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Many neutrino experiments in the last few years have shown concrete evi-
dence for neutrino mass and leptonic mixing; an indication of new physics beyond
the standard model. In this thesis, we systematically study the flavor symmetry
indicated by the low scale neutrino experiment data with the assumption that the
seesaw mechanism is the reason for the light neutrino masses.

In the flavor basis, the testable exchange symmetry between muon neutrino
and tau neutrino (u — 7) is introduced to explain the near maximal atmospheric
mixing angle and vanishing reactor mixing angle. This symmetry can reduce the
seesaw parameters naturally and make it possible to connect the baryon asymmetry
of our universe to the low scale neutrino data if leptogenesis causes the baryon
asymmetry. We also show this leptonic symmetry can be extended to the quark
sector and present a realistic supersymmetry SU(5) grand unification model.

Motivated by solar mixing angle sin® .. ~ 1/3, we embed the 4 — 7 sym-

metry in an S3 permutation symmetry and obtain a so-called tri-bimaximal mixing



pattern. We study the stability of the texture under radiative corrections. This S3
model is so constrained that the CP-violating phases of the low scale mixing are
those generating the baryon asymmetry within leptongesis. Attempting to unify
three families of fermions within the grand unification theories, we treat three fam-
ilies of fermions as the three dimensional irreducible representation of S4 and build
a realistic model based on SO(10) gauge group. This model predicts degenerate a
right-handed neutrino mass spectrum.

In this thesis, we also address the issue of the natural realization of the seesaw
mechanism in the supersymmetric minimal SO(10) model. We realize the type II
seesaw dominance by invoking a warped extra dimension, while keeping predictivity

of the model.
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Chapter 1
Introduction

1.1 Flavor Mixing in the Standard Model

In the past thirty years, the standard model (SM) of elementary particle
physics has been tested in various experiments. This model provides a successful
framework to describe fundamental interactions of matter (except gravity). The SM
is based on the three gauge groups SU(3). x SU(2), x U(1)y. The SU(2), x U(1)y
unifies electromagnetism and the weak interaction as the electroweak interaction [1],
and SU(3). describes the strong interaction between quarks [2]. The SM is a chiral
theory because only left-handed fields carry SU(2); quantum number.

In the SM, SU(2); x U(1)y is spontaneously broken to U(1)en by the Higgs
mechanism [3], and SU(3). remains unbroken. To break electroweak symmetry, we

use a scalar doublet of SU(2)y:

H,
H = (1.1)
Hy
with the Higgs potential given by
V(p) = —p*H H + N(HTH)?. (1.2)

For ;2 > 0, the minimum of V' (H) occurs at

2

W
(Ho) = o\

S

(1.3)

[\
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In the Lagrangian, the kinematic term of H is given by
LD |D,H|*. (1.4)

The covariant derivative D, is defined as D, = 0, — igAg7® — z% g'B,, where A
and B, are the SU(2);, and U(1)y gauge bosons respectively. SU(2), and U(1)y
commute each other, so they can have different coupling constants g and ¢'; 7% =
0%/2, where ¢® are the Pauli matrices.
When this spontaneous symmetry breaking occurs, three gauge bosons ac-
quire mass due to the term in Eq. (1.4). They are two charged gauge bosons,
1

Wo = —5(A), FiA2) with mass my = 3gv, and one neutral gauge bosons Z) =

m(gAi — ¢’B,,) with mass my = \/W% The fourth vector field remains
massless: A, = ﬁ(g’/li + ¢gB,,) with mass my = 0.

One crucial question about this model is its renormalizability. In 1971, t"Hooft
and Velteman proved that all spontaneously broken gauge theories only including
interactions with mass dimension four or less are renormalizable [4].

As for the matter fields, there are known to be three generations (families) of

quarks and leptons. There are three SU(2);, doublets of left-handed quarks:

Q= (1.5)

where u} = (ug,cp,tr) and di = (dg,sp,br) with hypercharge Y = +1/6. There

are six right-handed quarks, three with Y = 2/3 and three with Y = —1/3:

U% = (uRaCthR)ﬂdéf = dR’SR7bR' (16)



Each quark carries color quantum number and it transforms as the fundamental
representation under SU(3)..

For leptons, we have three generations of SU(2) doublets with ¥ = —1/2:

B, - , (L.7)

L

where v = (Ve, v, v,) and I' = (ep, ur, 7). There are three right-handed charged

leptons with Y = —1:
er = (er, R, TR)- (1.8)

Leptons do not carry color quantum number and are therefore singlets under SU(3)..
Note there is no right-handed neutrino in the SM.
The covariant derivative completely determines the coupling between fermions

and gauge fields, once the quantum of fermion fields is specified.
Lelectroweak = g(W;J{fV + W;J{/In/u_ + ZSJZ) + GAMJgM (19)

where the charged currents are

T = == > (Ot +upytdy) (1.10)
V245
_ 1 0 i =00 i
Ty = EZ(@%V“M%MLV“U%L (1.11)

)

and the neutral currents are

1 —0i gL\ 00 | o 1 : i 500 : i
Tom ST [ TG (g 4 s el + e sin 6,)

, 2 . ‘ 2 )

+ ﬂ%27u(§ — gsin2 O )ul —|—E%7“(—§ sin? 0, )u’y
—Oi,u]' 1.2 0i _Oiﬂl'Q 0i

+ d;v (—§+§sm Ow)uj + dgy (§SIH Ow)dp 1; (1.12)



1

3)d‘”. (1.13)

. 4 2y
Tha = D EV(DE T () + d

The superscript zero on fermions implies that they are not mass eigenstates. The
mass eigenstates are determined only after fermions acquire masses in the process
of spontaneous symmetry breaking.

In the SM, one cannot write the mass term like m¥ ;W5 in the Lagrangian be-
cause it violates gauge symmetry: the left-handed and right-handed components of
one fermion field are two independent degree of freedom and carry different quantum
numbers. To give masses to quarks and leptons, we must invoke the mechanism of
spontaneous symmetry breaking. The gauge invariant terms involving left-handed

and right-handed components of fermions and Higgs H are
—VIE g% L viIiOY % + viio% F,%
Ln=Y'E Hey +Y, QpHdp +Y,’Q; Hug + h.c., (1.14)

where H = im,H*. Again, the superscript zero implies that fermions are not in the
mass eigenstates. When spontaneous symmetry breaking occurs, fermions acquire

mass due to the Yukawa coupling given in Eq. (1.14):
Lo =% MY +d) MIdY + wa® Miu% + h.c., (1.15)

where M7 = Y7, MY = \%ij, M7 = =Y. In the SM, there are no right-
handed neutrinos and one cannot write Yukawa couplings for neutrinos, so neutrinos
are massless.

The mass matrices in Eq. (1.15) can be general 3 x 3 matrices and not neces-
sarily to be real, symmetric or Hermitian. To find the mass eigenstates, one should

make a chiral rotation on the fermion fields and diagnolize the mass matrices. To

4



diagnolize an arbitrary matrix, one should use a bi-unitary transformation. Taking

M, as an example, we have
UiM,V, = M, (1.16)

where M, = diag(m,, m., m;). The unitary matrices U, and V,, are determined by
UIM, MU, = Mi and V.IMIM,V, = Mf We then replace M, in the Lagrangian

L., by
M, = U,M,V]. (1.17)

Now unitary matrices U, and V,, appear in L,,, we can rotate them away by

redefining the left-handed and right-handed up-type quark fields as
u = Ui, u% = Vil (1.18)

With a similar process, we can eliminate other unitary matrices in L, by

redefining down-type quark and charged lepton fields as
A% — Uéj dJL , 4% — V:iij d%
W =Ulyl, % =V, (1.19)
For neutrinos, we can have rotation
V= U (1.20)

But since neutrinos are massless in the SM, the unitary matrix U, is not specified
and can be arbitrary.

After the redefinition of fields, we get the fermion mass eigenstates. Recall
that the charged and neutral currents given in Eq. (1.10), Eq. (1.12) and Eq. (1.13)

5



are written in the the electroweak gauge interaction basis, so we need to check the
change of form under the redefinition of fermion fields.

The neutral currents involve fermion fields of the form ¥y 740 and Uy Wi,
so unitary rotations of fermion fields on the family space do not change the form of
the neutral currents. Therefore, after we redefine fermion fields as in Eq. (1.18),
Eq. (1.19) and Eq. (1.20), the form of J4 and J4,, defined in Eq. (1.12) and
Eq. (1.13) does not change and we just need to remove the superscript zero from
the expressions (because now we are in the mass eigenstates of fermions).

However, for the charged weak currents which couple to Wj, the situation is

different

1 . . . .
Ty = 72(3%%%@@%%%)
- fZ AUV e, + Ty (USUL) T ) (1.21)

For the leptonic sector, because U, can be arbitrary unitary matrix, we can
take U, = U, such that UJU8 = I343, where I343 is 3 x 3 identity matrix. This is
similar with the neutral currents case. However in quark sector, U, and U, are not

arbitrary, so in general U]Uy is not the identity matrix. The matrix
Ve = UlUq (1.22)

is known as Cabibbo-Kobayashi-Maskawa(CKM) mixing matrix [5].
Verka 18 a general, unitary 3 x 3 matrix which has 9 parameters including 3
rotation angles and 6 phases. However we can remove 5 phases by making phase

rotations of the quark fields. The final Vg, contains 3 angles and one phase. We



parameterize Vo by using 0,12, 0403, 0413 and a phase 0,13

C12C13 $12C13 S13e” 18
- i i
Verm —512C23 — C12523513€"°1%  C12C23 — S512523513€""3 S23C13 (1.23)
is is
812893 — €12C23513€°°"?  —C12893 — S12C23513€° 7% C23C13

where ¢;; = cosby; and s;; = sinfy;. The current best fit value for the mixing
angles are sin 6,15 = 0.2272, sin 613 = 0.00382, sin #y3 = 0.04178 and o, = 7/3 [6].

In practice, it is convenient to use the Wolfenstein approximation [7]

1—2\2/2 A AN (p —in)
Vorwm = —\ 1—)2/2 AN? , (1.24)
AN2(1—p—in) —AN? 1

where A = sinf,12. A, p and n are order unity real numbers.

1.2 Neutrino Oscillations and Lepton Flavor Mixing

Neutrinos are color and electrically neutral, so they only can feel the weak
interaction. The electron (1), muon (v,) and tau (v,;) neutrinos are produced in
association with definite charged leptons i.e. e, p and 7 by weak interaction. v, v,
and v, are called flavor neutrinos.

Lepton flavor mixing means that the flavor neutrinos v, ,a = e, u, 7, are not
coinciding with the neutrinos of definite mass v; (i = 1,2, 3) if neutrinos are massive.

Flavor neutrinos are suppositions of mass eigenstates:

Ve Ua Usm Ues 41
Vy | = Uul UHQ ng Vs (125>
Vr UTl UTQ UT3 Vs



This mixing matrix U,; is known as Pontecorvo-Maki-Nakagawa-Sakata matrix [8].

U can parameterized as

—is
C12€13 $12€13 s13€” 013
— 19 9
U —S512C23 — C12523513€"°1%  C12C23 — S12523513€""3 $23C13 K (1.26)
i(513 i513
512823 — C12C23513€ —C12523 — 512€23513€ C23C13
where ¢;; = cosb;;, s;; = sinb,;, and K as defined as
e—1/2 0 0

K= 0 e /2 of. (1.27)

If neutrinos are Majorana particles, one has the two Majorana phases ¢; and s.
As we discussed in the the previous section, the lepton part of the charged

current in the mass basis should be written as
S e iU (1.28)
.3
Compare Eq. (1.25) and Eq. (1.28), we have
U=UU,. (1.29)

If neutrinos are massive, U, is no longer arbitrary and U is not the unit matrix in
general. Therefore, search for lepton flavor mixing can be used to study the mass
of neutrinos. On the other hand, the lepton flavor mixing can cause neutrino flavor
oscillations.

Neutrinos produced by weak interaction are flavor neutrinos which are the

suppositions of the mass eigenstates. When neutrinos propagate in the vacuum,



they are in mass states which are eigenstates of Hamiltonian in vacuum
vi(t)) = e EP D (0)). (1.30)

In practice, neutrinos are extremely relativistic, so we can have the approximation

e~ i(Eit=piL) efi(mg/ZE)L.

Imagine a neutrino v, with definite flavor « is produced at the beginning.

After the neutrino propagates a distance L and reaches the detector, its state is

Va(L)) Y Usie M2 ) = NN " Upgge MR 1), (1.31)
i 8 i

It becomes a superposition of all the flavors, and the probability that it has flavor

0 is
Py = [(vlva(L))]? (1.32)
P, ., can be easily calculated as

Provy = Oap —4ZRe(UmUﬁijUaj)st(EAmfj)

i>]
+ 2 Im(UUsUaily;) Sln(ﬁAmfj). (1.33)
i>j

To explicitly show the above results, let’s take the two mass eigenstates and

two flavor eigenstates case. The unitary matrix takes the form

cosf@ sinf
U= ) (1.34)

—sinf cosf

The Eq. (1.33) can be simplified as

L
Py = Oap — sin® 26 sinQ[EAmfj]. (1.35)



The concept of neutrino flavor oscillations was first introduced by Pontecorvo
in the 1960s [9]. The observation of such neutrino oscillations was suggested to be
an effective way to search for neutrino masses compared to the usual method of
0 decay. Experiments have been conducted over the years searching for neutrino
mass by oscillation experiments. Since the 1960s, two kinds of neutrino oscillation
have been carried out: one with atmospheric neutrinos and the other with solar
neutrinos.

The atmospheric neutrinos are produced in the Earth’s atmosphere by cosmic
rays. The flux of cosmic rays that lead to neutrinos with energies above a few GeV
is isotropic [10], so that these neutrinos are produced at the same rate all around
the Earth. Therefore for the multi-GeV neutrinos with definite flavor, the detector
on the Earth should also observe fluxes isotropically, which implies the downward
and upward fluxes should be equal.

However, the underground Super-Kamiokande (Super-K) detector finds that

for the multi-GeV atmospheric muon neutrinos [11],

Up — Flux(—1.0 < cos bz < —0.2)
Down — Flux(+2.0 < cosf; < +0.1))

= 0.54 + 0.04, (1.36)

where 0 is the zenith angle. This result strongly disagrees with the equality of up-
ward and downward fluxes. Thus, some mechanism changes the v, flux as the muon
neutrinos travel to the detector. One candidate of such a mechanism is the neutrino
oscillation i.e. the muon neutrinos from the atmosphere may oscillate to other flavor
neutrinos when they travel. Compared to the downward muon neutrinos, the up-

ward neutrinos have a longer distance to travel to reach the detector, and they have

10



more chance to oscillate to other flavor neutrinos, therefore the downward neutrinos

have more v, than the upward neutrinos. The Super-K atmospheric neutrino data

2

atm

can be explained by the two-flavor v, — v oscillation with one mass splitting Am

and one mixing angle G,i,. At 90%C.L., the ranges are [12]

1.9 x 107%eV? < Am?,_ < 3.0 x 10*eV? and sin® 20, > 0.90. (1.37)

atm

Solar neutrinos are produced in the fusion and decay of particles in core of
sun. The sun neutrino fluxes observed at experiments are lower than the predica-
tion of the standard solar model calculations, and different detectors see different
suppression ratios compared to the standard solar model. This is known as the solar
neutrino puzzle. There are many solutions for this puzzle. After taking into account
the matter effect, the most convincing solution is the so-called Large-Mixing-Angle
(LMA) Mikheyev-Smirnov-Wolfenstein (MSW) effect [13]. When neutrinos travel
through matter, their forward scattering from particles they meet along the way can
significantly change their propagation. In the sun, the number densities of electron,
muon and tau are very different, therefore each flavor neutrino has different prob-
ability to be scattered by a corresponding charged lepton. As a result, the flavor
change probability of neutrinos can be rather different than it is in the vacuum. The

best fit values for solar neutrino oscillation parameters are [14]

sin? Ogopar = 0.29, and Am?2,. = 6.0 x 10 %eV. (1.38)

solar

There are also oscillation experiments by using other neutrino sources such
as reactor neutrinos (Kamland and CHOOZ), and accelerator neutrinos (K2K and
MINOS). Remarkably, all of these experimental results can be explained by the

11



oscillation hypothesis and three-flavor neutrino mixing. The current global fit values

of the oscillation parameters (30) are [14]

7.1 x 107°eV? < Am3, < 8.9 x 10%eV?,
2.0 x 107%eV? < Am3, < 3.2 x 107%eV?,
0.24 < sin? 615 < 0.40,
0.34 < sin® fy3 < 0.68,

SiIl2 913 < 0040, (139)

with the best fit values Am3, = 7.9 x 107°eV2 Am2, = 2.6 x 1073eV? sin®f;, =
0.30, sin? f53 = 0.50 and sin? #;3 = 0.00. Currently, the CP-violating phases remain
unknown.

Besides the data from oscillation experiments, there are bounds from non-
oscillation neutrino experiments and observations from cosmology. These results

are summarized as followed:

Mee < 0.1 —0.9eV (neutrinoless double beta decay) [15],
(Z |U.i|*m?)Y? < 2.3 (beta decay) [16],

> m; < 0.62eV (WMAP) [17].

Evidence of 7, —7, oscillation was claimed by LSND collaboration in 1994 [18].
The LSND fit of data requires the mass-squared difference to be ~ 1eV?, which can
not be simultaneously explained within the framework of only three neutrinos when
combined with atmospheric and solar neutrino data. In March 2007, MiniBooNE
experiment reported no evidence for v, to v, oscillation in the LSND region [19].

12



We do not include the LSND result into our analysis.

1.3 Theory of Massive Neutrinos and Leptogenesis

The massive neutrinos and leptonic mixing provide concrete evidence for the
new physics beyond the SM. To accommodate massive neutrinos in the SM, the
simplest way is to introduce right-handed neutrinos and write the Yukawa coupling

like other charged fermions
Y,i; LiHN; + h.c.. (1.40)

After the electroweak symmetry breaking occurs, neutrinos get Dirac masses. Within
this simple extension, to generate correct mass scale for neutrinos, one needs ex-
tremely small Yukawa coupling Y,;; ~ 107'? if one takes the heaviest neutrino mass
~ 0.1eV.

On the other hand, if we treat the SM as an effective theory, using the light

degree of freedom of the SM fields, we can write a dimension 5 operator as

Ls An

(1.41)

Ay is the scale where new physics become important. When electroweak

breaking occurs, this operator can generate neutrino mass as

vij (H

If we take the coupling constant y;; ~ O(1), we need the new physics scale Ay to

be order of ~ 10'*GeV if the heaviest neutrino mass is around 0.1eV.

13



Note the dimension 5 operator given in Eq. (1.41) violates lepton number by

unit 2 i.e. AL = 2. The lepton number and baryon number are accidental global

symmetry of the SM, therefore the new physics associated with this operator should

involve some process violating lepton number. Compared to the Yukawa coupling

given by Eq. (1.40), the operator of Eq. (1.41) generates light neutrino mass more

naturally in the sense that the coupling constant y;; could be O(1).

There are two ways to realize this 5 dimensional operator in the more UV

complete theory: add heavy Majorana mass terms to the right-handed neutrinos or

add a heavy SU(2). Higgs triplet (A).

Right-handed neutrinos are allowed to have Majorana mass because they are

singlets of SM gauge group
MpijN/C™'N; + h.c.,
where C'is the charge conjugate matrix C' = i92~Y.
If SU(2)y, triplet A exists, v, also can acquire mass from coupling

fAijLzTLjA —I— hC

The non-zero VEV of A gives mp;; = faij (A).

Therefore the most general mass structure for the neutrino is

mry, mg
)
mp MR

where my, mp and Mpg should be understood as 3 x 3 matrices.
If Mr > mp and my, the light Majorana masses are given by
m, = myp — mlT)MglmD.
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(1.43)

(1.44)

(1.45)

(1.46)



N %
W H H
\ ’
/ | " \
Y Y

Figure 1.1: Feynman diagram for type I seesaw.

In the limit where m; = 0, even eigenvalues of mp have the same order of
masses of charged leptons and quarks, if the mass scale of My is very high, the
smallness of neutrino mass still can be explained naturally. This is the so-called
type I seesaw mechanism [20].

In the case mj; dominates the contribution to the light neutrino mass, the
smallness of neutrino mass is explain as follows: in general, the triplet VEV (A) is an
induced VEV, which is suppressed by the mass scale of the mass of A. For example,
in non-supersymmetric case, the Lagrangian includes a term Ay HHA, where Ar
the coupling constant with mass dimension. When electroweak symmetry breaking
occurs, A gets an induced VEV (A) ~ Ar(H)?/MX. In the supersymmetric case,
the induced VEV is Ap(H)?/Ma, where Ar is a dimensionless coupling and taken
to be O(1). Therefore, if Ma is super heavy, we obtain the small neutrino mass as
similar to the type I seesaw case. This scenario is called type II seesaw [21].

Within the seesaw frame, the lepton number violation can be understood as
follows: in the type I case, because right-handed neutrinos carry lepton number, the
Majorana mass term of the right-handed neutrinos break lepton number by unit 2;

in the type II case, lepton number is broken by the VEV of the SU(2), triplet A.
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Figure 1.2: Feynman diagram for type II seesaw.

If the seesaw mechanism is the reason why neutrinos are light, the massive
neutrino clearly implies the existence of a new physics scale Ay (~ 101 —10%GeV)
beyond the electroweak scale ~ 100GeV where N and A play important role on the
physics above scale Ay. However, the above extension of the SM by introducing N
and A is given by hand with the only purpose being to generate the 5 dimensional
operator. N is a singlet under the SM, there is no gauge symmetry breaking asso-
ciated with its Majorana mass scale, so its scale could be arbitrary-even as big as
the Planck scale. For the A, although it is charged under the SM gauge group, its
mass scale is also arbitrary and not necessarily to be the ~ 10GeV as required
by seesaw mechanism to generate light neutrino masses. One hopes that the UV
complete theory should include right-handed neutrinos or triplet as necessary in-
gredients and reproduce the SM at the low energy scale. On the other hand, in
the minimal supersymmetric standard model (MSSM), the three coupling constants

meet at 2 x 1019GeV which is close to the A which is indicated by the seesaw mech-
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anism. This suggests that the UV theory which gives rise to the seesaw mechanism
will probably be some kind of Grand Unified Theory (GUT).

