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Chapter 1

Introduction

The use of symmetry is ubiquitous in the study of physics. Understanding
the symmetry of a system eases one’s ability to describe the system and capture
the physics. Simple examples include using translation symmetry to choose a con-
venient origin for a coordinate system and rotational symmetry to choose a con-
venient orientation for a coordinate system. In terms of capturing the physics we
have learned to relate conserved quantities with continuous symmetries. Continuous
time translation symmetry corresponds to conservation of energy. Continuous spa-
tial translation symmetry gives conservation of momentum. Continuous rotation
symmetry corresponds to conservation of angular momentum. These symmetries
are used to make solving certain problems as easy as possible. Imagine solving for
the orbits of planets or the wave function of the hydrogen atom using Cartesian
coordinates! Sometimes, we impose a symmetry just to make finding solutions to
a problem easier. Consider imposing spherical symmetry to find the Schwarzschild
solution in general relativity. Symmetries also show up in a more abstract way.
We have learned to relate the rotation symmetry of the unit circle to the existence
and conservation of electric charge for the electromagnetic interaction. A similar,
though not as intuitive description can be given for the weak, strong, and gravi-

tational interactions. Formally symmetries are naturally described in terms of the



mathematical topic called group theory. Just as using symmetries gives one better
control over describing the physics of a system, understanding the natural descrip-
tion of the symmetry itself can be of great value in using the symmetry. The study
of group theory is very helpful for particle physicists to understand the relation-
ships between masses of particles, write actions that realize a symmetry, and via
the gauging prescription construct the interactions that correspond to the known
interactions. Group theory not only helps us to describe symmetries, it also helps
us characterize how symmetries are broken and the effects of symmetry breaking on
physics. Our current understanding of the origin of mass requires an understanding
of how the symmetry corresponding to the weak interaction is broken. The descrip-
tion of this process relies on a group theoretic framework. A similar description of
symmetry breaking explains the existence of Nambu-Goldstone particles that arise
from symmetry breaking. The breaking of a symmetry by the quantization proce-
dure, called an anomaly, is responsible for our understanding of the decay 7% — 2.
In string theory, group theory is useful in understanding the spectrum of the string
and even the symmetries that can be used to define consistent string theories , for
example the heterotic SO(32) and Eg®Eg string. There are countless other exam-
ples that can be cited, but the point is hopefully made. In this work will consider a
particular symmetry, supersymmetry, that has various applications in physics. The
natural mathematical framework for describing supersymmetry is called superspace.
Superspace is the natural mathematical framework in which the group theory de-
scription of supersymmetry is realized. We will demonstrate the utility of using this

framework in two calculations in the context of string theory.



Supersymmetry is a symmetry that relates bosonic and fermionic degrees of
freedom. Intuitively one can think of supersymmetry as imposing the condition that
for every bosonic degree of freedom, there is a corresponding fermionic degree of
freedom. The more supersymmetry one has, the more relations one has between the
bosonic and fermionic degrees of freedom. On a more formal level, supersymmetry
is an extension of the Poincare group that includes fermionic generators ) whose

anti commutators close on translation generators.

{Q.Q} =P, (1.0.1)

where {A, B} = AB + BA is the anti commutator, not the Poisson bracket. There
are many reasons to consider supersymmetric theories. A direct reason is that su-
persymmetry is realized in the tri-critical Ising model in condensed matter physics.
While supersymmetry hasn’t been observed in nature in the context of particle
physics, supersymmetric extensions of the standard model of particle physics are
leading candidates to explain the hierarchy problem in the standard model. Super-
symmetry provides a symmetry to protect the Higgs mass from being renormalized
up to the Plank scale. From another perspective, supersymmetry gives more the-
oretical control over certain calculations making them much easier. This allows
theorists to obtain exact results in supersymmetric theories that are prohibitively
hard to obtain in non supersymmetric theories. Supersymmetry can lead to non-
remormalization theorems in perturbative field theory. Another example of this
is the computation of an exact fermion condensate that leads to chiral symmetry

breaking. The first example of this calculation was done in the context of super-



symmetric Yang-Mills theories when the exact gaugino condensate was calculated
in [1]. Solitons in supersymmetric Yang-Mills theories have helped develop our un-
derstanding of how confinement might occur in an analytic setting. It is a general
feature of supersymmetric field theories that the high energy behavior of the theories
is better than the corresponding non supersymmetric field theory. Supersymmetry
has also provided the first example of a finite quantum field theory, 4D N = 4 super
Yang-Mills theory. It is a general feature that when the superspace description is
known, it greatly helps in the analysis of these theories.

Superspace can be understood as a space where the usual coordinate directions

have been extended to include Grassmann valued coordinates i.e.
ZM(a™) — ZM = (2™, 0"), (1.0.2)

where m = 1---d and 0" transforms as a spinor under SO(1,d—1) and {6",6"} = 0.
The concept of a field on a manifold is extended to superspace in terms of superfields.
Superfields are functions on superspace i.e. F((Z*) that are analytic in the variables
0. The analyticity property allows us to consider Taylor expanding a superfield in
the Grassmann variables and the nilpotency of the Grassmann variables implies that
the series expansion will terminate at some finite order. For example, if 4 = 1,2
then

F(ZM) = f(a™) + 0", (c) + 0'6%g (™) . (1.0.3)

The 2™ dependent fields at each order of the expansion are the component fields of
the superfields. A given superfield contains both bosonic and fermionic component
fields. This simple example already shows an important feature in supersymmetry,

4



the equality of bosonic and fermionic degree’s of freedom i.e. (f,g) are the bosons
and (¢,) are the fermions. Just as the action of the Poincare group can realized
on fields by differential and matrix operators on flat space realizing the Poincare
algebra, supersymmetry can be realized on superfields by differential and matrix
operators in superspace realizing the supersymmetry algebra. One can think of a
superfield as a vector in the space of fields with the Grassmann variables (and non
vanishing products of the Grassmann variables) as basis vectors. The action of su-
persymmetry is to perform a rotation of the vector mixing the bosonic and fermionic
components just as the rotation of the position vector in R? mixes the z and y com-
ponents. Because the components of a superfield rotate amongst themselves under
supersymmetry, a superfield generically contains all of the fields necessary to have
a complete representation of a supermultiplet!. When a supersymmetric system is
expressed in superspace, it often simplifies the notation and allows the supersym-
metry to be manifest. The cancellations of divergences in Feynman graphs between
bosons and fermions due to supersymmetry is handled automatically when working
in superspace. Non renormalization theorems are much easier to prove in superspace
and the most elegant proof [2] comes from using very simple concepts required by
superspace. As we will see in a later section, superspace encodes the relationship

between scalar field theories with four supercharges and complex geometry in a very

IThe representation is often reducible but that doesn’t impact the spirit of the comments
made based on this property. We are not arguing however, that the problem of finding complete
irreducible representations is in general a simple exercise. Finding superspace formulations of

irreducible multiplets with more than four supercharges is an open challenge.



beautiful and elegant way. The Green Schwarz formulation of the superstring can
be understood as describing the embedding of a string into superspace. This list of
examples is by no means exhastive in terms of the applications of superspace. It is
only meant to indicate that there are many places where superspace can be used to
ease the study supersymmetry. In this work we will use superspace to derive results
relevant to string theory in the area of effective actions and generalized Kahler ge-
ometry. Since any decent introduction to superspace is an entire volume of work by
itself, we won’t attempt to provide one here. Instead we refer the reader to books
written on the topic [3-5]. A good review is given in [6].

