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Abstract. In this paper, we define non-stationary fractal interpolation
surfaces on a rectangular domain and give some upper bounds for their
fractal dimension. Next, we define a fractal operator associated with
the non-stationary fractal surfaces, and study some properties of it. In
particular, we hint at the existence of a Schauder basis consisting of
non-stationary fractal functions.
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1. Introduction

Motivated by the seminal work [1] of Barnsley on Fractal Interpolation Func-
tions (FIFs), Navascués [23] introduced a family of fractal interpolation func-
tions f¢ known as a-fractal functions corresponding to a continuous function
f on closed and bounded interval of R. The a—fractal function f* approx-
imates and interpolates f simultaneously. As it is evident from some works
of Navascués and her collaborators [8,9,14,22-24,28,30,32] that there are
enormous applications of (stationary) fractal functions in different areas of
mathematics.

The univariate FIFs are studied more than the bivariate case. In [19],
Massopust introduced a construction of fractal surfaces on a triangular do-
main from coplanar data points on the boundary of the domain. Chand and
Kapoor [8] presented a hidden variable FISs on rectangular domains with
some conditions but it is observed by Xu and Ruan [26] that their con-
struction is not feasible. In [10], Dalla obtained FISs on rectangular grids
for collinear interpolation points on the boundary. Bouboulis and Dalla [5]
obtained a continuous fractal surface using coplanar data points. In [21], Met-
zler and Yun generalised the construction given by Malysz [18] by using a
vertical scaling function instead of constant scaling factor. Ruan and Xu [26]
introduced a general framework to construct fractal interpolation surfaces
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on a rectangular domain without any conditions on data points. We refer
the reader to, albeit incomplete, list of references, [5,6,19,21,24,26] for some
constructions of fractal surfaces.

Fractal dimension has been at the heart of fractal geometry. Estimating
the fractal dimension for many sets may require a lot of work, sometimes
it is too difficult to compute, see, for instance, [13]. We encourage the non-
fractalist reader to consult [28] for a better starting in the field of the fractal
dimension of bivariate function. In [18], Malysz computed the box dimen-
sion of fractal interpolation surfaces. In [15], Kong et al. obtained the box
dimension of bilinear fractal interpolation surfaces using the variation of the
fractal function over small subrectangles. In [29,30], Verma and Viswanathan
introduced and studied the bivariate a-fractal functions from the fractal ge-
ometry, operator theoretic and constrained approximation point of view. In
[14], Jha et al. obtained some bounds of the box dimension of a-fractal func-
tion. They also focus on some approximation and smoothness properties of
bivariate a-fractal function.

Recently, Liang and Ruan [17] construct recurrent fractal interpolation
surfaces (RFISs) on rectangular grids and introduce bilinear RFISs without
any restrictions on interpolating data and vertical scaling factors. Further,
they compute the box dimension of bilinear RIFSs with suitable conditions.
In [24], Navascu’es et al. launch a new construction method of fractal surfaces
on a rectangular domain from a given germ function f and a base function
b under the condition that f and b take the same values on the boundary of
the rectangular domain.

The first connection between stationary subdivision schemes and self-
similar fractals is originated in [27]. Motivated by this work, Levin et al. [16]
study trajectories of contraction mappings, which they consider a general-
ization of Banach fixed point theorem. Using this notion, they establish a
nice relation between non-stationary subdivision schemes and fractals. Fur-
ther, they compared their results with V' — variable fractals and superfractals,
see, [3]. Following the previous work, Dyn et al. [12] attempted to connect
more general types of subdivision schemes to sequence of function systems.
Recently, Massopust [20] introduces the concept of non-stationary FIFs by
considering a sequence of Read-Bajraktarevi¢ (RB) operators. He also shows
with some examples that non-stationary version of fractal interpolation func-
tions have greater flexibility than stationary case. Now, our aim here is to
construct and study non-stationary fractal a—fractal surfaces.

We should emphasize that the non-stationary version is presented not
merely as generalization of the stationary case; however with an eye towards
broadening non-stationary fractal surfaces to the region of constrained ap-
proximation.

The content of the paper is as follows. In the second section, we target
to develop the non-stationary fractal surfaces on a rectangular domain. In
third, we deal with the dimension of the non-stationary FISs using oscillation
spaces and Holder space. In the last section, we define a non-stationary fractal
operator, and establish some properties of it.
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2. Non-Stationary a-Fractal Surfaces

In this section, we construct a non-stationary bivariate a-fractal function on
rectangular grids; for details on stationary bivariate a-fractal function, the
reader is referred to [26,30].

