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The kinematics of the three-body decay, with a modified energy-momentum relation of the particles due
to a violation of Lorentz invariance, is presented in detail in the collinear approximation. The results are
applied to the decay of superluminal neutrinos producing an electron-positron or a neutrino-antineutrino
pair. Explicit expressions for the energy distributions, required for a study of the cascade of neutrinos
produced in the propagation of superluminal neutrinos, are derived.
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I. INTRODUCTION

In a theory of quantum gravity (QG), our classical notion
of spacetime will surely be modified. It is natural to expect
that the symmetries associated with the structure of
spacetime (Poincaré invariance) will then also be modified.
There are in fact indications from some candidates of QG
that the Lorentz symmetry could be violated or deformed at
very high energies [1–5]. Lacking an understanding of the
origin of the departure from Lorentz invariance, it is an
open question how this departure will affect different
particles. Neutrinos are very especial ingredients of the
Standard Model of particles physics (SM) due to their
quantum numbers (behavior under the different inter-
actions). This peculiarity may well be behind the origin
of their extremely small masses and makes them very good
candidates to look for physics beyond the SM, including a
possible violation of the Lorentz symmetry. A manifesta-
tion of this violation is a modification of the standard
relativistic expression for the energy as a function of the
momentum, which, for Planckian (or another effective
high-energy scale) corrections, will be more important at
higher energies. In the case of modifications for which a
higher value of the energy for a given momentum corre-
sponds to a higher velocity (derivative of the energy with

respect to the momentum) than in special relativity (SR),
neutrinos can become superluminal as a consequence of the
Lorentz invariance violation (LIV).
There has been impressive progress in the possibility of

observing neutrinos of increasingly higher energies, includ-
ing the recent observations of high-energy astrophysical
neutrinos up to energies of the order of PeV [6–8]. There are
prospects to extend this energy range by 3 orders of
magnitude (EeV) in the near future (see the last section
of Ref. [9]). These observations would be affected by the
modifications in the propagation of the neutrinos from their
sources to their detection in the presence of LIV. In
particular, superluminal neutrinos are no longer stable
particles, being able to decay, producing an electron-
positron pair or a neutrino-antineutrino pair, through the
weak interaction. These decays would lead to a suppression,
stronger at higher energies, of the detected flux of neutrinos.
After the initial claim on superluminal propagation by

the OPERA experiment in 2011 [10], a number of
theoretical models involving superluminal neutrinos were
discussed in the literature [11–15]. Superluminal neutrinos
can decay producing an electron-positron pair if the relation
between the energy and momentum for electrons and
positrons is not modified or if the modification is smaller
than in the case of neutrinos. One can assume that this
is the case, since there are very stringent limits on such a
modification of the energy-momentum relation for elec-
trons ([16–21]; see additional references in [22]); in fact,
the inferred sensitivities for LIV in neutrinos that one would
get from experiments involving the charged-lepton sector
using gauge invariance arguments would exceed typical
constraints in the neutrino sector by several orders of
magnitude [23].
The investigation of phenomenological consequences

of the decay of superluminal neutrinos involve the
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computation of decay rates in a LIV framework. This has
mainly been studied in the case of new dimension 4
(d ¼ 4) operators in the free Lagrangian for the neutrino
field, which gives a velocity of propagation for the
neutrino which is different from c and is energy-
independent. Such a modification was used in the context
of the former OPERA anomaly to give a first estimate of
the production of an electron-positron pair by a super-
luminal neutrino by Cohen and Glashow [24]. Detailed
calculations trying to reproduce the Cohen and Glashow
result in different frameworks were given in Refs. [25–
27]. In particular, Ref. [25] showed that the result for the
decay rate that is derived from a Lagrangian containing
LIV terms is different from the Cohen and Glashow result,
and depends on the explicit form of the interaction terms
in the Lagrangian, computing the decay width for two
different models (“model I” and “model II” [25]). These
two models corresponded to the “second example” and
“fourth example” of Ref. [27] (while the “first example”
corresponded to the Cohen and Glashow result), where the
dependence of decay rates on the choice of the dynamical
matrix elements was also examined. Moreover, Ref. [27]
considered different choices of modified dispersion rela-
tion for neutrinos, going beyond the case of an energy-
independent velocity.
The choice of the model II in Ref. [25] and of the fourth

example in Ref. [27] was motivated by a gauge invariance
argument, which, as we will explain, is not satisfactory.
There are in fact some concerns about the theoretical
consistency of a scenario where all the effects of LIV
are restricted to the neutrino sector. In the extension of the
SM within the effective field theory framework [1], one
considers all possible terms involving the SM fields
compatible with the gauge symmetry of the SM. This
would lead to gauge covariant derivatives, instead of the
usual derivatives, acting on the SUð2Þ doublet of left
handed fields, including the neutrino and charged lepton
fields. Then, one would have, in principle, together with the
LIV corrections on neutrinos, a similar correction on
the charged leptons, which may be incompatible with
the above mentioned constraints in the charged lepton
sector. It is a technical curiosity that, as explained in
Ref. [28], one can have different LIV parameters for a
charged lepton and its neutrino in gauge-invariant models
under a restricted set of gauge transformations, within
the SUð2ÞL gauge group, if the models only involve the
interaction with the Z0 [so that the interaction Lagrangian is
diagonal in SUð2ÞL space]. The model II in Ref. [25] and
the fourth example in Ref. [27] are precisely examples of
this situation. Indeed, a limitation of all the above men-
tioned calculations of decay rates of superluminal neutrinos
is that they were made considering only the neutral weak
current. The complete model, however, contains the
charged weak current, which means that the introduction
of a LIV term at the level of the covariant derivatives is not

a way to reconcile gauge invariance with a LIV affecting
differently neutrinos and charged leptons.
There remain two possibilities to escape the argument