Outline of the dissertation

In chapter 2, we will use a superspace approach to derive the lowest order
string corrections to the 10D A = 1 supergravity low energy effective action for
the heterotic string for both the gauge 2-form and gauge 6-form formulations. We
will describe how the input from string theory is used and discover an interesting
geometric property for one of the tensors in the solution. The content in chapter 2 is
published [7]. We present the calculations that demonstrate the desired results and
refer the reader to [7] for references to the historical development of the approach.

In chapter 3, we will review the relevant features of generalized Kahler geome-
try and how they are connected to two dimensional N' = (2, 2) supersymmetric non
linear sigma models. We also review how (2,2) superspace captures the conditions
on the sigma model target space derived from non-linearly realizing an extra (1, 1)
supersymmetry in (1, 1) superspace.

In chapter 4, we perform the reduction of the (2,2) non linear sigma model



with semi chiral superfields from (2,2) superspace to (1,1) superspace with the
covariant derivative algebra for the chiral vector multiplet and identify the moment
map and 1-form u associated to the isometry of the target space.

In chapter 5, we explore the relationship between the sigma model derivation
of the moment map and a definition of the moment map given in terms of generalized
Kahler geometry.

In chapter 6, we give a formulation of T duality for sigma models with semi
chiral superfields using the chiral vector multiplet. We work out a simple example
to see the characteristic R — % property of T duality on circle where R is the radius
of the circle. The content in chapers 4, 5, and 6 was published in [8].

In chapter 7, we describe a previously unknown N = (2,2) supersymmetric
vector multiplet, the semi chiral vector multiplet. We argue that this multiplet is
the proper multiplet to use in formulating T duality for sigma models with semi
chiral superfields.

In chapter 8, we give our conclusions. This is followed by appendices that give
the conventions used and that describe details that were omitted in the main body

of the disseration.



Chapter 2
Effective Action for the Heterotic String

2.1 String Theory Effective Actions

The effective action for superstring theory provides a useful approach for con-
necting string theory, which lives in 1+9 dimensions, to our 143 dimensional expe-
rience. It is important to understand as much about the effective action as possible.
The world sheet theory for the supersting gives the spectrum of massless fields that
go into the effective action. The spectrum is that of 10D A = 1 supergravity plus
super Yang-Mills for type I or heterotic strings and 10D N = 2A and N = 2B
for the type ITA and type IIB strings respectively. At the lowest order in the per-
turbation parameter o (the inverse string tension), we know the supergravity plus
super Yang-Mills actions corresponding to each superstring theory. We expect su-
perstring theory to introduce extra terms to the known actions for the corresponding
multiplets to encode stringy effects. To determine the effective action at higher or-
ders in o', four methods are used. The most fundamental approach is to compute
string scattering amplitudes for the appropriate supergravity or super Yang-Mills
excitations and reconstruct the action that produces the amplitudes. This has the
advantage that stringy effects are automatically incorporated. This approach how-
ever is difficult to perform in practice because one can only consider the bosonic

fluctuations so that the information about the fermions is absent and thus super-



symmetry is unclear. Another approach is to calculate loop corrections in the non
linear sigma model and require the (3 functions to vanish. This approach also lacks
the ability to capture information about the fermions. The last two methods use
supersymmetric field theory as the starting point and use some input from the scat-
tering amplitude method to incorporate stringy effects. The extra input normally
comes in the form of a higher order o' correction to the action. This has the ad-
vantage that the fermion information is obtained along with the information about
the bosons and supersymmetry remains clear. The two methods are the Noether
procedure and superspace methods. The Noether procedure works directly with the
action by proposing new o’ dependent terms to the supersymmetry transformations
and action in order to obtain the terms necessary to regain supersymmetry after
including the scattering amplitude input. The superspace method involves embed-
ding the scattering amplitude input into the supergeometry and using superspace
to derive the complete effective action. The superspace approach has the advantage
that its consistency conditions give a systematic way to obtain the supersymmetric
completion to the scattering amplitude input. In this work we will describe the
derivation of the supersymmetric effective action at first order in o’ for the het-
erotic string. The embedding of the scattering amplitude input was worked out
in [9]. For ease of presentation we will only give the bosonic terms of the effective
action, however the procedure we describe will clearly demonstrate that the fermion
information is under control.

The scattering amplitude input that we will use comes from the Green Schwarz

anomaly cancelation mechanism [10]. It is know that this mechanism requires the



inclusion of the local Lorentz Chern Simons form with the exterior derivative of the

gauge two form as

H =dB + o/Q" (2.1.1)

where QFF is the local Lorentz Chern Simons form
LL 1
Q :Tr(w/\R—Fgw/\w/\w). (2.1.2)

The Chern Simons form is written in terms of w, the local Lorentz connection one
form and R, the Ricci two form. In [9], the local Lorentz Chern Simons form
was included in the 10D A = 1 supergeometry. In this work we describe the
derivation of the effective action based on that stringy input into the supergeometry
and demonstrate that what we find is consistent with what is known for the effective
action of the heterotic string to first order in «’.

The perturbative expansion is organized terms of the superspace torsions and
curvatures which are obtained from the graded commutator of the supergravity

covariant derivatives. The supergravity gauge covariant derivatives are
Va=EsMDy — —walM,, (2.1.3)

where E4M is the super frame field,D;; are the flat superspace covariant derivatives,
w4 is the spin connection, and M, is the abstract generator of local Lorentz

transformations. The commutator of supergravity covariant derviatives gives the

super-torsions and super-curvatures.

[V, Vp} =TV — RapM, 4 (2.1.4)
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The expansion in o coming from string theory corresponds to an expansion of the

super-torsions and super-curvatures of the form

TABC _ Z(a/)n XJIB)C

n

Rapt = ()" Rije (2.1.5)

n

Solving the supergravity Bianchi identities! for the super-torsions and super-curvatures
subject to the appropriate constraints gives a consistent description of the super-
gravity multiplet at least in terms of the physical multiplet spectrum. If the super
Bianchi identities are solved without directly imposing dynamical equations, then
the algebra is said to be off shell and the full super multiplet content is captured. If
dynamical equations are imposed, then the multiplet is said to be on shell. On shell
multiplets correspond to multiplets whose auxiliary fields, (non dynamical fields that
are required for the supersymmetry variations of the fields in the multiplet to close
without the need of dynamical equations), have been replaced by some combination
of dynamical fields. In some cases we can use the dynamical equations to derive an
action that is consistent with the supersymmetry described by the supergravity co-
variant derivatives. It is a general feature of supersymmetric theories that dynamic
equations imposed by closure of a supersymmetry algebra acting on fields can be
consistent with equations of motion derivable from an action. Since the description
of the supergravity theory in [9] is on shell, dynamical equations are implied by the

super Bianchi identities. We use these dynamical equations to derive the action

LJust as in G.R. the supergravity Bianchi identities are given by the superspace Jacobi identity

for the supergravity covariant derivatives.
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associated to the supersymmetric multiplet. It is this action that is the O(a’) string

corrected effective action.

2.2 A Review of First-Order Corrected 10D, N/ = 1 Superspace Su-

pergravity Geometry

Let us begin by reviewing the results in [9]. There a solution was given to
the 10D, N = 1 supergravity plus super Yang-Mills Bianchi identities that is correct
to first order in the perturbative parameters 3 and? 4/. Here we recall the Yang-
Mills truncated version (eliminating the Yang-Mills fields or equivalently putting
B = 0) of this solution and we complete the results by the presentation of the
bosonic equations of motion. The solution depends on two assumptions, both valid
at first order in 7/. The first assumption is a constraint on the 0 dimensional torsion
component Ts,% and the second is a choice for the usual 1 dimensional auxiliary
field denoted by A,p.. The choice for the auxiliary field will contain the input from
string theory. After a short digression we will discuss these two inputs and their
consequences in order.

