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Abstract. In this paper we study the existence of ground states solutions for non-
autonomous Schrodinger-Bopp-Podolsky system

—Au+u+ AK(x)pu = b(x)|ulP~%u in R3,
—A¢ + a*A?¢ = AnK(x)u? in R3,

where A > 0,2 < p < 4 and both K(x) and b(x) are nonnegative functions in R3.
Assuming that lim|,|_,; K(x) = Ko > 0 and lim |, ,b(x) = be > 0 and satisfying
suitable assumptions, but not requiring any symmetry property on them. We show
that the existence of a positive solution depends on the parameters A and p. We also

establish the existence of ground state solutions for the case 3.18 ~ Lg/ﬁ <p<4
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1 Introduction and main results

In this paper we are concerned with the existence of ground states for Schrodinger-Bopp-
Podolsky (SBP) system

{—Au +u+ AK(x)pu = b(x)|ulP"2u  in R®, (1.1)

— AP + a’A%p = 47K (x)u? in R3,
where a > 0 is the Bopp-Podolsky (BP) parameter, u represents the modulus of the wave

function and ¢ the electrostatic situation. The Schrodinger-Bopp—-Podolsky system has been
studied in [13] for the first time in the mathematical literature. The system appears when one
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looks for stationary solutions u(x)e“! of the Schrodinger equation coupled with the Bopp-
Podolsky Lagrangian of the electromagnetic field in the purely electrostatic situation.

The Bopp-Podolsky theory is a second order for the electromagnetic field, and was pro-
posed to deal with the so called infinity problem that appears in the classical Maxwell theory
which is similar to the Mie theory [21] and its generalizations given by Born and Infeld [3-6].
In fact, by the well-known Gauss law (or Poisson’s equation), the electrostatic potential ¢ for
a given charge distribution whose density is p satisfies the equation

—Ap=p inR> (1.2)

If p = 470y, with xo € R®, the fundamental solution of (1.2) is G(x — xj), where

G(x) =

x|’

and the electrostatic energy is

1
Ewl9) =3 [ IVGP = +eo.

Thus, equation (1.2) is replaced by

—div Ve =p inR®
V1i-Ivel
in the Bopp-Infeld theory and by
—Ap +a*A’p=p inTR?

in the Bopp-Podolsky theory. In both cases, if p = 474y, their solutions can be written ex-
plicitly, and the corresponding energy is finite. In this paper, we focus on the Bopp-Podolsky
theory —A + a?A?, the fundamental solution of the equation

— A + a?N*p = 4716y,

is L(x — xp), where
_ I
L(x):= -ew ,

x|

which presents no singularities at xg, since

lim £ (x — xg) = 1
X—Xo a

Furthermore, its energy is

1 2
Eap(L) = E/W VL dx + %/IR IALJ? dx < oo.

We refer to [13] for more details.

In recent years, there has been increasing attention to problems like (1.1) on the existence
of positive solutions, ground state solutions, multiple solutions and normalized solutions, see
e.g. [1,10,16,18-20,27] and the references therein. According to [25], we know that there are
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two parameters K(x) and b(x) have an effect on the nonlocal term and nonlinear term. Hence,
we take advantage of the idea of [25]. And we know that a typical way to deal with (1.1) is to
use Nehari manifold and variational methods. In this paper, we mainly solve the PohoZaev
identity of (1.1), because the non-local terms and nonlinear terms are affected by K(x) and
b(x). It has not been studied before.

Then we are concerned with existence of ground states for following generalized nonlinear

system in R3
{—Au+u+/\K(x)cpu =b(x)|ulP~2u inR3, (13)

— AP + a’A’Pp = 47tK(x)u? in IR3.

It is known that system (1.3) can be transformed into a nonlinear Schrodinger equation
with a non-local term, for example, see [2,11,24]. Then we can use the same method as in [13]
to find the solution of the second equation of the system (1.3). For all u € H' (R?), the unique
¢xu € D (where D is a function space that will be introduced in Section 2) is given by

[x=y|

1—e =

trale) = [ Ty K )y,

such that —A¢ + a?A%¢p = 47K (x)u? and that, substituting it into the first equation of system
(1.3), gives
—Au+u+ AK(x)px uu = b(x)|ul">u  in R>. (1.4)

Equation (1.4) has solutions are the critical points of functional 7 () defined in H'(IR%) as
1
2 S 4
J (u 2/ (IVul? +u )dx+4/ ¥) i uii2dx p/lRSb(x)\u\ dx.  (15)
Furthermore, one can see that 7 is a C! functional with the derivative given by

('), 9) = [ (VuTg-+up+AK(x)guup = b(x)|ul’ 2ug) dx

for all 9 € H' (R?), where J’ denotes the Fréchet derivative of 7. We say that a pair (1, ¢) €
H! (IR3 ) X D is a solution of system (1.3) if and only if u is a critical point of 7. Furthermore,
for system(1.3), we find that the corresponding PohoZaev identity (see section 6 for more
details) is

:1/ |Vu|2dx+3/ 2dx+—/ ¥) i uii2dx
2 2
2/ (VK(x), x)px y,u dx—|—4 / X)PK i 2dx

1
- [ bl V’dx—; [ (700, )l

lx—yl

where K(x),b(x) € C' (R®) and ¢k, := e« Ku? = Jrse @ K(y)u*(y)dy. It appears that
the PohoZzaev identity of the non-autonomous case looks more complicated than that of the
autonomous case [24].

Therefore, we introduce a new set that can be seen as the filtration of the Nehari manifold.
That is

N(cr)={ueN:Ju)<c},
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where V' = {u € H'(R*)\{0} : (J'(u),u) = 0} (we can see in [22]) is the Nehari manifold
and c; is the energy level of the functional [J. Apparently, N'(c¢) is a subset of the Nehari
manifold. We will show that N'(c;) can be divided into two parts

NO(e) ={ueN(c): |lull <G} and N@(cr) = {ue N(co) : |Jul| > Ca},

where each local minimizer of the functional J is a critical point of 7 in H!(IR%). The ap-
proach we take is to minimize the energy functional 7 on the N'1(c;), where the J is
bounded below and the minimization sequence is bounded.

