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ABSTRACT

This project employs a non-linear VAR (threshold VAR) to study the joint
dynamics of Canadian output and unemployment rate. A lot of recent studies showed
that the exogenous shocks have asymmetric effect on economy, but the traditional linear
analysis fails in this circumstance. In order to capture this asymmetry, | use a feedback
variable that endogenously augments the real GDP lags of the VAR in recession
phases. To implement the threshold VAR, a so-called qausi-maximum likelihood
estimator (QMLE) is employed to estimate this threshold. Based on the estimate of the
threshold VAR, | will analyze this feedback effect by the Generalized Impulse Response

function.
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1. INTRODUCTION

It has been a long time for economists to employ the reduced form VAR and impulse a
response function to study the propagation and persistence of shocks in economy as
well as the transmission mechanism b etween o utput and labor market. T he standard
reduced form models are linear, which implicitly impose a number of symmetry
restrictions on economic fluctuation. For instance, multiplying interested magnitude on
basic shock will have corresponding impulse response function. Furthermore, the effects
of shocks do not change over business cycle. However, the mounting empirical

evidences on asymmetries in the effect of shocks make these restrictions questionable.

To capture these asymmetries on economic fluctuation, growing literatures employ the
nonlinear models to analyze the dynamics of real economy. Beaudy and Koop (1993)
(hereafter BK) introduced the nonlinear specification in a univariate model of US output
where the asymmetry is captured by allowing the feedback variable defined as the
current depth of recession to enter the model with multiple lags. The threshold
parameter is assumed to be zero in BK. Pesaran and Potter (1994) (hereafter PP)
extended BK'’s specification into three regimes (recession, corridor, overheating) with the
threshold parameter endogenously estimated. Koop, Pesaran and Potter (1996)
(hereafter KPP) developed the Generalized Impulse Response function to analyze the
impulse dynamics under the context of nonlinear time series. Altissimo and Violante
(2001) (hereafter AV) use the specification suggested by BK and Generalized impulse
response function on the US output and unemployment bivariate system with threshold

parameter endogenously estimated.



Since most of the literatures are concerning about the dynamics of the US economy, it
will be interesting to see how these non-linear framework works on Canadian economy.
This project uses Matlab to implement the bivariate system of output and unemployment
rate on Canadian data (1976Q1 to 2004Q1). The organization of this project is as
follows. Section 2 presents the nonlinear time series model. Section 3 describes the
method used in estimating the threshold parameter and provides the estimate of the
Threshold VAR (TVAR). In section 4, the procedure of the GIRF based the estimates in

section 3 is described first and then the results of the GIRF is presented.



2. ATHRESHOLD VAR ON REAL GDP
AND UNEMPLOYMENT RATE

2.1 Model Specification
Following BK, PP, KPP and AV, | constructed a feedback variable measuring the current

depth of the recession (CDR, ), which is defined as the gap between current level of log-

GDP and historical maximum level augmented by a threshold parameter r. Formally:
CDR,(r,7)=y,—max{y,,y,, + 7., ¥, +7} )

where r is a finite integer. When the growth of log-GDP is lower than the threshold

parameter r, CDR, is activated. As long as the growth of log-GDP below r, which means
that when the economy does not fully recovered from recession, CDR, will remain as a
negative value. Let F,=1(CDR, <0) be the indicator function of whether current

economy in recession (F,=1) or in expansion (F,=0). And the recession regime is

q
defined as at least one of lags of CDR, nonzero (ZCDR,_,. < 0), while expansion

i=1

q
regime is defined as » CDR,_, = 0.

i=1

| construct a bivariate nonlinear model of the change in log-GDP times 100, (AY,), and

the unemploymentrate (U,). X, denotes (AY,,U,), and ®(L)and O(L) are matrix



polynomial in the lag operator with order p and g respectively. So the model

specification is:

X, =a+®(L)X,_, +OL)CDR_(r,1)+7, @

1
To allow for the regime dependent heteroskedasticity, | assume 77,=V,Ag,, where

g, ~1ID(0,1,). Thus, the conditional variance covariance matrix takes the form of

v, =1(Y.CDR,_)-(Z, ~X,)+ 3, @)

i=1

where X  (or Z,) is the covariance matrix in recession (or expansion) regime. Since
CDR, depends on the value of the threshold parameter r, r enters both the conditional

mean and conditional variance.