The SM gauge structure involves the products of three individual groups which
have total rank 4. Thus the GUT group should at least have rank 4 and include
the representations of the SM fields. It turns out the smallest rank 4 simple group
which contains the SM group as a subgroup is SU(5) [22]. The SM group also can
be embedded into a larger group which contains SU(5) as a subgroup for example
SO(10) [23] or Eg [24]. SO(10) has some advantages: (i) the 16 dimensional spinor
representation of SO(10) includes the SM singlet right-handed neutrino, which is a
singlet under SU(5); (ii) U(1)p—r is a gauged subgroup of SO(10), thus the heavy
right-handed neutrino Majorana mass directly corresponds to the breaking of local
Up_r; (iii) it contains the left-right symmetric model SU(3). x SU(2);, x SU(2)r X
U(1)p—r [25] which provide a natural way to explain parity breaking at the low
energy scale.

Besides light neutrino masses, the seesaw scenario also provides a solution to
one of the biggest mysteries of our universe i.e. why matter dominates our universe
instead of anti-matter. To generate baryon asymmetry of our universe by dynamical
process. In the early 1960s, Sakharov concluded that three conditions have to be
satisfied [26]:

(i).Baryon number is violated;

(ii).Combined charge conjugate and parity symmetry (CP) is violated;

(iii).Non-thermal equilibrium of universe.

Among the many suggestions, leptogenesis [27] is particularly interesting given
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Figure 1.3: Leptogenesis.

the recent discovery of neutrino masses and mixing. We can see how the three
Sakharov conditions can be satisfied in the seesaw scenario. First, the Majoana
mass term of right-handed neutrinos violates lepton number conservation. The no-
perturbative Spherelon process can convert lepton number asymmetry to baryon
asymmetry while keeping B — L conserved. Second, CP can be easily violated by
the complex Yukawa coupling. Third, if the decay rate of the right-handed neutrinos
is smaller than the Hubble expansion rate of universe, the non-equilibrium condition
can be satisfied. The process is the following: The out-of-equilibrium decay of heavy
right-handed Majorana neutrinos via Yukawa couplings can produce both leptons
and anti-leptons due to their Majorana feature. The CP-violating phases in the
Yukawa couplings can cause the asymmetry between lepton number and anti-lepton
number. Once the primordial lepton asymmetry is produced, the Spherelon [28§]

converts it to the baryon asymmetry.

1.4 Flavor Symmetry and Grand Unification Theories

In general, the seesaw mechanism can explain the smallness of light neutrino
masses, but can not explain the mixing pattern. Compared with quark mixing

matrix Vo which is near unit matrix, the leptonic mixing pattern is quite special.
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The 653 is near maximal, #5 is large but not maximal and 63 almost vanishes. To
understand this particular mixing pattern in the lepton sector, there are two main
approaches in the literature: flavor (family) symmetry in the lepton sector; (i) A
class of SO(10) grand unification models.

The low energy scale leptonic mixing pattern exhibits strong evidence for the
possible flavor symmetry in the lepton sector. The y—7 symmetry [30] is one of the
candidates for such a symmetry. This symmetry requires the light neutrino mass
matrix to be invariant under the exchange of mu neutrino and tau neutrino in the
basis where charged lepton mass matrix is diagonal. One can write the operator of

the p — 7 symmetry in the matrix form

P=]o o 1. (1.47)

If the light neutrino mass matrix is invariant under the operation of P i.e. M, =

PM,P, the M, has the form

a b b
b d c

Diagonalization of this mass matrix leads to 63 = 7/2 and 613 = 0 which
agree with the best fit values of the oscillation data. Note p — 7 does not give any
bounds on the size of 615 because it only acts on v, and v,. This symmetry is also
testable by precise measurements of mixing angles and the correlation between the
nonzero value of 013 and the deviation of 0y from 7 /4.
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Flavor symmetry also makes it possible to connect low scale neutrino data to
the seesaw parameters. Many attempts have been made on the derivation of see-
saw parameters from the low scale data. This is particularly interesting because the
baryon asymmetry of universe may be expressed as a function of neutrino oscillation
data (if leptogenesis is the mechanism to cause the baryon asymmetry). One fasci-
nating example is the possible connection between CP-violating phases generating
the baryon asymmetry in the early universe and those which can be measured in
the low energy experiments. But in general such derivation is impossible without
additional assumptions, because the number of free parameters contained in seesaw
framework is much more than the measurable quantities at low scale. Take the type
I seesaw as an example: in the basis where right-handed neutrino mass matrix and
charged lepton mass matrix are diagonal, all mixing and CP-violating phases are
contained in the Yukawa coupling Y, which is a complex 3 x 3 matrix. Three of 9
phases in Y, can be rotated away by simultaneously rephasing charged lepton and
neutrinos, so one is left with 6 CP-violating phases. Together with 3 right-handed
neutrino masses and 15 parameters in neutrino Yukawa coupling, there are 18 total
parameters. However there are only 9 parameters contained in the low scale data
i.e. 3 light neutrino masses, 3 mixing angles, and three CP-violating phases. To
establish such a connection, one has to reduce the seesaw parameters. Most of the
work on this direction is based on the assumption of special texture of the Yukawa
coupling with zero entries and two right-handed neutrinos seesaw scenario. However
this approach is ad hoc. Actually the low scale mixing and masses of neutrinos cor-

respond to an infinite set of textures. On the other hand, with the flavor symmetry,
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the texture of the Yukawa coupling and the mass matrix of right-handed neutrinos
are constrained by the flavor symmetry, which provides a natural way to reduce the
seesaw parameters.

Phenomenologically the flavor symmetry may work well to understand the
neutrino oscillation data, however there is no guarantee such a symmetry can be
extended to the more general family symmetry in the interaction basis where the
forms of both charged lepton and neutrino mass matrices are determined by the
family symmetry in the Lagrangian. Furthermore, this kind of extension faces more
challenges when considering grand unification theories, because unlike in standard
model where quarks and leptons have no intrinsic connection, in the grand unifica-
tion theories, leptons and quarks are unified together. For example, in SU(5) model,
the anti-fundamental representation 5 includes SU(2), lepton doublet and SU(2),
singlet right-handed down-type quarks, and 10 includes SU(2); quark doublets,
SU(2), singlet right-handed up-type quarks and right-handed charged leptons. In
the SO(10) model, the connection between quarks and leptons is even tighter: the
spinor representation 16 includes one family of all fermions, and the large discrep-
ancy between quark mixing and lepton mixing has to be overcome. In general, the
family symmetry extracted from the lepton mixing may not be the symmetry in the
quark sector.

Even if the flavor symmetry extracted from the low scale data can be extended
to the more general family symmetry, quantum effects may break it if the light
neutrino masses are generated by the high scale seesaw. This is because of the energy
gap between the seesaw scale (~ 101*GeV), where we integrate out the heavy degree
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of freedom, and the low scale (a few GeV), where we make measurements: one should
run the parameters of lepton mixing and neutrino masses from the seesaw scale to
the electroweak scale by using renormalization group equations (RGEs). Although
we start from the Lagrangian which is invariant under both gauge symmetry and
family symmetry, and the light neutrino mixing matrix has the particular pattern
right below the seesaw scale, the quantum corrections may distort the initial mixing
pattern at the low scale. These RGE effects highly depend on the property of the
family symmetry and mass spectrum of neutrinos.

Alternative to the family symmetry, a class of SO(10) grand unification models
provide a deep insight on the relation between lepton mixing and quark mixing, even
though they look very different. In the supersymmetric minimal SO(10) model, the
almost maximal value of 053 is due to the b — 7 mass unification and the small
013 is the result of the quark-lepton unification if the type II seesaw dominates
the contribution to the light neutrino masses. The model is also very predictive,
with 13 parameters as input without CP-violating phases (6 quark masses, 3 CKM
mixing angles and three charged lepton masses), the neutrino sector is completely
determined. Phenomenologically this model is very attractive; however, the type
IT seesaw dominance can not be realized when one minimizes the potential within
the minimal Higgs sector because this model is constrained so that one can not
generate the mass difference between the SU(2),, triplet and other submulitplets of
126 multiplet of SO(10) such that the perturbativity of the theory can be kept up
to the GUT scale.

In this thesis, we address these issues systematically.
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We extract the u — 7 flavor symmetry from low scale neutrino oscillation
data. With this g — 7 symmetry, we derive a simple formula relating the lepton
asymmetry and neutrino oscillation observables ¢, = (aAm?2,, + bAm2,, 6%,) for
three right-handed neutrinos and a relation of form ¢ oc 67, for the case of two
right-handed neutrinos. We extend p — 7 symmetry successfully to the universal
family symmetry which exchange the second and third generations of all fermions,
and build a realistic supersymmetric SU(5) grand unification model.

The o — 7 symmetry does not act on the first generation which leaves the 69
free. We study the possible embedding of this S2 symmetry to the more general S3
symmetry which is the permutation symmetry between three families of leptons and
build a model which can generate the so-called tri-bimaximal (TBM) mixing pattern
in the lepton sector if one has both type I and type II seesaws contribution to the
light neutrino masses. We study the RGE effects on lepton mixing at low scale. The
quasi-degenerate mass spectrum is strongly disfavored by the TBM mixing. In this
model, the leptogensis includes contributions from both type I and type II, and the
CP-violating phases in the neutrino mixing are directly responsible for the lepton
asymmetry.

In this thesis, we also study the natural realization of the type II seesaw by
extending the 4 dimensional minimal SO(10) model to 5 dimensional theory with
a warped extra dimension. With this setup, the ability of minimal supersymmetric
SO(10) model to explain the large 093 and vanishing 613 is still kept, and the type II
dominance scenario can be realized naturally without adding new Higgs fields and

tuning of the parameters. In the mini-warped minimal SO(10) model, the GUT scale
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is introduced as a 4 dimensional theory cut-off, so the problem of non-perturbativity
beyond GUT scale existing in 4 dimensional model can be avoided.

This thesis is organized as follows:

In Chapter 2, leptonic u—7 flavor symmetry is introduced to explain the lepton
mixing pattern. We study the implications of this symmetry on the leptogenesis.

In Chapter 3, we extend the leptonic y — 7 flavor symmetry into the universal
family symmetry including the quark sector, and build a supersymmetric grand
unification model based on SU(5) group with type II seesaw mechanism.

In Chapter 4, we embed p — 7 into larger permutation group S3 where p — 7
symmetry is a S2 subgroup of S3 and obtain tri-bimaximal mixing pattern. We also
study the radiative corrections to the exact TBM limit due to RGE effects.

In Chapter 5, we explore features of CP-violating phases our S3 model model
and study the leptogenesis involving type Il seesaw.

In Chapter 6, S4 permutation group is used as family symmetry to study
unification of three families of fermions based on SO(10) GUT. We build a realistic
GUT model based on S4 x SO(10) symmetry.

In Chapter 7, we study the natural realization of the type II seesaw of minimal
SO(10) by extending 4 dimensional model to 5 dimension with a warped fifth extra
dimension.

In Chapter 8, we present the summary and conclusion of this thesis.
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Chapter 2
1 — 7 Symmetry, Leptogenesis and 63

2.1 Overview

There may be a deep connection between the origin of matter in the universe
and the observed neutrino oscillations. This speculation is inspired by the idea that
the heavy right-handed Majorana neutrinos that are added to the standard model
for understanding small neutrino masses via the seesaw mechanism [20] can also
explain the origin of matter via their decay. The mechanism goes as follows [27]:
CP violation in the same Yukawa interaction of the right-handed neutrinos, which
go into giving nonzero neutrino masses after electroweak symmetry breaking, lead to
a primordial lepton asymmetry via the out of equilibrium decay N — L+ H (where
L are the known leptons and H is the standard model Higgs field). This asymmetry
subsequently gets converted to baryon-anti-baryon asymmetry observed today via
the the electroweak sphaleron interactions [28], above T' > v,k (vyr being the weak
scale). Since this mechanism involves no new interactions beyond those needed in
the discussion of neutrino masses, one would expect that better understanding of
neutrino mass physics would clarify one of the deepest mysteries of cosmology both
qualitatively as well as quantitatively.

This question has been the subject of many investigations in recent years

[31, 32, 33, 34, 35, 36, 37, 38] in the context of different neutrino mass models and
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many interesting pieces of information about issues such as the spectrum of right-
handed neutrinos, upper limit on the neutrino masses etc have been obtained. In
a recent paper [39], the authors showed that if one assumes that the lepton sector
of minimal seesaw models has a leptonic p — 7 interchange symmetry [29, 30], then

one can under certain plausible assumptions indeed predict the magnitude of the

2

matter-anti-matter asymmetry in terms of low energy oscillation parameter, Am ..

and a high scale CP phase. The choice of y — 7 symmetry was dictated by the fact
that it is the simplest symmetry of neutrino mass matrix that explains the maximal
atmospheric mixing as indicated by data. Using present experimental value for

Am?

< Jar» ON€ obtains the right magnitude for the baryon asymmetry of the universe.

The results of the paper [39] were derived in the limit that g — 7 interchange
symmetry is exact. If however a nonzero value for the neutrino mixing angle 63
is detected in future experiments, this would imply that this symmetry is only
approximate. Also, since in the standard model v, and v, are members of the
SU(2), doublets L, = (v,, ) and L, = (v,,7), any symmetry between v, and v,
must be a symmetry between L, and L, at the fundamental Lagrangian level. The
observed difference between the muon and tau masses would therefore also imply
that the p — 7 symmetry has to be an approximate symmetry. In view of this, it
is important to examine to what extent the results of Ref. [39] carry over to the
case when the symmetry is approximate. We find two interesting results under some
very general assumptions:

(i) a simple formula relating the lepton asymmetry and neutrino oscillation

observables for the case of three right-handed neutrinos, i.e. ¢ = (aAm?, . +

solar
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bAm?

2 0%) and (ii) a relation of the form ¢ oc 02, for the case of two right-handed

neutrinos. Measurement of #,5 will have important implications for both the models;
in particular we show that in a class of models with two right-handed neutrinos with
approximate p—7 symmetry breaking, there is a lower limit on #,3, which is between
0.1 to 0.15 depending on the values of the CP phase. These values are in the range
which will be probed in experiments in near future [42].

The basic assumption under which the two results are derived are the following:

(A) type I seesaw formula is responsible for neutrino masses:

(B) i — 7 symmetry for leptons is broken only at high scale in the mass matrix
of the right-handed neutrinos.

We start with an extension of the minimal supersymmetric standard model
(MSSM) for the generic the type I seesaw model for neutrino masses. The effective

low energy superpotential for this model is given by
_ T cT MR cT nre
W = e“Y,LH;+ N“Y,LH, + TN N (2.1)

Here L,e¢ v¢ are leptonic superfields; H, 4 are the Higgs fields of MSSM. Y, and
Mp are general matrices where we choose a basis where Y, is diagonal. We do not
display the quark part of the superpotential which is same as in the MSSM. After
electroweak symmetry breaking, this leads to the type I seesaw formula for neutrino

masses given by

2 t 2
M, = _YVTfflyyw (2.2)
VR

The constraints of y — 7 symmetry will manifest themselves in the form of the Y,

and Mpg. It has been pointed out that if we go to a basis where the right-handed
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neutrino mass matrix is diagonal, we can solve for Y, in terms of the neutrino masses

and mixing angles as follows [43]:
Yo = iM}?R(z;)(M,)?Ut (2.3)

where R is a complex matrix with the property that RRT = 1. The unitary matrix

U is the lepton mixing matrix defined by
M, = U*M,U' (2.4)
The complex orthogonal matrices R can be parameterized as:
R(z12, 223, 213) = R(223)R(213) R(212) (2.5)

with
coszig sinzyp 0
R(z12) = | —sinzp coszip 0 (2.6)
0 0 1
and similarly for the other matrices. z;; are complex angles.
Let us now turn to lepton asymmetry: the formula for primordial lepton asym-

metry in this case, caused by right-handed neutrino decay is

=1 (2.7)

where Y, is defined in a basis where right-handed neutrinos are mass eigenstates and

their masses are denoted by Mj o5 where F(z) = — 1|22 _In(1+4 2?)| [44]. In

x |z2-1

the case where that the right-handed neutrinos have a hierarchical mass pattern i.e.
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M, < My, we get F'(z) ~ —3z. In this approximation, we can write the lepton

asymmetry in a simple form [45]

where using the expression for Y, given above, we can rewrite ¢; as:

_ iIm[le%mR(Zij)MfR(Zij)lez/Q]11
8w U2|RT(Zij)MVRT(ZU>|%1

(2.9)

€ =

We will now apply this discussion to calculate the lepton asymmetry in the
general case without any symmetries. In the following sections, we follow it up with
a discussion of two cases: (i) the cases of exact u — 7 symmetry and (ii) the case
where this symmetry is only approximate. Since the formula in Eq. (2.9) assumes
that there are three right-handed neutrinos, we will focus on this case in the next two
sections. In a subsequent section, we consider the case of two right-handed neutrinos
(N, N;), which transform into each other under the p — 7 symmetry. Both cases
are in agreement with the observed neutrino mass differences and mixings.

It follows from Eq. (2.9) that

oo 3M Im[miR}, + m3R3, + m3 R3] (2.10)
L= 8w U2|R(Zij)MVRT(Zij) 11 '

Since the matrix R is an orthogonal matrix, we have the relation

R, + R, + R}, = 1 (2.11)

Using this equation in Eq. 2.10, we get

3M1 Im[AmzolarR%2 + AmitmR%B]
€ = — B 5 (212)
8 0231 Raj*my)
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This relation connects the lepton asymmetry to both the solar and the atmospheric
mass difference square [32]. To make a prediction for the lepton asymmetry, we need
to the lengths of the complex quantities R;;. The out of equilibrium condition does
provide a constraint on |Ry;| as follows:

> (|RyPPmy) <1070 eV (2.13)

j=1,2,3

It is clear from Eq. (2.13) that if neutrinos are quasi-degenerate i.e. m; ~ my ~
ms = my, then using Eq. (2.11), we find that the left hand side of Eq. (2.13) has
a lower bound of my which is clearly much bigger than the right hand side of the
inequality. Defining K = %, this means that K > 555" > 1. This implies
that the right-handed neutrinos decays are in equilibrium at 7" ~ M;. This will

cause dilution of the lepton asymmetry generated with the dilution factor given by

0.3 575 [46], we get

K. Using a parameterization for the dilution factor x; =~ R K75

k1 ~ 107% which will make the baryon to photon ratio much too small. Based
on this argument, we conclude that a degenerate mass spectrum with mg > 0.1
eV will most likely be in conflict with observations, if type I seesaw is responsible
for neutrino masses. It must however be noted that a more appealing and natural
scenario for degenerate neutrino masses is type Il seesaw formula [21], in which
case the above considerations do not apply. Therefore, it is not possible to conclude
based on the leptogenesis argument alone that a quasi-degenerate neutrino spectrum
is inconsistent.

In a hierarchical neutrino mass picture, Eq. (2.13) implies that |R;3]? < 0.02

and |Ri5]? < 0.1. If we assume that the upper limit in the Eq. (2.13) is saturated,
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then we get the atmospheric neutrino mass difference square in Eq. (2.12) to give
the dominant contribution. We will see below that if one assumes an exact p — 7
symmetry for the neutrino mass matrix, the situation becomes different and it is

the solar mass difference square that dominates.

2.2 Three Right-handed Neutrinos and Exact p — 7 Symmetry

In this section, we consider the case of three right-handed neutrino with an
exact yu—7 symmetry in the Dirac mass matrix as well as the right-handed neutrino
mass matrix. In this case, the right-handed neutrino mass matrix Mgz and the Dirac
Yukawa coupling Y, can be written respectively as:

My Mz Mo
Mg = My My Mag (2.14)

M12 M23 M22

hii hiz hio
Y, = hor  haa  haos

h21 h23 h22

where M;; and h;; are all complex. An important property of these two matrices is

that they can be cast into a block diagonal form by the same transformation matrix

1 0
Uss(m/4) = on the v’s and N’s. Let us denote the block diagonal

0 U(r/4)
forms by a tilde i.e. Y, and Mpz. We then go to a basis where the Mp is subsequently

diagonalized by the most general 2 x 2 unitary matrix as follows:
VT2 x 2)UL (7 /4) MrUss(n/A)V (2 x 2) = Mpg (2.15)
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Vo
where V(2 x 2) = where V' is the most general 2 x 2 unitary matrix

0 1
given by V = ¢ P(3)R(0) P(7y). The 3 x 3 case therefore reduces to a 2 x 2 problem.

The third mass eigenstate in both the light and the heavy sectors play no role in the
leptogenesis as well as generation of solar mixing angle [39]. Note also that we have
013 = 0. The seesaw formula in the 1-2 subsector has exactly the same form except
that all matrices in the left and right hand side of Eq. (2.9) are 2 x 2 matrices. The

formula for the Dirac Yukawa coupling in this case can be inverted to the form:

Y,(2x2) = M2 x 2)R(z12)(M,)?(2 x 2)U" (2.16)
U o
where U = Uy(m/4) . Using this, we can cast ¢ in the form:
0 1

i% Im(cos® 212) A, (2.17)
81 v2 (| cos z12|2my + | sin z12|?my) '

€ =

This could also have been seen from Eq. (2.12) by realizing that for the case of exact
p — 7 symmetry, we have 213 = 0 and 293 = 7/4.

The above result reproduces the direct proportionality between ¢, and solar
mass difference square found in Ref. [39]. To simplify this expression further, let
us note that out of equilibrium condition for the decay of the lightest right-handed

neutrino leads to the condition:

M2 M2
—E[m| cos z12]? + ma| sin z15|?) < 14— (2.18)
Uk Pt
which implies that
Imy | cos zia|* 4+ mg|sin z15]* < 2 x 1072 eV (2.19)
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Since solar neutrino data require that in a hierarchical neutrino mass picture msy =~
0.9 x 1072 eV, in Eq. (2.19), we must have |sinz15/* ~ 0.2. If we parameterize
cos® 213 = pe, we recover the conclusions of Ref. [39]. This provides a different

way to arrive at the conclusions of Ref. [39].