Before considering any non trivial constraints on torsion components it is
always worthwhile to study purely conventional constraints, which do reduce the

number of independent torsion and curvature components, but do not have any

consequence on the dynamics. Using standard methods (see the work in [11]) one

2The parameter /' is proportional to o’ with the proportionality coefficient to be determined.
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can show that the following set of constraints is purely conventional:

i (0)P Togt = 168,2 | i(0)Topt = 0

i(ogbgdg) jaﬁe =0 s ja[gg} =0 , (2.2.1)
1 e Ode)a 1 + g o e

The role of each of these respective constraints is easy to understand. The first equa-
tion removes E,™ as an independent variable. The second equation removes E,* as
an independent variable. The third constraint is a coset conventional constraint that
removes part of E,* as an independent variable. The fourth constraint removes wq
as an independent variable and the final constraint removes w,;. as an independent
variable. It is a simple matter to show that the torsion and curvature super tensors
in [9], satisfy these conditions. Since these are purely conventional constraints, they
may be imposed to all orders in the string slope-parameter expansion.

The first assumption is recalled by noticing that the first and third equations

of (2.2.1) imply that the most general structure of the zero dimensional torsion is

L )
Tsy* = i(0%)sy + ZE(U[B])MXFT ’ (22.2)

with X5 in the appropriate 1050 dimensional irrep of SO(1,9). However, in [9]

the following zero dimensional torsion constraint was used
Tp* = i(0%)5 +O((V)") . (2.2.3)

With regards to potential extensions of this work, we note that Nilsson advocated
in [12] that the assumption X5% = 0 is incompatible with the inclusion of higher
than second order curvature terms in the effective action. This implies that the

13



vanishing of this 0 dimensional superfield can be valid only at first order in ' —
which is consistent with the limit in which [9] was written. Note the possibility that

X[5* can contribute at higher order in v/,

Xg* = 0((v)?) - (2.2.4)

Now let us begin to write the first order in 4" solution of the Bianchi identities

for the torsion subject to the conventional constraints (2.2.1) and assumption (2.2.3):

Tog' = = | udh) + (0Daslon” x5 (2:25)
1

T = —(oy0), Ay | (2.2.6)

Tove = —2Lgpe (2.2.7)
c 1 1 cde

Rapab = ZQ(Uf)aﬂ( Lape — gAgbg) - Zﬁ(agbgdg)aﬁfkff ) (2.2.8)
o 1 1

Vaxsg = —i (Jf)a/gvgq) + 24—8(0 )aﬁ 4Lz + A[g] — 15()(0[3])() (2,2.9)

Rocar = 1 (0w)apsTey’ + 7 (01)apRapTt” (2.2.10)

with @ a scalar superfield (the dilaton) transforming into y, (the dilatino) under

supersymmetry,

Xa = —2Va® | (2.2.11)

and A, an auxiliary superfield.

The string theory input can be included in two different but equivalent ways.
The first approach is to include the superspace local Lorentz Chern Simons form
directly in the constraints for the super Bianchi identities for the super gauge 2-

form. This is the approach taken in [9]. This results in the auxiliary field A,
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being put on shell and taking a specific form that is related to open-string/closed-
string duality. This conjectured property of the low energy effective action of the
superstring was made even before this property had a name based on an interesting
observation. Bergshoeff and Rakowski [13] noted that in 6D simple superspace the

quantities
Tedy 7 Ry &4 (2.2.12)

share many common properties with the fields of a vector multiplet

PREE (2.2.13)

~
IS
~

and thus asserted that large numbers of higher derivative supergravity terms may
be treated as if one were coupling a vector multiplet to the supergavity multiplet.
A similar relationship exists for the same quantites in 10 dimensions.

We can instead start by using this relationship between the supergravity mul-
tiplet and super Yang-Mills multiplet to make a choice for the form of the auxiliary
field. We would then find that the local lorentz Chern Simons form is included with
the exterior derivative of the gauge 2-form. The advantage of this approach is that
it doesn’t require one to start the analysis by choosing to have a 2-form gauge field
in the spectrum instead of considering the dual theory which has a gauge 6-form.
In the presentation that follows we will use the open-string/closed string duality

starting point i.e. we make the following choice for the auxiliary field

Agbg = _i’y/(TELO-gbcTEL) , (2.2.14)

With this choice the theory is put completely on shell. This means that all torsion
and curvature components, as well as the spinorial derivatives of all objects in the

15



geometry can be expressed as a function of the dilaton ®, the dilatino y,, the
gravitino Weyl tensor sitting in its field strength 73,7, the Weyl tensor sitting in
the curvature R,p.q together with the supercovariant object L,;. appearing in the
spacetime torsion.

The object Lyp. was introduced® for the ten dimensional theory [9] in order to
permit the simple passage between the 2-form and 6-form formulation of the 10D,
N = 1 supergravity theory. It is not an independent variable but its explicit form
as a function of the component fields is determined only by specifying which of the
two (2-form vs. 6-form) gauge fields is in the supergravity multiplet. This will be
discussed in subsequent sections.

In particular, L,;. must satisfy the following conditions

1
Valagpe = ZZ(U[g)aﬁ( Tbg]ﬁ - 'VIRMQQ] Tﬁﬁ ) ) (2-2-15)
1
VQTQQﬂ = Z(O'QC*Z)QBRQQQQ — TQQVTWQB
1
+@ [ 2Lgbg<‘7£‘7[3])aﬁ - (U[Q|U[3]>aﬁv\g} } A, (22.16)

in order for the Bianchi identities on the superspace torsions and curvatures to be

satisfied. These same Bianchi identities require

]- 6% o
Vaxs = —Zg(ab)aﬂ(Tgé — YR Tet®) (2.2.17)

1
(0% Ty’ = —i8(0)xsVe® — i

ﬁ(U[g])aﬁXﬁ( 16Lz + Ap )

+37/(0%8) 5 REL Tht” (2.2.18)

3The first appearance of the L-type variable in the physics literature occurred in the work
of [16]. It was introduced to permit a unified superspace description of theories related

one to another by Poincaré duality.
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The results given above are sufficient to derive the equations of motion for the
spinors, already presented in [9], and we will now use them in order to derive the
bosonic equations of motion. A detailed presentation of using superspace techniques
for deriving equations of motion can be found in [14, 15

In order to find the equation of motion of the scalar let us begin with the

relation (2.2.17) multiplied by a sigma matrix (¢*)?* and differentiate it with Vg,

(02)7avg(VﬁXa) = 3 (O'Qé)awv;g (Tgba — 27,RE£QQTMQ)

N | —

(2.2.19)
+ (0%) [Va, Vi) Xa

Notice that the LHS contains the spacetime derivatives of both (o), V,® and
(o) 3oLz, while the RHS can be computed using at most three-half dimensional
results recalled above. Therefore, one obtains the equation of motion of the scalar

from (2.2.19) by taking the trace ¢,”

16VeV,® = 4R — 8yRELAUR,,,, + fermions . (2.2.20)

Moreover, the same relation (2.2.19), if multiplied by (o, ),”, yields

Velgey = —4LyefV*® + fermions . (2.2.21)

The remaining independent part of (2.2.19) can be projected out if one mul-
tiplies it by (0esqn),”. The obtained relation together with the Bianchi identity for

the torsion with only vectorial indices gives
3 .
Vielygn = —3Lies*Lyna — §’YIRE£[§£RE£gﬁ] + fermions . (2.2.22)

Notice that (2.2.21) and (2.2.22) suggest that the object Ly might be either
related to the field strengths of a two-form or dual field strength of a six-form

17



depending on which of these two equations is interpreted as the Bianchi identity
and which is as the equation of motion.