This paper gives the following assumptions about b(x) and K(x) :

(G1) b(x) is a positive continuous function on R® such that

lim b(x) = be >0 uniformly on R,

|x|—o00
and b
bmax 1= sup b(x) < Oop,z,
x€R3 A(p)T
where :
4—p\r2
Aly) = (52)7 if2<p<s,
: if3<p<4

(G2) K(x) € L*(R®)\{0} is a non-negative function on R> such that

lim K(x) = Ko >0 uniformly on R?.

|x|—o00

Remark 1.1. A direct calculation shows that for 2 < p < 4, there holds
1 2 \72
=
A(p) < 7 <1 and A(p) <4—P> > 1.
Let wo be tha unique positive solution of the following Schrodinger equation

—Au+u = beolul?u in R>. (1.6)

Available from [17]
wo(0) = maxwy(x),

YER3
2_ | Sp P
ol = [ | besfvolPdx = <b> , (17)
and ,
—2/Sh\ 72
0 . inf 7%(y) = P <p> )
oo 11611}\[420 jo (u) 2p beo

where 7 is the energy functional of equation (1.6) in H 1(R3) in the form
T (u) = 1/ (IVuf2 + 12)dx — 1/ beo |1, (19)
2 R3 p R3

with
MG = {u € H'(R)\{0} | ((J5*)' (u),u) = 0}.
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Definition 1.2. (u, ¢) is called a ground state solution of system (1.3) , if (u, ¢) is a solution of
system (1.3) which has the least energy among all nontrivial solutions of system (1.3) .

Now, we give our main results as follows.

Theorem 1.3. Suppose that 2 < p < 4,K(x) = Ke > 0 and b(x) = be > 0. Then for each
0 < A < A, system (1.3) has a positive solution (w, px..») € H' (R®) x D, and when 2 < p < 4 it

satisfies
1

ool 25\
o< || < | ————— p
beo(4 —p)
2

Alp)(p—2) ( 25, \'
2p beo(4=p) ]

and

wd < ag =T (w) <

In particular, when p = 4 we have
o =J (w) > ag,
and (w, Pk, ) is a ground state solution of system (1.3).

Theorem 1.4. Suppose that 2 < p < 4,Ke > 0 and conditions (Gy1)—(Gz) hold. Furthermore, we
assume that

(Gs) [gs [b(x) — boo) wPdx > 0 and [z K(x)px ww?dx < [ps Kook, ww?dx, but the equality signs
can not hold at the same time, where w is the positive solution as described in Theorem 1.3.

Then for each 0 < A < A, system (1.3) has a positive solution (v, ¢x,) € H' (R®) x D, and when
2 < p < 4 it satisfies

1

ol 25\
o< 7|l < | ———F——— ,
bmax(4 — p)

p D) Sp 2/(p-2)
rF_- p < -
iy (bmax> <J W) <a, for2<p<4

In particular, when p = 4 we have

2/(p-2)
1( S
_ < —
4: (bmax> a j (U) - aoo,

and

and (v, Pk ) is a ground state solution of system (1.3).

Theorem 1.5. Suppose that % < p < 4 and conditions (G1)—(Gz) hold. Furthermore, we assume
that

(Ga) the functions b(x),K(x) € C' (R?) satisfy (Vb(x),x) < 0and

3p® —2p—24 p(p—2)

—————K(x) + ——=(VK(x),x) > 0.
If (v, ¢k ») is the positive solution as described in Theorem 1.4, then (v, ¢k ») is a ground state solution
of system (1.3).

The paper is organized as follows. First, we present some notations and the lemma for the
later proof in section 2. In Section 3, we give the proof Theorem 1.3. In Section 4, is devoted
to proof Theorem 1.4. Section 5 is dedicated to the proof of Theorem 1.5.
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2 Notations and preliminaries

We use the following notation:

* H'(R3) is the usual Sobolev space endowed with the standard scalar product and norm

(u,v) :/ (VuVo + uv)dx; H”HZZ/ (|Vul* + u?) dx.
R? R?

e H~! denotes the dual space of H'(R%).

* [P(Q),1 < p < 400,00 C R3, demotes a Lebesgue space, the norm in L7 is denoted by
\u|p,0 when Q) is a proper subset of R?, by ]-|p when Q) = R3.

e C,C/,C; are various positive constants.
* For any > 0 and for any & € R3, By(&) denotes the ball of radius 6 centered at ¢.
o $ s the best constant for the embedding of H'(R%) in L% (R3).

¢ S is the best Sobolev constant for the embedding of D'? (R%) in L® (R?), that is

5= inf tlp2
ueD12(R)\{0}  |ul6

* S, is the best Sobolev constant for the embedding of H'(IR?®) is continuously embedded
into LP(R3) (2 < p < 6), that is

]

Sp - 1(R3 Tyl
ueH'(R?)\{0} |u[p

where
D2 (R?) := {u € L*(R?) : Vu e L* (R%)}.

Then we let

. 2/(p—2)
(p=2)K?5?8* [ beo(4—p)? :
A= 2(4-p) ( 205 ) if2<p<4,

booK52525%S, if p=4,

r - /(P=2) s a
b \ 72 (b)) 3284
Ao = |1-A(p) ( be > sz K2 (2.1)

and

where Kmax = sup,.gs K(x). When p = 12/5 , we may take Sip/5 = S. In particular, if
K(x) = K and b(x) = be , then equality (2.1) becomes

2/(p—2) =5 A
beo G254
Ao = (1—A(p)) <5p> -
p
* D(IR?) is the completion of C2°(R3) with respect to the norm || - || p induced by the scalar
product

(1,0)p = /R (VYL + aPAnAY)dx.
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Then D is a Hilbert space continuously embedded into D'?(IR®) and consequently in L°(IR?).
It is interesting to point out the following properties.

Lemma 2.1 ([13]). The space D is continuously embedded in L™ (R3).
The next lemma gives a useful characterization of the space D.
Lemma 2.2 ([13]). The space CZ° is dense in
A:={¢p € D(R%) : Ap € L*(R®)}

named by \/ (¢, p)p and, therefore, D = A.

Now, by combining Lemma 3.4 in [13] with Proposition 2.1 in [27], the following lemma
can be obtained.

Lemma 2.3. For every u € H'(IR%) we have:

(i) for every y € R®, Pcu(1y) = Pu(- +1);
(ii)) ¢xu > 0in R3;
(iii) ¢xu € D;
(iv) |lpxulls < Cllull?

(v) ¢ is the unique minimizer in D of the functional

1 2
E(¢) = 5IVI3+ I8¢5~ [ ¢u?dx, ¢eD.

Moreover,

(vi) if uy, — uin H'(R3), then P (x)un — P(x)u in D,

/1113 K(x) ¢ 1, u> dx—>/ X))y u>dx,

and

/ K(x)px u, unCdx —>/ x) ¢k yuldx, V7 € HY(R?).
Next, we define the Nehari manifold
M = {u e HY(R3)\ {0} : (J' (1), u) = o}.

