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Abstract:  Utilizing the stability characterizations of generalized inverses, we investigate the
generalized resolvent of linear operators in Banach spaces. We first prove that the local analyticity
of the generalized resolvent is equivalent to the continuity and the local boundedness of generalized
inverse functions. We also prove that several properties of the classical spectrum remain true in the
case of the generalized one. Finally, we elaborate on the reason why we use the generalized inverse
rather than the Moore-Penrose inverse or the group inverse to define the generalized resolvent.
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1. Introduction and preliminaries

Let X be a Banach space and B(X) denote the Banach space of all bounded linear operators from X
into itself. The identity operator will be denoted by /. For any T € B(X), we denote by N(T") and R(T)
the null space and the range of T, respectively.

The resolvent set p(T") of T € B(X) is, by definition,

p(T)={1e€C: T, =T — Al is invertible in B(X).}.

And, its resolvent R(1) = (T — AI)~! is an analytic function on p(T) since it satisfies the resolvent
identity:
R(D) - R(w) = (A = WR(DRW), YA, pu e p(T).

The spectrum o (T') is the complement of p(T') in C. As we all know, the spectral theory plays a
fundamental role in functional analysis. If T is not invertible in B(X), we can consider its generalized
inverse. Recall that 7 € B(X) is generalized invertible if there exists an operator S € B(X) such that
TST =T and STS = S. We also say that such S is a generalized inverse of 7', which is always
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denoted by 7. If T has a bounded generalized inverse 7, then, from [1], we know that both 77" and
T*T are projectors on X and

X = N(T) ® R(T*) = N(T*) ® R(T). (1.1)

If X is a Hilbert space and the direct sum decompositions in (1.1) are orthogonal, the corresponding
generalized inverse is the Moore-Penrose inverse. Recall that the operator T € B(X) is said to be the
Moore-Penrose inverse of T if 77 satisfies

TT'T=T7, T'TT =7, (IT"Y =TT" and (T'T) =T'T,

where 7 denotes the adjoint operator of 7.
If the operator T* € B(X) satisfies

TT*T =T, T'TT'=T' and TT'=T*T,

then T* is called the group inverse of 7. If T* is the group inverse of T, then N(T#) = N(T), R(T%) =
R(T) and X = N(T*) @ R(T%) [1].
If, as the definition of p(T'), the generalized resolvent set is defined by

pe(T)={a1€ C: T, =T — Al is generalized invertible in B(X).},

we can find that such p,(T') is meaningless in the case of matrices, since every matrix is generalized
invertible and p,(T) = C. To define reasonably the generalized resolvent set, we should add some
additional conditions.

Definition 1.1. Let U be an open set in the complex plane C; the function
U3 24— R, € B(X)

is said to be a generalized resolvent of 7, = T — Al on U if
(1) forallA e U,
(T = ADR,ANT — AI) =T — A,

(2)forallA e U,
R (AT — ADR,(A) = Ry(A);

(3) for all Aand p in U,
Ry(D) = Ry(tt) = (A = )R (DR, ().

The conditions (1) and (2) say that R,(1) is a generalized inverse of T,. While the equality in (3)
is an analogue of the classical resolvent identity, we refer to it as the generalized resolvent identity,
which assures that R,(1) is locally analytic. In [2], Shubin points out that there exists a continuous
generalized inverse function (satisfying (1) and (2) but not possibly (3)) meromorphic in the Fredholm
domain p4(T) = {4 € C : T — Al is Fredholm}. And, it remains an open problem whether or not this
can be done while also satisfying (3), i.e., it is not known whether generalized resolvents always exist.
Many authors have been interested in the existence of the generalized resolvents and the property of
the corresponding spectrum in [3—13].
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Definition 1.2. The generalized resolvent set is

pe(T) ={1€C: There exists an open set U C C, 1 € U and

T, has a generalized resolvent on U.}

and the generalized spectrum o 4(T) is the complement of p,(T) in C; the generalized spectral radius
is

ro (T) = sup{|d] : A € oy (T)}.

