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We study the relative Lie algebra cohomology of so(p, ¢) with values in the Weil
representation w of the dual pair Sp(2k, R) x O(p, q). Using the Fock model defined
in Chapter 2, we filter this complex and construct the associated spectral sequence.
We then prove that the resulting spectral sequence converges to the relative Lie
algebra cohomology and has E, term, the associated graded complex, isomorphic
to a Koszul complex, see Section 3.4. It is immediate that the construction of
the spectral sequence of Chapter 3 can be applied to any reductive subalgebra
g C sp(2k(p + q),R). By the Weil representation of O(p,q), we mean the twist of

e~

the Weil representation of the two-fold cover O(p, ¢) by a suitable character. We do
this to make the center of O/(;,;) act trivially. Otherwise, all relative Lie algebra
cohomology groups would vanish, see Proposition 4.10.2.

In case the symplectic group is large relative to the orthogonal group (k > pq),
the Ey term is isomorphic to a Koszul complex defined by a regular sequence, see 3.4.

Thus, the cohomology vanishes except in top degree. This result is obtained without

calculating the space of cochains and hence without using any representation theory.



On the other hand, in case k£ < p, we know the Koszul complex is not that of a
regular sequence from the existence of the class ¢y, of Kudla and Millson, see [KM2],
a nonzero element of the relative Lie algebra cohomology of degree kq.

For the case of SOy(p, 1) we compute the cohomology groups in these remaining
cases, namely k < p. We do this by first computing a basis for the relative Lie algebra
cochains and then splitting the complex into a sum of two complexes, each of whose
Ey term is then isomorphic to a Koszul complex defined by a regular sequence.

This thesis is adapted from the paper, [BMR], this author wrote with his

advisor John Millson and Nicolas Bergeron of the University of Paris.
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Chapter 1: Introduction

1.0.1 Results for SO(p, q) x Sp(2k,R) for large k or large p.

Welet (V) (, )) be RP, areal vector space of signature (p, ¢). We will consider
the connected real Lie group G' = SOg(p, q) with Lie algebra so(p,¢) and maximal
compact subgroup K = SO(p) x SO(q). Let Pj be the space of all holomorphic
polynomials on (V ® C)*, see Section 2.2. We will consider the Weil representation
with values in Py.

We first summarize our results obtained for general p,q. In what follows, the
(ou are the quadratic polynomials on (V' ® C)* defined in Equation (3.18) and vol

is defined in Equation (2.4).

1.0.1.1 Results for large k.

Theorem 1.0.2. Assume k > pq. Then we have

¢ P if £ pq
H"(s0(p, q),S0(p) x SO(q); Px) =

(Pr/ (@151 - -+ dppta)) S VOl if €= pg.
In fact, we show that the top degree cohomology never vanishes. That is,

H?(s0(p,q),SO(p) x SO(q); Px) # 0. The key point of this theorem is the vanishing



in all other degrees.

Remark 1.0.3. There are some known vanishing results, for example that the rel-
ative Lie algebra cohomology will vanish in all degrees below the rank of the group,
in this case q, see for example [BorW]. The above theorem implies vanishing below

degree q.

1.0.3.1 Results for large p.

Theorem 1.0.4. Ifp > kq, then

(

nonzero if £ = kq,pq

H'(s0(p,q),SO(p) x SO(q); Px) = unknown  if kg < { < pq

\0 otherwise.
Remark 1.0.5. The nonvanishing of the cohomology class of py,, defined in Equa-
tion (1.2), in cohomological degree kq, was already known but this nonvanishing
required the general theorem of Kudla and Millson that g is Poincaré dual to a

special cycle. Then one also has to show the special cycle is nonzero in homology.

The proof in this thesis is the first local proof of nonvanishing.

1.0.6 Results for SOg(n, 1) for all ¢ and k.

For the case of SOg(n, 1), we compute the cohomology groups
H(s0(n,1),S0(n); Px) in the remaining cases, namely k& < n. In the following
theorem, let ¢ be the cocycle constructed in the work of Kudla and Millson, [KM2],
see Section 4.2, Equation (4.8). In what follows, ¢1, ..., ¢ are the cubic polynomials

2



on (V @ C)* defined in Equation (4.25), qi,. .., ¢, are the quadratic polynomials on
(V @ C)* defined in Equation (3.18), and vol is as defined in Equation (2.4). Note

that statement (3) of the following theorem is a consequence of Theorem 1.0.2.

Theorem 1.0.7.

1. If k < n then

(

H'(s0(n,1),SO(n); Pi) = 4 8, /(cx,...,cx)vol  if = n

0 otherwise

2. If k =n then

Ripr @ Sk/(c1,...,cp)vol  if £ =n
H*(s0(n,1),S0(n); Py) =

0 otherwise

3. Ifk>n

(Pk/(Qh o ,qn))Kvol ifl=n
H*(s0(n,1),S0(n); Py) =

0 otherwise

The chart at the top of the next page summarizes Theorem 1.0.7. The symbol
e means the corresponding group is non-zero.

The cohomology groups H*(so(n, 1),SO(n); Py) are sp(2k, R)-modules. We do
not prove this here, but we will now describe these modules. The key point is that the
cohomology class of ¢, is a lowest weight vector for sp(2k, R). If k < ”T“, then as
an sp(2k, R)-module Ry is isomorphic to the space of MU(k)-finite vectors in the

3



n [ ] [} [ N N J [ J [} [ ] [ ] 00
n—1 0 0 0 ° 0 0 0
n—2 0 0 ° 0 0 0 0

0 0 o° 0 0 0

2 0 ° 0 0 0 0 0

1 ° 0 0 0 0 0 0
/=0 0 0 0 0 0 0 0

k=1 2 v o m—2 n—1 n n+1

H'(s0(n, 1),S0(n); P)

holomorphic discrete series representation with parameter (”T“, cee ”TH) If £k <n,
then the cohomology group H* (so(n, 1), SO(n);Pk) is an irreducible holomorphic
representation because it was proved in [KM2] that the class of ¢y, is a lowest weight
vector in H*(s0(n,1),SO(n); Pr). On the other hand, the cohomology group
H"(s0(n,1),S0(n); Py) is never irreducible. Indeed, if k& < n then
H"(s0(n,1),S0(n); Py) is the direct sum of two nonzero sp(2k, R)-modules H and
H™ and if k = n, then H"(s0(n, 1),SO(n); Py) is the direct sum of three nonzero

sp(2k, R)-modules H?, H", and Ry(V)px.

1.0.8 Outline of paper

The main results of this paper are all proved in a similar fashion. We will

filter the relative Lie algebra complex (to be referred to as “the complex” from now



on) using a filtration induced by polynomial degree in Section 3.2. There is then a
spectral sequence associated to any, and hence this, filtered complex, see Section 3.1.
We then define what a Koszul complex is in Section 3.4. We see that the Fy page of
our spectral sequence is isomorphic to a Koszul complex in Subsection 3.4.3. There
are results about the cohomology of a Koszul complex when the defining elements of
the Koszul complex form a regular sequence, see Section 3.4. Then we use general
spectral sequence facts, see Section 3.1.11, to deduce facts about the relative Lie

algebra cohomology from the cohomology of the Fy term, a Koszul complex.

1.0.9 The theta correspondence

We now explain why it is important to compute the relative Lie algebra coho-
mology groups with values in the Weil representation for the study of the cohomology
of arithmetic quotients of the associated locally symmetric spaces. The key point is
that cocycles of degree ¢ with values in the Weil representation of Sp(2k, R) x O(p, q)
give rise (using the theta distribution 6) to closed differential ¢(-forms on arithmetic
locally symmetric spaces associated to such groups GG. This construction gives rise
to a map 6 from the relative Lie algebra cohomology of G' with values in the Weil
representation to the ordinary cohomology of suitable arithmetic quotients M of the
symmetric space associated to G. This reduces the global computation of the coho-
mology of M to local algebraic computations in /\. p* ® P. For all cohomology
classes studied so far, the span of their images under 6 is the span of the Poincaré

duals of certain totally geodesic cycles in the arithmetic quotient, the “special cy-



cles” of Kudla and Millson. Furthermore, the refined Hodge projection of the map 6
has been shown in [BMM1] and [BMM?2] to be onto a certain refined Hodge type for
low degree cohomology. In particular, for Sp(2k,R) x O(n, 1), it is shown in [BMM1]
that this map is onto H*(M) for ¢ < %. We now describe such a map in more detail.

We introduce the Schrodinger model to describe one such map more easily.
Let S(V*) be the space of rapidly decaying functions on the real vector space V*.
Then there is a map, the Bargmann transform 3, from P, — S(V*), see [Fo| pages
39-40. It sends 1 to the Gaussian and, more generally, P; to the span of the hermite
functions.

Given a discrete subgroup I' C G, let M be the associated locally symmetric
space M = '\G/K and 7 : D — M be the quotient map. Take f € Py, I' C G and
a [-stable lattice £ C V*. Then define 6. to be the map which sends f to 3(f) and

then sums its values on the lattice. That is,

0c(f) =D BUO).
teL
Then this map is a [-invariant linear functional on Py,
Oc: P — C.
Thus, we have the sequence of maps
CH(g, K;Py) = A%(D, Py)¢ — A*(D, Py)" 25 4%(D, R) = 4*(T\D),

which induces a map on cohomology

(07), : H (g, K;Py,) — H(M,C). (1.1)



The main goal is then to find more classes in H'(g, K; P)) which map, under
appropriate choices 0,, to nonzero classes in H*(M,C). It follows from the theory
of the theta correspondence that for w € H*(g, K;Py), we have 0., (w) is an auto-
morphic form on I"\Sp(2k, R)/U(n) with values in H*(M,C) for I" C Sp(2k,R) a
suitable lattice, see [KM2].

We will describe some features of the image of the map (actually maps) 6, in

subsubsection 1.0.12.1.

1.0.10 Motivation

The relative Lie algebra cocycles of Kudla and Millson, ¢, and ¢y, (and their
analogues for U(p, ¢)), and their images under the theta map (actually, theta maps)
have been studied for over thirty years. The motivation is from geometry and
we discuss here one of their geometric properties. Let ¢, € H(so0(p,q),SO(p) x

SO(q); Py) where V = RP? be given by (see Section 2.2 for definitions of z,w)
Yg = Z Zay """ RagWag pt+l A A Worg,ptq-
Then define ¢, € H*(s0(p,q),SO(p) x SO(q); Px) by taking the “outer”
wedge (see Equation (4.6)) of ¢, with itself k-times
Okg = Qg N -+ N Qg (1.2)

We say a vector x = (z1,...,2;) € V¥ has positive length if the Gram matrix
(the matrix of inner products 8 = (z;,x;)) is positive definite. Now let x € V(Q)*
be a rational vector of positive length. Let I' be a discrete subgroup of SOq(p, q)

and 'y be the stabilizer of x.



Recall the symmetric space D is the subset of the Grassmannian Gr, (V') given

D={ZcGCr,(V):(, )], <<0}

Let Zy € D be the subspace spanned by the e,11,...,e,+,. We define the totally

geodesic subsymmetric space Dy C D by
Dy={Z € D:Z 1 span(x)}.
Finally, we define the special cycle Cx by
Cx = m(Dy).

We let p € AY(D, V)% be the image of ¢ € C*(g, K; V) under the isomorphism

of Proposition 2.1.5. Then define

Sra(x.Z2) = D P ', 2). (1.3)
~vEDK\I'
Then we have the following theorem of Kudla and Millson, [KM2].

Theorem 1.0.11. Fiz x € V* of positive length. Then

1. ¢pe(x,Z) extends to a non-holomorphic Siegel modular form ¢p.(x,Z,T) of

weight p% for T in the Siegel space S,.
2. ¢re(x,Z,7) is a closed differential form in the Z variable.

3. The cohomology class of ¢r,(x,Z,T) is a nonzero multiple, depending on x

and 7, of the Poincare dual of the special cycle Cx.

Remark 1.0.12. The closed form ¢y, (x, Z,T) does not depend holomorphically on

T, however its cohomology class is holomorphic in T.



1.0.12.1 The classes ¢pq(x, Z, 7) and the subspace of the cohomology
they span

In what follows we will ignore the fact that to get cocompact subgroups of
SO(p, q) for p+q > 4 we must choose a totally-real number field £ and use restriction
of scalars from F to Q. Hence for p 4+ ¢ > 4 the manifolds M defined below will
have finite volume but will not be compact. We leave the required modifications to
the expert reader.

We define a family of discrete subgroups I' depending on a choice of positive
integer N and a lattice L in V*. Let L € V¥ be a lattice and N be a positive integer.
Then NL is the sublattice of all lattice vectors divisible by N. We then have the
finite quotient group L/N L. Let G(L) denote the subgroup of G that stabilizes the
lattice L. Then G also stabilizes the sublattice NL and consequently we have a
homomorphism

m:G(L) — Aut(L/NL).

Definition 1.0.13. We define I' to be the kernel of 7, that is I' is the congruence

subgroup of G(L) of level N.

Recall that M is the quotient M = I'\D. Recall the family of closed forms
brq(x, Z,7) on M associated to the cocycle g defined in Equation (1.3). Fixx € L*
with (x,x) positive definite.

