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This dissertation concerns cross-country consumption risk sharing in a long-run
perspective. Financial integration, empirically measured by cross-country hold-
ings of assets and liabilities, has increased dramatically in the past two decades.
But what can explain the lack of cross-country risk sharing documented in the
literature? Chapters 2 and 3 of this dissertation address this question.

In Chapter 2, we set up a model to illustrate the mechanical difference between
a bond economy and an insurance economy. We show that a bond economy can
intertemporally smooth consumption in face of transitory output shocks, but not
for permanent output shocks; an insurance economy is essential for risk sharing on
permanent shocks. We therefore show that when both transitory and permanent
output shocks exist, transitory shocks only create “noise” if the focus of interest is
on identifying risk sharing in the long run.

In Chapter 3, we specify an empirical nonstationary panel regression model to
test long-run consumption risk sharing across a sample of OECD and emerging

market countries. This is in contrast to tests in the literature which are mainly



about risks at business cycle frequency. We argue that these existing tests neglected
the permanent elements of risks that are of interest and that their model specifi-
cations were not rich enough to accommodate heterogeneous short-run dynamics.
Since our methodology focuses on identifying cointegrating relationships while al-
lowing for arbitrary short-run dynamics, we can obtain a consistent estimate of
long-run risk sharing while disregarding any short-run nuisance factors.

Our results show that, for the period of 1950-2008, the level of long-run risk
sharing in OECD countries is similar to that in emerging market countries. How-
ever, during the financial integration episode of the past two decades, long-run
risk sharing in OECD countries increased more than in emerging market countries.
Furthermore, we investigate the relationship between various measures of financial
integration and cross-country risk sharing, but only find weak evidence of such

linkages.
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Chapter 1: Introduction

Risk sharing or state contingent insurance is a vintage topic that can be traced
back to Arrow (1964), Debreu (1959) and recently Shiller (1993). Obstfeld and
Rogoff (1995) showed that, assuming a framework of a complete market with two
countries, two periods, and a constant relative risk aversion (CRRA) utility func-
tion, consumer utility maximization leads to a “perfectly pooled equilibrium” (Lu-
cas (1982)). This benchmark model implies that full risk sharing leads to perfect
cross-country consumption correlation. However, despite the long history and the-
oretical soundness, Backus, Kehoe and Kydland (1992) documented an important
“consumption correlation regularity”, i.e., cross-country consumption correlation
is no higher than cross-country output correlation, a contradiction to the model’s
prediction. Following Backus, Kehoe and Kydland (1992), explanations of the reg-
ularity hinge on the idea of relaxing the consumption utility function to allow, for
example, non-addictive non-tradable goods (Backus and Smith, 1993; Tesar, 1993),
the inseparability of goods and leisure (Devereux, Gregory and Smith, 1992), and
taste shocks (Stockman and Tesar, 1995). The problem is that these models still
predict a strong consumption correlation, but empirical tests nevertheless indicate
otherwise.!

Parallel with the development in theoretical models, much of the empirical lit-
erature uses panel regression of idiosyncratic consumption growth on idiosyncratic
output growth for testing risk sharing (we call this type of regression “conven-
tional panel regression”). Since the benchmark model predicts consumption to be

perfectly correlated across countries, consumption should be orthogonal, or inde-

!Some models transmit strong consumption correlation into other aspects, which leads to irra-
tional testing results on those other aspects.



pendent, to output apart from the common components of world consumption and
output.

It is not surprising that the tests rejected the null hypothesis of orthogonality
from the benchmark model’s prediction, considering that many factors can limit the
level of risk sharing in the real world (Mendoza, 1991; Backus, kehoe and Kydland,
1992 on market frictions and restrictions on market institutions; and Obstfeld and
Rogoff, 1995 on moral hazard and sovereign risks). Since the null hypothesis is
always rejected, people take a more practical approach to interpret the estimated
slope coefficient as a measure of risk sharing. However, this leads to indecisive
findings on risk sharing. For example, Canova and Ravn (1996) concluded that
risk sharing is almost complete in a short cycle, but not in medium and long cycles.
This contradicts the claim of Artis and Hoffmann (2006) that there is more risk
sharing in the long run rather than in the short run.

Furthermore, we expect an increase in risk sharing following the recent increase
in global financial integration since a country is better off when financial integration
can trade away some of its idiosyncratic risk through international diversification.
What is puzzling is that much of the literature did not find increases in risk sharing
(Bai and Zhang, 2006; Moser, Pointer and Scharler, 2004).?

These empirical findings imply that we need to be cautious on interpreting test
results. In order to explain this, we illustrate in Chapter 2 the mechanical difference
between intertemporal smoothing and risk sharing and show how the estimate of
risk sharing can be biased due to contamination by intertemporal smoothing and

other factors.

2Artis and Hoffmann (2006) and Artis and Hoffmann (2007), among a few papers, found risk
sharing increased in the recent financial integration period. Labhard and Sawichi (2006),
based on a factor analysis approach, even found a slight decrease in risk sharing between UK
regions and between UK and other OECD countries. For survey papers, please refer to Kose,
Prasad and Terrones (2007) and Corcoran (2008).



Specifically, we set up a model to show that a bond market can intertemporally
smooth consumption in face of transitory output shocks, but not for output shocks
that have permanent effects. An insurance market is essential for risk sharing on
permanent shocks. The types of shocks do not matter in the case of complete
insurance because all the risks caused by shocks are fully shared across state of
natures and there is no intertemporal smoothing. However, if an insurance market
is not complete, the consumption dynamics, driven by the motivation of intertem-
poral smoothing, is subject to these types of shocks. For example, intertemporal
smoothing through a bond market should drive consumption moves more dramati-
cally than output if output is a unit root process, but relatively smooth if output is
stationary. Taking this into a panel with heterogeneous cross-country output pro-
cesses, the estimated slope coefficient in a conventional panel regression captures
risk sharing effects, an unknown term, plus a bias caused by correlation between
output and the error term. However, if the focus of interest is on identifying risk
sharing in the long run, we show that transitory shocks only create “noise” in
identifying long-run risk sharing through a nonstationary panel regression. More
generally, other nuisance factors, such as taste shocks or short-run dynamics caused
by market frictions, also become innocuous.

Chapter 3 tackles the issue noted above by estimating an empirical nonstationary
panel regression model. Let us discuss the limitations of the conventional panel re-
gression. First, conventional panel tests do not consider the permanent elements of
risks that are of interest. This is because these tests work with differenced data in
order to achieve stationarity of the data and therefore avoid the spurious regression
problem. However, by doing so, they disregard the permanent element of risks im-
mediately. If the welfare gain of sharing the risks stemming from permanent shocks

is larger than that of sharing transitory risks, it is especially important to analyze



the sharing of permanent risks. Secondly, as a result of using specifications that are
not rich enough to accommodate the true data generating process (DGP), conven-
tional panel tests omit important factors such as heterogeneous short-run dynamics
in output and consumption processes. In many applications, a conventional panel
regression is suitable because the panel contains data with a large N dimension
and a limited T dimension. The limited/finite T dimension constrains a conven-
tional panel’s ability to deal with dynamics, especially heterogeneous dynamics,
even if theories indicate the importance of dealing with dynamics. However, in our
application, it is important to take the heterogeneous dynamics into consideration
simply because we work with countries which are different in so many dimensions.

