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Design, Sensing, and Control of a Magnetic
Compliant Continuum Manipulator

Theodosia Lourdes Thomas , Graduate Student Member, IEEE, Jakub Sikorski , Member, IEEE,
G. K. Ananthasuresh , Venkatasubramanian Kalpathy Venkiteswaran , Member, IEEE,

and Sarthak Misra , Senior Member, IEEE

Abstract—Continuum manipulators coupled with magnetic
actuation have great potential as steerable instruments for diverse
surgical applications. They can be maneuvered inside the human
body to reach difficult-to-access surgical sites with contactless
actuation. This paper presents a new design of a compliant
continuum manipulator of diameter 3 mm and length 70 mm,
capable of spatial bending under magnetic actuation. A quasi-
static model is developed to estimate the 3D motion of the
manipulator. Experiments report an overall mean error in whole
shape estimation of the manipulator between the model and the
ground truth of 1.7 mm and 4.8 mm, when suspended verti-
cally and horizontally from its base, respectively. Furthermore,
fiber Bragg grating (FBG) sensors are integrated with the
manipulator to enable shape sensing. Closed-loop control is
demonstrated to trace different trajectories with the tip of the
manipulator. A square trajectory and a straight line trajec-
tory are generated with an average error in tip position of
4.1 mm between the desired and estimated positions. The poten-
tial of the manipulator as a steerable instrument is validated
by maneuvering it inside phantoms of a bifurcating arterial
system and a heart with visual guidance from a miniature
camera.

Index Terms—Magnetic actuation, continuum manipulator,
medical robotics, motion control, shape sensing.
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I. INTRODUCTION

CONTINUUM manipulators have seen tremendous growth
over the last few decades in various surgical applications

such as laparoscopy, colonoscopy, neurosurgery and robot-
assisted surgery among others [1]. A continuum manipulator is
a continuously curving robotic device with several degrees of
freedom (DoF). Miniaturized continuum manipulators can be
designed to control their shape in 3D space and precisely steer
inside the human body to reach difficult-to-access surgical
sites. Recent advancements in the design of compliant mecha-
nisms have resulted in various miniaturized flexible continuum
manipulators with a wide range of motion [2]. Notched-tube
compliant joint mechanisms in particular have gained signifi-
cance in enhancing DoF and dexterity. Flexible manipulators
having different patterns of triangular, rectangular and asym-
metric notches have been explored to operate in single-port
access surgeries [3], [4]. Such manipulators are known to have
reduced stiffness and require careful optimization of the notch
pattern to operate in confined spaces [5].

Accurate modelling of continuum manipulators is impor-
tant in precisely maneuvering the manipulator to the surgical
site. Constant curvature approximation is a commonly applied
framework for continuum robots, but it can be challenging
due to the error propagating from variable curvature robot
shapes [6]. Cosserat-rod is a geometrically-exact model more
generally used for soft manipulators, however it can be dif-
ficult to implement as it involves solving partial differential
equations [7]. By contrast, rigid-link modelling is a simpli-
fied approach for approximating continuum manipulators with
multiple DoFs as concatenated rigid links and flexible joints
using well-established kinematic and dynamic models [8].

A common method of controlling continuum manipulators
is using cable-driven actuation. Examples include commer-
cially available systems like the Sensei X Robotic Catheter
System by Hansen Medical Inc. (California, U.S.) and ViaCath
system by BIOTRONIK (Berlin, Germany) [9]. Such systems
require energy transfer through tendon coupling and can
suffer from backlash and hysteresis. Recently, magnetic actu-
ation is gaining interest in creating miniaturized manipulator
designs as it enables manipulator control without the need
for cables or tendons [10]. For instance, a 4 mm flexible
catheter (NaviStar-RMT, Biosense Webster, Inc., California,
USA) integrated with small permanent magnets, controlled
using the Niobe magnetic navigation system (Stereotaxis Inc.,
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Missouri, USA) and a motor drive (Cardiodrive, Stereotaxis,
Inc., USA) is a leading technology for cardiovascular interven-
tions [11]. Kratchman et al. demonstrated 3D tip trajectory
planning of a magnet-tipped rod using Kirchoff elastic rod
model in open-loop [12]. Model-based closed-loop control has
been studied by many researchers using feedback of actu-
ating wrenches [13], [14]. For instance, the first 3D closed
loop control of a magnetic catheter was demonstrated by
Edelmann et al. using Cosserat-rod model, however an exter-
nal camera-based localization was implemented which is not
clinically feasible [15].

Sensing the 3D shape of the manipulator in real-time while
operating inside the body is quite challenging. Computed
tomography (CT), magnetic resonance imaging (MRI) and
ultrasound (US) imaging are widely used clinical imaging
modalities for catheter tracking. However, these techniques
have some limitations: CT leads to excessive X-ray exposure,
MRI is not compatible with magnetic actuation and US has
limited resolution inside the body [16]. Several studies have
shown the virtues of using fiber Bragg grating (FBG) sensors
in shape reconstruction of flexible medical instruments [17],
[18], [19]. Optical fibers inscribed with FBG sensors are free
from electromagnetic interference, thin, highly flexible and can
be seamlessly integrated with medical instruments [20].

