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RESUME

Un systéme lent-rapide de type Ay est une équation différentielle ordinaire singuliérement
perturbée avec une structure particuliére. La varieté lente correspondante est définie par
les points critiques d’'un déploiment universel d’'une singularité de type Aj. Dans cette note,
nous proposons une forme normale formelle des systémes lents-rapides de type Ag.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction
A slow-fast system (SFS) is a singularly perturbed ODE usually written as

x=f(x,z¢8)
£2=g(X,2,€) (1)

where x e R™, ze R" and 0 < ¢ « 1 is a small parameter, and where the over-dot denotes the derivative with respect to a
time parameter t. Slow-fast systems are often used as mathematical models of phenomena that occur in two time scales. A
couple of classical examples of real life phenomena that were modeled by an SFS are Zeeman'’s heartbeat and nerve-impulse
models [17]. For & # 0, we can define a new time parameter t by t = ¢t. With this new time 7, we can write (1) as
X=¢cf(x,2,8)
7 =g(x,2¢), (2)

where the prime denotes the derivative with respect to t. An important geometric object in the study of SFSs is the slow
manifold, which is defined by
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S={(x.2) eR" x R"| g(x,2,0) =0}. (3)

When ¢ =0, the manifold S serves as the phase space of (1) and as the set of equilibrium points of (2). In the rest of
the document, we prefer to work with an SFS written as (2). Furthermore, to avoid working with an ¢-parameter family of
vector fields as in (2), we extend (2) by adding the trivial equation &’ = 0. To be more precise, we treat a C>°-smooth vector
field defined as follows.

Definition 1.1 (Aj slow-fast system). Let k € N with k > 2. An Ay slow-fast system (for short Ay-SFS) is a vector field X of
the form

k—1

] ad ad
—8(1+8f1)—+28 fige ~Ce=efi) g +0£ (4)
where Gy = z¥ + Zl i xizi~! and where each f; = fi(x1,..., X1, 2, &) is a C*°-smooth function vanishing at the origin.

Multi-scale models described by an Aj-SFS are of interest as they exhibit local, fast transitions between stable states,
e.g, [8,13,14,17].

Remark 1.1. The slow manifold associated with an Ay-SFS is defined by

k—1
S={x2eR X+ xz1=0¢. (5)
i—1

The manifold S can be regarded as the critical set of the universal unfolding of a smooth function with an Ay singularity
at the origin [1,3]. Hence the name Aj-SFS.

Observe that the origin is a non-hyperbolic equilibrium point of X and thus, it is not possible to study its local dynamics
with the classical Geometric Singular Perturbation Theory [5]. In this case, the blow-up technique [4,9] can be applied to
desingularize the SFS. This methodology has been successfully used in many cases, e.g., [2,7,10,11,15,16], where many of
these deal with an Ay-SFS with fixed k = 2 or k = 3. Briefly speaking, the blow-up technique consists in an appropriate
change of coordinates under which the induced vector field is regular or has simpler singularities (hyperbolic or partially
hyperbolic).

In this paper we propose a normal form of A;-SFSs given by Definition 1.1. In this normalization, the unknown functions
fi of (4) are eliminated. As it is shown below, the structure of the A-SFS plays an important role in the normalization
process. Moreover, this normalization greatly simplifies the local analysis of systems given by (4), as shown in [6,7].

2. Formal normal form of an Aj, slow-fast system

We regard the vector field X of Definition 1.1 as X = F + P, where F and P are smooth vector fields called “the principal
part” and “the perturbation” respectively. That is:

k—1
0 d
—8— 0—, P= e fi— + € 0—. 6
o +§: + Py Z fl + fk + Py (6)

The idea of the rest of the document is motivated by [12]. In short, we want to formally simplify the expression of X by
eliminating the perturbation P. The terminology used below is that of [12].

The vector field F is quasihomogeneous of type r = (k,k —1,...,1,2k — 1) and quasidegree k — 1 [1,12]. From now on,
we fix the type of quasihomogeneity r. A quasihomogeneous object of type r will be called r-quasihomogeneous.

Definition 2.1 (Good perturbation). Let F be an r-quasihomogeneous vector field of quasidegree k — 1. A good perturbation
X of F is a smooth vector field X = F + P, where P = P(xq, ..., Xx_1, 2, €) satisfies the following conditions:

- Pisa smooth vector field of quasiorder greater than k — 1,
-P= Z, 1 Plax +Pl<az +Oa£, with Ple—o=0.

