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Abstract. Primordial non-Gaussianities of the scalar(tensor)-tensor-tensor type supporting a
non-trivial squeezed component are known to induce anisotropies in the stochastic gravitational
wave background. We derive the explicit form of such anisotropies by making use, for the
first time in this context, of the in-in formalism for cosmological correlation functions. After
illustrating the general method and using it for the minimal single-field slow-roll case, we
apply it to multi-field models, providing both a tree-level and a one-loop example. First, we
make contact with previous results on anisotropies due to the presence of an extra spin-2 field
during inflation. Secondly, we calculate the 1-loop scalar-tensor-tensor three-point function in
the context of so-called supersolid inflation. The corresponding gravitational wave anisotropy
is induced atop a gravitational signal that may be sufficiently large for detection.
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1 Introduction

The launch of future gravitational-wave (GW) detectors such as LISA [1], the Einstein
Telescope [2], and the planned BBO/DECIGO [3, 4], will widen the frequency range over
which we may test gravitational waves and, with them, the physics of the early universe.
Their improved sensitivity with respect to existing probes of gravity will reveal a treasure
trove of information on primordial mechanisms of GW generation. Combined with CMB
polarization experiments such as CMB-S3&4 [5] and LiteBIRD [6], as well as pulsar timing
arrays (EPTA, SKA), these will enable access to more than twenty decades in frequency,
holding the potential to transform both cosmology and particle physics.

Inflation is a case in point. Gravitational waves are a universal prediction of the
inflationary dynamics but the specific features of the signal vary wildly across different
realizations. The single-field slow-roll (SFSR) paradigm typically supports a slightly red-tilted
GW spectrum, making detection at small scales much harder than that of B-modes of the
CMB. Both the CMB-54 and LiteBIRD experiment will be able to reach a sensitivity of



o, ~ 1073 on the tensor-to-scalar ratio r on large scales, with a guaranteed ruling in (out) of
compelling models such as Starobinsky and Higgs inflation.!

The possibility of a GW detection at CMB scales is particularly intriguing in the case
of the minimal SFSR scenario because in such set-up a one-to-one relation connects the
tensor to scalar ratio to the energy scale of inflation? H. In this case, a GW detection would
turn each and every inflationary observable into a portal to a specific, and likely very high,
energy scale: this is the ideal testing ground for beyond-Standard-Model physics and, possibly,
quantum gravity. On the other hand, extraordinary claims require extraordinary evidence,
the latter taking the form of a thorough characterization of the primordial GW signal across
all accessible scales.

A primordial GW detection at small scales can be equally informative: it would be
strongly suggestive of a multi-field (or multi-clock) inflationary mechanism, one sufficiently
different from the SFSR hypothesis to support, for example, a blue spectrum. More broadly,
detection at intermediate (i.e. in the PTA range) and (or) small scales (at or above LISA
frequencies) may present with distinct features in the GW spectrum that enable a precise
map between theory and data.

The need for a complete characterization of the GW signal, including frequency profile,
chirality, and non-Gaussianity is then necessary to chart a clear map from observations to
theory space. The study (and observation) of GW anisotropies at small and intermediate
scales represents an additional, key, handle on the GW signal. Indeed, direct access to
primordial GW non-Gaussianities in such regime is hindered by propagation effects [8]: the
initial correlation among different® GW modes is washed out by their different history, i.e. by
the different path GWs travel through structure to reach a given GW detector. Remarkably,
there exists a specific configuration that does not suffer from such suppression of the signal:
the squeezed (k3 < k2 ~ k1) bispectrum limit. It is intuitively clear how a very long mode
(up to horizon size) is much less sensitive to propagation through structure, whilst two nearly
identical short modes share a very similar history. GW anisotropies are sensitive to precisely
this bispectrum configuration [9], sometimes called ultra-squeezed. Besides modulation from a
long tensor mode, GW anisotropies emerge also as the effect of a long scalar mode. It is on this
last possibility that we shall mostly focus for the purposes of this work: testing inflationary
interactions at small scales by their induced anisotropy on the GW power spectrum.

The result for the induced anisotropy was first written down in [10-14] and later extended
and used in [15], both for the scalar-tensor-tensor (STT) [16, 17] and the purely gravitational
(TTT) cases [9]. In this work, we would like to provide a derivation of such results using
the in-in formalism [18-21]. The latter offers more control over the derivation and all the
underlying assumptions. Further, its starting point is directly the inflationary (quadratic
and cubic) Lagrangian, from where one can proceed step by step to calculate the relevant
cosmological correlation functions. We clarify both the assumptions implicit in previous
literature on GW anisotropies and the precise sub-set of Feynman diagrams to which such
results apply. To illustrate the power of the formalism we provide three examples.

First, we focus on the minimal SFSR scenario. The corresponding signal is, as well-
known, highly suppressed but such example will nevertheless clarify the essential aspects of

!The corresponding prediction on r are the same in the large field limit [7].

2Strictly speaking, Eins = +/HMp, but it is standard parlance to draw the correspondence directly with the
Hubble rate.

3For a direct measurement of the bispectrum, modes must stay within a precise k-interval, e.g. in the LISA
band in the case of that specific instrument.



the calculation whilst avoiding the complications seen in models with a richer dynamics. We
then briefly consider the case of an inflationary theory equipped with an additional spin-2
field non-minimally coupled to the inflaton [22], and show formally how the anisotropies
are arrived at by using in-in techniques. Last, we consider in detail the case of supersolid
inflation [23-25]. We compute for the first time the one-loop STT bispectrum and show how
it features in the derivation of the corresponding GW anisotropies.

The last two inflationary models are particularly interesting in that they support?
a detectable GW spectrum at small scales, which is a pre-condition for GW anisotropies
to provide a realistic handle on inflationary interactions. Crucially, there exist also GW
anisotropies of a different nature, including those of the astrophysical background [27-33] and
those due to propagation effects [34-38], and these ones too must be accounted for. We shall
work under the assumption (realized in the 2 multi-field models under scrutiny here) of a large,
fnr > 1, squeezed non-Gaussianity, which ensures that intrinsic (i.e. non-Gaussianity-induced)
anisotropies give a much larger contribution than their “propagation” counterpart. As far as
the possible degeneracy with anisotropies of the astrophysical background is concerned, that is
beyond the scope of this work, but we stress that the disentangling power of cross-correlations
introduced in [15, 39, 40] applies precisely in cases such as the ones studied here.

This paper is organized as follows: in section 2 we introduce the in-in formalism in the
context of the calculation of GW anisotropies and briefly apply it to the single-field slow-roll
case; in section 3 we consider the case of spin-2 fields non-minimally coupled to the inflaton;
section 4 is devoted to studying the STT bispectrum and corresponding anisotropy in the
supersolid model; a discussion of the results and comments on future work are to be found in
section 5; appendix B provides more details on the calculations in supersolid inflation.

2 Anisotropies: in-in formalisation

2.1 Empiric formula for gravitational wave anisotropies

The notion of anisotropies induced by primordial long-short mode coupling has first been
introduced in [10-14], where anisotropies of the scalar power spectrum were considered. The
extension of these results to the tensor two-point function was derived in [9] (see also [41]).
The proposed formula to take into account non-Gaussianity-induced (often referred to as
“intrinsic”) anisotropies is:

AA1 2 A
(e Yie)

= (2m)% 6%122 6 (ky + ko) P (k) (2.1)

Bj1*2%3(kq, ko, q)
+ / d*q 53 (kg + kg + @) =
% |ql<ar 4 P*(q)

9

where the case of a TTT three-point function has been considered. The generalization to the
STT bispectrum is straightforward. The quantities in eq. (2.1) are the tensor power spectrum
Pﬁf‘ with A polarization index, and the TTT bispectrum is indicated by B,)Y‘l)‘2A3 (k1,ko,q). Note
that the domain of integration |q] < g1 serves as a reminder that the squeezed configuration,
q < ki =~ ko, is the one under study and ~;, stands for a long wavelength tensor mode.

We now set to derive this formula from first principles by using the in-in formalism.
In the process we will clarify the assumptions underlying the result in eq. (2.1). We apply

“In the case of the EFT with an extra spin-2, a detectable blue GW is contingent upon considering a time
(or scale) dependent sound speed for the helicity-2 mode [26].



our results to specific inflationary models in sections 2.4, 3 and 4 of the text. We refer the
reader to appendix A for a very brief introduction on the in-in formalism. In the main text
we will consider directly its application to the two-point function in the presence of long-short
mode coupling.

2.2 Tensor two-point function in the presence of a long mode

In this work, we shall be interested in computing the anisotropies of the stochastic gravitational
wave background, at frequencies probed by next-generation GW experiments, due to the
modulation from a very long wavelength mode. One key aspect of our description of the long
wavelength mode modulation on the power spectrum will be the possibility of treating the
soft mode as classical. This is standard practice in calculating scattering amplitudes [42]
and has seen plenty of applications in the inflationary context, for example in clarifying”® the
physics of the so-called consistency relations [43-46].

In the context of a quantum theory, as it is the case for primordial perturbations
during inflation, it is possible to implement a classical treatment for a source on large scales.
Operationally, within a given interaction Hamiltonian ﬁmt = A3z ’}:Llnt, one of the quantum
fields may well be approxunated as a real-valued stochastic variable with negligible gradients.
Symbolically, if Hing O hing ¥ J, where hint = hmt(w,) is a composite quantum operator
made of fundamental fields, one can consider the limit in which J is treated as a classical
source J°, under the condition that J¢ acts as a background, i.e. that 9;J% < 9;hin;. Such
a classical source is nevertheless an operator, being a classical random variable: physical
observables are made of ensemble averages. In particular, light particles during inflation are
well approximated by massless quantum fluctuations QIZ in de Sitter and, upon crossing the
Hubble radius, undergo such classicalisation [47-53]:

Qp(r) = Qu(Dag+Qi(r)al ., with Qu(r) o< (1+ikr)e*"
— Q(r) = Qu(r) (ap+al ), (2:2)

—kT—0
where conformal time 7 is being used for convenience, dt = adr. The factorisation of the
annihilation and creation operators is made possible by the fact that the mode function Q(7)
asymptotes to a real-valued quantity on super-horizon scales. The operator by = &E—F&T_ z then

is the only one appearing in the super-horizon limit for Qk and therefore has no non-trivial
commutation relation: it is a classical random variable. This understanding of light fields,
quantised at small scales but treated as classical on super-horizon scales, is also at the heart
of the stochastic formalism for inflation (see, e.g. [54-56] for pioneering works and [57] for a
more recent perspective). Note also that for sufficiently light particles, the time dependence
of the super-horizon variable is suppressed, in which case one can simply consider it as a
constant random variable [57]:

Q) ~ QF x by, with (bp) =0, (bgbp) = 2m)*6P(k+ k) and Qf = lim Qx(r).
—k7—0

kK
(2.3)
In practice, this is the ansatz we shall use throughout this article to treat the classical source
Jek

SNote that the parallel here is only on the fact that the long mode is treated classically. The last two
models considered in this work actually break consistency relations.