In light of these limitations, we estimate an empirical nonstationary panel regres-
sion model that tests long-run consumption risk sharing. Our methodology focuses
on identifying a long-run cointegrating relationship between consumption and out-
put that is induced by risk sharing while allowing for arbitrary short-run dynamics.
This implies that we can obtain a consistent estimate of long-run risk-sharing while
disregarding any short-run nuisance factors.

This is because a nonstationary panel regression essentially uses time-series prop-
erties which take care of dynamics that are unknown. We therefore can be blind
about many aspects of the DGP. Specifically, we allow flexibility in both the length
and the magnitude of dynamics across countries. This allows us to circumvent
many issues that require strong assumptions in the conventional panel. Some may
argue that it is nice to apply time-series arguments to macroeconomic tests, but
we face data limitations. One of the nice features of nonstationary panels is that
it uses data in cross-sectional dimensions to compensate for relatively short data
in temporal dimensions in order to achieve reliable estimating and testing results.

We also address an important issue in the empirical work on risk sharing: the



cross country variation in the steady state of risk sharing. On a practical level,
different countries will reasonably choose the level of cross-country holdings of
assets and liabilities to the extent that costs equal benefits. Given that costs and
benefits may differ across countries and across different contingencies, the level of
risk sharing should be different. While the nonstationary panel specification allows
heterogeneous slope coefficients, the slope coefficient is forced to be common across
countries in a conventional panel specification. As a byproduct of allowing the
heterogeneity in risk sharing, we can study cross-country risk sharing distribution
and link this distribution pattern to static financial integration indicators.

The empirical results of Chapter 3 show that, for the period of 1950-2008, the
level of long-run risk sharing in OECD countries is similar to that in emerging
market countries. However, during the financial integration episode of the past two
decades, long-run risk sharing in OECD countries increased more than emerging
market countries. Furthermore, we investigate the relationship between various
measures of financial integration and cross-country risk sharing, but only find weak
evidences on such linkages.

In sum, this dissertation contributes to the literature on illustrating long-run
cross-country consumption risk sharing and to the literature on empirical tests of it.
The structure of the rest of this dissertation is as follows. Chapters 2 and 3 are both
self-contained essays. Chapter 2 provides a theoretical illustration on cross-country
consumption risk sharing. Chapter 3 tests long-run consumption risk sharing across
a sample of OECD and emerging market countries. Chapter 4 summarizes the main

findings in both essays and discusses future research directions.



Chapter 2: Theoretical lllustrations on

Cross-country Consumption Risk Sharing

2.1 Introduction

We assume a world of N small endowment economies with infinite periods. Each
economy is endowed with the same single tradable good in each period. Endow-
ments are stochastic, with both stochastic permanent shocks and transitory shocks
possible.

The main purpose of this chapter is to show how endowment risks/shocks can
be “traded” under different market structures. To that end, and to keep our model
as simple as possible, we assume endowment is perishable. For perishable goods,
the only way to “save” them is through financial markets.

We assume three market structures: autarky market/economy, risk-free bond
market (or bond economy) and Arrow-Debreu state-contingent securities market
(or insurance economy). In an autarky economy, people should consume their
current endowment if the value of their current endowment perishes to zero in
the next period, so risk sharing is trivially zero. For this reason, in the following
sections, we focus on just two scenarios: the bond economy and the insurance
economy.

In section 2.2, we set up our bond and insurance economy models and solve the
optimal consumption paths respectively. We explain that the insurance economy,
compared to the bond economy, can achieve better consumption risk sharing since
people make sufficient ex-ante asset trading to protect against future contingencies
affecting their economic well-being. In section 2.3, we give a model for partial risk

sharing and provide an estimation solution on long-run risk sharing. We conclude



in section 2.5.

2.2 Models

Since each country in the world is small, we assume the world interest rate, . We
also assume that people have the same time preference. In a setting with stochas-
tic endowment, people cannot perfectly foresee random outputs, so consumption
decisions have to be based on expectations on future outputs. We therefore assume

rational expectation on realizations of random outputs in the future.

2.2.1 Bond Economy

We first discuss the question of utility maximization in the bond economy.

Expected utility:

Under the setting of one good and an infinite time horizon, people maximize the

discounted expected value of their lifetime utility,

U= 3 8B u(Cy)) 1)

where Cy is consumption at period s; wu(-) is a period utility function; [ is
the subjective discounting factor on time preference; and E; [-] is the conditional
expectation operator at period t. U, is therefore an expected value. To be specific,
it is the present expected values of discounted future consumption utilities.

Since expectations need not be correct, people can be surprised by shocks. In a

bond economy, people’s consumption is therefore contingent on shocks.



Budget constraint:

Since a bond is the only internationally traded asset in this economy, the intertem-

poral budget constraint is:

i(1ir>s_tcs:(1+r>3t+§(1ir>s_tys @)

s=t

where Y; is output endowment at period s; and B; is the bond holding at the
beginning of period t. We restrict Y; from growing faster than at rate r, i.e.,
ElY;| < @7 Vi, where ¢ is a constant. Under this restriction, equation (2) holds

because we assume the transversality condition,?
1 S
li — ) By =
i (12) B=o ¥

Recall that we assume output is perishable, so people can only save or borrow

to smooth consumption by changing their bond holdings.

2.2.2 Insurance Economy

In a bond economy, we limit our discussion of maximizing consumption utility
through trading a risk-free bond. However, in today’s international financial mar-
kets, there are an increasingly wide range of financial instruments besides a risk-free
bond. An example is stock. A different feature of stock, compared to a risk-free
bond, is that its returns are state-contingent, which means returns vary accord-
ing to realized states of nature. Will trading state-contingent assets change an

economy’s reaction to shocks and therefore better mitigate the effects of shocks?

3For more details, please refer to Obstfeld and Rogoff (1995).



To answer the question above, we assume a complete market for insuring output
risks, as developed by Arrow (1964) and Debreu (1959). For simplicity, we assume
in this section Y; only has a finite number of possible realizations.

