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ABSTRACT 

The modelling and design of a piezoelectric mounted rotary flexible beam that 

can be used as an energy scavenger for rotary motion applications is 

investigated in this thesis. The energy harvester system consists of a 

piezoelectric cantilever beam with a tip mass mounted on a rotating hub. 

Development of the energy harvester is motivated by the need to continuously 

charge wireless sensors for health (condition) monitoring in rotating mechanisms 

such as tires and turbines. A review of prior energy harvester mechanisms is 

provided followed by the proposed design and modelling technique. The dynamic 

model of the harvester is derived by using the Euler-Bernoulli beam equation and 

considering the effect of the piezoelectric transducer. The equations of motion 

are derived using the Lagrangian approach followed by relationships describing 

the harvested power. In particular, expressions describing the optimum load 

resistance and the maximum power that can be harvested using the proposed 

system are derived. Numerical simulations are performed to show the 

performance of the harvester by obtaining tip velocities and electrical output 

voltages for a range of electrical load resistances and rotational speeds. Effect of 

parameters such as tip mass weight, beam length, piezoelectric constant, 

compliance, relative permittivity and damping on the harvester dynamics 

analyzed. Design and fabrication of the prototype are presented further. The 

model is verified for resonance and off-resonance operation by comparison to the 

experimental results. It is shown that by proper sizing and parameter selection 

the output power of the proposed system is sufficient to power typical wireless 

sensors.  

 
Keywords: Piezoelectric Energy harvester, Flexible cantilever dynamics, Rotary 
motion instrumentation. 
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CHAPTER 1: INTRODUCTION 

          Rotation is one of the most commonly used forms of mechanical motion and 

power transmission, widely used in various platforms in engineering applications. Apart 

from the design and manufacturing issues, maintenance and condition monitoring of 

rotary systems are of great importance in different applications. For instance, a gas 

turbine power generation unit cannot be shut down instantly for checkups or inspection 

purposes. Instead, it is desirable to continuously monitor the health and status of the 

system while it is operating under regular conditions.  

          Condition monitoring of rotational systems is a fast growing area in engineering 

which focuses on obtaining the criteria for predicting the life cycle, failure type, and fault 

location in mechanical systems [1]. Sensors and data transmission (wired/wireless) are 

essential elements in all condition monitoring systems. With the continuous advances in 

low-power electronics and MEMS, wireless technology allows electronics and sensors 

to be placed in remote locations.  

          Wireless communication is a reliable technique for sensory data acquisition which 

does not have the drawbacks of wired systems such as the need for slip-rings in 

applications involving rotary motion. The typical wireless sensors use batteries as the 

power source. Although the size and power storage of batteries has improved over the 

past years, they still need to be replaced or recharged when used on a continuous 

basis.  



 

 2 

 

 

          Figure 1.1 shows improvements in the performance of laptop computers on a 

logarithmic scale over the past few years. Battery energy has the slowest trend of 

improvement in mobile computing [2].  

 

 

Fig.1.1: Relative improvement in laptop computing technology [2] 

 

          Depending on the placement of the sensor on the structure and the location of the 

structure itself, battery replacement may be challenging or impossible. As a result, 

availability of an in-situ miniaturized unit that scavenges ambient energy at the location 

it is installed will be a huge advantage in modern wireless condition monitoring systems.   
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1.1 Energy Harvesting as a Potential Solution 

 

          Harvesting ambient energy is the process of obtaining energy from the 

environment, converting it into the electricity, and storing it for use by electronic devices. 

Various sources of ambient energy have been explored in the literature. These sources 

have advantages such as being essentially free and having clean conversion 

mechanisms (there is no pollution associated with the conversion process). Energy 

harvesting technologies include solar, thermoelectric, acoustic, axial-flow micro-turbine 

and mechanical vibrations. Mechanical vibration as an ambient source of energy for 

harvesting is described in the next chapter. 

          Solar energy harvesting is the most common mechanism of power scavenging. 

Solar panels consist of photovoltaic cells can generate up to 15,000  in direct 

sunlight [3]. However, their performance reduces to 150  on a cloudy day and 

only 6  at a desk in an office environment [3].  

          Thermoelectric energy harvesting devices generate electricity when placed in a 

temperature gradient. This is the same principle upon which a thermocouple works (the 

Seebeck effect). Published results indicate that 2.2  can be generated for T = 5 

K and 8.6 for T = 10 K [4]. Lim and Snyder [5, 6] report a device that generates 

40  of power for T = 1.25 K temperature gradient. Strasser et al. [7] report a 

device capable of generating 1  for a T = 5 K. 
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          Acoustic energy harvesters convert energy from acoustic waves into electrical 

energy. This approach has the major drawback that large areas (about 10 ) and 

high-level (decibel) sound fields are required to make power scavenging feasible. The 

power densities for these devices are of the order of 1   at 100 dB [3].  

          The axial-flow micro-turbine generator can be used when fluid motion is available. 

Holmes et al. [8] developed an axial-flow energy harvester that rotates at 30,000 rpm 

and generates 1000 μW in a q = 35 ℓ/min airflow, with a differential pressure of Δp = 8 

mbar. The device volume is reported to be 0.5 , which generates power density of 

2000 . The electrical output (voltage and current) is not reported. 

           Jansen et al. [9] describe how human power can be a viable alternative to 

batteries in portable consumer products. They examine various forms of human 

activities and processes such as pushing a button or squeezing a hand to generate 

enough electrical energy to replace batteries in certain applications. The benefits of 

such technology to the environment in contrast to batteries are also discussed in this 

work.  

          A practical biomechanical energy harvester fabricated by Donelan et al. [10] 

generates electricity during walking with minimal user effort. This  device is attached to 

the knee and harvests energy whenever the knee is extending.  
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Fig. 1.2: Device configuration of knee-mounted generator by Donelan [10] 

          

1.2 Research objectives 

  

          In this research, we found a solution for the problem of charging wireless sensors 

of health monitoring in rotary motion applications by utilizing a vibration-based energy 

harvester. A cantilever beam is designed with a tip mass for tuning the natural 

frequency of the device. Gravity force which is applied to the tip mass is the harmonic 

excitation to the beam when the hub is rotating.  The project objectives include: 

 Derivation of the coupled electromechanical model to predict the output of the 

harvester and analyze the influence of device parameters on its performance. 

 Fabricating an experimental setup for testing and verification of the derived 

model and evaluating performance of the energy harvester. 
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1.3 Thesis overview 

          Chapter 2 presents a literature review of different energy harvesting technologies 

that can be used for extracting energy from vibrations. A review of different techniques 

and power levels obtained for available energy harvesters is presented. Justification is 

provided regarding to why the piezoelectric conversion technology was chosen for this 

research.  

          In Chapter 3, an introduction to piezoelectricity is provided. Applications of 

piezoelectric energy harvesters to date are introduced. Fundamental equations of the 

piezoelectric effect are presented. Existing piezoelectric energy harvesting models are 

described briefly. Finally a procedure as a guideline to derive a model for a cantilever 

piezoelectric beam under base excitation is discussed. 

          Chapter 4 is concerned with the development of the proposed harvester for rotary 

motion applications by considering the dynamic modeling of a rotating cantilever beam. 

In this chapter, we show how the equations of motion are derived using the Lagrangian 

approach and the final coupled electromechanical mode. The closed form solutions for 

predicting vibration response and the output voltage of the harvester, the optimum 

resistive load, and the maximum output power of the energy harvester are obtained in 

this chapter. Effect of different parameters on the harvester dynamics, natural frequency 

of the device, amplitude of the output power and the optimum resistive load is 

discussed. 
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          In Chapter 5, simulation results are presented based on the analytical model 

derived in Chapter 4. Then experimental results on the fabricated prototype are 

presented. The experimental results are further compared with results from the 

numerical and analytical studies. The studies indicate close match between analytical 

developments and experimental results.  
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CHAPTER 2: VIBRATION-BASED ENERGY HARVESTING 

 

         Low-level mechanical vibrations occur frequently in environments such as 

machinery and vehicles (e.g., an automobile or aircraft). Vibration energy harvesters are 

designed to convert ambient vibrations into electricity. These devices can be divided 

into two groups [11]: Non-resonant and resonant energy harvesters (i.e., device 

resonance frequency is matched to vibration input frequency). A non-resonant energy 

harvester is more efficient where the input contains very low frequencies (< 10 Hz), and 

irregular vibrations with amplitudes larger than the device‟s critical dimensions. Irregular 

vibrations are defined as inconsistent or discontinuous motions such as the movements 

of a human body. This configuration finds applications in human movement energy 

harvesters. On the other hand, the resonant energy harvesters may be utilized in cases 

where the input vibration source is sustainable with frequencies greater than 100 Hz. In 

such cases, the vibration source is continuous with stable and well defined spectra, e.g., 

vibrations generated by an unbalanced machine [11]. 

