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ABSTRACT: We deform the action and the supersymmetry transformations of the d = 10
and d = 4 Maxwell supermultiplets so that at each order of the deformation the theory
has 16 Maxwell multiplet deformed supersymmetries as well as 16 Volkov-Akulov type
non-linear supersymmetries. The result agrees with the expansion in the string tension
of the explicit action of the Dirac-Born-Infeld model and its supersymmetries, extracted
from D9 and D3 superbranes, respectively. The half-maximal Dirac-Born-Infeld models
with 8 Maxwell supermultiplet deformed supersymmetries and 8 Volkov-Akulov type su-
persymmetries are described by a new class of d = 6 vector branes related to chiral (2,0)
supergravity, which we denote as ‘Vp-branes’. We use a space-filling V5 superbrane for
the d = 6 model and a V3 superbrane for the d = 4 half-maximal Dirac-Born-Infeld (DBI)
models. In this way we present a completion to all orders of the deformation of the Maxwell
supermultiplets with maximal 16+16 supersymmetries in d = 10 and 4, and half-maximal
8+8 supersymmetries in d = 6 and 4.
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1 Introduction

The purpose of this study is to look for new ways of constructing supersymmetric invariants
for theories with extended supersymmetries where there are no known auxiliary fields. For
example, the supersymmetries of a d = 4, N' = 4 Maxwell multiplet form an open algebra, it
is closed only when the classical equations of motion are satisfied. This prevents the direct
use of the N = 4 superconformal tensor calculus to construct superconformal invariants
with higher derivatives [1]. It is different from the N' = 2 case, where some superconformal
multiplets form a closed algebra, the auxiliary fields are known, and higher derivative
superconformal invariants can be constructed using superconformal calculus, as shown in
detail in [2, 3]. When auxiliary fields are eliminated using their equations of motion, one
finds a deformed local N' = 2 supersymmetry and the deformed A = 2 supergravity action
(after gauge fixing of extra symmetries), which depend only on physical fields [3].

Here we will build the higher derivative supersymmetric gauge theory model developing
the proposal in [4] to deform the quadratic action of the d = 10 Maxwell multiplet where the
deformation parameter is the open string tension. We refer the reader to Born-Infeld and
Dirac models [5, 6], its supersymmetric generalizations and its relation to string theory
discussed in [7-22]. A superembedding approach as a generic covariant method for the
description of superbranes as models of partial spontaneous supersymmetry breaking was
developed in [23, 24]. In the context of extended d = 4 supergravity and duality symmetry
there is a significant interest to Born-Infeld type constructions [25-31].

Our work will consist of bottom up and top down deformation of the supersymmetric
Maxwell action:

S— /dl% { - %(FW)Q 4 )\679)\} , (1.1)

where F),, = 0,A, — 0,A,. There is no known off-shell formulation of this multiplet. The
same applies to the N’ = 4 version of it in d = 4 where our current goal is to learn some
new ways of building higher derivative actions involving this supermultiplet [1].

This theory describes 8 + 8 on-shell degrees of freedom and consists of a vector A,
and a 16-component Majorana-Weyl spinor A. The on-shell 16 linear supersymmetries are

given by
1

0eA, = €Ly, OeX = 4F“"FW6. (1.2)
The action (1.1) has also a trivial fermionic symmetry under which the fermion shifts by a

constant parameter

1
GpAu =0, SA=—5-m. (1.3)

In the bottom up procedure we will deform the Maxwell action and the 16 supersym-
metries of the linear action order by order in the string tension, so that at each order the
deformed action has the symmetries (1.2), deformed by O(«) terms, as well as 16 hidden
Volkov-Akulov type supersymmetries [32] of the form

6cAy=—CT A+ 0(),  dA=a'(+0(a). (1.4)



We will compare this with the top down approach based on the D9 super-brane action, [33—
38]. It has been noticed in [12] that the supersymmetry of the D9 super-brane action, upon
gauge-fixing of a local k-symmetry, has a complicated form. This may have been one of
the reasons that in d = 4 a better understanding of Dirac-Born-Infeld (DBI) type models
was achieved in the past by developing the superfield models where, for example, the
linear N' = 2 off shell supersymmetry including auxiliary fields was manifest, whereas the
non-linear spontaneously broken one was deformed and often called ‘hidden’ [10-13, 15—
18, 23-27].

Here we will present an explicit, relatively simple and complete form of the d = 10 DBI
model with 16 deformed supersymmetries of the Maxwell multiplet and 16 Volkov-Akulov
(VA) type non-linear supersymmetries. The original VA model was proposed in d = 4
in [32]. The d = 10 analog was discussed in the context of the D9 branes in [38]. The details
of the derivation of this model from the x-symmetric D9-superbrane action are presented
in appendix A. It will also be shown that all these symmetries of the DBI-VA model can be
expanded in the string tension deformation parameter and this expansion coincides with
the bottom up model of the deformation of the Maxwell multiplet. Thus, there is a known
completion of the deformation process and the action as well as all non-linear 16 + 16

1" Using the D3 super-brane we will

supersymmetries can be given in the compact form.
also present a complete and explicit d = 4 DBI model with maximal number of non-linear
supersymmetries, half being VA-type. This new model with 16416 supersymmetries in
d = 4 could be called N' = 8 DBI, by analogy with the A/ = 4 DBI model in [18] with 8+8
supersymmetries. No such DBI model was constructed before.

To study the half-maximal supersymmetric DBI models with 8 deformed supersym-
metries and 8 VA-type supersymmetries of the Maxwell multiplet, we will introduce a new
class of d = 6 ‘vector branes’ whose world-volume dynamics is described by a vector multi-
plet but whose tension does not necessarily scale with the inverse string coupling constant,
like it is the case for Dirichlet branes. Such branes are suggested by a recent analysis of the
different branes, and their world-volume content, of the d = 6 half-maximal theories [39].
For our purposes it is sufficient to consider the vector branes related to d = 6 (2,0) chiral
supergravity.

As inherited from the supersymmetric DBI model in d = 10 and d = 6, the supersym-
metric DBI models in d = 4 feature a complete and explicit deformation to all orders of all
supersymmetries. This might help to provide an all order completion of the N/ = 4 DBI
model in [18] with the same number of supersymmetries.