Let I = [a,b] and J = [¢,d]. Define 0 = I x J. Let a continuous function
f 0O — R be given. Define a net A by

A= {(zs,y5) ER?:a=u1x0 < <o <zy=bc=yo <y < - <ym=d}.

We will use the following notation: ¥y = {1,2,...,N}, En o0 = {0,1,...
N}, 0Sn0 = {0, N} and intSyo = {1,2,..., N —1}.

Here we should note that we are working with a set D = {(z;,y;, 2;5)
i € XNy, J € B} of three-dimensional data points where the date set is
originated from the function f, that is, z;; = f(2;,y;). Let s = {sg}ren be
a sequence of continuous functions s; € C(O, R) satisfying si # f, ||s]le =
SUPgen ||kl < 00, and

k(@i y5) = f(@i,y5), ¥ (i,7) € 08N X 00
Let o = {ay tren be a sequence of continuous functions oy € C(O,R) such
that
|| oo := sup{||a]loo : kK € N} < 1.
We define affine functions w; : I — I; := [x;_1,2;] and v; : J — J; =
[yj—1,y;] as follows:
ui(z) = a;x +b;,  vi(y) = ¢y + dj,
where constants involved are suitably determined by the following set of
equations:
ui(xo) = xi—1, ui(xn) = x4, if i is odd,
ui(xo) = x5, wi(xn) =1, if @ is even,
(vo) =

(2.1)

vi(yo) = yj—1, vj(ym) =y;, if j is odd, and
vi(yo) = yj, vi(yn) = yj-1, if j is even.

Set K = O x R and define Fj; : K — R by

Fiji(x,z) = o (P ()2 + f(Py(x)) — o (P () se (),
where = (z,y) and P;j(x) := (u;i(z),v;(y))). For each (i,j) € En X X,
we define Wij,k: K — O X R by
Wijie(x, 2) = (P (@), Fiju(x, 2)),
where ;5 := I; x J;. Now, we have a sequence of IFSs 7}, := {K, Wijk
(’L,j) € XN X EM}
Let us mention two examples for such function s, € C(O, R).
(1) sp(x) = f(x)tr(x), where t,, € C(O,R) is a fixed non-constant function
such that tk(xz;yg) =1, V (’L,j) S 8EN,0 X 8§]M70.
(2) sk(x) = (foty)(x), where ty, € C(01, D) is a fixed map such that ¢, # Id,
the identity map, and tx(z;,y;) = (2, y5), V (4,5) € 0Xn,0 X 0Xpr 0.
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Let X be a metric space and {T} }ren be a sequence of Lipschitz maps on X.
We define backward procedures as follows:

lpk I:Tl OTQO...Tk.

Definition 2.1. Two sequences {xy }ren and {yx }ren in a metric space (X, d)
are said to be asymptotically similar if d(zx,yr) — 0 as k — oo.

Ezample 2.2. Let X = [0,1] and 2 = 2*, yx = 22* for some z € X. Then
{z1}ren and {yk }ren are asymptotically snnllar.

Remark 2.3. If {xk}reny and {y tren are asymptotically similar then

khrn T =T < hm Yp = T.
Proposition 2.4. ([16], Proposition 3.4) Let {T}}ren be a sequence of Lips-
chitz maps on a complete metric space X such that Ty has Lipschitz constant
e If im0 Hle ¢ =0, then {Uy(x)}, {Vr(y)} are asymptotically similar
forallx,y € X.

Ezample 2.5. Let us consider X = [0,1] and T : X — X defined by
Ti(z) = %. Here ¢z = + and limg_.o Hle% = 0. Then all the trajecto-
ries are asymptotically similar.

Proposition 2.6. Let {T)}ren be a sequence of Lipschitz maps on a complete
metric space X. If there exists x € X such that the sequence {d(z,Ti(x))} is
bounded, and "7~ Hle ¢i < 00, then the sequence {Uy(x)} converges for
all x € X to a unique limit T.

Proof. For m,k € N, m > k, and x € X satisfying the conditions of the
statement:

AV (2), Ui(2)) < d(Um (), Vn1(2)) + d(Vim—1(2), Um—2(z))+
+ d(Vpt2(2), Vi1 (@) + d(Vita (2), Vir(2))

m—1

< ( I1 ci)d(Tm(x) (ch) (Tip1(z), 2).
i=1
Since the sequence {d(z, T;(z))} is bounded, that is, there exists M > 0 such
that sup;cyd(z, Ti(z)) < M, then d(V,,(x), Vi(z)) < M(Sm—1 — Sk—1),
where S; represents j-th partial sum of the series Y- Hle ¢;. This further
implies that {Uy(x)} is Cauchy and hence convergent. Using the previous
proposition, all the trajectories {Uy(y)} are convergent to the same limit for
all y € X. O

From the above proposition, it is immediate to deduce the following
result.