A new design of a monolithic metallic compliant manipu-
lator capable of planar bending was presented in our previous
proof-of-concept study [21]. This paper presents a novel
design capable of spatial bending of the manipulator under
magnetic actuation. This work validates the efficacy of the
manipulator as a steerable surgical instrument with improved
shape sensing and visualization capabilities over the previous
study. The monolithic manipulator has a notched pattern of
flexures with built-in mechanical motion constraints that limit
the maximum stress in the flexures. A quasi-static model that
uses rigid-link modelling is proposed to study the 3D motion
of the manipulator when subjected to magnetic fields. Static
experiments are conducted with the manipulator in an elec-
tromagnet setup (PaCMag), to analyse the proposed model.
The shape sensing of the manipulator is improved by inte-
grating an optical fiber inscribed with FBG sensors within the
manipulator. A closed-loop control strategy is demonstrated
in PaCMag to trace different trajectories with the tip of the
manipulator. An observer-based fusion algorithm that fuses the
tip pose information from the model and FBG sensors serves
as feedback for the controller. The sensor fusion algorithm
does not require external imaging like cameras or US imaging
to estimate the tip pose of the manipulator [22], [23]. It has
potential to offer a real-time visualization alternative to CT
using X-rays.

The miniaturized manipulator presented is fabricated using a
single tube of titanium, unlike most other manipulator designs
reported in the literature that require assembly. The mechanical
motion constraints in the design leads to distributed com-
pliance, resulting in a safe manipulator by preventing the
flexures from failing under stress. A comprehensive quasi-
static model of the manipulator is developed which accounts
for multiple DoFs, motion constraints, gravity and torsion. The
1 mm working channel of the manipulator enables integration

of additional tools and sensors. The clinical feasibility of the
manipulator is studied by carrying out experiments using a
miniature camera (0.91 mm diameter) in phantom models of
a bifurcating arterial system and a heart. Magnetic steering of
the manipulator integrated with a miniature camera as feed-
back shows potential as a steerable catheter for endoscopy and
ablation.

The rest of the paper is structured as follows: Section II
begins with the description of the design and fabrication pro-
cess of the manipulator. Section III introduces the quasi-static
model developed to study the motion characteristics of the
manipulator under magnetic actuation and is followed by the
description of the test setup. Section IV details the three set of
experiments with the manipulators comprising of static exper-
iments, closed-loop control and clinical feasibility study. The
inference and discussion on the results of the experiments are
given in Section V. Finally, Section VI concludes the paper
with a summary of this study and provides recommendations
for future work.

II. THE COMPLIANT CONTINUUM MANIPULATOR

The compliant continuum manipulator is made by making
cuts on a metallic tube to form two series of flexure pairs
along the length of the tube. The two flexure pair series are
oriented at 90◦ circumferential separation. The direction of
cuts of one flexure pair series is reversed with respect to the
other to make a compact design as shown in the isometric view
of the manipulator in Fig. 1(a). Each flexure pair forms an
elastic rotational joint that enables bending of the manipulator
about the axis perpendicular to the longitudinal axis and the
width of the flexure. A combination of the two series of flexure
pairs oriented orthogonal with respect to each other results
in the two-axis bending design. The range of motion of each
flexure is physically constrained by the design geometry which
also limits the maximum stress in the flexure to prevent failure.

A. Design

The design of the manipulator is shown in Fig. 1(a). It con-
sists of two series of N flexure pairs distributed with 90◦
circumferential separation along the length (L) of the manip-
ulator. The tube of the manipulator has inner radius (r) and
outer radius (R). Each flexure is a thin plate of length (l),
width (w) and thickness (t = R − r).

For design purposes, only the primary bending direction
of the flexure is considered in the stress analysis as it is the
predominant contributor to the stress. The total deflection of
the manipulator is determined from the resultant sum of the
deflections of each flexure pair (θmax

i ) while bending. In this
design, θmax

i is limited by the width of the cut. It can be
computed from geometry by assuming the axis of rotation is at
the centre of the flexure. As shown in Fig. 1(d), point A in the
wall of the manipulator makes first contact with the adjacent
wall at point B. θmax

i is computed geometrically by the angle
subtended by AB at the axis of rotation passing through O.
Thus, the maximum deflection of the manipulator is calculated
as follows

θmax = Nθmax
i . (1)
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Fig. 1. (a) The isometric, top, front and side views of two-axis bending design of manipulator with variables to define the design parameters. (b) Short and
long versions of the manipulators fabricated using wire EDM. Three Neodymium ring magnets are connected to the long manipulator which is colored red
for stereo vision tracking purposes. (c) Microscopic images of one flexure joint of the manipulator undergoing maximum deflection. (d) A schematic view of
a flexure pair undergoing maximum deflection.

For safe operation of the manipulator without failure, the
manipulator is designed such that the stress in each flexure
does not exceed the yield stress of the chosen material (σy).
Each flexure (i) experiences a maximum moment (Mmax

i ) at
a maximum deflection (θmax

i ) with respect to the preceding
flexure (i−1) using Euler-Bernoulli beam theory [24] given by

Mmax
i = EI

l
θmax

i , (2)

where E is the elastic modulus of the material and the second
moment of area of the flexure’s cross section (I) given by
I = w3t/12. The maximum stress in the flexure (σmax) and
the factor of safety (FoS) is expressed as follows

σmax = Mmax
i w

2I
= Eθmax

i w

2l
, (3)

FoS = σy

σmax
. (4)

Furthermore, the critical load for buckling (Pcr) is calcu-
lated using Euler’s formula as follows:

Pcr = π2EI

l2
. (5)

This is the maximum axial load that the manipulator can safely
carry without buckling. Similarly, the load capacities for bend-
ing and extension can also be calculated based on our previous
work [21]. Bending will be the dominant effect and failure
due to bending will only occur with fracture of the wall of the
manipulator.