Then, u € M if and only if |[u]|? + A [ K(x)¢pguti?dx — [s b(x)[u|Pdx = 0. It follows the
Sobolev inequality that

Il < 2+ [ K

—/ x)|ulPdx

< S, " bmax|ull?,
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for all u € M. Then we can get

2
14

Sh\"?
/3 b(x)|ulPdx > ||u]|* > <b”> for all u € M. 2.2)
R

max

The Nehari manifold M is closely linked to the behavior of the function of the form h,, : t —
J (tu) for t > 0. Such maps are known as fibering maps and were introduced by Drabek—
PohoZzaev [14], and were further discussed by Brown-Zhang [9] and Brown-Wu [7, 8] etc. For
u € H' (R%), we find

e
4 JRr3

W () = t|u]|? + AR / K(x) i atiPdx — 171 / b(x) |u|Pdx,
R3 R3

Y (f) = ||u||2+3At2/ K(x)¢K,uu2dx—(p—1)tp—2/3b(x)|uwdx.
R

]R3

hy(t) = ﬁHu||2+ K(x)px yu’dx — tp/ b(x)|u|Pdx
u - 2 ¢K,u p Jro ’

As a direct consequence, we have
H(8) = ||tu)? +/\/3 K () (1) 2dx — /3 b(x)|tuPdx,
R R

and so, for u € H' (R®) \{0} and ¢ > 0,/],(t) = 0 holds if and only if fu € M. In particular,
h,, (1) = 0 holds if and only if u € M . It is convenient to divide M into three parts,
corresponding to local minima, local maxima, and inflection points. Following [26], we define
MY ={ueM:h1)>0},
M = {u e M:Iy(1) =0},
M™={ueM:h;1)<0}.
Lemma 2.4. Suppose that ug is a local minimizer for J on M and ug ¢ M°. Then J' (ug) = 0 in
H(R3).

The proof of Lemma 2.4 is essentially the same as in Brown-Zhang [9], so we omitted it
here.
For each u € M , we find that

1) = [[u]]? + 37 /}RSK(x)cpK,uuzdx —(p-1) /IR b(x)|u|Pdx
= —(p=2)ulP+ 4= p)A [ K()pruidx
= 2|l + (4— p) /]Rs b(x)|ulVdx. (2.3)
For each u € M~and 2 < p < 4, using (2.2) and (2.3) gives

70 = gl = C 22 [ vwiupras

p—2 2
Pyl

2/(p—2)
> P2 5 :
o ZP bmax

>
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Moreover, for each u € M~ and p = 4, by virtue of (2.2) we have

2/(p—-2)
1 1( sh
tﬂm=4WW24( ”) .

From this, the following lemma are obtained.

Lemma 2.5. Suppose that 2 < p < 4. Then the energy functional J (u) is coercive and bounded below
on M~ . Furthermore, for all u € M~, when 2 < p < 4, there holds

2

p—2( Sp \7?
70> P ()

b max

if p = 4, there holds

1/ Sh\7r
j(u) = 4<bmax> ‘

From the Lemma 2.3 and [24], the following properties can be obtained

Lemma 2.6. For each u € H'(R)3, the following two inequalities are true.
(1) ¢xu = 0;
(i) [s K(x)prutidx < S72574K2 . [|ul|*.

Citing the lemma in [25], the same inequality can be obtained here, because

[x—yl

1—e
= ——K(y)ud(y)d </ — 2(y)d
¢x, /W P (uwy)dy < | =y (y)u*(y)dy
Forany u € M and 2 < p < 4 with J(u) < A(p)pz;pz) (bw?ﬁp)) PEZ, we inference that

(p=2)(_ 25 \"°
Alp) 2p <boo(4ip)>

> T (u)
I 20y L p
= Sl +5 [ K@uiax pA{sb(x)|u| dx

_p-2 2_)\(4—79)/ 2
= [ua| 74;7 1R3K<x)¢K'”u dx

pP—2, o 4—p\ c26-472 4
> — — K . 2.4
> P2l = A () 5728 4Rl 24

In addition, consider the quadratic equation as follows

_2_

25, \"?
corenn (28 )

_2_
-2

1 bax \ 72\ (o4 —p) "
(o ()7 (557)

(4-p)
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It is easy to get one of the solutions expressed as

2(1+\1- AR (1- AR () ) ) [y (A
(1-4(p) (=) (&) <b°° )

o2\ 5
beo(4 —p) ’ '

then we have used condition (G;), Remark 1.1 and the fact of (%)
4-p

X1 =

1 in the last inequality.

From (2.4) and (2.5),if2 < p<4and 0 < A < o, then there exist two

positive number DY) and D(?) satisfying

(4 P) (7)

1 1 1
2sh  \'"7 25}, P 28  \"7
(1) p P (2)
A <boo<4— p)) U (bmax<4— n) “Vleap) <P

such that

|ul| < DY or |ul| >D®

Obviously, it can be seen that when p — 4, then D) — oo

So, we have
App-2) (25 \7
2p beo (4 — p)

= {u eEM:TJ(u) < A(p)éz—2) (boo(zfg p))”z}

= MY JM®), (2.6)

_ -
p | A2 (bmfffp)) :u<D<1>},

] ) ) .
= {u eM A<P>2(Z 2) <bm(245f p>> | > D(Z)}.

_2_
Becauseof 2 < p <4and 0 < A < (—p)(4pp) “2Ap, we have

M

where

and

_1_

p =2
O I N &)
|lu|| < DV < b (3 — 1) orallu e MY, (2.7)
and
P\ 7z
25
|ul| > D@® > 2 ((4ip)> forall u e M?. (2.8)
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From the Sobolev inequality, (2.3) and (2.7)
Ho(1) < =2|[u]|® + (4 — p)S;,  bmax|[u]|? <0 forall u € MW,

Using (2.8) we deduce that

1 2_(4_p)/ p
f = S [ blulrax
2

_ Ap)(p—2) (25, \"°
=J(u) < 2 (bm(4ip)>

_p=2 2sh e
2p \ bw(4—p)

< p_2||u||2 for all u € M2,
4p

this implies
2lull? < (4— p) /3 b(x)|uPdx forall u € M. 2.9)
R

Combining (2.3) and (2.9) results in

"

(1) = —2|ul® + (4 — p) /]RS b(x)|u|Pdx >0 forallu € MY,

Therefore, we get the following result.
Lemma 2.7.

() If2<p<4and0 <A< 2(7177_2’7)(4’7?);%2/\0, then MM ¢ M~ and M@ c M™ are C'
sub-manifolds. Furthermore, each local minimizer of the functional J in the sub-manifolds M)

and M?) is a critical point of J in H'(R®).

(i) If p = 4dand A > 0, then M) = M~ = M is a C' manifold and so the Nehari manifold
MW is a natural constraint for the functional J .

There we define

4 = [ u
Qp(u) = (fleb(X)lqux

1

)H for u € H'(R%)\{0}.