The simplest possibility in the context of gravitational wave anisotropies is that of a
tree-level cubic interaction of the two tensor modes with the classical source J¢:
R Brd3q . o
/ At g = / draf(r) / T LI It (2.4)

where D[ --] is a placeholder for the polarization tensors as well as, crucially, time and/or
space derivatives acting on the tensor modes® and will depend on the specific model at hand.
By replacing this interaction (see the right panel of figure 1 for the corresponding Feynman
diagram) in eq. (A.5), one obtains

N 0 Bkd3q ,
AN AN _ / / cl / A N2 N 2A 2 A
() =2 V_w+ ar'al) [ s o™ (0] Pt g3 5%

0>] ,
(2.5)

where the superscript , has been removed for simplicity. The classical source J° has been
factored out of the vacuum expectation value since it is not a quantum operator. The next
step is to show that, under mild assumptions, the classical source can be also taken out of the
time integral.

Once quantum operators are contracted, the source J has momentum —El — Eg. In
the quasi-diagonal configuration one has \El + 52] =ky < k1,ko ~ kg. Then, if J is well-
approximated by a constant for small values of the argument (i.e. for sufficiently late times
—kpT < 1), and the useful time domain of integration in eq. (2.5) only extends to such time
interval, J can indeed be factored out completely. This is typically the case of the integral
in eq. (2.5) whenever the squeezed limit hierarchy k; < kg is applied. Indeed, the tensor
mode functions feature a vy(ks7) dependence,” which immediately restricts the useful time
domain of integration to the —kg7 < 1 region. This is due to the fact that the v modes are
fast oscillating in the complementary region, that is, inside their horizon. The hierarchy then
enforces the condition —k;7 < —kg7 < 1. One can therefore safely consider the zeroth-order
approximation:

cl ~ 7cl
El-ﬁ-gz (7') ~ JEl‘FEZ (0) . (26)

The tensor two-point function in the presence of a classical, real, source J¢ then takes the
following form:

Jel 0
AA 2N _ A7 Ak 2 Nk o A (NNt
(324 e 4J|,ﬂ+,€2,1m{wkmk2 / wdm(T)D[vkl(T)wkg(T)}}, (2.7)

which shows how different values of J° on large scales |E1 + Eg\ < ky, ko affect the tensor
two-point function on smaller scales, thereby inducing anisotropies in the SGWB.

5Tt is also in general a function of the scale factor a(7) as well as slowly-varying background quantities.

"Note that this line of reasoning extends also to the case when such functions do not have the typical
HS)z (ksT) argument where H" stands for an Hankel function of the first type. It might be the case that,
through direct coupling at the level of the quadratic Lagrangian with other tensor degrees of freedom, the
~ wavefunctions inherit a massive component (i.e. a component proportional to HlEl)(kST) with v < 3/2).
It is also possible that v functions exhibit a sound speed ¢s; dependence which would move the horizon
of the wavefunction from —ks7 ~ 1 to —csks7 ~ 1. In all these cases it is still true that the (by far)
leading contribution to cosmological correlation functions, and in particular to the integral in eq. (2.5) comes
nevertheless from integrating over the domain satisfying —(cs) ks 7 < 1. For our reasoning to be valid in these
more general scenarios, it is sufficient to ask that k;, < ¢s ks, which is always the case in the ultra-squeezed
configuration we shall pursue.
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(a) Mixed X-tensor-tensor bispectrum. (b) Tensor two-point function in the presence of
a classical scalar source J°.

Figure 1. Relevant Feynman diagrams for the primordial anisotropies in the case of a direct cubic
coupling. A straight dashed line represents a mixed J-X propagator, a wavy line represents a =y
propagator. The square at the top of the dashed line represents, in contradistinction to a propagator
connecting to an external leg, a classical background J¢.

2.3 Squeezed bispectrum and GW anisotropies

We would like to arrive at eq. (2.1) by means of the in-in formalism, making explicit contact
with the bispectrum of a given theory. This shall be possible in light of the particular
kinematic configuration of the squeezed limit. Let us look at the three-point function between
two tensor modes 4, and another quantum field X that can be contracted together with
the quantum version of the classical source, J , i.e. with a non-trivial commutation relation
between the two:

—

[J(). X ()] = @nP 6O F + F) [0 X () — (DX (™). (28)

Note that in many examples J and X are the very same field. However, we are considering
here a more general case in order to set the stage for the applications in the coming sections.

Focusing on the same cubic interaction as in eq. (2.4) leads, in the case of the bispectrum,
to the computation of the Feynman diagram in the left panel of figure 1, where:

[t = [aratr) [ ijffl? [3e3an]J

We can express the corresponding three-point function as:
A 0 ABrkada
AA AN\ 1ol q
(32 4% Xz, ) = —2Im V_Oo+ dr a(T)/ L (2.10)
0>] :

where we are going to consider the contraction of J with X (i.e. the left diagram of figure 1).
In the limit where the external mode X is very soft, i.e. in the configuration ks < k1, ko, one
may implement the same simplifying steps we used above. Indeed, after performing the Wick
contractions, the argument of the mode function Ji,(7’) is already very small at the time of
horizon crossing for the tensor modes with wavenumbers ki, k2. Recall that it is the latter
that set the effective lower extremum of integration over the time domain. It follows that

(7). (2.9)

q

< (0] D[t at) | g1 3K,



both J and X can be factored out, yielding:

> (324 R, ) =(2m)%6@ (Ry + Ey + Fg) BT (ki ko, ks) , - with (2.11)
AN
B (ko ks) | = —4Pyx (k) I {va; | ara)D )] } ,
AN -

where we defined the cross power spectrum Pjx as

lim (0] Jz(r) %z ] 0) = (2m)%6@) (K + F') Pyx (k). (2.12)
We stress that Pyx may well be a standard power spectrum if X = J. It is also possible,
as we shall see, that the two fields are coupled at the level of the quadratic Lagrangian. In
the limit where such coupling cannot be treated as a perturbation dLy of a free Lagrangian
Ly, one may still solve the system non-perturbatively (see e.g. the appendix of [22] for an
interesting example). In such case the two fields will have a non-zero cross-correlation already
at the linear level, leading to the general formula in eq. (2.12).

The resemblance of eq. (2.11) with eq. (2.7) for the anisotropic tensor two-point function
in the presence of a classical source, is apparent. It is therefore straightforward to derive the
formula:

Z<A>\ A,\'>JCl _ BYX (ky, ko, |k1 + k)

N 72, 11 1 (2.13)
k1 Tk | +ka| <1 ko Pyx (k1 + k2|) [k1-the|

which is valid for a generic field J so long as it is correlated with the external field X and one
is probing the kinematic configurations |E1 + E2| & k1, ka. This expression, derived within the
in-in formalism under a number of conditions, matches those already present in the literature
but whose derivation is heuristic, with J = X being either a scalar mode ¢ [39] or a tensor
fluctuation ~ [9].

Although not the main focus of this work, which is on the in-in derivation of the effect of
long-short coupling on primordial correlators, we find it useful to briefly report here on how
this effect impacts gravitational wave anisotropies dgw. We shall use the results published
in [15], and refer the interested reader to [15] and references therein for a detailed treatment.
Starting from the energy density Qgw/(f), the definition of dgw is:

Qaw(f) = Baw(f) |1+ 1= [ Easow(r.a)] | (2.14)

where f = k/2n. In relatively simple® inflationary models (i.e. those where, in the language
of eq. (2.13), X = J = (), one finds that:

3—»
W) = [ e TR () @) (2.15)

where k = k7. Note the condition on the domain of integration, ensuring compliance with
the assumptions needed (see e.g. ref. [15]) to arrive at eq. (2.15) and that the bispectrum
configuration probed is the squeezed one. The quantity d = 19 — 7, is the conformal time

8The generalization to the cases under scrutiny here is straightforward.



elapsed from horizon-entry of the mode k to the present. The quantity fﬁET is written in

terms of the primordial bispectrum as:

L B(k-q/2,-F-q/2.q)
W)= rgem

A completely analogous relation is found for the GW anisotropy corresponding to a modulation
due to a long tensor mode.

(2.16)

Gravitational wave anisotropies can serve as a useful handle on primordial non-
Gaussianities at small scales. It is important to stress here that this is an effective tool
approximately up to multipoles of order 15-30, see e.g. [15, 17]. Indeed, previous studies [58—
60] have shown that, for interferometers such as LISA, there are no improvements on oy,
past those scales because the noise becomes important. One should also stress that, for the
inflationary models of interest here, the modulation is more important for £ = 2 (see [15]).

2.4 Single-field, slow-roll inflation

We will now apply our results to the case of a TTT bispectrum and the GW anisotropy
induced by such three-point function. This first and simplest example is that of single-field
slow-roll (SFSR) inflation. We will be rather brief for two reasons. First, the result follows
immediately from the procedure illustrated above. Secondly, the GW primordial power
spectrum in SFSR is slightly red-tilted and thus unlikely (with the possible exception of
BBO/DECIGO) to be detected at intermediate and small scales by upcoming GW detectors.
The TTT non-Gaussian anisotropy signal itself is very small, making detection of associated
anisotropies unrealistic [15]. Furthermore, the fact that so-called consistency relations are
in place in SFSR raises the issue of the leading contribution to the squeezed bispectrum
being a gauge artifact. We nevertheless mention the SFSR GW bispectrum and anisotropy
for the simplicity of the formal derivation and then move on to the more involved (but
rather more interesting from the point of view of observations) multi-field scenarios. The
tensor-tensor-tensor bispectrum in SFSR was first computed in [61, 62] (see also e.g. [63]).
The interaction Hamiltonian in this case reads

M3 . 1
/dtht = % /d?’x/dT a®(7) OkOvij (%k%’l - 2%‘;‘%1) , (2.17)
and the corresponding three-point function in the squeezed limit is given by [61]
/ - o oy HAN\*'3 1 NPy
242 42Y = (2m)30O) (kg + Ky + k3)oM () S e (k)] 2.18
<fyk1’yk‘2ryk3> k3<ky ka2 (2m) (k1 + k2 + ks) Mpy 2 kfkg’ € (k)1 ! ( )

The results derived in this section then readily apply upon identifying ‘]133 =X B = 7’?3.
3

2.5 Multi-field scenarios

The use of anisotropies of the tensor two-point function as a probe of early universe physics
applies to all scales, from CMB to high-frequency GW interferometers. As we have seen in
the case of single-field slow-roll (SFSR) inflation, a squeezed component of the primordial
bispectrum induces an anisotropic component to the tensor two-point function. At large scales
(e.g. the CMB), one may directly access non-Gaussianities, whilst GW anisotropies serve as



an ancillary probe of the same physics. Crucially, this is no longer the case at intermediate
and small scales.”