that the LIV corrections should affect equally neutrinos as
charged leptons. The first one is to assume that LIV
corrections involve the lepton fields only through the gauge
invariant product of the Higgs doublet and the lepton
doublet [27]. Then, one can use derivatives of the invariant
product and, when one replaces the Higgs doublet by its
vacuum expectation value, the invariant product reduces to
the neutrino field multiplied by a constant and one can
obtain a LIV term involving only the neutrino field. This is
one way to generate LIVeffects affecting only the neutrino
sector consistently with the gauge invariance of the SM.
A more speculative alternative is the possibility that,
together with the loss of Lorentz invariance, one had also
to consider a departure from the gauge symmetries defining
the Lorentz invariant SM. Indeed, as argued in [29], LIV
violates gauge invariance within general relativity. Lacking
a well-defined origin of the (possible) corrections to the
SM, and also taking into account the very special role that
neutrinos play within the SM, one should keep an open
mind on the possibility of a relation between the violation
of the Lorentz and the gauge symmetries of the SM, as
previously pointed out in [29,30]. Any of these two
possibilities leads to the introduction of LIV terms at the
level of the free Lagrangian for the neutrino fields, and
excludes these terms at the level of the interaction with the
gauge fields.
As indicated above, LIV effects motivated by quantum

gravity are expected to become more relevant as the energy
increases, which means a velocity of superluminal neu-
trinos which depends on the energy, or, more precisely, on
ðE=ΛÞn, where Λ is the quantum-gravity-motivated LIV
scale and n the order of the correction. The linear case,
n ¼ 1, corresponds to d ¼ 5 operators in the Lagrangian,
and the quadratic case, n ¼ 2, to d ¼ 6 operators. Besides
this motivation, a correction due to LIV in the neutrino
energy-momentum relation increasing with the energy
provides a natural mechanism for the suppression of
LIVeffects at low energies, where one has the more precise
tests of Lorentz invariance.
In [31], a first attempt to consider n ¼ 2 Planck-scale

suppressed LIV effects on the cosmogenic neutrino spec-
trum was presented. An estimate of the decay width of a
superluminal neutrino into three neutrinos (neutrino split-
ting), based on a rough approximation of the integral over
the phase-space volume of the three particles in the final
state, led to the prediction that one would have a cutoff at an
energy in the interval ð1018 eV; 1019 eVÞ, preceded by a
bump in the cosmogenic neutrino spectrum. Motivated by a
hint of a suppression in the final part of the flux of
astrophysical neutrinos detected by IceCube [32], a study
of the possible effects of n ¼ 1 and n ¼ 2 LIV in the
neutrino astrophysical spectrum at energies around the
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PeV scale was pursued in [33,34], using the expressions of
the decay width which had been obtained by the explicit
calculations of Ref. [27]. The numerical results in Ref. [33]
contained, however, some uncertainties, because of two
facts: the computation of Ref. [27] only included the pair-
creation process, and only through the Z0 exchange.
Neutrino splitting had been the subject of a detailed
calculation in Ref. [35], but only in the energy-independent
(but flavor-dependent) velocity case.
The aim of this work is to go beyond the previous

limitations and present a calculation that allows one to
include both the neutrino splitting process and the charged
weak bosons exchange in the computation of the decay
width for a generic n > 0 ðn ∈ NÞ neutrino superluminal
case. We will do that by considering systematically the
three-body decay of a superluminal particle and will use
this approach to determine the energy distribution of
neutrinos in the decay of a superluminal neutrino. This
may be useful for more detailed studies of the possible
effects of this kind of LIV in the propagation of very high-
energy superluminal neutrinos. The near future prospects to
have a more precise determination of the neutrino astro-
physical spectrum at energies above the PeV going up to
EeV are a good motivation for such studies.
We will begin by briefly reviewing the introduction of

superluminal neutrinos in the field theory framework in
Sec. II. As mentioned above, this will be done by including
a LIV term of dimension 4þ n in the free Lagrangian of the
neutrino fields. In Sec. III, we present in detail the collinear
approximation to the three-body decay of a superluminal
particle, which is the main novelty of this work. This
approximation is relevant when studying LIV corrections in
a variety of situations in high-energy astrophysics, includ-
ing the decay of a highly energetic particle. Indeed, in the
following section we will apply the results of the collinear
approximation to the decay of a superluminal neutrino
producing an electron-positron pair (Sec. IVA) and a
neutrino-antineutrino pair (Sec. IV B) for a LIV correction
relevant to quantum gravity phenomenology (n > 0).
We present a summary of the results in Sec. V.

II. MODIFIED DISPERSION RELATION FOR
SUPERLUMINAL NEUTRINOS

We are going to consider the effects of LIV on the
neutrino sector of the SM by adding to the SM Lagrangian
a LIV correction, compatible with rotational invariance,
involving only the neutrino fields. In order to make this
correction compatible with the very stringent limits on LIV,
we assume that the LIV correction in the Lagrangian is a
quadratic term in the neutrino fields with (nþ 1) deriva-
tives, so that its coefficient is the nth power of the inverse of
a new energy scale (Λ) parametrizing the LIV. Neutrino
masses are irrelevant in the decays of superluminal neu-
trinos, which is the effect of the LIV correction we are

going to study in this work, so we will treat them as
massless particles.
When treating the LIV as a first order correction to the

Lorentz invariant SM Lagrangian, one can use the SM field
equations to reduce the number of LIV terms. This means
that in the terms quadratic in the neutrino fields one can
replace any space derivative by a time derivative. As a
consequence of the previous argument, one has a single
LIV term in the Lagrangian

LðνÞ
LIV ¼ −

1

Λn ν̄lLγ
0ði∂0Þnþ1νlL; ð1Þ

where the subindex L refers to the left-handed chirality
of the neutrino fields, l refers to the three types of neutrinos
(e, μ, τ), and we assume that there is no flavor dependence
in the LIV terms, avoiding constraints from neutrino
oscillations. The choice of the sign in front of (1) is
arbitrary and will be discussed later.
The LIV term in the Lagrangian modifies the free theory

of the neutrino field. When we introduce a plane-wave
expansion for the neutrino field