We now show that for all x, 7 the classes [¢(x, Z, 7)] lie in the subspace (refined

Hodge summand) SH* (M) of H* (M) to be defined immediately below.



What follows is an expanded version of the discussion in [BMM1], page 7. In
the following discusssion, recall we have the splitting (orthogonal for the Killing
form) g = € @ po, and let p denote the complexification of py.

Since p =2 V, ® V_ ® C, where V splits naturally as V, & V_, the group

SL(q,C) = SL(V_ ® C) acts on p and hence it acts on /\j(p) for all j.

Definition 1.0.14. The invariant summand S /\j (p) is defined by

SN ®) = (N @)™

We have an analogous definition of S /\j (p*) C /\j (p*).

As a homomorphism from /\kq(p) to Pol(V*), the cocycle gy, factors through
S /\j (p) (of /\kq(p)). We will denote the space of such cocycles by
SC*(s0(p,q), SO(p) x SO(q); Pol(V*)), to be abbreviated SC*4.

We then have the subbundle S /\j (T*(D)) given by

Definition 1.0.15.
$ N (T(D)) = (G xx S \ (5.

Since the subspace S /\j (p) is invariant under the Riemannian holonomy group
K = SO(p)xSO(q), the space of sections of the subbundle S /\j (T*(D)) is invariant
under harmonic projection. We will define the subspace SH*?(M) to be the subspace
of those w € H* (M) such that the harmonic projection of some representative closed
form is a section of the subbundle S /\j(T*(D)).

It is obvious that the cocycle ¢, belongs to SC? and hence its outer exterior
powers ¢y, belong to SC*. Hence the kg-forms ¢p,(x, Z,7) defined in Equation

10



k
(1.3) are sections of S /\ q(T*(M )) and hence their harmonic projections are also

kq
sections of S/\ (T*(M)). We obtain

Lemma 1.0.16.

[Orq(x, Z,7)] € SH*(M).

We can now describe the subspace of the cohomology of H* (M) that can
be obtained from the cocycle ¢y,. The following theorem follows from Theorem
10.10 of [BMM1]. For the description of the Euler class e,, see [BMM1] page 6 and

subsection 5.12.1.

Theorem 1.0.17. The special subspace SH* (M) of H*(M) is generated by the
products of the classes [¢j,(x, Z,7T)|, 1 < j < k, with the powers of the Euler class

eq as x and T vary.

1.0.18 Further results

In a paper in preparation with Yousheng Shi, we have shown that in case
k=1, U(sl(2,R))p, = H(s0(p, q),SO(p) x SO(g); P1)-

Since the Ey term of the spectral sequence developed in this paper is a Koszul
complex (see Chapter 3), we can use the existing computer program Macaulay 2 to
compute the E; term of the spectral sequence and thereby prove vanishing theo-
rems of the relative Lie algebra cohomology for small p, ¢, k. For example, we have
computed that H*(s0(2,2),S0(2) x SO(2); P;) # 0 if and only if £ = 2,3, or 4. We
have also shown that H%(s0(2,2),S0(2) x SO(2); P,) = 0 if and only if £ # 4. We
have shown H(s0(3,2),S0(3) x SO(2);P;) = 0 if £ = 0,1 or 5 and is nonzero if

11



¢ =23, or 6. We do not know if the cohomology vanishes or not in case £ = 4. We
have also shown H(s0(3,2),SO(3) x SO(2); P;) = 0 if £ < 4 and is nonzero in case

¢ =4,6. We do not know if the cohomology vanishes in case ¢ = 5.
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Chapter 2: Preliminaries

2.1 Relative Lie algebra cohomology

2.1.1 The relative Lie algebra complex (C*(g, K;V),d)

Given a semi-simple Lie group G with Lie algebra g and maximal compact K

with Lie algebra £, we have the following splitting, orthogonal for the Killing form
g=tdp.

Let {w;},{e;} be dual bases for p*,p. As in Borel and Wallach [BorW]| (page
13), we define the relative Lie algebra complex C*(g, K;V) for V a (g, K)-module

with action p by
Definition 2.1.2.
¢
C'(e, K V) = (N (/0" @ V)" (2.1)

¢
To be precise, C*(g, K; V) is those elements w € /\ (g/€)* ®V such that for k € K,
(Adk)"(w) = p(k)w.

Also, for w € C%(g, K; V), d is given by

/41
dw(ml, c. ,.C(,’g+1) = Z(—l)jflp(acj)w(xl, . ,Q/J\j, . 7$€+1)-

J=1

13



Using the basis fixed above, we have the following formula for calculating d.

Lemma 2.1.3. For w € C*(g, K;V) we have

dw = Z (Aw) @ p(e;))w

i

where A(w;) denotes the operation of left exterior multiplication by w;.

Proof. We show

N r+1
Z(A(Wz) A p(ei)w)(xlv s 7$€+1) = Z(—l)]_lp(l’j)W(l‘l, SR 7@a s 7I’g+1)
i=1 Jj=1
. We have
N
D (Aw) Apledw) (@i, .. zer)
i=1
N (+1
- Z (=1 twi(ay)pled)w(my, ..o Ty ooy Tog)
i=1 j=1
041 N
=D (=17 wilag)plew(r, .. Fy . Teg)
=1 i=1
0+1 N
=D (1> wilwyew(x, ... T, o)
j=1 i=1
=Y (=1 'p(zj)w(@s, ..., Thy - Tes1)
j=1

where the final equality follows since S0, w;(x;)e; = ;.

2.1.4 The connection with the de Rham complex ((A*(G/K), V)¢, d)

The following proposition, stated in [BorW] page 15, provides the motivation
for the definition of relative Lie algebra cohomology.

14



Proposition 2.1.5. Given the symmetric space D = G/K and © : G — D, the
following map gives an isomorphism of the relative Lie algebra complex and the de

Rham complex of V-valued G-invariant forms on the symmetric space D.
(AY(D, V)% d) = (C*(g,K; V). d)
W T we.
Proof. Given w € (A(D, V))G, we have
Li o plgkw = w or Liw = plg)w.
Since w € AY(G/K, V), for k € K,
Rim*w = m*w.
That is,
Rim*w = m*w and (2.2)
Lim*w = p(k)m*w. (2.3)
Hence
LiR; 17w = p(k)m*w and thus
(Adk)*m*w = p(k)m*w and
Ad" (k) o p(k)m*wle = (AdE™)"p(k)m"w]e = 7"we.
Thus m*wl|. € C%g, K;V). Now we show the map w — 7*w|, is a map of

complexes. That is, it preserves the differentials. This will be proved in Lemma

2.1.8.

15



First, note that we have the trivial bundle 7 : G x V — G equipped with the

G-action
90(9,v) = (909, gov) := (9og, p(go)v)-
Note also, if v € V, then the constant section

su(g9) = (9,v)

is not G-invariant. However, if we define a section s, by

5,(9) = (g, gv)

we obtain a G-invariant section by the following lemma. We leave the proof to the

reader.

Lemma 2.1.6. s, is G-invariant. That is,

p(90)3u(90 ' 9) = 5u(9)-

Choose a basis B = {v; };c; for V (note I could be uncountable) and let

w € AYG/K,V)%. Then we have the following lemma.

Lemma 2.1.7. There ezists a finite subset of independent vectors {vy,...,v,} CV

such that
T = Z Wi ® S,
i=1

where w; 1s left G-invariant.

¢
Proof. The image of /\ (p) under 7wl is a finite dimensional subspace of V.

¢
Choose a basis for that subspace. Then there exists elements a4,...,q, € /\ (p*)
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such that
n
Twle = Zozi Q v;.
i=1

We see, by applying L;_l ® p(g) to both sides of the above equation, that
Tw|, = Z L0 @ Sy,
i=1

Then w; defined by w;|, = L;,loci is left G-invariant by definition.

O

Let zq,...,2x be a basis for p and Xi,..., Xy be the corresponding left-

invariant horizontal vector fields on GG. Then we have the following lemma.

Lemma 2.1.8.

{41
m*(dwle) (@1, . zen) = 3 (=1 play)mrwle(@, . B, Teg)
j=1

Proof. First, note that

™ dw = dr*w.
The definition of the exterior derivative of V-valued forms on G gives

drw(Xy, ..., Xen) = 3 (=17 Xmw(Xe, ., X, X

—~

J
1) (IX X X X, X, X
+) (-1) WX, Xel, X1y Xy X X))

j<k
The second term is zero, however, since [p,p] C € and 7*w is basic. We claim we

have

Xi(mwle(X1, .., Xy, oo, Xew1))|e = pla)mwle(21, .o, Ty, o, Tog).

17



Indeed, by Lemma 2.1.7,

—

X wle(Xe, . X, X)) = X0 wil X X, X)) ® 5,)

—

= ZXj(wi(Xl, N 7Xj, SN 7Xg+1)) X §Ui

+ Zwi(Xl, e ,5(;, Ce 7X£+1) & X](gvl)

—~

The first term is zero because w; (X, ..., Xj;,..., Xe1) is constant (the w;’s and the

X;’s are left-invariant). Also,

_ d, .
stvi (g) = E |t:()svi (getXJ )

d ,
= (g, E‘t:ogetx’ e;)

= (9, gp(X;)e;).
Hence, evaluating at the identity we have
Xjsu,(e) = (e, p(x;)e;).

Thus,

T dwl, = dr*w|. = Z(—l)j_lp(xj)w|e(x1, e T, Teg).

J

2.2 The Weil representation

Let (V,(, )) be an orthogonal space of signature p,q and (W, <, >) be a
real vector space of dimension 2k equipped with a non-degenerate skew-symmetric
form. Then we can form the space V®W with non-degenerate skew-symmetric form

18



(, )® <, >. We will construct the Fock model, Py, of the Weil representation

(ww,sp(V @ W)) and give formulas for how o(V') operates in this model.

Remark 2.2.1. We will adopt the convention of using “early” greek letters a, 3
to denote integers between 1 and p and “late” greek letters p,v to denote integers

between p+ 1 and p + q.

Let ey, ..., ey, be an orthogonal basis for V such that (eq,e,) =1,1 < a <p
and (ey,e,) = —1,p+1 < p <p+gq. Let Vi be the span of e;,...,e, and V_ be
the span of e,y1,...,¢ep1q. Then we have the splitting V =V, @ V_. We have the

splitting (orthogonal for the Killing form)
s0(p,q) = €& po

and denote the complexification py @ C by p.

We recall that the map ¢ : /\Q(V) — 50(p, q) given by

d(uANv)(w) = (u,w)v — (v,w)u

is an isomorphism. Under this isomorphism the elements e, Aey, 1 <a <p,p+1 <
i < p+q, are a basis for py and the elements e, A eg and e, A e, are a basis for ¢,
where ,1 <o, <p,p+1<p,v<p+q. Wedefine e, , = —e, Ne, and let {wa,}

be the dual basis for p;. We define vol € ( A" p3)* by
vol = wy pr1 A -+ A Wppig- (2.4)

k
Now let (V & C @ (V ® C). We will use v to denote the element
(v1,v9,+ - ,v1) € (V@ C)*. We Wlll often identify (V ® C)* with the ((p + ¢) x k)-
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matrices

211 <12 21k
“ptql  Fpre2 T Aptgk
over C using the basis ey, ..., e,1,. Then v will correspond to the (p+¢) x k matrix

Z where v; is the j™ column of the matrix. The splitting V =V, @& V_ induces the
splitting (V @ C)* = (V, @ C)* @ (V_ @ C)*.
We define Py to be the space of holomorphic polynomials on (V @ C)*. That
is,
P = Pol((V @ C)¥).
By Theorem 7.1 of [KM2|, we have the following formulas for the action of
o(V) on P, (note that we have set their parameter A equal to o). Note that in the

reference there is an overall sign error.

Proposition 2.2.2.

k 0 0
w(eq Neg) = — Z(zoﬂ-—azﬂ — Zpiy — )
Z:1 K at
k
0 0
wle, Ne,) = Z(ZW' 5. 2ui

)

i—1 azm-
k pY

wleqg Ne,) = —Zailyi + ————).

( M) Zz:;( + azaiazui)

Remark 2.2.3. We see from the above proposition that € acts diagonally in the

“usual” way, perhaps twisted by some character, hence we may twist the represen-

tation by a power of det so that K = SO(p) x SO(q) acts in the usual way. That is,
gwen f € Pp and g € K,

@(9)f(v) = flg~'v).
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The unexpected action of p is due to the model we have chosen.

We will be concerned with the complex (C*(so(p, q),SO(p) x SO(q); Py),d).

By Proposition 2.1.3 and Proposition 2.2.2, we have the following formula for d,

kp  ptq 2
d - Z Z A(waﬂ) ® (az aZ ] - Zaizm') . (25)
i=1 a=1 pu=p+1 atY <l

We note that
C* (s0(p, q), SO(p) x SO(q); P) = C*(s0(p,q,C),SO(p,C) x SO(q, C); Px).

We will use this isomorphism between cochain complexes throughout the paper.

21



Chapter 3: The Spectral Sequence Associated to the Relative Lie

Algebra Cohomology of the Weil Representation

3.1 The spectral sequence associated to a filtered complex

In this section we will construct a spectral sequence associated to a filtered
complex. Our basic reference will be Chapter 2 of [Mc], especially Theorem 2.1.
However, we warn the reader that the convergence part of [Mc| Theorem 2.1 will
not apply to our case, since our filtration is not assumed to be bounded below.