I

Lemma 2.8. Suppose that 2 < p < 4. then for each A > 0 and u € H'(R3)\{0} satisfying

NN
fptupax > 2 (2O D) e,
e i—p\(p-2)528

1

there exists a constant §(1) > (z55) 77 Qo(u) such that

ir>1fj(tu) = | inf J(tu) < 0. (2.10)
=0 (557 Qy(u) <t<g)
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Proof. For any u € H! (]R3)\{0} and t > 0, it has

2 /\t4 24 & p
F(t) = Sl + 2 [ K@geuiar = [ vwlupas

R3
=t |b [ 1 / 4)Kuu2dx]
= hu( ),

where b(t) = L7 [[ul|2 — £ [ b(x)|u|Pdx.
Apparently, J(tu) = 0 if and only if b(t) + § [gs K(x)pxuu?dx = 0. It is not d1ff1cult

to observe that b(f) = 0,lim; ¢+ b(t) = and limy b(t) = 0, where f = (§) 2 Qp(u).
Considering the derivative of b(t), we get

V() = —t3ul]* + (4_’9)#—5/ b(x)|u|Pdx
P R®

_ 3 {(4—2)”"2 /]Rab(x)\u|pdx - Huuz] :

1
it means that b(t) is decreasing when 0 < t < (;£)72Qy(u) and is increasing when t >

P
()7 Qu(1), and so
: _ P
%ng(t) =t [(4— p
-2

- _ p—z PH”H e ||u||2
2(4—p) \ (4—p) Jgs b(x)|ulPdx '

From Lemma 2.6 (ii) and the Sobolev inequality that for each u € H*(IR*)\ {0} satisfying

r-2
p p(2A4=p)KRax\ T s
Jp bl > £ o pges)

_1_
-2

N———
=

Qb(“)]

we have

. p—2 PH”H T2
£(t) = —
infb(t) 2(4—p)<4 D) Jea () [ulPdx lu
< —AKZ S8 ul?

max

< ——/ ¢Kuu dx.

Then, there exist 71) and () satisfying

1

0<q¥ < <4€p> " Qulu) < g (2.11)

such that
4/ X)p  u*dx =0 forj=1,2.

That is 7 (7/)u) = 0 for j = 1,2. O
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So, for each A > 0 and u € H'(IR?)\{0} satisfying

p—2
2A(4 — cax ) 2
[ o > 2 (2 ”)24) Jull,
R3 4—p\ (p—2)528

~[(e5) 0] (a5 ") o]

and so inf;>o J (tu) < 0.
Then, we know that 1], (t) = 4£3[b(t) + § [izs K(x)@x uu?dx] + t*b' (t), which leads to K, (t) <

0 for all t € (7?), (é)ﬁQb(u)] and h{,(q( )) > 0. Finally, we get the inequality (2.10).

Lemma 2.9. For each A > 0 and u € H'(IR®)\ {0} satisfying

p—2

p (224 =p)Kaax\ T i
/Rsb(X)\uldx>4_p TR lullP if2 < p <4,

or
[ bl > AKZL S8 ult i p =4,
R

the following two statements are true.

(i) if 2 < p < 4, then there exist two constants tT and t— which satis
p

2 = 2 7
) <t <y/ap) (2) < (25) aw<r e
such that
t*u € M*, J(tu)= sup J(tu),
0<t<tt
and

J(tTu) = inf J(tu) = %r;(f)j(tu) < 0.

t>t—

(ii) if p = 4, then there is a unique constant

1
2

_ o]
t = <fR3 M dx_)\fRS (I)Kuude) > Qb(u)

such that
fue MY = M~ =M,

and

J(tu) =sup J(tu) = sup J(tu).

>0 £>Qp(u)
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Proof. (i) Define f(t) = t‘2Hu||2 tP=* [os b(x)|u|Pdx for t > 0. Obviously, tu € M if
and only if f(t) + A [ps K(x)¢xuu dx = 0. A straightforward evaluation gives f(Qp(u)) =
0,lim; o+ f(t) = oo and hmHoof( ) =

Since 2 < p < 4and f'(t) = t~3( ZHuHZ (4 — p)tP2 [o b(x)|ulPdx), we know that f(t)

L
is decreasing when 0 < t < (%) “2Qp(u) and is increasing when ¢ > (ﬁ) 72 Qp(u). This
gives

t>0 4—p
For each A > 0 and u € H!(R3)\{0} satisfying

p—2
p 2/\(4 P) max : :
) ulPdx ull? 2 p 4
/]R3b( )l >4—p< (p —2)5264 lull” if2 <p <4,

inf f(t) = f [(2) Qb(“)] - 2.13)

from Lemma 2.6 (ii) and Sobolev’s inequality we get

f ((4_2p>pleb(u)> = <Z:;) ( 1 p) EI!;HZ |u,pdx>p_22 (s

< 2(2)7 M S 28

< A/ X) Pyt 2dx,

where we also used the fact that (%)L2 > 1. However, for each 2 < p < 4, by Remark 1.1 we

have
1 1

Qu(1) < \/A(p) (4fp> Qulu) < (4fp> Qu(u), @14)
and directly calculated
(%) ApT -1,y 4\
2 7 51 _ : (2.15)

Then, from (2.13)—(2.15) that

= 25) AP)'T =1 ([ b(x)|ulrdx %
-p

< = ARG S 287 Jul®

< )\/ X) P it 2dx.

Therefore, there exist two constants t™ and t~ > 0 which satisfy

Quu) <t < W <4_2p) Qu(u) < <4_2p) Q) <tt  (216)

such that f(t*) + A [,s K K ull 2dx = 0. That is t*u € M.
g K(x)¢
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By calculating the second derivative, we find that

n-(1) = =20t )+ @ =p) [ bl ulPd
= (F)f() <0
and

Hie(1) = =20l + (4= p) [ b(x)|E ulPd
= (t)Pf/(t) > .

This means that £=u € M* and 1}, (t) = £(f(t) + A s K(x) Pk uu?dx). It is known that k), (t) >
O holds forallt € (0, ) U (t",00) and K], (t) < Oholds forall t € (t—,t").Itleads to J (t u) =
SUPg<;<s+ J (tu) and J (tTu) = infy>- J (tu), and so J (tTu) < J (¢t~ u). From Lemma 2.8 that
J(tTu) = infi>9 J (tu) < 0.
(ii) Let

f(t) = t2||u|> for t > 0. (2.17)

Apparently, tu € M) = M~ = M if and only if f(t) — Jra b(x)utdx + A [z K(x) i yudx =
0. By (2.17), we know that f > 0(t > 0) is decreasing, and 11mt_>0+ f(t) = oo and lim; o f(t) =
0.

