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ERROR BOUNDS FOR DISCRETE MINIMIZERS OF THE
GINZBURG-LANDAU ENERGY IN THE HIGH-x REGIME

BENJAMIN DORICH AND PATRICK HENNING

ABSTRACT. In this work, we study discrete minimizers of the Ginzburg-Landau energy in finite
element spaces. Special focus is given to the influence of the Ginzburg—Landau parameter k.
This parameter is of physical interest as large values can trigger the appearance of vortex lattices.
Since the vortices have to be resolved on sufficiently fine computational meshes, it is important to
translate the size of k into a mesh resolution condition, which can be done through error estimates
that are explicit with respect to x and the spatial mesh width h. For that, we first work in an
abstract framework for a general class of discrete spaces, where we present convergence results
in a problem-adapted k-weighted norm. Afterwards we apply our findings to Lagrangian finite
elements and a particular generalized finite element construction. In numerical experiments we
confirm that our derived L2- and H!'-error estimates are indeed optimal in x and h.

1. INTRODUCTION

Superconductors are materials that allow to conduct electricity without any electrical resistance.
Letting Q Cc R?, d = 2,3, denote a bounded polyhedral Lipschitz domain occupied by a supercon-
ducting material, the superconductivity in €2 can be modeled by a complex-valued wave function
u : Q — C which is called the order parameter. The physical quantity of interest is |u|?> which
denotes the density of the superconducting electron pairs, where in the appropriate scaling, it holds
0 < |u|? < 1. This means that the material is not superconducting (in normal state) in z € Q if
|u(z)|? = 0 and behaves like a perfect superconductor if |u(x)|? = 1. In between, different degrees
of superconductivity are possible. Of particular interest are mixed normal-superconducting states
where both phases coexist in a lattice of quantized vortices [1].

Mathematically, the order parameter can be characterized as a minimizer of the Ginzburg-Landau
energy (or Gibbs free energy) given by

1 K> 2
(1.1) E(u) = 5/ |V + ik Aul? + ?(1 — [ul?)” da,
Q

where A: Q — R? is a real-valued magnetic potential and  is the so-called Ginzburg-Landau
parameter, a material parameter that correlates with the temperature and determines the type
of superconductor. By the necessary condition for local extrema, any minimizer u € H'(Q) must
fulfill the condition E’(u) = 0, which is known as the Ginzburg-Landau equation (GLE) and reads
written out (cf. [18])

(1.2) Re/ (Vu+ikAu) - (Vo + iﬁ;Agp)* + &% (Jul* = 1)up* dz =0 for ¢ € H'(Q).
Q

The real-valued magnetic potential A: Q@ — R? in the GLE is typically unknown and can be
inferred from an external magnetic field H through the condition H = curl A which is then added
as a penalty term to the energy. In this work we consider the simplifying case that A is given, where
the focus of our analysis is rather the influence of x on the accuracy of numerical approximations.
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2 B. DORICH AND P. HENNING

In fact, the size of the parameter « is crucial for the appearance of vortices [38-41]. On the one
hand, if k is too small, no vortices will appear. On the other hand, the larger the value of k,
the more vortices appear in the lattice and the more point-like they become [2,38]. The so-called
high-x regime is hence the physically most interesting regime, but numerically it is also the most
challenging one because it requires fine meshes to resolve all lattice structures. This raises an
important practical question: how fine do we have to select the mesh size relative to the size of
k so that the numerical approximations capture the correct vortex pattern? Motivated by this
question, the main goal of this work is to derive rigorous error bounds for the discrete minimizers
with constants that are explicit and optimal in the spatial parameter i and the Ginzburg—Landau
parameter k.

To the best of our knowledge, the only work where the approximation properties of discrete solu-
tions to the stationary GLE were analyzed is the seminal STAM Review article by Du, Gunzburger
and Peterson [18] (see also [19] for periodic boundary conditions). The paper considers H'-error
estimates in finite element spaces for both the order parameter u and the magnetic potential
A. The proof technique considers fixed (compact) intervals of x-values and does not trace all
r-dependencies that enter through the size of these intervals and through uniform bounds for cer-
tain operator norms (that are linked to the chosen interval). The proof also considers a modified
setting where E”(u) is assumed to have a trivial kernel. However, the solutions to the GLE (1.2)
are known to be only locally unique up to gauge transformations [18]. In our case, these trans-
formations are of the form u + €%y for any 6 € R. In fact, it is easily seen that E(u) = E(e%u)
for all such #, which hence leads to a cluster of (qualitatively equivalent) solutions €. In turn,
we have (E"(u) €™/?u,-) = 0 which shows that E”(u) can become singular. Hence, it makes sense
to revisit the results [18] with new proof techniques that allow us to follow all x-dependencies and
which allow us to avoid an assumption of local uniqueness.

Our analysis is performed in a general framework of finite element methods, and we state our
results under natural assumptions on the discrete spaces. We first establish bounds on the discrete
minimizers which are explicit in x and independent of h. This enables us to provide an abstract
convergence result which identifies a suitable, continuous minimizer of (1.1). This a priori infor-
mation is crucial in the derivation of the error bounds. In order to exploit the structure of the
problem, we have to study the properties of the second Fréchet derivative of the energy E. In
particular, we carry over the inf-sup stability to our discrete setting under a smallness condition
related to the product xh. Let us emphasize that this is not a technical issue, but is indeed ob-
served in our numerical experiments. We employ a problem adapted scalar product and its Ritz
projection, which captures the one-dimensional kernel of E”, to extract optimal error bounds not
only for the H'-norm, but also new error bounds for the L?-norm and the energy. Our numerical
experiments confirm that the predicted scaling of the error in x and h is asymptotically sharp.

It is worth to mention that, aside from stationary Ginzburg—Lindau equations, there has been a lot
of work on the numerical analysis of the time-dependent problem that describes the dynamics of
superconductors, where we exemplarily refer to [11,12,14-17,20,22,23,30-32] and the references
therein. For works with a particular emphasis on tracing the influence of x in the estimates, we
refer to [7-9] for the case of vanishing vector potentials A. Due to the different nature of the
time-dependent problem, we will not discuss the equation any further here.