In what follows we will assume we have a filtered cochain complex (F*,C,d)

with (cohomological) degrees between 0 and n for some fixed n, that is,
d(FPCY) c FrO*H,
In fact, we will assume this filtration is decreasing, that is,

FPHIC ¢ FPC.

3.1.1 Some general results on spectral sequences

We first recall that a spectral sequence is a sequence of bigraded (by Z x Z)
complexes { £**d,.} such that
HP(E,,d.) = EYY, p,q € ZXZ,r>0. (3.1)
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Remark 3.1.2. Note that d, is bigraded, hence it will have a bidegree (a,b).
We recall the following definitions.
Definition 3.1.3. A filtration F'* of a cochain complex C'is exhaustive if

Jrrc=c

pEZ

and separated if
() Fre=o.
PEZL
Many occurences of spectral sequences come from the following theorem, see
[Mc] Theorem 2.1. Note that the defining formulas for Z?% and BP*? on page 33
of [Mc] are not correct as stated but the correct formulas are used throughout pages

33-35, in particular in the proof of Theorem 2.1. We define them below for clarity.

Define subspaces ZP¢ and BP4, for r > 1, of C?*4 by
1. ZP9 =ker(d : FPCP*4 — FpCPratl/prerCrtart)
2. BP =im(d: FPrlortel o prCvta),
Thus, ZP? are the elements z € FPCP*? such that dz € FPT"CPT4+ and BP? are the
elements b € FPCP'? such that there exists x € FP~" 1 CPT? with dx = b. Note that

elements of B?? are “absolute” coboundaries whereas elements of Z?? need not be

“absolute” cocycles. That is, we have
Zr oz ...z > BP S ... D By D BY.
For the sake of consistent notation, we define the following subspaces of CP4.
7Pl = 78 = prorte
Byt =0.
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We note two properties of {ZP7} and {B??}.

Lemma 3.1.4. We have

1. If F* is exhaustive then BP9 =, BP1.

2. If F* is separated then ZP9 = (1 ZPA.

We now define a candidate for the r** bigraded complex of the spectral se-

quence associated to a filtration. Define the quotient space E?? by

o= % 50 (3.2)

and let

E. =P Er.
p,q

Note that, by definition,

ra _ FrCpa
0 Friop+a

Together with the action dy (the differential induced on the quotient by d), Ey is
then the graded complex associated to the filtration F'*. We will often refer to this

bigraded complex as the associated graded complex.

Theorem 3.1.5. Suppose (F*,C,d) is a cochain complez equipped with a decreasing
filtration F*C. Then there is a spectral sequence {E**d.} with first term FEy, the
associated graded complex, and E, defined in Equation (3.2). The differential d,. is
the differential d of C restricted to ZP? C CPT9 for r > 0. Note that d, has bidegree

(r,—r+1) forr >0.
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Proof. We claim d induces a map d, on the r*" page,

. P4 p+r,q—r+1
d, : EPY — EY
ZP,II Zp—i—r,q—r—i—l
s T

— .
, 7 +1,q-1 +r,g—r+1 7 +r+1l,qg—r
B?q 7 71,,7_1 4 B',P 4 ,'13_1 1

Let z € ZP4. Then dz is closed and in FPY"CPHItl g0 dz € Zptma—r+l C
Zptra—rtl - So d induces a map ZP4 — ZPT4 "1 and hence a map to the quotient
Eptra—l Now we show it factors through the quotient EP4.

We must show d(BP9 + ZPT191) ¢ (Brima—r+l 4 zPHrHhary Byt (Bpd) =
0, so all that remains is to show d(Z’77 ") c (Bptna—r+l 4 ZPHHbamry - et
z € ZP* 197! Then dz is a boundary and in FPT"CPHe+! thus dz € BPma—r+1,

Finally, note that since d> = 0 we have d> = 0. Now we show that the
cohomology of the r** page is the (r + 1)** page. Accordingly, we define the kernel

and image of the map d,. We define the graded subspaces Z.* and B." of E"% by

r

ZPha . P4 p+r—1,g—r+2
Z — ker(dr_l . E’f‘*l % E’f‘*l ),

T

(3.3)

HPa . . p—r+1,q+r—2 D,q
B, = 1m(dr,1 o D — Er71>-

Hence, by definition we have
HP9(EPY,) = 20 (B,
We construct an isomorphism

HPI(EPY,) = EPO.

First, consider Z." = ker(EP9, — EPT77197""2) This is, by definition,

P,q p+r—1,q—r+2
ker (d : s — Zrc
" npg p+1,q—1 p+r—1,g—r+2 p+r.g—r+1 |°
B’r—l + Zr—2 Br—l + Zr—2
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Suppose z is in the kernel. If dz € Z,%’j;""I*’"+1, then dz € FrtrCrtatl and
z € FPOPtatl hence z € ZP4. If dz € BPY]7M7""2 then z € FPHCPT and

dz € Frtr=1Crtatl and hence z € ZP7)97". Thus

D,q p+1,g—1
77774 o Zr + Zr—2

T T ppg p+1l,g-1"
Brfl + Zr72

Now consider B, = im(EP~_[t19*"=2 5 EP9). By definition, this is

p—r+1,g+r—2 D,q
i <d . Zr—l Zr—l
" pp—r+lgtr—2 p—r+2,g+r—3 D,q p+l,q-1 |-
Br—l + ZT—2 Br—l + ZT—2

If z € ZP~7TH9%" 72 then dz € BP9, Now suppose w € BP9, Then there is some 2’ €

B ~ i lgtr—2 :
CPrt1atr=2 4o that dz’ = w and hence 2’ € ZP~ [ 14" Thus, since BP? C BP4

D,q D,q p+1,q—1 D,q p+1,q—1
Epvq _ BT‘ + Br—l + ZT‘—2 _ BT’ + ZT‘—2

T D,q p+1,g—1 T ppa p+1l,g-1"
Br—l + Zr—2 Br—l + Z'r—2

Thus
o240 D,q p+1,q—1
Zr o Zr + erQ
B4 T ppg p+1,q—1"
B B+ ZT_2

T

X4Y ~ X Di-

Recall the following consequence of the Butterfly Lemma, =5 <y

viding the top and bottom of Equation (3.4) by Z”*;9!, we have

7 _ 2z n )
B BB 20

T

(3.5)

Simply checking the definitions yields Z»¢ N ZP7)%" = zPth4~! and Bran

+1,q—1 +1,q—1
Zf_Q’q = Bf 1,q . Hence
q p+1,g—1
P,q )
Z,,,. /ZT‘fl

4 T pp,q/pptlg-1"
BT /Br—f—l

N
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Another consequence of the Butterfly Lemma is the isomorphism =4~ =

B+C
_AIB ' ptLa—1 _ ppg p+lg-1
CIBAC) Finally, since B,.[; = BPan ZPT 70 we have
—P,4
Pq
Z’” o~ Z’” — EP4

P9 s +1, —1 T
B'T T Brig grila

T

]

We now give conditions on the filtration of a filtered complex that are sufficient
to imply convergence of the associated spectral sequence. The applications of this
spectral sequence later in the paper will satisfy the hypotheses of Proposition 3.1.8.

First, a simple lemma.

Lemma 3.1.6. Suppose (F*,C,d) is a filtered cochain complex such that the filtra-
tion s decreasing and bounded above. Then the filtration is separated and for all

(p,q) there exists an integer r(p) so that for all v > r(p),
X

Proof. Suppose the filtration is bounded above by P. That is, for all p > P we have
FPCP? = (. Thus F is separated.

Fix (p,q). The image of EP? under d, is contained in EPT™4"+1 for all r, p, q.
So, if r > P —p, then p+r > P and EPT"% "1 = (. Thus, elements which are
pushed up enough in the filtration will necessarily be zero. Taking P — p = r(p) is
sufficient.

]

Remark 3.1.7. The above lemma can be interpreted as follows. Since the support
of CP1 is bounded on the right in the p,g-plane, eventually all maps out of a given
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point on the page will have codomain outside the support of the bigraded complexz,

see for instance, the figure after Remark 3.2.4.

Proposition 3.1.8. Suppose (F*,C,d) is a filtered cochain complex such that the
filtration s decreasing, bounded above, and exhaustive. Then the spectral sequence

converges. That is, for all p,q, there is an isomorphism
EPT — grPi(H*®). (3.6)

Proof. Let p be given. Because the filtration is bounded above, by Lemma 3.1.6 we
have that for each (p, ¢) there exists an r(p) so that ZP? = ZP4 for all r > r(p). For

r > max(r(p),r(p+ 1)) we will construct below a surjective map

VA R A
S A TR

(3.7)

Since r > r(p), ZP? = ZP? and we may first define 7w, : ZP? — ZP9 to be the

identity map. We then define 7. to be the induced quotient map

A
: — .
r r Bpa 4+ zZp+lg-1

Since r > r(p 4 1), we have 279" = zrtla—1 Moreover, BP9 C BP4. Hence
the map 7. factors through the quotient by BP9 + foll RS give the required
surjection 7.

Note that there is a quotient map from EP? to EYY, making {EP4,r > r(p)}
into a direct system. Moreover, the maps {m,. : r > r(p)} fit together to induce a
morphism from the direct system to gr??(H®) and hence we obtain a surjective map

Too @ BP9 — grP?(H®). We claim that 7 is injective. Indeed suppose z € EPR?
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satisfies Mo (z) = 0. Then for some r we have 7,.(z) = 0. Hence x € BP? + Zp+ha—1,
By Lemma 3.1.4, we have x € B5? + ZPT14~1 for some 1/ > r. Furthermore, since
zr+la=t ¢ zPH wwe have o € B + Z85777! Thus  is zero in E%? and hence
is zero in the direct limit.

O

Remark 3.1.9. The above proof highlights a fundamental concept of spectral se-
quences. That is, EVY, is a subquotient of EP4. It is the closed elements (“sub”)
quotiented by the exact elements. With the hypotheses of Proposition 3.1.8 (or just
those of Lemma 3.1.6), eventually everything is closed and hence the ZP? stabilize.
At this point, EY is just a quotient (rather than a subquotient) of EP? and we

obtain maps between the pages.

The spectral sequence above converges to the graded vector space associated
to the induced filtration of the cohomology. We conclude the general discussion by

describing this bigraded vector space.

3.1.9.1 The associated graded gr(H*)

The filtration on C induces filtrations on the cocycles Z and coboundaries
B. Hence, it induces a filtration on the cohomology H. A priori, the vector space
gr”?(H) is a four-fold quotient, but we have the following proposition.

Proposition 3.1.10.

i
Bpa 4+ Zpt+lg—1"

gr(H) =
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Proof. By definition,

7P| Bra
er(H) = Zpt1La—1/Bpila—1’

By one of the standard isomorphism theorems,

A ZPa | Bpa

Bra 4+ Zptlg-1 (Bra + Zp+l,q—1)/Bp,q'

By another standard isomorphism theorem,

Br4  zptla—1 7pt+lg-1
~
Bp.a T Bran Zptle-1’

Finally, observe that BP? N Zptla—l = prtla-1

3.1.11 Some consequences of the vanishing of £

In the spectral sequences which follow, many of the terms EY? will vanish. To
utilize this feature, we need the following two general propositions from the theory
of spectral sequences. In what follows we assume the filtration F'* is bounded above
and exhaustive.

The following proposition is an immediate consequence of convergence of the
spectral sequence (Proposition 3.1.8) since gr(H) is obtained from E; by taking

successive subquotients.

Proposition 3.1.12. Suppose (F*,C,d) is a filtered cochain complex such that F®

is bounded above and exhaustive. Then H(gr(C)) = 0 implies H*(C') = 0.

Remark 3.1.13. In the case we are studying, C* = C*(so(p, q), SO(p) x SO(q); Px)
has a canonical grading as a vector space. Hence, in this case, there is a map of
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graded vector spaces f : C' — gr(C') which sends ¢ € C to its leading term. However,
f does not commute with the differential. Hence, there is no map in general (even

if C is graded as a vector space) from the cohomology of C to the cohomology of
gr(C).
Proposition 3.1.14. Let (F*,C,d) be a filtered cochain complex such that F*® is

bounded above and erhaustive.
1. If HY(gr(C)) = 0, then there is a well defined map from H*(C) to H*(gr(C))

and it is an injection.

2. If H*(gr(C)) = 0, then there is a well defined map from H(gr(C)) to H*(C)

and it 1S a surjection.
3. If H=Y(gr(C)) =0 and H*(gr(C)) = 0, then the map from H(C)
to H(gr(C)) is an isomorphism.
Proof. We first prove (1). We will construct an inverse system of injective maps
covey BP9y EPO ey EPO ey ooy BBy BT
First note by the hypothesis of (1) we have

B =0,r>2. (3.8)

r

Next, note that for any spectral sequence {E,,d,} we have an inclusion

0% s BP9 e > 1. (3.9)

r—1
But since EP? = Z2* /BY? by (3.8) we have

EPt =779 > 9

r roo
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and the inclusion of Equation (3.9) becomes

EP9— EPL > 2.

r—1»

Thus {EP?} is an inverse system of injections which may be identified with a de-
creasing (for inclusion) sequence of bigraded subspaces of the fixed bigraded vector
space F,. We have constructed the required inverse system.