          To convert the energy from ambient vibrations into electricity, various power 

harvesting techniques have been developed such as electrostatic, electromagnetic, and 

piezoelectric harvesters [12]. The above three mechanisms will be discussed in this 

chapter before focusing on piezoelectric energy harvesting.  
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2.1 Electrostatic energy harvesting 

           An electrostatic or capacitive energy harvester works based on the changing 

capacitance of vibration-dependent variable capacitors. Vibration separates the plates 

of a variable capacitor which is initially charged. As a result, mechanical vibration 

energy is converted into electricity. An overview of the different electrostatic harvesters 

is given by Meninger et al. [13]. A main drawback of this method is that a separate 

voltage source is required to provide an electric field [3]. In contrast, the capacitor 

configuration can be  integrated into micro-systems; so the electrostatic generator is 

appropriate for scaling into micro dimensions. Meninger et al. [13] designed, fabricated, 

and tested a low-power controller IC for an electrostatic energy harvester. With the 

proposed control scheme, a usable power output of 5.6 µW was predicted from the 

generated 8.6 µW total power. Sterken et al. [14] introduced the use of an electret 

(permanently polarized dielectric) for a constant charge supply, thus there was no need 

for a separate voltage supply anymore. The micro-generator prototype is capable of 

producing 100 µW electrical power. A major drawback of the electrets is the limited life 

of the device as the charge degrades over time. Electrostatic generators can be 

classified into three types [15]: 

1. In-plane overlap varying, 

2. In-plane gap closing, 

3. Out-of-plane gap closing. 

These three classes are shown in figure 2.1. 
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Fig.2.1: Different classes of Electrostatic generators, (a) In-plane overlap varying, (b) In-plane 

gap closing and (c) out-of-plane gap closing. [15] 

 

2.2 Electromagnetic energy harvesting 

 

          The magnetic induction transducer is based on Faraday‟s law. When a coil is 

moved within a magnetic field, current flows in the conductor. Vibrations can be 

converted into electricity by utilizing this mechanism with no need for having a separate 

voltage source. A main drawback of the magnetic induction transducer is that the 

permanent magnet needed for creating a permanent magnetic field is bulky. Therefore, 

it is not conveniently scalable to a MEMS device [3]. Another negative point is that the 

output voltage from the electromagnetic harvester is normally around 0.1-0.2 V. 

Therefore, it is necessary to transform the voltage to usable levels. Williams et al. [12] 

fabricated and analyzed an electromagnetic generator for powering remote 

Microsystems. The fabricated device consists of a permanent magnet that moves 

relative to a coil. In their work, they derived the equations of motion for a generator 

consisting of a seismic mass on a spring and a damper.  
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          The power output was derived from the energy that could be dissipated through 

the damper by converting mechanical to electrical energy. Based on the derived 

equations, the power output of such a generator is proportional to the cube of the 

vibration frequency and that the deflection of the seismic mass should be as large as 

possible. The proposed harvesting system utilized an electromagnetic harvesting 

scheme. For a generator of the size 5 mm x 5 mm x 1 mm, they predicted 1 μW at an 

excitation frequency of 70 Hz and 0.1 mW at 330 Hz [12].  

          El-hami et al. [16] described design parameters for the electromagnetic harvester. 

They developed a generator that extracts more than 1mW within a volume of 240 mm3. 

Their device is depicted in figure 2.2. 

 

 

Fig.2.2: The electromagnetic generator designed by El-hami [16] 

 
2.3 Piezoelectric energy harvesting 

 

          Piezoelectric elements are physically deformed in the presence of an electric field 

and inversely produce electrical charge when they are mechanically deformed. The 

energy density of piezoelectric transducers is three times higher when compared to 
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electrostatic and electromagnetic transducers [3]. Due to this fact, there is a growing 

interest in the application of piezoelectric energy harvesters for converting mechanical 

vibrations into electricity. An overview of research on piezoelectric energy harvesters 

was discussed by Anton and Sodano [17]. Some of the different types of the 

piezoelectric materials are ceramics, single crystals, polymers and thin films. Once a 

piezoelectric material is selected, a mechanical energy harvester can be fabricated 

using laser micromachining or piezoelectric fibers. Figure 2.3 shows a micro-machined 

bimorph cantilever piezoelectric energy harvester fabricated by MIDE Inc. 

 

 

Fig.2.3: Bimorph cantilever piezoelectric energy harvester 

 

          Piezoelectric elements in different geometries are available. The most common 

type is the cantilever beam which is also the focus of this work. Table 2.1 shows a 

summary of the comparison of the three conversion mechanisms.  
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Table 2.1: Summary of the comparison of three mechanisms for energy harvesting 

 

Mechanism Advantages Disadvantages 

Piezoelectric No voltage source needed 

Output voltage is sufficient                 

More difficult to integrate in 

micro-systems 

Electrostatic Easier to integrate in micro-

systems 

Separate voltage source 

needed 

Has practical difficulties 

Electromagnetic No voltage source needed Output voltage is low 

 

2.4  Hybrid energy harvesters 

 

          A hybrid energy harvester contains different energy harvesting mechanisms. For 

example, Yang et al. [18] investigated a novel energy harvester integrated with 

piezoelectric and electromagnetic mechanisms. It contains a piezoelectric cantilever, 

permanent magnets and substrate of two-layer coils. The power density from this device 

is 790  from piezoelectric components and 0.85  from electromagnetic 

elements.            

          Also, There exist other energy harvesters which can convert ambient energy from 

a source different from vibration into electricity besides vibration energy harvesting. For 

example, certain products manufactured by MIDE named “vulture solar energy 

harvesters (SEH20W and SEH25W)” convert vibrations and solar energy into useable 
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electrical energy. This device is a stack of 2 piezos that a solar cell is attached on its 

sides.  

          As it was noted in this brief introduction to piezoelectric energy harvesters, the 

main advantages of using piezoelectric materials compared to electrostatic and 

electromagnetic transduction mechanisms are large power densities and ease of 

application. As a result, piezoelectric energy harvesting has received growing attention. 

In the next chapter, this efficient transduction mechanism is described in detail.   
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CHAPTER 3: PIEZOELECTRIC ENERGY HARVESTING 

          In the previous chapter, piezoelectric energy harvesting was introduced as an 

efficient technique for harvesting ambient vibrations. In this chapter, the piezoelectricity 

phenomena will be reviewed and various energy harvester designs in the literature that 

are fabricated based on this property will be introduced. The literature review will also 

include mathematical modeling of piezoelectric harvesters and discussions regarding 

the power generation estimations. 

 

3.1 The Piezoelectricity effect and its history 

 

          In 1880, Jacques and Pierre Curie discovered: when some specific crystalline 

materials are subjected to mechanical stress, their crystals become electrically 

polarized [19]. The polarity is proportional to the applied force. Also, when the crystalline 

material is subjected to the electric field, mechanical deformations happen due to the 

polarity of the electric field [20, 21]. The piezoelectricity effect in crystals happens as a 

result of asymmetry in the cell unit and the generation of electric dipoles due to the 

mechanical deformation causing a polarisation at the crystal surface, i.e. figure 3.1. 

Direction of polarization could be reversed if an electric field applied. In this case, a 

hysteresis field is formed and the material is called ferroelectric. 
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Fig.3.1: Piezoelectric effect molecular overview [22] 

 

        A single crystal of ferroelectric material has multiple regions with uniform 

polarisation named ferroelectric domains when it is grown [23]. In each ferroelectric 

domain, all the electric dipoles are aligned in the same direction. These domains are 

separated by boundaries called domain walls. Figure 3.2 illustrates this poling process. 

