2 solubility in semi-crystalline HDPE. 
Experimental solubility data points [46]: T = 25 ◦C (red crosses), T = 32 ◦C 
(green triangles), T = 40 ◦C (blue dots), T = 50 ◦C (violet diamonds). Bare 
Lattice Fluid model prediction with zero constraint pressure: T = 25 ◦C (red 
dashed line), T = 32 ◦C (green dashed line), T = 40 ◦C (blue dashed line), T =
50 ◦C (violet dashed line). Multi-scale model prediction with constant pc and 
kij(T) from molten solubility isotherms: T = 25 ◦C (red continuous line), T = 32 
◦C (green continuous line), T = 40 ◦C (blue continuous line), T = 50 ◦C (violet 
continuous line). 
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work carried out by Memari et al. [27]., the multi-scale strategy still 
benefits from the accuracy provided by the atomistic description in the 
representation of the polymer volume at various temperatures, pres-
sures, and concentrations of penetrant, but without relying on 
time-consuming simulations of the phase equilibrium, which, instead, is 
performed at thermodynamic level. 

4. Conclusions 

A multi-scale modeling strategy is presented to evaluate fluid solu-
bility isotherms in semi-crystalline polymers. 

The results of the multi-scale model are consistent with the ones 

Fig. 7. Multi-scale modeling of Ethylene solubility in different semi-crystalline HDPE samples (sample 1: up-left, sample 2: up-right, sample 3: bottom-left, sample 4: 
bottom-right). Experimental solubility data points from Refs. [18,47–49]. Bare Lattice Fluid model prediction with zero constraint pressure (dashed lines). Multi-scale 
model prediction with constant pc and kij(T) from molten solubility isotherms (continuous lines). 

Fig. 8. Multi-scale modeling of Propane solubility in two different semi- 
crystalline HDPE samples. Experimental solubility data points from [15]. Bare 
Lattice Fluid model prediction with zero constraint pressure (dashed lines). 
Multi-scale model prediction with constant pc and kij(T) from molten solubility 
isotherms (continuous line). 

Table 4 
Comparison between the parameters of the fully thermodynamic model with 
adjustable constraint pressure and the multi-scale model proposed in this work.   

HDPE-CO2 HDPE-ethylene HDPE-propane 

Thermodynamic model, Minelli et al. [30]. 
kij(T) (T 

in ◦C) 
0.0004⋅T+0.04667 0.000333⋅T+0.04331 0.000396⋅T+0.0519 

pc (MPa) 58 42 10 
Multi-scale model (this work) 
kij(T) (T 

in ◦C) 
0.00045⋅T+0.059 0.00015⋅T+0.0508 − 0.000477⋅T+0.0681 

pc (MPa) 48 32 9  
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provided by a previously proposed, solely macroscopic approach, but, in 
addition, have demonstrated the potential of relying on less experi-
mental data. 

A temperature-independent constraint pressure fitted from a single 
solubility isotherm of a penetrant can provide reliable predictions at 
different temperatures and on different polymer samples. 

The reliability of the multi-scale coupling presented in this work is 
promising for the advancement of multi-scale modeling of semi- 
crystalline materials. 

In the next step we aim to obtain quantitative information on the 
constrained state of the amorphous state with an explicit MD simulation 
of the crystal-amorphous interface. 
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