For each A > 0 and u € H'(R®)\{0} satisfying [, b(x)|u|*dx > AKZ, S~ 2SA_4||u||4,
by usmg Lemma 2.6 (ii) and (2.15), we obtain f]R3 )|u|4dx > AKrznaXS 2S*4||u|]4
A f1R3 X) ¢k, (u2dx. Then we can get that equation f fJR3 4dx +A fIR3 X) P it 2dx =

2 1
0 has a unique positive solution f = (f 3b(x)u4dfo\j” NI ude)z > Qp(u). This means
R R S

that fu € M) = M~ = M. Similar to the discussion of Case (i), we get that 7 (fu) =
sup; J (tu) = sup;g, () J (). This completes the proof. O

3 Proofs of main results

3.1 Proof of Theorem 1.3

In this section, we first consider that K(x) = Ke > 0 and b(x) = b > 0. The existence of the
positive ground state solutions of system (1.3) at infinity, namely,

—Au+ u + AKeptt = boo|u|P~?u  in R3, (3.1)
— AP + a2A2p = 4mKoou? in R3. '
Then we consider the following equation at infinity
—Au+ 1+ AKeoPr, utt = boo|u|P2u. (3.2)

We define the associated energy functional in H!(R3) by
Jw(u):l/ (|Vul* + u?) dx+/\/ Koop uzdx—l/ beo|u|Pdx
> R 4 RO oW Koo,u p Jro o) ’

we know that solutions of equation (3.2) are critical points of the functional J(u).
Define

Moo = {u € H'(R)\{0} : ((T®)(u),u) = 0},
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where (J%)" denotes the Fréchet derivative of 7%. Then, u € M4 if and only if
Jul +A [ Kegieouidr = [ bolul?dx = 0.
R3 R3

Notice that M« = M with K(x) = K« and b(x) = be. We denote by MY = M) with
K(x) = K and b(x) = be, for j =1,2.
Since wy is the unique positive solution of equation (1.6), for 2 < p < 4and 0 < A <

_ p 2.
Zﬁ_zp) (4710) P2 Ay, from (1.7), we get

/ beoltwo|dx = beoS; " [0
R3
p=2
p(2M4—p)KLN ? »
4—p\ 5284(p —2) ool

From Lemma 2.9 (i) there exist two constants ., and tJ, satisfy

1
_ / 2 \r2
such that t5wy € MZ, where ME = M™* with K(x) = K« and b(x) = be. However, we obtain

T (tewo) = supyc,c,r J*(two) and J*(thwo) = inf,, T (two) = infi>9 T (two) < O.
Then we can get

- 1, 5 A L1 ~
T (t500) = ol + 5 [ Koo s (ten)dx = [ boltwnlti

= R 2P ]

4 p
2
2 2 p—2
<A (;75) B ol
2
P2 25\
= A", (bm(4_p> . (33)

This indicates that ¢ wy € MY, Namely, MY is nonempty.
Forp=4and 0 < A < waong_ZSA‘le, there holds

[ ol dx = beoS o] > AKES 28 o
R

Then, from Lemma 2.9 (ii), there exists a unique constant

_ [[wo?
fIR3 beo|wo |*dx — A f]R3 KOO‘PKoo,wow%dx

EOO

>1

such that Fowy € MY = Mg = Mo and T (F°wp) = sup,.o J*(two) = sup,.; T (two).
Then we define

o= inf J%u)= inf J%(u) for2<p<i4,
ueMg) MeMc?o
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L= inf J%w) = inf J®(u) for2<p <4,
ueM neMs

and

e = inf J%u)= inf J%(u) forp=4.
we 1eMeo

It follows from Lemma 2.5 and (3.3), we have

2

2 2
p-2(S\""_ —_App-2) [ 25 \"
i (boo <, < 2 bo(d— ) for2 <p <4,

|2

and af, = —co. For p = 4, it follows from Lemma 2.5 that ag, > 1( )ﬁ

<

00

Then we are ready to prove Theorem 1.3.

Let u, € Mg) be a sequence, for 2 < p < 4, we have
TP (uy) = ag+0(1) and (J*)(uy) =o0(1) in H’1(1R3).

According to Theorem 7.2 in [25], we obtain that for

0< A

if2<p<4,

2
(p—2)8%S* (bo(4—p)*\ "
2(4 - p)K, 2pSh

17

or A > 0if p = 4, the compactness of the sequence {u,} holds. Then there exist a positive

constant & = ¢(0)(0 > 0) and a sequence {y,} C R3 such that

/[ ) (|Vun(x)[* 4+ u?(x))dx < @ uniformly for n > 1.
Blynig)]

Now, we define a new sequence of functions
Oy =ty (- +yn) € HY(R?).
We find that {v,} C MS,P, and
PKeojon = Proou, (- T yn) and  T¥(vn) = ag +o0(1).

By inequality (3.6), there exists a positive constant { = ¢(0)(6 > 0) such that

/[ 00 (|Vou(x)|* +v23(x))dx < 6 uniformly for n > 1.
B(0;¢)]¢

(3.6)

(3.7)

For {v,} is bounded in H!(R3), we can assume that there exist a subsequence {v,} and

w € H'(R®) such that

v, = w in HY(R%),
vy, > w inlp, V2<r<6,

vy, — W a.e. in R3.

(3.8)
3.9
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For any 6 > 0 and sufficiently large n(> 1), by Fatou’s Lemma and (3.7)-(3.9), there exists a
constant ¢ > 0 such that

/ |oy — w|Pdx < / |vn—w|pdx+/ |v, — w|Pdx
IR3 JB(0;%) [B(0;2)]

<0+5," U (ywnyz+v§)dx+/ (IVwl +w?)dx|
[B(0:¢))° [B(0:¢))°

<6+5,"(20)%,

=

then we obtain
v, —w in L'(R®), Vr € (2,6). (3.10)

We know that ¢ : L% (R3) — D is a continuous function. It follows from (3.10) that

(PKomvn — (PKoo,w 1n D/

and
/IR3 ¢Koo,lin’031dx — 43 ¢Km,ww2dx- (3.11)

Since {v,} C MY, using (2.2) and (3.10) gives

2
-2

SP 2
/ boolwlPdx > [ 2] >o.
R3 boo

This implies that w # 0 and
/ beo|w|Pdx — A/ Kook, ww?dx > |lw]|* > 0.
R R3

Next, we proof that
v, = w in HY(R3).

For this, we assume the opposite. Then we have
Juol] < Timin [0, | (3.12)
An argument similar to Lemma 2.9, there exists a unique ¢t~ > 0 such that
ttwe My and (h3)'(t7) =0. (3.13)

For v, € M&P, from (3.12) we get
()’ (1) < 0. (3.14)

Using (3.13), (3.14) and the contour of h(t) results in t~ < 1. By (3.10)—~(3.12), we know
(h3)'(t7) > 0 for sufficiently large n. Obviously, there holds

(h3)'(1) =0 (3.15)

due to v, € Mc(xl,). Similar to the proof of Lemma 2.9, for 2 < p < 4, we have

(h3)' (1) = P(F(t) +A/}R3 Kook, 0, 03dx,
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1 1
where f°(t):=1t2|[v,[|* — t#~* [s boo|0u |[Pdx is decreasing for 0 <t < (ﬁ) e (%) =,
JR3 Voo |Un

and (;2,)77 (122 )72 > 1 by using (2.12) and (3.15). This implies that (k°)'() >

4—P j]R3 bw‘vn|pdx y g . . . p o
0 (0 < t < 1), which indicates that 5 is increasing on (t~,1) for sufficiently large n. When
p = 4, we have

