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A B S I R A C T  

I n  t h i s  t h e s i s  we d i s c u s s  t h e o r e m s  a b o u t  c c n n e c t i v i t y  a n d  

c y c l e s  i n  g r a p h  t h e c r y .  

T h e  f i r s t  t h r e e  c h a p t e r s  a re  c o n c e r n e d  w i t h  c o n n e c t i v i t y .  

n e n g e r g s  T h e o r e a  a n d  P e r f e c t ' s  T h e o r e m  a r e  g i v e r !  a s  w e l l  a s  , 

s e v e r a l  theorems about r e d u c t i o n s  v h i c h  p r e s e r v e  3 - c o n n e c t i v i t y .  

The last two c k a ~ t e r s  u s e  t h e  c c n n e c t i v i t y  r e s u l t s  t o  p r o v e  
I 

t h e o r e m s  a b o u t  c y c l e s .  C h a p t e r  4 g i v e s  e x i s t e n c e  t h e o r e m s  f o r  

c y c l e s  of g i v e n  a a r i t y  t h r o n g b  s p e c i f i e d  e d g e s  i n  3 - c o n n e c f e d  

g r a p h s .  C h a p t e r  5 e x a m i n e s  c y c l e s  t h r o u g h  s p e c i f i e d  v e r t i c e s  i n  

p l a n a r ,  3 - c o n n e c t e d  g r a p h s .  
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PREFACE 

T h i s  t h e s i s  f o l l o v s  t h e  n o t a t i o n  a n d  t e r m i n o l o q y  o f  J , A ,  

~ o n d y  a n d  (1,S.R. H u r t y  [ 3 ] ,  A d d i t i o n a l  n o t a t i o n  a n d  t e r m i n o l o g y  

a r e  a l s o  n e e d e d ,  

L e t  X a n d  Y b e  sets o f  v e r t i c e s .  An (X ,Y) -pa th  is a  p a t h  

w i t h  o r i g i n  i n  X ,  t e r m i n u s  i n  Y ,  a n d  n o  i n t e r n a l  v e r t i c e s  i n  

x U Y ,  I f  u  a n 3  v  a r e  v e r t i c e s ,  a ( { u ) ,  { v ) ) - p a t h  w i l l  b e  c a l l e d  a 

( u , v )  - p a t h .  

A s e t  o f  p a t h s  i s  o p e n l y  d i s j o i n t  i f  t h e  p a t h s  h a v e  a 

common o r i g i n  a n d  n o  o t h e r  common v e r t i c e s ,  

L e t  S, ( u ) ,  a n d  ( v )  b e  d i s j o i n t  s u b s e t s  o f  t h e  v e r t e x  s e t  

o f  g r a p h  G ,  T h e n  S s e p a r a t e s  u  a n d  v  i f  e v e r y  ( u , v ) - p a t h  i n  G 

c o n t a i n s  a v e r t e x  i n  S.  

L e t  G b e  a  g r a p h ,  V b e  a set  o f  v e r t i c e s ,  a n d  E b e  a  s e t  o f  

e d g e s ,  T h e n  G-V i s  t h e  i n d u c e d  s u b g r a p h  o f  G w i t h  v e r t e x  s e t  

V(G)-V, G + V  i s  t h e  g r a p h  v i t h  v e r t e x  s e t  V(G)UV a n d  e d g e  se t  

E(G) ,  G-E is t h e  g r a p h  w i t h  v e r t e x  s e t  V(G) a n d  e d g e  s e t  E ( G ) - E ,  

a n d  G + E  is t h e  g r a p h  w i t h  v e r t e x  s e t  V ( G )  a n d  e d g e  set  E ( G ) U E .  

I f  B a n d  C a r e  g r a p h s  t h e n  BAC i s  t h e  g r a p h  w i t h  v e r t e x  s e t  
& 

V(B)UV(C) a n d  e d g e  s e t  E ( B ) A E  (C), 

L e t  F b e  a  s u b s e t  o f  t h e  e d g e  s e t  o f  g r a p h  G, A c y c l e  C of  

G is e v e n  (odd)  v i t h  r e s p e c t  t o  F i f  CAF c o n t a i n s  a n  e v e n  (odd)  

number  o f  e d g e s ,  

An e d g e  e i s  a c h o r d  o f  a c y c l e  C i f  b o t h  e n d s  o f  e a r e  i n  

V(C) a n d  e i s  n o t  i n  E ( C ) ,  

v i i  



A b r a n c h v e r t e x  i s  a v e r t e x  o f  d e g r e e  q r e a t e r  t h a n  t w o .  

A c o l o u r  c l a s s  o f  a b i p a r t i t e  g r a p h  i s  a s e t  o f  v e r t i c e s  

w i t h  t h e  s a n e  c o l o u r  i n  a p r o p e r  2 - v e r t e x - c o l o u r i n g  o f  t h e  

g r a p h .  

A g r a p h  G is c r i t i c a l l y  n - c o n n e c t e d  i f  f o r  e v e r y  e d g e  e, 

G- [ e )  i s  n o t  n - c o n n e c t e d .  

L e t  e = x ,  x2 b e  a n  e d g e  o f  g r a p h  G .  T h e n  G - e *  i s  G -  (e} unless 

t h e  d e g r e e  o f  some x i  i n  G- ( e )  i s  t w o ,  i e ( 1 , 2 ) ,  i n  w h i c h  c a s e  

G - e *  is o b t a i n e d  from G- ( e )  b y  r e p l a c i n q  e a c h  s u c h  x i  a n d  t h e  

t w o  e d g e s  i n c i d e n t  w i t h  i t  by a s i n g l e  e d q e .  

If e i s  a n  e d g e  i n  a g r a p h  G t h e n  t h e  g r a p h  o b t a i n e d  b y  

c o n t r a c t i n g  e w i l l  b e  d e n o t e d  b y  G O e .  

v i i i  



I, Chapter 1 

T h e  f u n d a m e n t a l  theorem o n  c o n n e c t i v i t y  i n  g r a ~ h s  was 

d i s c o v e r e d  by  K, H e n g e r  [ 9 3 .  T h e  F r o o f  g i v e n  h e r e  i s  d u e  t o  t h e  

a u t h o r -  

Theorem 1 .1 ,  If no  set of fever t h a n  n  v e r t i c e s  s e p a r a t e s  
--7- -- 
n o n a d j a c e n t  v e r t i c e s  u a n d  v  i n  a g r a p h  G ,  t h e n  t h e r e  a re  n 

i n t e r n a l l y  d i s j o i n t  (u ,v )  - p a t h s .  