νLðt; x⃗Þ¼
Z

d3k⃗½b̃k⃗ũðk⃗Þe−iẼ−tþik⃗·x⃗þ d̃†
k⃗
ṽðk⃗ÞeiẼþt−ik⃗·x⃗�; ð2Þ

we find that the spinors ũ, ṽ have to satisfy the equations

�
γ0Ẽ− − γ⃗ · k⃗ − γ0

Ẽnþ1
−

Λn

�
ũðk⃗Þ ¼ 0;

�
γ0Ẽþ − γ⃗ · k⃗þ ð−1Þnþ1γ0

Ẽnþ1
þ
Λn

�
ṽðk⃗Þ ¼ 0: ð3Þ

In the chiral representation for the Dirac matrices, the
spinors ũ, ṽ can be written as ũ ¼ ðχ; 0ÞT , ṽ ¼ ðη; 0ÞT , and
the bispinors χ, η satisfy the equations

ðσ⃗ · k⃗Þχðk⃗Þ ¼ −
�
Ẽ− −

Ẽnþ1
−

Λn

�
χðk⃗Þ;

ðσ⃗ · k⃗Þηðk⃗Þ ¼ −
�
Ẽþ þ ð−1Þnþ1

Ẽnþ1
þ
Λn

�
ηðk⃗Þ: ð4Þ

The matrix ðσ⃗ · k⃗Þ has two eigenvalues �jk⃗j. Then we
conclude that the relation between the momentum (k⃗) and
the energy (E−) for a neutrino is

jk⃗j ¼ Ẽ− −
Ẽnþ1
−

Λn ; ð5Þ

and the relation between the momentum (k⃗) and the energy
(Eþ) for an antineutrino is
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jk⃗j ¼ Ẽþ þ ð−1Þnþ1
Ẽnþ1
þ
Λn : ð6Þ

We see then that, for the choice of minus sign in (1),
when n is even, both the neutrino and the antineutrino are
superluminal, while in the case of n odd the neutrino is
superluminal and the antineutrino is subluminal. If we
considered a positive coefficient in (1) instead, any super-
luminal state would become subluminal and vice versa.

III. THREE-BODY DECAY KINEMATICS:
COLLINEAR APPROXIMATION

We present in this section a general analysis of the three-
body decay, Aðp⃗Þ → B1ðp⃗1Þ þ B2ðp⃗2Þ þ B3ðp⃗3Þ, of a
superluminal particle (A), with a momentum p⃗ and energy
E, into three particles (Bi, i ¼ 1, 2, 3), with momentum p⃗i
and energy Ei. We will consider the high-energy limit
where one can neglect masses.
We will assume an energy-momentum relation for each

particle

jp⃗j ≈ E

�
1 −

�
E
Λ

�
n
�
; jp⃗ij ≈ Ei

�
1þ αi

�
Ei

Λ

�
n
�
; ð7Þ

where Λ is the energy scale which parametrizes the LIV
energy-momentum relation of the superluminal decaying
particle (A). The dimensionless coefficients (αi) are intro-
duced to consider the possibility to have different energy-
momentum relations for the particles in the final state. We
will consider two cases (n ¼ 1, 2) for the exponent in the
LIV (linear, quadratic) first contribution to the energy-
momentum relation in an expansion in powers of ðE=ΛÞ
and ðEi=ΛÞ.
If one neglects terms proportional to the ratio of the

energy and the scale of LIV in the energy-momentum
relation of the particles, as in SR, the conservation of energy
andmomentum requires themomenta of the four particles to
have the same direction in the high-energy limit. Then,
considering a LIV scenario, the angles between the different
momentawill be very small if ðE=ΛÞ ≪ 1. In fact, as wewill
check later, the square of the angle between any twoparticles

is proportional to ð1=ΛÞn. This is what we call collinear
approximation, which will be used along the work.
We assume a (spin averaged) squared decay amplitude

for a three-body decay given by1

jAj2 ¼ N jp⃗jp⃗1jp⃗2jp⃗3jð1 − p̂ · p̂1Þð1 − p̂2 · p̂3Þ; ð8Þ

where N is a momentum independent constant and
v̂ ≐ ðv⃗=jv⃗jÞ is a unitary vector. The factor ð1 − p̂ · p̂1Þð1 −
p̂2 · p̂3Þ will be of orderOðð1=ΛnÞ2Þ; this fact will allow us
to consider any other multiplicative factors involved in the
calculation at dominant order only. Then, the final state
three-body phase space can be approximated at dominant
order by

ΦPS≈
�Y3
i¼1

d3p⃗i

ð2πÞ32jp⃗ij
�
ð2πÞ4δ

�
E−

X
i

Ei

�
δ3
�
p⃗−

X
i

p⃗i

�
:

ð9Þ

The differential decay width will be given by

dΓ ¼ 1

2E
jAj2ΦPS; ð10Þ

and the full decay width will be

Γ ≈
N
16

1

ð2πÞ5
Z �Y3

i¼1

d3p⃗i

�
δ

�
E −

X
i

Ei

�
δ3
�
p⃗ −

X
i

p⃗i

�

× ð1 − p̂ · p̂1Þð1 − p̂2 · p̂3Þ: ð11Þ

Prior to the integration over the three momenta, one can
first identify the relation between the two angular depen-
dent factors in the integrand of (11). Those factors appear in
the square of ðp⃗ − p⃗1Þ and ðp⃗2 þ p⃗3Þ, respectively,

ðp⃗− p⃗1Þ2 ¼ ðjp⃗j− jp⃗1jÞ2 þ 2jp⃗jjp⃗1jð1− p̂ · p̂1Þ;
ðp⃗2 þ p⃗3Þ2 ¼ ðjp⃗2j þ jp⃗3jÞ2 − 2jp⃗2jjp⃗3jð1− p̂2 · p̂3Þ: ð12Þ

