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CHAPTER 0

Overview

This thesis examines the Lovéasz Local Lemma (LLL), an important and widely-
used technique in probabilistic combinatorics. This technique has been used in con-
structions ranging from graph theory to coding to network scheduling. The original
formulation of the LLL was non-constructive — showing the existence of a favorable
combinatorial configuration, but unable to construct it in efficiently.

Building on a long line of research, a breakthrough algorithm recently developed
by Moser & Tardos [87] has turned nearly all of these non-constructive combinatorial
constructions into efficient algorithms. We refer to this simple and remarkable algo-
rithm as the MT algorithm. It has been extended to the parallel and deterministic
settings as well.

The first main goal of this thesis is to intensively analyze the behavior of the
MT algorithm and its variants. We describe many situations in which it can be made
more efficient. For exampe, we reduce the run-time of the parallel MT algorithm from
O(log®n) to O(log®n) in many situations, and we develop more efficient algorithms
for problems such as monochromatic hypergraph coloring. We also consider a number
of situations in which the standard form of the MT algorithm fails to give efficient
algorithmic counterparts for the LLL. We show how to modify the MT algorithm so
that it can match the LLL in these cases as well. Examples of this include the efficient
algorithms for non-repetitive vertex coloring and Latin transversals.

The second main goal of this thesis to consider the MT algorithm as a random
process in its own right, which can be more powerful than the LLL. In some cases, we
show that the MT algorithm leads to combinatorial configurations which do not follow

from the probabilistic LLL; for example, we show that the MT algorithm terminates



even though the LLL criterion is not satisfied. In other cases, we describe variants
of the MT algorithm which do not even correspond to the LLL framework. In many
cases, the only proof for the existence of certain types of combinatorial configurations
(including k-satisfiability thresholds and traversals omitting s-cliques) is that they
are produced by the MT algorithm or one of its extensions. For example, one key

result is the following: suppose we have a k-SAT instance, in which each variable

2L (1-1/k)F 2

T = clauses; then the instance is satisfiable and

appears in at most L <
the MT algorithm finds a solution in polynomial time. By contrast, the previous

2k+l

bound known for this problem was L < PCESIE This can be a signficant improvement

for modest values of k.

0.1. Background

The Lovész Local Lemma (LLL), first introduced by Erdds and Lovész in [34], is
a principle in probability theory which has become a cornerstone of the probabilistic
method in combinatorics. Roughly speaking, this principle states that if one has a
probability space and a set of “bad-events” in that space, then as long as the events
have low probability and are “mostly independent” (more specifically, each bad-event
only affects a small number of others), then there is a positive probability that none
of the bad-events occur. In a sense, the bad-events act as if they truly independent
from each other. Thus, the probability of avoiding all the bad-events is approximately
the product of the probabilities of avoiding each of them individually. In particular,
the probability of avoiding all the bad-events is positive.

For combinatorial applications, the typical proof-strategy is to design a random
experiment which attempts to construct some combinatorial structure. The bad-
events, in this context, are certain configurations of subsets of the variables which
contradict the desirable structure. If one can show that the experiment succeeds with
positive probability, it holds that the desired configuration exists. The key strength of

the LLL in this context is that the conditions it requires are “local” to each bad-event.
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Unlike most other techniques of the probabilistic method, this principle can be used to
show scale-free structures — results which do not depend upon the number of variables
involved or the overall size of the problem instance. This probabilistic principle only
shows an exponentially small probability of producing the desired structures, so does
not lead to efficient algorithms.

A simple example of this principle comes from independent transversals, a combi-
natorial problem introduced by Bollobas, Erdds, Szemerédi in [18]. In this problem,
we are given a graph G and a partition of the vertices into blocks of size b. We wish
to select one vertex from each block (a transversal) without selecting any adjacent
vertices (an independent set). A simple application of the LLL shows that this is
possible when b > 2e/A; where A is the maximum of the graph; a more sophisticated
application improves this to b > 4A. Note that this result does not depend on the
number of vertices, the number of blocks, or any other global properties of the graph.

Hundreds of applications of this principle have since appeared and in many cases
the LLL (either applied directly or with some refinements), leads to the best combi-
natorial bounds. Some examples of these include solving k-SAT instances, in which
each variable occurs in a limited number of clauses, constructing Latin transversals,
and packet routing.

In Chapter 1, we define and review the LLL, and some of its classical extensions.
Most of this chapter is background material and not original to this thesis. Section 1.8
appeared as “A note on near-optimal coloring of shift hypergraphs”, by David G.
Harris and Aravind Srinivasan, Random Structures and Algorithms (2015).

The intuition for why the LLL works is that the bad-events are approximately
independent. Unfortunately, as a result of this, the probability of avoiding all the bad-
events decreases exponentially with the number of bad-events. This means that the
straightforward procedure to generate good configurations, namely directly simulating
the random experiment, does not give polynomial-time algorithms; this again is in

contrast to other standard techniques of the probabilistic method.



In Chapter 2, we examine the breakthrough LLL algorithm of Moser & Tardos
[87], which we refer to as the MT algorithm. This algorithm is based on the following
simple idea: whenever we detect that a bad-event is currently true, we “resample”
the variables it affects, that is, we draw their values anew from the original prob-
ability distribution. This process converges in a sense, in that the resamplings die
off exponentially and one has a configuration which avoids all the bad-events. This
turns nearly all applications of the LLL in combinatorics into efficient randomized
algorithms.

This algorithm has a number of nice properties and extensions, beyond the fact
that it finds configurations which avoid the bad-events. First, it has a simple parallel
algorithm. Instead of resampling bad-events one by one, we can select a maximal
independent set (MIS) of bad-events, and resample all of its events in parallel. This
takes approximately O(log2 n) rounds to complete.

Next, there is a nice characterization of the distribution induced on the variables
when the algorithm terminates. Roughly speaking, we can show an upper bound
on the probability that any event holds on the output distribution, and this upper
bound is typically not much higher than the probability of the event originally. This
principle has a variety of uses. It can be used to show, for example, that one can form
structures whose weight is large, and it can be used to show that that the output of
the algorithm has other structural properties that were not explicitly enforced during
the resampling step.

Although none of the results in Chapter 2 are new, we give a new and simplified
proof for the MT algorithm. This proof highlights certain features of the algorithm
that we will extend and explore in later chapters. In particular, we highlight the
role of the “Witness Tree Lemma” in the Moser-Tardos proof; this deceptively simple
result holds the key to many of the advanced variants and properties of the MT

algorithm which we will discuss later in the thesis.



The first main goal of this thesis is to intensively analyze the behavior of the
MT algorithm and its variants. We describe many situations in which it can be
made more efficient. We also consider a number of situations in which the standard
form of the MT algorithm fails to give efficient algorithmic counterparts for the LLL.
These include situations in which the underlying probability space does not have
independent variables, and cases in which there are exponentially many bad-events.
We show how to modify the MT algorithm so that it can match the LLL in these
cases as well.

It is somewhat of a historical accident that the probabilistic formulation of the
LLL was discovered before the MT algorithm, and that the latter was considered only
as a “constructive counterpart” of the former. The second main goal of this thesis to
consider the MT algorithm as a random process in its own right. In some cases, we
show that the MT algorithm leads to combinatorial configurations which do not follow
from the probabilistic LLL; for example, we show that the MT algorithm terminates
even though the LLL criterion is not satisfied. In other cases, we describe variants of
the MT algorithm which do not correspond to the LLL framework. In many cases, the
only proof for the existence of certain types of combinatorial configurations (including
k-satisfiability thresholds and traversals omitting s-cliques) is that they are produced

by the MT algorithm or one of its extensions.

0.2. Our contributions

In Chapter 3, which is joint work with Bernhard Haeupler, we introduce the
concept of a witness dag, which is an extension of the witness tree method used in
the original proof by Moser & Tardos. This is a tool that can account for some or
all of the resamplings performed, in contrast to the witness tree which accounts for
a single resampling. We give two major technical results which result from this: we
show that the number of resamplings performed by the MT algorithm is concentrated

around its mean, and we give bounds for the run-time of the parallel MT algorithm
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which do not depend on the (somewhat mysterious) weighting function used in the
asymmetric LLL criterion. We also use witness dags as a computational object to give
a new, faster parallel algorithm for the LLL; in most cases, this reduces the runtime
from O(log®n) to O(log®n).

In Chapter 4, we show that the MT algorithm can in some cases be shown to
converge even though the LLL does not apply. We do this by giving a new convergence
criterion, which is similar in flavor to the cluster-expansion LLL criterion of [17],
but is usually stronger. This takes advantage of the fact that the MT algorithm
applies to more specialized probability spaces than does the full LLL; nevertheless,
this restricted setting is enough to cover most applications in combinatorics. We use
this to develop new efficient algorithms and results for many problems such as k-SAT

and hypergraph coloring. One key result is the following: suppose we have a k-SAT

2k+1(1-1/k)*

2 .
T — = clauses; then

instance, in which each variable appears in at most L <
the instance is satisfiable and the MT algorithm finds a solution in polynomial time.

By contrast, the previous bound known for this problem was L < 2 This can

e(k+1)
be a significant improvement for moderate values of k. For example, for k = 5, this
improves the bound from L = 4 to L = 5; for k = 10, it improves it from 68 to 79;
for k = 20, this improves the bound from 36738 to 39568.

We also show a new parallel version of the MT algorithm, which exploits a phe-
nomenon known as lopsidependency in the LLL setting. It was previously known that
the sequential Moser-Tardos algorithm could make use of this property, but not the
parallel algorithm. We develop a variant of the parallel MT algorithm in this setting,
and show that it matches the performance of the sequential MT algorithm (which in
turn is stronger than the LLL itself).

Chapter 4 appeared as “Lopsidependency in the Moser-Tardos framework: Beyond

the Lopsided Lovéasz Local Lemma”, by David G. Harris, Symposium on Discrete

Algorithms (SODA) 2015.



In Chapter 5, we introduce a variant of the MT algorithm known as the Partial Re-
sampling Algorithm. The key difference is that in the MT algorithm all the variables
affecting a bad-event are resampled, while here we only resample a small, random sub-
set of the variables (where the probability distribution used to select which variables
to resample is carefully chosen). This leads to improved bounds and algorithms for a
variety of problems, particularly those in which the bad-events are defined by sums
of independent random variables. One key result concerns the problem of minimizing
makespan for universal packet-routing. A seminal paper of [73] showed that a sched-
ule of makespan O(congestion + dilation) was possible, although the hidden constant
term was very large (note that both congestion and dilation are lower bounds are
the makespan). By the use of partial resampling, as well as other problem-specific
techniques, we are able to reduce this to a bound of 5.70(congestion + dilation).
Other applications include give applications to column-sparse packing problems and
transversals with omitted s-cliques. Many of these results were not known, even non-
constructively, prior to this work. This chapter combines two material from papers:
“Constraint satisfaction, packet routing, and the Lovasz Local Lemma”, by David G.
Harris and Aravind Srinivasan, Symposium on Theory of Computing (STOC) 2013;
and “The Moser-Tardos framework with partial resampling”, by David G. Harris and
Aravind Srinivasan, Foundations of Computer Science (FOCS) 2013.

In Chapter 6, we discuss a variant of the Partial Resampling Algorithm applied
to column-sparse covering integer programs, a generalization of set cover. We also
make use here of the improved treatment of lopsidependency found in Chapter 4.
This leads to improved approximation rates compared to previous algorithms. Our
algorithm also generalizes to problems with an upper bound on the multiplicity of
each variable or with multiple objective functions. We show a variety of hardness
results and integrality gaps, which demonstrate that for a large range of parameters

our algorithm has near-optimal approximation rate. In many cases our algorithm has



approximation ratios which asymptotically optimal (including having the optimal
constant term), the first algorithm to achieve this.

Chapter 6 will appear as “Partial resampling to approximate covering integer
programs,” by Antares Chen, David G. Harris, and Aravind Srinivasan, in the Sym-
posium on Discrete Algorithms (SODA) 2016.

In Chapter 7, we discuss the LLL in the context of random permutations. The
LLL has been used here to construct Latin transversals, hypergraph packings, and
other applications. The Moser-Tardos algorithm does not apply to this setting, and
so this is one of the few areas that had been lacking efficient algorithms. We describe
a variant of the Moser-Tardos algorithm, in which we “resample” a variable (an
entry in the permutation) by swapping it with a randomly chosen element in the
permutation. Although this algorithm is superficially similar to the Moser-Tardos
algorithm, it proof is far more complex. We show that this Swapping Algorithm
succeeds whenever the LLL criterion is satisfied for the space random permutations.

The algorithm we develop for permutations has nearly all the same nice properties
as the original Moser-Tardos algorithm: its output distribution has a nice character-
ization, we develop a parallel algorithm, and we show that this algorithm can be
combined with the partial resampling framework of Chapter 5. These lead to results
which are not obtainable by either the original LLLL or more recent generalized LLL
frameworks, including an asymptotically-optimal result on matrix transversals with
many color occurrences and a parallel algorithm for strong coloring.

Chapter 7 appeared as “A constructive algorithm for the Lovasz Local Lemma on
permutations,” by David G. Harris and Aravind Srinivasan, Symposium on Discrete
Algorithms (SODA) 2014.

In Chapter 8, we examine the “MT distribution”, which is the distribution on
the variables when the Moser-Tardos algorithm terminates. We show a variety of

new bounds and applications of this distribution. These include lower bounds on the



probabilities of certain events (which is not normally possible for the MT distribu-
tion); we use this to construct high-weight independent transversals. Also, we study
when it is possible to partially avoid the bad-events (as opposed to the LLL, which
seeks to completely avoid the bad-events). We are able to give an analog of the asym-
metric LLL criterion and a parallel MT algorithm in this case. Finally, we discuss a
quantitative measure of the randomness present in the MT distribution, namely its
Rényi entropy; this leads to new bounds on MAX k-SAT and other problems. Parts
of Chapter 8 appeared in “The Moser-Tardos framework with partial resampling”, by
David G. Harris and Aravind Srinivasan, Foundations of Computer Science (FOCS)
2013. Other parts will appear as “Algorithmic and enumerative aspects of the Moser-
Tardos Distribution,” by David G. Harris and Aravind Srinivasan, Symposium on
Discrete Algorithms (SODA) 2016.

In Chapter 9, we study the distribution of the intermediate steps of the Moser-
Tardos algorithm (before it terminates). We show that this distribution too has a
random structure, and that this can be used to accelerate a number of algorithmic ap-
plications. This leads to sub-linear algorithms for problems such as Latin transversal.
It also gives a strategy for problems in which the number of bad-events is exponential,
and so the straightforward implementation of the MT algorithm (checking the bad-
events one by one and resampling them if they are true), does not give polynomial
time algorithms. Omne important problem that falls into this class is non-repetitive
vertex coloring. Previous algorithms, such as [48], required an exponentially inflated
number of colors for this problem, and had a small but positive probability of giving an
invalid coloring. We give an algorithm which requires essentially no additional slack
and is “Las Vegas”: it succeeds with certainty after an expected polynomial runtime.
Chapter 9 will appear as “Algorithmic and enumerative aspects of the Moser-Tardos
Distribution,” by David G. Harris and Aravind Srinivasan, Symposium on Discrete

Algorithms (SODA) 2016.



CHAPTER 1

The Lovasz Local Lemma

1.1. Definition of the LLL

The Lovasz Local Lemma (LLL), first introduced in [34], is a powerful tool in
probability theory. We begin with an informal and simplified statement of this prin-
ciple. Suppose we have a probability space €2 and a set B consisting of m events
in the space (“bad-events”) that we are trying to avoid. We denote this set of
bad-events by B = {By,...,B,,}. Now suppose that each B € B has probability
at most p and that each B € B is “dependent” with at most d other bad-events
B' € B; and if ep(d + 1) < 1 (where e = 2.71... is the base of the natural loga-
rithm), then there is a positive probability that none of the events in B occur, that
is, P(Npep B) > (1 — g45)™ > 0.

This is not a proper theorem at this point, because we have not defined what it
means for two bad-events to be “dependent” with each other. Defining this notion
requires a fair amount of care. One cannot simply examine the probability space 2 to
determine if B and B’ are dependent with each other. Rather, one must pre-specify

a set of independencies, and then verify that () obeys them. To formalize this, we

define a dependency graph for B.!

DEFINITION 1.1. Suppose G is an undirected simple graph whose vertex set is B.
We say that G is a dependency graph for B,2, if for every B € B and for every
S C B — Ng(B) (where Ng(B) denotes the inclusive neighborhood of B, that is, set

INB: in this definition, we refer to the neighborhood of a vertex in the graph. We will always define
N(B) to be the inclusive neighborhood. This is not the standard convention, so the reader should
be aware of this when comparing our results to other presentations of the LLL.

10



of vertices which are equal to B or are neighbors of B), we have
Pa(B| () B) = Pa(B)
B'eS
To state this in words: conditioning on avoiding any set of non-neighbors of B,

does not change the probability of B.

We note that we have defined a dependency graph, not the dependency graph.
There is no unique dependency graph for a set of events B. In general, if G is a
dependency graph for B, and G’ is obtained from G by adding edges, then G’ is a
dependency graph for B as well. However, there is not necessarily any unique minimal
dependency graph either.

The variable-assignment LLL setting. Although the definition of a depen-
dency graph may appear to be quite complicated in general, for most applications
of the LLL in combinatorics we use a simple probability space which has a simple
and natural dependency graph. Suppose that the probability space 2 is defined by n
variables X1, ..., X,,. Each variable X; independently takes values from some finite
set (which may be identified with the integers), such that X; = j with probability
pij- We refer to this probability space as the variable-assignment setting for the LLL.
Furthermore, suppose now that each B € B is a Boolean function of a subset Sg of
the variables. In this case, we define the graph GG by placing an edge from B to B’ iff
SpNSp # 0; that is, there is a common variable which affects both the events B, B’.
It is not hard to see that this defines a dependency graph for B, which we define as
the canonical dependency graph.

Now that we have defined a dependency graph, we can formalize the LLL. We

begin with the simplest form, referred to as the “symmetric LLL" .2

2This is not the original form of the LLL, which is now mostly of historical interest, but a later
and stronger formulation of it due to Spencer in [104]. Also, in the usual formulation of the LLL,
d is defined to be the size of the exclusive neighborhood of B. Thus the more usual form of this
statement is ep(d + 1) < 1.

11



THEOREM 1.2 ([104]). Suppose that S is a probability space and B is a set of
events in that space. Suppose that G is a dependency graph for B. And suppose that
each B € B satisfies Po(B) < p and |[Ng(B)| < d. Furthermore suppose that epd < 1.

Then we have

P((1B)>(1—1/d)™ >0
BeB

For the remainder of this thesis, whenever we have fixed 2, B and some dependency
graph G for B, we will always write B ~ B’ if B, B’ are neighbors in G or B = B'.
We will not always refer to G explicitly, as we often simply assume that G is the

canonical dependency graph.

1.1.1. Intuition behind the LLL. To gain some intuition for what the sym-
metric LLL criterion means, suppose that the dependency graph G consists of isolated
d-cliques. Now, consider some clique K, and consider the probability that one the
events in K occurs. Each such event has probability < p and there are d such events,
so by the union bound, there is a probability of < pd < 1/e that an event in K occurs.

Next, consider the probability that any bad-event occurs. As the cliques are
isolated, the events in K are independent from events in K’ for K # K'. Thus, the
(1—1/e)=(1—-1/e)™? >

probability that no bad-events occur is at least Hdiques K

(1—1/d)™ > 0.

1.2. The LLL and scale-free structures

To understand the power of the LLL, let us consider the problem of independent
transversals, which we will come back to many times because of its simplicity. Suppose
we are given some graph GG with a partition of the vertex set V=V, UV, - UV, A
transversal is simply a set T" C V', which contains exactly one element from each of
the classes Vi, ..., Vi; that is [TNV;| =1 fori=1,..., k. An independent transversal
is simply a transversal which is also an independent set, that is, there is no edge

(u,v) € G such that both u,v are elements of T
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There is a large literature on selecting transversals such that the graph induced
on T omits certain subgraphs. (This problem was introduced in a slightly varying
form by [18]; more recently it has been analyzed in [111, 59, 116, 60, 57]). An
independent transversal is, of course, a transversal which omits the 2-clique K5; this
is the most well-studied case.

Now suppose we are given bounds on the sizes of the classes and on the maximum
degree of the graph; that is we know that |V;| =b for i =1,... k and the maximum
degree is A. When we can ensure that the graph G has an independent transversal?
Let us consider this problem via the LLL. We define the following natural probability
space: for each block V;, we select exactly one vertex in V; to go into 1. For each
edge f € G, we have a bad-event that both its end-points are in 7. (This is a form of
the variable-assignment LLL, in that the variables X,..., X, correspond to blocks
Vi,..., Vi and the value of a variable X, is the vertex in V; that is selected.)

Now consider some event corresponding to an edge f = (u,v). The probability
that both u,v go into T is p = 1/b*. This event is a boolean function of the vertex
selected for the blocks corresponding to u and the block corresponding to v; the other
events which are also affected by these blocks correspond to edges which have an
endpoint in these blocks, and there are at most d = 2bA — 2 such edges. Thus, the
LLL criterion is satisfied if

eb 3(20A —2) < 1

which in turn is satisfied if b > 2eA.

Haxell provides an elegant topological proof that a sufficient condition is b > 2A
[54]; this bound is existentially optimal, in the sense that b > 2A — 1 is not always
admissible [60, 116, 111]. So the LLL has shown a bound which is of the right order
of magnitude, though the constant terms are slightly sub-optimal.

Now, what is remarkable about this result is that the criterion b > 2eA does
not depend on the total size of the graph G in any way: it has no dependence on

the number of blocks k, nor on the number of vertices |V|. Thus, we have shown a
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scale-free property of the graph. We contrast this with other methods in the toolkit
of probabilistic combinatorics. Suppose, for example, we want to use a first-moment
method to show the existence of an independent transversal. The typical way to do
this would be to show that there is a negligible probability that a bad-event occurs;
for example, the total probability of all bad-events should sum to < 1. In our case,
this would give a bound of roughly |E|/b? < 1, which depends on the total size of the
graph.

The basic problem here is that, no matter how rare a bad-event is, when the
problem size becomes sufficiently large there is likely to be some bad-event which
becomes true. In the LLL, the probability of a bad-event B is compared not to the
total number of bad-events, but only to the bad-events B’ affected by B. That is,

there is a dependency only on “local” information.

1.3. The Lopsided Lovasz Local Lemma

In our definition of a dependency graph, we require that avoiding non-neighbors
of B does not affect the probability of B. In [35], Erdés and Spencer noted that what
is really needed is that non-neighbors of B does not increase the probability of B.
Thus, if B and B’ are positively correlated, in a certain technical sense, then for the
purposes of the LLL this is as good as pure independence.

To give some intuition why positive correlation is as good as independence: we
are trying to avoid the bad situation in which the bad-events B € B completely “tile”
the full probability space €. That is, it is possible to avoid B iff ) # UgepB. Thus,
the worst case is when the events are disjoint from each other, which is a very strong
type of negative correlation. If the events overlap with each other, then this decreases
the size of UgepB.

This phenomenon of allowing positive correlation among some bad-events is known
as the Lopsided Lovdsz Local Lemma, or LLLL. To formalize all of this, we define the

lopsidependency graph for B (also known as a negative association graph) as follows:
14



DEFINITION 1.3. Suppose G is an undirected simple graph whose vertex set is B.
We say that G is a lopsidependency graph for B (on the probability space 2, which
is understood), if for every B € B and for every S C B — Ng(B), we have

Po(B | () B) < Po(B)
B'eS

To state this in words: conditioning on avoiding any set of non-neighbors of B,

does not increase the probability of B.

THEOREM 1.4 ([35]). Suppose that Q is a probability space and B is a set of events
in that space. Suppose that G is a lopsidependency graph for B. And suppose that
each B € B satisfies Po(B) < p and |[Ng(B)| < d. Furthermore suppose that epd < 1.
Then we have P((\gez B) > (1 —1/d)™ > 0.

It is immediate that all dependency graphs are lopsidependency graphs so that
the LLLL is always stronger than the LLL. The LLL is merely a slightly special case
of the LLLL, and thus it seems a little strange that one should need to give the
two principles different names. However, the variable assignment LLL is especially
important in combinatorics, and there are many algorithmic complications in dealing
with the types of probability spaces covered by the LLLL. Thus, it will be useful for
us to distinguish between cases in which the LLL applies, and those more exotic cases
in which the the LLLL is needed.

In [76], a rather exhaustive list of probability spaces covered by the LLLL is given;
many of these are very obscure, with few applications in combinatorics. There are
two settings which are somewhat useful: the space of random permutations, and the
variable-assignment setting in which the bad-events are atomic.

The case of random permutations was in fact the original motivation for the LLLL,
and it was introduced in [35] to show the existence of Latin transversals for certain
types of arrays. The Latin transversal is another example which will come back to

frequently, so we briefly describe it here. (See Section 7.0.1 for much more information
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about this problem.) We are given an n x n matrix A, in which the entries of A are
colors. Our goal is to select n cells, one from each row and column, such that no two

cells receive the same color.

PROPOSITION 1.5 ([35]). Suppose each color appears at most A < n/(4e) times

in the matriz A. Then A has a Latin transversal.

PROOF. One can view the Latin transversal as equivalent to selecting a permu-
tation 7w € S,, uniformly at random, and then choosing cell (i, 7(7)) from each row.
In this case, a bad-event is the event that there are two selected cells with the same

color, i.e. m(x1) = y; A m(xg) = yo where A(xy,y1) = A(za,y2). Each such event has

1

probability p = D)

As shown in [35], one can form a lopsidependency graph among such bad-events,
such that events are connected iff they overlap in a row or column; for example, the
event m(z1) = y1 A w(x2) = yo overlaps with m(z1) = y] A m(x%) = y4. One can verify
that each bad-event has at most 4n(A — 1) neighbors in the lopsidepenency graph.
Now apply the LLLL. O

In [77], this setting was formalized and slightly extended, to allow one to select
multiple permutations m,...,7x on [ng],...,[ny]| letters, each permutation chosen
independently and uniformly. Bad-events all have the form B = m;, (1) = y1 A
...mi (k) = yk; that is, they are all a conjunction of conditions on the values of

specific elements of the permutations. We refer to such bad-events as atomic events.

PROPOSITION 1.6 ([35], [77]). Suppose B is a set of a atomic events in m and
the probability space ) is defined by selecting 7y, ..., 7N uniformly at random. Then,
define the following graph G on bad-events; we include an event from By to By iff

either of the following two conditions holds:
(1) By demands m;(x) = y and By demands m;(x) =y, for some i € [N] and

T,y #Y.
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(2) By demands m;(x) = y and By demands m;(z') = y, for some i € [N] and
x#£ 2 y.
Then G is a lopsidependency graph for B, ).
(Note: recall that B = m,i(z1) = y1 A m,i(x,) = y; we say that B demands

mi(x) =y if v; = x,y; = y,i; =1 for some j € [k].)

To explain the intuition behind Proposition 1.6: suppose B; demands 7(1) = 1 and
B, demands m(2) = 2. So, there would be no edge from B; to By in G. Furthermore,
By and B, are positively correlated; for initially the probability of the event B is
1/n. However, if By occurs, then 7(2) = 2 and there are only n— 1 remaining possible
values for m(1). So, conditional on By occurring, the probability of By has increased.

We will examine the case of random permutations in much more detail in Chap-
ter 7.

Another useful and much more simple application for the LLLL was introduced

by [83] for a construction involving hypergraph coloring.

PROPOSITION 1.7 ([83]). Suppose B is a set of a atomic events and the probability
space € is defined by selecting value for each variable x; independently with probability
distribution p;. Then, define the following graph G on bad-events; we include an edge
from By to Bs iff, for some i, we have that By demands X; = j and By demands
X;=j and j # j'. In this case, we say that By, By disagree on variable x;.

Then G is a lopsidependency graph for B, ().

(Note that, without the condition that j # j', we would have precisely the canonical
dependency graph for the LLL.)

We briefly discuss here how to apply this to k-SAT. Suppose we have a k-SAT in-
stance in which variable appears in at most L clauses (either positively or negatively).

How large may L become in order to guarantee that the instance is satisfiable?

PROPOSITION 1.8 ([43]). Suppose that each variable appears at most L = 2" le(k + 1)

times. Then the k-SAT instance is satisfiable.
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ProoFr. We will sketch the proof here; a much more detailed discussion of this
problem, including an improved bound, will be given in Chapters 4 and 8.

Assume that each variable appears in exactly L/2 clauses positively and L/2
clauses negatively. (This is in fact the worst-case distribution, as shown in [43]; the
proof of this fact is somewhat technically involved.) Then, we assign each variable to
be True or False with probability 1/2. A bad event is that a clause is falsified; this
has probability p = 27%.

Now, consider the dependency of a bad-event B. For of the k variables in B, there
are L/2 clauses which disagree with B on the variable. So, B is dependent with at
most kL/2 + 1 clauses (including itself).

Now apply the symmetric LLL criterion
e(27M)(kL/2+1) < 1

O

In fact, as shown in [43], this bound on L is asymptotically tight; for any ¢ > 1
and k sufficiently large, there exist unsatisfiable k-SAT instances in which variables
2k:

appears ce(k—fl) times. Thus, this problem is a simple example where the LLLL

provided asymptotically tight bounds. (Note that, using just the ordinary LLL, one
2k

would have only been able to show the bound for L = m)

1.4. The Asymmetric LLL and other LLL criteria

The LLL, as we have stated it, depends on only two parameters: the probabilities
of the bad-events Py (B); and a dependency graph G for B. The symmetric LLL gives
a very simple criterion, which is boiled down to two scalar parameters: the maximum
probability p = max Py(B) and the maximum dependency d = max|Ng(B)|. A
natural question is whether one can give other types of conditions on the probabilities

{Pq(B)} and the dependency graph G.
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In [104], a criterion referred to as the “Asymmetric LLL” was given which allows
us to take into account the fact that different bad-events may have different proba-
bilities and different neighborhood sizes. We will state this criterion in a somewhat

non-standard form, for reasons which will be important later in this thesis.

THEOREM 1.9 ([104]). Suppose there is some lopsidependency graph G for Q and
suppose there is a weighting function p : B — [0,00) which satisfies the following

property: for all B € B we have

n(B) = Po(B) [] (1 +n(B))

B'~B

Then the event NpegB has positive probability.
(Recall our convention that B ~ B’ means that B, B' are neighbors in G. Also

recall that B ~ B.)

The symmetric LLL follows from this as an easy corollary: simply set u(B) = ep
for all B € B. The power of Theorem 1.9 comes from the fact that bad-events which
have a low value of Py(B) may have a large number of neighbors, and vice-versa.

In [17], an even stronger form of the LLL, referred to as the cluster-expansion

criterion, was given. This can be stated as:

THEOREM 1.10 ([17]). Suppose there is some lopsidependency graph G for Q and
suppose there is a weighting function p : B — [0,00) which satisfies the following

property: for all B € B we have

wB = pPm)( Y [[uB))

ICNg(B)  B'el
I independent in G

Then the event NgepB has positive probability.

Observe in the formulation of Theorem 1.10 that Ng(B) is the inclusive neigh-
borhood of B. It is clear that there is exactly one independent set I which contains

B itself, namely I = {B}.
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Since we will be dealing frequently with the cluster-expansion criterion, the fol-

lowing notation is convenient. For any bad-event B € B, we define

ba(B)= > ][ mB)

ICNg(B) B'eE
I independent

Thus, we can state the cluster-expansion criterion more simply as
1(B) = Po(B)ba(B);

we can think of 5 (B) as the “inflation factor” compared to the original probability
distribution. (We will sometimes write §(B), if G is clear from context.)

We note one strange fact about the cluster-expansion criterion: it is not necessarily
monotone in G. Thus, it may be that G is a lopsidependency graph for ), and G
does not satisfy the cluster-expansion criterion, but G 2 G (which is necessarily a
lopsidependency graph) does.

We will give a brief application of the cluster-expansion criterion to independent
transversals. We include this here because it illustrates a few proof-techniques which

will frequently appear in our analysis.

PROPOSITION 1.11 ([17]). Suppose that G has a partition of the vertices into
blocks of size b, and the average degree of each block is d. Then, if b > 4d, there exists

an independent transversal of G.

PRrROOF. We select each vertex with probability 1/b. We have a bad-event for each
edge, that both end-points are selected. We define the weighting function by setting
w(B) = « for all B; here av > 0 is a parameter to be specified.

Now, let us fix some bad-event B defined by an edge f = (u,v). We need to
describe the neighborhood structure of B. Any edge f’ which is affected by f has one
end-point in the block of u or one end-point in the block of v. However, note that if
f', f” both have an end-point in the block of u, then the corresponding bad-events

are connected. Hence, in an independent set of bad-events which neighbor f, there
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may be at most one edge f’ in the block of w and at most one edge f” in the block
of v.

We want to compute >y p) [[pes #(B'), where the sum is taken over inde-
pendent sets. We set aside the special case of I = {B}. In any other independent
set I, we may select one or zero edges f’ in the block of u, and we may select one
or zero edges f” in the block of v. If we select an edge f’, we multiply in a factor of
w(f") = a; if we select zero edges f’, we multiply in a factor of 1. We do a similar
process for f”.

This type of summation will occur frequently in analyzing the LLL: we are given
lists Lq,...,L;, and we form a set I by selecting one element each list. For each
resulting set I, we multiply together terms of the form f(i,j), where i is the item
selected from list j € [I]. We then sum this product over all possible choices for I.

Whenever we encounter this type of summation, we use the following useful iden-

tity:

> Flin 1) x - x f(in 1) Hzfu

11€Ly,..., 051 €L j= 1ZEL

In our case, we have two lists corresponding to the two blocks. The items in the
list are the < bd—1 edges (apart from f itself), as well as the null item (corresponding
to selecting no edge from that block). The former terms have value f(i,j) = «; the
latter term has value f(7,j) = 1.

Adding in the case of I = {B}, which contributes p(B) = «, we thus compute

> [[wB)<a+ @+ @d-1)a)x (1+ (bd—1)a)

ICNg(B) B'el
I independent in G

and so the cluster-expansion criterion reduces to
(1) a > (1/6*)(a+ (1+ (bd — 1)a)?)

We will frequently encounter inequalities that are similar to (1). While (1) is
simple enough to solve directly via the quadratic formula, in other cases we will
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encounter polynomials of higher degree. We will solve (1) by using a maneuver
which, although overkill in this situation, will be useful later on. First, we arrange

this expression:
(2) a— (1/b*)(a+ (1+ (bd — 1)@)*) > 0

We want to show that this has a positive root o > 0. Now, observe that a
necessary and sufficient condition for this is that if we maximize the LHS of (2) over
all @ > 0, the resulting maximum value is positive. We thus differentiate with respect

to o and set the resulting expression equal to zero, finding the critical point «y:

VL0 2bd
* 7 2(bd —1)?

A necessary and sufficient condition for (2) to be satisfiable if it is satisfied at
a = ap. Plugging a = ag into (2) yields

(0~ 1B +V —4bd)
W(bd —1)2

which is solvable iff b > 2d + v/4d? — 3; this holds for b > 4d.

1.5. Shearer’s criterion

The cluster-expansion form of the LLL has perhaps the best balance between
strength and ease of calculations. However, it is not the strongest form of the LLL.
In [102], Shearer gave the strongest possible criterion that can be stated in terms
of just G and Pq(B) alone. This criterion is stated in terms of the independent set

polynomial.
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DEFINITION 1.12. Suppose that G is a given graph on vertex set V and p € [0,1]".
We define the independent set polynomial with respect to any I C'V as

QUGp = > () H]]pw)

I1CJCB veJ
J independent

Note that Q(I,G,p) =0 if I is not an independent set.

THEOREM 1.13 ([102]). Suppose that G is a simple undirected graph with vertex
set {1,...,m}, and p € [0,1)™. Then:

(1) Suppose that for all sets I C [m| which are independent with respect to G, we
have Q(I,G,p) > 0. Then, for any probability space ) and any set of events
B ={By,...,B,} satisfying P(B;) = p; and such that G is a lopsidependency
graph for B, there is a positive probability that none of the events in B occur.
(2) Suppose that there is some independent set I C [m] such that Q(I,G,p) <
0. Then, there exists a probability space ) and any set of events B =
{By,..., B} satisfying P(B;) = p; such that G is a dependency graph for B

and such that, with probability one, at least one of the events in B occurs.
If G, p satisfy the condition Q(I,G,p) > 0 for all independent I, we say that they

satisfy the Shearer criterion; otherwise we say they violate the Shearer criterion.
We list some useful monotonicity properties of the Shearer criterion:

PROPOSITION 1.14 ([102]). Suppose that p(B) < p'(B) for all B € B. (We write
this more compactly as p < p'.) Then if G,p’ satisfies the Shearer criterion, so does
G,p.

PROPOSITION 1.15 ([102]). Suppose that the edges of G' are a subset of the edges
of G. Then if G, p satisfies the Shearer criterion, so does G', p.

Although the Shearer criterion is the most powerful LLL criterion, it is extremely
difficult to work with mathematically. The main reason for this is that the independent-

set polynomials are alternating sums; thus, if we want to show that Q(I, B, Py) > 0
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for some I, then individual terms Py, will appear both negatively and positively. Thus,
if one has an upper bound on Pqo(B) (which is all that is needed for the LLL), then
one cannot directly use this to bound Q(I, B, Py)

Even showing very simple properties of the Shearer criterion become technically
challenging. Consider Proposition 1.15, for example. Although it is “merely” an
algebraic property of the independent set polynomials, it is difficult to show directly.
The simplest proof is the following indirect argument: for any B, €2 of which G’ is a
lopsidependency graph, so is G. So by Theorem 1.13, {2 avoids all the bad-events B.
Since this is true for arbitrary B, €2 with lopsidependency graph G’, by Theorem 1.13
G', p satisfies the Shearer criterion. This convoluted proof uses the very powerful
Theorem 1.13 twice, but it is much easier than trying to compute Q(I, G’, p) in terms
of Q(I,G,p).

Similarly, Theorems 1.9, 1.10 can be derived as consequences of Theorem 1.13; it
would not be correct to call them corollaries (even though the derivation is merely
algebraic) because it is technically much more difficult to prove them this way than
to prove them directly.

For these reasons, one rarely uses the Shearer criterion in combinatorics.

1.6. A variable-based LLL criterion

When using the cluster-expansion criterion, one must specify a value u(B) for
every bad-event B, and one must enumerate the collection of independent sets of
neighbors for each B. When the bad-events are relatively homogeneous (falling into
just one or a few categories), then this can be relatively easy. However, when the
set of bad-events is more diverse, then this can require specifying an excessively large
number of parameters.

In this section, we reduce the number of parameters dramatically by rephrasing
the LLL criterion to give a constraint in terms of each wvariable. Suppose that we

are in the variable-assignment LLL setting, and that each bad-event is atomic, i.e.
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it is a conjunction of terms of the form X; = j. (In the variable-assignment LLL
setting, any bad-event can be written as the disjoint union of a finite number of such
atomic events.) We often identify a bad-event B with the set of atomic conditions
it demands; that is, we write B = {(i1, 1), .., (ix, jr)} to mean that B is true iff
Xi, =J1,- -, Xip = Jk-

Instead of specifying a vector of probabilities p;; to define the space €2 and a
weighting function p for the bad-events, we instead suppose we are given an assign-
ment of non-negative real numbers J\; ;, for each variable X; and each possible value
of the variable 7. We also define A\; = > i Aij- The vector A should be thought
of as an “inflated” version of the probability vector p; roughly speaking, A; ; is the
probability that X; = j conditional on avoiding the bad-events. We will derive a
probability distribution p and a weighting function p from this vector to satisfy the

cluster-expansion criterion.

THEOREM 1.16. Suppose that for each variable i € [n] we satisfy
M= I I »r =t
B:ieSgr i,j')eB

Then there is a vector of probabilities p which satisfies the LLL

PROOF. Set p;; = A/\—] Define the weighting function p : B — [0,00) by u(B) =
H(i,j)eB Aije

Clearly this is a valid probability distribution. We now must show that it satisfies
the LLL criterion. Consider some B € B. To compute §(B), observe that for any
variable ¢ involved in B, an independent set of neighbors of B contains one or zero

bad-events B’ affected by i. Thus, we have:

Pa(B)0c(B) < Pa(B) ] 1+ ) wu(B)

(i,j)eB B’:ieSp
i j
=I5 IHa+ > I »s
(i,5)eB "t (i,j)eB B':i€Sg (i!,j)EB’
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by hypothesis
< IT »i=
(i,j)eB

O

This type of accounting gives a simplified and slightly weakened form of the
cluster-expansion criterion. We illustrate with independent transversals, for which

we used the cluster-expansion LLL directly in Proposition 1.11.

PROPOSITION 1.17 ([17]). Suppose that G has a partition of the vertices into
blocks of size b, and the average degree of each block is d. Then, if b > 4d, there exists

an independent transversal of G.

Proor. We set \;; = «, where a is a scalar to be determined. Now, for each
variable (block) i, there are b values for the variable and bd events involving that

variable which are atomic events on exactly two variables hence we have

> xii— > JI Mg =ba—bda?
J B

B:ieSg (v,5)€

1
= — for a = —

>1 for b > 4d

Observe that this derivation is much simpler, both conceptually and algebraically,

than the proof given in Proposition 1.11 O

1.7. The iterated LLL

One powerful technique is based on multiple applications of the LLL; this is often
referred to as the iterated LLL or the semi-random method. The basic idea is that in-

stead of completely fixing the combinatorial structure, we determine it only partially.
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For example, if we are selecting an independent transversal, instead of immediately
choosing every vertex to either go into the transversal or not go into the transver-
sal, we might only make this decision for a small random selection of the vertices
— most of the remaining vertices remain undetermined. Every time we make this
partial decision, some of the combinatorial structure can be “frozen” and resulting
dependencies disappear. Thus, at each stage of this process, we are decreasing the
dependency parameter d in the LLL.

One powerful example of this technique appears in the seminal construction of [73]
for universal packet routing; we will encounter this construction in much greater depth
in Section 5.5. That example features multiple (unbounded) number of applications
of the LLL. See [85] for several other applications of this technique. In this section,
we will give a much simpler example of this principle. This is characterized by only

two applications of the LLL.

1.8. An application of the iterated LLL: near-optimal coloring of shift

hypergraphs

One of the first applications of the LLL is in fact an affirmative answer to an
infinitary question of Strauss: for a given k, does there exist a finite m such that for
any set S of m integers, there is a k-coloring of the integers such that every integer
translate of S (i.e., sets of the form S + ¢, for ¢t € Z) meets every color class? We let
m(k) denote the smallest such value of m, if it exists.

By combining the LLL with a compactness argument, it was shown in [34] that
m(k) < (34 o(1))kInk. Following this, the work of [4] showed, among other things,
that m(k) > (1 — o(1))k1Ink, and also presented an “efficient” version of the upper
bound, by showing that the required coloring can in fact be made periodic with a
short period. Answering one of the main open questions of [4], we prove in this section
that m(k) < (14 o(1))kInk (ours is also an efficiently-computable periodic coloring

as in [4]). Our approach is very similar to that of [38].
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We follow the approach of [4] and reduce the problem to a certain hypergraph-
coloring problem: how small an m = m(k) can we exhibit, so that for every m-
uniform, m-regular hypergraph H there exists a k-coloring of the vertices such that
every edge meets every color class. (Briefly, each vertex corresponds to an integer;
every edge corresponds to a translation of S.) Thus, we use this hypergraph-coloring
terminology from now on. A short calculation using the LLL shows that if m =
(3 + o(1))kInk, then there is a positive probability that a random coloring causes

every edge to meet every color class [4].

THEOREM 1.18. Suppose m > (1 + €)klnk, where e(k) > (4 + w(1))In~?k;
and suppose k is sufficiently large. Then, the vertices of any m-uniform, m-reqular
hypergraph can be colored using k colors, such that each edge meets every color class.

Furthermore, such a coloring can be found in randomized polynomial time.

We assume that e(k) = (4 + v)In""?k, where v > 0 is some fixed constant. We
assume that k is sufficiently large, which may depend on v. Finally, we ignore all

rounding effects; in this vein, we suppose m = (1 + €)kIn k exactly.

1.8.1. Phase I. In Phase I, we choose a coloring using k¥’ = k/In k colors; each
vertex receives each color uniformly at random. On average, each edge f receives
each color an average of y1 = (1 + ¢)In® k times.

For each edge f and each color ¢, we have a bad-event that f receives the color
more than my = u(1+6) times or less than mg = (1 — ) times, where § = 4/v/Ink.
For k sufficiently large, we have § < 1 and the probability of this event can be
estimated by the Chernoff bound; it is at most p < 2e#9°/3 < 2%16/30+9)  Simjlarly,
each bad-event ¢, f depends on other bad-events ¢, f’ iff the edges f, f' intersect;
hence the dependency of a bad-event is at most d < k' x m x m < (1+¢)?k®*Ink. For

k sufficiently large the LLL criterion is

e x 2k~1B80F9 s (P Ink(1+€)?) < 1
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Simple calculus now shows that, when k is sufficiently large, this holds for all
e > 0. Note that in this phase, we are not taking advantage of the e-slack in our

estimate for m.

1.8.2. Phase II. In the second phase of the construction, we subdivide each of
the initial colorings from Phase I into Ink sub-colors. The total number of colors
thus produced is K’ x Ink = k as desired. The critical property here is that distinct
colorings from Phase I no longer affect each other in any way. This greatly reduces
the dependency when applying the Lovasz Local Lemma.

Now consider an edge f and a color ¢ (the color ¢ includes both the coloring
from Phase I and Phase II): a bad event is that f does not see the color ¢. The
probability of this event can be computed as follows. The edge sees the Phase-I color
corresponding to ¢ at least mg times. The total probability that none of appearances
is equal to ¢, is at most p < (1 — k' /k)™°.

Next, consider the dependency of an event. Again, each event ¢, f affects ¢, f’
iff ¢, ¢ have a common Phase-I color and f, f’ intersect in some vertex which shares
this Phase-I color. As each Phase-I color appears at most m; times in f, the total
dependency is thus at most d < (k/k")mym.

The LLL criterion is thus satisfied if e(1 — k'/k)™ ((k/k)mim) < 1. Routine

calculations show that this is satisfied for k sufficiently large if € > (44 0(1))In""/? k.
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CHAPTER 2

The Moser-Tardos algorithm

2.1. Basic algorithm

The Lovasz Local Lemma can be used in a variety of situations to show that certain
combinatorial configurations exist. It also gives a simple random process for producing
these configurations: namely, draw a sample from ). However, the probability that
) has the desired properties, while non-zero, is typically exponentially small. Thus,
while the LLL gives existential proofs, it does not lead directly to efficient algorithms.

For many years since the introduction of the LLL, there was a major gap between
constructive and non-constructive results. A variety of algorithms, some quite compli-
cated and ad-hoc, were introduced to bridge this gap. These algorithms often showed
qualitatively similar results to the LLL (in particular, the probability of a bad-event
would be compared to the number of bad-events), although constant factors were
much worse. This line of research culminated with the work of Moser & Tardos [87],
giving an amazing simple construction to turn nearly all applications of the LLL into
polynomial-time algorithms. We refer to this as the Moser-Tardos Algorithm (or MT

algorithm). 1t can be summarized as follows:

1. Draw Xq,..., X, ~ Q.
2. While there is some true bad-event B € B:
3. Select some true B € B arbitrarily.
4. For each variable 1 € Sg, draw X; independently from its distribution

under 2.

If this algorithm terminates, then it produces a configuration which necessarily
avoids all bad-events. We refer to step (4), in which all the variables involved in B

are drawn independently from the distribution €2, as resampling B.
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We note that this algorithm, phrased in terms of variables, is inherently specific to
the variable-assignment LLL setting. It is not clear what it would even mean to give
a constructive algorithm for the full LLL, which is phrased in terms of probability
spaces.

Also, we note that this algorithm is somewhat under-specified, in that if there are
multiple bad-events which are currently true then one is allowed to resample any of
them. This freedom can be useful in a variety of contexts. We refer to the choice of
which bad-event to resample as the resampling rule.

In [87], it is shown that this algorithm terminates under the same conditions as

the asymmetric LLL:

THEOREM 2.1 ([87]). Suppose there is a weighting function p : B — [0, 00) which

satisfies the following property: for all B € B we have

u(B) = Po(B) [] (1 +n(B))

B'~B
Here, we write B ~ B’ to denote that B and B’ are either equal to each other or
are connected in the canonical dependency graph, viz. SN Sp # 0.
Then, the MT algorithm terminates with probability one; the expected number of

resamplings it performs is at most Y g, p1(B).

Aside from the restriction to the canonical dependency graph, this is precisely the
same as Proposition 1.9, which gives conditions for there to exist positive probability
of avoiding B.

In the MT setting, we always work with the canonical dependency graph for the
events, which has an edge between B and B’ if B and B’ depend on common variables.
It is useful to develop notation to this variable-intersection setting. Namely, for any
events E, £’ which are defined on subsets of the variables, we write E ~ E’ if they

share a common variable. In this case, note that B ~ B. Given a set of bad-events
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B, and any event E (not necessarily a bad-event), we can write

(3) N(E)={B€B|B~ E}

Note that, for a bad-event B, that N(B) in the sense of (3) coincides with the
definition of Ng(B) we have given where G is the canonical dependency graph.

Setting u(B) = ep, we obtain the following simple symmetric criterion:

PROPOSITION 2.2 ([87]). Suppose that for each B € B we have Po(B) < p and
IN(B)| < d and suppose that epd < 1. Then the MT algorithm terminates with

probability one; the expected number of resamplings it performs is at most epm.

There are two probability spaces at play when we we are analyzing the MT algo-
rithm. First, there is the space {2; this is the space in which the variables are drawn
independently. Second, there is the “ambient” probability space in which we draw the
random bits used to drive the MT algorithm itself. In this second probability space,
which does not receive any specific name, the variables X; are not independent. We
will always refer to probabilities pertaining to the first space as P, while the proba-
bilities from the second space are referred to simply as P. Thus, for example, when
we refer to the expected number of resamplings performed by the MT algorithm, this
expectation is taken with respect to the ambient probability space. When we refer to
the probabilities of the bad-events, we refer to their probabilities within the space 2.
We can think of the MT algorithm as “simulating” €.

We have seen that there are stronger criteria than the asymmetric LLL. Later
papers have shown that the MT algorithm meets these as well. First, in [94], Pegden
gave a straightforward proof that the MT algorithm matches the cluster-expansion

criterion:
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THEOREM 2.3 ([94]). Suppose there is a weighting function p : B — [0, 00) which
satisfies the following property: for all B € B we have

wB) = PB)P(B)( Y [ uB))

ICN¢g(B) B'el
I independent
in the canonical G

Then, the MT algorithm terminates with probability one; the expected number of

resamplings it performs is at most Y g, p1(B).

In [65], Kolipaka & Szegedy extended this to show that the MT algorithm matches,

essentially, the full Shearer criterion:

DEFINITION 2.4 (The measure of a bad-event in the Shearer setting). Let G denote
the canonical dependency graph for Q,B. Suppose that Po,G satisfies the Shearer
y > 7 — Q(G,{B},P)
criterion. For any bad-event B, define the measure of B to be fi(B) = Q(T,PQS)Z’

where G is the canonical dependency graph.

THEOREM 2.5 ([65]). Let G denote the canonical dependency graph for 2, B.
Suppose that Po, G satisfies the Shearer criterion.
Then the MT algorithm terminates with probability one; the expected number of

resamplings it performs is at most Y g, fi( B).

Harvey & Vondrak also showed the connection between the Shearer criterion and

the cluster-expansion LLL criterion:

THEOREM 2.6 ([51]). Suppose that a weighting function p satisfies the cluster-
expansion LLL criterion for the canonical dependency graph G. Then for all B € B
we have i(B) < u(B).

2.1.1. Proof of the MT algorithm. Moser & Tardos give a well-written de-
scription for their algorithm; we recommend reading [87] for more details. In this

section, we will give a self-contained proof which has a few key differences from [87].
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We will prove Theorem 2.3 in this section; the stronger Theorem 2.5 is beyond our
scope here.

To begin, suppose we execute the MT algorithm. It may terminate after T" steps,
or it may proceed for an infinite time. At each time-step ¢, we resample some bad-
event B;. We refer to the listing Bj, Bo, ..., as the execution log. The bad-events
By, Bs, ... are not necessarily distinct.

The basic analytical tool for understanding the MT algorithm is the witness tree.
This is a compact description of “why” each B; was resampled; more precisely, it
provides a history of all the variables that are relevant to this resampling. There is a
separate witness tree for each time 7', which we denote 77.

We form 77

recursively, according to the following rule. We begin with %ZTT,
which has a singleton node labeled by Br. We next go backward in time through
t=1T-—1,...,1. For each B;, we see if there is some node v € %§t+1 labeled by some
B’ ~ B,. If there is no such node, then we do not update 77, thus 72, = 7%, . If
there are such nodes v € %gt 41, then we select one vertex v € %gt 41 of greatest possible
depth (breaking ties arbitrarily), and we form %gt by adding a single node as a child
of v, labeled by B,. At the end of this process, we set 77 = 77.

We distinguish now between two closely related senses of the term “witness tree.”
First, there is the random variable 77, as we have defined it above; it is a random
variable. Second, one might refer to a specific rooted tree, whose nodes are labeled
by bad-events; these are the possible values that the random variables 7 can take.
We refer to the latter, which are ordinary (not random) variables, as tree-structures
and denote them by 7. Thus, we might fix some tree-structure and ask whether it is
the case that 77 = 7.

In many discussion of witness trees, the precise value of T is irrelevant. Thus,

we will often omit the superscript. When we write 7, then we mean 77 for some

unspecified T'.
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When discussing these trees, we often say that the root of the tree is at the “top”
and the deep layers of the tree are at the “bottom”. The top of the tree corresponds
to later events, the bottom of the tree to the earliest events.

We note one important property of the witness produced in this fashion:

PROPOSITION 2.7. In any witness tree 71, there cannot be two nodes v,v' at
the same depth, labeled by B, B’, such that B ~ B’. In other words, the layers of
71 receive labels which are distinct and independent with respect to the canonical

dependency graph.

Proor. We prove that this holds for %gj by induction on j. When 5 = T this is
clear. Now suppose that when forming 7-; we add a node v labeled by B, and there
is already another node v’ labeled by B’ which is at depth k. In this case, v would
be eligible to be placed as a child of ©'. As the rule for forming witness trees always
places nodes at the greatest possible depth, this implies that v is placed at depth

> k + 1. In particular, 7>; does not contain B, B’ at the same depth k. 0

By convention, we will only be interested in tree-structures which are possible
values of 7. Thus, we may assume that all tree-structures 7 have the property that
the nodes in each layer of 7 receive distinct labels. (That is, any tree which does
not satisfy this property, will not be considered a “tree-structure.”) We may adopt
this convention at various times: whenever we show that witness trees have a certain
structural property, then we will assume that all tree-structures under consideration
have this property as well.

For a fixed tree-structure 7, we say that 7 appears if 77 = 7 for some T' > 0. The
most important structural result concerning the MT algorithm, which will appear in

numerous contexts and variants throughout our work, is the following:
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LEMMA 2.8 (Witness Tree Lemma). Suppose 7 is a tree-structure whose nodes

are labeled By, ..., B;. Then the probability T appears is at most
t
P(7 appears) < HPQ(Bj)
j=1

We refer to the value H;.ZI Po(Bj) as the weight of T, and we write it w(r).

Proor. We will prove this using by using a coupling construction introduced in
[87]; this coupling construction has significant limitations, but it is a good starting
point. We will also assume that all of the events B are atomic events. (Every event
in the space (2 is equivalent to a union of atomic events, so this actually does not lose
generality.)

As the bad-events are atomic, each B can be written as B; = X;, = wiA---AX,, =
wy, and this has probability Po(B) = Po(X;, = wy) X -+ X Po(X;, = wg). So we can
factor w(7) as a product of terms of the form Py (X; = w).

Suppose that, before we run the MT algorithm, we construct a “resampling table”
R. This table contains, for each variable i € [n], an infinite stream of values which
are all drawn from the distribution p;. We denote these by R(i,7) for 7 > 1. All the
entries in this table are independent. In the initial stage of the MT algorithm, we set
X; = R(i,1). The first time that the MT algorithm needs to resample variable i, it sets
X; = R(i,2), and in general for the jth resampling of variable i sets X; = R(i,j + 1).
It is clear that that resulting algorithm has the probabilistic behavior as the MT
algorithm, so this is a valid coupling.

Now, given the tree-structure 7, we will show certain necessary conditions on the
entries of R. Consider any variable i. All of the events By, ..., B; which contain 7
must, by Proposition 2.7, occur on distinct layers of the tree. So, we can sort all of
the occurrences of variable ¢ from deepest to shallowest as By, ..., By,.. Because we
have assumed that the events are atomic, we may assume that these events demand

respectively X; = vy,..., X; = v,.
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Now we claim that in order for 7 to appear, it must be the case that the events
By, ..., By, are resampled in that order, and that furthermore that these are the first
r events to be resampled which involve the variable i. The reason for this is that all of
the events By, ..., By, are neighbors in the dependency graph (or are equal to each
other), and in forming witness trees, earlier events are always eligible to be placed as
children of later ones if they are dependent. So, for example, By, , is eligible to be
placed as a child of By, , and so is placed below By, in 77. By a similar token, any
event B’ which involves variable i will satisfy B’ ~ By, so if it occurs before By, , it
will be placed somewhere in the tree below By, .

So, we have seen that the first bad-event to be resampled involving variable 7
involves setting X; = v;. At that time, variable ¢ still has the variable it was assigned
initially, R(i,1). Thus, a necessary condition for 7 to appear is that R(i,1) = v;. By
similar reasoning, we see that we must have R(i,j) =v; for j =1,...,7.

As all these entries of R are independent, then the total probability of these events
(for a fixed value of 4) is [Ti_; P(R(i, ) = v;) = [[}—; Pa(Xi = v)).

But, now consider how variable i appears in the expansion of w(7). As we have
noted, this can be factored into a product of terms Py(X; = w'). For each j =
1,...,r, there is a corresponding term in w(7) Po(X; = v,). Hence, the contribution
of variable i to w(7), is also equal to [];_, Pa(X; = v)).

We have given a necessary condition for variable i, in terms of the resampling
table R, and shown an upper bound on the probability of this condition holding. As
the entries of R are independent, we can multiply across all values of i to upper-bound

the probability that 7 appears. The resulting upper-bound is equal to w(7). [l

We now discuss the second part of the MT proof, following the Witness Tree

Lemma.

PROPOSITION 2.9. We cannot have 77 = 77" for T # T".
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PROOF. Suppose that T < T", and that 77 = 77" = 7. Suppose that 7 its root
node labeled B and includes r nodes labeled B. Then in order for 77 = 7 there must
be exactly r — 1 times before T" in which B was resampled, and that in addition B
was resampled at time 7. Similarly in order for 77" = 7 there must be exactly r — 1
times before 7" in which B was resampled. But, we know there are at least r such

times: all the times before T" in which B was resampled, plus time 7" itself. O

PRrRoOPOSITION 2.10. We have

E[#resamplings in MT] < Z w(T)

tree structures T
PRrooOF. By Proposition 2.9, every resampling performed by MT produces a dis-
tinct witness tree. This implies that we can write the overall running time of the M'T

algorithm as

# resamplings < Z [T appears]

tree structures 7

where we use the Iverson notation (here and throughout the paper), i.e. [P] is equal
to one if predicate P holds and is zero otherwise.

Combining this with Lemma 2.8 gives the key convergence result

E[#resamplings] < Z P(1 appears) < Z w(T)

tree structures 7 tree structures 7

O

Obtaining an upper bound on the sum >, . w(r) has certain technical
similarities to computing extinction probabilities for Galton-Watson processes. This
analogy is exploited in the proof appearing in [87]. However, we prefer to avoid this
route, and show an upper bound on » . .. w(r) directly.

For any h > 0 and any B € B, we define

Tw(B) = >, w(T)
tree-structures 7

with height < h
with root node labeled B
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We recursively use the weighting function g as an upper bound on T,(B) as

follows:

PROPOSITION 2.11. Suppose that u satisfies Pegden’s criterion (which is identi-
cal to the cluster-expansion criterion), namely that for all B € B we have u(B) >
Po(B)0g(B) where G is the canonical dependency graph. Then, for all B € B and
h >0, we have Ty(B) < u(B).

Proor. We prove this by induction on A. When h = 0, this follows vacuously as
To(B) =0 and p(B) > 0.

We now show the induction step. Let 7 be a tree-structure with a root node v
labeled by B. Let vq,...,v; be the children of this root node (possibly ¢t = 0), with
labels By,..., B;. Then 7 can be written as the union of its root node v plus tree-
structures 71, ..., 7y, of height < h—1 rooted in By, ..., B; respectively. Furthermore,
w(t) = Po(B)w(m) ... w(m).

All of vy,...,v; are at depth 1 in 7, and hence by Lemma 2.7 By, ..., B; must
be distinct, form an independent set, and be neighbors of B in the dependency
graph (or equal to B.) For any fixed choice of By,..., By, the set of possible val-
ues for w(m) ... w(r) is at most Tj,_1(B1) ... Th_1(B;); by induction this is at most

w(By) ... u(Byt). Summing over all valid choices for By, ..., B, we have

Ty(1) < Po(DB) Z 1(Bi) .. pu(B)

{Bi,...,Bt}
< Po(B) >, 11 w(B)
ICN(B) B'el
I independent in G
< u(B)
completing the induction. ([l
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PROPOSITION 2.12. Suppose that p satisfies Pegden’s criterion. Then for any

B € B we have
S wln) < u(B)

tree-structures T
with root node labeled B

PROOF. Observe that any term w(7) appears as a summand of T}, for some finite

h. Thus

> w(r) = Toe(B) = lim T(B) < lim u(B) = u(B)

h—oo
tree-structures 7
with root node labeled B

We can define a key parameter to analyze the MT runtime:

DEFINITION 2.13 (Work parameter). Given a weighting function p, define the

work parameter

W => " u(B)

BeB

THEOREM 2.14. Suppose that i satisfies Pegden’s criterion. The expected # re-

samplings of MT is at most W'.

PrOOF. We have already seen that E[#resamplings] <" . _w(T). So

Yoo wr <)) > w(r) <Y u(B) =W

tree-structures T BeB | tree-structures T BeB
with root node labeled B

U

In particular, this shows that the expected number of resamplings in the MT

algorithm is < oo; so the MT algorithm terminates with probability one.

COROLLARY 2.15 ([87]). Suppose that the symmetric LLL criterion epd < 1 is
satisfied. Then the MT algorithm terminates with probability one; the expected number

of resamplings it performs is at most epm.
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PROOF. Setting uu(B) = ep for all B satisfies the cluster-expansion criterion. Then

>_pH(B) < epm. O

This concludes the proof of convergence for the MT algorithm. We will next

examine several ways this result can be extended.

2.2. The MT distribution

After running the MT algorithm, we are guaranteed that the bad-events in B
cannot possibly occur. In other words, we know that the configuration produced by
the MT has the property that no B € B is true. For a variety of reasons, we might
want to know more about such configurations other than that they exist. Suppose
for instance that we have some weights on our variables, and we define the objective
function on a solution ) . w(X;); in this case, if we are able to estimate the probability
that a variable X; takes on value j in the MT algorithm, then we may be able to
show that configurations with a good objective function exist. A second example is
when the number of bad-events becomes too large, perhaps exponentially large. In
this case, the MT algorithm cannot test them all. However, we may still be able to
ignore a subset of the bad events, and argue that the probability that they are true
at the end of the MT algorithm is small even though they were never checked.