2.3 Lepton Asymmetry and p — 7 Symmetry breaking

In this section, we consider the effect of breaking of ;1 — 7 symmetry on lepton
asymmetry. Within the seesaw framework, this breaking can arise either from the
Dirac mass matrix for the neutrinos or from the right-handed neutrino sector or
both. We focus on the case, when the symmetry is broken in the right-handed
sector only. Such a situation is easy to realize in seesaw models where the theory
obeys exact pu — 7 symmetry at high scale (above the seesaw scale) prior to B-L
symmetry breaking as we show in a subsequent section. We will also show that in
this case there is a simple generalization of the lepton asymmetry formula that we
derived in the exact y — 7 symmetric case [39]'.

In this case the neutrino Yukawa matrix is given in the mass eigenstates basis

of the right-handed neutrinos by

Y, = VJgVJQVQ%YV (2.20)

where Y, is the neutrino Dirac matrix in the flavor basis; The notation VJJ denotes a

unitary 2 x 2 matrix in the (¢, j) subspace. In the above equation, V53 = V5/3(m/4).

!Leptogenesis in a specific 4 — 7 symmetric model where the Dirac Yukawa coupling has the

form Y, = diag(a,b,b) has been discussed in Ref. [40]. Our discussion applies more generally.
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Now if we substitute for Y, the expression in Eq. (2.3) and use maximal mixing for

the atmospheric neutrino we obtain

Yv2><2 0 _ 1/2 1277+ n
= ViysM{" Ryja Ry s MUY, U (2.21)

0 ys
Since the p — 7 symmetry breaking is assumed to be small and from reactor
neutrino experiments 613 << 1 we will expand the mixing matrices in the 1 — 3

subspace to first order in mixing parameter:

(ViR U)iyz =1+ (€,2,0)3E (2.22)
where
0 0 1
E=[0 00 (2.23)
~1 0 0

To first order in €13, 213 and #;13 we have

— 015 MRy s MY2U S E = 0

ZlgMjliﬂ/le/2EMVU+ 1/2

1/2 + 613EM113L/2R1/2M;/2U+

1/2
(2.24)
It is straight forward to show that the perturbation parameters should satisfy the

following equations

e1gMp,msz + z13Mp,msRy — 913€_i5MR109(m1R11 —meRyy) ~ 0,
e13Mp, (maR12sg — miRy1cp) — z213Mp,maco — bhze™ " Mpyms =~ 0,
€13Mr,(miRi1sg + maRiace) + 213Mp,masy = 0,

21i3Mp,maRay — 0137 Mp,co(miRay — maRaa) ~ 0 (2.25)
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Where R;; are the matrix elements of R/, and cg and sy are the sine and cosine
of the solar neutrino mixing angle. Hence one can see that the parameter z;3 is

proportional to the #;3 neutrino mixing angle and is given to first order by

m m .
13 = [(E;)Rm - (HZ)RQQ]QBGﬂJCe (2.26)

This proves that the matrix element R;3 that goes into the leptogenesis formula is
directly proportional to the physically observable parameter ;3. This enables us to
write ¢ = aAm?2 . + bAm?2, 0%, A consequence of this is that if the coefficient of
proportionality is chosen to be of order one, then as experimental upper limit goes

down, unlike the generic type I seesaw case in section II, the solar mass difference

square starts to dominate for the LMA solution to the solar neutrino deficit.

2.4 Lepton Asymmetry for Two Right-handed Neutrinos

In this section, we consider the case of two right-handed neutrinos which trans-
form into one another under y — 7 symmetry. The leptogenesis in this model with
exact p — 7 symmetry was discussed in [39] and was shown that it vanishes. In this
model therefore, a vanishing or very tiny ;3 would not provide a viable model for
leptogenesis. Turning this argument around, enough leptogenesis should provide a
lower limit on the value of ;5.

To set the stage for our discussion, let us first review the argument for the exact

p — 7 symmetry case [39]. The symmetry under which (N, < N;) and L, < L.
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whereas the m,, # m, constrains the general structure of Y, and My as follows:

M22 M23
My = (2.27)
M23 M22
hll h22 h23
Y, =
hll h23 h22

In order to calculate the lepton asymmetry using Eq. (2.7), we first diagonalize
the righthanded neutrino mass matrix and change the Y, to Y,. Since My is a

symmetric complex 2 X 2 matrix, it can be diagonalized by a transformation matrix

1 1

U(r/4) = \/Lﬁ ie. U(r/4)MrUT (r/4) = diag(M,, My) where M, 5 are
-1 1

complex numbers. In this basis we have Y, = U(n/4)Y,. We can therefore rewrite

the formula for n, as

M,y
€ Zlm (n /)Y, YU (n/4))2,F (Mz) (2.28)
A B
Now note that Y, Y[ has the form which can be diagonalized by the
B A

matrix U(mw/4). Therefore it follows that ¢, = 0.
Let us now introduce p—7 symmetry breaking. If we introduce a small amount
of u — 7 breaking in the right-handed neutrino sector as follows: we keep the Y,

symmetric but choose the right-handed neutrino mass matrix as:

M3y M3
Mp = . (2.29)
Mg Mo (1 + 3)
After the right-handed neutrino mass matrix is diagonalized, the 3 x 2 Y/ takes the
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form (for #;5 < 1 and in the basis where the light neutrino masses are diagonal):
A B w913

(2.30)
xbhs ybis D

Here B, D, z,y,w are of order one and 63 o< 3.
To first order in the small mixing 6,3, the complex parameters A, B, D satisty

the constraint
A~ 913; BU2 ~ mng; DU2 ~ m3M2 (231)

Using these order of magnitude values, we now find that

3 M, sinn[m363,¢]
€~y ———— Tt o755
P78 02 mo

(2.32)
where £ is a function of order one. It is clear that very small values for 8,3 will lead
to unacceptably small ¢;. In Fig. 2.1, we have plotted np against 6,3 for values of
the parameters in the model that fit the oscillation data and find a lower bound on
613 > 0.1 — 0.15 for two different values of the CP phases (Fig. 2.1). In this figure,
we have chosen, M; ~ 7 x 10'* GeV. For higher values of M, the allowed range 6,3

moves to the lower range. Also we note that for values of M; < 7 x 10! GeV, the

baryon asymmetry becomes lower than the observed value.

2.5 A Model for  — 7 Symmetry for Neutrinos

In this section, we present a simple extension of the minimal supersymmetric
standard model (MSSM) by adding to it specific high scale physics that at low
energies can exhibit g — 7 symmetry in the neutrino sector as well as real Dirac

masses for neutrinos.

37



8.10 1%}
6-10 10t
€4.1010]
2.10 1%}
0 ‘ ‘ ‘ ‘
0 0.05 0.1 0.15 0.2
| Ues |

Figure 2.1: Plot of ng vrs 6,3 for the case of two right-handed neutrinos with ap-
proximate p — 7 symmetry and CP phases § = 7/4 and 7/3. The values of 6,3
are predicted to be 0.1 and 0.15 respectively. The horizontal line corresponds to

m = (6.5704) x 10710 [47].

First we recall that MSSM needs to be extended by the addition of a set of
right-handed neutrinos (either two or three) to implement the seesaw mechanism
for neutrino masses [20]. We will accordingly add three right-handed neutrinos
(Ne, Ny, N-) to MSSM. We then assume that at high scale, the theory has p—7 52
symmetry under which Ny = (N, £ N, ) are even and odd combinations; similarly,
we have for leptonic doublet superfields Ly = (L, £ L,) and leptonic singlet ones
(5 = (pu°£7°); two pairs of Higgs doublets (¢, + and ¢4 1), and a singlet superfields
Sy. Other superfields of MSSM such as N,, L., e¢ as well as quarks are even under
the p — 7 S2 symmetry. Now suppose that we write the superpotential involving

the S fields as follows:

Ws = Mbu_basS— + atu_da S, (2.33)
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then when we give high scale VEVs to < S > = M., then below the high scale
there are only the usual MSSM Higgs pair H, = ¢, + and Hy = (cdg+ + 5¢q)
that survive whereas the other pair becomes superheavy and decouple from the low

energy Lagrangian. The effective coupling at the MSSM level is then given by:

W = heLeHue® + hyLeHl’. + hoLo Hym® + hsL. Hye® (2.34)
—|-h,4L,Hd66 + h5L+Hd£i + h6L,Hdmc_ + h7L,Hd€i_
+f1LeHu,+Ne + f2LeHu,+N+ + f3L+Hu,+Ne + f4L+Hu,+N+

+fsL_H, N_

Note that the p — 7 symmetry is present in the Dirac neutrino mass matrix whereas
it is not in the charged lepton sector as would be required to .

We show below that it is possible to have a high scale supersymmetric theory
which would lead to real Dirac Yukawa couplings (f;) if we require the high scale
theory to be left-right symmetric. To show how this comes about, consider the gauge
group to be SU(2)r x SU(2)r x U(1)p—r, with quarks and leptons assigned to left
and right-handed doublets as usual [25] i.e. Q(2,1,1/3), Q°(1,2,—1/3); L(2,1,—1)
and L°(1,2,+1); Higgs fields ®(2,2,0); x(2,1,+1); x(2,1,-1); x°(1,2,—1) and
Xe(1,2,—1). The new point specific to our model is that we have two sets of the
Higgs fields with the above quantum numbers, one even and the other odd under
the u — 7 S2 permutation symmetry i.e. P4, v, X+, x& and Y% (plus for fields
even under S2 and — for fields odd under S2. ) Furthermore, we will impose the
parity symmetry under which Q < Q*, L « L, (x, X < X, x<"), ® < ®T.

The Yukawa couplings of this theory invariant under the gauge group as well
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as parity are given by the superpotential:
W = hyLf® LS + hy LE® LS ho LT® LS he LI® LS + hi L1®, I[f2.35)

+he LI® L + h} L' LS+ hy LY® L + h%_LT®_L°

where hy1,hoy,h__ are real.

The Higgs sector of the low energy superpotential is determined from this
theory after left-right gauge group is broken down to the standard model gauge
group by the VEV’s of y¢. The phenomenon of doublet-doublet spitting leaves
only two Higgs doublets out of the four in . and is determined by a generic

superpotential of type

Wpp = Z AigiXa®ixE + NgpXa®iXe + Mi(xex: + XExCx) (2.36)

irj,k
where 1, 7, k go over + and — for even and odd and only even terms are allowed by
p — T invariance e.g. Aiy4, Ay__,... are nonzero. Now suppose that < x{ >= 0
but < x¢ ># 0 and < x°, ># 0. These VEVs break the left-right group to the
standard model gauge group. It is then easy to see that below the < x¢ > scale,

there are only one Higgs pair where H, = ¢, + and Hy = ) 3.4 @i¢a,i- Here we

i=+,—
have denoted the ® = (¢, ¢q) and ¢pg34 = x+. The upshot of all these discussions

is that the right-handed neutrino Yukawa couplings are yu — 7 even and therefore

have the form:

hii her O
YI/ = hz_’_ h++ O (237>
0 0 h__



It is easy to see that redefining the fields appropriately, we can make Y, real. So
the only source of complex phase in this model is in the right-handed neutrino mass
matrix, which in this model are generated by higher dimensional couplings of the
form L¢Lx¢x¢ as we discuss now.

The most general nonrenormalizable interactions that can give rise to right-

handed neutrino masses are of the form:

1 C. C. [y
Wir = J7UL0E)° + LX) + (L5 xe,)? (2.38)
(LExe)? + (L xe,)? + (LSxe_)?

(LExe (LX)

Note that since both x¢, acquire vevs, the last term in the above expression will
give rise to p — 7 breaking in the right-handed neutrino sector while preserving it
in the Y,. The associated couplings in the above equations are in general complex.
This leads to a realistic three generation model with approximate p — 7 symmetry
as analyzed in the previous sections.

In summary, we have studied the implications for leptogenesis in models where
neutrino masses arise from the type I seesaw mechanism and where the near maximal
atmospheric mixing angle owes its origin to an approximate p — 7 symmetry. We
derive a relation of the form ¢ = (aAm2,, +bAm2,, 67,) for the case of three right-
handed neutrinos, which directly connects the neutrino oscillation parameters with
the origin of matter. We also show that if 6,3 is very small or zero, only the LMA
solution to the solar neutrino puzzle would provide an explanation of the origin of

matter within this framework. Finally for the case of two right-handed neutrinos
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with approximate y — 7 symmetry, we predict values for ;3 in the range 0.1 — 0.15

for specific choices of the the high energy phase between /4 and 7/3.
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Chapter 3
Grand Unification of g — 7 Symmetry

3.1 Overview

Observation of nonzero neutrino masses and determination of two of their three
mixing parameters by experiments have raised the hope that neutrinos may provide
a clue to flavor structure among quarks. In order to make progress in this direction
however, one needs knowledge of the detailed nature of the quark-lepton connection
e.g. whether there is an energy scale where quarks and leptons are unified into one
matter (or grand unification of matter). While there are similarities between quarks
and leptons that make such an unification plausible, there are also many differences
between them which may a priori point the other way: for instance, the mixing
pattern among quarks is very different from that among leptons and the neutrino
mass matrices in the flavor basis exhibit symmetries for which there apparently is no
trace among quarks. Two examples of such apparent lepton-exclusive symmetries
are : (a) discrete p — 7 symmetry [29, 30] of the neutrino mass matrix in the
flavor basis indicated by maximal atmospheric mixing angle and small 6,3 and (b)
continuous L, — L, — L. [48] symmetry, which will be indicated if the mass hierarchy
among neutrinos is inverted.

If neutrinos are Majorana fermions, they are likely to acquire masses from

very different mechanisms e.g. one of the various seesaw mechanisms which involve
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completely independent flavor structure (say for example from right handed neutri-
nos) than quarks. The apparent disparate pattern for quark and leptons mixings
then need not argue against eventual quark-lepton unification. In fact there are
now many grand unification models (where quarks and leptons are unified at short
distances) where small quark mixings and large lepton mixings along with all their
masses can be understood with very few assumptions in a seesaw framework [38].

In this chapter we address the question as to whether there could be an appar-
ently pure leptonic symmetry such as g — 7 symmetry in the neutrino mass matrix
in the flavor basis (i.e. the basis where charged leptons are mass eigenstates), which
is part of a general family symmetry within a quark-lepton unified framework such
as a grand unified model. We particularly focus on this symmetry since there ap-
pears to be some hint in favor of this from the present mixing data. In the exact
symmetry limit, the mixing parameter 63 = 0 [29] and breaking of the symmetry
not only implies a small nonzero value for 6,3 but also leads to a correlation between
013 with 63 — 7/4, which can be used to test for this idea [30]. This question has
been discussed at a phenomenological level in several recent papers [49] but to the
best of our knowledge no full-fledged gauge model has been constructed. Indeed
most gauge models for v, — v, symmetry discussed in the literature treat leptons
separately from quarks [40].

One simple way to have quark flavor structure completely separated from
that of leptons and yet have quark-lepton unification is to use the double seesaw
[41] framework where neutrino flavor texture from “hidden sector” singlet fermions
(e.g. SO(10) singlets ) which are completely unrelated to quarks (for examples of
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such models, see [50, 51]). One can then have any pure “leptonic” symmetry on
the hidden singlets without at the same time interfering with quark flavor texture.
A necessary feature of such models is that one must introduce new fermions into
the model. A question therefore remains as to whether one could do this without
expanding the matter sector. In this paper, we propose such an approach without
introducing new fermions within a realistic SU(5) GUT framework that unifies
quarks and leptons. We demand the full theory prior to symmetry breaking to
obey a symmetry between the second and third generation (or a generalized version
of u — 7 symmetry). The neutrino masses are assumed to arise from a type 1T [21]
mechanism, which disentangles the neutrino flavor structure from the quark flavor
structure. The quark mass matrices are however constrained by the y—7 symmetry.
The quark mixing angles then introduce departures from exact u — 7 symmetry
results and lead to nonzero 0,3 as well as departures from maximal atmospheric

mixing.

3.2 A SUSY SU(5) Model with g — 7 Symmetry

The model consists of a minimal set of Higgs bosons which are anyway required
to reconcile the charged fermion masses in the minimal SU(5) model. We find that
the requirement of y — 7 symmetry for neutrinos can be imposed on the model
without contradicting observed charged fermion masses and mixings. As noted, the
model predicts a nonzero value for 6,3 correlated with the departure of 093 from its

maximal value.
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As in the usual SU(5) model, matter fields are assigned to 5 = F,, and 10 = T,
(with a = 1, 2, 3 denotes the generation index). We choose the Higgs fields to belong
to the multiplets 24 (denoted by ® and used to break the SU(5) symmetry down
to the standard model); 5@ 5 (denoted by h+ h) and 45 @ 45 (denoted by H + H)
used to give masses to fermions) and 15 @ 15 (denoted by S + S) to give masses to
neutrinos via the type II seesaw mechanism [21].

The matter and Higgs fields transform under the u—7 discrete flavor symmetry

as follows:

Fu — F.
(h, B) — (h, iL)
(H H) <« (—H,—H) (3.1)

and all other fields are singlets under this transformation. In this model, the matter

part of the superpotential can be written as

W =Yi5FFS + YsTTh + YsTFh+ Y;sTFH. (3.2)

After the electro-weak symmetry breaking, the mass matrices for the standard

model fermions are given by
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X Y Y

M, = Yi5(S)=|vy z w (3.3)
Y W Z
A B C
M, = Ys(h)=|B D E (3.4)
C E
A B O 0 0 0
My = Ys(h)+Ys(H)=|E D, F|+| E, D F (3.5)
E, D, F —E, —-Dy —F
A B E 0 Ey, —Ey

M, = Y{(h)=3Y5{H)=|B, D, D,|-3|0 D, —Dy| (3.6
C, I By 0 F, —F
where the various parameters characterising the mass matrices are given in terms of
the Yukawa couplings and vacuum expectation values of fields as follows:(S), (h), (h), (H)
are VEVs of S, h, h, H respectively.

The mass matrices depend on nineteen parameters if we ignore CP phases
and there are seventeen experimental inputs (6 quark masses, 3 charged lepton
masses, two neutrino mass difference squares plus five mixing angles values and
an upper limit on 6;3). For the sake of comparison, we note that if we generated
neutrino masses in the standard model using a Higgs triplet field, there would be

18 parameters in the absence of CP violation (9 from the quark sector, 3 from the

47



charged lepton mass matrix and six from the neutrino sector). When one embeds the
standard model into a GUT SU(5), to be realistic, one needs to introduce 45 Higgs
and its associated Yukawa couplings. In this case, the total number of parameters in
the Yukawa sector is 30. In our model the requirement of —7 symmetry has first led
to a reduction in the total number by eleven and furthermore grand unification has
strongly correlated the down quark and charged lepton mass matrix, as expected.
It is therefore not obvious that the model will be consistent with known data on
fermion masses.

To see if the model is phenomenologically acceptable, we first fit the masses
of the charged leptons and down type quarks using the mass values of leptons and
quarks at GUT scale given in the Table 3.1 [52]. These values are obtained by two-
loop RGEs running from 7 boson mass scale to the GUT scale. The initial values
are from the experimental data.

The values of parameters in the model are found by scanning the whole param-
eter space under the constraint that we satisfy the current experiment requirements
of 013 and fA3. Note that since in this model, neutrino mass matrix in the flavor
basis is 4 — 7 symmetric, it is diagonalized by the matrix:

V2cosf, /2sinf, 0
U, = % —sind, cos b, 1 | (3.7)
—sind, cosf, —1
where 6, is the solar mixing angle. The deviations of 613 and 63 from 0 and 7
respectively should come from left-handed charged leptons mixing matrix. Since
these deviations have upper bounds, this puts an nontrivial constraint on the charged
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input observable tan 0 = 10
m, (MeV) 0.723810 1302
me (MeV) 210.32731757995¢
my (GeV) 82.4333 130267
mq (MeV) 1.503610 5503
ms (MeV) 29.945474-39%
my (GeV) 1.063670 865
me (MeV) 0.358570 0005
m, (MeV) 75.671510 000
m. (GeV) 1.292210-0003

Table 3.1: The masses of charged fermions at the GUT scale.
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Figure 3.1: Scatter plot in the sin® f,3 and sin? #,3 plane.

lepton mass matrix of the model; but since the charged lepton mass matrix is already
constrained by p — 7 symmetry, it is nontrivial to get all masses and mixings to fit.
It turns out that the fitting for the masses of leptons and quarks does not provide
any bound on #,3, however it gives quite stringent bound on #;3. Using the relation

Upyns = UZTUV, one can write sin 613 and tan 63 as

1
sinf3 = —=|Upp; — U, 3.8
13 \/§| 121 131] (3.8)
Uiza — Uso
tan Oys = 3.9
2 |Ul23 —Uss (3:9)

The 30 experimental bounds of 6,3 and fa3 are 0.34 < sin? fy3 < 0.68 and sin® fy3 <
0.051 [14].

The scatter plot in Fig. 3.1 gives sin? 6,3 as a function of sin?6,3 allowing for
3 o uncertainty in all masses except m. (chosen to be 0.3 — 0.4 MeV), m,, (chosen
to be 73 — 76 MeV) and my left free and o3 within 3 o.

Here, we give two typical fitting points for our model:
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Figure 3.2: Value distribution of sin? 6;5. 67 percent of fitting points have sin® ;5 <

0.03 and 80 percent have sin? 6,3 < 0.05.