The inverse limit of the above sequence is EP4. Since the inverse limit of an
inverse system maps to each member of the system, we have a map E29 — EP.
In this case the inverse limit is simply the intersection of all the subspaces and
the map of the limit is the inclusion of the infinite intersection which is obviously
an injection. Since we have convergence (Proposition 3.1.8), E2? = grP9(H) and
EY? = HP(gr(C)). Hence (1) is proved.

We now prove (2). We construct a direct system of surjective maps

P,q P,q .. p,q D,q D,q ..
BV = BT = —» B2 —» EPY— B

First note by the hypothesis of (2) we have d,_1|gre = 0,7 > 2,p+q = { and
hence

BP9 =70 =0,r>2. (3.10)

Next, note that for any spectral sequence {E,,d,} we have a surjection

700 — BP9 r > 1.

T

Hence, by Equation (3.10), the previous surjection becomes

p?q p7q
BP9 — EPY gy > 2,
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Hence {EP4} is a direct system of surjections which may be identified with a se-
quence of bigraded quotient spaces of the fixed bigraded vector space F;. We have
constructed the required direct system.

Since each member of a direct system maps to the direct limit, the space E}"?
maps to E2? and this map is clearly surjective. As in the proof of (1), since we have
convergence (Proposition 3.1.8), E9 = gr?9(H) and E}'? = H™(gr(C)). Hence (2)
is proved.

Lastly, (3) is obvious.

3.1.15 Action on a spectral sequence

There is a notion of the action of a Lie algebra (Lie group, associative algebra)
on a spectral sequence. We will define the notion of the action of a Lie algebra g

and leave the other two cases to the reader.

Definition 3.1.16. A Lie algebra g acts on a spectral sequence FE if each element
x € g acts on each page E, by a bigraded map that preserves cohomological degree
and the action on the r + 1-st page is the action on cohomology induced by the

action on the r-th page. In this case there is an action on F..
Then we have the following proposition.

Proposition 3.1.17. Suppose we have an action p of a Lie algebra g on a filtered
complex (F*,C,d) so that p commutes with d. Suppose further that p fixes cohomo-
logical degree and shifts filtration degree by some integer k. That is, suppose that for
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allx € g

p(x)FP(CY) — FPHR(Ch).
Then g acts on the spectral sequence associated to the filtration.

Proof. The proof is just going through the definitions. Since the action p com-
mutes with d and sends FP(C?) to FP*(C*), we have that p shifts each of ZP4, BP«4

accordingly: that is, for all x € g, and r, p, q,

p(x): ZP9 — Zptha—k

p(x) : BP — prrka=k,

Thus, since

D,q
EPd — Zr
r D5q p+1,q—1"
B+ 77

p maps EP9 to EPTR4=F Finally, since p commutes with d, we have that g acts on

the spectral sequence associated to the filtration.

3.2 Construction of the spectral sequence for the relative Lie algebra

cohomology of the Weil representation.

We now study the above spectral sequence for the case in hand, G = SO(a, b),
and apply the previous results to it. We let V' be a real vector space of signature
a,b. Recall that we use Py, to denote the ring Pol((V ® C)*). This ring is graded by

polynomial degree
Pr = P Puli).
i=0
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This grading of P, induces a grading of C* = C*(s0(a,b),SO(a) x SO(b); Py), for
each £, called the polynomial grading. We will let C%(i) denote the i-th graded
summand of C*. The above grading of C* induces an increasing filtration F, of C*
by

p
F,C' =P ).
1=0

The filtration F, is bounded below but not bounded above and is exhaustive

c=JFEC.
p=0
Note also that C' is bigraded by (¢, 1)
ab oo
C=PpPpci. (3.11)
(=0 i=0
It is clear that d may be written as a direct sum d = dy + d_o where ds

increases the polynomial degree by two and d_s lowers the polynomial degree by

two, see Equation (2.5). From d? = (0 we obtain

Lemma 3.2.1.
1 &2 =0

3. dad_9+ d_sdy = 0.
In particular, we have

dF,C* C F, Ot (3.12)
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Remark 3.2.2. Relative to the bigrading of C' given by Equation (3.11), d is a
bigraded map with

Cl - d172 + d17,2. (313)

Since d increases filtration degree, (F,, C,d) is not a filtered cochain complex.
Also, the above filtration of C' is increasing whereas the general theory assumes it
is decreasing. We can, however, correct this by regrading C' so that d preserves the
filtration and so that the filtration is decreasing.

The vector space underlying the complex (C, d) is bigraded by cochain degree
¢ and polynomial degree p. As is customary in the theory of spectral sequences,
we regrade by complementary degree ¢ = ¢ — p and p. We change this bigrading
according to (p,q) — (p/,¢') where p’ = p —2¢ and ¢ = p+ q — p’. Note that

{=p+q=7p + ¢ and d preserves the filtration. That is,
dF,,C* C F,C",

The theory of the spectral sequence associated to a filtered cochain complex
requires the filtration to be decreasing, however the filtration F, is increasing. Ac-
cordingly, we pass to the new decreasing filtration F?" defined by FP" = F_ . As

before, ¢" is the complementary degree, so ¢” = ¢ — p”. Hence
p' =20 —pand g =p—L.

Thus, from the bigrading of Equation (3.11) we obtain a new bigrading for C'
2ab [%S)

c= § . (3.14)
p

'=—o0 q""=—ab
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CP1 is supported in the shaded diagonal region.

Lemma 3.2.3. Relative to the bigrading Equation (3.14), we have d = do1 + dy,_3.

In particular, d preserves the new filtration.

Remark 3.2.4. The differential d" on Ey is induced by the summand dy 1 in Lemma

3.2.8. In fact, we use the negative of dy 1. That is, we take

a a+b

k
d — Z Z Z A(Wau) ® ZaiZui-

i=1 a=1 p=a+1

F* is a decreasing filtration preserved by d and the associated bigraded vector
space Eg”’q” =D, F P CP"+4" is supported in the quadrant p” < 2ab and ¢" >
—ab. In addition, because the cohomological degree ¢ satisfies 0 < ¢ < ab and
C=p"+4q", Eé’”’q” is supported in the intersection of the above quadrant with the
band 0 < p” + ¢" < ab.

In what follows we will abuse notation and write p and ¢ instead of p” and ¢”.
The figure shows the support of the bigraded complex C'*** with the new bigrading.

Because the filtration is bounded above by p = 2ab, for each (p,q) there

exists an r(p) so that ZP? = ZP4 for all r > r(p). In our case it suffices to take
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r(p) = 2ab — p+ 1. Note that r(p) is a decreasing function of p, so r > r(p) implies
r > r(p+ k) for K > 1. Since the complex is bounded below by ¢ > —ab we also

obtain an analogous bound r(q) = ¢ + ab+ 1, however, we will use only 7(p).

Remark 3.2.5. For the action of a general reductive G on the polynomial Fock
model, the exterior differential may be decomposed as d = d_o+dy+ds and preserves
the new filtration. The support of the resulting bigraded complex will still be contained

in the band of the figure on the previous page. We leave the details to the reader.

Now that we have finished any details concerning the filtration used to obtain a
spectral sequence, we return to using p, q for the signature of a real vector space. We
now prove a general theorem about the relative Lie algebra cohomology of SO(p, q)

with values in Py for large k.

3.2.6 sp(2k,R) acts on the spectral sequence

An immediate consequence of Proposition 3.1.17 and the formulas of Theorem

7.1 b) of [KM2] is the following proposition.
Proposition 3.2.7. The Lie algebra sp(2k,R) acts on the spectral sequence.

Proof. We note that the action of sp(2k, R) is by degree 2 differential operators which
commute with d. Thus, since the action of sp(2k, R) commutes with d, preserves
cohomological degree, and raises polynomial degree by at most 2, it satisfies the

conditions for Proposition 3.1.17. O
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3.3 The cohomology of SO(p, q) when k > pq.
In this section, we work under the assumption
k > pq. (3.15)

Let C* = C%so(p,q),SO(p) x SO(q); Px). We prove the following theorem, see

Equation (3.18) for the definition of the quadratic elements g,, € P(V*).

Theorem 3.3.1. Assume k > pg. Then we have

. P if  # pq
H(s0(p, q),SO(p) x SO(q); Px) =

(Pr/ (@151 - - Gppig))“ VOl if €= pg.
Our method of proof is to compute the cohomology of the Ejy term of the
spectral sequence we have just developed. To do this, we will first compute the
cohomology of this complex before taking K-invariance. This complex will be a
Koszul complex associated to a regular sequence. We will then use the results of
Section 3.1 and Equation (3.17) to finish the calculation.

Define the complex (A, d4) by

p ptq k

Al = /\E(p*) ® P and dy = Z Z ZA(Q}W) ® ZiZpi- (3.16)
a=1 p=p+1 i=1

Then C* = (AY)X and by Remark 3.2.4 we have, since K is compact,

H(Ey(C)) = (H'(A))". (3.17)
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3.4 Koszul complexes and regular sequences

We will see that Ey(C) is a Koszul complex. We now define what a Koszul
complex is and state some results about Koszul complexes in case the defining
elements form a regular sequence.

Let S = Clzy,...,z,) and fi,...,fx € S. Let Y = SV ¢;,... ex be the
standard basis for Y, and wy, ...,wy be the dual basis for Homg(Y, S). Define the

Koszul complex K(fi,..., fx) by
Kt — /\ZY*
d= Z FiA(w;).
From Eisenbud, [E] Corollary 17.5, we have
Proposition 3.4.1. If fi,..., fv is a regular sequence in S then
1. HY(K(f1,...,fn)) =0 for{ < N
2. HN(K(fi,--, fn)) = S/(frs-- s fn).
In fact, we also have the following result of [E], Corollary 17.12.

Lemma 3.4.2. If xy,...,x; is a reqular sequence then
HYK(x1,...,7x5)) =0 for £ <.

We now show that (A,d,) is a Koszul complex, and hence Ey(C) is a sub-

Koszul complex.
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3.4.3 FEy(C) is a Koszul complex.

Define the quadratic elements g, of Pj by

k
QQuzzzaizm forléagpap_‘_léluép—{_q (318)

=1

We note that the g, are the result of the following matrix multiplication of elements

of Pk
211 R12 . Rk Zp+1,1 RAp+2,1 C Zptql
Zpt Zp2 o Zpk |\ Fplk Fpt2k 0 Zptak
Q1p+1 Qip+2 " Qlptq
Qpp+1 Gpp+2 “*° dpptg
Then we have
P ptq
dA:E E A(Way) ® Gap-
a=1 p=p+1

We first note that d, is the differential in the Koszul complex K ({¢.,}) asso-
ciated to the sequence of the quadratic polynomials ¢, see Eisenbud [E], Section
17.2. To see that the Koszul complex as described in [E] is the above complex A we
choose Py as Eisenbud’s ring R and P} as Eisenbud’s module N. In our descrip-
tion, since p = V, ® V_ = CP?, we are using the exterior algebra A°®((CP?)*) ® Py.
But the operation of taking the exterior algebra of a module commutes with base
change and hence we have A*((C*)*) @ P, = A*(Pr?). Then we apply Eisenbud’s
construction with the sequence {¢.,} to obtain the above complex A. We recall
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that f1,..., f, is a regular sequence in a ring R if and only if f; is not a zero divisor
in R/(f1,..., fi—1) for 1 <i < n. We will show the ¢,, form a regular sequence.
This will be a consequence of the following two lemmas.

The following lemma is Matsumura’s corollary to Theorem 16.3 on page 127,

[Mat]. It gives a condition under which we may reorder a sequence while preserving

regularity.
Lemma 3.4.4. If R is Noetherian and graded and aq, ..., a, is a reqular sequence
of homogeneous elements in R, then so is any permutation of ay, ..., a,.

Remark 3.4.5. The above lemma allows us to say, for instance, that the {q,,} are

a reqular sequence without having to order the elements.

Lemma 3.4.6. Let R = Clzy,...,zn,Y1,--.,Yn]. Then (z1y1, T2ys, ..., TNYN) S @

reqular sequence.

Proof. We first rewrite R as the tensor product of N polynomial rings
R~ Clzy,y1] ® Clxg, y2] ® - -+ @ Clzn, yn].
Fix ¢ between 1 and N. We verify that z;y; is not a zero divisor in
R, = R/(x1y1, ..., Tic1Yio1)-
Note that
o Clz1, 1] _ Clag,yo]  Clzi—y, yii]

R; = & X ®C$i7i®"'®caj, ‘
(z191) (22y2) (251Yi1) [z, ] [N, yn]

Let b s = 2¢y] € Cla;,5:]. Then {b, f}e r>0 is a basis for Clz;,y;]. Now consider the
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map

g: Ry — R;

T = T;YT.