Assuming that (2.2.21) gives the equation of motion for a two-form gauge field,
then (2.2.22) must correspond to its Bianchi identity. Searching for a closed three-
form in the geometry, in which the field strengths of this two-form can be identified,

one might want to use the identity satisfied by a Lorentz Chern-Simons three-form

Q4

DN W
3
)

[~

IS
O

IQ
=
IS

I
|
DN W

VieQrgn — R[gﬂﬂR@@]M—l—fermions ) (2.2.23)

in order to “absorb” the curvature squared term in the RHS of (2.2.22) . However
this doesn’t quite work. It is interesting to consider how this fails.

Observe that the structure of the equations (2.2.22) and (2.2.23) is almost the
same, with the only difference that in the RHS of (2.2.21) the role of the “group” in-
dices and “form” indices of the curvature are exchanged with respect to one another.
Since the curvature is defined by a connection with torsion, it is not symmetric with
respect to the exchange of its pairs of indices. Therefore, (L — 7'Q))a. cannot be
equal exactly to the vectorial component of a closed three-form, but their difference
is an object which serves as a link between the two curvature squared expressions
we have in (2.2.22) and (2.2.23). This object (called “Yg.” in the next chapter)

does exist as was first demonstrated in [9]. After it has been properly identified, we

4The second two indices on the Riemann curvature tensor may be thought of as the Lie

algebraic “group” indices for SO(1,9).
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can use Y, to show

VielL =9'Q = 7'Y)pgn —

Ties (L —7'Q — V'Y)gna = fermions (2.2.24)

[\CR NGV

at first order in +’. This is the relation, which shows that (at least modulo fermionic
contributions) (L —~'Q — v'Y)a. can be identified as the vectorial component of a
closed three-form.

Conversely assuming that (2.2.22) gives the equation of motion for a two-form
gauge field, then (2.2.21) must correspond to its Bianchi identity in the dual theory.
This theory is slightly easier to construct because although it contains the first
order superstring corrections, it does not require a dual Chern-Simons term for its
consistency.

Finally, the Ricci tensor and the scalar curvature can be derived from (2.2.18)

using the dimension three-half results

1
573(42) = 2VEVID + 24/ RELER, S + fermions | (2.2.25)
2
R = —16V9<I)VQ<D+gLngLQQQ—l—?)fy’RM@RM@ + fermions(2.2.26)

Throughout our discussion up to this point, we were working directly with
the superfields of 10D, N/ = 1 superspace supergravity. So all equations were
superspace equations. For the rest of this discussion, we will set all fermions to zero.
We will utilize the same symbols to denote the various quantities however. We use

the following notation for the purely bosonic equations found from the superspace
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Bianchi identities,

o = 4VEV,D — R + 29/ RELER,, . (2.2.27)
€p, = Va(eL%L) | (2.2.28)
Egeran = V(L —4'Q = 7'Y)sqan) —g s (L = 7YQ =Y )gna (22.29)
Ee = %RW — 2VUVID — 2y/RELER, E (2.2.30)
g = R + 16V20V,d — %LabCLabc — 3YRECE R, . (2:2.31)

In order for the superspace Bianchi identities to be satisfied all of the £-quantities
are required to vanish. The question we shall address in this work is, “Does there
exist a component level action whose variations lead to equations of motion that
are compatible with (2.2.27) - (2.2.31)7” This same action must also contain a field

such that either (2.2.28) or (2.2.29) can be interpreted as a Bianchi identity.

2.3 Bosonic Terms of a Component Action for Two-form Formulation

The non-vanishing components of the modified 3-form field strength to this
order can be written as (below we have used a slightly different set of conventions

from [9] as discussed in an appendix)

1

Hope = iﬁ(ag)aﬁ+z’47’(ag)aﬁG@9iG§§i : (2.3.1)
Hope = i27’[(0[@|)aﬁTgﬂ — 2(0)asTry’ | Gat | (2.3.2)
Hype = G@§g+7/Qg§g . (2-3-3)

In the limit where 4/ = 0 these equations correspond to the superspace geometry in
a string-frame description of the pure supergravity theory. As was pointed out some
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time ago [17], the field independence of the leading term in the G,g. component of
the 3-form field strength is indicative of this.

The quantity Lgp. in this formulation is defined by,
Lope = Gape + V' Qabe + 7' Yabe + O(('Y/)Z) , (2.3.4)

where G, is the supercovariantized field strength of a two-form, (), is the Lorentz

Chern-Simons form and

8
o+ 3 GdwG ) Giger - (2:35)

Yope = — ( “apl + Ria

This quantity, (which to our knowledge first appeared in [9]) has a remarkable
property. It is a straightforward calculation to show

3 3
VieYpon = 5Tles Yona = — §<RM[§iRﬂgb] - R[QMLR@]M) + O(%)

(2.3.6)
By keeping terms only up to first order in " we find that a Lagrangian density

of the form

L =e'e" | R(w) + 16 (e*®) (e,®) — = L Lape + Vtr(R*®Rup)|
(2.3.7)
where w is the torsion-less spin connection, is compatible with the set of equations

of motion (2.2.25), (2.2.26),(2.2.28), (2.2.29) and Bianchi identity (2.2.27), If we

expand the penultimate term to first order in v we find

1
L =e'e? R(w) + 16 (e*®) (e,P) — gngg(ngg + QV/QQQQ)

(2.3.8)
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It is easily seen that the action to first order in 4/ when written using the Y variable
takes a simple and elegant form.

Variation of this Lagrangian with respect to the dilaton gives
Sl ~ —de e [ &, + 28560 . (2.3.9)

where &, and &g are given by (2.2.31) and (2.2.27).
The variation with respect to the antisymmetric tensor at first seems very
complicated due to the fact that its field strength appears in the Lorentz connection.

However, one can write it simply as

2
Spl = e tet? (—gL“bcaLabc + 4/6tr (R“”Rab)) : (2.3.10)

Replacing now (2.3.4) into the first term, we obtain the form

2
gLl ~ 2Ep ,0B,p — ge_lv' e LebeS (Q +Y)

abce
(2.3.11)
+ e "y Str (R Ry )
The last terms in fact form a combination of variations, (that will appear repeat-
edly), which can be expressed in terms of zero order equations of motion for arbitrary
variations of the object Lyp.. This is shown in appendix B, where this combination

is denoted symbolically by f(£). In terms of f(£), the variation of the Lagrangian

with respect to the antisymmetric tensor is

(SBE ~ 253@582b + ")//f(g) (2312)
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with

f(E) ~ 4Ep, Pi**6Lias

48 [e@w(e-@é%) + (&‘PSM - EBM) LEQQ] SLape (2.3.13)
- %%64@ € paneadr, (5@@@) + O(Y)

2.4 Bosonic Terms of a Component Action for Six-form Formulation

Retaining the same current A specified by (2.2.10) we can introduce a
seven-form N [18] satisfying an appropriate Bianchi identity. At the component level
similar considerations have been carried out for the six-form formulation [19]. One
of the remarkable things about this formulation is that in order to describe lowest
order perturbative contributions to the effective does not require a Chern-Simons

like modification to the seven-form field strength.