(i) Case 1:

mg = 0.355117 MeV  mg = 34.0438 MeV  m; = 985.857 MeV  (3.10)

me = 0.356047 MeV  my, = 75.1597 MeV  m, = 1336.14 McV ~ (3.11)

0.999327  0.036688  0.0000316411
U =1 00366849 —0.999231 —0.0138381 (3.12)

0.000476075 —0.01383 0.999904

For this case, we predict the following values for the neutrino mixing parameters ;3

and 0232

015 ~ 0.026 (3.13)

Oo3 ~ 44.3° (3.14)

(i1) Case 2:
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mg = 0.336552 MeV  m, = 38.4364 MeV  m;, = 926.78 MeV  (3.15)

me = 0.381779 MeV  m, = 73.112 MeV m, = 1288.52 MeV  (3.16)

0.959961  0.280133  0.000326329
U =1 0279872 —0959014 —0.0443148 (3.17)

0.0121011 —-0.0426319  0.999018

giving us

fr5 ~ 0.19788 (3.18)

Oz ~ 41.2° (3.19)

We therefore note that the value of the most probable value for 6,5 is in the range
from 0.02 — 0.19 with (as indicated in Fig. 3.2) values below 0.1 being much more
probable.

Note that mass my in both cases has almost same magnitude as m, and is
smaller than the central value at the GUT scale by about ~ 1MeV. The reason
for this is that H is 4 — 7 odd, leading to zero entries in the M., M,. Note that in
this model, we also have additional threshold correction from the exchange of the
gauginos, which make larger contribution to quarks relative to the charged leptons
of the corresponding generation due to strong coupling of the gluinos. In particular,
the gluino contribution to the tree level masses of the quarks can be significant if
the assumption of proportionality between the A-terms and the Yukawa couplings
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Q,

Figure 3.3: One-loop SUSY threshold correction to d quark mass due to gluino-

squark exchange.

is abandoned. Fig. 3.3 gives a typical Feynman diagram contributing to the quark
masses [54]. The generic contribution to the (4, j) element of the down quark mass

matrix is given by:

QCES Mg
3T m2

q

dMgij =~ (mg ;1 tan 3 + Agj)mo) (3.20)

Including this radiative correction only in the 11 element of the down quark
mass matrix, one can get the down quark mass to be in agreement with observations.
We also note that the process of fitting the charged lepton and down quark masses
gives a definite rotation matrix that diagonalizes the down quark mass matrix and
contributes to the Vogpy. We then appropriately choose the parameters in the

symmetric up-quark mass matrix so that we get the correct Vg .

3.3 Gauge Coupling Unification

This type-II seesaw requires that we have a medium scale for the mass of the
SM triplet Higgs which is present in 15-Higgs i.e. My ~ 10*GeV: this is satisfied
if we tune the coupling A of A®SS to ~ 1072 or so since My ~ Avy. Once ® get
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Figure 3.4: Unification of the gauge couplings at two-loop level for central values of
low-energy oberservables. We find Mgyr = 2.36 x 10'°GeV. The dashed lines in

the figure show the pure MSSM running.

VEV and breaks SU(5) to Standard Model, it also can induce the mass splitting of
multiplets of S, S. This will affect the unification of coupling. We display the effect
of these mass splittings to the gauge coupling running as a threshold correction, in
Fig. 3.4 and show that the unification of couplings is maintained and we get a slight

increment in the value of My ~ 2.36 x 10'¢ GeV.

3.4 45 vrs its Higher Dimensional Equivalent

We also like to comment that a more economical possibility is to consider a
model that uses a high dimension operator involving with ® instead of the H. The

matter part of the superpotenial in this case is given by:

_ 1 _
W =Y FFS +Y;TTh+ YsFTh + MY%FT(I)h, (3.21)
P
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where Mp is Planck scale and Hay is the SU(5) adjoint representation used to break
SU(5) to SU(3) x SU(2) x U(1). Mp ~ 10GeV,VEV of H is ~ 10'°GeV and VEV
of his ~ 102GeV ,thus the overall scale of the contribution of this higher dimensional
operator to fermion mass matrices ~ 100MeV. We have tried a fitting of data for this
model and find it to be unacceptable, since it gives very large sin? fo3 ~ 0.76 — 0.8
which is around 4-5 o.

In summary, we have discussed the grand unification of apparently pure lep-
tonic symmetries such as p — 7 symmetry into the quark-lepton unifying supersym-
metric SU(5) model for quarks and leptons and studied its implications for neutrino
mixing angles. We find that it is possible to have a completely viable SU(5) model
of this type. In this model the neutrino masses arise from a triplet VEV induced
type II seesaw mechanism. The presence of quark lepton unification leads to small
deviations from maximal atmospheric mixing angle and vanishing #,3 implied in the

exact symmetry limit.
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Chapter 4
S3 Flavor Fymmetry and Tri-bimaximal Mixing

4.1 Overview

i — 7 flavor symmetry has been proposed to understand lepton mixing pattern
with near maximal atmospheric mixing angle and vanishing #,5. Even though there
is no such apparent “u — 77 symmetry among quarks and charged leptons, in the
previous chapter, we have shown that unified description of quarks and leptons is
possible within SU(5) GUT by extending neutrino p — 7 symmetry to the permuta-
tion family symmetry between the second and third generations. A question raised
by this is whether there are higher underlying symmetries of leptons.

A hint for a higher symmetry may be coming from the observation that the
solar angle in the PMNS mixing matrix satisfies the relation sin?fgopr ~ % The

resulting PMNS matrix has the simple form [53]:

w5
s

= 1 1 1
U=1-% & (4.1)
1 1 _ 1
NIVE) V2

and is called a tri-bimaximal mixing. The true nature of the symmetry responsible
for this pattern is not clear, although there are many interesting suggestions [55, 56,
57].

In this chapter, we explore the possibility that the relevant symmetry may be
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the permutation symmetry S3 of three lepton generations. We show that a softly
broken S3 symmetry for leptons can lead to tri-bimaximal mixing pattern if we use
a combination of type I and type II seesaw mechanism to understand the smallness
of neutrino mass. This approach appears to be different from previous attempts at
building models for tri-bimaximal mixing [55, 56, 57].

We proceed in two steps: we first show how in a basis where charged leptons
are diagonal, one can derive the mixing pattern in Eq. (4.1) using softly broken
S3 symmetry under certain assumptions. We then show how this the S3 symmetry
combined with Zy, X Zs, X Zy; symmetry can lead to a diagonal charged lepton mass
matrix. We then extrapolate the neutrino mass matrix from the seesaw scale to the
weak scale and obtain constraints on the mass ratios m;/mg and my/ms so that
the mixing angles match the observations. We obtain a prediction for 6,3, which
turns out to be extremely small (~ 0.004). We further show that if the neutrino
masses are quasi-degenerate and have the same CP property (i.e. are all positive),
then the radiative corrections in the extrapolation to the weak scale are so large
that the solar mixing angle is in disagreement with observations. This implies that
in supersymmetric theories with large tang, seesaw scale tri-bimaximal mixing and

degenerate neutrinos are mutually exclusive.
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4.2 An S3 Model

We start with the Majorana neutrino mass matrix whose diagonalization at

the seesaw scale leads to the tri-bimaximal mixing matrix:

a b b
M, = b a—c b+ec (4.2)
b b+c a—-c

Diagonalizing this matrix leads to the U of Eq. (4.1) and the neutrino masses:
my =a—b;mg =a+2band my = a — b — 2c. Clearly if |a| ~ |b] < |c|, we get a
normal hierarchy for masses.

We now show that the mass matrix in Eq. (4.2) can be obtained from a softly
broken S3 symmetry in the neutrino sector. For this purpose, we assign the three
lepton doublets of the standard model (L., L,, L;) to transform into each other
under permutation. The three right handed neutrinos (N;—;23) transform under

three permutation and two cyclic operations of S3 as:

e« p: Ny —Npi; Ny —Nj
w1 Ny —Ny; Ny < —Nj
T<+>e: N3+ —N3; Ni < —Ny
e—p—T7: Ny — Ny; Ny — N3; N3 — N;

e—=T—pu: Ny — N3; Ny — Ni; N3 — N, (4.3)

In order to obtain the neutrino mass matrix, we assume that there is a standard

model triplet Higgs field A with Y = 2 which is 53 singlet that couples to the two
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lepton doublets and an S3 singlet Higgs doublet field H that gives the Dirac mass
for the neutrinos. The triplet VEV can be made small and of the desired order if
the mass of the triplet Higgs field is around 10'* GeV or so [38].

The first point to note is that the most general S3 invariant coupling of the

triplet i.e. fupLoLpA is given by the coupling matrix:

For the Dirac neutrino coupling we choose to keep the following S3 invariant term:
Lp = hJ[NiH(L.—L,)+ NyH(L, — L;) + N3H(L, — L.)] + h.c. (4.5)

One other S3 invariant coupling is set to zero. This is natural in a supersymmetric
theory due to the nonrenormalization theorem. We then get for the Dirac mass

matrix for neutrinos

d —d 0
Mp=|o0 a4 -d (4.6)
—d 0 d

where d = h, (H). If we now assume the following hierarchy among the right handed
neutrinos, i.e. My, , > My, so that a single right handed neutrino dominates the
type I contribution to the seesaw formula [59], then in the strict decoupling limit,

using the mixed type I+I1 seesaw formula:
M, = My— MIMz'Mp, (4.7)
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we get the desired form for the neutrino Majorana mass matrix (Eq. (4.2)) which
leads to tri-bimaximal mixing. Note that the right handed neutrino masses being
dimension three operators break the S3 softly.

In this discussion we have assumed that the charged lepton mass matrix is
diagonal. A major challenge for any model for neutrino mixings is to have a con-
sistent picture for both the charged lepton and neutrino sectors simultaneously so
that the combination Ug U, equals the observed PMNS matrix. Since in our case,
the neutrino sector by itself gives the tri-bimaximal form for the PMNS matrix, the
charged lepton sector should be diagonal or nearly so. We will now show that we
can obtain a diagonal charged lepton mass matrix in a simple way using the S3 sym-
metry, provided we choose only one of two allowed S3 invariant Yukawa coupling
terms.

In order to achieve this, we assume that there are three standard model Higgs
doublets (H., H,, H,) transforming like the lepton doublets above under S3. We
also assume that the right handed charged leptons (eg, g, 7g) transform under S3
same way. We then assume a product of discrete symmetries Zs. X Zy, X Zy, under
which all fields except the following are even: (eg, H.) odd under only Zs. and
similarly (ug, H,) are odd only under Z,, and (7g, H-) odd under Z,,. The Yukawa

couplings invariant under this are:

Ly = he(LeHeep+ Ly Hyug + Ly H.Tr) + hL(L.H, g+ L, Heer

+L,H. 7+ L;Hupip + LeH,Tr + L, H.eg) + h.c. (4.8)

By softly breaking the global S3 symmetry in the Higgs potential for the H, , , we
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can get (H.) < (H,) < (H,) which allows us to obtain a realistic diagonal charged
lepton mass matrix if we assume A, = 0. This model then gives us a tri-bimaximal

neutrino mixing at the seesaw scale.

4.3 Radiative Stability of the Texture

In order to compare this model with observations, we need to extrapolate the
seesaw scale neutrino mass matrix in Eq. (4.2) down to the weak scale [58] and
then calculate the masses and mixing angles. This extrapolation depends on the
mass hierarchy of the neutrinos. So comparing with observations, we can put limits
on the mass hierarchy at low scale. From the expressions for the neutrino masses
derived after Eq. (4.2), one might think that degenerate masses are compatible
with tri-bimaximal pattern since there are three parameters and three masses to be
fitted. However, in supersymmetric models, mixing angles can receive substantial
contributions from RGE effects (specially for large tan/3) and will in general lead to
distortion of the mixing angles away from the tri-bimaximal values. For the specific
case of tanf = 50 we calculate the radiative corrections to the solar mixing angle
015 in fig. 4.1. We plot sin?0;, against ms /mg with the input constraint being that
Am? . /Am?  is within 3 o of its present value i.e. 0.024 < Am?2, /Am?2, < 0.060
[14]. We see that for my/mg > 0.3 or so, the solar mixing angle goes outside the
observed range and the agreement gets worse for larger values of this mass ratio

which corresponds to quasi-degenerate neutrino spectrum. This leads us to conclude

that tri-bimaximal mixing at the seesaw scale is incompatible with quasi-degenerate
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Figure 4.1: sin26;, at the weak scale for the case of quasi-degenerate neutrinos. Note
that the higher the ratio ms/mg, the more degenerate the neutrinos are and further

off the prediction for sin?6;, is from the observed value.

neutrinos for large values of tan 3.

For the same value of tan 3, we show in fig. 4.2 the allowed ranges for the
neutrino mass ratios for the case of normal hierarchy and in fig. 4.3, the prediction
for 613 for this model. In these figures, we have used the above 30 experimental

2
bounds for AmZ,..

JAm?Z, . and also 3 ¢ bounds for 0.23 < sin6%, < 0.38 and
0.34 < sin 2, < 0.68 [14]. We find that the prediction for 63 ~ 0.004 which is much
too small to be observable in near future. This is because the low energy theory
in the absence of radiative corrections is 4 — 7 symmetric. Clearly observation of
013 higher than this value will rule out this model and indeed any simple model for
tri-bimaximal mixing at the seesaw scale for the case of normal mass hierarchy.

In conclusion, in this chapter, we have presented a new way to obtain the

tri-bimaximal mixing pattern for neutrinos by embedding p — 7 symmetry of the
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Figure 4.3: Distribution of sin ;3 value.
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neutrino mass matrix into a softly broken S3 permutation symmetry for leptons and
using a simple combination of the type I and type II seesaw formulae along with the
dominance of a single right handed neutrino [59]. We also find that tri-bimaximal
mixing at the seesaw scale is incompatible with degenerate neutrino spectrum due

to large radiative correction effects for large tan 3.
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Chapter 5
Connecting Leptogenesis to CP Violation in Neutrino Mixings in a
Tri-bimaximal Mixing model

5.1 Overview

In the Chapter 3, we derived two simple formulas connecting lepton number
asymmetry and low scale neutrino oscillation data with the basic assumption that
type I seesaw generates light neutrino mass and slightly broken p — 7 symmetry at
the high scale. The flavor symmetry reduces the seesaw parameters in a natural
way and makes it possible to have such direct connection.

A further question of this connection is whether CP-violating phases in neu-
trino mixing that can be probed in long baseline as well as in neutrinoless double
beta decay experiments are the ones that are responsible for the matter-anti-matter
asymmetry. It turns out that in generic seesaw models there is no a priori connection
between them and it is hoped that in a true theory of neutrino masses and mixing,
such a connection may exist. By a direct connection, we mean the phase responsible
for lepton asymmetry of the Universe is the same one that appears as either a Dirac
or one of the two Majorana phases in neutrino mixings. The non-triviality of this
problem stems from two facts: (i) in generic seesaw models, lepton asymmetry e,

depends only a subset of the phases of Dirac mass matrix Mp whereas low energy
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phases in the neutrino mass matrix involves all of them; and (ii) the seesaw formula
“scrambles” up the phases due to multiplication of matrices so that any direct con-
nection between low and high energy phases, if they exist at all becomes difficult to
discern.

In this chapter, we show that the S3 model proposed in Chapter 4 for tri-
bimaximal neutrino mixing, the structure of the neutrino mass matrix is so con-
strained by symmetry that a direct connection between the leptogenesis phase and
neutrino mixing phases emerges. Thus within the context of this model, a measure-
ment of the neutrino CP phases would provide a direct understanding of the origin
of matter. In this model, the key flavor symmetry leading to tri-bimaximal mixing
is the permutation symmetry of three lepton families. The resulting neutrino mass
matrix is characterized by only three complex parameters, whose absolute values
are constrained by already existing observations. We find that (i) in the exact tri-
bimaximal limit, when there is no Dirac phase, one of the two Majorana phases
is directly responsible for the lepton asymmetry of the Universe; (ii) even after we
include small departures from the tri-bimaximal limit, the direct connection remains
— there are then two contributions to €,, one being proportional to the Dirac phase
and the other to one of the two Majorana phases. This direct connection is possible
due to the simple form of Mp dictated by the S3 symmetry of the model and the
assumptions that in case (i) only one and in case (ii) only two right-handed neutri-
nos dominate the seesaw formula as well as the fact there is an S3 symmetric type
IT contribution to the neutrino masses in both cases.

This chapter is organized as follows: in section 2, we give a brief review the
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salient features of the S3 model for tri-bimaximal mixing and set up the notation; in
section 3, we present a general discussion of leptogenesis in our model; in section 4,
we calculate the baryon asymmetry in the exact tri-bimaximal mixing and establish
the direct connection between one of the Majorana phases in the neutrino mixing
and €; in section 5, we do the same for the case where we include deviations from
tri-bimaximal limit and show the connection of ¢, to the Dirac and the Majorana

phases.

5.2 CP Violating Phases of the S3 Model

We start with the Majorana neutrino mass matrix whose diagonalization at
the seesaw scale leads to the tri-bimaximal mixing matrix:
a’ v b
M,y=1Vv o —-¢ V+¢ (5.1)
v vV+d o —7¢
where the elements are chosen to be complex. Diagonalizing this matrix leads to
the tri-bimaxial mixing pattern and the neutrino masses: m; = a’ —b';my = a’ + 2/
and mg = a’ — b — 2¢. Clearly if |d/| ~ |V/| < ||, we get a normal hierarchy for
masses. It was pointed out in the Chapter 4 that the above Majorana neutrino
mass matrix can be realized in a combined type I type Il seesaw model with soft-

broken S3 family symmetry for leptons. The type II contribution comes from an S3
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invariant coupling fosLaLgA,

fa fb fb
F=1% fi b (5.2)
fo o Ja

After the triplet Higgs field A gets VEV and decouples, its contribution to the light

neutrino mass can written as

a b v
Mir=1|v o V (5.3)
v od
where ' = %,}Ca and VY = %ﬁ,. We denote Mg as the mass of the

triplet Higgs and A as the coupling constant between the triplet and doublets in the
superpotential.
Coming to the type I contribution, the Dirac mass matrix for neutrinos comes

from an S3 invariant Yukawa coupling of the form:

Lp = hJNiH(L.— L,)+ NoH(L, — L,) + N3H(L, — L.)] + h.c. (5.4)

leading to
h —h O
Yo=10 h -—h]|-: (5.5)
—h 0 h

In the limit of Mgy r3| > |Mpg2|, where a single right-handed neutrino dominates

the type I contribution, the mixed type I+II seesaw formula

M, = M — MAMy'Mp, (5.6)
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gives rise to the desired form for the neutrino Majorana mass matrix which leads to
the tri-bimaximal mixing [62].

We can now do the phase counting in the model. When two of the above
right-handed neutrinos decouple, there is only one Yukawa coupling. We can first
redefine the phase of Ny so that its mass is real and we then redefine all the lepton
doublets by a common phase which now makes the Dirac Yukawa coupling h real.
One cannot then do any more phase redefinitions and we are left with two phases
in the neutrino mass matrix which in this basis reside in the entries o’ and ' in
Eq. (5.3). These two phases will appear as the Majorana phases in the low energy
mass matrix as we show below.

As far as the charged lepton masses are concerned, the symmetry needs to be
extended to S3 X (Z3)® to have a simple diagonal mass matrix and all their masses
can be made real by separate independent phase redefinition of the right-handed
charged leptons. No new phases enter the PMNS matrix.

Turning to the case where two of the right-handed neutrinos contribute to M,
there are three phases in the light neutrino mass matrix. This is because in this case
there are two apriori complex right-handed neutrino masses and only one of them
together with h can be made real by phase redefinition as in the first case. This
leaves the phases of @’ and b" and that of the second right-handed neutrino giving a
total of three phases. This case represents a deviation from the tri-bimaximal mixing
with the deviation being proportional to |Mpgs|/|Mpgs|. We will show in sec. 4 that
the new phase in this case appears as the Dirac phase. Let us now proceed to discuss

leptogenesis in both these cases. As noted, we choose f,, f5, M3 to be complex and
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h, Mgo to be real, and express them as f, = |f.|e®®, f, = |fp|e™®, Mps = Mse™ '3

and MRQ = MQ.

5.3 Leptogenesis in the Type Il Seesaw Model

In this section, we present the calculation of lepton asymmetry in our model
and show that for the parameter range of interest from neutrino mixing physics, one
can explain the baryon asymmetry of the universe whose present value is given by

the WMAP observations [63] to be

"B 6.140.2 x 1071, (5.7)

Ny

Let us start by reminding ourselves of some well known facts about leptoge-
nesis. In the type I seesaw scenario, lepton asymmetry is generated by the out-
of-equilibrium decay of the right-handed neutrinos which participate in the seesaw
mechanism to give neutrino masses and mixings. Most of the discussion of leptoge-
nesis uses type I seesaw and there have been many papers [73] which have studied
its connection to neutrino masses and mixings. In models with both type I [20]
and type II seesaw [21], the presence of the triplet Higgs may also contribute to the
lepton asymmetry in two ways: either the decay of one or more triplets [64] or the
decay of right-handed neutrino with triplets running in the loop [65] [66]. Our model
involves both type I and type II seesaw; however, it turns out that the first contri-
bution (i.e. the one from triplet decay) is highly suppressed and only the lightest
right-handed neutrino(sneutrino) decay is important, which we compute below.

The asymmetry from the decay of the right-handed neutrino N; into a lep-
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ton(slepton) and a Higgs(Higgsino) is given by:

& =

T[N; — [H(IH)] — T[N; — l_H*(lf "] (5.8)
T[N, — (H(IH)] + T[N; — [H*({H*)]

and we also have the sneutrino N; decay asymmetry, which we denote as &;. If one
ignores the supersymmetry breaking effects, one has ; = &;.
In the basis where right-handed neutrinos mass matrix is diagonal, the decay

asymmetry of right-handed neutrino from type I contribution is given by [44]
2

M
I _ ! /T
& =g Y’Y’T § Im[Y!Y! MQ) (5.9)

where F(z) = /z(5% + In[*£2]) and for 2 > 1, F(z) ~ \%

The type II contribution has been calculated and is given in Ref. [65] [66] to

be

S — ilm[yulf*Yu/Tﬂ]” 1n< Mz‘2)
' 8t [V!YiuM, Mz”

(5.10)

where © = AMp and A is the coupling between triplet and two doublets in the
superpotential. In general A\ is complex, but its phase can be absorbed by rescaling
phases of every elements of matrix f with same amount. We will treat it real in our
discussion.

