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RESEARCH ARTICLE

Comparison of Improved Unidirectional
Dual Velocity-Encoding MRI Methods

Pamela Franco, MSc,1,2,3,4 Liliana Ma, PhD,5,6 Susanne Schnell, PhD,7

Hugo Carrillo, PhD,8,9 Cristian Montalba, BSc,1,3,10 Michael Markl, PhD,5,6

Crist�obal Bertoglio, PhD,11 and Sergio Uribe, PhD1,3,4,10*

Background: In phase-contrast (PC) MRI, several dual velocity encoding methods have been proposed to robustly increase
velocity-to-noise ratio (VNR), including a standard dual-VENC (SDV), an optimal dual-VENC (ODV), and bi- and tri-
conditional methods.
Purpose: To develop a correction method for the ODV approach and to perform a comparison between methods.
Study Type: Case–control study.
Population: Twenty-six volunteers.
Field Strength/Sequence: 1.5 T phase-contrast MRI with VENCs of 50, 75, and 150 cm/second.
Assessment: Since we acquired single-VENC protocols, we used the background phase from high-VENC (VENCH) to
reconstruct the low-VENC (VENCL) phase. We implemented and compared the unwrapping methods for different noise
levels and also developed a correction of the ODV method.
Statistical Tests: Shapiro–Wilk’s normality test, two-way analysis of variance with homogeneity of variances was performed
using Levene’s test, and the significance level was adjusted by Tukey’s multiple post hoc analysis with Bonferroni (P < 0.05).
Results: Statistical analysis revealed no extreme outliers, normally distributed residuals, and homogeneous variances. We
found statistically significant interaction between noise levels and the unwrapping methods. This implies that the number
of non-unwrapped pixels increased with the noise level. We found that for β = VENCL/VENCH = 1/2, unwrapping methods
were more robust to noise. The post hoc test showed a significant difference between the ODV corrected and the other
methods, offering the best results regarding the number of unwrapped pixels.
Data Conclusions: All methods performed similarly without noise, but the ODV corrected method was more robust to
noise at the price of a higher computational time.
Level of Evidence: 4
Technical Efficacy Stage: 1

J. MAGN. RESON. IMAGING 2023;57:763–773.

Phase-contrast (PC) MRI enables the quantification of
velocities by subtracting two measured phases of the com-

plex transverse magnetization.1 This method was extended to
4D-flow MRI, which was applied in several studies for the
quantitative analysis of cardiovascular diseases.2–8 However,
the applications of 2D PC-MRI and 4D flow may be limited

by the low velocity-to-noise ratio (VNR) of the images. The
VNR is mainly managed by setting the velocity-encoding sen-
sitivity (VENC). VENC is inversely proportional to VNR in
the final measured velocity map. However, if VENC is lower
than the maximum velocity, it leads to phase wrapping in the
velocity data.9 Furthermore, even for VENC values slightly
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larger than the true velocity, velocity aliasing may occur due
to measurement noise.10–12

Therefore, setting up the VENC is important to obtain
velocity data with high VNR without wrapping artifacts. If
the images have severe wrapping artifacts or low VNR, several
images may need to be re-acquired with different VENCs,
further increasing total scanning time.1

In some cases, it is necessary to obtain quantitative infor-
mation of low and high blood flow velocities simultaneously
within the same field of view. For instance, velocities from veins
and arteries can differ by orders of magnitude, even in normal
subjects. Unwrapping methods are used as an additional post-
processing step to be able to acquire data with as high as possible
VNR and low as possible velocity sensitivity.13 In principle,
phase unwrapping seems like a simple operation, which detects
phase jumps and adds (or subtracts) the appropriate multiple of
2π to remove velocity wrapping. Nevertheless, the presence of
noise, processing errors, undersampling, and spurious artifacts
converts this problem into a cumbersome process, especially if
the data experiences multiple wraps. To solve this issue, dual-
VENC approaches have been proposed.

Lee et al first implemented dual-VENC 2D PC-MRI
with through-plane velocity encoding that acquired three
phases with different velocity encoding gradients, allowing
reconstruction of two sets of velocity images corresponding to
a high- and low-VENC. The low-VENC image was then
unwrapped using the high-VENC.14 We call here this
method standard dual-VENC (SDV). The result is a single
dataset with the favorable VNR of the low-VENC scan but
without velocity aliasing.