(Y (8) = B(F(t) - /R beofoul*dx + A /R Keo,02dx) for >0,

where f®(t) := t~?||v,||? is decreasing for t > 0. This means that (h3)'(t) > 0 (0 < t < 1),

and hy is increasing on (t7,1) for sufficiently large n. So, for,2 < p < 4, hy? (t7) < hy (1)

holds for sufficiently large n. This means that (¢t v,) < J%(v,) for sufficiently large n.
Using (3.10)—(3.12) we again obtain

J=(tw) < liminf (¢ v,) < liminf 7% (v,) = ag,
n—oo n—oo

which is a contradiction. However, we get that v, — w in H}(R?) and J%(v,) — J%(w) =
Koo QS N —> 0O,
In addition, we find that for 2 < p < 4,

2

(p—2)525% [ beo(4 — p)? ﬁ< p—2 <4—p>r¢22A
2(4—p)KZ, \ 2psh 24—p) \ p o

So, w is a minimizer for J* on M, for each 0 < A < A. For 2 < p < 4, it follows from (3.2)
that

2

) - 00 /41— A(p)(p_z) ZSP e
T®(w) =ag < T®(towp) < 2 (boo(élip)) ,

which indicates that w € M. Since |lw| € Mg and J®(|w|) = J®(w) = ag, we can see
that w is a positive solution of equation (3.2) according to Lemma 2.4. It also implies that
(w, px,w) is a positive solution of system (3.1).

Note that for 2 < p < 4, there holds

(4—p) / bolw|Pdx < 2|w]? and #,_(w)w e MY,
R

where :

1 1
4—p\7? jwl? "
— t = 1. 1

According to Lemma 2.9, for 2 < p < 4, we have J%(w) = SUPg< <+ J*(tw), where tT >

(ﬁ) ﬁt‘boo (w) > 1by (3.16). Using this, together with (3.37), we get 7= (w) > J*®(t, (w)w).

Similarly, for p = 4, we can also get the above inequality. So, we have
te = T (W) > T= (b, (w)w)
Aty (w)]*

>y + 1

2
- Keotpx,, ww-dx
> txgo.

Consequently, we complete the proof.
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3.2 Proof of Theorem 1.4

Definition 3.1.

(1) For B € R, a sequence {u,} is a (PS)g-sequence in H'(R?) for 7 if J (u,) = p+o0(1)
and J (uy) (1) = o(1) strongly in H~1(IR3) as n — oo.

(2) If every (PS)g-sequence in H'(R?) for J contains a convergent subsequence, we can say
that 7 satisfies the (PS)g-sequence in H'(R?).

Lemma 3.2. Let {u,} be a bounded (PS)g-sequence in H'(R®) for J. There exists a subsequence

{un}, a number 1 € IN, a sequence {x,(lk)} C R3 for 1 < k < I, a function vy € H'(R?), and
0 # w' € H'(R®) when 1 < i < I such that

(i) |xk| = coand |xk — x| — c0,asn — 00,1 <k #Ah <1
(i) —Avg + vo + AK(X) Pk 4,00 = b(x)|vg|P~2vg in R3;
(i) —Aw' + ' + Aoty W' = b(x)[w'[P~?w" in R3;
(iv) uy = vo + Yy (- — xk) + o(1) strongly in H'(R3);
(0) T (1) = T (00) + Xy T=(w) +0(1).
The proof is similar to the argument of [13] Lemma 4.5, so we omit it here.

Corollary 3.3. Suppose that {u,} C M~ is a (PS)g-sequence in H'(IR®) for J with 0 < B < a,.
Then there exist a subsequence {u,} and a nonzero ug in H'(R3) such that u, — ug strongly in
HY(R3) and J (ug) = B. However, (1o, ¢u,) is a nonzero solution of equation (1.4).

By Theorem 1.3, we know that equation (3.2) have a positive solution w(x) € Mg, (up to
translation) such that for 2 < p < 4, there holds

J(w) = a5 and 4_”/ beow|Pdx < ||
2 R3

Define Qp(w) as

(4- plba) 2 w2\
<2brfax ) < Qp(w) := (fRsb(:cU)]w]de> :

Lemma 3.4. Suppose that 0 < A < A. Then the following two statements are true.

1
(i) If2 < p < 4, then there exists t™ > (ﬁ) 724, (w) > 1 such that

J%(w) = sup J¥(tw) = ay, (3.17)

0<t<t
where t,_(w) is defined as (3.16).

(ii) If p = 4, then it has

J®(w) = sup J=(tw) = sup = (tw) = ag. (3.18)

£>0 £>1
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Proof. (i) Let
¢ () = t‘2]|w|]2—tp_4/3boo|w|”dx for t > 0. (3.19)
R

Obviously, it satisfies
2®(1) + A / Koo w®dx =0 forall0 < A < A. (3.20)
R

Then we get ¢ (¢, (w)) = 0, lim;_,o+ g*(#) = 0 and lim; 0 g*(t) = 0.
For 2 < p < 4 and the equality (¢°)'(t) = t*3( 2/|lw|> + (4 — p)tP =2 [gs beo|w|Pdx),

2

we find that ¢* is decreasing when 0 < t < (% 7

(42p)” 2ty (w). This means that

)P 2ty (w) and is increasing when t >

inf g (1) = ¢ <<4_2p)”tbw<w>)- (3.21)

Moreover, from (3.16) we know that

1

(ﬁp) " (w) > 1. (3.22)

So from (3.20)-(3.22) that
inf g®(t) < g¥(1) = —A / Koot tv?dx. (3.23)
R

t>0

1
This means that there exists t > (ﬁ) 72y, (w) >1 such that g®°(£°)+A [z Kook, ww?dx =0.
Using a similar argument as the proof of Lemma (2.9) (i), we get (3.17).
(i) Let 3*(t) = £ 2||w||? for t > 0. Then we get $°(1) — [izs boo|w|*dx 4+ A [is Kook, ww?dx = 0
forall 0 < A < A. we can observe that g*(t) is decreasmg when t > 0 and lim; g+ §®(f) = o0
and lim;_,, §(t) = 0. Since w is the positive solution of equation (3.2), we have [ps beo|w|*dx—

A Jrs Koo, wwzdx = |lw||*> > 0, which shows that ¢ = 1 is a unique positive solution of the
equation §(t) — [ps beo|w|*dx + A [ps Kook, ww?dx = 0. By the proof of Lemma 2.9 (ii) , we
get (3.18). O

Lemma 3.5. Suppose that 0 < A < A and conditions (G1)—(Gs) hold. Then the following two
statements are true.

(i) If2 < p < 4, then there exist two constants t1) and t?) satisfying

Qp(w) <tV < (4.—2;9) " Qp(w) < @,

such that tDw € M (i = 1,2), 7(tWw) = SUPy< i) J (W) < ag, and J(tPw) =
infy ) J (tw).