The total contribution to the lepton asymmetry then becomes
g =¢el +ell. (5.11)

In our model, the lightest right-handed neutrino is Ns, and we will take ¢ = 2.

The generated B — L asymmetry can be written as

__nNp-r
Yp_ 1 =

= —n(e2Yn + 5V (5.12)
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where

vEQ _ Ny _ 345¢(3)

Na s 4 g,
EQ
yEe _ 'm, _ 45¢(3) (5.13)
Ny s ., :

J«s 1s the effective degree of freedom contributing to entropy s with value 228.75 in
MSSM, and 7 is the efficiency factor for leptogenesis. Ignoring the SUSY breaking

effect, we have e = €9 and Yp_j, can be simplified as

7 45((3)
Y g = —-
B-L 1 7.,

nEs. (5.14)

Lepton number asymmetry produced by decay of right-handed neutrino(sneutrino)
can be converted to baryon number asymmetry by sphaleron effect. The baryon

number is related to the B — L asymmetry Yp_ via

YB = ’Ll)Y'B,L7 (515)

8Np+4Ny

where w = TNF 130

with Np as generations of fermions and Ny as the number

of the Higgs doublet. In MSSM, Nr = 3 and Ny = 2, one has w = ;. Putting all

&loe

this together, we get the baryon to photon ratio to be

DB 7.04Yp = —1.04 x 10251, (5.16)
Ny

The efficiency factor n can be calculated by solving a set of coupled Boltzmann
equations(See for example Refs. [67] [69]). We assume that to a good approximation
the efficiency factor depends only on a mass parameter usually called the effective

mass and the initial abundance of the right-handed neutrino(sneutrino). We also
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use the result for n in type I seesaw scenario. In our model, the effective mass for

both the cases discussed below, is given by

Y,,YT 2 2 2h2 2 i 2
iy = e WleovTsin 5 WSS a ) osey, (5.17)
M, M,

L. ey . 1675/2,/3, v2sin2 8
which is larger than the equilibrium neutrino mass m, = N 1.50 %
p

1073eV, so it is in the strong washout region. In this region, the dependence of
efficiency factor on the initial abundance of right-handed neutrino(senutrino) is small
[68] [69]. We take the approximation formula from Ref. [69] to estimate the efficiency

factor for our model

! + ( (5.18)
n Mo 0.55 x 1073eV ’ '
and find 7 ~ 5.3 x 1073, which we will use in the calculation of baryon to photon

ratio for our model.

5.4  Exact Tri-bimaximal Limit

In this section, we establish the connection between ¢, and the low energy
phase in the neutrino mixing. In the limit of |Mpy 3| — oo, light neutrino mass
matrix has the form that leads to tri-bimaximal mixing pattern. In this limit, the
contributions to lepton asymmetry from the exchange of N; and N3 in the loops

are negligible. As far as neutrino masses go, N, contribution dominates Am? and

2

~ar- LThe observed values require that

triplet Higgs has the full contribution to Am
Mr ~ (10! — 10%)M,. This triplet can go into loop of the decay of N, and its

interference with tree level diagram of Ny decay can generate lepton asymmetry. In
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this case, Eq. (5.10) is simplified as

T _ ilm[YVf*YVT]n,u In M3

€y = 1+ —2).
2 8 [YUYJ]22M2 ( M%)

From Yukawa coupling matrices, one easily gets

Im[Y, f*Y, |22 = 2h%(| fo| sin ¢ — | fa| sin o)

[V, V]2 = 2h%.

We also have

My

v2sin? SN’

My
v2sin? A

|fal = a [fo] = b

where a = |d/| and b = [V/|, and £! can be written as

€II _ i (bsin ¢b —asin ¢a)M2 MT% 111(1 + %22 )
2 8n v2sin? 3 M3 M2

Note that in the tri-bimaximal limit,
ae'®  be'® be'®
M, = | be® qe®e —c be'® +c¢ |,
be%  be'® + ¢ ae?e —c

which can be diagnolized by Urpg

ae'®e — bel® 0 0
UtpM,Urp = 0 ae'®e 4 2be'r 0
0 0 —2¢ + aei®s — pe'¥r

Therefore one of the Majorana phases is given by

asin ¢, — bsin ¢,

]

1 ~ Arcsin|
m
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2

). And for Mz > (10" — 10%) My, one has %—éln(l + Aj‘j—%) ~ 1. So the

2
Am2®
Am%

up to O(

lepton asymmetry can be written as

. 3 my M sin ¢y
8t vZsin’® 3

(5.27)
Thus we see that the Majorana phase ¢; directly gives the lepton asymmetry, as
noted in the introduction. This is the first main result.

To estimate the value of the baryon to photon ratio, we note that in this case

el ~ 0 and gy = ! using Eq. (5.16) and Eq. (5.27), giving

U561 x 10710(— 1 Mo

n, 28 % 107 T02Gev

() (5)

where we take v = 170Gev and tan § = 10. To get the right range for baryon to
photon ratio, the lightest right-handed neutrino mass should be larger than about
10'2GeV. Strict lower bound is on the product m;M,; > 2.8 GeV2. The thermal
production of N, requires a reheat temperature of the Universe after inflation be
Tren, > 102 — 1013GeV. It is to be noted that in most supersymmetry models, the
reheat temperature is much below this scale- however, in more elaborate models, the
reheat temperature can be different and will presumably include the higher values
required in our mechanism [71]. An alternative mechanism is to use non-thermal
leptogenesis. The interesting point however is that the high and low energy phase
connections remain in both cases.

The right-handed neutrino mass M is an input in our model. If we take as
upper bound on M, to be 10*GeV required to fit the atmospheric neutrino data, to

get right baryon to photon ratio, we have to have a lower bound of m; ~ 10~%eV.
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On the other hand, if we take My ~ 10*GeV and m; ~ 1073eV, we get the lower
bound of sin ¢; as ~ 1072

Let us now address the question of whether the phase ¢; can be measured in
B0, decay. The 33, is proportional to |m; cos 812! + my cos 012€72|. First of all
in our model m; < my which leads to a suppression of the ¢, effect and secondly
there is the unknown ¢,. Therefore, without additional experimental input, it may

not be possible to determine ¢, from 33y, experiments.

5.5 Departure from Tri-bimaximal mMixing and New Contribution

to Leptogenesis

In this section, we consider the case when we relax the mass constraint on the
right-handed neutrinos and assume that |Mpgs| < |Mpgs| < |Mpg1|. This will lead to
departures from the exact tri-bimaximal mixing pattern [70]. In this case, there are
three independent phases as noted above.

While the type II contribution to neutrino mass matrix in this case remains

the same as in the exact tri-bimaximal case, the type I contribution changes and is

given by
ol (0 —ge's
M= —-MpMMp = — 0 c —c , (5.29)
—0e¥  —c c+ el
where ¢ = h—ZUQ sin? 3 and 0 = ]’\‘/[—iv2 sin? 3.

Combining the contributions from type I and type II, the light neutrino mass
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matrix is found to be
aee — gei®s  peldr be'% + ge'?s
M, = beis aeita _ ¢ bei® 4 ¢ ) (5.30)
be't + ge®s bl + ¢ ae®r — ¢ — e
To diagnolize M,,, we first consider U}BMJMVUTB. The off-diagonal elements of

U}BMVTMVUTB are all zeros except 1 — 3 and 3 — 1 entries,
[U}BMjM,,UTB]lg = \/§a(ce’i¢3 + 0 —acos(ps — ¢q) + beos(ds — ¢p)). (5.31)

To further diagnolize U} BMJM,,UT B, one needs another rotation in the 1 — 3
plane. Because of the normal hierarchical mass spectrum of the light neutrinos, one
has ¢ > a ~ b, and also ¢ > ¢ due to small upper bound of sin #;5 value. In these

approximation, the unitarity matrix in 1 — 3 plane is

V= 0 1 0 (5.32)
_€6i¢3 0 ei¥s

where £ ~ ‘{—30". Now the mixing matrix is given by U = UrgV/,

U=|_L _&%8¢ 1 e ¢ (5.33)
V6 V2 V3 V2 V6
B UL R D= R 3
NG v2 V3 V2 NG
From this mixing matrix, we can read tant,, = }gﬁ} = \/Li’ sinf3 = \/gf
and tanfy3 = ‘l[ﬁi} ~ 1-— \2/—%cos ¢3. Note the correlation between 6;3 and the
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departure of 63 from its maximal value. For the Dirac phase, we use the Jarskog
invariant [79] to extract it from above mixing matrix Jop = Im[Uy1UnUlUs | =

% sin 2615 sin 2653 cos 03 sin 0. From Eq. (5.33), one can easily get

Im[UllUZQUTQUgl] = %Sin qbg (534)
1 § .
— sin 26,5 sin 26 fi3sind = ). 5.35
881Il 13 sin 2053 cos 013 sin W sin ( )

Therefore we have § ~ ¢3. Remarkably, although this model has three independent
CP phase at the seesaw scale, the low energy scale Dirac phase is equal to one of
the phases at the high energy scale up to O(\/>§D ). This is independent of the
way to assign these three phases.

Coming to the calculation of lepton asymmetry in this case, with |Mpgs| <
|Mp3| < |Mg;| limit, besides the contribution from type II to the lepton asymmetry,
we should also consider the contribution from type I. From Eq. (5.9), we have

11
8 Y,V as

M32)
M3”

N~

Im[YY,/12, F( (5.36)

and Y, = U;Y,,, where Uy is to diagnolize the right-handed neutrino mass matrix.
In the two light right-handed neutrinos limit, the phase of the mass of the
heaviest right-handed neutrino is irrelevant to the lepton asymmetry and one can
take Up = diag(1, 1, e%3/2).
Therefore we have [Y/Y/t]y3 = —h2e3/2 [Y!Y/T]5, = 2h% and F(%—) ~ 3%,

and plugging them into Eq. (5.36), we get
= —— —sin¢g3— (5.37)

Notice that 0 ~ ¢3, sinf3 = \/>§ — sz , Am? ~ 4c? and ¢ = ](L/[_U sin? 8, one
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can rewrite €] as function of the low energy scale observables,

3 \/ Am2AM2

8 V202 sin? 3

el

sin d sin ‘913. (538)

Combining the contribution from e}/ given in Eq. (5.27), we have

3 MQ Ami

o, I
g =6y +E3 2 —————
2 2 87rv281n25[ 2

sin 0 sin 613 + my sin ] (5.39)

We again see that the phases in the leptogenesis formula are the same phases in
the neutrino mixing matrix- one Dirac and one Majorana. This is the second main
result. In this case also one can get the right value for the baryon to photon ratio
by choosing the M, masses.

In conclusion, we have shown that in a model for tri-bimaximal neutrino mix-
ing derived from an S3 permutation symmetry among lepton generations, the ob-
servable neutrino phases at low energies are directly responsible for the origin of

Am?
——3lar). Therefore, a measurement of

matter (up to small corrections of order 4/ %
atm

the low energy neutrino phase in this model will provide a direct understanding
of the high temperature early universe phenomenon of the origin of matter. This
model is especially interesting in view of the fact that tri-bimaximal mixing pattern
very closely resembles current experimental observations. Measurement of 613 and
03 can provide test of the tri-bimaximal mixing. If this pattern gets confirmed,
experimental search for leptonic phases will become a matter of deep interest since

it may hold the key to a fundamental mystery of cosmology.
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Chapter 6
An SO(10) GUT Model with S4 Family Symmetry

6.1 Overview

The permutation symmetry have been used to understand lepton flavor mix-
ing. In the Chapter 3, we studied the S2 (p — 7) permutation symmetry within
SU(5) grand unification theory frame. In the Chapter 4, we studied the S3 family
symmetry in the lepton sector and built a tri-bimaximal model with both type I and
type II contributions. In this chapter, we focus on the group S4 x SO(10). S4 has
certain good features to be a family symmetry. First, it has three dimensional irre-
ducible representation to accommodate the three generations of fermions naturally.
Note that this is different from 53 because the largest irreducible representation of
S3 has dimension two and therefore we have to treat one family of fermions different
from other two. Second, it can be embedded into continuous group SU(3) or SO(3)
[72]. As we will show below, S4 symmetry also gives degenerate spectrum of the
right-handed neutrinos naturally, which has some interesting consequences for the
neutrino phenomenology. For example, in this case, one can use the resonant en-
hancement of leptogenesis for (quasi-)degenerate right-handed neutrinos to generate
enough baryon asymmetry. With the degenerate heavy right-handed neutrinos, the
low energy neutrino flavor structure is determined by Dirac mass matrix at the see-

saw scale completely, which makes it easier to reconstruct high energy physics from
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low energy observables. Some work has been done in this direction. In Ref. [74],
Lee and Mohapatra constructed a S4 x SO(10) model, which naturally gives quasi-
degenerate spectrum of neutrinos masses with small solar angle, which already has
been ruled out by large mixing angle MSW solution to the solar neutrino deficit. In
principle radiative corrections may amplify the solar angle and keep the other two
angles unchanged, but generally this needs extreme fine-tuning of parameters at the
seesaw scale to realize it. On the other hand, in a recent paper [72] by Hagedorn,
Linder, and Mohapatra, a low energy scale non-supersymmetric model is presented
based on S4 flavor symmetry, which can accommodate current neutrino data. Our
goal is to see if we can embed the model of Ref. [72] into a SUSY GUT framework
without running into the small solar angle problem of Ref. [74]. Here, we address
this question and find that we can build a realistic model based on S4 x SO(10)
with the proper choice of the parameter space.

In this model, all the quarks and leptons of one generation are unified into
a 16 spinor representation of SO(10) and the Yukawa coupling structures of three
generations are determined by S4. We use 10 and 126 representations of SO(10)
for Yukawa couplings to account for all the fermions masses and mixing angles [75]
[76]. Even though in the most general CP-violating case this model has 18 complex
parameters, it is not obvious whether it can accommodate all observed masses and
mixing angles because of constraints from S4 flavor symmetry and the correlations
between quarks and leptons indicated by SO(10) unification. For instance, with
the particle assignment of S4 in this model, the heavy right-handed neutrino mass
matrix is proportional to an identity matrix, and the Dirac mass matrix of neutrino
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determines the mixing among light neutrinos completely. The general mechanism
to generate the lepton sector mixing independently from the quark sector by right-
handed neutrinos does not work in this model. On the other hand, one may argue
that since the total number of parameters is much larger than that of observables,
this model may lose predicability even if it can fit all the observables. We find this
not to be the case. It turns out that half of complex phases can be rotated away
by choices of basis and redefinitions of the right-handed fields of charged leptons
and down-type quarks. For the most general CP-violating case, this model gives
wide range of sinf;3 from zero to current bound with the most probable values
0.02 —0.09. The most probable values of leptonic CP phase are 2 — 4 radians. With
certain assumptions where the leptonic phases have same CP-violating source as the
CKM phase, one gets narrower predicted range 0.03 — 0.09 for sin ;3 with the most
probable values 0.04 — 0.08.

Some issues about Higgs sector still need to be addressed. As we have six
10s and three 126s, without analyzing the S4 x SO(10) invariant Higgs potential,
whether or not we can get the desired vacuum configuration still remains an open
question. We do not concern with doublet-doublet splitting and doublet-triplet
splitting problems in this paper. With such rich Higgs fields, we assume they can
be realized in some way. And another fact we should be careful is that generally
the discrete flavor symmetry can enhance the accidental global symmetry of Higgs
potential and lead to unwanted massless Nambu-Goldstone bosons. There are ways
found in the literature to avoid it. One can introduce gauge singlet Higgs fields whose

couplings are invariant under discrete symmetry but break the global symmetry [77],
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Fields || Representation
V,a=123 | {37} x {16}
® {1} x {210}
Ay {1} x {126}
H, {1} x {10}
Hy, {2} x {10}
Hyys {3} x {10}

Table 6.1: Transformation property of fermions and Higgs multiplets under S4 x

SO(10)

or introduce soft terms which break discrete symmetry and global symmetry [78].
This chapter is organized as follows: in Section 2, we present an SO(10) model

with S4 family symmetry and present the mass matrices of quarks and leptons; in

Section 3, we present a detailed numerical analysis including CP-violating in quark

and lepton sector.

6.2 SUSY SO(10) Model with S4 Family Symmetry

The group 5S4 is the permutation group of the four distinct objects, which
has 24 distinct elements. It has five conjugate classes and contains five irreducible
representations 1,1’,2,3 and 3’. Our assignment of fermions and Higgs multiplets

to S4 x SO(10) are shown in Table 6.1.
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In this model, we assign three generations of 16 to 3’ irreducible representation
of S4, because 3’ can be identified with the fundamental representation of continuous
group SO(3) or SU(3) [72]!. In Higgs sector, because of 3’ x 3' =1+2+3+ 3, to
make Yukawa coupling S4 invariant, Higgs fields can not belong to 1’. 1 is necessary
for phenomenological reason, otherwise all of the mass matrices would be traceless.
To get symmetric mass matrices which is required by group structure of 16 - 16 - 10
or 16 - 16 - 126, Higgs should not belong to 3’. We include both 2 and 3 to get
realistic mass and mixing of quark and lepton. One might think six 10 Higgs fields
transforming as 1 + 2 + 3 under S4 are enough. But there are two reasons why we
also need 126, one is to give right-handed neutrinos heavy masses and the other is
to fix the bad mass relation between quark sector and lepton sector indicated by
16 - 16 - 10. In this sense, our choice of Higgs fields is minimal.

The breaking of SO(10) to Standard Model(SM) can be realized in many ways.
In this model, we choose 210 Higgs field, which is 1 under S4 transformation, to
break SO(10) to SU(2), x SU(2)g x SU(4)c (Goaq) while keep the S4 symmetry.
We choose (1,3,10) components of only Ay (the numbers denote representation
under the Ga4) to get VEV vy that breaks Gagy down to the SM and gives heavy
masses to right-handed neutrinos. With this breaking pattern, S4 symmetry is kept
down to the electroweak scale.

To see what this model implies for fermion masses, let us first explain how

the MSSM doublets emerge. Besides the SU(2); Higgs doublets from submultim-

'If one gives up the possible embedding of S4 group to continuous group, one can choose 3 and

the mass matrices for fermions do not change.
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plets (2,2,1) and (2,2,15) contained in 10 and 126 respectively, we also have
Higgs doublets contained in (2,2,10)® (2, 2,10) from 210. Furthermore, to obtain
anomaly-free theory, we need to introduce three 126, which we denote by A, that
also contain Higgs doublets. Altogether, we have fourteen pairs of Higgs doublets:
Gu = (Hiuy Djus Doy @1, o), ¢a = (Hiay Dja, Aja, Par, Pa2), where i = 0,...,5 and
j =0,...2. As noted, six pairs from Hs, three pairs from As, three pairs from As
and two pairs from ®. We can write Higgs doublet mass matrix as ¢, MuoL. Mg
can be diagonalized by X MyzY ™, which X and Y are unitarity matrices acting on
¢, and ¢g4 respectively. At the GUT scale, by some doublet-triplet and doublet-
doublet splitting mechanisms, we assume only one pair of linear combinations of
XopPus and Y 50as, say Xig0up and Yi3das, has masses of order of the weak scale
and all others are kept super heavy near GUT scale, which generally can be realized
by one fine-tuning of the parameters in the Higgs mass matrix. The MSSM Higgs
doublets are given by this lightest pair: H)S™ = X736,5 and HYS™M = Yi504s.
Since we focus on the structures of Yukawa couplings, we do not discuss the details
of the splitting mechanisms that lead to the above results.

With Higgs fields and fermions listed in Table 6.1, we can write down 5S4 x

S0O(10) invariant Yukawa coupling as 2

2For the products and Clebsch-Gordan coefficients of S4 group, one can see Appendix B of this

thesis.
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Wynkawa = (U101 + WoWy + W3W3) (hoHy + folo)

1

+——= (U Wy — W3W3)(hi Hy + f2A))

V2

1 —
—|——<—2\If1\I/1 + W, + 1113\113)(}11[-[2 =+ f2A2)

V6

+hs[(VoWs + UsWo)Hy + (VW3 + W30y ) Hy + (W Wy + WUy ) Hs.

After electroweak symmetry breaking, (2,2,1) of H;(i = 0, ...

(6.1)

,b) component

acquires VEVs (denoted by (H;)* and (H;)?). And (2,2,15) sub-multiplet of A;(j =

0,...,2) also get induced VEVs. Their VEVs are denoted by (A;)* and (A;)4(j =

0,1,2).

The mass matrices for the quarks and the leptons have following sum rules:

M,

Mélo) +M£126)7
Mélo) +]\/—111(1126)7
Mz(LlO) _ 3]\475126)7
Mélo) _ 3M(§126)’

T
_MVD MVD/fOURa
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where

M(126)

Mc(zl%)

ap — 2(1,2
as

Qy

by — 2bs

bs

as ay
ap + ay + as as ) (6-7)
as ag — a1 + ag
b by
bo + by + by bs : (6.8)
bs bp — b1 + by
0 0
do + dy + ds 0 : (6.9)
0 do — dy + dy
0 0
ey +ep + e 0 ) (6.10)
0 ey — €1+ €3

and where a; and b; are products of the type h(H;)* and h{H;)¢ respectively. Simi-

larly, we use d; and e; to denote products of the type f(A;)* and f(A;)¢ respectively.

The MSSM VEVs are given by v, = X{5(¢us) and vg = Y73(dgs), where we use v,

and vy to denote VEVs of HMSM and HYSM respectively. The Yukawa couplings

and VEVs of Higgs fields in general are complex, and there are 18 complex param-

eters. We choose a basis in which the down-quark mass matrix is diagonalized and

set by = 0,by = 0, and b5 = 0. Note this is our main difference with Ref. [74], where

they choose a basis in which up-quark mass matrix is diagonal and set off-diagonal

entries of M, to zeros, which leads to small solar mixing angle. In the basis we
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choose, the charged lepton mass matrix is also diagnolized. Therefore, the phases of
bo, b1, by, €9, €1, and ey can be rotated away by redefining 3 right-handed down-type
quarks fields and three right-handed charged leptons. We treat by, by, ba, €9, €1, and
eo as real parameters in later analysis, and they can be determined by the masses
of down-quark and charged lepton completely.