Furthermore, Schnell et al developed a dual-VENC 4D-
flow MRI sequence using a shared reference scan followed by two
successive interleaved high and low VENC acquisitions, which
allowed the encoding of 3D blood flow velocities with a seven-
point encoding scheme.15 In this context, a different dual-VENC
reconstruction method consisting of the high VENC data to cor-
rect for aliasing in the low VENC data based on empirically
defined thresholds. Recently, Ma et al proposed two improved
ways to perform the dual-VENC reconstruction based on fixed
thresholds using biconditional and triconditional statements.16

Carrillo et al reformulated the phase-contrast velocity as
a least-squares estimator. The method was called optimal
dual-VENC (ODV) and justified theoretically high/low
VENC ratios such that the aliasing velocity can be mini-
mized.17 The ODV formulation can be generalized to
multiple-motion encoding in a straightforward manner, as it
was done by Herthum et al,18 where it was also successfully
applied to MR elastography in the brain.

In this study, we aimed to compare the SDV, ODV,
bi-, and triconditional unwrapping methods under different
noise conditions. In addition, we proposed a correction algo-
rithm for the ODV method to improve the success of the
methods, which is based on theoretical considerations.

Theory
Assumptions
We assume three measurements with gradients
G0 ¼ 0 <GH <GL, this results in three measured phases φ0,
φH, and φL. Two motion images with normal distribution
can then be estimated that share the background phase, φ0,
from the three-phase measurements:

uH ¼φH�φo

π
VENCH,uH �N uH,2σ2φVENC2

H

� �
uL ¼φL�φo

π
VENCL,uL �N uL,2σ2φVENC2

L

� �
ð1Þ

uH and uL are related to velocities acquired with high-
and low-VENCs, where VENCL ¼ βVENCH,0 < β < 1, uH
and uL are the mean velocity of the high- and low-VENCs,
respectively, the value of σ2φ depends on the SNR of the mag-

netization measurements, and the variance of uH and uL
—after successful unwrapping—are respectively,
Var uHð Þ¼ 2σ2φVENC2

H and Var uLð Þ¼ 2σ2φVENC2
L. The

four unwrapping methods that were investigated in this study
are further described below.

Standard Dual-VENC Approach
Given two images with different VENC values, dual-VENC
reconstructions aim to unwrap a set of velocity images
acquired with a low VENC using an image acquired with a
high VENC as follows:

k¼NI
uhigh�uL
2VENCL

� �
uSDV ¼ uLþ2VENCLk ð2Þ

with NI the nearest integer operator and uhigh computed
as,

uhigh ¼
ui iVENC>VENCH

uHotherwise

�
ð3Þ

where ui is defined as,

ui ¼φL�φH

π
iVENC ð4Þ

The resulting third VENC depends on the change in first gradi-
ent moment between the low- and high-VENCs, is defined as,

iVENC¼ VENCH VENCL

VENCH�VENCL
ð5Þ

We made a minor modification of the standard dual-
VENC (SDV) reported Lee et al,14 in order to make a fair
comparison with the other methods. We took full advantage
of the VENCs used, in case iVENC > VENCH, we used ui
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rather than uH as the original SDV would have used,
maintaining the effective VENC value. Note
that VENCL <VENCH ≤ iVENC.

Biconditional Approach
Following the logic of Dual-VENC methods proposed by
Schnell et al,15 Ma et al16 used three sets of phase-contrast
images (ui,uH,uL) to identify wrapped voxels in the lowest
VENC image.

First, a biconditional unwrapping method was proposed
by an extension of Equation (2), where the aliased velocities
fell into two categories:

VENCL < uL�ui < 3VENCL : ubiconditional ¼ uLþ2VENCL

�3VENCL < uL�ui < �VENCL : ubiconditional
¼ uL�2VENCL

3VENCL < uL�ui < 5VENCL : ubiconditional ¼ uLþ4VENCL

�5VENCL < uL�ui < �3VENCL : ubiconditional
¼ uL�4VENCL

and

VENCH < uH�ui < 3VENCH : ubiconditional ¼ uLþ2VENCL

�3VENCH < uH�ui < �VENCH : ubiconditional
¼ uL�2VENCL

3VENCH < uH�ui < 5VENCH : ubiconditional ¼ uLþ4VENCL

�5VENCH < uH�ui < �3VENCH : ubiconditional
¼ uL�4VENCL

ð6Þ

Triconditional Approach
Also, in Ma et al,16 following the same strategy refers in the
biconditional unwrapping method, the triconditional reconstruc-
tion algorithm also considered the relationship between the low-
and high-VENC images, using the same two aliased velocity cat-
egories, with a new last condition. It brings the high- and low-
VENCs into the same VENC domain and adds an additional
constraint to prevent incorrect unwrapping of aliased voxels.