The rest of the paper is organized as follows: In Section 2, we introduce the analytical framework
and present some results on continuous minimizers of (1.1). In particular, we discuss the assump-
tions concerning uniqueness of minimizers. For an abstract finite element space discretization,
we present in Section 3 our main results on the existence, boundedness, and approximation of
discrete minimizers. An application to linear Lagrange finite elements is also given. Numerical
experiments which illustrate our theoretical findings and confirm the convergence rates as well as
the k-dependency of our bounds are shown in Section 4. The proofs of our main results are given
in Section 5. Finally, in Section 6 we present a nonstandard application of the abstract result to
spaces based on the Localized Orthogonal Decomposition for which we prove that the resolution
coupling between h and k can be relaxed.
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Notation. For a complex number z € C, we use z* for the complex conjugate of z. In the whole
paper we further denote by L? := L?(£2,C) the Hilbert space of L2-integratable complex functions,
but equipped with the real scalar product m(u,v) := Re vaw* dx for v,w € L?. Hence, we
interpret the space as a real Hilbert space. Analogously, we equip the space H! := H(f,C)
with the scalar product m(v, w) + m(Vv, Vw). This interpretation is crucial so that the Fréchet
derivatives of E are meaningful and exist on H'. For any space X, we denote its dual space by X".
Note that this implies, that the elements of the dual space of H! consist of real-linear functionals,
which are not necessarily complex-linear. For example, if F(v) := m(f,v) for some f € L?, then
it holds F(av) = a F(v) if & € R, but in general not if a € C.

In the following C' will denote a generic constant which is independent of x and the spatial mesh
parameter h, but might depend on numerical constants as well as  and A. In particular, we will
write a < (3 if there is a constant C independent of x and h such that o < C S.

2. ANALYTICAL FRAMEWORK

In this section, we present several results concerning the continuous minimizers of (1.1).
From now on, we assume that the magnetic potential A satisfies
(2.1) AcL®(Q,RY), divA=0inQ,  A-v=0o0n0dQ.

Further, we introduce the dual pairing (u, ) = (u, ©) g1y z1, and the bilinear forms given by

(2.2) m(u, ) = Re/

up® dx, aa(u, ) = Re/ (Vu +ikAu) - (Vo + i/{Agp)* dz,
Q Q

as well as the norm ||¢||%, = ||[V¢||32 + ||¢]|32, the scaled norms

(2.3) ol = 1962 + w2llollZe, IleliZe = Nl + w2l

and the induced norm || f|[(g1) = sup,epn %. We abbreviate Ao, = ||A||L~, and define the
stabilized inner product on H! = H(Q) for u, € H! by

(2.4) an(u, 0) = aa(u, o) + B*m(u, @)1z, with g% = (A% +1).

We call it stabilized since this modification enables us to show boundedness and coercicvity of
ay(+,-) with respect to the H!-norm defined in (2.3).

Lemma 2.1. There are k-independent constants Cypnd, Ceoe > 0 such that for all v,p € H'

(v, ¢) < Cona V]| a2 el 2, and ar (@, ) = Ceoe ||90||§{;

Proof. The boundedness is a straightforward application of the Cauchy-Schwarz inequality. For
the coercivity, we note that by Young’s inequality it holds

. 1
Vi +inAp|* > |Vol® — 2|VpllnAg| + [kApl* > S [Ve|* — k2 AL |of.

By the choice of 3, we conclude the lower bound. O

A straightforward calculation shows that the energy is (real-)Fréchet differentiable and satisfies for
all p € H*

(2.5) (E'(u), o) = Re/ (Vu+ikdu) - (Vo +ikde)” + k*(Jul® — 1) up* da.

Q
In particular any minimizer v € H' satisfies E'(u) = 0. Our first result collects the existence of a
minimizer v and its properties.

Theorem 2.2. For every k > 0 there exists a minimizer u € H' of (1.1). Further, any minimizer
fulfills

lu(z)| <1 forall x € Q, ullgr Sk, and if Q is convex then w € H* and ||u||g> < K2

where the hidden constants in the above estimates are independent of k and u.
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Proof. First note that the energy F is continuous in H'(f2), and further weakly lower semi-
continuous, see e.g., [42, Thm. 1.6]. In addition, a simple calculation shows

. K2 232 2 262, 2
E(u) zan(u,u)%—?/g(l—l—? - \u|2) +1- (1+?) dzx,

and hence F(u) — oo as [|u||g1 — oo. The standard arguments then imply the existence of a
minimizer, see e.g., [42, Thm. 1.2]. For the pointwise bound, we refer to [18, Prop. 3.11], which
implies a bound in L? independent of x. We further have

IVullze < [IVu + ikAul| 2 + kAxul[12 S E(0)? + 5 S k.

Since E'(u) = 0, we rearrange to
aa(u,p) = —K? RG/Q(MQ — l)uga* dx = m(f, )
with ||f||z2 < w2, and obtain with (2.1)
Re /Q Vu-Ve*dr=m(f, ) — Re/ﬂ(2i/~;A - Vu + &% APu) " dz.
If Q is convex, standard elliptic regularity theory (cf. [24]) gives us

lullzr < |1 £l1e2 + &2 [ullez + ]| Vul| L2 < 52,

where we used the L?- and H'-bounds for u in the last step. O

Since wu is a global minimizer of the energy FE, it must not only hold (E’(u),¢) = 0 but also
(E"(u)p,p) > 0 for all ¢ € H'. Later we will make use of these conditions. For that we require
a corresponding representation of the second Fréchet derivative of E. This and its properties are
summarized in the following lemma.

Lemma 2.3. (a) The energy is twice (real-)Fréchet differentiable and satisfies for p,v € H*

(E" (u)v, p) = Re/ (Vv +ikAv) - (Vo +inAp)” + k2 ((Jul* — Dop* +u?v* o™ + [u*vp*) dz.
Q

(b) For ¢,v € H! it holds
(E"(u)v, ) = (E"(u)p,v) and  [(E"(u)v,9)| < [|v][m @]l -

Proof. The Fréchet derivative is computed in a straightforward manner, and the symmetry follows
from the representation by noting the real part in front of the integral. For the bound, we employ
Lemma 2.1 as well as |u| < 1. O

Let u be a minimizer of (1.1), then by the invariance under complex rotation, also e®u is a
minimizer for any ¢ € R. In particular, one easily shows that (E”(u)iu,¢) = 0 holds for all
¢ € H'. To tackle this indefiniteness, we define the m(-,-)-orthogonal complement of iu in H! by

HY, = H' 0 (iu)* = {p € H | m(iu, p) = 0}.

In our error analysis we will restrict ourselves to this space. The choice of Hl is further discussed
in connection with Assumption 2.5 below.

Note that H is a closed subspace of H'. Since the variational problems in the following proofs
are posed on this subspace, we show the following properties of their solutions.