Indeed, let us consider e.g. initially correlated tensor modes that re-enter the horizon
sufficiently late (e.g. during radiation domination) to be in the frequency range of laser
interferometers. Inevitably,'? all modes have to travel through structure to reach the detector
and, in doing so, all undergo a different propagation history that effectively washes away
any initial (i.e. primordial) correlation [8]. This same line of reasoning suggests one possible
exception (see [64] for another interesting configuration): those modes where a very large
hierarchy of scales is present. If it is the case, for example in a three-point function, that
ks < k1 ~ kg, then the two short modes will share a very similar history and the long one may
undergo little propagation if e.g. horizon-size. Naturally, the non-Gaussianity corresponding
to such momentum configuration, the ultra-squeezed one, may well not be tested directly, but
it is precisely this configuration that we access when studying GW anisotropies.

In order to make full use of such a handle on inflationary interactions, it is necessary that
(i) the GW signal is accessible at small scales and (ii) the long-short mode coupling that induces
the anisotropy is sufficiently large. Such requirements lead almost universally to a multi-field
inflationary scenario, far away from the SFSR paradigm with its slightly red-tilted tensor
power spectrum which is, at best, only accessible by the planned DECIGO/BBO experiment.

We shall see how to derive the STT bispectrum and associated GW anisotropies in two
multi-field models of inflation: an EFT of non-minimally coupled extra spin-2 field [22, 26, 65,
66] and supersolid inflation [23, 67]. The requirement (ii) of a non-trivial squeezed component
rules out other classes of multi-field models with interesting GW phenomenology, such as those
of axion (gauge fields) inflation (see [68-71] and references therein), whose bispectrum shape
is of the equilateral type [72-75]. Before detailing on the two specific inflationary set-ups, it
is useful to recall a useful “rule of thumb” for an educated guess on the so-called shape of
the non-Gaussianity of a given model interaction: in the case of a Bunch-Davies vacuum, a
squeezed bispectrum component is typically associated to non-derivative interactions of very
light fields. Both of the examples we will focus on fall into this categorization.

The most intuitive way to understand the line of reasoning behind the “rule of thumb” is
to remember that a massive wave-function typically comes with an extra factor of (k7) w.r.t.
its massless counterpart. This leads to a suppression in the k¥ — 0 region of k space, to the
detriment of the squeezed component. Similarly, time and space derivatives come with extra
positive power of the momenta (as well as powers of 7 in the case of time derivatives) with
respect to non-derivative interactions, leading to the same effect. That being said, there is yet
another aspect that is worth mentioning when it comes to the squeezed limit of primordial
bispectra: consistency relations.

Consistency relations stem for residual gauge diffeomorphisms in the description of a
physical system. These relate, when applicable, e.g. the soft (that is, the squeezed) limit of a
three-point function with the action of the residual gauge transformation on the corresponding
(hard) two-point correlator. As such, the leading contribution of the squeezed bispectrum
in a certain theory may be a gauge artifact. There is a rich literature [43, 46, 61, 76-78]
on consistency relations, a fascinating topic which is, to this day, the subject of an intense
research activity [79]. For the purposes of this work, it will suffice to say that the interactions

9By “intermediate” here we shall mean scales probed by pulsar timing arrays (e.g. f ~ 10~ 2Hz), whilst we
shall term “small scales” those accessible by laser interferometers, i.e. frequencies f such that f > 10 °Hz.

10T his follows directly from the fact that all & modes need to be within a certain frequency band and from
overall momentum conservation.



we will probe for both models under study do break consistency relations and lead therefore
to unequivocally physical effects already at leading order. In the spin-2 case, the proof of
consistency relation breaking is straightforward!! [22, 66] and completely analogous to the
case of quasi-single field inflation [80-82]. Supersolid inflation, much like solid inflation, comes
with a different symmetry breaking pattern w.r.t. standard scenarios (i.e. those where time-
reparametrization is the only one broken by the background). This too leads to consistency
relation breaking [23, 83, 84].

By using the in-in formalism we shall derive the GW anisotropies in the case of an extra
spin-2 field during inflation and make contact with the heuristic result already present in
the literature [15]. Illustrating the power of anisotropies for supersolid inflation will require
calculating both the one-loop STT bispectrum and the related GW anisotropy. We shall focus
on the former in section 3 and detail on our results for supersolid inflation in section 4.

3 Non-minimally coupled spin-2 field

In exploring the rich particle content allowed by the multi-field inflationary paradigm, one
may well consider extra'? scalar and vector fields [85]. Going further up the spin ladder, the
next step is to posit the presence of spin-2 fields. Remarkably, even higher-spin fields have
been considered in the literature [86-88] and their signatures investigated [89, 90].

Although spinning fields are those that give the most distinct signatures in terms, for
example, of squeezed non-Gaussianities [91, 92|, unitarity constraints limit the allowed mass
range for spin-2 (and higher) particles. Such bounds have the schematic form (and order of
magnitude) m 2> H. Now, a similarly massive field tends to decay within a few e-folds, to the
detriment of any observational signature associated to its presence in the early universe. The
presence of unitarity bounds stems from our understanding of particles as unitary irreducible
representations of the spacetime isometry group. The isometries of de Sitter space dictate
stringent constraints on the mass range of spin-2 particles. Similar results hold also for FLRW
spacetime [93, 94]. Crucially, de Sitter isometries are broken by the inflationary background.
It follows that coupling spinning particles directly to the (isometry-breaking) inflaton field
will weaken the so-called Higuchi bound and allow for long-lived spin-2 particles.

This is part of the motivation behind the extension of the EFT approach to multi-field
inflation to include a non-minimal coupling to the constant inflaton foliation [84]. We shall
employ this set-up in this section and focus in particular on the presence of an extra (now
allowed to be) light spin-2 field o coupled to the inflaton. Note that the EFT approach of
choice here is the one of an effective field theory of fluctuations around an FLRW background.
The study of a full theory of interacting spin-2 fields during inflation is rather different, and
it has been the subject of several studies (see e.g. [95-97]).

In this section we will use the in-in formalism to show the relation between GW
anisotropies and ST'T bispectrum in the spin-2 case. The calculation of the induced anisotropy
has been performed for this model only in the so called perturbative regime and only using the
heuristic formula in eq. (2.1). Our results extend those in the literature in two directions: the
derivation is via the rigorous in-in formalism and we are also able to tackle, at least formally,
the non-perturbative regime.

"1t is a parametric proof, based on showing how certain cubic interactions are regulated by parameters that
do not appear in the quadratic Lagrangian.

12¢Extra” is meant in this context as in addition to the field content of the minimal scenario, that of general
relativity as the theory of gravity plus a single scalar degree of freedom driving the acceleration.
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In spelling out the various steps we shall point to and rely on a number of results in the
literature and, whenever these are not essential for our purposes, we will refer the reader to
such works for more details on certain specific findings.

Our calculations will be done in two regimes. Firstly, we shall consider the case of
fields coupled already at the linear level, with no extra assumption on the strength of the
coupling. Although we will not explicitly solve the equations of motion in this regime, we will
nevertheless be able to formally arrive at the desired result in eq. (3.15). As a second step,
we will consider the regime where the coupling is small and can be treated perturbatively (i.e.
as a two-vertex interaction, exactly as in quasi-single-field inflation).

3.1 The model

We consider the following Lagrangian [84] for inflationary fluctuations:
L=Lr~+Ly+ L5+ Luix - (3.1)

L is the usual single-field slow-roll Lagrangian of the EFT of inflation [98], while £ describes
the tensor modes of the spacetime metric in GR. With £, we indicate £, = E((fz) +E<(73), where

L'((JQ) is the free Lagrangian for the spin-2 field and df’) contains one key interaction term:

= i~ G (00) - (o) e ()] 62

£~ (o)’

with 0% = 0%) + O'Eg) (we shall not consider vector modes), whose Fourier transforms can be
decomposed into polarisation tensors:

and o (k)= Y egf(;;)oé)ﬁ, with (3.3)

ef\](l;:) being the usual tensor polarisations. Moreover, Linix = ﬁgi)x + [,I(ji)x describes the mixed
interactions, up to cubic order again, between the canonically normalised scalar and tensor

modes of the spacetime metric, 7, = v/2eH Mpjm and Yo = Mpy7y, and the spin-2 field:

2 3 14 T ij

‘CEIH)X = Q [—Waiajﬂ-cgw + 2P’Vc,z‘j(7”:| 9 (34)
3 3 P 7] Lj p [ J

EEHI)X =a |:_CL22€_H2]MPI (81'71'(;3]'71'(:0” + 2H81;7Tcaj7rco'lj) + mﬂ-(taiajﬂ-caw

One can check that the quadratic Lagrangian above only mixes 7 and o (g on one side, and
7 and o(3) on the other. For ease of comparison with works employing a different notation,
we also stress that the pseudo-Goldstone boson 7 is related to the primordial curvature
fluctuation via ¢ = —Hm [98].

- 11 -



3.2 Quadratic Lagrangian

Due to Efgi)x, ¢ and v mix with the helicity modes of the spin-2 field already at the linear
level. For an appropriate choice of the parameters such mixing is small and can be treated as
a perturbation on top of the free Lagrangian: we investigate this possibility in section 3.5. We
shall first consider, formally, the general case with coupled equations of motion such that one
may not proceed to quantise the different fluctuations independently. One ought to consider
the general decomposition:

2 2
{p= Y (e +hoe(—k), Gloyi = 2 Oy kad + e (=), (3.5)
A=1 A=1
2 A 7 2 A A >
2 = A—17k7 " +he(-k), &y = ;ad)’kagv +h.c.(—k), (3.6)

~A ABi] _ 3SABS(B3) (T 1 A N B 3SAB AN £(3) (1 _ i
{a];;,a } = (2m)°6°76 (k k:) , and [CLE , 07, } = (27)°67P 6 (k k)
(3.7)
By solving the coupled linear equations of motions for the mode functions ({7}, O'E%) %)

and (’y,;\’A, UE\Q’)Ak), one can compute all relevant power spectra. For example, the tensor power

spectrum at the end of inflation simply reads:
SNBWUIN:
Py(k) =lim > > ()]

0 T A

= PW (k) + PP (k), (3.8)

from which it is clear that it is made of two independent contributions. It is in general difficult
to solve the fully coupled equations, but the work in [22] showed how it is possible to estimate
P, = k3/(2n%) P, (k) for a small helicity-2 sound speed:

1 H \? 2 2H?
P, o~ POx ( 6 > . with v = %—ﬁ and P = (3.9)

ol ” T 2¢8Y \m? + 2p? H? T2 M3,

where 733 is the usual vacuum tensor power spectrum. The total tensor power spectrum in
this model can be much larger than in usual single-field models of inflation. At large scales it
is naturally constrained by the upper bound on the tensor-to-scalar ratio r. However, the
presence of the coupling constant p and of the helicity-2 sound speed co in the expression for
the two-point-function makes it possible to implement a blue-tilted spectrum, for example by
means of a scale-dependent cy(k) [26, 66].