VENCL < uL�ui < 3VENCL : utriconditional ¼ uLþ2VENCL

�3VENCL < uL�ui < �VENCL : utriconditional
¼ uL�2VENCL

3VENCL < uL�ui < 5VENCL : utriconditional ¼ uLþ4VENCL

�5VENCL < uL�ui < �3VENCL : utriconditional
¼ uL�4VENCL

ð7Þ

and

VENCH < uH�ui < 3VENCH : utriconditional ¼ uLþ2VENCL

�3VENCH < uH�ui < �VENCH : utriconditional
¼ uL�2VENCL

3VENCH < uH�ui < 5VENCH : utriconditional ¼ uLþ4VENCL

�5VENCH < uH�ui < �3VENCH : utriconditional
¼ uL�4VENCL

or

VENCi < uH�uL < iVENC : utriconditional ¼ uLþ2VENCL

�3VENCi < uH�uL < � iVENC : utriconditional
¼ uL�2VENCL

3VENCi < uH�uL < 5iVENC : utriconditional ¼ uLþ4VENCL

�5VENCi < uH�uL < �3iVENC : utriconditional
¼ uL�4VENCL

Optimal Dual-VENC Approach
Carrillo et al17 proposed the optimal dual-VENC (ODV)
method. This method is based on the formulation of the
dual-VENC problem as a least-squares sum function. The
cost function has the form:

J dual uð Þ¼
X2
j¼1

1� cos
π

VENCj
uj�u
� �� �� �

ð8Þ

In ODV, the unwrapped motion corresponds to the
global minimum with the smallest magnitude, which we will
denote u*. Note that the periodicity of J dual uð Þ is the least
common multiplier between the periodicity of the single-
VENC functions if VENCH=VENCL is a rational number.
That was recently mathematically proven in a previous
study.18 Therefore, unwrapping is produced when half-of the
periodicity of J dual is larger than the true velocity. This allows
VENCH to be smaller than the true velocity, and it is not
required to construct a third velocity with iVENC. The peri-
odicity depends on β and it corresponds to 2 aVENCH,
β¼ a=b, with a,b positive integers. It can be verified that
iVENC match with aVENCH and iVENC when b¼ aþ1.

It is important to mention that u* results in a combined
version of uH and uL. Therefore, its variance is not the same
as the one of uL. In case that uH and uL are independent
identically distributed (i.i.d.), the variance is reduced as it was
proven in a previous study.18 However, this is no longer the
case when uH and uL share the background phase. In that
case the variance of u* maybe even larger than for uL,
depending on β. The detailed theoretical analysis is given in
Appendix A.

March 2023 765

Franco et al.: Comparison of Improved Dual VENC PC-MRI Methods

 15222586, 2023, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/jm

ri.28305 by U
niversiteitsbibliotheek, W

iley O
nline L

ibrary on [05/04/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



In order to obtain comparable results with the other
methods in terms of the variance of the unwrapped velocity,
we will adopt a simpler (and also computationally cheaper)
version of the ODV. To just use J dual uð Þ to guide the
unwrapping of uL, that is, to find u* by solving,

k* ¼ arg min
k � ℤ

J dual uLþ2VENCLkð Þ, subject to�VENCeff ≤ uL

þ2VENCLk ≤VENCeff

ð9Þ

where the effective VENC is VENCeff ¼VENCH
β

1�β and

then to set u* ¼ uLþ2VENCLk: This leads to Var u*ð Þ¼
Var uLð Þ¼ 2σ2φVENC2

L, as in the other methods. This approach

was introduced and applied to MR elastography recently.18

Optimal Dual-VENC Correction Algorithm
Here we propose a new approach to improve the results of
the ODV method. In the presence of noise, all methods may
fail to unwrap appropriately. However, in the case of the
ODV, the cost function can be used to automatically detect
potential failures and propose a corrected value.