1
Nogis) = i5 €™ (p))as (2.4.1)
1
Notg = —peame™® (@)a"xs (2.4.2)
1 13
N[’?] = ? 64(b <L[3} _ ?XUB}X) 6[3][7} . (243)

In particular, it is the equation (2.2.27) which insures that the purely vectorial com-
ponent of the N Bianchi identity is satisfied. Equations (2.2.27), (2.2.28), (2.2.30)
and (2.2.31) contain the bosonic equations of motion for the component fields of the
dual theory. Notice that in this case (2.2.27) identifies Ly as the following function

of the component fields of the dual theory

1
LQQQ = _ﬁ €ab[7] 674@ Nm . (244)
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upon setting the fermions to zero. In the following we show that the Lagrangian

density

Ly = e tet® [R(w) + 16 (e*®) (e, P) + %( L —+(Q +Y))zbg
(2.4.5)

+ 7 tr(R**Rap) |
is compatible with the set of equations of motion and Bianchi identity. Since our
results are only valid to first order in +' it follows that (2.4.5) should be more

properly written as

2 2
B 57/ Lebe Qabe — 57/ LQQQYQQQ + 7Itr(RgbRgb> 5
(2.4.6)

and in this expression L is replaced by the expression in (2.4.4). When this is
done two points are made obvious. Firstly, this action is not in the string-frame
formulation. This follows in particular since the object L. depends on the dilaton
through (2.4.4). From the superspace point of view this was already obvious due to
the field dependence exhibited by (2.4.1). A string-frame formulation of the dual
theory does exist after additional field redefinitions are applied to (2.4.5) and (2.4.6).

Secondarily, the Chern-Simons term does not actually appear in this action.
One can perform an integration-by-part on the first term on the second line of (2.4.6)

and this leads to a term

LQQE ngg x €% % by by ]\4gl ag tr(RQ1 QQRQ ¢ ) , (247)

which can be seen to be precisely the term required by the dual Green-Schwarz
mechanism for anomaly cancellation first given in [18]. Notice the change of sign of
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the L-squared term in (2.4.5) and (2.4.6) compared to (2.3.7) and (2.3.8). This is
the usual sign-flip seen between theories connected by Poincaré duality.

Indeed, now even the variation with respect to the dilaton becomes compli-
cated since L4, appears in the connection. However, just marking the variation and
using 0L = —4L6® only in the most obvious terms, one ends up again with the
combination of variations f(€) with the terms for the equation for the dilaton in

the theory with two-form (2.3.13),
Soly ~ —de el [é’n + 2@}} 5O + A f(E) . (2.4.8)

The variation with respect to the six-form M is computed in the same manner. The

combination f (f:' ) surprisingly appears again and one simply obtains,

21 abce a
opLa ~ —gmebf@[ﬁ]ggiw[ﬁ]+7’f(5) : (2.4.9)

So the final conclusion is that in the dual theory, the component action in (2.4.6)
is compatible with the equations of motion derived from superspace for the dual

theory.

2.5 Comparison with a Component Level Investigation

Next, we study the relationship of the Lagrangian (2.3.8) with the compo-
nent Lagrangian in [20]. A quick look to the component Lagrangian in [20] convinces
us that using just rescalings of the fields it can be written in the form

~

1
L=e 644)[7%(”) + 16 (e®) (e, @) — §GEQQ(GQQQ + 29 Qupe)

+ 'VItr( Rab 7%@@) ’
(2.5.1)
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where hatted objects are defined using a Lorentz connection (), which may differ
from ours by its torsion. In order to compare this to our Lagrangian (2.3.8), let us

write the difference as

o1 6*4‘1’( L— ﬁ) = — %’YIGMC (Q - Q)abc B gleabc Yabe (2.5.2)

+ Atr ( Rap RE — 7%@7%@ )
Observe that the difference is in fact a GY term. The question is whether this
additional term can be removed by field redefinitions.
First of all, notice, that only redefinitions at zero order of the Lorentz con-
nection can affect this difference at first order. For example, let us redistribute the

torsion in the connection using a real parameter k£ in the simplest way,

Qave = Wabe — Lave = Qabe + Xabe > (2.5.3)
ngg = Wabe — (1= k)Lape (2.5.4)
ngg = —kLQQQ . (255)

This can be seen as a shift in the connection of type (A.0.13), which we use to find
conventional constraints in supergravity. For k£ = 0 in fact there is “no redefinition”,
for k = 1 the new connection = w is torsionfree, while for k = 2 the sign of the
torsion flips.

How does this shift in the connection affect the form of the Lagrangian? One

computes the changes in the Chern-Simons term and the curvature squared term
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using (A.0.16) and respectively (A.0.15)

and finally we find

e 1® ( L — ﬁ ) ~ 2(]{5 — 2)2’}//72@224 Gebk ng&

+(k —2)% [%%}abk Gegr + =(k +4)G, E dek} Gebl

= 3

—4k(l€ — 2)")// [ gnglGLEd -+ VE( 6_4’;)53;@) ] GEQQ

Observe, that for £k = 0, indeed, the difference is equal to the GY term, while

for k = 2, the difference is a term proportional to the equation of motion for the

antisymmetric tensor at zero order:

L— ﬁ ~ —8’}//(€BQQQiG¢§i .

At first sight it seems that the change of sign of the torsion in the Lorentz

connection just exchanges the GY term to another "unwanted” one.

correction terms which are propotional to equations of motion can be absorbed by
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field redefinitions involving the perturbation parameter and therefore £ and L are
equivalent.

Indeed, let us consider the expression

S[¢] +’y’/dm”§—i?(¢), (2.5.11)

with S[¢] an action for the fields ¢, g—i = 0 the equations of motion for the fields ¢,

F(¢) an arbitrary function of the fields ¢ and ' an infinitesimal parameter. Now

consider the field redefinitions

¢ = ¢ +~F(e), (2.5.12)

and expand S[¢'] around ¢ using that 4/ is infinitesimal. Then one obtains

SI¢) = S[6] + / dx"f;—jfw) LO(). (2.5.13)

We have demonstrated here that the bosonic Lagragian (2.3.8), based on the su-
perspace geometry proposed in [9] is equivalent to the component-level first-order
corrected supergravity Lagrangian of [20]. While it is a matter of taste to say
that the superspace approach is preferable to the Noether approach for constructing
effective actions, we have demonstrated that the way superspace keeps supersymme-
try manifest at each step in the calculation makes the computation of the effective

action very straighforward.
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Chapter 3
Generalized Kahler Geometry and N = (2,2) Supersymmetric Sigma

Models

Two dimensional supersymmetric sigma models play an important role in su-
perstring theory. They are used to provide descriptions of the types of spaces on
which superstrings can propagate. They are also useful for providing descriptions of
constructs used in string theory like T duality and quotients. Interest in (2, 2) sigma
models’ has risen recenly due to the work of Hitchin [21] and Gaultieri [22], which
has established a connection between (2,2) sigma models and generalized Kéhler
geometry which contains generalized CY manifolds that appear in string theory
compactifications with H flux. The purpose of this section is to give a description
of the connection between generalized Kahler geometry and N' = (2,2) supersym-
metric non linear sigma models. It would be of value to understand properties of
such backgrounds in relation to string theory such as what is the effect of T duality
on the background. The construction of quotients, which has a natural sigma model
description, is a useful tool for describing string backgrounds. A complete descrip-
tion of T duality and the construction of quotients is understood for some cases of
generalized Kéahler geometry, the cases of bi-hermitian geometries with commuting

complex structures. It is not known how to deal with the more general case i.e. when

1See Appendix C for definition of (p,q) supersymmetry.
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the complex structures do not commute. We would like to be able to understand
whether the T dual or quotient of a generalized Kahler geometry is still generalized
Kahler. In this dissertation we will describe an approach to answer that question.
However the approach we will take will not be in the regular language used to dis-
cuss generalized Kahler geometry. We will discuss the approach in the language of
N = (2,2) supersymmetric non linear sigma models. In this language the ques-
tions can be rephrased in terms of more tractable questions about preserving (2, 2)
supersymmetry. These questions are easiest to answer when working with the full
power of (2,2) superspace. We will therefore give a review of the relevant features
of generalized Kéhler geometry and how they relate to (2,2) supersymmetric non

linear sigma models in (2, 2) superspace.