Corollary 2.7. If X is a complete and bounded metric space, and {T}} is a

sequence of Lipschitz mappings on X with Y ;- Hle c; < 0o, then all the
trajectories {Ui(x)} converge to the same limit.
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Let us recall the following notation:

a = {ayfren and s := {s }ren-
Now, let Cf(O) := {g € C(O) : g(xi,yj) = zij, ¥V (1,7) € 08N, X BEM,O}.

Proposition 2.8. The set C;(01) is a complete and convex subset of C(0J) with
respect to the uniform (or supremum) distance.

Proof. Let us consider a convergent sequence of elements f,, € C;(0J) C
C(O) and lim f,,, = g € C(O) with respect to the supremum norm. The uni-
form convergence implies pointwise convergence and g(z;, y;) = limy, fm (s, y;)
= lim,, 2;; = 2;;. Besides g must be a continuous function, therefore g €
Cs(O). Consequently, C¢(J) is a closed set of the complete space C(J) and
thus complete. The convexity is a straightforward consequence of the defini-
tion. U

For k € N, we define a sequence of RB operators T** : C¢(OJ) — C¢(0)
by
(T**g)(x) = Fijr(Qij(x), 9(Qij(x)) Y& € O, (i,7) € v X X,

where © = (z,y) and Q;;(x) = (u;l(x),vjl(y)) For completeness, we shall
hint at the well-definedness of 7%

Proposition 2.9. The above T : C4(TJ) — Cy(O) is well-defined for each
ke N.

Proof. Let us denote the boundary of a set X by 9(X). If (z,y) € (x;—1, ;) X
(yj—1,Y;), then T g(x,y) takes exactly one value.
If (z,y) € 9(I; x J;), then we have at least one of the following:

(1) (z,y) € O(Li x J;) N O(Liy1 % J5)
(2) (z,y) € O(Li x J;) N O(Li X Jjv1)
(3) (z,y) € O(Li x J;) N O(Li1 x J;)
(4) (z,y) € O(Li x J;) N O(Li X Jj—1).

We show the first case, as the others will follow similarly. Assuming (x,y)
= (z;,y) as a point in 9(I; x J;) we get

(T 9)(w.y) = F() + ar(ey) (9(u7 (@), 07 1) = se (a7 (), 07 1))

(2.2)
and treating (z,y) = (2;,y) as a point in (L1 X J;)
(T 9) (. y) = F(9) + a2, y) (9 (i (@), 05 @) =5 (i (), 05 () ).
(2.3)
If i is an even number, then u; '(z;) = u;rll(x = 20, otherwise u; !(z;) =

) =
u;_ll(:cl) = xn, This with Egs. (2.2) and (2.3) yield the same value for
T g(x;,y). Hence, T g is well-defined. O

We further note that T is a contraction map, that is,
[T g = T hllos < llakllsollg = Pllso-

Now, we are ready to prove the non-stationary version of [ [30], Theorem 3.1].
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Theorem 2.10. Let us consider the sequence of operators {T**} on Cy(7)
defined above with the conditions described. Then for every g € Cy(03) the
sequence {T* o T2 o --- 0 T%g} converges to a map f2 of Cy(D).

Proof. Let us consider g € Cy(0J). We first check that {||7%¢ — g|leo} is
bounded. Applying the definition of T,

179 = glloo < [ flloc + llglloe + llarlloo([[glloc + lIsklloc)
= (14 llelloo)llglloe + [1.f loo + llexlloc lIslloo
the bound does not depend on k. Applying Proposition 2.6, there exists

fA € Cp(O) such that fA = limy oo T* 0 T2 0 --- 0 T%gq for any g €
s f s
Cf(D). O

Remark 2.11. Recall [30, Theorem 3.2] that if ||| s < (1+|[Id—L]||)~!, then
the associated (stationary) fractal operator F3 ; : C(0J) — C(O) defined by
Fa. = f& , where fR | is the (stationary) a-fractal function corresponding
to the scaling function o : 0 — R and base function Lf satisfying the self-
referential equation:

fR (@, y) = fz,y) + alz,y) fR L (47 (@), 07 (1))
—a(z,y) (L) ((u; ' (2),v5 ' (9),
is a topological automorphism. See [30] for notation and more details. The
mentioned result convinces us that every function in C(3J) is a stationary a-
fractal function corresponding to some parameters. But, it should be noted

[2] that the construction of an IFS for a given function is really a difficult
task.