To explain our ODV correction algorithm, an example is
shown in the ascending aorta of a representative volunteer,
Fig. 1a, with two pixels that the ODV method for (VENCH,
VENCL) = (75, 50) was not able to correct, restricted in the
red rectangle. We analyzed four points in the region of interest
(ROI), two of them still had aliasing (points 1 and 3), and the
other pixels the ODV found the true velocity values (points
2 and 4) as shown in Fig. 1b. The presence of noise deforms
the dual-VENC functions, as in Fig. 1c, then the global minima
with the smallest absolute value will not be (close to) utrue, and
velocity aliasing occurs, such as it occurs in points 1 and
3. Nevertheless, using the ODV formulation, we can correct
it using the cost function values. Based on the considerations
above, the ODV correction algorithm is as follows:

1. Locate 8-connected pixels for every image pixel for 2D.
2. Calculate the mean velocity of the neighborhood.
3. If this result does not have the same sign as the central

pixel. Then, find the local minimum of J dual uð Þ with the
smallest velocity value of the same sign as the neighbor-
hood of the central pixel.

4. And finally, replace the velocity value corresponding to
that local minimum of J dual uð Þ in the pixel of interest.
The final result can be found in the Fig. 1d.

Methods
In Vivo Dataset
Two-dimensional PC-MRI data were acquired in 26 volun-
teers, age 32.4 � 11.6 years (range 22–73 years, nine

females) using a clinical 1.5 T MR Scanner (Philips Achieva,
Philips Medical Systems, Best, The Netherlands). The local
committee approved the study, and informed consent was
obtained from all participants. The protocol consisted of a
through-plane 2D PC-MRI sequence perpendicular to
ascending aorta above the Valsalva sinus. Acquisition parame-
ters were: TE of 3.7 msec, TR of 5.5 msec, FA of 15�,
VENCs of 50, 75, and 150 cm/second, field-of-view (FOV)
of 320 � 116 mm, trigger time 27 msec, 25 cardiac phases
using prospective ECG triggering, in-plane resolution
1 � 1 � 8 mm,3 and temporal resolution between 35 and
48 msec. The raw data were obtained, and the reconstruction
of each bipolar gradient was performed offline using
MATLAB. Data from a five elements phased-array cardiac
coil were combined using the method proposed by
Bernstein et al19 and Nett et al.20 Since the acquisitions
were performed using single-VENC protocols, we used the
background phase from the scan with VENC1 to recon-
struct velocity image with the VENC2. To compare the
methods, we only used representative peak-systolic phase,
when more aliasing occurs.

The in vivo dataset was processed using an in-house
MATLAB library (The MathWorks Inc., Natick, MA,
USA), running in a 2.3 GHz Intel i7 processor equipped
with 8 GB of RAM, which included the data reconstruc-
tion, the implementation of the unwrapping methods
(SDV, ODV, and bi- and triconditional), the ODV correc-
tion algorithm, the addition of artificial noise, and the
analysis of the results.

Additional (Synthetic) Noise
We simulated different levels of noise for the in vivo datasets.
We assume three measurements with velocity encoding gradi-
ents G0 ¼ 0 <GH <GL, resulting in three measured complex
magnetizations Z 0k, ZHk, and Z Lk, for each coil k¼ 1,…5,

Z 0k ¼M 0kei;0k ð10Þ

ZHk ¼MHkei;Hk

ZLk ¼MLkei;Lk

The modulus of Zk provides the single-coil magnitude image,
Mk, and the subscripts H and L are related to phases
acquired with high- and low-VENCs, respectively, and 0 to
the background phase. For all magnetization measurements,

i.i.d. complex Gaussian noise ε ~N 0,σ2ð Þ was added with a
variance of σ¼M 0,5,10,15f g%, with M the maximal mag-
nitude for all coils, voxels, and encoding gradients. Denoting
the perturbed measurements with a “hat,” the phase-
difference used in the velocity reconstruction for each voxel
was computed by combining the measurements of the coils as
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ΔΦH,L ¼ arg
X
k

dZ H,Lð Þk dZ 0k*

 !
ð11Þ

ΔΦi ¼ arg
X
k

dZHk
dZ Lk*

 !

where * denotes complex conjugate and arg Aþ iBð Þ is the
angle between the positive real axis and the line joining 0 and
Aþ iB, in radians. Finally, the velocities uH,L,i are given by,

uH,L ¼ΔΦH,L

π
VENCH,L ð12Þ

ui ¼ΔΦi

π
iVENC

In order to compute the statistics of the results, we used
100 realizations of the noise.