P r o o f .  T h e  p r o o f  u s e s  i ~ l d u c t i o n  o n  n. T h e  t h e o r e m  i s  t r i v i a l  f o r  ----- 
n = l .  S u p p o s e  u  a n d  v are n o t  s e p a r a t e d  by  a n y  set h a v i n g  less 

t h a n  n+1 v e r t i c e s  ( n z l ) .  By t h e  i n d u c t i o n  h y p o t h e s i s  t h e r e  a re  n  

i n t e r n a l l y  d i s j o i n t  ( u , v ) - p a t h s  F I  ,,. ,, Ph . S i n c e  t h e  set o f  

s e c o n d  v e r t i c e s  of P I  . , , , ,P , ,  d o e s  n o t  s e p a r a t e  u  a n d  v,  t h e r e  is 

a (u,v)  - p a t h  P  whose i n i t i a l  e d g e  is co t  o n  P i ,  i=l,. ..,no L e t  x 

b e  t h e  first v e r t e x  a f t e r  n which is b o t h  o n  P a n d  o n  some P i ,  

l S i < n ,  L e t  Ph+, be t-he ( n . x ) - s e c t i o n  of P, S u p p o s e  

P I  .--- 8 P h  rPh+J  h a v c  b e e n  c h o s e n  so t h a t  the d i s t a n c e  i n  G- (u) 

b e t w e e n  x a n d  v  is t h e  minimuui. I f  x = v  we a r e  d o n e ,  s o  assume 

n o t ,  

I n  G-1x1 t h e r e  are n i n t e r n a l l y  d i s j o i n t  (u ,v)  - p a t h s  

Q I  , . Q , a g a i n  by  t h e  i n d u c t i o n  h y p o t h e s i s .  C h o o s e  
nt l  

I 
1 Q l  , ...,Qh u s i n g  t h e  minimum number  of e d g e s  i n  B=E ( G ) -  U E ( P i  ), 
I 1x1 

L e t  H be t h e  g r a p h  c o n s i s t i n g  of t h e  v e r t i c e s  a n d  arcs o f  



Q I  8 - - -  # Q n  t o g e t h e r  w i t h  t h e  v e r t e x  x. C h o o s e  some Pk, I l k l n t  1. 

w h o s e  i n i t i a l  e d g e  is n o t  i n  E (ti). L e t  y be t h e  f i rs t  v e r t e x  

a f t =  u  w h i c h  is o n  PI( a n d  i n  V ( H ) ,  I f  y=v w e  a r e  d o n e ,  s o  

a s s u m e  n o t ,  

I f  y = x  t h e n  l e t  R b e  t h e  s h o r t e s t  ( x , v ) - p a t h  i n  G - j u ) ,  L e t  

z be t h e  f i rs t  v e r t e x  of R c n  scme Qj8 l s j i n .  T h e n  t h e  d i s t a n c e  

i n  G-[u) Letween z a n d  v is less t h a n  t h e  d i s t a n c e  b e t w e e n  x a n d  

v, T h i s  c o n t r a d i c t s  o u r  c h o i c e  o f  Pi ,,- , , P h r P h + j  , 

I f  y is o n  some  Qi, I l i S n ,  t h e n  t h e  ( u , y )  - s e c t i o n  o f  Q h a s  

an  e d g e  i n  B. C t h e r u i s e ,  twc ~ a t h s  i n  { P I  ,. , , , P h  , P h + l  f i n t e r s e c t  

a t  a v e r t e x  o t h e r  t h a n  u, v, o r  x ,  N o w  i f  we r e p l a c e  t h e  

( u , y ) - s e c t i o n  of Qi b y  t h e  ( u , y ) - s e c t i o n  of Pk w e  g e t  n 

i n t e r n a l l y  d i s j o i n t  (u, v )  - p a t h s  i n  G- {x) u s i n g  less  e d g e s  i n  E 

t h a n  Ql ,.. .,Q,.,. T h i s  i s  a c o n t r a d i c t i o n ,  

B e n g e r ' s  t h e o r e a  h a s  t h e  f o l l o w i n g  t w o  s t a n d a r d  

c o r c l l a  ries, 

C o r o l l a r g  1.1.  I f  {x) a n d  Y={yl ,--- ,yh) are d i s j o i n t  se ts  o f  ----- 
v e r t i c e s  i n  a n  n - c o n n e c t e d  g r a p h  G, t h e n  t h e r e  a re  n o p e n l y  

d i s j o i n t  ( {x) ,  Y )  - p a t h s  i n  G. 

P r o o f  L e t  R=G+(z)+{yizJi=l,.,.,n), where z i s n o t  a  v e r t e x  o f  -----I, 

G ,  S i n c e  G is  n - c o n n e c t e d ,  n o  s e t  of fewer t h a n  n v e r t i c e s  

s e p a r a t e s  x a n d  z, I n  a d d i t i o n ,  x a n d  z a re  n o n a d j a c e n t ,  s o  by  

T h e o r e m  1.1 B h a s  n i a t e r n a l l y  d i s j o i n t  (x ,  2 ) - p a t h s  PI ,. - ., Ph . 



~ a c h  vertex i n  Y must necessarily be on e x a c t l y  o n e  s u c h  F a t h ,  

s o  P i - t ~ ) ,  i=l,--,,r, a re  t h e  r e q u i r e d  p a t h s  i n  S .  

c o r c l l a g  1.2. If  X a n d  P are  d i s j o i n t  sets of v e r t i c e s  i n  a L  - 
n - c o n n e c t e d  g r a p h  G s u c h  t h a t  b o t h  h a v e  a t  l e a s t  n v e r t i c e s ,  

t h e n  t h e r e  are n d i s j o i n t  (X, Y )  - p a t h s .  

p r o o f .  L e t  H=G+ (v,z)+{wxlx~X] + ( z y  JyEY] ,  w h e r e  v a n d  z a r e  n o t  --- 
v e r t i c e s  o f  G, Hcv u and  z a r e  n o n a d j a c e n t  edges i n  a n  

n - c c n n e c t e d  g r a p h  H ,  s o  there are  n i n t e r n a l l y  d i s j o i n t  

(w,z) -paths ,  PI  ,..,,Pn, i n  E. We c a n  assume Pi c c n t a i n s  o n l y  o n e  

v e r t e x  i n  each of X and f, i= l , ,  . .,no T h e n  P i - ( t i f  z )  , i=1,. ,, .n, 

arc the r e q u i r e d  p a t h s  i n  G ,  



11. C h a p t e r  2 

H. l e r fec t  1 1 0  ]  roved t h e  f c l l o w i n g  t h e o r e m .  

TAeorem 2.1- F o r  a  g r a p n  G ,  let (x) a n d  S  b e  d i s j o i n t  s u b s e t s  of 