Notation By Ps we denote the space of r-quasihomogeneous polynomials (in k + 1 variables) of quasidegree é. By H, we
denote the space of r-quasihomogeneous vector fields (in R¥*1) of quasidegree y and such that for all U € H, we have
U= Zf:] Ukaix,- + Oaxf+1 . The formal series expansion of a function f is denoted by ]‘
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Definition 2.2 (The inner product (-, ) 5 [12]). Let x= (x1,...,%y), and s,q € N". Let f, g € Ps, thatis f = Z(r,s):s fsx5, where

fseR, x§ _xl -.x"; and 51m11arly for g. Then the inner product (-, -)r s is defined as

N
(f, &rs= Z fsgs(S) ) (7)
(r,5)=§8

where (s!)" = (s1)™ ---(sp!)", and where (r, s) denotes the dot product r-s. So for monomials one has

x5 = { w if s =q with (s,r) =34, (8)
0 otherwise.
Accordingly, for vector fields: let X = Y°7_; Xi 5 € Hs, and Y =31, Yigr € Hs. Then

n

(X.Y)rs =D (X, Yi)rstn- 9)

i=1
Definition 2.3 (The operators d, d* and 0 [12]). The operator d : H,, — H, 41 (associated with F) is defined by d(U) = [F, U]
for any U € H,,, where [-, -] denotes the Lie bracket. The operator d* is the adjoint operator of d with respect to the inner

product of Definition 2.2. This is, given U € H,, V € H, 1x_1 we have

(d), V>r,y+k—1 = (U, d*(v»r,y- (10)
For any quasidegree g >k — 1, the self adjoint operator Ug : Hg — Hg is defined by [g(U) =dd*(U) for all U € Hg.

Definition 2.4 (Resonant vector field [12]).

- We say that a vector field U € Hp is resonant if U € ker[pg.
- A formal vector field is called resonant if all its quasihomogeneous components are resonant.

Definition 2.5 (Normal form [12]). A good perturbation X = F + R of F is a normal form with respect to F if R is resonant.

It is important to note the following.
Lemma 2.1. ker Ug = kerd*|4,.
Proof. Let « =k — 1, then d: H) — Hy 1o and d* : Hy o — Hy,. Due to the fact that d* is the adjoint of d, we have the
decomposition Hy, = Imd*|7.£y+a ® 1(erd|Hy. Now let U € Hy 1o = Hg, then Ug(U) =dd*(U) =0 if and only if d*U € kerd.
Furthermore, d*U € Imd*. That is d*U € Imd* Nkerd. However Imd* and kerd are orthogonal. Then (g (U) = 0 if and only
ifd*U=0. O

We now recall a result of [12] (Proposition 4.4); we only adapt it for the present context.

Theorem 2.1 (Formal normal form [12]). Let X = F + P be a good perturbation of F as in Definition 2.1. Then there exists a for-
mal diffeomorphism & such that & conjugates X to a vector field F + R, where R is a resonant formal vector field in the sense of
Definition 2.4.

Finally, we present our result: we prove that the resonant vector field R in Theorem 2.1 associated with F given by (6)
is R=0.

Theorem 2.2. Let X = F + P be a good perturbation of the vector field

k=1 k=1
8 o (4 o 9
F=e— 0— — |~ xizZZ71] — +0—. 11
0x1 - — X +§ ! oz Voe (m

N

Then, there exists a formal diffeomorphism & that conjugates X with F, this is ®,X = F.

Proof. From Theorem 2.1 and Lemma 2.1 we will show that if P € kerd*|4;_, then P = 0. To simplify the notation, let « > k,
PeHy, B=a—k+1,and Q € Hg; and let x = (x1,...,Xk—1,2,&) = (X1, ..., Xk—1, Xk, Xk+1). If D is an operator, its adjoint
with respect to the inner product Definition 2.2 is always denoted as D*. We start with the inner product (Definition 2.2)
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{d(Q), P)ra =(Q,d*(P))rp. (12)
We can write d(Q) = Zk“ F(Q;) — Q(F;), where F(Q;) = Zk'H F; (i)Q’ and similarly for Q (F;), then
k+1 k+1
(d(Q), Phra =Y _(F(Q) — Q(Fi), Pi)r.p =Y _(F(Q0), Pi)r.atr, — (Q(FD), Pi)ratr,
i=1 i=1
k+1 k+1 k+1 3F
= {Qi, F¥(PD)r pry — (Q(Fi), Pidasry = Z (Qi, F*(P))r pr, —Zm(—’,) (P g1y
i=1 i=1 j=1 Xj
k+1 k+1 9F:\*
=Z<Qi,F*<Pf>—Z<a—;) P)pe (13)
i=1 j=1 !
Comparing (13) to (Q,d*(P)); g we can write
o) (B - (%)
8X1 8X1 3X1 P]
d*(P) = () r-(%) (% "2 (14)
_( 9F, )* _( oF, )* B _ ('aFkH)* Ppiq
= 0Xp11 0Xk-+1 0Xk+1
Plugging in the expressions of F and P into (14) we get
rF* 0 --- O 1 0 Pq
0 F* ... 0 z* 0 Py
apy=| : © | =o (15)
0 0 - F* () o || P
0 O 0 F*+Zz* 0 Py
-1 0 --- 0 0 F* 0
where Z* = (kz"*1 + Z{:zl(i - 1)xizi*2)*. Note that (15) implies P1 = Py =0 and F*(Pj) =0 for all j=2,...,k— 1.
Remark 2.1. For k =2 the result is trivial: we have F = 8()— —(Z+x)L a5z 1035 " . Therefore d*(P) =0 is written as
F* 1 0 Pq
d*(P):|: 0 F*+42z* 0:||:P2:|:0, (16)
-1 0 F* 0