3.3 Primordial STT bispectrum

We consider the interaction of one scalar mode with two tensor modes, which is possible, e.g.,
through the interaction £¢(73) of eq. (3.2). In the soft scalar limit, we expect the interaction to
lead to gravitational waves anisotropies, with an amplitude set by the STT bispectrum. The
interaction Hamiltonian we shall need (this under the assumption that quadratic interactions
have been taken fully into account in the equations of motion for the mode functions'?)

13We will not provide here the explicit solution for the mode functions in the non-perturbative regime, i.e. when
the m — o¢ and v — o2 couplings cannot be considered small. See [22] for more on the non-perturbative regime.

- 12 —



( 0'((:%))
)// /\/*‘,\/\y y/ /\/h*‘,\/\y

(a) Mixed scalar-tensor-tensor bispectrum. (b) Tensor two-point function in the presence of
a classical scalar source.

Figure 2. Relevant Feynman diagrams for the primordial anisotropies in the spin-2 case. Dashed lines
represent mixed propagators of the ¢ — o (g type (straight lines), and the v — o(9) type (wavy lines).
The square at the top of the dashed line represents, in contradistinction to a propagator connecting to
an external leg, a classical background 0(0)

is then:

i BRq , ,
/ dLHS = 3 / drat( / AXA:/AM oy (Dot Ty i gr) . (310)

where A is a simple product of polarization tensors (see [15]). The STT bispectrum, whose
diagram is in the left panel of figure 2, reads:

g < 21722/Ck3> (27‘(’)3(5(3) (El + EQ +E3) B’Y’YC(kh ko, k3) , with (3.11)

B (ky, kg, k3) = —12pIm

0
AN )\A )\ ,B A A% N, B,x Cx*
> AN [ arat e (e (ol ()

M AB,C

where we have taken into account the fact that quantum operators have, in light of the
couplings in the quadratic theory, non-trivial cross-correlations: <0’<AE&(0),E/ 10) = (2m)36®) (k +
E’) >oa Cﬁaéjk. In the squeezed configuration, k3 = kr, < kg = k1 ~ ks, one may factor
the long scalar mode o) x, (1) out of the time integral. Indeed, the integral is dominated
by conformal times close to —7g ~ 1/kg, at which the long mode has already reached its
super-horizon value. Note that, strictly speaking, if the extra spin-2 field has a non-zero mass,
the mode function o) does not become exactly constant on superhorizon scales. However,
when o(g) is light, which we assume in the following,'* one can neglect the logarithmic
time-dependence on super-horizon scales and approximate the value of o(g) at the time 75 of
horizon exit for the small scales under consideration with the one at the end of inflation at
which the bispectrum is evaluated. In the squeezed limit, the polarisation tensors simplify to

141f o is heavy, mo ~ H, the (squeezed limit of the) bispectrum will be suppressed. In the regime where
the quadratic interactions are taken into account perturbatively, the power-law suppression of the squeezed
bispectrum is well-known, (kz/ks)372".
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AN ~ A(kp, ks)6™ and the STT bispectrum is:

B (kg, kg, k) o ke Peo, (kr) x 12u x A(ky, ks) (3.12)

0

MNA A\ B A A % A, B, x

x Im {Z Tks Vks / + dTa4<T)U( ), S(T)U( ), S(T)} )
A AB -

where we have used the definition of the cross power-spectrum:
: A Ax
Feow) = ;IH%)XA: G (T)o o) (7)) - (3.13)

3.4 GW anisotropy
Equipped with the knowledge of the same interaction, we now study its effect on the two-point

function in the limit where the long scalar mode acts as a classical background, &) — 0&1)).

This amounts to the induced anisotropy of the form (see the right panel of figure 2 for
the corresponding diagram):

> (%)

AN

NA N.B !
o= 12pIm {Z Z Vier Vay X AM (3.14)
(0)

M\ AB

0 ’
X /_Oo+ dTCL4(T)O'(>\2’fIZ (T)U?jS;*(r)a(cé)ﬁﬁ% (T)} .
Focusing on the momentum configuration |E1 + Eg] <& k1, ko, one may simplify this expression
further, similarly to what is done for the bispectrum in the squeezed limit. The quantity
a?(l))ﬁﬁ% can be taken outside of the integral and evaluated at the final time, if, as we assume
here, the spin-2 field is sufficiently light. The resulting expression can be written, using

eq. (3.12), as:
7 (0) F+Fs

52 A = 7v¢ n 7
A P S5 B (ky, ko, k1 + Kal) . (3.15)
)% < k1 k2> 0'((1)) |k1+ko|<k1,k2 PCU(O)(|k1 + k2|)

cl

The latter can be readily written as

PORCERES

AN

o o B’Y’YC(kl ko q)
= BTG+ Fy + Fo) 2Ll (3.16)
%) |’;1+E2<<k17k2/ PCG(O)(‘]) 0),~4

which is the STT counterpart of the (TTT) heuristic formula we reported in eq. (2.1). We
have seen so far then how eq. (2.1) may be arrived at via the application of the in-in formalism
in the context of minimal single-field slow-roll inflation and also in the case of an extra spin-2
fields directly coupled to the inflaton. Before moving on to another application, we give here
the relation between bispectrum and induced GW anisotropy in the small-quadratic-mixing
regime of the spin-2 model.

3.5 Explicit computation in the case of small mixing
In the regime of a small quadratic mixing, 51%))( can be treated as a perturbation on top of
the free field Lagrangian and incorporated in the interaction Hamiltonian. One can proceed
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(a) Mixed scalar-tensor-tensor bispectrum. (b) Tensor two-point function in the presence of
a classical scalar source.

Figure 3. Relevant diagrams for the primordial anisotropies in the spin-2 model in the small mixing
regime. Continuous lines represent propagators of ¢ (straight) and v (wavy), while dotted lines represent
propagators of o(g (straight) and o(2) (wavy). The square represents the classical source afé).

by quantising each field independently, recovering the usual mode functions for decoupled
massless modes (¢ and 7) and light helicity modes (o(q),(2), respectively with a speed of sound
cp2) in de Sitter spacetime. In this framework, computing the mixed bispectrum requires
the introduction of four vertices: one scalar 2-vertex, two tensor 2-vertices, and one mixed
3-vertex, as represented'® in the left panel of figure 3. One first finds:

Gaate) =/ Ooo dna(n) [ dna(m) [~ dma(m) [ dria(n) (3.17)
x (O] [Bine(7a), [Hina (73), [ Hine (72), [Fine(70),32 52 G | 1] 0)

with
Hin, = Hog® + Hyo® 4 Hp® @7 (3.18)
Note that the size of the contribution in eq. (3.17) depends on which interaction
Hamiltonian takes the role of Hin(74),. .., Hint(71). For example, given that in the small-

mixing regime a given field can only be contracted with another one of the same type, the
cubic Hamiltonian cannot feature as Hiyg (11) in eq. (3.17). If it did, the commutator would
simply vanish as [f[gffwz)a(?) 44¢] = 0. Enforcing the squeezed configuration hierarchy,
ks = kp < k1 ~ ko, will also further reduce the permutations that give rise to the leading
contributions. Indeed, if one places the interaction involving only soft momenta in the
innermost time integral in d7y4, the useful domain of integration of this first integral begins as
7, ~ —1/kp, (i.e. the horizon of the largest k£ mode in that given time variable) whilst the rest
of the time integrals will, for the same reason, start out at 7g ~ —1/kg. If instead we consider
any other interaction in the innermost integral, the integration interval will necessarily start
out at 7¢ ~ —1/kg, and so will all other integrals in light of the 71 > 7 > 73 hierarchy. It
follows that only the permutations that place the interaction with only long-modes in the
innermost integral will give rise to the leading contribution, by virtue of the fact its effective
integration domain over time is parametrically larger.'® One can also show, again only by

15T the reader familiar with the subject, both this notation and nomenclature will be reminiscent of quasi-
single-field (QSF) inflation [80]. Indeed, the coupling in the tensor sector between vy and o2y modes is completely
analogous to the coupling in the scalar sector of QSF inflation, and so is the o(2) cubic self-interaction.

We have verified this both analytically (for the massless case) and numerically (for generic v/).
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enforcing the squeezed limit hierarchy, that the (initially nested) integral over the soft modes
along 74 can be factored out, its upper limit of integration being very-well approximated
by zero [81]. One is then left with only two permutations (depending on whether the cubic
interaction features as ﬁint(’rg) or Hiy (73)) giving the leading contributions:

0 T1 T 0
A2\ A _
<7k1 k2<k3> N dTla(Tl)/ dTga(Tg)/wdTga(Tg)Lm drya(ry) (3.19)
~Co A 000 (2)0 YO 2 AN A
x (0] B (ra), [H07P7 (), [ ® (ma), [0 ™ (1), 5242 Gz, ][] 0)
+ (TQ <~ 7'3) .

Once the operators at 74 are contracted, one obtains a factor of

Chis (T4)0(0) k5 (T4) Gy 0{0) s (T3) — C-C. (3.20)

We also note that, given that the useful domain over the variable 73 starts at 7¢ = —1/kg,
the function (0) ks (13) can be factored out of the integral, to give

AN AN 2 2PMP1 0
<71%17£2C153>k3<<k1,k2 \/; H {Ck3 / dT4a2(T4)Ck3(T4)U(O)k3(74)} (3:21)

3 3—*
/ dra(r / dma(re / dea (13 /d( kd)

x (2m)35) (k:g —k— q) 3 Z AN

Y
o) (B (). [ (). 53,52 ] 0)

< (0] 763 st

(7’2 < Tg)

where in the first line we recognize the exact expression for the cross power spectrum P, (k3)
(at first non-vanishing order in p/H) found via the in-in formalism:

2 p M . % 0
Peo o, (k) = _\/;ple k*Im {CkU(o),k/ ~ d71a2(Tl)Ck(ﬁ)U(o),k(Tl)} : (3.22)

—00

This cross power spectrum may be evaluated exactly. In the massless case v = 3/2, we find
PCJo(k) = [(2772)/163]73@0 with:

3p H?
PCU(O) V::3/2 Mpl\/;H'Pg ; and PC = m . (323)

The result of the explicit calculation of the mixed bispectrum in eq. (3.21) can be found in
ref. [15], where it is shown that:

AZX (242G, ) = (2m)%6D (By + ks + K3 ) BT (ki ko, bg),  with

o H? g

3
2als - _ B[P .
B (k57k5;kL) kLz<ks 2m EMgl H (H) kg/z_Vki/2+VA (kL,ks) I(CU,CQ,Z/) . (324)

We refer the reader to [15] for a semi-analytical description of the function Z(cy, c2, v).
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On the other hand, the tensor two-point function in the presence of the classical source
U(C(l)) (see, in figure 3, the right diagram corresponding to the small-mixing regime) reads:

A )\’ q d d Brd3q
Z<’y Z/ T1Q 7'1/ T2 7'2/ Tga 7’3 / (27r) U( )77’;7@

FBY ) FBY
X 31 ZA’W
AN
x (0] [ 2 i (73)635.4(7s), [ B (), [He® (m), 42 42 ]] | 0)
+ (12 <> 73). (3.25)

The two tensor modes at 73 will be contracted with the remaining tensors such that,
by momentum conservation, one finds (E,Lj’) — (—121, —Eg), the other permutation being
equivalent. The classical source has momentum El + Ez which in the quasi-diagonal config-
uration satisfies the inequality \El + E2| & k1, ko. One can show, in complete analogy with
the bispectrum case, that here too the (light) classical source is well-approximated, for the
purpose of the time integrals, by its constant value outside its horizon and can therefore be
factored out completely.