 

 

Fig.3.2: Schematic of the poling process in ferroelectric materials [23] 
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          Although Curie‟s discovery was novel, the first practical applications came a few 

decades later. In 1918, Langevin developed an ultrasonic submarine detection 

technique using a quartz-based piezoelectric transducer [25]. This device, also known 

as sonar, was subsequently used during both world wars. It is also generally accepted 

that the use of quartz for stabilization of oscillators in the 1920s initiated the field of 

frequency control. Further developments in piezoelectricity took place in the 1950s and 

1960s when studies focused on polymers and their properties [25]. In 1954, PZT (Lead 

Zirconate Titanate) the most widely used piezoceramic was discovered by Jaffe et 

al.[21]. In 1969, Kawai discovered strong piezoelectric properties in polyvinylidene 

fluoride [26]. This breakthrough resulted in huge interest in research and applications of 

this material. Recently, there are numerous applications for piezoelectric materials such 

as force sensors, accelerometers, filters, resonators, high voltage devices, ultrasonic 

transducers, and medical ultrasound. 

          Piezoelectric materials can be put into three categories: Ceramics, Crystalline 

structures, and Polymers. PZT is an example of piezoceramic, Quartz and Rochelle salt 

are crystalline piezoelectrics and PVDF is a polymer.  

 
3.2 Piezoelectric energy harvesters 

          Hausler and Stein (1984) presented one of the earliest experiments on 

piezoelectric materials energy harvesting application. Their experiment involved a PVDF 

film inserted into the rib cage of a mongrel dog. This energy harvester was developed  

for medical applications, and it was predicted that it could generate power on the order 
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of 1 mW. However, a mechanical simulation of the dog‟s ribs provided only 20 μW, and 

the actual experiment only provided 17 μW at a peak voltage of 18 V [27].  

          Schmidt (1992) investigated the feasibility of using PVDF film in compression to 

harvest energy from a windmill. The large high-speed rotor used for conventional 

generators poses a serious safety problem to people nearby. He predicted an output on 

the order of 100 watts per cubic centimeter, but the material costs still outweigh the 

perceived benefits and his proposed device has yet to be constructed [28].  

          Starner (1996) studied the idea of harvesting energy from a living creature, 

specifically a human being. He performed some theoretical calculations on the amount 

of power that might be generated from harvesting body heat, respiration, or blood 

pressure. His conclusion was that harvesting energy from human walking would be the 

most practical and least intrusive method [29]. The application of piezoelectric materials 

at the joints of the human body and the piezoelectric shoe inserts have been described 

in that paper. 

          Umeda et al. (1996) used a piezoelectric transducer to transform mechanical 

impact energy of a falling steel ball into electric energy [30]. The following year, Umeda 

et al. (1997) presented the results of a prototype generator based on the concept of 

their earlier work where the effects of the size of the storage capacitor were examined 

[31].  

          Kymissis et al. (1998) investigated the concept of using PVDF and piezoceramics 

to harvest energy inside of a shoe. The PZT and PVDF integrated smoothly with a 

running sneaker, but the magnetic generator was too bulky and obtrusive for practical 
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use. They measured roughly 1 mJ per step for a PVDF and 2 mJ per step for a PZT 

unimorph device [32].  

           In 1998, Kimura patented a piezoelectric generation device that accumulated 

electric charge after rectifying the AC voltage generated. The source of the generated 

power was a free-vibrating piezoelectric plate [33].            

          Goldfarb and Jones (1999) investigated the efficiency of generating power with 

piezoceramics, specifically by a PZT stack. The stack had poor efficiency because most 

of the power generated was absorbed back into other layers of the structure [34].  

          Allen and Smits (2000) presented harvesting energy using the Karman vortex 

behind a bluff body from induced oscillations of a piezoelectric membrane. Four 

different membranes were tested, and their behavior was successfully predicted by the 

proposed models [35].  

          Ramsay and Clark (2001) studied the feasibility of using piezoelectric material as 

a power supply for an in vivo MEMS application. A square PZT-5A thin plate was driven 

by a fluctuating pressure source designed to simulate blood pressure. They concluded 

that with an effective surface area of 1 cm
2

 a piezoelectric generator may be able to run 

a device that require power in the order of μW continuously and a device with mW 

power requirement intermittently [36].  

          Elvin et al. (2001) worked on the idea of using a strain sensor for energy 

harvesting and sensing simultaneously. For verification, a PVDF film was attached to a 

beam for a four-point bending test. The power generated was enough to generate 

wireless signals in a laboratory setting. The response of the sensor turned out to be 
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dependent on both the frequency and the applied load, though the sensor successfully 

measured as low as 60 με [37].  

          Ottman et al. (2002) presented a method of optimizing the harvested energy from 

a vibrating piezoelectric device using a step-down DC-DC converter. The maximum 

amount of energy harvested was claimed to be 30.66 mW [38].  

          Sodano et al. (2003) investigated the possibility of using piezoelectric generators 

to recharge nickel metal hydride batteries. Two types of harvesters, a monolithic 

piezoelectric (PZT) and a Macro Fiber Composite (MFC), were used for the experiment. 

The study shows the use of electrodes in the MFC limits the amount of current 

produced. It was also shown that charging a battery by vibrating the PZT at resonance 

typically took less time than by using a random input signal to the PZT [39].  

          Granstrom et al. (2007) developed an energy harvesting system for generating 

electricity from a backpack instrumented with piezoelectric shoulder straps [41]. As the 

PVDF shoulder straps have almost identical mechanical properties in comparison with 

nylon straps commonly used; the energy is extracted from an ambient source that is 

previously lost. 

          Khameneifar and Arzanpour (2008) looked at the feasibility of piezoelectric 

energy harvesting from pneumatic tires. The authors predicted 8.4 mW electrical power 

output from the system [42]. Figure 3.5 shows this concept. 
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Fig. 3.3: Schematic of the piezoelectric energy harvesting from pneumatic tires 

 
          Erturk et al. (2009) developed a cantilever piezoelectric energy harvester from an 

L-shaped beam-mass structure with an application to the landing gears in unmanned air 

vehicle [43]. Khameneifar, Arzanpour and Moallem (2010) also investigated the 

possibility of harvesting energy from a PZT decoupler retrofitted in a hydraulic engine 

mount [44].  

 
3.3 Piezoelectric Energy Harvesting Models 

 

          Coupled electromechanical models of piezoelectric materials are derived for 

design and performance analysis of energy harvesters. Using the 1-D configuration 

shown in figure 3.6 the constitutive relations can be simplified as, [46] 
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Fig.3.4: 1D model of a piezoelectric energy harvester [46] 

 

 

 

(3.1) 

 

 

(3.2) 

=  (3.3) 

 

          The D, E, S, and T matrices are determined as electric displacement, electric 

field, strain and stress respectively.  is the permittivity of the piezoelectric element and 

e is the piezoelectric constant. The piezoelectric constitutive relations can be used to 

obtain lumped parameter model of the coupled electromechanical system. Development 

of the lumped model (SDOF model) was followed by Roundy et al. [3] and duToit et al. 
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[46].  They used the 1D configuration to find the governing equation of the energy 

harvesting system shown in figure 3.5. The governing equations [46] are derived as, 

 

 (3.4) 

 (3.5) 

 

         where  is mechanical damping ratio,  is natural frequency of the harvester and 

 is the effective mass. d is the piezo constant relating charge density per 

stress and is related to e through  v is the voltage and w is the beam 

deflection . The equivalent resistance, , is the parallel resistance of the load and the 

piezoelectric leakage resistance. The leakage resistance, , is usually much higher 

than the load resistance, ,; so  is almost equal to . Finally, the capacitance, , is 

defined as .  

          Lumped-parameter model lacks dynamic mode shape of the beam, accurate strain 

distribution as well as their effects on the electrical response. Therefore, it cannot predict 

dynamic behaviour of the system accurately, however it gives initial insight into the 

problem. An improved approach is the Rayleigh-Ritz method which is used by Sodano et 

al. [49]. This method gives a discrete model (an approximate representation) of the 

distributed parameter system and is more accurate compared to SDOF model. Recently, 

Erturk and Inman proposed a coupled distributed solution for a piezoelectric energy 

harvester under base excitation [48], which is experimentally validated [50]. It was shown 
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that the analytical solution could accurately predict the voltage output and the vibration 

behaviour of the bimorph.  

 
3.4 Fundamental assumptions of the coupled distributed parameter 

model 

          The piezoceramic layers of a bimorph cantilever can be studied in voltage or 

current mode [51]. The expression bimorph means two piezoceramic layers attached to 

both sides of the cantilever beam where whole the beam covered by piezo. If only one 

piezoceramic is attached to one side of the cantilever, the energy harvester is a 

unimorph. Figure 3.5 shows two bimorph cantilever configurations. 