Because the mass matrix of down-quark sector is diagnolized and M, is sym-

metric, one can have
M, = Ve MuVer, (6.11)

where M, = diag(m,, me, m;). By fitting mass matrix of up-quark in Eq. (6.11),
parameters as, a4, a5 can be determined. In addition, we get three conditions among
the parameters ag, ay, as, dy, dy, and ds. Therefore, there are three complex param-
eters left to be determined by masses and mixings of neutrino sector. Without loss
of generality, we choose dy, d;, and ds to be determined by fitting of neutrino sector.

And Dirac neutrino mass matrix can be written conveniently as

z 0 0
MP = Ve My Vera —4mq | 0 y 0 (6.12)
0 0 =z
with
1 1 1
= —(dy —2dz),y = —(do + di + do), 2 = —(do — di + da). (6.13)
my my my

Because we know nothing about leptonic phases, in principle, there is no constraint

on the phases of dy, d;, and d».
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To see how this model can give a large atmospherical mixing angle, we give
an approximate analysis first. Using first order Wolfenstein parameterization [7] for

the quark mixing, VZy ,, M, Very can be written as
N0+ A2X\8(1 —in — p)
me | =X — A2XN°(1 —in —p) AP+ A2\ ... (6.14)
AN (1 —in — p) —AN? 1
where we use m./m; ~ \* and m, /m; ~ \®. Therefore, to get near maximal mixing

of 093, y and z should satisfy

M1+ A) —dy~1—4z, (6.15)

6.3 Detailed Numerical Analysis

To see if the model is phenomenologically acceptable, we first fit the masses
of the charged leptons and down-type quarks using the mass values of leptons and
quarks at the GUT scale with tan 8 = 10 given in the Table 3.1 [52].

We use standard parametrization form for the Vogys and take the following
values at the scale Mz [6]: sinf,2 = 0.2272,sin6,3 = 0.00382,sin 6,93 = 0.04178
and the CP phase J, = %, where we use subscript q to distinguish them from the

lepton section mixing angles. And we use RGE running factor n = 0.8853.
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6.3.1 Quark and Charged Lepton Sector

Using the central values of charged lepton and down-quark masses at GUT

scale, bg, by, ba, €g, €1 and ey are solved from Eq. (6.5) and Eq. (6.3) (in Mev)
by = 387.756, by = —539.649, by = 193.27,
eg = —22.7734, eq = 22.8717, e; = —11.5298.

For up-quark sector, by solving Eq. (6.11) and Eq. (6.2), we get values of as, a4, as

and three conditions for ag, a1, as, do, d, ds (in Mev):

az = —2990.72 — 154.757, a4 = 554.859 —1234.705, a5 = —66.748 + 18.155,
ag — 2&2 + do — 2d2 = 14.628 — 23162,
aog + a1 + as + do + dy + dy = 308.363 + i3.977,

ap — ay + ag + do — dy + dy = 82288.5 —i7.169 x 107, (6.16)

We can see that accommodation of hierarchical structure of fermions masses is
realized by adjusting the parameters, S4 flavor symmetry itself does not provide

hints on it.

6.3.2 Neutrino Sector

In this model, the light neutrino mass matrix is given by type I seesaw [20].
The mass matrix of right-handed neutrinos is proportional to an identity matrix
due to the S4 quantum number assignment, therefore the Dirac mass matrix M?

determines the lepton sector mixing because the charged lepton mass matrix is
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diagnolized.

1
M, = — fouRM”DTM”D' (6.17)

This model gives hierarchical neutrino mass spectrum naturally. One can choose
fo ~ 1 and vp ~ 10GeV, so the mass of the heaviest light neutrino is around
1072 — 107 teV.

The fit of neutrino sector are found by scanning whole parameter space spanned
by x,y and z under the constrain of the current experiment requirements.

We choose the standard parametrization for the lepton sector mixing, and take
30 experiment values given in Eq. (1.39) [14].

As mentioned earlier x,y, and z generally are complex numbers. For the
most general CP-violating case, we treat the phases of z,y, and z as random input
numbers with range 0 —27. The results are shown in fig. 6.1. In this case, sin #,3 has
wide range from zero to the current bound with the most probable values 0.02—0.09
as shown in fig. 6.1 (a). fig. 6.1 (b) shows the correlation between sin f53 and sin 6;3.
fig. 6.1 (c) is the value distribution of Dirac CP-violating phase in the lepton sector.
The allowed range of 9 is quite large from 0 to 27 radians with the most probable
values 2 — 4 radians. Two Majorana phases ¢; and ¢ have wide range from 0 to
27 as shown in fig. 6.1 (d), which is expected.

Now we consider an interesting special case where x,y, and z are all real. Note
the complexity of fovg only contributes an overall phase to the light neutrino mass
matrix, which can be rotated away. Therefore, in this case leptonic CP-violating

phases have same source as CKM phase.
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Figure 6.1: Numerical analysis for the most general case where z,y, and z are com-
plex consistent with current experimental bound Eq. (1.39). (a) Value distribution
of sinfy3. (b) Correlation between sinfys and sinfys. (c) Value distribution of
leptonic Dirac CP-violating phase. (d) Scatter plot of two Majorana CP-violating
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The allowed range 0.03 — 0.09 for sin ;3 is narrower compared to the general
case, and the most probable range is 0.04 — 0.08 as shown in fig. 6.2 (a). Unlike
fig. 6.1 (b), fig. 6.2 (b) exhibits an interesting correlation between sin fo3 and sin 6, 3.
If we take the central value of b3 = 7, we can get two much narrower ranges for
sinf13. One is 0.055 — 0.06, and the other is 0.070 — 0.075. The values of ¢ are
2.8 — 3 radians, and 6.0 — 6.1 with small possibility as shown in fig. 6.2 (c). fig. 6.2
(d) shows the allowed values of two Majorana phases. Note this parameter region is
just left-up corner of fig. 6.1 (d) for the most general case. The most probable value
ranges for ¢; and @9 are 0.02 — 0.15 radians and 6.19 — 6.25 radians respectively.

For illustration, we give a typical example of fit for this case. We take
x = 0.0139726, y = 0.025914, z = 0.273173 (6.18)
and solve dy, dy, ds, ag, ai, as from Eq. (6.13) and Eq. (6.16)(in Mev)

dy = 8602.18, dy = —10191.2, dy = 3725.19, ag = 18935 + 0.271681,

a; = —30798.9 4+ ¢1.9887, ay = 10036.1 4-¢1.71701. (6.19)

With these parameters values as input, one then obtains for the neutrino

parameters

sin 912 >~ 053, sin 023 ~ 0.73
(6.20)

sinf3 ~ 0.054, Am?, /Am?2  ~0.031.

atm

And light neutrino masses are my; = 0.00774eV, msy = 0.0118eV, ms3 = 0.051eV,
which are normalized by Am2%, = 2.6 x 107%eV. The Dirac phase appearing in
MNS matrix is § = 2.84 radians. And two Majorona phases are (in radians): ¢; =
0.093, 9 = 6.21. The Jarlskog invariant [79] has the value Jep = 1.80 x 1073, One
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can evaluate the effective neutrino mass for the neutrinoless double beta decays

process to be
1> U2myi| ~0.009 eV,

In summary, we build a supersymmetric SO(10) model with S4 flavor sym-
metry. The three dimensional irreducible representation of S4 group unify three
generations of fermions horizontally. 10 and 126 Higgs fields have been used to
give the Yukawa couplings and generate all the masses and mixings of quarks and
leptons. This model accommodates all obervables including CKM CP-Violation
phase. We studied the prediction of this model in the neutrino sector. For the most
general CP-violating case, this model gives the most probable values 0.02 — 0.09 for
sinfy3. In a special case where leptonic phases have same CP-violating source as
CKM phase, one gets narrower range 0.03 — 0.09 for sin #;3 with the most probable

values 0.04 — 0.08.
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Chapter 7
Natural Realization of Seesaw in Mini-Warped Minimal SO(10)

Model

7.1 Overview

In general, seesaw mechanism itself does not explain the lepton mixing pat-
tern. As we have shown in the previous chapters, the lepton flavor mixing can
be understood very well by adding flavor symmetry to the seesaw framework. And
such flavor symmetry can be extended to include the quark mixing even in the grand
unification models. But there is one class of SO(10) grand unification models, the
apparently different quark and lepton mixing patterns can be naturally accommo-
dated without any flavor symmetry. And the near maximal atmospheric mixing
angle and small rector mixing angle receive physical explanation.

In this chapter, we address an important aspect of embedding the seesaw
mechanism in such grand unification model i.e. a minimal SUSY SO(10) model.
We will discuss the class of models which we call minimal SO(10) models because of
the Higgs content of 10, 126 ¢ 126 and 210 and matter content in three 16 spinors
[85]. In [80] and several subsequent papers [81], the neutrino mass discussion in
this model was carried out using only the type I seesaw formula. But as is now well

known, there are two contributions to the seesaw formula [21] in left-right symmetric
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as well as SO(10) models i.e.

M, = fop — ML(fv) " Mp. (7.1)

When the second term dominates, it is called type I seesaw whereas when the first

one dominates, it is called type II seesaw. The advantage of the type II seesaw
formula in understanding large atmospheric neutrino mixings in a two generations
minimal SO(10) model was first observed in Ref. [82]. It was subsequently shown
[83] that the same scenario can help to explain the large solar as well as small reactor
mixing angle 0,3 bringing these models to the mainstream of neutrino phenomenol-
ogy. Other detailed questions in the model such as CP violation [87], proton decay
[88] as well as symmetry breaking [89] have since been discussed. Because of predic-
tivity in the neutrino sector while keeping the rest of fermion mass phenomenology
in agreement with observations as well as general economy of the Higgs sector, these
minimal models have become very attractive. One must therefore examine to what
extent the model parameters needed for the neutrino predictions can be naturally
obtained. It is this aspect of the models that we address in this chapter.

Since in the minimal SO(10) model, GUT symmetry relates the Dirac masses
of the neutrinos to the up quark masses, one can ask for a more quantitative un-
derstanding of the seesaw formula. For example, the atmospheric neutrino mass
difference square Am?2,  ~ 0.0025 eV? requires that at least one of the right handed
neutrinos has a mass around 10'* GeV, if one uses the type I seesaw formula for
neutrino masses. This is much less than the GUT scale which determines the B-

L breaking and therefore implies a fine tuning of some Yukawa couplings. In the
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context of minimal SO(10) models, it in fact turns out that fitting charged fermion
masses also requires a Yukawa coupling suppressed to that level [83]. Therefore they
go together and clearly, it will be important to understand this mini-fine tuning from
a more fundamental point of view.

In this chapter we concern ourselves with minimal SUSY SO(10) models that
use type II seesaw where a different fine tuning becomes essential. The the magni-
tude of the type II seesaw contribution to neutrino masses is given by f ﬁ—j‘f where My
is the B-L=2, SU(2), triplet mass and for f ~ 1, one needs My ~ 10'* GeV whereas
for f ~ 0.01 as may be required by charged fermion fitting, we need My ~ 10'2 GeV
1. Since My is related to Mgy, the discrepancy between them must be explained.
An additional challenge for this class of models is that for type II term to dominate,
one must not only have the first term dominate in Eq. (7.1) but the second term
must also be simultaneously smaller. In the language of SU(5) submultiplets in the
126 field, My must be the mass of the 15 sub-multiplet.

The problem in understanding type II dominance was discussed in Ref. [90]
where it was shown that the requirements given above for type II dominance cannot
be satisfied in the minimal four dimensional SUSY SO(10) model with 106126©210
Higgs fields. The reason is that at high scale there are only four parameters in the
superpotential and constraints of supersymmetry imply that the triplet mass must

be at the GUT scale, making then type II term subdominant. This calls into question

!Note that in non-SUSY SO(10) models, there is an additional enhancement factor in the
type II seesaw of the form Mgy /Mr making the fine tuning problem less severe. However such

enhancement is absent in supersymmetric theories [86].
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the viability of the minimal models. The solution to this suggested in [90] was that
the model be extended to include a 54-dim. Higgs field, in which case one can fine
tune parameters to get a lower triplet mass while at the same time suppressing the
type I term. Since 54 Higgs does not couple to matter fields, it does not affect the
discussion of fermion masses and mixings.

In this chapter, we propose a different way to solve these fine tuning problems
without adding extra Higgs fields but rather by embedding the minimal model into
a warped 5-dimensional space time with warping between the Planck scale and the
GUT scale and with all fields of the model in the bulk. We call this “mini-warping”
since the warp factor required here is w = Mgyr/Mp ~ 1072 rather than the usual
mw /Mp as in canonical Randall-Sundrum (RS) models. Two things happen in such
models if the gauge group and other fields are in the bulk: (i) all mass parameters
in the IR brane are suppressed by w and (ii) depending on bulk mass and the gauge
charge, there may be additional suppression factors [91]. A combination of these
two factors provides a new way to resolve some of the fine tuning problems in these
models.

An initial application of this idea to understand type I seesaw in minimal
SO(10) has recently been discussed by Fukuyama, Kikuchi and Okada [92] where it
was shown how the smallness of the right-handed neutrino mass can be understood
as a consequence of mini-warping. In the present chapter, we show that mini-
warping can also help to explain type II dominance of the seesaw formula. Unlike
the case of type I seesaw dominance, type II case involves a lot of subtle issues

such as the magnitude of the GUT scale, structure of the MSSM doublets in terms
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of the GUT Higgs multiplets etc. and is highly nontrivial due to interconnections
between various terms in the superpotential. We have however succeeded in finding
an example where this happens. This is the subject of this chapter. The significance
of our result is that it restores the type II dominated minimal SUSY SO(10) into a
viable model.

The chapter is organized as follows: in Section II we discuss the basic ingredi-
ents of the approach; in Section III, we discuss the minimal SO(10) and show how

type II seesaw arises naturally without extra Higgs fields.

7.2 Basic Ingredients of a Mini-warped Model

Our basic approach consists of embedding the minimal SO(10) model in the
warped five dimensional brane world scenario [93] with warping between the Planck
scale to the GUT scale. The fifth dimension is compactified on the orbifold S*/Z,
with two branes, ultraviolet (UV) and infrared (IR), located on the two orbifold

fixed points. As in the RS model, we use the warped metric [93],
ds? = e 2relvly | datda” — r2dy? (7.2)

with —7 <y < 7 and 7,, = (+,—, —, —). In the above expression, k is the AdS
curvature, and r. and y are the radius and the angle of S!, respectively. As is
well known, five dimensional N = 1 SUSY corresponds to N = 2 SUSY in four
dimensions. We can therefore write the 5-D superfields in terms of N = 2 4-D
multiplets. The process of compactification leads to N = 1 SUSY on the brane as

well as in 4-D.
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The Lagrangian for a generic U(1) gauge theory with matter and Higgs fields

in the bulk can be written in terms of 4-D N = 1 superfields as [94]:

L = / dy{ / d*0 r, e~ 2krelvl <er_QiVHi +erQiVHfT>

- /dQQe_?’k’"cylHic {(% — (14 C)) kree(y) — Q; H; + h.c.} , (7.3)

1}
V2
where C; is a dimensionless (bulk mass) parameter, €(y) = y/|y| is the step function,

H;, Hf is the hypermultiplet with the charge (); under the gauge group, and

_ _ __ 1 .-
V o= —00"0A, —i0*0\ + 070\, + 592«921) ,

1
Y = E@ +ids) + V20X, + 0°F (7.4)

are the vector multiplet and the adjoint chiral multiplets, which form an N = 2
SUSY gauge multiplet. Z, parity for H; and V is assigned as even, while odd for
Hf and y. This technique is easily generalized to the case of SO(10) model. The
point to emphasize is that in RS models, the mass scale of the IR brane is warped

—krem

down by the warp factor [93], w = e , in effective four dimensional theory. If
we take the cutoff of the original five dimensional theory and the AdS curvature as
Mjs ~ k ~ Mp, the four dimensional (reduced) Planck mass, the cutoff scale in the
IR brane is A;jg = wMp. In our case, we choose the warp factor to be such that
Meaur = Arr = wMp. In the IR brane, the theory becomes non-perturbative above
this scale so that the question of large threshold corrections becomes moot.

Let us now assume that the gauge symmetry is broken down and the adjoint

chiral multiplet y develops a VEV. Since its Z; parity is odd, the VEV has to take
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the form,
(XY = 2akr.€(y). (7.5)

In this case, the zero mode wave function of H; satisfies the following equation

of motion:
0, — (1+C; + Qi) kree(y)| H; =0 (7.6)

which yields

1 e(I+CitQia)krely| hi(z") (7.7)

H =
Vi

where h;(z#) is the chiral multiplet in four dimensions. Here, N; is a normalization

constant which ensures that the kinetic term is canonically normalized. We have

N, 2CHQiadkrer 1 (7.8)

There are now two typical cases to consider:

(i) if e(Ci+@Qi)krem 5 1 the wave functions at y = 0 and y = 7 are, respectively,

given by
Hz(y = 0) =~ Q(CZ + QzOé)k? wCi+Qia h((L"LL)
Hy=m) ~ 2(C;+ Qia)k w™ h(z"). (7.9)

(ii) whereas for e(CitQidkrem <« 1 the wave functions are

H(y=0) ~ /=2(C;+ Qia)k h(z"),

=
<
I
a
2

V=2(C; + Qia)k w (Gt Qiady=1 p( gy (7.10)
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In case (i), the wave function is localized around the IR brane while around the UV

brane in case (ii). These non-trivial wave function profiles lead to important effects,

namely suppression of couplings and masses, in effective four dimensional theory.
To see this, let us consider Yukawa couplings on the IR and UV branes for

three bulk hypermultiplets:

Y,
by = /d29w3M31/zHi(y = m)H;(y = m)Hy(y = )
5

Y-
+ /d2eM§/2 Hily = 0)Hi(y = 0 Hyly = 0) + hee, (711
5

where Q; + Q; + Qr = 0 has been assumed for the U(1) gauge invariance, and
Y) and Y, are independent Yukawa coupling constants on the IR and UV branes,
respectively. When all the bulk fields are localized around the IR brane (C;;x +
Qi x> 0), we obtain the Yukawa coupling constant in effective four dimensional

theory as
Yip ~ Y] + Y'QwCr&-Qiocij-i-Qjaka—i—Qka ~Y]. (7‘12)

There is no suppression for the Yukawa coupling constant on the IR brane while the
Yukawa coupling constant on the UV brane is very much suppressed by the small
wave function overlapping. A more non-trivial example is to assume H; is localized
around the UV brane (C; + Q;o < 0) and the others are localized around the IR
brane (Cj ) + Qjra > 0). This case leads to the effective Yukawa coupling constant

as
Yip ~ Ylw*(CﬁQia) + YZWCjJeraka+Qka. (7'13)

Both of the coupling constants are suppressed according to the wave function over-
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lapping between each field. Other cases are completely analogous and the effective
Yukawa coupling constants are suppressed or not suppressed according to the wave
function profiles.

Next let us consider mass terms on the IR and UV branes for two bulk hyper-

multiplet such as

L, = /d29 W %Ha@ = 1) Hy(y = 7)
5

+ dQH%zHa(y = 0)H,(y = 0) + h.c. (7.14)

Here two mass terms on the IR and UV branes have been generally introduced. If
two bulk fields are localized around the IR brane (Cy,p + Qupc > 0), we obtain the

mass term in effective four dimensional theory as
map ~ M1 + MaWw. (715)

Although there is no suppression due to the wave function profiles in this case, the
mass term on the IR brane is warped down. This is the characteristic feature of
RS models mentioned above. More general cases are, again, analogous and we find
that suppression factors (in addition to the warp factor) appear in the effective mass
according to the wave function overlap.

In the next section, we apply these results to explain the naturalness of type
I and type II seesaw in the minimal SO(10) model. We will see that this goal can

more or less be achieved except we still need to do one fine tuning.
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7.3 Relevant Aspects of the Minimal SUSY SO(10) Model

In order to apply the discussion of the previous section to the minimal SO(10)
model, we provide a brief reminder of the salient aspects of these models. All
the couplings and mass parameters in this model refer to four dimensions and we
omit the superscript 4D for all of them for simplicity. As long as we allow only
renormalizable couplings, the model has only two Yukawa coupling matrices: (i) h
for the 10 Higgs and (ii) f for the 126 Higgs. SO(10) has the property that the
Yukawa couplings involving the 10 and 126 Higgs representations are symmetric.
Therefore if we assume that CP violation arises from other sectors of the theory
(e.g. squark masses) and work in a basis where one of these two sets of Yukawa
coupling matrices is diagonal, then there are only nine parameters describing the
Yukawa couplings. Noting the fact that the 45 and 5 SU(5)-submultiplets of 126
has a pair of standard model doublets in addition to the 5 and 5 multiplets of 10
that contributes to charged fermion masses, one can write the quark and lepton

mass matrices as follows [80]:

M, = hk,+ fo,
My = hkg+ fog
Mg = h/{d - 3f’l)d

Mp = hk, —3fv,, (7.16)

where £, 4 are the VEVs of the up and down standard model type Higgs fields in the

10 multiplet and v,, 4 are the corresponding VEVs for the same doublets in 126. This
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gives 13 parameters describing the fermion masses and mixings (for both leptons
and quarks). If we input six quark masses, three lepton masses and three quark
mixing angles and weak scale, these are a total of 13 parameters and all parameters
are now determined. Thus all parameters of the model that go into fermion masses
are determined. The neutrino sector therefore has no free parameters except an two

overall scales (vy, and vg) as we see below:
M, = 2fvy, — Mph(2fvg) " Mp (7.17)

If type I or type II seesaw dominates, except for an overall scale, all the rest of the
parameters of the neutrino mass matrix are predicted. The problem addressed in
this paper is to what extent one can understand the naturalness of parameters that

make either type I or type II dominate. As noted earlier, a simple understanding of

2
Am®

2
Amat m

the large neutrino mixings [44, 83] as well as an explanation of the value of
as being of order of the Cabibbo angle comes about in the case of type II dominance.