2.2 An interpretation of the model specification

Hamilton (1989) employed the Markov switching regime model to capture the non-
linearity, positing the regime switching as exogenous and determined by Markov chain.
BK first introduced the specification with the feedback variable of current depth of
recession to study the dynamics of the US output. As PP, this specification can be
interpreted as a member of the Threshold Autoregression (TAR) class'. TAR model
assumes an observed variable relative to a threshold value to determine the regime
switching. Tong (1990) suggested a Self-Exciting Threshold Autoregression (SETAR)
model, which assumes that the threshold variable is chosen to be some delayed value of

the time series itself. The SETAR model is linear within regime, but with different

"I provide a detailed description of this TAR style specification in appendix.
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coefficients across regimes. For example, a typical univariate SETAR model can be
specified as y, =¢ x1(y_, >r)+¢ x1y,_, <r)+e,. Where ¢ =(¢ o,,-""’¢ p,i)’
i=1,2, x,=(,y,,»¥,_,), and y,, as the threshold variable. Potter (1995) used
second lag of output growth (Ay,_,) as the delay variable with threshold r = 0. Though
the model performs much better than linear model, it is hard to answer the question “why
only Ay, , matters”. Tiao and Tsay (1994) introduced two “subregimes” conditional on
Ay, ,<0, one as worsening regime (Ay,, < Ay,_,) and another as improving regime

(Ay,,>Ay,,). It is still possible to go further. For instance, one can check whether

Ay,_, <0 conditional on recession regime. However, unless imposing restrictions across

some regimes, it does not seem to be a very attractive way since this specification may

exhaust the degree of freedom quickly.

The bivariate system of equation (2) can be interpreted as a SETAR model with many

regimes. If the economy is in recession regime and

CDR, =y, —-max{y,,y,_, +7,..,y,, +r} is activated, assuming historical maximum is

Ay, ., 1<s <7, then we have:

CDR: =V, Vs —rz(yt—-l ~ Vs _r)+(yt —yt-])__"CDRt-] +Ayt’80that

0 i F =0
CDR, =<Ay, —r if F,=1 and F,_ =0
CDR,_, + Ay, if F,=1 and F, =1



Since F, =1(CDR, <0) is the indicator function of whether CDR, <0, it is appropriate to
write CDR, = CDR, - F, . By substituting CDR, by CDR,_, on the right hand side, we have

CDR, =(CDR,_, + Ay,)-F,. Continuing this substitution unti some F_, =0 and

k k i
CDR, =CDR, [ |Fui+ > &y [ [F- So, there are 7 possible subregimes

i=0 i=0 =0

conditional on recession regime.

As mentioned in section 2.1, we have X,=(AY,,U,), ©®(L) and O(L) are in the lag
operator with order p and g respectively. Let Z =(X,, X, ... X, .., )'2, which is a
1x 2(t - q —7 +2) vector. Because the model includes q order lags of CDR, , equation (2)
can be written as a SETAR model with (1+7)? regimes. Define J, as an indicator

random variable with values in the set {0,1, 2, ...,(1+1)?-1}, andJ,=j indicates state |

happening. The equation (2) can be written as:

{J} {J} {J} {Jj}
q ﬂ ’ ﬂ ERERT] ﬂ ﬂ
Zt _ (gj " rz®iF,t—i + 1 2 t-q-7+1 t—qO—r+2 . + (%J (4)

i=1 t-g-1+1

? Since CDR, , enters the model, g —1 + 7 lags of output growth may have influence on the dependent
variable. Furthermore, this implicitly assumes p<g — 1 + 7, which is not a problem in this project (7 is
assumed to be greater than the sample size).



where, a is a 2x1 vector of constant, and g fj ' is the coefficient matrix on Z,_; for

state j, i=1,...,(t —g — 7 +2)° Equation (4) is the standard SETAR model suggested by

Tong (1990).*

* To gain more insight of this SETAR specification, I provide an examples in appendix.
* A more detailed discussion can be found in AV.