To compare our new complete models with the ones in d = 4, [8, 10-13, 15-18], will
require a separate investigation. In these models, half of the supersymmetry is manifest in
superspace; it involves the auxiliary fields and it is not deformed order by order (only the
hidden supersymmetry is deformed). The action of these models with 8 supersymmetries
manifest and 8 hidden supersymmetries is known only up to order 10 in superfields, as

"We will use the terminology 16 + 16 supersymmetry. The first term ‘16’ refers to the number of
supersymmetries that have a linear part and imply equal number of bosons and fermions and existence of
the particle representations. The second term ‘16’ refers to non-linear supersymmetries of the VA type,
that do not determine the particle content. The same holds for 8 + 8 case.



shown in [18]. There seems to be no known algorithm which would generate the action at
higher orders of deformation. The actions which we will construct here, with the 16416 and
8+8 all deformed non-linear supersymmetries, are complete and therefore will be known
at every level of deformation, however none of the supersymmetries will be manifest.

This paper is organized as follows. In section 2 we present the DBI action with 16416
supersymmetries starting from the D9 superbrane. We do both a bottom-up and top-down
calculation and compare the two approaches. In section 3 we perform a similar calculation
to obtain the maximal N’ =4 + N = 4 DBI action as it follows from the D3 superbrane.
The vector branes, that are relevant for a brane interpretation of the half-supersymmetric
case, are discussed in section 4. In sections 5 and 6 we present the half-supersymmetric DBI
theories in d = 6 and d = 4 as they follow from the V5 brane and V3 brane, respectively.
Our conclusions are given in section 7. We have added three appendices. Appendix A
contains the details of the calculation that yields the maximal supersymmetric DBI action
while appendix B contains a similar calculation that leads to the half-supersymmetric DBI
action. Finally, some details on our notation are given in appendix C.

2 DBI-VA with maximal 16416 supersymmetries in d = 10 from the D9
superbrane

2.1 Bottom-up from supersymmetric Maxwell to Born-Infeld

Our starting point is N' = 1, d = 10 on-shell Maxwell described above in (1.1). It can be
shown that requiring e-supersymmetry up to order O(a?) for the first-order non-derivative
corrections of the on-shell multiplet leads to the Born-Infeld combination [4]:2

S = / a'%z { g2y )\&9}\} — 2acs FM AT, 0, A

1

[Tr F'— 1 (F?)" +4(1 +4¢) (F?)"AL,0,A

8
_ 1 _
+(1 — 4c})E, (05 F,p) ADHP X + e+ 8c2) F2 NI

1 5 1 _
_§CQFW (a,\FAp) NTHVP ) — 3 (c3 + 4C3) Fyuy Fpg ADHVP7 X

+0(a*XH 4+ 0(a?) . (2.1)

See appendix C for our notations. The parameters ¢y, c2, c3 and ¢4 cannot be determined.
They are related to the redefinitions

1 _
Au(0) = A, — 1—6a2czF”p>\1‘Wp/\,

1 1
M0) = A+ gacaF, T A+ 3 2a 2e 2\ — 3 23 Fy FpgTHPIN (2.2)

where A,,(0) and A(0) are the fields for ¢; = 0.

2With respect to [4] we have redefined o® — —a?/2.



The action (2.1) is invariant up to order o under the following supersymmetry trans-
formations

1
0eA, = el + §aC4F'MEFMFpJ)\

1 2 2 1 2 2 —
to5a (c14 2co — 6)Fel, A + 3 (co —4)(F )u'/ ey
1
—1—6a2(—cQ +2c3 + 2)F FppelVP7 )\
1 2 O AT =
—3304 (Cg +c3 — 1)Fp F 6Fupa)\7'/\
+0(a?X®) + 0(a?). (2.3)
1 1 1
OA = T Fupe = gDl Fpg + ZmF%
1
—moﬂ(q +4c3 +48¢2 — 2)F’T % F e
1
—T6a2(c;3 +8cf —1)(F7) e
1 O AT
+@a2(363 +24¢] + )T PoATeF Fop By,
—acy M Xel, 0, A
+0(a?X?) + 0(a?). (2.4)

We note that there is no choice of redefinition parameters c, ¢, c3, ¢4 possible such that
the transformation rule of A, does not receive any a?-corrections. The order a terms are
all related to the lowest order using the redefinition with ¢4 in (2.2).

The above result is valid in all dimensions where the Majorana flip relations are as
in (C.4). For the higher fermion terms one needs also the cyclic identity (A.6), restricting
them to d = 2,3,4,6 and 10. Remark that when we choose

61:—2, 62:4, 63:1, cy =0. (2.5)

the transformation laws are not changed with respect to the lowest order ones in d = 4.

It appears difficult to continue to higher orders of deformation since one has to find
simultaneously the new terms in the supersymmetry deformation and the new terms in the
action deformation.

2.2 A complete maximal supersymmetric d = 10 DBI-VA model from the D9
superbrane

The DBI model with complete set of 16+16 global supersymmetries is defined by the
gauge-fixed D9-brane action [35-38]

a2

1
S=—— [ d¥% {\/— det(Gpw + aF ) — 1} : (2.6)



where?

Guv = M IV, T = 67 — @2 AT O, uw=0,1,...,9, m=0,1,...,9,
Fuw=Fu —bu, bu= —aera,,\ I — (p e v) = —2a5\F[V8H])\. (2.7)

The DBI action (2.6) has 16416 global supersymmetry transformations, which are given
in egs. (89)—(92) in [36] where the term in the transformations that is non-linear in the
vectors is somewhat complicated. Here we present an explicit and relatively simple form of
all these supersymmetries, based also on [35, 37, 38]. The detailed derivation starting from
the k-symmetric Dp-brane actions is presented in appendix A. In short, we find from (A.29)
and (A.30) the following 16+16 supersymmetries:

Sixteen € transformations, deformation of the Maxwell supermultiplet super-

symmetries.
1 H
OA = =5~ (1= B) e+ Lo,
1o 1 5 1 - )
§eAu = —iAFM(]l + B)e+ S AL | G145 ) AT 0N + E0Fp,
_ 1 _
= a1y + T — abPAT L0\ + ga%rmMrmaw, (2.8)
Sixteen VA-type ¢ transformations.
ScA = a '+ LA,
- 1 ooor oypm
ScAy = o ey + ELFy — goﬁxrm@r O . (2.9)
where )
eH = —io&r“ (1+5)e, & = a\lh(, (2.10)
and
5 ak .
’8 = gz Qkklruwlmukyk‘l__‘ﬂwl o ']:ukl/k ) (2'11)
k=0 ’

where G is defined in (A.14). The expressions (2.10) are the quantities obtained in (A.27).