One may then compare the resulting expression with the mixed bispectrum in the soft
scalar limit, eq. (3.21), obtaining:

cl

A AN _ (0) k1+ks Yv¢ I I
o AL .= B (khkz,’kl-i-kzy), (3.26)
)g)\:/ < k1 k2> 0) |k1+ka| <k, k2 P(a(o)(’kl + kQD

where we have used the fact that one may identify and isolate the scalar cross power spectrum
in the first line of eq. (3.21). This large-scale modulation of the tensor two-point function
gives rise to anisotropies of primordial origin in the SGWB, with a typical amplitude, at a
scale k, of:

B (k, k, ky < k)
Py (k) Peo, (k)

(0w (k. 7)) ~ Poey (ke) » (3.27)

where k, can be taken, for example, at CMB scales.!”

4 Supersolid inflation

We are now going to consider an application to the case of supersolid inflation. Much like the
spin-2 setup, this model can support (i) a blue GW spectrum and (ii) a non-trivial squeezed
STT primordial non-Gaussianity. These are the prerequisites for having interesting, and
possibly detectable at intermediate-small scales, GW anisotropies. We will briefly introduce

"For completeness, we should quote the value of the almost scale-invariant power spectrum of the light
extra scalar o(o) at the end of inflation, Po o = [K%/(2m)? |Ps, (k). In the perturbative treatment of a small
quadratic mixing, it is, neglecting the slow super-horizon evolution, equal to:

Pog, = (%)2 2 (FI(‘igl//;))
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the supersolid field content and refer the reader to the rich literature on the subject (see
e.g. [23, 24, 67, 99]) for more details. The specific model we shall consider is the one of [23, 24].

Supersolid inflation belongs to a class of models that display a non-standard symmetry
breaking pattern. A notable early example is solid inflation [100, 101]: this is an inter-
esting set-up showing how a successful acceleration mechanism may be obtained with a
space-diffeomorphism breaking background, rather than the standard time-reparametrisation
breaking (time-diffeomorphisms being non-linearly realised). The supersolid model whose
GW signatures we are after features the complete breaking of spacetime diffeomorphisms by
the background configuration of (four) scalar fields . Homogeneous background solutions
exist in light of internal symmetries of the scalars [23]. We refer the interested reader to [102]
for a thorough classification of other interesting possibilities.

For our purposes we shall adopt the model in [23] and it will suffice to mention here
the presence of two propagating scalar degrees of freedom, sometimes termed “phonons”.
The most immediate difference with respect to the spin-2 theory is the fact that the leading
contribution to the GW spectrum here is the one non-linearly sourced by scalars. We shall first
illustrate the non-linear power spectrum result and then provide the STT calculation as well
as the result for the induced anisotropy. The existing literature on this model includes a rough
order-of-magnitude estimate of the amplitude of the one-loop tensor power spectrum [23]
whilst no calculation is present for the STT bispectrum. We provide here for the first time an
exact calculation of both these observables as well as (also for the first time) the anisotropy
induced in the tensor power spectrum by the STT three-point function.

We start by reviewing scalar fluctuations and considering their effect on the tensor
power spectrum.

4.1 Scalar fluctuations

In flat gauge, the scalar fields ¢ are written as:
¢ =pt)+m0, ¢ =a"+dm+7p. (4.1)

The dynamics of the background field ¢ follows from the choice of an effective parameter c;.
In order to arrive at an almost scale-invariant spectrum of adiabatic fluctuations, it should be
chosen to be close to either 0 or —1 (see [23]). The vector mode 7, verifying the transverse
condition 0;m}. = 0, decays rather quickly and it is therefore possible to neglect it in what
follows. In supersolid inflation then there are two propagating scalar degrees of freedom. We
can group them together in the field-space vector 7 = (7p, m9)®. Their dynamics is regulated
by the following quadratic action (written in conformal time):
dSE 1 ol _pI al 1 a, B

Sy = /dT(27r)3 <2Da67T,g Tt Qaﬂﬂ'g T QMQBWEW_E) . (4.2)

D is a positive-definite diagonal matrix for the kinetic terms, 2 an anti-symmetric mixing

matrix and M a symmetric mass matrix also function of the wavenumber k. They are all
time-dependent. The two Goldstone bosons 7y, mg define each a curvature perturbation as:

]{32

Cﬂ == ?TFL’ (43)
H

Rﬂ'o = EWO' (44)
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The notation is motivated [23] by the fact that (, is defined as the curvature perturbation
of hypersurfaces of constant number density n of supersolid particles (rather than the total
overdensity dp for the usual (), while R, is the curvature perturbation that is comoving
with respect to the mg field only. The curvature perturbation ¢ can be related linearly to the

previous quantities as:
2c2
¢ = (1= 2cet) G — 550, (4.5)

where ¢3 is another background parameter of the EFT. It is possible to show that it is ¢,
that seeds the adiabatic, almost scale-invariant initial conditions for the anisotropies of the
CMB, while R, only contributes a negligible amount of isocurvature modes [23].

Because of the non-diagonal pieces of 2 and M, one may not assign a single fundamental
quantum oscillator to each scalar: mixing needs to be taken into account. The quantization
procedure is:

2
N ~A x A A . ~ ~B, 7 7
T A= g TAkAy + W%,ka_];g’ with {a‘]—?,alg/ T} = (2m)304850) (k: - k:') . (4.6)

FUQ

Consistent initial conditions can be imposed on the mode functions 7% (7) by inspecting the
sub-horizon limit of the quadratic action, from which one identifies the presence of two speeds
of sound for scalar fluctuations, c;4 with A € {1,2}.

One can choose, without loss of generality, to consider the case cso < cg1. In the following,
we will focus on the possibility of the following hierarchy between the two sound speeds:
Cs2 K cg1 ~ 118

In [23], the coupled linear equations of motion for the scalar modes are solved pertur-
batively in a “slow-roll” expansion in terms of ¢, and d, = 1 + cg for the particular case
cg ~ —1 on which we shall focus from now on.

At zeroth order in generalized slow-roll one finds:

)

2
Coi(T) = Po(k) (k7)Y O/ =heaat H ) (—keoat)a + hec., (4.7)
A=1

2
R, 5(7) = Po(k)(—k) Y Ci'v/=heaat i) (~keaar)ad + hc., (4.8)
A=1

with Py(k) the usual power spectrum of single-field slow-roll inflation:

272 H?

— ith = —. 4.9
Po, wi Po 8m2e M3, (4.9)

The constant factors C4l; are determined from the Bunch-Davies vacuum conditions, and

Hl(,l) is the Hankel function of the first kind. At this order in slow-roll, the scalar power
spectra are indeed scale-invariant and read [23]:

an = 75730, PCnR,rO = 6/227)07 PRWO = 01627)0’ (410)

with P~10 and f~~y~1,

8Henceforth, following the notations of [23], we further set the parameter c; = 1/2 as it was shown to be
the value that is least restrictive on the other parameters.
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where P¢, R, is non-zero due to the correlation between the two scalar modes. Note that we
have denoted P, ¢, PR, R, respectively as P, , Pr,, for simplicity. The explicit expressions
for P, 3, in terms of all the background parameters of the EFT can be found in ref. [23].
For our purposes, it suffices here to know their typical order of magnitude and the scaling
of the power spectra with respect to csa. One should note the parametric enhancement,
1/c% > 1, for the power spectrum of R, compared to the one of ¢, (and the one 1/¢3, > 1
for the cross power spectrum). At this stage, we stress it is important to characterise the
statistics of Ry, on super-horizon scales even though, as already mentioned, only (,, survives
for reheating. The dynamics of R, is relevant because ¢, and Ry, mix already at the linear
level. Secondly, as we will see in the next section, R, non-linearly sources the production
of tensor modes and therefore leaves an imprint on cosmological perturbations through this
integrated-over-time effect.

Considering the next order in slow-roll makes the deviations from scale-invariance in the
power spectra manifest [23]:

k n(s‘"‘d) —1 k ng") —1
Po)=Poe) (1) Pr= Y PRGI(5)
* (a)e{ad,ad—en,en} *
(4.11)

with

(ad) | (en)
n®) =14e—n, ™ =146(6—¢ +n, nbdn= %

S S

(4.12)

Given that (,-fluctuations are converted to the curvature perturbation ¢ during reheating,
the corresponding power spectrum is the one of primordial adiabatic fluctuations constrained
by CMB observations. The presence of another scalar degree of freedom, g, leads to a second
mode with a different, independent, tilt: ngen), where the notation “en” stands for entropic. It
is therefore possible to have R -fluctuations with a slightly blue tilt, so long as one considers
the case [23]

dp >e—n/6. (4.13)

Given that 7 is positive in order to have a red-tilted adiabatic spectrum, this condition is not
very restrictive. We shall now turn to the observables associated with the tensor sector.

4.2 Tensor power spectrum

At the linear level, tensor modes of the metric display the exact same properties as in single-
field slow-roll models (SFSR). Scalars can, of course, also source tensors at the non-linear
level. In SFSR the 1-loop contribution is suppressed by the standard (H/Mp)? factor. In
contradistinction to such case, in supersolid inflation the presence of the scalar mode R,
can dramatically change the picture. Furthermore, as we have seen, regions of the parameter
space of the model support a blue tilt for Pg, , thus making the non-linear contribution to
the tensor power spectrum particularly relevant towards intermediate and small scales.

Let us proceed with the one-loop calculation with the in-in formalism. Note that an
estimate for such quantity has been provided in [23]. Later in this section we will calculate
the one-loop STT bispectrum in the squeezed limit and its modulation effect on the tensor
power spectrum.
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(a) One-loop tensor power spec-  (b) One-loop scalar-tensor- (¢) One-loop tensor two-point
trum tensor bispectrum function in the presence of a

classical scalar source

Figure 4. Relevant diagrams for the primordial anisotropies in supersolid inflation. Wavy plain lines
represent propagators of v while dotted lines represent propagators of Rr,. The dashed line represents
a mixed ((n, Rr,) propagator, and the dotted line ending with a square represents a classical random
fluctuation R‘,;IO rather than a propagator.