3. MODEL ESTIMATION

3.1 The estimate of the threshold parameter r
The difficulty of estimating the threshold parameter r is that the log likelihood function is
not differentiable in 1, i.e. the conditional covariance matrix is discrete between regimes.

Following PP and AV, I implement grid search for the estimation of r.

Chan (1993) proved that under certain conditions, the estimate of grid search for
threshold autoregression is consistent. AV showed that the model in 2.1 can be written as

SETAR which satisfies those conditions.’ Equation (2) can be written as:

X, =C+X,_ B(L)+CDR_O(L)+V.e, (5)

=W.(np+Ve,

Let e= X, —W, (r) denotes the error term of the regression. For simplicity, I assume

is greater than the sample size, which means that I search all past growth of output when

calculating certain CDR. Furthermore, I assume that the value before the sample and the

first q observations of CDR, and F, are zero.

The grid search steps are as follows:

1. Generate a grid with 400 points in the interval [-1.5, 1.5].

* In finite sample, since the threshold r enters the definition of the current depth of recession (CDR,), there

is some information between grid points. As the sample size goes to infinity, the gaps between the grid
points go to arbitrarily small.



2. Estimate the log-likelihood function conditional on each point of r. The log-

likelihood function takes the forms of

I‘r I‘e 1 - =1 1 3 -1
foc——log( T, ) -—log( %, |)—52F,--1(e2, e) =2 2 A-F)(ez]'e)
i=p

J=p
where T, (or T,) is the number of observations in recession (or expansion)

regime. Since the elements in £ and X, are unknown, it is very painful to try to

figure out the analytical Hessian matrix. 1 implement the Newton-Raphson
algorithm to estimate the remaining parameters (other than r) through the
numerical derivative with LS estimates as starting values. On each point of grid, |

allow 100 iterations over the likelihood function and with convergence criterion of

107 on each parameter.
3. The point in the grid, which maximizes the log likelihood function, is chosen as

the estimate of r.

The estimate of the threshold parameter ;6 is —0.1917, which is far from AV’s estimate

of » -0.140 for the US case. r takes a small negative value since it is reasonable to
expect that the small drops of growth of log GDP d o not trigger the threshold e ffect,

especially when the drop followed by a strong growth. Figure1 give the plot of |CDR|

A
conditional r.

S The estimates of the covariance matrices are: $ =( 0.5381 _0'1936) and § =[ 0.3174 _0'0166).

-0.1936 0.2309 ° {-0.0166 0.0408

9
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Figure 1: CDR conditional on »

Current Depth of Recession

3.2 The Estimate of VAR conditional on r
The result of the estimation of Threshold VAR is reported in table 1 while the t-statistics
is in the parentheses. Since there exists obviously high muticollinearity between

independent variables, the t-statistics is not trustable. I implement F test on the joint zero

null on the CDRs. The p-value of the F-test on the second equation (u,) is 0.0000%. For
first equation (Ay,), the F-test with p-value 0.9301 implies that the CDRs are jointly

insignificant in the equation of output, which is a very surprising result. Since BK and

71 tried several specifications with different number of lags, and the estimate is not sensitive.
¥ tried to include either of the two CDRs in the equation of %, but none of them gives significant t-statistics.

This may happen since the CDR is calculated from y, and corresponding lags conditional on the estimate of threshold

parameter. And AV has the same results on the US case (their t-statistics based asymptotic standard errors conditional
on the estimate of r).

10



KPP’s univariate models of Ay, have significant effects on CDRs. The omission of the

unemployment rate in univariate model may be the reason for this different finding.

Table 1: TVAR Estimate

Cons. Ay, , Ay, , u, u,, CDR, CDR,,
-0.085063 | 0.349012 -0.126009 | -0.63604 0.709289 0.018761 -0.022734
Ay (-0.21800) | (3.158299) (-1.20421) | (-2.65296) | (3.054683) | (0.078737) | (-0.10839)
0.475028 | -0.142389 -0.013149 | 1.235610 -0.279882 -0.087070 | 0.042074
u (3.212503) | (-3.371224) | (-0.31962) | (12.35352) | (-2.91191) | (-0.67821) | (0.350911)