We now introduce the complete Arrow-Debreu market, along with some new
notations. We start with a simpler setting of a world of two endowment economies,
A and B, that exist for two periods 1 and 2. We assume two outcomes (states of
nature), o; and oq, possible in period 2, which differ only in their associated outputs
of A and B. Formally, for the world economy, we have Q = {o;, 02}, the sample
space of period 2. The complete information o — algebra field contains 22 = 4
events, namely e; = {01}: outcome 1 happens, e; = {02}: outcome 2 happens,
es = {}: neither 1 nor 2 happens, and e4 = {01, 02}: either 1 or 2 happens.
Suppose that people can buy or sell securities with the following payoff structure
in period 1: the owner (seller) of the security receives (pays) 1 unit of output in
period 2 if o; occurs on period 2, but receives (pays) nothing if o; occurs, where
i,j=1,2and ¢ # j. We use p(0;) to denote the period 1 price of such a security,
quoted in terms of a sure period 2 output; We denote by 7(0;) the associated
probability for o;. Please note that p(es) = 0 and 7(e3) = 0; p(es) = p(01) + p(02)
and m(eq) = m(01) + 7m(02) = 1.

We can generalize this formation into a world of N economies that exists in-
finitely, with finite N, outcomes {01, 02, ...0,,, ..., oy, } possible in period s. The
output level of period s now not only depends on outcomes in period s, but also on
the history of the economy up to period s. We use h; to denote the history of the
world economy in period ¢. In this multiperiod setting, h; is a state of nature that
represents current and past outcomes. Thus h; is a vector valued element in the
sample space of period ¢, denoted as h; € Hy(h;). If outcome o,,,, occurs on period

t+1, then hyy1 = (0n,,,, ) is an element in the sample space of period ¢ + 1,



denoted as h;y1 € Hyi1(hy). There are N, possible outcomes and so Ny, possible
states of nature in period ¢t + 1 (from the point of view of period ¢, given h; has
happened). Progressively, for period t + 2, hyyo = (0p, 105 Oneiys Pt) = (Onprar hit1),
there are N;i 1 X Nyio states of nature in period ¢t + 2 sample space H;,2(h;); and
for any period s > t + 2, hy = (0,,, hs_1) there are Nyyq1 X Ny X - -+ X Ny states
of nature in period s sample space Hy(h;). We can think of a sample space H(h;)
as all possible history of the world economy from period ¢ through period s that
has Nyi1 X Nygo X -+ X Ny elements. The corresponding complete information
o — algebra field contains 2NVe+1XNew2XXNs ayents,

Suppose that people can buy or sell securities with the following payoff structure
in period ¢: the owner (seller) of the security receives (pays) 1 unit of output in
periods s > t if hy occurs in period s, but receives (pays) nothing if A, occurs, where
h, € Hy(h,) and h, # h,. We use p(hs|h;) to denote the period ¢ price of such a
security, quoted in terms of a sure period s output. We denote by m(hs|h;) the
associated probability for hs to occur. We call such a security the Arrow-Debreu
security for h,. We call a market an Arrow-Debreu market if it constitutes such
securities for every hy € Hg(h;), and we call an economy with Arrow-Debreu market
a (complete) insurance economy. Please note, after defining the security price and
probability for each state of nature, we can yield the “composite” security price
and probability for all events. For example, for an event {h,, h,}, the associated
probability equals m(h,|h) + 7(h,|h;) and the price of the “composite” security
equals p(hs|he) + p(h;|ht).

An insurance economy has stronger assumptions than the case of a bond econ-
omy. We now assume people have complete information on prices of all Arrow-

Debreu securities instead of just one price, r, the interest rate of a risk-free bond.

10



Expected utility:

In an insurance economy, people maximize expected utility as follows:

U=uC)+ Y 7% > wlhy | h)ulC(hy)] (4)

s=t+1 hs€H(ht)
where C(hy) is the uncertain consumption of future period s. Please note that
ulC(hs)], s > t+1, does not depend on the realized state of nature hy, i.e., u[C(hs)]
is stable across states of nature. This equation is no different from equation (1).
However, it shows explicitly how the expectation in equation (1) is computed be-
cause this helps to illustrate that ex-ante contingency consumption arrangements

in an insurance economy can achieve stable consumption across states of nature.*

Budget constraint:

We can express the Arrow-Debreu budget constraint as

[e’s) 1 .
Cit > (1) > plh | h)C(hy)
s=t+1 _hSGHS(ht) i
oo 1 .
=Yi+ Y (75 > plhs | b)Y (hy) (5)
s=t+1 | hs €Hs(he) i

where Y (h;) is the uncertain output of future period s. The LHS of equation (5)
gives the present value of the country’s uncertain consumption stream; the RHS

gives the present value of the country’s uncertain output.

4Arrow Debreu securities do not exist in the real world, but the same results of the insurance
economy model can be achieved in a mutual fund economy model. For details on this, please
refer to Obstfeld and Rogoff (1995).

11



2.2.3 Two Types of Shocks
Unit root process

In this paper, we assume output Y; is I(1) in the sense that?:

Yi—-Y 1 =w (6)

where the process {u;} satisfies

A(L)u, = B(L)e,

with

A(L)=1—-a,L —ayl? — -+ —a,L”

B(L)=1+bL+bL*+---+bL*

where {¢;} is a sequence of i.i.d. random variables with Fe; = 0, Ec? = o2, and
Fel < o0,

By definition, the process {u;} is an ARM A(p, q) process if {u;} is stationary.
If we further assume A(z) and B(z) have no common roots, and A(z) # 0 and

B(z) # 0 for all |z] < 1, i.e., all the roots of A(z) and B(z) lie outside the unit

5Generally, an output process can be modeled as a unit root with drift. We assume no drift.
This is because, in terms of risk sharing, we are sharing risks corresponding to stochastic
components of output, or in other words, corresponding to the forecasting variance from a
certain time point of view. The drift term is independent of the forecasting error and therefore
can be safely dropped. Technically, if Y; — Y;_1 = § + wu; is the true DGP, we can always
subtract 0t from Y; to make the mean of Y; constant. However, the variance of Y; is still
time dependent and goes to infinity over time. Note that the statement of infinite variance is
loose. Strictly speaking, if the difference of an I(1) process is a causal and invertible ARM A
process, as we define immediately below, the variance goes to infinity.

12



circle, then {u;} is causal and invertible and can be expressed as®

up = (L)e = Y e (7)
=0
where
WL = B(L)  14bL+byL?+ - +bLe
AL 1—aL—ayl?— - —a,lLp
— o+ ULl 4 L= S L)
j=0
We assume

> iyl < o0 (8)
j=0

Permanent and transitory shocks

According to Proposition 17.2 of Hamilton (1994), process (6) can be rewritten as

Vimuitup+-+u+Yo=91)-(aa+e+-+e)+m—mn+Y (9)

where (1) = 377 1y, me = 372005804, a5 = —(Vj41 +Yjp2 + i3+ +), and
Zﬁo|aj| < 0.

This says that for any nonstationary process that satisfies equations (6)-(8), it
can be decomposed into a random walk process, ¥(1) - (1 + e + -+ + &), the

initial condition, Yy — 19, and a weakly dependent stationary process, 7,. This

5For more discussion on causal and invertible ARMA process, please refer to Brockwell and
Davis (1991) and Prucha (2004).

13



decomposition was first observed by Beveridge and Nelson (1981) and therefore
called the Beveridge and Nelson decomposition.