Definition 2.12. The function f is the non-stationary fractal surface with
respect to f,a,s and the net A. Note that to make distinction between
stationary and non-stationary a-fractal functions, we are denoting the non-
stationary a-fractal function by £, where A represents the sequence a. This
may be a slight abuse of notation.

Remark 2.13. Since each T'** is a contraction, there exists a unique function
fi, known as (stationary) a—fractal function corresponding to T°*, such
that T°%(f7) = f{. Being the fixed point of the RB-operator T [30], f{
satisfies the functional equation:

fe@) = P (Qui(@), £(Qis(@)) V@ e oy,
where © = (z,y) and Q;;(x) = (u:l(x),vj_l(y)) That is, for all (i,5) €
YN X2y and x € Oy, we have
fi (@) = f(@) + ar(@) fif (Qij(x)) — cn (@) sk (Qij (). (2.4)
Define W« (B) = U(i,j)eZNxEMWij,k(B) for BC O xR.
Proposition 2.14. Let us consider the IFS T;, := {K, Wije = (1,]) € Bn %
ZM}. Let h : &0 — R be a continuous function interpolating the data {(z;,y;,

f(xi,y)) 11 € N0, J € o}, then if Gy, is the graph of h, W (G),) = G,
where Gy is the graph of a continuous function g : O — R interpolating
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the data, then T“*h = g where T™* is the operator defined as previously.
Moreover, if g =T h then W (Gy) = Gy.

Proof. Let Gj, be the graph of a continuous function h : O — R. Let
(z,h(x)) € G}, then
Wij i (2, h(x)) = (Pij (), Fij k(2 h(z)))
If P;;(x) = x, then
Wijk(z, h(x)) = (2, Fij £ (Qij(x), M(Qi5(x))))

and © € ;5. Each W, transforms the graph G, in the graph of a contin-
uous map g;; : ;; — R defined by

93 () = Fij k(Qi;(), h(Qi; (Z)))
The values of g;; at the boundaries of [J;; are coinciding. In this case,
we can link the surfaces g;; to compose a continuous function g such that
g(x) = gij(x) for € O;;. The definition of g agrees with the image of h

by the operator T%* so that T“*h = g. The proof can be followed in inverse
sense. 0

The graph of the function attractor satisfies the self-referential equation
G = U G, 29

(i,5)ex

where fi*,; is the restriction of f* to OJ;;.
Let us consider the set of graphs of the continuous functions belonging to

Cs(D), G = {Gn}nec, (- In this collection of sets it seems natural to define
the metric

d(Gr, Gg) = |7 = gl (2.6)

The set G is a complete metric space due to the completitude of C¢(J). We
can define the map

F:G—CD) (2.7)
such that F (Gr) = h. F is an isomorphism of metric spaces, in particular
is an isometric embedding and it preserves the fractal dimension (see [3]).
F' also preserves the topological invariants. The topology of G agrees with

the identification topology induced by F ([3]). The next result can be easily
proved.

Theorem 2.15. If S : C;(00) — Cy(O) is a contractive transformation on
Cr (D), || - lloo) with contractivity factor r, the map S : G — G such that
S(Gn) = Gsn) is a contraction with the same factor.

We could have followed the inverse way and define the H-metric on the
space of functions (see [25]), given by

d(h,g) = du(Gn,Gy)
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where G}, G, are the graphs of h and g, respectively, and dg is the Haus-
dorff distance (for sets) between them, but the uniform distance seems more
intuitive.

We can consider that (G, W) is a dynamical system with an attracting fixed
point G o

Proposition 2.16. The attractor of a finite composition W o W*2 o... Wk
is the graph of a function gy : 1 — R interpolating the data.

Proof. Let us consider T* 0 T*2 0 --- 0 T : C¢(1) — C¢(O). Since Cs(D)
is complete and the mapping is a contraction then it admits a fixed point
gr € Cs(O). The corresponding attractor of W o W2 o ... W is the
graph of this function. O

Remark. The function f2 is the uniform limit of the maps g defined in the
Proposition 2.16.