Lemma 2.4. For any f € L*(2), there is z € HL, C HY(Q) such that

an(z,0) =m(f, @), forall p € Hy,,
and there hold the bounds

1 . .
||Z||Hé < ||f”(Hé)’ < EHfHLz and, if Q is convex, then z € H? and ||z||H5 < IIfllzz,

where the (hidden) constants in the bounds are independent of k.
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Proof. Since ay(,-) is still coercive on H} , we immediately obtain the unique solution, and also

the bounds in H!. Furthermore, we have for any f € L? that

1 1
(2.6) Ifllzzy = sup m(f,o) < sup —[[fllz=rllpllzz < —[Ifllz2,

||L,0 ‘H:1c=1 ‘P‘ H'1£=1

which yields the second inequality. For the bound in the H2-norm for convex domains, let ¢ € H*
and decompose as ¢ = @ + a(iu) with ¢ € HY, and o = m(y,iu)|ul|;5. Then,

ax(2,0) = ax(2,0) + ady(z,iu) = m(f, @) + @ dx(z,iu)
= m(fa SD) - am(f, lu) + CVGA(Z, 1“’)7
where we used (2.4) in the last step. We first note

im(f,¢) —am(fiu)| <2||fl|zzllell2
and then employ E’(iu) = 0 to obtain

laa(z,iu)| = (E' (), 2) — &* Re/ (lul* = 1)iuz® da| < &2||ullz2]|z]|z2 < |If]]z,
Q

where we exploited x2||z||z2 < ||f]|z2 in the last line. Altogether we have shown that there exists
some f, € L? such that it holds for all ¢ € H!

(2.7) ir(z,0) =m(fz ), |fzllL2 S IISIlze-

We conclude as in Theorem 2.2: We write
(2.8) an(z,p) = Re/ Vz-Ve*dr + Re/ (B%2 + 2ikA - Vz + &°|A*2) " da,
Q Q

and since the second term is in L2, we have z € H? and
1212 S falze + w212l L2 + &l V222 S If]] L2,

where we used the L?- and H'-bounds for z in the last step. |

We now turn to the key assumption in our analysis. As we have seen above, we cannot expect
uniqueness of a minimizer due to the rotation invariance. However, we assume that apart from this,
the minimizer is locally unique. For that we can restrict the energy to an appropriate subspace. To
be precise, if u is a global minimizer of E, we know that E’'(u) = 0 and that the spectrum of E” (u)
is non-negative. On the other hand, it is easily seen that iu is an eigenfunction of E”(u) with
eigenvalue 0. This eigenvalue corresponds to the aforementioned invariance of E under rotations of
the form e'®. By assuming that the remaining spectrum of E”(u) is strictly positive we can hence
guarantee that the solution u is locally unique (up to rotations). A positive spectrum of E”(u)
on the m(-,-)-orthogonal complement of the eigenfunction iu (i.e. the space Hl) implies inf-sup
stability of E”(u) on H{ . This is precisely what the following assumption says.

Assumption 2.5. Let u be a minimizer of (1.1). Then, there is a constant Cso1(u, k) 2 1 such
that

E//
(2.9) Cl(u,k) < inf sup M
veH}, pen, ||vllayllellm

Let us note that the condition Cg1(u, k) 2 1 is not a restriction, since one can drop the condition
replacing Cso1(u, k) by 1+ Cso1(u, k) at every occurrence.

Remark 2.6. From our numerical experiments, the precise growth of C;Oll(u,n) with respect to
k does not become clearly visible. In fact, it turns out to be difficult to numerically compute the
inf-sup constants on a space which contains information on the exact solution. In addition, we are
not aware of any literature (neither in analysis nor numerics) addressing the (spectral) properties
of E"(u). We are convinced that this an interesting research question which might be pursued in
the future, both analytically and numerically.
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From the above assumption, we can conclude solvability and a priori bounds which will play a
crucial role in the presented error analysis below. Let us note that the inclusion Hl C H! implies
for the dual spaces (H') C (H},)'.

Corollary 2.7. Let Assumption 2.5 hold.

(a) For any f € (HL)', there is a unique z € H} such that
(2.10) (E"(u)z,¢) = (f, ), forall ¢e H

10
which satisfies the estimate
lelliy < Cuonln, )1 fll a2y

(b) Let z € H., be the solution of (2.10) with f € L?. Then, it further holds

C

ety < 0 1 and, i @ is conves, then = € 2 and ellz < Cor(u,m) 112
: K 2

Proof. By standard theory for indefinite differential equations (cf. [5]), the inf-sup stability in
Assumption 2.5 directly gives the well-posedness of (2.10) together with the stability estimate
[[2]|lm: < Csol(u, K)[|f]l(z1), hence proving (a). The first estimate in (b) is obtained from (2.6).
Using this observation, we conclude that z € H} solves

ix(z,0) =m(f, ), forallpe Hf,

for some f € L2 with ||f]|.2 < Cso1(u, %)||f||12, and thus Lemma 2.4 gives the claim. O

If one considers domains with smooth boundaries, and uses magnetic vector potential in some
higher order Sobolev spaces, higher regularity of the minimizer v can be derived. However, for our
purposes the H?2-regularity is sufficient, and we hence turn to the spatial discretization.

3. SPACE DISCRETIZATION AND MAIN RESULTS

Let us consider some finite dimensional finite element space V}, which is a subspace of H!(Q) and
where we recall that we assume € to be a polygonal (or polyhedral) Lipschitz domain. By h we
denote a spatial parameter which tends to zero for a finer spatial resolution. We consider the closed
subspace V;t of Vj, given by V;' = Vj, N (iu)* C H}, with orthogonality with respect to m(-,).
Further, we denote by Rth t HY — VhJ- the orthogonal projection satisfying

&,@(Rihw, ©n) = ax(w,@p), forall g, € Vit

In the following assumption, we introduce some abstract conditions which are sufficient to carry
out our error analysis and which are later verified for our examples.

Assumption 3.1. The family of (non-empty) finite element spaces Vi, has the following properties:

(a) The family of spaces V}, is dense in H'(2) in the sense that for each o5, € H' we have

lim inf ||¢ — =0.
hlggwigvh\lcp onllm

(b) Let w € HY,

(3.1) lw = Rik pwl i S AILFI 22

where the constant is independent of A and x.

and f € L? such that a,(w, ) = m(f, ) for all p € H} . Then, it holds

1u

The most prominent example that fulfills Assumption 3.1 are linear Lagrange finite element spaces
which are discussed at the end of this section. Property (a) is obvious and to verify property (b),
one first replaces || f||z2 by |Jw|[x2, and uses (for a convex domain ) H?-regularity. We give the
details below. Another, non-trivial example of generalized finite elements spaces is presented in
Section 6.
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Recall that we want to minimize the functional E from (1.1) over V4, i.e.,

. 1 . K>
(3:2)  Ew)= it Een),  Eew) =3 [ [Ven+icden? + 5 (1~ o) do.
PYrEVR 2 Q 2

Note that since V}, is finite dimensional, the existence of a minimizer uy, is always guaranteed. Our
first result shows bounds on the discrete minimizer wuy in different norms and the corresponding
energy, which are independent of A and behave in the parameter x the same way as the exact
minimizer u studied in Theorem 2.2. The proof is postponed to Section 5.

Lemma 3.2. For all h > 0 let up, be a minimizer of (3.2). Then there hold the bounds
<k,

~

Bun) S/ unlle2 1, (Va2 Sk, unl sy

where the hidden constants are independent of h and k.