V(G). S u ~ p o s e  P, ,-.*,Ph a r e  o ~ e n l y  d i s j o i n t  ( 1x1  , S )  - p a t h s  v i t h  

t e r m i n i  y,  ,, . , , y,, , r e s p e c t i v e l y ,  a n d  Q I  ,, , . , Q n+l a r e  o p e n l y  

d i s j o i n t  ( ( x )  , S ) - p a t h s .  T h e n  t h e r e  are  n+ 1 o p e o l y  d i s j o i n t  

( ( x )  , S )  - p a t h s  v i t h  t e r i s i n i  y (  ,., , ,yn ,v ,  f o r  some v i n  S, 

T h e  f o l l o w i n g  p r o o f  u a s  d i s c o v e r e d  i n d e p e n d e n t l y  b y  t h e  

a u t h o r  b u t  i t  c a n  also be f c n n d  i n  I.. I.ov&sz [8-p .44  1, 

n h+l 
P r o o f .  L e t  E (P )=  U E (P ) a n d  X (Q)= U E(Q ). C h o o s e  n  o p e n l y  --- 

i - l  i= l  

y I  ,... ,yn , r e s p e c t i v e l y ,  u s i n g  cnly e d g e s  i n  f (P)IJE ( Q )  a n d  u s i n g  

a ~ i n i m n m  n u m b e r  of e d g e s  i n  E (P)  -E (Q) . C h o o s e  some Q j f  l < i < n +  1, 

h a v i n g  a n  i n i t i a l  e d g ~  d i f f e r e n t  from t h e  i n i t i a l  e d g e s  of R j ,  
& 

j = 1  ,, 9 -  ,n. 

If Qi does n o t  i n t e r s e c t  some Rj, j=l,,, ,,n, a t  a v e r t e x  

o t h e r  t h a n  x ,  t h e n  w e  a re  d o n e ,  I f  n o t ,  t h e n  l e t  z b e  t h e  first 

v e r t e x  a f t e r  x w b i c h  is c n  Qi a n d  on some R e ,  l 5 j l n .  T h e n  t h e  J 
(x, 2 ) - s e c t i o n  of Bj h a s  a n  e d g e  i n  E (P) -E (Q) . O t h e r w i s e .  two 

p a t h s  i n  {Ql  ,. ., , Q h + l  ) i n t e r s e c t  a t  a v e r t e x  o t h e r  t h a n  x. How 

by r e p l a c i n g  t h e  ( x , z )  - s e c t i o n  of Bj b y  t h e  ( x , z ) - s e c t i o n  of 



I 

Q~ we get n o p e n l y  d i s j o i n t  ( [ x )  , S )  - p a t h s  w i t h  t e r m i n i  

YI ,...,y,., u s i n g  o n l y  edges in E ( P ) U Z  (Q) and u s i n g  less edges i n  

E ( P ) - E ( Q )  t h a n  R, .. --, R h .  T h i s  is a contradiction. 



111. Chapter 3 

D.W. E a r n e t t e  a n d  B. ~ r ' d n b a u m  11 ] a n d  V , K .  T i t o v  [ 131 

i n d e p e n d e n t l y  p r o v e d  t h e  f o l l o w i n g  t h e o r e m .  

Theoren 3.1, If G is  a 3 - c o n n e c t e d  g r a p h  o f  crder a t  l e a s t  f i v e ,  

t h e n  G c o n t a i n s  a n  e d g e  e such t h a t  G - e *  i s  3 - c o n n e c t e d .  

C. T h o m a s s e n  1 2  1 p r o v e d  t h e  f o l l o u i n g  r e s u l t ,  

T h e o r e m  3.2. I f  G is a 3 - c o n n e c t e d  g r a p h  o f  o r d e r  a t  leas t  f i v e ,  ----- -- 
t h e n  G c o n t a i n s  a n  e d g e  e s u c h  t h a t  G O e  is 3 - c o n n e c t e d .  

I n  t h e  c h a ~ t e r  we p r e s e n t  v a r i a t i o n s  of t h e s e  t h e o r e m s .  

T h e o r e m  3.3 L e t  e = x l  xr be an e d g e  i n  a 3 - c o n n e c t e d  g r a p h  G, ----- - 
S u p p o s e  t h e r e  e x i s t  y a n d  z i n  V (G)-{x, ,xl ) s u c h  t h a t  

G-  {el- {y,z)  h a s  c o m p o n e n t s  H I  a n d  HI, vhere X i  is i n  V (Hi ), 
4 

i=1,2. I f  H I  a n d  8 2  e a c h  h a v e  a t  l e a s t  t w o  v e r t i c e s ,  t h e n  G O e  is 

3 - c o n n e c t e d ,  

P r o o f .  If Goe  i s  n o t  3 - c o n n e c t e d ,  t h e n  {x, ,x2) is c c n t a i n e d  i n  a --- 
3 - v e r t e x  c u t  of  G, T h u s ,  i t  s u f f i c e s  t o  show t h a t  G-{xl , x l , u )  is 

c o n n e c t e d  f o r  a n y  u i n  V (G) - { x i  ,xz) , T h e r e  are e s s e n t i a l l y  two 

cases. 



S u p p o s e  u=y, We now show t h a t  e v e r y  v e r t e x  v i n  

V(G)-{x i  8 x 2  , u )  is i n  t h e  s a m e  c o m p o n e n t  a s  z. W i t h o u t  l o s s  of 

g e n e r a l i t y .  l e t  v be i n  V ( H I  ) -  ( x l ) .  By C o r o l l a r y  1.1 t h e r e  a r e  

t h r e e  o p e n l y  d i s j o i n t  ( (v) # ( x l  , y ,  z) ) - p a t h s  i n  G ,  S i n c e  a n y  

(xl .v) - p a t h  i n c l u d c s  a v e r t e x  i n  ( x I  ,y,z), xl i s  n o t  o n  t h e  

( v ,  2) - p a t h .  

S o p p o s e  u  is i n  V ( H , ) - ( x , ) .  L e t  w, b e  i n  V ( H l ) - ( x ,  ,uj a n d  

uz be in V (H2 ) -  {xl 3 .  S i n c e  t h e r e  a r e  t h r e e  o p e n l y  d i s j o i n t  

((u2), { x 2 , y , z ) ) - ~ a t h s  i n  G, t h e  v e r t i c e s  w2, y ,  a n d  z a r e  i n  t h e  

same c o m p o n e n t  of G-{xl ,xl ,u]. S i n c e  t h e r e  a r e  three  o p e n l y  

d i s j o i n t  ( f u ,  j , (x, , y , z ) ) - p a t h s  i n  G ,  t h e r e  is a (w, , y ) - p a t h  o r  a 

( w l  ,z) - p a t h  i n  G- (x, ,xl ,u) . B e c a u s e  t h e  c h o i c e  cf w, a n d  ul was 

a r k i t r a r y ,  G-(x, ,x2 ,u) is c o n n e c t e d .  