3.1 Complex Geometry

It is easiest to review generalized complex geometry which contains generalized
Kéhler geometry by reminding ourselves about complex geometry. An real even
dimensional manifold M of dimension d is said to have an almost complex structure

if it possess a rank (1, 1) tensor, J%, such that
N (3.1.1)

From this relation we can see that J has eigenvalues +¢. With such a tensor one
can construct projectors my = %(1 + ¢J) that can be used to define the notion of
holomorphic and anti holomorphic. Locally one can always define such a tensor.
If one can find such a tensor that satisfies the property (3.1.1) globally then the
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manifold is said to possess a complex structure or is called complex. The condition
for the almost complex structure to be a complex structure i.e. to be integrable, is

the vanishing of the Nijenhuis tensor
Nij(Nap® = J0aJ% — (a < b) = 0. (3.1.2)
This is equivalent to the condition that
melme X, Y] =0V XY eTM (3.1.3)

where [, | is the Lie bracket. There is additional structure of interest in discussing
complex manifolds. A manifold is said to be hermitian if its metric satisfies the
property

Jacgcdjdb = Jab (314)

This implies that in the coordinate basis that diagonalizes the complex structure
the only non vanishing components of metric are the mixed holomorphic and anti

holomorphic components.

0 g5
g= (3.1.5)

9%;'0

Since the hermiticity conditon implies that
gacJCb = _gbcjca (316)

the manifold possess a two form wyy = gacJ% ie. w € A2T*M. If the two form is
closed i.e. dw = 0, where here d is the exterior derivative, then the manifold is said
to be Kahler and w is called the Kahler form. A Kahler manifold has the interesting
property that all of the geometry is locally determined by a single real function,
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K(z,Z), called the Kéhler potential. Let’s see how this works. In the coordinate

basis that diagonalizes the complex structure the two form w takes the form
w = 2igsd2' A dF (3.1.7)
The condition
dw = (0 + d)w = 2idug;d2' A dz' A dZ + 2idyg5:d7 Nd2' AdZ =0 (3.1.8)
implies that

95 = 0igj

g5 = 059 (3.1.9)
These two conditions together imply that

95 = Ki; = 81‘5?—;( (3.1.10)

ij

for some function K. This Kahler potential will provide a beautiful geometric in-

terpretation for supersymmetric non linear sigma models.

3.2 Generalized Complex Geometry

The discussion of complex geometry above places emphasis on the role of the
tangent bundle T'"M to the manifold. The complex structure is a tangent bundle
endomorphism J: TM — TM, whose projectors,my = 3(1 & 4J), define integrable
distributions when (3.1.3) is satisfied. Generalized complex geometry was first pro-

posed by Hitchin [21] and later formalized by Gualtieri [22]. We refer the reader
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to [22] for a complete discussion of generalized complex geometry. This review fol-
lows the presentation given in [23]. Generalized complex geometry extends the idea
of complex geometry to the direct sum of the tanget bundle and cotangent bundle
TM @ T*M.

A generalized vector in TM & T*M is represented by

Xi
Vvi= (3.2.1)

Nj
or as a formal sum V = X +n with X € TM and n € T*M. There is a natural inner
product on the vector space given by < (X +n)|(Y +p) > = L(p(X) +n(Y)).
The isometry group preserving the inner product and its canonical orientation is

SO(d,d) where d is the real dimension of M. In a coordinate basis, (;,dz’) the

inner product has the representation

T= (3.2.2)

One of the SO(d, d) transformations that we will use is the B transform which acts

on a generalized vector as
(X +n)=X+n+ixb (3.2.3)

where b: TM — T*M is a closed 2-form, i.e. b = b;;dz* A daz’ with db = 0. This is

also represented as

— (3.2.4)

33



A generalized almost complex structure is a T'"M & T*M endomorphism, J: T'M @

T*M — TM & T*M, that preserves the natural inner product

JITJ =1 (3.2.5)
and squares to minus the identity

J? = —14y. (3.2.6)

We can represent J in terms of components as

J P
J = (3.2.7)
L K

where the components should be thought of as maps in the following sense.
J:TM —-TM, P:T"M —-TM, L:TM —T'M, K:T"M —T"M (3.2.8)
In a coordinate basis the components have index structure
J%, P®  La, K\ (3.2.9)
One can also think of B transformations of the generalized almost complex structure.
In that case one would get

To = J (3.2.10)
b 1 —b 1

As before one can use the generalized almost complex structures to define projectors
Iy = %(12(1 +4J). Integrability of the generalized almost complex structures is
defined with respect to the Courant bracket [24]. The Courant bracket of two

generalized vectors is

1. )
(X 4+nY +pl.=[X,Y]+ Lxp— Lyn— §d(1xp —iyn) (3.2.11)
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The Courant bracket has the property that it reduces the the Lie bracket on the
tangent bundle and vanishes on the cotangent bundle. Under b transformations of

the Courant bracket we get

(X +n),e" (Y +p)]. =€ [X +n,Y + pl. (3.2.12)

From this we see that the automorphism group of the Courant bracket is the dif-
feomorphism group times the b transformations. If the generalized almost complex

structure satisfies the integrability condition

T[T (X +9), (Y +9)]e=0, V(X +9),Y+p) €eTMSTM (3.2.13)

then J is called a generalized complex structure. Lets look at some examples. A

complex structure also defines a generalized complex structure.

J 0
I = (3.2.14)
0 —Jt

A symplectic structure also defines a generalized complex structure.

T = (3.2.15)

A generalized Kéahler geometry is a generalized complex geometry that possesses
two commuting generalized complex structures [J; and [J, such that G = -/
is a positive definite metric on TM & T*M. A generalized Kéhler geometry can
be specified by the geometric data (g, B, Jy,J_) i.e. a metric, 2-form, and two
hermitian almost complex structures. There are, as in the discussion on complex
geometry, two 2-forms wy = gJi. The generalized almost complex structures are
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given by

10 JpxJ. —(wi'Fwl) 1 0
T2 = (3.2.16)
B 1 wy Fwo  —(JLxJY) -B 1

The generalized almost complex structures are integrable if

Nij(J:t) - 0

H=dB(X,Y,Z) = dw (J, X, J,Y, ], Z) = —dw_(J_X, J_Y, J_ZB.2.17)

These conditions are equivalent to the statements that H is a type (2,1) + (1,2)

form with respect to both J; and J_ and that
VELL =0 (3.2.18)

where V¥ = V° £ ¢g7'H. Here V° is the covariant derivative on tensors with
the metric compatible connection. The H flux acts as torsion for the covariant
derivatives. As an example we can consider Kahler geometry which has J, = J_
and B = 0. The two generalized complex structures reduce the generalized complex
structures given above for a regular complex structure and symplectic form. We

then see that

G=-T1T,= (3.2.19)
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3.3 Generalized Kahler Geometry and N/ = (2,2) Non Linear Sigma