Recall that we have defined N(E) for any event which is a boolean function of
a subset Sg of the variables, not just for a bad-event. If we are given a weighting
function p, in the setting of the asymmetric LLL, it will be convenient to extend the
definition of € to cover arbitrary events (not just bad-events). We also suppress the

dependence on G, which is always assumed to be the canonical dependency graph.

oE) = > 1[wuB)

ICNg(E) Bel
I independent

In [48], it was shown how to adapt the proof of the MT algorithm to give a bound

on the probability of any event in terms of 0(FE):
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THEOREM 2.16 ([48]). Suppose that p satisfies Pegden’s criterion. Then for any

event I/ we have
P(E is true in output of MT algorithm) < Po(E)0(E)

Proor. We will show a bound on the probability that E is ever true during the
execution of the MT algorithm; this automatically shows the desired result. Suppose
that we monitor the execution of the MT algorithm; consider the first time 7" that E'is
true. We may build a witness tree 7 for this occurrence of F, in the usual manner: we
place a root node labeled by E, and we continue adding nodes labeled by Br, ..., B
as in the MT algorithm. (One can consider F to be an “extra” bad-event, which is
treated differently during the execution of the MT algorithm: instead of resampling
E when F is true, we instead immediately halt the MT algorithm.)

It is not hard to see that the Witness Tree Lemma continues to hold for such trees

rooted in E. Also, we then have

P(E) < Z P(7 appears) < Z w(T)

tree-structures 7 rooted in E tree-structures 7 rooted in E

Now, consider some tree-structure 7 rooted in E. Its root node labeled E con-
tributes P (F) to its weight. It has children labeled By, . .., By with subtrees 71, ..., 7,
and w(r) = Po(E)w(r)...w(r). Bi,...,B; must be distinct and independent by
Proposition 2.7. Note that E never occurs in the subtrees 71, ..., 7;; these are simply
trees whose nodes are labeled by B. As shown in Proposition 2.11, for a fixed choice
of By,..., By, the total weight of all such tree-structures rooted in By, ..., B; respec-
tively is at most p(By)...u(B;). Now, sum over all valid choices of By, ..., B, (i.e.

independent sets of neighbors of E) as in Proposition 2.11. 0]

The accounting method of Section 1.6 yields a particularly nice form for Theo-

rem 2.16.
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THEOREM 2.17. Suppose we are given a vector X satisfying Theorem 1.16. Then,
for any atomic event ' = X;, = j1 N --- N X;, = jr we have

k
P(E is true in output of MT algorithm) < H Aig g
s=1

Proor. Each independent set of neighbors of E' contains one or zero bad-events

involving each variable i, so:

Po(E)I(E) < Po(E)[J(1+ > w(B)

s B':iSGSB/

Aie ja
< H )\ij (Ai,) by (37)

=[[>...
S

O

Chapters 8,9, we will explore the MT distribution in much more detail. We note
that Theorem 2.16 only provides an upper bound on the probability that E occurs
in the output of MT. In general, it is not possible to show a lower bound on the
probability of an arbitrary event £ — if £ € B, then necessarily P(E) = 0. There
are some limited circumstances in which lower bounds may be possible, which we

discuss in Chapter 8.

2.3. A parallel algorithm

The MT algorithm as described is sequential. In [87], Moser & Tardos described

a parallel (RNC) variant of it:

1. Draw Xy,..., X, ~ Q.

2. While there is some true bad-event B € B:
3. Select a maximal independent set V C B of currently-true bad-events.
4. For each variable i € |Jp.\ Sp, draw X; independently from its distri-

bution under 2.
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Step (4) can be thought of as resampling, in parallel, all of the bad-events in V.
Recall that in the MT sequential algorithm, there was complete freedom in deter-
mining the resampling rule. Thus, it would be a valid instantiation of the sequential
MT algorithm to select an MIS of currently true bad-events and then resample then
one by one. In this sense, the parallel algorithm is an instance or a simulation of
the sequential MT algorithm, with a very strange resampling rule. This immediately
shows that the parallel MT algorithm terminates with probability one.

We want to show that this parallel algorithm terminates quickly, say in a loga-
rithmic number of steps. Unfortunately, the LLL criterion by itself is not sufficient
to guarantee this. Rather, we will need a slightly stronger criterion, which we refer

to as an e-multiplicative slack condition:

PROPOSITION 2.18. Suppose that p satisfies the following criterion:
w(B) > (14 €)Po(B)lg(B)

where G 1s the canonical dependency graph.
Then, with high probability, the Parallel MT algorithm terminates after O(@)

steps.

(log2melogW).

In particular, this algorithm can be implemented in time O

Proor. We will give a brief sketch of this proof, which can be found in more
detail in [87]. First, observe that if we resample a bad-event B during the rth round
of the parallel MT algorithm, then the witness tree 77 will have height r exactly. The
reason for this is that there must be some B’ ~ B which was resampled during the
r — 1st round; for, if there was not, then {B} U V,_; would be an independent set,
contradicting the maximality of V.

Next, we can show, along the same lines as Proposition 2.11, that the total weight

of all tree-structures of height h rooted in B is at most u(B)(1 + €)™
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Thus the probability that there is a resampling at round r is at most the total
probability that any tree-structure of height r appears. This is at most ) _ 5 u(B)(1+
) T=W({1+¢€)". Soforr= Q(@) this probability is negligible.

The individual steps of the Parallel MT algorithm can typically be performed in
polylogarithmic time. The most costly step is usually finding the MIS itself, which

can cost log? m time using the algorithm of Luby [80]. Thus, the overall algorithm

log? m log W )

runs in time O(=2-"=

There are many ways to improve this analysis and give better bounds on the
parallel run-time; we discuss these in Chapter 3.

The following heuristic may give intuition as to why we need this extra slack
condition for the Parallel MT algorithm. Suppose that our probability space is defined
by setting X; = 0 with probability €, and X; = 1 with probability 1 —9. And suppose
that B={X;=1]¢=1,...,n}. That is, we have n highly-biased coins and we want
to ensure that all the coins come up heads. It is not hard to see that Proposition 2.18
is satisfied with € = §/2 and p(B) = 4/6 (for small ¢).

In this case, the canonical dependency graph G consists of n isolated points, each
with probability 1—4. In each stage of the parallel M'T algorithm, we simply randomly
flip all of variable ¢ which are currently equal to 1. At each stage of this process, the
expected number of variables ¢ satisfying i = 1 decreases by a factor of 1 — ¢, and it is
not hard to see that this process requires (6! logn) rounds to drive all the variables
equal to 0. We also observe that this is precisely the number of steps predicted by
Proposition 2.18 — here e ' logW = O(5 ' logn).

This example of n independent biased coins, although highly simplistic, is a very
useful extremal case in analyzing the MT algorithm, particularly the parallel MT
algorithm. We recommend that the reader always consider this example first in

understanding any estimates of the parallel MT.
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2.3.1. Shearer bounds on the parallel M T algorithm. The weighting func-
tions p and W plays a somewhat mysterious role in the LLL, and it can be confusing
to have them appear in the complexity bounds for the parallel MT algorithm. To
make this even more confusing, a weighting function which satisfies the criteria for
the Asymmetric LLL will not necessarily satisfy the criterion for the parallel MT
algorithm (which requires an € slack). Consider the example again of n independent

coins with probability p = (1 + €)'

It is fairly simple to see that the resampling
process terminates after O(IO%) rounds with high probability, yet there is no finite
weighting function g which can satisfy Proposition 2.18.

Indeed, as shown in [65], one can directly compute a criterion for the convergence
of the parallel MT algorithm from the Shearer criterion, without the use of a weighting
function p. Note that the Shearer criterion states that we have Q(I,G,p) > 0 for
all independent sets I. The € in the running time for the parallel MT algorithm is

derived essentially from how far Q(I,G,p) is bounded away from zero.

DEFINITION 2.19. We say that the Shearer criterion is satisfied with e-multiplicative

slack, if the vector of probabilities (1 + €)Pq satisfies the Shearer criterion.

Observe that since the Shearer criterion is an open set condition on p, it follows
that if p satisfies the Shearer criterion, it must be satisfied with e-multiplicative slack
for some € > 0. In [65], Kolipaka & Szegedy showed that if the Shearer criterion is
satisfied, then the run-time of the Parallel M'T algorithm can be bounded in terms of

the slack e alone (and not the measure fi).

PROPOSITION 2.20 ([65]). Whp, the number of rounds executed by the parallel
MT algorithm is at most O(e ' log(m/e)).

For the most part, we will work with the asymmetric LLL criterion and its variants,
as the Shearer criterion is too difficult technically. However, Theorem 2.6 will also
allow us to work with the Shearer criterion when that is more convenient; any result

we show for the Shearer criterion applies also to the MT algorithm.
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2.3.2. Alternative parallel LLL algorithms. The computation of a maximal
independent set is a relatively costly which dominates the runtime of this parallel
algorithm. In [26], Chung et al. gave several alternative algorithms for the symmetric
LLL which either avoid this step or reduce its cost. Although the main focus of [26]
was obtaining distributed algorithms for the LLL, these algorithm have reduced time
complexity as well.

They give one algorithm, based on bad-events choosing random priorities and
resampling a bad-event if it has earlier priority than its neighbors, which runs in
O(e 'logn) distributed rounds and O(e~*log®n) time. Unfortunately, this algorithm
of [26] requires a stronger criterion than the LLL: namely, in the symmetric setting,
it requires that epd® < (1 — €). In many applications of the LLL, particularly those
based on Chernoff bounds for the sum of independent random variables, satisfying the
stricter criterion epd? < (1 —€) leads to qualitatively similar results as the symmetric
LLL. In other cases, the criterion of [26] loses much critical precision leading to weaker
results. In particular, their bound essentially corresponds to the state of the art [86]
before the break-through result of Moser and Moser-Tardos [87].

Another algorithm given by Chung et al. requires only the standard symmetric
LLL criterion and runs in O(e~'log® dlogn) rounds. Recently, a key subroutine used
by this algorithm was improved by [44], leading to a reduction to O(e'logdlogn)
rounds. When d is polynomial in n, however, this does not improve on the MT
algorithm.

Neither of the algorithms given by Chung et al. generalize to the asymmetric LLL
setting.

In Chapter 3, we will give a new parallel algorithm for the LLL.

2.4. Lopsidependency

The MT algorithm and criterion we have given so far, is defined for the canonical

dependency graph. We have already seen instances in which the LLLL is applied
47



to more general types of probability spaces. In general, these probability spaces
do not necessarily even have “variables” or are representable in any succinct way.
Thus, it is difficult to see what it would even mean to extend the MT algorithm to
cover the full generality of the LLLL. However, the simplest form of the LLLL is the
variable-assignment LLLL. Moser & Tardos showed that this was already by the MT

algorithm.

THEOREM 2.21. Suppose that all the events in B are atomic events, and let G
be the canonical lopsidependency graph among them. Suppose there is a weight-
ing function p : B — [0,00) which satisfies the cluster-expansion criterion pu(B) >
Po(B)0c(B).

Then, the MT algorithm terminates with probability one; the expected number of

resamplings it performs is at most Y g, p1(B).

In this context, it is useful to redefine our rule for defining ~ on variable-defined
events. Namely, suppose that E, E’' are atomic events. Then we say that £ ~ E’
iff £, F’ disagree on a variable. By convention, we also define B ~ B. Thus, again
N(B) is the inclusive neighborhood of a bad-event N(B) = Ng(B) U {B}. We note
that, unlike for the standard LLL, the rule that B ~ B is really a special case: while
B overlaps on variables with itself, it does not disagree on any variables.

We prove Theorem 2.21 via witness trees in a similar manner to the usual MT
algorithm. We form witness trees, we use the same rule as we did for the ordinary MT
algorithm; that is, we add a node labeled by B as a child of B’ if B ~ B’. However,
in this case, we are using the alternate lopsided definition of ~. We next show that
the Witness Tree Lemma holds with this modification. The remainder of the proof

of MT, such as Proposition 2.11 and Theorem 2.14, follow immediately,

LEMMA 2.22. Suppose T is a tree-structure, whose nodes are labeled By, ..., By.
Then the probability that T appears is at most H;’:l Po(Bj)
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PrROOF. We first note that the proof of Lemma 2.8 does not hold here. In the
previous proof, we assumed that for any variable 7, all of the occurrences of variable
1 appear at distinct layers of the tree, so they can be unambiguously sorted by time.

However, one can slightly modify this idea. The layers of the witness tree are still
independent. This means that if there are two bad-events B, B’ at the same layer of
the tree and i € Sp N Sy, then B and B’ agree on variable i, say they both demand
that X; = j.

Now, suppose we consider some fixed variable 7. Looking at the layers of 7 from
its greatest depth h to its root, suppose that there are r; occurrences of variable i
at depth 7 in 7. And furthermore, suppose that all the occurrences of variable 7 at
depth j demand that X; = v;. (If r; = 0, then v; can be chosen arbitrarily).

In this case, we observe that the first r), entries of R(i,-) must be equal to vp;
the next rj,_; entries of R(i,-) must be equal to v;,_1, and so forth. These contribute
a total probability of H}:h Po(X; = v;)"7; this is also precisely the term involving

variable 7 that appears in the expansion of w(7). O

While many aspects of the M'T algorithm algorithm carry over immediately to the
lopsidependent setting, the parallel algorithm is an exception. The main problem is
that if B, B” are “independent” (in the sense of the canonical lopsidependency graph),
then they may still share a common variable, and so they cannot be resampled in
parallel (they are not computationally independent). It is somewhat frustrating that
we have a parallel algorithm for the LLL, and we have a sequential algorithm for the
LLLL, but we cannot combine the two.!

In Chapter 4, we will examine the behavior of the MT algorithm in the variable-
assignment LLLL setting much more closely. We will show that in many cases the

MT algorithm converges even though the LLLL criterion is not satisfied.

'In [23], there is a brief discussion about a parallel deterministic algorithm for the variable-
assignment LLLL. However, no algorithm is provided, nor are there any definite claims made for its
performance.
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2.5. The role of the Witness Tree Lemma

Lemma 2.8, the Witness Tree Lemma, plays a central role in the proof of the
MT algorithm. What makes it so powerful is that an individual witness tree 7 only
contains information about a small subset of the resamplings performed by the overall
algorithm. In the proof of this lemma, we ignore all these other resamplings and are
able to obtain strong probabilistic bounds on the resamplings represented by 7, despite
the unknown contribution of other resamplings.

The Witness Tree Lemma is fairly straightforward to prove for the MT algorithm.
We will encounter many variants of the MT algorithm later in this work for which we
will need modified forms of this lemma. Some of these will have extremely difficult
and subtle proofs. Once we have proved the corresponding version of the Witness
Tree Lemma, the remainder of the convergence proof (from Proposition 2.9 onward),
as well as the MT distribution, remains almost unchanged. The results on the parallel
algorithm do not always generalize so cleanly, however one important result (that the
height of a witness tree is bounded by O(@) with high probability) does generalize
as well.

In analyzing (variants of) the MT algorithm, there is a tension in how much
information to include in a witness tree. What makes the Witness Tree Lemma
potentially difficult to prove in general is the influence of the bad-events we have
ignored. Every time we ignore a bad-event, our probabilistic reasoning must “argue
around” it. Thus, the more information we include in a witness tree, the easier the
Witness Tree Lemma becomes to prove.

However, note that in Proposition 2.10, we are taking a union-bound over all tree-
structures. If we keep track of more information in a witness tree, then the space
of all possible tree-structures grows. This, we will be taking a union-bound over a
large space, and this leads to weaker probabilistic bounds and weaker control over

the behavior of the MT algorithm.
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We have already seen an example of this strategy, in Section 2.4, where we change
the definition of ~ in terms of variable disagreement instead of just variable overlap.
This means that the witness trees include fewer nodes. The Witness Tree Lemma is
only slightly harder to prove in this case than for the ordinary MT algorithm: we can
still use the same type of coupling argument, based on a resampling table.

One can decide to keep track of all the resamplings performed by the MT al-
gorithm (in which the “witness tree” is really a forest). Achlioptas & Ilioupoulous
[1], Harvey & Vondrak [51], and Kolmogorov [68] have described generalized LLL
algorithms, which uses this technique to prove convergence. Because of the very large
space of “witness forests” which result, these lead to exponentially weaker bounds on
the behavior of their algorithms. These are not able to show the MT distribution,
parallel algorithms, or others. We will discuss this issue much more in detail, in the
context of an algorithm for the LLL on permutations, in Section 7.5.3.

In Chapter 3, we will explore how to generalize the witness tree. This leads to the
concept of a “witness dag”, a much general structure to keep track of some or all of the
resamplings performed by the MT algorithm. These are useful for developing stronger
bounds on the number of resamplings performed by the parallel and sequential MT

algorithms.
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CHAPTER 3

The witness dag: a tool for improved bounds and parallel

algorithms for the Lovasz Local Lemma

In this chapter, we introduce a new theoretical structure to analyze the behavior of
the MT algorithm, which we refer to as the witness dag. This provides an explanation
or history for some or all of the resamplings that occur. This generalizes the notion of
a witness tree which only provides the history of a single resampling. We use this tool
to show stronger bounds on the runtime of the sequential and parallel algorithms.

For the remainder of this chapter, we will always assume, unless stated otherwise,
that our probability space satisfies the Shearer criterion with e-multiplicative slack.
We will occasionally drop this assumption when we are discussing the symmetric LLL
criterion, but this will always be derived as a corollary of results on the full Shearer
criterion.

We we deal exclusively in this chapter with the canonical dependency graph (not
the lopsidependency graph). Thus, we simplify our notation for the Shearer criterion
by writing Q(I, p) to mean Q(G, I, p) where G is the canonical dependency graph.

We will also make extensive use of the coupling construction we have seen for the
proof of the Witness Tree Lemma, based on a resampling table R. Recall that in
this construction, we have a table of values R(7,t), where i ranges over the variables
1,...,n and t ranges over the natural numbers 1,2, .... Each cell R(i,t) is drawn
independently from the distribution on the variable i, that R(i,t) = j with probability
pij, independently of all other cells. The intent of this table is that, instead of choosing
new values for the variables in “on-line” fashion, we precompute the future values of
all the variables. The first entry in the table R(i, 1), is the initial value for the variable

X;; on the t*® resampling, we set X; = R(i,t + 1).
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3.0.1. Overview. In Section 3.1, we define and analyze the witness dag. We use

this tool to show stronger bounds on Parallel MT algorithm:

THEOREM 3.1. With high probability, the Parallel M'T algorithm terminates after
O(e 'logn) rounds.

Suppose we have an oracle which can determine all the bad-events true on a
given configuration, in time O(log®n). The total complexity is O(e~'log®n) time

o(1)

and € 'n Processors.

These bounds are all independent of the LLL weighting function ji(B) and the
number of bad-events m. These significantly improve on qualitatively similar bounds
shown in Kolipaka & Szegedy [65], which show that Parallel MT algorithm terminates,
with constant probability, after 1/elog(n/€) rounds.*

In Section 3.2, we show a new, stronger concentration result for the runtime of
the sequential M'T algorithm. This bound improves on similar concentration bounds

shown in [65] and [1].

THEOREM 3.2. Suppose that the asymmetric LLL criterion is satisfied with e-
multiplicative slack. With high probability, the total number of resamplings made the
MT algorithm is at most O(Y 5 u(B) + ¢ *log®n).

Suppose that the symmetric LLL criterion epd < 1 is satisfied. Then, whp, the
number of resamplings is at most O(n + dlog®n).

We obtain a similar result for when the Shearer criterion is satisfied as well.

In Section 3.3 and 3.4, we develop a new parallel algorithm for the LLL. The basic
idea of this algorithm is to select a random resampling table and then precompute
all possible resampling-paths compatible with it. Surprisingly, this larger collection,
which in a sense represents all possible choices for the trajectory of the MT algorithm,
can still be computed relatively quickly (in approximately O(e~'log®n) time). Next,
INote that Kolipaka & Szegedy use m for the number of variables and n for the number of bad-

events, while we do the opposite. We have translated all of their results into our notation. The
reader should be careful to keep this in mind when reading their original paper.
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we find a single MIS of this larger collection, which will allow us to determine the
complete set of resamplings necessary. It is this reduction from ¢! log n separate MIS
algorithms to just one that is the key to our improved runtime.

It requires some definitions to state this result in its full “asymmetric” form, so
we defer that until later. For the symmetric LLL, we can give a simpler statement of

our new algorithm:

THEOREM 3.3. Suppose that we can determine if any bad-event B is true on
a given configuration in time O(logn). Suppose that the symmetric LLL criterion
ep(1+€)d <1 is satisfied for some € > 0.

Then we find a configuration avoiding B using O(e‘llog(mn) logn) time and

(mn)°M) processors.

In Section 3.5, we show how this algorithm can be derandomized, to give an NC
algorithm which also requires O(e~!log®(mn)) time under a stronger LLL criterion
epd'™¢ < 1. This improves on an algorithm of [23] which requires O(e~!log®(mn))
time. (These results can be extended to an asymmetric setting, but there are many

more technical conditions on the precise form of B3.)

3.1. The witness dag

The witness tree 7 only provides an explanation for the single resampling at time
t. It may discard some information about other resamplings that were not relevant to
time t. We now consider a related object, the witness dag, that can record information
about multiple resamplings, or all of the resamplings.

A witness dag is a directed acyclic graph, whose nodes are labeled by bad-events.
For nodes v,v" € G, we write v < v if there is an edge from v to v'. We further
impose two requirements. First, if nodes v,v" are labeled by B, B’ and B ~ B’, then
either v < v' or v/ < v; if B o4 B’ then there is no edge between v,v’. We refer to this
as the comparability condition.

We let |G| denote the number of vertices in a witness dag G.
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It is possible that a witness dag can contain multiple nodes with the same label.
However, because of the comparability condition, all such nodes are linearly ordered
by <. Thus, for any witness dag G and any B € B, one can unambiguously sort the
nodes of G labeled by B. Thus, we use the notation (B, k) to mean that node v is
the kth node of G labeled by B. For any node v, we refer to this ordered pair (B, k)
as the extended label of v. Every node in a witness dag receives a distinct extended
label. We emphasize that this is a notational convenience, as an extended label of a
node can be recovered from the witness dag G along with its un-extended labels.

Given a full execution of the MT algorithm, one can form a witness dag G which
we refer to as the full witness dag, as follows. Suppose that we resample bad-events
Bi,...,B,. Then G has vertices vi,...,v; which are labeled By, ..., B,. We place
an edge from v; to v; iff ¢ < j and B; ~ B;. It is not hard to see that this graph
is indeed a witness dag as we have defined it. We emphasize that G is a random
variable, and we distinguish between this notion and that of a witness dag (which
is a non-random variable). The full witness dag (under different terminology) was
analyzed by Kolipaka & Szegedy in [65], and we will use their results in numerous
places. However, we will also consider partial witness dags, which record information
about only a subset of the resamplings. As we will see, these partial witness dags can
be useful even when we wish to analyze the full set of resamplings.

As tree-structures and single-sink witness dags are closely related, we will often

use the notation 7 for a single-sink witness dag.

3.1.1. Compatibility conditions for witness dags and resampling tables.
In the Moser-Tardos proof, a method was shown for converting an execution log into
a witness tree, and necessary conditions were given for a witness tree being produced
in this fashion in terms of its consistency with the resampling table. We will instead

use these conditions as a definition of compatibility.

DEFINITION 3.4 (Path of a variable). Let G be a witness dag. For any i € [n],

let Gi] denote the subgraph of G induced on all vertices v labeled by B with i € Sg.
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Because of the comparability condition, G[i] is linearly ordered by <; thus we refer to

Gli] as the path of variable i.

DEFINITION 3.5 (Configuration of v). Let G be a witness dag and R a resampling
table. Let v € G be labeled by B. For each © € Sp, let y,,; denote the number of
vertices w € G such that w < v.

We now define the configuration of v by
Xe(t) = B(i, 1+ yo,)

DEFINITION 3.6 (Compatibility of dag G with resampling table R). For a witness
dag G and a resampling table R, we say that G is compatible with R if, for all nodes
v € G labeled by B € B, it is the case that B is true on the configuration X.

Note that this is well-defined because because X assigns values to all the variables

m SB'

We can easily extend key results of Moser & Tardos from tree-structures to witness

dags:

DEFINITION 3.7 (Weight of a dag). Let G be any witness dag, whose nodes are la-
beled by bad-events By, ..., Bs. We define the weight of G to be w(G) = [[1_, Pa(Bx)-

PROPOSITION 3.8. Let G be any witness dag. For a random resampling table R,

G is compatible with R with probability w(G).

PRrROOF. For any node v € G, note that X/ follows the law of (2, and so the
probability that B is true of the configuration X¢ is Po(B). Next, note that each
node v € G imposes conditions on disjoint sets of entries of R, and so these events

are independent. 0

The following result shows how witness dags and resampling tables are related to

the MT algorithm:
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PROPOSITION 3.9. Suppose we run the MT algorithm, taking values for the vari-

ables from the resampling table R. Then G is compatible with R.

PROOF. Suppose there is a node v € G with an extended label (B, k). Thus, B
must be resampled at least k times. Suppose that the kth resampling occurs at time t.
Let Y be the configuration at time ¢, just before this resampling. We claim that, for
all 1 € Sp, we have Y (i) = X[(i). For, the graph G must contain all the resamplings
involving variable i. All such nodes would be connected to vertex v (as they overlap
in variable 7), and those that occur before time ¢ are precisely those that have an edge
to v. So y,, is exactly the number of bad-events up to time ¢ that involve variable 1.
Thus, just before the resampling at time ¢, variable ¢ was on its 1 + y,,; resampling.
So Y (i) = R(i, 1+ yyi) = XZ(i), as claimed.

Now, in order for B to be resampled at time ¢, it must have been the case that B
was true, i.e. that B held on configuration Y. However, since Y agrees with X7 on
Sp, it must be also be the case that B holds on configuration XG. Since this is true

for all v, it follows that GG is compatible with R. O

These two results give us immediately the main lemma from Moser & Tardos:

COROLLARY 3.10. Let G be a witness dag. Then the probability that G=Gisat
most w(G).

3.1.2. Prefixes of a witness dag. A witness dag G records information about
many resamplings. If we are only interested in the history of a subset of its nodes,

then we can form a prefix subgraph which discards irrelevant information.

DEFINITION 3.11 (Prefix graph). For any vertices vq,...,u € V, let G(vy, ..., v;)
denote the subgraph of G induced on all vertices which have a path to at least one of
Utyeny U

If H is a subgraph of G with H = G(vy,...,v) for some vq,...,v € G, then we

say that H s a prefix of G.
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Using definition 3.11, we can give a more compact definition of the configuration

of a node:

PROPOSITION 3.12. For any witness dag G and v € G, we have
Xg(i) = R(1, |G (v)[4]])

PROOF. Suppose that v is labeled by B. The graph G(v)[i] contains precisely v

itself and the other nodes w € G with w < v. O

PROPOSITION 3.13. Suppose G is compatible with R and H is a prefix of G. Then

H is compatible with R.

PROOF. Suppose H = G(vy,...,u).

Consider w € H labeled by B. We claim that H(w) = G(w). For, consider any
u € H(w). So u has a path to w in H; it also must have a path to w in G. On the
other hand, suppose u € G(w), so u has a path p to w in G. As w has a path to one
of vy,..., v, this implies that every vertex in the path p also has such a path. Thus,
the path p is in H, and hence u has a path in H to w, so u € H(w).

Next, observe that for any ¢ € Sg we have
Xg(i) = R0, |G(w)[i]]) = R, [H(w)l]]) = X5 (i)

and by hypothesis, B is true on X#. O

3.1.3. Counting tree-structures and witness dags. If we are given a collec-
tion of witness dags G, we define the total weight of G as ) .., w(G). In this section,
we count the total weight of certain classes of witness dags. In light of Corollary 3.10,

these will upper-bound the expected number of resamplings.
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PROPOSITION 3.14 ([65]). Let B € B. Then the total weight of all witness dags
with a single sink node labeled B, satisfies

S wln) <B)

7 has single sink node B

PROOF. For any witness dag G with a single sink node v labeled B, define I} for
j = 0,...,00 inductively as follows. Ij = {v}, and I}, is the set of vertices in G
whose out-neighbors all lie in Iy U --- U I7. Let I; denote the labels of the vertices in

;so Ip = {B}.

Now observe that by the comparability condition each set I; is an independent
set, and for each B’ € I there is some B” ~ B', B” € I,. Also, the mapping from G
to Iy, ..., I; is injective. We thus may sum over all such I, ..., I, to obtain an upper
bound on the weight of such witness dags. In [65] Theorem 14, this sum is shown to

be Q({ B}, Pa)/Q(0, Po) (although the notation they use is slightly different.) O
We will now take advantage of the e-multiplicative slack in our probabilities.

DEFINITION 3.15 (Adjusted weight). For any witness dag G, we define the ad-

justed weight with respect to rate factor p by
a,(G) = w(G)(1 + p)'“

PROPOSITION 3.16. Let B be any bad-event. Then for p € [0, €], we have

QUB}.(1+ p)Po)
2 W) S 06, (1 + p) Bo)

T has single sink node B

PrOOF. The probabilities (1 + €)Py satisfy the LLL criterion, and by Propo-
sition 1.14 so must (1 + p)Po. Now apply Proposition 3.14 to the probabilities
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PROPOSITION 3.17. For any variable i € [n] and any p € [0,€), we have

Q{B} (14+p)Pa) 1+p
Z 0,(1+p)Pa) Se—p

PRrROOF. Let V. ={B |i € Sg}. Now, consider the set of probabilities p given by

(14+€)Pa(B) ifie Sy
p(B) =

Note that p < (1 + €) P, and so by Proposition 1.14 we have Q(0,p) > 0. But,
now consider that we have

QO.p= > )" [ nB)

ICB B'el
I independent

= Y e+ Y )] eB

VCICB Bel ICB-V Bel
I independent I independent
=Y (1+aka(B) >, ()" ] (Q+pPa(B)
BeV BeICB B'el,B'#B

I independent

+ Y D[+ p)Pa(B)

1CB-V Bel
I independent

=S e-pPaB) Y 0 [ (+p)PaB)

BeV BelICB B'el,B'#B
I independent

+ Y DI ]Ja+p)Pa(B)

ICB Bel
I independent

_ 1+,0 ];VQG{B}( +p)Pa) + Q0, (1 + p)Po)

We may now compute the sum over B € V as:

Z Q {B} 1+ p)Pa) _ ZBEV QU{B}, (1 +p)Pa)
(L+p)Pa)  Qp) + 552 Y pey QUBY, (14 ) Po)
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2 pev Q{B}, (1 +p)Fa)

< — as Q(0,p) >0
(1+Z) ZBEV Q({B}v (1 + p)PQ)
_1+4p
= s
U
COROLLARY 3.18 ([65]). The total weight of all tree-structures satisfies
Z w(T) < nje
tree-structures T
Proor. We have
>, wmsy, ), w)
tree-structures 7 4+ 7 has a single sink node
labeled by some B ~ i
< —_— by Proposition 3.16
Z h 'Zl'k o Q0 Fo) ’
i 7 has a single sink node
labeled by some B ~ i
< Z el by Proposition 3.17
=n/e
U

PROPOSITION 3.19. For r > 1+ 1/e, the expected number of single-sink witness

dags compatible with R containing more than r nodes is at most enr(1 +¢€)~"

PROOF. Summing over such dags:

Z P(7 compatible with R)

7 has single sink node
Ir|=r

= > w(7)

7 has single sink node
IT|>r

<(1+p)7" > w(r)(1 4 p)/"

7 has single sink node
[7[>r
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for any p € [0, €]

<(14p)" > a,(7)

7 has single sink node
Ir|=r

<(+p)7 Y0 Y > a,(7)

i€[n] Bli€Sp T has single sink node B
|7|=r

1
<(A+p)n—

by Propositions 3.16, 3.17

Now take p = € — (1 + €)/r. By our condition r > 1+ 1/e we have p € [0, €] and
so Proposition 3.17 applies. Hence the expected number of such witness dags is at

most nW <enr(l+e". O

1+e€)

COROLLARY 3.20. Whp, all single-sink witness dags compatible with R contain
O(M) nodes. Whyp all but 101% single-sink witness dags compatible with R

€

- 101
contain < % nodes.

PRrOOF. This follows immediately from Markov’s inequality and Proposition 3.19.

[
COROLLARY 3.21. Whp, all witness dags compatible with R have height O(l"%).

PROOF. Suppose that there is a witness dag GG of height T". Then fori =1,...,T
there is a single-sink witness dag of height > 4, and all such dags are distinct. (Select
a node v of height i, and set G; = G(v;). ) In particular, for ¢ = T/2, we have
that there are Q(T") single-sink witness dags of height Q(7") compatible with R. By
Corollary 3.20, this implies 7' = O(*%&2). O

With this Corollary 3.21, we are able to give a better bound on the complexity
of the Parallel MT algorithm. The following Proposition 3.22 is remarkable in that
the complexity is phrased solely in terms of the number of variables n and the slack

€, and is otherwise independent of B.
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PROPOSITION 3.22. With high probability, the Parallel M'T algorithm terminates
after O(e 'logn) rounds.

Suppose we have an oracle which can determine all the bad-events true on a given
configuration, in time O(log?n). The total complexity of the Parallel MT algorithm

o(1)

is O(e log® n) time and ¢ 'n°"Y processors.

PROOF. An induction on ¢ shows that if the Parallel MT Algorithm runs for @
steps, then G has depth ¢, and it is compatible with R. But Corollary 3.21 shows
that, whp, this implies that ¢ = O(k’%). This implies that the total time needed to
identify true bad-events is O(ilog®n) < O(@).

Now, suppose that at stage ¢ the number of bad-events which are currently true
is v;. Then the total work spent computing the maximal independent sets, over the
full algorithm, is >_'_, O(log®v;) < O(tlog*(> v;/t)). On the other hand, for each
bad-event which is at true at each stage, one can construct a corresponding witness

tree, and all such trees are unique. Hence, E[> v;] < W < n/e. At t < 8% e have

€

E[tlog®(>_vi/t)] < € 'log®n. This shows the bound on the time complexity of the
algorithm.

Now suppose we can enumerate all the currently true bad-events. The expected
number of bad-events which are ever true is at most the weight of all single-sink
witness dags, which is W < n/e. By Markov’s inequality, whp the total number of

bad-events which are ever true is bounded by e 'n®W. 0

We contrast this with a qualitatively similar result in Kolipaka & Szegedy, which
shows that Parallel MT algorithm terminates, with constant probability, after e ! log(m/e)

rounds.

3.2. Concentration for the number of resamplings

Although the main focus of this chapter is to create a parallel algorithm for the
LLL, using our results on witness dags we are able to show a powerful result for the

runtime of the sequential MT algorithm.
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The expected number of resamplings for the MT algorithm is at most W. Suppose
we wish to ensure that the number of resamplings is bounded with high probability,
not merely in expectation. One simple way to achieve this would be to run logn
instances of the MT algorithm in parallel; this is a generic amplification technique
which ensures that whp the total number of resamplings performed will be O(W logn).

Can we avoid this extraneous factor of logn? In this section, we answer this ques-
tion in the affirmative by giving a concentration result for the number of resamplings.
We show that whp the number of resamplings will not exceed O(W) (assuming that
W is sufficiently large).

We note the straightforward approach here would be the following: the probability
that there are T' resamplings is at most the probability that there is a T-node witness
dag compatible with R; this can be upper-bounded by summing the weights of all
such T-node witness dags. This approach shows only the weaker result that whp the
number of resamplings is at most O(W/e).

We contrast our result with Kolipaka & Szegedy [65], which shows that the MT
algorithm terminates after O(n?/e + n/elog(1/€)) resamplings with constant proba-
bility. In [1], a similar type of concentration result is shown: they show that in the
symmetric LLL setting, their algorithm (which is a variant /generalization of the MT
algorithm) performs O(n/e€) resamplings whp.

It will be more technically convenient, in this section, to work with the Shearer
criterion. In this case, we use a slightly different parameter than W ; namely we use

W => jB).

BeB

As we have seen in Theorems 2.5, 2.6, W < W and W is an upper bound on the
expected number of resamplings performed by the MT algorithm. So it will suffice

to show concentration around W resamplings.
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PROPOSITION 3.23. Given any distinct bad-events By, ..., By, the total weight of

all witness dags with s sink nodes labelled By, ..., By, is at most [[;_, fi(B;).

PROOF. We define a function F' which which maps s-tuples (71, ..., 7) of single-
sink witness dags with sink nodes labelled respectively By, ..., B, to witness dags
G = F(7,...,7s) whose sink nodes are labeled By, ..., Bs. The function is defined
by first forming the disjoint union of the graphs 74, ..., 7,. We then add an edge from

anode BertoB' er;iffi <jand B~ B

Now, consider any witness dag G whose sink nodes vy, . .., v, are labeled By, . .., Bs.
Fori=1,...,7, define 7; recursively by
Ti=Gv) =T — =T

Note that each 7; contains the sink node v;, so it is non-empty. Also, all the nodes in
7, are connected to v;, so 7; indeed has a single sink node. Finally, every node of G
has a path to one of vy, ..., v;, so it must in exactly one 7;.

Thus, for each witness dag G with sink nodes labelled By, ..., By, there exist s
separate single-sink witness dags 7, ..., 7 such that G = F(m,...,7s), and further-
more such that the nodes of G are the union of the nodes of 7, ..., 7,. In particular,
w(G) = w(m) - w(7s). So we have:

> w(G) < > wln).. . w(w)

G has s sink nodes By, ..., B; TlyeeesTs

i=1 7 has single sink node B;

»

IN

i(B;) by Proposition 3.14

.
Il
—

O

THEOREM 3.24. With high probability, the total number of resamplings made the
MT algorithm is at most O(W + e 'log? n)
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PROOF. First, consider the expected number of witness dags which are compatible
with R and which contain exactly s sink nodes; here s is a parameter to be specified
later. Each of these s sink nodes must receive distinct labels. We can estimate this

quantity as

Z P(G compatible with R) < Z w(G)

G has s sink nodes G has s sink nodes

< Y Y we

Bi, ..., Bs distinct G has sink nodes
labeled B, ..., Bs

Z fi(By) ... (Bs) by Proposition 3.23

Bi,...,Bs distinct

IA

AN
2|
=
Z
=

Now, suppose that the MT algorithm runs for ¢ time-steps. Let G be the full
witness dag of the resulting execution. Each resampling at time ¢ € {1,...,t} corre-
sponds to some vertex v; in G.

By Proposition 3.20, all but 101% single-sink witness dags contain < 101% nodes.
As our goal is to show an event happens whp, we assume for the rest of this proof
that this event has happened. Now, let X denote the set {i | |G(v;)] < h} where

101 :
w; as we are seeking

h = 101%' Under our assumption, we must have |X| > ¢ —
to show that ¢ > @ we may assume that |X| > ¢/2. For each i = 1,...,|X| let
H; = G(z;) where z; denotes the ith element of X in order.

Suppose that we now select indices |X| > i3 > i > i3 > -+ > iy 1 > iy > 1,
satisfying i; ¢ H;, U---UH;;_ forall j=1,..., s

The subgraph G(z;,, ..., ;) must contain exactly s sink nodes ; ,...,z;, (as

each x;, cannot have a path to any z; ,.) Furthermore, for any such choice of i1, .. ., i,
J J
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the resulting witness dags G(z;,, ..., ;) are distinct. Finally, by Proposition 3.13
each such witness dag is compatible with R.
Hence, the number of single-sink witness dags compatible with R must be at least

the number of such s-tuples of indices, which is

1<i1<t/2 i2<iy 13<ig 1s<is—1

’Lg%H,‘l i3¢H¢1UH1‘2 iS¢H¢1UH¢2U---UH¢S_1

By Proposition 3.27 (which we defer to after this proof), under the assumption
that |H;| < h for all j, this expression is at least (t/z_(j_l)h) > @
Hence, we have shown that the number of witness dags with s sink nodes compat-

ible with R is at least @

. Recalling that the expected number of such dags is at
most W#/s!, the latter by Markov’s inequality has probability at most W#*/(t/2—sh)®.
Now set s = ﬁ. Then the probability of this can be bounded by
WS
—— = (4W/t)®
(t/2 — sh)s (AW/t)
<27° for t > 8W

logn

— 90 for t >

)

€

COROLLARY 3.25. The MT algorithm performs O(n/e) resamplings whp.

PrOOF. We have W = S, u(B) < 33,3, u(B) < n/e. Thus, by Theo-
rem 3.24, with high probability the total number of resamplings made the MT algo-

rithm is at most O(e 'n + ¢ 'log?n) = O(n/e) O

For the symmetric LLL, we can even obtain concentration without the need for

the multiplicative e-slack.

COROLLARY 3.26. Suppose the symmetric LLL criterion epd < 1 applies. Then,

whyp, the number of resamplings is O(n + dlog®n).
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PROOF. Set u(B) = % for all B € B. Now a simple calculation shows that we
satisfy the asymmetric LLL condition for € = e((d — 1)/d)?™! — 1 = Q(1/d).

Also, observe that ji(B) < u(B) = 1/d, and so W < m/d. We also may observe
that m < nd. So, by Theorem 3.24, the total number of resamplings is, with high
probability O(n + dlog®n). |

To finish this proof, we need to show the following simple combinatorial bound:

PROPOSITION 3.27. Suppose that A is a set of positive integers of cardinality
|A| = t. Suppose that for each j € Z there is a set of positive integers I;, with
|I;| < h for all j. Define

fasn=Y XY Y

EA do<ip  i3<iz 1s<is—1
io€A—1;, is€A-1; —1I;, is€A—I; —Liy——1I;__

Then we have

S

F(Ays 1) = (t_ (5= ”h)

Proor. We prove this by induction on s. When s = 1 we have

FALD =Y 1=t= (t_(11_1>h>

i1€A
as claimed.
So we consider the induction step. Suppose that A = {aq,...,a;}, and suppose
that we select the value ¢; = a;. Then observe that the remaining sum over s, ..., %

is equal to f(A}, s —1,I), where A} = {ai,...,a; 1} — I;, which is a set of cardinality

at least j — 1 — h.
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Summing over all j = 1,...,¢ gives us:

f(A, s, I) Zf — I)Z Z f( —1,1)

(s—1)h+s

t .
—1—h)—(s—2)h
> E ((‘] )= (s ) > by inductive hypothesis
, s—1
j=(s—1)(h+1)
- t—1—h(s—1) ( j ) - (t (s 1)h>
N Z s—1) S
j=s—1

and the induction is proved. [l

3.3. Mutual consistency of witness dags

In Section 3.1, we have seen conditions for witness dags to be compatible with
a given resampling table R. In this section, we examine when a set of witness dags
can be mutually consistent, in the sense that they could all be prefixes of some

(unspecified) full witness dag.

DEFINITION 3.28 (Consistency of G,G"). Let G, G be witness dags. We say that
G is consistent with G' is, for all variables i, either Gli] is an initial segment of G'[i]
or G'[i] is an initial segment of G[i|, both of these as labeled graphs. (Carefully note
the presence of the quantifier here: If n = 2 and G[1] is an initial segment of G'[1]
and G'[2] is an initial segment of G[2], then G, G’ are compatible.)

Let G be any set of witness dags. We say that G is pairwise consistent if G, G’

are consistent with each other for all G,G' € G.

PROPOSITION 3.29. Suppose Hy, Hy are prefizes of G. Then H; is consistent with

H,.

PROOF. Observe that for any w; < wy € H;, we must have w; € H; as well. It
follows that H,[i] is an initial segment of G[i] for any i € [n]. As both H;[i| and H,[i]

are initial segments of G[i], one of them must be an initial segment of the other. [
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DEFINITION 3.30 (Merge of two consistent dags). Let G, G’ be consistent witness
dags. Then we define the merge G V G’ as follows. If either G or G' has a node v
with an extended label (B, k), then we create a corresponding node w € GV G’ labeled
by B. We refer to the corresponding label of w as (B, k).

Now, let vi,ve € GV G’ have corresponding label (By, ki) and (Ba, ka). We create
an edge from vy to vo if either G or G' has an edge between vertices with extended

label (By, k1), (Ba, ko) respectively.

PROPOSITION 3.31. Suppose that, when forming GV G', that v € GV G’ has
corresponding label (B, k). Then v has extended label (B, k).

PRrROOF. Because of our rule for forming edges in GV GG/, the only edges that can
go to v from other nodes labeled B, would have corresponding labels (B, 1) for | < k.
Thus, there are at most £ — 1 nodes labeled B with an edge to v.

On the other hand, there must be nodes with extended label (B, k) in G or G’; say
without loss of generality the first. Then G must also have nodes with extended labels
(B,1),...,(B,k —1). These correspond to vertices wy, ..., w,_1 with corresponding
labels (B,1),...,(B,k—1), all of which have an edge to v. So there are at least k —1
nodes labeled B with an edge to v.

Thus, there are exactly k nodes in G with an edge to v and hence v has extended

label (B, k). O

By Proposition 3.31, for every vertex v € G or v € GG, there is a vertex in GV G’
with the same extended label. We will abuse notation slightly, so that we refer to

this vertex in H also by the name v.

PROPOSITION 3.32. Let G, G’ be consistent witness dags and let H = GV G'. If

there is a path vy,...,v; in H and vy € G, then also vy, ...,v; € G.

PROOF. Suppose that this path has corresponding labels (By,k1),. .., (B, k).
Suppose ¢ < [ is minimal such that v;,...,v; are all in G. (This is well-defined as

v € G). If i =1 we are done.
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Otherwise, we have v; € G,v;_1 € G' — G. Note that B;_1 ~ B;, so let j €
Sp, , N Sp,. Note that v; € G[j],v;_1 € G'[j]. But observe that in H there is an
edge from v;_1 to v;. As v, ¢ G, this edge must have been present in G’. So G'[j]
contains the vertices v;_1,v;, in that order, while G[j] contains only the vertex v;.
Thus, neither G[j] or G'[j] can be an initial segment of the other. This contradicts

the hypothesis. 0

PROPOSITION 3.33. Let G,G’ be consistent witness dags and let H = G V G'.

Then H is a witness dag and both G and G’ are prefizes of it.

PROOF. Suppose that H contains a cycle vy, ..., v;,v1, and suppose v; € GG. Then
by Proposition 3.32 the cycle vy, . .., v, vy is present also in G, which is a contradiction.

Next, we show that the comparability condition holds for H. Suppose that (Bj, k1)
and (By, ky) are the corresponding labels of vertices in H, and By ~ B,. So let
i € Sg, N Sp,. Without loss of generality, suppose that G[i| is an initial segment
of G'[i]. So it must be that (Bj, ki) and (B, ks) appear in G'[i]. Because of the
comparability condition for G’, there is an edge in G’ on these vertices, and hence
there is an edge in H as well.

Finally, we claim that G = H(vy,...,v;) where vy,...,v; are the vertices of G.
It is clear that G C H(vy,...,v;). Now, suppose w € H(vy,...,v;). Then there
is a path w,x1, 29, ..., x;,v where the vertices x1,...,2; lie in H and v € GG. By

Proposition 3.32, this implies that w, z1,...,x;,v € G. Sow € G and we are done. [

PROPOSITION 3.34. The operation V is commutative and associative.

Proor. Commutativity is obvious from the symmetric way in which V was de-
fined. To show associativity, note that we can give the following symmetric charac-
terization of H = (G1V Gy) V Gs. If G1, G5 or G5 has a node labeled (By, k;) then so
does H. We have an edge from (B, k1) to (Ba, k2) if there is such an edge in Gy, G2

or G3. 0]
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PROPOSITION 3.35. Suppose G, Gy are consistent with each other and with some

witness dag Gs. Then G1V Gy is consistent with Gs.

PROOF. For any variable i € [n], note that either G4[i] is an initial segment of
Gsli] or vice-versa. Also note that (G; V G2)[i] is the longer of Gy[i] or Ga[i].

Now we claim that for any variable i, either G3[i] is an initial segment of (G1VG2)]i]
or vice-versa. Suppose without loss of generality that G1[i] is an initial segment of
Gsli]. Then (G; V G3)[i] = Gi[i]. By definition of consistency, either Gy[i] is an
initial segment of Gj3[i] or vice-versa. So (G V G2)[i] is an initial segment of Gli| or

vice-versa. O

In light of these propositions, we can unambiguously define, for any pairwise

consistent set of witness dags G = {G1, ..., G}, the merge
\VG=GVGVGs--- VG

The notation suggests that this may depend on the ordering G4, ..., G, but because
of associativity and commutativity this can be well-defined in terms of the unordered
set {G1,...,G}.

We can give another characterization of pairwise consistency, which is more illu-

minating although less explicit:

PROPOSITION 3.36. The witness dags G1,...,G; are pairwise consistent iff there

is some witness dag H such that G, ..., G, are all prefives of H.

PROOF. For the forward direction: let H = G; V --- V G;. By Proposition 3.33,
each G is a prefix of H. For the backward direction: by Proposition 3.14, any G;,, G,

are both prefixes of H, hence consistent. O

PROPOSITION 3.37. Let G1,Gy be consistent witness dags and R a resampling

table. Then Gy V G is compatible with R iff both Gy and Gy are compatible with R.
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PROOF. For the forward direction: let v € GGy labeled by B. By Proposition 3.32,
we have G (v) = (G1 V Ge)(v). Thus for i € Sp we have |G1(v)[i]] = |(G1V G2)(v)]]].
This implies that X¢ = X¢ g, By hypothesis, B is true on X¢, |, and hence X¢ .
As this is true for all v € GGy, it follows that Gy is compatible with R. Similarly, G5
is compatible with R.

For the backward direction: Let v € G; V G5. Suppose without loss of generality
that v € Gi. As in the forward direction, we have X¢ = X¢ q,; by hypothesis B is
true on the former so it is true on the latter. Since this holds for all v € G; V G, it

follows that G V G5 is compatible with R. ]

3.4. A new parallel algorithm for the LLL

In this section, we will develop a parallel algorithm to enumerate all the single-
sink witness dags which are compatible with R. This willallow us to enumerate
(implicitly) all witness dags compatible with R. In particular, we are able to simulate
all the possible values for G, the full witness dag. We are able to do this without
actually running the MT algorithm.

In a sense, both the parallel MT algorithm and our new parallel algorithm are
building up G. However, the Parallel MT algorithm does this layer by layer, in an
inherently sequential way: we cannot determine layer 7+ 1 until we have fixed a value
for layer i, and resolving each layer requires a separate MIS calculation.

Our algorithm dispenses with this MIS calculation at each stage. As a result, it
is not able to completely resolve layer i before moving on to layer ¢ + 1. There are
multiple possible values for layer i, and our algorithm computes all the possible layer
1 + l-witness dags which they could lead to. Although the number of such witness
dags is exponential, we can still do this efficiently because they can be built out of
single-sink witness dags. These are only polynomial in number, and can be processed

in parallel.
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3.4.1. Collectible witness dags. The goal of our algorithm is to enumerate
the single-sink witness dags (nearly equivalently, the tree-structures.) We will build
them up node-by-node. However, in order to do so, we must keep track of a slightly
more general type of witness dags, namely, those derived by removing the root node
from a single-sink witness dag. Such witness dags have multiple sink nodes, which
are all at distance two in the dependency graph. Although this is a much larger set
than the set of single-sink witness dags, it is still small enough to enumerate. This is

very close to the concept of partial witness trees introduced in [23].

DEFINITION 3.38 (Collectible witness dag). Suppose we are given a witness dag
G, whose sink nodes are labeled By, ..., Bs. We say that G is collectible to B if
B~ By,...,B~ B;.

We say that G 1is collectible if it is collectible to some B € B. Note that if G has

a single sink node labeled by B, it is collectible to B.

PROPOSITION 3.39. Define
W'=3 i(B)/Pa(B)
B

The expected total number of collectible witness dags compatible with R is at most

w’.

PROOF. Suppose that G is a witness dag collectible to B. Then define G’ by
adding to G a new sink node labeled by B. As all the sink nodes in GG are labeled by
B’ ~ B, now G’ is a single-sink witness dag containing r + 1 nodes.

Now

P(G compatible with R) = w(G) = g((GB))
Q

The total probability that there is some G compatible with R and collectible to

B, is at most the sum over all such G. When we sum over all such witness dags G,

then each witness dag G’ with a single sink node labeled by B appears at most once
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in the sum. Hence, we have

Y w@< Y w(@)

G collectible BeB
G collectible to B

w(G)

S

BeB a(B)

G collectible to B
SID DI
BeB single-sink wi Po(B)
gle-sink witness dags G
rooted in B € B

p(B)
= Z Po(B)

BeB

O

The parameter W', which dictates the run-time of our parallel algorithm, has a
somewhat complicated behavior. For most applications of the LLL where the bad-
events are “balanced,” then we have W’ &~ m. For example, consider the symmetric

LLL setting:

PROPOSITION 3.40. Suppose that each bad-event B has Po(B) < p and is depen-
dent with at most d other bad-events. And suppose that the symmetric LLL criterion
epd < 1 is satisfied.

Then W' < me.

PROOF. Observe that the Asymmetric LLL criterion is satisfied by setting u(B) =

ePo(B) for all B € B. So W' < 37 S8 < me. O

On the other hand, for instances in which there are some bad-events which have
very low probability and very high dependency, then W’ can become exponentially

large.

3.4.2. Algorithmically enumerating witness dags. In the Moser-Tardos set-
ting, the witness trees were not actually part of the algorithm but were a theoretical

device for analyzing it. In our algorithm, we will operate directly on witness dags.
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The following algorithm draws a random resampling table and then builds a list of

witness dags compatible with it:

1. Randomly sample the resampling table R.

2. For each bad-event B true in the initial configuration R(-,0), create a graph
with a single vertex labeled B. We denote this initial set by Fj.

3. Fork=1,2,.. . K:

4. For each consistent pair of witness dags Gy, Gy € F},, form G' = GV Gs.
If G’ is collectible, then add it to Fj;.

5. For each witness dag G € Fj which is collectible to B, create a new
witness dag G’ by adding to G a new sink node labeled by B. If G’ is
compatible with R then add it to Fj;.

6. Finally, add every G € F}, to G € Fjy1. (So that Fy, C Fjyq).

We will show that for K = O(e ' log(e~'n)), with high probability this algorithm

generates all the single-sink witness dags compatible with R.

PROPOSITION 3.41. Let G € Fy for any integer k > 1. Then G is compatible with
R.

PrOOF. We show this by induction on k. When k = 1, then G € F] is a singleton
node v labeled by B. Note that X4(i) = R(7,0) for all i € Sp, and so B is true on
X¢&. So G is compatible with R.

Now for the induction step. Suppose first G was formed by G = G; V Gy, for
G1,G9 € Fy_1. By induction hypothesis, GG, Gy are compatible with R. So by
Proposition 3.35, G is compatible with R. Second suppose G was formed in step (5),

so by definition it must be compatible with R. O

PROPOSITION 3.42. Suppose that G is a collectible witness dag with k nodes com-

patible with R. Then G € F,.
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PRrROOF. We show this by induction on k. When k£ = 1, then G is a singleton node
v labeled by B, and X{(i) = R(7,0). So B is true on the configuration R(-,0), and
so we put G into F}.

For the induction step, first suppose GG has a single sink node v labeled by B. If
G has only one vertex, then G € F; C Fj. So we may suppose G has multiple nodes.
Now consider the witness dag G’ = G —v. This witness dag has at most » — 1 nodes.
Also, all the sink nodes in G’ must be labeled by some B’ ~ B (as otherwise they
would remain sink nodes in GG). So G’ is collectible to B. So, by induction hypothesis,
G’ € Fy_1. Now iteration k — 1 transforms the graph G’ € Fj_; into G (by adding a
new sink node labeled by B), and so G’ € F}, as desired.

Next, suppose that G is a witness dag with multiple sink nodes vy, ..., v, labeled
by Bi,...,Bs, with the property s > 2 and that B ~ By,..., B, for some B € B.
Let G' = G(v1) and let G” = G(va, ..., vs). Note that G’ is missing the vertex v, and
similarly G” is missing the vertex v;. So G’, G” have strictly less than k nodes. Also,
note that G', G” are collectible to B.

Finally, observe that G = G’ vV G”. Clearly every vertex in G appears in G’ or
G". Also, by Proposition 3.29, G, G" are both prefixes of G and hence are compatible
with R.

So by induction hypothesis, we have G', G” € Fj,_1, and thus G = G'VG” is added
to Fj in step (4).

O

PROPOSITION 3.43. Suppose that one can determine, in O(logn) time, whether
any given bad-event is true on an assignment of its variables.

With high probability, this procedure enumerates all single-sink witness dags com-
patible with R in time O(e~(log e 'n)(log(W'e~'n)) and using (W'e'n)°WY proces-

S0TS.

Proor. We have shown that Fj contains all the collectible witness dags com-

patible with R using at most k£ nodes. Furthermore, by Corollary 3.20, whp all the
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single-sink witness dags compatible with R contain at most O(e~'log(¢~'n)) nodes.
Hence, for K = O(e 'log(e 'n)), we have that with high probability Fj contains all
such single-sink witness dags.

Furthermore, the expected total number of such dags is at most W’. Hence, with
high probability, the total number of such dags is at most W'n°®. Each dag could
involve up to ne !logn cells from the resampling table. So we can store the entire
collection of such dags using (W’e~1n)°M processors.

We describe in Section 3.4.5 further details about how these witness dags can be

processed. Given that there are M = (W'n)°" total dags and that bad-events can

1,.\0(1)

be checked in O(logn) time, we can implement individual steps using (Mme 'n)
processors and O(log(Me'mn)) time. Observe that W’ > m, so this can be simplified

to (W'e tn)°W etc. O

3.4.3. Producing the final configuration. So far, our parallel algorithm has
generated the complete set of single-sink witness dags compatible with R. We can
define a graph G, whose nodes correspond to such single-sink witness dags, with an
edge between dags if they are pairwise inconsistent. Let Z be a maximal independent
set of G, and let G = \/Z. Now define the configuration X*, which we refer to as the
final configuration, by

X*(i) = R(i,|G[i]| + 1)

for all i € [n].

The final stage of our algorithm is to output X*.

PROPOSITION 3.44. With high probability, no bad-event B € B s true on the

configuration X*.

PROOF. Suppose that B is true on X*. Now define the witness dag H by adding
to G a new sink node v labeled by B. Observe that GG is a prefix of H. By Proposi-

tion 3.29 H, G are consistent.
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We claim that H is compatible with R. By Proposition 3.13, GG is compatible with
R so this is clear for all the vertices of H except for its sink node v. For this vertex,
observe that for each i € Sp we have X}, (i) = R(i, |H[i]|) = R(7, |G[i]] + 1) = X*(i).
By Proposition 3.13, this implies that H(v) is compatible with R as well.

So H(v) is a single-sink witness dag compatible with R. By Proposition 3.43,
with high probability H(v) € Fx. So H(v) is a node of G. Observe that H(v) and
all the witness dags G’ € Z are prefixes of H. By Proposition 3.36, H(v) is pairwise
consistent with all of them. As Z was chosen to be a maximal independent set, this
implies that H(v) € Z.

By Proposition 3.33, this implies that H(v) is a prefix of G. This implies that
|G[i]] > |H(v)[i]| for any variable i. But for i € Sg we have |H(v)[i]| = |H[i]| =

|G[i]| + 1, a contradiction. O

Putting this all together gives a faster algorithm for the LLL:

THEOREM 3.45. Suppose we satisfy the Shearer criterion with multiplicative e-
slack. Suppose we can check, for any bad-event B and any configuration, if B 1is
true in time O(logn). Then there is an algorithm to find a configuration avoiding B,

running in time O(e(log e 'n)log(W’'e 'n)) and using (W'e'n)°M) processors.

Proor. By Proposition 3.43, we can enumerate all the single-sink witness dags
using O(e ' (log e 'n)(log(W’e~'n)) time and (W’e 1n)°™® processors.

With high probability, the total number of such single-sink witness dags is Wn°®.
Using Luby’s MIS algorithm, one find a maximal independent set of such dags in time
O(log?(Wn)) and using (Wn)?® processors. Note that W < n/e and so this running
time is dominated by the first phase.

Finally, one can form the configuration X* as indicated in Proposition 3.44 in
time log(We 'n) and using (We 'n)°® processors. This configuration avoids all

bad-events, as desired. O
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COROLLARY 3.46. Suppose that we can determine if any bad-event B is true on a
given configuration in time O(logn). Suppose that each bad-event B has Po(B) < p
and is dependent with at most d other bad-events. And suppose that the symmetric
LLL criterion ep(1 + €)d < 1 is satisfied, for some € > 0.

Then there is an algorithm to find a configuration avoiding B running in time

O(e log(mn)logn) and using (mn)°W processors.

PROOF. We have W < 3", pep < O(m/d). By Proposition 3.40, we have W' <
me. Now note that m < nd, so W < O(n).

Next, note that even if epd = 1, then we can still satisfy the Shearer criterion with
multiplicative e-slack, for € = Q(1/d). Hence, we can assume that ¢! > Q(1/m) and
hence the terms loge~! can be upper-bounded by log m.

Now apply Theorem 3.45. U

3.4.4. A heuristic lower bound. In this section, we will give some intuition as
to why we believe that the run-time of this algorithm, e ! log? n, is essentially optimal
for LLL algorithms which are based on the resampling paradigm. We are not able to
give a formal proof, because we do not have any fixed model of computation in mind.

Suppose we are given a problem instance on n variables whose distributions are
all Bernoulli-¢, where ¢ € [0, 1] is a parameter to be chosen. The space B consists of
\/n bad-events, each of which is a conjunction of y/n variables, and all these events
are completely disjoint from each other. The probability of each event is p = ¢V"; we
choose gsop=1—ce.

The number of resamplings of each event is a geometric random variable, and it
is not hard to see that with high probability there will be some bad-event B which
requires (¢~ !logn) resamplings in order to cause B to become false.

Also, note that whenever we perform a resampling of B, we must compute whether
B is currently true. This requires computing a multiplication of y/n binary variables,
which itself requires time Q(logn).

Thus, the overall running time of this algorithm must be Q(e~!log?n).
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The reason we consider this a heuristic lower bound is that, technically, the parallel
algorithm we have given is not based on resampling. That is, there is no current
“state” of the variables which is updated as bad-events are discovered. Rather, all

possible resamplings are precomputed in advance from the table R.

3.4.5. Processing the witness dags. In our algorithm, we have assumed that
if we have M total witness dags under consideration, that we can perform the ba-
sic operations of the parallel algorithm in O(log(Mmn)) time and using (Mmn)°M
processors on a PRAM.

The main task we must perform is, given two witness dags G, Gy, we must first
determine if G1, G5 are compatible and if so form G = GV GGo. Next, we must check
if G is collectible to some B. A related task is: given a graph G collectible to some
B, create a new graph G’ which has an added sink node labeled B.

If we worked with the full graph structure of the witness dags, then these steps
might appear to require a traversal of the graphs. However, we only need to store
a limited amount of information about these dags. Namely, we must store the list
of all sink nodes, and we must store the association between entries of R and the
corresponding bad-events. That is, for each variable ¢ € [n] and each t < O(e~!logn),
we must determine a list of all the nodes v € G and their labels (B, k) such that
G(v)[i] = t. Using this information, we may easily determine if Gy, G5 are compatible.
It is also straightforward to compute this association table for G V G, given the
association tables for the individual graphs. (We simply merge the lists; this can be
done using standard parallel sorting algorithms).

We can likewise determine the sink nodes of G; V G5. Using our association table,
we can determine if any sink node of (G; appears in (G5; if so, this node is a sink node
of G1 V Gy if is also a sink node of Go. If the sink node of G does not appear in G,
then it becomes a sink node in G; V G5, and so forth.

Next, we enumerate in parallel over all B € B. Suppose we are given a fixed B

and a fixed GG; we want to determine if GG is collectible to B. We can check, in parallel,
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whether the sink nodes of G overlap the variables in B; this takes time O(logn) and
n®W processors. We then check if every sink node of G overlapped in some variable;
this takes another O(logn) time and n°) processors.

Finally, we need to determine if we can form a new graph G’ by adding a new sink
node v labeled B to G. In addition to the graph-theoretic structure needed for this,
we need to check if B is true on the configuration X". This will be possible under
our assumption that we can check if a bad-event is true in time O(logn).