VENC Combinations
In order to compare the methods, we used the following
VENC combinations: (VENCH, VENCL) = (150, 75)
cm/second, (VENCH, VENCL) = (150, 50) cm/second, and
(VENCH, VENCL) = (75, 50) cm/second, which resulted in
iVENCs of 150, 75, 150 cm/second, respectively. The rea-
soning is that, according to the theory, this provides an effec-
tive VENC values of 150 cm/second, respectively, for all
methods, since β = VENCL/VENCH = 1/2, 1/3, and 2/3.
Combining closer VENC values has been reported to have
reduced noise robustness.18

Unwrapping Performance Quantification
To quantify and compare the performance of the methods,
we counted the number of aliased of pixels after the
unwrapping methods for each set of additional noise levels.

In order to analyze only the results within the aortic
lumen, we applied binary masks. First, we converted the mag-
nitude image into a binary image. Then, we calculated the
distance transform for the binary image. Due to the fact that
the ascending aorta (AAo) has a circular geometry, we used
the watershed transform.21 Consequently, we identified the
circle with the most extensive area. The segmentations were
visually inspected and manually corrected if needed. Finally,
we cropped the circles and automatically created the binary
masks.

Then, we applied the same mask to the result of each
unwrapping method and VENCs combination and counted
the pixels whose sign differed from the iVENC data.

Ethics Committee Approval
All subjects participated under informed consent, with data
collection approved by the Ethical Committee of the Medical
School at the Pontificia Universidad Cat�olica de Chile and
volunteers gave written informed consent for using their clini-
cal data for research purposes.

Statistical Analysis
The datasets were checked for normality using a Shapiro–
Wilk’s normality test. The two-way analysis of variance was
conducted to examine the unwrap pixels by using the
unwrapping methods with different noise levels.

Figure 1: Two-dimensional PC-MRI for an ascending aorta of volunteer 1. (a) ODV 75, 50 marking ROI, red rectangle. (b) ROI’s zoom
with points of interest. (c) Cost functions vs. velocity for each point of interest, with the global minimum marked as asterisks. (d)
Results of the ODV corrected methods marked the points of interest.
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Homogeneity of variances was performed using Levene’s test,
with a P-value <0.05 indicating statistical significance.
Tukey’s multiple post hoc analysis with Bonferroni correction
was performed for pair-wise comparison of unwrapping
methods and two groups of noise levels. The results of the
in vivo datasets were displayed in box-whisker plots. The sta-
tistical analysis was performed using the software R 4.1.1
(R Foundation for Statistical Computing, Vienna, Austria).22

Results
Figure 2 illustrates the comparison of the unwrapping
methods with different noise levels (0% and 10%) and
VENCs combinations of a particular volunteer (26 years old,
male). Figure S1 in the Supplemental Material shows the
results for the same volunteer with 5% and 15% noise level.
These examples demonstrated that without synthetic noise,
all the methods delivered similar results. As expected, increas-
ing the noise made all unwrapping methods less robust,

making the difference in the results of the methods more
appreciable. Moreover, the figure shows the pixels where
there was a difference between the ODV and the ODV
corrected method (eighth column). It is important to men-
tion that with β = 1/2, the number of pixels corrected was
less than β = 1/3 and β = 2/3.