B. Fabrication

The manipulator is fabricated using a Titanium (grade-2)
tube of outer and inner diameters of 3 mm and 1 mm, respec-
tively. Titanium (grade-2) is chosen as the material as it has
high ratio of yield strength to elastic modulus (σy = 345 MPa
and E = 105 GPa) and low weight ratio. It is biocompatible

TABLE I
DESIGN PARAMETERS FOR TWO-AXIS BENDING DESIGNS OF SHORT

MANIPULATOR (N = 9) AND LONG MANIPULATOR (N = 21) AS SHOWN

IN FIG. 1(A), WHERE N IS THE NUMBER OF FLEXURES. LOAD

CAPACITY FOR BENDING (Fbend), EXTENSION (Fext), COMPRESSION

(Pcr), AND FACTOR OF SAFETY (FoS) ARE ALSO GIVEN

and magnetically transparent. A series of flexure pairs is cre-
ated along the length of the manipulator by making cuts using
wire electrical discharge machining (EDM). Two manipulators
of length 70 mm and 30 mm, henceforth known as the “long
manipulator” and “short manipulator”, respectively are fabri-
cated as shown in Fig. 1(b) with design parameters and load
capacities given in Table I. Prior to fabrication, a segment of
the manipulator was analysed using finite element software
(COMSOL Multiphysics 5.4). It was modelled using tetra-
hedral elements with minimum and maximum element size
of 0.024 mm and 0.33 mm, respectively, in a stationary solid
mechanics study. As shown in Fig. 2, the top end was con-
strained and the moment (2Mmax

i = 5.8 x 10−5 Nm, because
of two flexures) was applied to the bottom end about the two
axes perpendicular to the longitudinal axis of the segment. This
resulted in a maximum stress in the flexure of 50.9 MPa, which
was validated with the stress calculated from the modelling
approach Eqn. (3) giving 48.3 MPa with a factor of safety
of 7.13.

III. MAGNETIC ACTUATION AND TEST SETUP

The manipulator is actuated using magnetic fields by means
of a permanent magnet attached to its tip (Fig. 1(b)). The
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Fig. 2. Stress analysis of a single segment of the two-axis bending design
using finite element software (COMSOL Multiphysics 5.4).

manipulator is modelled using a rigid-body model to deter-
mine its configuration under the influence of external magnetic
fields [25].

A. Quasi-Static Model

For the purposes of analysis, it is assumed that the manipu-
lator undergoes quasi-static motion. The rigid-body model of
the manipulator consists of N segments (Fig. 3). Each seg-
ment (Sk) taken in isolation is in static equilibrium with a
load (Wk ∈ R

6) at its end. Each segment is composed of two
orthogonally oriented flexure pairs. Each flexure pair is mod-
elled as a spherical joint having three DoFs, with the axis of
rotation located at the center of the flexure pair. Two DoFs
correspond to the primary and auxiliary bending directions of
flexure which are about the two axes perpendicular to the lon-
gitudinal axis, and the third DoF is due to the torsion about
the longitudinal axis. Therefore, each segment consists of two
spherical joints (i ∈ {2, 3}) at two points (ri ∈ R

3) connecting
three rigid links of given length (li ∈ R

+, where i ∈ {1, 2, 3}).
The three DoFs of the spherical joint (i) are the three rotational
angles about x, y and z axes (αi, βi, γi ∈ S). The correspond-
ing rotational stiffnesses (Kαi ,Kβi ,Kγi ∈ R

+) are calculated
by approximating the flexure pair as two thin plates in parallel
configuration, which gives

Kβi = 2EIy
i

l
,Kγi = 2EIz

i

l
,Kαi = 2GJx

i

l
, (6)

where E and G are the Young’s modulus and shear modulus
of the material. The second moment of area (I∗

i ) and the polar
moment of inertia (J∗

i ) of the flexure pair (i) with the respec-

tive axes (*) are Iy
2 = Iz

3 = w3t
12 , Iz

2 = Iy
3 = wt3

12 and Jx
i = Iy

i +Iz
i ,

where l, w and t are the length, width and thickness of the
flexure, respectively.

The internal joint torque (τ ∈ R
6) of the rigid-body model

is given by

τ = [
Kβ2β2 Kγ2γ2 Kα2α2 Kβ3β3 Kγ3γ3 Kα3α3

]T
. (7)

Fig. 3. A schematic of the quasi-static model of the manipulator made of
N segments. Each segment is made of two flexure pairs, which are modelled
as thin plates forming two spherical joints. Each spherical joint has three
degrees of freedom (3-DoF) with three successive rotations R(β), R(γ ) and
R(α), about x, y and z axes, respectively. The manipulator is fixed at one
end and subjected to a load (W) at its end. Each segment (i) is in static
equilibrium with a load (Wi) at its end.

The load wrench (W ∈ R
6) acting at the end of the segment

(r4 ∈ R
3) in the spatial reference frame is defined as

W =
[

F
M

]
+

[
03×1

r4 × F

]
, (8)

where force (F ∈ R
3) and moment (M ∈ R

3) are associated
with internal load (gravity) and external load (actuation). For
static equilibrium, the following equation holds

τ = (J�)
TW, (9)

where J� ∈ R
6×6 is the spatial manipulator Jacobian. Please

refer to Appendix A for the detailed derivation. The above
equation is a set of six nonlinear algebraic equations which can
be solved to obtain the six DoFs (αi, βi, γi, where i ∈ {2, 3})
of a segment of the manipulator. This formulation can be
extended for the entire manipulator having N 6-DoF segments
with N loads acting at the respective ends. The static equilib-
rium equations for the entire manipulator using the rigid-body
model are given by

⎡

⎢⎢⎢
⎣

τ 1
τ 2
...

