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Abstract
We show that by gauging the Schrodinger algebra with critical exponent z and
imposing suitable curvature constraints, that make diffeomorphisms equivalent
to time and space translations, one obtains a geometric structure known as
(twistless) torsional Newton—Cartan geometry (TTNC). This is a version of
torsional Newton—Cartan geometry (TNC) in which the timelike vielbein 7,
must be hypersurface orthogonal. For z = 2 this version of TTNC geometry is
very closely related to the one appearing in holographic duals of z = 2 Lifshitz
space-times based on Einstein gravity coupled to massive vector fields in the
bulk. For z # 2 there is however an extra degree of freedom b that does not
appear in the holographic setup. We show that the result of the gauging
procedure can be extended to include a Stiickelberg scalar y that shifts under
the particle number generator of the Schrodinger algebra, as well as an extra
special conformal symmetry that allows one to gauge away b,. The resulting
version of TTNC geometry is the one that appears in the holographic setup.
This shows that Schrodinger symmetries play a crucial role in holography for
Lifshitz space-times and that in fact the entire boundary geometry is dictated
by local Schrodinger invariance. Finally we show how to extend the formalism
to generic TNC geometries by relaxing the hypersurface orthogonality con-
dition for the timelike vielbein 7,,.

Keywords: Newton—Cartan geometry, Lifshitz holography, Schrodinger
symmetries
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1. Introduction

Newton—Cartan geometry, i.e. the formalism that was used by Cartan [1, 2] to give a geo-
metrical description of Newtonian gravity in the spirit of General Relativity, has received
renewed attention recently’. This interest derives from two developments: the work [10]
which showed the usefulness of Newton—Cartan geometry in the effective field theory
description of the quantum Hall effect and the work [11, 12], building forth on earlier work
[13-16] and [17-22], which showed that the boundary geometry of a specific class of
asymptotically locally z = 2 Lifshitz space-times is described by torsional Newton—Cartan
(TNC) geometry. In [11, 12] this formalism was applied to identify which boundary values of
bulk fields act as sources in the dual field theory partition function and to calculate quantities
like the boundary energy—momentum tensor and exhibit its Ward identities. The holographic
studies are building forth on attempts to extend the AdS/CFT correspondence to gravitational
theories that can describe field theories that exhibit non-relativistic scale invariance (see [23—
26] and [27-29] for a review).

Recently the results of [11, 12] have been generalized showing that TNC geometry
appears generically in Lifshitz holography [30] (see also [31] for additional results and details
concerning [30]). Around the same time the works [32—41] appeared in which field theories
coupled to TNC geometries are studied®.

In this paper, we will be mostly concerned with the appearance of Newton—Cartan
geometry as it arises in the context of holography on asymptotically Lifshitz space-times
which in [30, 41] has been shown to exhibit Schrodinger invariance’. This work forms an
essential part of this claim by showing that the boundary geometry can be entirely understood
in terms of local Schrodinger-type symmetries. Lifshitz space-times have the Lifshitz group
consisting of space—time translations, spatial rotations and anisotropic scale transformations
as isometry group. How they nevertheless can lead to Schrodinger invariance is explained in
[41] and crucially relies on the TNC boundary geometry. The holographic models that have
led us to consider TNC geometries have been derived using a bulk theory containing Einstein
gravity coupled to massive vector fields. It would be interesting to see if in the context of bulk
Horava-Lifshitz models [45, 46] one can similarly speak of boundaries described by TNC
geometries.

Lifshitz space-times are non-relativistic in the sense that the causal structure of the
boundary becomes non-relativistic, allowing for a notion of absolute time and space. In order
to establish a holographic dictionary that can be used to calculate e.g. correlation functions, a
geometric description of these non-relativistic boundaries that is covariant with respect to
diffeomorphisms and that emphasizes local symmetries, is required. This is precisely what
Newton—Cartan geometry and its generalization to TNC geometry can achieve and where it
shows its usefulness. Further the use of TNC geometry (with the emphasis on torsion) is also
crucial in being able to compute quantities such as the energy density and energy flux.

Newton—Cartan geometry is often discussed in a metric formalism. For practical appli-
cations, particularly in Lifshitz holography, a vielbein formalism is useful, as it emphasizes
local symmetries and makes them manifest. Indeed, local symmetries can be essential to
discuss e.g. the coupling of boundary field theories to Newton—Cartan geometry. It was
recently shown in [47, 48] how a vielbein formalism for the torsionless case can be obtained
via a gauging procedure of the Bargmann algebra, that is the central extension of the Galilei

> We refer to [3-9] for earlier work on Newton—Cartan geometry.
S It would be interesting to examine whether TNC geometry can also be seen in the formalism of [42, 43].
7 For a discussion of non-relativistic conformal symmetries and Newton—Cartan structures, see [44].
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algebra of non-relativistic space—time transformations. In the gauging, one introduces gauge
fields for every generator of the algebra. Their transformations and gauge covariant field
strengths are determined by the structure constants of the Bargmann algebra. One also
imposes constraints on the field strengths, whose aim is to turn some gauge fields into
dependent ones and to identify infinitesimal diffeomorphisms on the remaining independent
gauge fields as local space—time translations. In this way, one obtains independent gauge
fields z,, e, for time and spatial translations resp., that play the role of vielbeine for Newton—
Cartan geometry, as well as a gauge field m, for the central charge transformation. Let us
emphasize that the inclusion of the latter is crucial for the description of Newton—Cartan
geometry. It plays an essential role in turning the gauge fields for spatial rotations and non-
relativistic boosts into dependent ones. These dependent gauge fields play a similar role as the
spin connection in relativistic gravity and can be used to extract the metric formalism from the
vielbein formalism. In particular, an affine connection can be defined via the imposition of a
vielbein postulate. In this way, it was shown that the gauging of the Bargmann algebra leads
to a description of torsionless Newton—Cartan geometry. The absence of torsion implies that
the temporal vielbein 7, corresponds to a closed one-form and that it can be used to define an
absolute time in the space—time.

The aim of this paper is to show how TNC geometry in Lifshitz holography can be
described in similar terms, i.e. in a vielbein formalism and emphasizing which local sym-
metries are present and how they are realized. To determine which local symmetries one
should look at, we notice that in Lifshitz holography the boundary data are only determined
up to anisotropic scale transformations. This leads one to consider non-relativistic conformal
algebras. Since the central charge gauge field m, plays a crucial role in obtaining torsionless
Newton—Cartan geometry from the Bargmann algebra and moreover played a prominent role
in [11, 12], we are led to look at the conformal extension of the Bargmann algebra, which is
known as the Schrodinger algebra. In the first part of this paper, we will therefore show how
the appearance of torsion in Newton—Cartan geometry can be understood from the perspective
of gauging the Schrodinger algebra. We will perform this gauging for generic dynamical
exponent z° and we will argue that it leads to a specific type of TNC geometry, that was
dubbed twistless torsional Newton—Cartan geometry (TTNC) in [11, 12]. TTNC geometry is
characterized by the fact that the temporal vielbein is hypersurface orthogonal but not
necessarily closed.

The formulation of TNC geometry that we obtain in the first part of this paper resembles
the one that appeared in Lifshitz holography, but also differs from it in a number of respects.
In particular, we only obtain TTNC geometry, while in Lifshitz holography more general
torsion is allowed. Moreover, we will find some peculiarities, with respect to [11, 12]. In
particular, the torsionful affine connection we are led to in this first part still transforms under
central charge transformations, unlike what is found in holographic applications. In the z # 2
case, we will also find that the simple gauging of the Schrodinger algebra leads to an extra
field, not present in the description of TNC geometry of [11, 12]. These peculiarities can
ultimately be attributed to a difference in how the central charge appears. In the gauging of
the first part of this paper, the central charge gauge field will be associated to an abelian
central charge gauge symmetry that can be used to remove one of its components. In the
description of TNC geometry found in [11, 12] the central charge is however promoted to a
Stiickelberg symmetry, in the sense that it is accompanied by an extra scalar that shifts under
the central charge. An extra component is thus introduced in the formalism.

8 For z # 2, the gauge transformation associated to m, is no longer central. With abuse of terminology, we will
however continue to refer to it as the central charge transformation.

3



Class. Quantum Grav. 32 (2015) 135017 E A Bergshoeff et al

In a second part of this paper, we will therefore consider how the results of the first part
can be extended to deal with this difference, i.e. how the scalar that shifts under the central
charge can be incorporated. Since a scalar is not a gauge field, this is no longer an algebra
gauging in the strict sense. Nevertheless, we will show how transformation rules and gauge
covariant curvatures for gauge fields corresponding to Schrodinger-type symmetries can be
defined, in the presence of this extra scalar. Curvature constraints can then be imposed that
turn some of the gauge fields into dependent ones. The remaining independent fields then
correspond to the ones describing TNC geometry, as it appeared in [11, 12]. This is so even
for z # 2, due to the possibility of adding an extra symmetry. We will also show that the
dependent gauge fields lead, via a vielbein postulate, to a torsionful connection, that is inert
under central charge transformations, as in holographic applications. We will do this analysis
first for TTNC geometry, but we will also show how it can be extended to general TNC
geometry.

The outline of this paper is as follows. In section 2, we describe the gauging of the
Schrodinger algebra. After an outline of the Schrddinger algebra, we describe the gauging in
detail for the z = 2 case, paying special attention to the appearance of TTNC geometry. We
will also show how by choosing a special gauge fixing and reference frame, the result can be
expressed in terms of a single Newton potential, similar to what happened in the Bargmann
case [47, 48]. We will apply a similar procedure for the z # 2 case, pointing out the
appearance of an extra field, that is not present in holographic applications. In section 3, we
will describe how the results of section 2 can be generalized to the case in which the central
charge is promoted to a Stiickelberg symmetry, via the inclusion of a scalar that shifts under
the central charge. We will do this for the case of TTNC geometry, both for z = 2 and z # 2.
In the latter case, special attention will be devoted to an extra symmetry that enables one to
gauge fix the extra field that appeared in the gauging of section 2. Finally, in section 4 the
results of section 3 will be extended to generic torsion. We conclude in section 5.

While this paper is mostly concerned with the technical link between Schrodinger-type
symmetries and TN geometry, the results are expected to have important consequences for
Lifshitz holography and non-relativistic field theory on TNC backgrounds, some of which are
worked out in [30, 31, 41].

2. Gauging the Schrédinger algebra

2.1. The Schrédinger algebra

The Schrodinger algebra is a conformal extension of the Bargmann algebra, the central
extension of the Galilei algebra of non-relativistic space—time transformations. In particular,
the Schrodinger algebra contains a dilatation generator D that acts as an anisotropic scale
transformation on the time coordinate ¢ and the d spatial coordinates x*“:

t — A%, x4 - x4 a=1,..,d. 2.1

The exponent z is called the dynamical exponent and the Schrédinger algebra featuring the
above scale transformation will be denoted by sch,(d + 3).

For z = 2 the Schrodinger algebra sch;(d + 3) is obtained by adding the above dilatation
D as well as a special conformal transformation K to the Bargmann algebra, whose generators
we will denote by H (time translation), P, (spatial translations), G, (Galilean boosts), J,;,
(spatial rotations) and N (central charge). The commutation relations of sch;(d + 3) can be
obtained by noting that this algebra can be viewed as a subalgebra of so(d + 2, 2), the Lie
algebra of the conformal group of (d + 2)-dimensional Minkowski space—time. We will

4
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denote the generators of the latter algebra by P, (translations), K, (relativistic special con-
formal transformations), D (dilatation), M,s (Lorentz transformations), with

a=0,1, ..., d+ 1. Their non-zero commutation relations are given by (with Nap the (d + 2)
-dimensional Minkowski metric):

[D.7] =-R.  [D K]=Ka

[P Kp] =200 +2My, [ Mup, B = 1Py = 1, P

[ Mg, K, | =y Kp = 15, Kot

[ Mag, Mys | = 10, Mps = 0sMpy = 1y, Mas + s M- 2.2)
The subalgebra sch;(d + 3) is then defined by the following identifications

H=2(B+ ). N=R- P,

D= Mas1 + D, K= %(KO_Kd+1)s

Gy =M, a1 — Mo, (2.3)

and by restrictinga =0, 1, ...,d,d+ 1toa =1, ..., d to obtain P, and J,, from P, and
M,s. By using these identifications and the commutation relations (2.2), the following non-
zero commutators of schy(d + 3) are obtained:

[D, Hl =-2H, [H, K] =D,

D, K] =2K, [H, G| =P,

[D.B] =~ [D.G]=G.