To quantify the performance of the methods, the results
in terms of unwrapping success in the AAo of all volunteers
with a different VENCs combination are shown in Fig. 3 and
Fig. S2 in the Supplemental Material. Statistical analysis rev-
ealed that there were no extreme outliers, residuals were nor-
mally distributed (P > 0.05), and there was homogeneity of
variances (P > 0.05). On the other hand, there was a statisti-
cally significant interaction between noise levels and the
unwrapping method for the different VENCs combinations
(iVENC, VENCH, VENCL) = (150, 150, 75), (iVENC,
VENCH, VENCL) = (75, 150, 50), (iVENC, VENCH,
VENCL) = (150, 75, 50). Consequently, we found which
pairs of unwrapping methods differed using the Turkey test

Figure 2: Ascending aorta at peak systole of a representative volunteer. (a) Magnitude images: slice prescription and region of
interest. Phase-differences images with VENCs combination of (b) (iVENC, VENCH, VENCL) = (150, 150, 75), (c) (iVENC, VENCH,
VENCL) = (75, 150, 50) cm/second and (d) (iVENC, VENCH, VENCL) = (150, 75, 50) cm/second with different levels of synthetic
noise,σ. The VENCs used by the SDV and ODV methods are in the top part of the figures. First column: iVENC; second column:
VENCH; third column: VENCL; fourth column: SDV; fifth column: ODV; sixth column: ODV corrected; seventh column: difference
between the ODV and ODC corrected method; eighth column: biconditional; and ninth column: triconditional methods.
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receiving a Bonferroni adjustment, indicated with the line
mark and asterisk. These results revealed a significant differ-
ence between the ODV corrected and the other methods for
β = 1/2, β = 1/3, and β = 2/3 for both noise levels analyzed
(σ¼ 0,10%). Also, the ODV method presented statistically
significant differences from the other methods with β = 1/3
and a noise level of 10%. Moreover, the figure shows the
pixels where there was a difference between the ODV and
the ODV corrected method (eighth column). It is important
to mention that with β = 1/2, the number of pixels corrected
were fewer than with β = 1/3 and β = 2/3.

For all methods and noise levels, the most robust VENC
combination appeared to be β¼ 1=2, where
VENCH ¼VENCeff and VENCL ¼VENCeff=2, for example,
(VENCH, VENCL) = (150, 75) cm/second for (iVENC,
VENCH, VENCL) = (150, 150, 75) cm/second. For
β¼ 1=3, the reconstruction became less robust when increas-
ing the noise level where VENCH ¼VENCeff and
VENCL ¼VENCeff=3, for example, (VENCH,
VENCL) = (150, 50) cm/second for (iVENC, VENCH,
VENCL) = (75, 150, 50) cm/second. And finally, we
obtained the less robust results with β¼ 2=3 where
VENCH ¼VENCeff=2 and VENCL ¼VENCeff=3, for exam-
ple, (VENCH, VENCL) = (75, 50) cm/second for (iVENC,

VENCH, VENCL) = (150, 75, 50) cm/second. Eventually, if
β increased the distance in the cost functional is much
smaller, which explained the errors of the method with
β¼ 1=3,2=3f g, see details in.17

When comparing all methods, for each combination
and noise level, the original ODV method showed the largest
percentage of aliased pixels compared to the other of the
methods for all VENC combinations and added noise. After
that, the SDV, biconditional, and triconditional showed simi-
lar results. The best-performing method was the
corrected ODV.

Computation times for a single volunteer dataset analyzed,
the ODV and ODVcorrected were slower than the bi- and tri-
conditional, and the SDV (ODV: ≈ 1.11 seconds, ODVcorrected:
≈ 1.242 seconds, biconditional: ≈ 0.007 seconds, tri-
conditional: ≈ 0.008 seconds, and SDV: ≈ 0.003 seconds).

Discussion
This work reviewed, theoretically analyzed, and compared five
unwrapping methods based on an in vivo dataset based on
two acquired VENCs: the SDV, ODV, ODV corrected, and
bi- and triconditional methods, where we developed the

Figure 3: Box whisker plots for the evaluation of unwrapping methods of the volunteers at peak-systole in the ascending aorta with
different levels of synthetic noise,σ, with VENCs combination of (first column) (iVENC, VENCH, VENCL) = (150, 150, 75) cm/second,
(second column) (iVENC, VENCH, VENCL) = (75, 150, 50) cm/second, and (third column) (iVENC, VENCH, VENCL) = (150, 75, 50)
cm/second. The SDV and ODV methods used in first column (VENCH, VENCL) = (150, 75) cm/second β = 1/2, second column
(VENCH, VENCL) = (150, 50) cm/second β = 1/3, and third column, the SDV (iVENC, VENCL) = (150, 50) cm/second β = 1/3, and the
ODV method (VENCH, VENCL) = (75, 50) cm/second β = 2/3. Aliased number of pixels after the unwrapping methods were
performed as a percentage. On each box, the central mark is the median, the bottom and top edges of the box are the 25th and
75th percentiles, respectively, and the whiskers extend to the most extreme data points not considered outliers. The significance of
the interaction between noise levels and the unwrapping method for the different VENCs combinations is in the top part of the
figures with their P-values. The symbol * indicates statistically significant differences (P < 0.05).
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ODV corrected method based on theoretical considerations.
This is the first reported comparison of all these methods.