We show g is injective and thus z;y; is not a zero divisor in R;. Suppose r is in the
kernel of g. Then r has a unique representation

P= 01 ® ;@ @bes @ ijres® - @anes where ag s € Clzg, yg).
e?f

Hence

g(r) = Zal,e,f ® Age,f @+ @ XiYibe s @+ @ ANy
e,f

= 1 @z @ D bepr 1 @ @ ane = 0.
e7f

Since bet1,+1 is a basis for Clx;, y;], we have, for all e, f > 0,
a17€7f ® a2767f ® s ® ai—l,e,f ® a’i+1,€7f ® e ® anehf = 0'

Hence r = 0. Thus z;y; is not a zero divisor and the lemma is proved.

]

Remark 3.4.7. The above proof can be adapted to show that any “disjoint” mono-

mials form a reqular sequence. The details are left to the reader.
Proposition 3.4.8. The q,, form a reqular sequence in Py.

Proof. First, we examine a longer sequence ¢ where we have prepended many of the

variables z,; and z,; to the sequence of g,,. We will show this is a regular sequence.

43



Once we have done this, by Lemma 3.4.4 we can reorder so that the g,, come first
and this reordered sequence will still be regular. Then we use the obvious fact that
any initial segment of a regular sequence is a regular sequence and hence the ¢,
form a regular sequence.

We first define the sequence 7 as follows. It will contain all the variables z,;
except for those with ¢ = amodp. It will also contain all the z,; except for those
with (u —p—1)p <i < (u—p)p. Now we define o to be 7 followed by the g,,. We
now check that this is a regular sequence.

It is clear that 7 is a regular sequence. The “off-diagonal” (see the diagram
below) z,; and the z,; included form a regular sequence since they are coordinates.
To check that o is regular, we must check that the g,, are a regular sequence in

Pr/ (7). Note that

Pk/(T) = C[{Zozi}izamodp U {zui}p(u—p—1)<i§p(ﬂ_p)].
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The image of g, in this quotient ring is the result of the matrix multiplication

zin 0 0 0 e 2t 0 e 0
0 29 0 0 ~2,p(q—1)+2 0
[ J
0 0 o0 oz e e 0 0 o Zppa
Zp4+1,1 0 - 0
Zpilp 0 . 0
0 Zpapr 0
0 Zpioop 0
0 0 T Aptgp(g—1)+1
0 0 T Zp+q,pq

That is,
Gap 7= Za,(p—p—1)p+au,(u—p—1)pta-
These elements form a regular sequence by Lemma 3.4.6.
Now we apply Lemma 3.4.4 to reorder o such that the ¢,, come first, and note

that any initial segment of o, in particular the {g.,}, is a regular sequence.

]

Remark 3.4.9. Proposition 3.4.8 provides an upper bound on the minimal k so that
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the qo, form a regular sequence. A lower bound is p since if k < p then the form
kg of Kudla and Millson is a non-zero cohomology class in degree kq (which is less

than the top degree pq).
We now compute the cohomology of (A, d,)

Proposition 3.4.10.

, 0 if £ # pq
H(A) =

Pr/{qap})vol  if £ = pgq.
Proof. Corollary 17.5 of [E] (with M = R), states that the cohomology of a Koszul

complex K(fi,..., fny) below the top degree vanishes if fi,..., fy is a regular se-

quence and that in this case the top cohomology HY (K (fi,..., fx)) is isomorphic

to R/(f1,..., fn).

We now prove Theorem 3.3.1.

Proof. By Equation (3.17) and Proposition 3.4.10, we have, since vol is K-invariant,

, B 0 if £ # pq
H(Ey(C)) =

(Pr/({qap}))vol — if £ = pq.

Thus, by Proposition 3.1.12 and statement (3) of Proposition 3.1.14, we have

0 if £ # pq
H*(s0(p, q), SO(p) x SO(q); Py) =

(Pr/({qap}))vol  if £ = pq.
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We now show that HP?(C') is not finitely generated.

Proposition 3.4.11. The map from Pol(VF?)SO®) gPol(VP1)5OW to HPI(C) sending

(f,g) to [(f + g)vol] is an injection.

Proof. First, note that f + g is SO(p) x SO(g)-invariant, hence (f + g)vol is K-
invariant. Now we show the map is an injection. Suppose f + ¢ € ({¢an}). Then
since ({gap}) C ({#ai}) we have g = 0. Similarly, since ({ga,}) C ({24}) we have

f = 0. Hence the map is injective.

3.5 The cohomology of SO(p,q) when p > kq.

In this section we prove the following theorem

Theorem 3.5.1. If p > kq, then
(

nonzero if € = kq,pq

H'(s0(p, q),S0(p) x SO(q); Pi) = unknown  if kq < { < pq

0 otherwise.
\

We use the same proof technique as in the previous section together with
Lemma 3.4.2.

In what follows we use the symbol C' to denote the complex
C*(so(p, q),SO(p) x SO(q); Px). We now prove the following proposition by finding
a regular subsequence of the g, of length kq. Let (A, d4) be the complex defined
in Equation (3.16).
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Proposition 3.5.2. If p > kq, then

0 if £ < kq
H'(A) =

nonzero  if { = kq.
Proof. We first construct a regular subsequence of the g, of length kg. Consider
the subsequence 7 = {qa’p ] H<a<kq Where L%J is the greatest integer less than or
equal to 7. We claim this is a regular sequence in Py. Similar to the proofs before,
we prepend the “off-diagonal” variables z,; with a # 7 mod k. That is, we consider

the sequence
0= {Zaviaii mod k’ T}‘
Clearly the initial segment is regular. To check that o is regular it remains to show

7 is a regular sequence in P/ ({Za,inzi moa 1)) The image of 7 in this quotient ring

is the result of the following matrix multiplication,

21,1 0 0
0 222 0
0 0 - Zkg Zpr11 Zpt2l Ctc Zpgl
Zk+1,1 0 ce 0 °
0 Zggoo -+ 0 Zptlk Zp2k T Zprgk
0 0 - 2ok
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That is, the image of 7 is {za,izp+1+ =] ,i}azi mod k- Lhus the image of 7 is a sequence
of disjoint quadratic monomials, hence regular by Lemma 3.4.6. As we did in our
previous proof of regularity, we reorder this sequence using Lemma 3.4.4 to get a
regular sequence with these ¢, first and note than any initial segment of a regular

sequence is regular. Thus, by Lemma 3.4.2, we have
HYA) =0 for ¢ < kq.

To show that H*(A) # 0, we note that the form ¢y, defined in Equation (1.2), of
Kudla and Millson is closed and not exact since it only involves positive variables

(and any exact form necessarily has negative coordinates).

Now we prove Theorem 3.5.1.

Proof. Since H*(A) = 0 for ¢ < kq, by Proposition 3.1.12 and Equation (3.17), we
have

HY(C) =0 for £ < kq.
Since ¢y, is closed in C, SO(p) x SO(q) invariant, and the (kg — 1)** cohomology
group of the associated graded of C' vanishes, we find that ¢y, is not exact in E

and so not exact in C.
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Chapter 4: The Relative Lie Algebra Cohomology for SOg(n, 1)

In this chapter, because the cohomology of the complex “before taking invari-
ance”, A, is large, we first compute the invariant cochains and then compute the
cohomology. The K-invariant cochains of A form a subcomplex, (A)X, which is
again a Koszul complex. The main point of this chapter is to compute the cohomol-

ogy of this subcomplex.

4.1 Introduction

We let (V. (,)) be Minkowski space R™! and ey, es,...,e,41 be the standard
basis. Let V, be the span of ey, ..., e,. We will consider the connected real Lie group
G = SOy(n, 1) with Lie algebra so(n, 1) and maximal compact subgroup K = SO(n)
with Lie algebra so(n), the subgroup of G that fixes the last basis vector e, 1. Let
S be the O(n)-invariant complex-valued polynomials on V* and Ry, C Sy be the
O(n)-invariant complex-valued polynomials on fo, see Section 4.2. We will consider
the Weil representation with values in the Fock model P}, = Pol((V @ C)*).

We restate Theorem 1.0.7, our results for the cohomology with values in Py.
In the following theorem, let ¢ be the cocycle constructed in the work of Kudla
and Millson, [KM2], see Section 4.2, Equation (4.8). In what follows, c1,..., ¢ are
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the cubic polynomials on V¥ defined in Equation (4.25), qi, .. ., ¢, are the quadratic
polynomials on V¥ defined in Equation (3.18), and vol is as defined in Equation
(2.4). Note that statement (3) is a consequence of Theorem 3.3.1 and hence we will

eventually assume that k& < n since these are the only cases remaining.

Theorem 4.1.1.

1. If k < n then

)
Ripr ifl =k
H'(s0(n, 1),S0(n); Py) = Sie/(c1, ... cp)vol  if b =mn

0 otherwise

2. If k =n then

Ripr @ Si/(c1,...,cp)vol  if £ =n
H(s0(n,1),S0(n); Py) =

0 otherwise

3. Ifk>n

(Pk/(%, o ,qn))Kvol ifl=n
H'(s0(n,1),S0(n); Py) =

0 otherwise

The cohomology groups H(so(n,1),SO(n); Py) are sp(2k,R)-modules. We

now describe these modules. If & < 2, then as an sp(2k, R)-module Ry, is
isomorphic to the space of MU(k)-finite vectors in the holomorphic discrete se-
ries representation with parameter ("T’Ll, e ,”T’Ll) If £ < n, then the cohomol-
ogy group H* (50(n, 1),50(n); Pk) is an irreducible holomorphic representation be-

cause it was proved in [KM2] that the class of ¢y is a lowest weight vector in
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H*(s0(n,1),S0(n); Px). On the other hand, the cohomology group
H"(s0(n,1),S0(n); P) is never irreducible. Indeed, if k& < n then
H"(s0(n,1),S0(n); Py) is the direct sum of two nonzero sp(2k, R)-modules H? and
H" and if k = n, then H"(s0(n,1),S0(n); Py) is the direct sum of three nonzero

sp(2k, R)-modules HY, H", and Ry(V)px.

4.2 The relative Lie algebra complex

We reestablish notation that we use throughout this chapter. Let e, ..., e,11
be an orthogonal basis for V' such that (e;,e;) = 1,1 < i <n and (€41, €p41) = —1.
We let x4, ...,x,,t be the corresponding coordinates.

We have the splitting (orthogonal for the Killing form)
s0(n,1) = so(n) @ po

and denote the complexification py @ C by p.

We recall that the map ¢ : A*(V) — so(n, 1) given by
¢(u A U) (w) = (ua U})U - (Ua w)'LL

is an isomorphism. Under this isomorphism the elements e; A e,,1,1 < i < n are
a basis for po. We define €;,,11 = —€; A epq1 and let wy, ..., w, be the dual basis
for pi. We let Zy,, (Z for injections) be the set of all ordered ¢-tuples of distinct
elements I = (iy,149,...,1,) from {1,2,...,n}, that is, the set of all injections from

the set {1,...,¢} to {1,...,n}. Welet S;,, C Zy,, (S for stricly increasing) be the
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subset of strictly increasing /-tuples. We define wy for I € Z;,, by
wWr = Wi, /\"'/\CL)Z'[.
Then the element vol € ( /\n pi) X is, by Equation (2.4) given by

vol =wy A -+ A wp. (4.1)

k

Now let V* = @ V. We will use v to denote the element (v, vy, - -+ ,v;) € VE.
i=1
We will often identify V* with the ((n + 1) x k)-matrices

X111 T12 - Tik
Tpt Tp2 - Tnk
ty ty -t
over R using the basis ey, ..., €,41. Then v will correspond to the (n+ 1) x k matrix

X where v; is the j column of the matrix.
Let V. be the span of eq,...,¢e, and V_ be the span of e,,1. Then we have
the splitting V = V. @ V_ and the induced splitting V* = fo ® V*. We define, for

1 <1,5 <k, the quadratic function r;; € Pol(Vf) for v € fo by
Tij(V) = (Ui,Uj>. (42)

We let Ry, = Ry(V,) be the subalgebra of Pol(VF) generated by the ry; for
1 <1,7 < k. We note that

Ry = Pol(VF)°O")

is the algebra of polynomial invariants of the group O(n) (the “First Main Theorem”
for the orthogonal group, [W], page 53). Since (as a consequence of our assumption
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(4.3) immediately below) we will have k < n, it is a polynomial algebra. This follows
from the “Second Main Theorem” for the orthogonal group, [W], page 75. We will
assume that

kE<n (4.3)

for the remainder of this chapter.

For K = SO(n),0(n) (embedded in SO(n, 1) fixing the last coordinate), or
O(n) x O(1), any complex so(n, 1) x K-module V, and p : O(n,1) — End(V), we
define

C'(so(n,l),K;V)

by C'(so(n,1),K;V) = (/\z pe @ V)E and d =Y A(w,) @ p(eq A eny1) as in Borel
Wallach [BorW]. Throughout this chapter, the symbol C' will denote the complex

C*(s0(n, 1),50(n); Py).

4.2.1 The relative Lie algebra complex with values in the Fock model

Similar to the above identification, we identify (V ® C)* with the ((n+1) x k)-

matrices
Z11 212ttt Rk
Znl  <n2 " Znk
wl w2 o .. wk‘
over C using the basis ey, ..., €,41. Then v will correspond to the (n+ 1) x k matrix

Z where v; is the j™ column of the matrix.
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The earlier splitting V = V, @ V_ induces the splitting (V @ C)* = (V. ®
C)* @ (V. ® C)*. By abuse of notation, we define, for 1 < i,j < k, the quadratic

function r;; € Pol((V, ® C)*) for v € (V, ® C)* by

i (v) = (v;,v5). (4.4)

Here (, ) denotes the complex bilinear extension of (, ) to V @ C.