 

 

Fig.3.5: (a) series connection of piezoceramic layers, (b) parallel connection of piezoceramic 

layers and (c) cross sectional view of a bimorph cantilever [50] 

 

          The cantilever beam is modeled based on the Euler-Bernoulli beam assumptions. 

Mechanical damping is represented by internal and external damping mechanisms. The 

internal damping is assumed to be in the form of strain rate damping and the air 

resistance is the source of external damping [50].  
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          When the piezoelectric plates are bonded to a cantilever beam; one should find 

the stress distribution along the beam as a function of excitation frequency. Here a 

simple step-by-step procedure is described as a guideline to find the stress distribution 

along the beam: 

1. Using the governing equation of motion, find the relative displacement as a 

function of position and time. The curvature and transverse displacement of the 

beam can be defined from the Euler-Bernoulli beam equation, Eq. (3.6) where 

 is the normalized position x along the beam with the length of the beam 

given by L, E is the Young‟s modulus, I is the area moment of inertia,  is the 

mass density, and A is the cross sectional area of the beam. 

 

 
(3.6) 

 

2. The boundary conditions are applied to solve the differential equation. For the 

cantilever beam of mass m and tip mass , the boundary conditions are given 

as Eqs. (3.7): 

 

 

 

 

 

(3.7) 
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3. Using separation of variables method, the solution for governing equation is 

obtained. The general solution for the Euler-Bernoulli equation is, 

 

 

 

 

(3.8) 

 

4. Applying boundary conditions, the solution equation is solved for unknown C‟s. 

The natural frequency of the beam is then calculated from the Eq. (3.9) which is 

obtained from the decoupled equation of Euler-Bernoulli beam:  

 

 

 

(3.9) 

 

5. The solution for temporal coordinate term  is obtained from the equation of 

motion. The solution of Eq. (3.6) with boundary conditions of Eq. (3.7) for a 

cantilever beam of mass m with a tip mass  has been derived by Erturk and 

Inman [43] as follows:  

 

 

 

(3.10) 
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Where 

( )=  

 

 

 

 

 

 

 

 

(3.11) 

 
6. Taking second partial derivative of transverse displacement  gives the 

strain  on surface of the beam at a distance y from the neutral axis as eq. (3.12): 

 

 
(3.12) 

 

7. Then the Hooke‟s law can be used to approximately find the stress as a function 

of distance from the fixed end to the specific location on the beam  

 

 (3.13) 

 

8. Assuming that the material is linear, elastic and isotropic with an average stress 

applied along the 1-1 direction. It means that the stress is applied in direction 

perpendicular to direction in which ceramic element is polarized. In this situation 
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the output voltage from PZT can be obtained by multiplying the stress at the 

specific location of the piezoelectric element with the piezo voltage constant, : 

 

 (3.14) 

 

9. Then the output power of the PZT when it is connected to a resistive load, , is 

given as: 

 

 
(3.15) 

 

          Erturk and Inman validated this approach in base excitation. The energy 

harvesting application which is presented in this thesis is based on the tip mass 

gravitational force fluctuations in a rotational motion. For derivation of the equations of 

motion an approach similar to Erturk and Inman is followed. Chapter 4 describes the 

approach of modeling the proposed energy harvester.   
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CHAPTER 4: DYNAMIC MODELING OF A ROTATING 

CANTILEVER BEAM WITH PIEZOELECTRIC ELEMENT 

          In this chapter, we derive a mathematical model of the energy harvester that 

relates mechanical deflections, hub speed, and other parameters with the generated 

electric charge. To this end, the coupled dynamic model of a rotating flexible beam are 

derived and integrated with electrical circuit equations based on the effect of 

piezoelectric transducer. Equations are solved to extract closed form expressions for 

vibration response and electrical output of the system. Effect of different parameters on 

the harvester dynamics analyzed in this chapter. The parameters include beam length, 

tip mass, damping and piezoelectric material properties such as piezoelectric constant, 

compliance and relative permittivity. 

 

4.1. Dynamic Modelling of the Rotating Beam 

 

          The proposed energy harvester consists of a cantilever beam carrying a tip-mass 

payload which is mounted on a rotating hub as shown in Fig. 4.1. The cantilever beam 

contains layers of piezoelectric materials which cover the whole length of the beam. In 

the system shown in Fig. 4.1, the acceleration of the hub and the gravity force on the 

tip-mass provide excitations to the system which cause the beam to vibrate.  
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          It should be noted that in the most applications like turbines, the hub rotates with 

a relatively constant speed during its operation. Thus we assume a constant rotating 

speed of the hub at the end of dynamic modelling. As a result, gravity will be the only 

effective driving force for vibrations when the hub is rotating with a constant speed. 

          As shown in the figure, the hub is rotating about the „Z‟ axis, and gravity is acting 

along the negative „Y‟ axis. The main source of vibration input to the harvester is the 

alternating gravitational force on the cantilever beam.  

 

 

Fig.4.1: Schematic view of the energy harvester for rotary motion applications 

           

          The concept is shown in figure 4.2 for one cycle of rotation of one of the four 

cantilever beams. When the beam is in position (a), the gravitation force on the tip mass 

applies a bending moment on the cantilever beam in -Z direction. As the beam reaches 

position (b), the bending moment on the cantilever beam is zero. At position (c) the 
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bending moment caused by the tip mass is in +Z direction. Position (d) is identical to (b), 

where the effect of tip-mass gravitational force is zero.  

          As a result, a full turn of the hub applies an alternating force on the harvester. The 

frequency of the force alternation is as same as the hub rotation frequency. Thus the 

induced vibration generates a harmonic voltage on the piezoelectric element that is a 

function of the strain applied to this element.  

 

 

 

Fig.4.2: Orientation of the beam and gravitational force in one cycle of rotation 

 

          Deflection of the beam relative to its base is denoted by  where  is 

the normalized position x along the beam with the length of the beam given by L. 

Assuming an Euler-Bernoulli beam with small deformations, the partial differential 

equation describing vibrations of the cantilever beam is given by [48] 
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 (4.1) 

  

         where E is the Young‟s modulus, I is the area moment of inertia,  is the mass 

density, and A is the cross sectional area of the beam. The piezoelectric layers cover 

the whole length of the beam; hence  and  are taken as constant values. It should 

be noted that placing the piezo layers on a part of the beam would not be appropriate if 

the device is to be used as an energy harvester as the goal is to extract maximum 

power by utilizing the whole length of the beam. Using the method of separation of 

variables,  can be decomposed as 

 

 (4.2) 

 

where  and  are spatial and temporal coordinate systems. Moreover  

 

 (4.3) 

 (4.4) 

 

          where (4.4) describes the i-th mode shape of the beam. The boundary conditions 

of (4.1) specify an infinite set of values for β. Each β determines an eigenfrequency ω of 

the beam. The terms in (4.4) can be determined by incorporating boundary conditions of  
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the system. The following boundary conditions can be considered for a clamped-free 

beam carrying a load tip-mass 

 

 (4.5) 

 (4.6) 

 (4.7) 

 

where  and  are the load mass and inertia, respectively. Using the above boundary 

conditions we have 

 

 (4.8) 

 

It can be shown that the positive value of β is given by the solutions of the following 

equation 

 

 

(4.9) 
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          where  and . By using the method of assumed modes [47], [48], 

and the Lagrangian formulation, the dynamic model for the beam is obtained by using  

 

 
(4.10) 

 

          where T is total kinetic energy, U is strain energy, Fi is the i-th generalized force, 

and qi is the i-th generalized coordinate. Figure 4.3 symbolizes the flexible beam-mass 

system in rotation. According to this figure, assume that R is the position of an 

infinitesimal segment on the beam in the rotating coordinate system X*-Y*.  