We consider the gravitational cubic interaction of the scalars R, with the tensor v, as:

71'0 dgkdsq Z] (T _E_q
Ja = [araertta®(r) [ TGS S Fma AORL ORI ), (41a)
Q)\(qu’)

where « is a dimensionless parameter, generally of order one. The Feynman diagram in the
left panel of figure 4 is the one corresponding to the contribution under scrutiny. The total
tensor power spectrum reads

Py =P + P with (4.15)
AZX@,%@%,’ ) = (2m)%® (k:+l<:) 5 2 (K) . (4.16)

PJ¢ is the usual vacuum contribution, whilst the non-linear, i.e. one-loop, scales as:

1 2.2
PI = 160 (PRWO) x I, . (4.17)
Before providing more details on the dimensionless quantity I.,, (let us just anticipate that it

scales like 1/c42), we stress two important related features:

o Given the amplification of the scalar power spectrum of R, for small values of the sound
speed cg2, the R,-sourced contribution to the tensor power spectrum can dominate
over the vacuum in a large region of parameter space:

73nl a’? € As 0.1\
Pyac ~ 10 x (75/1(]) X (0.01> X (10_9> <652) >1, (4.18)

where we used benchmark values P¢, ~ As ~ 1072, a~y~1, P~10and co ~ 0.1
to give the typical order of magnitude of the relative non-linear contribution.

Note moreover that, as detailed also in [23], having a large tensor power spectrum
non-linearly sourced by scalars does not necessarily imply a large scalar power spectrum
at one-loop. Indeed, the scalars are not enhanced for a very substantial region of
the parameter space, thus justifying the use of vacuum fluctuations as the leading
contribution for the scalar power spectrum.
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o If the contribution to the scalar power spectrum of Ry, is blue-tilted, n&e“) > 1, then the
corresponding non-linear contribution to the tensor power spectrum may be dominated
by the blue component at small scales:

nl

k"™
nl _ nl : nl _ (en) _
Py (k) = Py (k) <k*) ,  with n} =2 [ns 1} > 0. (4.19)

Such tensor power spectrum then can both comply with current observational constraints
on r at CMB scales and display a large enhancement at small scales, those probed by
LISA, DECIGO/BBO and other next-generation gravitational-wave experiments. For
example, the corresponding signal may be observable by LISA if the tensor-to-scalar
ratio at CMB scales is r(ks) = 0.02 and the tensor tilt is n}! = 0.3. Assuming a more
conservative value for the tilt of nfl = 0.1, the signal can still be observable by the

DECIGO/BBO experiment.

Using the in-in formalism, the quantity .., defined in eq. (4.17) is found to be:

00 14w oo™t oo™t 0o~
I, :/ dv/ du/ drq / dngZQ(u,v,:z:l,xg)+/ d:chESQ(u,v,xl,xg) ,
0 \ 0 @ 0

1—v| 1
(4.20)
with

v _ [4U2—(1+1)2—u2)2]2
Fop=— 32u202

X (1 —icsouza) (1 —icsovre) (1 —ixg) exp[—ix1(csou+ csov — 1) +izo (14 csou+cs2v)]}

(561332)721:{8 {(1—iz1)(1+icsouzy) (14 icsovry)

1 [4v? — (1402 —u?)?)?
G2 9 32u2v?
X (14icsouza)(14icsovre)(1+ixs) explizy (csau+ csov+ 1) —iwo (14 csou+ csov)]} -

(z122) "2 {(1 —iz1) (1 —icsouzy ) (1 —icsour)

Here, F'V corresponds to the integration over the triangle in the time domain, where both the
x1, T2 time contours of integration are deformed in the past in the same direction, while F™
comes from the integration over the square domain and has a mixed regularisation in the past:
+ie for respectively x1,x2. The other two integrals over the variables (u,v) correspond to the
remaining integral over the loop momentum ¢, whose three components have been decomposed
with respect to the external momentum k of the tensor mode: v = q/k, u = |7 — k|/k, the

—

remaining one being the angle ¢ = cos™! [q K/ (qk)} over which the integration has already
been done explicitly.

The four integrals can be computed analytically thanks to the simple form of the R,
modes, which are simple “massless” Hankel functions. Details of the computation can be
found in appendix B.1, where we show the non-trivial cancellations of the IR divergences
between the contributions of F.Y and F.) after integrating over (x1,zs). Then, in order to

Cs2 Cs2
compute the loop integral, we change the internal momentum variables,

1+t+s 1+t—s
= — v =

Y= VT T

(4.21)
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after which we find the css-dependent term to be:

41 — 118¢%, + 5cly

Ics2(lu) = 2400 9

log(u/H). (4.22)

where p is the renormalisation scale for this one-loop correction.

The treatment of this logarithmic running has been the subject of interesting discussions
(see, e.g., refs. [21, 39, 103-107]). Following [104], we employed here dimensional regularisation
to arrive at the final result, which is both finite and invariant under dilations.’

In the limit of a small speed of sound, css < 1, such that the non-linear contribution
dominates over the vacuum one, the final result for the tensor power spectrum is therefore:

nl

PLK) = 15 —ae (Pr,,) x<h) « log (ju/ H) . (4.23)

4.3 Scalar-tensor-tensor bispectrum

The one-loop STT bispectrum is itself enhanced by the presence of the large Rr,-fluctuations.
The fact that this is the case in the squeezed configuration will be particularly relevant for
GW anisotropies.

The specific diagram we are considering is represented in the middle panel of figure 4. It
consists of a loop contribution with one external (,-leg and two external 4’s. In supersolid
inflation, there is a plethora of possible cubic scalar interactions including the ¢,, and Rx,
fields. In principle all these are relevant for the computation of the bispectrum. One ought to
also remember that the two corresponding quantum operators have non-zero cross-correlation.
Our aim here is to evaluate the bispectrum contribution from one typical interaction term. As
we shall see, the parameter space of the model can support a significant STT non-Gaussian
signal and a correspondingly large GW anisotropy. We focus on the following cubic term:

; M d3kd3 R
Jari == [arowamet [ GEIRE@REMRE 0.

with R =R., +3HRx,, (4.24)

and Oj is an effective parameter in the cubic scalar Lagrangian whose size is constrained by
the current bounds on scalar non-Gaussianity at CMB scales: O7 < 1073 (¢42/0.1)% [24].
In the in-in integrals (see appendix B.2 for more details) we have to include three

vertices, including two nonequivalent cubic interactions, Hmt’r  and Hlnt
of the six terms reads:

AN T2
< kl’yl?gcnks 1 loop —/ d’7'1a 7'1 / dTQG(Tg)/ 7d73a(73)

e}

i { (0] Bl () B () B ()3 330G,

. For example, one

9)-

9Whilst this work was in progress we corresponded with the authors of [25], who kindly shared with us
their result for the cs2-dependent contribution to the 1-loop power spectrum in single-field inflation with a
non-trivial speed of sound. Our result as to the overall cs2-dependence matches theirs exactly. We refer the
reader to [25] for a very interesting discussion on non-single-clockness and the presence of a log-running in the
external momentum.
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In the limit of interest for us, that of a soft scalar mode, we are able to perform the calculation
analytically and find:

3

’ R, - - - a ]
S (AN G ), 0 = (2m)%6® (B + By + ) BY S (kn ka, kg), with

IWY, 1—loop
2 Pnl(k’ )
Y¥¢n _ 2  Mp y \S
Bl_loop(ks,kg, kL) k’LZ<ks —247 Oleﬁpnro X PRwoCn(kL) X ? X JCS2 . (4.26)
Before turning to the details on J._,, let us estimate the size of the related fy1, parameter:
Cn
f,y,ycn _ Biyzloop(ksv kSa kL << kS) IPRWO PCHRWO ']CSQ (427)
NLsa Py(ks) P, (kL) Po Pe ey’

where we focused on the regime where the tensor power spectrum is dominated by the
non-linear contribution: P, =~ Péﬂ. We expect the first two ratios to be typically much
larger than one due to the relative enhancement of the R, -fluctuations, which can easily
counter-balance the smallness of O;. It is interesting to notice that there is enough freedom in
supersolid inflation to accommodate relatively small scalar non-Gaussianities (i.e. compatible
with observational constraints) and, at the same time, a large STT bispectrum.

The explicit expression for the dimensionless quantity Je.s2, defined in eq. (4.26), is

[e's) 1+v oo™t oot oot oo~
Jeos :/ dv/ du/ dﬂ:l/ dzo [/ dzs GZQ(xi,u,U)—&—/ dzs GCDS2(xi,u,v) ,
0 | 0 x x 0

1—v| 1 2
(4.28)

where the two contributions GZ,QD correspond to different time orderings of the interaction

Hamiltonians with respect to the external operators. Each of the two contributions contains
three independent terms. For example, the first term in GV, corresponding to eq. (4.25),
reads:

Au? — (1402 1 0u2)2 2
[ (3;1;@:“ /] w3 ey 2o m { (1 =iz ) (1 +ivesr: ) (1 +iucsry ) (1—izg)  (4.29)

(1+ivegoxa) (1 —iucsoxs) [vQngwg -3(1 —ivcsgx3)] % il

v,1_
GY,=-3

1—(v4u)esa]zr+i[1—(v—u)cs2]za+i2vesaxs }

When calculating the triple time integrals (over x;) for each of the 6 contributions, one finds
that although individual terms carry up to 5 different kinds of IR divergences in the limit
x; — 0, they all cancel once summed together (see appendix B.2 for more details). One
then moves to the integrals over (u,v) — (¢, s) to find, after dimensional regularisation, the

following expression for J.,,,

553455 + 174300c%, — 328062¢%, — 13250765, + 65095¢%,

J. - ] H
2 (1) 1300302, og(u/H)
5271

O og(p/H) . 1,
e 20962, 28/ 1) (4.30)

Note that the running of the one-loop mixed bispectrum is exactly the same than the one
of the one-loop power spectrum. It follows that the related fyp, parameter has a simple
expression independent of u, in the limit cso — 0 it reads:

B/P v T9065

W = 301 25— 4 .
INL3q V3, 5, 10496¢4;

(4.31)
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Figure 5. Momenta flowing in the sourced tensor two-point function.

The constraints from the scalar sector notwithstanding (i.e. O; < 1073 (¢5/0.1)%), the
parameter space of the model leaves ample room for a large STT squeezed bispectrum:

& 106 O By 0.1\*
fﬂ sq ™ % (10_3(052/0.1)6> % <75/10> 8 (%2) . (432)

Note that the numerical value 10° is arrived at by saturating the observational constraint on
scalar non-Gaussianities and taking (8y/P) ~ 0.1, cs2 ~ 0.1. This goes to show that one may

well have f&}ic;’q > 1 in the model at hand while complying with observational constraints in
the scalar sector.

4.4 Primordial gravitational wave anisotropies

As we have seen in the previous cases, here too the existence of a STT squeezed bispectrum
induces an anisotropic component on the GW spectrum.

Indeed, the effect of a long scalar mode is well-described by the action of a classical
background source on the short tensor two-point function. We see this at the level of the in-in
calculation where the long scalar mode R, during inflation becomes

R, — RE ~ 3HRE . (4.33)

Note that we have consistently neglected the terms suppressed on (super-) horizon scales. A
typical contribution (there are six in total) reads

A 2N 0 ! 7
<7k1’yk2>‘73%10 :/ dTl(I(Tl)/ 7d7‘2a(7'2)/ d7'3a(7-3)

[c ol oo™

RZ RC] VR 7 A 2
x Im 1nt Hmt ( )Hmt ( ) E’Y

o>} . (4.34)

where, in the momentum configuration ]El + Eg\ < ki, ko, the real classical source may be
factored out of the expectation value, the imaginary part, and the integral sign.

