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Abstract The conformal anomaly and anomaly-induced
effective action represent useful and economic ways to
describe semiclassical contributions to the action of grav-
ity. We discuss the anomaly in the case when the back-
ground is formed by metric and scalar fields and formulate the
induced action in two standard covariant forms. The analysis
of induced action at low energies reveals existing connection
to the renormalization group and effective potential. The clas-
sification of anomalous terms is extended to the scalar back-
ground and ambiguities in the total derivative terms in the
anomaly are considered using Pauli–Villars regularization.

1 Introduction

The conformal anomaly [1–5] and anomaly-induced effec-
tive action [6,7] (see also [8,9] for review and further ref-
erences) play an important role in the description of loop
corrections in the semiclassical approach. Even in the con-
text of the Standard Model (SM) one can use the conformal
anomaly at high energies, which can be still much below the
Planck scale where the full quantum gravity is supposed to
become relevant. For example, energy range of inflation, of
the order 1011−1014 GeV form a scenario when the confor-
mal anomaly may apply perfectly well since the masses of
the SM particles is negligible while the Planck energies are
far beyond.

One of the fundamental features of the Standard Model
of weak interactions is the Higgs mechanism of providing
masses to W and Z bosons and fermions. The use of confor-
mal symmetry was traditionally invoked to improve on the
naturalness of the Standard Model (see, e.g., Refs. [10,11]).
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On the other hand, there is a growing interest in the quantum
effects on Higgs scalar, related to the vacuum instability at
high energies (in the UV), including the effects of curved
spacetime [12–14]. Although several mechanisms have been
proposed to resolve this issue, the subject does not look com-
pletely clear. Thus, it may be interesting to consider in detail
the quantum contributions to the scalar action in the UV, using
the powerful formalism of integrating conformal anomaly.

The anomaly in a metric-scalar theory, including self-
interaction in the scalar sector, has been well discussed in
the literature using different methods [15–18] (see also ref-
erences therein), however we hope to add several relevant
aspects to the subject. In what follows, we derive and discuss
the trace anomaly and the anomaly-induced effective action
for the case when the background is formed by metric and
also by scalar fields. Our considerations cover the limits of
consistency of the approach based on anomaly, that includes
the discussion of ambiguities in the anomaly and induced
action.

Last, but not least, we show how to evaluate the anomaly-
based contributions at low energies. Indeed, taking the IR
limit in a massless theory is a non-trivial issue. In our opin-
ion, a better understanding of the corresponding approxima-
tion and its relation to other approaches look interesting by
themselves.

The paper is organized as follows. In Sect. 2 we describe
the anomaly for arbitrary particle contents of the semiclassi-
cal theory. Section 3 discusses the anomaly-induced effective
action of metric and scalar field. Section 4 is devoted to the
analysis of ambiguity in the anomaly, extending the results
of the previous works on the subject [19,20]. In Sect. 5, we
consider the low-energy limit of induced action and the con-
nection with renormalization group and effective potential
of scalar fields. Finally, in Sect. 6 we draw our conclusions
and discuss a few open issues, especially those related to
conformal quantum gravity. Throughout the paper, we use
pseudo-Euclidean notations, regardless of the Wick rotation
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to Euclidean signature space is assumed when we refer to the
heat kernel results.

2 Conformal anomaly with scalar fields

Consider first the toy model with N copies of Dirac spinor
fields �k and a single real scalar field � in curved space,

S =
∫

d4x
√−g

{
N∑

k=1

�̄k(iγ
μ∇μ − h�)�k

+1

2
(∇μ�)2 + 1

2
ξ R�2 − λ

4!�
4 + τ ��2

}
, (1)

with nonminimal parameter ξ = 1
6 . Other couplings include

scalar self-interaction λ and Yukawa constant h. The confor-
mal model (1) is useful owing to its simplicity and generality.
The last means the presence of fermions with Yukawa inter-
action provide renormalization of the kinetic term for the
scalar field already at the one-loop level. The total deriva-
tive term ��2 with arbitrary parameter τ is required to have
renormalizable theory. The renormalization of this term is
very important, as we shall see in what follows.

The generalization to an arbitrary conformal multiscalar
model with spinor, vector fields, and an arbitrary gauge
group is not complicated. The general action has the form
S(�,�, A, g), where �, �, A and g are scalars, fermions,
vectors and metric.

On top of the general covariance, this model is also invari-
ant under the transformation called local conformal symme-
try,

gμν = e2σ ḡμν, � = e−σ �̄, � = e− 3
2 σ �∗,

�̄ = e− 3
2 σ �̄∗, A = Ā, σ = σ(x). (2)

The renormalizable theory on curved backgrounds (see,
e.g. [21,22] for the introduction) requires the conformal vac-
uum term

Scv =
∫

d4x
√−g

{
a1C

2 + a2E4 + a3 � R
}
, (3)

where

C2(4) = RαβμνR
αβμν − 2Rαβ R

αβ + 1

3
R2 (4)

is the square of the Weyl tensor and E4 = RαβμνRαβμν −
4Rαβ Rαβ + R2 is the integrand of the Gauss–Bonnet topo-
logical term.

Regardless the surface terms ��2, E4, and � R are not
conformal, the symmetry holds in the corresponding Noether
identity corresponding to (2),

T = − 2√−g
gμν

δS(gμν,�)

δgμν

− d�√−g
�

δS(gμν,�)

δ�

= 0, (5)

where d� = −1 is the conformal weight of the background
scalar field. If including fermions and vectors, the weights
are d� = − 3

2 and dA = 0.
According to the existing general proof [23] (see also [22]

for a simplified version), the one-loop divergence ̄
(1)
div in the

theory (1) is conformal invariant. This means, in dimensional
regularization,

̄
(1)
div = − 1

ε

∫
d4x

√−g �Lc, (6)

where ε ≡ (4π)2(n−4) and the local functional
∫
d4x

√−g
�Lc is conformal i.e., satisfies (5).