Then, from the conservation of momentum, p⃗ − p⃗1 ¼
p⃗2 þ p⃗3, one gets

ð1 − p̂2 · p̂3Þ ¼
ðjp⃗2j þ jp⃗3jÞ2 − ðjp⃗j − jp⃗1jÞ2

2jp⃗2jjp⃗3j
−

jp⃗jjp⃗1j
jp⃗2jjp⃗3j

ð1 − p̂ · p̂1Þ

≈
jp⃗j − jp⃗1j
jp⃗2jjp⃗3j

ðjp⃗2j þ jp⃗3j þ jp⃗1j − jp⃗jÞ − jp⃗jjp⃗1j
jp⃗2jjp⃗3j

ð1 − p̂ · p̂1Þ

≈
ð1 − x1Þ
x2x3

�
1þ

X
i

αix
nþ1
i

��
E
Λ

�
n
−

x1
x2x3

ð1 − p̂ · p̂1Þ; ð13Þ

1We will show in the next sections that this expression applies to the squared amplitude of the weak decays of superluminal neutrinos.

CARMONA, CORTÉS, RELANCIO, and REYES PHYS. REV. D 107, 043001 (2023)

043001-4



where in the last step we have introduced the energy
fraction variables xi ≐ ðEi=EÞ.
Additionally, the conservation of momentum can be used

to integrate one of the three momentum variables, for
example, p⃗3. The other two momenta (p⃗1; p⃗2) should be
integrated within a cone of aperture θmax, as shown in
Fig. 1. The integral over p⃗2 can be done as a function of the
direction of p⃗1. For that, let us use spherical coordinates
whose z axis is given by the direction of the vector ðp⃗ − p⃗1Þ
(Fig. 1, right). In order to cover all the cone, one can make
the azimuthal angle go from 0 to 2π, which gives a factor of
2π, while θ2, the angle between the two vectors ðp⃗ − p⃗1Þ
and p⃗2, must go between two functions of p⃗1. Even if these
functions could be complicated, one can perform the
integral over θ2 using the energy Dirac delta in the
following way. From the expression of the square of the
momentum p⃗3, one gets

p⃗2
3 ¼ ðp⃗ − p⃗1 − p⃗2Þ2
¼ jp⃗ − p⃗1j2 þ jp⃗2j2 − 2jp⃗ − p⃗1jjp⃗2j cos θ2; ð14Þ

then, as the direction of p⃗ and p⃗1 are fixed, one can relate
the angle θ2 with the energy fraction x3 as

dðcosθ2Þ¼−
jp⃗3j

jp⃗− p⃗1jjp⃗2j
djp⃗3j≈−

x3
ð1−x1Þx2

dx3: ð15Þ

This way, the integral over the angular variable θ2 can be
expressed as an integral over x3, where we can use the
energy delta to integrate. Now, we have to perform the
integration over p⃗1. For that, let us use spherical coor-
dinates whose z axis is given by the direction of the parent
particle, p⃗ (Fig. 1, left). Then the azimuthal angle goes from
0 to 2π, which gives again a factor of 2π, and the angular
variable θ1 from 0 to θmax. Defining ω1 ≐ ð1 − cos θ1Þ,
which goes from 0 to ωmax, one has

Γ ≈
N
16

E5

ð2πÞ3
Z

dx1dx2dx3δ

�
1 −

X
i

xi

�
dω1

x21x2x3
ð1 − x1Þ

×

�ð1 − x1Þ
x2x3

�
1þ

X
i

αix
nþ1
i

��
E
Λ

�
n
ω1 −

x1
x2x3

ω2
1

�
;

ð16Þ

where ωmax can be read from (13) to be

ωmax ≈
ð1 − x1Þ

x1

�
1þ

X
i

αix
nþ1
i

��
E
Λ

�
n
: ð17Þ

Then, the final expression for the decay width as an
integral over the energy fractions xi is

Γ ≈
N
96

E5

ð2πÞ3
�
E
Λ

�
3n
�Y

i

dxi

�
δ

�
1 −

X
i

xi

�
ð1 − x1Þ2

×

�
1þ

X
i

αix
nþ1
i

�
3

; ð18Þ

from which one can read the differential decay width,

d3Γ
dx1dx2dx3

¼ N
96

E5

ð2πÞ3
�
E
Λ

�
3n
δ

�
1 −

X
i

xi

�
ð1 − x1Þ2

×

�
1þ

X
i
αix

nþ1
i

�
3

; ð19Þ

and the energy distribution after the decay

Pðx1; x2; x3Þ ≐
1

Γ
d3Γ

dx1dx2dx3
: ð20Þ

IV. APPLICATION OF THE COLLINEAR
APPROXIMATION TO THE DECAY OF

SUPERLUMINAL NEUTRINOS

As explained in the Introduction, in order to have LIV
effects affecting neutrinos without the strong constraints
imposed to LIV in the charged lepton sector, we need to
assume that LIV corrections appear only at the level of the
free neutrino Lagrangian, Eq. (1), so that the weak
interaction Lagrangian we will use to determine the decay
widths of superluminal neutrinos will be the same as in the
SR theory,

Lint¼−
gffiffiffi
2

p ½W−
μ ēLγμνeLþWþ

μ ν̄eLγ
μeL�−

g
2cW

Zμν̄lLγ
μνlL

−
g
cW

ðs2W−1=2ÞZμēLγμeL−
g
cW

s2WZμēRγμeR; ð21Þ

FIG. 1. Cones of possible directions of the first and second
particles of the final state. The direction of the second particle can
be integrated in terms of the direction of the first one (right
picture), and the direction of the first particle can be integrated
using the spherical symmetry of the system (left picture).
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which now includes the emission of electron-positron pairs
through neutral (Fig. 2, left) and charged (Fig. 2, right)
channels, and the disintegration through neutrino splitting
(Fig. 3). The first process, vacuum pair emission, has
an energy threshold of Eth ¼ ð2m2

eΛnÞ1=ð2þnÞ [27] (it
only occurs for neutrino energies exceeding this value,
E > Eth), while the second process, neutrino splitting,
has a negligible threshold (zero in the limit of massless
neutrinos).