[K. P] =-G,. [P Gp| = 8N,

[Jas B] = 8acPy = pcFas [Jabs Ge] = 84c G = 8pe G

[Jabs Jea] = BucIba — Saadbe = Sbedad + Spaduc- (2.4)
Note that the central charge N of the Bargmann algebra is still a central element of the z =2
Schrddinger algebra. Furthermore, the triplet H, D, K forms an s1(2, R) subalgebra.

For generic dynamical exponent z # 1, 2, the Schrodinger algebra sch (d + 3) is

obtained by modifying the embedding (2.3) by excluding the generator K and identifying the
dilatation generator as

D=(z—-1)Myg:1 + D. 2.5)

With respect to (2.4), the following commutators are then changed (apart from excluding
commutators involving the special conformal transformation K):

[D, H]= —zH,
[D, Nl=(z = 2)N,
[D, G]=(z - )G, 2.6)

Note that the generator N no longer corresponds to a central element for z # 2. We will
however, with a slight abuse of terminology, still refer to it as the central charge.

Finally, we note that in case z = 1, the scale transformation (2.1) is compatible with
relativistic Lorentz transformations. Indeed, in that case one finds that the Schrédinger algebra
can be enhanced to the full conformal group of (d + 1)-dimensional Minkowski space—time.

5
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Table 1. Summary of the generators of the Schrodinger algebra, their associated gauge
fields, local parameters and covariant curvatures.

Symmetry Generators ~ Gauge field Parameters  Curvatures
Time translations H 7, ") R, (H)
Space translations P, e, ge(x”) R, (P)
Boosts G, ®,° A%(x") R, (G)
Spatial rotations Jab w, A% (x¥) R (J)
Central charge transf. N my o(x") R,,(N)
Dilatations D b, Ap (x¥) R, (D)
Spec. conf. transf. K L Ak (x¥) R, (K)

Since this paper is concerned with the non-relativistic Schrodinger algebra, we will not
consider the case z = 1.

2.2. Gauging the Schrédinger algebra for z = 2

In this section we will perform the gauging of the Schrodinger algebra with dynamical
exponent z = 2, along similar lines as was done for the Bargmann algebra in [47, 48]. In the
latter case, the gauging was shown to give the geometrical structure of torsionless Newton—
Cartan geometry. Here, we will show that gauging the z = 2 Schrodinger algebra leads to the
inclusion of torsion. In particular, we will show that it leads to a formulation of TTNC
geometry, that is covariant with respect to general coordinate transformations and local
Schrodinger transformations. We will finally show how, upon performing a partial gauge
fixing of these symmetries and restricting to a flat background, the fields that define TTNC
geometry reduce to a single Newton potential.

2.2.1. Gauge transformations and constraints. The gauging procedure starts by associating a
gauge field and corresponding gauge transformation to every generator of the z = 2
Schrodinger algebra. We have summarized our notation for the gauge fields associated to the
various transformations of the Schrodinger algebra in table 1. The transformations G, J,;,, N,
D, K (i.e. the Schrodinger algebra symmetries excluding space—time translations) will often
be referred to as ‘internal symmetries’ in this paper. The transformations of the various gauge
fields under these internal symmetries can be compactly written as

5Au = 0,5 + [ Ay X, 2.7)
where A, and X are Schrodinger Lie algebra-valued and given by
1
A, =Hz, + Pef + G, + EJabw,,“b + Nm, + Db, + Kf,, (2.8)
=G, + %Jubi“b + No + DAp + KAk. (2.9)

Writing out the transformation rule (2.7), using the Schrodinger algebra (2.4) one finds
that the transformation rules of the various gauge fields under G, J,;, N, D, K transformations
are given by:
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ot, =2Ap1,,
oe, = ﬂ“beﬂb + A%t + Ape,f,
s, = 0,47 + 2w |
Sw,* = 0,4 = 2w, ! + Ay, + 2%b, — Apw,” + Age,”,
ob,=0d,Ap + Ak,
of, = 0y + 2Axby — 2Apf,,
om, = 0,6 + A%y,. (2.10)
A gauge covariant Yang-Mills curvature 7}, can be defined in the usual way as
Fuw = 0pAy = 0 Ay + [ Aps Ay |- 2.11)
Expanding this as

1
Fw = HRy (H) + B (P) + GuRw (G) + —Jup Ry ()

+ NR,, (N) + DR, (D), (2.12)
one finds that the component expressions for the curvatures are given by:
R, (H) =207, — 4by1y),
R, (P)=20e," — Zw[ﬂ“bey]b - 2wty — 2bye,
R, (J) =200, - Zw[ﬂfl“wy]’”c,
R,,*(G) =200, + Za)[ﬂba)u]“b = 201,°byy — 20, e,
Ry (D) =20,byy = 2f, ),
R, (K) =204, + 4yt
R, (N) =20;m, — 20, €14 (2.13)

These component curvatures obey Bianchi identities, that can compactly be summarized as:
Dy Fopy = 0uFip + [ A Fopy] = 0. (2.14)

The gauge fields 7, and e, have the same transformation rules under spatial rotations and
Galilean boosts as in the case of the gauging of the Bargmann algebra. In that case, they were
identified with vielbeine for the temporal and spatial metric of Newton—Cartan geometry and
a similar identification will hold here. As vielbeine of rank 1 and rank d in a (d + 1)
-dimensional space—time, they are not invertible. Projective inverses v* and e/, can however
be defined. We will use the convention of [12], for which®

vhr, =—1, vke,t =0, T,et =0,
e, e, =8y, et e, = 8l + vit,. (2.15)

The inverse vielbeine v# and e#, can then be used to turn curved u, v-indices into flat indices.
For instance, for a one-form X, the flat temporal component is given by X, = — v#X,,. The
flat spatial components are given by X, = e#,X,, where the spatial flat indexa =1, ..., d.
The one-form X, can thus be decomposed as

° With respect to the notation and convention of [47], one has v/ = —7/.
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Xﬂ = Xo T, + X, eyaa (2.16)

and similar decompositions can be written down for arbitrary tensors. The flat spatial indices
a, b can be freely raised and lowered with a Kronecker-delta 5%° or §,,. Note that v# and e¥,
transform as follows under gauge transformations:

OvH = A%t — 2Ap V¥,
Set, = A Let, — Apet,. 2.17)

Up to this point, we have merely been writing down a gauge theory of the Schrodinger
algebra. In particular, all gauge fields introduced are so far interpreted as independent gauge
fields and transform under local time and spatial translations. In order to make contact with
Newton—Cartan geometry, we would like to interpret some of the gauge fields as dependent
ones and we would like to identify the action of infinitesimal diffeomorphisms on the
remaining independent gauge fields with the action of local time and spatial translations. In
order to achieve these two purposes, we will impose extra constraints on the
curvatures (2.13).

We will in particular impose two sets of curvature constraints, namely a first set given by

R, (H) =0, R, (P) =0, Ry (N) =0, (2.18)
and a second set given by
R, (D) =0, Roa"(G) + 2m"Ro,%, (J) + m"mRy,* . (J) = 0. (2.19)

There is in general some arbitrariness regarding the form of the constraints one can impose.
This holds in particular for constraints that can be used to make certain gauge fields dependent
and expressible in terms of other, independent ones. As a guiding principle, we have chosen
the form of the constraints to be such that the final transformation rules of the dependent
gauge fields (that are induced by varying the independent fields in their explicit expressions)
closely resemble the original rules given in (2.10). This motivates the form of the second
constraint in (2.19) (see later in (2.24)).

In addition to these, extra constraints can be found by inspection of the Bianchi identities
(2.14), that are obeyed by the gauge covariant curvatures (2.13). The extra constraints that
follow from imposing R, (H) = R,,*(P) = R,,(N) = R, (D) = 0 in the Bianchi identities
are given by:

Riape)(G) =0, Roap) (G) = 0, Ry (G) = 2Roap)* (J) = 0,
R[abc]d(J) = O’ Rab (K) =0.
(2.20)

Let us now discuss the consequences of imposing these constraints. The constraints of (2.18)
are the analogues of the constraints imposed in the gauging of the Bargmann algebra [47, 48].
Differently from that case however, the constraint R, (H) = 0 can now be solved for the
spatial part of the gauge field b, of dilatations, in terms of 7, and v*:

b, = %vv(aﬂ” - a,,fu) — (v*b,)7,s (2.21)

where the temporal component —v*b, remains undetermined. The constraints R,,%(P) = 0

and R, (N) = 0 can similarly be solved for wﬂ”b and w,“, leading to the following solutions
for these two connection fields in terms of other gauge fields:

8
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a),,"b = %e”a(dueﬂb - ()ﬂe,,b) - %e"b(dueﬂ" - 0#6,,“) + %eﬂce”“ef’b(d,,e,,c - a,,e;‘)

1
- Ee”“epb(a,,m,, — aﬂm,,)rﬂ + eﬂ"(e”bby) - eﬂb(e’““by),

w," = %v”(a,,eﬂ" - aﬂey") + %v”epaeﬂb(abe,,b - 0/)6,,”) + %e”‘(dﬂmv - dumﬂ)
1
— Erﬂv”e"“(apm,, - abm,,) — (v”by)eﬂ".
(2.22)

Note that m, only enters these expressions via its curl d,m, — d,m,,. Further one can check
that these expressions for a)ﬂ"b and @, are such that they transform exactly as in (2.10) before
we imposed the curvature constraints. The constraints in (2.19) can be used to solve for fy In
particular, R, (D) = 0 can be used to solve for the spatial part of f, in terms of other gauge
fields, such that one can write

£, =v"(0by = a,b,) — (V. )7 (2.23)

The temporal part fj = —v*f, is determined by the second constraint of (2.19) and is given by
the following expression:

1
vif, = Ev”e”a(aywﬁ’ - 0,0, + a),,ba),,“h - a)yba);,'b + b0, — bya)ﬂ“)
2 1 .
+ Ev”mchmac J) - Embm‘Rba“C ). (2.24)

The resulting expression for fﬂ transforms as in (2.10) under G, J,;,, D, K transformations. It
is however not invariant under N transformations'’.

At this point, one is left with the independent fields z,, e,“, m, and v#b,. The first three
correspond to the independent gauge fields, present in the gauging of the Bargmann algebra.
The temporal component —v#b, of the gauge field of dilatations was not present in that case.

Using the b, and v* transformation rules given in (2.10) and (2.17) respectively, one obtains:
5(\/"17,,) = vk, Ap — 2Apvib, + A%t b, — Ak. (2.25)

One thus finds that v#b, corresponds to a Stiickelberg field for special conformal
transformations. It can thus easily be chosen to be zero, fixing K transformations. Note
that choosing this gauge introduces a compensating K transformation

Ak = VFO,Ap + A%et b, (2.26)

The transformation rules of w,* and b, after adopting the gauge fixing condition v*b, = 0 are
then still as in (2.10), provided that Ak is interpreted as the compensating transforma-
tion (2.26).

Adopting the gauge fixing condition v#b, = 0, we are left with independent fields z,,, e,*
and m,. Having used the constraints to turn some of the gauge fields into dependent ones, let
us now discuss the interplay between local space—time translations, infinitesimal

10 Ynstead of (2.19), we could have imposed the alternative constraint Ry,* (G) = 0. The resulting solution for ]34
would not have been boost invariant but it would on the other hand have been invariant under the central charge
transformation N. In the next subsection we will see another example of a similar kind of tension between having
either G, or N invariance. Since we have already introduced a Stiickelberg field for boost transformations, i.e. m, we
will show in section 3.1 that by introducing a Stiickelberg field for N transformations we can make boost invariant
expressions also invariant under N gauge transformations. This is why here we choose to impose (2.19).

9
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diffeomorphisms and constraints. Inspecting the action of an infinitesimal diffeomorphism
with parameter £ on 7, we find:

Oty = EY0y1y + 0,8%7,,
= 0M(§”Ty) - 2(5"7”)19” + 2(5”19,,)‘[” - &R, (H). 2.27)

The first two terms correspond to a local H transformation on 7, with parameter £z, while
the third term corresponds to a local dilatation with parameter £¥b, acting on 7,. We thus see
that, upon imposing R, (H) = 0, the action of infinitesimal diffeomorphisms on 7, can be
identified with the action of local H transformations and local dilatations. In a similar manner,
one can see that the actions of infinitesimal diffeomorphisms on e,* and m,, can be identified
with local H and P, transformations, along with local G,, J,;,, N and D transformations, once
the constraints R,,* (P) = R, (N) = 0 are imposed. The action of infinitesimal diffeomorph-
isms on the independent gauge fields thus agrees with the transformations of the Schrodinger
algebra. Note that in the explicit expressions for the dependent gauge fields, all independent
fields appear either without derivatives or via the curl of a field that transforms properly under
diffeomorphisms. The transformation of the dependent gauge fields under diffeomorphisms,
that is induced by the one of the independent fields, is thus the expected one.