3. Fractal Dimension of Non-Stationary a-Fractal Surfaces

Next we aim to compute the fractal dimension of the graph of a non-stationary
fractal interpolation function using the concept of oscillation and Holder
spaces. We refer the reader to [7,11] for oscillation spaces. Fractal dimension
is a tool which tries to distinguish fractals. We denote by dim(C),dimg(C)
and dimg (C) the lower box dimension, upper box dimension and Hausdorff
dimension of a set C respectively. The reader can consult [13] for definitions
and some properties of fractal dimensions.

Let @ C [0,1] x [0,1] =: I? dyadic square so that Q = { : H‘l} X

2m . 92m

[Qim, J;{,}} for some integers m > 0 and 0 < i,j < 5. For a continuous

function f : I? — R we define oscillation of f over @ as follows:

Rp(Q) = sup [f(z) - f(y)

T,ye
:flégf( ) — inf f(=),

and total oscillation of order m,
Osc(m, f) = Z R (Q
|Q|=2—m

where the sum ranges over all dyadic squares Q C I? of side-length |Q| =
For a given 0 < 3 < 1, we define oscillation space V?(I?) by

V(%) = {f eC(I?): mENW < oo}.
One can define

VAI-(IP)={f eC(I?) : feV<I?*)Ve>0}
and

V() = {f eC(I?) : f ¢ VPT(I?) V e > 0}.
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Theorem 3.1. ([7], Theorem 4.1) Let f be a real-valued continuous function
defined on I, we have

dimp(Graph(f)) <3 -y <= fe V' (I?) if0<y<1

and
dimp(Graph(f)) >3 —v < feVIT(I?) if0<~y< 1.
Now, it is easy to check that | f[lys = || fllec + SUPmen % is a
norm on VA(I2). Let us note the following result.
Theorem 3.2. The space (VP(I?),||.|[ys) is a Banach space.
Proof. Proof follows on the similar lines of [31, Theorem 3.6]. O

Lemma 3.3. Let N = M = 2" for some n € N and |u;(I)| = |v;(I)| = 5= for
all j € Xn. Then for m > k, we have

Osc(m, g) = N*Osc(m —n, f),
where g(z) == f(Qi;(x)) for x € Ojj.
Proof. We have
Osc(m,g) = > sup |g(x) - g(y)|

T, Yye
|Ql=2-m T YEQ

= > sup [f(Qi(®) — F(Qi(v)]
Q|=2-m TYERQ (3.1)

- > Y sw i@ - @)
1,JEXN |Q|=2—(m—n) z,YeQ
= N?Osc(m —n, f),
completing the proof. .

For the upcoming theorem, let us introduce the following notation:
lalloo = supren llaklleo < 1 and Osc(m,a) = sup,ey Osc(m, o) < oo.
Let V/(1?) :={g € VA(I*) : g(wi,y;) = f(xi,55), ¥ (i,]) € O8N0 % O¥r}-
We observe that the space V? (I?) is a closed subset of VA(I?). It follows
that ij (I?) is a complete metric space with respect to the metric induced by

norm ||.||ys-
Now, we are well-equipped to establish the next result.

Theorem 3.4. Let f,sp, o € VP(I?) be such that sp(zi,y;) = f(zi,y;),
v(i, )

€ 0% N,0X0% N 0. Further, we assume that [u;(I)| = |v;(I)| = 3= for somen €
N and for allj € ¥ n with N = M = 2™, Ifmax{||Oz||oo—|—1\f2 SUP,,eN %,

N2|allo
on(2—B8)

norm ||.|lys to a map fA € VA(I?). Furthermore, we have 2 < dimp (GfSA) <
dimp (Gya) < dimp(Gya) <3-6.

} < 1, then for any g € Vﬁ(ﬁ) the sequence {Uy(g)} converges in
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Proof. Tt is well-known [13] that
2 < dimp (Gpa) < dimp (Gpa) < dimp(Gya).
Now, we continue by defining a sequence of mappings T}, : V? (I?) — V? (1?)
by
(Trhg)(@) = fx) + ar(®) (9 — s1)(Qi;(®)),

for all € O, (i,5) € Zn x X, where & = (z,y) and Q;;(x) := (u; (),
v (y).