Other operations used in our algorithm can be handled in similar ways.

3.5. A deterministic variant

In [23], a deterministic parallel (NC) algorithm is given for the LLL. This algo-
rithm requires an additional slack compared to the Parallel MT algorithm (which in
turn requires additional slack compared to the sequential algorithm). Although [23]
gives a general asymmetric criterion, it is quite technical and has many parameters.
We will discuss the simpler symmetric setting. In that case, the algorithm of [23]

requires that

epd'™c < 1

There are additional constraints on how the bad-events are represented. Again,
these can be fairly technical, so we will focus on the simplest scenario: the set B
contains m bad-events, which are each explicitly represented as atomic events (that
is, they are a conjunction of terms of the form X; = j). The paradigmatic example of
this setting is the k-SAT problem. We will also suppose that m > n (in fact, typically
m is exponentially larger than n), to simplify the notation. In this simplified setting,
their algorithm requires O(e " log® m) time and m®(/¢) processors.

In the parallel algorithm as given, we assume that R is drawn from a completely
independent probability distribution. Such probability distributions have exponen-
tially large support. A key result from [23] is that substantially less independence is

required.

82



DEFINITION 3.47. We say a probability space Q) is k-wise, e-approximately in-
dependent, if for all subsets of variables X;,,..., X, , and all possible valuations

1y - -5 Jk, we have
|Po(Xiy =71 A ANXi, =Jk) — Po(Xi, =71 A ANXG, = gin)| < €

THEOREM 3.48 ([36]). There are k-wise, e-approximately independent probability

spaces which have a support of size poly(logn, 2F, e1).

PROPOSITION 3.49 ([23]). Suppose that B consists of atomic events.
There are sufficiently large constants c¢,c such that the following holds: Suppose
that R is drawn from a probability distribution which is m~ -approximately, logm-

wise independent. Then, then, with probability > 1/2, there are no single-sink witness

1 logm

clozd nodes.

dags compatible with R containing > c

Note that this event only depends on the first R(i,x) for x <logm/logd. Hence,
this event only depends on polynomially many entries in R. By Theorem 3.48, prob-
ability spaces with the required level of independence on this number of elements exist

which are supported on only mC1/9 events

We note now one major difference between the RNC algorithm of Section 3.4 and
the NC algorithm in this section. In Section 3.4, we only enumerated witness dags
compatible with R. Potentially, there could be many collectible witness dags not
compatible with R, but we never need to deal with them. For our NC algorithm, we
will enumerate all single-sink witness dags, and then we later check whether they are
compatible with R. The stronger slack condition epd'™ < 1 is needed to ensure that
this process remains bounded.

We give a deterministic algorithm to enumerate single-sink dags (with no restric-

tion on their compatibility with any resampling table R):

1. Initialize F} by creating, for each B € B, a single-node dag with a vertex

labeled by B.
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2. Fork=1,..., K = ill‘;ggi';:
3. Suppose that G, G’ are witness dags in F), with sink nodes v, v’ labeled
B, B’ where B ~ B’. Create a new witness dag G” as follows. The nodes
of G” are the union of the nodes in G, G’. We add an edge from v’ to v.
Also, for any pair of nodes w € G,w' € G’ (other than w = v, w’ =),

if w and w’ are labeled by dependent bad-events, we add an edge from

w to w'. If G” has < k + 1 nodes, add it Fj

ProOPOSITION 3.50. Suppose that G is a single-sink witness dag containing k

nodes. Then G € F},.

ProOF. For k =1 this is clear.

Suppose G is a single-sink witness dag containing k£ > 1 nodes. Let v be the sink
nodes of G and let v be the sink node of G — v. Let X be the subset of nodes of
G — v which are disconnected from v in the graph G — v'.

Now let G be the subgraph of G induced on the vertices {v'} U X, and let G, the
subgraph of G induced on the remaining vertices of G. Note that (G; is a single-sink
witness dag, with sink node v'; the reason is that since every node in G has a path to
v, it follows that every node in X has a path to v through v’ and hence every node
in G’ has a path to v'. Also, G5 is a single-sink witness dag. For, every node outside
X has a path in G to v avoiding v/, and this path remains in G,. Also, the vertices
of Gy, G5 clearly partition the vertices of G.

Both G, G5 are missing at least one vertex from G: G, is missing v and Go is
missing v'. Hence, by inductive hypothesis, we have G1, Gy € Fj._;.

Now let G” be the result of applying step (3) of the above parallel algorithm with
the graphs G, G5. We claim that G = G”. The labeled nodes of G” are clearly as in
G. Also, G” contains an edge from v’ to v and so does GG. Now, consider any pair of
vertices w,w’ € GG, other than v, v'.

If w,w" have no edge in G, then they also have no edge in G”.
84



If w,w’ both lie in X, or both lie outside X, then they have edges in the induced
subgraphs G, Go respectively; hence they have edges in G”.

So suppose w € X,w' ¢ X and there is an edge connecting w to w'. Then
w € G, w € Gy. We claim that the edge must go from w’ to w. For, there is a
v’-avoiding path from w’ to v; if there was an edge connecting w to w’, then this
could be extended to a v'-avoiding path from w to v, which would imply that w ¢ X.

But, by definition of G”, there is an edge from w’ to w in G”, as desired. O

The number of processors requires is poly(Fx, n); we will show that this is poly-
nomial in m,n. Also, critically, we show this enumerates every single-sink witness

dag.

ProPoOSITION 3.51. The total number of single-sink witness dags containing k

clogm
elogd

0(1/¢)

vertices is at most m(ed)*. In particular, for k < K = this is m .

ProoFr. Taking advantage of the correspondence between single-sink witness dags
and tree-structures, it suffices to bound the number of tree-structures. There are m
choices for the label and there are at most (ed)* choices for the tree structure (using

the standard formula counting labeled d-ary tree structures with k& nodes). 0

Thus, we can enumerate all sufficiently large single-sink witness dags. Given a
fixed witness dag G and a fixed resampling table R, we can easily check if G is
compatible with R. Thus, after enumerating F, we can filter it down to obtain FJ,

which is considerably smaller.

PROPOSITION 3.52. Suppose R is drawn from a probability distribution which
is m~“-approzimately, log m-wise independent. Then, for ¢ sufficiently large, the

expected total number of single-sink witness dags compatible with R is m®®),

PROOF. The event that a k-node witness dag is compatible with R is a conjunction
of events corresponding to the vertices in (G. Each such event depends on at most d

variables, so in total this is an atomic event depends on at most kd < logm terms.
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So, by Definition 3.47, this event also has probability < w(G)+m~¢/¢. Now sum over
all single-sink witness dags. The term w(G) sums to O(m) and the term m~¢¢ sums

to O(1) for ¢ sufficiently large. O

THEOREM 3.53. There is a deterministic algorithm running in time O(e_l log® m)

and using m°1/9 processors to find a configuration avoiding B.

O(1/¢) processors.

PROOF. We can enumerate Fi in time O(log?m) and using m
Next, we form a probability space for drawing R which is m~%/‘-approximately, log m-
wise independent, and is supported on m®!/€) elements. Each processor explores a
single event in this space.

For each R, we filter down the set Fj, to the smaller set F} consisting of witness
dags compatible with R. We proceed as for the randomized algorithm: we define a
graph G, whose nodes correspond to such single-sink witness dags compatible with
R, with an edge between dags if they are pairwise inconsistent. By Propositions 3.49,
3.52, there is a positive probability that the two events jointly occur:

(1) F} contains m®® nodes

(2) There are no witness dags outside F} that are compatible with R.

For a fixed resampling table R, we can find a maximal independent subset Z C G,

O processors. Let G = \/Z. As in Proposi-

using time O(log®m) and using m
tion 3.44, defining X*(i) = R(i,|G[i]| + 1) gives a configuration avoiding all bad-
events.

—1log®m

It requires O(e™" 27*) time to enumerate Fj. and it require O(log* m) to generate

an MIS of it. Thus the total time is O(e~'log?m) and the total processor count is

mOu/e, O
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CHAPTER 4

Lopsidependency in the Moser-Tardos framework: Beyond

the Lopsided Lovasz Local Lemma

As noted by [65], the MT algorithm applies to a more restrictive model than the
LLL, so Shearer’s LLL criterion is not necessarily tight in this restrictive class. [65]
gave some toy examples of this situation. Notwithstanding this, most researchers have
considered Shearer’s criterion to be the ultimate form of the LLL. Other forms of the
LLL and algorithms such as MT are attempts to match this bound. In this chapter,
we do not change the MT algorithm in any way. However, we give a alternate criterion
for it to converge. In our opinion, the surprising fact is that this new criterion can go
beyond the Shearer criterion. In the LLLL framework, lopsidependency is as good as
pure independence; we show that if bad-events agree on a variable, this gives better
bounds than if they were independent!

We reiterate that the Shearer criterion is the strongest possible criterion that can
be given for the level of generality to which it applies. Our new criterion depends in
a fundamental way on the decomposition of bad-events into variables; it cannot be
stated in the language of probability and dependency graphs.

We recall the interpretation of lopsidependency for the variable assignment setting.
We assume that all events are atomic, that is, each bad-event has the form B = (z;, =
J1) A - A(x;, = ji). It will be convenient to identify the bad-event B with the set
of tuples {(i1,71), .-, (i, J&) }; in this case, if we say that (i, ) € B, we mean that B
demands x; = j.

We say that bad events are connected B ~ B’ if B = B’ or if B, B’ disagree
on some variable; that is, if we have (i,j) € B, (i,j') € B and j # j. We use the

notation now (i, ) ~ (¢, j") iff i =4, j # 7. Some related notations will be to write
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(1,7) ~ B iff there is some j" # j with (4, ") € B, and to write ¢ ~ B iff there is some
(¢,7) € B.

We state our new criterion as follows.

DEFINITION 4.1 (Orderability). Given an event E, we say that a set of bad-events

Y C N(B) is orderable to E, if either of the conditions hold:

(01) Y ={E}, or
(O2) there is some ordering Y = {By,..., Bs}, with the following property. For

each i =1,...,s, there is some z; € E such that z; ~ By, z; o By, ..., B;_1.

Note that () is orderable to E, as indeed it satisfies condition (O2).

THEOREM 4.2. In the variable-assignment setting, suppose there is j : B — [0, 00)

satisfying the following condition:

VBeB,uB)>Po(B) > ][] wB)

Y orderable B'€Y
to B

then the MT terminates with probability 1. The expected number of resamplings is at

most W =3, u(B).

The LLLL cannot guarantee under these conditions that a satisfactory configura-
tion even exists; for this reason, we view this criterion as going beyond the LLLL. This
criterion is about as easy to work with as the original MT criterion — in some cases,
in fact, it can yield significantly simpler calculations. In Section 4.1.3, we compare
this to other LLLL criteria.

In Section 4.3, we give some applications of this new criterion. We summarize the

most important ones here:

(1) SAT with bounded variable occurrences Consider the following prob-
lem: we have a SAT instance, in which each clause contains k distinct vari-

ables. We are also guaranteed that each variable occurs in at most L clauses,
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either positively or negatively. How can large can L be so as to guarantee
the existence of a solution to the SAT instance?

As shown in [43], the LLLL gives an asymptotically tight bound for this

2k+1

. However, there still is room for improvement
e(k+1) ’ )

problem, namely L <
especially when k is small. As L is growing exponentially, it is arguably
the case that large k is not algorithmically relevant anyway. We are able to

improve on [43] to show that when

R VL
= k-1 k

then the SAT instance is satisfiable, and the MT algorithm finds a satisfying
occurrence in polynomial time. This is always better than the bound of [43],
and when k£ is small the improvement can be substantial.

Hypergraph coloring. Suppose we are given a k-uniform hypergraph, in
which each vertex participates in at most L edges. We wish to c-color the
vertices, so that no edge is monochromatic (all vertices receiving the same
color). This problem was in fact the inspiration for the original LLL [34].
There are many types of graphs and parameters for which better bounds
are known, but the LLL gives very simple constructions and also provides
the strongest bounds in some cases (particularly when ¢, k are fixed small
integers). Strangely, depending on whether ¢ or k is large, one can obtain
better bounds using the standard LLL or the LLLL. Thus one can show the

bounds:

Fo (-1
Ls Emax( c ’ (c—l)e)

Our approach gives the simpler and stronger criterion:

(1 —1/k)k1
L= k(c—1)
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Our new criterion is always better than (4), interpolating smoothly be-
tween the regimes when c or k is large. This illustrates an advantage of our
technique — despite the daunting form of our new LLLL criterion, in practice

it typically gives formulas which are more computationally tractable.

Comparison of Shearer criterion to Moser-Tardos. It is challenging to di-
rectly compare the Shearer criterion with the MT algorithm, because they apply to
such different contexts: generic probability spaces in the former case and variable
configurations in the latter. However, in Section 4.4, we analyze k-SAT satisfiability
using the Shearer criterion. We show that the analysis of [43], which used the asym-
metric LLL, could not be much improved by using a stronger form of the LLL. In
particular, our proof directly based on our new MT criterion is stronger than would
be possible from Shearer’s criterion, let alone the LLL.

A new parallel algorithm. We have discussed in Chapter 2 how the LLL, but
not the LLLL, has a parallel algorithm. We remedy this situation in Section 4.2 by
introducing a new parallel randomized algorithm for the variable-assignment LLLL,
which requires only a multiplicative slack compared to our new criterion for the
sequential algorithm. (Showing that this algorithm is compatible with the new LLLL

criterion requires non-trivial arguments).

THEOREM 4.3. Suppose there is pu : B — [0, 00) satisfying the following condition:

VBeBu(B)>(1+0PuB) Y. [ u®)

Y orderable B'€Y
to B

then our new parallel algorithm algorithm terminates with probability 1. Suppose that
the size of each bad-event is at most M. Then our parallel algorithm terminates in
time €' M log W log®M n(M +10g°Y m) and (nm)°M) processors with high probabil-

1ty.

We list a few applications of these new parallel algorithms:
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(1) SAT with bounded variable occurrences We have a SAT instance, in
which each clause contains at least k variables. We are also guaranteed that

each variable occurs in at most L clauses, either positively or negatively.
2k+1(1-1/k)*
(k=1)(1+e)
;O() 1ogO() 4,

: .

Then, under the condition L < — % the parallel MT algorithms

find a satisfying assignment in time
(2) Hypergraph coloring. Suppose we are given a k-uniform hypergraph, in
which each vertex participates in at most L edges. We wish to c-color the
vertices, so that no edge is monochromatic (all vertices receiving the same

% then the parallel MT

kO 10g° M)
. .

color). Then, under the condition L <

algorithm finds a good coloring in time

4.1. The variable-assignment LLLL

4.1.1. Overview of our new analysis. As we have said, we do not change
the MT algorithm in any way. The only change is to the analysis. In particular, we
dispense with the use of the resampling table which played a prominent role in the
proof of [87]. (See Lemma 2.8). Recall that the idea of the resampling table is that,
at the very beginning of the algorithm, you draw an infinite list of all the future values
for each variables. Then resampling table entry R(i,j) gives the jth value for each
variable X;. Initially, you set X; = R(7,1); when you need to resample i, you set X; =
R(7,2), and so forth. After drawing R, the remainder of the MT algorithm becomes
deterministic. One can determine, for each tree-structure 7, necessary conditions to
hold on R in order for 7 to appear.

In the MT algorithm, the choice of which bad-event to resample can be arbitrary,
and can even be under the control of an adversary. In fact, MT shows something even
stronger than this: even if the choice of which bad-event to resample depends on R,
then the MT algorithm must still converge with high probability. Thus, the LLLL
criterion is strong enough to show convergence even the resampling is determined by

a clairvoyant adversary.
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Our analysis is also based on witness trees, but we assume that variables are
assumed to be resampled in an on-line fashion. The choice of which bad-event to
resample can be arbitrary, but must depend solely on the prior state (not the future
state) of the system.

Because we impose this restriction on the resampling rule, we can use stochasticity
to analyze our witness trees, in a way which is not possible with the MT framework.
The basic idea is that, whenever we resample some bad-event B, the distribution for
the new values for its variables is the same as the law of €0, even conditional on all
prior state. This is simply not true in the MT framework: the choice of resampling
rule could produce a dependency on the future.

We will eventually take a union-bound over tree-structures, so it is critical to
prune the space of witness trees as much as possible. In other words, we will need
the most succinct possible explanation of each resampling. Let us consider a simple
example of how we can use our stronger stochasticity assumption to analyze more
succinct witness trees. Suppose that we have some bad-event B, including (7, j), and
we want to explain why we eventually resampled X; = 7. Suppose there were two
earlier events By, By which included (i, /). These events would be placed as children
of B in the standard MT witness tree. This means that we encounter By, By (in an
unspecified order), and when we encounter the second one we select X; = j.

Now, it is not necessary to describe the earlier of the two events Bj, By here. It
would be sufficient to only include the latter, because that is when we are making
the key prediction (namely, that X; is resampled to value j). By only retaining the
latest occurrence of each variable, we still have all the information we need to deduce
the resamplings. We know that, whenever the resample the latter of By, By, the new
values for the variables in it must have the same distribution as in 2. The reason that
this is true is that the choice of whether to resample B; or By first cannot depend on
the new values of the vartables. This information is now “compressed” more tightly,

and we will have to work much harder to show that it is sufficient.
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4.1.2. Forming witness trees. The key principle behind our new criterion is
the following: When building witness trees, we will maintain the following key invari-
ant: for any node v in the tree labeled by B, the children of v receive distinct labels
By, ..., Bssuch that {By,..., Bs} is an orderable set for B.

We now describe how to form a witness tree for a resampling at time T'. Suppose
we have listed the execution log consisting of all the bad-events that were resampling
By, ..., By. This is referred to as the ezecution log. Starting at time T'— 1, we proceed
backward through the execution log. For each bad-event B encountered, we see if
there is some node v € 7 for which B is eligible. If so, we add B to the deepest such
position (breaking ties arbitrarily). We give the following more precise definition of

eligibility:

DEFINITION 4.4 (Eligibility). Suppose we have a tree-structure T and a nodev € T
labeled by B. Suppose the children of v receive distinct labels By, ..., Bs. Then we say
a bad-event B’ is eligible for v if B' # By, ..., Bs and if { By, ..., By, B'} is orderable
for B.

One simple definition we will use often:

DEFINITION 4.5. Consider any variable i, and consider a tree-structure T with a
node v. We say that v involves i, if v is labeled by some bad-event B, and (i,7) € B

for some j.
We list some easy properties of the witness trees produced in this manner:

PROPOSITION 4.6. (1) Consider any bad-event B. Consider the leaf nodes
of T labeled by B; all such nodes must have distinct depths in the tree.

(2) Consider any variable i, and, among all the nodes v € T involving i, consider

the set of such nodes which are greatest depth in the tree. While it is possible

that there are multiple such nodes vy, ...,v,, all such nodes must be labeled

by B, ..., B, which agree on variable 7.
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PROOF. The earlier bad-event would have been eligible to be a child of the later

bad-event, and hence would have been placed either there or deeper in the tree. [

In light of Proposition 4.6, we may define the active value for each variable:

DEFINITION 4.7 (The active value of a variable). Consider any variable i, and,
among the set of nodes v € T involving i, consider the nodes at greatest depth in the
tree. All such nodes contain (i,j) for some common value j. We denote by A;(T),
the active value of variable i, by this common value j.

If wvariable i does not appear in T, we define A;(t) = T, the sure value. By
convention, we use X; = T as a shorthand for the sure event (the entire probability

space). For example, Po(X; =T) = 1.

We note that these types of witness trees look very different from the standard
MT construction. For example, the layers in the tree (and even the children of a
common parent) do not necessarily form an independent set; there can be multiple
copies of a single bad-event in a given layer.

Suppose we are given a tree 7 and a time ¢;; we want to estimate the probability
that 7/* = 7. This is the key to the MT proof strategy. (We will omit the superscript
t; in the following; it should be understood.) We can imagine running the MT
algorithm and see whether, so far, it appears that it is still possible for 7%t = 7. This
is a kind of dynamic process, in which we see what conditions are still imposed in
order to achieve this tree. One key point in our rule for forming witness trees is that,
as we run the MT algorithm, we will be able to deduce not just 71 but also %élto for

all to 2 1.

PROPOSITION 4.8. Suppose we are given the partial witness tree 7>, and we en-
counter a bad-event B at time t. Then T>¢y1 is uniquely determined, according to the
following rule: if there is a leaf node labeled by B, select the deepest such leaf node
v (by Proposition 4.6 it is unique) and we have Tsy41 = T>¢ — v. Otherwise we have

T>¢4+1 = T>t-
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Proor. First, suppose that 7>; did contain such a node v. It must be that
v & T>441. For, if so, then when forming 7>, from 75,41, we would have placed B as a
child of v; that is, 7>, would include an additional copy of B. So 7>;1; is missing the
node v from 7>;. As each time step can only affect a single node in the witness tree,
it must be that 75,11 = 7> — 0.

Second, suppose that 7 contained no such node v. When forming 7, from 75,41,
we either make no changes or add a single node labeled by B. In the latter case, 7,
would contain a leaf node labeled by B, which has not occurred. Hence it must be

that 7>; = 75441 as claimed. O

The other key point is that, from the partial tree 7-;, we can deduce some infor-

mation about the variables:

ProrosITION 4.9. Consider any variable i. At time t of the MT algorithm, we

must have X; = A;(T>t).

PROOF. Suppose B is a node of greatest depth containing variable 7, and we have
(i,7) € B, where j = A;(7>¢). Suppose X; = 7' # j at time ¢.

In order to include B in the witness tree 7, we must eventually resample B, which
implies that eventually we must have X; = j. As X; = j' at time ¢, this implies that
we must first encounter some bad-event B’ 5 (i,j"). But then B’ would be eligible
to be placed as a child of B, and so would be placed there or lower. This contradicts

that B is the greatest-depth occurrence of variable i. ([l
These propositions together allow us to prove the Witness Tree Lemma:
LEMMA 4.10 (Witness Tree Lemma). Let 7 be a tree-structure with nodes labeled
By, ..., Bs. Then the probability of that T appears is bounded by

P(7 appears) < w(T)

PRroOF. The first step of the MT algorithm is to draw all the variables indepen-

dently from 2. We may consider fixing the variables to some arbitrary (not random)
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values, and allowing the MT algorithm to run from that point onward. We refer to
this as starting at an arbitrary state of the MT algorithm. We prove by induction on
7 the following: for any tree-structure 7, and starting at an arbitrary state of the MT
algorithm, then we have

HBET PQ(B)
(5) P(7 appears) < I (X, = A(7))

First, the base case when 7 = ). Then this is vacuously true, as the RHS of (5)
is equal to 1.

Next, for the induction. Suppose that 7¢ = 7 for some ¢ > 0. Then, a necessary
condition of this is that, at some time ¢’ < ¢, we must resample some B € B such
that a leaf node of 7 is labeled by B. (If not, then 7' could never acquire such a leaf
node.) Suppose that ¢’ is the earliest such time and that v is a leaf node labeled by
B. We condition now on a specific value for ¢ and B.

For each variable ¢ appearing in B, we must resample variable ¢ to take on value
A, (1T —v) (recall our convention that if A(7—v) = T, then this is automatically true.)
This has probability Po(X; = A;(7 —v)). Next, starting at the state of the system at
time '+ 1, we must satisfy 71=1 = 7—v. We need to estimate the probability that this
occurs, conditional on a fixed choice of ¢, B. Crucially, the inductive hypothesis gives
an upper bound on this probability conditional on any state of the M'T algorithm. In
particular, this upper bound applies even when we condition on ', B. Thus, we may
multiply the two probabilities to obtain:

HB/ET—’U PQ(B/)
[; Po(Xi = Ai(T —v))

P(7 appears) < H Po(X; = Ai(1 —v))
_ HB/ET PQ(B/)
FPo(B) Hz‘7cB Po(X; = Ai(T —v))

If i # B then A;(1 —v) = A;(7), while for each i ~ B we have (i, A;(7)) € B. Hence

the denominator is equal to [[; Po(X; = A;(7)) and the induction holds.
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Next, we claim that the probability 7 appears is at most w(7). (Note that this
differs subtly from the induction; in the induction, we are showing a bound which
applies to any starting state of the system; here, we are claiming that this bound
holds when the MT algorithm begins with a random initialization.) To see this, note
that a necessary condition for 7 to appear is that in the initial sampling of all relevant
variables, each variable ¢ must take on value A;(7). Conditional on this event, the

probability that 7 appears is still given by the inductive hypothesis, so we have

HBeT PQ(B>
IL; Po(Xi = Ai(T))

= w(r)

P(1 appears) < HPQ(XZ‘ = Ai(7))

O

Finally, we show that each event in the execution log of the MT algorithm has
a distinct witness tree. This is almost a triviality in the standard analysis of the
MT algorithm, but here it is surprisingly subtle. For instance, there may be multiple
resamplings of a bad-event B, and the later occurrences may have smaller witness

trees. Nevertheless, all such trees are unique:
PROPOSITION 4.11. Let t; < to; then 71 # 72,

PROOF. Suppose 7t = 72, Proposition 4.8 shows that the sequence of trees 7,
is uniquely determined by the original value 7 and by the sequence of resamplings
encountered the execution of the MT algorithm. As 7% = 7% initially, we must have
that %élt = Agt for all ¢ > 1. But now substitute ¢ = ¢5; in this case, félt is the null

tree and 722 consists of a single node. So this is a contradiction. O

THEOREM 4.12. Suppose there is . : B — [0, 00) satisfying the following condition:

VBeB.u(B)>Po(B) > [ mB)
Y orderable B'€Y
to B
then the MT terminates with probability 1. The expected number of resamplings of a

bad-event B is at most pu(B).
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PROOF. First, by induction on tree-height, one can show that the total weight of
all tree-structures rooted in a bad-event B, is at most pu(B). This follows since the
children of the root node form an orderable set for B.

Next, by Proposition 4.11, each resampling of B corresponds to a distinct witness
tree. Hence, by the Lemma 4.10, the expected number of witness trees rooted in B
is at most the sum of the weights of all such trees. Hence the expected number of

resamplings of B is at most u(B). O

4.1.3. Comparison to other LLL criteria. We have already encountered Peg-
den’s criterion for the MT to converge. This criterion works for both the canonical
dependency graph and the canonical lopsidependency graph. One counter-intuitive
aspect is that sometimes a denser dependency graph gives a stronger criterion. (For
the Shearer criterion, this can never occur). In particular, ignoring lopsidependency
can give better bounds.

Strictly speaking, Pegden’s criterion is incomparable to ours. However, in prac-
tice, the usual method of accounting for independent sets of neighbors comes from
analyzing, for each variable i, the total set of all bad-events in which ¢ could par-
ticipate. An independent set of neighbors of B can contain one or zero bad-events
involving each variable. Any higher-order interaction — such as finding groups of
variables participating jointly in bad-events — is usually too complicated to analyze
and is disregarded.

When we account for the dependency graph solely in terms of variable intersection,
then we can replace the somewhat confusing concept of “orderable set” with a simpler

(albeit slightly weaker) notion.

DEFINITION 4.13. Given an event E, we say that a set of bad-events Y C N(B)
is assignable to E, if either Y = {E}, or there is an injective function f :Y — E,
such that for all B € Y, we have some B> z~ f(B) € E
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PROPOSITION 4.14. If Y is orderable to B, then it is assignable to B (but not

necessarily vice-versa)

PROOF. Let Y = {By,..., B}, so that for each : = 1,..., s there is some z; € F
with
zi ~ B; zi % By, ..., Bi
Now define f(B;) = z;. We claim that f is injective. For, suppose z; = z; and

© < j. Then z; ~ B;, so z; ~ B;, which is a contradiction. O

When we sort bad-events by their variables, we obtain the following criteria; these

are respectively the LLLL criterion and Pegden’s LLL criterion:

PROPOSITION 4.15. (1) If for all bad-events B we have
p(B) > Po(B ( )+ 11 IT TI a+wmsB )
(4,7)EB j'#3j B'>(i,5")

then the M'T algorithm converges.
(2) If for all bad-events B we have

w(B) = Pa) I (1+32 Z (B))
(i)eB 7 B0g)

then the M'T algorithm converges.
Our criterion blends these two conditions and is stronger than either of them:

PROPOSITION 4.16. If for all bad-events B we have
p(B) 2 FPo(B) (u(B) + T 0432 3 w(BY)
(i,j)€B J'#3 B'>(i,5")
then the MT algorithm terminates with probability 1; the expected number of resam-

plings of B is at most u(B).
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PrROOF. For the bad-event B, we have the criterion

p(B) 2 Po(B) S [T (B

Y assignable B’eY
to B

We enumerate the assignable sets Y as follows. First, we may take Y = {B}; this
accounts for the term p(B) in the RHS of Proposition 4.16. Next, for each vari-
able (i,j) € B, we may select either zero or one bad-event B’ 3> (i,;j') for some
j" # j. These account for respectively the terms 1 and > ;> piq n #(B') in

Proposition 4.16. ([l

It is in this sense that we view our criterion as being stronger than the original

MT lopsidependency criterion and stronger than Pegden’s criterion.

4.2. Parallel algorithm for MT

We have seen in Chapter 2 a parallel algorithm for the LLL. This algorithm
depends on the fact that, in the standard MT framework, bad-events which are un-
connected do not share any variables. Hence they do not interact in any way and can
be resampled in parallel. This is no longer the case for the LLLL. MT algorithm; so
in that case, frustratingly, we do not have any corresponding parallel algorithms.

In this section, we introduce a new parallel algorithm corresponding to the lop-
sidependent MT setting, which achieves our new criterion up to a multiplicative slack.
We assume that each bad-event uses at most M < polylog(n) terms. We also suppose
that the number of bad-events is polynomially bounded, although this can be relaxed
quite a bit. Finally, we require a multiplicative slack in the LLLL criterion.

Here is the basic idea. Suppose we have a large number of bad-events which are
currently true. Due to the LLLL criterion, there may be many “unconnected” bad-
events which are simultaneously true, yet they intersect in variables and cannot be
resampled in parallel. However, suppose we resample a given variable; with good
probability, it will change its value, thereby falsifying all of the bad-events which

contain it, even those we did not explicitly resample.
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This argument can break down if we have p;; ~ 1 for any variable ¢ and value j
(this situation is rare; see Section 4.3.5 for an example). In that case, resampling the
variable ¢ a single time is not likely to flip its value; we must resample it multiple
times. Much of the complication of our parallel algorithm comes from dealing with
this somewhat pathological case. We will begin by stating a simple parallel algorithm

which assumes p;; < 1 —€(1) for all 4, j; we then modify it to remove this condition.

4.2.1. The parallel algorithm: warm-up exercise. We present the following

Parallel MT Algorithm (Simplified):

1. Draw all variables independently from the distribution 2.
2. While there is some true bad-event, repeat the following for rounds ¢ =
1,2,...,:
3. Let V;1 be the set of bad-events which are true at the beginning of round
t.
4. Repeat the following for a series of sub-rounds s = 1,2,..., until V; ; =
0.
5. Select a maximal disjoint set I; s C V; 4. (This can be done using
a parallel MIS algorithm).
6. Resample all B € I ;.

7. Update V, 441 as: Vi 411 =V, s—1I; s—All bad events which are no longer true.

THEOREM 4.17. Suppose that we satisfy the condition

VB €B,u(B) > Pa(B)(1+¢) > ] mB)

Y orderable B'€Y
to B

Suppose further that we satisfy the condition

Then whyp the Parallel MT Algorithm (Simplified) terminates in time 1~ ¢~ log W log®® (nm)

0(1)

using (nm)®Y) processors.
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ProoOF. We provide only a sketch, as we will later introduce a more advanced
algorithm. In each round ¢,s, note that every bad-event B € V,, contains some
resampled variable. Such a variable switches to a new value with probability > ), in
which case B is removed from V; ;.;. Hence the expected size of V, 5 is decreasing as
(1 —1/4)%. So, for s = Q)" logn), we have V, s = ) and the round ¢ is done.

Next, suppose that a bad-event is resampled in round ¢. One can show that the
witness tree for this resampling must have height ¢ exactly. One can also compute
the total weight of all such trees, and show that this is decreasing as (1+¢)~'. Taking
a union-bound over such trees, this implies that the probability of having > ¢ rounds
is at most (14 €)~*W.

This implies that, whp, our algorithm requires 1~ te* log®®

nlog W rounds. In
each round, one must select an MIS of the currently-true bad-events, which takes at

most logo(l) m time and m©®) processors. 0

It will take a lot more work to drop the dependency of the running time on . To
do this, we will need to resample a variable multiple times in the round. Thus, we
must replace the step of selecting a maximal disjoint set of bad-events with a maximal
set in which no variable occurs too many times (which depends on its probabilities
pi). We must also deal with the possibility that we get inconsistent results when we
resample a variable multiple times in a round.

Before we move on to the general case, we will need a subroutine to solve a problem
we refer to as the wvertex-capacitated maximal edge packing problem. We believe this

may be a useful building block for other parallel algorithms.
4.2.2. Vertex-capacitated maximal edge packing.

DEFINITION 4.18. Suppose we are given a hypergraph G, with m edges of size
< k, on a vertex set V. For each v € V', we are given a capacity C, in the range
{0,...,m}. We wish to select a subset L C E of the edges, with the property that

each vertex appears in at most C, edges of L, and such that L is a mazimal subset
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of E with that property. Such a set L is referred to as a vertex-capacitated maximal

edge packing (VCMEP).

Such a set can be found easily by a sequential algorithm. Note that if C,, =1 for

all v, this is equivalent to finding a maximal independent set of the line graph of G.

THEOREM 4.19. There is parallel algorithm to find a VCMEP in time k:xlogo(l)(m—i-

ProoF. We will repeatedly add edges until we have reached such a maximal set.
At round 7, suppose we have selected so far edges L;, and we begin with Ly = ().

Now form the residual graph and residual capacities; we abuse notation so that
these are also denoted G, C. One can form an integer program corresponding to the
vertex-capacitated maximum edge packing (i.e. packing of highest cardinality) for the
residual. We let M, denote the size of the maximum packing which can be obtained
by extending L,;. This integer program has variables z; corresponding to each edge

f € G, along with constraints that ) _.xz; < C, for each vertex v. Now relax the

vef
integer program to a positive linear program. As shown by [79], there is a parallel
algorithm running in time logo(l) (n+m) which can find a solution a’ which is at least
(1 — €) times the optimum solution, where € > 0 is some sufficiently small constant.
In turn, this solution is at least (1 — €)(M; — |L;|).

We now round this fractional solution x’ as follows: each edge is selected with
probability @', /(2k); if any vertex constraint v is violated, then all edges containing
v are de-selected. We define L;; to be L; plus any selected edges.

Define the potential function ®; = M; — |L;|. Note that if ®; = 0, then L; must
be a maximal set of edges. We claim that, conditional on the state at the beginning
of round i, we have E[®; 4] < (1 — Q(1/k))®,.

For, consider some edge f; it is selected with probability z;/(2k); suppose we

condition on that event. Consider any vertex v € f. The expected number of times

that other edges incident to v are selected is >_ .o, n 2} /(2k) < (C, — %) /(2K).
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By Markov’s inequality, the probability that the actual number exceeds C,,, in which
. . Cy—a .- .
case f is de-selected, is at most Tczf Hence the total probability that f is selected

is at least

P(f selected) > %(1 — Z %O, )
Ty Ty
> = (1—kx—)>—+
Summing over all such edges, we have that
E[®;1] = E[M;1] — E[Li11]
7y
< M,;—|L;| — —
<Ml - 3

< Mi — |Li| — ( i )

< @i(1—-Q(1/k))

Hence, for i > Q(klog(m +n)), we have E[®;] < n~%1). This implies that ®; = 0
with high probability, which in turn implies that L; is a maximal packing with high
probability. O

4.2.3. The parallel algorithm. We now present our full parallel algorithm. We
will suppose that each bad-event uses at most M terms. We also suppose that the
number of bad-events is polynomially bounded, although this can be relaxed quite a

bit. Finally, we suppose there is a slack in the LLL condition,

VB €B,u(B) > Po(B)(1+¢) >, ] n®B)

Y orderable B’eY
to B

1. Draw all variables independently from the distribution 2.
2. While there is some true bad-event, repeat the following for rounds ¢ =

1,2,....:
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3. Let V;; be the set of bad-events which are true at the beginning of

round ¢. Let a; be the value of variable X; at the beginning round t.

Note that each bad-event in V,; is a conjunction of terms X; = a;. For

notation throughout the rest of this algorithm, for each variable 7 let
¢ = Pa(X; # a;).

4. Repeat the following for a series of sub-rounds s =1,2,..., until V; , =

0.

d.

10.

View V; s as a hypergraph, whose vertices correspond to variables
and whose hyper-edges correspond to bad-events. For each vari-

able i, define the capacity C; = (M%h} Find a VCMEP [, C V.

. For each B € I; ; and each variable X; € B, we draw a resampling

value zp;, drawn from . This represents that if we decide to
resample B, then we will choose to set variable X; equal to zp ;.
For each B € I, ; choose a random p(B) independently from the
real interval [0, 1]. We think of p(B) as the priority of B; we will
resample the bad-events in the order of increasing p. Construct
the undirected graph G, whose vertices correspond to elements
of I; 5, and where there is an edge from B to By if p(B;) < p(Bs)
and By, By both share a variable ¢ and we have zp, ; # a;.

Find the lexicographically-first MIS (LFMIS) I, C I, of the
graph G, with respect to the order p. (We will say more about

this step later)

. For each variable X, if there is some B € It’7s with zp,; # a;, set

X; = xp,; (by the way that G is constructed, there can be at
most one such B for each variable i); we say such that variable i
is switched; otherwise leave X; = a;.

Update Vi 541 as Vigy1 = Vi s — I s— all bad events containing a

switched variable
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This algorithm is quite intricate to analyze. The most important aspect of this
algorithm is that it simulates the sequential MT algorithm, with a particular choice
of which bad-event to resample at each time. Because of this fact, one can build

witness trees for each resampling and show that a Witness Tree Lemma still holds:

PROPOSITION 4.20. Suppose that as we execute the Parallel MT algorithm, we
build a sequential execution log as follows: within each round t and sub-round s, we
sort the elements of I , in increasing order of p. We then list, in this order, elements
of I ,.

For this sequential execution log, one can still build witness trees as before. Then

the Witness Tree Lemma, Lemma 2.8, still holds for such trees.

PrROOF. We can view the Parallel Algorithm as simulating the sequential MT
algorithm as follows. Instead of resampling the bad-events in parallel, we suppose
that as we proceed in increasing order t,s,p, we come across various bad-events
B € Ij,. We refer to the position of each resampling in the execution log as its
“time”. Each such bad-event is true at the time we encounter it; we then resample
any variable 7 it involves by setting X; = zp ;. As the sequential MT algorithm allows
an arbitrary choice of which bad-event to resample, the parallel MT algorithm is thus
a special case of the sequential MT algorithm.

One crucial detail of this algorithm is that when we make our resamplings X; =
z B, the random variables zp; are independent of any random variables we encoun-
tered in earlier times. This is why we choose the lexicographically-first MIS of I; 5; in
this way, one can see that the event “B € I} ;7 is independent of all events involving
B’ with p(B’) > p(B) and the values of random variable zp are independent of all
events involving B’ with p(B’) < p(B).

Thus, the parallel MT algorithm effectively becomes a stochastic process, with

increasing s, t, p playing the part of time. Hence Lemma 4.10 still holds. U
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This Proposition 4.20 will serve to bound the number of rounds ¢ for our algorithm.
The analysis of the run-time of each individual round is more complicated. We will
bound this through the following series of Propositions.

PROPOSITION 4.21. The LFMIS I ; can be found whp in time O(log’l%).

PROOF. In general, the problem of finding the LFMIS is P-complete [29], hence
we do not expect a generic parallel algorithm for this. However, what saves us it that
the ordering p and the graph G, are constructed in a highly random fashion.

This allows us to use the following greedy algorithm to construct I ;:

1. Let H; be the directed graph obtained by orienting all edges of G, in the
direction of p,;. Repeat the following for [ =1,2,...:
2. If H; = () terminate.
3. Find all source nodes of H;. Add these to I ,.
4. Construct Hj,, by removing all source nodes and all successors of source

nodes from Hj.

The output of this algorithm is the LFMIS I{,. Each step can be implemented in
parallel time O(1). The number of iterations of this algorithm is the length of the
longest directed path in G;s. So it suffices it show that, whp, all directed paths in
G s have small length.

Suppose we select By, ..., B; € B uniformly at random. Let us analyze how these
could form a directed path in G.

Next, it must be that Bs is a neighbor of B;. Each variable X; € By appears in at
most C; — 1 other bad-events. If B; and B, intersect in variable 4, then that variable
i creates an edge between B, By only if z; , # a;, which occurs with probability g;.
Thus, for each By, the expected number of By which are connected to that B; is at

most

G- > (Mg)x g <1

X,€EB1 X,eBy
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Continuing this way, that the expected number of By, ..., B; which are connected, is
at most 1.
Finally, it must be the case that p(By) < p(Bz) < --- < p(B;). So far, none of the

probabilistic statements have referred to p, so the probability this occurs conditional

on all previous events is 1/I!. Thus, for [ > Q(log’ign), this is n™%") as desired. O

PROPOSITION 4.22. For s = Q(M logn), we have V, s = () whp.

Proor. We will show that V; ; has an expected size which is decreasing exponen-
tially in s.

First, we show the following fact: given any B € I;,, we have B € [I; with
probability > 1/2. For, a sufficient condition for B € I, is that there is no variable
X, € B with B' € I, 5,p(B') < p(B) and zp ; # a;. For each variable i, there are
at most C; — 1 candidate B’ € I, and each of them has probability ¢; of setting
Tp i # a;, so the expected number of such B is at most ¢; x 1/(Mg;) x 1/2 < 517.
Over all variables X; € B, this gives a total probability of < 1/2.

Now consider any B € V; ;. By maximality of I; 5, either B € I 5, or B contains
some variable which occurs C; times in I; ;. In the former case, B is necessarily
removed from V; 411.

Now, suppose variable X; € B occurs exactly C; times in [;,. For each such
occurrence B', there is a probability of > 1/2 that B’ € I{ . Note that the event
that that B’ € I, is independent of xp/ ;, so each such B’ has a probability of ¢;/2
that B’ is selected and xp ; # a;. Hence the total expected number of B’ € [;75 with
Tpi # a;, is at least C; x ¢;/2 > 1/(2M). Note that there are either zero or one
elements B’ € I, with this property, hence the probability that X; switches is at
least 1/(2M). If this occurs, then we have B ¢ V; 1.

In either case, we have shown that a given B € V; ; is removed with probability

at least 1 — 1/(2M). Hence we have

E[[Vienll < (1= 1/(2M))[V4|
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which implies that for s > Q(M logn) we have V, ; = () with high probability. O

Finally, we show that the number of rounds is small.

PROPOSITION 4.23. Suppose that B is resampled in round t. Then the witness

tree corresponding to this resampling has height t.

ProOOF. For each t' < t, let 7(4) denote the tree formed for the resampling of B
from round ¢ onward (that is, we only add events in rounds ¢/, ..., ¢ inclusive to the
witness tree).

We will prove by induction the stronger claim: Suppose that B is resampled in
round ¢. Then for each ¢’ <t, the tree 7y has height exactly ¢ —¢' 4 1; furthermore,
all the nodes at depth ¢ — ¢ + 1 correspond to bad-events resampled at round ¢'.
(Depth 1 corresponds to the root of the tree).

The base case of this induction is ¢’ = t. In this case, note that all events resampled
in round t agree on all variables, and each bad-event B € B is resampled at most
once. Hence 7(;) consists consists of just a singleton node labeled by B.

We move on to the induction step. We begin with 7(y) and wish to extend it
backward in time to round ¢’ — 1. By induction hypothesis, 7(y) has height exactly
t —t' + 1 and the nodes at depth ¢ — ¢’ + 1 correspond to bad-events resampled at
round ¢'.

Note first that all bad-events encountered in round ¢’ — 1 are true at the beginning
of that round. So they agree on all variables, which implies that they cannot be
children of each other. This implies that the only possible nodes at depth ¢/ —t+ 2 in
T(w—1) correspond to bad-events resampled in round ¢' — 1 which have as their parent
a node of depth ¢’ —t + 1. Thus, the height of 7(_) is either t — ¢ + 2 (as we want
to show), or is t — ¢’ + 1.

Next, we must show that 7 _;) has indeed height ¢ — ¢’ 4+ 2. Suppose for contra-

diction that 7(_1) has height t — ' + 1.
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By induction hypothesis, the tree 7,y contains some node v labeled by B’ at height
t' —t 4+ 1 resampled in round ¢'.

First suppose B’ is true at the beginning of round ¢ — 1, so B’ € Vy_1;. Then
either B’ is resampled in round ¢’ — 1, or B’ becomes false during round ¢ — 1. In the
first case, B’ would be eligible to be placed as a child of v, so it is either placed there
or at some other position at the same depth; either way, 7(»_;) would have height
t —t' 4+ 2. In the second case, it must be that B’ contains a variable which switched
in round ¢ — 1. This implies that B’ remains false at the end of round ¢ — 1, so
B' ¢ Vy 1; but B’ was resampled in round ¢’ so this is a contradiction.

Second suppose B’ is false at the beginning of round ¢’ — 1. It must have become
true due to some variable X; switching in round ¢ — 1 due to resampling some B”.
But then B” disagrees with B’ on variable X;, so B” ~ B’. As v is a leaf node in,
this implies that B” would be eligible to placed as a child of v. Again, such B” will
be placed either as a child of v or at some position at the same depth, so that 7/ _y)

would have height ¢ — ' + 2. O

log W

€

PROPOSITION 4.24. The parallel algorithm terminates after O(

) rounds whp.

PROOF. In each round ¢, there is at least one resampling, which must correspond
to some tree of height ¢. As shown in [87], due to the slack condition the total weight
of all such trees rooted in a bad-event B is O(u(B)(1+ ¢€)~"). Summing over all such
B, this implies that for + = Q(log(nW)) this weight is n~%(). Hence whp there are

no such trees. O

Putting this all together, we have the following:

THEOREM 4.25. Suppose that each B € B has size at most M. Suppose that we

satisfy the condition

VB € B,uB) > Pa(B)(1+¢) Y]] nB)

Y orderable B'€Y
to B
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Then whp the Parallel MT algorithm terminates in time ¢+ M (log W)(logO(l) n)(M+

10g?M m) using (nm)°® processors.

Note that the running time of the Simplified Parallel MT algorithm does not
depend on M. In practice, when M is large, then other aspects parallel aspects of
the MT algorithm can become problematic; for example, we need non-trivial parallel
algorithms to enumerate and check the events of B. It remains an interesting open
problem to find a parallel algorithm which works in the regime in which M is large

and the probabilities of the bad-events become close to 1.

4.3. Applications

4.3.1. SAT with bounded variable occurrences. Consider the following prob-
lem: we have a SAT instance, in which each clause contains at least k variables. We
are also guaranteed that each variable occurs in at most L clauses, either positively
or negatively. How can large can L be so as to guarantee the existence of a solution
to the SAT instance? This problem was first introduced by [69], which showed some
bounds on L. Most recently, it was addressed by [43]; they showed that the criterion

L< % suffices to guarantee that a solution exists (and can be found efficiently).

n
+1

This criterion is also shown to be asymptotically optimal (up to first-order terms).
The main proof for this is to use the LLLL; they show that the worst-case behavior
comes when each variable appears in a balanced way (half positive and half negative).

Although the criterion of [43] is asymptotically optimal, we can still improve its

second-order terms. We show the following bound:

THEOREM 4.26. If each variable appears at most

I < (A -1/k)" 2
- k—1 k

times then the SAT instance is satisfiable, and the MT algorithm finds a satisfying

occurrence in polynomial time.
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Furthermore, suppose k = logO(1> n and L < %—% then whp the Parallel

kO logo(1> n
- .

MT algorithm finds a satisfying occurrence in time

ProoOF. We will only prove the sequential result; the parallel result is almost
identical.

For each SAT clause, we have a bad-event B that it is violated. We define u(B) =
« for each bad-event, where o > 0 is a constant to be chosen.

As described by [43], the key problem is to choose a good probability distribution
for each variable. Suppose a variable ¢ occurs in [; clauses, of which it occurs 6;l;
positively. In this case, we set variable ¢ to be T with probability 1/2 — z(d; — 1/2),
where x € [0,1] is a parameter to be chosen. This is quite counter-intuitive. One
would think that if a variable occurs positively in many clauses, then one should set
the variable to be T with high probability; in fact we do the opposite.

We now wish to show that our MT criterion is satisfied. let C' be a clause, suppose
wlg each variable appears in it negatively. Then the corresponding bad-event is that
all such variables are true. This has probability [[...(1/2 — 2(6; — 1/2)). Now,
consider the assignable sets for the clause. We may either select the singleton C
itself, or for each of the k variables we may select one or zero other clauses in which
the corresponding variable appears positively. For each such variable 7, the total

number of such clauses is at most d;L. Hence we have the criterion:

a> H(l/z — (6 — 1/2)) (a + T+ 5Z-La))

ieC
We bound the RHS as follows:
(6)
[1(1/2-2(5:-1/2)) (wi‘([}(u&m)) < iel_([;<1/2_x(5i —~1/2)) (1+6:La+a/k)

icC

Now set x = m; clearly = € [0,1]. With this choice, verify that that the

RHS of (6), viewed as a function of ¢;, achieves its maximum value at ¢; = 1/2. Thus
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we have

H(l/Q—x(&—l/Z)) (a—i—H(l—i—&-La)) < H %(1+a/k+aL/2) =2 (1+a/k+aL/2)

icC ieC ieC

We thus need to find o > 0 such that
(7) a—2" 1+a/k+aL/2)F >0

We differentiate with respect to o to make the LHS of (7) as large as possible.

This yields our optimal choice of o namely:

k 1
2 ((F)77 — 1)
2+ kL

k+101_ k _1 .
When L < # — %, note that (221:2)'%1 > % and so o > 0 as desired.

Also, (7) is satisfied. O

4.3.2. Hypergraph coloring. Suppose we have a k-uniform hypergraph, in
which each vertex appears in at most L edges. We wish to c-color this hypergraph,
while avoiding any monochromatic edges. There are many types of graphs and param-
eters for which better bounds are known, but the LLL gives very simple constructions
and also provides the strongest bounds in some cases (particularly when ¢, k are fixed
small integers)|[83].

Let us first examine how the conventional LLL analysis would work. Counter-
intuitively, when c is large it is better to use the standard LLL (defining ~ in terms
of simple dependency) and when k is large it is better to use the LLLL (defining
~ in terms of lopsidependency.) In the first case, a bad-event is that an edge is
monochromatic (of an unspecified color). Consider an edge f. The neighbors of f
would be other edges than intersect f. An independent set of neighbors of f consists

of either f itself, or for each vertex v € f we may select one or zero edges (other than
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f). Setting p(B) = « for all bad-events, this gives us the criterion

a>cFla+ 1+ (L-1a)k)

Routine calculations show that this can be satisfied if L < w

Alternatively, in the LLLL, a bad-event would be that an edge f receives some
color 7. The neighbors of this event would be other edges receiving colors other than

J; there are k(L — 1)(¢ — 1) + ¢ such neighbors. Using the symmetric LLL and some

k

simplifications, one obtains the bound L < (C_‘fm

Applying Pegden’s criterion to this calculation could give some improvements, but

the relevant calculations no longer have a simple closed form.

k—1
ek ?

C

There seems to be a “basic” form of the bound L < the standard LLL

framework can improve on this using either Pegden’s criterion (replacing 1/e by (1 —
1/k)*=1) or by lopsidependency (replacing one factor of ¢ by (¢ — 1)), but cannot do
both simultaneously.

Our new LLLL criterion We now apply our new LLLL criterion to this problem.
For each edge f € GG, we have ¢ bad-events, namely that f is monochromatic of any
given color. We assign p(B) = « to all bad-events, where a > 0 is a constant to be
determined. We color each vertex independently and uniformly.

Now consider a bad-event B, say wlg that edge f receives color 1. It has probability
¢™*. Now consider the orderable sets for B; we want to sum [],., over all such sets
Y.

First, Y may consist of B itself; this contributes a. Second, Y may consist of, for
each vertex v € f, zero edges or one edge other than f receiving one color 2, ..., c.
Finally, we may have one vertex select f and some color for it; some set of other
vertices selects other edges and other colors. Summing all these cases, we have the
criterion for B:

(8)
a> ek (1+a(c—1)(L—1))k+oz(c—1)((1+a(c—1)(L—1))k—(a(c—1)(L—1))k)+oz]
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This has no closed-form solution for general L, k. But, for fixed values of L,k it
is easily solvable. For example, when ¢ = 2, we list the largest values of L which

are obtained by either our improved MT criterion or the original MT criterion (listed

under L'):
kE|L|L |k |L|L
412121 8 13|12
513139 (23|21
65| 4 |10]40|38
T8 7 117269

We see that our new criterion indeed gives (slightly) stronger bounds. For the

asymptotic case when L is large, note that the RHS of (8) can be approximated:

RHS < ¢ ¥a+ (14 alc—1)(L - 1)) 1+ (c — 1a))
<cF1+alc—1)L)*

k E—1
o 1
Thus, setting a = %, we satisfy the LLLL criterion if

(1 —1/k)k1
L= ==k

which is slightly better than the bounds from the conventional LLLL.

4.3.3. Second Hamiltonian cycle. Consider a k-regular graph GG, with a Hamil-
tonian cycle C. Under what conditions is there a second Hamiltonian cycle C” (that
is, the cycle C' is not unique)? In [112], Thomassen showed that a necessary condition
for the existence of the second cycle followed from the existence of a set of vertices
S C V satisfying the following properties:

(1) If v and w are adjacent on the cycle C, then v and w are not both in S.
(2) For any vertex v € G, either v is in S, or it is connected to a vertex w € S

via some edge e ¢ C.

In other words, S is a dominating set for G — C, and an independent set for C.
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Using the LLL, Thomassen then showed that this condition can always be satisfied
as long as k > 73. This was based on a simple random process, in which each vertex
was put into S independently with probability p. Using the Lovasz Local Lemma
with a much more sophisticated random process, Haxell showed that this condition
can be satisfied as long as k > 23 [58]. It was conjectured that this condition could
be satisfied as long as k > 5.

Haxell’s proof is quite involved, and our LLLL criterion would offer little benefit
for it (as all the bad-events involve many vertices). In [45], there was a simple proof
using the LLLL that this condition can be satisfied as long as £ > 48. Our LLLL
criterion can be used to give another very simple proof under the condition &£ > 43.

While not as good as Haxell’s construction, the proof is far simpler.

THEOREM 4.27. If G is a k-reqular graph for k > 43 and C' is a Hamiltonian

cycle of G, then there is a G — C-dominating, C'-independent set S C V.

PRrooOF. Each vertex enters into S independently with probability p. There are
two types of bad-events: for each edge of C, there is an event of type A, that the
endpoints are both in S; for each vertex of G — C, there is an event of type B, that
v nor its k — 2 neighbors outside of C' are in S. We assign u(B) = a for all events
of the first type, and u(B) = b for all events of the second type. Note that events of
type A are lopsidependent only with events of type B, and vice versa.

Now consider an event of type A. It has probability p?. There are two vertices in
this edge, each of which participates in k£ — 2 events of type B. Similarly, an event of
type B has probability (1 — p)*~!, and each of the k — 1 vertices participates in two

events of type A. Hence our LLLL criteria can be stated as
a>p*(L+ (k—2)b)? b>(1—p)"(1+2a)"

Routine calculations show that this is solvable for k > 43. O
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4.3.4. Independent transversals. We have seen in Chapter 1 how the cluster-
expansion criterion can show the existence of an independent transversal when b >
4A. This can be easily translated, via Pegden’s criterion, to give an algorithm which
finds an independent transversal when b > 4A. Although it is known that inde-
pendent transversals exist under more stringent conditions, this remains, to the best
of our knowledge, the strongest criterion known for any polynomial-time algorithm
to find an independent transversal. Using our new LLLL criterion we slightly can

improve this, obtaining the best constructive bound known so far:

PROPOSITION 4.28. Suppose b > 4A—1. Then the MT algorithm finds an indepen-
dent transversal in polynomial expected time. Furthermore, under these conditions,
the Parallel M'T algorithm runs in time

4b— 1A

o(1) )
b2 —4(b—1)A

log”"" n x min(1,

Proor. We prove the first statement only; the second is similar.

Each edge corresponds to a bad-event; it has probability 1/b%. For an assignable
set of neighbors to an edge f = (u,v), we may choose f, or we may choose (v, x)
where u’ # u is in the class of u, or we may choose (', z) where v’ # v is in the class

of v; or we may choose both of the latter choices. This gives us the criterion
a>b?(a+ 1+ (b—-1)Aa)?)

which is satisfied by some o > 0 whenever b > 4A — 1. OJ

Note that the second condition gives an RNC algorithm either if b > 4A(1 + ¢)

for some constant € > 0, or if b > 4A — 1 and A = logo(l) n.

4.3.5. Off-diagonal Ramsey numbers. In this section, we consider the clas-
sical off-diagonal Ramsey problem on graphs. Suppose we wish to two-color — with
colors red and blue — the edges of K,,, the complete graph on n vertices. We wish to

avoid any red s-cliques or blue t-cliques in the resulting graph. The largest value n for
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which it is possible to avoid such cliques is known as the off-diagonal Ramsey number
R(s,t). There are many aspects and generalizations studied for Ramsey numbers.
One frequently studied scenario is when s is held constant while ¢ — oo.

It was shown in [104], using the LLL, that when n < ¢(¢/log )= and c is a
constant (depending on s) that such a coloring is possible. In other words, R(s,t) >
Q,((t/log t)%) For specific values of s, better bounds are known (e.g., R(3,t) =
O(t*/logt)), but this is the best bound known for general s. The algorithmic challenge
is to efficiently find colorings of the edges of K, that avoid red K, and blue Kj.
Such algorithms should operate when n is as large as possible, ideally up to R(s,t).
Unfortunately, the LLL construction of [104] does not lead to efficient serial or parallel
algorithms. The main roadblock is that there is a bad-event for each t-clique, so that
finding a bad event requires exponential time. For specific values of s, again, there are
known polynomial-time algorithms for finding good colorings. But in general there is
no algorithm that corresponds to the best bounds.

In [48], an algorithm based on MT was proposed for finding such colorings. The
basic idea of [48] is to find and resample red K, while ignoring blue K;. One then
shows that with high probability, none of the K; became blue, even though we did not
explicitly check or resample them. The serial running time of this would be 4(n*),
to search for the red Kj; no parallel algorithm was given.

These results depend on the MT-distribution. Though we did not show this

explicitly in Section 4.1, an easy adaptation of Lemma 4.10 gives us the following:

THEOREM 4.29. Suppose we have a set of bad-events B which satisfies our LLLL
criterion which weights p. Suppose E is any atomic event (which is not itself in B).

Then the probability that E is true at the end of the MT algorithm is given by
P(E is true at end of MT) < Po(FE) Z H w(B')
Y orderable to E B'€Y

Proor. This is nearly identical to the proof of Theorem 2.16. U
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Using this result,we will give a serial algorithm for off-diagonal Ramsey coloring
with a much better run-time, and we will also give a parallel algorithm based on our

Parallel MT algorithm.

THEOREM 4.30. We want to find a red-blue coloring of the edges of K, avoiding
red K, and blue K;. Define

cs—(g—:ﬁl)#(ﬁ)ﬁz.

(1) Suppose n < (@)%(CS —0(1)). There is a serial randomized algorithm

s/4+0(

which runs in time n D and produces a correct solution when it halts,

except with a failure probability of n=¥b

s+

= (cs — o(1)). There is a parallel ran-

(2) Suppose s is constant and n < (@)
domized algorithm which runs in time s°W 1og®Y n time using n*/**°® pro-
cessors, and produces a correct solution when it halts, except with a failure

probability of n=*W).

PROOF. The proofs of both parts are very similar; to simplify the discussion, we
will focus mostly on the serial algorithm, noting any difference between that and the
parallel algorithm.

The probability space €2 is defined by coloring each edge red with probability

and blue otherwise. We ignore the blue K; and so our only bad-events are the red K.

Each bad-event has probability ¢ = p<2) Observe that each bad-event is lopsidepen-
dent with only a single bad-event, namely itself. So the LLLL criterion is satisfied,
setting pu(B) = £, for all bad-events B.

Now consider an arbitrary K;, and let E be the event that it is red at the end of
the MT. We have Po(E) = (1 — p)(g). The orderable sets for this event can be found

as follows: for each of the (;) edges, we may select zero or one blue K,. Thus, by
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Theorem 4.29, the probability that £ holds at the end of MT is given by

P(K; is blue) < ((1 —p)(1 + (Z:;)“))@

Hence, the expected number of blue K; is at most
nt 9 4 =2
E[Blue K] < Fexp(—t Nt /2)
In order to avoid all blue K; with high probability, say with probability n=¢ for
¢ > 0 some arbitrary constant, we must take
s+1
2
cLt?
2
cLt2(t) TG+
(8+1)(¢+t)10g( D@D )

s+1

= (t/logt) * (s —0s(1))

n <

So far, we have shown that when we run the MT algorithm with the given pa-
rameters, then indeed we avoid K; with high probability. The next thing we must
examine is how to run the MT algorithm. In this problem, in which the bad-events are
defined to be red K, the MT algorithm is somewhat degenerate. The critical thing
to note is that when we resample a bad-event, we can never create new bad-events.
Thus, the most potentially time-consuming step of MT — repeatedly searching for
any bad-events which are currently true — can be much simplified. At the beginning
of the process, after we make the initial random color assignment but before we do
any resamplings, we can enumerate all red K. For each such red K, we repeatedly

sample the edges until the K is no longer red. The process of finding the red K, can
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be aided by the fact that we are searching for them in a random graph — namely,
the edges are red independently with probability p.

The simplest way to search for such red K, seems to be through a branching pro-
cess: we gradually build up red Kj, for [ < s. In this branching process, the expected
number of red K is p(é) (7) Thus, the total time complexity of this branching process
will be

Time to find red K, < n®" (n)p@
1=0

1 —1)
< n%W exp(max Ilogn + ( ) logp — llogl +1)
1€[0,s] 2
< ps/4o) (by routine calculus)

This concludes part (1) of the theorem. As the parallel MT algorithm simulates
the serial algorithm, all the results about the MT distribution still remain true in the
parallel setting; in particular we avoid the blue K; with high probability. Also, one
can enumerate the red K, in parallel, using n%/**°) processors and s stages, via the
same type of branching process.

One can see easily that we satisfy the parallel LLLL criterion for n sufficiently
large, setting 1(B) = 1 for all B.and € = 1/2. All the bad events then use () elements,

Os(1)

and the total number of bad-events is n“*'", and we have log Y 5,z 11(B) = O,(logn).

Hence by Theorem 4.25, the Parallel MT terminates in time s©™) logo(l) n whp. U

4.4. MT can be more powerful than the Shearer criterion

In [43], the asymmetric LLL was applied to k-SAT satisfiability. We show that
this type of analysis was close to best possible application of the LLL, in the sense
that stronger forms of the LLL would not have been able to improve the bounds
significantly. Suppose we are given a formula ¢ in each variable appears at most
L times. Suppose each variable appears at most L/2 times positively and at most

L/2 times negatively in ®. Suppose we define the natural probability space in which
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each variable is set to true with probability 1/2 and false with probability 1/2, all
independently of each other, and we define a separate bad-event for each clause in ®
becoming false. In this case, each bad-event has probability p;, = p = 27%.

2k+1

Then, as shown in [43], for L < Ly = RS the LLLL can applied to this
probability space to show that, with positive probability, none of the bad-events
occur: i.e. none of the clauses are falsified, and so ® is satisfiable. As we have shown
in Section 4.3.1, for L < L, = w — %, the Moser-Tardos “simulation” of this
probability space terminates with a satisfying assignment.