Since the VAR is in the reduced form with over-identification, it is hard to give the exact
interpretation of coefficients. Loosely speaking, in the equation of the unemployment

rate, the combination of coefficients on the lags of CDR implies that, when the recession
begins (at t-1, say), the feedback variable CDR,_, (negative) makes the unemployment
rate (at t) increased. As long as the economy worsens (|CDR,|>|CDR,,|), the

unemployment rate will sharply decrease. This is because that the positive effect of

CDR, (-0.087) is greater than the negative effect of CDR, , (0.042). On the contrary, if

the economy is in weak recovering®, the combined effect of CDRs will still be positive but

with a downward pressure on the unemployment rate. Until the effect of CDR, ,

dominates the effect of CDR,, the decreasing of unemployment rate will be accelerated

> |CDR,I<|CDR, |, but |-0.08 CDR, [>/0.04 CDR, |,

11



by the combination of CDRs. CDRs will also influent the dynamics of the output growth

through the unemployment.

12



4 THE GENERALIZED IMPULSE RESPONSE FUNCTION

4.1 An introduction to Generalized Impulse Response Function
(GIRF)

Based on Pesaran and Shin (1999), the traditional impulse response function (IR) is
aiming on answering the question “What is the response to a unit impulse today when all

future shocks are sent to zero”. Particularly, the IR is defined as

IR, (n,0,0,,)=E[X,,, |€ =0,¢,, =0,.¢,, =00, 1-E[X,,, ¢, =0,.,¢,, =00,,]

t+n t+1 t+n

where n is the maximum time horizon taken into account, andé is a shock at time t.

Let's denote Q,_, as the information set to forecastX,, and w, , is a particular

realization of C2,_,. As explained by KPP, this IR specification is history, shock, and

composition dependence. The IR with zero future shocks may lead to substantial bias.
Since setting all future shocks as zeros implies that whether threshold effect activated
depends only on present shock and will be independent with future shocks, even though

the present economy is at the boundary between regimes.

To deal with the problems arises with using IR on nonlinear time series, KPP and Potter

(1999) constructed the GIRF as a random variable on the same probability space as the

time series. That is, fixing the ith shock from the vector of all shocks &,, and then

integrating out the effects of all other future shocks. The GIRF takes the form of:

GIRF,(n,8,0, ) = E[X,

t+n l & = 5’Qt—1]_E[X ' Qt—]] (6)

t+n

13



E[X,,|& =0,Q,,] stands for the expectation conditional on the information set Q,

t+n
and the ith shock at time t fixed at the value of & . The time profile of shocks can be
constructed conditional on a specific history and/or type of present shocks. The GIRF is
a random variable which is a difference between two random variables. The first term on

the right hand side of equation (6) is the expectation of X,,, conditional on history and

the chosen shock ¢ . The second term is the expectation of X,,, conditional on history

only. Both terms are themselves random variables. The GIRF assumes the “regular
shocks” (i.e., the mean of past shocks) keeping hitting the system over future horizons
and the conditional expectation operator averages out the future shocks. And all the
contemporaneous and future shocks are integrated out except the shock & in the first
term. Thus, comparing with the traditional impulse response function, the GIRF here is
more likely to answer the question “What is the response to a shock ¢ today when all
future shocks are averaged out?” Since generally there is no analytical expression for
the conditional expectation on nonlinear models, Monte Carlo study is employed to

numerically integrate the expectation.

Since the main focus of this project is on the asymmetries of the GIRF across regimes,

following AV, | define the GIRF as:

GIRF,(n,0,H, )= E[E[X,,, |€, =0,H, 1-E[X,,,|H,_]|H,, €R] (7)

+n t+n

where R = {recession,expansion}, and H,_, is the history until time (t-1) which is given

by {X,,,CDR,_} with i=1,2. The estimated GIRF conditional on each regime is

(=i

computed by:

14



’ 1 &, 1 & o

GIRF x (n’g’Ht-l) = FZ{HZ[XA;: (59Hi)_th+n (‘9; ,H;)]} (8)
R i=l Jj=1

T, is number of observations for regime R, H, is the ith history'® for regime R, and M is

number of bootstrapping replication.