2.3 Comparing bottom-up with top-down

To obtain agreement between the step by step deformation of the Maxwell theory with
the complete Born-Infeld supersymmetric model following from the brane analysis we must
choose our redefinition parameters in the bottom up approach such that all bilinear fermion
terms in the action that have a 43 or higher-gamma structure vanish. Furthermore, by
comparing the supersymmetry rules with the brane answer, we deduce that the (F?’)W’y””
structure in d\ should be absent. Fitting the other structures that follow from the brane

®Here we use the fact that the terms quartic in X in by, vanish under the p > v anti-symmetrization,
which allows a nice covariant expression for the 2-form.



analysis we find that there is a unique solution for the redefinition parameters that gives
agreement with the brane analysis. This choice is given by

c1 =2, co=0, cg=—1, 04:—%. (2.12)
In this parametrization, the action is given by
S = / a0z {—in + AJA + aF* AT 0,
+éo¢2 [Tr Fi- % (Tr F2)* + 8(F2)" ATL9,A + 2F2XJA} }
+0(a*XH + 0(a?) . (2.13)

Comparing this result with the brane analysis we may also deduce what the next
order corrections to the hidden (-supersymmetry are. We start with another basis of
the transformations, using the shift symmetry (1.3). The parameter 7 in (1.3) refers to
another basis of the transformations. When we use as independent parameters € and 7,
the ¢ transformations are given by

d¢ = e + 0y, with e=—(, n=-2C. (2.14)
The 7 transformations are for arbitrary coefficients ¢; given by

1

5y Al = %ﬁF”"I‘V}\ n %ﬁF””prp/\ = 1g0c2Fupl A + Oan)?) + O0(a?)
1 1, 1

A = e +a [P g Ee

1 1
+ZC4FWFW {n — 20404Fpgfpon]

1 1
+6—4ac1F2n = 5103 Fu Fpe D77 + O(anr?) + O(a?) (2.15)

When using the parameters of (2.12) the e transformations simplify to
_ 1
0eA, = ey — Zaefuf - F
L oo L ooy v L s -
—g@ P - Sa (F7)," eluA + T Y pporrA
+0(a*N?) + 0(a?),

1 1 1
Oeh = T Fpe 4 50T eFyu Fp — éaFQe
1 1
—TG(XQFZFabFabE + %(XzFMV'OUATEFHVFpUF)\T
1
+5 0l AL, O\
+0(a?X?) + 0(a?). (2.16)



The n transformations are then
1
Oy Ay = agil - FTuA + O(anX3) 4+ O(a?),

11 1
byh = —gon— T F [77 +JoF Fn] + O(anA?) + O(a?) (2.17)

Using (2.14) one can verify that

6cAp = au(C) + aa”(C) Fpu + O(anA’) + O(a?),
ScA = a1+ aa ()N,
at(¢) = A\I'"¢ = —(T*\. (2.18)

To expand the complete action (2.6) in orders of o we use the Mercator formula

k

S e w) (2.19)
k=0 Jj=1

det (1+A) ;

1 1 1 1 1
=1 —|—TrA—§TrA2+§(TrA)2+§TrA3—§(TrA)(TrA2)+6(T&~A)3+(’) (A%

where A is an arbitrary dimensionless n x n matrix. To apply this to (2.7) we use
A = aF,” — a®AL0" X\ — &P ATV O\ + (AT, N) (AT™0" )
= aF,” —2a°AT,0" X + a* (AT 9, ) (AT™0"\) . (2.20)

The result agrees with (2.13) and gives us moreover the terms O(a?\?):

S = / a'%z { %(FZ) + AJA — aF,PAT 0"\

1
8

1

4 p—
(Tr F*) 3

+a? [ (F?)% + (F%),PAT,, 0"\ + ixw(zﬂ)

—%(5\(5)\)2 — %(eraﬂx)(kmaux) + Xrﬂaﬂxmaw] +0 (a?’)} (2.21)

An easy check of the new terms is provided by calculating the variation of the action under
¢ symmetry proportional to aA3. These terms are not influenced by the redefinitions (2.2),
and thus these can also be inserted in the general expression (2.1), and thus also in (2.13).
Other reparametrizations of the type A — c5a?A?0\ do modify these terms.

The ¢ supersymmetry rules (2.9) can be easily expanded and agree with (2.18). To
compare the e transformation rules, we need the following expansion of (2.11):

1 1
6 = g 1+ §OZF - F+ gOZQFMVpUFHVFPU

1 - 1 -
+§a3F‘“”"’FW (AT50,A) + ﬁaf”FWﬂ“TFWFmFM + T (ATY O\

+0(a),
1 3\ v
G=1- Zoﬁzﬂ + &P F, ATHOY A + O(at). (2.22)



The first expression was again obtained using (2.19), where now
A" = aFy G = a (Fup+20AT0,0,0) (17 + 203009 + 0(a))
= aF," + o’ ATY9,\ — o’ AT, 0"\ + 20°F, , AT P9\ + O(a?), (2.23)
such that traces of odd powers of A vanish. In this way one obtains
§eA, = —ATe — iaEFuF - FA
—éaQFQ»EFMA — %az(ﬁ)u” G

1
+1—6a2F”"F” T porr A

+a? AT e <P#apx - ;Fpaux> +0(a?). (2.24)

This agrees with the bottom up results, adding the last line, and the term implicit in the
order o term with F, as O(a?)\?) terms. For the e transformation of A we find

1. 1 1 o
ded = T Fe— gae# + 16T e Fuw Fpo

1 1
—EaQFZFabFabe + %aQI‘W””)‘TeFWFpUFM
_ 1 _
— QO AT — Zoﬂaqu“r -Fe+0(a?). (2.25)
Thus, there are higher order fermions included in the first term in

f\}l,l/ — v _ QQQFP[N(XI‘V]QO)\) + (’)(a4) , (226)

in F, and in the last term in (2.25). We have agreement with (2.16) apart from the order
a cubic fermion terms. It can be shown (after using the Fierz identity (A.6)) that the
difference is proportional to a field equation and is thus a ‘zilch symmetry’.4

2.4 16+16 supersymmetry algebra in d =10

The algebra of the € and ( supersymmetries is
[6(e1), 0(€2)] = dep(E1) + field equations + O(a?), gt = leq,
[6(€),6(Q)] = dep (&) + du)(Aec) » te = CIVe,
A = %071522 + égé”XFmﬁe +e8e? <Fpg — %aeragA + a)\Faap)\>
-I-%onfg(;\Fme)(;\Fmap)\) ,
[6(61),8(G2)] = dep(€) + duy(Ace) s & = 2GTH ¢,

1 o 2 <
A = af&xu + 5525{1 (Fpa - BQAF[an]/\> ) (2.27)

“Note that also in the comparison between different formulations of the VA actions [32, 40, 41] in [42],
such symmetries, also called ‘trivial symmetries’, were involved.



where & and ¢ are the expressions in (2.10). Here d.p is a covariant translation, i.e. a
spacetime translation combined with an Abelian gauge transformation A4, = J,A with
parameter A = —¢H*A,. The first commutator is only valid on-shell. When using to this
order the transformations of A as obtained in (2.16) the commutator closes without using
field equations on A,, and using field equations on the fermion field. However, with the
transformations as in (2.25), the field equations are also needed for the commutator on the
gauge field.