τN

⎤

⎥⎥⎥
⎦

=

⎡

⎢⎢⎢⎢
⎣

(
J�1

)T (
J�1

)T
. . .

(
J�1

)T

0
(
J�2

)T
. . .

(
J�2

)T

...
...

. . .
...

0 0 . . .
(
J�N

)T

⎤

⎥⎥⎥⎥
⎦

⎡

⎢⎢⎢
⎣

W1
W2
...

WN

⎤

⎥⎥⎥
⎦
, (10)

where τ k, J�k , and Wk are the internal torques, Jacobian
matrix and wrench associated with segment (Sk), respectively.
Solving the above N×6 system of equations gives the dis-
placement of each flexure pair of the manipulator, and the
position and orientation of the manipulator can be calculated
using forward kinematics Eqn. (16).

B. Test Setup

The actuation of the manipulator is achieved using a mag-
netic actuation setup (PaCMag) as shown in Fig. 4. PaCMag
consists of three pairs of electromagnetic coils which are sit-
uated orthogonal to each other to generate magnetic fields in
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Fig. 4. PaCMag — an electromagnetic setup used for generating magnetic
fields. The inset shows the insertion of the manipulator into a bifurcating
arterial phantom using a linear stage.

3D space. The two coil pairs except for the coil pair 1 do
not conform to the configuration of a Helmholtz coil pair.
A magnetic field model for PaCMag is formulated based on
Cartesian multipole expansion of a scalar potential that uses
measurement-informed least squares optimization [26]. The
current (I ∈ R

3) to field (Bm ∈ R
3) mapping is given by

Bm(p, I) = β(p)I, (11)

where β(p) ∈ R
3×3 is the unit-current field for position

(p ∈ R
3) in PaCMag’s reference frame. The inverse field

map calculates the required currents to generate the mag-
netic field at any given position. The current in each coil
pair is controlled by Xenus XE2-230-20 amplifiers (Copley
Controls, Canton, USA). Each coil pair can independently
generate a maximum magnetic field of 55 mT along its axis
at the center of the workspace. PaCMag offers a cylindrical
workspace of equal radius and height (65 mm). PaCMag is
also equipped with two cameras placed orthogonal to each
other, thus forming a stereo vision system to monitor the
workspace.

Experiments with the long manipulator are performed
by suspending it in the workspace of PaCMag. The base
of the manipulator is fixed to a 3D printed support.
N48 neodymium ring magnets (outer diameter = 4 mm,
inner diameter = 1.5 mm, thickness = 1 mm, mass = 0.08 g
and magnetic dipole moment = 0.012 Am2) are attached to the
end of the manipulator. Closed-loop control of the manipulator
is performed with the integration of FBG sensors. A multi-core
fiber inscribed with FBG sensors is used for this study [27]
(Fig. 7). The multi-core fiber enclosed within a Hytrel furca-
tion tubing (0.9 mm) is inserted into the 1 mm hole of the long
manipulator. Additionally, an FBG-Scan 804D interrogator is
installed to record the FBG sensor data.

To show clinical feasibility, experiments are conducted in
3D printed phantoms of a bifurcating arterial system and a
heart. The manipulator is inserted using a linear slide (LX20,
Misumi Group Inc., Tokyo, Japan), which is fixed horizontally
at the base support. A miniature camera of 0.91 mm diameter
(Misumi Electronic Corporation, Taiwan) integrated into the

TABLE II
RESULTS OF STATIC EXPERIMENTS IN VERTICAL AND HORIZONTAL

CONFIGURATIONS FOR DIFFERENT TIP TRAJECTORIES: SQUARE AND

LINE WITH SLOPE IN yz-PLANE (m) OF THE LONG MANIPULATOR WITH

MAXIMUM STRENGTH OF MAGNETIC FIELD (Bmax), THE ERROR

BETWEEN QUASI-STATIC MODEL AND STEREO VISION MODELS FOR

POSITION (�x,�y,�z) OF THE MANIPULATOR TIP, AND MEAN WHOLE

SHAPE ERROR (�d̄) ARE SHOWN IN TERMS OF MEAN VALUES AND

STANDARD DEVIATION (IN BRACKETS)

1 mm hole of the manipulator, is used as guidance to steer
the manipulator.

IV. EXPERIMENTS AND RESULTS

This section presents the details of the different experiments
carried out with the long and short manipulators. The first set
of experiments is conducted to study the motion characteristics
of the long manipulator under magnetic actuation. The second
set of experiments demonstrates the closed-loop steering of the
manipulator using tip pose feedback obtained from a sensor
fusion algorithm. The final phase of the study comprises two
experiments to show clinical feasibility. The combination of
long and short manipulators is tested in 3D phantoms of a
bifurcating arterial system and a heart guided by a miniature
camera within the manipulators’ working channel.