On the other hand, the renormalized one-loop effective
action

(1)
ren = S + Scv + ̄(1) + �S(1), (7)

violates Noether identity. Here ̄(1) = ̄
(1)
div + ̄

(1)
f in is non-

renormalized one-loop contribution and �S(1) includes local
counterterms introduced to cancel the UV divergences. The
breaking of the symmetry due to quantum corrections char-
acterizes the conformal anomaly [1–4].

The expression for the divergences in our model (1) is

̄
(1)
div = −μn−4

ε

∫
dnx

√−g

{
1 + 6N

120
C2 − 1 + 11N

360
E4

+2Nh2
[
(∇�)2 + 1

6
R�2

]
+ 1 + 6N

180
�R

+
(λ2

8
− 2Nh4

)
�4 +

( λ

12
− 4Nh2

3

)
� �2

}
, (8)

where (∇�)2 = gμν∂μ� ∂ν�. In the limit n → 4, the inte-
gral in the expression (8) satisfies (5).

In the general case, when the theory includes scalars,
spinors and vectors, the one-loop conformal invariance
implies that the one-loop divergences have the form

̄
(1)
div = − μn−4

n − 4

∫
dnx

√−g

{
wC2 + bE4 + c� R

−γ�

[
(∇�)2 + 1

6
R�2

]
+ 1

4! β̃λ�
4 + βτ��2

}
,

(9)

where β̃λ = βλ+4λγ�. The gamma function γ� and the beta
functions w, b, c, βλ and βτ depend on the particle contents
of the theory.

The coefficients w, b and c are the one-loop β-functions
in the vacuum sector. They depend only on the number of
fields of different spins [22,24],

w = 1

(4π)2

(
N0

120
+ N1/2

20
+ N1

10

)
, (10)
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b = − 1

(4π)2

(
N0

360
+ 11 N1/2

360
+ 31 N1

180

)
, (11)

c = 1

(4π)2

(
N0

180
+ N1/2

30
− N1

10

)
. (12)

In the particular case of (8), N0 = 1, N1/2 = N and N1 = 0.
In the scalar sector, βλ, γ� and βτ depend on the gauge
group, coupling constants and other details of the model. In
the simple example (8) considered above,

γ� = − 1

(4π)2 2Nh2, (13)

β̃λ = 1

(4π)2

(
3λ2 − 48h4N

)
, (14)

βτ = 1

(4π)2

(
λ

12
− 4Nh2

3

)
. (15)

The anomaly cannot be derived completely using the iden-
tity (5) because of the problems with surface terms [5,24].
However, following the scheme of [9,19], one can obtain the
anomaly by taking variational derivative with respect to the
conformal factor,

〈T 〉 = − 1√−ḡ
e−4σ δ̄

(1)
ren

δσ

∣∣∣∣ = − 1√−ḡ
e−4σ δ�S(1)

δσ

∣∣∣∣
= −wC2 − bE4 − c� R − 1

4! β̃λ�
4 − βτ � �2

+ γ�

[
(∇�)2 + 1

6
R�2

]
. (16)

Here
∣∣ means the replacement ḡμν → gμν , �̄ → �, and

σ → 0.
It is remarkable that the general form of the divergences

in the scalar sector remains qualitatively the same (8) in any
other conformal model with a scalar field or fields. Thus, the
general structure of the anomaly (16) holds on. The main
modification concerns corresponding renormalization group
functions. In particular, there are no dramatic changes if the
scalar is complex and multi-component. For the MSM Higgs
we have to make the following replacements in both diver-
gences and anomaly:

1

2
(∂�)2 → gμνDμH

†DνH,
1

12
R�2 → 1

6
RH†H,

1

4! �4 → 1

8
(H†H)2, ��2 → �(H†H) (17)

and the rest is the same.
As another example, consider the SU (2) model [25]

S =
∫

d4x
√−g

{
−1

4
Ga

μνG
aμν + i�̄a

(
γ μDab

μ − hεacb�c
)
�b

+1

2
gμν(Dμ�)a(Dν�)a + 1

12
R�a�a

− 1

4!λ(�a�a)2 + τ �(�a�a)

}
, (18)

where scalars and spinors are in the adjoint representation
of the gauge group, Ga

μν = ∇μAa
ν − ∇ν Aa

μ + gεabc Ab
μA

c
ν ,

and (Dμ�)a = δab∇μ�b + igεacb Ac
μ�b is the covariant

derivative of scalars (or the same for spinors). In this theory,
the coefficients in the scalar sector are [21]

γ� = − 4

(4π)2 (h2 − g2), (19)

β̃λ = 1

(4π)2

(
11

3
λ2 − 8λg2 + 72g4 − 96h4

)
, (20)

βτ = 1

(4π)2

(
5

36
λ + 2

3
g2 − 8

3
h2

)
. (21)

One can also find the coefficients for other cases, such as
GUT-like models (e.g. [26]) and the Minimal Standard Model
[27]. As we have mentioned above, the general structure of
anomaly (16) remains and only the coefficients get modified.