It was shown that the most robust unwrapping method
appeared to be the corrected ODV method without noise. In
contrast, the other methods showed similar performance in
unwrapping success for all values of β tested in this work.

With the addition of synthetic noise to the in vivo
datasets, the percentage of failed unwrapping increased for
all values of β. We found that for β = VENCL/
VENCH = 1/2 all methods performed similarly. These
results were consistent with Carrillo et al17 and Herthum
et al.18 For that β value, the most robust unwrapping
methods appeared to be the corrected ODV method
(P < 0.005), obtaining the lowest failure percentage (mean
values for: β = 1/2, 0.68% and 0.93% for noise levels of
0% and 10%, respectively; β = 1/3, 0.99% and 1.83% for
noise levels of 0% and 10%, respectively; and β = 2/3,
3.94% and 4.36% for noise levels of 0% and 10%, respec-
tively) compared with the other methods. Our statistical
analysis can adequately determine the difference between
the pair of unwrapping methods. We considered the mean
percentage of aliased pixels after two unwrapping methods
of 10% and 11%, respectively, and a standard deviation of
1% with a power of 0.8. Furthermore, the unwrapping
method had similar behavior independent of the noise
level. As expected, as noise level increased of the number
of aliased pixels increases as well.

To make a fair comparison among all methods, we took
full advantage of the VENCs proposed by Ma et al.16 For the
SDV approach, in case iVENC > VENCH, we used ui rather
than uH as the original SDV would have used it, maintaining
the effective VENC value. Otherwise, Lee et al14 reported
that the SDV method cannot handle the aliasing when both
VENC values are lower than the maximum velocity.

Carrillo et all did not perform a detailed analysis of
robustness of unwrapping methods to noise, only qualitatively
on synthetic data. Here, we presented such analysis both
numerically and theoretically. For the ODV method, here we
used the “reduced” version recently reported by Herthum
et al.18 This is based on the statistical analysis in Appendix A,
which includes the fact that the velocity images shared the
background phase with different VENC values. Furthermore,
we developed a correction method for the ODV based on the
additional information provided by the method. Although it
works for single isolated pixels with incorrect values, it is
important to mention that our algorithm may fail in a region
with contiguous and wrapped pixels if the number of aliased
pixels is similar to the number of pixels in the window kernel.
Nevertheless, as we observed in the experiments, the correc-
tion algorithm worked adequately, even in extreme cases as
when we added 15% noise to the images. In that case, we
had a few contiguous pixels aliased, and the algorithm
unwrapped most of them. Also, our correction required more

computational time than the ODV method. However, the
ODV method was slower than SDV, bi-, and triconditional
methods. Nevertheless, the computing time remained in the
order of seconds, and therefore, it should not affect the appli-
cability of the (corrected) ODV methods in clinical practice.
It is important to clarify that we limited our study to
methods where the velocity encoding is varied within the
same spatial direction. Approaches using “diagonal” directions
such as Johnson et al and Zwart and Pipe23,24 were not
included in the analysis since they dealt with different input
images.