The  f o l l o w i n g  t h e o r e m  is f o u n d  i n  F,J .  S l a t e r  [ 111, 

Theorem 3.4, Every v e r t e x  x of d e g r e e  t h r e e  i n  a 3 - c o n n e c t e d  ----- -- 
g r a p h  G of o r d e r  a t  leas t  five is i n c i d e n t  w i t h  a n  edge e such 

t h a t  GOe is 3 - c o n n e c t e d ,  

P r o o f - L e t  x be i n c i d e n t  w i t h  e d g e s  e i = x y i r  -- i = 1 , 2 , 3 .  S u p p o s e  

G- [x,y3 . 2) is d i s c o n n e c t e d  for some z i n  V (G) , L e t  y i  b e  i n  Hi , 
i = 1 , 2 ,  w h e r e  8 ,  a n d  H2 are t h e  c o m p o n e n t s  o f  G-{x,y3,z),  I f  

V(B,)  b a s  a t  l e a s t  two v e r t i c e s ,  t h e n  t h e  c o m p o n e n t s  of 

G- {el ) -  {y3 ,z), HI a n d  + (x) +{e2 ) , b o t h  have a t  l e a s t  two 

v e r t i c e s ,  so the or el^ 3.3 i m ~ l i e s  G O e ,  is 3 - c o n n e c t e d ,  



F i g u r e  3-1 ,  GOe is 3 - c o n n e c t e d  f o r  e a c h  d a s h e d  e d g e  e. 

S i m i l a r l y ,  i f  V (Hz ) h a s  a t  l eas t  two v e r t i c e s , t h e n  G O e  is 

3 - c c n n e c t e d ,  I f  VIR,) a n d  V ( H 2 )  b o t h  h a v e  o n e  v e r t e x ,  t h e n  G h a s  

o r d e r  5, It i s  e a s y  t o  s h o w  t h a t  t h e  r e s u l t  h o l d s  f o r  t h e  t h r e e  

3 - c o n n e c t e d  g r a p h s  cf crder  f i v e  ( f i g u r e  3.1,). I 

T h e  f o l l o w i n g  t h e o r e m  is a l s o  i n  L. ~ o v ' a s z  [8-p,  461, 

Theorem 3 . 5 ,  I f  e is a n  e d g e  with b o t h  e n d s  cf d e g r e e  a t  leas t  ---- - 
four i n  a c r i t i c a l l y  3 - c o n n e c t e d  g raph  G of o rder  a t  l e a s t  five, 

t h e n  G O e  is 3 - c o n n e c t e d ,  

P r o o f ,  G is c r i t i c a l l y  3 - c c n n e c t e d ,  s o  t h e r e  a r e  v e r t i c e s  x a n d  ----- 
y i n  V (G) such t h a t  G- (el- [x ,y )  is d i s c o n n e c t e d ,  S i n c e  b o t h  e n d s  



o f  e h a v e  d e g r e e  a t  l e a s t  f o u r ,  n e i t h e r  c o m p o n e n t  o f  G - { e l -  [x ,y)  

h a s  just o n €  v e r t e x .  T h u s ,  T h e o r e m  3.3 i m p l i e s  G O e  is 

3 - c o n n e c t e d .  

T h e o r e m  3.6. For a n y  e d g e  e=x, x2 i n  a  3 - c o n n e c t e d  g r a p h  G cf ----- ---- 
o r d e r  a t  l e a s t  f i v e ,  G O e  o r  G - e *  is 3 - c o n n e c t e d .  

P r o o f .  The r e s u l t  is e a s i l y  c h e c k e d  when G h a s  o r d e r  f i v e ,  s o  --- 
assure G h a s  o r d e r  a t  l e a s t  6. 

S u p p o s e  G - e *  i s  n o t  3 - c o n n e c t e d .  S i n c e  IV ( G - e * )  114, t h e r e  

a r e  v e r t i c e s  v, a n d  u2 i n  V (G-e*) w h i c h  a r e  i n  d i f f e r e n t  

c o m p o n e n t s  of ( G - e * ) -  [y ,z ) ,  w h e r e  {y,z) is a 2 - v e r t e x  c u t ,  

T h e r e f o r e ,  G - i e ) - [ y , z )  h a s  tuc c o m p o n e n t s ,  H, and R2 , w h e r e  

xi a n d  Ui a r e  i n  V (Hi) , i = 1 , 2 ,  

N o w  Hi h a s  a t  l e a s t  two v e r t i c e s ,  i=1,2. I f  xi#Wi , we are 

d o n e ,  I f  X i = U i  , t b e n  Xi mast have  d e g r e e  a t  l e a s t  f o u r  i n  G t o  

b e  a v e r t e x  i n  G-e*. T h e r e f c r e ,  X i  i s  a d j a c e n t  t o  some  o t h e r  

v e r t e x  i n  R i a  H e n c e ,  G O e  is 3 - c o n n e c t e d  b y  Theorem 3 . 3 .  



IV- C h a p t e r  U 

I n  t h i s  c h a p t e r  v e  e x a m i n e  t h e  q u e s t i o n  o f  when two  e d g e s  

i n  a 3 - c o n n e c t e d  g r a p h  l i e  cn a common e v e n  c y c l e  a n d  when t h e y  

l i e  o n  a common o d d  c y c l e .  

First we g i v e  s o m e  re la ted  t h e o r e m s ,  

T h e o r e m  4.1. ( G . A .  Cirac [4]) Any two e d g e s  a n d  a n y  k-2 v e r t i c e s  ---- -- 
i n  a k - c o n n e c t e d  g r a p h  l i e  on  a common c y c l e .  

Theorem 4.2. ( R ,  ~ a g g k v i s t  a n d  C. T h o m a s s e n  [5 J) Any k-1 ---- --- 
p a i r w i s e  n o n a d j a c e n t  e d g e s  i n  a k - c o n n e c t e d  g r a p h  l i e  o n  a 

common c y c l e ,  

Theorem 4.3, ( J - A ,  Bondy and L. ~ovgsz [ 2 1 )  I n  a k - c o n n e c t e d  ---- --- 
g r a ~ h  a n y  k-1 v e r t i c e s  l i e  o n  a common o d d  c y c l e  i f  t h e  g r a ~ h  i s  

n o t  b i p a r t i t e ,  a n d  a n y  k v e r t i c e s  l i e  o n  a common e v e n  c y c l e ,  

T o  p r o v e  t h e  m a i n  t h e o r e m  w e  n e e d  a lemma. 