In this paper, we utilize the stability characterization of generalized inverses to investigate the
properties of the generalized resolvent set in Banach spaces. We also introduce two sets

p;(T) ={1€C: Thereisad > 0, such that for all i satisfying |z — 1| < 6,
(T —uD)* exists and (T —ul)* - (T =AD" asu — A.}

and

p?(T) ={1e€C: Thereare M > 0 and ¢ > 0, such that for all u satisfying
lu— A <6, (T —ul)* exists and ||(T — ul)*|| < M. },

and prove that they are identical to p,(7T). Based on this result, we discuss the relationship between the
resolvent set and the generalized resolvent set, as well as the spectrum and the generalized spectrum.
We also prove that several properties of the classical spectrum remain true in the case of the generalized
one. Finally, we explain why we use the generalized inverse rather than the Moore-Penrose inverse or
the group inverse to define the generalized resolvent.

2. Main results

We start with the following lemma, which is preparation for the proofs of our main results.

Lemma 2.1. (1) If R,(1) and R,(u) satisfy the generalized resolvent identity:

Ry() = Ry(1t) = (X = ;)R (DR, (1),

then
N (Ry(D) = N (Re(u))
and
R(Ry(D) = R(Re(u)).
(2) Let Py = T)R,(A) and Q, = R, ()T y; then, Py and Q, are projectors with

P/le:P/I and Q,{Qﬂ:Qﬂ, /1,/1€U.

(3) The resolvent set is included in the generalized resolvent set, i.e. p(T) C p,(T), the generalized
resolvent set p,(T) is open in C and the generalized resolvent R,(A) is locally analytic on p,(T).
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Proof. (1) We exchange A with u in the generalized resolvent identity and obtain
Rg(/l)Rg(/-l) = Rg(;u)Rg(/l)
and so

Re(A) = Re(t1) + (A = )Ry(DRe(11) = |1 + (A = t)R()| Re(tr)
= Re(1) + (1 = R,(R(A) = Re(u) [I + (1= )R]

Then, N (Rg(y)) CN (Rg(/l)) and R (Rg(/l)) CR (Rg(,u)). Thus, exchanging A with u again, we can get

N(R(D) = N(Rew). R(Ry(D) = R(Ry(w)).
(2) Obviously, P, and Q, are projectors on X. Noting that
R(I - P,) = N(P,) = N(Rg(1)) = N(Ry(1) = N(Py)

and
R(Q,) = R(R;(1) = R(R, () = R(Q1) = NI — Qy),

we have PP, = P, and 0,0, = Q.
(3) Obviously, p(T) C p,(T). It follows from the definition of the generalized resolvent that the set
pg(T) is open. Since

R() = |1+ (1= R(D)| Ry(u),
we can see that the operator I + (4 — u)R,(A) is invertible for all u satisfying |u — A|||[R,()[| < 1. So,
Ry() = [1 + (= R((D]™ Ry(A).

Hence, lin} R,(1t) = Ry(A) and
H—

. R — R, (1) )
lim === = Im R(DRG) = Ry(D.
Therefore, R,(A) is locally analytic on p,(7) and [Rg(/l)]’ = Rg(/l). O

Theorem 2.2. Let X be a Banach space and T € B(X); then,

po(T) = po(T) = p(T).

Proof. From Lemma 2.1, we can easily see that p,(T) C py(T) C p3(T). To complete the proof, we
need show that pg(T) C pg(T). In fact, for any A € pé(T), we can find M > 0 and 6 > 0, such that, for
all u satisfying |u — 4| < 6, T}j exists and ||T:|| <M.

Step 1. We first prove that there exists 6; < 0,
R(T,) N N(T}) = {0}

AIMS Mathematics Volume 8, Issue 6, 14132-14141.



14136

forall u € {u € C: |u— A < 6;}. In fact, if N(T}) = {0}, obviously, R(T,,) N N(T;) = {0}. We can
assume N(T7) # {0}; then, I — T, T; # 0. Let

. _ o4 1
& = min{(MIII = T,T; )", IT;117, 70 <o,

and consider y € C such that |u — 4| < ¢y, Then, for any y, € R(T,,) N N(T}), we can get
lu =AM = TaT 7 |lllyll

I = AT =TT MNT Myl

(I = TaTy)(Ta = T,)T, y,ll

I =TT, Tyl

I(Z = TaT))y,ll

Iyl

Hence y, = 0. This implies R(T,) N N(T}) = {0}.

Step 2. We shall prove that

v v

B,=[I+u-DT{1I"'T; : X—>X

is the generalized resolvent of 7, on U = {u € C : |u — 4| < 6,}. First, by ||(u — )T;|| < 1 and the
Banach theorem, we can see that I + (u — A)T; is invertible and so B, is well defined. Second, from
the equivalences between (1) and (3) in [14, Theorem 1.1], it follows that B, is a generalized inverse
of T, with N(B,) = N(T}) and R(B,)) = R(T}). Third, we shall show that

B,-B,=W-v)B,B,, Yu,veUl.