At this point we can make a classification of the scalar-
dependent structures in the anomaly (16), similar to that of
[4,28] in the purely metric case. There are

(i) Real conformal terms, such as C2, �4 and (∇�)2 +
1
6 R�2. It proves useful introducing special notation for
the generalized conformal structures in the anomaly,

Xc = (∇�)2 + 1

6
R�2,

Y (gμν,�) = wC2 − γ�Xc + 1

4! β̃λ�
4. (22)

(ii) Unique topological term E4, independent on the extra
fields such as scalars.

(iii) Total derivatives, in the present case �R and ��2. In
the next section we shall see that these terms are gener-
ated by local terms in the induced action. Whether or not
these terms can be regarded as irrelevant, depends on the
model, as we shall discuss in what follows.

Let me mention that the topological term remains unique
in higher (even, at least) dimensions [29]. However, there
is no general proof that the total derivatives in the anomaly
can be always generated by local actions regardless this is
the case in dimension six and, in general, for all available
examples.

3 Integration of anomaly with a scalar field

To anomaly-induced effective action of the background fields
gμν and � is a solution to the equation

− 2√−g
gμν

δind

δgμν

+ 1√−g
�

δind

δ�
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= − 1√−ḡ
e−4σ δind

δσ

∣∣∣∣ = 〈T 〉. (23)

Such a solution for a purely gravitational case was found
in [6,7] and represents a four dimensional generalization of
the Polyakov action [30] in two dimensions. There are gener-
alizations including torsion [31,32] and the parity-violating
term [33]. Also, the general solution for an arbitrary even
dimension was obtained in [29].

The first observation is that the total derivative terms in
the anomaly 〈T 〉 can be obtained using the relations

− 2√−g
gμν

δ

δgμν

∫
d4x

√−g R2 = 12�R, (24)

(
− 2√−g

gμν

δ

δgμν

+ 1√−g
�

δ

δ�

)

×
∫

d4x
√−g R�2 = 6��2. (25)

The conformal invariants can be kept together with C2

as in Eq. (22), simplifying a lot the derivation of anomaly-
induced action. Furthermore, we will need the relation

√−g
(
E4 − 2

3
�R

)
= √−ḡ

(
Ē4 − 2

3
�̄R̄ + 4�̄4σ

)
, (26)

where �4 is the Paneitz operator [34–36]

�4 = �2 +2Rμν∇μ∇ν − 2

3
R� + 1

3
(∇μR)∇μ, (27)

satisfying
√−g�4 = √−ḡ�̄4. In what follows we use the

compact notation
∫
x ≡ ∫

d4x
√−g(x). The fundamental

relation (26) is the main element that enables the integra-
tion of anomaly, as it provides the formula

δ

δσ

∫
x
A
(
E4 − 2

3
�R

)∣∣∣∣ = 4
√−g�4A, (28)

that is valid for an arbitrary conformal functional A[gμν,�] =
A[ḡμν, �̄].

The simplest solution can be obtained directly from (23),
(24), (25) and (26), in the form

ind = Sc[ḡμν, �̄] −
∫

d4x
√−g

{
2b + 3c

36
R2 + βτ

6
R�2

}

+
∫

d4x
√−ḡ

{
σY

(
ḡμν, �̄

) + bσ
(
Ē − 2

3
�̄R̄

)

+2bσ�̄4σ

}
, (29)

where
√−g = √−ḡe4σ and R = e−2σ

[
R̄−6(∇̄σ)2−6�̄σ

]
.

In (29), Sc[ḡμν, �̄] = Sc[gμν,�] is an “integration con-
stant” for Eq. (29) i.e., the conformal functional that cannot
be obtained from anomaly and, therefore, has no direct rela-
tion to the UV divergences.

An alternative, non-local covariant solution of (23) requires
introducing Green function for the Paneitz operator,

(
√−g�4)xG(x, y) = δ(x, y). (30)

Using (28) and the general scheme [29], we obtain (see e.g.
[22] for the details)

ind = Sc + b

8

∫
x

∫
y

(
E4 − 2

3
�R

)
x
G(x, y)

(
E4 − 2

3
�R

)
y

+ 1

4

∫
x

∫
y
Y (x)G(x, y)

(
E4 − 2

3
�R

)
y

−
∫
x

(2b + 3c

36
R2 + βτ

6
R�2

)
. (31)

Rewriting (31) in the symmetric form, we get

ind = Sc −
∫
x

(2b + 3c

36
R2 + βτ

6
R�2

)

− 1

8b

∫
x

∫
y
Y (x)G(x, y)Y (y)

+ b

8

∫
x

∫
y

(
E4 − 2

3
�R + 1

b
Y

)
x
G(x, y)

×
(
E4 − 2

3
�R + 1

b
Y

)
y
. (32)

Finally, we rewrite the result (32) in the local representation
by introducing two auxiliary fields ϕ and ψ [37] (see also
[33,38] for an alternative presentation). The result is

ind = Sc[gμν,�] −
∫
x

{
2b + 3c

36
R2 + βτ

6
R�2

}

+
∫
x

{
1

2
ϕ�4ϕ − 1

2
ψ�4ψ

+
√−b

2
ϕ
(
E4 − 2

3
�R + 1

b
Y

)
+ 1

2
√−b

ψY

}
.

(33)

Let us note that the non-local covariant expression (31) is
a particular case of the formula given in the recent work
[39] (there were also particular examples for other fields,
e.g., [33,40]). As we already mentioned above, this structure
is quite general and actually holds in any even-dimensional
spacetime [29]. A remarkable feature of the solutions (31)
and (33) is that the induced effective action, as given in these
formulas, is invariant under global conformal transforma-
tions (2), i.e., with σ = const . However, this invariance does
not contradict the fact that the global conformal symmetry
of the theory is anomalous.