4.2 The Computation of the GIRF

The procedures of computing the GIRF are as follows:

1. Separating the data into two regimes based on the value of the recession
indicator F, ;. There are 27 observations fell into the recession regime and 83
observations leading to expansion regime. Following the graphic method suggested by
Gallant, Rossi and Tauchen (1993), | choose the typical shock by inspecting the scatter
plot of the residues’’ from the VAR estimation. | pick up & =(1, -1) for(Ay,,u,)as the
representative positive shock (denoted as P-shock). By changing the sign, | get the
representative negative shock (N-shock) and by doubling the magnitude, | obtain the

PP-shock and NN-shock by double the representative shock to analyze the size of

asymmetry of GIRF. The maximum time horizon is set to 60 quarters.

2. Since equation (2) assumes that the innovations are independent with the history of

time series, all shocks within regime take the equal weight% . Given regime, for each
R

“{x_,cpr_} withi=12.
! Please refer to Appendix B for the scatter plot of the residues.

15



history, | bootstrap 1000x59 realizations from the within regime residuals for the

shocked economy and 1000 x 60 realizations for the baseline economy. The future of 60

quarters of (Ay,,u,) and CDR is calculated recursively for both economies. Then

t+n

- M
calculating X,+,,(5,H,.)=$ZX’ (0,H,) for the shocked economy and
j=1

t+n

- M
Xeun(H) = %Z X/ (H;) for the baseline economy. For each history, as M — «, the
Jj=1

Law of Large Numbers ensures the convergence of the average across bootstrapping to

the conditional expectation.

A

3. For each regime, by taking the average across all histories, the GIRF for given

regime is obtained.

16



4.3 Results of GIRF

4.31 The Impulse Response on Output

Figure 2. Aggregate Shocks on Output'?

Figure 2a: P-shock an Output for different regimes
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Figure 2b: N-shock an Output for different regimes
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It is obvious that the long-run persistence is quite different between regimes. For
example, when there is a negative shock hit the economy at time t (figure 2b), the

GIRF"™ will perform differently across regimes. If the economy is in recession regime,

output will decrease at time t to response to the negative shock so that CDR, is

activated. But since it is in the recessionary regime (CDR ,_, < 0), this CDR,_, will have

"2 AV has very similar shape of GIRF on the US data with level value of unemployment rate.

" I tried some values on the neighbour of the estimate of r, and the GIRF is not sensitive to these different
threshold values. That’s because the estimates of coefficients of CDRs are not sensitive to small changes of
r.

17



a positive effect on economy at time (t+1)'. Furthermore the CDR, will also have a

positive effect on economy only two quarters later. But in expansion regime

q
(ZCDR,_,. =0), the negative effect will be weaker because of lacking the offsetting

i=1
component. Similar mechanism makes the output in recession regime to have a greater
response to a positive shock. Since the economy experienced a positive shock at time t,
CDR, will be zero. If the economy is in recession regime at time t, CDR, , <0, which will
have positive effect on the output at time t+1. Thus, the output of recessionary regime

has greater responses to positive shock than that of expansionary regime.

' Even if CDR, ,=0 at time t, as long as CDR,_, <0 which will have a positive effect on output at time t,

the effect of the negative shock at t+1 will still be weaken.

18



Figure 3. Double magnitude Shocks on Output

Figure 3a: PP-shock on Qutput for different regimes
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Comparing figure 2 and figure 3, the dynamics looks pretty similar. But we can notice
that e xcept the magnitude a symmetry, the P P-shock is more p ersistence than the P-
shock, while NN-shock and N-shock share a similar length of memory. Figure 4 shows
the comparison of shocks with different signs on a certain regime. By looking at figure 4,
it is obvious that the recessionary regime exposes more asymmetry than the
expansionary regime. And it is due to the feedback variables (CDR), which is the main

source of the asymmetry.
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Figure 4. Shocks with different signs on output conditional on regime

figure 4a: P&N an recession figure 4b: PP&NN on recession
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4.3.2 The Impulse Response on Unemployment
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Figure 5. Shocks on Unemployment