Our main findings are collected in the following theorem. We provide error bounds for the discrete
minimizers which are explicit in the parameter x and the mesh width h. In addition, we show that
the error behaves as the quasi-best approximation of H}, in V;t.

Theorem 3.3. Let Assumption 2.5 and 3.1 hold, and let h < hg be sufficiently small such that in
particular kCso1(u, k)h is small. Then, there is neighborhood U C H*() of each discrete minimizer
up, of (3.2) such that there is a unique minimizer u € U of (1.1) with

m(up,iu) =0,
and we have the error bounds

lu = unllmy S (1 + £Csor(u, £)R) inf |[u—@nl|m,
PreEVE

[lu —upl||rze S hCsor(u, k) (1 + kCso1(u, K)h) ig‘f/LHu_@h”Hé’
PrEVy

as well as the following estimate on the error in the energy
0 < B(up) = E(u) S llu — w7 (14 £"2|lu—unlms + sllu = unlf7),

where the hidden constants are independent of K, Cso1(u, k), and h.

The proof is divided in several steps which are outlined in detail in Section 5. The first application
of the results are Lagrangian finite elements. In the following, we denote by 7, a conforming
family of partitions of the domain € consisting of simplical elements K. For the space P;(K) of
complex-valued polynomials of degree less than or equal to 1 on K, we consider the finite element
space

(3.3) Vi = {pn € H'(Q) | pn|x € P1(K) for all K € T}

We assume that the partition 7, is shape-regular and the L?-projection, defined via m(m,v, ©5) =
m(v, ) for all @), € Vj, is H!-stable, i.e.,

(3.4) lmnellm S lellm

with a constant independent of h. This condition is always fulfilled for quasi-uniform triangulations,
but is also valid for certain adaptively refined meshes. For a detailed discussion on criteria when
(3.4) holds, we refer to [6,13]. In this setting, we obtain convergence rates which are explicit in
the parameter £ and the mesh width h.

Corollary 3.4. Let the conditions of Theorem 3.3 hold, and assume in addition that Q is convex.
For Lagrangian finite elements which satisfy (3.4), the error bounds in Theorem 3.3 can be further
estimated by

[lw—un|lm S K2h and lu = un||r2(0) S Csor(u, £)K>R?,

where the hidden constants are independent of K, Cso1(u, k), and h.

The proof is presented in Section 5.
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k~2-weighted H'-error K~ 2-weighted L2-error k™ *-weighted energy-error
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FIGURE 1. Convergence in the mesh size h for k-weighted errors in the H!- and
L%-norm and for the energy, for k = 4,8,12,16,20,24. The errors in L? and H*!
are scaled by k2 and the error in energy by x~*. The dashed lines indicate order
O(h) in the left figure, and order O(h?) in the center and right figure.

4. NUMERICAL EXPERIMENTS

Before we present the proof of our main result, we illustrate our theoretical findings with some
numerical examples confirming the rates and the k-dependence in our error bounds.

4.1. Implementation. For the discretization in space with linear Lagrange finite elements, we
use the open source Python tool FEniCS [3, version 2018.1.0]. To compute a discrete minimizer,
we applied a steepest descent approach using an implicit Euler method for the L? gradient flow.
A direct application yields the following nonlinear iteration

m(up ™ on) = m(uf, on) =7 (B (up ), on),

where 7 > 0 is some parameter. To avoid the solution of nonlinear systems several times, we
replace E'(u™"!) by the linearization

(E"(upth),on) — aalup™, on) + 2 RG/Q(IUZI2 — Dup g}, d,

and thus have to solve the following linear system for uZ'H eW

i, on) + as(ul ™ gn) + 7 Re [ (R - Dul g do = mla on)
Q
for all 5, € Vj,. In our experiments, we set = [—1,1] x [~1,1] C R?, and use (on the coarsest

mesh) the initial value ug = 0.8 + 0.6i, For the finer grids, we use a “ramping” procedure, i.e.,
we use the minimizer on a coarser grid as the initial value on the next finer grid. The magnetic
potential is chosen as
. sin(mwz) cos(my)
A(z,y) = V2 ( cos(mzx) sin(my) )’

and satisfies the assumptions in (2.1). Further, we set 7 = 1, and used the stopping criterion
|E(ujt) — E(u})| < § for a tolerance § = 1071°. The code to reproduce the results presented in
this paper is available on request.

4.2. Numerical results. We first illustrate the convergence in the spatial parameter h for different
values of x. To this end, we computed a reference solution on a finer grid using hpay ~ 2.5 - 1073,
In order to compare the results for different values of x, we divide the error in the H!- and L?-norm
by 2 and the energy by x*, see Figure 1. Here we recall that according to Corollary 3.4 we expect
the H!-error to convergence with the rate x?h, the L?-error with the rate k?h? and the energy-
error with the rate x*h*. Indeed, we observe the predicted convergence in h and, in particular,
the numerical experiments confirm the k-scaling in our error estimates. The plot further indicates
that the constants in front of the normalized errors are independent of k.
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FIGURE 2. Minimizers for the Ginzburg-Landau parameter x = 48 and different
mesh widths h ~8-1072,4-1072,2-1072,1- 1072 (from left to right).
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FiGURE 3. Different minimizers corresponding to the Ginzburg-Landau parame-
ters k = 16,24, 36,48 (from left to right) for h ~ 2.5-1073.

Let us also note that for larger values of x, we observe a preasymptotic behavior in h. We expect
that this is related to the smallness condition for kCso(u, k)h stated in the theorem, which is
required below in Lemma 5.4 for the discrete inf-sup stability. Since beyond the (numerically
observed) threshold kh < 1, the errors coincide for all values of k, this is still in alignment with
our theory.

In our second experiment, we first computed for k = 48 the discrete minimizers for different values
of h~8-1072,4-1072,2-1072,1-10"2 , see Figure 2. We observe that the number of vortices
remains constant on the different discretization levels, but the precise pattern is only resolved on the
finest grids. On the other hand, we plotted the minimizers for different values of k = 16, 24, 36, 48,
see Figure 3. We observe that the number of vortices increases with larger values of x, which is in
agreement with analytical results [2,38].

5. PROOF OF THE MAIN RESULT

In this section, we provide the proof of our main results Theorem 3.3 and Corollary 3.4. We first
show an abstract convergence result in order to identify possible limits of a sequence of discrete
minimizers. Those are then used to establish convergence with rates, if we are sufficiently close to
a continuous minimizer. Throughout this section, we let Assumptions 2.5 and 3.1 hold.

5.1. Abstract convergence result. In order to deduce convergence, we first establish bounds on
minimizes in the discrete space V}, which are independent of the spatial parameter h as formulated
in Lemma 3.2.