which immediately implies P; = P, =0.

Now, we study F*(Pj) =0. Recall that P = P(x,...,

P(x1,...,Xk—1,2,0)=0. That is, we can write
k—1
ad 8
P= Zsp, +st—+0

0z o€

Xk_1,2,€) is not any vector field, but it has the property that

(17)

where I_’j € Potrj—2k+1- This is because the (quasihomogeneous) weight of ¢ is 2k — 1. Now, since it is complicated to work

with the adjoint, we first rewrite the problem F*(gP;) = 0. We then prove that F*(¢P;) =0 implies that P; =0.
Note that F*(¢P;j) =0 is equivalent to (Q, F*(st))ﬁHj =0 forall Q € Pﬂ+rj. Next, we use the definition of F* that is

(Q.F*@P))rpsr, = (F(Q). £Pj)rasr; = 0.

(18)

We will now show that if (F(Q),sl_’j)r,aﬂj =0 forall Q € Pﬁ+rj, then I_’j = 0. Note that by (18), this is the same as

proving that F*(sl_’j) =0 implies I_’j = 0. First, we choose an element x? of the basis of Ppr;; this is

a1 k-1
x1 =X X 70k glk+1 , r,q =8+ rj,

then, it follows that

(19)



H. Jardén-Kojakhmetov / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 795-800 799

-1 _ P _ _
F(x%) =q1x';11 ...xzk_llzqkSQk+1+1 _ (Zk + inzl 1) quclh .szk_]l 201 g+t (20)

Let us write £Pj € Py, as

81_)]':8 Z apxllJl ...xllji’]lzpkspk-%—l’ (21)
(r,p)=0+rj—2k+1

where a, € R. We now proceed by recursion on the exponent of €. Let gy =0, then the inner product (F(Q), al_’j)aHj
has only one term, since F(Q) has only one monomial containing ¢. That is

ai—1 le
Xy

(F(Q), &P })artrilge =0 = (q1%] 1 2% eapxt - X 2P0 ggr; = 0. (22)

We naturally consider g1 > 0. If g; =0, then the equality is automatically satisfied. Recalling Definition 2.2 of the inner
product, the equality (22) means that

.
D=1 e i P1 ., Pk—1 Dk _ (@
(q1x3 Xy zle, eapxy! - X 2P g, —q1ap—(a+rj)! =0, (23)
and therefore from (22) we have
ap =0g;~1,pp.....pp1 =0, (24)

for all g1 > 0, p2, ..., pr > 0 (naturally, also satisfying the degree condition (r, p) = o + ;). Next, let g1 = 1. Then

-1 _ —
F(x) = quxi 71 xl 2%e? — (z + Zx P )qu‘]“ Xl T (25)
Once again, the inner product (F(Q), el_’j>r,a+rj has only one term, now this is due to the fact that all coefficients a, of

monomials containing ¢ are zero due to (24). Then

5 -1 T Pk
(F(Q). P jatrjlge =1 = (@x{' - 2%, eapadt -/ 2P4e) gy = 0. (26)

Therefore, similarly as above, we have the condition

ap =0g;—1,ps,....pp,2 = 0, (27)

for all g1 > 0, pa, ..., px = 0 (naturally, also satisfying the degree condition (r, p) = « 4 r;). By recursion arguments, assume
Gk+1 =n and that all the coefficients

ap =dpy,ps,....pp.m =0, vm <n. (28)

Then, again, the inner product (F(Q), gl_i’j)r,aJrrj has only one term, namely

5 LY 1 D
(F(Q), €P)artrlgeurmn = (@1x0 1kl 2™ gapxl . xP¥ 1 zPrem, o = 0. (29)
The latter implies:
ap =dgy—1,py,....pron+1 = 0. (30)

This finishes the proof of (F(Q),&Pj)r.a+r; =0, which implies Pj=0 for all j=2,....k—1. O

Remark 2.2. Theorem 2.2, together with Borel’s lemma [3], implies that an A,-SFS X = F + P is smoothly conjugate to a
smooth vector field Y = F + H where H is flat at the origin. The benefits of this normal form are exploited in [6,7].