Let us provide some more details. The integral in dr3, the one associated to the
purely scalar vertex, counts three functions whose arguments are (see figure 5) ¢r3 and
|7 — (K1 + k2)|73 inside the loop, and |k1 + ko|73 outside it. Given the oscillating behaviour of
all these functions inside the horizon, the effective?® domain of integration is set by the horizon

20That is, the domain of integration over which one does not have those fast oscillations that lead to a
strong suppression.
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of the function with the largest wavenumber. It is immediate to see that, upon implementing
the |E1 + E2| & k1, ko hierarchy, the function R;lo R, can, with one exception, be moved
outside the time-integral as it is Well—approximzited by a constant throughout the entire
effective domain of integration. The exception is for those values of the variable ¢ such that
g~0or g~ k1 + Eg. This represents an extremely small domain over the momentum loop
integral given that it corresponds to a precise value for both the norm and the orientation of
the vector ¢.

Furthermore, we know that this very same momentum configuration will receive negligible
contribution from the two remaining tensor-scalar-scalar vertices of the 1-loop calculation
of eq. (4.34). This is immediate to see upon recalling that both the interaction and the
wavefunctions in the T'SS vertices are the same ones as in single field slow-roll. Inspecting the
momentum configuration that contribute to the TSS calculation in SFSR (see e.g. figure 2
of [108]) makes it clear that the configuration corresponding to having a very soft scalar in
the loop can be safely disregarded. The function Rfrlo then can be factored out of the integral
and treated as a background.

Comparing the resulting expression with eq. (4.25), we find:

> ()

Y R Ry <ot oo PR ¢ (|/§1 + /22|)

cl

roltle  pyitn (ki ko, [By + ko). (4.35)

In order to compare this result with previous literature, we can rewrite this expression for the
GW anisotropy in supersolid inflation as

A AN _ s oy 7L o Bllibop (R k)
S (52 42 _ P76 G+ + ko R (436
hWY, <'}’k1'}/k2>"R$rlO |E1+E2|<<k1,k2 / ( ) PR-A—OCH (Q) T0,—q ( )

This is the STT analogous of the TTT result found in [9]. The latter was written down for an
unspecified, phenomenological, model and arrived at in a heuristic fashion. Here we provided
a clear path to the result via the in-in formalism by (i) calculating the 1-loop STT bispectrum
in supersolid inflation and (ii) showing its relation with the induced anisotropy on the GW
power spectrum.

Note that in the expression of eq. (4.36), both the L.h.s. and r.h.s. are evaluated at the
end of inflation. Therefore, even though R, may not survive the reheating process — we
remind that it is (, that is transmitted to ¢ that then seeds the temperature anisotropies of
the CMB — the super-horizon tensor modes are frozen until they re-enter the horizon (for
example, modes relevant for LISA re-enter during radiation-domination), and still carry the
information about the value of the (RS}IO,— 5) -fluctuations during inflation. Then, the tensor
power spectrum evolves on small scales as usual, but with different values in different patches
of the sky due to different realisations of the stochastic variable R;’rlo, therefore giving rise to
SGWB anisotropies of primordial origin, dgw (k, 7).

These anisotropies of primordial origin in the SGWB have a typical amplitude

PP
f’\/'ycn C” R‘ﬂ'o A;/Q , (437)

NL,sq PCn Ry

*

where k, is the CMB pivot scale. Given the ample room for a large mixed three-point function
in the squeezed limit, even taking into account observational constraints in the scalar sector,
see eq. (4.32), it is certainly possible to have percent-level anisotropies in supersolid inflation.
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We also note in passing that, in supersolid inflation, GW anisotropies dgw have a
non-zero cross-correlation (see [15, 16] for the first work and related applications on this topic
respectively) with CMB temperature anisotropies, because in such model R, (sourcing dgw)
and (, (sourcing 07") are themselves correlated:

(Ocrw (e, W)OT (ks ) o (R ¢ ) o Py, () (4.38)
We do not provide here further details on cross-correlations in this model, leaving the subject
for future work. Having tackled the one-loop calculation of the tensor power spectrum and
STT bispectrum, one might wonder about higher order corrections, starting with the two-loop
term. As attested by the 1-loop result, the two-loop calculation is bound to be rather complex
and, for this reason, we shall leave it for future work. Nevertheless, one may note that in
several setups the two-loop contribution can be (parametrically or by other mechanisms)
sub-leading w.r.t. to the one loop term whilst having, at the same time, that the one loop
correction is larger than the tree level contribution. Two independent interesting examples of
this sort in the inflationary context can be found in [109, 110].

5 Conclusions

The prospect of a near-future detection of the stochastic gravitational wave background holds
an immense discovery potential for the physics of the early universe. Already the spectral
shape and the chirality of the GW signal may reveal key information on, for example, the
inflationary particle content. We can probe even deeper into the physics of the early-time
acceleration as we test primordial non-Gaussianities, directly accessing inflationary interactions.
A remarkable handle on such non-Gaussianities consists in the anisotropy these induce on the
GW power spectrum. Indeed, the squeezed component of a non-trivial scalar(tensor)-tensor-
tensor bispectrum can be constrained by surveying the position dependence of the tensor
power spectrum [9-11]. The same reasoning applies to non-Gaussianity-induced anisotropies
of the scalar power spectrum, with intriguing applications [10, 11] to the physics of the CMB
and the large scale structure.

In this work, we set out to put these results on a firmer ground, deriving them by
means of the in-in formalism. We first introduced the framework and then made contact
with existing examples. Models whose GW signal may exceed the sensitivity threshold
of upcoming experiments include the EFT of non-minimally coupled spinning (spin-2 in
particular) fields [84] and supersolid inflation [23]. We have gone beyond the existing work
on the spin-2 case by showing formally how to derive the STT bispectrum and related GW
anisotropy beyond the small-mixing regime. In order to do the same for the supersolid setup,
we calculated for the first time the 1-loop STT bispectrum. Our treatment clarifies under
what conditions specific inflationary interactions give rise to GW anisotropies.

The inflationary models of interest are those, typically multi-field, able to support
a detectable GW spectrum and to produce a sufficiently large long-short mode coupling
to induce a sizable anisotropy. As an efficient “rule of thumb” when casting inflationary
mechanisms for the part, it is useful to consider those characterised by light fields with
non-derivative interactions.

It is important to note that there exist anisotropies of a different nature that may
nevertheless exhibit the same signature as those studied in this manuscript. The propagation
of standard tensor modes through structure, in their way to GW detectors, will itself result
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in an anisotropic component [34, 35|, which is comparable to those originating from non-
Gaussianities when the strength of the latter is, schematically, fnr, ~ 1. The models we studied
here can support a much larger fxr,, but one ought to be aware of the possible degeneracies
for relatively small non-Gaussianities. There is of course also the matter of anisotropies of
astrophysical origin, a subject which is currently under intense research scrutiny [27-33].

In this context, an intriguing possibility to single out the cosmological nature of
anisotropies relies on cross-correlation with the CMB [39, 40], an option available both
for anisotropies associated to STT and TTT primordial bispectra. Having focused mostly
on bispectra of the STT type in this work, a natural next step would be to consider such
cross-correlation, for example for the supersolid case, and forecast the bounds on squeezed
non-Gaussianities one may achieve with a specific GW experiment. We leave this to fu-
ture work.
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A Standard in-in formalism

Given a theory, defined in terms of a Lagrangian for a set of fields 1;, one divides the
corresponding Hamiltonian into a free part and interactions: H = Hpee + Hint- The free part
defines what we call the interaction picture fields ¢! during inflation, and that verify the
equations of motion derived from Hpee:

5Hfree
oi Pl

~0. (A1)

Then, interactions encoded in Hj,; are treated perturbatively, and one computes correlation
functions of the full fields v; in an expansion in Hiy. The master formula of the in-in
formalism enables to express the time-dependent vacuum expectation value of a quantum
operator @(zﬁz) made of the fundamental fields, in the following way:

<(;)(t)> _ <0 ’ T <ei f_oo+ dt’flilnt(t/)) @I(t)T <6—i f_oo_ dt”lflilnt(t//)> ’ 0> ’ (AQ)

where HL = Hi(d]) and O = O(1]). The symbols —oo® represent the fact that the
adiabatic vacuum of the interacting theory, |0), should be projected onto the |in) vacuum
of the free theory in the infinite past. This procedure can be implemented technically by
slightly deforming the contour of integration into the complex plane in the infinite past,
—00 — —oo(1 =+ i€), hence the notations. The symbol T (and its hermitian conjugate T'),
represents the (anti-)time ordered operator. Note that the ie-prescriptions are conjugate one
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to the other in the two branches of the closed contour of integration, and that this is required
to preserve the hermiticity of the full evolution operator from the free vacuum to an arbitrary
interacting state at time ¢,

_ .t s /
O(t) =T <e’ S at I (0 ’) . (A.3)

This technical detail will turn out to be important for concrete calculations using the in-in
formalism, but in more formal steps in the following we may drop this explicit boundary de-
pendence.

In practice, correlation functions like <(§(t)> are computed perturbatively, at a given
order in Hiy, which can each be represented by a Feynman diagram for cosmological correlators.

A )
The first terms of the expansion can easily be written explicitly. Defining <O(t)>(n the n-th
order of the expansion, one has:

(o))" = (0] 0" )] 0) (A.4)
<@(t)>(1) = — 2Im Ut

—ocot

(6(1))” = - 2Re Vt a / _at (o] Al AL ’)@I(t)‘0>] (A.6)

0)

NI t tn-1
(O@) :z/ dt dtg.../ dt,, (A.7)

—00 —00 —00

x (O] [H(tn), [Hb(ta), - [Hhe (1), 0" @)] - ]| |0) -

The way one wrote the n-th order term is called the nested commutator form, it can be

dt' (0 ] HL (YO (1) ‘oﬂ (A.5)

" / dt / dt” (0| A, (#)0" (1) Hfy (¢")

. 2
obtained by mixing terms like the first and second lines of <(9(t)>( ). There, identifying —oo™

with —oo0™, one can express the integral over a square in the second line (indeed, ¢ and ¢’
are then interchangeable), as two integrals over a triangle in the time domain:

/ dt’ / at” (0| Hie (1)O () i (1) | 0)

[ [ oi L0 O (W) + L (O O L(¢) [0) |

and therefore:

(o / ar / ae" (0| [HL, (), [Hi, (), 0" ][ [0) . (A8)

Note that the price for this compact rewriting is loosing the information about the ie-
prescriptions that shut off interactions in the infinite past. Therefore, the nested commutator
formula is more useful for formal derivations than practical computations, for which one would
encounter UV divergences difficult to regularize without coming back to the un-nested form.