Lemma 4 - 1 .  If X is  a set of f o u r  v e r t i c e s  i n  a 3 - c o n n e c t e d  g r a p h  ---- -- 
G o f  order  a t  least s i x ,  t h e n  t h e r e  is a n  e d g e  e w i t h  a t  most 

o n e  end i n  X s u c h  t h a t  GOe is 3 - c o n n e c t e d -  

P r o o f .  W e  may a s s u m e  G is c r i t i c a l l y  3 - c o n n e c t e d ,  T h e  r e s u l t  ---- 



h o l d s  f o r  t h e  t h r e e  c r i t i c a l l y  3 - c o n n e c t e d  g r a p h s  of order s i x  

( f i g u r e  4, I ) ,  s o  s u p p o s e  G h a s  o r d e r  a t  l e a s t  s e v e n .  

S u p p o s e  e = y z  does n o t  h a v e  a n  e n d  i n  X. I f  y a n d  z b o t h  

h a v e  d e g r e e  a t  l e a s t  f o u r ,  t h e n  T h e o r e m  3.5 i m p l i e s  G O e  is 

3 - c o n n e c t e d ,  I f  y o r  z h a s  d e y r e e  t h r e e ,  then T h e o r ~ m  3.r; 

i m p l i e s  t h e r e  is a n  e d g e  f i n c i d e n t  w i t h  y o r  z s u c h  t h a t  G O f  is 

3 - c o n n e c t e d .  

S u p p o s e  e v e r y  e d g e  of G h a s  a t  least o n e  end i n  X. I f  some  

v e r t e x  i n  V ( G ) - X  h a s  d e g r e e  t h r e e ,  t h e n  w e  a p p l y  Theorem 3.4, I f  

a l l  v e r t i c e s  i n  V ( G ) - X  h a v e  d e g r e e  t o u r ,  t h e n  e v e r y  v e r t e x  i n  X 

is a d j a c e n t  t o  a t  l e a s t  t h r e e  v e r t i c e s  ir! V ( G )  - X .  If x in X kas 

d e g r e e  t h r e e  t h e n  w e  a p p l y  T h e o r e m  3-4, and  i f  x i n  X h a s  d e g r e e  

a t  l e a s t  f o u r  t h e n  we a p p l y  T h e o r e m  3-5, 

F i g u r e  4-1 .  G O e  is 3 - c o n n e c t e d  f o r  e v e r y  d a s h e d  e d g e  e, 

11 



'Theorem 4 .4 ,  L e t  G b e  a  s i m p l e  3 - c o n n e c t e d  g r a p h .  S u p p o s e  f = u x  --- --- 

a n d  g = y z  are n o n a d j a c e n t  e d g e s  a n d  F is a s u b s e t  o f  E ( G )  . T h e n  

G-{f,gf c o n t a i n s  a n  o d d  c y c l e  w i t h  r e s ~ e c t  t o  F i f  a n d  o n l y  i f  

t h e r e  a r e  e v e n  a n d  o d d  c y c l e s  w i t h  r e s p e c t  t o  F c o n t a i n i n g  b o t h  

f a n d  g.  

P r o o f ,  T h e  t h e o r e m  is F r o v e n  by  i n d u c t i o n  on 1 V ( G )  1 .  T h e  t h e o r e m  ---- 
i s  e a s i l y  v e r i f i e d  ~ h e n  G h a s  o r d e r  f o u r  o r  f i v e .  

S u p p o s e  G h a s  o r d e r  a t  l e a s t  s i x .  Then by Leama 4.1 t h e r e  

i s  an e d g e  e=uv  s u c h  t h a t  e h a s  a t  mcst o n e  e ~ d  i n  {w,x ,y ,z )  a n d  

GOe is 3 - c o n n e c t e d ,  S u p p o s e  G- [ f ,  g] c o n t a i n s  an  odd c y c l e  C w i t h  

r e s p e c t  t o  F. T h e r e  a re  t h r e e  cases. 

I n  t h e  f i r s t  c a s e  w e  a s s u m e  t h a t  e i s  n o t  i n  P a n d  t h a t  

t h e r e  is n o  c y c l e  of l e n g t h  t h r e e  whose e d g e s  c o n s i s t  o f  a n  e d g e  

i n  ( f , g ) ,  a n  e d g e  h o n  C, a n d  t h e  e d g e  e. 

I f  e is i n  E(C) , t h e n  C O e  i s  a n  o d d  c y c l e  w i t h  r e s p e c t  t o  f 

i n  (G0e) - {f , g )  , I f  e is a c h o r d  o f  C, t h e n  ( G o e )  -{f, g) c o n t a i n s  

a n  even  a n d  a n  odd c y c l e  w i t h  r e s p e c t  t o  F w i t h  o n e  common 

v e r t e x .  I f  n o r  v  is n c t  i n  V(C) . t h e n  C is a n  o d d  c y c l e  w i t h  

r e s p e c t  t o  P i n  ( G 0 c ) -  [ f ,  g) . T h o s ,  ( G o e ) -  (f , g }  c o n t a i n s  a n  aid 
c y c l e  C1 w i t h  r e s p e c t  to  P. 

S u p p o s e  I V(C8) 123, Then  w e  r e m o v e  an e d g e  f r o m  each d o u b l e  

edge i n  G O e  so a s  n o t  t o  d e s t r o y  C t .  L e t  G 1  b e  t h e  r e s u l t i n g  

g r a p h ,  S i n c e  e h a s  a t  most  o n e  e n d  i n  common w i t h  f a n d  g ,  f a n d  

g a r e  n o n a d j a c e n t  i n  G1. B o w  we a p p l y  t h e  i n d u c t i o n  h y p o t h e s i s  

t o  G '  t o  o b t a i n  a n  o d d  and a n  e v e n  c y c l e  w i t h  r e s p e c t  t o  P which  



F i g u r e  4.2, 

b o t h  c o n t a i n  f and g. These c y c l e s  c o r r e s p o n d  t o  c y c l e s  i n  G 

w i t h  the s a a e  p a r i t i e s  with r e s p e c t  t o  F a s  i n  G * b e c a u s e  e is  

n o t  i n  F. 

Suppose  I V ( C 8 )  1=2 a n d  C 8 = v i  el vle2vI . If v, and  v2 are o n  a 

c y c l e  i n  (GOe) - {f ,g)  of l e n g t h  a t  l e a s t  t h r e e ,  t h e n  we can 

remove an edge from e a c h  d o u b l e  e d g e  to  o b t a i n  a  s i m p l e  g r a p h  O *  

s u i t a b l e  f o r  a p p l y i n g  t h e  i n d u c t i o n  h y p o t h e s i s .  I f  v, a n d  v2 are 

n o t  on a c y c l e  i n  (Goe)-{f,g) of l e n g t h  a t  l e a s t  t h r e e .  t h e n  

v ,  v2 d i s c o n n e c t s  (GOe) - [ f , g ) ,  Hence, [f ,g,v, 5) is a n  e d g e  cut 

of GOe.  Thus, G h a s  t h e  fo rm shown i n  f i g u r e  4.2, where  w e  

a ssume e is i n  P and  e is  n o t .  Since G-{v ,  ) is 2 - c o n n e c t e d ,  

Theorem 4.1 i m p l i e s  it  c o n t a i n s  a c y c l e  B w i t h  e and  f i n  E (B) . 



f i g u r e  4 .3 .  