 

Fig.4.3: Rotating flexible beam-mass system 

 
Then the following relationships can be written 

 

 (4.11) 
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(4.12) 

 

The kinetic energy of different components of the beam-mass system can be expressed 

as follows. For the hub: 

 

 

where  is hub inertia. For the beam ( ) the kinetic energy is  

 

(4.13) 

 

 

(4.14) 

where  is the beam inertia. For the tip mass, we have 

. Hence, the expressions for translational and rotational kinetic 

energies are as follows 

 

    (translational) 

 

 

(4.15) 

                                    (rotational)                    (4.16) 

 

The potential energy U can be expressed as 

+  (4.17) 
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where  is the deflection of the beam at its end point given by      

 

  (4.18) 

 

Let us consider the generalized coordinates as 

  

                                                                (4.19) 19) 

 

          Then the generalized applied forces are given by which is the torque 

applied on the rotating shaft, and   which is the moment induced by the piezoceramic 

layer [51] are given as follows     

 

 

 

  (4.20) 

          In equation (4.20), it is assumed that a pair of piezoceramics are mounted with 

their two ends located at  of the beam. In this paper we have , . It 

should be noted that this torque is a function of voltage  applied to the piezoceramic 

layer. The term  is a backward coupling term given by [52] 
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          where  is the charge constant; ,  are the modulus of elasticity of the beam 

and PZT, respectively;   is the thickness of the beam;  is the width of the beam; 

and  is the thickness of the piezoelectric layer. Applying the Lagrangian formulation for 

all generalized coordinates would result in m+1 equations which can be presented in 

matrix form as follows 

 

   
(4.22) 

 
 

where  is  . The elements of the mass matrix, are expressed as 

  

 (4.23) 

 (4.24) 

 
(4.25) 

 

where  and  are  vectors with  is given by  

 

 

 

 

(4.26) 

 

 
 

  (4.21) 
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Matrix  represents Coriolis and Centrifugal terms and can be expressed as 

 

 
 

(4.27) 

 

The elements of the gravitational force vector  are expressed as follows 

 

 

 

(4.28) 

 

  (4.29) 

 

Also, the equivalent-spring constant  is expressed as  

 

    (4.30) 

 

Assuming   and multiplying (4.22) by H and rearranging the terms we have 

 

   
(4.31) 
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where   

   

 

Other elements of equation (4.31) are given by , ,  and 

. Thus, the following equations are obtained from (4.31) 

 

   (4.32) 

 (4.33) 

 

From equations (4.32) and (4.33), and assuming that the hub rotates with a constant 

speed ( ), the dynamic model of the rotating flexible beam is given by 

 

 (4.34) 

 

4.2. Coupled electrical model 

 

          Next we obtain the equations describing dynamics of piezoelectric transducer. 

The piezoceramic layers of a symmetric bimorph cantilever beam can be connected in 

series or in parallel depending on the application [50]. Figure 4.4 shows that each 

piezoceramic layer in parallel connection can be represented as a current source in 

parallel with its internal capacitance. In a practical situation, the output voltage is 
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rectified and conditioned by the converter circuit for storing the harvested power in a 

storage media such as a large capacitor. However, the purely resistive electrical load 

gives a simple and useful way of calculating the power generated from the scavenger 

which has already been used in different studies [53]. 

 

 

Fig.4.4: Electrical circuit symbolizing the parallel connection of bimorph piezoelectric layers 

        

The electrical circuit equation for the circuit shown in Figure 4.4 can be derived based 

on the Kirchhoff laws as follows  

 

 
 

(4.35) 

 

The output current of the PZT sensor is function of strain and given by [52] 

 

 (4.36) 

 

          Where  is the load resistance;  is the internal capacitance of each 

layer;  is the forward coupling term;  is the permittivity constant; ,  
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 and  are the width,  length, and thickness of the piezoceramic layer; and  is the 

thickness of the beam. 

 

4.3. Undamped Coupled Electromechanical Model 

 

          The model given by (4.34) is reduced to a single-mode model to simplify the 

analysis and gain more insight about the dynamic behavior of the system. Thus the 

single mode model is given by 

 

   

(4.37) 

 
(4.38) 

 

          An interesting observation from (4.37) is that the stiffness term varies as the hub 

speed changes.  Thus the beam is more rigid with a stiffness of K when it is not rotating 

which is reduced by    due to rotational speed. In other words the rotation 

makes the beam less rigid by a factor proportional to the square of the rotational speed. 

From (4.37), it follows that if we select  such that  the dynamic 

equation is stable since all of coefficients of the equation are positive. If the base moves 
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fast enough such that , the dynamic equation (4.37) becomes 

unstable.  

          The parameters that affect eigenfrequency of the beam-mass system can be 

used to design an efficient energy harvester. Proof mass   and Beam length L 

influence the eigenfrequency of the system. For a constant angular speed, the resonant 

frequency of the energy harvester is in the form of . As  increases, both 

 and  decrease monotonically. This fact can be used as a design guideline. Hence, 

by increasing the mass of the proof mass, the resonant frequency of the beam-mass 

system decreases. Coefficient  does not depend on the beam length; however by 

increasing L,  the term  decreases sharply and as a result the resonant frequency is 

decreased as the beam length increases. 

          Equation (4.37) also shows the effect of gravity as the harmonic driving force. The 

effect of the piezoelectric output (harvested voltage) on the coupled equation of motion 

can also be observed from (4.38). The electromechanical model that has been derived 

so far is without considering the effect of damping in the system which is considered in 

the next section. 

 

4.4. Dynamic Equations Including the Damping Term 

 

          The effect of damping can be added to the Euler-Bernoulli equation by 

incorporating internal strain rate damping and viscous air damping. Hence, let us 

introduce a damping term with a coefficient =  where the first term 

represents the effect of the strain-rate damping component and the second part 
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represents air damping component with damping coefficients  and , respectively 

[50]. After substituting the forcing function from equation (4.29) into (4.37) and 

introducing the above damping term we have 

 

 
 

(4.39) 

 (4.40) 

where  ,  

,  

 

Solving equations (4.39) and (4.40) for   and output voltage V in the phasor domain we 

have   

 

 

 

                                                 (4.41) 

 

 

 

 

                                      (4.42) 

 

Where j is the imaginary number and ,  are given by 
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Using (4.41), the average harvested electrical power is given by  

 

 

 

 

                                      (4.43) 

 

          Equation (4.43) can be used to derive an expression for the upper bound of the 

maximum power in terms of load resistance R. The resulting R is the optimum load 

resistance to be placed across harvester. For this value of resistive load, the power is 

the maximized which represents an upper bound of the power that can be harvested. To 

this end, let us rewrite (4.43) as 

 

 

 

 

(4.44) 

Where ,  ,  ,  

 and               .   

 

Solving for  ,  is given by 
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(4.45) 

Substituting  in the power expression (4.44) results in 

 

 
 

(4.46) 

          Hence the output power from the harvester cannot be larger than the value of 

 at the resonance frequency which is the upper bound of the power that can be 

harvested from the system. In Eq. (4.45) the effect of damping on the optimal resistive 

load has been neglected. If one differentiates the expression to obtain the optimal 

resistance in terms of the damping ratio, the result will show that an increase in 

damping results in an increase in the value of optimal resistance. In fact, mechanical 

damping for the mechanical beam-mass system is like the resistance in electrical 

circuits. For maximizing the power transfer through the harvester one should match the 

load and source resistances.  

 

4.5. Bimorph Vs. Unimorph configurations 

 

          The cantilever used for the energy harvesting application, may contain one or two 

layers of piezoelectric materials on its length. The first configuration is named 

Unimorph. In the second configuration, both sides of the beam are covered by the 
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piezoelectric films which is called bimorph. There are two ways of connecting the 

electrodes in a bimorph cantilever: Series connection and Parallel connection. If one 

requires more current in an application, then the series connection will help. The parallel 

connection results in higher voltages.  

          To charge the batteries in a wireless sensor system, higher voltages are required. 

For the parallel connection; the electrical circuit equations are derived as Eq. (4.35) 

while  Eq. (4.47) represents the electric circuit for the unimorph or series connection of a 

bimorph [50].  

 

 
(4.47)  

 

          The coupling term, , in Eq. (4.20) is defined as Eq. (4.48), (4.49) and (4.50) for 

unimorph configuration, series and parallel connections, respectively [Energy harvesting 

technologies [45]]. The subscripts u, bs and bp stand for unimorph, bimorph-series and 

bimorph-parallel, respectively. 

 

 

 

 

(4.48) 
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(4.49) 

 
(4.50) 

 

 

b is the width of the beam.  or  is the thickness of the piezoceramic layer. The 

positions of the bottom and the top of the piezoceramic layer from the neutral axis are 

denoted by  and , respectively.  is the thickness of the substructure layer of the 

bimorph configuration. In this project, experimental study is performed for the energy 

harvester of unimorph configuration. Also the numerical analysis is based on the 

unimorph model to be comparable with the experimental results. 