2.2.2. TTNC geometry. The end results of the above gauging of the z = 2 Schrodinger
algebra, given in terms of the independent fields 7,, e, and m,, can be interpreted as giving
the geometrical data defining a Newton—Cartan geometry. This is similar to the case of the
gauging of the Bargmann algebra. In particular, as mentioned above, the gauge fields 7z, and
e, can be viewed as vielbeine for the temporal and spatial Newton—Cartan metrics 7, and
h*

Ty = TuTys it = et 5%, (2.28)

where we have defined the spatial Newton—Cartan metric 2** with upper indices in terms of
the projective inverse vielbein e”,. Similarly, we can define a projective inverse h,, with
lower indices as h,, = €,%5,¢,”.

As in the Bargmann case, the inclusion of the central charge gauge field m,, is crucial to

uniquely determine the gauge fields ,%” and w,“ in terms of z,, e,* and m,, as solutions of
the constraints R,,“(P) =0 and R, (N)=0. These can then be interpreted as spin
connections for local spatial rotations and local Galilean boosts respectively and they can be
used to define an affine connection I Ify by imposing the vielbein postulates:

D,t, = 0,1, — IN"IZ,T/, - 2b,r, =0,
D,e,*=0d,e," — ffye,,“ — a),jlbel,b - w,t, — b,e,* = 0. (2.29)

From the curvature constraints (2.18) we learn that I :b is symmetric and thus has no torsion.

The connection T :y is uniquely determined by these vielbein postulates and its explicit
expression is given by:

Ty ==vP0,7, + Sh* (Ouhoy + Oyhay — ohy) + 7,70 0my) + T,h701,m,,

+ h*byh,, — 80b, — 6/b, — Vﬂ(Tﬂbb - Tbb,,). (2.30)

While uniquely determined, the connection I ,Z, is not metric compatible, where by metric
compatibility we mean that
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V7, =0, 2.31)

V,h? = 0. (2.32)

We will however use the connection I :D to distill the metric compatible connection for TNC
geometry I,. There is some freedom in choosing a metric compatible connection, as the
metric compatibility conditions (2.31) and (2.32) do not determine the connection uniquely.
Here, we will fix this freedom by requiring that the connection I ,f,, is boost invariant and
linear in m,. A convenient way of defining such a metric compatible and boost invariant
connection, is by starting from 7 ,f; and ’throwing away the b, terms’. We can think of the b,
terms as arising from the gauging of dilatations. That is, suppose we are given a metric
compatible [/, then T ,fb is obtained from I'j, by replacing all ordinary derivatives by
dilatation covariant derivatives''. Because the b, field is in part a dependent gauge field the
procedure by which to drop the b, terms is ambiguous. For example if we drop them in (2.30),
we get an expression that is invariant under N transformations but not under boosts. The
expression (2.30) after having dropped the b, terms transforms under boosts into terms
proportional to 9,7, — 0,7, which via the curvature constraint R,,, (H) = 0 can be traded for
terms containing b,. Another way of writing the expression (2.30) is as follows

== (v- h/’”ma)(()ﬂ - Zbﬂ)ry + %h’”’[ (dﬂ - Zb”)(hm, - My — Tm,)

+ ((3,, - ZbZ,)(h,“, - My — T,,mﬂ) - ((3,, — 2b,,)(hﬂ,, - T,m, — T,,m#)],

(2.33)
where we have made use of (2.21). This expression is manifestly boost invariant and if we
now drop the b, terms we obtain the metric compatible boost invariant connection I, that is
given by

ry = —(v/’ - h”"m,,)aﬂfy + %hp”[aﬂ(hm —T,m, — T,,m,,)

+ (s = g — tymy) = gy = 7umy = my,) | (2.34)

This expression was also found in [40]. The torsion is then given by
b, = Ly h?e 0 0 2.35
ol = _E(V - m(,)( Wt — vTﬂ)' (2.35)

The fact that adding the b, field to the connection I}, by replacing ordinary derivatives by
dilatation covariant ones leads to a connection I :v that is torsionless tells us that torsion is
necessary to make the formalism dilatation covariant. In other words one thus sees that the
role of the gauge field of dilatations b, is to introduce torsion in the context of Newton—Cartan
geometry.

We note that the expression for I, given in (2.34), is not invariant under the N gauge
transformations. The situation is analogous to what happened when we imposed the curvature
constraint to solve for v/f, in the previous section. Either the connection obtained by

removing the b, terms from 7 ,fy is N but not boost invariant (see the b-independent part of
equation (2.30) which only depends on m,, via its curl) or it is boost but not N invariant (see
equation (2.34)). Again just as in the previous subsection we choose boost over N invariance

' Also the way in which the b, terms appear in (2.22) is precisely such that all ordinary derivatives can be written as

dilatation covariant derivatives.
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because we will later introduce a Stiickelberg field to achieve N invariance whereas we have
already done that for boost invariance via the m, gauge connection.

Let us stress the difference with the gauging of the Bargmann algebra. In that case the
resulting Newton—Cartan geometry is torsionless; i.e. the affine connection 77, is equal to the
standard symmetric Newton—Cartan connection [47] and hence the temporal vielbein 7,
corresponds to a closed one-form : 9y, 7,1 = 0. This is no longer the case here. In particular, the
constraint R, (H) = 0 no longer implies that 7, is closed, but rather that

()[MTD] = 2b[ﬂ‘[y]. (236)

The gauge field of dilatations can not be fully gauged away in general; only its temporal
component (that does not appear in (2.36)) can be gauged away using a special conformal
transformation. One thus finds that dj,7,) can not be put to zero in general and equation (2.36)
can be viewed as determining the spatial part of b, in terms of dj,7,, as was done in (2.21).
Note that (2.36) is equivalent to

T[”ap‘l,'y] =0. (237)

According to Frobenius’ theorem, the one-form 7z, is thus hypersurface orthogonal.
Physically, this implies that there exists a preferred foliation in equal-time slices for the
space—time. These can be thought of as hypersurfaces of absolute simultaneity.

The gauging of the z = 2 Schrodinger algebra leads to a 7, which according to (2.36)
must obey the twistlessness condition

hyh,? (0,75 = 057,) = 0, (2.38)

where h,” = 8, + 7,v*. The converse is also true, i.e. any solution of the twistlessness
condition (2.38) is of the form (2.36) where b, is thus a field of the form (2.21). The resulting
geometry was called TTNC geometry in [11, 12]. It is not the most general form of TNC
geometry that can appear in Lifshitz holography however. It is possible to fully relax z, so
that it becomes unconstrained. The resulting geometry is an extension of TTNC geometry that
is called TNC geometry and this will be discussed later in section 4.

2.2.3. Gauge fixing to acceleration extended Galilei symmetries. In the previous section, we
have seen that the gauging of the Schrodinger algebra in general leads to TTNC geometry. In
the Bargmann case [47, 48], after the gauging of the Bargmann algebra is done, one can
perform a partial gauge fixing of all local symmetries to the so-called acceleration extended
Galilei symmetries, that extend the Galilei symmetries by allowing for time-dependent spatial
translations [49—51] '*. This gauge fixing corresponds to choosing special coordinate frames
in which the fields that define Newton—Cartan geometry are determined by a single Newton
potential. In this section, we will show that a similar gauge fixing can be performed in case
one gauges the Schrodinger algebra. Throughout this section, we will split curved p-indices as

{0,i},i =1, ..., d. We will moreover also adopt the convention that parameters of symmetry
transformations are assumed to be constant, unless their coordinate dependence is given
explicitly.

We will consider the case in which the spatial sections of the Newton—Cartan space—time
are flat and we will thus take:

w0, = 0. (2.39)

12" Acceleration extended Galilei symmetries were called ‘Milne isometries’ in [49].

12
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This condition fixes the local spatial rotations with parameter 1% (x*) to constant ones, whose
parameter will henceforth be denoted by A%.

In order to continue, we note that Frobenius’ theorem and the hypersurface orthogonality
of 7, (see equations (2.36) and (2.37)) imply that we can write

T, = WO,T. (2.40)
The gauge transformation

61, = EY(x7)0,7, + 0,8 (x")7, + 2Ap(x*)7 (2.41)
for 7, then induces the following transformations for y and 7:

Sy = é‘"(x/’)d,,y/+ ZAD(x/’)y/, (2.42)

6t = E#(xP)0,7 + c, (2.43)

where ¢ represents a constant shift. By setting
w=1, (2.44)

we can completely gauge fix the dilatations. By setting 7 = x* = ¢, we can gauge fix the
£9(x#) transformations to constant ones. We have thus set

7 =60, (2.45)

leaving us with constant £° transformations and fixing dilatations completely. Noting that
then

5b0 = AK()C”), (246)
we find that the special conformal K transformation can be completely fixed by putting
by = 0. (2.47)

From (2.21) and (2.45), we then find that b, = 0. After these steps, the transformation rules of
the remaining independent fields reduce to the ones that appeared in the Bargmann case [48].
Similarly, the expressions for the dependent fields w,* and w," reduce to the ones of that
case. Moreover, the spatial components of f, are zero and the only non-trivial component of
J, left is the time-like component —v*f,.

From this point on, the gauge fixing procedure of [48] can be taken over. In particular,
one can set

e = o, (2.48)
to fix £%(x*) to be of the form

E9(xH) = E9(t) — A%pxP. (2.49)
Considering the transformation rule for 7¢ = —ey® under the remaining transformations:

519 = %1% + E ()0 — A jxiox® + 29t — 0,(1) — 24(x#), (2.50)
one finds that one can use the boosts to put

% = ¢y? = 0, (2.51)
at the expense of introducing a compensating transformation

29(x#) = —0,E4(t). (2.52)
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Then, only m,, is left over as an independent field. Examining the condition o™ = 0, leads to
the conclusion that

0[imj] =0 - m; = 0;m. (2.53)

This leaves us with two fields m, m,, whose transformation rules under the remaining
transformations are given by

om=E%m + E()om — A jxiom — 0,/ (X' + o (x*) + Y (1),
omgy = §°a,m0 + £l omg — /Iijxj(),»mo + 0,8 (t)om + 6,6()6”), (2.54)

where Y (¢) is an arbitrary time-dependent shift. One can now use the o (x*) transformation to
fix

m= f( 1, xi), (2.55)

where f (¢, x') is an arbitrary, but fixed function. Imposing that m = 0, leads to the following
compensating transformation:

o(xt) = =E%f — ED)of + A jxiof + 0,1 (Dx" — Y (b). (2.56)
The remaining field m, can then be used to define a field @ as:

D =my — 0f. (2.57)
The transformation rule for @ is calculated as 6@ = omy, leading to

5P = £%,® + E(1)0;P — A jx/0,® + ZEN()x' — 90,Y (1). (2.58)

This is the expected transformation law for the Newton potential under acceleration extended
Galilei symmetries and @ can thus be identified with the Newton potential. The algebra
obeyed by these remaining acceleration extended Galilei symmetries is characterized by the
following non-zero commutators:

[ 820, 81y | @ = e (r)( Ofi(t))<1>
[ 620, 80 | @ = 80 (€% (1) @,
[3c0r 8210 | @ = 8000 (& O 0 - H & ),
[ 8 60 |@ = 82 (467 (1)) @ (2.59)

Let us finally note that after the gauge fixing is performed, the only non-zero component of
the dependent boost gauge field is given by wy“:

0o = —0,9. (2.60)
Upon gauge fixing, one thus finds
vif, =0 = 09,9 = 0. (2.61)

One thus sees that v4f, = 0 reduces to the Poisson equation upon gauge fixing.

2.3. Gauging the Schrédinger algebra for z # 2

One can gauge the Schrodinger algebra for generic values of z # 1, 2 along similar lines as
done above for the z = 2 case. There are some differences with respect to the z = 2 case
stemming from the absence of the special conformal K transformation and the fact that N no

14
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longer corresponds to a central charge. In this section, we will gauge the Schrodinger algebra
for generic values of z and discuss the gauge-fixing procedure to accelerated extended Galilei
transformations, paying special attention to these differences.