We let Ry(V, ® C) = Pol((V, ® C)*)°C)  We will abuse notation and
sometimes use the symbol Ry in place of Ry(Vy ® C). The meaning of Ry, should
be clear from context. We note that the r;;,1 <1, j <k, generate Ry.

In the following we will be concerned with the relative Lie algebra complex
where

C'(s0(n,1),S0(n); Py) = (/\K(pz‘)) ®,Pk)SO(n)

and d = Y dY) with

82

— —zyw;), 1<j<k. 4.5
aza,jawj 2 Jw]) =7 ( )

d9) = zn:A(wa) ® (

Recall that

C*(s0(n, 1),S0(n); Py) = C*(s0(n, 1,C),SO(n, C); Py)

where C*(s0(n, 1,C), SO(n, ©); P) = (\"s* @ P) "™,

Note that there is the tensor product map P, ® P, — P,.p given by

(fl & fQ)(V) = fl(vla e 7Ua>f2(va+1a e 7Ua+b)'
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The tensor product map induces a bigraded product

O (s0(n, 1), SO(n); Pa) & €7 (s0(n, 1), SO(n); Py) — € (s0(n, 1), SO(n); Poss)

which we will call the outer exterior product and denote A given by

(Wr @ fr) AN (ws @ f1) = (wr Awy) @ (f1 @ f1) = (Wr Awy) ® frfs.

We also have, for f € Py, the usual multiplication of functions

flwr® fi) =wr @ ffr.

(4.6)

A key point in the computation of the k-coboundaries is a product rule for d

relative to the outer exterior product. To state this suppose 1) is an outer exterior

product
P(v) = Pr(v1) Aba(v2) A~ At (vr)

where deg(1;) = ¢;. Then we have

k

dip = Z(_1>Z;;Cjw1 Ao A d(i)wi A Ay

=1

We define the cocycle ¢, € C*(so0(n,1),SO(n); P1) by

1= Zwa X Zq-
a=1

We then define ¢ € C*(s0(n,1),SO(n); Px) by

1 k
901::%05)/\‘”/\905)-

o6
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Here a superscript (i) on a term in a k-fold wedge as above indicates that the term
belongs to the i-th tensor factor in Py. Since ¢y is closed and d satisfies (4.7), it
follows that ¢y is also closed. The cocycle ¢ and its analogues for SO(p, q) and

SU(p, q) played a key role in the work of Kudla and Millson.

4.3 Some decomposition results

For 1 < 4,57 < k, we define the following second order partial differential

operator acting on Pol((V, @ C)¥)

Ay = ; —aza,iaza,j.

We define H((Vy ® C)¥) to be the subspace of harmonic (annihilated by all
A;;) polynomials. Then we have the classical result, see [KaV], Lemma 5.3, (note

that we have reversed their n and k)

Theorem 4.3.1. 1. The map
p(ri1, T2, - o Trk) @ h(211, 212, -« 5 Znk) — P(T11, 712, - - TRE) (211, 2125 - -+ Znk)
induces a surjection

Ri(VL @ C) @ H((Vy ® C)F) — Pol((V, @ C)F).

2. In case 2k < n the map is an isomorphism.

Remark 4.3.2. We will denote this surjection by writing

Pol((V, ® C)%) = R(V,. ® C) - H((Vy @ C)F).
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We will need the following three decomposition results. First, recall V is the

span of eq,...,e,. Then we have

Lemma 4.3.3.

Py = Pol((V; ® C)%) @ Clw, . . ., wy]
and

Lemma 4.3.4.
Pol((V} ® C)F) = Clrir, m12, - - -, 1) - H((Vi @ ©)F).
We make the following definition
Definition 4.3.5.
S, = P,?(n’c) = Clri1,m12, -« Thky W1, -+, W]
Then we have

Lemma 4.3.6.

P =8 - H(VL® C)k)

It will be very useful to us that as SO(n)-modules we have

pep =2V, ®C (4.9)

and hence

A= N\ .o (4.10)

o8



¢
4.4 The occurrence of the O(n, C)-module /\ (VL. ®C) in

H((V: ® C)¥)

In this section we compute the /\E(V+ ® C) isotypic subspaces for O(n,C)
acting on H((Vy ® C)¥) where we identify V; ® C with C" and hence O(V; ® C)
with O(n, C) using the basis ey, ..., e,.

It is standard to parametrize the irreducible representations of O(n,C) by
Young diagrams such that the sum of the lengths of the first two columns is less
than or equal to n, see [W], Chapter 7, §7. In [Ho|, Howe defines the depth of an

irreducible representation to be the number of rows in the associated diagram.

Lemma 4.4.1.
Homo o) ( /\g(v+ ®C),H((Vy ® C)¥)) # 0 if and only ¢ < k.

Proof. We will use Proposition 3.6.3 in [Ho|. /\Z(VJr ®C) corresponds to the diagram
D which is a single column of length ¢. Hence, /\Z(VJr ® C) has depth ¢. But,
Proposition 3.6.3 states that a representation of depth ¢ occurs in H((V; @ C)¥) if
and only if ¢ < k.

]

Remark 4.4.2. The lemma also follows from Proposition 6.6 (n odd), and Propo-

sition 6.11 (n even) of Kashiwara-Vergne, [KaV].

Lemma 4.4.3.
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1. If Uy is an irreducible representation of O(n,C), then
Us = Homon,c) (U1, H((V; ® C)¥))
is an irreducible representation of GL(k,C).

2. Hence, given Uy as above, there exists a unique representation Us of

GL(k,C) such that we have an O(n,C) x GL(k,C) equivariant embedding

VU ®@Us = H((VE ®C)F).

Proof. Statement (1) follows from Proposition 5.7 of Kashiwara-Vergne [KaV].
Statement (2) follows from statement (1).

O

¢
Lemma 4.4.4. In the set-up of the previous lemma, if Uy is /\ (VL ®C), then Uy is
¢ ¢
/\ (C*) and hence the /\ (Vi ® C) isotypic subspace for O(n,C) in H((V, ® C)¥)

¢ ¢
is /\ (Ve ®C)® /\ (C*) as an O(n,C) x GL(k, C)-module.

Proof. This is an immediate consequence of Howe [Ho] Proposition 3.6.3 or

Kashiwara-Vergne [KaV] Theorem 6.9 (n odd) and Theorem 6.13 (n even).

In the next section we construct an explicit O(n, C) x GL(k, C)-intertwiner
¢ ¢
v: \(Vi@C) e A (Ch) - H((V.®C)F).

Thus we will give a direct proof of Lemma 4.4.4 and the “if” part of Lemma 4.4.1.
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4.5 The intertwiner W

In what follows we will identify the space Hom(C*, V, ® C) with the space of

n by k matrices using the basis ey, ..., e, for V. That is,
Hom(C*, V. ® C) = (C*)* @ (V2 @ C) = (V1 ® C)*F = M, (C).

Let ¢ < k. Let J = (j1,...,je) be in Spp and I = (iy,49,...,14) be in S, that is,
strictly increasing ¢-tuples of elements of {1,... &k} and {1,...,n} respectively. Let
€1,- .., € be the standard basis for C* and ay, ..., a; be the dual basis. Let {e}}

¢ ‘
be the basis of /\ (VL ® C)* dual to the basis {e;} of /\ (V. ® C). Now define e;
and €; by
er=¢e, N---Nej, and ey=¢; N---¢

e

Then we define the intertwiner

v: NV, @0 N\ CF = Pol(Hom(CH, V, @ C)
U(er @ e))(2) = e ( N\ (2)(e)).

Here Z € Hom(C*,V, ®C) and /\Z(Z) ; /\K((Ck) — /\Z(VJr ®C) is the (" exterior
power of Z. Clearly ¥ is nonzero.

Now define f7,;(Z) to be the determinant of the ¢ by ¢ minor given by choosing
the rows iy, 4y, ...,7, and the columns jy,...,j, of Z € Hom(C*, V, @ C) regarded

as an n by k matrix. Then we have

Lemma 4.5.1.
V(e ®es)(Z) = fr.(2).
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Lemma 4.5.2. f; ;(Z) is harmonic.

Proof. Given a monomial m, we have A;;(m) # 0 if and only if m = 2z, ,2,,;m’ for
some 1 < o < n and non-zero monomial m’. But since f; ; is a determinant, it is
the sum of monomials each of which has at most one term from a given row. That

is,
32

024,i0%q,

o f1u(Z) =

for all 7, j, a and thus A;; (fLJ(Z)) = 0 term by term.

Corollary 4.5.3. The intertwiner ¥ maps to the harmonics, that is
¢ ¢
v: A(VieCe N C—H((V,2C)F).
We leave the following proof to the reader.

Lemma 4.5.4. ¥ is O(n,C) x GL(k, C)-equivariant. That is, for g € O(n,C) and

g € GL(k, C),
(N @)ene N (@) en))(Z) = Bler @)™ Zg). (4.11)

~ / 4
We note that ¥ is equivalent to a bilinear map ¥ from /\ (Vo ®C) x /\ C*

to H((V4 ® C)*) where U(n,7) =¥(n® 7). We define
¥ A\'(CF) = Homogo (' (Vi @ C), H((Vy @ O)F))

CI}/<€J) O EJ Z f[ J@I. (412)

1eS8;
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We define

V= ‘I’/(€J) € Homon,c) ( /\K(VJF ®C), H((V+ ® (C)k))

and thus

Uy (2)= > fri(Z)e}.

1€8;

We now compute Homon,c) ( /\Z(VJr ®C), H((V+®C)*)). Since /\Z(VJr RC)®
/\E((Ck) is an irreducible O(n,C) x GL(k, C)-module it follows that W is injective.
The image of W is contained in the /\K(V+ ® C) isotypic subspace of H(VF). By
Lemma 4.4.4, we know that the /\K(VJr ® C)-isotypic subspace is isomorphic to this
tensor product as an O(n, C) x GL(k, C)-module which is irreducible. Hence V¥ is a
nonzero map of irreducible O(n, C) x GL(k, C)-modules and hence an isomorphism.

Thus ¥’ is an isomorphism of C-vector spaces and we have

Lemma 4.5.5. {V;:J € S,,x} is a basis for the vector space

Homogey ( A\ (Vi @ C), H((Vs @ O)F)).

Proposition 4.5.6. {V; : J € Sy} is a basis for the Si-module

14
Homo(n’(c) ( /\ (V+ ® C), Pk)

Proof. By Lemma 4.5.5, we have {U; : J € S} is a basis for the C-vector space
Homon,c) ( /\K(V+®(C), H((V®C)*)). Since Homo,c)(C, ) is exact, the surjection
S ® H((V+ ® C)k) — P induces a surjection ¢ from the C-vector space S; ®
Homon,c) ( /\E(VJr ®C), H((VL ®C)*)) to the C-vector space Homo, c) /\E(VJr ®
C),Py), given by ¢(f ® T) = fT and thus

{W;:J € S} spans Homo, o) ( /\E(VJr ® C), Pk) as an Sip-module.
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We now show the elements of this set are independent over S;. We claim that
if Zy € Hom"(C*, V, ® C), the set of injective homomorphisms, then {¥ ;(Z;)} is an
independent set over C. Indeed, ¥ ;(Zy) = /\Z(ZO)EJ € /\E(VJr ® C). And, since
Zy is an injection, so is /\E(ZO). Thus, since {€;} is an independent set over C and
/\m(ZO) is an injection, {/\E(ZO)EJ} is an independent set over C.

Following Equation (4.4) we have the quadratic O(n, C)-invariants r;;(Z) for
Z € Hom(CF,V,®C), where r;;(Z) = (Z(&;), Z(e;)) is the inner product of columns.
We will regard 7;; both as matrix indeterminates and functions of X. Recall §; =
Clr11, 712, - « s ThE, W1, - - -, W]

Now suppose there is some dependence relation over S, where t € C¥ and we

abbreviate r = (111,712, - - -, "kk)

N pi(x(2).£)¥,(2) = 0.

Then for each (Zy,to) € Hom(C*, V) x CF, since {¥ ;(Zy, to)} is independent over
C, we have that p;(r(Zy),te) = 0 for all J . And since k < n, Hom’(C*, V) x C*

is dense in Hom(CF, V) x CF, and thus we have p; = 0 for all J.

4.6 Computation of the spaces of cochains

Recall that O(n) C O(n,1) is the subgroup that fixes the last basis vector
Entl-

Recall Z,, was defined to be the set of all ordered a-tuples of distinct ele-
ments from {1,...,n}, equivalently the set of all injective maps from {1,...,a} to
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{1,...,n}. Werecall S,,, C Z,.,, is the set of all strictly increasing a-tuples. Lastly,
given I = (iy,...,i,) € Zon, we define the set I = {iy,...,i,} C {1,...,n}. Note
that this map restricted to S,,, is a bijection to its image, the set of all subsets of
size a of {1,...,n}.
y4 n—~{ . .
Let * : /\ Py — /\ p; be the Hodge star operator associated to the Rie-
¢

mannian metric and the volume form vol = w; A -+ - Aw,. Extend * to /\ p* to be

complex linear. Hence
x 0 g = (detg)gox for g € O(n,C). (4.13)

We now observe that the complex C' = C*(so(n,1,C),SO(n,C);Py) is the
direct sum of two subcomplexes C'y and C_. Indeed let ¢ € O(n,C) be the element
satisfying

t(er) = —ey and tlej) =ej, 1<j<n+L1 (4.14)

Then ¢ ® ¢ acts on the complex C' and commutes with d. We define C resp.