Since 7, is a stationary process, only the first term, ¥(1) - (61 + &2 + -+ - + &),
matters in the long run. This is because when t — oo the other terms converge to
zero asymptotically at the rate of 1/ VT.

In order to facilitate the illustration of the difference of intertemporal smoothing
on permanent shocks and transitory shocks, we rewrite equation (6) into the form

driven by two additive shocks:

Y, =P A+T, (10)
where
Pt:Ptfl‘i‘et (11)
Ti=) biG (12)
j=0

where {0} is a sequence of i.i.d. random variables with E0, = 0, Ff? = 03, and
E0} < 0075 {¢} is similarly defined. {6,} and {(;} are uncorrelated for all leads
and lags.® Note that, given the assumption that u, is causal and invertible, T} is
also a causal and invertible ARMA process.

Process {1;} is weakly dependent since the covariance of T, and T}, tends to

zero as h tends to infinity.® This is a very different property from the process {P;}

"Process {P;}, such defined, is a random walk process. It is a special case of a unit root process.
The feature of a random walk process emphasized repeatedly in this paper is its persistence,
or in other words, its non-weakly-dependence. We say a random walk is highly persistent
since (as you will see in the text shortly) E;(P.ys) = P; for all s > t.

8For a formal proof that process (6) can indeed be rewritten into process (10) - (12), please refer
to Chapter 13 of Hamilton (1994).

9We know cov(Ty, Ty1p) # 0 even as h — oo if the AR part exists. However, because the speed
with which cov(T}, Ti4r) tends to zero occurs at a geometric rate, we consider the process

14



that is highly persistent, since E(P,,|P;) = P, for all h > 1, i.e., the predicated
value of P,,,, conditional on information available at period ¢, always equals the
value of period ¢ regardless of how large h is.

So far, we assume the transitory component follows a weakly stationary process
(12). It is a general process where b; has a complicated coefficient structure on
an infinite-order moving average process. The reason to start with such a general
specification is because we assume that cross-country output processes are hetero-
geneous in the sense that {7} is different across countries. However, when model
illustrations are in the context of one certain small open economy, we assume a

special case of equation (12) for simplicity,'®

=Y (13)

where 0 < p < 1. {T}} in equation (13) is a stationary AR(1) process, expressed
as an infinite MA process.!! If we let j = t — s, equation (13) can be rewritten
into T; = » 22 p'C;—j. This confirms that equation (13) is indeed a special case of

equation (12).'2
2.2.4 Optimal Conditions

Bond economy:

Using the Lagrange Multiplier to maximize utility equation (1) under budget con-

straint equation (3), or equivalently, plug into equation (1) the current account

{T};} to be “short memory”.

10We use the simple AR (1) process below to show that intertemporal smoothing cannot share
permanent risks and only share transitory risks through borrowing and lending. This conclu-
sion should apply to the general class of an ARMA (p, q) process.

LA little algebra shows that the AR (1) representation is Ty = pT}_1 + (.

12Please refer to Appendix A for an illustration on the differences of permanent and transitory
shocks in terms of forecast.
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identity equation (14),

CAt = Bt+1 — Bt = Y;g -+ ?"Bt - Ct (14)

where C'A; denotes the current account balance at period ¢, we get the following

first order condition:

W/(Ch) = (L4 7)BE; |u/(Cusn)| (15)

If we assume (1 + 7)8 = 1 and a linear quadratic utility function, u(C;) =

C;, — 2(Cy)?, equation (15) leads to Hall’s (1978) result:

EtCt+s - Ct (16)

for all s > t.
From equation (16) and budget constraint equation (2), we can derive a reduced

form consumption

00 1 s—t
Cy = 1 B Ey (Y 17
= [0nme Y () B an
Defining Y, = ﬁz (ﬁ)‘s—t E(Ys), equation (17) can be rewritten into C; =
s=t

rB; + ?t This says that consumption is the sum of the return on bond holding,
rBy;, and the permanent income, 1//\}, where }Aft is the weighted average of life-time
income.

From equation (17), we can yield consumption changes,
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Cit1 —C = 1(Bipn — By) + (}715:1 — 2)

= (Y, = ¥) + (Vi1 — V7) (18)

where the last equality holds by substituting B;,; — B; with the result of plugging
C, = rB, + Y, into equation (14). Equation (18) says change in consumption is
the sum of change in the return on the current account and change in expected
permanent income when new information comes.

Rearranging equation (18), we yield

- 1\ s+
Cor=C= 13 (1) B -B0) (9

s=t+1
Change in consumption is now expressed as the weighted average of changes
in expectations on output. So, in a bond economy, change in consumption is a
function of unexpected shocks.
Now let’s look at the difference of consumption intertemporal smoothing under

different output processes.

e First, let’s check the case when output is stationary, i.e., the case when
Y; = P+ T; and 6, = 0. In this case, Y; = T}, an AR(1) process as defined

by equation (13).'3

For an AR(1) process, we know F;(Y;) = p*'Y}; and we know changes in pre-
dictions due to shock, (: Et(Yt) - Et—l(Yt) = G, Et(KH—l) - Et—l(YiH) = pGt,
Ey(Yig2) — Er1(Yia) = p°¢, and limyo0 By (Yiij) — Eoa(Yigy) = lim;_, o Gt =
0.

13We assume AR(1) process with no constant term for simplicity. The results below should hold
for the case with constant term by replacing Y; into Y; — ¢, where c is the constant term.
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Plugging E,(Y;) = p* 'Y, into equation (17) yields

r
C,=rB, + ———Y, 20
t rt+1+r_pt (20)

Plugging changes in predictions into equation (19) yields
r

C,—Ciq = m@ (21)

Equation (21) gives one of the key results of the bond economy. The marginal

T

utility of consumption in period ¢, u (C;_; + F—

(¢), is not too different from
marginal utility in period ¢ — 1, u'(C;_1). In other words, marginal utility is not
much affected when shock is transitory since the change in consumption is only
1++—pCt’ a small fraction of (;. Comparing equation (21) to equation (16), we see
that ex-post consumption is close to the ex-ante consumption plan. This implies
that the potential benefit of risk sharing through insurance is small from period
t-1 to period t given intertemporal smoothing exists.!?

To further investigate the implication of equation (21), let’s consider a shock in
period t and set all shocks to zero in periods s > t. We assume B, is the bond
holding at the beginning of ¢ — 1 and, for simplicity, zero output before period

t — 1. From equation (20), we have the evolution of consumption, output, and

bond holding summarized in the table below:

s Y Cs B;
t-1 0 rBy By
t G | rBo+ ﬁ,pg By
t+1| pG | rBo+ 1—G | Bo+ li;prt

MBaxter and Crucini (1995) has concluded that intertemporal smoothing can act as a close
substitute for risk sharing if output shocks are transitory.
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t+2 | p*¢ | rBo+ TG By + 1 T p(t

t+3 | p°¢ | rBo + 6 | Bo+ 1+_7«p_pCt

The table shows that consumption in period ¢t — 1 equals interest income on bond
holding. On the impact of a positive (negative) output shock, people consume
permanent income and run a current account surplus (deficit) through lending
(borrowing) a portion of current output (Friedman (1957)). Over time, the current
account surplus (deficit) decreases as output decreases (increases) and consumption
is maintained at its permanent income level.