2.3.1. Gauge transformations and constraints. We will use the same notation for the gauge
fields, parameters and covariant curvatures as in table 1 (where however we now assume that
the last line corresponding to the special conformal K transformation is absent). By examining
the Schrodinger algebra for z # 1, 2, the following gauge transformation rules for the gauge
fields are found:

ot, = zZAp1,,
oe,* = At + ﬂabeﬂb + Ape,?,
Sw,® = 0,4 + 22w
ow,* = 0, + l“bwﬂb + ﬂbw”b” + (z — DA%, — (z = DApw,*,
ob, =0,Ap,
om, = 0,6 + Ay, + (z — 2)ob, — (z — 2)Apm,, (2.62)

where we have not indicated the transformation rules under H and P, transformations, as they
will be traded for general coordinate transformations later on, by imposing suitable
constraints. The transformations of the inverse vielbeine are simply

OvH = Aet, — zZApVH,

Set, = ALet, — Apet,. (2.63)

Curvatures that are covariant with respect to (2.62) are then given by:

RIW (H) = 2()[”1',,] - ZZb[MTy],

R”ba (P) = 26[”61,]{1 - 2(1)[# aTD] - 26()[” “bey]b - 2b[”€,/]a,
Rﬂhab (J) — Za[y(uu]ab _ 20)[# c[awab]C,
R”Da(G) = 26[,,0),,]“ - 20)[” “ba),,];, - Z(Z - l)a)[” uby],

R, (D) =20,b,,

RMV(N) = 26[ﬂmb] - 20)[” “ey]a + 2(z — 2)b[ﬂm,,]. (2.64)

As before, suitable constraints have to be introduced, whose purpose is to identify
general coordinate transformations with local time and space translations and to turn some of
the gauge fields into dependent ones. In particular, we start by imposing the following
constraints:

R,(H)=0, R,P)=0, R, (N)=0. (2.65)

These constraints imply that H and P, transformations can be written as a combination of
general coordinate transformations and other local Schrodinger transformations. The
constraints of (2.65) can also be used to make wﬂ“b, w," and (the spatial) part of b,
dependent. The solutions are as follows:
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Cl)ﬂab = —%Tﬂe”"epb(Zdlymm + 2(2 - 2)blym,,]) + eﬂce’““ef’balyemc - e”"ameyjb

+ o0, + 2e,l% 101D, (2.66)

1
W, = —Efﬂvveﬂa(za[ymp] + 2(z = 2)bymy) + 2e49(20,my) + 2(z = 2)bym,)

+ eﬂbv”e/’“d[yep]b R e,ﬂ(v”bl,), (2.67)

et,b, = —%e”av”amfbj. (2.68)
z

Bianchi identities can lead to extra constraints. Upon imposing (2.65) in the Bianchi
identities, one gets the following extra constraints:

Roap(G) =0, Riape)(G) = 0, 2Ro(ap)* () = 2Ro1a (D)5 = Ry (G),
Riape’ (J) =0, Ry(D) = 0. (2.69)

Note that, differently from the z = 2 case, we have not put the full dilatation curvature R, (D)
to zero, but only its spatial part. In the z = 2 case, imposing R, (D) = 0 yielded a
conventional constraint, used to solve for fﬂ Since there are no K transformations forz # 1, 2
and hence no gauge field f,, putting R, (D) to zero completely is not necessary here.

At this point, one is left with independent fields 7,, e,, m, and v*b,. In the z = 2 case, the
latter could be put to zero by gauge fixing the special conformal K transformation. This is no
longer possible for z # 1, 2 and v#b, thus remains as an independent field. In section 3.1 we
will see that when we add a Stiickelberg scalar for the N transformations there appears an
extra special conformal type symmetry after imposing the curvature constraints that allows us
to remove v*b, by gauge fixing this special conformal transformation.

2.3.2. Gauge fixing to acceleration extended Galilei symmetries. ~As in the z = 2 case, one can
perform a partial gauge fixing to a formulation in which the left-over transformations
constitute the acceleration extended Galilei symmetries. We will again perform this gauge
fixing procedure for the case in which the spatial sections of the Newton—Cartan space—time
are flat, i.e. taking:

0, =0, (2.70)

and thus fixing spatial rotations 1%’ (x*) to be constant. By taking 7, = 53,
completely fix dilatations and fix &°(x#) transformations to be constant. Upon taking this
gauge-fixing condition, one finds from (2.68) that the only non-zero component of b, is the

temporal one:

b, = —=8)(v'b,). (2.71)

we can again

In the z = 2 case, this component could be put to zero, fixing the special conformal
transformation. For z # 2, this is no longer possible and this component remains.

As before, the transformations £ (x*) can be partially fixed to transformations of the form
(2.49) by taking ¢;* = §; and the boosts can be fixed by putting ¢p* = 0, at the expense of
introducing a compensating transformation (2.52). The condition @ = 0 still implies that
m; can be written as the d;-derivative of a field m, that transforms under the remaining
transformations as in (2.54). One can therefore impose a gauge fixing condition of the form
(2.55) to partially fix the transformations with parameter ¢ (x*). We will for simplicity take

16
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m = 0. (2.72)

This condition is then preserved under o (x*) transformations of the form:

o(x#) = 6 (1) + 0, (1)x'. (2.73)

Renaming m, as @, one is left over with two fields @ and by, that transform under the
remaining acceleration extended Galilei symmetries as:

5D = E%9,® + E(1)0;D + 0% (1)x' + (z — 2)0,E (1) x'by — Aixlo®
+ 0,0(t) + (2 — 2)o (1) by,
by = E%,bo + E(1)0;by — A jx70;by.
(2.74)

One can check that these transformations close the algebra of acceleration extended Galilei
symmetries, given by (2.59), on @ and b,,.

3. Promoting the central charge to a Stiickelberg symmetry

In the previous section, we showed how gauging the Schrodinger algebra led to TTNC
geometry. The geometry defined by this gauging is however different from how TTNC
geometry appears in Lifshitz holography (with a bulk massive vector field). One crucial
difference is the fact that in Lifshitz holography the central charge is promoted to a Stiick-
elberg symmetry, namely, it is accompanied by a Stiickelberg scalar that shifts under N. This
Stiickelberg field was absent in the discussion of the previous section. Other (not unrelated)
differences between the previous section and the appearance of TNC geometry in holography
were also remarked. For instance, we found that it was not possible to obtain an affine
connection that was invariant under both G, and N transformations. Moreover, for z # 2 the
gauging led to an extra component, not present in the holographic description of TNC
geometry.

In this section, we will show how a vielbein formulation of TTNC geometry can be
defined in the presence of a scalar that promotes the central charge to a Stiickelberg sym-
metry. Since a scalar is not a gauge field, this formulation will not be obtained via a gauging
procedure. Instead, our starting point will be inspired by the end result of the previous section,
namely the formulation of TTNC geometry that is covariant with respect to general coordinate
transformations and an internal algebra of rotations, boosts, dilatations, central charge and
special conformal transformations. Dependent gauge connections for rotations, boosts, dila-
tations and special conformal transformations will be defined in a similar way as in the
previous section, namely via the definition of field strengths that are covariant with respect to
the internal algebra, along with constraints on these curvatures. The imposition of a fully
covariant vielbein postulate will then allow us to define an affine connection that is invariant
under both G, and N transformations. Importantly, we will note that, even for z # 2, one can
consistently include a special conformal transformation in the internal algebra. Doing so will
allow us to gauge fix the superfluous component of section 2.3. In this way, we will be able to
fully reproduce the TTNC geometry of [11, 12].

We will first discuss the z = 2 case in 3.1, while the z # 2 case will be discussed in 3.2.

17
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3.1. The case z = 2

In order to make contact with the description of TTNC geometry of [11, 12], we will start
with the set of independent fields 7,, e,“ and m, of section 2.2, that transform under the
internal symmetries as

ot, =2Apt,
oe, = l“be,,b + A%, + Ape,”,
omy, = 0,0 + A%y, 3.1

along with a scalar field y, whose transformation under internal symmetries is given by:
oy = o. (3.2)

Under diffeomorphisms, the fields in (3.1) transform as covectors, whereas the field y
transforms as an ordinary scalar. The transformation rule of y is thus such that it promotes the
central charge N to a Stiickelberg symmetry. It is easy to see that the above transformation
rules close a commutator algebra on all independent fields, including y.

We stress that adding the scalar y does not amount to a rewriting of the gauge structure of
the fields that sit inside the Schrodinger gauge connection .4, defined in (2.8), as it introduces
an extra component. Indeed, one could now fix the central charge transformation by choosing
the gauge y = 0, leaving one with a vector m,, that no longer transforms under the central
charge. Alternatively, one can observe that m, and d,y can be combined in the N inert
combination M, defined by

M,=m, - 0dy=-Dy, (3.3)

where in the last equality, we have used the covariant derivative D, that acting on y is
covariant with respect to the transformations (3.2) and (3.1). As we will demonstrate shortly
the effect of adding y will effectively amount to replacing m,, everywhere by M,, thus adding
one extra component to the formalism.

In order to make the internal symmetries manifest, it is useful to introduce gauge con-
nections for the spatial rotations, boosts, dilatations and special conformal transformations.
To avoid introducing extra independent fields, these extra gauge connections have to be
dependent (or pure gauge) and as in the previous section, a useful way to define them is via
the introduction of covariant curvatures and constraints on them. Here we will show how this
can be done in such a way that the resulting expressions for the dependent gauge fields
contain the vector M, (and not m,) and thus manifestly do not transform under N.

In order to do this, we will start from the covariant curvatures of section 2.2. The spatial
components of the dependent field b, are as before obtained as the solutions of the constraint
R, (H) = 0. The temporal component is not determined; since it can be set to zero by fixing
K, it is however not an independent component but rather corresponds to a gauge degree of
freedom. To properly define ®,” and a)ﬂab , we note that the curvature R, (N) of
equation (2.13) can be rewritten entirely in terms of M, as:

le (N) = ()[,,M,,] - w[ﬂ”ey]u. (34)

The connections @, and a),,“b can then be defined as the solutions of the constraints
R,.,*(P) = R,,(N) = 0 and are given by equation (2.22), with m,, replaced by M,

To define f,, we will use the constraint R, (D) = 0, that defines the spatial part of f, as
before. To define the temporal part of f,, we can now use the following modification of
(2.19):
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Roa®(G) + 2M"Ro,%, (J) + MPM“Ry,,* .(J) = 0, (3.5)

where M® = e**M,,. This leads to
1
V”f,, = Evﬂe"a(aﬂwy“ - 0w, + a),,ba),,“b - a)yba)lfb + b0, — b,,a)ﬂa)

2 1
+ EV”M"RW“C(J) - EMbM"R;,,,”C(J). (3.6)

It can then be checked that the transformation rules of a),,“b, w,", by, J; are as in (2.10). These
dependent fields can thus indeed be used as gauge connections for internal spatial rotations,
boosts, dilatations and special conformal transformations.

The affine connection can be discussed in a similar way. In particular, since I }f’y in
equation (2.30) only depends on the curl of m, we can now also write

I =—(v2 = h*°M,)(9, — 2b,)z, + %hf’[ (0, — 2b,)(hoo = 7. M, — 7,M,)

+ (90 = 28,)(huo = TuMy = M) = (96 = 2b,)(hyu = M, = 2, M,) | B.7)

The TTNC affine connection I/, defined by ‘throwing away the b, terms’ is then given by

1174

rp,=—(v" = h"M,)o,7, + %hﬂ”[aﬂ(hw -t,M, - ,M,)

+ 0y(hyo = 1My = 7eM,) = O6( iy = 7,M, ~ TDM”)], (3.8)

and is manifestly J,;,, G,, K and N invariant. It is again metric compatible in that it satisfies
(2.31) and (2.32). For the case of vanishing torsion 9,7, — d,z, = 0 the connection (3.8)
agrees with the one of NC geometry [47] because the y field drops out.