(ii) If p = 4, then there exists a unique constant

1
][>

2
t= > w
(s ) =4
such that fw € MY = M~ = M and J (fw) = supq J (tw) = sup;- ¢, () J (tw) < ag.
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Proof. (i) Let g(t) = t?||wl|* — t#~* [z b(x)|w|Pdx for t > 0. Clearly, tw € M if and only if
)+ A / K (x) g () ww?dx = 0. (3.24)
From (3.24) gives g(Qp(w)) = 0, lim; o+ g(t) = oo and lim; ,« g(t) = 0.
In view of 2 < p < 4and g'(t) =t 3(=2|w|* + (4 — p)tV~2 [s b(x ]w|de) we see that

g(t) is decreasing on 0 < t < (4% )” 2Qp(w) and is increasing on t > (H) 7 Qp(w). Then
from condition (G3) that Q,(w) § Qp.(w) < 1and g(t) < g*(t), where ¢*(t) is given in
(3.19). Using condition (G3) and (3.23) again, we deduce that

infe(t) =g ((42) & QNU))

2

< _p—z <4_ p)pz HwHZ HwH2 "
— 4—-p\ 2 Jga b(x)|w|Pdx

= g%:g ( < —=A /]RS Koo(f)[(oo’ww dx

2
< -A - K(x)Pr(x) W dx.

Then, it can be concluded that there are two constants t(1) and t(?) satisfying Q,(w) < t(1) <

1
(ﬁ)”‘2 Qp(w) < #?) such that g(+?)) + A [ps K(x)Pxww?dx = 0 for i = 1,2. That is, tw €
M (i=1,2).

Direct calculation of the second derivative gives

My, (1) = =2[fVw]* + (4~ p) /]R3 b(x)|tVw|dx = (1V)%' (1) <0,

and

"

Mo, (1) = =2[1P 0] + (4~ p) /]R3 b(x) |t w|dx = (12))%' (1?) > 0.

Then we get tVw € M~ and tPw € M.
Note that
1 E

) < <4Ep> ") < <4_2p>p2 tp, (W) < min{(zl___zp)ﬂ,t“’},

where t% is the same as described in Lemma 3.4. For each 0 < A < A and from Lemma 3.4
and condition (Gj3), there holds

e [t1)]P
Tt Vw) = 771 Vw) ~ L= [ [b(a) ~ bl ol

AV 2 2
+ —1 </]R3 K(x)¢px pw-dx — /]123 Kook, W dx>

< sup QTW(hv)——“(vaj;Jb(x)——bmHuﬂpdx

0<t<t® p

[t 2 2
+= </]R3 K(x)¢p pw-dx — /]123 Kook, W dx>

_2_

_ p—2 255 p=>
<oy <A .
(7) 2p <boo(4—P)
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In other words, tMw € MM and J(tMw) < ag. From the equation I, (t) = 3(g(t) +
A [gs K(x) ¢ ww?dx), we notice that h’ ' (1) >0 forall t € (0,tM)uU (+?),00) and K, (t) < 0 for
all t € (t(,¢(2), Finally, we get J (tMw) = sup0<t<t j(tw) and J (tPw) = inf,.,0) J (tw).
That is, j(t(z)w) < J(tWw) < ag, and so tPw e M?

(ii) Let g( ) = if_2||wH2 for t > 0. Clearly, tw € MM = M~ = M if and only if g(t) —
Jra b(x)whdx + A [s K(x) ¢ ww?dx = 0. After analysis g( ), we know that §(¢) > 0 is decreas-
ing for t > 0, and lim;_,p+ ¢(f) = co0 and lim;_,e §(t) = 0. For 0 < A < A and from condition
(G3) we have

/ Ywhdx — /\/ X) P wwdx > / beowdx — /\/ Koo, wiw*dx

= ||w||* > 0.
This implies that the equation §(t) — [rs b(x)w*dx + A [i; K(x)¢k ww?dx = 0 has a umque
positive solution f = ( T b dxfu»ujfL e dx)i > Qp(w). Then we get fw € M1 =
M~ = M. Similar to the discussion of case (i), we get that J(fw) = sup;~oJ (tw) =
SUPy> g, (w) J (fw) < &g, This completes the proof. O

Learning [23,26] we get the following result.

Lemma 3.6 ([25]). Suppose that 4 < p < 4and 0 < A < A. Then for each u € MW, there
exist v > 0 and a differentiable function: t. : B(0;v) C H'(R®) — R such that t.(0) = 1 and
to(v)(u —v) € MW forall v € B(0;v), and there holds

, 2 [re(VuNV o +ug)dx + 41 f]R3 qbKuu(pdx P Jgs b(x)|ulP~2ugpdx
((£)'(0), @) =
[ull* = (p = 1) [ b(x)[u|Pdx

forall ¢ € H'(R3).

By (2.6) and Lemma 2.7, for 2 < p < 4, we define a~ = inf,_ o) J (1) = inf,cp- T (1)
and a™ =inf, 0 J(u) = inf,epq+ T (1). When p = 4, we define a~ = inf,_ o) J (1) =
infyem J ().

Proposition 3.7. Suppose that 2 < p < 4and 0 < A < A. Then there exists a sequence {u,}y ¢ MW
such that

J(up) =a" +0(1) and J'(u,) =o0(1) in H(R?). (3.25)

Proof. According to the Ekeland variational principle [15], it follows from Lemma 2.5 that
there exists a minimization sequence {u,} C M) such that J(u,) < «a~ + 1 and

T () < T (@) + 1l — ]| forall w e MO, (3.26)

By Lemma 3.6 with u = u,, there exists a function . : B(0;€) — R for some € > 0 such
that . (w)(u, —w) € MW. Let 0 < p < € and u € H'(R?) with u # 0. we set w, = =

R

and z, = F.(w,)(un — w,). Since z, € MW, from (3.26) we can get that J(z, — J (un) >
—1|z, — uy||. Generated using the median theorem

1
(T (n), zp — un) +0(l|zp — unl]) = _EHZp — ),
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and
/ I / 1
(T (un), _wp> + (t*(wp) —1)(T"(un), un — wp> > _EHZp — | + O(HZp — ). (3.27)
Observed . (w, ) (u, —w) € M) From (3.27) it gives

o (0 i )+ Sy GO

+ (f*(wp) - 1)<~7I(”n) - j/(zp)r”n - wp>

1
> — EHZP — Uy +0(Hzp — un|)).

Rewrite the above inequality as

<j'(un), u >§ ||pr_n“n|| +0(”Zp;”n’|)

W)=
L (@) -1)
0
Then, there exist a constant C > 0 independent of p such that ||z, — u,|| < o+ C(|£(w,) —1|)
and lim, o W < |I(£:)'(0)]] < C. Letting p — 0 in (3.28) and using the fact that
lim,0 [|2p — un| = 0, we get (J'(un), 747) < &, this allows us to get (3.25). O

(]

(3.28)
(T (un) = T'(2p), ttn — wp).