A. Static Experiments

Static experiments are performed inside PaCMag by sus-
pending the long manipulator in two configurations: horizon-
tally and vertically from its base. Two and three ring magnets
are attached to the tip of the manipulator for the experi-
ments in vertical and horizontal configurations, respectively.
Time-varying magnetic fields are applied to generate different
trajectories with the tip. A stereo vision setup is implemented
to capture the shape of the manipulator based on 3D point
cloud information followed by a fourth order 3D polynomial
fitting along the length of the captured voxels of the manip-
ulator [22]. Furthermore, the quasi-static model detailed in
Section III-A is used to estimate the shape of the manipulator.
The mean and standard deviation of errors between the quasi-
static model and stereo vision data are presented in Table II.
It shows the error in position of the tip of the manipulator
and the mean whole shape estimation error which is calcu-
lated as the average of error in the position of N segments of
the manipulator. The plots of the mean whole shape estima-
tion error and the position of the manipulator tip are shown
in Fig. 5. The overall mean error in whole shape estimation
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Fig. 5. Plots showing the captured voxels of the shape of the long manipulator, traced manipulator tip trajectory in x, y and z-coordinates, and the mean
whole shape error (�d̄) of the manipulator for the following experimental cases: (1) Square tip trajectory at Bmax = 40 mT in horizontal configuration,
(2) Line (m = −1) tip trajectory at Bmax = 20 mT in vertical configuration.

between the model and stereo vision in vertical and horizontal
configurations are 2 mm and 4.8 mm, respectively.

B. Closed-Loop Control

This study presents the closed loop control of the tip of
the manipulator integrated with FBG sensors to trace different
trajectories. The manipulator with two ring magnets at its
tip is suspended horizontally in PaCMag and is subjected
to magnetic torques. A proportional-integral (PI) controller
is implemented to trace a desired trajectory with the tip of
the manipulator as follows. Firstly, the pose of the manipula-
tor tip is calculated using the quasi-static model. Additionally,
the shape reconstruction technique with FBGs based on Bishop
frames is used to calculate the pose of the manipulator tip [27].
Secondly, an observer-based fusion algorithm using Kalman
state estimators fuses the aforementioned calculated poses
from the quasi-static model and FBG model to obtain the esti-
mated pose of the manipulator tip [23]. Thirdly, the torque
necessary to correct the error between the estimated pose and
desired pose of the manipulator tip is determined using a
PI controller. The corresponding magnetic field is calculated
using the torque and the estimated pose of the manipulator
tip, that is, the ring magnets. Lastly, the inverse field map of
PaCMag computes the required current which is supplied to
the coils. The actuated manipulator is tracked by the stereo
vision setup during the whole process. The pose measured by
the stereo vision setup serves as the ground truth for the study.
Fig. 6 is a block diagram summarizing the closed-loop control
system.

1) FBG Shape Reconstruction: This section outlines the
shape reconstruction technique using the multi-core fiber with
FBG sensors integrated into the manipulator. Fig. 7 shows a
schematic of the fiber. Four cores of the fiber, each with four

FBG sensors are used for shape reconstruction of the manip-
ulator. The fiber is modelled as a regular unit-speed space
curve in 3D space defined by curvature vectors and Bishop
frame equations. The curvature vectors are calculated at the
four FBG sensor sets using the strains computed from FBG
wavelength measurements. Subsequently, the Bishop frame is
used to derive the curve. Consequently, the pose of the manip-
ulator tip is determined using the reconstructed shape of the
manipulator. More details on this derivation can be found in
the previous work [27].

Following the reconstruction technique, the fiber enclosed
inside the manipulator is calibrated for this study by using
data points obtained from open-loop experiments. The FBG
shape reconstruction is registered with the ground truth shape
obtained from the stereo vision. Fig. 7(b) shows the recon-
structed tip position of the FBG sensors, quasi-static model
and stereo vision. The overall mean error in tip position esti-
mation between the FBG sensors and stereo vision is 4.86 mm
and that between the quasi-static model and stereo vision is
6.86 mm.

2) Observer-Based Fusion: To improve the accuracy of the
estimated pose of the manipulator tip, the pose data from the
quasi-static model and FBG sensors are fused. The fusion
of position and orientation of the manipulator tip are done
separately using an observer-based sensor fusion algorithm
in conjunction with Kalman state estimators. The estimated
pose of the manipulator is obtained from the fused position
(pest ∈ R

3) and orientation (θest ∈ S
3) computed as follows

x̂k+1|k+1 = x̂k+1|k + Kk+1
[
y(k)− Cdx̂k+1|k

]
, (12)

where x̂k|k is the estimate of x̂ at time instant k given obser-
vations up to and including at time k, Kk+1 is the optimal
Kalman gain, y(k) is the measurement data from the model
(pModel ∈ R

3 and θModel ∈ S
3) and FBG sensors (pFBG ∈ R

3
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Fig. 6. Closed-loop control system of the manipulator to trace different trajectories summarized in three blocks: (I) The pose of the manipulator tip is
calculated by the quasi-static model (pModel,θModel) and the FBG sensors (pFBG, θFBG). An observer-based fusion algorithm fuses the two sets of data to
calculate the estimated pose of the manipulator tip (pest, θest). The stereo vision system records the position of the manipulator tip (pVision), which serves as
the ground truth. (II) A proportional-integral (PI) controller computes the torque rate (τ̇ ) necessary to minimize the error (θerror) between the desired (θdes)
and estimated (θest) tip orientation. The associated magnetic torque (τ ) is obtained by numerical integration of τ̇ . The corresponding magnetic field (B) is
obtained using the estimated magnet orientation (μest). (III) The inverse field map of PaCMag determines the required current (I) for the coils to generate
the reference magnetic field (Bm) and control the tip of the manipulator.