Let’s define short-run changes of consumption and output under the impact of
shock ¢, as CPF = ‘ggi (; and Y,°F = g? (s, respectively, where the superscript SR

stands for short run. The relationship between CP% and Y% is

.
CPlt = ————Y" 22
T (22)

¢; and Y;°F = (; (from the table above).

since CPF = FEw—

Notice that Y, jumps by the level of shock ¢; while C°F changes much less
dramatically, a confirmation on the implication of equation (21). We call equation
(22) a short-run relationship between consumption and output in the bond econ-
omy; and the coefficient in equation (22) a measure of the short-run intertemporal
smoothing effect.

Let’s now define long-run effects of the shock as CI® = lim, o 8”5 ¢ and

Y;LR = lim,_oo 8Y’5+5C The relationship between C’LR and YLR in this case is not

well-defined since IR = ¢ and Y =lim, ., p°¢; = 0.

r
1+r—p

e Secondly, let’s look at the case when output dynamics follows process (11),
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ie, Y, =P + 1T, and (; = 0. Now Y; = P,, a random walk process defined

by equation (11).

In this case, E;(Y;s) = Y;. Substitute it into equation (17), we get

Ct = TBt + }/2 (23)

Equation (23) says people consume all interest earnings and all current output.
There is no changes in bond holding.

Notice that consumption and output move one-to-one, indicating no intertem-
poral smoothing at all. This is another key result of the bond economy, but it is
very different compared to the case of transitory shocks. The marginal utility now
jumps up/down driven by the level of shock 6, since ex-post marginal utility in
period t is u'(Cy_; + 6,), different from marginal utility of period t-1, u'(C;_,), by
the magnitude of the shock #;. This implies that although people prefer constant
consumption and plan for it ex-ante (equation (16)), it turns out that constant
consumption is not achievable ex-post. Intuitively, this is where the benefit of risk
sharing through insurance comes.

For a random walk shock 6; in period ¢t and no further shocks in periods s > t,

the evolution of consumption, output , and bond holding are as follows:

S Ps Cs Bs

t-1 0 TBO B()

t Qt TBQ + Qt BQ

t+1 Qt T'BQ -+ Ot B(]

The dynamics in this table confirm that the current account is zero in every
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period, meaning a country cannot borrow/lend against a permanent shock without
violating its budget constraints. It therefore confirms that the shock’s effect cannot
be shared through intertemporal smoothing.

In terms of C2F and Y,5%, the short-run relationship is

Csm = ySn (24

since CPF = 6, and Y,°F = 0,.

The long-run relationship is the same as the short-run relationship

cH = (25)

since CF* = 6, and Y, = 0,. This indicates no intertemporal smoothing in the

long run as well.

e In the real world, output is subject to both permanent and transitory shocks.

In this case, Y; = P, + T}, 6, # 0 and (; # 0.

We can rewrite process Y; into the following ARI(1,1) representation,

Y —Yi=0Y; = Y1) + e (26)
Backward recursiveness results in

t+1
Y;Hrl =Y, + Z QtJrlfsgs (27)

S=—00
where o and ¢;, corresponding to parameter p and innovations 6, and (;, are each

some complicated function of p, og, and o.*

15T did not work out the exact form of ¢ and &; since it does not provide any extra insight for
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From equation (27), we have the following results: E.(Y;) — Ei1(Y:) = &4
Ei(Yi1) = B a(Yi) = (14+0)er, Br(Yiga) = Er1(Yigo) = (1+0+0%)er, Ei(Yigs) —
Ei1(Yies) = (1=0"7")/(1—0)es, and hmj—> oo Be(Yirj)=Ei1(Yisy) = 1/(1-0)e,.

Substituting these expressions into equation (17) and equation (19), we can get,'”

0
Ci=rB,+Y,+—r—-(Y,—-Y,_ 28
t = T'Dy t (1—0—7“—@)(t tl) ( )
14r
C,—Ciy = ——— 29
t t—1 1+7"—Q6t ( )

Note that consumption function (28) now has an error correction term in it. The

evolution of output, consumption, and bond holding can be summarized as:

s Y C, B,
t-1 0 ’I"BQ BQ
t &t T'BO + 1ijig€t Bg
t+1 (1 + Q)E} TBO + 1ijig€t B(] - Tgfggt
t-+2 (1+ 0+ e rBy + 1&;% By — —fgrl:f)z,gt
g1
ths | (L4 o+ +0%)a | rBo+ it | By — 4,
o0 1/(1—o)es rBy + 1};;& By — m&f

The defined short-run relationship is

the purpose of this paper. If you are interested in more details, please refer to Chapter 4 of

Hamilton (1994).

16Please note that if we let j = ¢t + 1 — s, we can rewrite equation (27) into Y;y1 = Y; +

Z;’io 0er11—j. We can see it is a special case of equation (6).
7For the details on deriving equation (28) and (29), please refer to Appendix B.
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1
O = Ly (30)

S l4r—op

since CPF = %& and Y°F = ¢,. Notice that in period ¢, consumption

moves more dramatically than GDP since consumption moves to its permanent

level immediately while output movement is a gradual process.'®

In the long run,

1 — 00—
Ly (1)
1+7r—o0

LR _
cyto=

since CMt = T ¢, and VEE = L ¢,. CL and Y,XE are similar when r is

small and g is less than 1'%, To see this, dividing CF® by YV,*® we have }C/‘t_i}’: =
t

1+r—o—ro

T So there is a small blip, rp, between consumption and output due to

intertemporal smoothing on transitory shocks. However, given r is small and 0 <
0 < 1, consumption and output move closely, indicating intertemporal smoothing
is small and empirically negligible in the long run.?

To conclude this case: intertemporal smoothing in a nonstationary output pro-
cess is only important in terms of short-run effects. Since the bond market can

not share risks induced by permanent shocks, consumption follows output closely

in the long run.

18This is essentially the Deaton paradox in empirical literature.

When o equals 1, the output process is an I(2) process, a case we do not consider in this paper.

20When o = 0, output degenerates into a pure random walk process and, therefore, consumption
and GDP comove perfectly.
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Insurance economy

With output uncertainty in a bond economy, individuals keep expected marginal
utility stable over time through borrowing and lending (since a risk-free bond is
the only financial instrument) after learning of shocks.

Of course, people would prefer stable consumption across states as well. How-
ever, this cannot be achieved in the absence of an insurance market. The essence of
state contingent claims (Arrow-Debreu securities) is that it can transfer purchase
power over time as well as across states. To see this, we would like to focus our
concern on the optimal conditions of an insurance economy.