A. Electron-positron pair production

We can start with the simplest case, which is the
production of an electron-positron pair by a νμ or ντ, since
this process only involves the neutral current interaction.
The amplitudes for the production of an electron-positron
pair by a νμ or ντ are

Aðνμ;τðp⃗Þ → νμ;τðp0!Þe−Lðp⃗−ÞeþL ðp⃗þÞÞ ¼
�
−i

g
2cW

��
−i

g
cW

�
ðs2W − 1=2Þ−igμν

M2
Z

½ũðp0!Þγμũðp⃗Þ�½uLðp⃗−ÞγνvLðp⃗þÞ�;

Aðνμ;τðp⃗Þ → νμ;τðp0!Þe−Rðp⃗−ÞeþR ðp⃗þÞÞ ¼
�
−i

g
2cW

��
−i

g
cW

�
s2W

−igμν
M2

Z
½ũðp0!Þγμũðp⃗Þ�½uRðp⃗−ÞγνvRðp⃗þÞ�; ð22Þ

where (uL, uR) are the spinors describing the two possible
spin states of the electron, (vL, vR) the spinors for the two
spin states of the positron, and ũ the spinor of the only state
of the superluminal neutrino. Let us notice that, as pointed
out in [29,35], some works like [24,26,27] considered two
active spin states for the neutrino, while others, like [25,29],
assume a single possible spin state. This assumption affects
the average over the initial states and the final result of the
decay width. In the present work, we take the neutrino as a
massless particle, and so, with a given helicity. This is a
good approximation in the high-energy limit where all the
particle momenta have approximately the same direction
(collinear approximation). The use of this approximation is

also what allowed us to neglect the four-momentum q2 ≐
ðp − p1Þ2 ≪ MZ in the Z0 propagator. Then, one can use
the identities

uLðk⃗ÞūLðk⃗Þ ¼ ũðk⃗Þ ¯̃uðk⃗Þ ¼
�
1 − γ5
2

�
=k;

uRðk⃗ÞūRðk⃗Þ ¼
�
1þ γ5

2

�
=k; ð23Þ

where =k ¼ kμγμ with k0 ≐ jk⃗j, to write the squared ampli-
tudes as a product of traces

FIG. 2. Disintegration of a neutrino into a pair electron-positron and another neutrino, mediated by a Z0 boson (left) or by aWþ boson
(right).

FIG. 3. Disintegration of a neutrino in two neutrinos and one
antineutrino, mediated by a Z0 boson.
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jAðνμ;τðp⃗Þ → νμ;τðp0!Þe−Lðp⃗−ÞeþL ðp⃗þÞÞj2 ¼
�

g2

M2
W

�
2

ðs2W − 1=2Þ2gμνgρσ
1

4
Tr

��
1 − γ5
2

�
=pγρ

�
1 − γ5
2

�
=p0γμ

�

× Tr

��
1 − γ5
2

�
=pþγσ

�
1 − γ5
2

�
=p−γ

ν

�
;

jAðνμ;τðp⃗Þ → νμ;τðp0!Þe−Rðp⃗−ÞeþR ðp⃗þÞÞj2 ¼
�

g2

M2
W

�
2

ðs2WÞ2gμνgρσ
1

4
Tr

��
1 − γ5
2

�
=pγρ

�
1 − γ5
2

�
=p0γμ

�

× Tr

��
1þ γ5

2

�
=pþγσ

�
1þ γ5

2

�
=p−γ

ν

�
: ð24Þ

Using trace theorems and properties of γ-matrices, one has

jAðνμ;τðp⃗Þ → νμ;τðp0!Þe−Lðp⃗−ÞeþL ðp⃗þÞÞj2

¼
�

g2

M2
W

�
2

ðs2W − 1=2Þ24ðp · pþÞðp0 · p−Þ; ð25Þ

jAðνμ;τðp⃗Þ → νμ;τðp0!Þe−Rðp⃗−ÞeþR ðp⃗þÞÞj2

¼
�

g2

M2
W

�
2

ðs2WÞ24ðp · p−Þðp0 · pþÞ: ð26Þ

Taking into account that k0 ≐ jk⃗j, we have

ðp ·pþÞðp0 ·p−Þ¼ jp⃗jjp0!jjp⃗−jjp⃗þjð1− p̂ · p̂þÞð1− p̂0 · p̂−Þ;
ðp ·p−Þðp0 ·pþÞ¼ jp⃗jjp0!jjp⃗−jjp⃗þjð1− p̂ · p̂−Þð1− p̂0 · p̂þÞ:

ð27Þ

As mentioned in the previous section, one can check that,
when the directions of the four momenta coincide, the

factors depending on the directions of the momenta and
the squared amplitudes are zero. Due to the LIV correction,
the energy-momentum conservation relations allow for a
difference in the directions of the momenta of the particles,
and then one has a non-null result for the squared
amplitudes.
The squared amplitudes in (25) and (26) have the general

form (8) used in the previous section. In the case of the
decay νμ;τðp⃗Þ → νμ;τðp⃗0Þe−Lðp⃗−ÞeþL ðp⃗þÞ, one has

N ¼ 4

�
g2

M2
W

�
2

ðs2W − 1=2Þ2; ð28Þ

and p⃗1 ¼ p⃗þ, p⃗2 ¼ p⃗0, p⃗3 ¼ p⃗−. The energy-momentum
relation for the electron and the positron is not modified
(we are considering a LIV contribution only in the energy-
momentum relation of neutrinos) so that α2 ¼ −1,
α1 ¼ α3 ¼ 0. The decay width of a νμ or ντ producing
an electron-positron pair can then be read from Eq. (18),