 

4.6. Effect of parameters on the harvester dynamics 

 

          In order to design the effective energy harvesters, it is necessary to determine the 

influence of the harvester parameters on its dynamics. Among the mechanical 

parameters, the effect of tip mass and dimension of the beam such as its length were 

described in section 4.3. In this section, the effects of the piezoelectric material 

constants and mechanical damping on the energy harvesting system is investigated. 

The variable parameters of a piezoelectric material are piezoelectric constant denoted 

by , elastic compliance constant indicated as  and permittivity constant shown as 

.  Effect of these parameters are numerically discussed as simulations are 
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performed for different values of these parameters while the energy harvesters are 

geometrically identical and all other parameters of the materials are the same instead of 

one of these parameters mentioned earlier to see the effect of them on the output power 

of the energy harvester.  

          Another parameter whose effect should be considered carefully is the mechanical 

modal damping of the energy harvester. The brief numerical analysis of this chapter for 

evaluating the effect of material constants is based on the specifications of MIDE PZT 

that its properties will be described in tables 5.3 and 5.4. Tip mass effect is evaluated by 

using data from table 5.1 and 5.2. From the spec sheet, the piezo constant of this 

specific material is , its compliance constant is  with the relative 

permittivity of .   

 

4.6.1. Effect of Piezoelectric constant  

          In order to investigate the influence of piezoelectric constant  on the output 

power of the energy harvesting system, other parameter values including dimensions 

and material properties should be identical while this constant is changing in the 

formulas. Figure 4.5 shows the simulation results for this case. The optimum resistive 

loads are affected, because this load depends on the electromechanical coupling. 

Referring to figure 4.5, when the piezo constant is higher, the optimal load resistance for 

the energy harvester tends to be lower while the maximum output power at the natural 

frequency is not changing. It means that if there is no limit for changing piezo constant 

value of a piezoelectric material and one changes this parameter from zero to infinity; it 

results in change of the optimal load while the maximum output power is not changing.  
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Fig. 4.5: Effect of the piezoelectric constant on the output power and the optimal load resistance 

 

4.6.2. Effect of Compliance  

          In order to study the effect of elastic compliance of the piezoelectric material on 

the dynamics of the energy harvesting system, all other parameter values should be 

consistent while the compliance constant is changed. We consider a range of values for 

this constant. Figure 4.6 shows that the decrease in the value of this parameter causes 

the decrease in the value of optimal load resistance and the amplitude of output power. 

The important thing about this change is that it affects the value of the natural 

frequency. As the material has higher value of stiffness, so the natural frequency has 

the higher value.  
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Fig. 4.6: Effect of the elastic compliance on the output power and the optimal load resistance   

 

 

4.6.3. Effect of Relative Permittivity  

          In this case, the permittivity constant differs while the other parameters are the 

same. Thus, we choose a range of values for the relative permittivity to see its effect. 

Figure 4.7 shows that with the increase in the value of this constant, the output power 

slightly decreases. 
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Fig. 4.7: Effect of the relative permittivity on the output power and the optimal load resistance   

 

          According to figure 4.7, the optimal load resistance of the harvester is not affected 

by the difference in the value of the relative permittivity. In addition to these parameters, 

as it was noted in section 4.4, the mechanical modal damping is another factor which is 

very effective in changing the optimal load resistance of the harvester.  

 

4.6.4. Effect of the mechanical damping        

          As noted in section 4.4, the increase in the damping ratio causes an increase in 

the value of the optimal load resistance.  
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          An important conclusion that can be drawn from the study of different parameters 

of the piezoelectric material is that the large value of  piezoelectric constant does not 

have a significant effect on the output power independently, when other dynamic 

parameters and mechanical properties like damping are identical. Another important 

issue is that the output power of the system is more sensitive to the damping at the 

resonance frequency in comparison with other frequencies. In this study, the original 

damping ratio of the PZT used has been 1%. By changing this value to the value of 2% 

the calculations gives about 50% reduction in the value of output power at the 

resonance frequency.  

          As a result, having an energy harvester beam with less damping can be more 

effective than choosing piezoelectric materials with higher values of piezoelectric 

constant and the material properties that make higher values of output power. It should 

be noted that the damping ratio is not easy to predict and control in practice.  

  

4.6.5. Tip mass Effect on the harvester dynamics 

           

          Figure 4.8 shows the effect of tip mass on the natural frequency of the energy 

harvester and the amplitude of the output voltage. As it is presented in section 4.3, with 

the increase in the value of tip mass, resonance frequency will decrease and the 

amplitude of voltage will increase. 
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Fig. 4.8: Effect of the tip mass on the output voltage and the resonance frequency 

 

          Figure 4.8 shows the results of the study in which all parameters of the harvester 

are identical except tip mass value. Different values of 35 gr, 48 gr, 65 gr and 90 gr of 

tip mass have been selected for this study. It should be noted that due to the discussion 

in section 4.3, the effect of length of the beam on the natural frequency is the same 

(increase in the length of the beam causes decrease in the value of the natural 

frequency). Also the amplitude of vibrations have higher values with an increase in the 

length of the beam which finally causes higher amplitude of the output voltage.   
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CHAPTER 5:  

NUMERICAL RESULTS, EXPERIMENTAL RESULTS AND 

MODEL VERIFICATION  

 

          Experimental setup and the fabricated prototype of the piezoelectric energy 

harvester are described in this chapter. Then the experimental validation of the single-

mode analytical relationships is discussed. The experimentally measured voltage, 

optimal resistive load and the maximum power extracted from the harvester are 

compared with the numerical results from the closed form expressions derived in this 

paper. Effect of the tip mass on the natural frequency and amplitude of the output 

voltage is compared to what described in chapter 4. Tests are performed using two 

most common types of piezoelectric materials, PVDF and PZT. Test results for these 

two types are compared with each other at last. 

 

5.1. Experimental setup for vibration energy harvesting from a 

rotating hub 

 

          The experimental setup for generating electric voltage from a rotating hub is 

shown in figure 5.1. Two different piezoelectric films are employed in our tests i.e. a 
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PZT manufactured by MIDE Inc. and a PVDF film manufactured by Images SI, Inc. (PZ-

03). In this setup, a flexible cantilever beam is used and the piezoelectric film is bonded 

on it using sensor adhesive from Loctite (Model No. 330).  

          A tip mass is attached to the cantilever beam. The geometric and material 

properties of the piezoelectric layer and substructure are given in tables 5.1 and 5.2 for 

the PVDF harvester and tables 5.3 and 5.4 for the PZT harvester, respectively. The 

harvester is fastened rigidly on a cross hub as shown in the schematic diagram shown 

in figure 4.2. The hub is mounted on a shaft that is rotating with a constant speed. The 

cross hub has four places for fastening each energy harvester. Using four beams would 

increase the output power by four times; however, only one beam is used for validation 

of our model in this project. 

 

Fig.5.1: Experimental setup used for validating the analytical model  
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          The shaft is driven by a DC motor from Maxon Motors (A-max 32 Model No. 

236669) equipped with an encoder with 500 Counts per turn from Maxon Motors (HEDL 

5540 Model No. 110514) for measuring the angular position of the shaft. The electric 

output voltage from the energy harvester and the encoder are both connected to a 

Sensoray 626 DAQ for measurement. To measure the electrical output of the system, 

the wires that are coming out from a slip ring are used. The slip ring is made by 

Michigan Scientific Corp. (S-series End of Shaft slip ring). Software interface which is 

used for this DAQ is Simulink. In figure 5.2, the Simulink block diagram for measuring 

the output of Encoder and output voltage of the harvester presented. 

 

 

Fig. 5.2: Performing Data Acquisition in Simulink  
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          This should be noted that the output of encoder is angular position. We use a 

derivative block to obtain angular speed. The gain block represents the gear ratio of the 

motor. Using this configuration the output of the system was measured with very 

negligible noise and the angular speed of the shaft was tracked easily and accurately. 

          In the experimental studies, the energy harvester was first tested with a non-

optimal resistive load, i.e., a very low resistive load of 100 Ω. The output voltage was 

measured while the hub velocity (frequency of vibration of the beam) was swept. The 

maximum output voltage occurs at the natural frequency of the beam, which is 

monitored to identify the optimal hub rotational velocity. Using this hub velocity (natural 

frequency of the energy harvester), experiments were conducted  by adjusting a 

variable resistance to obtain the optimum resistive load for which the output power is 

maximum. Then by setting the variable resistor on this optimal resistance, the output 

voltage of the harvester is measured while the hub velocity is swept.  