Note that the first terms of A and A¢¢ (proportional to z#) can also be understood
as shift transformations of the vector field.

3 DBI-VA with maximal 16 4+ 16 supersymmetry in d = 4 from the D3
superbrane

The complete DBI action in d = 4 is relatively simple when the fermion part of the action
is “packaged into a d = 10 form”, namely all spinors are still d = 10 Majorana-Weyl spinors
and all T and T are d = 10 matrices. We find

1
S=——[d= {\/—det(GW—Fa}"W)—l} , w=0,1,2,3, (3.1)

a?

where

GMV = nmnH/ZnH:} = nm’n’HZLIHzT/L/ + 5IJH/ILHZa m' = 0,1,2,3, I=1,...,6,

Iy =om — oA 0,N, I =0,0" —®AT'0N,  Fuw = Fuw — b,
buv = 20AT [, 0\ — 20AT 10, A, 0" = —20AT O NI — 20AL 10}, A 1T (3.2)

V] v] -

This action has a maximal number of supersymmetries. The 16 e-supersymmetries corre-
spond to a deformation of the original 16 supersymmetries of the N’ = 4, d = 4 Maxwell
multiplet, while the 16 (-supersymmetries correspond to VA-type supersymmetries. Ex-
plicitly, we find the following transformation rules:

Sixteen e transformations, deformation of the Maxwell supermultiplet.

sl — %OAFI [1+ Bl e+ 40,07 |
1
ded = —o—[1—Ble+ElDuN,
1-
0cAy = =5 AT+ T'0,0") [1+ Be
1, 1 -
+§a2Arm {31 + 5} XN+ EPF,, . (3.3)

Sixteen VA-type ¢ supersymmetry transformations.

6cd" = —aAl( 4+ L0,0"
OcA = a '+ 52‘(‘9#/\,

_ 1 .- _
0cAp = ML +T10,0" )¢+ ELFp — gaﬁrmgrmam, (3.4)
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where ¢ and f’g are given in (2.10),

A

k
. « e
B = —ig E 2Tk:!rm VR E ...fukykrg):)zn(k?)) =1+ O(a),

1 A
I = ———egmempy, =T +0(@), T =-rTirrd, (3.5

and terms with 9,¢! are considered as O().
The action also has a shift symmetry

sl =al. (3.6)

The scalars in the d = 4 action (3.1) originate from the 6 directions X' transverse to the
D3-brane, see appendix A. This symmetry is a surviving part of the Poincaré translation
symmetry in d = 10, X! — X' +al for I =1,...,6.

3.1 16+16 supersymmetry algebra in d =4

One can use d = 10 algebra via dimensional reduction to d = 4 or work out the explicit
d = 4 algebra directly. Here we are mostly interested in the way the second supersymmetry
and the combination of the first and second acts on the scalars.

[0(¢1),8(G))e" = 2&(T —TH9,0")¢1
[6(e),0(¢)]¢" = {(T"0up" —T1)e. (3.7)

A shift symmetry on scalars is an important feature of duality symmetries: in particular,
in the case of E;7) symmetry in N = 8 supergravity the single-soft scalar limits were
studied in detail in [43] and used to prove the UV finiteness below 7 loop order. Thus we
see from (3.7) that the shift of scalars that is a symmetry in the action appears already in
the algebra of the extra supersymmetries.

3.2 Maxwell d = 4 supermultiplet with SU(4) symmetry

We would like to rewrite the fermionic sector of the action (3.1) and its symmetries using
the four d = 4 Majorana fermions and the d = 4 y-matrices, following [44, 45] where the
dimensional reduction from 10 to 4 was performed in SYM theory, and the SU(4) symmetry
of the model was revealed. Moreover, we would like to bring the complete action to the
form which at the quadratic level coincides with the one in [1, 46] where we have a d = 4,
N = 4 Maxwell multiplet. We would like to deform the N' = 4 Maxwell action, namely

1 1 ~
SMaxw = /d4$( - ZFMVFMV + 20" — 3 u%ja”s@”) ; (3.8)

where in [46] the d = 4 left-handed chiral spinor is assigned to the fundamental rep-
resentation of SU(4), and carries an upper SU(4) index; right-handed components will
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then transform according to the conjugate representation, in agreement with the Majorana
property and have a lower index:

. . y 1 ..
i = =i, P = (1) =, 07 = (piy)* = —55”1%8%4' (3.9)

The action (3.8) is invariant under the 16 supersymmetries

. 4 1 1 ;
0 Ay = Evpthi + Ev0° 0p; = il Fte + 5(3%’]'6] ; depij = A€y — 2ijree Yt
(3.10)
The second, trivial, set of 7 symmetries is
§A, =0 S =0 Sip; = —in. St = —ini (3.11)
" ) ) % 20 1 20 .
We can write the ¢;; in terms of 6 real components as
. - 1 ..
Pij = CaB; — iQarsals, 07 = (pi) = -y, (3.12)

2
where a = 1,2,3 and «, [ are the real antisymmetric 4 x 4 matrices of SU(2) x SU(2) given
explicitly in [45] and whose properties are given in (C.7).
Now we indicate how this can be seen as the a = 0 limit of the action (3.1) and the
transformation rules (3.3). We therefore define the 6 scalars ¢’ and d = 10 chiral Majorana

ol =apl, A= @) . A= (qzi &i) : (3.13)

using the decomposition of the d = 10 spinors in d = 4 spinors according to the Clifford

spinor A as

representation (C.6). Contractions of two d = 10 vectors in a d = 4 part and the SO(6)
part is done according to

A™B,, = A'BYn,, + A'B761; = AFBYn,, + (A“BbS,, + A3 B35, (3.14)

and when using the scalars as in (3.12) this implies that

1 -
PaPp0™ + Par3pp30® = g%%@” : (3.15)

Using also for the e parameters the decomposition as in (3.13) (and for convenience using
€' and ¢; as components of €) we can write e.g.