Define P, = T,B, and Q,, = B,T,; then, P, and Q, are projectors from X onto R(7,) and R(B,) =
B(T7), respectively. Hence

R(I-P,) = N(P,) = N(B,) = N(Ty) = N(B,) = N(P,)
and
R(Q,) = R(B,) = R(T}) = R(B,) = R(Q,) = NI - Q,).

Thus, we can conclude
P,P,=P, and Q,0,=0,, Yu,vel.

Therefore,
(u#-v)B,B, = B(T,-T,)B,=B,P,-Q,B,
= B.P,P,—-0,0,B, = B,P, - Q,B,
= B,-B,.
So, B, is the generalized resolvent of 7, on U, which means A € p (T). O

Remark 2.3. According to Shubin, there exists a continuous generalized inverse function but not an
analytic generalized resolvent [2]. From Theorem 2.1, we can see that if there exists a continuous
or locally bounded generalized inverse function, then we can find a relevant analytic generalized
resolvent.
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Lemma 2.4. (1) Let U and V be two open sets in C such that the generalized resolvent identity holds
onUand V. If UNYV # 0, then the generalized resolvent identity holds on U UV, i.e.,

Ro(A) = Ro(u) = (A = R, (DR, (1), VYAueUUYV.
(2) Let U be a convex open set in po(T); then,
R() = Ry() = (A~ WR(DR, (), VA,p € U.
(3) If U is a convex open set in po(T) and p(T) N U # 0, then
U c p(T).

Proof. (1)Forall ,ue UUV,if A,uc U or A, u €V, then the generalized resolvent identity holds. It
is sufficient to prove that

Rg() = Re (1) = (A = )R (DR, ()
holds forA € U and u € V. Let v € U N V; then,

Ry(1) = Ry(¥) = (A = VIR (D)R,(v)

and
Ry(10) = Ry(v) = (1t = VR(R, ().
By Lemma 2.1, P,P, = P,, 0,0, = 0,, P,P, = P, and 0,0, = Q,. Hence,

(A= WRg(DR, () = Ro(A(T, — TR, (1)
= R,(DP, — QaRy(1)
= R(DP Py — QuQuR, (1)
= Rg(DP PP, — Q,0,0,R, (1)
= Ry(VPPy — O, 0uR, (1)
= R(DPy— QuRy(1)
= Ry - Ry(w).

(2) For all A, u € U, the segment [4,u] C U. Then for any w € [A4, u], there exists a neighborhood
U(w) C pg(T) such that the generalized resolvent identity holds on U(w). It follows from the finite

covering theorem that we can find wy, w,, -+ ,w, € [4,u], n € N, such that [4, u] € |J U (w;). Hence,
i=1

by (1), we have
Ry(A) — Re(p) = (A — LR (DR(10).

(3) Let u € p(T) N U; then, for all 1 € U, by Lemma 2.1,
N(R(D) = N(Rw) =10} and R(R,(D)=RRw) = X.
This implies that R,(1) is invertible, and so A € p(T). O
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Theorem 2.5. Let X be a Banach space and T € B(X); then, the generalized spectrum o4(T) is a
nonempty bounded closed subset in C.

Proof. Since p,(T) is open, 04(T) = C\p,(T) is closed. If |A| > ||T||, then, by the Banach’s theorem,
T-Al=24 (%T - I) is invertible and its inverse (T — AI)~! is bounded. Hence

{Ae CHA>|ITI} € p(T) C pyu(T).

So 0o(T) C {1 € C: |4 <|IT||} and o,(T) is bounded. Finally, we prove that o,(T) is nonempty. In
fact, if o,(T) = 0, then p,(T) = C. By (3) in Lemma 2.2 and {1 € C : |4] > ||T||} C p(T), we can get
o(T) = C. This is a contradiction with o<(T) # 0. |

Proposition 2.6. Let X be a Banach space and T € B(X); then,
(1) 0o (T) C go(T) C o(T);
(2) o(T)\oo(T) = o(T) N pe(T) is open in C;
(3) p(T) = p(T) U [o(T)\ao(T))].