Proof of Lemma 3.2. First note that for all h > 0 we have 0 € V},, and thus by the minimizing
property, we conclude the bound on the energy

/€2

E(up) < B(0) < - vol(Q).

This gives on the one hand

[[Vun + ikAup||2 < E(up)'/? < kvol(Q)/2,
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and on the other hand we estimate

KQ

K2 9 2 2 K2 1/2
I a1 < G (0 unl) (L ) dr < B(0) = T vol()2,

and thus conclude
lunllzz < |1 = Jupll| L2 + vol(2)/2 < 2vol(Q2)*/2.
Combining the estimates above, the bound on ||Vuy||z2 directly follows. O

With the uniform estimates on the discrete minimizers, following the approach in [10], we employ
the Banach—Alaoglu theorem to obtain some limit which is an exact minimizer and by Assump-
tion 2.5 locally unique up to complex rotation.

Proposition 5.1. Denote by (up)n>o0 a family of minimizers of (3.2). Then, there exists a mini-
mizer ug of (1.1) such that there is a monotonically decreasing sequence (hy,)nen with

lim [|ug — up, |[z1 = 0.
n—oo

In particular, we can define the twisted approzimations
Up, = ey, where ¢, € (=%, %] is chosen such that m(up,, ,iug) =0,
which also converge in H', i.e.,
i [[tin,, — uolls = 0.
Conversely, for any n, the minimizer uy, is an approzimation to e~ ®ru.

Remark 5.2. The assertion of Proposition 5.1 can be interpreted as follows. Assume that there
exists a (sub-)sequence of discrete minimizers that keeps a positive distance to all exact minimizers,
then this would be a contradiction to Proposition 5.1. Hence, for h sufficiently small, one always
arrives at a neighborhood of some minimizer ug, which is precisely the claim in Theorem 3.35.

Proof of Proposition 5.1. The proof of convergence of a subsequence is along the lines of [10] if one
takes into account the bounds provided in Lemma 3.2 together with the weak lower semi-continuity
of E, see Theorem 2.2, and Assumption 3.1.

For the twisted approximations, we note that we can find some ¢,, € [-7, 5] such that real part
of the inner product with iug vanishes if n is large enough. Thus, we obtain by the choice of ¢,
sin ¢, m(up, ,up, ) = m(e¥uy, ,iuy, ) = m(e®muy, iup, — iug).
Since the right-hand side tends to zero, either ug = 0 or ¢,, — 0 holds. In any case, we have
[in, — ol < [lun, —uollms + 11— €| |lun, || — O,

which yields the assertion. O

5.2. Discrete inf-sup stability. In order to derive the error estimates, we first establish a discrete
version of the inf-sup condition in (2.9). In the proof, we need the following consequence of
Assumption 3.1.

Corollary 5.3. Let Assumption 3.1 hold, and let z € H}, be the solution of
(E"(u)z,0) = (f,¢), for all p € Hy,.

Then, it holds the estimate

(5.1) 12 = Ricnzllmz S Csot (u, w)R||f[ 2

Proof. We rewrite with Lemma 2.3

ax(z,9) =m(f, @) —m(f..p) forall p € Hy,.
Here, f, satisfies
1012 S K2 lIzllee S Coor(u, K)[| f] 2,
where we used part (b) in Corollary 2.7, and the approximation (3.1) in Assumption 3.1 gives the
claim. ]
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The proof of the next lemma, which states the discrete inf-sup stability, is inspired by the thesis
[37, Prop. 8.2.7], where this was done for the Helmholtz equation.
Lemma 5.4. (a) If KCso1(u, £)h is sufficiently small, it holds for all wy, € V-
E" (u)wp, @
ol S Cuonlunr) sup 100 0n)
oo Tienlla

where the constant is independent of h and k.
(b) For any f € (HL,), there is a unique wy, € V;* such that

<E//(u)wh7 Soh> = <.f7 Sph>7 for all Ph S VhL
and it holds
fwnlla: S Csol(u, &) £l a1y -

Proof. Part (b) is a classical stability bound for inf-sup stable problems, cf. [5, Thm. 2.1]. Hence,
claim (b) directly follows once we have shown (a). To do so, we fix w;, € V;- and observe for
arbitrary z € HY

(5.2) (E"(u)wp, wp, + 2) = as(wn,wy) + K> Re/ (2lul® = D wpwy, + vwjwy, dz + (B (u)z, wy).
Q

Now let 2 € H! be the solution to
(B"(u)z,0) =m(f,p) forall pe H  with f=(8*+2k%)wy,
and insert it into (5.2). Then, we obtain from (2.4) together with Lemma 2.1 and Lemma 2.3 that
lwnllzn S (B (wwn, wp + 2) S (B (w)wn, wp + Ry 2) + [[wl| g2 [[Ric 2 = 2l|m;

E//
sup (B (u)wn, o)
enevit  lenllm

~

1 1
[lwn + Rig p 2|z + [fwnl[ R pz = 2[|ay.-

It remains to study the terms with z. Here, we establish with Corollary 2.7 and (5.1) the bound
wllzllay + P2 = Rigp2llms S Coot(us W)|Ifl 22 S £Csor(us &) |whl | .-

From this, we finally conclude

(B (u)wn, n)

lwnllfy < sup Csor(u, &)|[wnl[ mrz + £Cso1 (w, )R [whl |7
PhEVE HQPhHH;,
and obtain the assertion (a) if KCso1(u, k)h is sufficiently small by absorption. O

5.3. Convergence with rates. After these preparations, we can derive the error equation em-
ploying the second Fréchet derivative E”. To this end, we strive for a representation of the form

(5.3) (E" (w)(Roy pu — un), on) = enlen),

for ¢, € Vhl and employ Lemma 5.4 to conclude a bound for Ri Lt — up. The right-hand side ¢j,
is studied in the following lemma.

Lemma 5.5. Let u and up, be minimizers of (1.1) and (3.2), respectively.

(a) For ¢y, € Vi1 it holds the representation (5.3) where g, = e}t 4 ghionlin and
e (on) = Re [ (0 = DRE = )+ 2R = )"+ PR ) de
Q
- 8 Re [ (REju - u), da,
Q

ghonlin(y, ) = 942 Re/Q [u|?uep}, dr + K* Re/Q lup |2un;, de — K2 Re/92(|u|2uh + uPuj) oy da.
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(b) The error terms are bounded by
lle™ ¢y < Aillu = Rig pul |z,

legemtia

my S ([l = unl|La + [Ju = unllze),

where the constants are independent of hA and k.