LA = &t + et
LN = —&B* U — & By
LN = —iga® iy + iy . (3.16)
This allows to check that the & = 0 part of the action (3.1) and transformations (3.3)agree
with the action (3.8) and transformations (3.10). Also the lowest order (a~!) of (3.4)
equals (3.11) using the translation (2.14). Therefore the full action and transforma-

tions (3.1) and (3.3) are a deformation of the lowest order d = 4, ' = 4 theory.
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The form of the action and supersymmetries in SU(4), d = 4 fermion notation is
significantly more complicated than the one above with d = 10 packaging of fermions
in d = 4 action and in supersymmetry rules. One can view this fact as a matter of
notational convenience. Using the four four-component Majorana spinors in d = 4 leads to
an increasing complexity of the complete non-linear action and its supersymmetries. We
therefore leave it in the form given in (3.1)—(3.4) with understanding that it codifies all
information which may, in principle, be expressed also using the d = 4 spinors and SU(4)
symmetry of the theory, as in the linearized action in (3.8).

4 Vector superbranes in d = 6 and DBI-VA dynamics

In the previous part of the paper and in the appendix A we have constructed the world-
volume action of Dirichlet branes in a flat background with 32 supersymmetries. These
D-branes occur as solutions of ITA and IIB supergravity. A characteristic feature of these
Dirichlet branes is that their worldvolume dynamics is described by a vector supermultiplet.
The scalars in this multiplet are the embedding scalars and the vector is the Born-Infeld
vector. A special case is the D9-brane which has no embedding scalars at all. We have
seen how, starting from a kappa-symmetric worldvolume action of the D9-brane, this has
led, after gauge-fixing, to a supersymmetric DBI action with 16416 supersymmetries. The
existence of this D9-brane suggests the existence of all other Dp-branes, with 0 < p < 8,
by dimensional reduction of the world-volume. More precisely, reducing the d = 10 super-
symmetric DBI action to p + 1 dimensions leads to a supersymmetric DBI action in p + 1
dimensions with d — p — 1 scalars and one DBI vector. This is precisely the worldvolume
content of the Dp-brane.

In appendix B we describe in a similar way brane actions with vector multiplets and
8+8 supersymmetries. Such branes do not occur in d = 10 Heterotic or Type I supergrav-
ity. In the case of 9-branes, this is consistent with the fact that vector multiplets with 8+8
supersymmetries only occur in d < 6 dimensions. It is therefore natural to look for branes
with vector multiplets and 8+8 supersymmetries in d = 6 half-maximal supergravity. There
are three half-maximal d = 6 supergravities: Heterotic and Type I, with non-chiral (1,1)
supersymmetry, and chiral iib supergravity, with (2,0) supersymmetry. Note that the Het-
erotic theory is S-dual to Type I and that the Type I theory is T-dual to iib, see, e.g., [47].
The heterotic supergravity contains the (1,1) supergravity with 20 vector multiplets. Apart
from the scalars that transform in the SO(4, 20) isometry group, it contains one ‘dilaton’
that is invariant under this group. The iib theory is a (2,0) supergravity coupled to 21
tensor multiplets, whose scalars transform under a SO(5,21) isometry group. There is no
other invariant scalar, and therefore no corresponding string coupling constant.®

In searching for branes with a worldvolume vector multiplet, it is important to keep in
mind that these branes are not necessarily Dirichlet branes in the sense that their tensions
scale with the inverse string coupling constant. In fact, d = 6 Heterotic supergravity has
no branes whose tension scales with g;!, whereas the Type I theory has only such branes
with worldvolume hypermultiplets. For our purposes, however, all we need is a brane whose

5Both theories reduce to the N' = 4 theory in d = 5, where the ‘dilaton’ is present
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worldvolume dynamics is described by a vector multiplet. We do not mind that the tension
of such branes scale differently than the Dirichlet branes. Let us call from now the branes
with a worldvolume vector multiplet ‘vector branes’.

We focus here on the space-filling vector 5-branes (called V5-branes) with a 6-
dimensional worldvolume and the vector 3-branes (V3-branes) with a 4-dimensional world-
volume. Note that the V5-branes couple to 6-forms, which are not part of the supergravity
multiplet that describes physical degrees of freedom. The V3-branes are ‘defect-branes’
with two transverse directions. They couple to 4-forms that are dual to the scalars of
the supergravity multiplet. In [39] an analysis was given of the worldvolume content of
the different branes of d = 6 half-maximal supergravity. This analysis was based on the
construction of a gauge-invariant Wess-Zumino (WZ) term consistent with worldvolume
supersymmetry. The requirement that such a WZ term can be constructed is a necessary
condition for a kappa-symmetric worldvolume action to exist. In this work we will only
consider branes in a flat background. Based on this WZ analysis it was concluded in [39]
that Vb5-branes occur both in d = 6 Heterotic, Type I and iib supergravity whereas V3-
branes only occur in d = 6 iib supergravity. In all cases the tension of the branes is not
proportional to the inverse string coupling constant like it was the case for the tension of
the ITA and IIB D-branes. For our purposes, it is sufficient to restrict to the V-branes of
d = 6 iib supergravity.

Following the analysis of appendix A we construct in appendix B the supersymmetric
DBI actions with 848 supersymmetries describing the Vp-branes (p = 1,3,5) of d = 6 iib

supergravity. We use these branes to find the half-maximal susy DBI actions.’

5 DBI-VA with half-maximal 848 Supersymmetry in d = 6 from the V5
brane

We could have used the D5 brane of IIB d = 10 theory to get the DBl in d = 6 with maximal
supersymmetry and, of course, we could have truncated it to the half of supersymmetry.
Alternatively, we may use the vector branes available in d = 6 which have been constructed
in appendix B. The d = 6 DBI action with 8+8 supersymmetries (using V5 brane) is

given by
1
§=-— d®z {\/— det(Gpy + aF) — 1} : (5.1)
where = 0,1,...,5. The quantities that appear here are the same expressions as in (2.7),
where now m = 0,1,...,5. Here A is a symplectic d = 6 Majorana-Weyl spinor and the

symplectic indices ¢ in a bilinear are contracted using the antisymmetric ;5, see (C.5).
The above DBI action is invariant under the eight € transformations, deformation of the
d = 6 Maxwell supersymmetries, and eight VA-type ¢ transformations as expressed in (2.8)

5Note that V1-branes are special in the sense that a vector on a two-dimensional worldvolume is equiv-
alent to an integration constant.
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and (2.9). We use now for I'"™ and I';, the flat d = 6 matrices.

ok

3
B=GY o DM Fue =14 0(a), (5.2)
k=0

2k Ham
based on the matrices fu, which are the pull-back to the word-volume matrix of d = 6.