Models

As before it is easiest to start with the connection between N/ = (2,2) Non
Linear Sigma Models (NLSM) and Kéhler geometry. This connection was first
made in the seminal work of Zumino [25]. Important geometric structures that
we will consider were understood in this context including the moment map as
well as symplectic and Kahler quotients. Many of these structures were devoloped
independently in the mathematical and physics literature. The use of a Legendre
transform and a symplectic quotient in the study of hyperkahler geometry arose from
their use in supersymmetric sigma models [26-28]. In the context of hyperkéhler
geometry a comprehensive review was presented in [29]. The connection to complex
geometry was then furthered by discovery of new sigma models in the works [30,31]
that include more general backgrounds than those in [25]. The goal of this discussion
is to develop an understanding of the sigma models connection to these backgrounds
in V' = (2, 2) superspace so that we can use the power of (2,2) superspace to obtain
our results. This is helpful because (2,2) superspace hides the background data so
that it isn’t obviously present?. We will start our discussion of (2,2) NLSMs in
(1,1) superspace with a non linearly realized extra (1,1) supersymmetry where the
geometric aspects of the theory are easy to see and the connection to generalized

Kéhler geometry is made. The (1, 1) susy algebra looks like

DY =id., D> =id-, [Dy,D_}=0 (3.3.1)

2However it does so in a very beautiful way.
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The action for a (1, 1) sigma model is
S = / d*xd*0D, ¢ ED_¢° (3.3.2)

Here E., = ga + Bay. We think of g4 as the metric for the target space and By,
is a gauge 2-form on the target space. There are no conditions on the metric or 2-
form required by (1, 1) supersymmetry. The connection to complex geometry comes
from imposing the conditions required to make the theory possess a hidden extra
(1,1) supersymmetry. This is done by proposing a second (1,1) supersymmetry
transformation for the field ¢* and requiring that the action remain invariant under
the proposed transformation and that the extra transformation close on the usual

(1,1) algebra. The proposed second transformation takes the form
50" = e I wDi¢” + € JE D ¢ (3.3.3)

The (£) on the tensors Ji are not indices but just labels to match the tensor
to the supersymmetry transformation. Requiring that the second supersymmetry

transformation close on the usual supersymmetry algebra requires that

Ji=-1

Ny (Js) =0 (3.3.4)

These are the conditions for Jy to be separately integrable complex structures.
Requiring that the action is invariant under the second (1, 1) transformation implies

that

gachb = _gchia
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VELL =0 (3.3.5)

where once again V* = V° 4+ ¢g7'H and H = dB. At this point we see the require-
ments for the extra supersymmetry transformations are equivalent to the integra-
bility conditions for the data necessary to specifiy a generalized Kahler geometry.
The last thing to check is that extra (1,0) and (0, 1) transformations commute with
each other. The commutator of the supersymmetry transformations is proportional
to the commutator of the complex structures times the e.o.m for the field ¢*. This
leave us with two choices. We either require that the complex structures commute
or we consider the theory on shell. If we impose that the complex structures com-
mute, then it can be shown that the both complex structures are simultaneously
integrable. That also means that the algebra closes off shell and there is a manifestly
(2,2) action for the model. That model will be terms of what are called chiral and
twisted chiral superfields.

If we don’t impose the condition that commutator of the complex structures
vanish, the algebra only closes on shell and there will be no manifest (2,2) action.
However, one can add auxiliary fields that allow one to account for the non com-
mutativity of the complex structures and still have the algebra close off shell. The
model will then have a manifest (2,2) description in terms of what are called semi

chiral superfields. The (1, 1) action for this model is
S = / Bxd?0(Sur E™Sy— — Su- D1yo") (3.3.6)

Where E® is the inverse of E,,. Imposing the S,. equations of motion gives back
the action (4.0.7). Once again one proposes extra supersymmetry transformations of
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the fields ¢* and S,+ and consider the requirements for the extra transformations to
close on the regular (1, 1) supersymmetry algebra. We think of D¢ combining with
S.+ to form a generalized vector in TM ®T*M i.e. L4 = (D+¢?, Sor) € TMOT*M.

In terms of L7 the general transformations,d = 6*) 4 §(7) take the form

5(:t)¢a _ 6:I:LiASB:‘:)a
0 8o = (DLLEBY + LELECE)

0H) S = E(DLLEMG) + DLLENG) + LELEXS)) (3.3.7)

Typically the three index tensors,C\F,) po and X B)C are solved for in terms of deriva-

tives of the two index tensors A( BS;), M B ) and N . In [32] it was shown,
for the case of (2,0) supersymmetry, that the integrability conditions imposed by
supersymmetry contained solutions that correspond to courant integrability of a
generalized complex structure with the two index coefficient terms in the super-
symmetry transformations interpreted as submatrices of the generalized complex

structure.

3.4 N =(2,2) Non Linear Sigma Models In N' = (2,2) Superspace

In this section we will review how the content of the previous section is cap-
tured by (2,2) superspace. The review will follow the content and presentation
of [23,30,33]. We'll start our consideration of the (2,2) formulation of the sigma
models by recalling a property of the fermionic measure, d*f. On dimensional

grounds,[d*f] = 2, the only contribution we can consider to the action is a real
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scalar potential function of dimensionless superfields®. We will consider scalar su-
perfields for the action.

S = /ded49K({<I>,<I>}) (3.4.1)

where {®} is the set of superfields considered for the action. We interpret the lowest
component of the superfield to be the coordinates on the manifold. If the superfields
are unconstrained, then the action will contain no dynamics. Therefore we need to
understand what constraints we can place on scalar superfields. The constraints are
made using the supercovariant derivatives (Dg, D). The algebra of supercovariant

derivatives is

[Do,Dg} = 0

[Da,Dﬁ} == 27:(’}/(1)&5&1 (342)

The constraints that can placed consistently are

Chiral Dot =0
anti Chiral D,© =0
Twisted Chiral D_x =D,y
Twisted anti Chiral D_+ = D1
Left Semi Chiral D.X =0
Left Semi anti Chiral D,P=0
Right Semi Chiral D_W =0
Right Semi anti Chiral DY =0

3By [ ] here we mean the mass dimension. We are also ignoring superpotential terms for the

moment.
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(3.4.3)

It is the constraints on the superfields that will determine the type of geometry
that we have. They will determine the complex structures and, along with the
potential function, the metric and B field. This is done by reducing the action from
(2,2) superspace to (1, 1) superspace. The details of this reduction has been worked
out for all combinations of fields in [23,30,33]. We will describe the simplest case
here to give a flavor for how things are done and then we will give the main results of
the other cases before preceding to a discussion of gauging the sigma models which
is the focus our research. The simplest choice to consider is the case were only
chiral superfields are used. This was the model considered by Zumino [25]. In that
work, Zumino showed that the potential function of superfields corresponds to the
Kéhler potential from Kahler geometry discussed above*. The metric for the sigma
model is determined in terms of second derivatives of the Kahler potential just as in
Kahler geometry. Lets see how we can determine the properties of geometry starting
from (2,2) superspace. This is done by reducing the (2,2) description to a (1,1)
description which is done in two part. The first is to reorganize the supercovariant

derivatives into two copies of (1,1). The appropriate combinations are

D, =

(Do — Dq) (3.4.4)

4 Alvarez-Gaumé and Freedman extended Zumino’s work by showing that further extensions of

supersymmetry to N = (4, 4) required the sigma model metric to be hyperkahler [34].
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The constaints on the chiral field expressed in terms of these derivatives are

Do¢" = iDyo"

Dad® = —iDyd" (3.4.5)
or defining
¢u
74 = (3.4.6)
¢ﬂ
the constraints are
Do 7" = JA 3Dy Z" (3.4.7)
where
Wy 0
Jg = (3.4.8)
0 —idZ

At this point we have made contact with one part of the (1,1) approach. For the
reduction we will "hide” one of the (1, 1) supersymmetries, the one described by D,,.
From this perspective the constraints described in (3.4.7) become the second (1,1)
supersymmetry transformation as in (3.3.3). The tensor J4p satisfies JApJPc =
—dc?. This is how the complex structure arises starting from the (2, 2). It should be
noted that when comparing(3.4.7) with (3.3.3) the two a priori independent almost
complex structures in (3.3.3) are identified in (3.4.7). The next point is to see how
the metric arises. For that we consider the evaluation of the fermionic measure. The

fermionic measure is normally evaluated as

/ d*0 = D?*D? (3.4.9)
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Using the supercovariant derivative algebra, we can show that up to total derivatives
D*D? = D*D? (3.4.10)
Using this we can write

/ d'OK(¢,¢) = D?D?K = D?’D*K = D*(K,;D*¢"D,¢")

- / *0K ;s D*¢" D o” (3.4.11)

where we have used the form of the (1,1) action that is more compact for working
with complex fields. Comparison with (4.0.7) allows us to identify the target space

metric.