Proof. Inserting the exact solution u, we decompose ¢, as

en’(on) = (B"(w) Ry pu—u)yon), i (on) = (B (u)(u—un), on),
and treat the two terms separately. We begin with the linear part and use Lemma 2.3, the definition
of a,(-,-) in (2.4), and the orthogonality condition of Rih to obtain

(E"(u)(Ric pu — ), n)

— aal®bu = uon) + o Re [ ((uf = DL - 0) 4P R = 1)+ P (RE - ) g do
Q

I{7

= —-pB? Re/(Rihu—u)go,*de
Q

+x2 Re/@((|u|2 — 1)(Rihu —u) + uQ(Rihu —u)* + |u|2(Rihu — u))goz dx.
Using that &|[on||r2 < [|¢n|lm1 gives the first estimate in part (b).
For the nonlinear part, we note with Lemma 2.3 the identity for v, € H!
(E"(v)v, ) = (E'(v), @) + 2K* Re/Q lv[2vp* di.
Since (E'(u), pn) = (E'(un), ¢n) = 0, we expand
(B (u)(uw—un), on) = (B"(w)u, on) — (E" (un)un, on) + (E" (un)un, on) — (E" (w)un, on)

= 2K2 Re/ lul2up} de — 2k2 Re/ lup |*up g}, do
Q Q
FwtRe [ 2l o + (o~ )i o
Q
= 2K° Re/ luPup} d + K* Re/ lun |*unep}, de
Q Q

— K2 Re/ (2ul?up + vu}) ¢} dz,
Q
where we collected terms in the last step. For the estimate, we write up, = u — e, and compute
(5.4) 2ul®u + |upPun — (2ulPun +vuj) = 2ulen|® + eju* — |en|?en,
which together with |u| < 1 and the Holder inequality gives the second bound. O
Now we have everything together to prove the first part of Theorem 3.3, i.e., the H !-estimates for
the discrete minimizers.

Proposition 5.6. Let u and up be minimizers of (1.1) and (3.2), respectively, and assume the
orthogonality m(up,iu) = 0.

(a) We have for the fully discrete error

U — Up||H S ||U— D pUl | HL R Usol,h (K)||UW — IV pUj| L2 R Usol,n (K U — Up||p4 U — Up||Le
I 2 < [lu =R pullary + K Cooln(R)]Ju = Ry pullzz + & Cuorn () (1| 124+ 1] 1Zs)
(b) For h sufficiently small, we have for the (unique) minimizer u in Proposition 5.1

= unllzy < o= Rl iy + 5 Coon () — Ryl

Let us point out that (a) holds for any minimizers u and wy. But to ensure that the higher order
terms are indeed negligible, we need the a priori information from the abstract convergence result
in Proposition 5.1.
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Proof of Proposition 5.6. (a) Using the triangle inequality, we obtain
u —wnllm < lJu—Ropulla + R — unl a1,
and are left to bound the second term. Lemmas 5.4 and 5.5 then give
IR = unlly S Coor(us w)l[enl |y S wCsor (u, #) ([lu = Ry pullrz + [Ju = unlFa + [[u — unllZe),

and the bound is established.

(b) With the convergence shown in Proposition 5.1 for h sufficiently small, we can absorb the
higher order terms, and obtain the claimed estimate for h < hyg. ]

We can further show quadratic convergence in the L?-norm for the discrete minimizers using an
Aubin—Nitsche argument.

Lemma 5.7. Let u and up be a minimizers of (1.1) and (3.2), respectively, and assume the
orthogonality m(up,iu) = 0. We have for the fully discrete error

lu = unl[L2 S Csol(u, £)h||u — unl]my
+ Csor(u, &) k||u — up|| 22 (||u — unl|ps + ||u — un||2e),
and hence for h sufficiently small, it holds for the (unique) minimizer u in Proposition 5.1

lu = unllz> < Coor(u, £)h[|u — un|m-

Proof. Recall the abbreviation e, = u — uy, and let z € H,}, be the solution of
m(E" (u)z, ) = m(en, @),
and note that Corollary 2.7 and (5.1) give the estimate
(5.5) Rllellazz + Bz = Ripzllm: < Csotlu, )l enl| e
Using the symmetry of E”, we can decompose the error as
llenllZs = (B"(u) en, 2 = Ry p2) + (E" (u) en, Ry p2) = B + eh™ ™ (R 2),
where e}°"lin is defined in Lemma 5.5. We estimate the first term with Lemma 2.3 and (5.5)
E* < Mlenllm |2 = Ry 2l < Coor(u, w)hllel |z llenl | 2.

For the second term, we use the representation of e} in Lemma 5.5 and (5.4) together with
(5.5) and the Hélder equation to obtain

|Eh™ " Rin2)| S w2 lw = unllze (Il — unllzs + [lu = unl[Zo) R a2l
< £Cso1 (u, k)|l = unlz2 (1w — unl|zs + [Ju — unllZo) llenl| e,

where we used /<;||Rihz||H1 S Kllzllgr S Csoi(u, &)|lenl|z2 in the last step. Combining the two
bounds and dividing by ||e||r2 gives the desired estimate. O

A similar trick gives the improved convergence of Rih in the L2-norm.
Lemma 5.8. For kh small enough, the following bound holds for all w € H},
lw = Ry (w)llz2 S Pllw = Ry, (w)] oz

where the constant is independent of h and k.

Proof. We use an Aubin-Nitsche argument and let z € H;, be the solution of
ax(z, ) = m(w — Rthw, ), forallpe Hilu.
Using orthogonality, we have by (3.1) that
[lw =Ry pwllfs = an(z = R pz,w = Rig yw) S hllw = Ry pwl| 2w — Ryl

and the claim follows. O
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Finally, we provide the error bounds for the energy which behaves in the lowest order as the square
of the error in the H!-norm.

Lemma 5.9. Let u and up, be minimizers of (1.1) and (3.2), respectively. The error in the energies
18 bounded by

0 < E(un) — E(u) S llu—unllfp (1+&"2|[u = unllmz + sllu = unl[3)-

We note that the powers of x can be improved in the case d = 2, but since the leading order term
does not change, we will not give any details here.