6 DBI-VA with half-maximal 8 4+ 8 supersymmetry in d = 4 from the
V3 brane

As in the maximal supersymmetry case, the d = 4 DBI model with half-maximal super-
symmetry is relatively simple when all fermions are packaged in d = 6 symplectic Majorana
fermions and all the I"-matrices are the ones in d = 6.

1

S:—E d*ax {\/_det(G,uy—FOé]:p,y)_l} ) p=0,1,2,3, (61)

where the definitions (3.2) apply withnowm =0,...,5,m' =0,...3and I = 1,2. The 848
supersymmetries are given by (3.3), (3.4) where, however, the spinors are d = 6 symplectic
Majorana spinors and the I'’s are those from d = 6.

Finally, we comment on the d = 4 DBI action with half-maximal supersymmetry and
SU(2) symmetry. If we would have a simple action for d = 4 DBI with maximal supersym-
metry and SU(4) symmetry, truncating it to half-maximal case with SU(2) symmetry would
be extremely simple, we would just allow the SU(4) index take values not in i = 1,2, 3,4
but in ¢ = 1,2. However, as explained above, the complete action is simple only when
fermions are in the higher dimensional form. So, here, the procedure of switching to the
DBI action with manifest SU(2) would be the same as in the previous case with manifest
SU(4). The expressions for the action and supersymmetries become complicated, but it
is clear that in principle all information in the BI action above can be transferred into an
SU(2) covariant action.

7 Discussion

We presented here an explicit completion to all orders of the deformation of the Maxwell
supermultiplets with maximal supersymmetry in d = 10, 4 and half-maximal ones in d = 6,
4. The deformation of the global supersymmetry of the Maxwell multiplet to all orders
is required. It is also accompanied by a non-linear extra supersymmetry of the Volkov-
Akulov type of the same dimension: the maximal case has in total 16+16 supersymmetries
and the half-maximal one has in total 8+8 of these supersymmetries. Both our maximal
supersymmetry and half-maximal supersymmetry models are realized in the DBI type
actions: when all spinors and scalars are absent, we recover the classical BI models, for
example in d = 10 we find

1
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Also, it is interesting that in d = 10, when the covariant 2-form F,, is absent, the same
action is a d = 10 analog, as discussed in [38], of the d = 4 Volkov-Akulov action [32] (at
a =1 and ignoring the constant part of the action)

Sya = —/dl% V—detG,, = /Emo A...NE™ (7.2)
E™ = da™ 4+ AXI'"d)\. (7.3)
The general maximal (half-maximal) supersymmetric Dirac-Born-Infeld-Volkov-Akulov

models presented in this paper, are only slightly more complicated than the DBI and
VA actions shown above. The Lagrangian is always of the form

SDBI—VA = —é <\/— det(G,W + Oé]:m,) — 1) (7.4)

where G, and F,, are defined for each case for d = 10, d = 4 in the maximum and

= 6, d = 4 in the half-maximum supersymmetry, in the relevant sections of the paper.
The all order in deformation supersymmetries are in all cases given by rather complicated
expressions, which involves the 2-forms and the fermion dependent pull-back world-volume
matrices, related to (7.3). However, the exact hidden non-linear supersymmetry transfor-
mation of fermions is a simple shift and quadratic in fermions expression which is literally
the original Volkov-Akulov formula

ScA = a ¢+ aAlHCO,N. (7.5)

Despite the complicated dependence of supersymmetries on F,,, the complete models in
d = 10, 6, 4 are given on one page each, using a notation which we called ‘fermions packaged
inad=10 (d = 6) form’ for the maximal (half-maximal) case.

It would be interesting to compare our new models with the known half-maximal
models in d = 4 [10-13, 15-18, 23-27]. with various amount of supersymmetry. The models
with 8+8 supersymmetries are known only up to a certain level of deformation, whereas our
model with the same amount of supersymmetries is known to all orders of deformation.”
In models studied in [18, 25, 27], 8 supersymmetries are manifest and undeformed, whereas
the hidden 8 are deformed. The comparison between these models and our complete model
will likely be possible with account of field redefinitions which relate various versions of the
VA models even in absence of the vector field. Recently is was shown how various forms
of a goldstino action are related to each other by a non-linear local field redefinition [40-
42, 49-52].

The DBI models with 16416 supersymmetries do not seem to be given in the literature.
Part of the reason for the absence of such models is that in case of 8+8 supersymmetries,
the N' = 2, d = 4 superfields were used. However for A’ = 4 no off shell superfields are
available, therefore the tools used for 84-8 models are not available for 16+16. Meanwhile
we have shown that using the superbrane approach it is not necessary to keep any linear

"The existence of the complete 848 DBI-VA model in d = 4 described in this paper helps to explain
certain puzzles concerning hidden supersymmetry and duality of some 4-dimensional models with manifest
N = 2 supersymmetry and hidden N = 2 supersymmetry [48].
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supersymmetries manifest. The theory includes a natural Born-Infeld non-supersymmetric
model and, in absence of 2-form F,,,, has natural Goldstino variables in which the action
has an original Volkov-Akulov form.

Finally, we would like to discuss our original goal to find new ways to construct super-
symmetric invariants for theories with extended supersymmetries where there are no known
auxiliary fields. We have learned here how to build the deformation of the N' =4, d = 4
Maxwell multiplet resulting in a model with A/ = 4 deformed supersymmetry and another
N = 4 hidden supersymmetry. However, these supersymmetries are global: they originate
from the super-branes extended objects which are known to interact with the supergravity
satisfying classical field equations. On shell background supergravity is a condition for the
local fermionic k-symmetry. Some new ideas will be required to build the higher derivative
superconformal invariants, if they exist, to shed some light on the issue of the UV finiteness
of extended perturbative supergravity, as proposed in [1].
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A Dp-branes
Here we describe Dp superbranes in IIB theory with positive chiral spinors.