Using Lemma 3.3, for g,h € V?(I2) we have

|Tkg — Tichl[vs
Osc(m, Trg — Tih)

= ||Thg — Th||oo + sup

meN 2m(2-6)
loklloo Osc(m —n,g —h)
S ||a||00||g - h”oo + Z 27L(2—ﬂ) ::é% Q(M—TL)(Q—B)

(1,J)ESN XN

Osc(m, ay,)
+ Z ||9*h|‘oorsnlé%w
(i,J)€EENXEN

Osc(m, ay,)
< (”Ozkoo-l-(ij) > sup —o gy | 9 = hlloe

EXNXIN m

ok [loo
+ ( Z 2n(2—5)

(,J)EENXEN

Osc(m —n,g—h)
2(m—n)(2-p)

) meN,m>n

Osc(m,ak) N2||a||oo
om(2-p) ° 9n(2-0) lg = Rllve-

< max{ozkﬂoo + N? sup
meN

From the condition taken, it follows that each T} is a contraction map on
V4 (I?). Note also that the sequence {[|Txg — g|[ys} is bounded.

On applying Proposition 2.6, the backward trajectories Wy :=T; o Th o

-0 Ty, of (T)) converge for every g € V? (I?) to a unique attractor f €

V?(IQ). With the help of Theorem 3.1, we obtain dimp (GfSA) <3 — (. This

completes the proof. O

Remark 3.5. In [11], Deliu and Jawerth showed that the oscillation spaces
are refinements to Holder spaces. They also expressed the fractal dimension
in terms of different classical oscillation measures and in terms of wavelet
expansions by comparing the oscillation spaces to certain Besov spaces. In
[14,28,29], box dimensions of (stationary) a-fractal functions are estimated
using Holder spaces and variation method, however, the case of oscillation
spaces are not discussed. Our result may generalize the results available in
[15,17], because bilinear FIS is a particular case of (stationary) a-fractal
function, see, for instance, [30, Remark 2.1]. It should be noted that in [15,17],
the exact value of box dimensions of bilinear FISs and bilinear RFISs are
computed under certain conditions, however, we provide lower and upper
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bounds of dimensions of non-stationary fractal function under less restrictive
conditions, see, [30, Remark 2.1].

A function f : 3 — R is said to be Holder continuous with exponent o
if

[f(®) = f(Y)] < kslle —yll5, ¥V 2,y O,

and for some ky > 0.

For Hélder continuous functions f with exponent o, let us define oth Holder
seminorm as

ey |l —yll§

and consider the Holder space
H(O) :={g: I xJ—R: gis Holder continuous with exponent o}.

The space H () is a Banach space when endowed with the norm ||g||, :=
l1glloc + [glo-

Remark 3.6. If f € H°°(O) then f € H (D) for each 0 < o < oy.

Let us define H3 (D) = {g € H7(D) : g(zi,y;) = f(@i,y5), V (i,7) €
O%N,0 X 0Xn0}. One can check that the space H$ (D) is a closed subset of
H? (D). It follows that H$ (D) equipped with the obvious metric is complete.

Now, we are ready to prove the next result.

Theorem 3.7. Let [ and oy be Holder continuous with exponent o1 and oo
respectively for every k € N. Let s be Hélder continuous with exponent
o3 satisfying sk(zi,y;) = f(@i,y;), V (i,5) € 08N X 0¥mo, k € N

lleell oo

If max{||a||g,m} < 1 then for any g € H3(D) the sequence
{Uk(g)} converges in norm ||.||, to a map f& € H? (), where o = min{oy, o9,
o3} and ||lall, = sup{|laklls : k € N}. Furthermore, 2 < dimpy (GfSA)
< dimp (Gyp) < dimp(Gpa) <3 -0

Proof. Note [13] that

2 <dimy (Gpa) < dimp (Gpa) < dimp(Gya).

From Remark 3.6, we say that f,a; and s; are elements of H? (), where
o = min{oy,09,03}. Now we proceed by defining a sequence of mappings

T, : HF(O) — HF(O) by

(Thg)() = f(z) + ar(x) (9 — s1)(Qij(x))
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for all x € Oy, (4,5) € n x Tpr, where x = (2,y) and Q;j(x) = (u; ' (z),
v;l(y)) Then we have

Tig(x) — Trg(y)|

Tkg = max sup
(B9)]o = e S el
o wp M)
(1,J) €SN XE M z#y,x,yell;; ||£B - y||2

| lon(@)](g — 5(@u(@) — (9= 50 )

o~ ullg
(9= 9)(Qus ()]l (@) — an(w)
+
BRI ]
< 1+ ol

<mmﬂwumuw(wo+bdﬁ44M—sMWML,

this immediately show that T}, is well-defined. Let ¢, h € H;'C(IZI). We have
1Tkg — Tkhllo = [Tkg — Tkhlloo + [Thg — Tkhls
< llelloollg = hlloo
[kl oo
(ming]ail, |¢;[})7
vl }
. lg = hllo-
(min{jail, [¢;[})7

This yields that each T} is a contraction mapping on H;(D).