Γðνμ;τðEÞ→νμ;τe−Le
þ
L Þ≈

�
g2

M2
W

�
2

ðs2W−1=2Þ2 E5

192π3

�
E
Λ

�
3n
Z

dx0dx−dxþδð1−x0−x−−xþÞð1−x0nþ1Þ3ð1−xþÞ2: ð29Þ

In the case of the decay νμ;τðp⃗Þ → νμ;τðp⃗0Þe−Rðp⃗−ÞeþR ðp⃗þÞ, one has

N ¼ 4

�
g2

M2
W

�
2

ðs2WÞ2; ð30Þ

and p⃗1 ¼ p⃗−, p⃗2 ¼ p⃗0, p⃗3 ¼ p⃗þ. Then

Γðνμ;τðEÞ → νμ;τe−Re
þ
R Þ ≈

�
g2

M2
W

�
2

ðs2WÞ2
E5

192π3

�
E
Λ

�
3n
Z

dx0dx−dxþδð1 − x0 − x− − xþÞð1 − x0nþ1Þ3ð1 − x−Þ2: ð31Þ

Combining the results in (29) and (31), we have that the decay width of a νμ or ντ producing an electron-positron pair is

Γðνμ;τðEÞ → νμ;τe−eþÞ ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
Z

dx0dx−dxþδð1 − x0 − x− − xþÞ

× ð1 − x0nþ1Þ3½ðs2W − 1=2Þ2ð1 − xþÞ2 þ ðs2WÞ2ð1 − x−Þ2�: ð32Þ
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If we integrate the expression in (32) over xþ, x−, we obtain

Γðνμ;τðEÞ → νμ;τe−eþÞ ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
��

s2W −
1

2

�
2

þ ðs2WÞ2
� Z

dx0
1

3
ð1 − x0nþ1Þ3ð1 − x03Þ: ð33Þ

Then, the total decay width of production of an electron-positron pair is

Γðνμ;τðEÞ → νμ;τe−eþÞ ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
��

s2W −
1

2

�
2

þ ðs2WÞ2
�
cðeÞn ; ð34Þ

where

cðeÞn ¼
�
1

4
−

3

ðnþ 2Þðnþ 5Þ þ
3

ð2nþ 3Þð2nþ 6Þ −
1

ð3nþ 4Þð3nþ 7Þ
�
: ð35Þ

The energy distribution is given by

Pνμ;τe−eþ=νμ;τðx0; x−; xþÞ ¼
1

cðeÞn

δð1 − x0 − x− − xþÞð1 − x0nþ1Þ3

×

� ðs2W − 1=2Þ2
ðs2W − 1=2Þ2 þ ðs2WÞ2

ð1 − xþÞ2 þ
ðs2WÞ2

ðs2W − 1=2Þ2 þ ðs2WÞ2
ð1 − x−Þ2

�
:

ð36Þ

If we focus on the energy loss distribution of the neutrino, we get

Pνμ;τðxÞ ≐
Z

dx−dxþPνμ;τe−eþ=νμ;τðx; x−; xþÞ ¼
1

3cðeÞn

ð1 − xnþ1Þ3ð1 − x3Þ: ð37Þ

Let us now consider the production of an electron-positron pair in the decay of a νe. The result for the amplitude of the
production of an (e−Le

þ
L ) pair has an additional contribution due to the charged current interaction,

Aðνeðp⃗Þ → νeðp0!Þe−Lðp⃗−ÞeþL ðp⃗þÞÞ ¼
�
−i

g
2cW

��
−i

g
cW

�
ðs2W − 1=2Þ−igμν

M2
Z

½ũðp0!Þγμũðp⃗Þ�½uLðp⃗−ÞγνvLðp⃗þÞ�

þ
�
−i

gffiffiffi
2

p
�

2 −igμν
M2

W
½ ¯̃uðp0!ÞγμvLðp⃗þÞ�½uLðp⃗−Þγνũðp⃗Þ�: ð38Þ

Using trace theorems and properties of γ-matrices, one has

jAðνe → νee−Le
þ
L Þj2 ¼

�
g2

M2
W

�
2

½ðs2W − 1=2Þ2 − 2ðs2W − 1=2Þ þ 1�4ðp · pþÞðp0 · p−Þ; ð39Þ

which is just the result for the νμ;τ decay replacing ðs2W − 1=2Þ2 by ðs2W − 3=2Þ2. There is no contribution due to the charged
current interaction in the production of an (e−Re

þ
R ) pair, and the amplitude for this decay is the same as in the decay of a νμ;τ.

Then, the decay width of a νe producing an electron-positron pair is

ΓðνeðEÞ → νee−eþÞ ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
Z

dx0dx−dxþδð1 − x0 − x− − xþÞ

× ð1 − x0nþ1Þ3½ðs2W − 3=2Þ2ð1 − xþÞ2 þ ðs2WÞ2ð1 − x−Þ2�; ð40Þ
instead of (32). Integrating, one finds that the total decay width for a νe producing an electron-positron pair is

ΓðνeðEÞ → νee−eþÞ ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
��

s2W −
3

2

�
2

þ ðs2WÞ2
�
cðeÞn ; ð41Þ

and the corresponding energy distribution is given by
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Pνee−eþ=νeðx0; x−; xþÞ ¼
1

cðeÞn

δð1 − x0 − x− − xþÞð1 − x0nþ1Þ3

×

� ðs2W − 3=2Þ2
ðs2W − 3=2Þ2 þ ðs2WÞ2

ð1 − xþÞ2 þ
ðs2WÞ2

ðs2W − 3=2Þ2 þ ðs2WÞ2
ð1 − x−Þ2

�
:

ð42Þ

Let us notice that the total decay widths of νe and of νμ;τ
differ only by a constant factor. If we focus only on the
energy loss of the neutrino, we find a flavor independent
distribution,

PνeðxÞ ¼ PνμðxÞ ¼ PντðxÞ ¼
1

3cðeÞn

ð1 − xnþ1Þ3ð1 − x3Þ:

ð43Þ
There are two special cases, linear or quadratic LIV

modification of the energy-momentum relation, corre-
sponding to n ¼ 1 or n ¼ 2. The total decay widths and
neutrino energy loss distribution for the production of an
electron-positron pair are obtained by replacing the con-

stant cðeÞn in (34), (41), and (43), by

cðeÞ1 ¼ 121

840
≈ 0.144; cðeÞ2 ¼ 81

455
≈ 0.178: ð44Þ

Another difference between the two cases is that, while in
the linear case the antineutrinos are subluminal (and then
they are stable) when the neutrinos are superluminal, in the
quadratic case both neutrinos and antineutrinos are super-
luminal, allowing the antineutrino to also decay. In order to
obtain the final energy distribution of the antineutrino
electron-positron pair emission, one should take Eqs. (36)
and (42) and exchange every particle by its antiparticle; i.e.,
the energy distribution of the electron and positron should
be swapped. The expressions for the total decay width and
energy loss apply to both neutrinos and antineutrinos.
The total decay width, as well as the energy loss

distribution of a superluminal neutrino producing an
electron-positron pair, was obtained in Ref. [27] by a
different method, and considering only the Z0 exchange.
The calculation of the νμ;τ decay made here corresponds
then to the second example examined in that work, which
was derived from a modified Lagrangian, as we do in the
present work, for the case of a Λ-suppressed modification
of the energy-momentum relation for the neutrino. One can
check that the calculation based on the collinear approxi-
mation reproduces the result obtained in Ref. [27] for the
neutrino energy loss distribution and also the result for the

total decay width, up to a factor of 2 [compare, e.g.,
Eq. (34) with Eq. (52) of Ref. [27]]. The origin of the
discrepancy is that in [27], as well as in [24], one makes an
average over two possible initial neutrino spin states.
However, as discussed previously, the two initial states
are not equally probable and can be approximated by only
one helicity state of a massless particle.

B. Neutrino-antineutrino pair production

We consider a neutrino-antineutrino pair of flavor β
produced in the decay of a neutrino of a different flavor α
(Fig. 3). The amplitude of the decay is

Aðναðp⃗Þ → ναðp0!Þνβðp⃗−Þνβðp⃗þÞÞ

¼
�
−i

g
2cW

�
2 −igμν
M2

Z
½ ¯̃uðp0!Þγμũðp⃗Þ�½ũðp⃗−Þγνṽðp⃗þÞ�;

ð45Þ
and the squared amplitude

jAj2 ¼
�

g2

M2
W

�
2

gμνgρσ
1

16
Tr

��
1 − γ5
2

�
=pγρ

�
1 − γ5
2

�
=p0γμ

�

× Tr

��
1 − γ5
2

�
=pþγσ

�
1 − γ5
2

�
=p−γ

ν

�

¼
�

g2

M2
W

�
2

ðp · pþÞðp0 · p−Þ: ð46Þ

This is once more the expression (8) used in Sec. III with

N ¼
�

g2

M2
W

�
2

; ð47Þ

and p⃗1 ¼ p⃗þ, p⃗2 ¼ p⃗0, p⃗3 ¼ p⃗−. The energy-momentum
relation for the neutrinos in the final state has a LIV
correction coefficient α2 ¼ α3 ¼ −1, while the coefficient

in the antineutrino energy-momentum relation is αð1Þ1 ¼ 1

in the linear case (n ¼ 1) or αð2Þ1 ¼ −1 in the quadratic one
(n ¼ 2). Using Eq. (18), the decay width of a neutrino-
antineutrino pair production is

ΓðναðEÞ→ νανβνβÞ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
Z

dx0dx−dxþδð1− x0 − x− − xþÞ
1

4
ð1− x0nþ1 − xnþ1

− þ αðnÞ1 xnþ1
þ Þ3ð1− xþÞ2:

ð48Þ
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For the linear (n ¼ 1) and quadratic (n ¼ 2) cases, one can use the identities

1 − x02 − x2− þ x2þ ¼ 2ð1 − x0Þð1 − x−Þ; 1 − x03 − x3− − x3þ ¼ 3ð1 − x0Þð1 − x−Þð1 − xþÞ; ð49Þ
to simplify the expression of the decay width,

ΓðναðEÞ→νανβν̄βÞ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
Z

dx0dx−dxþδð1−x0−x−−xþÞ
ðnþ1Þ3

4
ð1−x0Þ3ð1−x−Þ3ð1−xþÞ3n−1: ð50Þ

In the case β ¼ α one should add a factor 1=
ffiffiffi
2

p
in the amplitude from the antisymmetrization of the two neutrinos in the

final state and one should consider two contributions related by the exchange of the momenta of the final-state neutrinos.
But since the expression for the decay width is symmetric in these momenta, one concludes that the decay width for the
neutrino-antineutrino pair production is flavor independent.
After integration over the energy fractions, we obtain the following result for the total decay width producing a neutrino-

antineutrino pair, valid for the n ¼ 1, 2 cases:

ΓðναðEÞ → νανβν̄βÞ ≈
�

g2

M2
W

�
2 E5

192π3

�
E
Λ

�
3n
cðνÞn ; for n ¼ 1; 2; ð51Þ

where

cðνÞn ¼ ðnþ 1Þ3
4

�
1

3nþ 1
−

3

3nþ 2
þ 7

2ð3nþ 3Þ −
2

3nþ 4
þ 3

5ð3nþ 5Þ −
1

10ð3nþ 6Þ þ
1

140ð3nþ 7Þ
�
; ð52Þ

with numerical values given by

cðνÞ1 ¼ 11

450
≈ 0.024; cðνÞ2 ¼ 237

10010
≈ 0.024: ð53Þ

In the same way, the energy distribution of the two neutrinos and the antineutrino, for n ¼ 1, 2, is

Pνανβν̄β=ναðx0; x−; xþÞ ¼
ðnþ 1Þ3
4cðνÞn

δð1 − x0 − x− − xþÞð1 − x0Þ3ð1 − x−Þ3ð1 − xþÞ3n−1; for n ¼ 1; 2: ð54Þ

For the case n ¼ 2, in which both neutrinos and antineutrinos are unstable particles able to decay, one can obtain the final
energy distribution in the decay of the antineutrino by replacing each particle with its antiparticle and vice versa in Eq. (54).
The total decay width remains unchanged.