In order to show that the MT algorithm, and our criterion for it, can be stronger
than the Shearer criterion, we will create a formula ®, in which each variable ap-
pears at most L/2 times positively and L/2 times negatively, for some L € (Lg, Ly).
However, for the natural probability space €2, the Shearer criterion is violated. That
means that the LLL, applied to the natural probability space, cannot be used to
show that this formula is satisfiable, even though the MT algorithm for it converges.
In other words, information about the probability and dependency structure of the

clauses is not sufficient to show that ® is satisfiable: we must also take account of its

decomposition into variables.

4.4.1. Constructing the extremal formula ¢. We will construct a family of
formulas @, for T' € N, as follows. Suppose L is a fixed even integer. Initially, &,
contains no clauses. At stage ¢ of the process, we create L — 2 clauses containing
variable i; exactly L/2 — 1 clauses in which ¢ appears positively and exactly L/2 — 1
clauses in which ¢ appears negatively. All the other variables in these clauses are
completely new, not appearing in any clause of ®; they all appear positively in the
L — 2 new clauses. When we form ®;, each of the new variables (other than variable
i) appears in exactly one new clause. We refer to the process of adding L — 2 clauses

containing variable ¢ as expanding variable 1.

PROPOSITION 4.31. For any T € N and every i € [n], variable i appears at most

L/2 times positively and at most L/2 — 1 times negatively in $p
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PROOF. One positive occurrence of variable ¢ may occur in expanding ¢’ for ¢/ < 1.
Otherwise, the only occurrences of variable i appear when expanding variable ¢; this

adds L/2 — 1 positive occurrences of ¢ and L/2 — 1 negative occurrences of 7. U

There is a natural tree structure 7 on the variables of ®7: we say that variable 4
is a parent of variable j if variable j was first introduced into ®7 during the expansion
of variable 1.

We define the lopsidependency graph corresponding to ®4 in the usual way: for
each clause of 1, we have a separate vertex and we have an edge between two
vertices if the corresponding clauses disagree on a variable. We let G denote the
lopsidependency graph corresponding to the formula ®;.

Although the graph Gr is complicated, we will show that it contains a relatively
simple and regular type of subgraph. We will actually show that Shearer’s criterion
is violated for this subgraph; as shown in [102], this suffices to show that Shearer’s
criterion is violated for the overall graph Gr.

The graph family H; will consist of many copies of K »_11/2—1, the complete
bipartite graph with L/2 — 1 vertices on each side. Each graph H; has a special copy
of this Kp,/5-1,/2-1, which is labeled as the root of H;. We define the graph family
H; recursively. First, Hy is the null graph (the graph on 0 vertices). To form H,.,
we do the following: we take a new copy of Ky o1 1/2—1, which we will designate as
the root of H;;;. Then, for each vertex v in this root, we add k& — 1 separate new
copies of H;, along with an edge connecting v to all the vertices in the right-half of

the root of the corresponding H;.

PROPOSITION 4.32. Let j > 0 be any fized integer. Then, there is some T suffi-

ciently large (which may depend on j) such that Gr contains a copy of H;.

PROOF. Recall that 7 defines a tree structure on the variables of ®r. For any

variable ¢, let 7[i] denote the subtree of 7 rooted at 1.
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We will prove by induction on j a stronger claim: for any variable ¢, there is some
T = T(i,j) sufficiently large such that the subgraph of Gr induced on the vertex set
Ti] contains a copy of H;, and the root of this copy of H; corresponds to the new
clauses introduced during the expansion of 7.

When j = 0 this is vacuously true. To show the inductive step, note that for
T sufficiently large, then variable ¢ is expanded in ®7. Thus, in &7, variable ¢ has
(L —1)(k —1) children in 7 (the variables introduced during the expansion of 7); we
denote these by C' and we denote the clauses introduced during the expansion of i by
A. By inductive hypothesis, for T sufficiently large, the subgraphs of G induced on
these children all contain copies of H;. Because 7 is a tree structure, these subgraphs
do not intersect in any vertices.

Now consider the clauses introduced during the expansion of 7. All the clauses in
which ¢ appears positively are lopsidependent with all of the clauses in which ¢ appears
negatively. In addition, consider each variable x € C. By inductive hypothesis,
the root of the corresponding H; corresponds to the clauses introduced during the
expansion of x. In the clauses corresponding to the expansion of variable i, this
variable x appears in exactly one clause; in this root node, it appears negatively in
L/2—1 clauses. Hence, G also contains k — 1 edges from each vertex in A to all the

vertices in the right-half of the new copy of H;. 0

4.4.2. Computing the Shearer criterion for H;. We now discuss how to
compute the Shearer criterion for the family of graphs H;. We will show that, for j
sufficiently large, S(H;,0) < 0.

We will make use of two computational tricks for independent set polynomials.

PROPOSITION 4.33. Suppose G has connected-components G1,Gs. Then we have

Q(Gv @7]9) = Q(Gh @,p)Q(G2, @,p)
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PROPOSITION 4.34. Suppose X CV is any set of vertices. Then we have

QG.0.p)= > QG-U-N®U),0p)][(-p)

UCX €U
U independent

where G — U — N(U) is the residual graph; we remove U and all their neighbors from
G.

For the probability space corresponding to the formula @, all the probabilities p;
are equal to the common value p = 27

We will need to work also with slight variant of the graphs H;. We define the
graph family H as follows: the root node consists of a singleton vertex. To this we
attach k —1 new copies of H;_;, along with an edge from the singleton root to all the

vertices in the right-half of the roots of H;_;.
PROPOSITION 4.35. Suppose we define
Sj:Q(Hj’wvﬁ) rj:Q(HJ/'v®7m

where P is the probability distribution assigning probability 27% to each event. Then

s, satisfy the mutual recurrence relations

k— (k=1)(L/2-1) (k—1)2(L/2—1

T = sj_ll —Priy ) )sj_z )
L/2-1 —1)(L/2-1) k—1)(L—-2
s; = 2r{FAD MDD _ (D)D)

PrOOF. We will first deal with H} as it is much simpler. We apply Proposi-
tion 4.34, taking X as the singleton root node. In this case, U is either the empty
set, or U is the root node. In the former case, the residual graph consists of k — 1
independent copies of H;_;.

In the latter case, suppose we remove the root node v of H; and its neighbors; let

us consider one of the copies of H;_; to which v was connected. In this copy of H;_1,
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all the vertices in the left half of the root are now disconnected and isolated, thus we
have L/2 —1 copies of H}_,. In addition, all the vertices in the right-half of the root
are removed; each of those was connected to k — 1 copies of H;_, which now become
isolated copies. In total, when we remove v, then we are left with (k — 1)(L/2 — 1)
isolated copies of Hj_; and (k — 1)*(L/2 — 1) isolated copies of H;_;.

Summing the contributions of these two terms according to Proposition 4.34 gives
_ k—1)(L/2—1) (k—1)2(L/2-1
ri = Q(H! @,ﬁ)zsf_ll_prj(_l L/ )s§_2)(/ )

We next deal with H;. In any independent set U of H;, either U contains zero
vertices from the left half of the root of H;, or zero vertices from the right-half of the
root of Hj, or both. In the first two cases cases, when we remove the vertices in the
left (respectively right) half of Hj, then we are left with L/2 — 1 copies of H} and
(k—1)(L/2 — 1) copies of H;_y. In the third case, we are left with (kK — 1)(L — 2)
copies of H;_;. We can sum the first two contributions and subtract the third, as it

is double-counted: this gives

L/2-1) (k—-1)(L/2—-1 k—1)(L—2
5 = 2rE2 D GADE2-D (ko)D)

PROPOSITION 4.36. Define the function f :[0,1] — R by

fla) =1~ 2 - a—(f/Q—l))k—l

Suppose that the Shearer condition is satisfied for all Gp,T > 0. Then there is

some a € (2L%22, 1] satisfying f(a) = a.

PROOF. Define

DT S
i Vi F—1)(L—2)
i—1 S
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Then we have:

(L/2-1) (k—1)(L/2-1) (k—1)(L—2) (L/2—1)
b — 2r; Sj-1 — 51 2y 1 =94
j = h—1)(L—2) = —D)(L/2-1) S

and we can obtain a pure first-order recurrence on the sequence a;:

_ k—1)(L/2—1) (k—1)2(L/2—1
o 85711 —pr](;l )L/ )35;2 )2 (L/2-1)
J k—1
(k—1)(L/2—1) (k—1)2(L—2)
— 1 plat o Ji=2
—1)2 _ _
8§k_21) (L/2-1) S?_ll
k—1)(L/2—1
:1_pa§_1)( /2-1)
bk*l
i—1
T N
=1- L/2—1 — = J4j
(2a{"/77) — 1)k

One may verify also that ag = 1.

Now suppose that for some j > 1 we have a; < 272, Tn this case, we have
b; < 0 and hence W < 0. This implies that either s; < 0 or s;_; < 0, so the
Shearer condition i;;iolated for H; or H;_;. This implies that the Shearer condition
is violated for Gy for T sufficiently large.

Next, suppose that it holds that f(a) < a for all a € (2_L;—22, 1]. This implies that
the sequence a; is decreasing for 7 € N. As the sequence a; also satisfies a; > 2L%22,
it must converge to some limit point a. But, by continuity, this limit point must be
a fixed point of the functional iteration, i.e. f(a) = a, which is a contradiction

So we know that f(a) > a for some a € (2_L;—22, 1]. But also note that f(1) =
1 —p < 1. Hence, the function f(a) — a changes sign on the interval (2_L;—22, 1]. This

implies there must be a fixed point f(a) = a on this interval. O

2k+1
ek

PROPOSITION 4.37. Suppose L > (1+ ¢k=2), for some small constant ¢ > 0.

Then the Shearer condition is violated on some Gr, for T sufficiently large.
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PROOF. Suppose the Shearer condition is satisfied for all Gr. By Proposition 4.36,

the function f has a fixed point a € (2*%, 1]. Thus L must satisfy the condition

mn@—2£w1—@%ﬁ

Ina

L=2-

Reparametrizing with ¢ = 2¥/0-%) (1 — ¢)/0=%) we obtain the simpler expression

L=2- %, for some t € [0,2]. Thus we have:

(9) L <2412 n(2 —¢)

Let to =1 — (k+1/2)7'. A simple computation shows that the derivative of the
RHS of (9) with respect to t is negative for ¢ > t,. So the maximum value occurs at
t < tg, and for such ¢t we have

1

1
mrtl

In(2—1¢) <In(2—ty) — (t —to)

Thus we have

2k+Hﬁ‘1<2k(t——1)——(2k%—3)k¥g(—l——%1>—+t—%1>

L<2_ k+3
2k +3
k
241 (B1)" 2k + 1)F (2% + (2K + 3) log (hr +1) — 1)

<24 T2 +2 by simple calculus
- 22+ k-3

k+1
< (14+O0(k™%)

e

O

We contrast this with our result in Section 4.3.1; there, we showed that the MT

2k+1

algorithm converges when L < L; and L is on the order 2—(1 4+ ©(k™")). This
means that there is a gap of size ©(2%/k?) between the bounds provable from Shearer’s

criterion and the bounds provable from our new LLLL criterion.
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CHAPTER 5

The Moser-Tardos framework with partial resampling

In the standard MT algorithm, we resample all the variables which affect a true
bad-event. In this chapter, we develop a new algorithm based on partial resampling,
in which only a subset of the variables are resampled. We refer to this as the Partial
Resampling Algorithm (PRA); the idea is to carefully choose a distribution D; over
subsets of {j € S; : X;} for each ¢, and then, every time we need to resample, to
first draw a subset from D;, and then only resample the X;’s that are contained in
this subset. This partial-resampling approach leads to algorithmic results for many

applications that are not captured by the LLL.

In order to motivate our applications, we start with two classical problems: sched-
uling on unrelated parallel machines [74], and low-congestion routing [96]. In the
former, we have n jobs and K machines (we interchange the standard use of the in-
dices 7 and 7 here, and use K in place of the usual “m”, in order to conform to the
rest of our notation), and each job i needs to be scheduled on any element of a given
subset M; of the machines. If job 7 is scheduled on machine j, then j incurs a given
load of p; ;. The goal is to minimize the makespan, the maximum total load on any
machine. The standard way to approach this is to introduce an auxiliary parameter
T, and ask if we can schedule with makespan T [74, 106]|. Letting [k] denote the

set {1,2,...,k}, a moment’s reflection leads to the following integer-programming
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formulation:

(10) Vieln], Y w; = L

JeM;
(11) Vj € K], sz‘,ﬂi,j < T
(12) V(i,7), piy >T = ;=0
13) Vi) ey € {01}

(Although (12) is redundant for the IP, it will be critical for the natural LP relaxation
[74].) In low-congestion routing, we are given a collection of (source, destination)
pairs {(s;,t;) : @ € [n]} in a V-vertex, K-edge directed or undirected graph G with
edge-set F; each edge f € E has a capacity cs, and we are also given a collection
P, = {P,;} of possible routing paths for each (s;,¢;)-pair, with each such path indexed
by ¢ and an auxiliary index j. We aim to choose one path from P; for each ¢, in order
to minimize the relative congestion: the minimal 7" such that the maximum load on

any edge f is at most 1"- ¢;. We get a similar IP formulation:

minimize 71" subject to |Vi, Za:” =1, Vf e E, Z xi; <T-cp; x5 €40,1}.
j (27.7) fePi,j

Our class of problems. Given the above two examples, we are ready to define the
class of problems that we will study. As above, we have n variables X7, Xo, ..., X;
we need to choose one value for each variable, which is modeled by “assignment
constraints” (10) on the underlying indicator variables z;;. In addition, we have
a set B of (undesirable) events; these are all conjunctions of the elementary events
X,; = j; we aim to choose the variables X;, ..., X,,, and such that all the B € B are
falsified. It is easily seen that our two applications above, have the undesirable events
are defined by /linear threshold functions of the form “Zi,j ki jTi; > b’y we will
also consider bad-events which are non-linear, some of which will be crucial in our

packet-routing application. We develop a partial resampling approach to our basic
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problem in Section 5.1; Theorem 5.6 presents some general conditions under which
our algorithm quickly computes a feasible solution Xy, ..., X,.

A key technical tool in our analysis is a new formula for counting the tree-
structures which appear in the proof of the MT algorithm. This greatly simplifies
the analysis of the Asymmetric LLL. It is critical to obtaining usable formulas for
complicated applications of the Partial Resampling framework, but it is also very
useful for analyzing the standard Moser-Tardos framework.

Let us next motivate our result by describing three families of applications.

5.0.3. The case of non-negative linear threshold functions. The sched-
uling and routing applications had each Bj being a non-negative linear threshold

function: our constraints (i.e., the complements of the By) were of the form

(14) Vk € [K], Z ki jTi; < by.

i,J
(The matrix A of coefficients a,; here, has K rows indexed by k, and some N
columns that are indexed by pairs (i, j).) Recall that all our problems will have the
assignment constraints (10) as well. There are two broad types of approaches for such
problems, both starting with the natural LP relaxation of the problem, wherein we
allow each w;; to lie in [0,1]. Suppose the LP relaxation has a solution {y; ;} such
that for all k, “Zz‘,j agiYi; < U7, where b), < by, for all k; by scaling, we will assume

throughout that ay;; € [0,1]. The natural question is:

“What conditions on the matrix A and vectors ¥ and b ensure that
there is an integer solution that satisfies (10) and (14), which, fur-

thermore, can be found efficiently?”

The first of the two major approaches to this is polyhedral. Letting D denote the
maximum column sum of A, i.e., D = max;; ), ax, ;, the rounding theorem of [63]

shows constructively that for all k,

(15) by =b,+ D
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suffices. The reader is asked to verify that given a solution to the LP-relaxation of
makespan minimization that satisfies (10), (11) and (12), bound (15) implies that
we can find a schedule with makespan at most 27 efficiently. This 2-approximation
is the currently best-known bound for this fundamental problem, and what we have
seen here is known to be an alternative to the other polyhedral proofs of [74, 106].

The second approach to our problem is randomized rounding [96]: given an LP-
solution {y;;}, choose exactly one j independently for each ¢, with the probability
of y; ; of setting variable 7 equal to j. The standard “Chernoff bound followed by a
union bound over all K rows” approach [96] shows that Chernoff(d),b;) < 1/(2K)
suffices, for our goal to be achieved with probability at least 1/2. That is, there is
some constant ¢g > 0 such that

log K
log(2log K/b;,)

(16) by > co - if b, <log K; b, > bj, + co - /b, - log K if bj, > log K

suffices. In particular, the low-congestion routing problem can be approximated to
within O(log K/loglog K') in the worst case, where K denotes the number of edges.

Let us compare these known bounds (15) and (16). The former is good when
all the b}, are “large” (say, much bigger than, or comparable to, D — as in the 2-
approximation above for scheduling); the latter is better when D is too large, but
unfortunately does not exploit the sparsity inherent in D — also note that K > D
always since the entries ay;; of A lie in [0,1]. A natural question is whether we can
interpolate between these two: especially consider the case (of which we will see an
example shortly) where, say, all the values b), are ©(1). Here, (15) gives an O(D)-
approximation, and (16) yields an O(log K/ loglog K)-approximation. Can we do
better? We answer this in the affirmative in Theorem 5.19 — we are able to essentially
replace K by D in (16), by showing constructively that if we have b} < R for all k,

for some R > 1, then we achieve

log(D + 1)

b, = Cy s if < log(D + 1); by = R+Cy/ Rlog(D + 1) if R > log(D + 1)
1+ log —Og(R+)

132



suffices.

Application to multi-dimensional scheduling. Consider the following D-dimensional
generalization of scheduling to minimize makespan, studied by Azar & Epstein [14].
Their (D + 1)-approximation here also holds for the following generalization, and
again follows quickly from (15). Here, when job ¢ gets assigned to machine j, there
are D dimensions to the load on j (say runtime, energy, heat consumption, etc.): in
dimension ¢, this assignment leads to a load of p; ;, on j (instead of values such as p; ;
in [74]), where the numbers p; j, are given. Analogously to (10), (11) and (12), we
ask here: given a vector (T1,Ts,...,Tp), is there an assignment that has a makespan
of at most Ty in each dimension ¢? The framework of [14] and (15) gives a (D + 1)-
approximation' while our bound (5.0.3) yields an O(log D/ log log D)-approximation;
since D < K typically in this application, this is also a significant improvement over

the O(log K/loglog K )-approximation that follows from (16).

Comparison with other known bounds. As described above, our bound (5.0.3) im-
proves over the two major approaches here. However, two related results deserve
mention. First, a bound similar to (5.0.3) is shown in [72], but with D*, the max-
imum number of nonzeroes in any column of A, playing the role of D. Note that
D* > D always, and that D* > D is possible. Moreover, the bound of [72] primarily
works when all the b}, are within an O(1) factor of each other, and rapidly degrades
when these values can be disparate. Finally, our bound is better when R > log(D+1);
other works give the bound in this case of b, = R + Cyy/Rlog R.

5.0.4. Transversals with omitted subgraphs. Given a partition of the ver-
tices of an undirected graph G = (V, E) into blocks (or classes), a transversal is a
subset of the vertices, one chosen from each block. An independent transversal, or
independent system of representatives, is a transversal that is also an independent

set in GG. The study of independent transversals was initiated by Bollobas, Erdos

TAs usual in this setting, an “approximation” here is an algorithm that either proves that the
answer to this question is negative (by showing that the LP is infeasible), or presents the desired
approximation simultaneously for each Tj.

133



& Szemerédi [18], and has received a considerable amount of attention (see, e.g.,
2, 5, 7, 54, 59, 60, 75, 111, 116]). Furthermore, such transversals serve as build-
ing blocks for other graph-theoretic parameters such as the linear arboricity and the
strong chromatic number [5, 7]. We improve (algorithmically) a variety of known suf-
ficient conditions for the existence of good transversals, in Section 5.3. In particular,
Szabd & Tardos present a conjecture on how large the blocks should be, to guarantee
the existence of transversals that avoid K, [111]; we show that this conjecture is
true asymptotically for large s. We also study weighted transversals, as considered
by Aharoni, Berger & Ziv [2]|, and show that near-optimal (low- or high-) weight

transversals exist, and can be found efficiently.

5.0.5. Packet routing with low latency. A well-known packet-routing prob-
lem is as follows. We are given an undirected graph G with N packets, in which
we need to route each packet ¢ from vertex s; to vertex t; along a given simple path
P;. The constraints are that each edge can carry only one packet at a time, and
each edge traversal takes unit time for a packet; edges are allowed to queue packets.
The goal is to conduct feasible routings along the paths P;, in order to minimize the
makespan T, the relative of the scheduling notion above that refers to the time by
which all packets are delivered. Two natural lower-bounds on T" are the congestion C'
(the maximum number of the P; that contain any given edge of G) and the dilation
D (the length of the longest P;); thus, (C'+ D)/2 is a universal lower-bound, and
there exist families of instances with 7> (1 +Q(1)) - (C'+ D) [97]. A seminal result
of [73] is that " < O(C + D) for all input instances, using constant-sized queues at
the edges; the big-Oh notation hides a rather large constant. Further work [99, 93]
improved this constant term substantially, leading to the bound 23.4(C' + D) given

n [93]. We improve these further to a constructive 5.70(C' + D) here.

Informal discussion of the Partial Resampling Algorithm. To understand the

intuition behind our Partial Resampling Algorithm, consider the situation in which
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we have bad events of the form Z; +--- + Z, > p + ¢, where the expected value
of Zy +---+ Z, is u. There are two basic ways to set this up for the standard
LLL. The most straightforward way would be to construct a single bad-event for
Zy+ -+ Z, > p+t. In this case, the single event would depend on v variables,

which might be very large. Alternatively, one could form ( v ) separate bad-events,

ptt
corresponding to every possible set of p + t variables. FEach of these bad-events
individually would have a very low probability, and the overall dependency would
also be low. The problem with this approach is that the collective probability of the
bad-events has become very large. In effect, one is approximating the probability of
the bad-event Z; +---+ Z, > pu+t by a union-bound over all (uit) subsets. When t
is small, this union bound is very inaccurate.

In fact, both of these approaches are over-counting the dependence of the bad-
event. In a sense, a variable Z; is causing the bad-event only if it is “the straw
that breaks the camel’s back,” that is, if it is the key variable which brings the sum
Zy + --- + Z, over the threshold pu + t. Really, only about ¢ of the variables are
“guilty” of causing the bad-event. The first p variables were expected to happen
anyway; after reaching a total p+t variables, any remaining variables are redundant.
Any individual variable Z; only has a small chance of being a guilty variable.

This is a situation in which there are many variables which have have some effect
on the bad event, but this effect is typically very small. The standard LLL, which
is based on a binary classification of whether a variable affects a bad-event, cannot
see this. We will give a new criterion which quantifies how likely a variable is to
be responsible for the bad-event. This will in turn greatly lower the dependency be-
tween bad events, while still keeping an essentially accurate bound on the probability.
Further specific comparisons with the standard LLL are made in Sections 5.3 and 5.4.

In general, the Partial Resampling Algorithm tends to work well when there are

common configurations, which are not actually forbidden, but are nonetheless “bad”

in the sense that they are leading to a forbidden configuration. So, in the case of a
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sum of random variables, if a large group of these variables is simultaneously one, then
this is bad but, by itself, still legal. We will see other examples of more complicated

types of bad-but-legal configurations.

Organization of the chapter. The Partial Resampling Algorithm is discussed
in detail in Section 5.1. We give a criterion, similar to the asymmetric LLL, for
showing that this algorithm terminates in expected polynomial time.

Section 1.6 describes an alternative, more succinct formulation of the “weighting
function” necessary to analyze the PRA. This method is very useful for the standard
MT algorithm as well, but it is particularly important for the PRA, because the
criterion we develop in Section 5.1 has a huge number of parameters and is difficult
to work with directly.

A related but non-constructive framework, which is able to apply to similar types
of combinatorial configurations with qualitatively similar result, is presented in the
appendix in Section 5.C.

Applications are discussed in the following three sections: transversals with omit-
ted subgraphs, improved integrality gaps for column-sparse packing problems, and
packet routing in Sections 5.3, 5.4, and 5.5 respectively. The appendix contains nu-

merical results and a useful probabilistic lemma.

5.1. The Partial Resampling Algorithm

5.1.1. Notation. We begin by discussing some basic definitions that will apply
throughout.

We have n variables; each variable has a set of possible assignments, which may
be countably infinite or finite, and which we identify with (a subset of) the integers.
We define the probability space €2, in which the variables are assigned independently:
for each variable i we set X; = j with probability p; j, where where j ranges over the
set of valid assignment to variable i. Henceforth we will not be explicit about the set

of possible assignments, so we write simply > ibij =1
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We refer to any ordered pair (7,7) where j is an assignment of variable i, as an
element. We let X denote the set of all element. Given any vector X = (Ai;) indexed

by elements (7, j) € X', we define, for any set Y C X,

(17) =

(i,9)€Y

Atomic events as sets of elements. We are also given a collection B of bad-events.
For our purposes, we may suppose that all the events in B are atomic events; that is,

each bad-event is defined by
BEXil :jl/\/\X” :jl

We slightly abuse notation so this atomic event would be represented by the set
{(i1,51),---, (i1, 51)}. Thus, when we write (i,j) € B, we mean that a necessary
condition for bad-event B to be true is that X; = j.

In many applications of the LLL, the bad-events may be more complex. However,
we can always write a complex bad event as a union of a (possible large) number of

atomic bad-events. For example, if a bad-event is that Z; + --- + Z, > u +t, then

v

this can be represented as (u e

) separate atomic events.

Labeling bad-events. For technical reasons, which we will discuss more in
Section 5.1.5, we may sometimes need to attach labels in the range {1,..., K} to
each atomic bad-event. Thus, we suppose there is a la belling map £ : B — [K]|. We

will use the notation

By ={BeB|L(B)=k}

To provide a very brief explanation of the role played by labels: in many applica-
tions of the LLL, there are multiple complex bad-events. We often want to analyze
each complex bad-event separately. By adding labels to each complex bad-event, we
will be able to limit their interactions with each other. In reading the following

sections, the reader is advised to keep in mind the case when K =1 (so
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that essentially the la belling map does not play a part). Almost all of the
intuition and results apply in that setting, and many of our applications

will use it as well. We refer to the case when K = 1 as the trivial la belling.

5.1.2. Fractional hitting-sets. In order to use our algorithm, we will need to
specify an additional parameter. For each k = 1,..., K we must specify a fractional
hitting-set @)y, which essentially tells us how to resample the variables in that bad

event.

DEFINITION 5.1. Suppose C : 2% — [0, 1] is some weight function on the subsets
of X.
Let B be an atomic bad-event, which we view as a set of elements B = { (i1, j1),-- -, (ir, Jr)}-

We say that C' s a fractional hitting set for B if we have that

(18) d o) =1

YCB
Suppose B is a set of atomic bad-events. We say that C is a fractional hitting set

for B if C' is a fractional hitting set for all B € B.

Remark regarding Definition 5.1. We may assume, without loss of generality,

that if Y contains more than one value for a variable (that is, if it contains (7, j) and

(7,7")) then C(Y') = 0.

If there are K possible labels, we will select K fractional hitting sets Q1, ..., Qk;
for each k = 1,..., K we require that () is a fractional hitting set for Bj.
One possible choice for the fractional hitting set is the bad-event itself, which is

easily verified to be a valid fractional hitting-set:
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DEFINITION 5.2. Let B be a set of bad-events. We define the trivial hitting-set
for B by

1 ifYenB
cly) =

0 otherwise
If the trivial hitting-set is used, then our analysis essentially reduces to the or-
dinary MT algorithm (but we will still show improvements in that case). We will
discuss later how to construct such fractional hitting-sets, but for now we suppose

that we are provided some specified Q1, ..., Qk.

DEFINITION 5.3 (A supported event). Given any Y C X and k € [K], we say
that (Y, k) is supported if Qr(Y) > 0.

5.1.3. Partial Resampling Algorithm and the Main Theorem. We present
our partial resampling algorithm, and main theorem related to it.
Consider the following relative of the MT algorithm. We refer to this as the Partial
Resampling Algorithm or abbreviate as PRA.
1. Draw Xq,..., X, ~Q
2. Repeat the following, as long as there is some true bad-event B € B:
3. Select, arbitrarily, some true bad-event B € B. We refer to this set B
as the wviolated set.
4. Select exactly one subset Y C A. The probability of selecting a given Y
is given by

Qr(Y)
EY’QB Qk(Y/)

where k = L(B). We refer to Y as the resampled set.

P(select V) =

5. Resample all the variables involved in Y independently from (2.
This differs from the MT algorithm in that if there is a bad event that is currently
true, then MT would resample all the variables which it depends upon. Here, we

only resample a (carefully-chosen, random) subset of these variables.
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We will need to keep track of the dependency graph corresponding to our fractional
hitting set. This is more complicated than the usual Moser-Tardos setting, because
we will need to distinguish two ways that subsets of elements Y,Y” could affect each
other: they could share a variable, or they could both be potential resampling targets
for some bad-event. In the usual Moser-Tardos analysis, we only need to keep track
of the first type of dependency. The following symmetric relation &~ (and its two

supporting relations ~ and i) will account for this:

DEFINITION 5.4. (Symmetric relations ~, <y, and ~) Let Y,Y' C X.

We say Y ~ Y iff there exists a triple (i, j,j') such that (i,7) € Y and (i,5') € Y':
i.e., iff Y and Y overlap in a variable. We also write i ~Y (orY ~ i) to mean that
Y involves variable i (i.e., (i,j) € Y for some j.)

For each k, we say Y <y, Y' iff Y £ Y’ and there is some event B € By with
Y.Y' C B.

Relation = is defined between pairs (Y, k): We define (Y, k) = (Y',K') iff Y ~ Y’
orY <, Y'. Note that, by definition, it is impossible for both to occur simultaneously.

We say that the > relations are null if for all YY" with Qx(Y) > 0,Qx(Y’) > 0
we have Y p4, Y.

We give three conditions for the PRA to terminate. These conditions are anal-
ogous to, respectively, the cluster-expansion criterion, the asymmetric LLL, and the

symmetric LLL. In order to state the conditions, we introduce some definitions:

DEFINITION 5.5. (A neighbor-set for (Y,k)) Given any Y C X and k € [K]
and a set T C 2% x [K], we say that T is a neighbor-set for (Y, k) if the following
conditions hold:

(1) For all (Z,1) € T we have Z =Y.
(2) There do not exist (Z,1),(Z',l') € T with Z ~ Z'

(3) There is at most one element (Z,k) € T satisfying Z <, Y
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THEOREM 5.6. (Main PRA Theorem) Suppose we are given fractional hitting
sets Q1,...,Qx for By, ..., Bk respectively.
In each of the following three cases, the PRA terminates in a feasible configuration

avoiding all bad events with probability one.

(a) Suppose there exists ji : 2% x [K] — [0,00) which satisfies, for allY C X and all
ke K],
u(Y,k) > p Qu(Y) > T 0w

T a neighbor-set for Y (Y,k')eT

Then, the expected number of resamplings is at most Z(Y,k) w(Y k).

(b) Suppose there exists p : 2% x [K] — [0, 00) which satisfies, for allY C X and all
ke [K],

p(v) = p Q) (TT 4+ X2 w0k (14 X2 u(v",k)

Y/~Y k'€[K] Y'Y

Then, the expected number of resamplings is at most Z(Y’k) w(Y, k).

(c) Suppose that for all Y € 2% k € [K]| we have p¥ Qr(Y) < P; and suppose that
for all supported (Y, k), there are at most D supported (Y', k') with (Y' k') ~ (Y, k)
(note that we allow here (Y' k') = (Y, k).) And suppose finally that we satisfy the

criterion

ePD <1

Then, the expected number of resamplings is at most e Z(Y’k) pY Qr(Y).

5.1.4. Proof ingredient: Witness Trees. A key component of our proofs will
be the notion of witness trees as we have introduced in Chapter 2, but with a small
but critical difference. Suppose we run the PRA and encounter bad-events By, ..., By;
for each of these we resample the set Yi,...,Y;. We define the execution log of this
algorithm to be the listing (Y1, £(B1)), ..., (Y:, L(B:)). It is crucial to note that we

do not list the violated sets B themselves (only their labels). Not listing the violated
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sets themselves, is one of our critical ideas, and helps prune the space of possible
witness trees substantially.

So the execution log is a series of pairs (Y1,k1),..., (Y:, k). We form the witness
tree in in a manner similar to that given in Chapter 2, driven by the relation =, but
there is a key difference. Each node (Y k) is only allowed to have a single child due to
the relation <, and has no children due to the relation >y for k' # k. As we will see,
a single p<-child provides all the information needed. A much simpler proof for the
critical Witness Tree Lemma could be obtained if we allow for multiple ><-children,
but having this stronger form of the Witness Tree Lemma pays off later with simpler
and stronger results.

Here is how we build a witness tree for an entry in execution log (Y™, k*) (for
example, the final resampling). The event (Y*, k*) goes at the root of the tree. This,
and all nodes of the tree, will be labeled by the corresponding pair (Y, k). Stepping
backward in time, suppose the current event being processed is labeled (Y, k). Suppose
that either there is a node (Y’, k') in the current tree with Y ~ Y, or there is an node
(Y' k) and Y <, Y and the node (Y', k) does not currently have a child (Y", k) with
Y” >, Y. In this case, we find the node v of lowest level (i.e. highest depth) which
satisfies either of these conditions, and make the new node labeled (Y, k) a child of
the node v. If there are no nodes satisfying either condition, we skip (Y, k). Continue
this process going backward in time to complete the construction of the witness tree.

Because this will come up repeatedly in our discussion, given a node v labeled by
(Y, k), we refer to a child (Y, k) with Y i Y as a pa-child. If a node v has a p<-child
v’ we say it v is saturated by v’ otherwise we say v is unsaturated. Evidently in this
construction each node may have one or zero <-children.

As in [94], note that all nodes in any level of the witness tree must form an

independent set under ~; this will be useful in our analysis.
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We next introduce our main Lemma 5.7, connecting the witness trees to the
execution logs. However, as pointed out after the proof of the lemma, its proof is

much more involved than Lemma 2.8.

LEMMA 5.7 (Witness Tree Lemma). Let 7 be any tree-structure, with nodes labeled
by (Y1,k1), (Yo, ko) ..., (Y, ki). Then the probability that the witness tree T appears is

at most

¢
P(7 appears) < HpYSQkS (Ys).

s=1

Remark. Recall the notation (17) in parsing the value “p¥s” above.

ProOF. We will construct a necessary conditions for the tree 7 to appear. These
conditions all have the following form: they contain some conditions on the past
history of the PRA; as soon as these conditions are triggered, we demand that the
random variable which is about to be sampled takes on a specific value. We refer to
the preconditions of each of these checks as triggers and the demanded event to be the
target. The target will be either that some variable ¢ we are about to resample takes
on a specific value j; or that when we detect a bad-event B, we select some specified
Y C B to resample. For the tree 7 to appear, it must be the case that each trigger is
detected exactly once in the execution log and no two triggers occur simultaneously.
In this case, Lemma 5.32 from Appendix 5.B can be used to show that the probability
of this event is at most the product of the individual target probabilities, namely p;
and Qr(p)(Y) respectively.

Recall that we do an initial sampling of all categories (which we can consider the
zeroth resampling), followed by a sequence of resamplings. Now, consider a node s
of 7 labeled by (Y, k). Suppose (i,7) € Y. Because any node — labeled (Y’, k), say
— in which ¢ is sampled would satisfy (Y, k) ~ (Y’ k'), it must be that any earlier
resamplings of the variable ¢ must occur at a lower level of the witness tree. So if we
let r denote the number of times that variable ¢ has appeared in lower levels of 7, then

we are demanding that the r' resampling of variable i selects j. Such a condition
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has the form we mentioned earlier; the trigger is that we have come to resample 7 for
the 7" time, and the target is that we select value j. The probability of this is p; ;.
We next consider the probability of selecting set Y. Consider all the nodes
(Y1,k1),..., (Y, k) ~ (Y,k) of the witness tree which are at a lower level than Y.
To simplify the discussion, we will suppose that Y; are distinct; if not, we would
simply have to count events with their appropriate multiplicities.
We divide these nodes into four mutually exclusive categories:
(1) Y, ~Y
(2) k; =k and Y; b Y and (Y}, k) is unsaturated
(3) ki =k and Y; > Y and (Y, k) is saturated by Y/ and (Y}, k) is the ><-child
of (Y, k).
(4) ki = k and Y; b Y and (Y;, k) is saturated by Y/ and (Y;, k) is not the
><-child of (Y, k).
Define a potential time for (Y, k) as some time in the execution of the PRA such

that:

e For all Y; in cases (1), (2), (3), then Y; has been resampled.
e For all Y; in case (4), then either Y/ has not been resampled or Y; and Y/

have been resampled.

Note that the potential times are not necessarily contiguous in time — these condi-
tions can flip multiple times between satisfied and unsatisfied.

Given a bad-event B, we say that Y is eligible for B if L(B) = k and Y C B.
If we are a state in the PRA at which we have selected some bad-event B O Y, but
not yet chosen the resampled set, then we say that Y is eligible (omitting the implied
dependency on B).

We begin by claiming that Y must have been selected during a potential time.
For, suppose that there is a node Y; of type (1), but Y occurred before Y;. Then,
forming the witness tree in the backward manner, by the time Y is added to the

witness tree, Y; is already present. So Y would be placed below Y;, contradicting the
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way we have defined the enumeration. A similar argument is seen to apply to nodes of
type (2). For nodes of type (3), the reasoning is simpler: the <y, child always occurs
earlier in time than its parent. For a node of type (4), we suppose for contradiction
that we encounter Y after Y, but before Y;. So the sequence of resamplings must be
Y/, Y)Y, So when Y is added to the tree, node Y; is present but lacks its p<j-child.
So Y would be placed beneath Y; (or lower in the tree).

We now claim that in the first situation during a potential time in which Y is
eligible we must resample Y. For, suppose not. In order for 7 to appear we must
eventually resample Y'; so there must be multiple situations during the execution of
the PRA which are potential times in which Y is eligible, and in one of those times
(but not the first) we must resample Y. Suppose that we resample the set Y during
the rth such situation; let Y” be the set that was resampled in the r — 1st such
situation (this is well-defined as r # 1). As Y is eligible at this time, Y must occur
with label k.

We will show that (Y, k") must be placed below (Y, k) in the witness tree. This
is obvious if Y ~ Y so suppose Y <, Y. First suppose that (Y, k) has no <y, child.
In this case, (Y, k) could be placed as a <y, child of Y (or deeper in the tree).

Next, suppose that Y has a >-child Y’ in 7. So Y” is a node of type (3) for Y.
As Y is resampled during a potential time, it must be that Y’ is resampled before
Y”. So the sequence of resamplings must be Y/, Y” Y. In that case, going backward
to form the witness tree, at the time Y is created its t<-child Y’ has not been added.
So again (Y, k) could be placed in the tree under (Y, k).

In any of these cases, the node (Y, k) appears below Y in the witness tree. Also,
(Y" k) =~ (Y, k). So Y" appears in the listing (Y1, k1),..., (Y}, k); i.e. Y =Y, for
some s € [I].

Suppose that Y ~ Y. Then node (Y” k) is of type (1) in the above listing.

This implies that in any potential time for Y, it must be that Y” has already been
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resampled. But node Y is resampled during a potential time, i.e. node Y is selected
after node Y is resampled which is a contradiction.

This same argument applies for type (2) or type (3) in the above listing. The
only complicated case is type (4): that is, Y” > Y and Y” is saturated by some
by Y and Y” is not the by, child of (Y, k). We are assuming that Y is resampled
during a potential time for Y. By definition, this implies that either Y has not been
resampled or both Y” YY" have been resampled. These are both contradictions.

In summary, we have shown that the first potential time in which Y is eligible for
some B € By, then we in fact resample Y. Critically, the target of this condition has
a probability of at most Qx(Y") due to (18), for any bad-event B.

It is clear that each condition of the first kind, refers to a distinct target. The
second type of event must also — for if (Y, k) and (Y’ k) are selected in the same
event, then k = k' and Y = Y’ and one of these nodes would have placed above the
other in the witness tree. Observe that if two identical nodes appear in the witness
tree, then our conditions state that one must be selected before the other.

By Lemma 5.32, taking the product over all such conditions, the total probability
is at most [ p**Qp.(Ys). The key point in this proof is that, based on the execution
of the PRA and the information in the tree 7, we can determine exactly when each

Y., ks should have been selected and what these should be resampled to. O

The PRA and its proof are very similar to the MT algorithm, and it is tempting to
view this as a special case of that algorithm. However, the proof Lemma 2.8, which is
the analog of Lemma 5.7 for the MT algorithm uses a quite different argument based
on coupling. The tree-structure 7 imposes necessary conditions on these samplings,
whose probability distribution can be computed easily. While this coupling argument
works for the value selected in each variable, it does not appear to work for bounding
the probability of selecting a given Y. For this, we appear to need the “Nostradamus

Lemma”: Lemma 5.32 from Appendix 5.B.
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For any tree 7, we define its weight

w(r) = [[r"Qun(Yy).

In order to show that the PRA terminates, we bound the total weight of all tree-
structures. This is very similar to the calculation in Moser & Tardos, so we give a

sketch here:

PROPOSITION 5.8. Suppose we are given a weighting function satisfying Theo-
rem 5.6(a). Then the total weight of all tree-structures with root labeled (Y, k) is at
most u(Y, k).

PrOOF. For any Y C X k € [K]| let T,(Y, k) be the total weight of all tree-
structures with root node labeled (Y,k) of height at most h. One can show by
induction on h that T),(Y, k) < u(Y, k). To show this, note that the children of the root
node must receive distinct labels (Z1,1), ..., (Z,,1.), and that {(Z1,01),...,(Z., 1)}
must be a neighbor-set for (Y, k). O

Next, note that for any distinct times ¢ < ¢, the witness trees 7¢, 7t are distinct.
Thus, the expected number of resamplings is at most the expected number of witness
trees which appear, which is at most the sum of the weights of all witness trees, which
is at most 3~y ;) (Y, k). This immediately shows Theorem 5.6(a).

We can derive Theorem 5.6(b), by using the following method to enumerate
neighbor-sets 7. First, we put into 7 either one element (Y” k) with Y <, Y,
or no such elements; this contributes a factor (1 + D vy HY", k)) Next, for any
Y’ ~ Y, we place (Y’, k") into 7, for at most one choice of k. (Observe that 7 cannot
contain both (Y’ k}) and (Y’ k) by definition of a neighbor-set). For any Y’ ~ Y,
this contributes the term 1+ 37, u(Y", k). This produces every neighbor-set

7T, but some of the sets produced in this way are not neighbor-sets; thus this is an
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over-estimate. So we have

> [T v )< (TTO+ 3wy k) (1+ > wr".k)
k' €[K]

T a neighbor-set for Y (Y,k')eT Y'~Y Y'Y

Finally, we can derive Theorem 5.6(c) by setting u(Y, k) = ep¥ Qi (Y) for all Y, k.

5.1.5. Complex bad-events and the role of labels. Now that we have de-
veloped our PRA framework, we can clarify the role played by the labeling function
L:B— [K].

Suppose, as is often the case in applying the LLL, that we have multiple complex
bad-events. We say a bad-event is complex if it is not an atomic event (a conjunction
of elements). For example, a bad-event might be defined in terms of a linear threshold
Z1+ -+ Z, > p+t. Any complex bad-event can be expressed as a disjoint union
(possibly exponentially sized) of atomic bad-events. For example, the linear threshold

is definable as ( v

- t) separate atomic bad-events. This decomposition is not necessarily

unique, but we suppose we have fixed one particular choice for this decomposition.

So, we may write our family of bad events B as B = By UByU- - -U Bk; here, each
By, is a complex bad-event, which is a set of atomic bad-events.

At this point, we might want to analyze each B, separately, deriving an appro-
priate fractional hitting set () and computing some measure of “badness” which we
can aggregate over all B. When we are applying Theorem 5.6, the linkages due to
~ are relatively easy to handle in this way — it is very similar to the situation for
the usual asymmetric LLL. But the linkages due to <t may become hard to handle.
In particular, we may have some B € B;, with Y,Y’ C B; in this case, the sets Y, Y’
become dependent with each other in a complicated, non-linear way.

As is suggested by the notation, we can decouple the events By by defining an
appropriate labeling:

VBeB L(B)= mink

BeBy
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We can now state a version of the Theorem 5.6(a) which involves no non-linear
interactions between the separate bad-events. These results are almost identical to

Theorem 5.6(a); the only difference is than in Theorem 5.6, we assume that the sets

By, ..., Bk are disjoint while here they may overlap in arbitrary ways. However, in
fact the overlap between bad-events By, ..., Bx can only help us.
THEOREM 5.9. Suppose we are given complex bad-events B}, ..., By (which are

not necessarily disjoint), along with fractional hitting sets Q1, ..., Qk for By, ..., Bj
respectively. Suppose there exists pi : 2% x [K] — [0, 00) which satisfies, for allY C X
and all k € [K],

u(Y,k) > pY Qu(Y) > I »o.%)

T a neighbor-set for Y (Y,k')eT

Then, the expected number of resamplings is at most Z(Yk,) w(Y k).

PROOF. It is easy to verify that By, C B; for each k € [K]. Thus, u still satisfies
Theorem 5.6(a). O

There is one further complication, which is really a quite minor technical point.
Suppose that By, , Bk, both contain some atomic event B. To apply Theorem 5.9, we
must assign the label of B to min(ky, ko). This means that when we encounter bad-
event I3, we must use the fractional hitting set QQuin(x, k,)- This can actually present
some computational difficulties. For example, suppose that during the execution of
the PRA, we know that B € By is currently true. We would like to resample Y C B
according to the fractional hitting set (Jx; but it may in fact be the case that B € By
for some k" < k. Furthermore, if K is large, it may take exponential time to decide
if B € By for K < k.

In fact, everything works if when we encounter a bad event B € By U --- U By,
we select some arbitrary k with B € By and resample B according to (). To prove

this, we must generalize the labeling function so that, for all bad-events B € B, we
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have that L(B) is a non-empty subset of [K]. But this substantially complicates the

notation and proofs.

5.2. Enumeration of witness trees by variables

For many applications of the PRA, in which the fractional hitting-sets are rela-
tively simple, Theorem 5.6, in one of its three forms, is sufficient. However, it can be
awkward to use because it requires us to analyze the very large space 2% x [K], and
check a constraint for every Y, k. We contrast this with the LLL (in its symmetric and
asymmetric forms) which requires us only to check a constraint for each bad-event.
For these reasons, the variable-based accounting method developed in Section 1.6 can
be particularly useful for the PRA. However, there are a few slight changes that must
be made to take into account the < relations.

Suppose that are given an assignment of non-negative real numbers J; ; to each
element (4, j) € X'. For any variable 4, define A; = >, A; ;. We will derive a probability
distribution p and a weighting function p from this vector, and show corresponding

conditions of the vector A to ensure that the PRA terminates.

DEFINITION 5.10. (Values G, ;,G;,G that depend on a function () and a
vector \) Suppose we are given an assignment of non-negative real numbers A = \; ;

to each element (i,j) € X. For Q : 2% — [0,1], recalling the notation (17), we define
Giy(@N = ) Q)N

along with “summation notations”
Gy ZG”Q)\ and G(Q,\) = ZG”Q)\

Roughly speaking, if @) is a fractional hitting set for B, then G;;(Q,p) is the
probability that variable ¢ takes on value 7, and causes some bad-event in B to occur,

and is selected for resampling.
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In many settings, the linkages due to x are relatively insignificant compared to
the linkages due to ~. One possible reason for this is that the < linkage becomes
null; this always occurs in the usual MT algorithm (without partial resampling). One
of the main assumptions we make in this section is that the < relations are relatively
negligible. Thus, instead of carefully tracking them, we use a relatively crude estimate

as follows:

DEFINITION 5.11. (Value Sy that depends on a vector \) Suppose that we
are given an assignment of non-negative real numbers X; ; to each element (i, 7). For

each k and Y, suppose
Z Qk )\Y/ <1
Y'Y

We define, for each k, the parameter Si(\) > 0 to be

1
19 Se(A) = ’
(19) k() Y: é)nk%x Y)>0 1 — nym y Qr(Y7)AY

Our main theorem is now as follows:

THEOREM 5.12. (Main PRA Theorem in terms of \) Suppose we are given

fractional hitting sets Q1,...,Qk for By, ..., Bk respectively and a vector A. Suppose

that we set the probability distribution for the variables by p;; = ’\)\”

7

(a) Suppose that
Vi, A =1+ ) Su(N)Gi(Qk, A)
k

Then the PRA terminates, and the expected number of resamplings is most y_, \;.

(b) Suppose that for all k € [K], G(Qk, \) < 1; suppose further that

DY >1+Z1 Qg
- ka

Then the PRA terminates, and the expected number of resamplings is most »_, \;.
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(c¢) Suppose the <y, relations are null (i.e. for supported Y1,Ys we have Y1 1Ay Ys).

Suppose further that
Vi, X > 14> Gi(Qr M)
k

Then the PRA terminates, and the expected number of resamplings is at most ), \;.

PrOOF. We prove only (a). To show part (b), observe that we have Sp(\) <

1
1-G(Qr,A)
_ Ay

We define the probability vector by p;; = 52. We define the weighting function g

Ai
by

To show part (c), observe that if >, is null then we have Sg(\) = 1.

p(Y k) = N Qi(Y)Si(N)

We now wish to show that this satisfies Theorem 5.6(a). Consider some Y =
{(i1,41),- -, (ir,Jr)} and some k € [K]; we may assume that iy, ..., i, are distinct (as

otherwise Qx(Y) = 0.) We will show an upper bound on the expression

(20) Py Y [T nv'.»)

T a neighbor-set for Y (Y,k')eT

First, 7 may contain at most one choice (Y’, k) with Y’ < Y; this contributes at

most 1+ vy #(Y”, k) which we estimate as:

L+ > u(Y k) =1+ > N QuY")Sk(\)

Y'Y Y'Y
=145:(0) Y AQu(Y)
Y/, Y
1
1- Zy'mky )‘Y/Qk(yl>

=14 S(\)(1—1/v) where v =

<14 S5(A) (1 =1/5:(N))

= Sk(A)

Next, for each (4,j) € Y, then 7 may contain at most one choice (Y, k') with

(7,5") € Y’'. This is because if there are multiple such sets (Y’ , k'), (Y” k") then we
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would have Y’ ~ Y” which violates the definition of a neighbor-set. For any fixed
(4,7) in Y”, this contributes at most 143 5.1 ; i >4 #(Y', k') which we may estimate
as:
L+ > Y uV K)y=14+ Y AQuY)Sk(\)
Y’'3(i,5') K Y'3(i,5"),k

= 1+ZG (Qrr. NSk (\)
<\ by the hypothesis of Theorem 5.12(a).

Putting these two estimates together, we may estimate (20) by:

P'Qr(Y) > T #O7%) <p’QMsy) T A

T a neighbor-set for Y (Y,k')eT (i,5)eY

= N T o

(i,7)€Y

= Q)5 ] Aij
1N
(i,9)€Y

= Qn(Y) SN\

= M(Yv k)

Thus, Theorem 5.6(a) holds. The expected number of resamplings is
E[# resamplings] < Z (Y, k)

<22 2 MAWSM

i€ln] 7 Y>3(i9),

= > ) Gi(Qi NSk

i€n] k
<Y NS> N
1€[n] 1€[n]
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It is instructive to compare these formulas to those conditions of Theorem 5.34.

5.3. Transversals with omitted subgraphs

Suppose we are given a graph G = (V, E') with a partition of its vertices into sets
V =1ViuVau- - -1V, each of size b. We refer to these sets as blocks or classes. We wish
to select exactly one vertex from each block. Such a set of vertices A C V' is known as
a transversal. There is a large literature on selecting transversals such that the graph
induced on A omits certain subgraphs. (This problem was introduced in a slightly
varying form by [18]; more recently it has been analyzed in [111, 59, 116, 60, 57]).
For example, when A is an independent set of G (omits the 2-clique K3), this is
referred to as an independent transversal.

It is well-known that a graph G with n vertices and average degree d has an
independent set of size at least n/(d + 1). For an independent transversal, a similar
criterion exists. Alon gives a short LLL-based proof that a sufficient condition for such
an independent transversal to exist is to require b > 2eA [5], where A is the maximum
degree of any vertex in the graph. Haxell provides an elegant topological proof that
a sufficient condition is b > 2A [54]. The condition of [54] is existentially optimal,
in the sense that b > 2A — 1 is not always admissible [60, 116, 111]. The work
of [59] gives a similar criterion of b > A + [A/r| for the existence of a transversal
which induces no connected component of size > r. (Here r = 1 corresponds to
independent transversals.) Finally, the work of [75] gives a criterion of b > A for the
existence of a transversal omitting K3; this is the optimal constant but the result is
non-constructive.

These bounds are all given in terms of the mazimum degree A, which can be a
crude statistic. The proof of [54] adds vertices one-by-one to partial transversals,
which depends very heavily on bounding the maximum degree of any vertex. It is
also highly non-constructive. Suppose we let d denote the maximum average degree

of any class V; (that is, we take the average of the degree (in G) of all vertices in
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Vi, and then maximize this over all 7). This is a more flexible statistic than A. We
present our first result here in parts (R1), (R2), and (R3) of Theorem 5.13. As shown
in [60, 116, 111], the result of (R1) cannot be improved to b > 2A — 1 (and hence,
in particular, to b > 2d —1). As shown in [75], the result of (R3) cannot be improved
to b > cd for any constant ¢ < 1. The result (R1) for independent transversals can
also be obtained using the LLL variant of [94], but (R2) and (R3) appear new to our

knowledge.

THEOREM 5.13. Suppose we have a graph G whose vertex set is partitioned into
blocks of size at least b. Suppose that the average degree of the vertices in each block

1s at most d. Then:

(R1): If b > 4d, then G has an independent transversal;
(R2): If b > 2d, then G has a transversal which induces no connected compo-

nent of size > 2;

(R3): If b > (4/3)d, then G has a transversal which induces no 3-clique Ks.

Furthermore, these transversals can be constructed in expected polynomaual time.

ProOOF. We define [ separate variables X7,..., X;; variable X; selects which of
the b vertices in block [ go into the transversal. For each forbidden subgraph which
appears in GG, we associate an atomic bad event. (Note that the atomic bad events
for (R2) are all the path of length two in G; for (R3) they are the triangles of G.)

We use the trivial labeling K = 1. Each forbidden subgraph corresponds to an
atomic bad-event. We define a fractional hitting set ) as follows. For each edge
f = (u,v) € E we assign weight B'({u,v}) = 1/r, where r is a parameter depending
on the structure we are avoiding. For case (R1), we assign » = 1. For case (R2), we
assign r = 2; for case (R3) we assign r = 3. (B’ is zero everywhere else.) Now, note
that in any of the three cases, the atomic bad events all involve exactly r edges, so
the fractional hitting set is valid. Furthermore, any pair of such edges overlap in at

least one vertex, so the < relation is null in this case.
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Note that the precondition of Theorem 5.12(c) holds here. We apply Theo-
rem 5.12(c) with all entries of A being «, for some scalar « to be determined. Let
d, denote the degree of vertex v. Then, in order to prove \; > 1+ >, G;(Qk, A), we

need to show

bor — Z dy,a?/r > 1, ie., ba — bda?/r > 1 suffices.

veV;

This has a solution o > 0 iff b > 47‘1, which gives us the three claimed results. 0

5.3.1. Avoiding large cliques. For avoiding cliques of size s > 3, the above
approach based on the maximum average degree d no longer works; we instead give
a bound in terms of the maximum degree A. We will be interested in the case
when both s and A is large. That is, we will seek to show a bound of the form
b > vsA 4+ o(A), where v, is a term depending on s and s is large. Clearly we must
have 75 > 1/(s — 1); e.g., for the graph G = K, we need b > 1 = A/(s —1). An
argument of [111] shows the slightly stronger lower bound s > ('5—;1)2; intriguingly,
this is conjectured in [111] to be exactly tight. On the other hand, a construction in
[75] shows that v, < 2/(s — 1). This is non-constructive, even for fixed s; this is the
best upper-bound on ~, previously known.

We show that the lower-bound of [111] gives the correct asymptotic rate of growth,
up to lower-order terms; i.e., we show in Theorem 5.14 that v; < 1/s + o(1/s). In
fact, we will show that when b > A/s+ o(A), we can find a transversal which avoids

any s-star; that is, all vertices have degree < s. This implies that the transversal

avoids K. Furthermore, such transversals can be found in polynomial time.

Comparison with the standard LLL: Before we give our construction based on
the PRA, we discuss how one might approach this problem using the standard LLL,
and why this approach falls short. As in [5], we make the natural random choice for
a transversal: choose a vertex randomly and independently from each V. Suppose

we define, for each s-clique H of the graph, a separate bad event. Each bad event has
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probability (1/b)°. We calculate the dependency of an s-clique as follows: for each
vertex v € H, we choose another ¢’ in the block of v, and v may be involved in up

to AS71/(s — 1)! other s-cliques. This gives us the LLL criterion
e x (1/b)* x sbA* /(s — 1)1 <1

which gives us the criterion

1

b/A > (ﬁ) —e/s+o(1/s)

In implementing the PRA it is simpler to enforce the stronger condition that the
traversal omits s-stars. (That is, in the traversal T, no vertex may have induced
degree > s). We will resample the central vertex as well as r < s of the exterior

vertices in an s-star, chosen uniformly. We thus obtain our result:

THEOREM 5.14. There is a constant ¢ > 0 such that, whenever
b>A/s+ cs 32 log s

then there is a transversal which omits any s-stars. Furthermore, such a transversal

can be found in polynomial time.

PrROOF. We will use Theorem 5.12(c), assigning the constant vector X = o where
a is a constant to be chosen. We use the trivial labeling. We use the following
fractional hitting set: for each H consisting of a single vertex and r neighbors, we
assign weight (j)fl; for all other sets we assign weight zero. In this case, > is null:
for any two r-stars H, H' which both correspond to the same s-star, will overlap in
their central vertex.

Then the condition of Theorem 5.12(c) becomes

b+ 2C) (7)o
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Routine algebra shows that this is satisfied when b > A/s + cs~3/2log s, for some
sufficiently large constant c.
To implement a step of the PRA, one must search the graph for any s-star in the

current candidate transversal; this can be done easily in polynomial time. 0

We note that this result improves on [75] in three distinct ways: it gives a better
asymptotic bound; it is fully constructive; it finds a transversal omitting not only

s-cliques but also s-stars.

5.4. Sums of random variables, and column-sparse packing

Different types of bad events call for different hitting-sets, and the best choice
may depend on “global” information about the variables it contains, in addition to
local parameters. However, there is a natural and powerful option for upper-tail bad
events of the form s Z¢ 2 k, which is what we discuss next. In the discussion below,
elements will often be referred to as z, z, etc.; note that an element is always some

pair of the form (i, ).

THEOREM 5.15. Suppose we are given an assignment of non-negative real numbers
Ai,j to each element (i,j) € X. Let Y C X be a set of elements. Define jp =), Ay,

and for each variable i let

Wi = Z Aij

j:(i,5)eY
Suppose that there is a bad event B defined by
B=Y 7Z,>pu(l+9),

€Y
where § > 0 and (14 0) is an integer. Let d < u(140) be a positive integer. Then,
recalling Definition 5.10, there is a fractional hitting-set () with the property

d d

GQN) < s GHQN) < (afp) - d- (1 — (uef ) s

(") artr)

Also, we refer to the parameter d as the width of this hitting-set.
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PROOF. Assign the following fractional hitting-set: for each subset Y’ = {z,,,...,z,,} C
Y of cardinality d in which all the elements z,, ..., z,, come from distinct variables,
assign weight Q(Y') = ((f})“) One can easily see that @ is a valid fractional hitting-
set.

We now have

Z Try <-<ZTry, >\r1 e )‘Td

o from distinct categories
(Q >‘) - ((14;6);1)

. Zl§i1<m<id§n iy - - Hig

(")

< (d)l(fé/n) < (/fda .
(T a (")

For i € [n], we have

Zil ..... tq—171% /’Lil e /"Lid—lui

Gz(Q? )‘) < ((1—26)/1)
i) ey
= ((Fom)
pi(p = i) !
~(d— ("
< (ui/m)d(1 - <ui/ﬂ>>d_lcﬂ(</f—+a>u)'
: d

Note that by setting d = [ud], one can achieve the Chernoff bounds [100]:

d

1
p e "
ae = (mam)

5.4.1. LP rounding for column-sparse packing problems: background.
In light of Theorem 5.15, consider the family of CSPs where we have a series of linear

packing constraints of the form “Y" ay,Z, < b;”, with non-negative coefficients a, b
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and where Z € {0,1}". (Here and in what follows, = will often refer to some element
(,7).) In addition, there is the usual assignment constraint, namely a series of disjoint
blocks X7, . .., X, with the constraint that ZjeXl Z;; = 1. When does such an integer
linear program have a feasible solution?

Suppose we wish to solve this via LP relaxation. One technique is to solve the
simpler linear program where the integrality constraints on Z € {0, 1} are relaxed to
Z' € 10,17, and in addition the packing constraints are tightened to Y a .y, < b}
for some bj, < by. We assume that each ay, € [0, 1] and that for each z € X we have
Y opka < D.

We note that there are constructions using the standard LLL and standard MT
algorithm that can yield results qualitatively similar to the ones in this section. The
simplest case for these discrepancy results is when all the packing coefficients b} have
similar magnitudes; so suppose that for all £ we have b, < R; we compare our result
with those of [52] and [72] in this regime.

The analysis of [52] shows that one may select by = R 4+ O(y/Rlog(RD)), but it
applies only to situations in which the fractional solution is given by Z; | = Zj, = 1/2.
This is useful for problems based on hypergraph discrepancy and its generalizations,
and in the regime in which R < D it can lead to stronger results than we are able
to show. However, it does not apply to the general case, and in particular it is not
useful if the fractional solution Z’ comes from some problem-specific LP relaxation.
Our analysis is more general than [51]; in addition, in the regime R > D, we are
able to show the stronger bound by = R+ O(y/Rlog D).

The analysis of [72] is phrased in terms of the total number of constraints each
variable participates in (as opposed to the ¢; sum of the corresponding coefficients).
It is quite difficult for the standard LLL to deal with fractional coefficients in the
constraint matrix; the reason is that variable y; ; affects constraint £ if a;;; > 0, and

it is possible that every variable affects every constraint.
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The case in which b} have differing magnitudes appears to be beyond the scope
of either of these analyses. In addition, these papers are quite difficult technically; in
[52], there is a quantization argument, in which one must handle separately coeffi-
cients of different magnitudes. In [72], there is an iterated application of the LLL, in
which one must track quite carefully the sizes of the relevant parameters as they are
reduced from the original system. The PRA provides however, a simple and compre-
hensive framework to obtain an integral solution. A single application of the PRA
directly produces our desired solution, and fractional coefficients are handled almost
automatically.

Our condition on the separation between by, and b is based on the Chernoff bound.
To state this theorem in the simplest and broadest form, we will need the following

form of the standard Chernoff upper-tail bound:

DEFINITION 5.16. (The Chernoff upper-tail separation function) For 0 <
w<t, letting 6 = 6(pu,t) =t/ —12>0, we define

)

Chernoff-Ulu,t) = (uj:fw)u;

i.e., Chernoff-U(u,t) is the Chernoff bound that a sum of [0, 1]-bounded and indepen-
dent random variables with mean p will exceed t. Ift < p we define Chernoff-U(u,t) =
1.