~99 —



B One-loop calculations in supersolid inflation

In this appendix, we give details about the one-loop calculations of the tensor power spectrum
and STT bispectrum in supersolid inflation.

B.1 One-loop tensor power spectrum

Using the in-in formula and eq. (4.14), we can express the tensor two-point function as:

s Pk dPqdPEad® g ST
<7]§’7]%\ > =€ QQMPI/ (271')12 Z QX(kI> Q1)Q5\/(k27QZ) (Bl)
AN

0 T1
l—2Re (/ d71a2(71)/ dTQCL2(T2)
oot oot

N/ A o

(0]52 (1) RE (m) R 2B ()32 ()R, ()R (71)424%

+/D d71a2(71)/0 dmya® (1)

—oot —oot

where Qx(k, ) = €} by J(k)q'q?. Performing all possible Wick contractions, and changing to the
dimensionless time variables

92 (MR ()Rt~ B (1) A28 A7, (1) RE (r2) Ry~ % (72) ’ 0>] ;

k
zi = —kmi — a(n) = Ha,’ (B.2)
one arrives at the dimensionless one-loop tensor power spectrum:
2
P =160’ (Pry, ) Ie., (B.3)

This equation is formally the same as the final one in the body of the paper, see eq. (4.17),
but I, is not yet in its simplest form,

, 6

kY |7 — kPP

oot oot 0o~
X/o dzy [/ d962f(z2(9317372)+/0 d$2f52($17x2)] ,

1

with:
fcs2 —(z122) *Re{(1—iz1) (1 +icsouzy) (1 +icsve;) (B.5)
X (1—icsouwe)(1—icsovre)(1—ixg) exp|—izy(csoutcsov—1)+ize(l+csou+tcsov)]},
1 . . .
fcs2 5(3:1952) 2 {(1—iz1)(1—icsouxy)(1l—icsovxy)
X (14icsouwe)(1+icsovre)(1+ixs) explizy (csou+csov+1) —ize(1+csoutcsov)]} .
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In these expressions, we have already introduced the variables (u, v) for the internal momentum
¢ in the loop:

7—k -k
%7 |q ; ‘ , and ¢ =cos ! (qqk:) , such that: (B.6)

0o v+1 2w
/d3(cj/k)—>/ dv/ du/ de x uv,
0 [v—1| 0
Q)\(/g,(j) 1
EEN

The properties of the functions a;\(¢) can be inferred from those of the polarisation tensors.
Here we only need the following one:

v =

[41}2 —(140* - u2)2} ax(o).

2m ,
d ax(@)ax(¢) = w6 . (B.7)

By applying these simplifications in the first line of I, in eq. (B.4), we recover the expression
in the main part of this text, see eq. (4.20).

Computation of I.,. As we will see, both contributions from the time-integrals of FV
and F" are divergent in the IR, i.e. for small values of the time parameter in the integral.
Crucially, these divergences cancel each other such that a finite result may be extracted. We
compute first the time-integrals, separating the two contributions and adding a small IR
cutoff zq:

oot oot 2 2 2\2)2
/ d:rl/ dngZQ(u,v,xl,azg):—[% il CoC i N Y (B.8)

32u2v?
0 1

R oot d €21 (i 411) (14 coauz ) (1 —icsavzy ) (14 csa (—i(u+v) +esauvey ) (=20 —x1 +coa (u+v) (i4+21)))
e (T eua(uv))a?

0

[41}2 _(1+112 _u2)2]2

xoio o 32u2v? X
1 i —4—8ctutv? +8cs2 (u4v) +5cSuv? (u4v) +6¢3, (u+v) (u? +uv+v?) — 2¢2, (5u® +duv+5v?)
2z (4(—1+cs2(u+v))? ’

where it is important to use the explicit ie-prescription to eliminate the contributions from
the infinite past, and to take the real part to cancel a 1/xg divergence. We then compute the
second contribution, which is actually just one integral squared:

oot oo~ 2 2 2\212
O _ 1[40"—(1+v"—u?)7]
/ZO dz, /wo dwaF, (u,v, 01, %2) = 5 T X (B.9)
. . 2
i (esa (utv))zo cs2(csau? (14 cs2v) +0(14co2v) Fu(1+4desav+c25v?)) i ic2uvTo
(14cs2(utv))? zo l4+cs2(utwv)
1P
20—0 2 32u2v?

1 2
Lg—k (1+C526(—12L+U))4 (—2uv(1+csg(u+v))3+ (U+U+032’U2+ngu2(1+0321))+CSQU’U(4+CSQU))2):| .

It is clear that the sum of these two terms is free of any divergence.
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Then, the loop-integral over the internal momentum may be performed explicitly following
these steps (intermediate expressions are lengthy and not particularly illuminating, we do not
display them here):

o Change the variables (u,v) to (t,s), see eq. (4.21);

o Perform first the integral over the compact domain s € [—1,1];

o Perform the integral over the infinite domain ¢ € [0, co[ by using dimensional regulariza-
tion, introducing a renormalisation scale u, and focusing on the log-running that we

find to be of the form log(u/k);

o Add the contribution o log(k/H) from the dimensional regularization of the mode
functions [104], thus arriving at a log(u/H).

After this last step, we are left with eq. (4.22) which is the final result.

B.2 One-loop scalar-tensor-tensor bispectrum

We use the in-in formula for the insertion of three vertices

/A Rf’r 0 T
<7£17]§2an‘3> 0 :2/ dTla(’Tl)/ _dTQCL(TQ) (B]_O)

1—loop oo~ — 00
0>}

° Fy a /A A
—Im [/ N drsa(rs) <0 ’ Him(Tz)Hint(Tl)’S’,%l’Y,%;Cn,gsﬂint(Ts) ‘ 0>} } ;

—00

T2 ~ A~ N /A
x {Im [/ _ drsa(7s) <0 ’ Hint(TS)Hint(TQ)Hint(Tl)A]%I'%%QCnES

—0o0

where Hip = ]fIiﬁRWO + I%A[EE‘ . For each of the two last lines in the above equation, there
exist three unequivalent contributions depending on the choice of which of the ﬁim (7;) is the
scalar cubic interaction. For example if this 7; is chosen to be 73 in the first of these two lines,
one recovers eq. (4.25). The five other contributions are straightforward to write from the
above equation, so we do not display them all at this stage.

The next steps consist in:
e inserting the interaction Hamiltonians;
o performing all possible Wick contractions;
e introducing the dimensionless time variables x; = —k;7;,

after which we arrive at

3

~ R
AN 2N . > T
Z)"/\/ <'7];1715‘2an3 1—loop

(271')35(3) (El + ];;2 + Eg)

B (ky, ko, ks) =

1—loop

M3 P2 (ks
= —247T2016?P2)1'PRWO X PRnoCn(k3) X ’YI( ) X JCSQ (B.ll)
Cs2
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This equation is formally the same as eq. (4.26), but J., is not yet in its simplest form. In

particular, note that the squeezed limit has not been taken yet, so that J. , reads:
k (Ko, k k?
c _ d3 —»/k Q/\( 17@ Q/\ ( 25 3+‘D _ 1 _ (B12)
2 k2 317 — k11317 kal3
)\/\’ ¢°|q — k1|7 + ks

oot
X Z/ d$1/ dxzo [/m d$39032 xz +/ d$3gcgg( )1 :

We report here the explicit form of the first of the six ¢¥/™? terms:

; — . . . k . . .
gcvs’; = (217273) 21m{(1—le)(1—1—@052ux1)(1—|—2052v:r1) X (l—zk—j@) (1—icsouzs)(1+icsizs)
2
X [052v2$§—3(1—iv052x3)] [05262x§—3(1—i17052933)] [csgzgmg—i’) (1—1'];3082953)}
1 1

X exp [—i$1(CSQU+CSQU—1)+iI2 (%—l—csgu—csﬂ?) +1iCsoT3 (v—l—ﬁ—i—%)} } , (B.13)

where we have introduced the following variables for the internal momenta in the loop:

q R g+ R
and 0= .

kl kl ’ kl

(B.14)

In the squeezed limit, k3 = k, < kg = ki1 ~ ko several simplifications occur: ko/k; =~
1, ks/k1 < 1, 0 ~ v etc. After using the same change of variables as in the one-loop power
spectrum above, and after integrating over the internal angle ¢ = cos™! [((j El)/(qkl)], we

arrive at egs. (4.28)—(4.29). The other five terms are obtained in the same way, but ought to
be computed separately.

Computation of J. . FEach of the six contributions contain IR divergences in the late-time
limit. It is convenient to group together the different contributions already for intermediate
steps of the computation. For example, keeping the focus on the first contribution:

+ + + 2 2, 12\212 +
[e’e) o) [e'e) 4 —(1 — e8]
/ dxl/ dxg/ dngZ;l(u,v,xi):[ v (140 —u)] / dxq (B.15)

32u?vd o

2 1
xlm{ Z aV (e, u,v)z] X 4 Z bn(csg,u,v)xf"Ei[i(l—1—032(u—l—v))ml]ei[l_cﬂ(“ﬂ)]zl} ,

n=—=6 n=-—2

(1)

where ay, ' (cs2,u,v), by (cs2,u,v) are complex numbers. Although we do not integrate an-

alytically the term containing the function Ei(z) = — [ dt(e™"/t), this term is exactly
compensated by the second contribution:
+ + + 2 2, 2\212 +
o0 o0 o0 qv° —(14+v*—u®)?]? [
d d dasGY? ,,i:[ / d B.16
/zo o /xl "2 /;1:2 3Gy (4, 0:2) 32u2vd o o ( )

2 1
xIm{ Z ag)(csg,u,v)xf”e%“— Z bn(csg,u,v)xl_"Ei[i(l—l—csg(u—i—v))xl]ei[l_cﬂ(uﬂ’)]“} ,

n=- n=-—2
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al? )(052, u,v) being other complex numbers, such that the sum of the two can be computed.
Adding the third contribution, we find in the small-zq limit:

+ + + 2 2 21212
oo} o0 e8] 4 — 1 —
/ dxl/ dxg/ dasGY (uyv,0p) — -0 )] (B.17)

0 1 2 x0—0 32u29d

x Im Z "ty V (cs2,u,0)zy ™ »

n=-—5

g (cs2,u,v) being real numbers, from which it is clear that all divergences of odd order in
vanish. The divergences of even order are then cancelled by taking into account the other
three contributions, that read:

oot oot oot [402_ (1+02_u2)2}2
d/d/dGD,,-: B.18
jﬁo o 1 2 zo s Cﬂ(u v $J zo—0 32u20d ( )
0
x Im Z—i”“gf(csg,u,v)ma" ,
n=-5

where the gE(csg, u,v) are real numbers. Crucially, the even, non-zero, order terms are equal
in both cases, (¢°,,9%) = <g 1,9 2) such that the total result after performing the time
integrals is finite and reads:

ot (e PP -
Joyy = / dv/ o020 (go (cs2,u,v) — go (csg,u,v)) . (B.19)

We then proceed as in the tensor power spectrum case and obtain eq. (4.30) as a
final result.
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