C. Comparison of different decays

The different decay widths of a superluminal neutrino can be expressed as a product of four factors

Γ ¼ k
�
E5

�
E
Λ

�
3n
�
cfcn: ð55Þ

One has a common factor k

k ¼
�

g2

M2
W

�
2 1

192π3
≈ 7.31 × 10−13 GeV−4; ð56Þ

an energy-dependent factor

E5

�
E
Λ

�
3n
; ð57Þ
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a flavor dependent factor cf due to the different couplings of the Z boson to the charged leptons and the neutrinos, as well as
to the additional contribution due to the W exchange in the decay of νe producing an electron-positron pair,

cðνe→νee−eþÞ
f ¼

��
s2W − 3

2

�
2

þ ðs2WÞ2
�
¼ 1.66;

c
ðνμ;τ→νμ;τe−eþÞ
f ¼

��
s2W − 1

2

�
2

þ ðs2WÞ2
�
¼ 0.13;

c
ðνα→νανβν̄βÞ
f ¼ 1; ð58Þ

and a factor cn [see (44), (53)], which depends on the
produced lepton pair due to the fact that LIVonly affects the
neutrinos. From the energy distribution (43), one has that
the mean fractional energy of the daughter neutrino in the
interaction producing an electron-positron pair is

hxi ¼
Z

dxxPναðxÞ ¼
�
0.26 for n ¼ 1

0.30 for n ¼ 2:
ð59Þ

In the case of a decay producing a neutrino-antineutrino
pair, one can use the energy distribution (54) to get the
mean fractional energy of each of the two daughter
neutrinos

hx0i ¼ hx−i ¼
Z

dx0dx−dxþx−Pνανβν̄β=ναðx0; x−; xþÞ

¼
�
0.30 for n ¼ 1

0.38 for n ¼ 2;
ð60Þ

and the mean fractional energy of the antineutrino

hxþi ¼
Z

dx0dx−dxþxþPνανβν̄β=ναðx0; x−; xþÞ

¼
�
0.40 for n ¼ 1

0.24 for n ¼ 2;
ð61Þ

produced in the decay of the superluminal neutrino.

V. SUMMARY

In this work we have studied the consequences of a
Lorentz invariance violation in the neutrino sector, which
may cause neutrinos to become unstable at high energies.
The violation of the Lorentz invariance is manifest in the
dispersion relations (7), which change under ordinary
Lorentz transformations if αi ≠ 0. One can then ask which
is the reference system where these relations, or the form of
the modified Lagrangian (1), hold. Such a privileged system
of reference might be the one where the cosmic microwave
background is homogeneous and isotropic; in practice, the
laboratory system is boostedwith a very small Lorentz factor
from that system of reference and the modified dispersion
relations will have the same form. As in all other previous
relatedworks,we are assuming implicitly that this is the case

for the laboratory reference frames of the different experi-
ments able to detect astrophysical neutrinos. In contrast,
while a highly boosted system of reference (such as the rest
frame of a massive high-energy particle) may be more
convenient to study particle decays in special relativity, in
the LIV case we would have dispersion relations depending
on the parameters of the transformation. The use of the
collinear approximation developed in this paper, however,
allows one to have a simplified kinematics in the laboratory
system for the three-body decay of a superluminal particle in
the very high-energy limit, where one can neglect all the
masses of the particles. We note that this approximation will
also be useful in the study of processes involving very high-
energy astroparticles in a LIV theory.
An explicit expression for the decay width, Eq. (18), as

an integral over the energy fractions, has been obtained by
an appropriate use of the collinear approximation to
integrate over the angular variables. We have derived the
result for a modification of the energy-momentum relation
of each particle proportional to a power n of the inverse of
an energy scale parametrizing the correction due to LIV. As
a result, we have obtained that the neutrinos are super-
luminal (unstable) particles for every value of n, but in
contrast, the antineutrinos are subluminal (stable) in the
linear case and superluminal in the quadratic case. If the
opposite sign were chosen in (1), the antineutrinos would
always be superluminal particles and the stability of the
neutrino would depend on n. One can translate our study to
that case just by exchanging each particle by its antiparticle
in the final results.
The collinear approximation has been applied to the

decay of a superluminal neutrino producing an electron-
positron or a neutrino-antineutrino pair. The main results of
this work are the total decay widths in (34), (41), and (51),
and the energy distributions in (36), (42), and (54).
Compared to previous works, we have carried out a
calculation which includes for the first time to our knowl-
edge the charged weak current and the neutrino splitting
contributions to the decay width for LIV corrections which
are suppressed by a high-energy scale, as it is the case of
interest in quantum gravity phenomenology.
In previous works, only the contribution mediated by the

Z boson was considered. In fact, the contribution mediated
by the W is responsible for the difference in the flavor

dependent factors cðνe→νee−eþÞ
f and c

ðνμ;τ→νμ;τe−eþÞ
f . The large
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value of this difference shows that neglecting the W
contribution is not a good approximation.
In the case of the production of a neutrino-antineutrino

pair, the lack of a calculation of the corresponding width led
Ref. [33] to approximate it by that of the production of the
electron-positron pair multiplied by a factor three to
take into account the three possible neutrino-antineutrino
pairs. Our results show that this is also not a good
approximation.
The results of the mean fractional energies also differ

from the approximation used in Ref. [33] for the mean
fractional energy hxi ¼ 0.22 in the electron-positron pair
production, and hx0i ¼ hx−i ¼ hxþi ¼ ð1=3Þ in the neu-
trino-antineutrino pair production. A future simulation of
the propagation of superluminal neutrinos could use the
explicit form of the energy distributions instead of the mean
fractional energies.
Recent and near future observations of extremely high-

energy neutrinos could be used to put bounds on, or
identify, an effect of LIV in the propagation of

astrophysical neutrinos. The study of the possible effects
of LIV in the propagation of neutrinos requires the
expressions for the total decay widths and neutrino energy
distributions derived in this work.
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