We state two simple propositions about the behavior of this function:

PROPOSITION 5.17. For any t > > 0, and any real number z > 0, we have
Chernoff-U(pu + z,t + z) > Chernoff-U(ju, t)

PRrROOF. We prove this in Proposition 6.31. 0]

PROPOSITION 5.18. For any v > 0, and any real numbers 0 < z; < zo we have

Chernoff-U(z1, z1 + vy/z1) > Chernoff-Ul(za, zo + vy/22) > e~v*/2
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PrOOF. Differentiating In Chernoff-U(z, z 4+ vy/z) with respect to z yields

20 — (v +2y/2) log(1 +v//2)
2z

Suppose v > /z. Then the numerator is at most 2v — (v + 2v)log(l + 1) <

—0.7v < 0.

Suppose v < y/z. Then, taking a power series of the logarithm function around
v = 0, the denominator is < —v + v3/(2z) — 2y/2. Simple analysis shows that for
v < /2 we have —v +v3/(22) < 0.

In either case, the derivative is negative and so Chernoft-U(z, z + v4/z) is a de-
creasing function of z. Simple calculus shows that as v — oo it approaches the limit
—v2/2

(&

O

5.4.2. LP rounding for column-sparse packing problems: the PRA. We

can now state our main theorem for column-sparse packing problems:

THEOREM 5.19. There is some universal constant C' > 0 with the following prop-

erty. Suppose that we have an LP parametrized by ay, ., b}, where D = max, ka Apz >

1.

Now let € € 0, 1], b, ¢ € [0,1] be given such that:

(C1): For all k we have (bfé“;jrle) — 1) Chernoff-U(b},(1 + €), by,) < &<
(C2): For all k we have b, > 1

(C3): For all k we have Chernoff-U(bj,(1+¢€),b;) < 1/2
Then if the linear program
Z Zi,j 2 ]-7 Zak,myx S b;m Yz € [07 1]
JjEX) x
18 satisfiable, then so is the integer program

Z Zi,j > 1, Zak,xy:v < by, Yz € {07 1}'

JjEX] x
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Furthermore, suppose we have a separation oracle for the LP and the IP. (That
18, given a variable assignment, we can either find a violated linear constraint, or
determine that all constraints are satisfied). Then such a satisfying assignment can

be found in time which is polynomial in the number n of blocks.

Proor. Using the separation oracle, solve the LP in polynomial time. Suppose
we have a feasible solution Z to the relaxed linear program. Then we set A = (1+4€)Z.
We associate a distinct label to each packing constraint being violated. We will use
the framework of Theorem 5.9, in which each packing constraint will correspond to
its complex bad-event.

Let us analyze a constraint k. Define p = b} (1 + €), define t = by, and define
d =t/ — 1. Then the kth packing constraint corresponds to the complex bad-event
Zx ak2Ys > br. We use the fractional hitting set ()5 which assigns, to each set of d

elements x1, ..., x4 from distinct categories, the weight

Ak gy - - - QF,
Qr({r1,..., 1)) = %

(7)

where d = [ud].
We first claim that this is a valid hitting set. For, suppose we have a set of d’
elements such that e, + -+ aga, > br. As a € [0,1] we must have d’ > b, > d.

Furthermore, summing over all d-subsets of {x1,..., 24} we have

Ak zy, - - Ak g
Z Qk({xsl,-..,l‘sd}) = Z %

S1<5p< <5y 51<59< < 8q (d)

This can be regarded as a polynomial in the weights a. Subject to the constraint
Az, + -+ gy, > b and a € [0,1], the numerator achieves its minimum value
when there are are |by| elements of weight @ = 1 and one further element of weight
a = by, — | bx|. In particular, the numerator is at least (b;), and this sum is at least 1

as desired.
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We will next bound the contribution of each bad event. For a constraint k, we

have

GQuAN) = Y Aoy Ae,Bi{zr, ... 74}

T1< <2y
_ Zx1<---<xd )\xlak:xl s )\Idak,xl
by,
(%)

Now, note that > Ajar, = >, aroYr(1 +€) < b, (1 +€). By concavity, the nu-

merator is maximized when all |X| terms May; are equal to b).(1 + €)/|X]. (Recall
that X is the set of all possible ordered pairs (7,7).) Using a similar argument to

Theorem 5.15, we have

, d
() <bk‘<§(+|>> y
B (I TR

For d = [pd], this expression is bounded by the Chernoff bound

G(Qp, \) < Chernoft-U(b},(1 + €), bx)

<1/2 by (C3)

Similarly, along the lines of Theorem 5.15, for variable i, set p; = > ; Qi jNi,j SO

that we have

pad — p?
Gi(Qr,A) € ———s—
1 d!((1+d5)u>

< 13 (0 4+ 1/p)Chernoff-U(u, t)
by + 1
< il —— — 1 _
< ,u2<b§€(1 s )Chernoff U(u,t)

= 0(Cpig5) by (C1)
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Now, by Theorem 5.12(b), we sum over all j obtaining
Gi(Qx, ) uri0(Ce/D)
N — Tk )
2N T Ggun 2 0T T
(1+¢€) — ZZOakZ]/\”C )
Z (1 + 6) - 060(2 )\iJ)

>1+e—0(Ce(l+¢))

>1+4¢e¢—0(Ce) as € € [0, 1]

for C' sufficiently small, this is > 1 as desired.

Furthermore, we have > i Aij < 1+¢€ <2, so the expected number of iterations
before the PRA terminates is O(n). Although the number of constraints may be
exponential, it is not hard to see that one can efficiently implement a single step of
the PRA using the separation oracle. So this gives a polynomial-time algorithm.

O

Theorem 5.19 is given in a very generic setting, which is intended to handle a wide
range of sizes for the parameters by, b, D. One can obtain simplify it substantially

when b is constant.

PROPOSITION 5.20. Suppose we are given an LP satisfying the requirement of
Theorem 5.19 and suppose that b), < R for some R > 1.

Then, for 1 some sufficiently large constant, setting

; ¢% if R<1n(D+1)
k:

R+¢/RA+WmD) ifR>n(D+1)

suffices to satisfy Theorem 5.19.

PRrOOF. First, note that we may assume b, = R exactly; for if b, < R, then we

simply set b, = R, and this results in a relaxed linear program.
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Case I: R>In(D +1)
Let v = v/RIn(D + 1) and set ¢ = v/R. Note that v < R and so ¢ < 1. Then to
show (C3):
Chernoff-U(b},(1 + €), by) = Chernoft-U(R + v, R + 1v)
< Chernoff-U(2R, 2R + (¢ — 1)v) by Proposition 5.17
-1

S CheI‘HOH—U(QR, 2R + 7 V 2R)

< Chernoff-U(2,2 + (¢ — 1)/+v/2)by Proposition 5.18
< 1/2 for ¢ sufficiently large
Now for (C1), we have
bk +1 w’U
(m - 1)Chernoff_U(b;(1 +6),bi) = O( - Chernoff-U(R + v, R +4bv))
We want to show that this is < % = g—}%. Thus, it suffices to show that

DyChernoff-U(R + v, R + ¥v) < '

where C is a sufficiently small constant.

To show this:

D1Chernoff-U(R + v, R + ¢v)

= DyChernoft-U(R + v, (R +v) + (¢ — 1)v)

—1)y/I(D+1
gszChemoff-U(zR,erw ) \/;( i )\/2R) by Proposition 5.17

< Dy Chernoff-U(21n(D + 1),21In(D + 1)

—1)y/In(D + 1
Gl \/; D AWMDET) by Proposition 5.18, as B > In(D + 1)

< (D + 1)¢Chernoft-U(2In(D + 1),2In(D + 1)) + (¢ — 1) In(D + 1))
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= op(D 4 1)V ¥ 2=+ In(p+1)+n2

Simple analysis shows that this is < C’ for D > 1 and 1 sufficiently large.

Case II: R <In(D +1)

Let v = %@1)) and set e = 1. Note that v > R. Then we have Chernoff-U (b}, (1+
€),br) = Chernoff-U(2R, ¢¥v) < Chernoff-U(2v,¢v) < Chernoff-U(2,v). For ¢ suffi-
ciently large this is < 1/2, so (C3) is satisfied.

Now for (C1), we have

b + 1

(m — 1)Chernoff-U(b. (1 + €), bx) = O(pvChernoff-U(2R, v))

We want to show that this is < % = %. Asv <In(D + 1) < D, it suffices to show
(21) 1 D*Chernoff-U(2R, 1v) < C'
To show this, we have:
Chernoff-U(2R, ¢yw) = (2¢)* e 2% (yw/R) ™"
< (2e)"(yv/R)™"

< (ev/R)™¥" for 1 sufficiently large

ln(l +In %)>]

— exp [w In(D + 1) (-1 +

Now, differentiating this expression with respect to R, one sees that it achieves
a maximum value at R = e ~¢In(D + 1). Thus, plugging this value in, we have the

bound
D2¢Chernoﬂ?—U(2T’ o) < (D + 1)2—0.6321/;

Simple analysis shows that this is < C’ for D > 1 and 1 sufficiently large.
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The multi-dimensional scheduling application from the introduction follows as an
easy application of Proposition 5.20. First, given (71,73, ...,Tp), we can, motivated
by (12), set z; ; := 0 if there exists some ¢ for which p; ;, > T;. After this filtering, we
solve the LP relaxation. If it gives a feasible solution, we scale the LP so that all the
bj, values equal 1; our filtering ensures that the coefficient matrix has entries in [0, 1]
now, as required. By Proposition 5.20, we can now set by = O(%). This
result is not new to this thesis, but it is obtained in a particularly straightforward
way.

Theorem 5.19 can also apply when the RHS have different magnitudes.

PROPOSITION 5.21. Suppose we are given an LP satisfying the requirement of
Theorem 5.19; let ¢ > 0 be any desired constant. Then we can set by as follows so as

to satisfy Theorem 5.19:

(1) For each k with b, < In(D + 1), we set b, = O(M)}.

1+log 108(}?+1)
k

(2) For each k with b, > In(D + 1)), there is some constant ¢ > 0 such that we
may set by = b).(1 + D~¢) + /b, log(D + 1).

PROOF. Set ¢ = D¢ The remainder of the proof is similar to Proposition 5.20.

O

5.5. Packet routing

5.5.1. Review of background and known approaches. We begin by review-
ing the basic strategy of [73], and its improvements by [99] and [93]. We recommend
consulting [99], which is a very readable presentation of this problem as well as many
more details and variants than we cover here. We note that [93] studied a more
general version of the packet-routing problem, so their choice of parameters was not
(and could not be) optimized.

We are given a graph G with N packets. Each packet has a simple path, of
length at most D, to reach its endpoint vertex (we refer to D as the dilation). In any

timestep, a packet may wait at its current position, or move along the next edge on
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its path. Our goal is to find a schedule of smallest makespan in which, in any given
timestep, an edge carries at most a single packet.

We define the congestion C' to be the maximum, over all edges, of the number
of packets scheduled to traverse that edge. It is clear that D and C are both lower
bounds for the makespan, and [73] has shown that in fact a schedule of makespan
O(C'+ D) is possible. [99] provided an explicit constant bound of 39(C + D), as well
as describing an algorithm to find such a schedule. This was improved to 23.4(C'+ D)
in [93] as will be described below.

While the final schedule only allows one packet to cross an edge at a time, we will
relax this constraint during our construction. We consider “infeasible” schedules, in
which arbitrarily many packets pass through each edge at each timestep. We define
an interval to be a consecutive set of times in our schedule, and the congestion of
an edge in a given interval to be the number of packets crossing that edge. If we are
referring to intervals of length 7, then we define a frame to be an interval which starts
at an integer multiple of 7.

From our original graph, one can easily form an (infeasible) schedule with delay
D and overall congestion C'. Initially, this congestion may “bunch up” in time, that
is, certain edges may have very high congestion in some timesteps and very low
congestion in others. So the congestion is not bounded on any smaller interval than
the trivial interval of length D. During our construction, we will “even out” the
schedule, bounding the congestion on successively smaller intervals.

Ideally, one would eventually finish by showing that on each each individual
timestep (i.e. interval of length 1), the congestion is roughly C/D. In this case,
one could turn such an infeasible schedule into a feasible schedule, by simply expand-
ing each timestep into C'/D separate timesteps.

As [93] showed, it suffices to control the congestion on intervals of length 2.
Given our infeasible schedule, we can view each interval of length 2 as defining a

new subproblem. In this subproblem, our packets start at a given vertex and have
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paths of length 2. The congestion of this subproblem is exactly the congestion of the
schedule. Hence, if we can schedule problems of length 2, then we can also schedule
the 2-intervals of our expanded schedule.

We quote the following result from [93].

PROPOSITION 5.22 ([93]). Suppose there is an instance with delay D = 2 and
congestion C. Then there is a schedule of makespan C + 1, which can be found in

polynomial time.

This was used by [93] to improve the bound on the overall makespan to 23.4(C +
D). 193] speculated that by examining the scheduling for longer, but still small,
delays, one could further improve the general packet routing. Unfortunately, we are
not able to show a general result for small delays such as D = 3. However, as we will
see, the schedules that are produced in the larger construction of [99] are far from
generic, but instead have relatively balanced congestion across time. We will see how
to take advantage of this balanced structure to improve the scheduling.

We begin by first reviewing the general construction of [99].

5.5.2. Using the LLL to find a schedule. The general strategy for this con-
struction is to add random delays to each packet, and then allowing the packet to
move through each of its edges in turn without hesitation. This effectively homoge-

nizes the congestion across time. We have the following lemma:

LEMMA 5.23. Let i’ < i, let m,C" be non-negative integers. Suppose there is a
schedule S of length L such that every interval of length i has congestion at most C'.
Suppose that we have

y

e X P(Binomial(C, - !

71—

) > C') x (Cmi®+1) < 1

Then there is a schedule S" of length L' = L(14 1/m) + i, in which every interval
of length i’ has congestion < C'. Furthermore, this schedule can be constructed in

expected polynomial time.
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PRrROOF. We break the schedule S into frames of length F' = mi, and refine each
separately. Within each frame, we add a random delay of length i — ¢’ to each packet
separately.

Let us fix an F-frame for the moment. Associate a bad event to each edge f and
7-interval I, that the congestion in that interval and edge exceeds C".

For each I, e, there are at most C' possible packets that could cross, and each does

U

“_. Hence the probability of the bad event is at most the

i—1

so with probability p =
probability that a Binomial random variable with C' trials and probability p exceeds
C'.

Next consider the dependency. Given an edge f and i'-interval I, there are at
most C' packets crossing it, each of which may pass through up to mi other edges
in the frame. We refer to the combination of a specific packet passing through a
specific edge as a transit. Now, for each transit, there are (depending on the delay
assigned to that packet) at most ¢ other i'-intervals in which this transit could have
been scheduled. Hence the dependency is at most C'mi?.

By the LLL, the condition in the hypothesis guarantees that there is a positive
probability that the delays avoid all bad events. In this case, we refine each frame of
S to obtain a new schedule S’ as desired. We can use the algorithmic LLL to actually
find such schedules S’ in polynomial time.

So far, this ensures that within each frame, the congestion within any interval of
length ¢’ is at most C’. In the refined schedule S’ there may be intervals that cross
frames. To ensure that these do not pose any problems, we insert a delay of length
7" between successive frames, during which no packets move at all. This step means

that the schedule S’ may have length up to L(1 4+ 1/m) + 1. O

Using this Lemma 5.23, we can transform the original problem instance (in which
C, D may be unbounded), into one in which C, D are small finite values. In order to
carry out this analysis properly, one would need to develop a series of separate bounds

depending on the sizes of C, D. To simplify the exposition, we will assume that C, D
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are very large, in which case certain rounding effects can be disregarded. When C, D
are smaller, we can show stronger bounds but doing this completely requires extensive

case analysis of the parameters.

LEMMA 5.24. Assume C + D > 2896 There is a schedule of length at most
1.004(C + D) and in which the congestion on any interval of length 2** is at most

17040600. Furthermore, this schedule can be produced in polynomial time.

PROOF. Define the sequence a; recursively as follows.
apg = 256 Ap+1 = 20k

There is a unique k such that ¢}® < (C'+ D) < a}?,. By a slight variant on
Lemma 5.23, one can add delays to obtain a schedule of length C' 4+ D, in which the
congestion on any interval of length i’ = a} is at most C' = ¢'(1 + 4/ay).

At this point, we use Lemma 5.23 repeatedly to ensure to control the congestion
intervals of length a?, for j = k—1,...0. At each step, this increases the length of
the resulting schedule from L; to L;(1 4 1/a;+1) + a;, and increases the congestion

on the relevant interval from i(1 + 4/ay) to

1
1 —(aj/a;1)?

k—1
(L+4/a) [T(1 +4/a;)(
7=0

(We use the Chernoff bound to estimate the binomial tail in Lemma 5.23.)

For C' + D > a}®, it is a simple calculation to see that the increase in length is
from C'+ D (after the original refinement) to at most 1.004(C' + D). In the final step
of this analysis, we are bounding the congestion of intervals of length aj = 24, and
the congestion on such an interval is at most 17040600.

Furthermore, since all of these steps use the LLL, one can form all such schedules
in polynomial time.

See [99] for a much more thorough explanation of this process. O]
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Now that we have reduced to constant-sized intervals, we are no longer interested

in asymptotic arguments, and come down to specific numbers.

LEMMA 5.25. There is a feasible schedule of length at most 10.92(C + D), which

can be constructed in polynomaial time.

PRroOOF. For simplicity, we assume C + D > 289,

By Lemma 5.24, we form a schedule Sy, of length L; < 1.004(C' + D), in which
each interval of length 224 has congestion at most 17040600.

Now apply Lemma 5.23 to S;, with m = 64,7 = 1024, C" = 1385 to obtain a
schedule Ss, of length Ly < 1.0157L; + 224, in which each interval of length 1024 has
congestion at most 1385.

Now apply Lemma 5.23 to Sy with m = 64,7 = 2,C" = 20, to obtain a schedule
Ss of length Ls < 1.0157Ly + 1024, in which each frame of length 2 has congestion at
most 20.

Now apply Proposition 5.22 to S3, expanding each 2-frame to a feasible schedule
of length 21. The total length of the resulting schedule is at most %Lg < 10.92(C +
D). O

5.5.3. The PRA applied to packet routing. So far, all of the improvements
we have made to the packet routing problem used nothing more than the conventional
LLL. We now show how to modify this construction to use the PRA in the appropriate
places.

Let us examine more closely the process used to refine a schedule in which each
interval of length C' has congestion at most i. We break the schedule S into frames
of length F' = mz, and refine each separately. Within each frame, we add a random
delay of length b = i — i’ to each packet separately. Let us fix an F-frame for the

moment.
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This is an assignment problem, in which we must assign a delay to each packet.
Our bad events here correspond to an edge receiving an excessive congestion in some

time interval.

We can modify Lemma 5.24 and 5.25 to use Theorem 5.12 instead of the LLL.

PROPOSITION 5.26. Let i’ < i, let m,C", k be non-negative integers. Suppose there
1s a schedule S of length L such that every interval of length © has congestion at most
C.

For a given choice of d < C', X € [0,1] define

= Ci'\

and

Suppose we have p < 1 and
(i — i)\ — mz'%(d/u)lL > 1
-Pp

Then there is a schedule S” of length L' = L(1+1/m) +1, in which every interval
of length i has congestion < C". Furthermore, such a schedule can be found in

polynomial time.

PRrROOF. Suppose we add delays in the range b = i — i’ uniformly to each packet
within each frame of length F' = mi. In this case, the categories correspond to each
packet x, and for each delay ¢ we assign A\, = A. For each edge f and ¢'-interval I,
we introduce a bad event By ; that the congestion in the interval exceeds C’. For this
bad event we use a fractional hitting-set of width d as described in Theorem 5.15.

Fix a bad event By ;. This is an upper-tail event. There are at most C packets
which could be scheduled to pass through the given edge, and there are i' possible

delays which would contribute to the congestion of the given edge-interval. So, in all,
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the mean number of packets passing through the edge-interval is ;= Ci’A. The bad

event is that this exceeds C”, so we have here § = & L — 1. This gives G/ <

CTi'x d,(c’+1)

Now consider a fixed packet x. This packet x may pass through up to m: edges
in the F-frame, and each of these can affect at most ¢ intervals. Hence the packet
x affects at most mi? of these bad events. For each such bad event f,I, there are
at most ¢’ possible delays that could be assigned to the given packet x to contribute

to congestion of f,I. Hence, for each bad event By, we have p, = ¢’A and hence

Gf] < @'Ad/ (c’+1))

By Theorem 5.12, this suffices to show a good configuration exists. U
We can use this to improve various steps in the construction.

PROPOSITION 5.27. Suppose C + D > 28% . Then there is a schedule of length
< 1.0157(C'+ D), in which every interval of length 1024 has congestion at most 1312.

PRrROOF. By Lemma 5.24, we form a schedule Sy, of length L; < 1.004(C + D), in
which each interval of length 224 has congestion at most 17040600. Apply Proposi-
tion 5.26 with A = 5.985 x 1078, C" = 1312, d = 247, m = 64 to obtain a schedule S,
of length Ly, < 1.0157L; + 22, in which each interval of length 1024 has congestion
at most 1312. U

THEOREM 5.28. Suppose C+D > 289 Then there is a schedule of length at most

8.77(C + D) which can be constructed in polynomial time.

PROOF. By Proposition 5.27, there is a schedule S of length at most 1.0157(C +
D) in which each interval of length 1024 has congestion at most 1312.

Now apply Lemma 5.24 with ¢ = 1024,C' = 1312,7 = 2,m = 64,C" = 16,d =
12, A = 0.0011306 to obtain a schedule S, of length Lo < 1.0157L; + 1024, in which
each interval of length 2 has congestion at most 16.

Now apply Proposition 5.22 to Ss, expanding each 2-frame to a feasible schedule
of length 17. The total length of the resulting schedule is at most 137112 < 8.77(C +
D). O
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5.5.4. Better scheduling of the final 2-frame. Let us examine the last stage
in the construction more closely. In this phase, we are dividing the schedule into
intervals of length 2, and we want to control the congestion of each edge in each
2-frame.

For a given edge f and time ¢, we let ¢;(f) denote the number of packets scheduled
to cross that edge in the four time steps of the original (infeasible) schedule.

Suppose we have two consecutive 2-frames starting at time t. The reason for the
high value of C’ in the final step of the above construction is that it is quite likely
that ¢; + ¢;11 or ¢py9 + i3 are much larger than their mean. However, it would be
quite rare for both these bad events to happen simultaneously. We will construct a
schedule in which we insert an “overflow” time between the 2-frames. This overflow
handles cases in which either ¢; 4+ ¢, is too large or ¢,y 9 + ¢ is too large.

Our goal will be to modify either of the 2-frames so as to ensure that the congestion
is at most 1. In order to describe our modification strategy, we first fix, for every
packet and frame, a “first edge” and “second edge” in this frame. Some packets may
only transit a single edge, which we will arbitrarily label as first or second. As we
modify the schedule, some packets that initially had two transits scheduled will be
left with only one; in this case, we retain the label for that edge. So, we may assume
that every edge is marked as first or second and this label does not change.

We do this by shifting transits into the overflow time. For each 2-frame, there
are two overflow times, respectively earlier and later. If we want to shift an edge to
the later overflow time, we choose any packet that uses that edge as a second edge
(if any), and reschedule the second transit to the later overflow time; similarly if we

shift an edge to the earlier overflow time. See Figure 5.5.4.
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T TN

F1GURE 1. The packets in the original schedule S are shifted into over-
flow times in the schedule 5.

Note that in the analysis of [93], the only thing that matters is the total congestion
of an edge in each 2-frame. In deciding how to shift packets into the overflow times,
we need to be careful to account for how often the edge appears as the first or second
transit. If an edge appears exclusively as a “first edge”, we will only be able to shift
it into the earlier overflow, and similarly if an edge appears exclusively as a “second
edge”.

Keeping this constraint in mind, our goal is to equalize as far as possible the
distribution of edges into earlier and later overflows. We do this by the following
scheme:

1. For each edge f and every odd integer t = 1,3,5, ..., L, repeat while ¢,(f) +
1 (f) > T

2. If ¢.(f) = 0,¢41(f) > T, then shift one packet into the later overflow
time.

3. Else if ¢,(f) > T,cie1(f) = 0, then shift one packet into the earlier
overflow time.

4 Else if ¢;(f) + i1 (f) > T, f) > 0,¢c001(f) > 0,¢(f) + o1 (f) = odd,
then shift one packet into the earlier overflow time.

5. Else if ¢, (f)+ce1(f) > Tyee(f) > 0, c1(f) > 0, ¢(f) + 1 (f) = even,

then shift one packet into the later overflow time.

Suppose we fix t to be some odd integer. If we let ¢ denote the congestions at
the end of this overflow-shifting process, then we have ¢;(f) + ¢, (f) < T, and the
number of packets shifted into the earlier (respectively later) overflow time can be
viewed as a function of the original values of the congestions ¢, ;1. We denote these

“overflow” functions by OF (¢, ¢i41; T') and OF (¢4, ¢41; T') respectively.
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Specifically we get the following condition:

PROPOSITION 5.29. Suppose that we have a schedule of even length L, and let
ci(f) fort = 1,..., L denote the number of times f is scheduled as the t™ edge of
a packet. Suppose that for all edges f € E and all t = 1,3,5,... we satisfy the

constraint

0F+(ct(f),ct+1(f);T) + OF_(Ct+2(f)aCt+3(f)§T) <T

as well as the boundary constraints
OF (c1(f), ca(f);T) < T OF (ca(f),ec(f);T) < T

Then there is a schedule of makespan L X %l“ + T', which can be constructed in

polynomial time.

PRroOOF. After the modification, each 2-frame has congestion at most 7', while
each overflow time has congestion at 7’. Each overflow time has delay at most 2,
since for any packet x, there may be at most two edges scheduled into that overflow
time, namely the edge that had been originally marked as the second edge of the
earlier 2-frame, and the edge that had been originally marked as the first edge of the
latter 2-frame. Hence each 2-frame can be scheduled in time 7'+ 1 and each overflow
can be scheduled in time 7" + 1. As there are L/2 2-frames in the original schedule,

there are L/2+ 1 overflow periods. Hence the total cost is at most L%/“ +7". O

Note that the conditions required by this Proposition 5.29 are local, in the sense
that any violation is any event which affects an individual edge and a 4-interval which
starts at an odd time t. We refer to such an interval for simplicity as an aligned /-
interval. We refer to the conditions required by this Proposition as the 4-conditions;
these conditions can be viewed as either pertaining to an entire schedule, or to an
individual aligned 4-interval. We also note that the 4-conditions are monotone, in
the sense that if a configuration violates them, then it will continue to do so if the

congestion of any edge at any time is increased.
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We will show how to use the PRA to find a schedule satisfying the conditions of

Proposition 5.29.

PROPOSITION 5.30. Let m = 64,C = 1312,i = 1024,T = 5,T" = 4 be given.
Suppose there is a schedule S of length L such that every interval of length i has
congestion at most C'. There is a schedule of length L' < (141/m)L+1, which satisfies
the 4-conditions with respect to T,T'. This schedule can be produced in polynomial

time.

PROOF. For each edge f, and each aligned 4-interval I starting at time t, we

introduce a complex bad event By that
OF+(Ct, Cti1, T) + OF~ (Ct+2, Ct13; T) > T

For this edge f, I, and any packet x with delay t, we say that (x,t) has type j,
if that packet-delay assignment would cause the given packet x to land at position
t + 7 within the bad event, for j = 0,..3. If that assignment x,¢ does not contribute
to By, then (x,t) has no type. For each bad event, there are at most C' variables of
each type.

For a bad event By and a fractional hitting-set ), we define the score s;(f,I),

for 5 = 0,1, 2,3 to be the maximum over all delays x,t of type j, of the quantity

> QN

YCBEB, (z t)eY

Similarly, we define the overall-score to be s(f,I) = g/ = >yep B'(Y)\Y. For a
collection of all bad events By, we define the score s; to be the maximum s;(f,I)
over all f, I.

By Theorem 5.12, if we satisfy the condition

. mi80+81+82+83
-4\ — — >1
(= DA =5 1—s =
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then there is a schedule of length L’ < (1+41/m)L + 4, which satisfies the 4-conditions
with T, T".

Hence it suffices to produce a series of hitting-sets, for each of the bad events By,
with a sufficiently small score.

Now let us fix a bad event f, I, and suppose that we have fixed A = 1.23 x 1073.
We will describe how to produce a good hitting-set. Although we have stated the
proposition for a particular choice of parameters, we will walk through the algorithm
we use to construct and find such a hitting-set.

The bad event depends solely on the number of assigned variables of each type,
of which there are at most C'. To simplify the notation, we suppose there are exactly
C. Our hitting-set assigns weights to any subset of the 4C' variables involved in the
bad event. We will also select a symmetric hitting-set, in the sense that the weight
assigned to any Y C [C] x [4] depends solely on the number of variables of each type
in Y. So, for any yo, y1,y2,ys < C, we will assign B'(Y) = b(vo, y1,¥y2,ys3) for any
Y C [C] x [4] which has |Y N [C] x {j}| = y;, that is, for any subset Y which has

exactly y; variables of each type. In this case, we will have

Cc—-1 C C C
S = b Y1, Yoo )\yo+y1+y2+y3
’ Z (?Jo - 1) (yl) (?/2) (y3) (yo e yg)

Y0,Y1,Y2,Y3
and similarly for sq, so, s3, s.
In order to be valid, we must have > -, Q(Y) > 1 for any atomic bad event

A € By. By symmetry, this means that if we have ko, k1, k2, ks minimal such that
OFJF(I{?(), kl, T) + OF7<I€2, k‘g, T) > T/,

then we require

S ()G G G =

Y0,Y1,Y2,Y3
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We are trying to satisfy (so+s1+S2+s3)/(1—s) < ¢, where ¢ is some target value;
here t = 2.803x 1075, For a fixed value of ¢, this is equivalently to minimizing sy+s; +
So + 3+ ts. If we view the collection of all values b(yo, 1, y2,y3) as linear unknowns,
then we can view both the objective function and the constraints as linear. Hence
this defines a linear program, which we can solve using standard linear programming
algorithms.

For any o, y1,Ys, y3, we will set b(yo,y1,y2,y3) = 0 unless there is some such
minimal bad kg, k1, k2, k3 > Yo, Y1, Y2, y3. This greatly reduces the number of variables
we need to consider, to something which is very large but tractable. For T'=5,T" = 4,
for instance, the linear program has 5990 variables and 156 constraints. This is too
large to write explicitly, but we wrote computer code which generates this system
and solves it.

The resulting hitting-set achieves a bound of

Sp + 81+ S2 + S3

<281 x 1076
1—s

which satisfies the conditions of Theorem 5.12(b). We have listed this hitting-set in
full in Appendix 5.A. Note that this hitting-set gives a compact witness for Proposi-
tion 5.30; using it, one could verify the proposition directly without any need to use

the algorithm we have just described. O

We now apply this construction to replace the two final steps in the construction

of Section 5.5.4.

THEOREM 5.31. There is a feasible schedule of makespan at most 5.70(C' + D),

which can be constructed in expected polynomial time.

PRrROOF. For simplicity, we assume C + D > 28%_ By Proposition 5.27, we obtain
a schedule S; of length L; < 1.0157(C' + D), in which each interval of length 1024

has congestion at most 1312.
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Apply Proposition 5.30. This gives a schedule Sy of length Ly < 1.0158L + 1024
satisfying the 4-conditions with 7" = 5,7" = 4. By Proposition 5.29, this yields a
schedule whose makespan is 5.5Ly + 5 < 5.70(C + D). O

5.A. The fractional hitting-set for packet routing

The following table lists the fractional hitting-set used in Proposition 5.30. All

sets which do not appear in this list have b(y1, y2, 3, y4) = 0.

Y0, Y1, Y2, Y3 | b(Yo, Y1, Y2,3) || Yo, Y1, y2, Y3 | (Yo, y1,Y2,y3) || Yo, Y1, y2,Y3 | (Yo, y1,Y2,y3)
0047 5.099206e-03 0056 9.778912e-04 0065 3.996599e-03
0074 2.579365e-03 0080 2.222222e-02 0525 4.385269¢-04
0534 1.359760e-04 0543 3.833186e-04 0552 9.740495e-05
0560 1.539957e-03 0632 4.658320e-05 0633 9.241610e-07
0650 1.893794e-04 0704 4.585073e-04 0713 1.992969e-03
0722 1.199898e-03 0730 2.093047e-05 0731 1.698355e-03
0740 9.174968e-04 0800 2.222222e-02 1370 3.316187e-04
2270 3.883201e-04 2326 1.818870e-04 2335 6.708826e-05
2344 1.277478e-04 2353 1.369389¢-04 2370 8.113415e-04
2425 5.158908e-05 2434 8.499152e-05 2443 4.975736e-06
2452 1.133274e-04 3170 2.672980e-04 3226 4.410280e-05
3235 7.970540e-05 3244 4.896451e-05 3253 7.392384e-05
3262 5.816254e-06 3270 1.742220e-04 3325 6.943956e-06
3352 3.800255e-05 3514 1.369777e-04 3523 9.535644e-05
3532 1.282475e-04 3540 8.297563e-05 3541 5.296674e-05
3622 9.002473e-06 4126 1.767087e-04 4135 5.212549e-05
4144 1.093016e-04 4153 9.464293e-05 4162 3.789534e-05
4170 1.125084e-03 4225 7.353027e-05 4234 1.587323e-05
4243 1.237762e-05 4252 8.670195e-05 4324 5.232234e-05
4333 8.595063e-05 4342 2.209769e-05 4350 1.041270e-04
4414 1.052873e-04 4423 1.437882e-05 4432 4.431716e-05
4440 7.896302¢e-05 4441 4.184396e-05 4513 5.225282e-05
4522 5.006599e-05 4531 3.748908e-05 5125 2.980766e-05
5134 8.802145e-05 5143 4.768986e-05 5152 7.014272e-05
5314 6.990688e-05 5323 1.155525e-05 5332 3.894932e-05
5341 3.980330e-05 5413 3.277361e-05 5422 7.791839e-05
5431 2.503639e-05 5600 1.549509e-03 6214 1.448414e-04
6223 6.887231e-05 6232 1.145665e-04 6240 1.365900e-04
6241 4.324878e-05 6250 4.360905e-05 6313 7.156338e-05
6322 3.895600e-05 6331 5.915442e-05 6600 2.267574e-04
7213 3.562315e-05 7222 7.950298e-05 7231 1.473170e-05
7500 1.289683e-03 8400 3.756614e-03
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5.B. The Nostradamus Lemma

In the proof of Lemma 5.7, we use the following general “Nostradamus Lemma.”
To justify this somewhat cryptic name, consider the following analogy. In a dusty
book of prophecy, one reads that “sometime in the future, you will meet a man named
John Doe. The first time you meet such a man, he will flip a coin a hundred times,
all of which come up heads. Also, you will eventually meet a woman Jane Doe; the
first such woman whom you meet will also flip a hundred coins, all of which come up
heads.” Now, you do not know when these meetings will come or which will come first,
if ever, but you can confidently say that the probability that this prophecy comes true
is at most 27209,

This probabilistic principle seems fairly intuitive, but we note that there are two
ways it can go wrong. Suppose that we predict that John Doe will flip a hundred
heads and also a red-haired man will flip a hundred heads. This probability could
be just 2719 because the two men may be the same person. Another possibility:
suppose we predict that “sometime in the future you will meet a man named John

7

Doe who flips a hundred heads.” The probability of this event could be one, if we

encounter an infinite series of men with the same name.

LEMMA 5.32 (Nostradamus Lemma). Suppose one has a stochastic process indexed
(X | t € N). Let S denote the countably infinite set of possible histories for this
process; for notational simplicity we suppose that the states X; themselves lie in S
(i.e., that the state also includes the history thus far). The process begins in state
So € S, which represents the null history. There are { Boolean functions A;, B; : S —

{0,1}, for some finite £. Suppose that, for allt € N and all s € S, we have that

P(Bi<Xt+1) =1 | X = St) < pi-

Now define the event E that the following conditions are all satisfied:

(1) For each i € [l], there is exactly one time t; such that A;(Xy,) = 1;
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(2) For alli #i" we have t; # ty;
(3) For alli € [I] we have B;(X;,41) = 1.

Then the event E is measurable, and its probability is at most P(E) < pips...Dpe.

PROOF. Define the event F7, which is that event E holds and also that t1,...,t, <
T. We will prove that P(Er) < p;...pe by induction on T'. For a given value of T
the induction will apply across all possible stochastic systems and all possible values
of £.

First, suppose T = 0. If ¢ > 0, then the event E7p is impossible; if £ = 0, then
event Erp is certain. Either way the inequality holds.

Next, suppose T' > 0. Count how many values of i are there such that A;(sq) = 1.
If there is more than one such value, then event Er is impossible, and the statement
holds.

Suppose first that for all ¢ we have A;(sg) = 0. Then the event Er is equivalent
to the event E’._;, where E’ is an event similar to F except that it is defined on the
stochastic process which starts at state X;. By induction hypothesis, the event Ef.
has probability at most p; ...py for any X;. Integrating over X;, we have the Er has
at most this probability as well.

Finally, suppose that there is exactly one value of ¢ such that A;(sg) = 1; without
loss of generality say it is ¢ = £. Then the event E7p is equivalent to the event that
By(X1) =1 and that the event E/._; occurs, where £’ is an event similar to F except
that it is defined on the stochastic process which starts at state X; and only includes
Boolean functions Ay, By, ..., Ay_1, Be—1. The probability of By(X;) = 1 is at most
pe. By induction hypothesis, for any such X;, the probability of the event E’ is at
most p;...pe_1. Hence, integrating over all X, the probability of this event is at
most py ... py.

So we have shown that P(Er) < p;...p, for all T € N. Now note that £y, C

Ey C Ey, C ... and F = UpenE7. Each set Ep is cylindrical (it is determined by
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the first 7' coordinates), hence measurable. This implies that E is measurable as well

with P(E) < p;...ps. O

5.C. A probabilistic LLL variant

The standard LLL has two faces: the efficient MT algorithm, which finds a valid
configuration by resampling bad-events, and the original probabilistic formulation
discussed in Chapter 1. In the latter formulation, one selects the variables according
to the indicated distribution, without any resamplings. One then has a positive,
exponentially small, probability of avoiding all bad-events. This typically gives an
existence proof without a corresponding polynomial-time algorithm.

These two interpretations of the LLL lend themselves to different generalizations
and there are many useful interconnections between them. Historically, many im-
provements and specializations of the LLL were first developed in the probabilis-
tic framework (including the original LLL itself), and then were translated into the
Moser-Tardos framework. The Partial Resampling Algorithm we have given follows
the opposite path: it is a generalization of the Moser-Tardos framework, without any
probabilistic interpretation.

In this section, we will describe a probabilistic variant of the LLL which closely
parallels the PRA. This process does not exactly match the bounds of the PRA; it is
sometimes stronger but usually weaker. We will discuss the connections between the
interpretations in Section 5.C.3.

We begin by setting and recalling some notations. We let [n]| index the variables,
and let Z; ; be the indicator for selecting X; = j. The set of bad-events B is, as
before, a union of atomic bad-events. As before, we refer to an ordered pair (3, j)
as an element. Recall that we let X denote the set of all elements; we let |[X| = N.
(This differs from the PRA, in which we never explicitly required that X’ was finite).

We will not make use of a labeling function here.
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5.C.1. The assignment LLL. Unlike in the usual LLL, we cannot simply define
a probability distribution and compute the probability of the bad event occurring.
We will only have partial control over this probability distribution, and the following

definition will be important:

DEFINITION 5.33. (UNC) Given a probability distribution Q0 on the underlying
indicator variables Z , we say that §2 satisfies upper negative correlation with respect
to probability vector p or simply “UNC(p)” if all entries of p lie in [0,1] and if for

all elements x+, ..., xy, we have
Po(Zyy = =24, =1) <Dy Day-

For an event E and a probability vector p, we define P;(E) to be the minimum,
over all Q satisfying UNC(p), of Po(E). (As the number of variables is finite, this

minimum is achieved.)

Essentially, when computing P*(F), we are not allowing the random variables Z
to be positively correlated. For some types of events, such as large-deviation events,
this allows us to control the probability very strongly; for other events, such as a
union of many events, this is no better than the union bound.

Our main theorem is:

THEOREM 5.34 (Assignment LLL). Suppose we are given a CSP for which there
exists A € [0, 1] such that when we sample all the Z, independently with Pr[Z, =
1] = A\, we have

Vieh],  Nj-Pl () B|Zy=1>1
7 BeB;,;

Then, if no bad-event B € B is a tautology, the CSP is feasible.

To prove the theorem, we will study the following probabilistic process. We are

given a vector p € [0,1]" of probabilities, one for each indicator Z,. Each Z, is
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drawn independently as Bernoulli-p, i.e. P(Z, = 1) = p,. (If for some event x we
have p, > 1, then by an abuse of notation, we take this to mean that Z, = 1 with
certainty). Our goal is to satisfy all the assignment constraints and avoid all the
events in B. If C C B, we use the notation dC to denote the event that some B € C
occurs. So in this case, we want to avoid the event dB. For an element x we define
B, to index the set of all bad events B € BB which are (explicitly) affected by Z,.
We recall a basic lemma concerning increasing and decreasing events, which follows

from the FKG inequality [42]:

LEMMA 5.35. Let Xy, X1 C X be two disjoint subsets of the elements. Let E; be

some event depending solely on variables in Xy. Let E~ be a decreasing event. Then,
PNV e Xy Z,=1|&,E7) <p™

Similarly, if EY is increasing, then P(Vx € Xy Zy = 1| E1, EY) > [[,ca, 1™

Xo

Recall that we are using the power notation so that p™® means simply erxo D -

PrRoOOF. We will only prove the first part of this lemma; the second is analogous.
We average over all assignments to the variables Z,, for x € &}. For any such
assignment-vector 2, the event A . x, Zx = 1 1s an increasing function, while E™ is
a decreasing function in the remaining variables. Hence, by FKG, the probability of
this event conditional on (Zy, = ZA E7) is at most its value conditional on Zy, = 2

alone. But, the events /\ Zyx, = 1 and Zy, = Zinvolve disjoint sets of variables, so

r€Xy
they are independent. Hence this probability is at most the unconditional probability

of Npex, Zo = 1, namely p™o. O

If A C [n]is any subset of the variables, we define the event Assigned(A) to be
the event that, for all ¢« € A, there is at least one value of j for which Z;; = 1. In
the PRA, this is automatic because of the way we are defining the probability space.
Here, however, we are thinking of the variables Z, as independent Bernoulli, and so

the number of assignments to each variable may be zero or may be more than one.
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Our goal is to satisfy the constraint Assigned([n]). If ¢ € [n] we write Assigned(7) as
short-hand for Assigned({i}). Because all the bad events are atomic, if we can find a
configuration in which each block has at least one value assigned, we can easily alter
it to a feasible configuration in which each block has exactly one value assigned.

We are now ready to state the first lemma concerning this probabilistic process.
We want to show that the there is a positive probability of satisfying all the assignment
constraints and avoiding all bad events. We will show the following by induction, with

stochastic domination playing a key role:

LEMMA 5.36. Let € < 1. Suppose p € [0,¢]V is a probability vector such that for
all blocks 1,

Zpi,j(P;/e(ﬂBi,j | Zij=1)) — Zpi,jp,-,j/ > e
' 4"

J

Then for any block i, any C C B a set of bad events, and any A C [n], we have
P(Assigned(i) | =3B’ Assigned(A)) > e.

PrROOF. We show this by induction on |C| 4+ |A|. We may assume that i ¢
A, as otherwise this is vacuous. First, suppose |[C| = 0. Then, P(Assigned(i) |
—3C, Assigned(A)) equals P(Assigned(i)) as these events are independent. By Inclusion-

Exclusion, the latter probability is at least
P(Assigned(i)) > me‘ - sz‘,jpz’,j’
J J:J’

and it is easy to see that the lemma’s hypothesized constraint implies that this is at
least e.

Next suppose |C| > 0. We use Inclusion-Exclusion to estimate P(Assigned(i) |
—3C, Assigned(A)). First, consider the probability that a distinct pair j, j* in block i

are jointly chosen, conditional on all these events. For this, by Lemma 5.35 we have

(22) P(ZZ‘J‘ = Z,‘J‘/ =1 | Assigned(A), _|E|C) S Di jPi.j
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as © ¢ A and —3C is decreasing.

Let us fix j. We next need to show a lower bound on P(Z; ; = 1 | Assigned(A), =3C).
This is easily seen to equal P(Z; ; = 1) if B;; NC = 0, so we can assume B; ; NC # (.
We see by Bayes’ Theorem that P(Z;; =1 | Assigned(A), ~3C) equals

P(-3(CNB;;) | Zij =1, Assigned(A), ~3(C — B, ;))
P(=3(CNB;;) | Assigned(A), —-3(C — B, ;))

x P(Z;; = 1| Assigned(A), -3(C — B, ;))
since the denominator is a probability, Lemma 5.35 yields
P(Zi,j =1 | Assigned(A), _E|C) Z Dij 'P(_ElBZ‘J' | Zi,j = ].,ASSigIlGd(A), _El(C—BZ’]))

(This approach to handling a conditioning was inspired by [19].)

Consider the random variables Z conditioned on the events Assigned(A), -3(B—
Bi;), Zi; = 1. Our key claim now is that these conditional random variables Z (apart
from Z;; itself) satisfy UNC(p/e): note that p/e is a valid probability vector since

p € [0,€]N. To show this, we need to upper-bound P(&; | &), where

&= (Zujy==2

11
& = (Assigned(A), -3(Y — B, ;), Zi; = 1),
and where k and i}, j1, ..., ), j;. are arbitrary. Letting I’ = {4}, ..., }, we also define
E = (Z;ij =1, Assigned(A — I'), -3(B — B, )).
By simple manipulations, we see that P(&; | &) is at most
(23) P(& | &)/ P(Assigned(iy, ..., 1) | &).

Note that & does not share any variables with (Z; ; = 1, Assigned(A — ¢} —--- —1i}.)),
and that —=3(B — B; ;) is a decreasing event. Hence by Lemma 5.35 the numerator is
at most py jr...pir ji. Now let us examine the denominator. The variable Z; ; does

not affect any of the events mentioned in the denominator, so we may remove it from

189



the conditioning:
P(Assigned(I') | &) = P(Assigned(I") | Assigned(A — I'), =3(B — B;;)),

which in turn is at least €/’ by iterated application of the induction hypothesis (recall
that B, ; NC # 0).
Putting this all together, we have that the probability of the event Z;; =--- = Zj

is at most p¥/el’l < (p/e)*. So the random variables Z satisfy UNC(p/¢) and we have
P(_ElBZ‘J' | Zi,j = 1,Assigned(A), —EI(C - Bi,j)) Z ;/E<_E|Bi,j | Zi,j = ].)

The right-hand side is substantially simpler, as there is no conditioning to link the

variables. Substituting this into (22) and (5.C.1), we get

P(Assigned(i) | Assigned(A),—-3C) > Zpi,jP;/E(—EIBM | Z;j=1) — Zpi’jpi’j/
‘ 3’

J

and by our hypothesis the right-hand side is at least e. 0

We can now allow all entries of p to tend to 0 at the same rate, which simplifies

our formulae:

THEOREM 5.34 (Assignment LLL — restated). For any element x € X and any

vector of probability X € [0, 1]V define
he(\) = P5(=3B, | Z, = 1)

For any block i define
Hi(A) =Y Xijhi (V)
J

Suppose that for all blocks i € [n] we satisfy the constraint H;(\) > 1. Then the

corresponding CSP has a feasible solution.
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PROOF. Let p = a) and let € = o for some o > 0. In order to use Lemma 5.36,

it suffices to satisfy the constraint for all ¢
(24) Zpi,jhi,j (p/e) — mepi’j, > .
j j’jl

Let us fix a block i. Suppose we allow o — 0. In this case, (24) will be satisfied for

some « > 0 sufficiently small if we have

Z)\W -PY(—3Bi; | Zi;=1) > 1

j

As there are only finitely many blocks, there is a > 0 sufficiently small which
satisfies all constraints simultaneously.

In this case, we claim that there is a positive probability of satisfying Assigned (i), B
for all blocks ¢ and all bad events B € B, when we assign variables Z independently
Bernoulli-p. First, P(=3B) > [[,c+ P(Z, = 0), since no B € B is a tautology; the
latter product is clearly positive for small-enough . Next, by Lemma 5.36 and Bayes’

Theorem,

P(Assigned(1) A - -+ A Assigned(n) | =3Y) > H e > 0.
i=1

In particular, there is a configuration of the Z, which satisfies all the constraints

simultaneously. 0

5.C.2. Computing P*. In the usual LLL, one can fully specify the underlying
random process, so one can compute the probability of a bad event fairly readily.
In the assignment LLL, we know that the random variables must satisfy their UNC
constraints, but we do not know the full distribution of these variables. This can
make it much harder to bound the probability of a bad event.

Roughly speaking, the UNC constraints force the underlying variables to be neg-
atively correlated (or independent). For some types of bad events, this is enough to

give strong bounds:

191



LEMMA 5.38. For random variables Zy,, ..., Zy,, let jt = Xy, + -+ Xy Then
5

PY(Zpy + o+ Zpy <p(140)) > 1 — <(1+5)1+5)

PrROOF. The Chernoff upper-tail bound applies to negatively correlated random

variables [92]. O

Suppose we have a set of bad-events B which depends on Z,,,..., 2, . We are
given A € [0,1]"Y. Note that Q is a probability distribution on Zi,..., Zy, but we
abuse notation to view it as a distribution on Z,,,...,Z,, as well. We describe a
generic algorithm to compute P5(B) (we sometimes just denote P5(-) as P*(-)).

By definition, B can be written B = {A;,..., A} where each A; is an atomic
event. We may suppose that we are given a minimal such description, that is, we
cannot replace any A; with A, where A, C A;. We assume () ¢ B, as otherwise B is
a tautology and P*(B) = 1.

We say that a probability distribution €2 on the variables Z,,, ..., Z,, is worst-
case if P (B) = Po(B). By finiteness, such € exists. The basic idea of our algorithm
is to view each Po(w) as an unknown quantity, where w € 2 is an atomic event. We
write g, = Pqo(w) for simplicity. In this case, Po(B) is the sum

Po(B) =) q.
weB

Furthermore, the UNC constraints can also be viewed as linear constraints in the

variable ¢,. For each x,...,x},, we have the constraint
wmi:m:wm;l:l

This defines a linear program, in which we maximize the objective function P*(B) =
> wep @ subject to the UNC constraints. The size of this linear program may be

enormous, potentially including 2 variables and 2* constraints. However, in many
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applications k is a parameter of the problem which can be regarded as constant, so
such a program may still be tractable.
In general, we can reduce the number of variables and constraints of this linear

program with the following observations:

PROPOSITION 5.39. There is a distribution 2 such that Po(B) = P*(B) and such

that Q2 is only supported on the atomic events {0, Ay,..., Ay}

PRrROOF. Suppose 2 satisfies the UNC constraints. Then define 2" as follows. For
each atomic event w, if B is not true under w, then shift the probability mass of w to
0; otherwise, shift the probability mass of w to any minimal event A; underneath it.

This preserves all UNC constraints as well as the objective function. 0

For some types of bad events, there are certain symmetries among classes of
variables. In this case, one can assume that the distribution €2 is symmetric in these

variables; hence the probabilities of all such events can be collapsed into a single term.

PROPOSITION 5.40. Given a group G C Sy, where Sy is the symmetric group on
k letters, define the group action of G' on a probability distribution ) by permutation
of the indices and on \ by permutation of the coordinates. Suppose B, \ are closed
under the action of G. Then there is a worst-case probability distribution €2 which is
closed under G. For this probability distribution €2, we only need to keep track of a

single unknown quantity ¢’ for each orbit of G.

PROOF. Given a worst-case distribution 2, let ' = \_c1:| deG 9. As B is closed
under GG, each of the distributions ¢{) has the same probability of the bad event B.

As X is closed under G, all the UNC constraints are preserved in each ¢f). 0J

5.C.3. Comparing the Assignment LLL and PRA. Although it is not ob-
vious in the form we have stated it, there are connections between the PRA, and in
particular Theorem 5.12, with the Assignment LLL as given in Theorem 5.34. Of

course, the latter is nonconstructive, while the former is usually a polynomial-time
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algorithm. Moreover, for all the applications in this chapter, the PRA leads to ef-
ficient algorithms, and in most cases, to bounds which are (significantly) improved
compared to the Assignment LLL.

However, we have not been able to prove a general theorem to the effect that the
PRA is a constructive form of the Assignment LLL or is always better. Indeed, there
appear to be some parameter regimes of Theorem 5.19 in which Theorem 5.34 can
give slightly better bounds. In order to explain some links between the Assignment
LLL and our resampling approach, we next give some intuitive connections between
the two.

Note that in Theorem 5.12; the values of p is not significant in itself, only the
“inflated” probability distribution A. A way to interpret this result is that we are
“oversampling” each element x. We imagine that there is a process in which individual
indicator variable Z, is Bernoulli-)\,, and the Z, variables are negatively correlated,
but we relax the restriction that exactly one element is selected from each variable.

A fractional hitting-set () provides an upper bound on the probability of the bad
event B. Furthermore, this upper bound depends only on the negative correlation of

these variables:

PROPOSITION 5.41. For each element © = (i,j) € X, we define the indicator
variable Z, which is 1 is x is selected and 0 otherwise. Suppose that the indicator
variables Z,, are each individually Bernoulli-\ and are negatively correlated. (We are
provided no other information on their distribution). Suppose that Q) is a fractional
hitting-set for Q).

Then the probability of any bad event B is at most P(B) <} ycp QYN

Furthermore, let p* denote the maximum possible value of P(B), over all distribu-
tions 0 on the indicator variables which satisfy these two properties, namely that the
indicator variables are individually Bernoulli-A and are negatively correlated. Then
there is a fractional hitting-set QQ with p* =), cp QY)\Y.
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PRrROOF. Consider the following process: we draw the variables Z as indicated.
If the bad event B occurs, we select some violated subset Y C B with probability
proportional to Q(Y). Otherwise we do not draw. The probability of selecting a
subset is P(B). But, we can also count it as
P(B)= ) P(Y|B)
YCB

< ZP(V@/ €Y Z,=1)P(select Y)
Y
<Y OAQY)

We prove that there is a fractional hitting-set ) achieving p* = Zyg s Q(Y)\Y
by LP duality. We can view the probability of each atomic event w € €2 as a linear
unknown. Then the constraint that the variables are negatively correlated is a linear
constraint, and the objective function P(B) is linear. It is not hard to see that a

feasible dual corresponds to a fractional hitting-set. 0

We can imagine that we are drawing the variables Z,, not by selecting exactly one
element from each variable, but according to some more complicated distribution of
which we know two things: the marginal distribution of each element is \,; and the
elements are negatively correlated.

In this case, the term G(Q,\) is measuring the probability of a bad event. The
term G, (@, \) is measuring how much of this probability is “due to” the variable x. If
the variable x does not affect the bad event at all, then G, (Q, ) = 0. If the bad event
is equivalent to x being selected (i.e. B = {z}), then G,(Q,\) = A;. The standard
LLL would not distinguish between a variable affecting the bad event by “a little” or
“a lot”, but the Partial Resampling Algorithm interpolates smoothly between these
extremes.

One important difference between the Assignment LLL and the Partial Resam-

pling Algorithm is that for the Assignment LLL, we compute P* based on the structure
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of the bad-events. For the PRA, we choose the fractional hitting-set ). For a given
bad-event B, there is not necessarily a “best” choice of @); a choice of ) can affect
the whole dependency structure of the bad-events, and this can have complicated
interactions with other bad-events. In general, the optimal choice for the Assignment
LLL is not necessarily optimal for the PRA.

Furthermore, when we are analyzing the assignment LLL, we do not ask for bounds
on the full set of bad-events B, but rather we use bounds on the set B, which are
affected by some z. In effect, we are able to choose a separate fractional hitting-set for
each such x; while in the PRA, we are forced to select one fixed fractional hitting-set.
Although the PRA is generally stronger, in this one regard it can be slightly weaker

than the assignment LLL.
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CHAPTER 6

Partial resampling to approximate covering integer programs

In this section, we consider positive covering integer programs — or simply covering
integer programs (CIPs) — defined as follows (with Z, denoting the set of non-negative
integers). We have solution variables z1,...,x, € Z;, and for k = 1,...,m, a system

of m covering constraints of the form:

Z Apizi > ay,
i

Here Ay is an n-long non-negative vector; by scaling, we can assume that A, € [0, 1]
and ar > 1. We can write this more compactly as Ag -z > a,. We may optionally
have constraints on the size of the solution variables, namely, that we require x; €
{0,1,...,d;}; these are referred to as the multiplicity constraints. Finally, we have
some linear objective function, represented by a vector C' € [0,00)". Our goal is to
minimize C' - x, subject to the multiplicity and covering constraints.

This generalize the set cover problem, which can be viewed as a special case in
which ar = 1, Ay; € {0,1}. Solving set cover or integer programs exactly is NP-hard
[61], so a common strategy is to obtain a solution which is approximately optimal.
There are at least three ways one may obtain an approximate solution, where OPT

denotes the optimal solution-value for the given instance:

(1) the solution x may violate the optimality constraint, that is, C'- = > OPT;
(2) = may violate the multiplicity constraint: i.e., x; > d; for some i;

(3)  may violate the covering constraints: i.e., Ay -z < a for some k.

These three criteria are in competition. For our purposes, we will demand that
our solution x completely satisfies the covering constraints. We will seek to satisfy the

multiplicity constraints and optimality constraint as closely as possible. Our emphasis
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will be on the optimality constraints that is, we seek to ensure that
C-z<pBx0PT

where # > 1 is “small”. The parameter 3, in this context, is referred to as the
approximation ratio. More precisely, we will derive a randomized algorithm with
the goal of satisfying E[C - x] < 3 x OPT, where the expectation is taken over our
algorithm’s randomness.

Many approximation algorithms for set cover and its extensions give approxima-
tion ratios as a function of m, the total number of constraints: e.g., it is known that
the greedy algorithm has approximation ratio (1 —o(1)Inm [107]. We often prefer a
scale-free approximation ratio, that does not depend on the problem size but only on
its structural properties. Two cases that are of particular interest are when the ma-
trix A is row-sparse (a bounded number of variables per constraint) or column-sparse
(each variable appears in a bounded number of constraints). We will be concerned
solely with the column-sparse setting here. The row-sparse setting, which generalizes
problems such as vertex cover, typically leads to very different types of algorithms
than the column-sparse setting.

Two common parameters used to measure the column sparsity of such systems

are the maximum [y and /; norms of the columns; that is,
Ay = max #k : Ay; > 0, Ay = maxZAki
B

Since the entries of A are in [0, 1], we have A; < Ay; it is also possible that A; < Aq.

Approximation algorithms for column-sparse CIP typically yield approximation
ratios which are a function of Ay or Ay, and possibly other problem parameters as
well. These algorithms fall into two main classes. First, there are greedy algorithms:
they start by setting x = 0, and then increment x; where 7 is chosen in some way which
“looks best” in a myopic way for the residual problem. These were first developed
by [27] for set cover, and later analysis (see [37]) showed that they give essentially

198



optimal approximation ratios for set cover. These were extended to CIP in [40]
and [31], showing an approximation ratio of 1+ In Ag. These greedy algorithms are
often powerful, but they are somewhat rigid. For instance, it is difficult to adapt
these algorithms to take multiplicity constraints into account, or to deal with several
objective functions.

A more flexible type of approximation algorithm is based on linear relazation.
This replaces the constraint z; € {0, 1,...,d;} with the weaker constraint z; € [0, d;].
The set of feasible points to this linear relaxation is a polytope, and one can find the
exact optimal fractional solution z. As this is a relaxation, we have C' - £ < OPT.
It thus suffices to turn the solution z into a random integral solution x satisfying
E[C -z] < B(C - Z). Randomized rounding is often employed to transform solutions
to the linear relaxation back to feasible integral solutions. The simplest scheme, first
applied to this context by [90], is to simply draw x; as independent Bernoulli(a;),
for some a > 1. When this is used, simple analysis using Chernoftf bounds shows

that Ay - x > a; simultaneously for all £ when o > 1 + co(k”ﬂ + ,/lofkm), where

ag

co > 0 is some absolute constant. Thus, the overall solution C'- x is within a factor

of 1+ O(lj% + 1“ﬂ) from the optimum, where a,.;, = ming a; > 1.

Gmin

In [108], Srinivasan gave a scale-free method of randomized rounding (ignoring

multiplicity constraints), based on the FKG inequality and some proof ideas behind

log(Ap+1) +

Amin

the Lovasz Local Lemma. This gave an approximation ratio of 1 + O(

\/ bfr‘;':‘“ + log;i(i’:l)). The rounding scheme, by itself, only gave a positive (expo-
nentially small) probability of achieving the desired approximation ratio. Srinivasan
also gave a polynomial-time derandomization using the method of conditional ex-
pectations. The algorithm of Srinivasan can potentially cause a large violation in
the multiplicity constraint. In [67], Kolliopoulos & Young modified the algorithm of
[108] to trade off between the approximation ratio and the violation of the multi-

plicity constraints. For a given parameter € € (0, 1], they gave an algorithm which

violates each multiplicity constraint “z; < d;” to at most “z; < [(1+ €)d;]”, with an
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approximation ratio of O(1 + M). Kolliopoulos & Young also gave a second al-

Gmin

gorithm which exactly meets the multiplicity constraints and achieves approximation
ratio O(log(Ay)).

There has been prior work applying the LLL and the MT algorithm to packing
integer programs, such as [72]. One technical problem with the LLL is that it only
depends on whether bad-events affect each other, not the degree to which they do so.
Bad-events which are only slightly correlated are still considered as dependent by the
LLL. Thus, a weakness of the LLL for integer programs with arbitrary coefficients (i.e.
allowing Ay; € [0, 1]), is that potentially all the entries of Ag; could be extremely small
yet non-zero, causing every constraint to affect each other by a tiny amount. For this
reason, typical applications of the LLL to column-sparse integer programs have been
phrased in terms of the [y column norm A,. We have already seen in Section 5.4 how
to apply the Partial Resampling Algorithm (PRA) to assignment-packing” integer

programs. The resulting bounds depend on A;.

6.0.4. Our contributions. In this chapter, we give a new randomized rounding
scheme for CIP. This combines techniques developed in Chapter 5 and Chapter 4.

We show the following result:

THEOREM 6.1. Suppose we are given a covering system with a fractional solution
x. Let v = A  Then our randomized algorithm yields a solution v € 77,

Amin

satisfying the covering constraints with probability one, and with

Elz;] < &(14+7+4y7)

The expected running time of this rounding algorithm is O(mn).

Note that this automatically implies that E[C - z] < gC - & < g x OPT for

B=1+vy+4/7.
Our algorithm has several advantages over previous techniques.
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(1) We are able to give approximation ratios in terms of A;, the maximum [;-
norm of the columns of A. Such bounds are always stronger than those
phrased in terms of the corresponding lp-norm.

(2) When A; is small, our approximation ratios is asymptotically smaller than
that of [108]. In particular, we avoid the 4/ bfmAn“ term in our approximation
ratio.

(3) When A; is large, then our approximation ratio is roughly ~; this is asymp-
totically optimal (including having the correct coefficient), and improves on
[108].

(4) This algorithm is quite efficient, essentially as fast as reading in the matrix

A.

We view it as interesting that one can “boil down” the parameters Aq, ay;, into
a single parameter v, which seems to completely determine the behavior of our algo-
rithm.

Our partial resampling algorithm in its simplest form could significantly violate the
multiplicity constraints. By choosing slightly different parameters for our algorithm
(but making no changes otherwise), we can ensure that the multiplicity constraints

are nearly satisfied, at the cost of a worsened approximation ratio:

THEOREM 6.2. Suppose we are given a covering system with a fractional solution

D(Al-‘rl)

x. Let v = ! . For any given € € (0,1], our algorithm yields a solution x € Z}

Amin

satisfying the covering constraints with probability one, and with
v < [E(L+e)],  Bla] <&i(1+4y7 +49/€)
This is an asymptotic improvement over the approximation ratio of [67], in three

different ways:

(1) It depends on the ¢;-norm of the columns, not the ¢, norm;

(2) When + is large, it is smaller by a full factor of 1/e;
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(3) When ~ is small, it gives an approximation ratio which approaches 1, at a

rate independent of e.