3.1.1. The Newton potential. It is interesting to repeat the gauge fixing procedure of
section 2.2.3 in the presence of the field y. This proceeds analogously and we again end up
with equations (2.54) together with the following transformation rule for y

Sy =%y + EN0) 0y — A jxioy + o(xF). (3.9)
One can define the following ¢ (x#) transformation invariants

M=m -y, (3.10)

b =my— om =M, — oM, (3.11)

M; = o,M, (3.12)

where @ is the Newton potential as defined in (2.57).
The transformations of M and M, are obtained from (2.54) and (3.9) and read

oM = E%9,M + £ (t)o,M — lijxja,-M — 0, (X" + Y (1),
oMy = foalM() + Ei(t)a,»Mo - ﬂi_,-xjd,-Mo + a,fi(t)a,»M. (3.13)

Using that the choices (2.45), (2.48) and (2.51) imply that
vl = =5/, el =48/, (3.14)
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the Newton potential @ can also suggestively be written as
D =—viM, + %h"”MﬂM,, - (—v”aﬂM + %h”’“aﬂMa,,M). (3.15)

The first part of (3.15) will be denoted by &,
& = —v'M, + %h””M,,M,,, (3.16)

and transforms as a scalar. The second part of (3.15), ie. the term
—vko,M + %h"”aﬂM oM = o.M + l(),-M 0'M transforms as

5(atM + %aiMan) = £5(arM + %aiMaiM) — (DX + Y (1),

(3.17)

where the Lie derivative is along &* = (£, £/(r) — A';x/). Hence it is the second term in

parenthesis in (3.15) that is responsible for the —d,z.fi ()x' + Y’ (¢) part of the transformation
of the Newton potential in (2.58). On the flat NC background of section 2.2.3 the relation
between @ and @ is

b=+ oM+ %aiMan. (3.18)

It is not obvious how to extend the notion of a Newton potential in the sense of @ to an
arbitrary curved background. It is however straightforward to use @ as defined in (3.16). This
is why with a slight abuse of terminology @ in [30, 41] is referred to as the Newton potential.

3.2. The case z # 2

3.2.1. Promoting the central charge to a Stickelberg symmetry. For general z # 2, we will
again start from independent fields z,, e,“, m, that transform under internal spatial rotations,
boosts, dilatations and central charge transformations as

ot, = ZAp1y,
oe, ' = M, + l“;,eﬂb + Ape,f,
omy, = 0,0 + Ay, + (z — 2)ob, — (z — 2)Apm,, (3.19)

along with a scalar field y that transforms as
Sy =0—(z—2)Apy. (3.20)

As before, 7,, ¢, and m, transform as one-forms under diffeomorphisms, while y is an
ordinary scalar field. As in the z = 2 case, the addition of y promotes N to a Stiickelberg
symmetry and we can define a field denoted by M, that is inert under N as follows "

M,=m,+ 2 —-2)yb, — 0y = -D,y, (3.21)

where in the last equality, we have used the covariant derivative D, that acting on y is
covariant with respect to the transformations (3.20) and (3.19). The field M, transforms as

3 In the holographic context the field 77, = m, + (2 — z) b, plays an important role as the source for the mass
current [30, 41].
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M, = e, % + (2 — DApM,, (3.22)

To be able to make the internal spatial rotations, boosts and dilatations manifest, we will
introduce dependent gauge connections for them. To do this, we will again start from
curvature constraints R, (H) =0, R,,“(P) =0, with R, (H), R,,*(P) defined in (2.64),
along with the constraint

0[”My] - (2 - Z)b[ﬂMy] - w[ﬂ“el,]a = 0. (323)

Solving R,,“(P) =0 and (3.23) leads to expressions for a);b and o, given by

equations (2.66), (2.67) with m,, replaced by M,. The constraint R,, (H) = 0 can be used
to solve for the spatial part of b, (given by (2.68)). Note that at this stage the temporal part of
b, is not determined yet. In the next subsection, we will show that one can consistently extend
the internal symmetries with a special conformal transformation, that allows one to gauge fix
this component to zero, as in the z = 2 case.

One can now impose vielbein postulates that are covariant with respect to the internal
symmetries:

_ =P
Dy, =01, — Iy1, — 2by7, = 0,

Dye, =046, — f,fyep“ - w;‘bebb - w, t, — b,e, =0, (3.24)

where @, and w,* are given by (2.66) and (2.67) with m, replaced by M,,. Solving for T L
and using (2.68) we can write the solution as

Iy =—(v" = h*"M,)(9, = zb, )7, + %h/"’[ (0, = 2b,)(hoe = 7. M, — 7,M,)

+ (0 = 20,)(hyo = 7uMy = 7eM,)) = (0, = 2b5) My = 7,M, ~ TDMM):I.

(3.25)

Dropping the b, terms thus leaves us with the G,, J,, and N invariant affine TTNC connection

I ,f,/ given in (3.8) (albeit with a different assignment of dilatation weights to the various fields

appearing in I'}). Again r /fv is symmetric by virtue of the R,, (H) = 0 constraint. We can
also define the covariant derivative of M, as

DM, =0,M, — Tj,M, — (2 — 2)b,M, — w,%,,. (3.26)

The curvature constraints R, (H) = 0, R,,“(P) = 0 and (3.23) can then all be rewritten as:

D[”Tl,] = O, D[ﬂe,,]“ = 0, D[ﬂMy] =0. (327)

3.2.2. Adding a special conformal symmetry. The TTNC geometry is formulated in terms of
the fields 7, e,“ and M,. In the previous subsection, we have introduced a gauge field b, for
dilatations, of which the spatial part is dependent. The temporal part v#b, is however still
undetermined. As we do not wish to include it as an independent field in the formulation of
TTNC geometry, we should either make it dependent or turn it into a gauge degree of
freedom. Here we will argue that the latter is possible, i.e. like for z = 2 one can add a special
conformal symmetry K that acts on b, as:

5](bﬂ = AKTM‘ (328)

The component v#b, is then a gauge degree of freedom and can be set to zero by fixing this
local K transformation. As the fields describing the TTNC geometry are required to remain
inert under this symmetry, we conclude from (3.21) that the independent field m,, transforms
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under K as
ogmy, = (z — 2)Ag . (3.29)

Using the explicit expressions for the dependent connections introduced so far, i.e. using
(2.66) and (2.67) with m, replaced by M,, we find that w,* also transforms under this K
transformation, according to

Skw, = (z — DAge, — (2 — DAk (e," = 7,07M,) = Ag (e, + <z — 2)7,M?).  (3.30)

Let us stress that for z # 2 this symmetry is not part of the Schrodinger algebra. Since here,
we are not considering the full Schrodinger algebra, but only the internal part (i.e. not
including space—time translations), it is however possible to add this special conformal
symmetry by hand in a consistent manner. Acting on m,, this transformation is not of the
Yang-Mills form since it includes a non-linear term yz,, involving the scalar y. Note however
that for z = 2 the above K transformations agree with the way the special conformal generator
K acts on the various fields introduced so far.

We have thus added an extra K symmetry. In order to make its presence manifest, we can
again introduce a gauge connection f, for this symmetry, that should be dependent in order
not to introduce new independent components to the formalism. The precise expression will
be derived in the next section. Let us here however determine the transformation law that we
wish this dependent gauge field to obey. In this respect, we note that the addition of the extra
K transformation implies that the field strength of b,, that was introduced as a covariant
curvature in (2.64) no longer transforms covariantly. We can remedy this by defining a new
Ry, (D) curvature, that includes additional f, terms for K transformations:

Ry (D) = 0,by, — 0,b, = [, 70 + T (3.31)
Requiring that this new curvature transforms covariantly as
8R,, (D) = A (0,7, — 0,7, — 2b,7, + b,7,) = 0, (3.32)

by virtue of the first constraint in (3.27), implies that f, must transform under internal
symmetries as

(5fﬂ = 0,Ax — ZADfﬂ + zAk by, (3.33)
where we have used that
ob, = d,Ap + Ag,. (3.34)

Other curvatures that appeared in (2.64) also cease to transform covariantly under internal
symmetries, once K has been introduced. Correct covariant curvatures can be defined by
considering the commutators on y and M given by

[ Do D, Jr = =R (N) = 2 = xR, (D), (3.35)
[ D, DM = =R, ()M, — (1 = DR, (D)M® = R, (G), (3.36)

where D, is covariant with respect to both diffeomorphisms (that drop out of commutators)
and D, G,, J,;, N, K transformations. The curvatures thus defined are given by

Ry (D) = 0,b, — 0,by — f, 70 + [, s (3.37)

le (N) = 2()[”1’11,/] — 2(2 - z)b[ﬂm,,] - 2(0[”“61,]“ + 2(2 — Z)){f[.ﬂ ) (338)

22



Class. Quantum Grav. 32 (2015) 135017 E A Bergshoeff et al

Rm,ab (.,) = 20[Ma)y]“b - Zw[,f“a),,]bc, (339)

R/M,a(G) = 20[”0)[,]“ - Zw[ﬂ“ba)y]b - 2(1 - z)b[ﬂwy]“
-2, (e + (z = 27, ;M) (3.40)

Finally one can also define a curvature for f, via
R;w (K) = aﬂfy - apf;l + Zbﬂfy - Zb"f/‘r (3.41)

Using some of these curvature definitions, we will now derive an expression for the
dependent gauge field f, that transforms as in (3.33).

3.2.3. The dependent gauge connection f,. In order to construct a fully dependent gauge
connection f, that transforms as in (3.33), we start by imposing the curvature constraint
R,, (D) = 0 from which we find

£, =v(0,by = 9ub,) = v'f, 7, (3.42)
We thus need to find an expression for v”f, which transform as
5(vif,) = 2f, + vFO,Ax = 2ApvIf, + Ak VP, (3.43)

in order that fﬂ transforms as (3.33).

Before embarking on the construction of v/, we first derive a Bianchi identity that will
prove useful later. Multiplying (3.36) by —7,, antisymmetrizing over all indices and using the
vielbein postulates (3.24) together with the identity

2D D, (ep" = 1M?) = =Ry (D epp = TaM”) = Ry (D) (e, = 14M),  (3.44)
where we used the fact that ¢, — 7,M*“ is boost invariant, we obtain the Bianchi identity

R (e + Ry (G)tyy = 0. (3.45)
By contracting this with v¥e” .e”, we find

R (G) + VvFRy" (J) =0, (3.46)
and by contracting (3.45) with e#,e”,e”. we obtain

Ry (J) = Rea",(J) = 0. (3.47)

Inspired by the z = 2 result we make the follow ansatz for v/,

1
Vif, = F + Evﬂeva(za[ﬂw”a = 2040, = 2(1 = Dby, = 2 = 2)f, wM?),

(3.48)

where F needs to be determined. Note that the right hand side does not contain v”f, but only
e’yf, which we already know. This transforms under boosts as

5G(v”fﬂ) = 5GF + A%t f, + éﬂC[Rw“(G) - v"RW“C(J)]. (3.49)

In order to cancel the curvature terms upon use of the Bianchi identities (3.45) and (3.46) we
take for F
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F= %v”MCRW“C J) - éM”M“Rba“C )+ F. (3.50)
This leads to
(SG(v"f”) = 56 F + 2%t f,. (3.51)

We will take 56 F = 0 so that we obtain a boost invariant expression for /.- We still need to
ensure that f, transforms as in (3.33) with respect to dilatations and special conformal
transformations. It is straightforward to check that under dilatations we have

5D(v/‘fﬂ) = —2zApvHf,, (3.52)
provided we take §p F = —2zAp F. Finally under special conformal transformations we have
5K(v"fﬂ) = 6k F + vio,Ag + Agvib, + é(z — DAge", DM, (3.53)

The last term can be cancelled by taking

- 1 2
F= ﬁ(z - 2)(e”aDﬂM“) , (3.54)
where
e, DM = —laﬂ[e(w — etM) ] + d(v' — el M?)b,, (3.55)
e

with e the determinant of the matrix formed by (z,, €,%). One sees that e#,D,M* is boost

invariant and has dilatation weight —z so that F obeys the conditions 6GF = 0 and
SpF = —2zAp F. The final expression for vif, is thus

vif, = évﬂeva(za[ﬂa}ﬂa = 20w, — 2(1 = 2)bpw, ¢ — 2(z — 2)ﬁﬂfy]Ma)
+ EV”M"RW“ ) - leMthaa ) + L(z - 2)(e”,,D,,M“)2. (3.56)
d ¢ d ¢ 2d?
We thus see that f, is a completely dependent gauge connection.

3.2.4. Summary of fields and transformation rules. In summary, for z # 2, we have the
following set of fields and local transformations:

51, = Apt,, (3.57)
oe, ' = 7,A + A“be,/’ + Ape,*, (3.58)
omy, = 0,0 + Ay, — (2 — 2)ob, + 2 — 2)Apm, — (2 — D)Agyz,, (3.59)

b, = 0,4 + (z = DA%, — Yyl — (z = DApw,* + 2w,

+Ag (e + (2 = D7, M), (3.60)
8w, = 0,4 + 22! | 3.61)
5b,4 = a;tAD + AKT”, (3.62)
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Table 2. Dilatation weights of the TNC invariants.