The first order conditions of maximizing equation (4) under budget constraint

equation (5) are

1

s—t / _ s—1t,,
1—+r) p(hs | he)u' (Cy)=m(hs | he) u'[C(hs)] (32)

(

We continue to assume (1+7)8 = 1. Furthermore, we assume actuarial fairness,
i.e., p(hs | hy)/m(hs | he) = p(h, | hy)/m(h, | hy). The assumption p(hs | hy)/m(hs |
he) = p(h, | he)/m (R, | h;) is a counterpart of (14 7)3 = 1. In a bond economy,
if (14 r)B # 1, this will induce a consumption tilting over time. Similarly, if
p(hs | he)/m(hs | Ry) # p(h, | he)/m (R, | hy), this will induce a consumption tilting
across states of nature. Since the purpose of this chapter is to discuss the different
mechanisms of risk sharing in a bond economy and an insurance economy, these
assumptions help focus on the key point and avoid distractions.?!

Under the assumptions above, equation (32) leads to

’

u'(Cr) = w/[C(he)|=u/[C(h,)] (33)

21The assumption of actuarial fairness implies that we assume lenders are risk neutral, i.e., the
marginal utility of consumption is constant for lenders.
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where h,, € H,(h,) is a different history of world economy through date s (different
from hg). This is the Euler equation of the insurance economy, indicating equalized
marginal utilities across states and over time.

Note that equation (32) implies the Euler equation in the bond economy,

u'(Co)=E{u'[C(hs)]}

since B{u/[C(h)]} = S,y (el b [C(he)] = o/ [C(h2)] 5y wlhal) =
w'(Ct), where the last equality holds because >, ) 7(hs|he) = 1. This says
that consumption smoothing achieved in the bond economy can also be achieved

in the insurance economy.

Under a quadratic utility function, equation (33) implies

C =0, =C(hy) = C(R.) (34)

The equalities remind us of equation (16) in the bond economy, but now it has
stronger implications: today’s consumption not only equals expected future con-
sumption, but also equals future consumption no matter what happens between
today and the future. Consumption now is actually constant across states and
dates.

Plug equation (34) into equation (5) and we have

Co= N Y Y sl R ()

s=t+1 he€Hq(hy)

This equation looks similar to equation (17) in the bond economy, but the impli-

cation is again different. The former equation holds both before and after shocks
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happen since risks have been insured ex-ante. Equation (17), however, shows that
changes in consumption is a function of unexpected shocks, which implies that con-
sumption varies one-for-one with output realization. In other words, consumption
is not insured ex-ante.

We can see that in the case of insurance, consumption is independent from its
own realized output. This implies that no matter what the effects of idiosyncratic

shocks are, permanent or transitory, the induced risks are fully shared.??

An example on bond and insurance economies

We use the following example in order to see the sharp differences between the
bond economy and the insurance economy.

Assume a world consists of N rudimentary endowment economies. In order to
keep our example simple, we assume all economies are identical in every aspect until
period t. In period ¢, each economy is subject to i.i.d. mean zero idiosyncratic
endowment shocks, and there are no further shocks in periods s > ¢.

We assume there are no aggregate shocks, meaning world output is constant over

N
time, Y,V = Z Y = N x Y, where Y, is the total world output in period ¢; and
Y is the pre—éﬁéck output level of an economy.

Let’s review what happens in a bond economy. In the first case, suppose shocks
are purely temporary, meaning the shocks’ effects are so transitory that it does
not affect outputs in period ¢t + 1. We therefore can write the output process of
country i as Y = Y +¢;, where E,_1¢; = 0 for all i.

Suppose that country i’s output shock is positive, say, in period ¢, Y = Y + $2.

22Tn a general equilibrium framework with market clearing conditions, Debreu showed that con-
sumption is a constant portion of world output. Together with the derived result here that
consumption is constant, the result implies there is no growth in world output, meaning
that there is no aggregate output shocks. This is why in empirical studies, world output is
subtracted from individual country’s consumption.
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Since there is no aggregate shock, the total output in the rest of the world in period
tis (N —1)Y —$2. All countries’ outputs return to Y in periods s > t. According
to the analysis in Section 2.2.4, country i smooths its consumption by consuming
Ciyt = Y +7/(147) x $2 and lending to rest of the world (running a current account
surplus) of 1/(1 +r) x $2. In period s > ¢, there are no further shocks, and i’s
consumption will remain higher since it receives returns from its period t lending.

In the second case, let’s assume output shocks are permanent, i.e., Yy = Y.N;;_1+

N
€;;. Please note that YtW = Z Y;; = N x Y holds since there is no aggregate shock.
In this case, i’s consumptiori:ilrlcreases by $2 permanently, and consumption in the
rest of the world decreases by $2 permanently (the current account will therefore
be zero).

The results in this example confirm our conclusion in section 2.2.4: intertemporal
smoothing in a bond market can achieve consumption smoothing against transitory
shocks, but not against permanent shocks.

In an insurance economy, however, people can trade Arrow-Debreu securities
for all possible state of natures, i.e., every realization of the random shock has
been hedged ex-ante. In this example, by the time of period ¢, all the countries
have already insured each other against any country idiosyncratic output shocks. If
country i’s output is Y;; = Y +$2 and output of the rest of the world is (N —1)Y —$2,
country i’s consumption equals Cy; = Y; if country i’s output is Yito1 + $2 and
output of the rest of the world is (N —1)Y;,_; —$2, country i’s consumption equals
Cyt = Yi;—1 = Y. With insurance, consumption is independent of the $2 shocks,

regardless of whether the shock is permanent or transitory.
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2.3 Intermediate Case

The illustration in section 2.2 considers consumption risk sharing in a bond econ-
omy and an insurance economy separately. Such models are clearly extreme. In
the real world, it is well known that the financial market is incomplete, i.e., we are
facing an intermediate case where insurance is between 0 and 100 percent.

We now model consumption risk sharing under general output process (6) in an
incomplete market with partial insurance. We assume that the 1 — A portion of

the risks is insurable. So, equation (6) can be rewritten as

}/t _}/t—l = (]. —)\)ut+)\ut

We define (1 — MNuy = u! and A\u; = v, where the superscripts I and U index
the insurable and uninsurable respectively. Similarly, we define (1—\)Y; = Y,/ and
\Y; = YV such that ¥; = Y/ + Y,V. The evolutions of the processes of Y,/ and Y,V

are therefore

I I I
Yy =Y, =

U U _ .U
Yo =Y =

where each process has similar statistical properties as process (6).

This conceptional partition is in line with some of the recent work on exploring
the implications of incomplete markets where there do not exist sufficient contracts
that would allow people to fully allocate their consumption and resources across
states and over time. The incompleteness can be thought of as both exogenous

and endogenous. When it is endogenous, it may come from the inability to write
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contracts against certain risks or to enforce contracts even if contracts are writable.
When it is exogenous, it could be that some people are prevented from insurance
markets or some goods are non-tradable in nature.?