When one tries to understand CKM CP violation in these models, it is useful
to extend it by the inclusion of a 120 Higgs field that couples to SM fermions [95].
We omit the 120 field from our considerations since our main point is not affected
by this.

To see what fine tunings are needed to make type II seesaw dominate, let
us write down the superpotential for the 4-D SUSY SO(10) model that we are

discussing. Denoting the 126 fields by >, and 210 ones by ®, we have
W = MPEY + MPo? + \PEE0 4+ AP o8 (7.18)

where we have used the superscript 4-D to denote that this is a 4-D theory. It
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Figure 7.1: Supergraph for the type II seesaw in the minimal SO(10) model.

is helpful to write down the SU(5)xU(1)x sub-multiplets of the various SO(10)

multiplets used here:

210 == 10 EB 5—8 EB 58 EB 104 EB E_4 EB 240 EB 750 EB 40_4 @ m4,
126 = 1_;0®5 ,®10_¢® 15.6@ 45, ® 50_,

And the decomposition of matter field 16 is

16 =1_5®55® 10_;. (7.20)

The supergraph responsible for type II seesaw term is given in fig. 7.1. An
inspection of this graph reveals that the following conditions must be satisfied for
the type II seesaw to be important for neutrino mass discussion:

(i) Mys ~ f 10*Meur;

(ii) coupling 15-5-5 C 210-126 - 10 or 15-5-5 C 210 - 126 - 126 must not
be suppressed and be of order one.
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We will show in the next section how we can have an understanding of these

two conditions within a mini-warped model using the technique outlined in Sec. II.

7.4 Minimal SO(10) Theory in Five Dimensions

We take N=1 SUSY SO(10) model in five dimensions and put all the fields
(matter as well as Higgs) in the bulk with different bulk mass terms for different
fields. Note that all fields are paired with its complex conjugate field so that the
bulk mass terms are allowed by gauge invariance and supersymmetry. Note that
these mass terms play the role of a parameter describing the wave function profile
of the field and are not the mass terms of 4-D theory.

We put the interaction terms on both IR and UV branes. Both 126 and 10
mass terms on the IR brane, and the mass term of 210 on the UV brane. The

relevant part of the Lagrangian can be written as £ = [ d*0Wir+ [ d*0Wyy + h.c.,

where
Ms _— My A
Wir=w®|—X¥ + —H* o3
h= [M5 * M; " M§/2
M asT 4 L oH(@S+a E)]
3/2 3/2 1 1
MY MY v

Mg Ae g TP = 1 _
WUV — [_@2 3 2(:D + 3 2@22 —|— ?QH(@QE + C(QZ) . (721)

M; MY MY MY -

Suppose that the couplings on the UV and IR branes are of the same order.
Now we assume that the adjoint chiral multiplet of U(1)x has non-zero VEV as

in Eq. (7.5)  and gives additional contributions to the bulk mass parameters for the

2Since Z, parity for this field is assigned as odd, the non-zero VEV leads to the Fayet-Iliopoulos
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bulk fields. In the following, we denote each chiral field of SU(5)-submultiplets in H;
as Hyp = (®p, Hip, Xny B ), where m specifies the dimension of the submultiplets.

The zero mode solution of H,, is described as

Him(x,y) = KV kehTelVl o(CitaQim)krely] Rim (), (7.22)

where k;, = \/ eg(é&%gﬁ;:ﬁ)ﬂ_ o

On the IR brane H;,(z,7) = /-{im\/walw*(CﬁaQim)him(a:) while H;,,(z,0) =
m-m\/Ehim(:c) on the UV brane.

We take My, and My to be ~ Mp and Mg to be ~ Mgyr. Because of the warp

factor w, the 4-D effective masses of the IR brane are warped down to wMp >~ Mgyr.

Next note that

e(CitaQim )krem > 1, Ky 2(Ci+aQim) WCitaQim (7_23)

e(Ci+aQim)k7'c7r << 1’ Kim, ~ \/_Q(Cl —’- Oész) (724>

1
elCitaQimlkrem — — 9 oy (7.25)
Inw

The extent of suppression of couplings and masses in effective four dimensional the-
ory are determined by parameters C; and «. In this paper, we choose the parameters

as listed in Tables.

D-terms localized on both the UV and IR branes [96], which should be canceled to preserve SUSY.

For this purpose, we need to introduce new fields on both branes by which the D-terms are
compensated. We can choose such fields to in representation 126 on of the branes and 126 on
the other, which have VEVs along SU(5) singlet direction. The same fields can also generate the

nonzero VEV for the ¥ field. This does not affect the result of discussion.
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7.4.1 Masses of Submultiplets of 126

As noted in Sec. III, one main problem for the minimal 4-D SO(10) is that
the SU(5)-submultiplets 15,50 and 45 have the same mass My (up to the Clebsch-
Gordan (CG) coefficients) [90]. When we lower the 15 Higgs mass so as to obtain
type II dominance, other Higgs fields accordingly becomes light. As a result, gauge
couplings blow up before they unite at the GUT scale. As we show now, the situation
is very different in the mini-warped model.

Under the SU(5) decomposition, the mass term of the 126 pair on the IR
brane can be written as

My —
25 3 ) 2 — — _
/d Ow {_M b)Y ~ d*0 msy [€,06500000 + €515€515015015 + €510€5100100 10
5 _
y=m

+  €550€550050050 + €od45€545045045 + €45€550505) 5 (7.26)

where my, = wMs, ~ Mayr, and €, = Kipw ™ (©i1e@m) - From Table 7.3 and Table

3/2

7.4, we have €,15 ~ w?* and €515 ~ 1, therefore the mass of 15 is suppressed by

the factor w®? and Mg ~ w3?Mayr ~ 10 GeV. On the other hand, we read

12 and ez45 ~ 1,

€550 = €550 ~ 1, so the mass of 50 is ~ Mgyr. For 45, €,45 ~ w
and its mass is ~ w'/2Mgyr ~ 10*® GeV. In our mini-warped SO(10) model, there
is no mass degeneracy between these submultiplets.

This mass splitting also leaves gauge coupling unification of MSSM unchanged,
since the submultiplets are all full SU(5) multiplets. It is easy to check that the
unified gauge coupling value at the GUT scale i.e. agyr ~ 0.2 which is in the
perturbative regime even though the 15 @ 15 multiplets with mass around 10'3

GeV and the 45 @ 45 multiplets with mass around 10'® GeV are involved into the
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gauge coupling running.

7.4.2 Symmetry Breaking

Here we examine the realization of the SO(10) symmetry breaking. Let us first
see the SO(10) gauge symmetry breaking down to SU(5). There are three SU(5)
singlets: one in 210 and one in each of the 126 pair with non-zero B-L charge.
Since supersymmetry must remain unbroken all the way down to the weak scale,
F-flatness conditions determine vacuum expectation values. The relevant part in

the superpotential in Eq. (7.21) is given by

My — A _

2n 3 T 1 3 U

/d Ow [—M5 ¥+ 5/2@ + 53/2@22] .
Y=

Mcp 2 )\2 3 T2 —

— d dYY

M M2 " ME?

_|_

y=0
D Mx€r€z00000 + Mwiocbﬁ + (/\1520 + )‘2’120)%

+(MEg0Er0€0 + M2kg0Ka0Kz0)T000P0

~ myw??0050 + Medg + (Mw’ + X)) + (mw®? + naw™?)ogTodo. (7.27)
F-flatness conditions for oy and ¢q lead to

of) [mzws/Q + (mw®? + 772W7/2)¢0} =0,

2My o + 3(A1w® + X)) 2 + (mw®? + now™?) o5y = 0, (7.28)

and the solutions are

my, _ 2Ms (¢o) 32 (o)
e _—771w5/2 (1 + A ) . (7.29)
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SO(10) gauge symmetry is broken down to SU(5)xU(1)x by (¢o) at the scale
my/(mw). More correctly, when we carefully consider the CG coeflicients and nor-
malization of submultiplets of SO(10) under SU(5), we have an extra factor 10
accompanying with the coupling n; [90]. Thus, if we take, for example, n; ~ 47 this
symmetry breaking occurs around the GUT scale, (¢o) ~ my/(10mw) ~ Mgyr. On
the other hand, in order to arrange the B-L breaking scale to be around the GUT
scale, one needs to fine tune the coupling Ay to be Ay ~ 1 — w?/2,

Next we consider the SU(5) symmetry breaking by 24 VEV. The relevant

superpotential is given by

/ d*0u’ [ A; 7P
M5 y=mn

) M¢“3¢24¢§4 + (/\1%06@24 + )‘2’%0“3524)%?2534 + ()‘163524 + /\2“224)¢§4

%@2 + )\2 (DS]
y=0

+

M; Mg/Q

~ Med3, + (Mw’ + Aa)dodss + (Mw® + Aa)di,. (7.30)

Through the F-flatness condition for ¢o4, we obtain

My + A3 {¢o)

S ~ Mgur. (7.31)
2

(P21) ~

Once ¢g gets the VEV, a new contribution appears to the mass of 15 through

the superpotential,

/ &0 [%@Ef + ”—5@22]
Ve IV
5 = 5 y=0
D [MEp€r1s€rts + M2Kgoko15K715) (Po) 015015
~ [7]1(,()7/2 + 7]20«)5/2} <¢0> 0'15615. (732)

Substituting the above (¢y) into this formula, we find the additional contribu-
tion of order w2 Mgy, that is the same order as the one from the tree level mass
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term in Eq. (7.26).

7.5 Neutrino Mass and Type II Dominance

In this section we show how type II dominance emerges in our model. Yukawa

couplings on both the IR and UV branes are given by

a ~ h Qa
/ P07 | L ST+ U, H
M5 MS =
y=m
a ~ h a
N f23;)2\11a\11b2 + SEVUH | (7.33)
M5 M5 y=0

where U, is the 16 matter field of the a-th generation (a = 1,2, 3).

We first consider the Yukawa coupling for 5 - 5 - 15, which is extracted as

flabei,gEElS + f2ab’f?p§5515i| Y5515 ~ [f1abw1/2 + fzabw5/2] Y5505, (7.34)

Now the effective Yukawa coupling in 4-D is found to be ~ figpw!/?.
In fig. 7.1, there are two vertexes between Higgs fields involved in type II seesaw
formulas, 210-126 - 10 or 210 - 126 - 126. From the superpotential in Eq. (7.21)

the vertex in fig. 7.1 (a) can be read off as

[a16¢56h560ﬁ + 042/€¢5I{h51€01*5} ¢5h50ﬁ. (735)

From Tables, €45 ~ en5 ~ 1, €,55 ~ w¥2, and kg5 ~ kps ~ K5 ~ 1, so that we
have the coupling ~ as¢shso1s un-suppressed. On the other hand, for the vertex in

fig. 7.1(b), we have

[771€¢565560ﬁ + 772/£¢5/€§5/€0ﬁ] ¢5550’ﬁ. (736)
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This contribution is negligible compared to the previous one, since €75 ~ 1 and
Kas ~ w2,

We are now ready to estimate the relative magnitudes of the two different
seesaw contributions to neutrino mass in our model. For this purpose, we note that

in terms of the original SO(10) Yukawa couplings the f116-16-126, we can rewrite

the seesaw formula as

M, = 2fiv, — ME(2fivr) ' Mp (7.37)

The magnitude of the neutrino mass from the Type II seesaw contribution is esti-

mated as

2(f1)33w1/2v1ov210062
Meyrw3/? ’

M~ (7.38)

where v10.919 is the VEV of up-type Higgs doublets in 10 and 210. If we take (f;)s3 ~
1, ag ~ 0.5 and assume v1g =~ v919 ~ 100 GeV, we arrive at the reasonable value for
the atmospheric neutrino oscillation data, M ~ 0.05 eV. Note however that b — 7
unification as well as charge fermion fitting implies that (f1);; ~ 0.037 [84]. In this
case also one can get type II term to be 0.046 eV if ay ~ 47 and is perturbative.
Next let us examine type I seesaw contribution. The right-handed neutrino

mass can be read as

[f1ab€51€50 + faavhin kim0 (T1) ~ W*? fraMaur. (7.39)

Thus, the type I seesaw contribution is found to be

mw'/?
(fl)SBMGUTUJS/Q ’
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where m; is top quark mass, and we have used the natural relation Mp ~ m; in
GUT models. Using m; ~ 100 GeV at the GUT scale, the type I seesaw gives the
contribution to the neutrino mass as M! ~ 0.025 eV for ( f1)33 ~ 1, which is already
smaller than the type II seesaw contribution. Again for the case of (fi);; ~ 0.037
obtained from charged fermion fitting in Ref. [84], even though the naive order of
magnitude estimate for m, from type I seesaw may appear to be large, full matrix
effects from Mp and My indeed gives the desired neutrino masses. For example, if we
use the explicit forms for the coupling matrices given in Ref. [84], with (f1)s3 ~ 0.035
using Eq. (V.7), we get the right order for ms even though naive estimates would
have suggested m, ~ 0.5 eV.

In conclusion, we have shown that unlike the 4-dimensional minimal SUSY
SO(10) models where it is not possible to achieve type II dominance of the seesaw
formula, embedding into a mini-warped 5-D space-time cures this problem and leads
to an effective 4-D theory where either type II or mixed seesaw can dominate the
neutrino mass. Thus the simple understanding of the large neutrino mixings as well
as the right solar mass difference square obtained in minimal SUSY SO(10) models
is based on sound theoretical footing and no new Higgs fields need be added. We
have also analyzed the symmetry breaking of SO(10) down to the standard model
in this framework and we found that to maintain the SU(5) and SO(10) scales at
10'® GeV in this model, we need to fine tune only one parameters by a factor of
1073. Note that in the minimal 4-D SO(10) model, we could not even do any fine
tuning to get the desired feature of type II dominance. We have also checked that

the SU(5) multiplets below the GUT scale not only do not affect unification as
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expected but they also keep the GUT couplings agyr ~ 0.2 meaning that one can

use perturbation theory up to the GUT scale without any problem.
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16 components | Cy6 + aQ;

1.5 7/4
104 3/4
53 —1/4

Table 7.1: Effective mass parameters of submultiplets 16 with Ci6 = 1/2 and

a=—1/4.

10 components | Ci9 + aQ;

52 0

5 5 1

Table 7.2: Effective mass parameters of submultiplets of 10 with Cio = 1/2 and

a=—1/4.
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126 components | Cio6 + aQ);
1 10 5/2
5 5 1/2
10_¢ 3/2
156 —3/2
455 —1/2
50_5 1/2

Table 7.3: Effective mass parameters of submultiplets of 126 with C126 = 0 and

a=-1/4.
126 components | Cisg + aQ;

110 —3/2
54 1/2
104 —1/2

15_¢ 5/2

45_, 3/2
50, 1/2

Table 7.4: Effective mass parameters of submultiplets of 126 with Oz = 1 and

a=—1/4.
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210 components | Ca19 + aQ);
1o —2
5 g 0
bs —4
104 -3
10_4 —1
24, —2
404 -3
40 _4 —1
750 —2

Table 7.5: Effective mass parameters of submultiplets of 210 with Cs19 = —2 and

a=-—1/4.
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Chapter 8

Summary and Conclusion

In this thesis, we assume neutrinos are Majorana particles and use the seesaw
mechanism to generate light neutrino masses. We studied the possible permuta-
tion flavor symmetry indicated by the low scale neutrino data, its implications on
leptogenesis and grand unification theories.

Leptonic p—7 symmetry is introduced to explain the lepton mixing data. This
symmetry has interesting consequences for the leptogenesis. It provides a natural
way to reduce the seesaw parameters and make it possible to connect the baryon
asymmetry of our universe to the low scale neutrino experiment data if leptogenesis
is the mechanism to generate baryon asymmetry.

We have shown that it is possible to apply a ;1 — 7 symmetry extracted from
the lepton sector to the quark sector by extending this symmetry to a permutation
symmetry between the second and third generations. A supersymmetric SU(5)
GUT model with this extended u — 7 symmetry has been proposed to describe the
mixing and mass of all fermions consistently.

Motivated by the agreement between the mixing angle data and so-called tri-
bimaximal mixing pattern, the y — 7 symmetry has been extended to the higher
permutation symmetry S3. A simple leptonic model based on permutation sym-

metry between three families of leptons has been built to realize the tri-bimaximal
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mixing. The stability of texture under quantum correction has been studied. The
quasi-degenerate spectrum of neutrino spectrum is excluded. This model is so con-
strained that the CP-violating phases are directly related to the phases that can be
measured at low energy experiments.

A supersymmetric SO(10) GUT model with S4 family symmetry has been
proposed. The three families of fermions is described by three irreducible represen-
tation of S4. This model predicts degenerate right-handed neutrino spectrum due
to S4.

We also discussed the issue of a natural realization of the seesaw mechanism
in the supersymmetric minimal SO(10). We embedded the 4 dimensional model
in 5 dimension model with a warped fifth dimension. This setup provides a way
to reduce the tuning of parameters needed in the 4 dimensional case and realizes
the type II seesaw dominance without adding Higgs fields. The good features and
predictivity of the model remains.

In this thesis, we have focused on the flavor mixing indicated by the results
of neutrino oscillation experiments. To fully understand new physics indicated by
massive neutrinos and lepton mixing, we need more information from experiments.
The Majorana nature of neutrinos has not been confirmed yet, which is essential for
the seesaw mechanism. More precise measurements of 015, 53 and the determination
of 613 value as well as the order of the mass eigenstate order are important to
test the leptonic flavor symmetry and judge different models. The future neutrino
experiments will help us uncover this new physics beyond the standard model. The
work presented in this thesis is based on a series of published papers of the author
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and his collaborators [97].
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Chapter A

Branching Rules for SO(10)

For convenience, we list the branching rules for SO(10) under its sub-group

SU(5) x U(1) and SU(2) x SU(2) x SU(4) [99].

A1 S0(10) © SU(5) x U(1)

10 = 55,+5 5
16 = 1 5+53+10 4
45 = 19+104+10_4 + 24,
54 = 15,4+ 15_4 + 24,
120 = 55+ 5 5+10_¢ + 106 + 455 + 45_,
126 = 1_419+5_5+10_¢ + 156 + 455 + 50_5
144 = 53+57+10_; +15 4 +24 5+ 40_, + 453

210 = 19+5 g+ b5g+104+10_4 + 249 +40_,404 + 750
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A2

10

16

45

54

120

126

144

210

SO(10) > SU(2) x SU(2) x SU(4)

= (2,2,1)+(1,1,6)

= (2,1,4)+(1,2,4)

= (3,1,1)+(1,3,1) 4+ (1,1,15) + (2, 2,6)

= (1,1,1)+(3,3,1) 4+ (1,1,20) + (2, 2,6)

= (2,2,1)+(1,1,10) + (3,1,6) + (1,3,6) + (2,2,15)

= (1,1,6)+ (3,1,10) + (1, 3,10) + (2,2,15)

= (2,1,4)+(1,2,4)+ (3,2,4) + (2,3,4) + (2,1,20) + (1, 2,20)

= (1,1,1)+ (1,1,15) + (2,2,6) + (3,1,5) + (1,3,15) + (2,2, 10) +
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Chapter B

S4 Permutation Symmetry

In this appendix, we show some features of the S4 permutation group [72].

B.1 Representations

S4 is the permutation group of four distinct objects and it contains five irre-

ducible representations.

1 : one dimensional symmetricrepresentation;

1" : one dimensional anti — symmetric representation;

2 : two dimensional representation;

3 : three dimensional symmetric representation;

3’ : three dimensional anti — symmetric representation.

B.2 Products

1x1=1,1x1=1,1"x1=1
2x1=1,2x1=22x2=1+1+2,2x3=3+3.2x3=3+3
3x3=1+2+34+33x3=14+2+3+3,3x3=14+2+3+3

(B.1)
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Note for any representations A and B, one has A x B =B x A.

B.3 Clebasch Gordan Coefficients

Al Bl

Ao, BO ~ ]-a A67B6 ~ 1/7 ) ~ 27
A2 BZ
a\ (b AN

02 ) DQ ~ 37 Cé ) Dé ~ 3/’

¢ \D; c | \ b,

1x1:A40By~1, 1x1:4B,~1, 1'x1:BjA ~1 1'x1 :ByBj~1.

AgCh ApCY
AgAq
1x2: ~2,1x3: [ 4,0y | ~3,1x38 | AjCh | ~ 3.
AgAs
AgCs AyC4
AyCh Ay
—AL A
1 x2: ~21 x3: ALy ~3 1 x3: Avcy | ~ 3.
—AjA,
ApCs ALCs
A1 By + Ay By
2x2: AlBl -+ AQBQ ~ 1, —AlBQ -+ BQAQ ~ ]_/7 ~ 2.
A1By — Ay By
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(B.4)

(B.5)



\%(CQDQ — C3D3)

3X3:01D1+02D2+03D3N17 N2,
75(=2C1Dy + Gy Dy + C3Ds)
CyDy + C5Dy C3Dy — CyDs
C,Ds+CsDy | ~3, | 0,Ds — 3D, | ~ 3 (B.6)
C1Dy + CyD,y CyDy — C1 Dy
L(C/D/ _ C/D/)
3 x 3D, + C4D, + CLD, ~ 1, verTEmE e ~2,
J5(—2C{ D} + C3D} + C3D3)
C4y DY + C4 D), C4Dly — CLD}
ciDy+osD, | ~ 3, | cipy —cipy | ~ 3
C! Dy + Cy D), CyD} — C\ D}
AQCl A1C'1
2% 31 [ —3(VBAIC, + AsCo) | ~ 3 [ J(VBACh — AiCy) | ~ 3
%(\/§A1C3 — AyCs) —%(\/514203 + A C5)
(B.7)
A C AyCy
2x3 | H(VBACE — AiCy) | ~ 3 [ —L(VBAIC, + AyCh) | ~ 3
_%<\/§AZC§ + AlC:’s) %(\/§A103 - A203)
(B.8)
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3% 3 10+ CoCl+ CyCl~ 17, | V0

C3CY — CyCY,
C1C} — C5Cy

CyC! — C,CY
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1
V2

L (20,07 — CyCY — C3C%)

(€205 — C3C3)

CyCl + C5C}

~ 3, C’lCé + 0301

C1CY + CyC!