The c y c l e  B m u s t  n e c e s s a r i l y  a l s o  c o n t a i n  g. N o w  w e  a r e  d o n e  

s i n c e  B a n d  (B- {e} ) + [v, ) +  [el ,e2} n a v e  o p p o s i t e  p a r  it ies with 

r e s p e c t  t o  F. 

I n  t h e  s e c o n d  case w e  a s s u m e  t h a t  e i s  n o t  i n  ,P and t h a t  

t h e r e  is a c y c l e  of l e n g t h  t h r e e  whose e d g e s  c o n s i s t  o f  a n  e d g e  

i n  { f , g ) ,  a n  e d g e  h i n  E(C), a n d  the edge e ( f i g u r e  4 . 3 ) .  

I f  t h e r e  is a n  odd  c y c l e  w i t h  r e s p e c t  t o  P i n  G-[f,g,  h , )  

t h e n  u e  h a v e  t h e  first case. T h e r e f  o r e ,  we c a n  assume t h a t  i n  

G-[f ,g)  a l l  odd  c y c l e s  w i t h  r e s p e c t  t o  F i n c l u d e  h. 

G- {x) is 2 - c o n n e c t e d ,  so  C o r o l l a r y  1.2 i m p l i e s  i t  c o n t a i n s  

two d i s j o i n t  ( g ~ ,  4 , f w ,  v ) )  - p a t h s  P a n d  Q- L et 

D , = ( ~ U ~ ) + ( x ) + [ h , f , g ) ,  S i n c e  G-Iv) is 2 - c o n n e c t e d ,  Theorem 4.1 



i m p l i e s  i t  h a s  a c y c l e  Dz c o n t a i n i n g  f a n d  g. 

D , A D 2  is  t h e  u n i o n  o f  e d g e - d i s j o i n t  c y c l e s  i n  G -  ( f  ,g )  , a n d  

o n e  o f  t h e s e  c y c l e s  c o n t a i n s  h. T h u s ,  D,A D, c o n s i s t s  of o n e  

c y c l e  w h i c h  is o d d  w i t h  r e s p e c t  t o  F a n d  p o s s i b l y  o t h e r  c y c l e s  

whici l  a r e  a l l  e v e n  w i t h  r e s p e c t  t o  F, T h e r e f  o r e ,  D l  and % h a v e  

o p p o s i t e  p 3 r i t i e s  with r e s p e c t  t o  F, s o  t h e y  are the r e q u i r e d  

c y c l e s .  

I n  t h e  t h i r d  case w e  a s s u m e  e is i n  F, L e t  E 1  b e  the set o f  

e d g e s  i n c i d e n t  w i t h  u, Then  each c y c l e  i n  G h a s  t h e  s a n e  p a r i t y  

w i t h  r e s p e c t  t o  F a n d  PAE8. Nov we h a v e  o n e  o f  t h e  f i r s t  two 

cases, s i n c e  e i s  n o t  i n  PAE*, 

C o n v e r s e l y ,  s u p p o s e  C a n d  D are e v e n  a n d  o d d  c y c l e s  w i t h  

r e s p e c t  t o  P w h i c h  b o t h  c o n t a i n  f a n d  g. T h e n  CAD is  t h e  u n i o n  

o f  e d g e - d i s j o i n t  c y c l e s  i n  G- { f , g ) ,  S i n c e  E (CAD) and P h a v e  a 

o d d  number  o f  e d g e s  i n  common, o n e  o f  t h e  c y c l e s  of CAD is o d d  

w i t h  r e s p e c t  t o  f, 

Theorem 3,5, L e t  G be a s i m p l e  3 - c o n n e c t e d  g r a p h ,  S u p p o s e  e = x y  

a n d  f= xz a re  a d j a c e n t  e d g e s  a n d  P is a s u b s e t  of E (G)  , Then 

G- (x) c o n t a i n s  a n  o d d  c y c l e  C w i t h  r e s p e c t  t o  F i f  a n d  o n l y  f f  

t h e r e  a r e  e v e n  a n d  o d d  c y c l e s  i n  G w i t h  r e s p e c t  t o  P c o n t a i n i n g  

b o t h  e a n d  f, 

P r o o f ,  S u p p o s e  G- 1x1 c o n t a i n s  a n  o d d  c y c l e  C w i t h  r e s p e c t  t o  P, 

S i n c e  G - 1 x 1  is 2 - c o n n e c t e d ,  C o r o l l a r y  1.2 i m p l i e s  i t  c o n t a i n s  

two d i s j o i n t  ( f y , z ) , V ( C ) ) - p a t h s  P a n d  Q. I f  y o r  z is  o n  C then 



P o r  Q h a s  zerc l e n g t h .  L e t  B a n d  D be  t b e  c y c l e s  i n  t h e  

s u b g r a p h  (PUQUC)  + [e,  f} w h i c h  c c n t a i n  e a n d  f .  S i n c e  C is odd 

v i t h  r e s ~ e c t  t o  F, B a n d  I> h a v e  o p p o s i t e  p a r i t y  v i t h  r e s p e c t  t o  

F - 
T h e  c o n v e r s e  is p r o v e n  a s  i n  T h e o r e m  4.4. 

C o r c l l a u  s,i, L e t  G be a s i m p l e  3 - c o n n e c t e d  g r a p h .  S u p p o s e  e ------ 
a n d  f a r e  n o n a d j a c e n t  e d g e s ,  a n d  g  a n d  h a r e  a d j a c c n t  e d g e s  w i t h  

c c a m o n  e n d  x. T h e n  G- [e ,f)  c o n t a i n s  a n  odd  cycle i f  a n d  o n l y  i f  

t h e r e  a r e  e v e n  a n d  o d d  c y c l e s  c o n t a i n i n g  b o t h  e a n d  f, a n d  G - { x ]  

c o n t a i n s  a n  o d d  c y c l e  i f  a n d  o n l y  i f  t h e r e  a re  e v e n  a n d  odd  

c y c l e s  c o n t a i n i n g  b o t h  g a n d  h. 