A.1 Dp-superbrane with local xk-symmetry, maximal supersymmetry and gen-
eral covariance

The k-symmetric Dp-brane action (with p = 2n 4+ 1 odd), in a flat background geometry
with (longitudinal and transverse) coordinates X, m = 0,...,9, consists of the Dirac-
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Born-Infeld-Nambu-Goto term Spgr and Wess-Zumino term Syyz in the world-volume co-
ordinates o (u=20,...,p):

1 1
SDBI + SWZ = —g /dp+10' \/* det(Gul/ + OAF/“,) + ()ZZ/QP+1 . (Al)
Here G, is the manifestly supersymmetric induced world-volume metric®
Gy = NmnII71L 7 = 9,X™ — 0,0, (A.2)

and the Born-Infeld field strength F,, is given by
_ 1_
Fuw = Fupy — by, b = a’1003I‘m8M0 ((%Xm — 20Fm8V0> —(pv), (A.3)

where €, is a particular p 4+ 1-form [35-37] (see e.g. (45) in [36]).
The action has the global supersymmetry

00 = ¢, 5 XM = —OTMe,

—1
0eA, = —a_1§Fm0368MXm + % (éogFme§Fm8M9 + éfmeéogFm(‘)MG) . (A.4)

Note that as a consequence of the transformations above we have that
6 F =0. (A.5)

Also note that to show invariance of the action, we need the following d = 10 Fierz identity
valid for any three Majorana-Weyl spinors A1, A2, Az of the same chirality

Fm)\lj\grmA3 + Fm/\25\31“m)\1 + Fm>\35\11“m)\2 =0. (Aﬁ)

Besides the global supersymmetry the action is also invariant under a local k-symmetry
given by

S X™ = T (1 + 1)k, 80 = (1 +T)k,
6p Ay = @ 003T1,0,00,X™
—%afléagrmaﬁaérmaue - %a*e’rmaneéag,rmaue, (A7)

where k(c) — x!(0) is an arbitrary doublet of Majorana-Weyl spinors of the same chirality.
I' is a hermitian traceless product structure, i.e., it satisfies

Tr=0, I?=1. (A.8)

$We use a doublet 67, T = 1,2 of Majorana-Weyl spinors of the same chirality. 3 in (A.3) and below
indicates a Pauli (¢3);”7 matrix (or any other projection matrix). If it is clear by the context, we will omit
the I index as well as any spinorial index.
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The precise form of ' can be found by explicitly imposing k-symmetry in (A.1). In the
usual Pauli matrices basis, and acting on positive-chirality spinors ', I' is given by

B 0 A
re ( o ) (A9

where J; and f_ are matrices that satisfy
B_By = ByB = (—1)". (A.10)
They are constructed using pull-backs of the matrices I'"* to the world-volume:
r,=1,"T,,, TH=GWT,=1T", T =G, (A.11)

where G*” is the inverse of G, They satisfy the Clifford algebra relations DAV 4TV =
2G*. We have
e 11 = ok, (A.12)

but since II is only a square matrix for p = 9, II}, is only the inverse matrix of I} in that
case.
In terms of the pull-backs, the matrices S and S_ are given by

n+1
& [ D 1% v, D
By = G se3 T (OI)) =g Z Qkk'rm UEHRVE "FukaF(ogjv
n+1
2]'—;_“/1_‘“ Dp )kl—wﬂlyl Nkykf . F I—\Dp A.13
p-=Gse =g Z 2k .| H1ve HEVE™ (0) ( : )
with

VIGL et (5,7 Fo,GPY)] 712 A14
= [det (6, + aF,G™)] . (A.14)

~ VG +aF]

Here se stands for the skew-exponential function (i.e. the exponential function with
skew-symmetrized indices of the gamma matrices at every order in the expansion so the
expansion has effectively only a finite number of terms). S_ is related to 4 by replacing
F by —F.

The matrix T'2P

(0) is defined by

rer — 1 ghtbp1

(0) (p+ 1)|\/@ B1---Hp41 o

In case of p =9 it agrees with the matrix defined in flat gamma matrices:

(T2 = (). (A.15)

D9 1 ILL().A.,LLQA _ 1 gMmo-mo

F(O) 10‘\/@ FUO-"NQ - TO' mg...mg — F*y (A16)

The theory is also invariant under general coordinate transformations o#’ = ot +&# (o)
on the worldvolume. The complete set of transformations on the fields of the theory is
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hence given by supersymmetry transformations d., k-transformations ¢, covariant general
coordinate transformations on the worldvolume J¢, and a U(1) gauge transformation dy(y):

00 = 0.0 + 6,0+ £10,0 ,
OX™ =6 XM 4+ 0, XM +£10, X,
514“ = 5614# + 5/€AN + 5U(1)Au + SPFPN . (A17)

A.2 Gauge-fixing the Dp-superbrane

Upon gauge fixing of k-symmetry and general coordinate transformations, the global target
space supersymmetry combines with a special field dependent k-transformation into a
global worldvolume supersymmetry. Writing

X" ={x". ¢}y, wm'=01,...,p, I=1,....,9—p, (A.18)

where m/ refers to the p + 1 worldvolume directions and I refers to the 9 — p transverse
directions, we impose the following gauge-fixing conditions

(L+03)0=0, X™=4"ck. (A.19)

Using the basis where o3 is the diagonal Pauli matrix, the condition (A.19) implies §! = 0.
From now on we will use 6% = a\.

In this gauge the Wess-Zumino term 2,11 becomes constant (—1) and the action is
given by

1
S=—— [drtls {\/— det(Gw + aFu) — 1} : (A.20)

a2
together with
Gy = N IV 4 67 TIATT)
Y = om — a®Ar™ o\, I, = 9,0 — o®ATT9,, (A.21)
and
Fuw = Fup — by,
buy = 20,0\ — 20X 10, A 0,0 . (A.22)
In order to preserve the gauge-fixing conditions (A.19) we have to impose
st =0, sX™ =0, (A.23)

from which we obtain

dtk+Bk2=0 and €W =a {m’@ + (—1)anm’5+€1} : (A.24)
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together with the corresponding gauge-fixed, non-linear realization of the remaining trans-
formations

29" = —aAlTe® — (—)"aAT! B el + 19,07,
Sz = a ' (€ + (=1)"Boel) + 10N,
G2 Ay = MLy +T18,0") (€ + (—)"Bre')

_ 1 _
—a’ A\, (362 + (—)“mel) AL O\ + EPF,, . (A.25)

The above transformations are parametrized by two spinors €' and €2, and therefore we
have two independent sets of sixteen supersymmetry transformations. The deformed linear
symmetries and the VA-type non-linear ones are given by the change of basis

1 1
el = —Einl"fkp)e, € = —5€ +q. (A.26)

where I'P) = (—i)"T°...T? (and in particular ¥ = I',). Using this in (A.24) gives

=, & =-saATMa4fle, @ =aAC,  (A20)

where

n+1 k
\n \n QO vy
B = (—i) B_i_rip) = (—i)"g E WFM UHRVE .fuwkr([éz)?r\ﬁp) =1+ 0(a), (A.28)
k=0 ’

when terms with 9,¢! are also considered as order « (see e.g. (3.13)). The corresponding
transformations are