Acknowledgements

The author gratefully acknowledges Henk W. Broer, Robert Roussarie, and Laurent Stolovitch for fruitful discussions and
valuable comments and suggestions. This work is partially supported by the CONACYT postgraduate grant 214759-310040.



800 H. Jardén-Kojakhmetov / C. R. Acad. Sci. Paris, Ser. 1 353 (2015) 795-800

References

[1] V.I. Arnold, S.M. Gusein-Zade, A.N. Varchenko, Singularities of Differentiable Maps, vol. I, Birkhduser, Basel, Switzerland, 1985.
[2] H.W. Broer, TJ. Kaper, M. Krupa, Geometric desingularization of a cusp singularity in slow-fast systems with applications to Zeeman’s examples, ]. Dyn.
Differ. Equ. 25 (4) (2013) 925-958.
[3] T. Brocker, Differentiable Germs and Catastrophes, Lecture Note Series, vol. 17, Cambridge University Press, Cambridge, UK, 1975.
[4] F. Dumortier, R. Roussarie, Canard Cycles and Center Manifolds, vol. 121, American Mathematical Society, 1996.
[5] N. Fenichel, Geometric singular perturbation theory, ]. Differ. Equ. 31 (1) (1979) 53-98.
[6] H. Jardén Kojakhmetov, Classification of constrained differential equations embedded in the theory of slow fast systems: Ay singularities and geometric
desingularization, PhD thesis, Rijksuniversiteit Groningen, 2015, 164 p.
[7] H. Jardén-Kojakhmetov, Henk W. Broer, R. Roussarie, Analysis of a slow-fast system near a cusp singularity, submitted to ]. Differ. Equ. (2015).
[8] llona Kosiuk, Peter Szmolyan, Scaling in singular perturbation problems: blowing up a relaxation oscillator, SIAM J. Appl. Dyn. Syst. 10 (4) (2011)
1307-1343.
[9] M. Krupa, P. Szmolyan, Extending geometric singular perturbation theory to non-hyperbolic points: fold and canard points in two dimensions, SIAM J.
Math. Anal. 33 (2001) 286-314.
[10] M. Krupa, P. Szmolyan, Relaxation oscillation and canard explosion, ]. Differ. Equ. 174 (2001) 312-368.
[11] M. Krupa, M. Wechselberger, Local analysis near a folded saddle-node singularity, J. Differ. Equ. 248 (12) (2010) 2841-2888.
[12] E. Lombardi, L. Stolovitch, Normal forms of analytic perturbations of quasihomogeneous vector fields: rigidity, invariant analytic sets and exponentially
small approximation, Ann. Sci. Ec. Norm. Supér. (4) 43 (2010) 659-718.
[13] S. Rinaldi, M. Scheffer, Geometric analysis of ecological models with slow and fast processes, Ecosystems 3 (6) (2000) 507-521.
[14] M.R. Rose, R. Harmsen, Ecological outbreak dynamics and the cusp catastrophe, Acta Biotheor. 30 (4) (1981) 229-253.
[15] P. Szmolyan, M. Wechselberger, Canards in R, ]. Differ. Equ. 177 (2) (2001) 419-453.
[16] S. van Gils, M. Krupa, P. Szmolyan, Asymptotic expansions using blow-up, Z. Angew. Math. Phys. 56 (8) (2005) 369-397.
[17] E.C. Zeeman, Differential equations for the heart beat and nerve impulse, in: Towards a Theoretical Biology, vol. 4, Edinburgh University Press, Edin-
burgh, UK, 1972, pp. 8-67.


http://refhub.elsevier.com/S1631-073X(15)00173-9/bib41726E6F6C645F73696E67756C61726974696573s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib424B4Bs1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib424B4Bs1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib42726F636B6572s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib44756D526F7532s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib46656E696368656Cs1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4A6172646F6E546865736973s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4A6172646F6E546865736973s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4A6172646F6E33s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4B6F7369756B533131s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4B6F7369756B533131s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4B7275706131s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4B7275706131s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4B7275706132s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib4B727570613230313032383431s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib53746F3130s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib53746F3130s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib52696E616C6469s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib526F7365s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib537A6D6F6C79616E32303031343139s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib76616E47696C73s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib5A65656D616E31s1
http://refhub.elsevier.com/S1631-073X(15)00173-9/bib5A65656D616E31s1

	Formal normal form of Ak slow-fast systems
	1 Introduction
	2 Formal normal form of an Ak slow-fast system
	Acknowledgements
	References