The forms (29), (31) and (33) are equivalent, regardless
for the non-cosmological applications (see, e.g., [9] and ref-
erences therein) (33) is more useful owing to covariance and
locality. The phenomenological generalization for light mas-
sive quantum fields has been constructed in [41,42] for the
simplest form (29).
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Concerning zero-order cosmology i.e., for the dynamics
of the conformal factor of the metric, we note that there is a
significant difference between the purely metric background
and the solution with scalar, such as (33). In the metric case,
the functional Sc is irrelevant because the metric is defined
by (2) with eσ = a(η), where η is conformal time. As a
result, Sc does not depend on a(η), and the anomaly-induced
effective action looks like an exact form of quantum cor-
rections at the one-loop level. Furthermore, assuming that
the general structure of anomaly does not change at higher
loops, the unique detail that may change beyond the one-loop
order concerns the beta functions. In the scalar case, anomaly
includes extra terms (16) and, on the other hand, the func-
tional Sc depends on the scalar fields �. Thus, the solution
(33) cannot be regarded as exact anymore. The status of this
solution is like one of the purely metric background in the
case of black hole solution or other similar situations [9].

Another important question is whether the form of
anomaly may be the same at higher loops, if the initial quan-
tum theory includes scalar fields. To address this issue we
have to explore in detail the effective action of scalar field at
one loop, including the corresponding ambiguities. This will
be the subject of the next section.

The last important item to note is that the expressions (29),
(31) and (33) are valid only for massless conformal fields. In
case of massive Higgs or other massive fields contributing to
β̃λ, γ�, w, b, c and βτ , these results can be regarded as UV
approximation. In the case of β̃λ, γ�, w and c this fact can
be confirmed by direct analysis of the nonlocal form factors
[43–45].

4 Ambiguities in the total derivative terms

Let us discuss the existence of ambiguities in the beta func-
tions of the surface terms c and βτ of (16). We already know
from (24) and (25) that these terms produce

∫
d4x

√−gR2

and
∫
d4x

√−gR�2 finite terms in the induced action.
The case of the c� R-term was extensively discussed in

the literature as mainly unsolved problem coming from the
choice of regularization. In this respect, it is worth mention-
ing the book [24] and important review paper [5]. In a more
conclusive way, the problem was considered in [19] for the
particular example of a real scalar field. The ambiguity in the
coefficient βτ has been considered in [20] for the two exam-
ples, i.e., the self-interacting scalar and the Yukawa model. In
the last case the theory had a purely background scalar field
and took into account quantum effects of a fermion. The anal-
ysis in Ref. [19] included various types of regularization. One
of the main points was that there is an ambiguity in the choice
of the Weyl-squared counterterm, related to the possibility to
choose the counterterm with C2(d) with d = n + γ (n − 4),
instead of C2(4) [3] or a more simple version with C2(n).

It was shown that this ambiguity is completely equivalent to
the freedom of introducing a finite

∫
d4x

√−gR2-term in the
classical vacuum action (3). As this term produces � R in
the Noether identity (5), the � R-term in the anomaly gets
modified and looks ambiguous. Another example of a quali-
tatively similar ambiguity, not related to the choice of C2(d),
is the Pauli–Villars regularization, that shows an ambiguity
for the beta function c [20].

The important difference between c and βτ is that intro-
ducing an R2-term into the lagrangian of vacuum does not
spoil the symmetry for the quantum fields and can be regarded
as kind of “legitimate” procedure. The situation is opposite
for the �2-term. Changing the coefficient of this term in the
classical lagrangian from 1

6 to any ξ 	= 1
6 breaks down the

conformal symmetry in the sector of quantum fields. Then,
the one-loop divergences become conformally non-invariant
i.e., they do not have special structure of (9). In this case,
one needs an independent renormalization of ξ in the action
(1), hence the conformal value ξ = 1

6 cannot be a fixed point
of the renormalization group flow. Strictly speaking, with-
out conformal symmetry there is no sense to speak about
anomaly. Thus, the � �2-type ambiguity is a critical issue
for the quantization of any quantum theory with scalar fields.

Since for the � �2 term there is no ambiguity in the
dimensional regularization, in what follows we extend the
Pauli–Villars – based analysis [19,20] to arbitrary model
with scalars, fermions and vectors. As we shall see below,
this extension is not completely trivial. As before, we assume
that there is only a single real scalar �, but without imposing
restrictions on gamma and beta functions in the divergences
(9).

Pauli–Villars regularization requires introducing the set of
scalar or spinor fields (regulators) [46–48] with the specially
chosen masses mi and with indefinite Grassmann parity. We
will need the one-loop contributions of an individual scalar
regulator ϕi with the mass mi in the external background of
the scalar field � and metric,

S(i)
reg =

∫
d4x

√−g

{
1

2
gμν∂μ ϕi∂νϕi + ξi

2
R ϕ2

i

− m2
i

2
ϕ2
i − κ

2
�2ϕ2

i

}
, (34)

where κ is an artificial coupling which will prove useful later
on, while mi and ξi are masses and non-minimal parameters
for the scalars regulators.