Fig. 7. (a) A schematic of the multicore fiber with fiber Bragg grating (FBG)
sensors integrated with the long manipulator. The side view depicts the four
cores in blue, each with four FBG sensors in red. The section view depicts
the orientation of the cores and the longitudinal view outlines the spacing of
the FBG sensors in the fiber. (b) Plots of manipulator tip position obtained
from FBG shape reconstruction (FBG), quasi-static model (Model) and stereo
vision (Vision) after calibration.

and θFBG ∈ S
3) at time k, and Cd belongs to the disturbance

dynamics measurement. More information on the above for-
mulation is detailed in Appendix B and can be found in the
previous work [23].

3) Proportional-Integral Control: The manipulator is actu-
ated to follow a desired tip trajectory by implementing a PI

controller. The controller is designed to control the orienta-
tion of the manipulator about two axes (θy and θz), since no
torque can be produced about the axis parallel to the direction
of the magnetic dipole (μest). The torque (τ ∈ R

3) necessary
to minimize the error (e ∈ S

3) between the desired tip orien-
tation (θdes ∈ S

3) and estimated tip orientation (θest ∈ S
3) is

calculated as follows

τ̇ = KP, e +
∫

KI, edt, (13)

where e = θdes − θest, KP and KI are the PI gains. The cor-
responding magnetic control torque (τ ) is obtained by the
numerical integration of τ̇ . The associated magnetic field (B)
is determined for the current estimated magnet orientation
(θest) using the inverse of the equation below

τ = μest × B, (14)

where μest is the estimated magnetic dipole moment. The
obtained magnetic field (B ∈ R

3) is transformed to the ref-
erence frame of PaCMag (Bm ∈ R

3) in order to find the
necessary current to be supplied by the coils. In this way,
the inverse field map using Eqn. (11) calculates the required
currents to generate the magnetic field (Bm) at the current
estimated position (pest) of the manipulator tip.

4) Results: Closed-loop control of the manipulator tip
traces two trajectories: square and straight line. The poses of
the manipulator tip calculated by the FBG sensors, quasi-static
model, fusion and the stereo vision, and the applied mag-
netic torques are recorded during the experiment as plotted
in Fig. 8. For the square and straight line trajectories, results
show the average errors between the desired and estimated
positions from fusion of 5.3 mm and 2.9 mm, respectively and
that between the desired and stereo vision measured positions
of 6.8 mm and 6.7 mm, respectively in position. The aver-
age error between the desired and estimated orientations from
fusion of the square and straight line trajectories are 11.1◦ and
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Fig. 8. Plots of closed-loop control experiments showing the position (y,z-coordinates) and orientation (θy, θz) of the manipulator tip, and magnetic torque
(τy,τz) generated to correct the error in orientation (θerror

y ,θerror
z ), for two trajectories: (a) Square (b) Straight line.

4.8◦, respectively. The tip orientation control implemented has
a control frequency of 6.5 Hz.

C. Clinical Feasibility Study

These experiments demonstrate the maneuverability of the
manipulator suspended in horizontal configuration inside two
clinically relevant phantoms. A combination of the long and
short manipulators forming a total length of 100 mm is used
to cover a larger workspace. Two ring magnets are attached
to its tip. The manipulator is inserted using a linear stage and
steered in 3D by rotating the magnetic field to create different
shapes and maneuver to target locations. A miniature camera
integrated into the manipulator provides the visualization of
the environment to navigate the manipulator in a clinically-
relevant manner.

In the first experiment, the manipulator is accurately guided
inside the undulating tapered channels of a bifurcating arte-
rial phantom. The experiment is performed by positioning the
phantom in vertical and horizontal orientations as shown in
Fig. 9 (a-b). In the second experiment, the maneuverability of
the manipulator is tested inside a heart model. The manipula-
tor is inserted through the aortic valve and is guided to reach
three targets locations in the left ventricle (Fig. 9(c)). By incor-
porating the miniature camera and increasing the length of
the manipulator, these experiments demonstrate the steerabil-
ity of the manipulator without relying on an external imaging
system. Please refer to the video supplementary material for
demonstration of the experiment results.

V. DISCUSSION

The monolithic design of the manipulator makes it easy
to fabricate from a single tube of titanium without requiring

assembly. The 1 mm hollow interior channel offers room
for embedding sensors to enhance its functionality. The flex-
ure pair deflection is limited by the contact between the
adjacent walls. The stress experienced by the flexures is
below the designed threshold. This has led to a reliable and
safe design without any noticeable plastic deformation even
after repeated testing, as compared to the single-axis bend-
ing designs previously fabricated [21]. However, the maximum
deflection of the long manipulator is observed to be 40◦. The
deflection can be increased by eliminating the contact between
adjacent walls and enabling deflection until the flexures make
contact with the adjoining wall. This redesign will require fur-
ther optimization of the associated design parameters (l, w,
wc, ψ) of the manipulator.

Results of the static experiments with the long manipulator
show that the quasi-static model is more accurate in the vertical
configuration than the horizontal configuration experiments.
This could be due to the difference in the effect of gravity.
In vertical configuration, all the flexures experience gravity
in the same direction, while in horizontal configuration the
two sets of flexure pairs in the orthogonal planes experience
gravity in different (local) bending directions. Therefore, in the
subsequent closed-loop control demonstration, the manipulator
was fixed at the base such that the flexure pairs are oriented
45◦ with respect to the direction of gravity for uniformity.