Note also that the sequence {||Tkg — ¢/} is bounded. Using Proposi-
tion 2.6, the backward trajectories Wy := Ty o To o --- o T} of (T}) converge
for every g € H$(O) to a unique attractor f € HF(3). Since f € HF(D),
one deduces dimp (G fsza) < 3 — o. This proves the result. O

[g - h}rf + [‘%]U”g - h”oo (3-2)

< max {|jall,,

Remark 3.8. The above theorem can be compared with [28, Theorems 5.2.7
- 5.2.9]. To be precise, if we choose s = s and «a = « for all k¥ € N then
the above theorem will reduce to [28, Theorems 5.2.7 - 5.2.9], and further, it
can be compared to [14, Theorem 4.2 (i)], where the box dimension of the
stationary bivariate fractal function is estimated, that is, diim(Gf;;) <3-o0
under the condition:

N M

ZZSUP{OZ(I’,@/) : (:Evy) € ‘:]ij} S 1;

i=1 j=1
with the help of method of variation over small subrectangles. However, we
here use the dimensional property of Holder space to obtain the bound:
dimp (Gf:x) < 3 — 0. Further, we emphasize on the fact that both of the
above techniques have been applied in [28] for obtaining different bounds
on the box dimension of stationary bivariate fractal function under different
conditions.
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4. Associated Fractal Operator

Let us recall that |a|e = suppey [|@klloc < 1 and ||s]|oc = supgen ||Sk||oo-
In view of Theorem 2.10 and Sect. 2, we are now well-equipped to prove the
next theorem.

Theorem 4.1. The non-stationary fractal function f2 satisfies the following
properties.:

(1) If A is the null sequence then f2 = f.
(2) The perturbation error is given by:

[aflocCr,s
1—laflee’

(oo}
A
£ = Flloo < D llalibllf = sklloo <

k=1

where Cy.o = supen {1 = sillo}-

(3) If the sequence {a™ = {a'}}men converges to the null sequence in
sup-norm then fA" converges to f.

(4) If the sequence {s™ = {s}"}}men is such that Cysm — 0 as m — oo,
then f4. converges to f.

Proof. (1) Due to Eq. (2.2),
T%g(x) = f(x) + ap(x)g(Qij(x)) — a(x)sk(Qij(x)), V& € Oy,
(i,7) € En X Zar,

where & = (z,y) and Q;;(x) = (u;l(x),vjfl(y)). Let A be a null se-

quence. That is, a = 0 for all k¥ € N. Then we get T% g(x) = f(x) for
all x € O. This on induction provides
T oT*o0---0T%g(x) = f(x), Ve
On taking the limit k£ — oo, we have
fAx) = ,}EEOTM oT*o0.--0T%g(x) = f(x), Ve e,
proving the assertion.
(2) By definition of RB operators T, we have
T oT*o0--- 0T f(x) — f(x)
= a1(@)(T% 0T 00 T f — 1) (Qi()), Y @ € Tu.

Inductively, we get
k
T* 0T 0.0 T f(z) - f(x) = Y ai(@)...ar(Q};(@))(f — 51)(Q; (),
=1
Yaxc Clij,s

where Qéj is a suitable finite composition of mappings @);;. Now,

k
1T 0T 00 T f — flloc <Y [lalli I f = st oo
=1
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As k — oo, we have

- [[v]] oo
ff_foog aloof_sloogisup f_skoo~
17 Sl < 3 lellcllf = il < Tl supls =
This completes the proof of item (2).
(3) From the proof of item (2), we get

am [0 ]looCrs
— < I Nl /hs
Hfs f”OO - 1= ||am||oo
Since ||a™]|co = SUPen |7 —0]|o — 0 as m — oo, we have the required
result.

(4) The proof follows on similar lines of the previous item.
O

Remark 4.2. In [32-34], Vijender introduced and studied the (univariate sta-
tionary) Bernstein fractal functions by considering the base function as Bern-
stein polynomial B,,(f) of the generating function f in the a—fractal function.
Our result mentioned above can be treated as a non-stationary generalization
of his result, and we believe that the above result will find many applications
similar to Vijender’s work.

By considering s, = Ly(f), where Ly : C(O) — C(O) is a bounded lin-
ear operator such that Lyg(x;,y;) = g(zi,y;), V (4,7) € O8N0 X 0L pmp, k €
N, and ||L||s := supyey || Lk|| < oc.