Proof of Lemma 5.9. Since V;, C H', we have E(u) < E(uy), and thus the lower bound. In the
next step, we derive the representation

E(up) — E(u) = %GA(U — Up, U — Up)
(5.6)

2
# 5 Re [ (1= )P = (1= P 4 4G~ Dl = w)* de,
Q

Let us first note the identity

1 1 1
§a,4(u — Up, U — Up) = iaA(uh,uh) — §a,4(u,u) + aa(u,u — up),
and rewrite the energies as
1 1 K2 212 212
E(up) — E(u) = iaA(uh,uh) - iaA(u,u) + IRe (I —Jupl®)* = (1 — |ul?)* dzx
Q
1 K>

= 5aA(u — Up, U — Uup) + ZRG/ (1 — |unl®)? = (1 = |u|*)* dz — aa(u,u — up).
Q

Since u is a minimizer, we have (E'(u),u — up) = 0 and thus by (2.5)

—aas(u,u—up) = K? Re/ (Jul* = Du(u — up)* da,
Q

and hence (5.6) holds. The first term of the representation gives the H!-norm in the estimate,
and it remains to study the nonlinear part. We first investigate the difference of the squares. As
before, we write u;, = u — ej and obtain

(1—Ju—en?)* = (Ju® +|en]? — 1 — 2Re(ue}))
= |u[* + 1 — 2/ul* + 4Re(ue}) — 4|ul? Re(ue}) + O(lenl? + lenl® + lenl?),

which gives

(1 —Junl*)® = (1 = [u]*)* = 4Re(ue}) — 4|ul® Re(uey,) + O(len|* + len|” + [enl).
We now show that the part, which is linear in ey, is canceled by the last term in (5.6). In fact,
since it holds

4Re(|ul® — Du(u — up)* = 4ul* Re(ue) — 4 Re(ue}),

we conclude from (5.6), the fact that |u| < 1 and the Hélder inequality the bound

B(up) — B(u) S |lu—unllf + &2 ([l = unl[Z2 + [lu = unllzs + |lu—unll7a).
To show the final estimate, we use interpolation theory, see e.g., [33, Thm. 2.6], with % = g + %
for 0 = % to obtain for w € H*

3/2 3/2
K2llwl[s S w12 (kllwllz2) ™ lwll3e < w22 (lwll3,
and similarly with % = g + 1—59 for 6 = %
K2 ||wl|za S K (wllwlc2)[[w][7e S #llw|[F

and the second claim is established. O

We can finally give the proof of our main result.
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Proof of Theorem 3.3. We mainly collect the results shown in Proposition 5.6, Lemma 5.7, together
with the L2-estimate in Lemma 5.8, and Lemma 5.9, and the claims are established. O

5.4. Application to Lagrange finite elements. In this section, we consider the linear Lagrange
finite element space V}, as defined (3.3). In order to derive the corresponding error estimates
through verifying the assumptions of Theorem 3.3, we require the L2-orthogonal projection onto
the ansatz space Vj, as an auxiliary projection. We recall the L?-projection for v € L? as

m(mpv, pp) = m(v,pp) for all ¢p € Vj,.

In the following lemma, we provide corresponding estimates in the H!-norm which are the first
step towards verifying part (b) in Assumption 3.1.

Lemma 5.10. (a) The L2-projection 7, is stable in H}, i.e., there hold the bounds
lmnellmy Sllellu,  ee€HY,
where the constant is independent of A and k.
(b) For all z € H? it holds
Iz = mnzllmz S bll2ll a2,
where the constant is independent of A and k.

(c) If Q is convex and z € H{, satisfies for f € L? the equation a,(z,¢) = m(f, ) for all ¢ € H} ,
then

2 = mnzllm: S Rlflze-

Proof. Due to (3.4), standard arguments lead to the bounds on the L2-projection in part (a) and
(b). Part (c) is a direct consequence of part (b) and Lemma 2.4. O

In the next lemma, we relate the orthogonal projection, which takes into account the orthogonality
to iu in m(-, ), to the L2-projection.

Lemma 5.11. For kh small enough, it holds the bound
o = Run@llaz Sl = mellas, ¢ € Hiy

Proof. For ¢y, € Vi, we let P : Vj, — Vi1 be the mapping that adjusts the angle to iu via

m(pp,iv)

o, )0

Pit(‘ﬁh) = Ph —

We this we obtain for any ¢ € H},

L m(ﬂhcp— QP»W) :
Il — Rn,h(w)HH; Slle— (Plt o Wh)SOHH; <|lp— 7Th<P||H; + WH”MW)HH;
[[ullz>
Slle—m +llp—m . —— u
S o= meln + llp = malon e Al
K
S e =mellay + ———=Ille = mellee S Ml = mnellayg
1—crh
where we used in the last step that ||ms (iu) — iu||2 S hl|u||g1 < kb holds. O

These preparations lead to the error bounds for our first application.

Proof of Corollary 3.4. From Lemmas 5.10 and 5.11, we obtain that Assumption 3.1 holds, and
thus we can use the bounds in Theorem 3.3. In addition, we recall that 2 is assumed to be convex,
and, hence, the approximation estimates due to Lemmas 5.10 and 5.11 yield

llu = Ry pullms S bllulluz S w2,

where we used Theorem 2.2 for the last step. This establishes the claims. ]
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6. RELAXED k-DEPENDENCIES IN LOD SPACES

In this final section we present a nonstandard application of the abstract approximation result in
Theorem 3.3. For that we consider spaces based on the so-called Localized Orthogonal Decompo-
sition (LOD). LOD spaces were originally developed in the context of elliptic multiscale problems
with rough coefficients to efficiently handle low regularity and unresolved scales [35]. An introduc-
tion to the methodology is given in the textbook by Malqvist and Peterseim [36] and the review
article by Altmann et al. [4]. Recently, new applications of these spaces emerged in the field of
quantum mechanics where they were used to boost the performance of traditional discretizations
[27,29,43]. As we will see see, the Ginzburg-Landau equation could be yet another promising
application of LOD spaces in the context of quantum physics.

To define suitable LOD spaces for the GLE and to characterize its approximation properties in
an abstract way, we start from a linear Lagrange finite element space V}, as defined in (3.3) and
assume that the underlying triangulation 7y, is shape-regular and quasi-uniform. The LOD space
is now constructed from Vj, by applying the inverse of a differential operator to the functions of
V. In our case, we use the differential operator associated with the bilinear form d(-,-,). The
construction is made precise in the following definition.

Definition 6.1 (LOD spaces). Let a,(-,-) denote the symmetric, continuous and coercive bilinear
form on HY(Q2,C) given by (2.2) and let A_' denote the corresponding solution operator on L2,
i.e., for f € L?(Q,C) the image A 'f € H' is given by the solution to

a( A o) =m(fp)  forallpe H.
With this definition, the LOD space based on ax(-,-) and V}, is given by
VO = AV

We note that the above definition of LOD spaces formally differs from the construction given in
the classical references [26, 28, 35]. However, the characterizations are indeed equivalent as can be
extracted from e.g., [25] and [4].

From a practical perspective it is also important to note that the space V;*°P admits a quasi-local
basis, i.e., basis functions that are (super-)exponentially decaying in distances of the mesh size
h. Details on the practical computation/approximation of such basis functions are given in [21]
and recent super-localization strategies are presented in [25]. Corresponding numerical errors that
might arise from the approximation of basis functions are well understood [4] and will be for brevity

disregarded in the following error analysis.
The approximation properties of the idealized space V;*°P are summarized in the following propo-
sition.