: A % OH puv
Invariant 7, hy D v h

Dilatation weight z 2 -2(z-1) -z =2

of, = Ak — ZApf, + ZAx by, (3.63)

oy=0+ (2 -2)Apy, (3.64)

where we have only written the transformations for internal symmetries (boosts, rotations,
central charge gauge transformations, dilatations and special conformal transformations) and
have left out the diffeomorphisms. Only the fields z,, ¢, and M, =m, — dy are
independent. The other fields are dependent or pure gauge and in case they are dependent,
they can be defined via appropriate constraints on curvatures that are covariant with respect to
the above transformations. The last terms in ém, and éw," describe the coupling to y under
special conformal transformations. One can check that this set of local transformations forms
a closed algebra. For z = 2 the transformations agree with those of the D, G,, J,, N, K
subgroup of the z = 2 Schrodinger group.

In this way, we have obtained a description of TTNC geometry for z # 2, that makes the
presence of Schrodinger-type symmetries manifest. It is given in terms of independent fields
7,, e, and M, with dilatation weights z, 1 and 2 — z, respectively, where the field 7, is
hypersurface orthogonal. In the next section we will generalize these results to the case of
TNC geometry where there are no constraints imposed on z,,.

4. TNC geometry

In [30, 41] it is shown that asymptotically locally Lifshitz space-times with dynamical critical
exponent z in the range 1 < z < 2 are dual to field theories that live on a TNC space—time
where typically 7, is fully unconstrained. Only for certain special z = 2 cases (and whenever
z > 2) one finds that 7, is hypersurface orthogonal so that the boundary geometry becomes
TTNC. Here we will describe the geometry one obtains if we generalize TTNC to the case
where 7, is fully unconstrained. The resulting geometry is called TNC geometry [11, 12].

As shown in [30, 41] the holographic boundary data are provided by the fields: 7, e,“,
M, and y transforming as in (2.62), (3.20) and (3.22) with generally no constraint on 7,,.
Below we will work out the properties of the TNC geometry and show that the result can be
viewed as adding torsion to the results of the previous section, in the sense that the connection
r :D which is torsionless in the case of TTNC geometry now acquires torsion.

4.1. Invariants

The first step in setting up the TNC geometry is the construction of invariants. By this we
mean tensors with a specific dilatation weight that are invariant under G,, J,, and N trans-
formations. These invariants are given by

PH = vH — WM, (4.1)

hyw = hy — o, M, — 7,M,, 4.2)
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= —viM, + %h””M,,M,,, 4.3)

together with the degenerate metric invariants 7, and #**. The quantity h,, appeared earlier in

the construction of '), (section 2.2.2) whereas & appeared already in section 3.1.1. Their
dilatation weights are given in table 2.
It will also sometimes be useful to use the G, and N invariant vielbein €, defined as
e, =ef — 1,M°. 4.4
The objects é,, V¥, 7, and e,* form an orthonormal set, i.e.
Vg, =—1, Ve, =0, Tty =0,

ety =88, el =5} + i, 4.5)

4.2. Vielbein postulates

The G, J,, and N invariant affine connection that is metric compatible in the sense that
Vi, =0, (4.6)

V,ht? = 0, 4.7)

is the same as found before in equation (3.8) (although here there are no constraints imposed
on 7,) which we repeat here for convenience

v

I, = -9,z + %hw(aﬂﬁw + 0hys — 9ol (4.8)

and is a simple expression in terms of the invariants.

The approach that we take in deriving the properties of TNC geometry is reversed to the
approach taken before when gauging the Schrodinger algebra. In the latter case we guessed
the relevant group, gauged it and via a vielbein postulate found 77;,. Here we guess I;, and
we work our way towards unraveling the underlying Schrodinger symmetries.

Define the following covariant derivatives

D1, = 0,7, — I),7p, 4.9)
Dye," = due, — e, — w7, — a)ﬂ"be,,b, (4.10)
D =0 + I,,v" — w,e,, 4.11)
Dyety = 0, + Ipely + o, e, (4.12)

compatible with (4.6) and (4.7) and the transformations of 7, and e, given in (2.62) as well
as those of the inverse vielbeine given in (2.63). Impose the following vielbein postulates

D,z, = 0, (4.13)
Dye, = 0, (4.14)
D =0, (4.15)
D,e*, =0, (4.16)

26



Class. Quantum Grav. 32 (2015) 135017 E A Bergshoeff et al

and take I ;ﬁ, as in (4.8). The connections w,* and a)ﬂ"b can be solved for in terms of I, ,fy and
they are the non-dilatation covariant boost and rotation connections, respectively. Their
relation with @, and a)u“b for the case of TTNC geometry will become clear shortly.

4.3. The dilatation connection b,

To make local dilatation covariance manifest we use a procedure that we call anisotropic
Weyl-gauging which is a straightforward generalization to z > 1 of the Weyl gauging tech-
nique used in relativistic settings. The main ingredient is a dilatation connection b, that
transforms under dilatations as

Spby = 0,Ap, 4.17)

and that is invariant under the G,, J,;,, N transformations (without imposing any constraint on
7,). Inspired by the TTNC connection (2.68) for dilatations we define here b, in terms of the
invariants as follows

b, = lw(apf,, = 0,1,) = Vb, (4.18)
<

We will use this b, field to rewrite the covariant derivatives (4.9)—(4.12) in a manifestly
dilatation covariant manner. To do this we take I, of equation (4.8) and replace ordinary

derivatives by dilatation covariant ones leading to a new connection I~ /Z/ that is invariant under
the G, J.», N and D transformations and reads

Iy, =579, - b, )7, + %h/"’( (04 = 2B, Yo + (9, = 2b,) s — (95 — Zbﬁ)ﬁ,w).
(4.19)

This is the same expression as given earlier in the case of TTNC geometry, equation (3.25)
except that now of course 7, is not constrained to be hypersurface orthogonal. With the help

of b, and I /fv we can now rewrite the covariant derivatives (4.9)—(4.12) as follows

D7, = 0,7, — 1,7, — 2b,7,, (4.20)
D,e,* = d,e,* — f:bep” - w,'t, — a)ﬂ“be,,b - bue”, 4.21)
Dy" =0 + f:pv” - ey + zb,V", (4.22)
Dye’y = 0y’ + [pef o + @, ') + byes, (4.23)

where the @, and @,% connections are written in terms of @, and w,*” supplemented with
the appropriate b, dependent terms such that all the b, terms drop out on the right hand side of

(4.20)—(4.23) when rewriting it in terms of the connections I}, @, and a)ﬂ”b . Solving the

p?
vielbein postulates (4.13)—(4.16) for w,* and a)”“b in terms of b, and T :y we can write the

result as
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1 1
W, = —Ev”(ﬁﬂeb" - 61,6”“) + Eeﬂcv"epa(ayem — (),,e,,c)
1
_ Eerm<()gMﬂ — oM, = @ = 2)(bM, — b,M,))
+ %Tﬂeaﬂvv(agMy - 0,M, — (2 = 2)(b:M, — b,M,))
— e, b, + v'e" (M, T,, — M, T, — M, T,,), (4.24)
a 1 v a a 1 Capa, v 1 pa
w, " = Ee b(dﬂe,, — 0,e, ) - Eeﬂ ee b(()bepc - (),,e,,c) - Ee (()Me/,b - dpeﬂb)
- %Tﬂewevb(aﬁMu - 0,M, — 2 = 2)(b;M, — b,M,)) + e,"¢",b, — e,,e"D,

- e”“e”b(Mng, - M,ﬂ;a - M, T/“’)’

(4.25)
where T, is the twist tensor defined as
T, = %Eﬂpﬁwh/’ﬂh‘m(aﬂk - am). (4.26)

Note that for TTNC geometry we have that 7, = 0 due to (2.36) (which for general z is just
0Ty = zbp,7,7) and that in this case the expressions (4.24) and (4.25) agree with (2.66) and
(2.67) (where of course one must replace m, by M, as explained in section 3.2). In deriving
these results it is useful to use the fact that one can write (4.18) equivalently as

0ty — 1, = —2(7,b, — 7,b) + 2T, (4.27)

which is the same statement as the vanishing of the antisymmetric part of (4.20).
Combining (4.27) with (4.19) we see that for TNC geometry the connection I~ ,f,, becomes
torsionful with torsion given by

iy = =0T, (4.28)

and that this becomes torsionless if and only if we are dealing with a TTNC geometry.

4.4. The central charge gauge connection m,

The introduction of the b, field, via (4.18), also allows us to define the central charge gauge
connection m,,. The definition of m, follows from the observation made in section 3.2,
equation (3.21), that one can view M, as the covariant derivative of y by writing

M,=-Dy=m,+ 2 —2)yb, — 0. (4.29)

Here we use this as the definition of m,,. It follows that m, must transform as in (2.62).
Since M, also transforms under boosts the covariant derivative acting on M, is

DM, = oM, — [h,M, — (2 — D)b,M, — ®,%,,. (4.30)
It follows that we obtain
[ D, D, |x = —2DM,) = 4T, &, (4.31)

where @ is given in (4.3). One can interpret this as the TNC generalization of the curvature
constraint (3.23). Likewise equation (4.27) can be viewed as the TNC generalization of the
curvature constraint R, (H) = 0 used in the gauging of the Schrodinger algebra. Finally the
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TNC analogue of the constraint R,,“(P) = 0 is the vanishing of the antisymmetric part
of (4.21).

For later purposes we mention that from the vielbein postulates (4.13)—(4.16) with the
covariant derivatives written as in (4.20)—(4.23) it follows that

D,ef = -1, D,M* (4.32)
where ¢, is given in (4.4) and where D,M*“ is defined as
DM =oM* — o, — wﬂ”bM” - (1 = 2)b,M?, (4.33)

so that D,M*“ is boost invariant.

4.5. Special conformal transformations

In section 3.2.2 we showed that for TTNC with general z there is an extra symmetry that
allows us to remove the temporal component of the b, connection. We will show in this and
the next subsection that this symmetry also exists for TNC geometry. In other words we will
show that there is a new symmetry of the form

(SKbﬂ = AKT;r (434)
What this means is that the field Vb, in (4.18) can be gauged away using this symmetry. This

symmetry must leave invariant the fields M,, 7, and ¢, since we do not see it in the
holographic context of [30, 41]. Since 6x M, = 6xy = 0 we need that

ogmy, = —(2 — 2)Agy1,. (4.35)
Apart from b, and f, the only other field that transforms under 6 is w,” because it depends
on v#b,. Using (4.24) we get

Ox@, = AK(éﬂ” + (z — 1)TMM“). (4.36)
The discussion is very analogous to the discussion of conformal symmetries in the TTNC

case of section 3.2.2 so we shall be brief and merely highlight the new ingredients.
We introduce a curvature for b, denoted as usual by R,, (D) which is given by

R, (D) = 0,b, — 0,by — f, 70 + f, 7 (4.37)

We next demand that it is invariant under all transformations except under the K
transformation in which case it transforms like (3.32). This tells us that f” must transform as

of, = 0,Ax — ZApf, + Ak by. (4.38)

Since now we have the constraint (4.27) it follows that

OR,, (D) = 2Ax T,,. (4.39)
Hence we need a constraint of the form
R, (D) =0,b, — d,b, —fﬂ 7, + £, 1 = 2T s (4.40)

where T, is an object that is invariant under all transformations except under the K
transformation in which case it goes like 6k T(p),, = 27,,. This object T),, is given by

Ty = %ﬁﬂpfzmhf”‘h”’i(akbﬂ — 0;by). (4.41)
One can show that for TTNC we have Tj;),, = 0 as it should be.
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4.6. The connection f,
To realize f, as a dependent gauge connection we start by using (4.40) from which we find
£, =97(0,b, = 0,b,) = V°f, 7 (4.42)

where in obtaining this expression we used the fact that ¥#7,),, = 0. We thus need to find an
expression for ¥/f, which transforms as

5(94,) = P0,Ax = 2eApIHf, + Ak DD, (4.43)

in order that f, transforms as (4.38). Of course we know that V&f, = v, — h**M,f, and we

already have an expression for h**M, f, due to (4.42). Working out its transformation we find
5<h””M,,f”) = "M, 0,Ax + A%€"f, — 22Aph**M,f, + zAgh**M,b,,. (4.44)