C_ to be the +1 resp. —1 eigenspace of ¢ ® . Then we have
C=C,pC_.

Hence, H*(C) = H*(Cy) @ H*(C-). By Equation (4.13), * ® 1 anticommutes with
¢ ® ¢ and hence

Crt = (x©1)(CY).

Since C¢ = C¢ @ C*, to compute C it suffices to compute C* and C7¢. Hence it
—+ 9 p p + +
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suffices to compute Cy. We note

C! = C(s0(n,1,C),S0(n, C); Py)"™

= C’Z(so(n, 1,C),O(n, (C);Pk).

4.6.1 The computation of C'

We recall Ry = Clryy, 712, .. ., Tkx) and
Sk = Ri[wy, ..., wi] = Clrin, Mg, .o Pk, W1, - - ., W

We define an isomorphism of Si-modules
¢ ‘
Fy : Homoe)( /\ (Vi ® C), Pi) = Homopme)(/\ b, Pr)
eE;Rp—wr®p

and define, for J € S ,, ¢, by Fy(V;) = @;. Hence

D)= Z wr @ fr,.

IGS@m
Then by Lemma 4.4.1 we have
Lemma 4.6.2. Cﬁ =0 forl > k.
We then have the following consequence of Proposition 4.5.6

Proposition 4.6.3. {®,} is a basis for the Sy-module C*.

We now give another description of @; as the outer exterior product of £ copies

of ;. That is,

gOgjl) A /\<p§”) _ Z wr ® frg =0y (4.15)
VST
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Remark 4.6.4.

Ck = Spen,

where ¢y, = @19, 1 as before.

)))))

4.6.5 The computation of C_

Since * ® I is an isomorphism of Sy-modules from CY — C" ¢, we have,

abbreviating (x ® I)(®;) to (@),

Proposition 4.6.6.

Cl=> &9,

JES(g,k

JESh 1,k
where if i > j then S;; is the empty set. In particular C¢ = S8;* for 0 < ¢ <k and

k
zero for £ > k, whereas C* = S,S”_é) for £ >n —k and zero for { <n — k.

4.7 'The computation of the cohomology of C'y

We will compute the cohomology of the associated graded complex Ey = gr(C').
By Remark 3.2.4, our differential is dy;. We abuse notation and call this operator
d. We will see there is only one non-zero cohomology group and use the results of
Section 3.1 to compute the cohomology of the original complex.

Throughout this section, J will denote an element of Sy,. To simplify the
notation in what follows, we will abbreviate w® ¢ to ¢w for w € /\. p* and ¢ € Py.

In particular,
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Q= Z Jrowr. (4.16)

IESz,n

Recall we have fixed k with k£ < n and we have the ring
Sk:(C[ru,rlg,...,rkk,wl,...,wk]. (417)

For 1 <i<k,J € Sy, ifi ¢ J, then we denote by {.J,i} the element of Sy, 14

that corresponds to the set J U {i}. Now we define @;; € C4™ by

(-1 0Py ifigT
Dyi= (4.18)
0 ifi € J.

where J(i) is defined as follows.

Definition 4.7.1. J(i) = |{j € J : j < i}| is the number of elements of J less than

We remark that the reason for the sign (—1)7( in this notation is that we
have put the 7 in the appropriate spot instead of the beginning. In particular, we

have the following lemma.

Lemma 4.7.2.

QOY) A @J = @J’i.
The following formula for d is then immediate.

Proposition 4.7.3.

k k

i=1 =1
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4.7.4 The map from gr(C,) to a Koszul complex K

We define K, to be the complex given by
K* = /\'((ck)*) ® Sy, with the differential dy, = Y~ A(dw;) @ w;.  (4.20)

Here wy, . .., wy, are coordinates on C* and dwy, . . ., dwy, are the corresponding one-
forms.

We define a map W, of Sg-modules from the associated graded complex gr(C')
to K, by sending @; to dw;. In particular, this sends gogi) — dw;. Recall that the
degrees ¢ such that C’i is non-zero range from 0 to k.

The following lemma is an immediate consequence of Proposition 4.7.3. We

leave its verification to the reader.
Lemma 4.7.5. W is an isomorphism of cochain complexes, W, : gr(Cy) — K.
We now compute the cohomology of the complex K, dg, .
Proposition 4.7.6.
1. HY(K,) =0, #k
2. H¥(Ky) = S/ (wy, ..., wp)dwy A -+ A dwy, = Rydwy A -+ A dwy,.

We first prove statement (1) of Proposition 4.7.6. We first note that

dK = ij ® A(dwj)

J

is the differential in the Koszul complex K (wy,...,wy) associated to the sequence
of the linear polynomials wy, ..., wy, see Eisenbud [E], Section 17.2. To see that
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the Koszul complex as described in [E] is the above complex K we choose S as
Eisenbud’s ring R and S} as Eisenbud’s module N. In our description we are
using the exterior algebra A\*((C*)*) ® Si. But the operation of taking the exterior
algebra of a module commutes with base change and hence we have \*((CF)*)®S;, =
A°(SF). Then we apply Eisenbud’s construction with the sequence wy, ..., wy to
obtain the above complex K,. We recall that fi,..., fi is a regular sequence in a
ring R if and only if f; is not a zero divisor in R/(f1,..., fi_1) for 1 <i < k. The

following lemma is obvious.
Lemma 4.7.7. wy,...,w; is a reqular sequence in Sy.

Statement (1) of Proposition 4.7.6 then follows from Lemma 4.7.7 above and
Corollary 17.5 of [E] (with M = R), which states that the cohomology of a Koszul
complex K(f1,..., fr) below the top degree vanishes if fi,..., fr is a regular se-
quence.

We next note that statement (2) of Proposition 4.7.6 follows from [E], Corollary
17.5, which states that if fi,..., fi is a regular sequence in the ring R then the top
cohomology H*(K(fi, ..., fx)) is isomorphic to R/(f1, ..., fr)-

We now pass from the above results for K, to the corresponding results for

c..

Theorem 4.7.8.

1 HYC) =00#k

2. H¥(Cy) = S/ (wy, . .., wi)Pr = Ry
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Proof. Since K is the associated graded complex of C, the statement (1) is an
immediate consequence of Proposition 4.7.6 and Proposition 3.1.12.
Statement (2) follows by applying statement (3) of Proposition 3.1.14 and

noting that @, is the form ¢y of Kudla and Millson.

4.8 The computation of the cohomology of C'_

We now compute the cohomology of the associated graded complex gr(C_).
As in the previous section, the differential is dy ;. Again, we abuse notation and call
this operator d. We will see there is only one non-zero cohomology group and use
the results of Section 3.1 to compute the cohomology of the original complex.

In Proposition 4.6.6 we proved that {+®; : J € S, } was a basis for the Sy-
module C*. Note that in order to obtain a cochain of degree ¢, we assume J € S,,_¢ 4
instead of Sy, since by Equation (4.16), for J € Spx, @y = Z fr.ywr and hence

IES@}H

*b; = Z fr.a(xwr) (4.21)

[ES(g,n

has degree n — £. For our later computations, we need to replace the determinant
fr of (4.21) by the monomials z; ; where z; ; = 2;,, - %, _,4,_,- 10 order to do
this, we sum over all ordered subsets Z,,_;,, instead of just S,_;,, (those which are

in increasing order), to obtain

*P; = Z 21y (xwy). (4.22)

Iel—nfl,n

71



Using this basis we may identify C* with the direct sum of (nli g) copies of S;.

4.8.1 A formula for d

Our goal is to prove Proposition 4.8.2, a formula for d relative to the basis
{*®;}. Recall that for J € Sy, and 1 < i < k, we have J(i) is the number of
elements in J less than ¢. For 1 < i < k, J € Sy, if 7 € J, then we denote by
{J — i} the element of S;_; that corresponds to the set J — {i}. Now we define

xP;_; € Ci—’—l by

(—1)/Dp;_y ified
@J,Z' = (423)

0 ifi ¢ J.
Proposition 4.8.2. Assume |J| =n —{, then we have
d(x® ;) = (—1)"=b Zszrw*Q]]
jed =1
The proposition will follow from the next two lemmas. Note first that from
the defining formula we have
k n
d(x® ;) = Z Z Zo i Wiwa N (%D ). (4.24)
i=1 a=1

In what follows we will need to extend the definition of J —j for J € S,,_s, to

elements I € Z,,_¢,. Given I € Z,,_;,,, we define the symbol I —i, to be the element

(415 s8sy- - yin—t) € Lpn_y—1n, the symbol iy indicating that the term i, is omitted.

We leave the proof of the next lemma to the reader.
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Lemma 4.8.3. Gwen I € Z,,_y,,

wa /\ *(UJ[) :(_1)(717[71) * l’ea,n-!—l (U.)[)

~

n—

=(=D)EDN (1) G, * (wr—s,).
1

@
Il

Here 04, 1s the Kronecker delta

1 ifa=i,
6a,is =
0 ifa#ig
Lemma 4.8.4.
n n—~_
Zza,iA(wa) x Py = Z(—l)s’lrljs *x Dy
a=1 s=1

Proof. By Lemma 4.8.3,

Z ZaiA(Wa) ¥ Py = (—1)" 1« Z Zaiteq st (D)
a=1

a=1

=(—1)" s Z Za,ibea,nﬂ(sOgj 1) A SO(Js) gogjn z))

n—~_
=(=)" Y )T (e A /\Z (PP A=)

s=1

where the second equality is by Equation (4.15). However,

n
§ (Js E E
Zaail’ea,n-kl ZOl ) Z/B Js [’ea n+1 (.Uﬁ)
a=1 a=1
= E E  Z0,i%6,3s 0

a=1 g=1

:7’1"]'8.
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S

We see that in the jI slot we have replaced (1 by (—1)*"'r; ;. and the lemma follows.

]

Proposition 4.8.2 follows by substituting the formula of Lemma 4.8.4 into

Equation (4.24).

4.8.5 The map from gr(C_) to a Koszul complex K_

Define the cubic polynomials ¢; € Sy, by

k
Cj = Zrijwi, 1 S j S k. (425)
i=1

We note that the ¢; are the result of the following matrix multiplication of

elements of S,

Tk1 - Rkk Wi Ck

We then define K_ to be the complex given by

k
K*® = /\ ((C*)*) ® S with the differential dp = Z A(dw;) ® ¢;. (4.26)
j=1

In order to obtain an isomorphism of complexes we need to shift degrees ac-

cording to the following definition.

Definition 4.8.6. Let M be a cochain complex and j an integer. Then we define

the cochain complex M|[j] by (M[j])l — Mt
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We define a map ¥_ from the associated graded complex gr(C_)[n — k]* to
K’ by sending *@; to *dw,;. Here by * we mean the Hodge star for the standard
Euclidean metric on R* extended to be complex linear. Note that the degrees ¢ such
that C_[n — k] is nonzero range from 0 to k.

The following lemma is an immediate consequence of Proposition 4.8.2. We

leave its verification to the reader.

Lemma 4.8.7. V_ is an isomorphism of cochain complezes

U_:gr(Co)n—k] - K_.

We now compute the cohomology of the complex K_, dg_.

Proposition 4.8.8.

1. H{(K ) =0, #k

2. HY(K_) = 8/(c1, ..., cp)vol.

We mimic the proof of Proposition 3.4.10. We note df_ is the differential in the
Koszul complex K(cq, ..., cx) associated to the sequence of the cubic polynomials

c1,- -, Ck, [E], Section 17.2. It remains to show {¢;} is a regular sequence.
Lemma 4.8.9. The sequence (c1, ..., cx) is a reqular sequence in Sy.

Proof. We follow the method of proof of Proposition 3.4.8. By Lemma 3.4.6 we
see that (rjjwy,...,rewy) is a regular sequence in Clryy, 7o, ..., Mk, W1, -« ., Wi

We now examine the sequence o = ({7;; }ici, 1, ..., c) of “super-diagonal” {r;;},<;
7 J1<g> ) ) 7 i<g
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followed by ¢y, ..., cx. That is,

g = (7“12,7“13,...,7'11“7’23,...,Tgk,...,rk,Lk,Cl,...,Ck).

It is clear that the “super-diagonal” r;; form a regular sequence since they are

coordinates. To check if the ¢; are regular we work in

Si/({rijtici) = Clrir, raz, oo Thks €1y - - -, Ci)-

The image of ¢; in this quotient ring is r;;w; which form a regular sequence.
Now we apply Lemma 3.4.4 to reorder o and note that (¢, ..., cx, {rij}ic;) is
a regular sequence. Hence (cy,...,c;) is a regular seqeuence.

]

Proposition 4.8.8 then follows by the same argument that appears after Lemma
4.7.7.
We now pass from the above results for K_ to the corresponding results for

c_.
Theorem 4.8.10.
1. H(C)=0(#n
2. H"(C_) = S;/(cry .., ch).