This section will follow in two parts. In the first part, we will show how risk
sharing can be identified in the long run in a nonstationary regression framework
for an individual country. In order to facilitate this purpose, we again take the
special process (26) of the general output process (6). In the second part, we will
show long-run risk sharing can be consistently identified even in a nonstationary

panel of countries with heterogeneous output processes; that is, the output process

in different countries takes a certain form from the general output process (6).

2.3.1 Identifying Risk Sharing in Long Run
Short-run and long-run relationships

For insurable risks, results from the insurance economy should apply, i.e., con-
sumption is constant and therefore independent of output; likewise, for uninsurable
risks, results from the bond economy apply. For example, when the output pro-
cess is ARI(1,1) (equation (26)), combining results from the bond and insurance

economies, consumption is

~ 4%
= (1 - )\)C + (TBt + }/tU + mAYtU>
— (11— e
= (1 )\)C+rBt+)\()/t+(1+r_Q)AK)

23 Although the cause of market incompleteness can be endogenous, we do not tackle the issue of
endogenous A in estimation. Rather, we take a practical stance by interpreting A as a measure
of de facto level of risk sharing.
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where C! and CV are defined correspondingly to V! and YV; B, = Y,Y, + (1 +

r)B;_; — CY | which only involves Y,V and CV since bond holding in an insurance
market is zero; and AY,Y =YV — VY, and AY, =Y, —Y,_,.

Likewise, we can also solve consumption in special cases where output processes
follow an AR(1) (equation (13)) and a random walk (equation (11)). We summarize

results in the table below:

Y, Cy Cy—Ci
Casel Y; = pY;,1 + Ct (1 — )\)C' + TBt + 1+);,T7p}/; 1+);nrip<-t
Case2 Y, =Y, 1+ 6, (1-MNC +7rB, + \Y; A0,
Case3 | AY, = 0AY, 1+, | (1= NC + 1B+ AY, + g725AY) e,
where C; — C;_; equals the results from the bond economy multiplied by A

because Cf = (1 — \)C' is constant.

Recalling CPT and CL# defined in bond economy, we can write the counterparts
in the incomplete economy as C°% = ACS% and CFF = A\CF?. These two relation-
ships hold again because C! = (1 — \)C is constant. The defined short-run and
long-run outputs stay the same. The table below summarizes the short-run and

long-run risk sharing relationships:

Y; Short run Long run
Casel | Yi=pY,1+¢ | OFF = 2y
Case2 Y, =Y, +0, CSE = \Y5R CLR = \Y,LR
Case3 | AY, = oAY,_ +¢, | CFF = /1\(+++—2 f CLR = \(1— . Q)YLR

The short-run relationships depend on serial correlation parameters of the output
process, besides A. This is because the effect of intertemporal smoothing in the

bond market is important in the short run.
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The long-run relationships, however, when they are well-defined, only depend on

A, besides a small blip (in Case3).

Estimating long-run relationships

We first derive the testing equation on long-run risk sharing and show the derived
testing equation can consistently estimate the true risk sharing relationship. We
will then go back to see that the testing equation based on consumption and output
growth cannot consistently estimate risk sharing.

In the case of ARI(1,1) output: AY; = pAY,_1 + &, we have derived the

consumption process,

— (1N e

and we can derive the bond holding process,
Ao

Bi= By~ o, i = V) (36)

where equation (36) holds if we recursively plug CY; to CV into B; = YV, +
(1+7r)B;_1 — CY, and use YV = \Y.

By plugging equation (36) into equation (35), we have

- Ao 0
= (1-=\ By——Y, ;—-Y_ MY, + ——AY,
Ci ( )C—H“{o 1+T_Q(t1 1):|+(t+1+r_g 1)
Ao 0 0
= 1—A B Y | — Yi_ AY; AY,
{( O +r 0+7”1 R 1} T1_|_T_Qt1+ (t+1 R ?)
Ao Zt 0 Zt
= — _ t*SS )\Y tfss
rl—i—r—g(t SZ?OOQ &)+ (t+1—|—r—gs_ OOQ )
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where the last equality holds because we let the constant term (1 —\)C +7 By +
t

Y | = «, and we substitute Y; ; and AY; using YV; = Y, 1 + Z o' *

(equation (27)), which, as we have shown is AY; = pAY, 1 + &, expressed in

1+r o

another form.

Recollecting terms,

ro (14+7r)Xo
Cy = A1 — Y, +
! a+ A 1—1—7“—@) 1—1—7’—92

This is a testable equation that can be written into the following fashion:

Cy = a+ B, + (37)

where S5t = \(1 — Hrffg); u; has properties of a causal and invertible ARM A
t

process with u; = Z ©""*e, where ¢ is a function of g, A and r; and C; « I(1);
S§=—00
Y, I(1).
We know that the OLS estimator of BLE, BLR. is a super-consistent estimate
of B when equation (37) satisfies the above properties. ﬁiR is super-consistent
because its asymptotic properties are driven by the series that is I(1). For this

reason, u; is asymptotically irrelevant even though it has complicated dynamics

since it is 7(0).>* TIn Appendix C.1, we showed that plimTﬁooE(ﬁALR) = N1 —

1 +Trg— 0 ) ’

24We derived equation (37) under the assumptions of a quadratic utility function and no aggregate
shocks. If the utility function is in the form of constant relative risk aversion, equation
(37) holds in log terms (Hall (1978)) since now consumption can only be approximated as a
random walk process. If aggregate shocks exist, then we need to first subtract them out since
aggregate shocks cannot be shared. So, in a general specification, the testing equation will be
et — ¥ = a+ BEE(y, — yi) +us, where lower case letters ¢ and y denote log consumption and
output. ¢* and y" are the world average log consumption and output. We subtract them
from log consumption and output in order to get the idiosyncratic consumption and output.
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The term A

T Q_Q is close to zero if the interest rate r is small and 0 < p < 1.
So, even though A and the estimated 3% are not identical, the difference is small
empirically given a small interest rate is the case in the real world.

Key message: we can consistently estimate long-run risk sharing by exploring
the nonstationary relationship between consumption and output when the output
process is I(1).

Please note that when o = 0, output process (26) degenerates into random walk
process (11): Y; = Y;_; +¢&; where g, = ;. This is Case2 in the tables above. Equa-
tion (37) can still consistently estimate the true risk sharing relationship (which is
A) since now, % = X and u; = 0 which can be thought of as an i.i.d. white noise

(0, 0) process.

Estimating short-run relationships using differenced series

When AY, = pAY;_1 + ¢, we have derived,

A1 +7)
Ci,—Cig = ——= 38
t t—1 1+T_Q<‘5t (38)
Substitute ¢; of equation (38),
C—C . = M(Ay_ AY,_ )
t t—1 = 1+7—g t— 00T
A1+7) A1+7)
= ——(Y;—Y, 1) — ———0AY,_
1+7“—Q(t 1) 11r _QQ t—1
A1+7) 1+r)
- ATy, y, -
1+7“—Q(t 1) — 1+T_QS: 0 e

where the last equality holds because we substitute AY;_; using equation (27).