The contribution of the regulator may enter with either
positive or negative sign, depending on the statistics of ϕi . In
both cases, we can use the expression for the effective action
which was calculated using the heat kernel method [49,50] in
[43,44,51], including for the metric-scalar background [45]
(an independent equivalent calculation was reported in [52])
and also using Feynman diagrams [22,43,44,53]. The result,
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for the bosonic statistics, has the form

̄
(1)
scal = 1

2(4π)2

∫
d4x

√−g

{
m4

i

( 1

2ε
+ 3

4

)
+ ξ̃i m

2
i R

(1

ε
+ 1

)

+Cμναβ

[ 1

120ε
+ 1

2
kW (τi )

]
Cμναβ + R

[ 1

2ε
ξ̃ 2
i + kR(τi )

]
R

− κ

2ε
m2

i �
2 + �2

[κ2

8ε
+ kκ (τi )

]
�2

+�2
[

− κ

2ε
ξ̃i + kξ (τi )

]
R

}
, (35)

where τi = � /m2
i and we use the compact notations

ξ̃i =
(
ξi − 1

6

)
,

1

ε
≡ 2

4 − n
+ ln

(4πμ2

m2

)
− γ, (36)

where γ ≈ 0.577 is the Euler–Mascheroni constant. The
expressions for the non-local form factors kW , kR , kκ and
kξ can be found in [45]. For us it is sufficient to remember
that (i) the UV logarithmic factors are always proportional
to ln μ2, as shown below; (ii) in the IR limit mi → ∞ all
these form factors vanish as O(τi ).

In the conformal limit, mi → 0 and ξ̃i → 0, the finite part
in (35) boils down to

̄
(1)
UV = − 1

2(4π)2

∫
d4x

√−g

{
1

120
Cμναβ ln

(
− �

4πμ2

)
Cμναβ

+ κ2

8
�2 ln

(
− �

4πμ2

)
�2 + 1

1080
R2 + κ

36
�2R

}
.

(37)

All the terms here violate local conformal symmetry. The first
two terms in the integrand are nonlocal and correspond to
the one-loop divergences in the Weyl-squared and �4 terms,
respectively. The last two terms are local and correspond to
the total derivative, � R and � �2 terms in the anomaly via
(24) and (25). One can say that (37) is an alternative to (32)
form of the effective action responsible for anomaly [54,55],
but we shall use this expression as an instrument to explore
the ambiguity.

The procedure of Pauli–Villars regularization starts from
(35) and requires the set of auxiliary (regulator) fields (34)
with i = 1, . . . , N . For exploring the ambiguity, these fields
should have general ξ̃i . Each field has a degeneracy si mul-
tiplied by 1 in the case of bosonic, or −2 for the fermionic
statistics. Starting from the simplest case of a single scalar
�, we label it as ϕ0, assuming ξ̃0 = 0 and s0 = 1. Then the
Pauli–Villars regularized effective action can be defined as

̄(1)
reg =

N∑
i=0

si ̄
(1)
i (mi , ξ̃i , n). (38)

The i = 0 term is given by (37) plus the divergent part
O(1/ε). Consider mi = μi M , where M is the dimensional
parameter of regularization and μi are dimensionless coef-
ficients to be defined. We can choose μi in such a way that

the O(1/ε) terms in (38) cancel out and the auxiliary dimen-
sional regularization becomes irrelevant. In fact, we could
replace it by the covariant cut-off in the heat-kernel integral,
as it was done in [19,20].

The Pauli–Villars conditions eliminating O(1/ε) terms
and (in case of covariant cut-off) also the quadratic and quar-
tic divergences, have the form

N∑
i=1

si = −s0 = −1; (39)

N∑
i=1

siμ
2
i = 0,

N∑
i=1

si ξ̃i = 0; (40)

N∑
i=1

siμ
4
i = 0,

N∑
i=1

si ξ̃
2
i = 0. (41)

Some explanation is in order. The condition (39) provides
cancellation of quartic divergences and also Weyl-squared
O(1/ε) terms. The two conditions (40) eliminate quadratic
divergences in the cut-off scheme. Finally, the conditions
(41) eliminate logarithmic divergences (i.e., O(1/ε)) of the
cosmological constant and R2-types.

A possible solution to these conditions corresponds to
N = 5 and

s1 = 1, s2 = 4, s3 = s4 = s5 = −2; (42)

μ2
1 = μ2

5 = 4, μ2
2 = μ2

4 = 3, μ2
3 = 1; (43)

ξ̃i = μ2
i . (44)

This solution is also valid for combinations of the conditions
in (40) and (41), i.e.,

N∑
i=1

siμ
2
i ξ̃i = 0, (45)

required for the R�2 divergence. Using (38), we arrive at the
following expression for conformal anomaly in the covariant
Pauli–Villars regularization for a single scalar field,

〈T 〉 = −βλ

4! �4 + γ�Xc − wC2 − bE4

−(c − 6δ)�R − (βτ + 3ρ)��2, (46)

where γ� = 0 and we define

ρ = 1

2(4π)2

N∑
i=1

si ξ̃i ln μ2
i ; (47)

δ = 1

2(4π)2

N∑
i=1

si ξ̃
2
i ln μ2

i . (48)

As in [20], we find a dependence on the parameters of Pauli–
Villars for the coefficients of the total derivative terms ��2

and �R.
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One can note that there is an ambiguity in both terms � �2

and � R, related to the choice of ξi in the scalar regulators.
The point is that we can choose ξ̃i = μ2

i like it is done in the
relation (44) or alternatively, take ξ̃i ≡ 0, that also solves the
system of equations (39), (40) and (41). In the latter case, we
recover the standard value for those anomaly terms which are
common for all regularizations that do not explicitly break
conformal invariance.

The remaining question is whether we can remove all the
divergences (9) in the general theory by using the Pauli–
Villars regulators. This cannot be done with the regulators of
only scalar type, because those do not cancel the Xc term that
does not appear in the formula (35). Thus, we need to add
the regulators of another type, producing the kinetic scalar
counterterm.