P r o o f ,  L e t  F=E[G)  a n d  a p p l y  T h e o r e m s  4.4 a n d  4.5, -- 

L. ~ o v % z  h a s  c o n j e c t u r e d  t h a t  f o r  a n y  set L of k p a i r v i s e  

n o n a d j a c e n t  e d g e s  i n  a k - c o n n e c t e d  g r a p h  6, v h e r e  G-L i s  

c o n n e c t e d  i f  k is o d d ,  t h e r e  is a c y c l e  c o n t a i n i n g  a l l  t h e  e d g e s  

of L, Be h a s  v e r i f i e d  t h e  c o n j e c t u r e  f o r  k = 3  a n d  t h e  a u t h o r  b a s  

v e r i f i e d  t h e  c o n  j e c t o r e  f o r  k=4, T h e o r e m  4-4 allows a n  e a s y  

p r o o f  when k=3. 

C o r o l l a r y  I),& I f  { e , f  ,g) is a s e t  of p a i r w i s e  n o n a d j a c e n t  e d g e s  

i n  a 3 - c o n n e c t e d  g r a p h  G,  where G- (e,f ,g} is c o n n e c t e d ,  t h e n  

t h e r e  is a c y c l e  c o n t a i n i n g  e, f ,  a n d  g, 



Proof . L e t  F= {g) . The s u b g r a p h  G -  ( e ,  •’1 c o n t a i n s  a c y c l e  C --- 
t h r o u g h  g ,  s i n c e  o t h e r w i s e  G -  [ e , f , g )  i s  d i s c o n c e c t e d .  T h e  c y c l e  

C is o d d  w i t h  r e s p e c t  t o  F ,  s o  ky Theorem 4.4 G contains an o d d  

c y c l e  B with r e s p e c t  t o  P which c o n t a i n s  b o t b  e a n d  f. S i n c e  E 

i s  odd w i t h  r e s p e c t  t o  P i t  m u s t  n e c e s s a r i l y  c o n t a i n  g. 



V, Chapter 5 

G . A .  Ijirac [4j p r o v e d  t h e  f o l l o w i n g  r e s u l t .  

Theorem 5.1. T h e r e  is a c y c l e  c o n t a i n i n g  a n y  n v e r t i c e s  i n  a n  ---- - 
n - c o n n e c t e d  g r a p h ,  

T h i s  is t h e  t e s t  p o s s i b l e ,  s i n c e  K n , . , + l  is n - c o n n e c t e d  

w h i l e  the n + l  v e r t i c e s  i n  the l a r g e r  c o l o u r  c l a s s  d o  n o t  l i e  o n  

a ccmmon c y c l e .  

If  we res t r ic t  o u r s e l v e s  t o  p l a n a r  g r a p h s ,  we c a n  make 

i ~ p r c v e m e n t s .  

Theorem 5.2. (4.3. Tutte [ IU])  Any p l a n a r  4 - c o n n e c t e d  g r a p h  is  --- -- 
ha r i l t o n i a n ,  

Ke18mans  a n d  Lcmonosov I6 ] h a v e  a n n o u n c e d  t h e  f o l l o w i n g  

r e s u l t ,  

Theorem 5.3. L e t  G b e  a p l a n a r  3 - c o n n e c t e d  g r a p h .  Then: --- -- 
(i) Any f i v e  v e r t i c e s  i n  V(G) l i e  o n  a  common c y c l e .  

( i i )  I f  v, . VL , v j ,  vy, vs , a n d  vc are i n  V ( G )  and d o  not l i e  o n  

a common c y c l e ,  t h e n  G c o n t a i n s  a s u b d i v i s i o n  o f  t h e  H e r s c h e l  

g r a p h  i n  w h i c h  v, , vz, v3 . ' vy ,  v5 , a n d  v6 are  t h e  b r a n c  h v e r t i c e s  

c o r r e s p o n d i n g  t o  t b e  l a r g e r  c o l o u r  c l a s s  ( f i g u r e  5.1)-  



F i g u r e  5.1. The H e r s c h e l  graph.  

We p r e s e n t  a p roo f  of Theorem 5.3 d u e  t o  t h e  a u t h o r  u h i c h  

u s e s  t h e  f o l l o w i n g  theorem,  

Theorem 5.4, (K. Kura towsk i  [ 7 ] )  A graph is p l a n a r  i f  and  o n l y  --- --- 
i f  it d o e s  n o t  c o n t a i n  a s u b d i v i s i o n  of K3,3 or  Us. 

Proof  o f  Theorem 3 .  Suppose  G i s  a c o u n t e r e x a m p l e  of  --- - -- 
minimum o r d e r ,  w h e r e  €J=[vI ,v2 ,v3 ,vy ,v5) is a set  o f  v e r t i c e s  n o t  

on a common c y c l e ,  We may a s sume  G is c r i t i c a l l y  3 - c o n n ~ c t e d ,  

We first Frove  t h a t  v, , vz , v3 , and vq are on a common 

c y c l e ,  By Theorem 5-1,  v, , v2, and  v j  are on a common c y c l e  B, 

~f vy is n o t  on B, t h e n  C o r o l l a r y  1.1 implies t h e r e  a r e  t h r e e  



F i g u r e  5.2 

o p e n l y  d i s j o i n t  ([v+), V ( B )  ) - -paths .  Then we o b t a i n  t h e  s n b g r a p h  

G I  shown i n  f i g u r e  5.2.a or  a  c y c l e  c o n t a i n i n g  v , ,  v2, v3 . and  

vy. L e t  G1 b e  , t h e  rnaxieral 2 - c o n n e c t e d  s u b g r a p h  of G I  - (v l  }. S i n c e  

G i s  3 - c o n n e c t e d ,  Theorerr  2.1 i n ~ l i e s  t h e r e  a r e  t h r e e  o p e n l y  

d i s j o i n t  ( ( v l ) , V ( G z ) ) - p a t h s  w h e r e  x a n d  y a r e  t h e  t e r m i n i  o f  two 

of  t h e s e  p a t h s .  Then w e  o b t a i n  t h e  s u b g r a p h  G3 shown i n  f i g u t e  

5.2. b or  a cycle c o n t a i n i n g  v, , vl. va, and  vy. Let Gy be  the 

maximal 2 - c o n n e c t e d  s o b g r a p h  of G3 - {v2) . Now w e  a p p l y  T h e o r e m  

2.1 to  v, a n d  Gu . C o n s i d e r i n g  a l l  c a s e s ,  w e  e i t h e r  g e t  a 

s u b d i v i s i o n  o f  K13 which c c n t r a d i c t s  t h e  p l a n a r i t y  o f  G ,  o r  we 

g e t  a c y c l e  c o n t a i n i n g  v, , v2, v 3 ,  a n d  vg, 



F i g u r e  5.3. 