FBG sensors are introduced into the long manipulator to
improve shape estimation of the manipulator. The accuracy of
the FBG shape reconstruction is limited by the small curvature
of the manipulator measured by only four sets of FBG sensors.
The twisting of the fiber relative to the manipulator could also
be a cause of error, since the fiber is only secured at its base
and inserted in the hollow channel of the manipulator. The
stereo vision system used as ground truth is also prone to
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Fig. 9. Results of the clinical feasibility study: (a-b) Manipulator guidance inside a bifurcating arterial phantom suspended vertically and horizontally in
the workspace of PaCMag. (c) Manipulator guidance inside a heart model placed in PaCMag. The dotted white lines show the traced trajectory starting at
the aortic valve to reach three target locations A, B and C in the left ventricle. For all the experiments, the views of the miniature camera at the tip of the
manipulator (highlighted in yellow) are shown at different time instants. Plots show generated magnetic field (Bx, By, Bz), its direction (θy, θz), and position
of the linear stage (p). Please refer to the video supplementary material for the complete demonstration.

calibration error. Owing to the large length to diameter ratio
of the manipulator, some distortion is observed in the images
captured by the cameras.

The calibration results for shape sensing indicate that the
tip position estimation using either the FBG sensors or the
quasi-static model have errors greater than 3 mm (diameter of
the manipulator) as shown in Fig. 7(b). It is observed that the
FBG shape reconstruction underestimates the curvature and
the quasi-static model overestimates the curvature. Therefore,
an observer-based sensor fusion algorithm is implemented to
improve the sensing results. This approach has been found
to be the best among other multi-sensor fusion algorithms
of unscented Kalman filter, Luenberger and Kalman state
estimators investigated in our previous work [23], [28], [29].

For closed-loop control, orientation control of the manipu-
lator tip (θy, θz) is chosen over position control, since position
control becomes computationally expensive using the Jacobian
of the manipulator. This can be simplified by reducing the
DoFs per segment in the quasi-static model, as the deflec-
tion due to torsion and auxiliary bending are not significant

compared to primary bending deflection. Although the shape
reconstruction using FBG sensors works reasonably well in
open-loop (Fig. 7(b)), noise is observed during closed-loop
(Fig. 8). This could be attributed to the low stiffness of the
flexures which influences the dynamics of the manipulator dur-
ing closed-loop motion, which in turn affects the performance
of the sensor fusion algorithm. However, the controller follows
the desired trajectory for the most part as inferred from the
orientation plot of tip (Fig. 8). Higher error is seen during the
periods of motion with rapid transitions, like in square trajec-
tory when transitioning from one edge to another. Straight line
trajectory has relatively lower error due to the lower rate of
changing angles. Though all the experiments are conducted
assuming constant room temperature, temperature feedback
can be added to the control system by incorporating a temper-
ature sensor. For example, an additional FBG sensor can be
embedded in the manipulator which does not experience any
strain and measures the temperature.

The clinical feasibility study is carried out by combining the
long and short manipulators in order to reach more locations in
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the workspace. The ability of the manipulator to be precisely
steered through a bifurcating artery phantom and reach spe-
cific target locations inside a heart phantom with the guidance
of a miniature camera demonstrates potential applications in
angioplasty, endoscopy and catheter ablation. The size of the
manipulator is comparable to the 6 – 10 Fr Magellan robotic
catheters which are of outer diameters 2 – 3.33 mm [30]. The
maximum deflection of the combined manipulator is limited to
57◦, whereas the bending angle of steerable catheters can be
between 45−180◦, up to 270◦ or even 360◦ depending on the
application. There is a definite need to improve the positioning
accuracy of the manipulator which is crucial in surgical proce-
dures like ventricular tachycardia, where multiple lesions can
be found at adjacent distances of the order of 5-10 mm [31].

VI. CONCLUSION AND FUTURE WORK

This paper presents a new design of a monolithic compli-
ant continuum manipulator with a novel notched-tube pattern
of flexures that ensures the stresses experienced are within
design limits. Two versions of manipulator of lengths 70 mm
and 30 mm capable of spatial bending up to 40◦ and 17◦,
respectively, are fabricated using a single titanium tube of
diameter 3 mm. The combination of the two can bend up
to 57◦. A quasi-static model is developed to study the 3D
motion of the manipulator under magnetic actuation. Static
experiments show overall mean errors between whole shape
estimated by the model and the ground truth of 1.7 mm and
4.8 mm, in horizontal and vertical configurations respectively.
In order to improve the accuracy of shape estimation, an
observer-based sensor fusion algorithm using Kalman state
estimators is implemented with the integration of FBG sen-
sors. The fusion algorithm has potential in offering a real-time
visualization alternative to X-ray exposure during operation.
Thereafter, a closed-loop control strategy to trace a square
and a straight line tip trajectories is demonstrated, resulting in
an average error between the desired and estimated tip posi-
tions of 4.1 mm. The feasibility of the continuum manipulator
as a steerable catheter is studied by incorporating a minia-
ture camera within its working channel, to show potential
applications in endoscopy and catheter ablation. The accurate
maneuvering of the manipulator in 3D to reach different target
locations is demonstrated in two clinically relevant phantoms
of a bifurcating artery and a heart.

In future work, the design of the manipulator will be
improved to achieve higher range of motion (> 90◦).
Fabrication of complex shape profiles of flexures will be
explored using wire EDM, electrochemical etching and laser
cutting methods. Redesigning using a combination of segments
of the manipulators connected by magnets with different polar-
ities will be investigated. The dexterity and maneuverability
will be improved by incorporating additional translation and
rotational DoFs to the manipulator during insertion. The posi-
tioning and steering accuracy will be addressed by improving
the shape sensing of the manipulator. Multiple FBG sensors
will be embedded more securely along the length of the manip-
ulator, and helical core fibers will be used to account for
twist [32]. Control of the manipulator in tandem with medical

imaging techniques and human-in-the-loop operation strate-
gies will be explored. Further testing will be carried out in
ex-vivo animal studies.