Thus, let us introduce spinor regulators with indefinite
Grassmann parity, as suggested in [20]. The operator which
we put in the bilinear form is

O j = Ĥ j Ĥ
∗
j , Ĥ j =γ μ∇μ − iϕ j , Ĥ∗

j =γ ν∇ν + iϕ j ,

(49)

where ϕ j = m̃ j + h�, also m̃ j = ν j M is the mass of the
regulator and � is the background scalar (with generaliza-
tions to a multiscalar case described in Sect. 2). It is easy to
get

O j = � + iγ αϕ j,α − 1

4
R + ϕ2

j . (50)

The analog of (35) in the described fermionic case has the
form [20,45]

̄
(1)
j = 1

(4π)2

∫
d4x

√
g

{
−m̃4

j

(1

ε
+ 3

2

)

+
(1

6
R − 2h2�2

)
m̃2

j

(1

ε
+ 1

)

+ 1

4
Cμναβ

[ 1

10 ε
+ k f

W (a)
]
Cμναβ

+1

2
h2 (∇α�

)(2

ε
+ 4A

) (∇α�
)

+ 1

2
h2�2

( 1

3ε
+ 2

9
+ 8A

3a2

)
R

−1

2
h4�2

(2

ε
+ 4A

)
�2 + 1

2
R k f

R(a) R

}
. (51)

The finite nonlocal form factors k f
W and k f

R can be found in
the second reference in [43,44] and we used notations

A = 1 − 1

a
ln

(1 + a/2

1 − a/2

)
, a2 = 4�

� − 4m2 . (52)

The cancelation of the vacuum N1/2-dependent part of (9)
can be done using regulators (50) and the action

̄
(1)
reg, f =

N f∑
j=0

t j ̄
(1)
j (m̃ j ), (53)

where j = 0 correspond to each of the physical fermions.
This means, we shall need N1/2 copies of each of these reg-
ulators, exactly as we need N0 copies in the scalar case. The
conditions for the coefficients t j and ν j are completely sim-
ilar to (39), (40), and (41) if we assume N f = 5 and replace
si → t j and μi → ν j , this time with ξ̃ j ≡ 0. Correspond-
ingly, the solution is given by (42) and (43) with the same
replacements.

At this point we can make two relevant observations. The
first is that the cancelation of the �-dependent terms in (9)
can be provided by the tuning of the artificial couplings κ and
h in the regulator actions (38) and (53). This can be provided
for any scalar contents and, correspondingly, for any βλ and
γ�, even regardless of the possible gauge fixing ambiguity
in the last quantity. Thus, we do not need to worry about the
dependence on the scalar � in the rest of our consideration.

The second point is as follows. Looking at the expres-
sions (10), (11), and (12) it is clear that the cancelation of
divergences for a general set N0, 1/2, 1 cannot be done only
with scalar and fermion regulators. Thus, we need to intro-
duce vector regulators to take care about N1-dependent part.
This regulator do not need to depend on � owing to the first
observation. Here we meet an aparent problem because the
regulator should be massive and the massless limit in the
gravitational form factors are known to manifest disconti-
nuity [56]. However, the solution of this problem is known
for a long time [46–48]. The regulator fields are unphysical
and do not need to satisfy the same conditions of consistency
as physical fields, such as correspondence between spin and
statistics, or the absence of the unphysical modes. Thus, we
can define the regulators for the vector part in the form

̄(1)
reg,v =

Nv∑
k=0

rk̄
(1)
k (m̌k), (54)

where

̄
(1)
k (m̌k) = i

2
Tr Ln

(
δα

β �−Rα
β + m̌2

kδ
α
β

)

− i Tr Ln
(
� +m̌2

k

)
(55)

and m̌2
k = ρkM is the mass of the regulator. It is important

that in (55) we have double contribution of the scalar mode,
like in the massless Faddeev–Popov ghosts cases. This is
different from the single contribution in case of a massive
vector [56,57]. This feature guarantees the cancelation of
the divergences in the N1 vacuum part of (9) if we chose the
conditions similar to (39), (40), and (41) for the coefficients
rk and ρk , take Nv = 5 and replace si → rk and μi → ρk ,
of course with ξ̃k ≡ 0, as in the fermion case. The solution is
(42) and (43) with the appropriate replacements. The explicit
form of (55), with the full set of nonlocal form factors, can be
found in the second reference in [43,44] or easily extracted
from [56].
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Thus, we have proven that the cancelation of divergences
is possible for any particle contents and beta functions of
the underlying model. The ambiguity is present and is given
by (46). Let us stress that, despite the local terms satisfy the
power counting in the theory, the ambiguity described above
cannot be fixed by the change of renormalization parameter μ

because the corresponding terms are not present in the initial
classical action and are not subject of the UV renormaliza-
tion. This aspect of the theory was previously discussed in
the classical paper [58] and more recently in [20]. The ambi-
guity in the local terms can be fixed only by introducing these
nonconformal terms from the very beginning with arbitrary
coefficients, that can be fixed by experiment and not by a
particular regularization scheme.

5 Anomaly-induced effective action in the IR

In this section, we explore the anomaly-induced action at
low energies, i.e. in the IR. The scheme which we shall use
is partially similar to the one presented in [40,59] for the
electromagnetic and metric background. In what follows, we
shall see that the scalar case provides interesting novelties
and unexpected connection to other approaches.

For our purposes, the most useful version of the effec-
tive action is not (33) but the nonlocal form (31). Then, our
approximations are as follows.

(i) All matter fields are (at least approximately) massless
and all ξi ≈ 1

6 , such that the conformal symmetry holds
at the classical level. In this case, the anomaly-induced
action is a good-quality approximation.

(ii) Scalar terms �4 and Xc are dominating over the curva-
ture terms, i.e.,

∣∣�2
∣∣ � ∣∣R....