          Results for the power versus resistive load are shown in figures 5.5 and 5.6 for 

PVDF harvester. Then using the optimal value for the resistance, output voltage versus 

hub velocities (frequency) plotted. Figures 5.3 and 5.4 illustrate this plot for PVDF 

harvester. Tables 5.1 and 5.2 summarize the properties of the piezoelectric materials 

(PVDF) used in the experimental setup. 
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Table 5.1. Geometric parameters of the cantilever used for the experimental validation (PVDF 

harvester). 

Geometric 

Parameters 

PVDF Substructure 

Length, L (mm)   

Width, b (mm)   

Thickness, h (mm)   

Tip mass (Kg)   

 

 

Table 5.2. Material parameters of the cantilever used for the experimental validation (PVDF 

harvester). 

Material Parameters PVDF Substructure 

Mass Density, ρ   (Kg.m-

3) 

  

Young’s Modulus, Y 

(GPa) 

  

Piezo. Constant,  

(pmV-1) 

  

Permittivity,   (Fm-1)   
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5.2. Validation of the single-mode closed form expressions for the 

electric output 

 

          The mathematical model given by Eq. (4.41), (4.44) and (4.45) predict the output 

voltage, the optimal resistive load and the maximum power which can be extracted from 

the harvester. The modal damping ratio needed for the simulation is obtained 

experimentally from the exponential decay of the impact response of the beam. The 

damping ratio is measured for the two different masses where for 48 g and 65 g mass is 

0.02 and 0.017, respectively. Eq. (4.39) and Eq. (4.40) suggest that the tip mass affects 

the natural frequency and voltage amplitude of the harvester. The output voltage of the 

harvester with the 600 kΩ resistive load is measured for 48 g and 65 g tip masses at 

different hub angular velocities as depicted in figures 5.3 and 5.4, respectively. The 

results indicate close agreement between the theory and experiments. Maximum error 

of the mathematical model occurs at the resonance frequency which is 8.6% for voltage 

response of PVDF harvester with 48 g tip mass and 5.8% for the harvester with 65 g tip 

mass when is compared with the experimental data. 
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Fig.5.3: PVDF harvester Output voltage for 48 gram tip mass and R=600K, experimental data 

(blue dotted line) & theoretical data (red line) 

 

          The output power of the harvester was then calculated as given by Eq. (4.43). 

The calculated optimal load resistance for 48g and 65g tip masses are 560 and 540 kΩ, 

which are close to the case with 600 kΩ in our experiments with 6.7% and 10% error 

respectively. 

 

 

Fig.5.4: PVDF harvester Output voltage for 65 gram tip mass and R=600K, experimental data 

(blue dotted line) & theoretical data (red line) 
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          Figures 5.5 and 5.6 illustrate the experimental and simulation results of the power 

versus resistive load when the PVDF transducer is used. The results illustrated in 

figures 5.5 and 5.6 indicate close agreement with experimental results. The output 

power value is calculated using the value of maximum voltage (voltage at resonance 

frequency) which contains the maximum error. Therefore, the output power is expected 

to have an almost constant error due to the systematic error occurred at this frequency. 

The experimental and simulation results indicate that the effect of tip mass on the 

optimum load resistance is negligible. Although the changes of tip mass intuitively alter 

the damping ratio, ζ, the value of viscous damping coefficient which is a characteristic of 

the system remains the same. The output power that was experimentally extracted from 

this device using the 65g tip mass at the optimal resistive load is 30.8 µW.  

 

 

Fig. 5.5: PVDF harvester Output power versus resistive load for 48 gram tip mass, experimental 

data (blue dotted line) & theoretical data (red line) 
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Fig. 5.6: PVDF harvester Output power versus resistive load for 65 gram tip mass, experimental 

data (blue dotted line) & theoretical data (red line) 

 

          The output power of the harvester with the 65g tip mass is higher than the 

harvester with 48g tip mass which generates 10.4 µW of power. Similar experiments 

were conducted for measuring the output voltage and calculating the optimal resistive 

load using the PZT layer. It should be noted that the PZT is a stiff material; thus 

increasing the natural frequency of the harvester beam. In the setup used for this 

experimental study, the angular velocity of the hub cannot reach velocities beyond 200 

rad/s due to the maximum speed DC motor can reach. For tip mass values of 48 g and 

65 g, the natural frequency will go beyond this limit. As a result, we had to reduce value 

of the natural frequency by increasing the tip mass or make the beam longer. We chose 

105 g tip mass for performing the experiments.  
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          The natural frequency of the harvester beam with this amount of tip mass is 138 

rad/s, which is in the range of operation of the motor. To be able to compare the 

extracted power from the PVDF harvester and the PZT harvester, one should consider 

the similar physical conditions such as similar tip mass and similar length of the beam. 

The model which has been validated so far; indicates that the PVDF harvester with a 

105 g tip mass generates the maximum output power of 147 µW when the harvester is 

connected to the optimal resistance. The amount of energy generated by this PVDF 

harvester is not enough to power most electronic devices [55].  

 

Table 5.3. Geometric parameters of the cantilever used for the experimental validation (PZT 

harvester). 

Geometric Parameters PZT Substructure 

Length, L (mm)   

Width, b (mm)   

Thickness, h (mm)   

 

Table 5.4. Material parameters of the cantilever used for the experimental validation (PZT 

harvester). 

Material Parameters PZT Substructure 

Young’s Modulus, Y 

(GPa) 

  

Piezo. Constant,  

(pmV-1) 

  

Permittivity,   (Fm-1)   
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          A simulation study was conducted for the new system based on the PZT 

harvester properties with the beam specifications summarized in tables 5.3 and 5.4. 

Again, the voltage versus hub velocity is measured using a non-optimal resistive load to 

obtain the natural frequency of the harvester. Then power versus the load resistance is 

measured at the natural frequency to find the optimal resistive load of the harvester. 

Finally using the optimal value for the resistive load, the output voltage through the 

optimal resistance of the harvester versus frequency is plotted by sweeping the 

rotational velocity of the hub. Figure 5.7 shows the experimental and theoretical results 

for the voltage output of the PZT energy harvester through an optimal load of 40KΩ 

which is obtained from the power versus load resistance plot. The maximum error in the 

voltage at the resonance frequency is 10.3% for the PZT harvester. 

 

 

Fig.5.7: PZT harvester Output voltage, 105 gram tip mass and R=40K, experimental data (blue 

dotted line) & theoretical data (red line) 
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          The output power versus resistive load is plotted for the PZT harvester in figure 

5.8. Based on the experimental results, the maximum extracted power of PZT energy 

harvester occurred when the load resistance is 40 KΩ. This number matches to the 

resistive load calculated from the mathematical model. The experimentally measured 

maximum output power from the PZT energy harvester is 6.4 mW which is very close to 

the value calculated from Eq. (4.43). This amount of power is enough for supplying the 

wireless sensors after storing energy into an electrical storage media [55].  

 

 

Fig. 5.8: PZT harvester Output power versus resistive load, 105 gram tip mass, experimental 

data (blue dotted line) & theoretical data (red line) 

 

          Comparing the results of the two harvesters investigated in this study reveals that 

PVDF has higher value of optimal resistive load than PZT (600KΩ in comparison with 

40KΩ). The results show that the amplitude of generated power from the PZT harvester 

is about 44 times higher than PVDF (6.4 mW in comparison with 147 µW for the energy 

harvester beam with the same length and tip mass weight). This is in agreement with 
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previous findings that show the impedance of the designs (optimal load resistance) is 

higher for PVDF due to its very low dielectric constant and the maximum output power 

through the optimal load is much lower than PZT due to the drastically reduced coupling 

coefficient of PVDF [56].   
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CHAPTER 6: CONCLUSIONS AND RECOMMENDATIONS 

 

          In this thesis, the modeling and design of a piezoelectric vibration energy 

harvester was investigated. The piezoelectric energy harvester consists of a cantilever 

beam carrying a tip mass with the whole system mounted on a rotating horizontal hub. 

The proposed energy harvester has an inherent source of harmonic force due to the 

gravitational force of the tip mass. When the hub rotates with a constant angular 

velocity, the gravity force on the tip and its coupling with rotational motion causes the 

mass-beam system to vibrate. The focus of the project was on the development of a 

validated electromechanically coupled model of the cantilevered energy harvester. 