1 -
S = 5a/\rf (1 + B]e+ &0, ,
1
O = =5 [1 = Ble+ 80N,
1-
deAu = —SA(Tu + T'0,0") [1+ Be
%a?er Bﬂ + 5} AL O\ + EPF, . (A.29)

and

e = —aAlT ¢+ ¢Ho,ue"
Sch = a” ¢+ ELN,

5cAy = ATy +T10,0")¢ - éaﬁrm&rmaﬂx +EFpy- (A.30)

B Vp-branes

B.1 Vector p-branes in d =6

In the previous appendix we constructed supersymmetric Born-Infeld actions with 16416
supersymmetries corresponding to Dp-branes in d = 10. It is the purpose of this section
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to give similar results for Vp-branes with 848 supersymmetries in d = 6. We remind that
Vp-branes are branes whose worldvolume content is given by a vector multiplet but whose
tension is not necessarily proportional to the inverse string coupling constant. Since the
discussion in this appendix is rather similar to the previous appendix we will only highlight
a few relevant formulae.

The k-symmetric Vp-brane action (with p = 2n + 1 odd), in a flat background ge-
ometry with (longitudinal and transverse) coordinates X", m = 0,...,5, consists of the
Dirac-Born-Infeld-Nambu-Goto term Sppr and Wess-Zumino term Swy and is formally
completely the same as (A.1). All formulas of section A.1 are still applicable.”

To show invariance of the action, we need in this case the d = 6 Fierz identity valid for
any three symplectic Majorana-Weyl spinors i, )é, )\]g of the same chirality, that is also
formally the same as (A.6), or explicitly

T N T™ M e + T MMM T Moy 4+ D AN T\ ey = 0. (B.1)

Also the global € and local k-supersymmetry have the same form as in (A.4) and (A.7),
where k(o) — k%(0) is an arbitrary doublet of symplectic Majorana-Weyl spinors of the
same chirality, and the I'"™ and II]}" are, of course, the d = 6 quantities.

The theory is also invariant under general coordinate transformations o#’ = ot +&# (o)
on the worldvolume. Hence, just as in (A.17) of the previous appendix, the complete set of
transformations on the fields of the theory is given by supersymmetry transformations, x-
transformations, general coordinate transformations on the worldvolume and a U(1) gauge
transformation.

B.2 Gauge fixing

The gauge fixing of x-symmetry and general coordinate transformations goes exactly as
in section A.2, and the formulas remain applicable, with the understanding that now I =
1,....5—p.

The decomposition rules and non-linear gauge-fixed realization of the remaining trans-
formations is analogous as in (A.24) and (A.25). Also the split into two independent sets
of, in this case eight, supersymmetry transformations, is exactly as in (A.29) and (A.30).

C Notation

We follow the notation of [53], especially all coefficients in appendix A in that book are
s; = 1 except for the normalization of the e-supersymmetry, which is such that sg = —2.
One can go to the standard notations of the book by multiplying all barred spinors by
—1/2, e.g. the standard kinetic Lagrangian for the real fermion becomes —%/_\(ﬂ)\ rather
than A@)\. The y-matrices for d = 10 or d = 6 are denoted as I'™. Note that the matrices

9In this case, we use a doublet 7%, T = 1,2 of symplectic Majorana-Weyl spinors of the same chirality.
The symplectic indices ¢ are implicitly present in the same way as the index /. In a bilinear we assume that
they are contracted using the antisymmetric €;;, e.g. \T™x = N T™x’¢;i.
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I and I', are the flat d = 10 matrices, whereas IA“M is defined in (A.11) as the pull-back
to the word-volume:

Ly=07Tn, Ly=T7Ty=/(6]—a*AI"9uA\)p, . (C.1)

We use shortcuts for index contractions, such that F? = F, wE? and I' - F =THF),.

However, matrices F3, ... are defined as (F3),,, = F,,F** F,,, and Tr F* = F,,, F"PF,, FH,
As in [53], we define

I, = (—i)@=2/2p0  pd-1, (C.2)

The spinors for d = 10 and d = 6 are left-handed, which means that

CA=A\, A, = =, (C.3)
d=10: I, =1, .19, d=6: T, =-TT""...1°.

In this work appear Majorana and symplectic-Majorana spinors that satisfy the Ma-
jorana flip relations

5\1)\2 = 5\2)\1 s ;\1F“/\2 = —S\QPMAl s 5\1:[‘/“//\2 = —S\QP“V)\l R 5\11“’“”)\2 = XQF’“"”/\l s

AL Xy = ()T FD/2 ) i )y (C.4)
For d = 6 this is accomplished due to a definition where the indices i,7,... = 1,2 are
hidden and

S\FHX = j\iFquEji . (05)

In this way the formulas can be used for all dimensions d = 2, 3,4, 6 and 10, where also the
cyclic identity (A.6) holds, which for d = 6 is given explicitly in (B.1).

To reduce the d = 10 expressions to d = 4 spinors in section 3.2, we construct the
32 x 32 matrices I'™, with m = p,a,a+3 (£ =0,...3 and a = 1,2,3) from 4 x 4 matrices

V" by

0o g° 0 ia®
T =~te1 I =7, o3 = o,
7 ®1ls, 7®<_Ba 0)7 ’Y®<iaa 0)7
0 14 T4 O
Cro=0C Ly = v , C.6
10 4®(,ﬂ4 O)’ 7®<0 _ﬂ4> (C.6)

where C'g is the charge conjugate in 10 dimensions, and Cy the one of d = 4. Here we
use the 4 x 4 antisymmetric real matrices a® and S from [44, 45|, whose components are
indicated by indices i,j = 1,...,4, and which satisfy

{a% o’} = {B%, 8"} = 26", [, B"] =0,

a a __ a Qa __
Qg 0e = 2041005 + Eijike s BijBie = 20ix00; — Eijke
bij bij b
04?]' = §€ijk£04zza Za] = _igijk;eﬂge, 06%04 Y= ﬁgjﬁ U= 45,
1.2 3 12223
aofa’ =1y, BpB° = —14. (C.7)
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The engineering dimensions that are used for the various fields in a d-dimensional

action are

[

]:_1> [976777747'%}:_1/27 [A#]:d/2_17 [F,Lw]:d/2> P‘]:(d_l)/2v

o] = ~d/2, @ =1,  X=-1,  [Buwl=d2, ¢]=-1. (C3)
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