We also give matching lower bounds on the achievable approximation ratios. The
formal statements of these results contain numerous qualifiers and technical condi-

tions.

(1) When 7 is large, then assuming the Exponential-Time Hypothesis, any polynomial-
time algorithm to solve the CIP (ignoring multiplicity constraints) must have
approximation ratio v — O(log ).

(2) When ~ is large, then assuming P # NP, any polynomial-time algorithm
to solve the CIP while respecting the multiplicity constraints within a 1+ ¢
multiplicative factor, must have approximation ratio Q(vy/e).

(3) When # is small, then the integrality gap of the CIP is 1 + Q(y).

Finally, we give an extension to covering programs with multiple linear criteria.
Our extension is much simpler than the algorithm of [108]; we show that even con-
ditional on our solution x satisfying all the covering constraints, not only do we have
E[C; - z] < BC; - & but that in fact the values of C; - x are concentrated, roughly
equivalent to the x; being independently distributed as Bernoulli with probability
0B;. Thus, for each [ there is a very high probability that we have C; - x ~ C; - & and
in particular there is a good probability that we have C; -z = C} - £ simultaneously

for all .

THEOREM 6.3 (Informal). Suppose we are given a covering system with a frac-

tional solution & and with r objective functions C1, ..., C,., whose entries are in [0, 1].

111(A1+1

Letvy = ). Then our solution x satisfies the covering constraints with probability

min

one; with probability at least 1/2,

Vi Cox<B(Cr-3)+O0(/B(C - &) Inr)
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where 3 =1+ v44,/7. (A similar result is possible, if we also want to ensure that

z; < [25(1 + €)]; then the approzimation ratio is 1 + 4,/7 4 4 /¢.)

This significantly improves on [108], in terms of both the approximation ratio
as well as the running time. Roughly speaking, the algorithm of [108] gave an ap-

proximation ratio of O(1 + worse than the approximation ratio in the

log(1+Ao)
o ) (
single-criterion setting) and a running time of nU°# ") (polynomial time only when 7,

the number of objective functions, is constant).

6.0.5. Outline. In Section 6.1, we develop a randomized rounding algorithm
when the fractional solution satisfies & € [0,1/a]™; here a > 1 is a key parameter
which we will discuss how to select in later sections. This randomized rounding
produces produces a binary solution vector z € {0,1}", for which E[z;] = az;.
This algorithm is the Partial Resampling variant of the MT algorithm of Chapter 5
combined with the analysis of lopsidependency in Chapter 4. However, it is not
possible to combine results in a truly “black-box” way from these chapters. So we
will give a self-contained and unified presentation of these algorithms here. Many of
their technical complications can be dramatically simplified for the CIP setting.

In Section 6.2, we will develop a deterministic quantization scheme to handle
fractional solutions of arbitrary size, using the algorithm of Section 6.1 as a subroutine.
We will show an upper bound on the sizes of the variables x; in terms of the fractional
Z;. We will also show an upper bound on E[z;], which we state in a generalized form
without making reference to column-sparsity or other properties of the matrix A.

In Section 6.3, we consider the case in which we have a lower bound a,;, on
the RHS constraint vectors ay, as well as an upper bound A; on the ¢;-norm of
the columns of A. Based on these values, we set key parameters of the rounding
algorithm, to obtain good approximation ratios as a function of ap;,, A;. We give
approximation ratios for both the case in which the the multiplicity constraints are

ignored, and the case in which they are violated by a multiplicative factor of 1 + €.
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In Section 6.4, we construct a variety of lower bounds on achievable approximation
ratios. These are based on integrality gaps as well as hardness results. These show
that the approximation ratios developed in Section 6.3 are essentially optimal for
most values of Ay, ayin, €, particularly when A, is large.

In Section 6.5, we show that our randomized rounding scheme obeys a negative
correlation property, allowing us to show concentration bounds on the sizes of the
objective functions C; - z. This significantly improves on the algorithm of [108]; we
show asymptotically better approximation ratios in many regimes, and we also give

a polynomial-time algorithm regardless of the number of objective functions.

6.1. The RELAXATION algorithm

We first consider the case when all the values of Z are small. In this case, we present
an algorithm which we label RELAXATION. Initially, this algorithm draws each x; as
an independent Bernoulli trials with probability p; = az;, for some parameter o > 1.
This will satisfy many of the covering constraints, but there will still be some left
unsatisfied. We loop over all such constraint; whenever a constraint k£ is unsatisfied,
we modify the solution as follows: for each variable ¢ which has x; = 0, we set z; to
be an independent Bernoulli random variable with probability p; = o Ag;ax;. Here

o € [0,1] is another parameter which we will also discuss how to select.

Algorithm 1 pseudocode for the algorithm RELAXATION

function RELAXATION(Z, A, a, 0, «) > Approximates 0-1 ILPs
for i from 1,...,n do > Initialization
x; ~ Bernoulli(az;)

for k from 1,...,m do > Partial resampling scheme
while A; -z < a;, do
for i from 1,...,n do
if z; =0 then
x; ~ Bernoulli(o Ag; ;)
return z
Whenever we encounter an unsatisfied constraint k£, and we draw new values for

the variables, we refer to this as resampling the constraint k. There is an alternative

way of looking at the resampling procedure. Instead of setting each variable x; =
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1 with probability oAg;az;, we instead suppose that we first select a subset Y C
[n] of the variables, where each variable i currently satisfying x; = 0 goes into Y
independently with probability o Ay;. Then, for each variable i € Y, we draw x; ~
Bernoulli(az;). It is clear that this two-part sampling procedure is equivalent to the
one-step procedure described in Algorithm 1. We now let Y}; denote the jth chosen
resampled set for constraint & (if this exists). We say that variable i is resampled if
1€ Yy

The witness trees are particularly simple, in our context: they are just linear trees.
(We will later generalize the notion of witness tree to handle multi-criteria programs.)

More formally, a witness tree will be one of the following:

(1) The empty list, which we denote -;

(2) A single index k € [m], with a list of resampled sets (Y1, ..., Y};) for j > 1.

We do not claim in the second case, that Yj; is the last resampled set for constraint
k. Indeed, it is possible that this resampling procedure does not terminate and some
constraint has an infinite number of resampled sets.!

Fundamental to the correctness of our analysis is the following Witness Tree

Lemma:

LEMMA 6.4 (Witness Tree Lemma). Let Zy, ..., Z; be subsets of [n|. The proba-

bility of encountering the witness tree (Zyi, ..., Zx;) for a constraint k is at most
J
P((Zy,...,Z;) is a witness tree for constraint k) < H fx(Z))
1=1

where we define

filZ)=(1-o) ] —AMU)H%

% 1€2

IThe standard method of generating witness trees for the MT algorithm may need to list the re-
sampled sets for multiple constraints. Restricting to these single-constraint witness trees is the main
contribution of Chapter 4 which in this context allows us to show simpler and stronger bounds on
the behavior of our algorithm.
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PROOF. If there are fewer than j resamplings of constraint k, then this witness
tree cannot occur. So suppose that there are (at least) j resamplings of constraint k.

First, consider some variable ¢ that appears r times among the sets 7, ..., Z;. We
only resample variables which are currently equal to zero, so it must be that during
the first r resamplings of the variable z; (where the first resampling is taken to be the
initial sampling stage), that we set x; = 0. Note that some or all of these resamplings
may have taken place for earlier constraints k' < k. Regardless of which constraint
causes these resamplings, every resampled variable is set equal to one independently
of all past events with probability p;. Thus, the probability that variable ¢ is set equal

to zero for its first r resamplings is (1 — p;)". The total probability of such events is

(25) [T -po# v <2 =TT 10 - »0)

i I=1i€
which accounts for the term [[..,(1 — p;) in fi(Z2).

Now consider the probability that each set Z is chosen to be Yj;, conditional on
having chosen all the previous sets Yji,...,Y,q-1) and on any choice of resampled
values for the variables. Let us denote z’ by the value of the variables x at the time
this Ith resampling of constraint k£ occurs. As we put each i € Y}, with probability
Ayio independently, the probability that all 7 € Z go into Yi; is [[,c, Ario. By the
same token, if 2} = 0, then ¢ avoids going into Yj; with probability 1—Ay;o. Therefore,

the overall probability of selecting Y;;, = Z is given by

P(Yu=2)< HAkZU H (1 — Agio)

i€z i¢ 7,0 =
(g Apio >(1;£ (1— Apo )) (1;[1(1 _ Akig)—l)

only variables with z} = 0 exist in Yy,

= H(l — Apio) H % H (1= Apo)™

i €7 z/=1

k3

206



We now observe that constraint k£ can only be resampled if and only if it is
currently unsatisfied, so it must be that Ayz’ < a;. By Proposition 6.28, we thus

have:

[[-Auo) ' <@ —0)

/I _
z;=1

further implying;:

AkiO'
1-— AkiO'

(26) PYu=2)<(1-0) ™[]0 - Auo) ]

% €7

The total probability of observing the witness tree (Z1,...,Z;) is the product of

(25) and (26), over all [ = 1,...,j. This gives us the claimed result. O

PROPOSITION 6.5. For any constraint k define

Sk = (1 _ O.)—ake—aaAkw%‘

Then we have 3 ;c,y [i(Z) < .

PRrRoOOF. We have

Z fk(Z) _ Z (1 o 0)7% H(l _ Akﬂ) H (11__]912'4):(]:0'

ZCln] ZCln] i €7
_ —a (1 = pi) Agio
= (1—0)® H(1 — Ago) Y H By

i ZC[n]i€Z

n 1 —pi)Apio
TR | () ) ((REL= R

7 =1

—_ (]_ — O')_ak H(]_ — A]%]?ZO')

)

< (1 _ O—)_ake_o' > Akibi

— (1 o 0)—ake—ao¢Ak~:?:
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To gain some intuition about this expression, note that if we set 0 = 1 — 1/«

(which is not necessarily the optimal choice for the overall algorithm), then we have

Sp = aake—Ak-x(a—l)

and this can be recognized as the Chernoff lower-tail bound. Namely, this is an upper
bound on the probability that a sum of independent [0, 1]-random variables, with
mean «aAy -z, will become as small as a;. This makes sense: for example at the
very first step of the algorithm (before any resamplings are performed), then Ay - x
is precisely a sum of independent Bernoulli variables with mean a4, - . The event
we are measuring (the probability that a constraint k is resampled) is precisely the
event that this sum is smaller than ay.

Proposition 6.6 gives a bound on what is effectively the running time of the algo-

rithm:

PROPOSITION 6.6. The expected number of resamplings steps made by the algo-

rithm RELAXATION is at most ), 6(,&%‘55(;70

Jok—1°

PRrooOF. Consider the probability that there are [ resamplings of constraint k. For
this to occur, then a necessary condition is that there are sets Zi,...,Z; such that
(Z1,...,7;) is a witness tree for k. This has probability fi(Z1)... fe(Z;). Taking a

union-bound on [, we have:

P(There are > [ resamplings of constraint k) < Z fe(Z) ... fu(Z) = sk
Zr 2

Thus, the expected number of resamplings of constraint k is at most »_,°, sh =

sk/(l—sk). ]

We can also give a bound, crucially, on the distribution of the variables z; at the

end of the resampling process.
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THEOREM 6.7. For any i € [n], the probability this algorithm sets xz; = 1 is at

most

X Api
P([El = 1) S Ofxz<1 + O-Z eo.aAk.j(l _ O_)ak _ 1)
k

PROOF. For x; = 1, the necessary conditions are either x; was set to one during
the initial sampling stage, or it was caused on the jth resampling of some constraint
k. In the latter case, we must have ¢ € Y};. The probability of the first event is p;.

Now, let us consider the probability of the second event. There must be sets
Zy,...,Zywithi € Z;, such that (Z,,. .., Z;) is the witness tree for the jth resampling
of constraint k. By Lemma 6.4, this has probability fi(Z1)... fi(Z;). Suppose that
variable ¢ appears r times among the sets Z;,...,Z;. The probability calculated in
Lemma 6.4 is based on the fact that for the first r resamplings of variable ¢ we must
choose z; = 0. However, another necessary condition is that we select z; = 1 during
the jth resampling of constraint k. This event has probability p;, conditional on all
the events discussed in Lemma 6.4. Hence, the overall probability of setting z; = 1
at the jth resampling of constraint k is at most p; fi,(Z1) ... fe(Z;).

Thus, summing over k, j, we have:

<p1+zz Z psz Zl fk(Zj>
J 21,425
1€Z;

@(HZ%%Z&(Z))

E j=0  Zi

1_ i/Ai/
1+Zl—skz (1-o0) akH(l—Aki’O')H#)

Z31 i'eZ

i

| N
—_
_|_

z( (1—0) " oAl — pz‘)e“’(O‘A’“'i’_A’“p")>
1— Sk
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1—Sk

o Apisi(1 — p;)eAkiPi
=p¢<1+z kish(1 = Pi) )
k

We now note that Ag; < 1,0 < 1 and so by Proposition 6.29 we have (1 —

p;)e?AriPi < 1 giving:

Sk X Al
SR (ES SIS PP ReS S
- p

6.2. Extension to the case where z; is large

6.2.1. Overview. In the previous section, we described the RELAXATION al-
gorithm under the assumption that Z; < 1/a. This assumption was necessary because
each variable 7 is chosen to be drawn as a Bernoulli random variable with probability
p; = ax;. In this section, we give a rounding scheme to cover fractional solutions &

of unbounded size. We first give an overview of this process.

Our goal is to extend the approximation ratio p; = a(l +o), ewAk'iékig)ak_J
of Section 6.1. First, note that if we have a variable i, and a solution to the LP with
fractional value z;, we can sub-divide it into two new variables y;, y, with fractional
values 9,92 such that 9, + o = Z;. Now, whenever the variable z; appears in the
covering system, we replace it y; + 1. This process of sub-dividing variables can force
all the entries in the fractional solution to be arbitrarily small. We can round the
RELAXATION algorithm of this subdivided fractional solution, obtaining an integral
solution 1, y2 and hence x; = y; + y2. Observe that the approximation ratios for the
two new variables both equal to p; itself. Thus E[x;] = E[y1 +y2] < piy1 + piye < pidi.

By subdividing the fractional solution, we can always ensure that we obtain the

same approximation for the general case (in which # is unbounded) as in the case in

which Z is restricted to entries of size at most 1 — 1/a. However, this may violate
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the multiplicity constraints: in general, if we subdivide a fractional solution Z; into
U1, ---,9;, and then set x; =y, + - -+ + y;, then z; could become as large as [.

There is another, simpler way to deal with large values z;: for any variable with
Z; > 1/a, simply set x; = 1. Then, we certainly are guaranteed that E[z;] < az; <
piT;. Let us see what problems this procedure might cause. Consider some variable ¢
with &; =r > 1/ a.? Because we have fixed z; = 1, we may remove this variable from
the covering system. When we do so, we obtain a residual problem A’,a’, in which
the ith column of A is replaced by zero and all the RHS vectors a; are replaced by
ay, = ar — Ap;.

Suppose that variable i appears in constraint k& with another variable i’ with
A = 1. We want to bound E[z}] in terms of §;; to do so, we want to show that

constraint k contributes — Ak,;(‘fi_’a)ak_l to E[z]. Now, in the residual problem, we

replace a, with a;, — 1 and we replace A, - & with A, - £ — r. Thus, constraint k

contributes the following to [3.,:

Ak Api

effa(Ak‘f—T)(l —o)u1 1 - eaa(Ak~§c)<1 —o)ame=oor(]l —g)~1 — 1

Observe that if r > _IH(ST_U), then this is larger than the original contribution term
we wanted to show, namely p; = Miﬁ Thus, there is a critical cut-off value

0 = = In(1—0)

o when #; > 6, then forcing z; = 1 gives a good approximation ratio

for variable ¢ but may have a worse approximation ratio for other variables which
interact with it.

We can now combine these two methods for handling large entries of z;. For
any variable ¢, we first subdivide variable ¢ into multiple variables ¢,...%; with
fractional value 6, along with one further entry g,41 € [0,60]. We immediately set
i,y = 1L If g > 1/a, we set yp1 = 1 as well, otherwise we will apply
the RELAXATION algorithm for it. At the end of this procedure, we know that
zi =yt -y < (141) = [%]. We also know that E[z;] < a(fi+ - +0)+pifis1 <

2To gain intuition, the reader may consider the case in which > 1. In this case, it is obvious that
this is a bad rounding procedure. It is instructive to trace through exactly why it fails badly.

211



pi(g1 4+ +Ui11) = piZ;. Thus, we get a good approximation ratio and a good bound

on the multiplicity of z;.

6.2.2. The ROUNDING algorithm. For each variable 7, let v; = [%;/0],

where we define
—In(1 — o)
ao

0 —

We define F; = z; — v;6 which we can write as F; = Z; mod 8. We also define:

0 if F; <1/« F, it F,<1/a
G; = , T =

1 if B> 1/a 0 ifF>1/a
We form the residual problem aj, = ar — >, Api(G; + v;). We then run the
RELAXATION algorithm on the residual problem, which satisfies the condition that

x, € [0,1/a]™ This is summarized in Algorithm 2.

Algorithm 2 pseudocode for the algorithm ROUNDING

function ROUNDING(z, A, o, «) > Approximates arbitrary ILPs

Set g = —n=0)
for ¢ from 1,...,n do

v = [%:/0]

F, =2, mod 6.

G;=1if F; > 1/a, G; = 0 otherwise.

&, =0if F; > 1/a, &, = F; otherwise.
for k from 1,...,m do

Set aj, = ap — Y, Api(G; + ;)
Compute ' = RELAXATION(%', A, d, 0, a)
Return x = G+ v+ 2’

We begin by showing a variety of simple bounds on the variables before and after

the quantization steps.

PROPOSITION 6.8. Suppose that x' € {0,1}" satisfies the residual covering con-
straints, that is, Ay -2’ > a) for allk =1,...,m.
Then the solution vector returned by the ROUNDING algorithm, defined by x =
G + v + 2/, satisfies the original covering constraints. Namely, Ay - x > ay for all
k=1,...,m.
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PROOF. For each k& we have:
Ap-x=Ap- (2 +G+v) = Ak‘$/+2Aki(Gi+vi) > GZ+ZAM(G¢+%) = a

O

PROPOSITION 6.9. For any ¢ we have

Proor. If G; = 0, then both of the bounds hold with equality. So suppose G; = 1.
In this case, we have 1/a < &; —v;60 < 6. Soz; —v;0 — G;/a >0 —1/a > 0 and

r; —v;0 — G0 < 60— 0 =0 as required. O

PROPOSITION 6.10. For any i, at the end of the procedure ROUNDING, we have

< | ao
T =In(1 - o)

PRrOOF. First, suppose Z; is not a multiple of §. Then z; = 2+ G, + |z;/0]. Note
that if G; = 1, then 2} = 0 which implies that z; = 0. So G; + v; < 1 and hence
x <14 |z;/0] = [z;/0].

Next, suppose Z; is a multiple of §. Then G; = 2} = 0 and so 2, = 0 and we have

The next result shows that the quantization steps can only decrease the inflation
factor for the RELAXATION algorithm. Proposition 6.11 is the reason for our choice
of 6.

PROPOSITION 6.11. For any constraint k, we have

(1 _ O_)(l;CeO'OéAk~@/ Z (1 _ O_)[lkeO'OLAk'f
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PRrROOF. Let r = ), Ayi(G; + v;). By definition, we have aj, = a —r. We also

have:
P = Z Ay
> Z Aki(Z; — v;0 — G;0) by Proposition 6.9
=qp — 10
Then

(1 _ O,)aggeaaAk-:i" _ (1 . O_)akfreaaAk-fc’

> (1 . O_)akfreoa(akfr@
— (1 . O’)_ake_mmk % ((1 . 0)690a)—r

— (1 _ 0.)—ak6—aocak
O

We can now show an overall bound on the behavior of the ROUNDING algorithm

THEOREM 6.12. At the end of the ROUNDING algorithm, we have for each vari-

able 1

R Api
Elr;] < cwci(l + ag caan (1= o)or = 1)
The expected number of resamplings for the RELAXATION algorithm is at most

1
Zk edag (l—o')ak -1

PrOOF. By Theorem 6.7, the probability that 2 = 1 is at most

P(x! 1)<ozx(l+az 1_0'ak€UC¥AkCC_]_>

Api .
< ai*;(l + U; =0 k 1) by Proposition 6.11

ag eaaak _
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Hence we estimate E[z;] by:

A
S’I}Z—FGl—FOMAﬁ;(l—FO’Z i )

- (1 — o)meram — 1

Api
<v+G; + a(z; — Ov; — Gi/a)(l + UZ 1=0) K 1) by Proposition 6.9
k

agpoaag _

. Api
Svi(l—a9)—|—o¢xi<1+a§( 1)

1— O-)akeaocak _

. A
gaxi(ljta;(l_a)akemak_l) as af > 1

This shows the bound on E[z;]. The bound on the expected number of resamplings

is similar. O

6.3. Bounds in terms of apyi,, A1

So far, we have given bounds on the behavior of ROUNDING algorithm which
are as general as possible. Theorem 6.12 can be applied to systems, in which there
may be multiple types of variables and constraints. However, we can obtain a simpler
bound by reducing these to two simple parameters, namely A;, the maximum [/;-norm
of any column of A, and a,,;, = ming ai. We will first assume that a,,;, > 1, A7 > 1.
Later, Theorem 6.15 will show that we can always ensure that this holds with a simple

pre-processing step.

THEOREM 6.13. Suppose we are given a covering system with Ay > 1, Gpin > 1

ln(Al-l—l)

Amin

and with a fractional solution T. Let v =
Then with appropriate choices of o, we may run the ROUNDING algorithm on
this system to obtain a solution x € 2} satisfying

h+¢7w

Elzi] < & (147 +4y7), %3[@ma+¢%
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The expected running time of this algorithm is O(mn).

PROOF. We set 0 =1 — 1/« and apply Theorem 6.12. We have for each variable

R Ap
E[xz] S xza(l + UZ (1 _ U)akeoaak _ 1)
k

iioz(l—i-(l—l/a)g Ay )

eak(a—1)p—ar — ]

X A
S xz&(l + (1 - 1/0[) Z eamin(a_l)a_amin J— 1)

k

§§7i<a+(a—1) A1 1)

eamin (047 1) Cy*amin —_

Now substituting o = 1 + v+ 2,/7 and amyin = In(A; + 1)/ gives

. Ay
Elz;] < 2; (1 +7+ 27+ 27 +7) 3/A 2 (it yA) >
(Al —f- ].) v — 1

Proposition 6.30 shows that this is decreasing function of A;. We are assuming

Gmin > 1, which implies that A; > €Y — 1. We can thus obtain an upper bound by

substituting A; = €7 — 1, yielding

v RPN NGLS [ 2 Y, )
(V1)

Some simple analysis of the RHS of (27) shows that we have

Elz;] <&:(1+v+4y7)
To show the bound on the size of x;, we apply Proposition 6.10, giving us
1
z; < jiL — @M
—1In(1 — o) In(1+ /7)
Next, we will analyze the runtime of this procedure. The initial steps of rounding

and forming the residual can be done in time O(mn). By Theorem 6.12, the expected
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number of resampling steps made by the RELAXATION algorithm is at most

1

0k (a—l)a—ak -1

E[Resampling Steps| < Z
k

m

- eamin(a_l)a_amin — 1

<

— Y+2v/7—2In(1+/7%)
(Al 1) 7

< m <
—_— m

>~ 21 >~

In each resampling step, we must draw a new random value for all the variables;
this can be easily done in time O(n). The algorithm in its entirety is bounded by

O(mn) as required. O

In Theorem 6.13, we may violate the multiplicity constraints considerably. By

adjusting our parameters, we may have better control of the multiplicity constraints.

THEOREM 6.14. Suppose we are given a covering system with Ay > 1, Gpn > 1,

1n(A1+1)

Amin

as well as a fractional solution . Let v =
Let € € [0,1] be given. Then, with an appropriate choice of o, we may run the

ROUNDING algorithm on this system to obtain a solution x € Z'} satisfying
2 < [#i(1+e€)],  Elm) <a(1+47+47y/e)

The expected run-time is O(mn).

PROOF. First, suppose v < ¢%/2. In this case, we apply Theorem 6.13. We are

guaranteed that z; < [Z; 11{?1\*/;)

[Z;(1 +¢€)]. We then have E[z;] <144,/7 +v < 1+4,/7 +47/e as desired.

| and some simple analysis shows that this is at most

Next, suppose v > €2/2. We set a = w, where o € (0,1) is a parameter

to be determined. Then by Proposition 6.10, we have x; < [Z;(1 + €)] at the end of

the ROUNDING algorithm.
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We apply Theorem 6.12 to estimate E[z;]:

. Api
Elz;] < a:z;z-(l + UZ (1= o)mevom — 1)
k
A Ayl
= a%(l + Uzk: (1= o)-o = 1)
Ap
< &xi(l + o )
zk: (1—0)=—1

= é‘“”’(HU(l —a?—lae - 1)

Now set ¢ = 1 —e?/¢; observe that this is indeed in the range (0, 1). This ensures

that (1 — o) % = Ay + 1 and hence we have

1
ev/e—1

E[le] S i’@a(l + O') = .’IA},L <€7l<2 +

J(1+e))

Some simple calculus shows that this coefficient e ™'(2 + =7 )(1+ €)v is at most
1+€+(2+2/€)y. By our assumption that € € [0, 1] and our assumption that €2/2 < v,
this is at most 1 4 /27 + 4v/€ as desired.

The bound on the running time follows the same lines as Theorem 6.13. U

We now show how to ensure that ap;, > Ay > 1:

THEOREM 6.15. Suppose we are given a covering system A,a with v = In(A; +
1)/@min. Then, in time O(mn), one can produce a modified system A’,a’ which satis-

fies the following properties:

(1) The integral solutions of A, a are precisely the same as the integral solutions
of A’ d;
(2) @), > 1 and A} > 1;

mu

(3) We have v < v, where v = In(A] +1)/d!

min*

PROOF. First, suppose that there is some entry Ay; with Ag; > ai. In this case,
set A}, = ag. Observe that any integral solution to the constraint Ay -z > a; also

satisfies A} -x > aj, and vice-versa. This step can only decrease A; and hence 7' < .
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After this step, one can assume that A;; < a; for all k,i. Now suppose there are

some constraints with a; < 1. In this case, replace row Ay with A} = Ai/ax and

replace a; with aj, = 1. Because of our assumption that Ay; < a; for all k, i, the new

row of the matrix still satisfies A} € [0,1]". This step ensures that aj > 1 for all k.

Also, every column in the matrix is scaled up by at most 1/ax < 1/amin, so we have

A < Ay/amin and al;, = 1. We then have

min

o = (A 4 1)/ = (A fa + 1) < BALED

Qmin
Finally, suppose that A; < 1. In this case, observe that we must have A;; < A
for all k, 4. Thus, we can scale up both A, a by 1/A; to obtain A’ = A/Ay,d' = a/A;.
This gives A" = 1,al_ .. = Gmin/A1

» Ymin

,  In(141) < In(A; +1)

Amin / A 1 - Amin

6.4. Lower bounds on approximation ratios

In this section, we provide lower bounds on the performance of algorithms to
solve covering integer programs. These bounds fall into two categories. First, we
show hardness results, namely that there is no polynomial-time algorithm which can
achieve significantly better approximation ratios than we do. These are based on
Feige’s celebrated result on the inapproximability of set cover [37], which was later
improved by Moshkovitz [88]. Next, we show integrality gap constructions. Our
rounding algorithm transforms a solution to the LP relaxation to an integral solution;
we show that there are some CIP instances for which the optimal integral solution
has an objective-function value that is close to our approximation bound times the
objective-function value of any optimal fractional solution. This implies that any
algorithm which is based on the LP relaxation cannot have an improved approximation

ratio.
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The formal statements of these results contain numerous qualifiers and technical

conditions. So, we will summarize our results informally here:

(1) Under the Exponential Time Hypothesis (ETH), when + is large any polynomial-
time algorithm to solve the CIP (ignoring multiplicity constraints) must have
approximation ratio v —In~y+€(1). Furthermore, there is an integrality gap
of ¥ — O(log~v) (no intractability assumptions needed). By contrast, the
algorithm of Theorem 6.13 achieves approximation ratio v + O(y/7).

(2) Under the assumption that P # N P, when 7 is large any polynomial-time al-
gorithm to solve the CIP while respecting the multiplicity constraints within
a 14 e multiplicative factor, must have approximation ratio Q(y/¢). By con-
trast, the algorithm of Theorem 6.14 achieves approximation ratio O(vy/e).

(3) When ~ is small, the integrality gap of the CIP is 1+ Q(+); by contrast, the

algorithm of Theorem 6.13 achieves approximation ratio 1 + O(,/7).

We note that the parameter v depends on two parameters Ay, ay,. Thus, in order
to show these results, we must show hardness across a wide range of the parameters
A1, anin. By contrast, typical hardness results for set cover only depend on a single

parameter (such as Aj or n).

6.4.1. Hardness results. Our hardness results are all reductions from the con-
struction of Feige [37], which was later tightened by Moshkovitz [88]. They gave the

following nearly-tight hardness results for approximating set cover:

THEOREM 6.16 ([88]). Suppose we are given set cover instances on a ground set

[n] with optimum solution of value T. Then: *

(A) Under the assumption P # N P, there is no polynomial-time algorithm which

can find a solution of value < T x clnn, for any constant ¢ < 1.

3These results do not follow from the original, conference version of [88]. They follow immediately
from a result stated in the full journal version (unpublished), although they are not stated explicitly.
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(B) Under the exponential time hypothesis (i.e., that any algorithm for SAT
requires time at least 2™ ), there is some constant ¢ > 0, such that no

polynomial-time algorithm can find a solution of value < T x (Inn—clnlnn).

Note that, as shown by [107], the greedy algorithm for set cover achieves approx-
imation ratio Inn —Inlnn+©(1). Thus, the approximation ratio of Theorem 6.16(B)
is nearly tight (up to a coefficient of Inlnn).

We will show that other variants of the covering integer program can be reduced
to set cover. This will show hardness results for CIP, which closely match the bounds

achieved by our algorithms.

PROPOSITION 6.17. There is some constant ¢ > 0 for which the following holds.
Let a > 1 be any fized integer. Assuming the exponential time hypothesis, there is no
polynomial-time algorithm A with the following behavior: given a CIP with i, > a
and optimum solution of value T, then A finds a solution x € Z, of value < ST,
where we have

5= In(A; +1) —clnln(A; + 1).

a

Observe that > (1—o(1))y, hence CIP cannot be approzimated within (1—o(1))7y,

even with an arbitrary violation of the multiplicity constraints.

PROOF. Suppose for contradiction that for every ¢ > 0 there exists such an A.
Now suppose we are given some set cover instance, with optimum solution v, on some
ground set [n]. Let S = {Si,...,S,,} C 2[". Now, for each element k € [n] in the
ground set, we have a constraint

Z T; > a
i:keS;

and we have an objective function C'-x = ) x;; that is, each variable has weight one.
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The resulting CIP instance contains n constraints.? Furthermore, we may assume
that none of the sets S; are the full set [n], as otherwise this would have a trivial
solution of weight 1. So we may assume A; < n — 1, as well as ap;, > a. Observe
that if we are given a solution Sy to this set cover instance, of weight v, then the
corresponding CIP has a solution defined by

a if S, €8y

Tr; =
0 otherwise
which has weight T' = awv.
Now, we run A on this resulting system, and we obtain a solution z’ of weight

< BT. Now construct the solution S to the original set cover instance:
So = A{Si [ ;= 1}

It is not hard to see that & is a valid solution to the original set cover instance

and |S)| < >, z}. So our algorithm has overall approximation ratio

%l pT
|Sol v v
n(A; 4+ 1) —clnln(A; + 1)a

a

IN

—

IN

<Inn-—clnlnn

Thus, we have constructed an approximation algorithm for set cover with approx-

imation ratio Inn — cInlnn for every ¢ > 0. This contradicts Theorem 6.16(B). O

A slight modification of this argument, taking advantage of a construction of [67],
can give approximation hardness when the multiplicity constraints are violated by at

most a factor of (1 + €).

1t is somewhat confusing that for set cover, the standard terminology uses m for the number of sets,
which correspond to variables, and n for the size of the ground set, which corresponds to constraints.
For CIP, one uses the opposite terminology: there are m constraints on n variables.
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PROPOSITION 6.18. Let a > 1 and € € (0,1) be any fized real numbers. Assuming
P # NP there is no polynomial-time algorithm A with the following behavior: given
a CIP with G, > a and optimum solution of value T satisfying x; € {0,...,d;},
then A finds a solution x satisfying x; € {0,...,[d;(1+¢€)]} of value < BT, where

ln(Al =+ 1)
2a€

3=

Hence CIP cannot be approvimated within o(1) as long as the multiplicity con-

straints are respected within a multiplicative factor of (1 + €).

PROOF. Suppose there exists such an .A. Now suppose we are given some set cover
instance, with optimum solution v, on some ground set [n]. Let S = {S,...,S,} C

2" Now, for each element k € [n] in the ground set, we have a constraint

e S

K(l+e) 1 mth +i:’%ix’ =4
and we have an objective function C' -z = Y| x;; that is, each variable z1, ..., 2,
has weight one, and each variable ,, 1, ..., Zy+, has weight zero. We set d; = oo
fori=1,...,mand weset d; = K fori =m+1,...,m+n; here K is a large integer

parameter, which we will specify shortly. (In particular, for K sufficiently large, all
the coefficients in this constraint are in the range [0, 1].)

The resulting CIP instance contains n constraints and we may assume A; < n—1,
as well as an,;, > a. Observe that if we are given a solution Sy to this set cover instance,
of weight v, then the corresponding CIP has a solution defined by

;

a_l((lani)Jrl 1fSZ€SOandZ§m
Ti=4\ K fm+1<i<m+n
\O otherwise

which has weight 7" = (a — K(I‘IT[;H)U
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We run A on this resulting system, and we obtain a solution 2’ of weight < 8T

Now construct the following solution & to the original set cover instance:
So={% | z; > 1}

which has weight |Sj| < >, 2.
We claim that this satisfies the set cover instance; for any k € [n], there is some

i € [n] with S; € 8, 8; 2 kiff >, s i > 1; we can estimate the latter in

S za- gt

o Uk

1:k€S; 1+€)+1

IR

K(l+e+1

- K(l1+¢e)+1
a—a——" =

K(1+¢€+1

Thus, we have that » ., ¢ x; > 0. Since 2’ is an integral vector, it follows that
> ikes, Ti > 1 and the covering constraint is satisfied.

So our algorithm has overall approximation ratio

/ m / G_L v
S < D e T < T < Ala - zatas) < Ba(1— K )
|Sol v v v K(l+e)+1
In(A; + 1 K
< n(A; + )a(l— )
2ae K(1+¢€)+1
1 K
<ilnn(--

Now suppose we take K > % Then, one can verify that (% — ﬁ) < 1 and hence

we have
S0l

<
|Sol

In

N |=

Thus, we have constructed an approximation algorithm for set cover with approxi-

mation ratio 3 Inn, which is forbidden by Theorem 6.16(A). O

6.4.2. Integrality gaps. We next show a variety of integrality gaps for the CIP.

These constructions work as follows: we give a CIP instance, as well as an upper
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bound on the weight of the fractional solution 7" and a lower bound on the weight of
any integral solution 7". This automatically implies that any algorithm which convert
a fractional solution into an integral solution, as our algorithm does, must cause the
weight to increase by at least T'/7.

These methods show only a limited type of hardness — namely, they only restrict
the approximation ratio of LP-based algorithms. However, they are unconditional
and self-contained results, which do not require strong complexity assumptions such
as ETH.

We show an integrality gap which matches Proposition 6.17 when v is large. We

are also able to show an integrality gap for the regime in which v — 0.

PROPOSITION 6.19. Leta > 1,D > 1 be given. There is a covering program, with
min = a, A1 < D, and which satisfies the following property. Let T be the optimal
value of this covering program, subject to the constraints x € R and let T' be the
optimal value of the covering program, subject to the constraints v € Z7. Then we

have
In(D+1) O(log log(D +1)

T/T >
/_ a a

) =7 = O(log)

PROOF. First, we claim that we can assume that D is larger than any desired
constant. For, suppose D < Dy. Then, for some constant ¢ > 0, we have In(D +

1) — cloglog(D +1) < 1 for all D < Dy. We certainly have T/T > 1, so we have

T/T > In(D + 1) — cloglog(D + 1) > ln(DH)_cfglog(DH). Likewise, we can assume
that In(D + 1) > a. We will make both of these simplifications for the remainder of
the proof.

There are m = | D] constraints, which we will form randomly as follows: we select
exactly s positions iy, ...,7s uniformly at random in s without replacement, where
s = [pn]; here n — oo and p — 0 as functions of D. We then set Ay;, = -+ = Ag;, =

1; all other entries of A, are set to zero. The RHS vector is always equal to a. The
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objective function C' is defined by C' -z = >  z;; that is, each variable is assigned
weight one.

We can form a fractional solution & by setting #; = ¢. As each constraint contains
exactly s entries with coefficient one, this satisfies all the covering constraints. Thus,
the optimal fractional solution has value T' < na/s = a/p.

Now suppose we fix some integral solution of weight > x; = t. Let I C [n] denote
the support of x, that is, the values i € [n] such that z; > 0; we have |I| =r <¢. In
each constraint k, there is a probability of (”;r) / (Z) that A; = 0 for all 7 € I. If this

occurs, then certaintly A -x = 0 and the covering constraint is violated. Thus, the
()
()

are independent, the total probability that x satisfies all m constraints is at most:

. As all the constraints

probability that x satisfies constraint £ is at most 1 —

P(z satisfies all constraints and has weight t) < (1 —

< exp(—m(l —p—t/n)") as s <pn-+1

We want to ensure that there are no good integral solutions. To upper-bound the
probability that there exists such a good x, we take a union-bound over all integral
x. In fact, our estimate only depended on specifying the support of x, not the values
it takes on there, so we only need to take a union bound over all subsets of [n] of

cardinality < t¢. There are at most Zi:o (’Z) < n! such sets, and thus we have

P(Some z satisfies all constraints) < n'exp(—m(1 —p —t/n)")

< exp(tlnn —m(1 — p)' +mt?/n)
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We now set n = m¢t, and obtain

P(Some = satisfies all constraints) < exp(t(1 + In(mt)) — m(1 — p)*)
< exp(t? Inm — mexp(—pt — p*t))

for m, p, t sufficiently small

If this expression is < 1, then that implies that there is a positive probability that
no integral solution exists. Hence, we can ensure that all integral solutions satisfy
T > t. Now, some simple analysis shows that this expression is < 1 when p = 1/Inm
and t = p~'(Inm — 10InInm) and m sufficiently large. Thus we have
p'(lInm — 10Inlnm)

a/p
- Inm — O(loglogm)

T/T >

a
> In(D +1)
a

B O(log(log(z +1)

)

as we have claimed.

Proposition 6.19 does not give a useful bound when a > In(D + 1). Proposi-

tion 6.20, which is based on a construction of [115], covers that case:

PROPOSITION 6.20. For any g € (0,1) and D > 2'4/9, there is a covering program
which satisfies A1 < D, lngD—ﬂ) < g, and which satisfies also the following integrality
gap property: Let T be the optimal value of this covering program, subject to the

constraints x € RY and let T' be the optimal value of the covering program, subject to

the constraints x € Z7;. Then we have

T/T>1+g/8>1427)
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In particular, it is not possible to show an approrimation ratio for LP rounding
of the form 1+ 0(%).

PROOF. We set n = 29 — 1 where ¢ = |1 + log, D|. We will view the integers
from 1,...,n as corresponding to the non-zero binary strings of length ¢q. Thus, if
i,i" € {1,...,s}, then we write i - i’ to denote the binary dot-product. Namely if we
have i = ig + 2iy +4ip + ... and @’ = if + 2i) +4iy + ... where ij,i’; € {0, 1}, then we
define i - i = Qi)

The covering system is defined as follows: For each k € {1,...,n} we have a

constraint
Z L 2 a,
i:(k-)=0
The objective function is C' -z =Y | ;.

For each ¢ = 1,...,n, we have Y, (k1) = 2771 < D. Thus A; < D as desired.

In(D+1) _ _ gln(D+1)
Also, we have amm . Titlog, D]—1

< g. Thus, the covering program satisfies the

stated bounds on ay;,, D.

We form the fractional solution Z by setting #; = 5% fori = 1,...,n. This shows
that the optimal fractional solution has value T < (2;;—_11)‘1 < 2a.

Now consider some integral solution « € Z'} with ), z; = T. We can write z as a
sum of basis vectors, ¥ = e, + - -+ ¢€,,, where yi, ..., yr are not necessarily distinct.

Consider the quantity

v=>" Y I(k-y)=...(k-y,,)=0)

kE 1<ii<-<ig—1<T

We count V' in two different ways. First, for any 41, ...,7,-1, by linear algebra over
GF(2) there must exist at least one k # 0 which is orthogonal to all y;,..., ¥, ;-

Hence we have V > (q:).

Second, for any k, there are at most 7' — a choices of y; which are orthogonal to

k. Thus we have V < (27 — 1)(€:f ). We have shown a lower bound on V and an

upper bound on V. The lower bound on V' must be smaller than the upper bound
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on V', or otherwise we would have a contradiction. Thus, a necessary condition for x

to satisfy the covering constraints is that

C@—1

We claim that we must have T" > (¢ — 1)(2/g + 1/4). As the LHS of (29) is a

(28)

decreasing function of T', it suffices to show that (29) is violated for T' = (¢—1)(2/g+
1/4). Rearranging some terms and recalling that a = (¢ —1)/g, we see that it suffices
to show that

((q—1)(6127/§+1/4)>

((q—l)gl_/g+1/4)) (2(] _ 1)

> 1

(29)

1
We use the bounds 27 — 1 < 29 and the bound on the factorial v27rr!lr'T2e " <

1
r! <erlr"2e™", to obtain the following condition, which implies (29):

—399+5g+4q— 99—59—8q (9+4)q+g—4 (9+8)q+g—
(30) 2794 —39) T (83 TE g ) TE T (g4 ) T >
We can increase the RHS of (30) slightly to e to simplify the calculations, and
take the logarithm to solve for ¢q. This gives us the following condition, which implies
(30):

2g(—2+1In(4 — 3g) —In(8 — 3g) — In(g + 4) + In(g + 8) — 2In2)
4gIn2 — (4 —3g)In(4 —39) + (8 —3g)In(8 —3g) + (4+ g)In(4 +g) — (8+¢g)In(8 + g)

(31) g¢>1+

The RHS of (31) is a function of g alone. Simple but tedious analysis (see Proposi-
tion 6.33) shows that it is at most 14/g.

But note that ¢ = |1 + log, D| > log, D; thus, our bound on the size of D
guarantees that indeed ¢ > 14/g. So (31) = (30) = (29) =T > (¢ — 1)(2/g9 + 1/4).
The integrality gap is then given by

(¢g—1)(2/g+1/4) _ 2a + ag/4

T/T >
2a 2a

=1+g/8
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6.5. Multi-criteria Programs

One extension of the covering integer program framework is the presence of mul-
tiple linear objectives. Suppose now that instead of a single linear objective, we have
multiple objectives C-x, ..., C,-x. We also may have some over-all objective function

D defined by the following:

D(.ﬁCl,...,I’n):D(Cl'l',...,cr'x)

For example, we might have D = max; C; -  or we might have D = Y",(C; - z)*.

We note that the greedy algorithm, which is powerful for set cover, is not obviously
useful in this case. However, depending on the precise form of the function D, it
may be possible to solve the fractional relaxation to optimality. For example, if
D = max; () - x, then this amounts to a linear program of the form min¢ subject to
Cr-z <t

For our purposes, the exact algorithm used for this fractional relaxation is not
relevant. Suppose we are given some solution z. We now want to find a solution x
such that we have simultaneously C;-x =~ C;-z. Showing bounds on the expectations
alone is not sufficient — it might be the case that E[C] - 2] < 5C; - Z, but the random
variables C - x,...,C) - © are negatively correlated.

In [108], Srinivasan gave a construction which provided this type of simultaneous
approximation guarantee. This algorithm was based on randomized rounding, which
succeeded only with an exponentially small probability. Srinivasan also gave a deran-
domization of this process, leading to a somewhat efficient algorithm. Some technical

difficulties with this algorithm lead to worsened approximation ratios compared to

(1 + 10g(A0+1) )

min

the single-criterion setting, roughly of the order O , and running times
of the order O(n'°8"). In particular, this was only polynomial if r was constant.
In this section, we will show that at the end of the ROUNDING algorithm, the

values of () -z are concentrated around their means. This will establish that there is

a good probability that we have C) -z = E[C] - x|, simultaneously for all [. Thus, our
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algorithm automatically gives good approximation ratios for multi-criteria problems;
the ratios are essentially the same as for the single-criterion setting, and there is no
extra computational burden.

We begin by showing that the values of x produced by the RELAXATION algo-
rithm we obtain are negatively correlated. We will show how to form witness trees
that explain not just why we have z; = 1 (as we have seen in Lemma 6.4), but that

explain simultaneously why we have z;, =--- =x;, = 1.

PROPOSITION 6.21. Let R C [n]. Suppose that at some point in the RELAX-
ATION algorithm we have x; =1 for all i € R.
Then there is set S C [m], with |S| < |R|, and a collection of sets Z ={Z, ;| s €

S,j=1,...,ws}, which which satisfy the following properties:

(A1) There is some R C R and a bijective function f : R' — S, such r €
Zf(r),wf(r> for allr € R.

(A2) We have Y ; = Z; for all s € S and j < ws.

(A3) For each i € R, suppose that i ¢ Zs; for all s,j. Then the initial sampling
stage of the RELAXATION algorithm sets x; = 1.

(Ad) Suppose that i € RN Zg; but i & Zy ) for any (', ') >iex (5,7). Then the
jth resampling for the constraint s during the RELAXATION algorithm sets
r; = 1.

We say that the listing S,w, Z collectively form a witness tree for the events

/\iER:C’i = 1.5

ProOOF. Let Ry C R denote the variables in R that were not set to one at the

initial sampling stage of the RELAXATION algorithm. Each such element r € Ry

SProperty (A4) is the only place in our paper where we are making essential use of the fact that the
RELAXATION algorithm resamples the constraints in order, and only moves on to constraint k + 1
when constraint k£ has become satisfied. In fact, everything still works if the RELAXATION algo-
rithm resamples constraints in an arbitrary order. It is even allowed to begin resampling constraint
k, move on to constraint k', and then go back to constraint k. We can show this using techniques
in Chapter 4 to analyze the dynamic evolution of witness trees. We omit these complications from
this chapter for simplicity.
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must have become true during the j.th resampling of some constraint k.. Set S =
{k. | r € Ry} and set ws to be the maximum value of j,, over all r with k. = s. We
define Z by Z,; =Y fors € S,j=1,...,ws.

To show property (Al): We define R’ by selecting, for each s € S, exactly one
element r € Ry with j, = ws, k, = s. (There is always at least one such element 7;
if there are multiple, we select one arbitrarily.) Define the function f : R — S by
mapping each such k, to the corresponding s € S.

Property (A2) is clear from the way we have chosen Z.

To see Property (A3), suppose at the initial sampling stage, we had z; = 0 for
some ¢ € R. Then a necessary condition for x; = 1 is that it is set during during
the 7'th resampling of some constraint &’. Then necessarily &’ € S and so there must
exist some r € R’ with k. =k, j, > j' (possibly r = 4). So the set Y}, ; will placed
into Z and ¢ € Y} ;, which contradicts the hypotheses of (A3). A similar argument

applies to show Property (A4). O

PROPOSITION 6.22. Suppose we are given some R C [n], and a list S,w, Z sat-
isfying property (A1) of Proposition 6.21. Then the the probability that the RELAX-
ATION algorithm satisfies Properties (A2) — (A4) is at most [ [;c g pi [ Loes [ 1521 fs(Zs 5)-

ProOF. This is a generalization of Lemma 6.4. Properties (A3), (A4) specify,
for each ¢ € R, exactly one specific time during the execution of the RELAXATION
algorithm at which we set #; = 1. These have probabilities exactly [[,.pi. Also,
Property (A2) specifies for each s € S the first w, sets which are resampled for

constraint s; these contribute probabilities [[/2; fs(Zs ;). O

We can use this result to show a type of negative-correlation property for the

variables at the end of the RELAXATION algorithm:
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THEOREM 6.23. If we have &; < 1/« for all i € [n], then for any subset R C [n],

the output of the RELAXATION algorithm satisfies

P(Nz=1)<]]m

i€ER 1€ER

where, for each i € [n], we define

. Api
pPi = axi(l + U; (1= o) oo — 1)

PRrROOF. If the event A,.px; = 1 occurs, then by Proposition 6.21, there must
exist S, w, Z satisfying (A1) — (A4). To bound the probability of this event, we take
a union bound over all S, w, Z satisfying (A1l). The probability that any such S, w, Z
satisfies (A2) — (A4) is at most F'(S,w, Z) = [[;cppi[loes [1;21 fs(Zs;). Thus we
can write

P(Nz=1)< > Qw2

1ER Sw,Z
satisfying (A1)

We enumerate S, w, Z satisfying (A1) as follows. We begin by setting S = (). For
each i € R, we may either choose to do nothing, or we may place ¢ into R’ and we
may select some integer k; € [m] — S to place into S, along with some integer w; > 0
and some choice of sets Z;1,...,Z;,, with i € Z; .

If we place k; into [m] — S, then it multiplies the value of F' by p; [}, fx,(Wi;);

if we do not choose any such k;, it multiplies the value of F' by p;.
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Let S; denote the value of S after stages 1,...,i — 1, that is, S = {kq,...,ki_1}.

Enumerating the possible values for k; and w; gives:

Z Q(S,w, Z) <sz(1+ Z Z Z ﬁfk(zz]))

S,w,Z 1€ER } S 'LU7,>OZ'Ll Z’L’UJZJ 1
satisfying (A1) 1€2Z5,w,

<[In(1+ Z > Y Tl

1ER }wz>0Z7,1 Zzw Jj=1

1€ 25, w;

T+ S Az w#)

i€R k>0 Z1,..7;

€25

We have already seen the term p; (1 + >, > i0 ZZl ,,,,, 2, [(Z1) ... f(Z;)): in The-

orem 6.7 it was shown that it is at most p;. Thus we have > Q < [l,cgpi and the

theorem is proved. 0

We can now show a concentration phenomenon for C' - z. In order to obtain the
simplest such bounds, we can make an assumption that the entries of C' are in the
range [0, 1]. In this case, we can use the Chernoff upper-tail function to give estimates

for the concentration of C - xz. We recall the definition of the Chernoff function:

DEFINITION 6.24 (The Chernoff separation function for upper-tail bounds). For
t>p with 6 =6(u,t) =t/u—12>0, the Chernoff upper-tail bound is defined as
5

(32) Chernoff-Ulu,t) = (W)u

That is to say Chernoff-U(u,t) is the Chernoff bound that a sum of [0, 1]-bounded and

independent random variables with mean p will be above t.

COROLLARY 6.25. Suppose that all entries of Cy are in the interval [0, 1] and that
all entries & satisfy &; < 1/a. Then, after running the RELAXATION algorithm, the
probability of the event Cy - x >t is at most Chernoff-U(C; - p, t).

PrOOF. The value of ) - x is a sum of random variables Cj;x; which are in the

range [0, 1]. These random variables obey a negative-correlation property as shown in
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Theorem 6.23. This implies that they obey the same upper-tail Chernoff bounds as

would a sum of random variables X; which are independent and satisfy E[X;| = p;. O

We next need to show concentration for the ROUNDING algorithm.

THEOREM 6.26. Suppose that all entries of C; are in [0,1]. Then, after the
ROUNDING algorithm, the probability of the event Cy-x > t is at most Chernoff-U(C,

pst).
PRrOOF. Let v;, G;, 2}, a), 2" be the variables which occur during the ROUNDING

algorithm. We have
P(Ci-x>t)=P(C,-(v0+G+12') >t)
:P(Cl'$,>t—Cl'(Ue+G))
< Chernoft-U(C; - p/, t — Cy - (v8 + GQ))

(33) = Chernoff-U (04 Z Cuti(1+0 Z a » Ak 1),75 —Cy - (v + G))
- —O' al poaARd _

By Proposition 6.31, Chernoff-U(u,t) is always an increasing function of p. So
we can show an upper bound for this expression by giving an upper bound for the p

term in the (33). We first apply Propositions 6.9, 6.11 which give:

B S NS PRV 00 S W

Substituting this upper bound into (33) yields:

Api

(1 — o)meraar — 1)

P(C-x>t) < Chernoff—U(aZC’li T, —v;0 — G /a 1 + UZ
t—Cl-(v9+G)>
< Chernoft-U <Z Ci(pi — (viad + G,)), t — Cy - (v0 + G))

< Chernoff—U((C’l p) = (Cr- (v0 + G)),t — (Cy - (v0 + G)))

< Chernoff-U(C; - p, t) by Proposition 6.32
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In the column-sparsity setting, we obtain the following result which extends The-

orem 6.14:

COROLLARY 6.27. Suppose we are given a covering system as well as a fractional
solution z. Let v = MEZA—?H). Suppose that the entries of Cy are in [0,1]. Then, with

an appropriate choice of o, we may run the ROUNDING algorithm in expected time

O(mn) to obtain a solution x € Z7 such that
P(Cy -z >t) < Chernoff-U(BC, - Z,t)

Jor B=1+~v+4,/7.
If one wishes to ensure also that x; < [2;(1 + €)]| for e € (0,1), then one can

obtain a similar result with an approzimation factor B =14 4,/7 4 4v/e.

6.A. Some technical lemmas

PROPOSITION 6.28. Given set S, x; € [0,1], and a € (0,1), we have

[T = az)™ < (1—a) Zies™

i€s
PROOF. By compactness, [, ¢(1 —ax;)"" attains a maximum on the hyperplane
defined by >, ¢x; = s. We claim that this maximum occurs when at most one z;
is fractional. To show this, suppose that for contradiction there two variables with
fractional values. Without loss of generality, say 0 < 1 < 2o < 1. Suppose we

decrease x; by ¢ and increase x5 by ¢, for § > 0 sufficiently small. We then have

[Les(1 —ax))™! _ (1 —axq)(1 — azxq)
[Lies(I—az)~" (1 —a(z:—9))(1 —alz2 +9))
(1 —axy)(1 — axy)

(1 —axy)(1 — axy) — a?6(0 — x1 + x2)

As 25 < zy, the term a?6(6 — @y + xo) is positive, and hence this is > 1, which

contradicts the maximality of z.
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Thus, giving a fixed value for >, o x; = s, the maximum value of [[,_o(1 —az;)™"
occurs when one variable is fractional and the rest are equal to one. So suppose
s = z+r where z € Z; and r € (0,1). Substituting this into the product and an
application of Bernoulli’s inequality, gives:

[[@-az) " =(1-a)*(1-ra)" <(1—a)*(1—-a)" = (1—a) Zwes™
ics

U

PROPOSITION 6.29. Suppose x € [0,1],y € [0,1]. Then we have (1 — z)e¥* < 1.

PROOF. We note that the expression (1 — x)e¥” is monotonically increasing with
respect to y on the domain y € [0, 1]. Thus we have (1 —z)e?* < (1 —x)e®. This then

reduces to the well-known inequality 1 —x < e™". O

ProproOSITION 6.30. For any v > 0, define

T

f<x> - 2/7+v=2In(1+/7)
(x+1) g

Then f(z) is a decreasing function of x for x > 0.

Proor. At z = 0, both numerator and denominator are equal to zero. So it
suffices to show that the denominator grows faster than the numerator, that is, that

the derivative of the denominator is always > 1. We compute the derivative of the

denominator:
R— (v+2y7-2In (7 +1)) ($+1)w
g
2(7+0)(f+1)2 asy > In(1+y) for y > 0
=1
as desired.
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PROPOSITION 6.31. For any 0 < p < u/ <t we have Chernoff-U(u,t) < Chernoff-U(i/,t).

PROOF. Note that the Chernoff separation function for upper-tailed bounds is
monotonically increasing on the range [0,¢) with respect to p thus our assumption

0 < p < g/ <t necessarily implies Chernoff-U(p, t) < Chernoff-U(y/, t). O

PROPOSITION 6.32. For any0 < u <t and anyr < u, we have Chernoff-U(u,t) <
Chernoff-Ulp —r,t —r).

PRrROOF. The directional derivative of Chernoff-U(yu, t) along the unit vector 4 =
(1,1) is

Tt — p 4 p(log %))

Setting ¢ = p(1 + §), this is equal to e! #u't7*(d — log(1 + §)), which is positive
for & > 0. Thus, Chernoff-U(u,t) is decreasing along the direction (—1,—1), i.e.
Chernoff-U(p — 7, t — r) < Chernoff-U(u, t). O

PROPOSITION 6.33. For any g € (0,1) we have
(34)
2g(—2+1In(4 — 3g) — In(8 — 3g) — In(g +4) + In(g + 8) — 2In2)
4gIn2 — (4 —39)In(4 —3g) + (8 = 3g) In(8 —3g) + (4 + g)In(4+ g) — (8 + g) In(8 + g)

1+ <14/g

PROOF. Let us first consider the denominator in this expression, f(g) = 4gln2 —
(4—39)In(4—39) + (8 —39)In(8—3g) + (4 +g)In(4+g) — (8+ ¢g)In(8 + g). Note
that f”(g) is a rational function, and simple algebra shows that its only root is at
g=—16/9. As f"(0) = —1, this implies that f”(g) < 0 for all g € (0,1). Thus, f'(g)
is decreasing in this range. As f'(0) = 0, this implies that f'(g) < 0 for g € (0, 1).
As f(0) = 0, this further implies that f(g) < 0 for g € (0,1).

We may thus cross-multiply (34), taking into account the fact that the denom-
inator is negative. Thus to show (34) is suffices to show that h(g) < 0, where we

define

h(g) = (=5g* + 469 — 56) In(4 — 3g) + (5> — 50g + 112) In(8 — 3g)

+ (g* 4+ 10g 4 56) In(g + 4) + (—g* — 69 — 112)In(g + 8) + 4¢*> + 56g1n 2
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Simple calculus shows that h"'(g) is a rational function of g, and it has no roots
in the range (0,1). As h"(0) = —75/8, this implies that A" (g) < 0 for all g € (0, 1).
As h”(0) = —0.454, this implies that h”(g) < 0 for all g € (0,1). As £/(0) = 0, this
implies that h'(g) < 0 for all g € (0,1). As h(0) = 0, this implies that h(g) < 0 for
all g € (0,1). O
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CHAPTER 7

A constructive algorithm for the LLL on permutations

One major relative of the LLL that has eluded constructive versions, is the “lop-
sided” version of the LLL (with the single exception of the varible-assignment set-
ting). A natural setting for the lopsided LLL is the probability space defined by
random permutations, which has been used for for Latin transversals [17, 35, 110],
hypergraph packing [77], certain types of graph coloring [20], and in proving the
existence of certain error-correcting codes [64]. However, the MT framework does
not give constructive algorithms in these cases. In this chapter, develop a random-
ized polynomial-time algorithm to construct such permutation(s) whose existence is

guaranteed by the lopsided LLL, leading to several algorithmic applications in com-

binatorics.
Suppose we define a probability space ) by selecting the permutations 7y, ..., 7y
uniformly at random where each 7, is a permutation on the set [ng] = {1,...,n,}. We

have seen in Proposition 1.6 that a dependency graph can be defined among atomic
events on permutations.

Thus, we suppose that that the set of bad events B consists of atomic bad-events.
We identify each B € B with a set of tuples B = {(k1,21,%1), .., (kr, 2, yr)}; B is
true iff we have (g, (1) = v1) A+ - A (7, (2,) = y,). (Complex bad-events can usually
be decomposed into atomic bad-events, so this does not lose much generality).

We recall from Proposition 1.6 how the LLL applies to such events. We define
the dependency graph among such events, by B ~ B’ if B, B’ overlap in one slice
of the domain or range of a permutation; namely, that there are some k,x, vy, yo
with (k,z,y1) € B, (k,z,y2) € B’ or there are some k,z1,xq,y with (k,z1,y) €
B, (k,x2,y) € B'. Note that B ~ B in this definition.
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The following notation will be useful: for pairs (1, 41), (22, y2), we write (z1,y1) ~
(x2,y2) if 1 = 9 or y; = yo (or both). Another way to write B ~ B’ is that “there
are (k,z,y) € B, (k,2',y') € B" with (z,y) ~ (2/,¢')".

We will use the following notation at various points: we write (k, z, *) to mean any
(or all) triples of the form (k,z,y), and similarly for (k,x*,y), or (z,*) etc. Another
way to write the condition B ~ B’ is that there are (k,z,x) € B, (k,z,%) € B’ or
(k,*,y) € B, (k,*,y) € B'.

Now, as discussed in Chapter 1, the LLLL applies to the resulting probability
space ). As is standard for the LLLL, this only results in an exponentially small
probability of selecting the desired permutations.

As mentioned above, a variety of papers have used this framework for proving the
existence of various combinatorial structures. Unfortunately, the MT algorithm does
not apply in this setting. The problem is that such algorithms have a more restrictive
notion of when two bad-events are dependent; namely, that they share variables. So
we do not have an algorithm to generate such permutations, we can merely show that
they exist.

We develop an algorithmic analog of the LLL for permutations. The necessary
conditions for our Swapping Algorithm are the same as for the probabilistic LLLL;
however, we will construct such permutations in randomized polynomial (typically
linear or near-linear) time. Our setting is far more complex than in similar contexts
and requires many intermediate results first. The main complication is that when we
encounter a bad event involving “m(z) = y”, and we perform our algorithm’s random
swap associated with it, we could potentially be changing any entry of 7. This is in
marked contrast to the standard MT setting. We also develop RNC versions of our
algorithms. Going from serial to parallel is fairly direct in [87]; our main bottleneck
here is that when we resample an “independent” set of bad events, they could still

influence each other.
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7.0.1. Applications. We present algorithmic applications for four classical com-
binatorial problems: Latin transversals, rainbow Hamiltonian cycles, strong chro-
matic number, and edge-disjoint hypergraph packing. In addition to the improved
bounds, we wish to highlight that our algorithmic approach can go beyond the LLLL:
as we will see shortly, one of our (asymptotically-optimal) algorithmic results on Latin
transversals, could not even have been shown nonconstructively using the lopsided
LLL prior to this work.

The study of Latin squares and the closely-related Latin transversals is a classical
area of combinatorics, going back to Euler and earlier [30]. Given an m x n matrix A
with m < n, a transversal of A is a choice of m elements from A, one from each row
and at most one from any column. Perhaps the major open problem here is: given an
integer s, under what conditions will A have an s-transversal: a transversal in which
no value appears more than s times [17, 33, 35, 103, 109, 110]? The usual type of
sufficient condition sought here is an upper bound A on the number of occurrences of
any given value in A. That is, we ask: what is the maximum A = A(s; m, n) such that
any m X n matrix A in which each value appears at most A times, is guaranteed to
have an s-transversal? The case s = 1 is perhaps most studied, and 1-transversals are
also called Latin transversals. The case m = n is also commonly studied (and includes
Latin squares as a special case), and we will also focus on these. It is well-known
that L(1;n,n) <n —1[109]. In perhaps the first application of the lopsided LLL to
random permutations, Erdds & Spencer showed that L(1;n,n) > n/(4e) [35]. (Their
paper shows that L(1;n,n) > n/16; the n/(4e) lower-bound follows easily from their
technique.) To our knowledge, this is the first Q(n) lower-bound on L(1;n,n). Alon
asked if there is a constructive version of this result [6]. Building on [35] and using
the connections to the LLL from [101, 102], Bissacot et al. showed nonconstructively
that L(1;n,n) > (27/256)n [17]. Our result makes this constructive.