We can rewrite C; — C;_; into
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Cy—Ci1 = QSR(Yt — Y1)+ (39)

where 557 = i‘ilTJr_rz); i has properties of a causal and invertible ARM A process
t—1

with pu; = Z P17 %e, where 1) is some function of p, A and r; and C, — C,_; «
10); i — Yiey -+ 1(0).

We know that the OLS estimator of 3°%, ﬁgR, is not a consistent estimate of
B5E when the properties of equation (39) is as defined above. Comparing testing
equations (37) and (39), the reason that 3% can be consistently estimated while
B5E cannot is because we explore the nonstationary relationship in equation (37),
which is robust with respect to the dynamics in the error term. However, 633 is
contaminated by the dynamics in the error term of equation (39).2° Please refer
to Appendix C.2 for the probability limit of 35E.

If using differenced series to test risk sharing in the special case of an AR(1)
output process, we cannot achieve a consistent estimate for a similar reason. We
can briefly illustrate this.

When output follows an AR(1) process as Y; = pY;_1 + (;, we have derived,

Ar

Ct - Ct—l = mgt (40)

Plug equation Y; = pY;_; + (; into equation (40)

25This regression can correctly identify short-run effects in special cases of complete insurance
or random walk output. It is simple to check the case of complete insurance where the true
relationship is full risk sharing, i.e., A = 0. When A = 0, 8% = 0 and j; = 0 and, therefore,

[3§R is a consistent estimate of the true relationship in equation (39). In the case of a random

walk output, o = 0, which makes 85 = \ and p; = 0 . Again, 85 is a consistent estimate
of the true relationship in equation (39).
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A1

Ci—Ciy = m(yt—pyi—ﬂ
Ar AT
= — Y, —-Y,_ —(1—-p)Y,_
1+T—p(t t1)+1+7"—p( PV
A1 A1 =
- Y y-vi)+— a- t-l-s¢,
1_|_T_p(t t1)+1+r_p( p)sz_:oop ¢

where the last equality holds because we substitute Y;_; using equation Y; | =
Zi;aoo pi=175¢,, which, as we have shown, is the same output process as Y, =
pYi + G-

We can rewrite the last equality of C; — C;_; into the following fashion,

Cy—Ci1 = QSR(Yt — Y1)+

where 57 = i ﬁf_p; i has properties of a causal and invertible ARM A process
t—1
with p, = Z ¢ 175¢, where ¢ is some function of p, A and r; and C; — Cy_q
S§=—00

1(0); Vi = Yiq ~ 1(0).

We know that the OLS estimator of 3°%, ﬁgR, is not a consistent estimate of
B9 when the properties of the testing equation are as defined above.

We have finished the discussion on short-run and long-run relationships and
the estimations on them. We would like to summarize the main results into the

following lemma:

Lemma 1

If output is an I(1) process with AR(1) dynamics, defined as equation
(26), the short-run relationship between consumption and output

cannot be consistently estimated through equation (39), except in
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special cases. However, the level of risk sharing, measured by A, can

be approximated by the estimate on the slope coefficient in equation

(37). Mathematically, A &~ LR = \(1 — —"2),

1+r—p

Lemma 1 is drawn from the special output process (26), but it can be generalized
for an I(1) output process with causal and invertible ARM A(p, q) dynamics. This
is because no matter what the ARM A process is, as long as it is weakly dependent,
intertemporal smoothing is small in the long run as effects of ARM A shocks die

out. We formalize this generalization into the following lemma:

Lemma 2

If output is an I(1) process with causal and invertible ARM A(p, q)
dynamics, defined as equation (6), the short-run relationship be-
tween consumption and output cannot be consistently estimated
through equation (39), except in special cases. However, the level
of risk sharing, measured by A, can be approximated by the es-
timate on the slope coefficient in equation (37). Mathematically,
A~ BIR = A(1 — o(1)), where o(1) denotes some small number

which is significantly smaller than 1.

2.3.2 Identification under General Output Process (6)

So far, in order to achieve analytical results, we have chosen the special output
process (26). However, An output process does not have to be in this special form.
That is, the transitory components of outputs can be AR(1) in one country, AR(2)
in another, and more generally, some ARM A process in a third country. If we
test risk sharing using data from different countries, results from a panel short-run

regression will be noisy in the sense that each individual country estimate is biased
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and the biases are driven by different dynamics in different countries.

If we know the output dynamics of each single country or we can estimate the
output dynamics of each single country, we can make corrections and adjustments
on the estimate of the slope coefficient of a short-run regression to achieve a con-
sistent estimate of risk sharing and intertemporal smoothing effects. However, the
problem is that we do not know what the true output process is, and it is difficult
to provide a reliable estimate on output dynamics, especially in the case of country
level studies where we normally only have a couple of decades of time-series data.

Applying the results in Lemma 2, however, a long-run regression of a panel of
countries will still be able to consistently identify the true level of risk sharing,
apart from a small blip. So, our analysis is useful for designing empirical panel

tests on long-run risk sharing when people are faced with both types of shocks.

2.3.3 Other Short-run Distortions

This section is an extension on section 2.3.1. The distortions in this section are
important empirical questions, but they can be handled similarly as transitory
output shocks. This is because the distortions only have short-run effects and die
out over time without influencing the long run relationships.

Everything else being equal, the relationship between consumption and output
can be affected by taste shocks. In other words, since taste shocks influence con-
sumption given a particular output process, the estimated 3°% moves away from
the risk sharing relationship that we intend to identify. When such shocks are
large, unknown, and erratic, it posts challenges for an empirical study since it is
hard to control them by using observable data. For example, Stockman and Tesar
(1995) have shown that people may choose a non-smooth consumption path due

to changes in preferences. This implies the high frequency relationship between
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consumption and output can be undetermined for a given degree of risk sharing.
However, realizing that taste shocks are transitory shocks, this is not an issue for
the estimation of long-run risk sharing.

Specifically, in terms of long-run relationships, Y;*® = 1/(1 — p)e; because the

147
1+r—

output process is the same as before; CF? should still equal ( ggt) because
E(Ciis) = Cp when s — oo as the effects of taste shocks die out. Thus, the
long-run relationship is the same as in section 2.3.1 , implying that taste shocks
are irrelevant in the long run. Please note that a similar argument applies to

market frictions, and other types of short-run distortions, as long as their effects

are transitory.

2.4 Conclusion

The literature on testing risk sharing has found limited risk sharing across coun-
tries. This is in contrast to well documented facts of financial integration in the
past two decades, measured by cross-country holdings of assets and liabilities (Lane,
2001; lane and Milesi-Ferretti, 2003). This paper provides a potential explanation
on the findings of low risk sharing. We illustrate that a bond economy can in-
tertemporally smooth consumption in face of transitory output shocks, but not for
permanent output shocks. An insurance economy is essential for risk sharing on
permanent shocks. This mechanical difference requires a careful stud