∣∣ and
∣∣(∇�)2

∣∣ � ∣∣R2
....

∣∣ (56)

for all the components of the curvature tensor R.....
(iii) As always in general relativity, the IR limit means

that the gravitational field is weak.1 According to this
assumption, the dominating metric-dependent quanti-
ties are those which do not vanish in the linear order
in the metric perturbations hμν over the flat back-
ground. In particular, this implies | � R| � |R2

....| for
all curvature contractions. Thus, the scalar-dependent
terms and � R-terms represent the most relevant part
of the anomaly-induced effective action. In general, the
anomaly in the vacuum sector is a sub-leading part in the
given approximation and has to be treated as auxiliary
element to arrive at the scalar-dependent contributions.

1 This means that in GR the low-energy approximation is actually a
weak curvature limit.

The non-local structures in the induced action reduce to a
more simple form because

G = �−1
4 =

(
�2 + 2Rμν∇μ∇ν − 2

3
R� + 1

3
R;μ∇μ

)−1

≈ 1

�2 . (57)

The leading terms in the expression (22) are those with �

and � R, hence

E4 − 2

3
� R + 1

b
Y

≈ − 2

3
� R − 1

b

(
γ�Xc − 1

4! β̃λ�
4
)
, (58)

where we splitted Y into two parts according to (22).
After a small algebra, the nonlocal part of expression (31)

boils down2 to become

ind,nonloc ≈ b

18

∫
x
R2 − 1

6

∫
x

∫
y

( 1

4! β̃λ�
4 − γ�Xc

)
x

×
( 1

�2

)
x,y

(
� R

)
y

= b

18

∫
x
R2 − 1

6

∫
x

∫
y

( 1

4! β̃λ�
4 − γ�Xc

)
x

×
( 1

�
)
x,y

(
R
)
y . (59)

The last formula is interesting and deserves a few observa-
tions.

(i) The first integral in this expression shows that there is
a modified coefficient of the local R2-term in the IR. Let
us note that this modification is a direct consequence of that
the R2-term was hidden the first line of Eq. (31) under the
flat space limit. In this way we just recover the b term in the
induced anomaly action in that limit. According to (11), the
addition to the coefficient of R2 has the value b/18, hence it
is negative and its magnitude is about 0.01–1. The effect is
insufficient to explain the huge coefficient (about 5 × 108)
of the R2-term in the Starobinsky model [60,61] and we still
have the challenging problem of deriving this coefficient, as
discussed recently in [62].

It is worth noting that the classical R2 term required to
explain the observations in the inflationary model [60,61]
leads to the propagating scalar mode of the metric in the flat-
space limit, exactly as it is the case for Einstein’s gravity cor-
rected by anomaly [39]. Anyway, it is quite interesting, from
the theoretical side, that the quantum effects may enlarge the
spectrum of the gravitational waves in the initially conformal
theory, where the scalar mode is absent.

(ii) In the symmetry-breaking regime, we have � ≈ v i.e.,
the scalar field is approximately a constant. Then the second

2 On top of this, there is a usual local part, i.e., − ∫
x

(
2b+3c

36 R2 +
βτ

6 R�2
)
.
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integral in (59) takes the form

−1

6

∫
x

∫
y

( 1

4! β̃λv
4 − 1

6
γ�Rv2

)
x

( 1

�
)
x,y

R(y). (60)

In the last summand we meet the first order term R �−1R of
the known nonlocal expression [63]. Physically, this may be
the case for the Standard Model Higgs scalar, at the energies
greater than the typical value v = 246 GeV. At this scale,
the anomaly is an appropriate approximation and, compared
to the Planck energy or the GUT scale, this may be an IR
region.

Let us note that the terms R �−1R, R (�−1R)2, etc, have
the same global scaling as the usual R-term. For this reason,
including these terms with the properly chosen coefficients
may produce a small deviation from GR in the cosmologi-
cal setting. In particular, these terms may serve as a replace-
ment of a small cosmological constant in the phenomenolog-
ical description of the acceleration of the Universe. Remark-
ably, we can arrive at these terms starting from the confor-
mal anomaly and taking the low-energy approximation as
described above.

It is remarkable that even in the next orders of the IR
approximation, we do not meet the terms O(Y 2) because
these structures don’t appear in the induced action (31). As
a consequence, the anomaly-induced action does not gener-
ate R �−2 R-type terms. It is known that these terms cannot
be obtained, also, from the spontaneous symmetry break-
ing by the curvature expansion [64]. The interest to derive
such a structure is because it is used for the phenomenologi-
cal description of the accelerated expansion of the Universe
[65] (see also references therein), replacing the cosmological
term. However, it is not easy to obtain it from the quantum
considerations, at least at the one-loop order.

(iii) Let us come back to the formula (59) and consider
gμν = ḡμνe2σ and � = �̄e−σ . Assuming a weak gravita-
tional field, in the linear in σ approximation we get

1

� = e2σ 1

�̄
, R = e−2σ

[
R̄ − 6�̄σ + O(σ 2)

]
, (61)

where �̄ = ḡμν∂μ∂ν . Then, after integration with the delta
function, we arrive at

2 =
∫
x

( 1

4! β̃λ�̄
4 − γ� X̄c

)
σ, (62)

with a local expression in the integrand. This output is
rather natural, but still amusing. It confirms explicitly that
the anomaly-induced action is, in fact, a local version of
the renormalization group corrected classical action. The
usual constant scaling parameter in curved space [21,23] is
replaced by the local function σ , making curved spacetime
renormalization group closer to applications [9].