Proof. Since K_ is the associated graded complex of C_[n — k], statement (1) is a
consequence of Proposition 4.8.8 and Proposition 3.1.12.

Statement (2) follows by applying statement (3) of Proposition 3.1.14.
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4.8.11 Infinite generation of H"(C') as an Rji-module

We will now demonstrate that H™(C') is not finitely generated as an Ry-

module. In what follows, recall vol = w; A -+ A w,.

Proposition 4.8.12. The map from Clwy, ..., wg] to H"(C-) sending f to [fvol]

is an injection. Furthermore, Clwy, ..., wy| generates H"(C_) over Ry.

Proof. There is an inclusion of polynomial algebras
(C[wl, R ,wk] — Sk

This map has a right inverse, m, where 7(w;) = w; and 7(r;;) = 0. Then since

m(c;) = w(>_,rijw;) = 0, m descends to a right inverse from Sy/(c1,...,cx) —
Clwy, . .., wg]. Hence the map is injective.
The second statement is obvious since Clwy, ..., wy] generates Sy as an Ry-
module.
m

Remark 4.8.13. Note that

1. If k # n, then

H"(C)=H"(C-) =8/(c1,-..,cx)vol].

2. If k =n then

H"(C)=8,/(c1,...,cn)[vol] & Rypon.
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4.8.14 The decomposability of H"(C') as a sp(2k, R)-module

Define ¢/ € O(n, 1) by /(e;) = €;,1 < j <nand /(es41) = —€n+1. Then since
I b SO(n) : : n : .
(' ®1" acts on (/\ p ®73k) and commutes with d, it acts on H™(C'). Since /' ®¢

has order two, we get the eigenspace decomposition into the —1 and +1 eigenspaces

H"(C)=H"(C)- & H"(C)4.
Lemma 4.8.15. H"(C)_ and H"(C) are nonzero.

Proof. Note that ¢/(vol) = (—1)"vol and if p(wy, ..., wy) is homogenous of degree a,
then //(p) = (—=1)*p. Hence /' ® //([vol ® p]) = (—1)"*[vol & p].

]

Since the action of ¢ on P, commutes with the action of sp(2k,R), the above

decomposition of H"(C') is invariant under sp(2k, R).

4.9 A simple proof of nonvanishing of H"(C).

In what follows we let G be a connected, noncompact, and semisimple Lie
group with maximal compact K. We let n = dim(G/K) and V be a (g, K)-module

with V* the dual.

Lemma 4.9.1. Suppose either
(1) V is a topological vector space and K acts continuously. Furthermore,
assume there exists a nonzero g-invariant continuous linear functional o € (V*)8

or
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(2) there exists a g-invariant linear functional o and a K-invariant vector

v €V such that a(v) # 0 (no topological hypotheses needed).

Then H"(g, K;V) # 0.

Proof. We will first assume (2). We let vol be the element in /\n(p*) which is of
unit length for the metric induced by the Killing form and of the correct orientation.
Then vol®w is invariant under the product group K x K, hence is invariant under the
diagonal and hence gives rise to an n-cochain with values in ¥V which is automatically
a cocycle. Let [vol ® v] be the corresponding cohomology class. Now « induces a

map on cohomology

a,: H" (g, K;V) = H"(g, K;R).
But H™(g, K;R) is the ring of invariant differential n-forms on D = G/K. Thus
H"(g, K;R) = R[vol]. Finally, we have

a,[vol ® v] = [vol ® a(v)] = a(v)]vol] # 0.

Hence, [vol ® v] # 0.

Now we reduce (1) to (2). Since o # 0 there is some v € V such that a(v) # 0.
Let dk be the Haar measure on K normalized so that [,  dk = 1. We define the
projection p : ¥V — VE by

p(v) = /Kk -vdk.

The reader will verify since « is K invariant and «(v) is continuous in V' that
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Hence

a(p(v)) # 0 and p(v) € VX,

Now the result follows from the argument of case (2).

We will apply (2) for the following examples. Let G = SOq(p, q)
(resp SU(p,q)), K = SO(p) x SO(q) (resp S(U(p) x U(q))), V' = RP? (resp CP1)
and V = S(V*), the space of Schwartz functions. Then if o = &y, the Dirac delta

distribution at the origin, a is a non-zero element of (V*)?. Hence, we have proved
Theorem 4.9.2. For V = S(V*),
1. H"(s0(p, ), SO(p) x SO(q); S(V*)) # 0

2. H*(u(p,q), U(p) x U(q); S(V*)) # 0.

We give one more example which uses (1).Then (choosing « to be the Dirac

delta function at the origin of V') we have

Theorem 4.9.3. Let G be a connected linear semisimple Lie group, K a maximal
compact subgroup and n = dim(G/K). Let V be a finite dimensional representation

and S(V') be the Schwartz space of V.

H (9, K S(V)) # 0.
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4.10 The extension of the theorem to the two-fold cover of O(n, 1)

4.10.1 A general vanishing theorem in case the Weil representation
Is genuine

Proposition 4.10.2. Suppose G is a semi simple subgroup of Sp(2N,R). Let G —
G be the pullback of the metaplectic extension of Sp(2N,R) and K be a mazimal
compact subgroup of G. If some element of the center of G acts by a multiple of the
identity which is not one so, in particular, if the center of G acts by a nontrivial

character, then for all £

C(g, K; W) = 0.

Hence the cohomology groups are all zero. That is, for all ¢
H'(g, K; W) = 0.

Proof. Let Z(G) be the center of G and suppose z € Z(G) acts by a nontrivial
multiple of the identity. Suppose z generates the subgroup A of Z (G’) Then A C K

and we have

¢ ¢
Homf((/\ p* W) C HomA(/\ pW).

But since Z(G) acts by conjugation on p*, it acts trivially on p* and hence A acts

‘
trivially on /\ p*. But z acts by a nontrivial multiple of the identity on WW. Hence

V4
Homu( /\ p*. W) =0.
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4.10.3 The computation for the two-fold cover of O(n, 1).

In light of Proposition 4.10.2, we must twist the Weil representation by a

character such that the center of O(n, 1) acts trivially.

It is important to give the analogues of the results for SOg(n,1) when we
replace the connected group SOg(n,1) by the covering group O/(?;,/l) (with four
components) of O(n, 1) and hence the maximal compact SO(n) in SOy(n, 1) by the
maximal compact subgroup K = O(nm(l) of O/(;,E) Here m) denotes the
total space of the restriction to O(n,1) of the pull-back of the metaplectic cover
of Sp(2k(n + 1),R) under the inclusion of the dual pair O(n,1) x Sp(2k,R) into

Sp(2k(n+1),R). Let wy be the restriction of the Weil representation of Mp(2k(n +

1),R) to O(n, 1) under the embedding O(n,1) — Mp(2k(n + 1), R). The following
lemma is a consequence of the result of Section 4 of [BMM2]). We believe it is more
enlightening to state the following lemma in terms of a general orthogonal group.
Note that the required results for O(p, q) follow from those of [BMM2] for U(p, q)

by restriction.

Lemma 4.10.4.

—_—

1. The central extension O(p,q) — O(p, q) is the pull-back under

det’é(p,q) : O(p, q) — C* of the twofold extension C* — C* given by taking the

square. Hence, the group O(p,q), has the character deté/(i 0 the square-root

of det]é(pvq).

2. The character detg/é g 8 “genuine” (does not descend to the base of the cover)
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if and only if k is odd.

3. For both even and odd k, the twisted Weil representation wk®det’8/é 9 descends

to O(p, q).

4. The induced action of K = O(p) x O(q) by wy ® det™”?  on the vaccuum
O(p,q)

vector g (the constant polynomial 1) in the Fock model Py is given by
(@r @ detyq)) (ks k=) (o) = detog) (k=) 0.

Applying items (1),(2),(3) and (4) to the case in hand, we obtain

Proposition 4.10.5. The action of K = O(n) x O(1) on Py under the restriction

of the Weil representation twisted by det’é/(i’l) 15 given by
(@r ® dety ) (ks ko) (0) (v) = detoqy (k-)* @k E"v).
The cohomology groups of interest to us now are the groups
_ k/2
H'(s0(n, 1), K; Py @ det ).
The goal in this subsection is to prove
Theorem 4.10.6.

1. If k <n,

ngok fo =k

H*(s0(n,1),0(n) x O(1); Pol((V® C)*) @ det%) =

0 otherwise.
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2. Ifk=n,

Ropn ifl=n

H'(s0(n,1),0(n) x O(1); Py @ det? ) =

0 otherwise.
3. Ifk>n,

nonzero if{ =n

H'(s0(n,1),0(n) x O(1); Py @ det ) =

0 otherwise.

We now prove Theorem 4.10.6. Put K = O(n) x O(1). Then from (3) of
Lemma 4.10.4 the restriction of the twisted Weil representation of K descends to K

and we have

Ct(s0(n, 1), K; P, @ det/?) = C*(s0(n, 1), K; Py @ det*/?). (4.27)

We use the notation C*(Py,) = C¢(s0(n,1),S0(n); Py).
Note (O(n) x O(1))/SO(n) = Z/2 x Z/2 and apply Proposition 4.10.5 to the
right-hand side of Equation (4.27) to obtain

C'(s0(n, 1), I Py @ det™/?) = (C'(Py) @ detly ) )72,

On the right-hand side of the above equation, we have extended the action of SO(n)

on (V @ C)* to the action of O(n) given by
ko(v) = o(k~v).
Now recall that C*(Py,) = C% & C* and hence

CZ(Pk ® detl(c)(l)>Z/2><Z/2 _ (Ci ® detlé(l))Z/QxZﬂ D (Cf ® detg(l))zﬂxz/?
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Since the element (1,0) € Z/2 x Z/2 acts by the element ¢ ® ¢ (see Equation (4.14))

Z/2xZ/2 _

and C_ is defined to be the —1 eigenspace of the action of t®¢, we have C

and hence (C_ ® detg(l))Z/ZXZﬂ — 0. Hence
CZ(EOO’L, 1)7 K;P.® detk/2) = (C’fr ® det](c)(l))Z/QXZ/Q.
Hence we have
Hf(so(m 1), IN(;Pk X detk/Q) — (HE(CJF) ® detlé(l))Z/QxZ/Q'

Remark 4.10.7. Note that py is invariant under O(n) and transforms under O(1)
by deto(ry. Since gy, is the k-fold exterior wedge of w1 with itself, it follows that
is invariant under O(n) and transforms under O(1) by detg(l). This is the reason

for twisting the Fock model by det*/?.

Lemma 4.10.8.

H(C) = (H'(C) @ detly ) 727
Proof. By Theorem 4.7.8,

ngok ifl =k
HY(C,) =

0 otherwise.

By Remark 4.10.7, ¢, transforms by detg(l) and hence H*(C',) transforms by detg(l)

and the lemma follows.

As an immediate consequence of the previous lemma we have
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) Ripr if € =k
H*(s0(n,1),0(n) x O(1); Pol((V® C)*) ® det?) =

0 otherwise.

and statements (1) and (2) of Theorem 4.10.6 follow.

We now prove statement (3). Thus, we have k¥ > n. The vanishing part (for
¢ < n) of statement (3) follows from the vanishing statement in Theorem 3.3.1. It
remains to prove nonvanishing in degree n. To this end, we must exhibit classes
in H"(A), where A is defined as in Equation (3.16), which, once twisted by detg,
are O(n) x O(1)-invariant. By Proposition 3.4.10 we have (this is before we take

invariance),

0 if{#n
HY(A) =

Pe/(q1,--.,qy)vol if { =n.

It remains to find a nonzero element which is invariant. First, a definition and
a lemma. Define det, to be the determinant of the upper-left (n x n)-block of

coordinates. That is, det, is the determinant of the n X n-matrix (z4)1<ai<n-

Lemma 4.10.9. The map from Clw,i1,...,w] to Pr/(q1,--.,q.) sending f to

fdety is an injection.

Proof. We will show that this map has kernel zero. Suppose f(wp1,...,w;)det, €
(¢1,---,qn).- Now pass to the quotient where we have divided by the “off-diagonal”

Zai- Then

fwngt, .. wi)dety = f(wpi1, ..., WE)211222 * ** ZonGa > WaZaa-
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By assumption, f[], zaa € (w1211, w2202, ..., Wy2Zpn) C (w1, ..., w,). Hence

f(Wngt, - ,wk)Hzm € (wy,...,wy,)

[0}

and thus f = 0.

]

By Lemma 4.10.9 the cohomology classes f(wni1,...,wy)det vol € H"(A)
are nonzero. We now check if they are invariant.
Let f be homogenous of degree a. Then for (ky,k_) € O(n) x O(1) we have,

by Lemma 4.10.4,
(kyk_)fdet,vol = det(k_)*T**" fdet vol.

Thus, if a + k + n is even this element is invariant and Statement (3) is proved. In

fact, we have shown

Proposition 4.10.10. For k > n, if k+n is even (resp. odd), then the even (resp.

odd) degree polynomials f € Clwy1, ..., wg| inject into

H"(s0(n,1),0(n) x O(1); Py ® detg) by the map f — fdet vol.
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