~ 3.

(B.9)



1]

[12]

Bibliography

S. Weinberg, Phys. Rev. Lett. 19, 1269 (1967); A. Salam, in Elementary Particle
Theory Nobel Symposium, ed. by N. Svartholm (Almqvuist, Stockhold, 1968),
p. 367; S. L. Glashow, Nucl. Phys. 22, 570 (1961).

The idea of QCD evolved over a span of seven years (1965-1972). It received
a decisive boost with the discovery of asymptotic freedom by D. Gross and F.
Wilezek, Phys. Rev. Lett. 30, 1343 (1973); and by H. D. Politzer, Phys. Rev.
Lett. 30, 1346 (1973).

P. W. Higgs, Phys. Rev. Lett. 12, 132 (1964), Phys. Rev. Lett. 13, 508 (1964),
Phys. Rev. 145, 1156 (1966), R. Brout and F. Englert, Phys. Rev. Lett. 13,
321 (1964), G. S. Guralnik, C. R. Hagen and T. W. B. Kibble, Phys. Rev. Lett.
13, 585 (1964).

G. 't Hooft and M. J. G. Veltman, Nucl.Phys. B 44, 189 (1972), Nucl.Phys. B
50, 318 (1972).

N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963); M. Kobayashi and T. Maskawa,
Prog. Theor. Phys. 49, 652 (1973).

A. Hocker and Z. Ligeti, Ann. Rev. Nucl. Part. Sci. 56, 501 (2006)
L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).

Z. Maki, M. Nakagawa and Sakata, Prog. Theor. Phys. 28, 870 (1962); B.
Pontecorvo, Zh. Eksp. Teor. Fiz. 53,1717 (1967) [Sov. Phys. JETP 26, 984
(1968)].

B. Pontecorvo, Zh. Eksp. Teor. Fiz. 34, 247 (1958); Sov. Phys. JETP 6, 429
(1958); Sov. Phys. JETP 7, 172 (1958); Zh. Eksp. Teor. Fiz. 53, 1717 (1967);
Sov. Phys. JETP 26, 984 (1968).

B. Kayser in W. M. Yao et al. [Particle Data Group], J. Phys. G 33, 1 (2006).

Y. Fukuda et al. (Super-Kamiokande), Phys. Rev. Lett. 81, 1562 (1998), hep-
ex/9807003; K. Nishikawa (K2K) Talk at Neutrino 2002, Munich, Germany.

Y. Ashie et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 93, 101801
(2004)

129



[13]

[16]
[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

L. Wolfenstein, Phys. Rev. D17, 2369 (1978); S. Mikheyev and A. Smirnov,
Yad. Fiz. 42, 1441 (1985) [Sov. J. Nucl. Phys. 42, 913 (1986)]; Zh. Eksp. Teor.
Fiz. 91, 7, (1986) [Sov. Phys. JETP 64, 4 (1986)]; Nuovo Cimento 9c, 17
(1986).

M. Maltoni, T. Schwetz, M. A. Tortola and J. W. F. Valle, New J. Phys. 6, 122
(2004). See Appendix C of aiXiv:hep-ph/0405172 for updated fit.

H. V. Klapdor-Kleingrothaus, A. Dietz, H. L. Harney and I. V. Krivosheina,
Mod. Phys. Lett. A 16, 2409 (2001); H. V. Klapdor-Kleingrothaus,
I[. V. Krivosheina, A. Dietz and O. Chkvorets, Phys. Lett. B 586, 198 (2004);
H. V. Klapdor-Kleingrothaus, arXiv:hep-ph/0512263.

C. Kraus et al., Eur. Phys. J. C 40, 447 (2005)
A. Goobar, S. Hannestad, E. Mortsell and H. Tu, JCAP 0606, 019 (2006)

LSND Collaboration, Phys. Rev. Lett. 75, 2650 (1995); Phys. Rev. Lett. 77,
3082 (1996); Phys. Rev. Lett. 81, 1774 (1998).

MiniBooNE Collaboration, Phys. Rev. Lett. 98, 231801 (2007)

P. Minkowski, Phys. Lett. B67, 421 (1977); M. Gell-Mann, P. Ramond and R.
Slansky, in: Supergravity, eds. F. van Nieuwenhuizen and D. Freedman (Ams-
terdam, North Holland, 1979) p. 315; T. Yanagida, in: Workshop on the Unified
Theory and Baryon Number in the Universe, eds. O. Sawada and A. Sugamoto
(KEK, Tsukuba) 95 (1979); S.L. Glashow, in Quarks and Leptons, Cargese
1979, eds. M. Levy et al. (Plenum 1980) p. 707; R. N. Mohapatra and G.
Senjanovic, Phys. Rev. Lett. 44, 912 (1980).

G. Lazarides, Q. Shafi and C. Wetterich, Nucl.Phys.B181, 287 (1981); R. N.
Mohapatra and G. Senjanovié¢, Phys. Rev. D 23, 165 (1981).

H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32, 438 (1974).

H. Georgi, in Particles and Fields, Ed. by C. Carlson (AIP, NY, 1975), p.575;
H. Fritzsch and P. Minkowski, Ann. Phys. 93, 193 (1975).

F. Gursey, P. Ramond and P. Sikivie, Phys. Lett. B 60, 177 (1976).

J. C. Pati and A. Salam, Phys. Rev. D 10, 275 (1974) [Erratum-ibid. D 11,
703 (1975)]; R. N. Mohapatra and J. C. Pati, Phys. Rev. D 11, 2558 (1975);
G. Senjanovic and R. N. Mohapatra, Phys. Rev. D 12, 1502 (1975).

130



[26]

[27]
28]

[29]

[30]

[31]
[32]
[33]

[34]

[35]

[36]

[37]

[38]

[39]

A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5, 32 (1967) [JETP Lett. 5, 24
(1967 SOPUA,34,392-393.1991 UFNAA 161,61-64.1991)].

M. Fukugita and T. Yanagida Phys. Lett. B174, 45 (1986).
V. Kuzmin, V. Rubakov and M. Shaposnikov, Phys. Lett.B155 36, (1985).

C. S. Lam, Phys. Lett. B 507, 214 (2001); T. Kitabayashi and M. Yasue,
Phys.Rev. D67 015006 (2003); W. Grimus and L. Lavoura, Phys. Lett. B 572,
189 (2003); J. Phys. G 30, 73 (2004); Y. Koide, Phys. Rev. D69, 093001 (2004).

R. N. Mohapatra, SLAC Summer Inst. lecture;  http://www-
conf.slac.stanford.edu/ssi/2004; hep-ph/0408187; JHEP, 0410, 027 (2004); W.
Grimus, A. S.Joshipura, S. Kaneko, L. Lavoura, H. Sawanaka, M. Tanimoto,
Nucl. Phys. B 713, 151 (2005).

W. Buchmuller, M. Plumacher and P. Di Bari, Phys. Lett. B 547, 128 (2002).
W. Buchmuller, M. Plumacher and P. Di Bari, Nucl. Phys. B 665, 445 (2003).
S. Davidson and A. Ibarra, Nucl. Phys. B 648, 345 (2003).

G. Branco, R. Gonzalez-Felipa, F. Joaquim, I. Masina, M. N. Rebelo and C.
Savoy, Phys. Rev. D 67, 073025 (2003).

T. Hambye, Y. Lin, A. Notari, M. Papucci and A. Strumia, Nucl. Phys. B 695,
169 (2004).

See for instance, A. S. Joshipura, E. A. Paschos and W. Rodejohann, JHEP
08, 029 (2001); W. Rodejohann and K. R. S. Balaji, Phys. Rev. D 65, 093009
(2002); S. Antusch and S. F. King, Phys. Lett. B 597, 199 (2004).

N. Sahu and S. Uma Sankar, Nucl. Phys. B 724, 329 (2005).

For reviews of earlier literature see, A. Pilaftsis, Phys. Rev. D 56, 5431 (1997);
T. Hambye, arXiv:hep-ph/0412053; for a general discussion of the connection
between leptogenesis and seesaw parameters, see V. Barger, D. A. Dicus, H-J.
He and T. Li, Phys. Lett. B 583, 173 (2004). For the case of quasi-degenerate
right handed neutrinjos, see M. Flanz, E. A. Paschos and U. Sarkar, Phys. Lett.
B345, 248 (1995).

R. N. Mohapatra and S. Nasri, Phys. Rev. D 71, 033001 (2005).

131



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

W. Grimus and L. Lavoura, J. Phys. G 30, 1073 (2004); J.Phys. G30, 1073
(2004).

R. N. Mohapatra, Phys. Rev. Lett. 56, 561 (1986); R. N. Mohapatra and
J. W. F. Valle, Phys. Rev. D 34, 1642 (1986).

K. Anderson et al., arXiv:hep-ex/0402041; M. Apollonio et al., Eur. Phys. J.
C 27, 331 (2003) arXiv:hep-ex/0301017; M. V. Diwan et al., Phys. Rev. D 68,
012002 (2003); D. Ayrea et al. hep-ex/0210005; Y. Itow et al. (T2K collabo-
ration) hep-ex/0106019; I. Ambats et al. (NOVA Collaboration), FERMILAB-
PROPOSAL-0929; M. Goodman, Nucl. Phys. Proc. Suppl. 145, 186 (2005).

J. A. Casas and A. Ibarra, Nucl. Phys. B 618, 171 (2001).

L. Covi, E. Roulet and F. Vissani, Phys. Lett. B 384, 169 (1996); M.
Plumacher, Nucl. Phys. B 530, 207 (1998).

W. Buchmuller and S. Fredenhagen, Phys. Lett. B 483, 217 (2000).

G. Giudice, F. Notari, M. Raidal, A. Riotto and A. Strumia, Nucl. Phys. B
686, 89 (2004).

D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 148, 175
(2003).

S. T. Petcov, Phys. Lett. B 110, 245 (1982); an incomplete list of more re-
cent studies is: R. Barbieri et al., JHEP 9812, 017 (1998); A. S. Joshipura
and S. D. Rindani, Eur. Phys. J. C 14, 85 (2000); R. N. Mohapatra, A. Perez-
Lorenzana and C. A. de Sousa Pires, Phys. Lett. B 474, 355 (2000); Q. Shafi and
Z. Tavartkiladze, Phys. Lett. B 482, 145 (2000); L. Lavoura, Phys. Rev. D 62,
093011 (2000); T. Kitabayashi and M. Yasue, Phys. Rev. D 63, 095002 (2001);
K. S. Babu and R. N. Mohapatra, Phys. Lett. B 532, 77 (2002); H. J. He,
D. A. Dicus and J. N. Ng, Phys. Lett. B 536, 83 (2002); H. S. Goh, R. N. Mo-
hapatra and S. P. Ng, Phys. Lett. B 542, 116 (2002); G. K. Leontaris, J. Rizos
and A. Psallidas, Phys. Lett. B 597, 182 (2004); W. Grimus and L. Lavoura,
J. Phys. G 31, 683 (2005); G. Altarelli and R. Franceschini, JHEP 0603, 047
(2006).

K. Matsuda and H. Nishiura, Phys. Rev. D 73, 013008 (2006); A. Joshipura,
hep-ph/0512252.

P. Frampton and R. N. Mohapatra, JHEP, 0501, 025 (2005).

132



[51]
[52]

[53]

[55]

[56]

[60]

[61]

[62]

M. Lindner, A. Smirnov and M. Schmidt, JHEP 0507, 048 (2005).
C. R. Das and M. K. Parida, Eur. Phys. J. C 20, 121 (2001).

P. F. Harrison, D. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002); P.
F. Harrison and W. G. Scott, Phys. Lett. B 535, 163 (2002); Z. Z. Xing, Phys.
Lett. B 533, 85 (2002).

L. Hall, R. Rattazi and U. Sarid, LBL-33997 (1993); T. Blazek, S. Pokorski and
S. Raby, hep-ph/9504364; for some earlier papers, see T. Banks, Nucl. Phys.
B303, 172 (1988); E. Ma, Phys. Rev. D 39, 1922 (1989).

K. S. Babu and X. G. He, hep-ph/0507217; G. Altarelli and F. Feruglio, Nucl.
Phys. B 741, 215 (2006); B. Adhikary, B. Brahmachari, A. Ghosal, E. Ma and
M. K. Parida, Phys. Lett. B 638, 345 (2006).

C. I. Low and R. R. Volkas, Phys. Rev. D 68, 033007 (2003);I. de Medeiros
Varzielas, S. F. King and G. G. Ross, hep-ph/0512313; W. Grimus and
L. Lavoura, JHEP 0601, 018 (2006); N. Haba, A. Watanabe and K. Yosh-
ioka, Phys. Rev. Lett. 97, 041601 (2006); P. Kovtun and A. Zee, Phys. Lett. B
640, 37 (2006).

P. F. Harrison and W. G. Scott, Phys. Lett. B 557, 76 (2003); F. Caravaglios
and S. Morisi, hep-ph/0503234; O. Felix, A. Mondragon, M. Mondragon and
E. Peinado, hep-ph/0610061.

F. Plentinger and W. Rodejohann, Phys. Lett. B 625, 264 (2005)

S. F. King, Nucl. Phys. B 576, 85 (2000); S. F. King and N. N. Singh, Nucl.
Phys. B 591, 3 (2000).

V. Kuzmin, V. Rubakov and M. Shaposnikov. Phys. Lett. 185B, 36 (1985).

A. S. Joshipura, E. A. Paschos and W. Rodejohann, JHEP 0108, 029 (2001);
P. H. Frampton, S. L. Glashow and T. Yanagida, Phys. Lett. B 548, 119
(2002); T. Endoh, S. Kaneko, S. K. Kang, T. Morozumi and M. Tanimoto,
Phys. Rev. Lett. 89, 231601 (2002); K. Bhattacharya, N. Sahu, U. Sarkar
and S. K. Singh, arXiv:hep-ph/0607272; Steve King and Antonio Riotto, hep-
ph/0609038; S. Pascoli, S. T. Petcov and A. Riotto, arXiv:hep-ph/0609125;
G. C. Branco, R. G. Felipe and F. R. Joaquim, arXiv:hep-ph/0609297.

R. N. Mohapatra, S. Nasri and H. B. Yu, Phys. Lett. B 639, 318 (2006)

133



[63]

[64]

[77]

D. N. Spergel et al., arXiv:astro-ph/0603449.

E. Ma and U. Sarkar, Phys. Rev. Lett. 80, 5716 (1998); T. Hambye, E. Ma
and U. Sarkar, Nucl. Phys. B 602, 23 (2001); G. D’Ambrosio, T. Hambye,
A. Hektor, M. Raidal and A. Rossi, Phys. Lett. B 604, 199 (2004); E.J. Chun,
S. Scopel, Phys.Lett. B636, 278 (2006); hep-ph/0609259; E.J Chun, S.K. Kang,
Phys.Rev. D63, 097902 (2001).

T. Hambye and G. Senjanovic, Phys. Lett. B 582, 73 (2004);

S. Antusch and S. F. King, Phys. Lett. B 597, 199 (2004).

W. Buchmuller and M. Plumacher, Int. J. Mod. Phys. A 15, 5047 (2000).

W. Buchmuller, P. Di Bari and M. Plumacher, Annals Phys. 315, 305 (2005);

G. F. Giudice, A. Notari, M. Raidal, A. Riotto and A. Strumia, Nucl. Phys. B
685, 89 (2004)

F. Plentinger and W. Rodejohann, Phys. Lett. B 625, 264 (2005); J. D. Bjorken,
P. F. Harrison and W. G. Scott, arXiv:hep-ph/0511201.

W. Buchmuller, K. Hamaguchi and M. Ratz, Phys. Lett. B 574, 156 (2003).
C. Hagedorn, M. Lindner and R. N. Mohapatra, JHEP 0606, 042(2006).

J. R. Ellis, M. Raidal and T. Yanagida, Phys. Lett. B 546, 228 (2002); A. Pi-
laftsis and T. E. J. Underwood, Nucl. Phys. B 692, 303 (2004).

D. G. Lee and R. N. Mohapatra, Phys. Lett. B 329, 463 (1994)
K. S. Babu and R. N. Mohapatra, Phys. Rev. Lett. 70, 2845 (1993).

T. E. Clark, T. K. Kuo and N. Nakagawa, Phys. Lett. B 115, 26 (1982);
C. S. Aulakh and R. N. Mohapatra, Phys. Rev. D 28, 217 (1983); C. S. Aulakh,
B. Bajc, A. Melfo, G. Senjanovic and F. Vissani, Phys. Lett. B 588, 196 (2004);
B. Bajc, A. Melfo, G. Senjanovic and F. Vissani, Phys. Rev. D 70, 035007
(2004); T. Fukuyama, A. Ilakovac, T. Kikuchi, S. Meljanac and N. Okada,
Phys. Rev. D 72, 051701 (2005); H. S. Goh, R. N. Mohapatra and S. Nasri,
Phys. Rev. D 70, 075022 (2004).

T. Kobayashi, J. Kubo and H. Terao, Phys. Lett. B 568, 83 (2003).

134



. Y. Choi, Y. Kajiyama, H. M. Lee and J. Kubo, Phys. Rev. ,
78] K. Y. Choi, Y. Kaji H. M. L d J. Kubo, Phys. Rev. D 70, 055004
(2004).

[79] C. Jarlskog, Phys. Rev. Lett. 55, 1039 (1985).

[80] K. S. Babu and R. N. Mohapatra, Phys. Rev. Lett. 70, 2845 (1993)

[81] T. Fukuyama and N. Okada, JHEP 0211, 011 (2002).

[82] B. Bajc, G. Senjanovic and F. Vissani, Phys. Rev. Lett. 90, 051802 (2003).

[83] H.S. Goh, R. N. Mohapatra and S. P. Ng, Phys. Lett. B 570, 215 (2003); Phys.
Rev. D 68, 115008 (2003).

[84] B. Dutta, Y. Mimura and R. N. Mohapatra, Phys. Rev. D 69, 115014 (2004)

[85] C.S. Aulakh and R. N. Mohapatra, Phys. Rev. D 28, 217 (1983); T. E. Clark,
T. K. Kuo and N. Nakagawa, Phys. Lett. B 115, 26 (1982).

[86] A. Rossi, Phys. Rev. D 66, 075003 (2002).

[87] H.S. Goh et al.[83]; K. S. Babu and C. Macesanu, hep-ph/0505200; S. Bertolini,
T. Schwetz and M. Malinsky, Phys. Rev. D 73, 115012 (2006); B. Dutta,
Y. Mimura and R. N. Mohapatra, Phys. Lett. B 603, 35 (2004); Phys. Rev.
Lett. 94, 091804 (2005); W. Grimus and H. Kuhbock, arXiv:hep-ph/0607197;
arXiv:hep-ph/0612132; C. S. Aulakh, arXiv:hep-ph/0607252.

[88] H. S. Goh, R. N. Mohapatra, S. Nasri and S. P. Ng, Phys. Lett. B 587, 105
(2004); T. Fukuyama, A. Ilakovac, T. Kikuchi, S. Meljanac and N. Okada, Eur.
Phys. J. C 42, 191 (2005).

[89] C. S. Aulakh, B. Bajc, A. Melfo, G. Senjanovic and F. Vissani, Phys. Lett. B
588, 196 (2004); B. Bajc, A. Melfo, G. Senjanovic and F. Vissani, Phys. Rev.
D 70, 035007 (2004); T. Fukuyama, A. Ilakovac, T. Kikuchi, S. Meljanac and
N. Okada,Phys. Rev. D 72, 051701 (2005).

[90] H. S. Goh, R. N. Mohapatra and S. Nasri, Phys. Rev. D 70, 075022 (2004).
[91] See for example, R. Kitano and T. J. Li, Phys. Rev. D 67, 116004 (2003).
92] T. Fukuyama, T. Kikuchi and N. Okada, Phys. Rev. D 75, 075020 (2007).
93] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999).

135



[94]

[95]

[96]

[97]

[98]

[99]

M. A. Luty and R. Sundrum, Phys. Rev. D 64, 065012 (2001); J. Bagger,
D. Nemeschansky and R. J. Zhang, JHEP 0108, 057 (2001); D. Marti and
A. Pomarol, Phys. Rev. D 64, 105025 (2001).

B. Dutta, Y. Mimura and R. N. Mohapatra, Phys. Lett. B 603, 35 (2004);
Phys. Rev. D 72, 075009 (2005).

R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C. A. Scrucca, Phys.
Rev. D 66, 024025 (2002); S. Groot Nibbelink, H. P. Nilles and M. Olechowski,
Phys. Lett. B 536, 270 (2002); Nucl. Phys. B 640, 171 (2002); H. Abe, T. Higaki
and T. Kobayashi, Prog. Theor. Phys. 109, 809 (2003).

R. N. Mohapatra, N. Okada and H. B. Yu, Phys. Rev. D 76, 015013 (2007)
[arXiv:0704.3258 [hep-ph]]; R. N. Mohapatra and H. B. Yu, Phys. Lett. B
644, 346 (2007) [arXiv:hep-ph/0610023]; Y. Cai and H. B. Yu, Phys. Rev.
D 74, 115005 (2006) [arXiv:hep-ph/0608022]; R. N. Mohapatra, S. Nasri and
H. B. Yu, Phys. Lett. B 639, 318 (2006) [arXiv:hep-ph/0605020]; R. N. Mo-
hapatra, S. Nasri and H. B. Yu, Phys. Lett. B 636, 114 (2006) [arXiv:hep-
ph/0603020]; R. N. Mohapatra, S. Nasri and H. B. Yu, Phys. Lett. B 615, 231
(2005) [arXiv:hep-ph/0502026].

Author’s other paper: R. N. Mohapatra, S. Nasri and H. B. Yu, Phys. Rev.
D 72, 033007 (2005) [arXiv:hep-ph/0505021]; R. N. Mohapatra, S. P. Ng and
H. B. Yu, Phys. Rev. D 70, 057301 (2004) [arXiv:hep-ph/0404274].

R. Slansky, Phys. Rept. 79, 1 (1981).

136