Figure 5a: P-shock on Unemployment Figure 5b: N-shock on Unemployment
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Figure 5c: PP-shock on Unemployment  Figure 5d: NN-shock on Unemployment
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The Graphs looks pretty similar as those in figure 4, but the expansion seems less
persistent for the case of unemployment. Imagine the economy experienced a negative
shock (figure 5b). If initially in recession regime, since the coefficient of the second lag of
CDR is positive, the upward pressure of the unemployment decreases. As we explained
in section 3.2, in recession, the unemployment rate must be relatively high. The
unemployment rate may still continue to increase if the economy worsens, but not much.
Even though the GIRF captures the asymmetries of the bivariate dynamics pretty well, it

seems the adjustment may slow (about 5 years).
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4.3.3 Sensitivity of Modelling Unemployment I(1)

AV argues that the standard unit root test may fail under the context of the nonlinear
model specification. They implement a unit root test robust to this nonlinear model
suggested by Caner and Hansen (1997). It seems that there may be some evidence of
unit root existing in unemployment rate in their context (including unit root test and some
extra evidence), and AV choose the differenced unemployment as the benchmark
model. But | still cannot persuade myself that the unemployment rate is a nonstationary

time series. Following exactly the same procedure described above, | find that though

the threshold (» =-0.2068) is not sensitive to I(1) specification, the GIRF is very sensitive

the differencing of unemployment rate.

The plot of the GIRF under this context is very similar as AV reported in their paper. The
regime dependence of the long run persistence is much greater than that of the 1(0)
specification model and the adjustment is also much faster (about 12 quarters). The feed
back variable CDR plays very similar roles as that in the 1(0) unemployment rate
specification. The sensitivity is reasonable, since the GIRF is based on the estimation of
the Threshold VAR. Both the problems of spurious regression and over-differencing can
have serious consequence. But the discussion of unit root test is not the focus of this

project. This dilemma can be open to future research.
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Figure 6. Shocks on Output and Unemployment I(1)

Figure Ba: P-shock on Qutput (DU) Figure Bb: N-shock on Qutput (DU)
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5 CONCLUSION

By building on the measurement of current depth of recession into the VAR model, the
effect of shock is allowed to vary across business cycle. The model specification in
section 2 can be written a model with fixed lags in expansion regime, and with
constrained time varying lags in the recession regime. Through the estimates of TVAR
and the analysis of the GIRF, it is obvious that the specification with feedback variables
(i.e. CDR) captures the important asymmetric behavior of the bivariate dynamics of

Canadian output and unemployment rate.
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APPENDICES

Appendix A: An Example of SETAR
To see how equation (2) can be e xpressed as a SETAR model e asier, |et’'s assume
7=1, q=2,p=1. CDR, =y, —max{y,,y,, +r} =min{0,Ay,_, —r}. The model s pecified

in section 2 can be written as:

A sY M) (0 6
Yiloa+|® O\ Ty DR +| L [CDR, +7,
y, b s\ u ) |6 6

There will be four regimes,

( S, YA
T [ Fy=0&F, =0
$, S, \ u.,
+07 5 |(A 6’
a7 l(yHJ_r L+, f Fa=1&F,=0
[Ay') $+6, SN ) (9,
=9
5, YA 6
u, a+| P P T Ly, — )+, if F_,=0&F_, =1
¢, 6, \ u, 92
+07 5 \(A 6 +6° 0,
| O T e T ) e O F =1&F =]
¢2-|-6?l 6, \ U, 91+02 6’2

which can be written as a SETAR, which takes the form of

q H .
X't _ a . Z®iFt—i . ﬂ :J} ﬂ {21} X -, m,
) 0T r0 \X',) 0
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(2 .
where X,=(AY,,U,), ®i=[9f‘) B'7 is a 2x2 matrices associated to the four

regimes, i=1,2. Let j=0 stands for F, | =0& F, , =0,j=1for F,_ =1&F, , =0, j=2 for

F,_,=0&F,,=1andj=3for F,, =1& F,_, =1. Then we have:

ﬂ{0}=(¢1 51} ﬂ{0}=0; ﬂ{x}: ¢1+HZ 51 ’ 18{21}=0; ﬂ{2}=(¢1 51]’
: ¢2 52 2 ! ¢2+91 52 ! ¢2 52

ﬂm=9; O;andﬁ‘3’=(p‘+9'y % ,,6{3’:9; o
2 eu O 1 ¢2+9‘1‘ 52 2 eu O

2

exchange rate volatility.

Appendix B: Scatter plot of the residues.

Figure 7. Scatter plots graph of the residues
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