Now, we define an operator so-called non-stationary fractal operator
FA:C(O) — €(O) defined as:

FAF) = 2,

where f2 is the non-stationary fractal function corresponding to f and fixed
sequences (ay) and (Lyg).

Theorem 4.3. The fractal operator FA : C(0) — C(O) 4s a bounded linear
operator where s is taken as above.

Proof. Let f,g € C(O) and 3,7 € R. In view of the proof of item (2) in
Theorem 4.1, we write

(B2 () = Af(x) + lim ij ai(@) ... aa(Ql(x)) (Bf — Lu(B1)) (@ (),
and -
(79)2 (@) = 7g() + lim ij ai(@) ... (@l (@) (vg — Li(79))(Q; ().
Using linearity of Ly, the a;;lve equations give
(B (@) + (19) (=) = (Bf +79)(x) + Jim ij a(x). ..
o(Qi;(x)) (B + 19 —l:Iiz(ﬁf +79))(Qy;(@))-
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Now, since

k
(Bf +79)d (@) = (Bf +79)(@) + lim > as (@)
=1
Q4 (@) (Bf + 9 — Li(BS +79)) Q% (),

we deduce that

(Bf +79)d = (BHE + (v9)2,

that is, F4 is a linear operator. Again by item (2) of Theorem 4.1, we get

S

[l e
||‘7:;4(f)”oo [ flloo < 1| o‘o‘ buP If = Liflloo < 1| OT| Cr flloos
where Cr, = supyey || — Li||. Equivalently,
Crllel
IFA S o < (14 2252 ) e,
1 — oo
establishing the result. O

Remark 4.4. We can deduce [14, Theorem 3.2] from the above theorem by
choosing Ly = B,, », and ay = a for all k£ € N and for some m,n € N, where
By, n denotes the (bivarate) Bernstein polynomial operator of order (m,n).

Remark 4.5. Using item-(2) in Theorem 4.1, we have

||0‘Hoo

where Cp, = supycy ||/ — Li||. From this, we deduce the following result: If
llofloe < 1 +C then F2 is a topological isomorphism. The topological isomor-

1) = Flloo < 72 T JapCrllle

phism of F# can be used to construct a Schauder basis of C([1J) consisting of
nonstationary fractal functions. Since F# is a topological automorphism for

]l oo < ﬁ, we have

UFd o) =co),
A,s

where the union is taken over all possible A and s.

Remark 4.6. In view of the above results, one can prove the non-stationary
version of [30, Theorems 3.2,4.1,4.4].

In the next result we show the existence of a non-trivial closed invariant
subspace for the non-stationary fractal operator. The proof of this next the-
orem is given by modifying and adapting some standard techniques present
in the literature on invariant subspace problem; see, for instance, [4,28].

Theorem 4.7. There exists a non-trivial closed invariant subspace for the
fractal operator FA : C(0) — C(O).
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Proof. We begin by taking a non-zero continuous function f : O — R such
that f(zi,y;) = 0 for every (x;,y;) € A. Denote by (FA)" the r-fold com-
position of F# with itself, and (F#)° := f. Now, we construct the F*-cyclic
subspace generated by f, that is,

Yy = span{f, F2(f), (FH2(f).--- ).

It is obvious that Yy # {0} and F2(Y}) C Y;. Let g € Y;. Using the definition
of Yy, there exist constants ¢; € R and r; € NU {0} such that

9=t (FN" () + t2(FH () + -+ tm(FH ()
With the help of the interpolatory property of the fractal operator, we obtain

Flaiyyg) = (FA) (i, 95)
for every (z;,y;) € A. This implies that g(z;,y,;) =0, V (z;,y;) € A. Assume

that Y = Y;. We immediately establish that F2(Y) C Y, hence that Y is a
closed invariant subspace of F2.

To prove Y is a nontrivial closed invariant subspace of F, we proceed
as follows. Let h € Y. Then there exists a sequence (hy,)nen C Yy such that
hy, — h uniformly. Since uniform convergence implies pointwise convergence,
we deduce that h(z;,y;) =0, V (z;,y;) € A. From which we conclude that a
continuous function that is nonzero at some points in A does not belong to
Y. In particular, ¥ # C(O), completing the proof. O

Remark 4.8. Let us consider a set of data on a grid {(z;, y;,t;;) 1 ¢ € Xny, J €
Ym0} The set of continuous interpolants of these data is a convex, closed
invariant set with respect to the transformation F2. If ¢;; = 0 for all i, j,
then it is also an invariant linear subspace.
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