The lopsided LLL has also been used to study the case s > 1 [110]. Here, we prove

a result that is asymptotically optimal for large s, except for the lower-order O(4/s)
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term: we show (algorithmically) that L(s;n,n) > (s—O(/s)) -n. An interesting fact
is that this was not known even nonconstructively before: the LLLL roughly gives
L(s;n,n) > (s/e)-n. We also give faster serial and perhaps the first RNC algorithms
with good bounds, for the strong chromatic number. Strong coloring is quite well-
studied [7, 13, 39, 55, 56|, and is in turn useful in covering a matrix with Latin

transversals [12].

7.0.2. Comparison with other LLLL algorithms. Building on an earlier
version of this work, there have been two papers which have developed generic frame-
works for variations of the MT algorithm applied to other probability spaces. In [1],
Achlioptas & Iliopoulos gave an algorithm which is based on a compression analysis
for a random walk; this was improved for permutations and matchings by Kolmogorov
[68]. In [51], Harvey & Vondrak gave a probabilistic analysis similar to the parallel
MT algorithm. These frameworks both include the permutation LLL as well as some
other combinatorial applications.

These papers both follow a proof strategy which analyzes the full permutation as it
evolves over time, giving a far simpler proof that the Swapping Algorithm terminates
quickly. However, this appears unable to prove the Witness Tree Lemma, Lemma 7.1,
which provides far more precise estimates on the behavior of parts of the permutations.

The Witness Tree Lemma is at the heart of the analysis of the algorithm of
Moser & Tardos, and it is this lemma which appears to be necessary for many of
its extensions. These do not appear possible to derive from either [1] or [51]. See

Section 7.5.3 for more details.

7.0.3. Outline. In Section 7.1 we introduce our Swapping Algorithm, a variant
of the MT algorithm. In it, we randomly select our initial permutations; as long as
some bad-event is currently true, we perform certain random swaps to randomize (or
resample) them.

In Section 7.2, we introduce the key analytic tools to understand the behavior

of the Swapping Algorithm, namely the witness tree and the witness subdag. The
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witness subdag is a related concept, which is new here; it provides a history not for
each resampling, but for each individual swapping operation performed during the
resamplings. (It is more “granular” than the witness dags introduced in Chapter 3.)

In Section 7.3, we show how these witness subdags may be used to deduce partial
information about the permutations. As the Swapping Algorithm proceeds in time,
the witness subdags can also be considered to evolve over time. At each stage of
this process, the current value of the witness subdags provides information about the
current values of the permutations.

In Section 7.4, we use this process to make probabilistic predictions for certain
swaps made by the Swapping Algorithm: namely, whenever the witness subdags
change, the swaps must be highly constrained so that the permutations still conform
to them. We calculate the probability that the swaps satisfy these constraints.

In Section 7.5, we put the analyses of Sections 7.2, 7.3, 7.4 together, to prove that
our Swapping Algorithm terminates in polynomial time under the same conditions as
the probabilistic LLL for permutations.

In Section 7.6, we introduce a parallel (RNC) algorithm corresponding to the
Swapping Algorithm. This is similar in spirit to the Parallel MT algorithm. In the
latter algorithm, one repeatedly selects a maximal independent set (MIS) of bad-
events which are currently true, and resamples them in parallel. In our setting, bad-
events which are “independent” in the LLL sense (that is, they are not connected via
~), may still influence each other; a great deal of care must be taken to avoid these
conflicts.

In Section 7.7, we describe a variety of combinatorial problems to which our

Swapping Algorithm can be applied.

7.1. The Swapping Algorithm

We will analyze the following Swapping Algorithm algorithm to find a satisfactory

1y TN
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(1) Generate the permutations 7q,...,my uniformly at random and indepen-
dently.
(2) While there is some true bad-event:
(3) Choose some true bad-event B € B arbitrarily. For each permutation
that is involved in B, we perform a swapping of all the relevant entries.
(We will describe the swapping subroutine “Swap” shortly.) We refer to

this step as a resampling of the bad-event B.

Each permutation involved in B is swapped independently, but if B
involves multiple entries from a single permutation, then all such en-
tries are swapped simultaneously. For example, if B consisted of triples
(k1,x1,11), (K2, 2, y2), (Ko, 3, y3), then we would perform Swap(m;xq)

and Swap(my; g, x3), where the “Swap” procedure is given next.

The swapping subroutine Swap(7; 1, .. ., z,) for a permutation 7 : [t] — [¢] as follows:

Repeat the following for ¢ = 1,... r:

e Select z uniformly at random among [t] — {z1,..., 2,1}

e Swap entries x; and zj of 7.

Note that at every stage of this algorithm all the 7, are permutations, and if this
algorithm terminates, then the m;, must avoid all the bad-events. So our task will
be to show that the algorithm terminates in polynomial time. We measure time in
terms of a single iteration of the main loop of the Swapping Algorithm: each time
we run one such iteration, we increment the time by one. We will use the notation
7{ to denote the value of permutation m;, after time 7. The initial sampling of the
permutation (after Step (1)) generates 7.

The swapping subroutine seems strange; it would appear more natural to al-
low 2 to be uniformly selected among [t]. However, the swapping subroutine is

nothing more than than the Fisher-Yates Shuffle for generating uniformly-random
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permutations. If we alloved x} to be chosen from [t] then the resulting permuta-
tion would be biased. The goal is to change 7 in the minimal way to ensure that
(1) o (@), 7 ), - -, Tt (ye) are adequately randomized.

There are alternative methods for generating random permutations, and many
of these can replace the Swapping subroutine without changing our analysis. We
discuss a variety of such equivalencies in Appendix 7.A; these will be used in various
parts of our proofs. We note that one class of algorithms that has a very different
behavior is the commonly used method to generate random reals r; € [0, 1], and then
form the permutation by sorting these reals. When encountering a bad-event, one
would resample the affected reals r;. In our setting, where the bad-events are defined
in terms of specific values of the permutation, this is not a good swapping method
because a single swap can drastically change the permutation. When bad-events are
defined in terms of the relative rankings of the permutation (e.g. a bad event is
m(z1) < m(xe) < mw(x3)), then this is a better method and can be analyzed in the

framework of the ordinary MT algorithm.

7.2. Witness trees and witness subdags

We analyze the Swapping Algorithm following the MT approach [87] of execution
logs and witness trees. These witness trees are produced in the same manner as for
the ordinary MT algorithm. For the remainder of this section, the dependence on
the “justified” bad-event at time ¢ at the root of the tree will be understood; we will
omit it from the notation.

The critical lemma that allows us to analyze the behavior of this algorithm is the

Witness Tree Lemma:

LEMMA 7.1 (Witness Tree Lemma). Let 7 be a tree-structure, with nodes labeled

By, ..., Bs. The probability that T appears, is at most

P(7 appears) < Po(By) - -+ Po(Bs)
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Note that the probability of the event B within the space €2 can be computed as
follows: if B contains rq,...,ry elements from each of the permutations 1,... N,

then we have
(ng —mrp)! (ny —7rn)!

Pa(B) = “2 i

This lemma is superficially similar to the corresponding Lemma 2.8. However, the
proof will be far more complex, and we will require many intermediate results first.
The main complication is that when we encounter a bad-event involving 7 (z) = v,
and we perform the random swap associated with it, then we could potentially be
changing any entry of 7. By contrast, in the usual MT algorithm, when we resample
a variable, all the changes are confined to that variable. However, as we will see, the
witness tree will leave us with enough clues about which swap was actually performed
that we will be able to narrow down the possible impact of the swap.

The analysis in the next sections can be very complicated. We have two recom-
mendations to make these proofs easier. First, the basic idea behind how to form and
analyze these trees comes from [87]; the reader should consult that paper for results
and examples which we omit here. Second, one can get most of the intuition behind
these proofs by considering the situation in which there is a single permutation, and
the bad-events all involve just a single element; that is, every bad-event has the form
7(x;) = y;. In this case, the witness subdags (defined later) are more or less equivalent
to the witness tree. (The main point of the witness subdag concept is, in effect, to
reduce bad-events to their individual elements.) When reading the following proofs,
it is a good idea to keep this special case in mind. In several places, we will discuss
how certain results simplify in that setting.

The following proposition is the main reason the witness tree encodes sufficient

information about the sequence of swaps:

PROPOSITION 7.2. Suppose that at some time to we have m°(X) # Y, and at
some later time ty >ty we have m?*(X) =Y. Then there must have occured at some

intermediate time t; some bad-event including (k, X, *) or (k,*,Y).
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PROOF. Let t; € [t,t2 — 1]' denote the earliest time at which we had 7"t ™! (X) =
Y’; this must be due to resampling some bad-event which includes (k, z1,41), . . ., (k, Z., ;)
(and possibly other elements from other permutations). Suppose that the swap which
first caused w(X) =Y was at swapping entry x;, which at that time had m(z;) = ¥/,
with some z”.

After this swap, we have m(z;) = y” and m(z”) = ). Evidently 2”7 = X or
x; = X. In the second case, the bad event at time t; included (k, X, *) as desired and
we are done.

So suppose z” = X and y; =Y. So at the time of the swap, we had m;(z;) =Y.
The only earlier swaps in this resampling were with x1,...,x;_1; so at the beginning
of time ¢;, we must have had 7}'(z;) = Y for some j < i. This implies that y; =Y,

so that the bad-event at time ¢; included (k,*,Y") as desired. O

To explain some of the intuition behind why Proposition 7.2 implies Lemma 7.1,

consider the case of a singleton witness tree.

COROLLARY 7.3. Suppose that T is a singleton node labeled by B. Then P(T appears) <
Po(B).

PROOF. Suppose 77 = 7. We claim that B must have been true of the initial
configuration. For suppose that (k,z,y) € B but in the initial configuration we have
mr(x) # y. At some later point in time ¢ < T, the event B must become true. By
Proposition 7.2, then there is some time ¢’ < ¢ at which we encounter a bad-event B’
including (k, z, %) or (k,*,y). This bad-event B’ occurs earlier than B, and B’ ~ B.

Hence, we would have placed B’ below B in the witness tree 77. 0

In proving Lemma 7.1, we will not need to analyze the interactions between the
separate permutations, but rather we will be able to handle each permutation in a
completely independent way. For a permutation 7, we define the witness subdag for
permutation m; this is a relative of the witness tree, but which only includes the

information for a single permutation at a time.
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DEFINITION 7.4 (witness subdags). For a permutation 7, a witness subdag for
7 s defined to be a directed acyclic simple graph, whose nodes are labeled with pairs
of the form (x,y). If a node v is labeled by (z,y), we write v ~ (x,y). This graph

must in addition satisfy the following properties:

(1) If any pair of nodes overlaps in a coordinate, that is, we have v =~ (x,y) ~
(z',y') = v, then nodes v,v" must be comparable (that is, either there is a
path from v to v' or vice-versa).

(2) Every node of G has in-degree at most two and out-degree at most two.

We also may label the nodes with some auxiliary information, for example we
will record that the nodes of a witness subdag correspond to bad-events or nodes in a
witness tree T.

We will use the same terminology as for witness trees: wvertices on the “bottom”
are close to the source nodes of G (appearing earliest in time), and vertices on the

“top” are close to the sink nodes of G (appear latest in time).

The witness subdags that we will be interested in are derived from witness trees

in the following manner.

DEFINITION 7.5 (Projection of a witness tree). For a tree-structure 7, we define
the projection of 7 onto permutation m which we denote Proj.(7), as follows.

Suppose we have a node v € T which is labeled by some bad-event defined by
(k1,21,11), -« (kr, 20y y). For each @ with k; = k, we create a corresponding node
v, ~ (x;,y;) in the graph Proj. (7). We also include some auziliary information
indicating that these nodes came from v, and in particular that all such nodes are
part of the same bad-event.

We add edges to Proj,. (1) as follows. For each node v' € Proj. (1), labeled by (z,y)
and corresponding to v € T, we examine all occurrences of nodes labeled (k,xz,x). All
such occurrences are comparable; we find the node u' corresponding to w € T which

is closest to the source. In other words, we find the occurrence v which appears
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“next-highest” in the dag. We create an edge from v' to u'. Similarly, we find the
next-highest occurrence w € 7 of a bad-event labeled by (k,*,y); we create an edge
from v to w'.

Note that u, w must appear strictly higher in 7, because of the way new bad-events
are added to witness trees. This implies that Proj, (1) is acyclic. Also, note that it is
possible that u = w; in this case we only add a single edge to Proj. (7).

Expository Remark: In the special case when each bad-event contains a single
element, the witness subdag is a “flattening” of the tree structure. Fach node in the
tree corresponds to a node in the witness subdag, and each node in the witness subdag

points to the next highest occurrence of the domain and range variables.

Basically, the projection of 7 onto k tells us all of the swaps of 7y that occur. It
also gives us some of the temporal information about these swaps that would have
been available from 7. If there is a path from v to v/ in Proj,(7), then we know
that the swap corresponding to v must come before the swap corresponding to v'.
It is possible that there are a pair of nodes in Proj,(7) which are incomparable, yet
in 7 there was enough information to deduce which event came first (because the
nodes would have been connected through some other permutation). So Proj,(7)
does discard some information from 7, but it turns out that we will not need this
information.

To prove Lemma 7.1, we will prove (almost) the following claim: Let G be a
witness subdag for permutation 7; suppose the nodes of G are labeled with bad-
events By,...,Bs. Then the probability that there is some T" > 0 such that G =

Proj,(77), is at most
(35) P(G = Proj, (1) for some T > 0) < Py(By) - - - Po(B;)

where, for a bad-event B we define Py(B) in a similar manner to Py(B); namely
that if the bad-event B contains r; elements from permutation k, then we define

Py(B) = (i —rk)!

n!
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Unfortunately, proving this directly runs into technical complications regarding
the order of conditioning. It is simpler to just sidestep these issues. However, the
reader should bear in mind (35) as the informal motivation for the analysis in Sec-

tion 7.3.

7.3. The conditions on a permutation ;- over time

In Section 7.3, we will fix a value k*, and we will describe conditions that 7},
must satisfy at various times ¢ during the execution of the Swapping Algorithm. In
this section, we are only analyzing a single permutation k*. To simplify notation, the
dependence on k* will be hidden henceforth; we will discuss simply 7, Proj(T), and so

forth.

This analysis can be divided into three phases.

(1) We define the future-subgraph at time t, denoted G;. This is a kind of graph
which encodes necessary conditions on 7t, in order for 7 to appear, that is,
for 77 = 7 for some T > 0. Importantly, these conditions, and G, itself, are
independent of the precise value of T'. We define and describe some structural
properties of these graphs.

(2) We analyze how a future-subgraph G, imposes conditions on the correspond-
ing permutation 7, and how these conditions change over time.

(3) We compute the probability that the swapping satisfies these conditions.

We will prove (1) and (2) in Section 7.3. In Section 7.4 we will put this together

to prove (3) for all the permutations.

7.3.1. The future-subgraph. Suppose we have fixed a target graph G, which
could hypothetically have been produced as the projection of 77 onto k*. We begin
the execution of the Swapping Algorithm and see if, so far, it is still possible that
G = Proj,.(71), or if G has been disqualified somehow. Suppose we are at time ¢
of this process; we will show that certain swaps must have already occurred at past

times ¢’ < t, and certain other swaps must occur at future times ¢’ > ¢.
251



We define the future-subgraph of G at time t, denoted G;, which tells us all the

future swaps that must occur.

DEFINITION 7.6 (The future-subgraph). We define the future-subgraphs G induc-
twely. Initially Go = G. When we run the Swapping Algorithm, as we encounter a

bad-event (ki,x1,%1),- .., (kp,xp ) at time t, we form Gyq from Gy as follows:

(1) Suppose that k; = k*, and Gy contains a source node v labeled (z;,v;). Then
Gy =Gy — 0.

(2) Suppose that k; = k*, and Gy has a source labeled (x;,y") where y" # y; or
(2", y;) where x" # x;. Then, as will be shown in shown in Proposition 7.7,
we can immediately conclude G is impossible; we set Gy, = L, and we can
abort the execution of the Swapping Algorithm.

(3) Otherwise, we set Gy11 = Gy.

PROPOSITION 7.7. For any time t > 0, let f'gt denote the witness tree built for
the event at time T, but only using the execution log from time t onwards. Then if
Proj(t") = G we also have Proj(L,) = G;.

Note that if Gy = L, the latter condition is obviously impossible; in this case, we

are asserting that whenever Gy = L, it is impossible to have Proj(+7) = G.

PrROOF. We omit T from the notation, as usual. We prove this by induction on
t. When t = 0, this is obviously true as 79 = 7 and G = G.

Suppose we have Proj(7) = G; at time ¢t we encounter a bad-event B defined by
(k1,21,%1), -, (kr, 2, yr). By inductive hypothesis, Proj(7s;) = G;.

Suppose first that 7541 does not contain any bad-events B’ ~ B. Then, by
our rule for building the witness tree, we have 7>, = 7>,41. Hence we have G; =
Proj(7>¢4+1). When we project this graph onto permutation k, there cannot be any
source node labeled (k, z,y) with (z,y) ~ (z;,y;) as such node would be labeled with

B’ ~ B. Hence, according to our rules for updating G;, we have G;;1 = G;. So in
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this case we have 75, = 75141 and Gy = Gy and Proj(7>:) = Gy; it follows that
Proj(7st41) = Gty as desired.

Next, suppose 7>¢41 does contain B’ ~ B. Then bad-event B will be added to 74,
placed below any such B’. When we project 7>, then for each ¢ with k; = k* we add a
node (z;,y;) to Proj(7>;). Each such node is necessarily a source node; if such a node
(x;,y;) had a predecessor (z”,y") ~ (z;,y;), then the node (z”,y") would correspond
to an event B” ~ B placed below B. Hence we see that Proj(7>:) is obtained from
Proj(7>:) by adding source nodes (x;,y;) for each (k*,z;,y;) € B.

So Proj(7s:) = Proj(7>¢41) plus the addition of source nodes for each (k*,x;,v;).
By inductive hypothesis, G; = Proj(7>¢), so that G; = Proj(7>;11) plus source nodes
for each (k*,z;,v;). Now our rule for updating Gyy; from Gy is to remove all such
source nodes, so it is clear that G = Proj(7>¢+1), as desired.

Note that in this proof, we assumed that Proj(7) = G, and we never encountered
the case in which Gyy1 = L. This confirms our claim that whenever Gyq = L it is

impossible to have Proj(7) = G. O

By Proposition 7.7, the witness subdag GG and the future-subgraphs G; have a
similar shape; they are all produced by projecting witness trees of (possibly truncated)
execution logs. Note that if G = Proj(r) for some tree 7, then for any bad-event
B € T, either B is not represented in G, or all the pairs of the form (k*,z,y) € B are
represented in G and are incomparable there.

The following structural decomposition of a witness subdag G will be critical.

DEFINITION 7.8 (Alternating paths). Given a witness subdag G, we define an
alternating path in G to be a simple path which alternately proceeds forward and
backward along the directed edges of G. For a vertex v € G, the forward (respectively
backward) path of v in G, is the mazimal alternating path which includes v and all
the forward (respectively backward) edges emanating from v. Because G has in-degree

and out-degree at most two, every vertex v has a unique forward and backward path
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(up to reflection); this justifies our reference to “the” forward and backward path.
These paths may be even-length cycles.

Note that if v is a source node, then its backward path contains just v itself. This
s an important type of alternating path which should always be taken into account in

our definitions.

One type of alternating path, which is referred to as the W-configuration, plays a

particularly important role.

DEFINITION 7.9 (The W-configuration). Suppose v =~ (x,y) has in-degree at most
one, and the backward path contain an even number of edges, terminating at vertex
v~ (2,y). We refer to this alternating path as a W-configuration. (See Fig-
ure 7.3.1.)

Any W-configuration can be written (in one of its two orientations) as a path of

vertices labeled

('rOa y1)7 (1'17 yl)a <x2a y1)7 sy (CCS, ys)a ($57 ys—i-l);

here the vertices (x1,41),--.,(xs,ys) are at the “base” of the W-configuration. Note
here that we have written the path so that the x-coordinate changes, then the y-
coordinate, then x, and so on. When written this way, we refer to (xg,ys+1) as the
endpoints of the W-configuration.

If v = (x,y) is a source node, then it defines a W-configuration with endpoints
(x,y). This should not be considered a triviality or degeneracy, rather it will be the

most important type of W-configuration.

(x0, y1) (x4,y5)

FIGURE 2. A W-configuration of length 9, with endpoints (zg, ys).
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7.3.2. The conditions on 7}. encoded by G;. At any ¢, the future-subgraph
(G, gives certain necessary conditions on 7 in order for some putative 7 to appear.
Proposition 7.10 describes a certain set of conditions that plays a key role in the

analysis.

PROPOSITION 7.10. Suppose we have a witness subdag G for permutation 7. Let
7t denote the value of permutation 7 at time t and G, be the future-subgraph at time
t. The following condition is necessary to have G = Proj(7T) for some T > 0:

For every W-configuration in G; with endpoints (xg, ys+1), we must have 7' (xq) =

Ys+1-

For example, if v =~ (x,y) is a source node of Gy, then 7'(x) = y.

Proor. We prove this by induction on s. The base case is s = 0; in this case we
have a source node (z,y). Suppose 7'(x) # y. In order for 77 to contain some bad-
event containing (k*,z,), we must at some point ¢’ > ¢ have 7* (z) = y; let ¢’ be the
minimal such time. By Proposition 7.2, we must encounter a bad-event containing
(k*,x, %) or (k*,*,y) at some intervening time ¢” < #'. If this bad-event contains
(k*,z,y) then necessarily 7*'(x) = y contradicting minimality of ¢. So there is a
bad-event (k*,z,# y) or (k*,# x,y) earlier than the earliest occurrence of 7(x) = y.
This event (k*, x,# y) or (k*,# x,y) projects to a source node (x,# y) or (# x,y) in
Gy. But then (x,y) cannot also be a source node of G;.

We now prove the induction step. Suppose we have a W-configuration with base

(x1,11), - - -, (%, ys). At some future time ¢ > t we must encounter a bad-event involv-
ing some subset of the source nodes, say the bad event includes (z;,, v, ), - - ., (i, y;,)
for 1 < r < s. Asthese were necessarily source nodes, we had 7% (2;,) = vi,, ..., 7 (25,) =

y;, for L =1,... r. After the swaps, the updated Gy;1 has r+1 new W-configurations
which are all strictly smaller than s. By inductive hypothesis, the updated permuta-
tion 7¢*! must then satisfy 78+ (xg) = y;,, 7 TN (i) = Yig, - - T TN @s,) = Yora.

By Proposition 7.29, we may suppose without loss of generality that the resam-

pling of the bad event first swaps x;,, ..., ;. in that order. Let ' denote the result
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of these swaps; there may be additional swaps to other elements of the permutation,
but we must have 7't (z;,) = 7'(z;,) for [ =1,...,r.

In this case, we see that evidently x;, swapped with z;,, then x;, swapped with
;,, and so on, until eventually z; was swapped with 2’ = (7*')"'y,,1. At this point,
we have 7'(2”) = y;,. At the end of this process, we must have 7¢+'(z¢) = y;,. We
claim that we must have 2" = z;,. For, if 2” is subsequently swapped, then we would
have 7'+ (z) = y;, where x is one of the source nodes in the current bad-event; but
xo is at the top of the W-configuration and is not a source node.

This implies that we must have (7¥) 'y, = 2” = x¢; that is, that 7' (z¢) = ys.
This in turn implies that 7(x) = y,41. For, by Proposition 7.2, otherwise we would
have encountered a bad-event involving (xg,*) or (%, ysy1); in either case, we would
have a predecessor node (xg,*) or (x,ysy1) in Gy, which contradicts that we have a

W-configuration. 0

Proposition 7.10 can be viewed equally as a definition:

DEFINITION 7.11 (Active conditions of a future-subgraph). We refer to the con-
ditions tmplied by Proposition 7.10 as the active conditions of the graph G;. More

formally, we define
Active(G) = {(x,y) | (x,y) are the end-points of a W -configuration of G}

We also define A% to be the cardinality of Active(G), that is, the number of active
conditions of permutation my at time t. (The subscript k may be omitted in context,

as usual.)

When we remove source nodes (z1,¥1), ..., (z,,y-) from Gy, the new active con-

ditions of Gy are related to (x1,41),..., (2, y.) in a particular way.

LEMMA 7.12. Suppose G is a future-subgraph with source nodes vy = (x1,y1), ..., Uy

(xr,yr). Let H =G — vy — -+ — v, denote the graph obtained from G by removing
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these source nodes. Then there is a set Z C {(x1,y1),- .., (%, y,)} with the following
properties:
(1) There is an injective function f : Z — Active(H), with the property that
(z,y) ~ f((x,y)) for all (z,y) € Z
(2) |Active(H)| = |Active(G)| — (r — | Z])

Ezxpository remark: We have recommended bearing in mind the special case
when each bad-event consists of a single element. In this case, we would have r = 1;
and the stated theorem would be that either |Active(H)| = |Active(G)| — 1; OR we
have |Active( H)| = |Active(G)| and (x1,11) ~ (2}, y;) € Active(H).

Intuitively, we are saying that every node (x,y) we are removing is either explicitly
constrained in an “independent way” by some new condition in the graph H (corre-
sponding to Z ), or it is almost totally unconstrained. We will never have the bad
situation in which a node (x,y) is constrained, but in some implicit way depending

on the previous swaps.

PROOF. Let H; denote the graph G—vy —---—wv;. We will recursively build up the
sets Z¢, f*, where Z; C {(x1,%1), ..., (7, y:)}, and which satisfy the given conditions
up to stage 1.

Now, suppose we remove the source node v; from H; ;. Observe that (x;,y;) €
Active(H;_1), but (unless there is some other vertex with the same label in G),
(xi,y;) & Active(H;). Thus, the most obvious change when we remove v; is that
we destroy the active condition (z;,y;). This may add or subtract other active con-
ditions as well.

We will need to update Zi~! fi=!. Most importantly, fi~! may have mapped
(x;,y;) for j < i, to an active condition of H;_; which is destroyed when v; is removed.
In this case, we must re-map this to a new active condition.

Note that we cannot have fi~(z;,y;) = (z;,y;) for j <4, as x; # x; and y; # y;.
So, the fact that (z;,y;) has been removed from the list of active conditions does not,

so far, invalidate f*~! remains a valid mapping from Z~!.
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There are now a variety of cases depending on the forward-path of v; in H;_;.

(1)

This forward path consists of a cycle, or the forward path terminates on
both sides in forward-edges. This is the easiest case. Then no more active
conditions of H;_; are created or destroyed. We update Z! = Z:~1, fi = fi=1,
One active condition is removed, in net, from H;_;; hence |Active(H;)| =
|Active(H; )| — 1.

This forward path contains a forward edge on one side and a backward edge

on the other. For example, suppose the path has the form
(Xla Yi)a (Xla }/2)7 <X27 YQ): ) (st Ys—‘rl)7

where the vertices (X1, Y1), ..., (X, Y;) are at the base, and the node (X1, Y7)
has out-degree 1, and the node (X5, Ys11) has in-degree 1. Suppose that we
remove the source node (x;,1;) = (X;,Y;) for 1 < j < s. (See Figure 3.)
In this case, we do not destroy any W-configurations, but we create a new
W-configuration with endpoints (X, Ys1) = (@i, Ysi1)-

We now update Z' = Z'""' U {(z;,y:)}. We define f* = f'! plus we map
(x;,y;) to the new active condition (x;,Ysy1). In net, no active conditions

were added or removed, and |Active(H;)| = |Active(H;_1)|.

(X2, Y3) (X4, Y5)
(X2, Y2)

FIGURE 3. When we remove (Xs, Y2), we create a new W-configuration
with endpoints (X5, Ys).

(3)

This forward path was a W-configuration (X, Y1), (X1, Y1), ..., (X5, Ys), (X, Y1)

with (X3,Y3),..., (X, Ys) on the base, and we had (z;,v;) = (Xj,Y;). This
is the most complicated situation; in this case, we destroy the original W-

configuration with endpoints (Xy, Y;41) but create two new W-configurations
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with endpoints (Xo,Y;) and (Xj, Y1), We update Z8 = Z1 U {(z;, v:) }-
We will set f@ = fi=1, except for a few small changes as follows.

Now, suppose f“ Yz, y1) = (Xo, Ysy1) for some [ < 7; so either z; = X,
or y; = Yy If it is the former, we set fi(z;, ) = (Xo,Y;), fi(xi,v:) =
(X;,Ysr1). If it is the latter, we set f'(z,u) = (Xj, Yar1), fi(zi,05) =
(X0, Y;).. If (f771)"1(Xo, Yer1) = 0 then we simply set fi(z;,y;) = (Xo,Y).

In any case, f* is updated appropriately, and in the net no active condi-

tions are added or removed, so we have |Active(H;)| = |Active(H;_1)|.

7.4. The probability that the swaps are all successful

In the previous sections, we determined necessary conditions for the permutations
7', depending on the graphs G;. In this section, we finish by computing the probability
that the swapping subroutine causes the permutations to, in fact, satisfy all such
conditions.

Proposition 7.13 states the key randomness condition satisfied by the swapping
subroutine. The basic intutition behind this is as follows: suppose 7 : [n] — [n] is a
fixed permutation with 7(z) = y, and we call 7’ = Swap(m; z1,...,x,). Then 7'(z1)
has a uniform distribution over [n]. Similarly, 7'~*(y;) has a uniform distribution
over [n|. However, the joint distribution is not uniform — there is essentially only
one degree of freedom for the two values. In general, any subset of the variables
7'(z1),..., 7 (x.), ™ (y1),..., 7 (y,) will have the uniform distribution, as long as

the subset does not simultaneously contain 7' (z;), 7'~ (y;) for some i € [r].

PROPOSITION 7.13. Suppose n,r, s, q are non-negative integers obeying the follow-

g constraints:

(1) 0 < s < min(q,r)

2) ¢+ (r—s)<n
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Let 7 be a fized permutation of [n|, and let xq,...,z, € [n| be distinct, and let
yi = m(w;) fori=1,...,r. Let (21,v1),...,(x,y,) be a given list with the following

properties:

(3) All 2" are distinct; all y' are distinct

(4) Fori=1,...,s we have x; =z} or y; = y..

Let 7" = Swap(m;xy,...,x.). Then the probability that 7' satisfies all the con-

straints (z',y') is at most

(n—nr)l(n—q)!

S AN 1IN
P(r'(x}) = y1 A Aﬂ(ﬂf)—y)én!(n_q_ws)!

q q

Ezxpository remark: Consider the special case when each bad-event contains a
single element. In that case, we have r = 1. There are two possibilities for s; either
s = 0 in which case this probability on the right is 1 — q/n (i.e. the probability that
(1) # Yy, -5y, ); or s =1 in which case this probability is 1/n (i.e. the probability

that ' (x1) =y ).

PROOF. Define the function g(n,r,s,q) = n=nln=0! " \We will prove this propo-

nl(n—qg—r+s)!

sition by induction on s,r. There are a few cases we handle separately:

(1) Suppose s > 0 and z; = x}. Then, in order to satisfy the desired conditions,
we must swap z; to 2”7 = 7 1(y}); this occurs with probability 1/n. The
subsequent r — 1 swaps starting with the permutation m(z; z”) must now
satisfy the conditions 7'(z5) = v5,...,7 (1) = y,. We claim that we have
(i, m(xy ")) ~ (2, y)) for i =2,...)s. If 2" # @9, ..., x,, this is immedi-
ately clear. Otherwise, suppose z” = x;. If z; = 2, then we again still have
(zj, m(21 2");) ~ (2%, 9;). If y; =y, then this implies that y; = y; = ¥/,

which contradicts that the y’ # v .
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So we apply the induction hypothesis to w(x; z”); in the induction, we

subtract one from n, q,r, s. This gives
P(ﬂ-/(xll) :yi/\/\’]-r(I,q) :y;) < %g<n_ 17T_ 175_ 17q_ ]') :g(n,r,s,q)

as desired.
(2) Similarly, suppose s > 0 and suppose y; = ;. By Proposition 7.30, we would
obtain the same distribution if we executed (7')~! = Swap(7~ % y1,..., ).

Hence we have
P(r'(zy) =y A= Am(ah) = yp) = P((0) M) = 2y A A (7)) = )

Now, the right-hand side has swapped the roles of x;/y;; in particular, it
now falls under the previous case (1) already proved, and so the right-hand
side is at most g(n,, s, q) as desired.

(3) Suppose s = 0 and that there is some i € [r], j € [q] with (2, ;) ~ (2], 9]).
By Proposition 7.29, we can assume without loss of generality that (z1,41) ~
(2, y7). So, in this case, we are really in the case with s = 1; by apply the
induction hypothesis so that

g(n,r,0,q) < g(n,r,5,q)

P (=" N---An(2) =) < l,q) = ———mm—
(m'(z1) = vy m(2g) = y,) < 9(n,7,1,9) n—q—r+17

Here, we are using our hypothesis that n > ¢+ (r —s) =q+r.

(4) Finally, suppose s = 0 and 1, . . ., z, are distinct from @}, . .., 2 and yy, . . ., y,
are distinct from y,...,y,. In this case, a necessary (although not suffi-
cient) condition to have 7'(¥}) = ¥},...,m(z;) = y, is that there are some
Yis- -5y, distinct from each other and distinet from y,...,y,, with the

property that 7'(z;) = y/ for 7 = 1,...,r. By the union bound, we have

P(a'(@y) =y A Am(z) =y) < Y Pl () =yl A Am(z,) = y))

/1 11
YisYr
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For each individual summand, we apply the induction hypothesis; the sum-
mand has probability at most g(n,r,r,q). As there are (n —¢)!/(n —q —r)!
possible values for ¢, ..., y”, the total probability is at most (n — ¢)!/(n —
qg—r)!'xg(n,r,r,q) =gln,rs,q).

O

We apply Proposition 7.13 to upper-bound the probability that the Swapping

Algorithm successfully swaps when it encounters a bad event.

PROPOSITION 7.14. Suppose we encounter a bad-event B at time t containing
elements (k,x1,y1), ..., (k,x.,y,) from permutation k (and perhaps other elements
from other permutations). Then the probability that 7T]i+1 satisfies all the active con-
ditions of its future-subgraph, conditional on all past events and all other swappings
at time t, is at most
(i — A)!

P(m" satisfies Active(Grq1)) < Pk(B)Wk——Alt)"
L)l

Recall that we have defined A% to be the number of active conditions in the future-

subgraph corresponding to permutation m at time t, and we have defined Py(B) =

(ng—r)!

Ezxpository remark: Consider the special case when each bad-event consists of
a single element. In this case, we would have Py(B) = 1/n. The stated theorem is
now: either A1 = A in which case the probability that m satisfies its swapping
condition is 1/n; or A™™ = A' — 1; in which case the probability that w satisfies its

swapping condition is 1 — A /n.

PROOF. Let H denote the future-subgraph G, ;41 after removing the source nodes
corresponding to (z1,y1),..., (¢, y-). Using the notation of Lemma 7.12, we set
s =|Z| and ¢ = A;™". We have Active(H) = {(z,v}), ..., (z,, y,)}-

For each (z,y) € Z, we have y = 7'(z), and there is an injective function f : Z —

Active(H) and (z,y) ~ f((z,y)). By Proposition 7.29, we can assume without loss of
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generality Z = {(x1,11), ..., (xs,ys)} and f(z;,v:) = (2}, y;). In order to satisfy the

active conditions on Gy 441, the swapping must cause 7't (z}) = ¢/ fori =1,...,q.
By Lemma 7.12, we have A% = A" 4+ (r —s) = ¢+ (r — s). Note that AL < n. So

all the conditions of Proposition 7.13 are satisfied. Thus this probability is at most

(ng—r)! % (ng—q)! i (nkfr)!(nka’;c"’l)! O

ny! (ng—g—r+s)! ng!(ng—AL)!

We have finally all the pieces necessary to prove Lemma 7.1.

LEMMA 7.1. Let 7 be a tree-structure, with nodes labeled By, ..., Bs. The proba-

bility that T appears is at most
P(7 appears) < Po(By) - -+ Po(B;)

PRrROOF. The Swapping Algorithm, as we have defined it, begins by selecting the
permutations uniformly at random. One may also consider fixing the permutations to
some arbitrary (not random) value, and allowing the Swapping Algorithm to execute
from that point onward. We refer to this as starting at an arbitrary state of the
Swapping Algorithm. We will prove the following by induction on 7': The probability,
starting at an arbitrary state of the Swapping Algorithm, that the subsequent swaps
would produce the subtree 7/, is at most

ve(Proj,(7/))[)!"

N
T
(36)  P(+" =7 for some T > 0) < ] Pa(B) x g (ng — [Acti

Ber’

When 7/ = (), the RHS of (36) is equal to one so this is vacuously true.

To show the induction step, note that in order for 7/ to be produced as the witness
tree for some T > 0, it must be that some B is resampled, where some node v € 7/
is labeled by B. Suppose we condition on that v is the first such node, resampled at
time t. A necessary condition to have 77 = 7/ for some T > t is that 7! satisfies all

the active conditions on Gy,;. By Proposition 7.14, the probability that 7'*! satisfies

(n— AT
(np—AD! -
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Next, if this event occurs, then subsequent resamplings must cause %gt =7 -
To bound the probabilit of this, we use the induction hypothesis. Note that the
induction hypothesis gives a bound conditional on any starting configuration of the
Swapping Algorithm, so we may multiply these probabilities. Thus

(i — A)!

P(#T = 7' for some T > 0) < | | P (B)~—"E =

< [ Pa(B) x U (n — JActive(Proj, (7' — v))])!

BeT'—v

— [ PocB HW—A“) !
o (i — A1 (ng — |Active(Proj, (' — v))))!

Ber!

|
H Po(B H LA At = |Active(Proj, (7 — v))|

Ber! nk o At)

completing the induction argument.

We now consider the necessary conditions to produce the entire tree-structure 7,
and not just fragments of it. First, the original permutations 72 must satisfy the active
conditions of the respective witness subdags Proj, (7). For each permutation k, this
occurs with probability ("’“;—:,12)' Next, the subsequent sampling must be compatible
with 7; by (36) this has probability at most []g., Po(B) X Hk on 71’“140) Again,
note that the bound in (36) is conditional on any starting position of the Swapping

Algorithm, hence we may multiply these probabilities. In total we have

N
P(#" = 7 for some T > 0) <H XHPQ Hn AO HPQ
k=1 k

Ber Ber
We note one counter-intuitive aspect to this proof. The natural way of proving this
lemma would be to identify, for each bad-event B € 7, some necessary event occuring
with probability at most Po(B). This is the general strategy used in Chapter 2 and
related constructive LLL variants such as [1], [51]. This is not the proof we employ

here; there is an additional factor of (nj — A%)!/n! which is present for the original
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permutation and is gradually “discharged” as active conditions disappear from the

future-subgraphs. 0

7.5. The constructive LLL for permutations

Now that we have proved the Witness Tree Lemma, the remainder of the analysis
is essentially the same as for the MT algorithm [87]. Using arguments and proofs

from Chapter 2, with our key lemma, we can now easily show our key theorem:

THEOREM 7.15. Suppose there is some assignment of weights p : B — [0,00)

which satisfies, for every B € B the condition

u(B) = Po(B)0(B)

Then the Swapping Algorithm terminates with probability one. The expected num-
ber of iterations in which we resample B is at most u(B). (Recall the definition of
0(B) for an event E from Section 2.2; here 0(B) is shorthand for 0c(B), where G is

the canonical dependency graph on permutations.)
In the “symmetric” case, this gives us the well-known LLL criterion:

COROLLARY 7.16. Suppose each bad-event B € B has probability at most p, and is
dependent with at most d bad-events (including itself). Then if epd < 1, the Swapping
Algorithm terminates with probability one; the expected number of resamplings of each

bad-event is O(1).

Some extensions of the LLL, such as the Moser-Tardos distribution bounds or
the Partial Resampling Algorithm, follow almost immediately here. There are a few

extensions which require slightly more discussion:

7.5.1. Lopsidependency. It is possible to slightly restrict the notion of lopside-
pendency for permutations. We can re-define the relation ~ on bad-events as follows:

for B, B’ € B, we have B ~ B’ iff
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(1) B=D', or
(2) there is some (k,z,y) € B, (k,2’,y') € B’ with either x = 2/;y # ¢ or
rZ£x y=1y.
In particular, bad-events which share the same triple (k,xz,y), are not caused to be
dependent.
Proving that the Swapping Algorithm still works in this setting requires only
a slight change in our definition of Proj,(7). Now, the tree 7 may have multiple
copies of any given triple (k,z,y) on a single level. When this occurs, we create the
corresponding nodes v & (x,y) € Proj,(7); edges are added between such nodes in
an arbitrary (but consistent) way. The remainder of the proof remains as before.
This change is not compatible with the parallel algorithm we develop in Sec-

tion 7.6, however.

7.5.2. LLL for injective functions. The analysis of [77] considers a slightly
more general setting for the LLL, in which we select random injections f, : [my] —
[ng], where my, < ny. In fact, our Swapping Algorithm can be extended to this case.
We simply define a permutation 7 on [ng], where the entries 7 (my + 1), ..., 7 (ng)
are “dummies” which do not participate in any bad-events. The LLL criterion for the
extended permutation 7 is exactly the same as the corresponding LLL criterion for
the injection f;. Because all of the dummy entries have the same behavior, it is not
necessary for the Swapping Algorithm to keep track of the dummy entries exactly;

they are needed only for the analysis.

7.5.3. Comparison with the approach of Achlioptas & Iliopoulos, Har-
vey & Vondrak, and Kolmogorov. Achlioptas & Iliopoulos [1], Harvey & Von-
drak [51], and Kolmogorov [68] gave generic frameworks for analyzing variants of the
MT algorithm, applicable to different types of combinatorial configurations. These
frameworks can include vertex-colorings, permutations, Hamiltonian cycles of graphs,

spanning trees, matchings, and other settings. For the case of permutations, both of
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these frameworks give the same algorithm as our Swapping Algorithm and show that
it terminates under the same conditions as we do, which in turn are the same condi-
tions as the probabilistic LLL.

The key difference between the our approach and the other frameworks is that
the latter enumerate the entire history of all resamplings to the permutations. By
contrast, our proof is based on the Witness Tree Lemma; this is a much more succint
structure, which ignores most of the resamplings, and only enumerates the few re-
samplings that are necessary to justify a single item in the execution log. The other
papers are simpler than ours; a huge part of the complexity of our proof lies in the
need to argue that the bad-events which were ignored by the witness tree do not affect
the stochastic probabilities. (The ignored bad-events do interact with the variables
we need to track for the witness tree, but do so in a “neutral” way.)

If our only goal is to prove that the Swapping Algorithm terminates in polynomial
time, then the other frameworks give a better and simpler approach.

However, the Witness Tree Lemma allows much more precise estimate for many
types of events. The main reason for this precision is the following: suppose we want
to show that some event E has a low probability of occuring during or after the
execution of the Swapping Algorithm. The proof strategy of Moser & Tardos is to
take a union-bound over all tree-structures that correspond to this event. In this case,
we are able to show a probability bound which is proportional to the total weight of
all such tree-structures. This can be a relatively small number as only the witness
trees connected to E are relevant. Our analysis, which is also based on witness trees,
is able to show similar types of bounds.

However, the analyses of Achlioptas & Iliopoulos, Harvey & Vondrak, and Kol-
mogorov (herafter the “alternate analyses”) are not based on witness trees, but the
much larger set of full execution logs. The number of possible execution logs can be

exponentially larger than the number of witness trees. It is very inefficient to take a
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union bound over all such logs. Hence, the alternate analyses give bounds which are
exponentially weaker than the ones we provide.

Many properties of the Swapping Algorithm depend on the fine degree of control
provided by the Witness Tree Lemma, and it seems difficult to obtain them from the
alternate LLLL approaches. We list a few of these properties here.

The LLL criterion without slack. As a simple example of the problems caused
by taking a union bound over execution logs, suppose that we satisfy the LLL criterion
without slack, say epd = 1. In this case, we show that the expected time for our
Swapping Algorithm to terminate is O(m). By contrast, the alternate analyses require
satisfying the LLL criterion with slack ep(1+¢)d = 1, and achieve a termination time
of O(m/e). They require this slack term in order to damp the exponential growth in
the number of execution logs.*

Arbitrary choice of which bad-event to resample. The Swapping Algorithm
as we have stated it is actually under-determined, in that the choice of which bad-
event to resample is arbitrary. By contrast, in both Achlioptas & Iliopoulos and
Harvey & Vondrak, there is a fixed priority on the bad-events. (The work of [68]
removes this restriction in certain special cases of the Achlioptas & Iliopoulous setting,
including for random permutations and matchings.) This freedom can be quite useful.
For example, in Section 7.6 we consider a parallel implementation of our Swapping
Algorithm. We will select which bad-events to resample in a very complicated and
randomized way. However, the correctness of the parallel algorithm will follow from
the fact that it simulates some serial implementation of the Swapping Algorithm.

The Moser-Tardos distribution. The Witness Tree Lemma allows us to an-
alyze the so-called “Moser-Tardos (MT) distribution,” first discussed by [48]. The
LLL and its algorithms ensure that bad-events B cannot possibly occur. In other

words, we know that the configuration produced by the LLL has the property that

'Harvey & Vondrak show that if the symmetric LLL criterion is satisfied without slack, then the
Shearer criterion is satisfied with slack e = O(1/m). Thus, they would achieve a running time of

O(m?) without slack. This extra slack, which our analysis does not need, is not present in all settings
of the LLL.
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no B € B is true. In many applications of the LLL, we may wish to know more about
such configurations, other than they exist.

There are a variety of reasons we might want this; we give two examples for the
ordinary, variable-based LLL. Suppose that we have some weights for the values of
our variables, and we define the objective function on a solution ), w(X;); in this
case, if we are able to estimate the probability that a variable X; takes on value
J in the output of the LLL (or MT algorithm), then we may be able to show that
configurations with a good objective function exist. A second example is when the
number of bad-events becomes too large, perhaps exponentially large. In this case,
the MT algorithm cannot test them all. However, we may still be able to ignore a
subset of the bad events, and argue that the probability that they are true at the end
of the MT algorithm is small even though they were never checked. Thus, by proving
the Witness Tree Lemma, we automatically show that Theorem 2.16 holds for the
Swapping Algorithm as well.

As one concrete example of this, we will show in Section 9.3 how to accelerate the
Swapping Algorithm in some applications by efficiently searching for true bad-events.
These results are almost immediate from our Witness Tree Lemma, but would not be
possible to show using the other approaches.

Bounds on the depth of the resampling process. One key requirement for
parallel variants of the MT algorithm appears to be that the resampling process has
logarithmic depth. This is equivalent to showing that there are no deep witness trees.
This follows easily from the Witness Tree Lemma but appears to be very difficult in
the other LLLL frameworks.

Partial resampling. We have developed in Chapter 5 a partial resampling
variant of the MT algorithm. To analyze this variant, we developed an alternate
type of witness tree, which only records the variables which were actually resampled.
Ignoring the other variables can drastically prunes the space of witness trees. Again,

this does not seem to be possible in other LLLL frameworks in which the full execution
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log must be recorded. We will see an example of this in Theorem 7.24; we do not

know of any way to show Theorem 7.24 using the alternate analyses.

7.6. A parallel version of the Swapping Algorithm

In this section, we will describe a parallel algorithm for the Swapping Algorithm,
which runs along the same lines as the parallel MT algorithm. However, everything is
more complicated than in the case of the ordinary LLL. In the MT algorithm, events
which are not connected to each other cannot affect each other in any way. For the
permutation LLL, such events can interfere with each other, but do so rarely.

Consider the following example. Suppose that at some point we have two active
bad-events, “mp(1) = 17 and “m(2) = 27 respectively, and so we decide to resample
them simultaneously (since they are not connected to each other, and hence constitute
an independent set). When we are resampling the bad-event 7, (1) = 1, we may swap
1 with 2; in this case, we are automatically fixing the second bad-event as well. The
sequential algorithm, in this case, would only swap a single element. The parallel
algorithm should likewise not perform a second swap for the second bad-event, or
else it would be over-sampling. Avoiding this type of conflict is quite tricky.

Let n = ny + - -+ + ny; since the output of the algorithm will be the contents of
the permutations 7y, ..., 7y, this algorithm should be measured in terms of n, and
we must show that this algorithm runs in logo(l) n time. We will make the following
assumptions in this section. First, we assume that |B|, the total number of potential
bad-events, is polynomial in n. This assumption can be relaxed if we have the proper
kind of “separation oracle” for B. Next, we assume that every element B € B has
size |B| < M = log®Y n; this holds in many cases.

We describe the following Parallel Swapping Algorithm:

(1) In parallel, generate the permutations 7y, ..., 7y uniformly at random.
(2) We proceed through a series of rounds while there is some true bad-event.

In round i (: = 1,2,...,) do the following:
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(3) Let Vi1 C B denote the set of bad-events which are currently true at
the beginning of round i. We will attempt to fix the bad-events in V) ;
through a series of sub-rounds. This may introduce new bad-events, but
we will not fix any newly created bad-events until round ¢ + 1.

We repeat the following for j = 1,2,... as long as V; ; # 0:

(4) Let I; ; be a maximal independent set (MIS) of bad-events in V; ;.

(5) For each true bad-event B € I, ;, choose the swaps corresponding
to B. Namely, if we have some bad-event B involving triples
(k1,z1,91), - -, (ke 2, yr), then we select each z; € [ny,], which is
the element to be swapped with 7, (x;) according to procedure
Swap. Do not perform the indicated swaps at this time though!
We refer to (k1,x1),. .., (k. x,) as the swap-sources of B and the
(k1,21), ..., (K, 2.) as the swap-mates of B.

(6) Select a random ordering p; ; of the elements of I; ;. Consider the
graph G, ; whose vertices correspond to elements of [; ;: add an
edge connecting B with B’ if p; ;(B) < p;j(B’) and one of the
swap-mates of B is a swap-source of B'. Generate I; ; C I; ; as the
lexicographically-first M1S (LFMIS) of the resulting graph G, ;,
with respect to the vertex-ordering p; ;.

(7) For each permutation 7, enumerate all the transpositions (z 2)

corresponding to elements of I

i ;» arranged in order of p; ;. Say

these transpositions are, in order (x1, z1), ... (2, 2;), where [ < n.

Compute, in parallel for all 7y, the composition 7, = mx(z; 2;) . . . (21 21).
(8) Update V; j11 from V;; by removing all elements which are either

no longer true for the current permutation, or are connected via

~ to some element of [} ;.

Most of the steps of this algorithm can be implemented using standard parallel

algorithms. For example, step (1) can be performed simply by having each element
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of [ng] choose a random real and then executing a parallel sort. The independent set
I; ; can be found in time in polylogarithmic time using [8, 80].

The difficult step to parallelize is in selecting the LFMIS [; ;. In general, the
problem of finding the LEMIS is P-complete [29], hence we do not expect a generic
parallel algorithm for this. However, what saves us it that the ordering p; ; and the
graph G, ; are constructed in a highly random fashion.

This allows us to use the following greedy algorithm to construct I} ;, the LEMIS
of G ;:

(1) Let H; be the directed graph obtained by orienting all edges of G ; in the
direction of p; ;. Repeat the following for s =1,2,...:
(2) If Hy = () terminate.
(3) Find all source nodes of H,. Add these to I} ;.
(4) Construct H., by removing all source nodes and all successors of source

nodes from H.

The output of this algorithm is the LEMIS I{’j. Each step can be implemented in
parallel time O(1). The number of iterations of this algorithm is the length of the
longest directed path in G7 ;. So it suffices it show that, whp, all directed paths in

G ; have length at most polylogarithmic in n.

PROPOSITION 7.17. Let I C B be an an arbitrary independent set of true bad-
events, and suppose all elements of B have size < M. Let G = G, ; be the graph
constructed in Step (6) of the Parallel Swapping Algorithm.

Then whp, every directed path in G has length O(M + logn).

PROOF. One of the main ideas below is to show that for the typical By, ..., B; € I,
where [ = 5(M +logn), the probability that By, ..., B, form a directed path is small.
Suppose we select By,...,B; € I uniformly at random without replacement. Let
us analyze how these could form a directed path in G. (We may assume |I| > [ or

otherwise the result holds trivially.)
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First, it must be the case that p(B1) < p(Bs) < --- < p(B;). This occurs with
probability 1/1!.

Next, it must be that the swap-mates of B, overlap the swap-sources of By, for
s=1,...,1 —1. Now, B, has O(M) swap-mates; each such swap-mate can overlap
with at most one element of I, since [ is an independent set. Conditional on having
chosen By, ..., B, there are a remaining |I| — s choices for By, 1. This gives that the
probability of having B, with an edge to B,.1, conditional on the previous events,
is at most \I\Lfs (The fact that swap-mates are chosen randomly does not give too
much of an advantage here.)

Putting this all together, the total probability that there is a directed path on

Bl, c. 7Bl is
: M= = 1)
P(dlrected path Bl, e Bl) S W
Since the above was for a random By, ..., B, the probability that there is some
such path (of length 1) is at most
. |1]! M= - 1)
P(some directed path) < = X =D
I-1 -1
= || x gan—gn*Q“),
[! (I/e)t
since [ = 5(M + logn). O

So far, we have shown that each sub-round of the Parallel Swapping Algorithm
can be executed in parallel time 1og0(1) n. Next, we show that whp that number of

sub-rounds corresponding to any round is bounded by log®® n.

PROPOSITION 7.18. Suppose |B| = n°Y and all elements B € B have size |B| <

M. Then whp, we have V;; = 0 for some j = O(M log®n).

Proor. We will first show the following: Let B € I, where I is an arbitrary

independent set of B. Then with probability at least 1 — m we have B € I as

well, where I’ is the LEMIS associated with 1.
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Observe that if there is no B’ € I such that p(B’) < p(B) and such that a swap-
mate of B’ overlaps with a swap-source of B, then B € I’ (this is not a necessary
condition). We will analyze the ordering p using the standard trick, in which each
element B € I chooses a rank W (B) ~ Uniform|0, 1], independently and identically.
The ordering p is then formed by sorting in increasing ordering of W. In this way, we
are able to avoid the dependencies induced by the rankings. For the moment, let us
suppose that the rank W (B) is fized at some real value w. We will then count how
many B’ € [ satisfy W (B’) < w and a swap-mate of B’ overlaps a swap-source of B.

So, let us consider some swap-source s of B in permutation k, and consider some
B} € I which has r} other elements in permutation k. For [ = 1,... 7%, there are
ny —1+1 possible choices for the [th swap-mate from B’, and hence the total expected

number of swap-mates of B’ which overlap s is at most

T/

J
1
E[ # swap-mates of B} overlapping s] < IZ:; e —1+1

7”;--5-1 1
< / ol
=1 e —l+1

= In(—"—)

ng 7’]

Next, sum over all B € I. Observe that since [ is an independent set, we must

have Zr; < ny — 1. Thus,

N

)

E[ # swap-mates of some B’ overlapping s| < In
[ 4 swap ' ov ppg]_; (nk_T;

g

< In( ) by concavity

!
ne — jrj

<Ilnng <lIlnn

Thus, summing over all swap-sources of B, the total probability that there is some

B’ with p(B’) < B and for which a swap-mate overlaps a swap-source of B, is at most
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w|B|Inn < wM Inn. By Markov’s inequality, we have
PB el | W(B)=w)>1—wMInn

Integrating over w, we have that B’ € I’ with probability at least

1

P(Bel)>1—
(B el)=1- o

Now, using this fact, we show that V), ; is decreasing quickly in size. For, suppose
B € V;;. So B ~ B’ for some B' € I;;, as I;; is a maximal independent set

(possibly B = B’). We will remove B from V, ;. if B’ € I

i ;» which occurs with

probability at least 1 — m As B was an arbitrary element of V ;, this shows that

E[[Vijnl | Vig] < (1= g Vil
For j = Q(M log®n), this implies that

E[|Vi;]] <1 - !

= oM In n>Q(M1°g2 MNVia| < n 0

This in turn implies that V; ; = () with high probability, for j = Q(M log®n). O

To finish the proof, we must show that the number of rounds is itself bounded
whp. We begin by showing that Witness Tree Lemma remains valid in the parallel

setting.

ProprPoOSITION 7.19. When we execute this parallel swapping algorithm, we may
generate an “execution log” according to the following rule: suppose that we resample

B in round i,j and B’ in round i',j’. Then we place B before B’ iff:

(1) i<i'; OR
(2) i =i AND j < j'; OR
(3) i =4 and j = j' and p;;(B) < py j(B')

that is, we order the resampled bad-events lexicographically by round, sub-round, and

then rank p.
275



Given such an execution log, we may also generate witness trees in the same
manner as the sequential algorithm.

Now let 7 be any tree-structure; we have

P(7 appears) < H Po(B)

Ber

PROOF. Observe that the choice of swaps for a bad-event B at round ¢, subround
J, and rank p; ;(B), is only affected by the events in earlier rounds / subrounds as
well as other B’ € I, ; with p; ;(B') < p;j(B).

Thus, we can view this parallel algorithm as simulating the sequential algorithm,
with a particular rule for selecting the bad-event to resample. Namely, we keep track
of the sets V; and I; ; as we do for the parallel algorithm, and within each sub-round
we resample the bad-event in ; ; with the minimum value of p; ;(B).

This is why it is critical in step (6) that we select I ; to be the lexicographically-
first MIS; this means that the presence of B € I ; cannot be affected with B’ with
p(B') > p(B). O

PROPOSITION 7.20. Let B be any resampling performed at the ith round of the
Parallel Swapping Algorithm (that is, B € I} ; for some integer j > 0.) Then the

witness tree corresponding to the resampling of B has height exactly 1.

PROOF. First, note that if we have B ~ B’ in the execution log, where B occurs
earlier in time, and the witness tree corresponding to B has height i, then the witness
tree corresponding to B’ must have height 7 + 1. So it will suffice to show that if
B € I} ;, then we must have B ~ B’ for some B’ € I;_ ;.

At the beginning of round ¢, it must be the case that 7* makes the bad-event B
true. By Proposition 7.2, either the bad-event B was already true at the beginning

of round 7 — 1, or some bad-event B’ ~ B was resampled at round ¢ — 1. If it is the

latter, we are done.
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So suppose B was true at the beginning of round ¢ — 1. So B was an element of
Vi—11. In order for B to have been removed from V;_;, then either we had B ~ B’ €

I

i1 in which case we are also done, or after some sub-round j' the event B was

no longer true. But again by Proposition 7.2, in order for B to become true again at
the beginning of round ¢, there must have been some bad-event B’ ~ B encountered

later in round 7 — 1. OJ

This gives us the key bound on the running time of the Parallel Swapping Algo-

rithm.

PROPOSITION 7.21. Suppose that € > 0 and that there is some assignment of

weights p = B — [0, 00) which satisfies, for every B € B, the condition

p(B) = (1+€)Po(B)0(B)

logn
€

Then, whp, the Parallel Swapping Algorithm terminates after === rounds.

PRrOOF. Consider the event that for some B € B, that B is resampled after i
rounds of the Parallel Swapping Algorithm. In this case, 7 has height 1.

In Corollary 3.20, we showed that for the ordinary LLL then whp the witness trees
had height O(lo%) whp, where s is the number of variables. This proof depended
on the fact that the dependency graph could be written as a union of s cliques (one
for eac variable). Here, too, the dependency graph can be written as the union of
2(ny + -+ 4+ ny) = 2n cliques: one for each domain variable and one for each range
variable. Thus, one can similarly show the witness trees for the parallel swapping

algorithm have height O(IO%).

We can put this analysis all together to show:

THEOREM 7.22. Suppose |B| = n®Y and that for all B € B we have |B| <

OW . Suppose also that € > 0 and that there is some assignment of weights
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W B —[0,00) which satisfies, for every B € B, the condition
u(B) = (1+€)Pa(B)0(B)

Then, whp, the Parallel Swapping Algorithm terminates after @ time.

PROOF. The number of rounds, the number of sub-rounds per round, and the

running time of each sub-round, are all polylogarithmic in n whp. U

7.7. Algorithmic Applications

The LLL for permutations plays a role in diverse combinatorial constructions. Us-
ing our algorithm, nearly all of these constructions become algorithmic. We examine

a few selected applications now.

7.7.1. Latin transversals. Suppose we have an n x n matrix A. The entries of
this matrix come from a set C' which are referred to as colors. A Latin transversal
of this matrix is a permutation m € S, such that no color appears twice among
the entries A(i,7(i)); that is, there are no i # j with A(i,w(i)) = AW, n(i")). A
typical question in this area is the following: suppose each color ¢ appears at most A
times in the matrix. How large can A be so as to guarantee the existence of a Latin
transversal?

In [35], a proof using the probabilistic form of the Lovasz Local Lemma for per-
mutations was given, showing that A < n/(4e) suffices. This was the first application
of the LLL to permutations. This bound was subsequently improved by [17] to the
criterion A < (27/256)n; this uses a variant of the probabilistic Local Lemma which
is essentially equivalent to Pegden’s variant on the constructive Local Lemma. Using
our algorithmic LLL, we can almost immediately transform the existential proof of
[17] into a constructive algorithm. To our knowledge, this is the first polynomial-time

algorithm for constructing such a transversal.
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THEOREM 7.23. Suppose A < (27/256)n. Then there is a Latin transversal of the
matriz. Furthermore, the Swapping Algorithm selects such a transversal in polynomial

time.

PROOF. For any quadruples i, j, i, j' with A(i, 7) = A(¢/, j'), we have a bad-event
(2,7), (', 4"). Such an event has probability ﬁ We give weight p(B) = « to every
bad event B, where « is a scalar to be determined.

This bad-event can have up to four types of neighbors (i1, ji,4}, 71), which overlap
on one of the four coordinates ¢, 7,4, j'; as discussed in [17], all the neighbors of any
type are themselves neighbors in the dependency graph. Since these are all the same,
we will analyze just the first type of neighbor, one which shares the same value of i,
that is iy = i. We now may choose any value for j; (n choices). At this point, the
color A(iy, 71) is determined, so there are A — 1 remaining choices for 4/, 7;.

By Lemma 7.1 and Pegden’s criterion [94], a sufficient condition for the conver-

gence of the Swapping Algorithm is that

1 4
oz m(l +n(A—1)a)

Routine algebra shows that this has a positive real root a when A < (27/256)n.
U

We will encounter this problem again in Chapter 9, where we show that this Swap-
ping Algorithm can be implemented in O(n) time — this is significantly sublinear,
note that the input matrix A has size n?.

In [110], Szabé considered a generalization of this question: suppose that we seek
a transversal, such that no color appears more than s times. When s = 1, this is
asking for a Latin transversal. Szabd gave similar criteria “A < y4n” for s a small
constant. Such bounds can be easily obtained constructively using the permutation

LLL as well.
279



By combining the permutation LLL with the partial resampling approach of Chap-

ter 5, we can provide asymptotically optimal bounds for large s:

THEOREM 7.24. Suppose A < (s—cy/s)n, where ¢ is a sufficiently large constant.
Then there is a transversal of the matrix, in which each color appears no more than

s times. This transversal can be constructed in polynomial time.

PROOF. For each set of s appearances of any color, we have a bad event. We use
the partial resampling framework, to associate the fractional hitting set which assigns

weight (i)fl to any r appearances of a color, where r = [/s].