Hence subtracting (4.44) from (4.43) we learn that we need to find an expression for vif, that
transforms as

5(\;"]‘”) = J9eh f, + v, Ax — 22ApVIf, + ZAx Vi, (4.45)

We will construct v/, by making an ansatz further below. The most difficult aspect is to
get the transformation with respect to boosts to work out. For this purpose it will prove very
convenient to establish a Bianchi identity which we now derive. Acting with a covariant
derivative on (4.33), given by

D,D,M“ = 0,(D,M%) - I;,D,M* - (1 — 2)b,D,M* — &,",D,M" + f8. (4.46)
we see that
[Dﬂ, D,,]M“ = =21}, D,M* = R,,** ()M, — (1 = 2)R,,(D)M* — R,,*(G), (4.47)

where the curvatures are the same as those given at the end of section 3.2.2. Multiplying
(4.47) by —7, and antisymmetrizing over all indices using (4.32) and (4.4) gives

2Dy D, &y = 201, Dig iy + Ry (J )(ep]b — e)
+ (1 = DRy (D) (e, = 25") + R (G)z,). (4.48)
Next we use the identity
2D, D, e, = =207, Disiep" + 2015, Dps" = Ryw™ (J)éps — Ry (D)é" (4.49)
to derive the Bianchi identity
0 = 2L DM + 2Ty e, — 22M Ty Tp) + Riw™ (D epip + Ry (G)7 (4.50)
By contracting this with v¥#e” .e”, we find
R (G) + VIR, (J) = 2M’T, e’ D,M® — 2M Ty e - D,M*
+ 2T VDM + 2(d — 2 — DM Tipypes (4.51)
and by contracting (4.50) with e#,e",e”. we obtain
Ry (J) = Reo",(J) = = 2Tyee" DM + 2T 0"y D,M + 2T €” ;DM
=22 = d)Tpype- (4.52)
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We make the following ansatz for v/f,
1
Wif = F + Ev”e”a(Za[ﬂa}y]“ = 2040, = 2(1 = Dby, = 2 = 2)f, wM?),

(4.53)

where F needs to be determined. The term in parenthesis makes up a large part of the
curvature R,“ (G) given in (3.40). Note that the right hand side does not contain v*f, but only

e¥of, which we already know. This transforms under boosts as'
2 1
86V, ) = S6F + Aehaf, + = = DIV Ty + — | R (G) = ViR, ()]
(4.54)

In order to cancel the curvature terms upon use of the Bianchi identities (4.51) and (4.52) we
take for F

F= %ﬁ/‘M"RW“C(J) + éMbM"R,m“C(J) + %TMM‘W‘D#M“ +F. (455
This leads to
6G(v"fﬂ) = 56 F + A%etof,. (4.56)

We will take 56 F = 0 so that we obtain a boost invariant expression for J,- We still need to
ensure that f, transforms as in (4.38) with respect to dilatations and special conformal
transformations. It is straightforward to check that under dilatations we have

60( v”fﬂ) = —2ZApVHf. 4.57)

provided we take 5, F = —2zAp F'. Finally under special conformal transformations we have
_ 1

5,<(vﬂfﬂ) = 5k F + VoM + AV, + (= DAk DM (458)

The last term can be cancelled by taking

= 1 2\2
F= M(z - 2)(e*,D,M), (4.59)

where using (4.33) and the expression for @, and a)ﬂ“b given in (4.24) and (4.25),
respectively, we have

et DM = —la,,(ew) + dvtb,, (4.60)
e

with e the determinant of the matrix formed by (z,, €,%). One sees that e#,D,M* is boost

invariant and has dilatation weight —z so that F obeys the conditions 6gF = 0 and
SpF = —2zAp F. The final expression for vif, is thus

' The transformation properties of the connections w,® and w,” follow readily from the vielbein postulates (4.13)—
(4.16) written using (4.20)—(4.23) and they are the same as for TTNC geometry.
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1 - - ab~ ~
vif, = ;v”e”,I(Zd[ﬂ(l)y]a = 2, - 201 = Dby - 2@ = 2)f, 7M?)
+ zﬁ”MCRW“ ) + lM”MCR;,a“ ) + gJ;CMC\G/‘DMM“
d ¢ d ¢ d
1 2
+ — (@ —-2)(e*; DM . (4.61)
242 ( H )
We thus see that f, is a completely dependent gauge connection given by (4.42) and (4.61).
4.6.1. From TTNC to TNC. This completes the description of TNC geometry. We conclude

that TNC geometry is an extension of TTNC obtained by relaxing the TTNC curvature
constraints to

Ry (H) = 2T, (4.62)
R, (D) = 2Tip) s (4.63)
R, (N) = 2T,,v"M, + 2(z = 2)xTip)u» (4.64)
R, (P) = 2T,,M*, (4.65)

where the curvatures R, (D) and R, (V) are given at the end of section 3.2.2 and R, (H) and
R, (P) can be found in section 2.3.1. The constraint from which v/f, can be obtained is

0= w(R,,aa(G) + 2MR," (J)) + M*( Ry (G) + MRy ()
1
+ 2 MVDM + (e 2)(e*,D,M7)’. (4.66)

To prove (4.65) we used the antisymmetric part of Dy,e,* = 0 together with (4.28). To derive
the curvature constraint for R,, (N) we used (4.31) together with

[ D D Jr = =20, Doyt = R (N) = (2 = 2R, (D), (4.67)
and (4.28).

5. Conclusions

TNC geometry is expected to play an important role in Lifshitz holography, where it can
serve as a guiding principle to construct precise holographic dictionaries. In this paper, we
have constructed a vielbein formulation for generic TNC geometry, putting special emphasis
on the Schrédinger-type local symmetries that are needed in the construction. Our approach
has at first been to perform a gauging of the Schrodinger algebra. In this procedure gauge
fields are introduced for all generators of the Schrodinger algebra, whose transformation rules
and covariant curvatures are determined by the structure constants of the algebra. One also
imposes curvature constraints to make certain gauge fields dependent on the remaining ones
and to identify diffeomorphisms and local space—time translations. We have shown that in
this way, one can indeed define a vielbein formalism for a specific kind of TNC geometry, so-
called TTNC geometry.

For applications to Lifshitz holography, a more general procedure is however required.
Indeed, Lifshitz holography allows for more general kinds of TNC geometries than the
twistless torsional ones. Furthermore, the central charge of the Schrédinger algebra is pro-
moted to a Stiickelberg symmetry, in the sense that it is accompanied by an extra Stiickelberg
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scalar for the central charge. In contrast, in the ordinary gauging of the Schrodinger algebra,
this Stiickelberg scalar is not present. With applications to Lifshitz holography in mind, we
have therefore shown how TTNC, in the presence of the Stiickelberg scalar can be defined via
a procedure, inspired by the gauging of the Schrodinger algebra. In particular, we have shown
how one can introduce gauge fields, associated transformation rules and covariant curvatures
for Schrodinger-type symmetries, in the presence of the Stiickelberg scalar. We have argued
how curvature constraints turn some gauge fields into dependent ones and that this procedure
indeed leads to TTNC geometry, as it appears as boundary geometry in Lifshitz holography.

The appearance of local Schrodinger-type symmetries in Lifshitz holography might
perhaps seem odd. However, as we hope to have elucidated in this paper, from the point of
view of the TNC boundary geometry, it is rather natural. Indeed, the description of this
geometry requires the presence of an extra vector field, apart from the temporal and spatial
vielbeine, that can be associated to a central charge transformation. The local boundary
symmetries should therefore not only include scale transformations, but should also include
such a central charge transformation. This naturally leads one to look at Schrodinger-type
symmetries. In this paper, we have clarified how these symmetries are precisely connected to
TNC geometry. The connection between Schrodinger-type symmetries and TNC geometry,
that we have studied in this paper, has implications for Lifshitz holography. Implications for
the dual field theories that Lifshitz holography attempts to describe have been explored
in [30, 41].

Although technical in nature, we hope that this paper clarifies a number of issues,
regarding the local symmetries and geometries that are realized in Lifshitz holography. Given
how symmetries and their potential geometric realization have always played an important
role in the construction of effective field theories, we expect our work to be of use in the more
general context of the study of non-relativistic field theories.

In this work we have described TNC geometry in terms of the fields z,, e,“, m, and y.
This is naturally suggested by the holographic setup in which the bulk geometry is described
by Einstein gravity coupled to a massive vector field and possibly a dilaton. There are
however other setups leading to Lifshitz space-times, such as the Einstein—-Maxwell-dilaton
model with a logarithmically running dilaton [26]. In this case we have Einstein gravity
coupled to a Maxwell bulk field and a dilaton. It would be interesting to see what kind of
boundary geometry we would get in this case and if it is the same or different from what we
found here. More generally one can add another exponent [52, 53] related to the logarithmic
running of the dilaton on top of the critical exponent z and still have a Lifshitz geometry. It
would be interesting to study the role of this exponent from the point of view of the boundary
geometry. One can also consider the use of Horava—Lifshitz gravity in the bulk [54] which
admits Lifshitz space-times as a vacuum solution [45]. It would be interesting to see what the
dual geometry is, how it comes about from the bulk perspective (see [55] for work in this
direction), whether Schrodinger symmetries play a role, in particular in relation to particle
number, and whether there is again a y field or whether this gets replaced by something else.

Acknowledgments

We would like to thank Jay Armas, Arjun Bagchi, Matthias Blau, Jan de Boer, Kristan
Jensen, Elias Kiritsis, and especially Niels Obers for many very useful discussions. We are
especially grateful to Joaquim Gomis for collaboration in the initial stages of this work and
for sharing many valuable insights. The work of J H is supported in part by the Danish
National Research Foundation project ‘Black holes and their role in quantum gravity’. J H

33



Class. Quantum Grav. 32 (2015) 135017 E A Bergshoeff et al

wishes to thank the University of Groningen and CERN for their hospitality and financial
support. The work of J R is supported by the START project Y 435-N16 of the Austrian
Science Fund (FWF). E B and J R would like to thank the organizers of the ‘Quantum
Gravity, Black Holes and Strings’ program at the KITPC-Beijing for financial support and
hospitality when part of this work was done.

References

(1]
(2]
(3]
(4]
(3]
(6]
(7]
(8]
(91
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
(20]
(21]
(22]
(23]
(24]
(25]

[26]

Cartan E 1923 Sur les variétés a connexion affine et la théorie de la rélativité généralisée (premiere
partie) Ann. Ec. Norm. Super. 40 325

Cartan E 1924 Sur les variétés a connexion affine et la théorie de la rélativité généralisée (premiere
partie)(suite) Ann. Ec. Norm. Super. 41 1

Dautcourt G 1990 On the Newtonian limit of general relativity Acta Phys. Pol. B 21 755

Eisenhart L P 1928 Dynamical trajectories and geodesics Ann. Math. 30 591

Trautman A 1963 Sur la theorie newtonienne de la gravitation C. R. Acad. Sci., Paris 247 617

Kuenzle H 1972 Galilei and lorentz structures on space—time—comparison of the corresponding
geometry and physics Ann. Poincare Phys. Theor. 17 337-62

Duval C, Burdet G, Kunzle H and Perrin M 1985 Bargmann structures and Newton—Cartan theory
Phys. Rev. D 31 1841

Duval C, Gibbons G W and Horvathy P 1991 Celestial mechanics, conformal structures and
gravitational waves Phys. Rev. D 43 3907-22

Julia B and Nicolai H 1995 Null killing vector dimensional reduction and galilean
geometrodynamics Nucl. Phys. B 439 291-326

Son D T 2013 Newton—Cartan geometry and the quantum Hall effect (arXiv:1306.0638 [cond-
mat.mes-hall])

Christensen M H, Hartong J, Obers N A and Rollier B 2014 Torsional Newton—Cartan geometry
and Lifshitz holography Phys. Rev. D 89 061901 (arXiv:1311.4794 [hep-th])
Christensen M H, Hartong J, Obers N A and Rollier B 2014 Boundary stress-energy tensor and
Newton—Cartan geometry in Lifshitz holography J. High Energy Phys. JHEP01(2014)057
Balasubramanian K and Narayan K 2010 Lifshitz space-times from AdS null and cosmological
solutions J. High Energy Phys. JHEP08(2010)014