Limitations
From the acquisition point of view, the PC- MRI data were
acquired using standard single-VENC PC-MRI sequences.
Nevertheless, we performed the acquisitions so that all other
acquisition parameters except VENC had the same value.
Further, we only used one common phase to process all data
for all methods, and therefore, this single VENC acquisition
would not affect the comparison of all methods. Another lim-
itation is that all methods were assessed in healthy volunteers;
future studies will investigate all methods in patients with ste-
notic valves, areas with high velocity, or in 4D-flow sequences
of a large FOV. Another issue is that phase errors could arise
from a patient’s motion during the MRI acquisition.25 We
attempted to control this factor to the best of our ability, as
the acquisition was performed under breath-holds; any resid-
ual motion may have affected all methods similarly as all
methods were acquired in the same scan session. Finally,
although we tested the method on 26 volunteers, future work
will use a flow phantom to test these methods in a controlled
experiment. Using a phantom flow will allow us to test the
Dual-VENC unwrapping methods under different conditions
of flow (turbulent and retrograde conditions), noise, and
resolutions.26

Conclusions
In this study, we found that the quality of the results depends
on the proportion of the VENCs of the input images, with
VENCL/VENCH = 0.5 being the best performing combina-
tion for all methods. For that VENC combination, the most
robust unwrapping method to noise was the corrected ODV
approach, while the other methods showed similar perfor-
mance in terms of unwrapping success.
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APPENDIX
A.1. Variance Analysis of the ODV Method
In order to calculate the statistical properties of u* in the ODV method, we first need to obtain a closed expression for
(an approximation of) it. Indeed, since the global minimum is also a local minimum, we calculated u* using the fact that the
solution is a local minimum of the cost function. Namely, we search for J 0dual u*ð Þ¼ 0, with

J 0dual u*ð Þ¼� π

VENCH
sin

π

VENCH
uH�u*ð Þ

� �
� π

VENCL
sin

π

VENCL
uL�u*ð Þ

� �
ðA1Þ

¼� π

VENCH
sin

π

VENCH
uH�u*þ2kHVENCHð Þ

� �
� π

VENCL
sin

π

VENCL
uL�u*þ2kLVENCLð Þ

� �
¼ 0

In consequence, we can approximate the sin-terms by its arguments leading to:

u* ≈ VENC�2
H þVENC�2

L

� ��1
uHVENC�2

H

� þ uLVENC�2
L þ2 kHVENC�1

H þkLVENC�1
L

� �Þ ðA2Þ

Note first that the phases φo, φH, and φL are statistically independent with an expected value of E φi½ � ¼ E φo½ �þ ui
d i
π ,

where i¼H,L are related to velocities acquired with high and low VENCs. As a consequence, uH and uL are statistically
dependent because both VENC images share the background phase. Therefore, the variance of u* (Equation A2) has the form,

Var u�ð Þ¼ VENC�2
H þVENC�2

L

� ��2

Var uHð ÞVENC�4
H

�
þVar uLð ÞVENC�4

L þ2VENC�2
H VENC�2

L Cov uH,uLð Þ
�
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H þVENC�2

L

� ��2
2σ2φVENC�2
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L
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¼Var uLð Þ
1þβ2

1þ β

1þβ2
� � !

ðA3Þ

For this calculation, we considered Var φ0ð Þ¼ π2σ2φ, Var uLð Þ¼ 2σ2φVENC2
L, and Var uHð Þ¼ 2σ2φVENC2

H. Note that the

covariance is defined as the expected value of the product of their deviations from their individual expected values
Cov uH,uLð Þ¼ E uH�EuHð Þ uL�EuLð Þ½ � and the expression for the variance, for example, for the φ0 can be expanded

as, Var φ0ð Þ¼E φ0�E φ0½ �ð Þ2	 
¼E φ2
0�2φ0E φ0½ �þE φ0½ �2	 
¼E φ2

0

	 
�2E φ0½ �E φ0½ �þE φ0½ �2 ¼E φ2
0

	 
�E φ0½ �2.
Now we want to calculate the β values (VENCL ¼ βVENCH,0 < β < 1) such that the variance of the result with the

ODV method is equal to or lower than the low VENC image, i.e., Var u*ð Þ ≤Var uLð Þ,

Var u*ð Þ¼Var uLð Þ
1þβ2

1þ β

1þβ2
� � !

≤Var uLð Þ ðA4Þ

Equation A4 becomes

β4þβ2�β ≥ 0 ðA5Þ

We could find the solutions for Equation A5, factorizing by β and using the zero-factor theorem for β≠ 0,

β3þβ�1 ≥ 0 ðA6Þ

Therefore, an improved estimate in terms of variance is obtained,

Var uLð Þ
1þβ2

1þ β

1þβ2
� � !

≤Var uHð Þ, if β ≥ 0:682 ðA7Þ
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