Proof. (1) It follows from p(T) C p,(T) that 0(T) C o(T). Now we shall show that do(T) C o(T).
If thereisa A € 0o (T) and A ¢ 0 ,(T), then A € p,(T) and we can find a neighborhood U(1) C p,(T).
Noting that A € do(T'), we can see that U(1) N p(T) # (. It follows from Lemma 2.2 that U(1) C p(T),
which is contradictory with A € do(T).

(2) Since 00(T) C 0,(T), we have

T(M\oo(T) = o(T)N[oe(D)] = o (T) N pg(T)
= [o(M\Io(T)] N po(T) = [o(T)]" N pg(T)
and it is an open set.
3)
pe(T) = po(T)N[p(T) U o(T)] = [pe(T) N p(T)]I U [po(T) N o (T)]

(1) U [[o (D N (D) = p(T) U [o(T\oe(T))] .

Example 2.7. Let T be the right translation operator on 2, i.e.,
T:x=(x1,X,X3, 5 Xp, ) = (0, X1, X2, X3, =+, Xpyy -+ °).
Then T is a Fredholm operator with
p(T)={1€C:|A>1} and o(T)={1e€C:|A <1}

Noting that the nullity n(7,) = dim N(T,;) = 0 and the defect d(T,;) = codimR(T,) = 1 on {1 € C :
|| < 1}, by Theorem 1.2 in [14] and the proof of Theorem 2.1, we know that {1 € C : |1] < 1} C p,(T).
Since R(T,) is not closed for A satisfying |4| = 1, T, is not generalized invertible and so

oo(T)={1eC: |2 = 1}.

Thus
p(T) ={1€C:|A # 1}
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Corollary 2.8. Let X be a Banach space and T € B(X); then, the generalized spectral radius is just
equal to the spectral radius, i.e.,

o (T) = 1o(T).
Proof. By o(T) c o(T), we have r, (T) < ro(T). Since o(T) is bounded and closed, we can find
Ao € do(T') such that |Ao| = r,(T). By Proposition 2.1, Ay € 0,(T) and then
ro (T) = sup{lAl : A € oo(T)} 2 |Ay).
Hence 7, (T) > ry(T) and so r, (T) = ro(T). ]

At the end, we shall explain why we use the generalized inverse rather than two of the most
important unique generalized inverses (the Moore-Penrose inverse and the group inverse [1, 15]) to
define the generalized resolvent.

Theorem 2.9. Let T € B(X). Then, the Moore-Penrose inverse T; or the group inverse Tﬁ of T,=T-A
is the analytic generalized resolvent on U if and only if

N(T,) ={0} and R(T,) =X

In this case, T, is invertible, the Moore-Penrose inverse or the group inverse is the inverse and the
generalized resolvent is exactly its classical resolvent.

Proof. 1t suffices to prove the necessity. We first claim that for all A,u € U, N(T,) = N(T,) and
R(T,) = R(T,). In fact, if the Moore-Penrose inverse TI is the generalized resolvent on U, then, by
Lemma 2.1, we have

R(T}))=R(T}) and N(T}) = N(T)).

Hence,
N(Tp) = [RTDI* = [RTHI" = N(T,) and  R(Ty) = [N(THI = [N(TDI* = R(T,).
If the group inverse Tg is the generalized resolvent on U, then
N(T% = N(Th and R(T%) = R(TH).

Hence,
N(T,) = N(T%) = N(T?) = N(T,,) and R(T,) = R(T%) = R(T) = R(T},).

Now, we prove that N(T;) = {0} and R(T,) = X. For all x € N(T,), then T)x = T,x = 0, i.e,
Tx = Axand Tx = px. So, x = 0. This means that N(T,) = {0}. For any y € X, T,,y € R(T,) and there
is an x € X, such that 7,x = T,y. Then,

1
Y= Ta(x —y) € R(Ty).

We can conclude that 7', is invertible and the generalized resolvent is exactly its classical resolvent. O
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3. Conclusions

In this paper, we have proved that the existence of the analytic generalized resolvents of the linear
operators in Banach spaces is equivalent to the continuity and local boundedness of generalized inverse
functions. Based on the properties of generalized resolvents, we have shown that the generalized
spectrum is a nonempty bounded closed subset. Moreover, the relationship between the resolvent set
and the generalized resolvent set, as well as that between the spectrum and the generalized spectrum
has been given. An interesting example is given to illustrate our results. Finally, we explain why we
use the generalized inverse rather than the Moore-Penrose inverse or the group inverse to define the
generalized resolvent.
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