Proposition 6.2 (Approximation properties of V;“°P). Let V;-OP be the LOD-space from Defini-
tion 6.1 and let f € L? be given. If u € H' denotes the solution to

an(u, ) =m(f,9)  forallpe H'
and if Ry u € ViiOP denotes the corresponding ay (-, -)-Ritz-projection of u in V,-°P, then it holds
(6.1) lu =R ulluz S hIf = 7nfllL2,

where we recall T, : L?> — V3, as the L?-projection on Vi,. The hidden constant in (6.1) is generic
and depends on the coercivity and continuity constants of ax(-,-), as well as the mesh regularity,
but it does not depend on h and k.

Furthermore, for every ¢ € H' there exists a unique decomposition such that
(62) ="+ gy,  where $*°° € VP, mido=0 and (6", ¢) = 0.

The result is standard and can be for instance found in [29] for homogeneous Dirichlet boundary
conditions. For generalizations to higher order FE spaces and to only piecewise smooth source
terms f, we refer to [34].
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Analogously, to Standard Lagrange finite elements, it is also possible to quantify the approximation
properties of R P for general smooth functions. This is done in the followmg lemma.

Lemma 6.3. Let V,{“OD be the LOD-space from Definition 6.1 and let Ry : — V,EOP denote

the corresponding Ritz-projection w.r.t. ax(-,-). Then, for every w € HZ, there is a f, € L* such
that

x(w, ) = m(fuw,p) and |[fullr2 < |[wllgz.
Consequently, for all w € H? it holds

[lw — RL wHH1 <h||w||Hz.

Proof. From (2.8), we obtain using integration by parts
a(w,p) = Re/ (—Aw + f2w + 21k AVw + &% |AlPw) " dz = m(fu, )
Q
and the bound for ||f,||.2 follows. Proposition 6.2 finishes the second part of the lemma. O

From this lemma, we can deduce property (a) in Assumption 3.1. For the second property, we
need a variant of this result given in the next lemma.

Lemma 6.4. Let V,"°P be the LOD-space from Definition 6.1 and let RLOD H' — VEOP denote
the corresponding Ritz-projection w.r.t. a(-,-). For f € L? let w € H}, be the solution of

i (w, 0) =m(f, ) forall ¢ € Hy,
Then, it holds
lw = Ry wll gy S hlIf] 2

Proof. As in the proof of Lemma 2.4 in (2.7), we know that w solves the variational problem also
tested against all ¢ € H! for some modification of f which is bounded in L? by ||f||z2. Hence, the
assertion follows from Proposition 6.2. O

To apply the general error estimates in Theorem 3.3, we need to verify Assumption 3.1 for the
LOD space V;-°P. As H? is a dense subset of H!, the property (a) follows from the second part
of Lemma 6.3. For property (b), we require the following lemma.

Lemma 6.5. Let again RLOD H' — VFOP denote the Ritz-projection onto the LOD-space V;-OP
and let

1,10 .
R0 Hy, — VyOP 0 (iu)*

denote the corresponding Ritz-projection onto V;=°P N (iu)*. If h is small enough, in particular

h < k™Y, then it holds for all ¢ € H,

1,LOD
R

Il — ellm Slle — RS ol

Proof. To proceed as in the proof of Lemma 5.11, we note that by the LOD-decomposition (6.2)
we have mp, (1u — RLOD(lu)) = 0. Hence, with the approximation properties of 7:

(6.3) [R5 (1) — iul| g2 S AREGY () — iull gy S Blliul|az S k.
This implies for all p € H,
LO
1, m(R.5 ¢, u)
e = Ry Pl Sl — <RLOD WRE%D( )) 177!
MR35 ¢ — ¢, iu)

<l — Ry ollm +

(R )y | Ol
3

Uil 2
< lle ~ REPollas + Il — REPll22 Jul

m(Ry5 (i) — i, iu) + [ul[7

[l 2

Slle— RLODSD||H1+ﬁ||<p_ n el Slle —ReG ol 0
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Lemma 6.5 together with Theorem 3.3 guarantees that the Hl-error between an exact solution u
and a corresponding approximation in the LOD-space is bounded by ||u — RE%D’LLH mi- The next
lemma quantifies this error.

Lemma 6.6. Let u be a minimizer of (1.1) and let RE%D : HY — VEOP be the Ritz-projection
onto VXOP. Then it holds at least

LOD 372
lu =R % ullmy S w70
and, if Q is conver, we have uw € H? and the estimate improves to

lu = REPullry S 1.

Proof. We want to apply Proposition 6.2. By E’(u) = 0 we have for every ¢ € H} that
G (u, @) = ﬁRe/ up* dr — K? Re/ (Jul* = 1)up* dz = m(Bu — £ (Jul* — 1)u, ¢).
Q Q

Since f2u — k2 (|u|? — 1)u is at least in H* and even in H? for convex domains, one easily verifies
that for s =0,1,2

18%u — K (lul* = Dullas < 6*(lullzn + |lullae) < 52

where we used the bounds from Theorem 2.2 and in particular repeatedly |u| < 1. The estimate
now follows with Proposition 6.2 and standard estimates for the L2-projection 7, on P1 finite
element spaces. O

By collecting the previous results we obtain our final main result which shows the superapproxi-
mation properties of the LOD space, even on nonconvex domains.

Theorem 6.7. Let Assumption 2.5 hold and let h be sufficiently small in the sense of Theorem
3.8. If V;-OP denotes the LOD-space from Definition 6.1 and if uj,°P € V,XOP is a corresponding
minimizer of the Ginzburg—Landau energy with

Ewi°®)= inf E(p),
(ur”) pevLoD (¢)

then, there is neighborhood U C H'(Q) of u}°" and a unique minimizer w € U of (1.1) with
m(u®P,iu) = 0 and such that

Cs_oll(uv H) Hu - U%LOD”L?(Q) +h ||U - U%LODHHé S, Ii3h3,

and for convex domains Q (and consequently H?-solutions) it even holds

Coot (u, k) [lu = up®P 20y + b |lu — w1 S K*h%

Proof. Proposition 6.2 and Lemmas 6.3, 6.4, and 6.5 guarantee that Assumption 3.1 is fulfilled for
V,FOP. Hence, we can apply Theorem 3.3 together with Lemmas 6.5 and 6.6 to conclude that for
all sufficiently small h and for v € H® with s € {1,2} it holds

= uOP |y S Hu =Ry Pully S [lu = REG ullay S w7207,
and
|Ju — U%LOD”LZ S Csor(u, k)M | Ju — U%LODHH; S Csol(u, k) RS2 RS2

O

Remark 6.8. It is worth to note that, in LOD-spaces, one can also improve the smallness condition
on £Cso1(u, k)h required for the inf-sup condition in Lemma 5.4. In fact, a precise inspection of the
proof leads to a smallness condition on k?Csol(u, k)h?, which is in general weaker if 1 < Csor(u, k).
However, since the abstract result contains a term of the form 1+ kCyo)(u, k)h, one cannot exploit
this any further in the error analysis, and we thus refrain from giving the proof here.
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