Regarding (62) as a loop correction to the classical action
of scalar field, the effective action of scalar field can be

obtained by the changes

Xc −→ X̄c(1 + γ�σ), λ�4 −→ �̄4(λ + β̃λσ ) (63)

as it should be under the renormalization group - based
improvement. In particular, one can use this approach to
recover the one-loop effective potential. For this, one has
to follow the procedure:

�̄ −→ �, σ −→ ln
�

�0
, (64)

that is coherent with the scalar part of (2). At the end, one has
to replace �̄ by � and ḡμν by gμν , as we did in the previous
sections.

For the one-loop effective potential, in this way we arrive
at

V (1)
e f f = 1

4!
(

λ + 1

2
β̃λ ln

�2

μ2

)
�4

− 1

12

(
1 + γ� ln

�2

μ2

)
R�2, (65)

where β̃λ = βλ+4λγ�. Formula (65) requires only the renor-
malization conditions to become the standard expression for
the massless conformal theory in curved spacetime [21], that
is a direct extension of the Coleman and Weinberg potential
[66]. One can include Xc term together with R�2 and get the
first term in the derivative expansion of effective action. This
would be completely equivalent to the renormalization-group
based method [21,67]. This equivalence may be observed in
the scattering of gravitational perturbations on a flat back-
ground, as it was recently considered in [39]. The relation
between the anomaly-induced action and the effective poten-
tial (65) shows that this equivalence can be extended to other
applications.

The procedure of deriving the effective potential and other
terms in the effective actions from anomaly is expected to
work only for those terms which have UV logarithmic diver-
gences and are not related to the masses of quantum fields.
The anomaly picks up the UV sector of quantum corrections
and it is not a surprise that, with certain skills, one can recover
the corresponding terms, e.g. in the potential.

6 Conclusions and discussions

We have formulated the anomaly-induced effective action in
curved spacetime with additional background scalars. The
result is given in the covariant nonlocal form (29), it is also
presented as local action (33) using two auxiliary scalars.
The prescription for deriving the induced effective actions is
pretty well-known, including a very general form [29] and
enables one to add extra fields, as we did with scalars. Let
us note that the non-covariant form of induced metric-scalar
action has been previously obtained in [41,42], including
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for light massive quantum fields. We hope that the covariant
forms obtained above can be also extended to the light mas-
sive fields case, but at the moment this remains an unsolved
problem.

The most complicated new results of the present work
are the extension of the Pauli–Villars regularization ambigu-
ities for the local terms in the effective action to an arbitrary
quantum theory including scalar fields and, especially, the
consideration of the low-energy limit in the induced effec-
tive action.

The problem of ambiguities has been previously addressed
in [19,20] for pure gravity and for the case of a single real
scalar field. The extension of this analysis to an arbitrary
gauge model required a new type of fine tuning for the scalar
and spinor regulators, in the part of their coupling to back-
ground scalars, and also introducing massive vector field reg-
ulators in such a way that the massless limit does not show a
usual discontinuity. We have described how this can be done
in Sect. 4. The main output of this part of our work is that
there is always an ambiguity in the one-loop finite quantum
correction of the R�2-type.

The main question related to the conformal symmetry
and anomaly is whether the general structure of anomaly or,
equivalently, the form of induced action (29) can be preserved
beyond the one-loop level. Our results show that, starting
from the two-loop approximation, preserving the structure
of anomaly requires a fine tuning of the Pauli–Villars regu-
lators, such that the combination βτ + 3ρ i.e., the coefficient
of ��2 term in the anomaly (46), vanish. Since the only
instrument to provide this cancelation is the choice of ξ̃i = 0
or ξ̃i = μ2

i in (47), this cancelation looks impossible.
What happens after that can be described as follows. The

non-local anomalous terms do not produce UV divergences.
In contrast, the local R�2 term does. The one-loop R�2

looks exactly as the classical non-conformal term with an
extra h̄. Then, for the second (superficial) integration in
the two-loop diagrams this term produces the O(h̄2) term
with the 1/ε divergence. Consequently, the two-loop beta-
function for ξ has no fixed point at ξ = 1

6 and the whole
conformal framework breaks down. Taking the described sit-
uation into account, at the two-loop order of the theory with
scalars we have to deal with ξ 	= 1

6 and the theory becomes
essentially non-conformal. Thus, the general expectation is
that beyond the first loop, the structure of anomaly and the
anomaly-induced action becomes qualitatively different and
the conformal symmetry can be regarded only as an approx-
imation. It is worth mentioning that this scenario is known
in the literature both from the direct higher-loop calculations
[16] in the φ4 theory and, most important, from the general
analysis of the conformal Ward identities [23]. In this work,
we clarified the role of regularization in this scenario. The
last observation in this part is that, qualitatively the same sit-

uation takes place with the term � R in all possible versions
of conformal quantum gravity theory.

Our analysis of the low-energy limit in the anomaly-
induced action has been performed in the way regarded stan-
dard in general relativity. This approach led us to the reduced
form (59) of the action. This expression manifested a few
qualitatively new properties. First of all, we have found a
new contribution to the local R2 term in the IR. Second, in
the IR we can reproduce, starting from the induced action,
the non-local structure R �−1 R introduced earlier in the lit-
erature [43,44], especially used in cosmology on the purely
phenomenological ad hoc basis [63]. On the other hand, it is
not possible to generate R �−2 R term, also existing in the
literature on modified gravity [65]. Third, we confirmed that
the anomaly-induced action represents a useful local version
of the renormalization group in curved spacetime. In partic-
ular, it turns out possible to recover the effective potential of
the conformal scalar field starting from the induced action.
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