Therefore, we begin to prove the proof of Theorem 1.4.
By Proposition 3.7, for 2 < p < 4, there exists a sequence {u,} C M) satisfying

J(uy) =a" +0(1) and J'(u,) =o0(1) in H'(RR®).

From Corollary 3.3 and Lemma 3.4, 3.5, we know that equation (1.4) has a non-trivial solution

v € M~ such that J(v) = a~. So, v is a minimizer for J on M. In particular, for2 < p < 4,
P2

PT;Z (5 %ff ) )72, we obtain v € M ™. Through similar discussions, we

get [v] € M~ and J(|v]) = J(v) = a~. According to Lemma 2.4, v is a positive solution to

equation (1.4). Therefore, (v, ¢k ,) is a positive solution to the system (1.3).

using a~ < ay, < A(p)

3.3 Proof of Theorem 1.5

Lemma 3.8. Suppose that % < p < 4 and condition (Gg4) holds. Let ug be a nontrivial solution
of equation (1.4) . Then uy € M~.

Proof. Since uy is a nontrivial solution of equation (1.4), there holds

/M ywoyzd”/ dx+A/ %) P g 30 — /]Rsb(x) o/’ dx =0. (329

Following the argument of [12] it is not difficult to verify that equation (1.4) satisfies the
following PohoZaev type identity:

1 3
E/}{{3’Vu0’2dx+§/ d —I——/ qbKuOude

2/ (VK(x 4>1<u0u0dx—|—4 / X) P UgAx

_ ;/Wb(x)]uo\”dx—i— p/Rs(Vb(x),x)]uo]pdx. (3.:30)
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Combining (3.29) and (3.30) we get

-2 12
/ |Vug|*dx = 3(]9 )/ ujdx t3 SP A/ X) Py UGAX
R? p IR

pA

_Pr o / 2
+ 6—p /1R3<VK(x)’x>¢K'”0u0dx+ 246 p) R3K(x)¢K,uo“0dx

2
- P
— /R (Vb(x), x)[up|dx. (3.31)
From (2.3),(3.31) and condition (G4) we obtain that
(1) = = (p=2lluolP + (4= p) [ K)oy
= —(p=2) [ [VuoPdx—(p=2) [ uddx+(4—p) [ K(x)guuidx

- 2D [ i BE R | k(agids

6—p 2a(6 —p
[ B B ) + LD VK ), 1) it
+ wAB<Vb(x),x>\uo|de
< 0.
So, we get g € M~ O

We now come to the proof of Theorem 1.5.

Proof. Let v be a positive solution of equation (1.4), then we get v € M~ and J(v) =
inf,ep- J(u) = a~. Next by Lemma 3.8, we know that v is a ground state solution of
equation (1.4). Therefore, (v, ¢k ») is a positive solution of system (1.3). O

4 Appendix

In this section, we give the calculation procedure of PohoZaev identity.
Let (u, ) € H(})(IR3) x D be a nontrivial solution of (1.1). Recall that ¢ = ¢ ,,. we have

IVl + ull3 + 2 [ K(x)gu = b ullf = 0 @1)

and
1913+ a218¢]3 = 4 [ K(x)gus, @2)

that are usually called Nehari identities.
In fact, if (1, ¢) solve (1.1), recalling the regularity proved in Appredix A.1. [13], for every
R > 0, we have

/ —Au(x - Vu) / |Vul> — ]x-Vu|2—|—R/ |Vul?, (4.3)
BR BR 2 aBR
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/ K(x)pu(x-Vu) =— % K(x)u*(x- V) — ;/ pu*(x - VK(x)) (4.4)
Br Br Br
R
x)pu® + > /aBR K(x)¢pu?, (4.5)
vy =S [ 2 R
/BRu(x Vu) = : BRu +5 aBRu, (4.6)

-2 __1 . _3 R
/BRb(x)|u]p w(x - V) = p/BR<x Vb(x))|ul? P/BRb(x)|u]pdx+p/aBR|u]p, 4.7)

where By is the ball of R® centered in the origin and with radius R (see also [12]), and, since

Np(x - V) = div <VA¢><x V)~ APV —F + x<A§’>2> e i

where F; = A¢(x -V (9;¢)),i =1,2,3, then

1 Ap)?
/BR A2p(x - V) = Z/BR(A4>)2+/aBR (VA¢(x-V¢>—A¢V¢—]F+x< ;”) >-v. 4.8)

Multiplying the first equation of (1.1) by x - Vu and the second equation by x - V¢ and inte-
grating on Bg, by (4.3), (4.4), (4.6), (4.7), and (4.8) we obtain

1 2 1 2 R 2 2
—2/BR\Vu\—R/aB \x-Vu\—i——/a |Vul® — 2/ -
A 3\ AR
=5 f K@ 9 =5 [ g VKG) <x>¢u2+7 |, K
1 3
= ‘p/BR<x'Vb<x>>‘”'p‘p/BRW)'””’d”p/aBR Iu!” (4.9)
and

an /B K(x)u?(x - V)

1 1 R
- _ = \v4 2_7/ v 2 7/ \v4 2
2/BR| P =g ), VPG [ 199)

a? (A9)?
TS BR(NP)2 +a /BBR (VA¢<x -V¢) — ApV¢p —F + x 5 ) -0, (4.10)

Substituting (4.10) into (4.9) we get

a2 31
/W uf - 2/ 1671 VI 16n/(A4’)2 2 Jy, K9

—/ Ppu (x-VK(x)>+;/BR(X-Vb(x)HuP’—I—Z/BR b(x)|ulPdx
|2_5 2 AR
2 JoBg 2 Josg

1
\x Vul> — ]Vu

R /\ AR
T Ty R
5 Ly g aBR| P+ [ Vgl

Aa? (A(f’)z
+87T/BBR (VA¢<x-V¢>—A¢V¢—IF+x > ) ‘v

K(x)pu?
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Using the same arguments as in [12, Proof of Theorem 1.2] we have that right-hand side tends
to zero as R — +o0, since

dA¢ op
VA¢p{x-V¢)-v=R
9B Plx-Ve) -0 3By Bv o0v

Av-:/ a2 s,
aBR(P(PU aBR(Pav

¢
F-v=R — 0,
dBgr dBgr avz

1 2 _R
FERE Z/BBR(AQD) 50

Finally, using formula (A.3) in [13] , the PohoZaev identity can be written as

1 2 3 2 54 2
_5/ IVl dx+f/ u dx+Z/R K (x) 1%

2/ (VK(x ¢Kuu2dx+4 / X)Wk yuldx

1
- > [ bl lfdx o [ (Vb(x),x) uldx,

JE]
vk Ku? = [pae”

Jx=y|

where g, :=e~ = K(y)u?(y)dy.
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