S u p p o s e  t w o  v e r t i c e s  i n  U are a d j a c e n t .  Y e  may assume 

V ~ V S  is i n  E ( G ) .  T h u s ,  w e  h a v e  t h e  s u b g r a p h  i n  figure 5.3.a. Now 

we a p p l y  Theorem 2.1 t h r e e  times a s  shown i n  f i g u r e  5.3. Ifi t h e  

a p p l i c a t i o n  t o  t h e  s u b g r a p h  G', u e  a p p l y  Theorem 2.1 t o  t h e  

empty  v e r t e x  V i  a n d  t h e  maximal  2 - c o n n e c t e d  s u b g r a p h  of  G'- {vi;) . 
T h e  s u b g r a p h  t o  t h e  r i g h t  of a n y  G'  is t h e  o n l y  case which d o e s  

n o t  i m m e d i a t e l y  r e s u l t  io a c o n t r a d i c t i o n ,  t h a t  is, a  

s u b d i v i s i o n  o f  K3,) or a cycle c o n t a i n i n g  v, .  v2, v s ,  v y ,  a n d  

vS - T h e  l a s t  a p p l i c a t i o n  ( f i g u r e  5.3.c) r e s u l t s  i n  a 

c o n t r a d i c t i o n  i n  all c a s e s ,  T h u s ,  3 is a n  i n d e p e n d e n t  set ,  

S u p p o s e  some e i n  E(G) d o e s  n o t  h a v e  a n  e n d  i n  W. By 

Theorem 3.6, G - e *  o r  G O e  is 3 - c o n n e c t e d ,  Then G O e  o r  G-e* 



F i g u r e  5.4. 

c o n t a i n s  a c y c l e  t h r o u g h  vl  , v2, v 3 ,  vy, a n d  vg b e c a u s e  G is a 

c o u n t e r e x a m p l e  o f  minimum o r d e r .  B u t  t h i s  i m p l i e s  t b e r e  is a 

c y c l e  t h r o u g h  vl , vz, v3, vy, a n d  vs i n  G. 

Thus, G i s  a b i p a r t i t e  g r a p h  w i t h  c o l o u r  c l a s s  8 .  It is 

e a s y  t o  s h o w  that G is t h e n  o n e  of t h e  g r a p h s  i n  figure 5.4. B u t  

i n  a l l  t h e s e  g r a p h s  there is a  c y c l e  c o n t a i n i n g  v , ,  v 2 ,  v3, v$, 

a n d  v5, s o  we h a v e  a c o n t r a d i c t i o n .  

P r o o f  of T h e o r e m  5 3  S n ~ p o s e  G is a c o u n t e r e x a m p l e  of  ---- ---- --- 
minimum o r d e r ,  w h e r e  R =  {v, ,v2 ,v3 ,vy ,v5 , v6)  is a set of v e r t i c e s  

which  are  n o t  o n  a common c y c l e ,  a n d  a r e  n o t  the b r a n c h v e r t i c e s  

c o r r e s p o n d i n g  t o  t h e  l a r g e r  c o l o u r  c l a s s  i n  a s u b d i v i s i o n  of t h e  



H e r s c h e l  g r a p h .  P e  may a s s u m e  G i s  c r i t i c a l l y  3 - c o n n e c t e d .  

S u p p o s e  vgv6 is i n  E ( G ) .  By Theorem 5 . 3 . i  t he re  i s  a c y c l €  

C c o n t a i n i n g  v, , v2, 9, vy ,  a n d  vs. E y  o u r  a s s u m p t i o n  o n  G ,  

V 6  is n o t  on  C. O n  a p p l y r n g  Theorem 2.1 t o  v6 a n d  C we g e t  t h e  

t h r e e  c a s e s  i n  f i g u r e s  5.5.a, 5.6.a, a n d  5.7.a. B e  now a p p l y  

Theorem 2.1 s e v e r a l  times a s  s h o w r  i n  f i g u r e s  5.5, 5.6, a n d  5.7, 

E a c h  time T h e o r e m  2.1 is a p ~ l i e d  t o  t h e  e m p t y  v e r t e x  w of G o  a n d  

the maximal  2 - c o n n e c t e d  s u b g r a p h  o f  G I -  {w) w e  attempt t o  a v o i d  a 

s u b d i v i s i o n  of K 
373 

a n d  a  c y c l e  c o n t a i n i n g  Q , ,  vZ, v 3 ,  V?, v5 , 

a n d  v 6  . I n  a d d i t i o n ,  f o r  t h e  case i n  f i g u r e  5.6 w e  a t t e m p t  t o  

a v o i d  t h e  s u b g r a p h  i n  f i g u r e  5.5.a, a n d  f o r  t h e  case i n  f i g u r e  

5.7 we a t t e m p t  t o  a v o i d  t h e  s u b g r a p h s  i n  f i g u r e s  5.5.a a n d  

5.6.a. S i n c e  a l l  c a s e s  e v e n t u a l l y  l e a d  t o  a  c o n t r a d i c t i o n ,  C is 

a n  i n d e ~ e n d e n t  set ,  



figure 5 . 6 .  
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S u p p o s e  some  e i n  E ( G )  d o e s  n o t  h a v e  a n  end i n  I?. By 

T h e o r e m  3 . 6 ,  G-e* o r  G O e  i s  3 - c o n n e c t e d .  I f  G-e* or GOc h a s  a 

cycle c o n t a i n i n g  v, , v2, v 3 ,  vy, v5, a n d  vg, t h e n  s o  d o e s  G, 

T h u s ,  G - e *  o r  Goe c o n t a i n s  a s u b d i v i s i o n  H' of t h e  H e r s c h e l  

g r a p h  i n  w h i c h  u,, %, 9 ,  u+, ' 5 ,  a n d  V 6  a r e  t h e  b r a n c h v e r t i c e s  

c o r r e s p c n d i n g  t o  t h e  l a r g e r  c c l o u r  c l a s s ,  s i n c e  G is  a 

c o u n t e r e x a m p l e  of minimum o r d e r .  Then G a l s o  h a s  s u c h  a s u b g r a p h  

unless 8' c o r r e s ~ c n d s  t o  a s u b g r a p h  H of G w h i c h  is a 

s u b d i v i s i o n  of o n €  of t h e  g r a p h s  shown  i n  f i g u r e  5.8, B u t  v,. 

v2,  v3, v y ,  VS, a n d  v6 a r e  on a common c y c l e  i n  8, a n d  h e n c e  i n  

G. 

Thus, G is a b i p a r t i t e  g r a p h  w i t h  c o l o u r  c l a s s  U. I t  is 

easy t o  show t h a t  G is t h e n  o n e  o f  t h e  g r a ~ h s  i n  f i g u r e  5 . 9 .  B u t  

i n  all cases v, , v2, 733, vy, vg , a n d  v6 a re  o n  a common c y c l e .  

F i g u r e  5 . 8 .  
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