We first compute the probability of selecting a given r-set X. From the fractional

hitting set, this has probability (j)_l. In addition, the probability of selecting the
1 (n—r)!
n!

indicated cells is % So we have p < (i)_

Next, we compute the dependency of the set X. First, we may select another
X’ which overlaps with X in a row or column; the number of such sets is 2rn (fl).
Next, we may select any other r-set with the same color as X (this is the dependency
due to > in the partial resampling framework; see Chapter 5 for more details). The
number of such sets is (f)

So the LLL criterion is satisfied if

() () ()<

Simple calculus now shows that this can be satisfied when A < (s — O(y/s))n.
Also, it is easy to detect a true bad-event and resample it in polynomial time, so this

gives a polynomial-time algorithm. 0

Our result depends on the Swapping Algorithm in a fundamental way — it does
not follow from the LLLL itself (which would roughly require A < (s/e)n). Hence,
prior to this work, we would not have been able to even show the existence of such
transversals; here we provide an efficient algorithm as well. To see that our bound is

asymptotically optimal, consider a matrix in which the first s + 1 rows all contain a
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given color, a total multiplicity of A = (s 4 1)n. Then the transversal must contain

that color at least s + 1 times.

7.7.2. Rainbow Hamiltonian cycles and related structures. The problem
of finding Hamiltonian cycles in the complete graph K,,, with edges of distinct colors,
was first studied in [49]. This problem is typically phrased in the language of graphs
and edges, but we can rephrase it in the language of Latin transversals, with the
additional property that the permutation 7 has full cycle. How often can a color
appear in the matrix A, for this to be possible? In [3], it was shown that such
a transversal exists if each color appears at most A = n/16 times.> This proof
is based on applying the non-constructive Lovasz Local Lemma to the probability
space induced by a random choice of full-cycle permutation. This result was later
generalized in [41], to show the following result: if each color appears at most A < ¢on
times for a certain constant ¢y > 0, then not only is there a full-cycle Latin transversal,
but there are also cycles of each length 3 < k < n. The constant ¢, was somewhat
small, and this result was also non-constructive. Theorem 7.25 uses the Swapping
Algorithm to construct Latin transversals with essentially arbitrary cycle structures;

this generalizes [41] and [3] quite a bit.

THEOREM 7.25. Suppose that each color appears at most A < 0.027n times in
the matriz A, and n is sufficiently large. Let T be any permutation on n letters,
whose cycle structure contains no fized points nor swaps (2-cycles). Then there is
a Latin transversal m which is conjugate to T (i.e., has the same cycle structure);
furthermore the Swapping Algorithm finds it in polynomial time. Also, the Parallel

Swapping Algorithm finds it in time logo(l) n.

2The terminology used for rainbow Hamilton cycles is slightly different from that of Latin transver-
sals. In the context of Hamilton cycles, one often assumes that the matrix A is symmetric. Fur-
thermore, since A(z,y) and A(y,x) always have the same color, one only counts this as a single
occurrence of that color. Thus, for example, in [3], the stated criterion is that the matrix A is
symmetric and a color appears at most A/32 times.
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PROOF. We cannot apply the Swapping Algorithm directly to the permutation
7, because we will not be able to control its cycle structure. Rather, we will set
7 = o0 'ro, and apply the Swapping Algorithm to o.

A bad-event is that A(x,n(x)) = A(z/,w(z")) for some = # 2/. Using the fact
that 7 has no fixed points or 2-cycles, we can see that this is equivalent to one of the
following two situations: (A) There are i,7,x,y,2',y" such that o(x) = i,0(y) =
7(i),0(x") = i',0(y) = 7(), and z,y,2’,y" are distinct, and 4,4, 7(:),7(i') are
distinct, and A(x,y) = A(2’,y’) or (B) There are i,z,y,z with o(z) = i,0(y) =
7(7),0(z) = 7%(i), and all of z,y, 2 are distinct, and A(z,y) = A(y, z). We will refer
to the first type of bad-event as an event of type A led by i (such an event is also led
by i'); we will refer to the second type of bad-event as type B led by i.

Note that in an A-event, the color is repeated in distinct column and rows, and in
a B-event the column of one coordinate is the row of another. So, to an extent, these
events are mutually exclusive. Much of the complexity of the proof lies in balancing
the two configurations. To a first approximation, the worst case occurs when A-events
are maximized and B-events are impossible. This intuition should be kept in mind
during the following proof.

We will define the function p as follows. Each event of type A is assigned the
same weight 14, and each event of type B is assigned weight pg. The event of type
A has probability (n — 4)!/n! and each event of type B has probability (n — 3)!/n!.
In the following proof, we shall need to compare the relative magnitude of pi4, up. In

order to make this concrete, we set
pa = 2.83036n"1, up = 1.96163n 2

(In deriving this proof, we left these constant coefficients undetermined until the end
of the computation, and we then verified that all desired inequalities held.)
Now, to apply Pegden’s criterion [94] for the convergence of the Swapping Al-

gorithm, we will need to analyze the independent sets of neighbors each bad-event

282



can have in the dependency graph. In order to keep track of all the neighborhood
structure ssible neighbors, it will be convenient to define the following sums. We let
t denote the sum of u(X) over all bad-events X involving some fixed term o(z). Let
s denote the sum of u(X) over all bad-events X (of type either A or B) led by some
fixed value 7, and let b denote the sum of p(X) over B-events X alone. Recall that
each bad-event of type A is led by 7 and also by 7'.

We now examine how to compute the term t. Consider a fixed value z; we will
enumerate all the bad-events that involve o(x). These correspond to color-repetitions
involving either row or column z in the matrix A. Let ¢; (respectively r;) denote
the number of occurrences of color ¢ in column (respectively row) x of the matrix,
excluding A(z,y) itself.

We can have a color repetition of the form A(y,z) = A(z,y’) where y # y/; or
we can have repetitions of the form A(x,y) = A(z',y') or A(y,x) = A(y/,2'), where
x # 2,y # y (but possibly 2’ = y). The total number of repetitions of the first
type is v1 < >, ¢ The total number of repetitions of the second type is at most
vy < > ¢i(A —¢; — ;). The total number of repetitions of the third type is at most
vg <> Ti(A =i —1y).

For a repetition of the first type, this must correspond to an B-event, in which
o(y) =i,0(x) = 7(i),0(y’) = 72(i) for some i. For a repetition of the second type,
if 2/ # y this correspond to an A-event in which o(z) = i,0(y) = 7(i),0(z') =
i',o(y') = 7(¢') for some i,i" or alternatively if ' = y it correspond to a B-event in
which o(z) = i,0(y) = 7(i),0(y’) = 72(i) for some i. A similar argument holds for
the third type of repetition.

Summing all these cases, we have

t <vinpp + ve(max(n?ua + npp)) + vz(max(n®ua + npg))
< vynpup + ven?pa + vanpa
2 2
< (ejrnpn + (A = ¢j = r)n’pa + (A = ¢; — r)n’pua)

J
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Observe that the the RHS is maximized when there are n distinct colors with
¢; = 1 and n distinct colors with r; = 1. For, suppose that a color has (say) ¢; > 1.
If we decrement c¢; by 1 while adding a new color with ¢;; = 1, this changes the RHS
by (=14 2(c; +7;) = A)nPpa+ (=1 + A —rj)nup > 0.

This gives us

t < 2n3A,uA

Similarly, let us consider s. Given i, we choose some y with o(y) = 7(i). Now, we
again list all color repetitions A(z,y) = A(z',y’) or A(z,y) = A(y, z). The number
of the former is at most ), ¢;(A — ¢; —r;) and the number of the latter is at most
>_j¢rj- As before, this is maximized when each color appears once in the column,
leading to

s < n?’A,uA

For term b, the worst case is when each color appears A/2 times in the row and

column of y; this yields

b<n*(A/2)up

Now consider a fixed bad-event A, with parameters 4,7, x,y, 2’, 3/, and let us count
the sum over all independent sets of neighbors, of pu. This could have one or zero
children involving o(z) and similarly for o(y), o(z’), o(y'); this gives a total contribu-
tion of (1 +¢)*. The children could also overlap on 4; the total set of possibilities is
either zero children, a B-child led by ¢ — 2, a B-child led by ¢« — 2 and a child led by
1, a child led by ¢ — 1, a child led by ¢ — 1 and a child led by 7 + 1, a child led by i, a
child led by ¢ 4+ 1. There is an identical factor for the contributions of bad-events led
by ¢/ —2,...,i7 + 1. In total, the criterion for A is that we must have

(n—4)!

n!

= (T+O)*(1+b+sb+s+s>+s+s)
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Applying the same type of analysis to an event of type B gives us the criterion:

(n—3)!

p (1+t)°(L+b+sb+sb+s+s +s+s+s+s)

Up =

Putting all these constraints together gives a complicated system of polynomial
equations, which can be solved using a symbolic algebra package. Indeed, the stated
values of 4, up satisfy these conditions when A < 0.027n and n is sufficiently large.

Hence the Swapping Algorithm terminates, resulting in the desired permutation

7 =0 '70. It is easy to see that the Parallel Swapping Algorithm works as well. [

We note that for certain cycle structures, namely the full cycle o0 = (123...n—1n)
and n/2 transpositions o = (12)(34)...(n—1 n), one can apply the LLLL directly to
the permutation 7. This gives a qualitatively similar condition, of the form A < ¢n,
but the constant term is slightly better than ours. For some of these settings, one
can also apply a variant of the MT algorithm to find such permutations [1]. However,
these results do not apply to general cycle structures, and they do not give parallel

algorithms.

7.7.3. Strong chromatic number of graphs. Suppose we have a graph G,
with a given partition of the vertices into k blocks each of size b, i.e., V = Vi U---UV.
We would like to b-color the vertices, such that every block has exactly b colors, and
such that no edge has both endpoints with the same color (i.e., it is a proper vertex-
coloring). This is referred to as a strong coloring of the graph. If this is possible for
any such partition of the vertices into blocks of size b, then we say that the graph G
has strong chromatic number b.

A series of papers [7, 13, 39, 55] have provided bounds on the strong chromatic
number of graphs, typically in terms of their maximum degree A. In [56], it is shown
that when b > (11/4)A+ (1), such a coloring exists; this is the best bound currently

known. Furthermore, the constant 11/4 cannot be improved to any number strictly
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less than 2. The methods used in most of these papers are highly non-constructive,
and do not provide algorithms for generating such colorings.

In this section, we use the permutation LLL to build the strong coloring when
b > 256/27A. This appears to give the first RNC algorithm with a reasonable bound
on b. Later, in Section 8.3, we develop new bounds on the MT distribution and
use these build the strong coloring using independent transversals. While the latter

approach requires the weaker condition b > 54, it does not give a parallel algorithm.

THEOREM 7.26. Suppose we have a given graph G of mazimum degree A, whose
vertices are partitioned into blocks of size b. Then if b > 22%6A, it 15 possible to strongly
color graph G in expected time O(nA). If b > (22 + €)A for some constant € > 0,

there is an RNC algorithm to construct such a strong coloring.

Proor. We will use the permutation LLL. For each block, we assume the ver-
tices and colors are identified with the set [b]. Then any proper coloring of a block
corresponds to a permutation of S,. When we discuss the color of a vertex v, we refer
to mx(v) where k is the block containing vertex v.

For each edge f = (u,v) € G and any color ¢ € [1,...b], we have a bad-event that
both u and v have color ¢. (Note that we cannot specify simply that v and v have
the same color; because we have restricted ourselves to atomic bad-events, we must
list every possible color ¢ with a separate bad event.)

Each bad-event has probability 1/b?. We give weight u(B) = « to every bad
event, where « is a scalar to be determined.

Now, each such event (u, v, c) is dependent with four other types of bad-events:

1) An event u,v’, ¢ where v’ is connected to vertex u;

(1)

(2) An event u/,v, ¢ where v’ is connected to vertex v;

(3) An event ',v’, ¢ where v/ is in the block of w and v is connected to u/';
(4)

4) An event u',v’, c where v’ is in the block of v and v’ is connected to v’
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There are bA neighbors of each type. For any of these four types, all the neighbors
are themselves connected to each other. Hence an independent set of neighbors of the
bad-event (u,v,c) can contain one or zero of each of the four types of bad-events.

Using Lemma 7.1 and Pegden’s criterion [94], a sufficient condition for the con-

vergence of the Swapping Algorithm is that
a> (1/b%) - (1 +bAa)*

When b > %GA, this has a real positive root o* (which is a complicated algebraic
expression). Furthermore, in this case the expected number of swaps of each permu-
tation is < b*Aa* < %A. So the Swapping Algorithm terminates in expected time

O(nA). A similar argument applies to the parallel Swapping Algorithm. O

7.7.4. Hypergraph packing. In [77], the following packing problem was con-
sidered. Suppose we are given two r-uniform hypergraphs H;, H, and an integer n.
Is it possible to find two injections ¢; : V(H;) — [n] with the property that ¢;(H;)
is edge-disjoint to ¢o(H2)? (That is, there are no edges e; € Hi,ea € Hy with
{p1(v) | v € er} = {P2(v) | v € ea}. ). A sufficient condition on Hy, Hy,n was given

using the LLLL. We achieve this algorithmically as well:

THEOREM 7.27. Suppose that Hy, Hy have my, my edges respectively. Suppose that
each edge of H; intersects with at most d; other edges of H;, and suppose that
(dl + 1)m2 + (dz + 1)m1 < %
Then the Swapping Algorithm finds injections ¢; : V(H;) — [n] such that ¢1(H;)
is edge-disjoint to ¢o(Hz).

Suppose further that r < log®Y n and

(d1 + 1)777,2 + (dz + 1)7711 <
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Then the Parallel Swapping Algorithm finds such injections with high probability

1ogOM) . .
—=—— time and using poly(my, mg,n) processors.

PROOF. [77] proves this fact using the LLLL, and the proof immediately applies
to the Swapping Algorithm as well. We review the proof briefly: we may assume
without loss of generality that the vertex set of Hj is [n] and the vertex set of Hj
has cardinality n and that ¢, is the identity permutation; then we only need to
select the bijection ¢o : Hy — [n|. For each pair of edges e; = {uy,...,u,} €
Hy,eqg = {v1,...,u.} € Hy, and each ordering o € S,, there is a separate bad-event
¢2(v1) = Ug1 A -+ A P2(v) = Uy Now observe that the LLL criterion is satisfied for
these bad-events, under the stated hypothesis.

The proof for the Parallel Swapping Algorithm is almost immediate. There is one
slight complication: the total number of atomic bad-events is mimsr!, which could be
super-polynomial for r = O(logn). However, it is easy to see that the total number of
bad-events which are true at any one time is at most mims; namely, for each pair of
edges e, €2, there may be at most one o such that ¢9(v1) = ugy A -+ A P2(vy) = Ugy.

It is not hard to see that Theorem 7.22 still holds under this condition. O

7.A. Symmetry properties of the swapping subroutine

In the following series of propositions, we show a variety of symmetry properties
of the swapping subroutine. This analysis will use simple results and notations of
group theory. We let S; denote the symmetric group on [ letters, which we identify
with the set of permutations of [I]. We let (a b) denote the permutation (of whatever
dimension is appropriate) that swaps a/b and is the identity otherwise. We write
multiplications on the right, so that o7 denotes the permutation which maps x to

o(7(x)). Finally, we will sometimes write oz instead of the more cumbersome o(x).
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PROPOSITION 7.28. The swapping subroutine is invariant under permutations of

the domain or range, namely that for any permutations T, we have

P(Swap(m;x1,...,x,) = o) = P(Swap(r; 7wy, ..., 7 w,) = 0o7)

and

P(Swap(m; xq,...,x,.) = 0) = P(Swap(rm; 21, ...,2, = TO)

PrRoOOF. We prove this by induction on r. The following equivalence will be useful.
We can view a single call to Swap as follows: we select a random 2| and swap x;
with z/; let 7’ = 7 - (z1 «]) denote the permutation after this swap. Now consider
the permutation on n — 1 letters obtained by removing x; from the range and 7’(z1)
from the range of 7’; we use the notation 7’ — (z1,*) to denote this restriction of
range/domain. We then recursively call Swap(n’ — (x1, %), 2, ..., z;,).

Now, in order to have Swap(w7;7 'zy,...,7 'z,) = o7 we must first swap 77z,

1

with 2 = 7777 lo72; this occurs with probability 1/n. Then we would have

P(Swap(nr;7 ey, ..., 77 w,) = o7)
= 1P(Swap(rr(t ey 7' toan) — (77w k) T L T ) = o7 — (77 @, %))
= 1P(Swap(rr(t7 ey 7' ox) T = (21, %) T T, L T Try) = 07T — (24, %))

by inductive hypothesis
= LP(Swap(r(z) o) T = (21, %); 22, ..., 2,) = 0 — (21, %))
= P(Swap(m; 1,22, ...,2,) = 0)
A similar argument applies for permutation of the range (i.e., post-composition
by 7). O

Also, the order in which we perform the swaps is irrelevant:

PROPOSITION 7.29. Let w € S,, be fized, and let xq,...,x, € [n]| be fived as well.

Let p : [r] — [r] be a permutation on r letters; then for any permutation o € S, we
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have

P(Swap(m;xy,...,2,) = 0) = P(Swap(m; xpay, - - -, Tpry = 0)

PrOOF. We will prove this by induction on r. We assume p(1) # 1 or else this
follows immediately from induction.
Let ¢ denote the swap (z,1) 7 'ox,)), which is the first swap that must occur
in Swap(m; €,1), - - ., Zpr)). Then we have:
P(Swap(m; xp1), - -, Tpr)) = 0)
= %P(Swap(wt; Tp2)s - Tp(r)) = O)

= %P(Swap(wt; L1, 09, oy Tp(1)—15 Tp(1)41s - - L) = O) by L.H.

= n(nl_l)P(Swap(ﬂt(:cl (7Tt>710'$1); Lo, ... ,l’p(l)_l, l’p(1)+1, Ce ,SCT) = O')
= n(nlfl)P(Swap(wt(xl tntoxy); 20, .. . T p(1) =15 Tp(1)1s - - - » Tp) = O)

At this point, consider the following simple fact about permutations: for any

ai, as, by, by € [l] with ay # ag, by # by, we have

(az ba)(ay (az ba)bi) = (a1 b1)(az (ay b1)bs)

This fact is simple to prove by case analysis considering which of the letters ay, as, by, bs
are equal to each other.

1

We now apply this fact using a; = x1, a2 = x,01), b1 = 7 tox, by =7 ox,(1); this

gives us t(zy tntowy) = (v 7 towr)(xpa) (21 7 row) T ox,)), and so

P(Swap(m; Zp(1), - - - Tp(r)) = 0)

_1
n(n—1)
= %P(SW'&P(W(% 7T71(79[31); Tp(1); X2y« -« 3 Tp(1)—15 Lp(1)4+15 - - - 7131«) = U)

= LP(Swap(n(z1 7 ox1); 29, ..., 2,) = 0) by I.H.
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= P(Swap(m;x1,...,2,) = 0)

In our analysis and algorithm, we will seek to maintain the symmetry between the
“domain” and “range” of the permutation. The swapping subroutine seems to break
this symmetry, inasmuch as the swaps are all based on the domain of the permutation.

However, this symmetry-breaking is only superficial as shown in Proposition 7.30.

PROPOSITION 7.30. Define the alternate swapping subroutine, which we denote

Swap2(m;y1, ..., yr) as follows:

(1) Suppose 7 is a permutation of [n|. Repeat the following fori=1,... r:
(2) Select y; uniformly at random among [n] — {y1,...,yi—1}-

(3) Swap entries 7' (y;) and 71 (y.) of the permutation 7.

More compactly:

S'U}Clpg(ﬂ', Y1, - .- 73/1") = Swap(ﬂvila Yiy- - 7yr)71

Then the algorithms Swap and Swap2 induce the same distribution, namely that

if m(x1) = 1, ..., w(x,) =y, then for any permutation o we have
P(Swap(m;x1, ..., x,) = 0) = P(Swap2(m;yy,...,yr) = 0)

PROOF. A similar recursive definition applies to Swap2 as for Swap: we select x
uniformly at random, swap x;/x}, and then call Swap2(m(z1 =}) — (%, ¥1); Y2, - - -, Yr)-
The main difference is that we remove the image point (*,y;) instead of the domain
point (z1, *).

Now, in order to have Swap2(m;yi,...,y,) = ¢ we must first swap x; with 2} =

7 loxy; this occurs with probability 1/n. Next, we recursively call Swap2 on the
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permutation 7(z12]) — (%, y1) yielding:

P(Swap2(m;y1, ..., yr) = 0)

= L P(Swap2(m(z121) — (+,91); Y2, - - -, ¥r) = 0 — (%,%1))

= 2 P(Swap(m(z1 21) — (+,90); (21 2)7 2, o (11 )77 y,) = 0 — (%, 1))
by inductive hypothesis

= %P(SW&P(7T — (@1, 01); 22, 2) = o(21 2Y) — (71, 1))
by Proposition 7.28, when we pre-compose with (z; )

= LP(Swap((oxy oah)m — (21, %); 3o, ..., x,) = (0x1 o))o(z1 7)) — (@1, %)
by Proposition 7.28; when we post-compose with (o o))

= P(Swap(m(z1 1) — (v1,%); 22, ..., @) = 0 — (21, %)

= P(Swap(m;x1,...,2,) = 0)
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CHAPTER 8

Algorithmic and enumerative aspects of the MT distribution

Recall that our definition of the MT distribution as the distribution on variables at
the termination of the MT algorithm. A key randomness property of this distribution
has been demonstrated in [48], namely the critical Theorem 2.16 which we have
discussed briefly in Chapter 2. We develop this study further here, showing that the
MT distribution has a number of other nice features.

In Section 8.1, we examine the MT distribution for events determined by a single
variable, that is, events of the form X; € J. For such events, one can give better
bounds than Theorem 2.16; one can even show lower-bounds on the probabilities of
such events. We apply this in Section 8.2, to show upper and lower bounds on the
weights of independent transversals.

In Section 8.4, we address the problem of partially avoiding bad events, in cases
where the LLL criterion is not satisfied. We tighten the bounds of [48], giving a
symmetric criterion in the case when epd = «, for a € [1,¢], as well as, for the first
time, an asymmetric criterion. Furthermore, we give a faster parallel algorithm in

this case; while applying the parallel MT algorithm directly would give a running

time of O( (lg)i’)r;), we improve this to O(%)

Finally in Section 8.5 we estimate the entropy of the MT-distribution, and show
that it is close to the original distribution. This automatically implies that there
are many more solutions than known before for various problems such as k-SAT,
non-repetitive coloring, and independent transversals — and especially the maximum-

satisfiability variants of these problems.
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THEOREM 8.1. Suppose we are given a vector X satisfying Theorem 1.16. Then,
for any atomic event £ = X;, = j1 N X,, = jr we have

k
P(E is true in output of MT algorithm) < H Aig g
s=1

Proor. Each independent set of neighbors of E' contains one or zero bad-events

involving each variable i, so:

Po(E)I(E) < Po(E)[J(1+ > w(B)

s B':iSGSB/

Aie ja
< H )\ij (Ai,) by (37)

=[[>...
S

8.1. The MT distribution for individual variables

Theorem 2.16 only provides an upper bound on the probability that E occurs
in the output of MT. In general, it is not possible to show a lower bound on the
probability of an arbitrary event £ — if E € B, then necessarily P(F) = 0. There is
one limited circumstance for which one can show a useful lower bound — if the event
E has the form X; = 7. That is, we can show a useful lower bound on the probability
that a variable takes on a particular value. We can also show upper bounds for such
events, which are stronger than Theorem 2.16.

In developing such a bound, it is very useful to use the accounting method of
Section 1.6, instead of trying to specify a weighting function p : B — [0, 00). So, we
suppose we are given some vector A which satisfies Theorem 1.16. Namely, there is a

vector \ such that for each i € [n] we satisfy

(37) Ai — H H Airjr > 1

Bi€Sy i'j')eB
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where >\z = Zj )\i,j~
For any variable ¢ and value j, we define
Ho= 3 1 e
B>(i,5) (¢',5')eB

Observe that, with this definition, we can rewrite (37) as:
(39) oS Hy >
J

THEOREM 8.2. Suppose that A satisfies (37). Let J be a set of assignments to
variable i. The probability that the MT algorithm ever selects (i,j) for j € J is

bounded by
Djes i

P(MT selects X; € J) <

PrRoOOF. We consider the first time in which X; € J during the execution of the
MT algorithm. There are two cases for this occurrence; we may either select X; € J
initially, or we resample some atomic bad-event B which includes (i, k) amongs its
conditions, where k € J. Abusing notation somewhat, we write (i, J) € B to denote
this condition. We may build a witness tree for this event (although it is not itself a
bad-event). This tree contains a root node labeled X; = k. It has either no children,
or it has a single child node labeled by such B. Below the root node, this tree cannot
contain any instances of X; = j for j € J.

Let R denote the total weight of all tree-structures rooted in some B > (i,.J),
below which never occurs any instances of X; € J. To enumerate such trees: root
node may have children corresponding to any other variables involved in B (other
than i itself); or it may have another child also rooted in such a B’ 3 (i, J). The total
weight of all tree-structures rooted in any B’ is at most pu(B’) =[], ;cp Aij- Thus,

a simple induction on tree-height shows that if » > 0 satisfies the condition

(39) r> Yy PaB)(1+r) [ a+ Y wB)

B3(i,J) i'eSp—{i} B':i'e€Spy
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then it must be that R < r.

For any B > (i, ), the main term of (39) can be rewritten as

Yo PB4+ JI a+ > wB))

B>(i,J) i'eSp—{i} B':i'€Sg
Ai/ !
S e [T I ar S )
B>3(i,J) (i",j)eB " i'eSp—{i} B':i'€Sp
147
| P
B>G,J) ' (i"j)eB

1
SOy | Y

B>G,J) ' (ij)eB

|
_ ;TZHi,j

i¢J

Thus, a sufficient condition to satisfy (39) is given by

147
= Y ZHW
JjgJ

which implies that R < M Then:
Ai=> 5 Hij

P(MT selects X; € J) < Po(X; € J)(1+ R)

_ )\i,j(l 4 ngZJ Hm‘ )
o N Ai = 2 gs i
D jes Mig
)‘z - ngzj HZJ

A simple corollary of Theorem 8.2 shows a lower bound on the probability that

the MT terminates with X; € J:
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COROLLARY 8.3. Suppose that A satisfies (37). Let J be a set of possible assign-

ments to variable i. Then:

Z]E] EJGJ
ZjeJ

PRrROOF. Apply Theorem 8.2 to bound from above the probability of ever selecting

P(MT terminates with X; € J) >

XZ' € J:
_ D jed Ai
1—P(XZ€J)21— J 7
i — e Hij
by —ZjeJH

_ Z]EJ Z]EJ
ZjeJ

2. Weighted independent transversals

As an illustration of the Theorem 8.2 and Corollary 8.3, we next study weighted
transversals, as considered by [2]. We give lower- and upper- bounds on the weights
of independent transversals, which is not possible using [54] or [94].

Suppose that we are given weights w(v) > 0 for each vertex of G. There is a simple
argument that G = (V| E') has an independent set of weight at least % A +1 ) and that @
has a transversal (not necessarily independent) of weight at least “~. Likewise, G
has independent sets or transversals with weight at most w(V')/ (A + 1) or w(V)/b,
respectively. Note also that we cannot always expect independent transversals of

weight more (or less) than w(V')/b: e.g., consider the case of all weights being equal.

THEOREM 8.4. Suppose 4A < b < 4.5A. Then there is an independent transversal

I C 'V with weight

Vi + Vb —4A w(V)
w(l) > w(V)(ﬁ(%_ 5 +\/m) > S
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Suppose b > 4.5A. Then there is an independent transversal I C V with weight

w(I) > w(V) ~min(%, 27;%?.

Furthermore, independent transversals with weight at least (1—n~9W) times these

lower-bounds, can be found in polynomial time with high probability.

PROOF. The first result follows in a straightforward manner from Theorem 8.2

b—VbVb—4A

A . Now for each

when we set each entry of A to the scalar constant o =
vertex v € V; we have H;, < a?A; so the probability of selecting this vertex in the
LLL distribution is

)\i,j_Hi,v> CM—OZ2A . \/B—I—\/b—4A

ANi— Hip — ba—a?A /p(2b — 1) + b — 4A

To obtain the second result, in each block V;, we discard all but the &’ = |9/2A |

P(select v) >

highest-weight vertices. To simplify the proof, consider only the case when A is even
(the odd A is similar).

In this case, we assign A = a = 3% for each of the b’ highest-weight vertices, and
A = 0 for the remaining. Let us fix a block V;, consisting of vertices vy, ..., v, sorted
by weight so that w(v;) > w(ve) > -+ > w(v,). By Theorem 8.3, each of the high-

a—Aa?

weight vertices is selected with probability > =

4
e AT = 37a—g- Hence the expected

weight of the independent transversal selected is at least (w(vy) + - - + w(vy)) 52—
By concavity, subject to a fixed value of w(V}), the choices of weights w(vy), ..., w(vy)
which minimizes this assigns constant weight x to all vertices, except for an additional

vertex which receives an additional weight of w(V;) —xb. The expected weight of this

block then becomes

4

Blw(Vin )] =2+ (w(V;) = br) o

This achieves its minimum at either x = 0 or x = 1/b, yielding

1 4

Elw(I)] > w(V) - min(g, m)
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Finally, the high-probability bound follows by repetition of the MT algorithm. [

We show a matching upper bound on weights:

THEOREM 8.5. Suppose 4A < b < 8A. Then there is an independent transversal

I C 'V with weight
2

4vVAVD — 4A + b

Suppose b > 8A. Then there is an independent transversal I C 'V with weight

w(l) < w(V)

v
w(I) < wV)

b
Furthermore, independent transversals with weight at most (1+n~°W) times these

upper-bounds, can be found in polynomial time with high probability.

PROOF. Suppose we discard all but the lowest-ranking b" vertices in each block,
where b’ = 4A. For these vertices v, we set \, = a = i, and we set A\, = 0 for the
remaining vertices. This satisfies Theorem 1.16.

Fix a block V;, in which the vertices are sorted in increasing order of their weight

w(vy) < w(vy) < -+ < w(wy). Then we can write the expected weight of the resulting

block as

Elw(V;NI)] =w(vy) + (w(vy) — w(vy))(1 — P(vq selected))
+ (w(vs) — w(ve))(1 — P(vy or vy selected))

+ e+ (w(vb,> — w(’[}b/_1>P(Ub/ Selected)

<w(vr) + (w(ve) —w(vy))(1 - %)
2(a — Aa?)
+ (w(vs) — w(vq))(1 — m) T

Subject to the constraints that w(v) < w(vy) < ... and w(vy) + -+ + w(vy) =
w(V;), the choice of w(vy),. .., w(vy) which maximizes this is the following: for some

2 < k <V, all the vertices vy, ..., v, have weight x, while vertex v,_; has weight
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y<az,and (b—k+ 1)z +y =w(V;). In this case, we have

Ew(V;NnI)] < max yP(vg_1, ..., vy selected) + (z — y) P(vg, . . . vy selected)
z>yeR,ke{2,....b'}

< 0 —k+2)a ( ) 0 —k+1)a
max €T —
~ a>yeRke{2,...'} yb’a — (k —2)aA? y Va— (k—1)aA?
We now relax the restriction that k is an integer in the range {2,...,0'} to allow k

to be a real number in the interval [1, b']. When k is relaxed in this way, the maximum

w(Vi) .

—ii1; We thus have

of the above expression occurs at y = 0 and = =

w(V;) (' —k+1a
Elw(V;N1)] <
(Ve D s e T e — (= T)aA?

When b > 8A, this is decreasing function of k on the interval [1, '], hence achieves

its maximum value at k = 1, yielding E[w(V; N )] < 3. When 4A < b < 8A, this

(VI=28+V ) (/b (b—b')
2VA

Finally, at b = 4/, then we again restrict k to

achieves its maximum at the critical point & = o + 1 —

; this
: 2

range over the integers; in this case it achieves a maximum value at £ = b yielding

E[w(V;n1)] < 2

14+4A°

Putting all these cases together gives us the claimed result. U

Note that such bound cannot be specified in terms of the average degree, because

we might add vertices of small degree and weight.

8.3. Strong chromatic number revisited

We have seen in Section 7.7.3 how to construct strong colorings using the Swap-
ping Algorithm. In this section, we take an alternate route based on independent
transversals. This proof is almost identical to the proof of Theorem 5.3 of [2]; the
main difference is that we have replaced their nonconstructive application of the LLL
with the MT algorithm. This translation requires a non-tivial bound on the MT

distribution.
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THEOREM 8.6. Suppose b > 5A. Then G has a strong coloring, which can be

found in expected time O(n*A?).

PROOF. We maintain a partial coloring of the graph G, in which some vertices
are colored with {1,...,b} and some vertices are uncolored. Initially all vertices
are uncolored. We require that in a block, no vertices have the same color, and no
adjacent vertices have the same color.

Now, suppose some color is partially missing from the strong coloring; say without
loss of generality there is a vertex w missing color 1. In each block i = 1,... k, we
will select some vertex v; to have color 1. If the block does not have such a vertex
already, we will simply assign v; to have color 1. If the block i already had some vertex
u; with color 1, we will swap the colors of v; and u; (if v; was previously uncolored,
then u; will become uncolored).

We need to ensure three things. First, the vertices vy, ..., v, must form an in-
dependent transversal of G. Second, if we select vertex v; and swap its color with
u;, this cannot cause u; to have any conflicts with its neighbors. Third, we insist of
selecting w itself for the independent traversal.

A vertex u; will have conflicts with its neighbors if v; currently has the same color
as one of the neighbors of u;. In each block, there are at least b — A possible choices
of v; that avoid that; we must select an independent transversal among these vertices,
which also includes the designated vertex w.

Now suppose we define a weighting function which assigns weight 1 to vertex w
and weight 0 to the remaining vertices. By Theorem 8.4, the MT algorithm produces
an independent transversals of expected weight 2(1/b). In particular, one can select
an independent transversal containing w by repeating the MT algorithm for O(b)
expected times. The total expected cost is O(n?A).

Whenever we select the independent transversal vy, ..., v, the total number of
colored vertices increases by at least one: for, the vertex w becomes colored while it

was not initially, and in every other block the number of colored vertices does not
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decrease. So, after n iterations, the entire graph has a strong coloring; the total time

is O(n%A?). O

8.4. Partially avoiding bad events

When the LLL condition is satisfied, then it is possible to select the variables so
that no bad events occur. Alternatively, if one simply selects the underlying variables
from € directly, then each bad event B occurs with probability Pqo(B). However, there
can be a middle ground. As described in [48] even when the LLL condition is violated,
one can use the MT-distribution to select the variables so that many fewer bad events
occur than one would expect from Q. For example, if we have epd = «, for « € [1, €],
then one can show that it is possible to cause at most (1+0(1)) X mpe In(a) /o events
to occur; here o(1) is parameter which decreases with the dependency d [48].

The result of [48] is based on the following idea: select each event to be a “core
event” independently with probability g. These core events will not be allowed to
occur; the non-core events are ignored. Each core event has on average dq core
neighbors. For d sufficiently large, one can apply Chernoff bounds and the LLL, and
show that the number of core neighbors is bounded close to dq in actuality. Now,
apply the LLL a second time to avoid the core events, and apply the MT-distribution
to show that the non-core events are mostly avoided simply by chance.

While the method of [48] is intriguing, it suffers from a few shortcomings. First,
the result is asymptotic; there is a second-order term, which is difficult to compute
explicitly, and only goes away as d — oo. Second, this algorithm may be computa-
tionally expensive; the first application of the LLL, in particular, may dominate the
second, “real” application, and may even be exponential time. Third, one obtains
only gross bounds on the total number of true bad events; one cannot easily get more
detailed information on the average behavior of a particular bad event.

In this section, we give new bounds and algorithms for partially avoiding bad

events, which avoid these problems. In many cases, these algorithms are faster than
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the MT algorithm itself. The basic idea parallels [48], in that we mark each bad
event B as core with probability ¢(B). However, instead of using two separate LLL

phases, we combine them into a single one.

THEOREM 8.7. Suppose we are given a mapping j : B — [0,00). Then there is
an algorithm, which we refer to as the Truncated MT Algorithm, which produces a

distribution Q' on the underlying variables X1, ..., X,, with the property
(40) VB € B, Poy(B) < max(0, —u(B) + Po(B)0(B))

This algorithm has the same running-time behavior as other Moser-Tardos applica-
tions. In particular, the expected number of resamplings of a bad event is u(B). (Note

that the LLL criterion is simply that the RHS of (40) is equal to zero.)

PROOF. Given our original set of bad events B, we define a new binary variable
Y (B) for each bad event, which is Bernoulli-¢(B) and which represents that B is
“core”. We introduce a new set of bad events B’, defined as follows: for each bad
event B € B, we define B’ € B’ to be the event that B is true and Y (B) = 1, where we

define ¢(B) = min(1, P“i The truncated MT algorithm for B is then defined

Q(B)G(B))'
by running the MT algorithm for 5’
It is not hard to see that the set of bad events B’ satisfies the asymmetric LLL
criterion with the weighting function p.
Now, consider a bad event B. In order for B to occur in the output, it must be

the case that Y(B) = 0. Hence, the probability that B occurs is the probability of

the event (Y(B) = 0) A B; namely we have
Po/(B) = P (B A (Y(B) =0)) < (1 —q(B))Pa(B)0(B) = —u(B) + Pa(B)0(B)

as desired. 0

This specializes easily to the symmetric setting by setting u(B) = (e/a)"/? —1 for

all B:
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COROLLARY 8.8. Suppose each bad event B has Po(B) < p,|N(B)| < d; and
suppose that epd = « for o € [1,e]. Then one can efficiently find values for the
underlying variables so that each bad event B occurs with probability < peln(a)/c.

The total number of expected resamplings is O(m/d).

As an example of the asymmetric form of this criterion, consider k-SAT, in which

each variable may appear in up to L clauses in total (positively or negatively). Ap-

2k+l

plying the Lopsided LLL, it is shown in [43] that L < sy

implies that the instance
is satisfiable. We prove that this can be relaxed so that the instance is partially

satisfiable:

THEOREM 8.9. Suppose we have a k-SAT instance with m clauses, in which each

variable appears in up to L < “2:,:1 — 2/k clauses (in total, either positively or neg-
atively), for a € [1,e]. Then we can construct in expected time mlogo(l) m a truth

assignment whose expected number of satisfied clauses is at least m(1—2"%eln(a)/a).

PROOF. We assume that m > 2*~! as otherwise a randomly chosen solution will
satisfy all the clauses.

Suppose a variable x; appears in [; clauses; of these occurrences, it appears d;l;
positively and (1 — ¢;)l; negatively. Then, as described in [43], we set variable i to
be T with probability 1/2 — z(d; — 1/2), where = € [0, 1] is a well-chosen parameter.
This is quite counter-intuitive. One would think that if a variable occurs positively
in many clauses, then one should set the variable to be T with high probability; in
fact we do the opposite.

Now, set p(B) = z for all bad events B, where z is a parameter to be chosen. In

this case, it suffices to show that
(41) VB € B, _Z+PQ(B)GXP<Z z) <2%eIna/a
B'~B
It is not hard to show, following [43], that for = Lz/2 the LHS here is maximized

when variables corresponding to the bad event B each occur in exactly L/2 clauses
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positively or negatively; and that in this case, we have Po(B) = 27%, and there are
1 4+ Lk/2 neighbors of B in the dependency graph. (The factor of L/2 here comes
from the Lopsided LLL; namely, clauses that intersect on a variable and agree on it,

are not counted as dependent for the purposes of the Lopsided LLL.)

2k+1
21“(72+kL)

TR and then we have the bound

Thus, we set z =

—z + Pq(B) exp( Z 2) < —z 42 Fexp(2(1 4+ Lk/2))

~ 2In(1+kL/2)+2—kIn4
B 24 kL

= 27%¢In(a)/a

Now, the expected number of resamplings is at most mz < mlogo(l) m/L. For
each resampling, we must scan all the affected clauses to see if they have become
falsified, which takes time kWL < L1og® m. Hence the total expected runtime is

mlog®® m. O

We can also apply this criterion for partial Latin transversals.®

DEFINITION 8.10. Given an n X n matrix A, a partial Latin transversal is a
selection of k < n cells, at most one in each row and column, with the property that

there are no two selected cells with the same color.

Partial Latin transversals have been most studied in the case when A is a Latin
square. In [109], Stein analyzes the case of partial Latin transversals for arbitrary
matrices. Using techniques from that paper, one can show the existence of partial
Latin transversals, whose length is a function of A, the maximum number of occur-
rences of any color. This generalizes [35], which showed that if A is sufficiently small,

then a full Latin transversal exists.

INote that the Witness Tree Lemma holds for the Swapping Algorithm, and so that algorithm
produces distribution which is essentially the same as for the ordinary MT algorithm. All our
results work equally for the Swapping Algorithm.
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THEOREM 8.11. Suppose each color appears at most A = (Bn times in the matriz

A for B €[0,1]. Then one can construct a partial Latin transversal of length at least

1—e= P

n X 3

PROOF. Suppose that we select a random permutation 7; whenever a color ap-
pears more than once in 7, we will remove all but one of those cells from 7 to turn it
into a partial Latin transversal.

Suppose that a color appears d < n times in the matrix. As shown in [109], the
probability that = meets the color at least once is minimized when all d occurrences of
the color are in distinct rows and columns; in this case the probability is (by negative
correlation) at least 1 — (1 — 1/n)<.

Thus, summing over all colors i, the total expected number of colors appearing in
7 is at least

(42) E[# distinct colors appearing in 7] > Z 1—(1—1/n)%

7

The expression 1 — (1/n)? is increasing and concave-down as a function of d, thus

1—(1-1/n)*>4(1—(1/n)?, and so

di
E[# distinct colors appearing in 7| > Z Z(l —(1—1/n)%)

nQ

=—(1—-(1-1/n)
0= =1m™)
2
n
> _—(1—e"
> (=)
Thus, the resulting partial Latin transversal has an expected length of at least
n(%) as we claimed. O

We can improve on Theorem 8.11 for g < 0.19 by using the MT-distribution.

(Note that for 5 < 0.105, the LLL constructs a full Latin transversal.)

THEOREM 8.12. Suppose each color appears at most A = n times in the matrizc

A, for 5 €[0,1/4]. Then the truncated MT algorithm runs in expected time O(n) and
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produces a partial Latin transversal whose expected length is at least

n min(l l—i— 3 2—7)
"2 20483

PROOF. For every pair of cells (i, 7), (', ') such that A(i,j) = A(¢', '), we have
a bad event 7(i) = j A w(i') = j'.

We apply the criterion of Theorem 8.7, setting u(B) = « for each such bad-event,
where o > 0 is a scalar to be chosen. This gives us a probability space € with the

property that, for each B, we have

Po/(B) < max(0, —u(B) + Po(B)4(B))

< max(0, —a + (1+n(A—1)a)
n

B
(n—1)

Now set

1 ( 4 n—1 1)
o= —
n(A—1) 4(A-1)
Note that the condition A < n/4 implies that & > 0. We then have

1 — 3%\3/7171

8(A—1)1/3
PQ/(B) S max((), n(A(——l)))

Now consider the following experiment: we draw the permutation 7 from the
space (2. For each bad-event that occurs, we de-activate one of the two cells (chosen

arbitrarily). Let () denote the number of active cells at the end of this process; then

Eo[Q)=n Y Po(B)

The total number of bad-events can be computed as follows. First, there are n?

choices for i, j. Next, there are A — 1 choices for 4, 5. This double-counts the number

of bad-events, so we have

#bad-events < n?(A —1)/2
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Thus

%\S/n—l
nQ(A — 1) 1- ?8)(A—1)1/3
0l >n— —=— 7/ _ Az e
Eo Q] >n 5 xmax(O, n(A = 1) )
_ 1 27(n — 1)
— Y b VN
”mm( 5 T\ 200808 = 1)>

S , (1 1+ o] 27 )
min — —_—
=" 9 "\ 20483

For the analysis of the run-time, see Theorem 9.7 (which describes some optimiza-

tions to the Swapping Algorithm for Latin transversals). 0J

8.4.1. A faster parallel (RNC) algorithm. Suppose we wish to use the par-

allel MT algorithm to draw from the sample space €2’ such that:
VB € B, Py (B) < max(0, —u(B) + Po(B)0(B))

In the symmetric setting (with epd = «), and using the choice of p from Corol-
lary 8.8, one can easily verify that the parallel MT algorithm, as described in [87],

will terminate with high probability after O( (i‘f{')g) rounds. (The approach of [48],

based on two applications of LLL, will give the same result.) The running time of the
parallel MT algorithm is dominated by selecting a maximal independent set (MIS) of
true bad events (in this case, with the additional property that Y (B) = 1). As finding
an MIS requires requires O(log® m) parallel time (using Luby’s MIS algorithm), the
total runtime of parallel MT would be O(%).

We can improve this running time by only running the parallel MT algorithm
for a constant number of rounds, using a slightly higher resampling probability than
indicated in Theorem 8.7. Unfortunately, we are not able to show a simple condi-
tion analogous to the asymmetric LLL for this algorithm to work. Unlike the MT
algorithm, which “converges” to a good solution, we give an algorithm which “over-

converges” to the desired solution. It reaches a good distribution faster than the MT

algorithm, but then it moves away from the good distribution. This algorithm seems
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to require a “uniformity” among the bad events, which is by definition true for the
Symmetric LLL but seems harder to formalize in general.

We may now define a parallel algorithm corresponding to the Truncated MT
Algorithm. It differs from the usual parallel MT algorithm in two key ways. First, we
maintain for each bad event B a resampling variable Y (B) which is Bernoulli-¢(B),
and we only resample bad events (including Y'(B) itself) when Y (B) = 1. Second,
instead of running the algorithm until there are no more true bad events, we run it

for some fixed number ¢ of iterations.

THEOREM 8.13. Suppose we are given a family of weighting functions o; : B —
[0,00) for i = 1,...,t + 1 as well as probabilities q : B — [0,1], satisfying the

recurrence:

01(B) = q(B)Pa(B)

0i+1(B) 2 04(B) + q(B) Pa(B) Z [H oi(B') — H O-i—l(B,)} Jori=1,....t

ICN(B) B'el B'el
I independent

Then, if the Parallel Truncated MT Algorithm is terminated after t iterations,

then each B is true at that point with probability

P(B true after t iterations) < 7

PROOF. For notational convenience, define o¢(B) = 0 for each B € B.

For each tree-structure 7 whose nodes are labeled By, ..., B, define the weight

Let T;(B) denote the total weight of all tree-structures of height i rooted in B,
and let T<;(B) = ., T;(B). We claim that

Ti(B) < 0i(B) = 0i1(B)
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for i = 1,...,t. To show this, we develop a recursive formula for T;(B), based on
decomposing the children into two categories, those of height ¢ — 1 exactly and those

of height <7 — 2:

Ti(B) < q(B)Fa(B) > [T 7B) [[ T<ia(B)

A1,A2CN(B)  BieA Ba€As
A1£0,A1NA2=0
A1 U Az independent

< q(B)Fa(B) Z H (0i-1(B1) — 0i—2(B1)) H 0i-2(B2) by induction
Ai1,A2CN(B) BieA; BscAs

A1#0,A1NA2=0
A1 U Az independent

=q(B)Pa(B) Y (J] omi(B) — (T] 0ia(B))

ICN(B) B'el B'el
I independent

S O‘Z(B) — Ui—l(B)

Now consider the event that bad event B is true after ¢ rounds of the parallel
algorithm. We may construct a witness tree for this event; it has height < ¢+ 1. If
Y (B) = 1 after ¢ rounds, then it must be the case that this tree has height ezactly
t + 1; for, either B or a neighbor would have been resampled at round ¢. Hence the
probability that B remains true after ¢ rounds can be described by either a witness tree
of height ¢+ 1, rooted in B; or a witness tree of height < ¢, rooted in (Y (B) = 0) A B.
Furthermore, for every event in the witness tree, other than the root node B, we

require that Y(B’) = 1 at the appropriate time. Thus, in total, we have

Ti41(B) +T<(B)(1 —q(B))

P(B true after ¢ rounds) <

q(B)
_ 01a(B) — 0,(B) + 0u(B)(1 — 4(B))
- q(B)
_ o41(B) -
=B +(B)
as desired. O

And this specializes to the symmetric setting:
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THEOREM 8.14. Suppose epd = . Then let ' be the distribution induced on the
variables after running the Parallel Truncated MT Algorithm for t = O((a — 1))
steps. In the space €V, bad events have probability

Po/(B) < peln(a)/av.

log? m )

The total running time for this procedure is O(=2=

ProoF. We will first show how to select ¢q. For all B € B, define ¢(B) = f3, for
some parameter 5 to be chosen. Define o;(B) = ; where ~; is defined recursively as
follows:

Y =0

Yier = pB(L+7:)*
A simple induction shows that ~; is increasing in 7:

Yir1 = pB(1 + %)% > pB(1L+ i)t =y

We claim that this definition of ¢, o satisfies the conditions of Theorem 8.13. For,

we have:

oi(B)+q(B)Pa(B) > [ eiB) -] oi-1(B)
ICN(B) B'el B'el
I independent

= Yiy1 = 0ip1(B)

Next we claim that for ¢ sufficiently large, there is some 3 € [0, 1] with

(43) v = (e/a)/4 -1
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We will show this by continuity. When § = 0, then the LHS is equal to zero for all
t > 1. As [ increases, 7; increases for all . Furthermore, when G = 1, an induction

on t shows that
v > p((a/e)(1 +1/d)%)
Hence, if p((a/e)(1+1/d)%)=! > (e/a)/? — 1, then it follows that there is indeed
some 3 € [0,1] satisfying (43). By simple algebraic manipulations, one can verify

that this is satisfiable by

L In((e/a)/? —1) —Ina+Ind + 1
B Ina+dn(l+1/d)—1

1 —Ina+In(l —In(a)) <o 1

<1+

)

In o a—1

Now, the conclusion of Theorem 8.13 applies:

0t+1(B>
q(B)

=p(l+v)"—m

P(B true after ¢ rounds) <

— 04(B)

=

— p(l o O{_l/del/d +
[0

< peln(a)/a taking the limit as p — 0

So far, we have shown by continuity that there is some choice of 3, for which the
parallel MT algorithm would induce Po/(B) < peln(a)/a. To give a full algorithm,
we need to show that it is possible to determine such 3 efficiently.

Recall that 3 is the root of 7, — (e/a)'? + 1 in the range 8 € [0,1]. We can
determine this root via numerical bisection: for a putative B, one can recursively

compute v in time O(t). As each bisection iteration gives one additional bit of

precision, we can determine [ accurately in expected time O(tlogm) = O(li’f =) O
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8.5. Entropy of the MT-distribution

One of the main themes of this paper has been that the MT-distribution has a high
degree of randomness, comparable to the randomness of the original distribution €2.

One more quantitative measure of this is the Rényi entropy of the MT-distribution.

DEFINITION 8.15 ([25]). Let V be a distribution on a finite set S. We define the

Rényi entropy with parameter p of V to be

1
H,V) = - lnz Py(v)”
veS

The entropy of any distribution is at most In |.S|, which is achieved by the uniform
distribution, and so H, measures how close a distribution is to uniform. The min-
entropy H,, is a special case, see, e.g., [28, 24, 91, 114] for the centrality of this
notion.

It is possible to use the LLL directly for combinatorial enumeration: if one can
show that, when drawing from €2, there is a certain small probability p of avoiding
all the bad-events, then it follows that the number of solutions is at least p|S|. This
principle was used in [78], which counted certain types of permutations and matchings
in this way. The entropy can also be used as a tool for enumerative combinatorics;
namely, if ' is the distribution at the end of the MT algorithm, we know that the
total number of solutions (i.e. combinatorial structures avoiding the bad-events) is
at least exp(H,(Y')) (for any choice of p). By analyzing the entropy of the MT-
distribution, we achieve “constructively” the “non-constructive” enumerative bounds
of the LLL (since each promised solution is output with nonzero probability by MT),
and improve upon these bounds as well.

Our main result on the entropy of the MT-distribution is given by:
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THEOREM 8.16. Let ) be the MT-distribution; then for p > 1 we have

Hy(Y) > Hy(Q) - —L—m > [[u®B)

—1
P ICB Bel
I independent

Proor. Consider some event E defined by X; = v; A--- A X,, = v,. By The-

orem 2.16, the probability that E occurs at the end of MT is at most Po(F)0(F).
Now observe that 0(E) <> 1c5 [lge, m(B).

I independent

Lettingz =Y 1c8  [[ge; #(B), we have: Thus, we have

I independent

1
I—p

H,(V) = ) Po(v)

>

O

We can think of the term Y rcp
I independent

Q and €. The following is a crude but simple estimate of this factor:

[15c; 14(B) as a distortion factor between

PROPOSITION 8.17. We have

> JJuB) <> uB)

ICB Bel BeB
I independent

PRrROOF. We have

S JIwB) <D [T wB) =] +uB) <exp(d ] u(B)

ICB Bel ICB Bel BeB BeB
I independent

and the claim follows. O

In most applications of the LLL, we keep track of independent sets of bad-events

in terms of their variables: namely, for each variable ¢, I can contain at most one
314



bad-event including i. The following result shows how this accounting method yields

a better estimate for the entropy:
THEOREM 8.18. For any bad-event B, define
y(B) = (1+ p(B)) =1 —1

Then we have

> e <II(t+ X u®)

ICB Bel i€[n] BeB
I independent B involves variable i

ProOF. We can expand the RHS as a polynomial in the values y. Given an
independent set I, we say that a monomial in the terms y is supported on I if, for
each B, the exponent of y(B) is positive iff B € I. For any independent set I, define
q(I) to be the sum of all monomials supported on I. Thus, for example if I = {B}
then ¢(I) is the sum over all terms in RHS of the form y(B)?, for j > 1.

The RHS is a positive sum over sets J C B of ¢(J). (J here is not necessarily an

independent set.) So, it suffices to show that for any independent I we have
[ xB) <q(1)
Bel

Now, observe that if I, I’ are mutually independent sets of bad-events, then ¢(I U

Iy = q(I)g(I"). The reason for this is any monomial in ¢(I) corresponds to selecting

events B;,...,B;, for variables ij,...,9; and a monomial in ¢(I’) corresponds to
events By, ... ’B"L/’ then it must be that 4,7 are all mutually distinct (as otherwise
I, I’ would involve a shared variable), and so the term iy, ..., i, , ..., 4}, gives the

corresponding term in ¢(/)q(I’). Note that this equality does not hold unless I, I’, TU
I’ are all independent.

Thus, for any independent set I, we have q(!) = [[5; ¢({B}).

So, let us consider some bad-event B. To form a monomial involving the term

y(B), we must select B as the summand for at least one of the variables involved in
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B. Each time we select B as a summand, we contribute a factor of y(B), otherwise
we contribute a factor of 1. Thus, the total contribution of all such terms is (1 +
y(B))M* B —1 = 1(B). (The factor of —1 comes from enforcing that we select B at
least one time.)
So, we have shown that
o) = [T a{BY) = [] n(B)
Bel Bel

and the claim follows.

We give an example for independent transversals:

PROPOSITION 8.19. Suppose we have a graph G of mazimum degree A, with its
vertex set partitioned into k blocks containing b vertices, such that b > 4A. Suppose
we run the M'T algorithm to find an independent transversal, using the natural proba-
bility distribution (selecting one vertex independently from each block). Then the MT

algorithm terminates and the resulting probability space has min-entropy at least

4
Hyo(QY) > k1 b

=S hA — AT —4b)A

PROOF. The min-entropy of Q is —Inb=% = kInb.

It is any easy exercise to see that the asymmetric LLL criterion is satisfied by

setting pu(B) = a = =Y A7 W for all B € B. Thus, we have y(B) = (1 +a)'/? — 1.

So the contribution for each variable 7 is given by

2
14 > y(B)gbA<\/b3/2m+b2_2bA+1—1)+1

B involves variable

Simple analysis shows that this expression is at most

2 +b/A — \/02]AZ— 4b]A
1
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Thus, we have

, _ 2 2
Hm(Q)zklnb—kln<2+b/A VE/A 4b/A)

4b

k1n
24+b/A—\/b2/A%2 —4b/A

O

We see that the distortion of € is relatively mild. When b = 4A, then the min-
entropy is < k(lnb —In3/2). When b > A, the min-entropy is (up to first order)
k(lnb — & — 22— O((A/b)*?). By comparison, the cruder Proposition 8.17 would
give estimates in these two regimes of, respectively, k(Inb — 1/2) and k(lnb — £ —
& o((a/m).

Finally, we give an example for partially satisfying k-SAT. This is, to our knowl-
edge, the first result to show that not only is the k-SAT problem partially satisfiable,

but that it has many partial solutions (indeed, exponentially many solutions).

PROPOSITION 8.20. Suppose we have a k-SAT instance with m clauses, in which

a2k+1

—— —2/k clauses (either positively or nega-

each variable participates in up to L <

tively), for o € [1,e]. Then there are at least

2TL
exp(g ) poly(m)

assignments which satisfy at least m(1 — 27 %eln(a)/a) — 1 clauses.

PROOF. Suppose we run the MT algorithm as in Theorem 8.9, however using a
parameter o/ < « instead of «, and then compute H, of the resulting distribution;
we will now use notation from the proof of Theorem 8.9. We have ), u(B) < mz.
Observe that, by double-counting m < nL/k and so we have " g u(B) < 2n/k?.

Next, we compute H, of the original distribution. Each variable is Bernoulli with

probability 1/2 4+ 2(1/2 — §) < &L, so we have

pln2 —log ((1 + %)p + (1 — %)p)>
p—1
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Thus, we have

0 > (2D QD))o o
p—1 p—1Kk2
Now, setting p = 3, we obtain an entropy of H,(€?') > n(In2—3%) > n(In2—3%5).
In the resulting probability distribution, the expected number of failed constraints
is m2~%eIn(a)/a. Hence, by Markov’s inequality we fail at most < m2~*eln(a)/a+1

constraints with probability at least poly(1/m). Thus, the entropy of {2’ conditioned

on this event is at least n(In2 — 5p5) — O(logm). The result follows.
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CHAPTER 9

Using the MT distribution to accelerate the search for

bad-events

Recall that our definition of the MT distribution as the distribution on variables at
the termination of the MT algorithm. A key randomness property of this distribution
has been demonstrated in [48], which we have discussed in Chapter 2. We develop this
study further here, showing that the intermediate structures arising in the execution
of MT have some very useful “random-like” properties. This internal distribution is
quite close to the original sampling distribution €2, which is just a product distribution.

We will use this observation to speed up one of the key bottlenecks in implementing
the MT algorithm. This bottleneck is that, in each iteration of the M'T algorithm, one
must find some bad event which is currently true (or else certify that there are none.)
Implemented directly, this step can be fairly slow, although it is usually polynomial
time. We show that this kep step is quite similar to a search problem over a random
configuration. Random configurations are often easy to search: for example, while
deciding k-colorability is NP-hard in general, a simple algorithm of [71] solves it for
Erdés-Rényi random graphs in expected polynomial time. Thus, he key step of the
MT algorithm thus often boils down to detecting a type of configuration in a (nearly)
random configuration. This can often be accomplished by branching algorithms, in
which one gradually builds up a putative true bad event by “guessing” successively
more of its state. At every step, one can check whether the partial bad event is
extendable to a full bad event, and abort the search if not. Using the randomness of
the configuration, one can show that there is a good probability of aborting early.

Sections 9.1 and 9.2 describe the basic algorithms and data structures to imple-

ment this idea. Two examples are given, for Ramsey numbers and for hypergraph
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2-coloring. They are good representatives of “typical” applications in combinatorics
and algorithms. These examples show how these techniques can lead to faster al-
gorithms for nearly all existing applications of the LLL, even those which already
have good polynomial-time algorithms. Section 9.3 analyzes how to apply this idea
to the permutation LLL setting, and shows that one can obtain the first sub-linear
(square-root of input size) algorithms for Latin transversals, a problem of fundamen-
tal combinatorial interest. Section 9.4 addresses non-repetitive vertex coloring — one
of the few remaining cases where polynomial-time versions of the LLL were not known

— and develops such polynomial-time versions.

9.1. Fast search for bad events

To implement the MT algorithm, we must search for any bad-events which are
currently true (or certify there are none). The simplest way to do this would be
to check the entire set B in each iteration. This will cost Q(m) time per iteration
(at least). If the bad-events are provided to us an arbitrary list, this is optimal.
However, most applications of the LLL have more bad events than variables, and
these bad events are much more structured.

Consider the very first step of the MT algorithm, searching for currently-true
bad-events. In this case, the variables X are distributed according to €2, a product
distribution. For many problems, one can search random configurations faster (in
expectation) than arbitrary configurations. Thus, one should be able to perform the
first search step much faster than O(m) time. As the MT algorithm proceeds, the
distribution becomes distorted. However, we prove that it does not stray too far
from its original distribution. Thus, one can still hope to find bad-events significantly

faster on these intermediate distributions than on arbitrary distributions.

A key ingredient: a search algorithm S. One main ingredient of our algorithms
is a problem-specific search algorithm S which given a configuration X, determines

all the bad-events currently true on X. This search procedure may be randomized,
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consuming a random source R (which is independent of the random source used to
drive the MT algorithm itself). We refer to this as S(X, R).

In many settings, finding a search algorithm which gives good worst-case bounds
can be difficult or impossible. However, we will seek to parametrize the run-time of
S so that we can analyze its behavior on distributions drawn from the intermediate
stages of MT. We thus define an event-decomposition for S to be a set of events A;
(not necessarily bad events) and constant terms c¢;, where i ranges over the integers,

with the property that
(44) Eg[Time(S(X, R))] < Zc [A;(X)].

It is important to note in this definition that the expectation is taken only over
the random source R consumed by S, not on the randomness of the MT process itself.

We can now measure the running time of MT as follows:

THEOREM 9.1. Given an event-decomposition for S as in (44), define
T =) ciPo(A)0(A).

Then, Elrun-time of MT) < (1 + ) pg(B))T.
(Recall the definition of O(E) for an event E from Section 2.2.)

Proor. Consider a set A;; we wish to estimate the total contribution of the term
¢i[A;(X)] over the total execution of the MT algorithm. This term contributes ¢;
for each configuration X we encounter in which A;(X) is true. Every configuration
we encounter either corresponds to the original configuration, or the configuration
produced after resampling some bad-event B.

We can construct a type of witness tree for the latter occurrences. We place a
node labeled by A; at the root and place a child node labeled by B below it. (Note
that we do not necessarily have A; ~ B, and so the B would not necessarily have been

placed as a child of A; in the standard method for generating witness trees). We then
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go backward in time through the execution log of the MT, placing any resampled bad
events in the tree (as children of A; or B or lower nodes). We may similarly construct
a witness tree for the initial configuration; this is a singleton tree containing only the
root node labeled A;.

Observe that each resampling produces a distinct witness tree. Hence the total
contribution of A; can be upper bounded by summing over all such tree-structures.
To enumerate such trees, one may join any tree-structure rooted in B with any tree-
structure rooted in any A;. (This over-counts the weight of all such trees.) By
Proposition 2.12, the contribution from B is at most pu(B) and the contribution from
A; is at most P (A;)0(A;). So the total weight of all such tree-structures is at most
w(B)Po(A;)0(A;). Similarly, the total contribution from the trees corresponding to
original configurations is Po(A4;) < Po(A;)0(A;). Summing over all (B, 1) yields the

stated bound. O

9.1.1. Example: Faster algorithms to construct Ramsey graphs. A clas-
sical result in combinatorics is a lower bound on the diagonal Ramsey number R(k, k) >
\gl&k/ 2 via the LLL [11]. This can be viewed also as an algorithmic challenge: given
k, two-color the edges of the complete graph K, for n = [\/Tika/ 2], such that no

k-clique has all (g) edges of the same color.

ProposITION 9.2 (Follows easily from MT). For n = (%ika/ﬂ, there is an
algorithm to construct a two-coloring of K, avoiding monochromatic k-cliques, in

expected 2%°/2T0) time.

PROOF. For each k-clique, there is a bad-event that it is monochromatic; this has

n
k

k
probability p = 21_(2). There are m = ( ) < n*/k! cliques, and so the expected
number of resamplings is at most mep. For each resampling, we check each k-clique

taking km t