Analytical model that predicts power generation from the excited beam has been 

developed and examined. Distributed model of the cantilever beam has been developed 

based on the Euler-Bernoulli assumptions and assumed mode method. Separation of 

variables method has been employed to solve the partial differential equation. Using the 

boundary conditions of the system, mode shape is determined for different modes of 

vibration. Knowing the mode shape using Lagrangian approach, the equation of motion 

of the beam is derived. As the effect of piezoelectric transducer is added to the 

Lagrangian derivation, the equation of motion is coupled with voltage. 
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          On the other side, the energy harvester is connected to a purely resistive load. 

The electrical circuit equation for the circuit is derived based on the Kirchhoff laws. The 

output current of the PZT sensor is function of strain and it makes the electrical 

governing equation coupled to the equation of motion. The purely resistive load which is 

used for this modelling is not being used in practice but it‟s a common practice to use it 

for modelling. 

          Damping of the beam is added to the equation of motion as it is measured 

experimentally from the exponential decay of the impulse response of the system. An 

important issue regarding this design is that the stiffness of the harvester varies with the 

change of the hub rotating speed. The increase in the rotating speed makes the beam 

less rigid by a factor proportional to the square of the speed. 

          Two electromechanical coupled governing equations of the system are solved 

using Laplace transform to derive closed form expressions for the vibration response, 

output voltage and output power of the energy harvester. Derivative of power with 

respect to time gives the optimal resistive load of the harvester after setting equal to 

zero. This optimal load maximizes the output power of the harvester. 

          Material parameters as well as geometrical characteristics such as tip mass and 

the length of the beam change the dynamics of the energy harvester. Damping is 

another parameter that changes dynamics of the energy harvester. 
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          With a change in the value of piezoelectric constant, the optimum resistive load is 

affected; because this load depends on the electromechanical coupling; but the 

maximum power changed negligible. The decrease in the value of compliance constant 

causes the decrease in the value of optimal load resistance and the amplitude of power. 

With the increase in the value of relative permittivity, the output power slightly 

decreases but it doesn‟t affect the optimal resistive load of the harvester. Mechanical 

damping affects optimal load resistance and output power at the resonance frequency. 

Higher damping makes the value of optimal load higher and as a result the maximum 

output power decreases. Natural frequency of the energy harvester will be lower when 

the tip mass or length of the beam increases. Increase in the value of tip mass or length 

of the beam also makes the amplitude of output power increase.  

          Providing a test setup and data acquisition system, experimental results were 

performed to verify the mathematical model for predicting dynamic behaviour of the 

system. Materials used for tests are PZT and PVDF with the specifications described in 

chapter 5 of this thesis. Different tip masses have been provided to test with the PVDF 

harvester. Numerical analysis has been compared with the experimental results. As the 

results show very good match between theory and experiments; conclusively the model 

is validated and all predictions are correct. The output of the energy harvester is also 

shown that is enough for charging wireless sensors of health monitoring in rotary motion 

applications. 
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In summary, from the analysis performed the following contributions are made: 

 

 An analytical model which uses the Euler-Bernoulli assumptions and assumed 

mode method to accurately predict voltage and power output from the harvester 

that is excited by a harmonic gravity force on the tip mass. 

 The equation of motion developed in this research shows the stiffness term 

varies as the hub speed changes.  In fact, the rotation makes the beam less rigid 

by a factor proportional to the square of the rotational speed. Influence of 

parameters for designing an efficient energy harvester is shown. Two main 

parameters that are considered are the tip mass and length of the beam. 

 A study was performed to find the optimal resistive load for the harvester that 

makes the output power maximized. The effect of different parameters of the 

energy harvester on the value of this optimal load was evaluated. It was shown 

that how damping changes the optimal load value.  

 Experiments for validation were performed for both PZT and PVDF. It was shown 

that the amplitude of extracted power from the PZT harvester is about 44 times 

higher than PVDF. So the PZT could be an attractive choice and the output 

power is sufficient to power the wireless sensors. 
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 Damping plays a critical role when predicting the generated power from 

piezoelectric energy harvester. Ideally, the damping ratio would be known to 

ensure accurate results. A way of determining the damping ratio involves 

performing log decrement analyses or frequency response calculations. It should 

be noted that the target of this research is to develop analytical model to reduce 

the need for experiments for predicting power harvested from a determined 

system.   

 

From the experience of this work, the following recommendations on future work are 

suggested: 

 

 An interactive, user-interface in the software code that would allow the user to 

input dimensions, parameters and properties of the system. This would allow 

easy use for someone who is not comfortable with coding and could remove 

possible input errors by directly changing the software code.  

 In practice, the output voltage from the harvester is rectified and conditioned by 

the converter circuit for storing the harvested power in a storage media such as a 

large capacitor. However, the purely resistive electrical load gives a simple and 

useful way of calculating the power generated from the scavenger which has 

already been used in different models. The effects from the changes in the load 

can be explored in future. 
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 The storage of the generated power should be investigated. Storing a charge in a 

capacitor or recharging a battery are probable options.  

 Applications for the use of the generated power were defined roughly. It can be 

determined with more details. For some applications the generated power may 

be low in magnitude, however can be used alternately if stored over time.  
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Appendix: Detail design and CAD drawings of the 

experimental setup 

          In this section, the detail design of each component of the proposed setup 

addressed; also Solidworks drawings presented. The first step to fabricate the rotating 

system is providing the rotating shaft that rotates around a horizontal axis. To reach this 

goal, a structure should be designed for holding the shaft in a specific height from the 

ground. Two walls are considered to hold the shaft. The shaft is then connected to a DC 

motor via a coupling. For selecting a DC motor, one should check out the maximum 

speed of the motor‟s shaft. To measure the rotational speed of the shaft, an encoder is 

employed to measure the angular position of the DC motor‟s shaft. The maxon motors 

company gives the opportunity of having a DC motor with an encoder attached to it. The 

serial number of the motor is A-max 32 Model No. 236669 while the encoder is HEDL 

5540 Model No. 110514. Motor itself should be kept above ground. For this purpose, 

another wall is considered. First the motor is going to be fastened by screws to a wall. 

Shaft of the motor is coming out of the wall. This shaft has a 4 mm dia. The main 

rotating shaft we designed is a 6 mm dia. So a coupling is needed for transforming 

these two dimensions. The idea for connecting these two shafts has been using another 

part that can be fixed to a wall. This part contains two shafts of 4mm and 6mm. The 

4mm dia. Shaft is connected to the flexible coupling which is connected to the motor 

from its other side. The 6mm shaft of the part is going through the another coupling 

which is connected to the main shaft of 6mm dia. The four wings component as it is 

shown in Fig. 4.1 is fabricated with the holes for screwing the harvester on it. All the 

holes are threaded as it is safer than using nut and screw through the unthreaded holes. 

The shaft is connected to the slip ring from its other tip. For this reason, the shaft should 

contains a step for equating the diameter of that tip of the shaft and the slip ring 

diameter. Actually that is the rotating side of the slip ring which is connected to the 

shaft. The other side is fixed and screwed to another wall.  
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          There is a relatively large hole in this wall for pulling out the wires of the slip ring. 

These three walls are finally screwed to a base plate. This base plate may be lifted 

during the test, especially in the resonance frequency, if it is light. For this reason, we 

attached the base plate to a very heavy component on the floor using large screws.  

 

   

The followings are drawings for each component: 
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Drawings pertain to the fabricated parts. For connecting the main rotating shaft to the 

shaft of the DC motor, two flexible couplings are utilized which have been purchased 

from SDP/SI company with the catalogue number S50MST-S06P37P37 and 

S50MSTMA16P04P04. They have the following specifications:  
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Specifications of the motor and encoder are shown in the following. 
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The slip-ring employed in this setup is a S10 model of Michigan Scientific Inc. Its spec 

sheet is shown in the following. 
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          The energy harvester itself consists of a cantilever beam which is a cut of the 

spring steel sheet for the PZT harvester and aluminium for the PVDF harvester. The 

mechanical properties of the substructure presented in chapter 5. Also mechanical and 

geometrical parameters of piezoelectric materials used presented in chapter 5. The 

piezoelectric materials are bonded to the substructure using sensor adhesives. A tip 

mass which is a cut of the large cube of steel, is weighed and attached to the tip of the 

beam for both PVDF and PZT harvesters. PVDF harvester tested with different masses. 

For this reason, we made holes on the beam to be able to screw the tip mass to the 

beam instead of using adhesive for connecting the mass to the beam.  
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