APPENDIX A
SPATIAL MANIPULATOR JACOBIAN CALCULATION

This section presents the procedure to calculate the spa-
tial manipulator Jacobian for the rigid-body model of the
manipulator described in Section III-A. Each spherical joint (i)
undergoes three angular deformations: βi, γi and αi. Assuming
the transformation matrix (Ti+1

i ) from joint (i) to joint (i + 1)
is defined as

Ti+1
i =

⎡

⎣
cβi cγi sαi sβi−cαi cβi sγi cαi sβi+cβi sαi sγi licβi cγi

sγi cαi cγi −cγi sαi lisγi−cγi sβi cβi sαi+cαi sβi sγi cαi cβi−sαi sβi sγi −licγi sβi
0 0 0 1

⎤

⎦

T

,

(15)

where c∗ and s∗ represent the cosine and sine of angle (*).
Note that the first link (l1) is rigidly attached to the base
frame at point (r1), hence β1 = γ1 = α1 = 0. The position
coordinates of each joint (i) are computed as

[
ri

1

]
=

i−1∏

j=1

Tj+1
j ·

[
r1
1

]T

, (16)

The position vector (p∗ ∈ R
3) and the rotation axis (ω∗ ∈

R
3) of spherical joint (i) are given by

pβi = [
li−1 0 0

]T
,pγi = [

0 0 0
]T
,pαi = [

0 0 0
]T
. (17)

ωβi = [
0 1 0

]T
,ωγi = [

0 0 1
]T
,ωαi = [

1 0 0
]T
. (18)

The geometric twist between two successive DoFs is calcu-
lated using the above equations as follows

ξβi
=

[
pβi × ωβi

ωβi

]T

= [
0 0 li−1 0 1 0

]T
, (19a)

ξγi
=

[
pγi × ωγi

ωγi

]T

= [
0 0 0 0 0 1

]T
, (19b)

ξαi
=

[
pαi × ωαi

ωαi

]T

= [
0 0 0 1 0 0

]T
. (19c)

The spatial manipulator Jacobian (J� ∈ R
6×6) is computed

using the set of angles (� ∈ S
6) that describe the configuration

of the rigid-body model as follows

� = [
β2 γ2 α2 β3 γ3 α3

]T
, (20)

J� = [
ξ ′
β2

ξ ′
γ2

ξ ′
α2

ξ ′
β3

ξ ′
γ3

ξ ′
α3

]
(21)

with

ξ ′
βi

= Ad

(
T2

1 . . . Ti−1
i−2

∣∣∣
li−1=0

)
ξβi
, (22a)

ξ ′
γi

= Ad
(

T2
1 . . . Ti

i−1

∣∣
li=0,γi=0

)
ξγi
, (22b)

ξ ′
αi

= Ad
(

T2
1 . . . Ti

i−1

∣
∣
li=0,αi=0

)
ξαi
, (22c)

where Ad(T) is the adjoint transformation of transformation
matrix T. The details of the above derivation can be found
in [33].
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APPENDIX B
OBSERVER-BASED FUSION DERIVATION

A simplified kinematics-based model is developed with a
disturbance term. Furthermore, it is assumed that the dynamics
of the manipulator can be approximated by a linear time-
invariant model. More information on the formulation of
the system dynamics and the disturbance dynamics can be
found in the work by Denasi et al. [23]. The Kalman fil-
ter uses the model with a suitable update term to estimate
state variables that cannot be measured. The Kalman filter
has two phases at each sampling loop: prediction and update.
Prediction is applied on the augmented system dynamics,
where the system is observable. The state estimate is obtained
using the discretized system dynamics as follows

x̂k+1|k = Adx̂k|k + Bdu(k), (23)

where x̂k|k is the estimate of x̂ at time instant k given observa-
tions up to and including at time k. u(k) is the control input, Ad

and Bd are the discretized terms of the augmented system. The
predicted estimate of the error covariance matrix is given by

Pk+1|k = cov
(
xk+1 − x̂k+1|k

) = AdPk|kAT
d + Q, (24)

where Q ∈ R
3(nd+np)×3(nd+np) is the covariance matrix of

the process noise in the three coordinate axes, nd and np are
the order of the plant and disturbance dynamics, respectively.
In the update phase, the state estimate is corrected with an
innovation term involving the measurements.

x̂k+1|k+1 = x̂k+1|k + Kk+1
[
y(k)− Cdx̂k+1|k

]
, (25)

where y(k) is the measurement data from the model and
FBG sensors at time k and Kk+1 is the optimal Kalman gain
calculated as

Kk+1|k+1 = Pk+1|k
[
CdPk+1|kCT

d + R
]−1

, (26)

Here, R ∈ R
l×l is the covariance matrix of the measurement

noise and l = 6 represents the number of the measurement data
from the sensors. Finally, the estimate of the error covariance
is updated as follows

Pk+1|k+1 =
[
I(nd+np) − Kk+1Cd

]
Pk+1|k, (27)

where I(nd+np) is the identity matrix and Cd belongs to the
disturbance dynamics measurement. Therefore, the estimated
pose of the manipulator is obtained from the fused position
(pest ∈ R

3) and orientation (θest ∈ S
3) computed using (25).
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