Donos A and Gauntlett J P 2010 Lifshitz Solutions of D = 10 and D = 11 supergravity J. High
Energy Phys. JHEP12(2010)002

Cassani D and Faedo A F 2011 Constructing Lifshitz solutions from AdS J. High Energy Phys.
JHEP05(2011)013

Chemissany W and Hartong J 2011 From D3-Branes to Lifshitz space-times Class. Quantum
Grav. 28 195011

Ross S F and Saremi O 2009 Holographic stress tensor for non-relativistic theories J. High Energy
Phys. JHEP09(2009)009

Ross S F 2011 Holography for asymptotically locally Lifshitz space-times Class. Quantum Grav.
28 215019

Baggio M, de Boer J and Holsheimer K 2012 Hamilton—Jacobi renormalization for Lifshitz space—
time J. High Energy Phys. JHEP01(2012)058

Mann R B and McNees R 2011 Holographic renormalization for asymptotically Lifshitz space-
times J. High Energy Phys. JHEP10(2011)129

Griffin T, Horava P and Melby-Thompson C M 2012 Conformal Lifshitz gravity from holography
J. High Energy Phys. 1205 JHEP05(2012)010

Chemissany W, Geissbuhler D, Hartong J and Rollier B 2012 Holographic renormalization for
z = 2 Lifshitz space-times from AdS Class. Quantum Grav. 29 235017

Balasubramanian K and McGreevy J 2008 Gravity duals for non-relativistic CFTs Phys. Rev. Lett.
101 061601

Son D 2008 Toward an AdS/cold atoms correspondence: a geometric realization of the
Schrodinger symmetry Phys. Rev. D 78 046003

Kachru S, Liu X and Mulligan M 2008 Gravity duals of Lifshitz-like fixed points Phys. Rev. D 78
106005

Taylor M 2008 Non-relativistic holography (arXiv:0812.0530 [hep-th])

34


http://dx.doi.org/10.2307/1968307
http://dx.doi.org/10.1103/PhysRevD.31.1841
http://dx.doi.org/10.1103/PhysRevD.43.3907
http://dx.doi.org/10.1103/PhysRevD.43.3907
http://dx.doi.org/10.1103/PhysRevD.43.3907
http://dx.doi.org/10.1016/0550-3213(94)00584-2
http://dx.doi.org/10.1016/0550-3213(94)00584-2
http://dx.doi.org/10.1016/0550-3213(94)00584-2
http://arXiv.org/abs/1306.0638
http://dx.doi.org/10.1103/PhysRevD.89.061901
http://arXiv.org/abs/1311.4794
http://dx.doi.org/10.1007/JHEP01(2014)057
http://dx.doi.org/10.1007/JHEP08(2010)014
http://dx.doi.org/10.1007/JHEP12(2010)002
http://dx.doi.org/10.1007/JHEP05(2011)013
http://dx.doi.org/10.1088/0264-9381/28/19/195011
http://dx.doi.org/10.1088/1126-6708/2009/09/009
http://dx.doi.org/10.1088/0264-9381/28/21/215019
http://dx.doi.org/10.1007/JHEP01(2012)058
http://dx.doi.org/10.1007/JHEP10(2011)129
http://dx.doi.org/10.1007/JHEP05(2012)010
http://dx.doi.org/10.1088/0264-9381/29/23/235017
http://dx.doi.org/10.1103/PhysRevLett.101.061601
http://dx.doi.org/10.1103/PhysRevD.78.046003
http://dx.doi.org/10.1103/PhysRevD.78.106005
http://dx.doi.org/10.1103/PhysRevD.78.106005
http://arXiv.org/abs/0812.0530

Class. Quantum Grav. 32 (2015) 135017 E A Bergshoeff et al

[27]
(28]

[29]
(30]

(31]
[32]

(33]
[34]
(35]

[36]

(37]

[38]

(39]
[40]
[41]
(42]
[43]
[44]
[45]
[46]
(47]
(48]

(49]
[50]

[51]
[52]
(53]

[54]
[55]

McGreevy J 2010 Holographic duality with a view toward many-body physics Adv. High Energy
Phys. 2010 723105

Hartnoll S A 2009 Lectures on holographic methods for condensed matter physics Class. Quantum
Grav. 26 224002

Sachdev S 2011 Condensed matter and AdS/CFT Lect. Notes Phys. 828 273-311

Hartong J, Kiritsis E and Obers N A 2014 Lifshitz space-times for Schroedinger holography
(arXiv:1409.1519 [hep-th])

Hartong J, Kiritsis E and Obers N A in preparation

Banerjee R, Mitra A and Mukherjee P 2014 A new formulation of non-relativistic diffeomorphism
invariance Phys. Lett. B 737 369-73

Geracie M, Son D T, Wu C and Wu S-F 2015 Space-time symmetries of the quantum Hall effect
Phys. Rev. D 91 045030 (arXiv:1407.1252 [cond-mat.mes-hall])

Gromov A and Abanov A G 2015 Thermal Hall effect and geometry with torsion Phys. Rev. Lett.
114 016802 (arXiv:1407.2908 [cond-mat.str-el])

Bradlyn B and Read N 2015 Low-energy effective theory in the bulk for transport in a topological
phase Phys. Rev. B 91 125303 (arXiv:1407.2911 [cond-mat.mes-hall])

Banerjee R, Mitra A and Mukherjee P 2015 Localisation of the Galilean symmetry and dynamical
realisation of Newton—Cartan geometry Class. Quantum Grav. 32 045010 (arXiv:1407.3617
[hep-th])

Brauner T, Endlich S, Monin A and Penco R 2014 General coordinate invariance in quantum
many-body systems (arXiv:1407.7730 [hep-th])

Moroz S and Hoyos C 2015 Effective theory of two-dimensional chiral superfluids: gauge duality
and Newton—Cartan formulation Phys. Rev. B 91 064508 (arXiv:1408.5911 [cond-mat.
quant-gas])

Geracie M and Son D T 2014 Hydrodynamics on the lowest Landau level (arXiv:1408.6843
[cond-mat.mes-hall])

Jensen K 2014 On the coupling of Galilean-invariant field theories to curved space-time
(arXiv:1408.6855 [hep-th])

Hartong J, Kiritsis E and Obers N A 2014 Schroedinger invariance from Lifshitz isometries in
holography and field theory (arXiv:1409.1522 [hep-th])

Chemissany W and Papadimitriou I 2014 Generalized dilatation operator method for non-
relativistic holography Phys. Lett. B 737 272—6 (arXiv:1405.3965 [hep-th])

Chemissany W and Papadimitriou I 2015 Lifshitz holography: the whole shebang J. High Energy
Phys. JHEP1501(2015)052 (arXiv:1408.0795 [hep-th])

Duval C and Horvathy P A 2009 Non-relativistic conformal symmetries and Newton—Cartan
structures J. Phys. A: Math. Theor. 42 465206

Griffin T, Horava P and Melby-Thompson C M 2013 Lifshitz gravity for Lifshitz holography
Phys. Rev. Lett. 110 081602

Janiszewski S and Karch A 2013 Non-relativistic holography from Horava gravity J. High Energy
Phys. JHEP02(2013)123

Andringa R, Bergshoeff E, Panda S and de Roo M 2011 Newtonian gravity and the Bargmann
algebra Class. Quantum Grav. 28 105011

Andringa R, Bergshoeff E A, Rosseel J and Sezgin E 2013 3D Newton—Cartan supergravity Class.
Quantum Grav. 30 205005

Duval C 1993 On Galileian isometries Class. Quantum Grav. 10 2217-22

Kuchar K 1980 Gravitation, geometry and nonrelativistic quantum theory Phys. Rev. D 22
1285-99

de Pietri R, Lusanna L and Pauri M 1995 Standard and generalized Newtonian gravities as ’gauge’
theories of the extended Galilei group: 1. The standard theory Class. Quantum Gray. 12 219-54

Gouteraux B and Kiritsis E 2013 Quantum critical lines in holographic phases with (un)broken
symmetry J. High Energy Phys. JHEP04(2013)053

Gath J, Hartong J, Monteiro R and Obers N A 2013 Holographic models for theories with
hyperscaling violation J. High Energy Phys. JHEP04(2013)159

Horava P 2009 Quantum gravity at a lifshitz point Phys. Rev. D 79 084008

Wu C and Wu S-F 2015 Horava—Lifshitz gravity and effective theory of the fractional quantum
Hall effect J. High Energy Phys. JHEP1501(2015)120 (arXiv:1409.1178 [hep-th])

35


http://dx.doi.org/10.1155/2010/723105
http://dx.doi.org/10.1088/0264-9381/26/22/224002
http://arXiv.org/abs/1409.1519
http://dx.doi.org/10.1016/j.physletb.2014.09.004
http://dx.doi.org/10.1016/j.physletb.2014.09.004
http://dx.doi.org/10.1016/j.physletb.2014.09.004
http://dx.doi.org/10.1103/PhysRevD.91.045030
http://arXiv.org/abs/1407.1252
http://dx.doi.org/10.1103/physrevlett.114.016802
http://arXiv.org/abs/1407.2908
http://dx.doi.org/10.1103/physrevb.91.125303
http://arXiv.org/abs/1407.2911
http://dx.doi.org/10.1088/0264-9381/32/4/045010
http://arXiv.org/abs/1407.3617
http://arXiv.org/abs/1407.7730
http://dx.doi.org/10.1103/PhysRevB.91.064508
http://arXiv.org/abs/1408.5911
http://arXiv.org/abs/1408.6843
http://arXiv.org/abs/1408.6855
http://arXiv.org/abs/1409.1522
http://dx.doi.org/10.1016/j.physletb.2014.08.057
http://dx.doi.org/10.1016/j.physletb.2014.08.057
http://dx.doi.org/10.1016/j.physletb.2014.08.057
http://arXiv.org/abs/1405.3965
http://dx.doi.org/10.1007/jhep01(2015)052
http://arXiv.org/abs/1408.0795
http://dx.doi.org/10.1088/1751-8113/42/46/465206
http://dx.doi.org/10.1103/PhysRevLett.110.081602
http://dx.doi.org/10.1007/JHEP02(2013)123
http://dx.doi.org/10.1088/0264-9381/28/10/105011
http://dx.doi.org/10.1088/0264-9381/30/20/205005
http://dx.doi.org/10.1088/0264-9381/10/11/006
http://dx.doi.org/10.1088/0264-9381/10/11/006
http://dx.doi.org/10.1088/0264-9381/10/11/006
http://dx.doi.org/10.1103/PhysRevD.22.1285
http://dx.doi.org/10.1103/PhysRevD.22.1285
http://dx.doi.org/10.1103/PhysRevD.22.1285
http://dx.doi.org/10.1103/PhysRevD.22.1285
http://dx.doi.org/10.1088/0264-9381/12/1/019
http://dx.doi.org/10.1088/0264-9381/12/1/019
http://dx.doi.org/10.1088/0264-9381/12/1/019
http://dx.doi.org/10.1007/JHEP04(2013)053
http://dx.doi.org/10.1007/JHEP04(2013)159
http://dx.doi.org/10.1103/PhysRevD.79.084008
http://dx.doi.org/10.1007/jhep01(2015)120
http://arXiv.org/abs/1409.1178

	1. Introduction
	2. Gauging the SchrÖdinger algebra
	2.1. The SchrÖdinger algebra
	2.2. Gauging the SchrÖdinger algebra for z = 2
	2.2.1. Gauge transformations and constraints
	2.2.2. TTNC geometry
	2.2.3. Gauge fixing to acceleration extended Galilei symmetries

	2.3. Gauging the SchrÖdinger algebra for z&ne;2
	2.3.1. Gauge transformations and constraints
	2.3.2. Gauge fixing to acceleration extended Galilei symmetries


	3. Promoting the central charge to a St&#x000FC;ckelberg symmetry
	3.1. The case z = 2
	3.1.1. The Newton potential

	3.2. The case z&ne;2
	3.2.1. Promoting the central charge to a St&#x000FC;ckelberg symmetry
	3.2.2. Adding a special conformal symmetry
	3.2.3. The dependent gauge connection f&#x003BC;
	3.2.4. Summary of fields and transformation rules


	4. TNC geometry
	4.1. Invariants
	4.2. Vielbein postulates
	4.3. The dilatation connection b&#x003BC;
	4.4. The central charge gauge connection m&#x003BC;
	4.5. Special conformal transformations
	4.6. The connection f&#x003BC;
	4.6.1. From TTNC to TNC


	5. Conclusions
	Acknowledgments
	References