0 Ky
gap = (3.4.12)

Ks 0

which is the same as what one gets for Kahler geometry. We can verify that the

metric is hermitian with respect to the complex structure.

. 0 —iKu o
wap = gacd B = = —gpcJ A= —wpa (3.4.13)
1Ky 0

If we considered the theory with only twisted chiral superfields, we would find the
same result as that for pure chiral superfields. The target space geometry would be
Kihler. A classification of backgrounds consistent with extended supersymmetry?®

was given in [35] based on using only chiral superfield representations.
The next case we will consider is what happens when we include both chiral

and twisted chiral superfield representations. We will start as before by considering

the constraints on the superfields from the point of view of the two (1, 1) derivatives.

By extended we mean greater than (1,1) supersymmetry.
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In this way we will see the complex structures arise again. The (1, 1) derivatives are
the same as in (3.4.4). The constraints on the chiral superfields are the same as in

(3.4.5). The constraints for the twisted chiral superfieds are
D+Xp = —iD+Xp
D_x? = iD_ x’

D" = iD.x"

DX = —iD_x? (3.4.14)
We define
¢u
an
74 = (3.4.15)
XP
)_(ﬁ

The combined (3.4.5) and (3.4.14) can be expressed as

A

D_z* = JtpD_Z" (3.4.16)

where

v 0 0 0

0 —if% 0 0

0 0 —i? 0
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(3.4.17)

Using the same evaluation of the fermionic measure as before we find a metric and

a b field.

gAB

Bap

—-K.

pu

0

0 0
0 0
0 —Kopg
— K, 0
0 Ky
Ky O
0 0
0 0

(3.4.18)

One can check that the metric is hermitian with respect to both complex structures.

The geometry is called bi-hermitian with almost product structure. The complex

structures commute and the metric almost factorizes into product form. What we

have described so far are the cases described in the previous section that could satisfy

the off shell closure of the algebra by requiring that the complex structures commute.

We can us the data to construct generalized complex structures via the perscription

given in [22]. To describe the more general case, we need to consider the (2,2)

superfield representations that incorporate the extra auxiliary fields necessary for
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the (1,1) action to possess extended supersymmetry without needing the complex
structures to commute. Those representations are the left and right semi chiral
superfields.

This portion of the review follows directly from [23]. The discussion will go
the same as before. The extra auxiliary fields will show up when we consider the
constraints on the semi chiral superfields. For technical reasons, we need to include
both left and right semi chiral superfields in order to obtain a sigma model we will
consider them both. In terms of the (1,1) derivatives, the constraints on the semi

chiral superfields are expressed as

D_X* = iD_X*

D_X* = —iD_X"
D+Yal = —Z.B+Ya/
D.YY = iD.Y" (3.4.19)

Xa
ARES
X*a
/7 Ya,
74 = (3.4.20)
Y—/

Then we have

D 74 = JA%;D_ 78

D,z = —JYpD_ 2" (3.4.21)
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Where

4 i6p 0
B p—
0 —id}
, sy 0
JY g = (3.4.22)
0 —ioe

The constraints don’t tell us how to relate the action of all of the (1,1) deriva-
tives on the semi chiral superfields. When we reduce to (1, 1) superspace we need to
hide all reference to the extra supersymmetry generated by D,. So the actions not

specified by constraints must define extra (1, 1) superfields. We denote them as.

D, X* = v
D,X" = U
D.Yy* = ¢
D.Y" = T% (3.4.23)

These are related to the auxiliary fields added to the (1,1) action in (3.3.6). We
perform the reduction as before evaluating the fermionic measure using (3.4.10),
pushing the D, derivatives onto the potential. This time considering the supersym-
metry transformations of the (1, 1) superfields, we’ll be able to see the full general-
ized complex structures. It is easiest to describe the resulting action and generalized

complex structures in terms of the following matrices

may = JPAKppJP o
naa = Kaa

L ¢
wap = §J 1 Kpc
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EJC’

u)A/B/ = 2 [A’ KB’]C’
pan = —iJ%4Kcn
qaa = iJ% W Keoia (3.4.24)

The reduced action to (1, 1) superspace is
S = _% / Paxd*0(D,Z'ED_Z + Sau™ Sa_) (3.4.25)

. .
Where u44" is the inverse of 144,

2iwuq m — dwuw’
E=g+B= (3.4.26)

plug 2iptuw’

and

WS- = U — i (qupD_Z° + 2wy D_Z5)

u S = T4 — i (—2iwap Dy ZP + pap DL Z5) (3.4.27)
The generalized complex structures are read off of the supersymmetry variations of

Z, Say, and Sq_. The generalized complex structures are

J 0 0 0
2utw iu'p u 0
j+ =
—2(wJ + ipu'w) —(n — pu'p) —iput 0
i(—nJutq + qJ + div'v'w) 2(nJuw’ —iw'utp) —2w'ut nJu
iug —2uw’ 0 —u
0 —J 0 0

I = (3.4.28)

=2(n'Ju'w + iwug) —i(n*J'utp + divuw’ — pJ') —ntJut 2wu

n — quq —2(iquw’ — W' J") 0 —iqu
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The upper left blocks satisfy the conditions for being almost complex structures

independently of the form of the submatices (3.4.24). One can verify that

&0 0 0
2
J 0 0 6 0 0
(1) = =~
2utw  ulp 0 0 & 0
0 0 0 6
& 0 0 0
2
g —2uw' 0 6 0 0
(J.)? = (3.4.29)
0o —J 0 0 & O
0 0 0 6

This is to be expected. When S, and S4_ are put on shell then we must recover
the regular (1,1) sigma model with second supersymmetry transformation (3.3.3).
It was shown in [33] that all generalized K&hler geometries are locally describable

in terms of N = (2,2) with chiral, twisted chiral and semi chiral superfields.
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Chapter 4
Generalized Kéahler Geometries With Isometries And Gauged Sigma

Models

The focus of research in this dissertation will be on target spaces corresponding
to N = (2, 2) supersymmetric sigma models with U(1) isometries. When such target
spaces have isometries, there is extra geometric data that characterizes the manifold.
This data includes the Killing vector, the moment map [36-38], and a one form [39]
if the background has non trivial three form flux. For supersymmetric sigma models
corresponding to bi-hermitian geometries with commuting complex structures, the
descriptions of the extra data is clear at both the (1,1) level and manifest (2,2)
level. However, for the case with non commuting complex structures, only the
(1,1) level description is known. Since the entire background is determined by the
potential function K, the generalized Kéhler potential, the extra geometric data
will be determined using the generalized Kéahler potential. We will also investigate
the role that this extra geometric data in generalized Kahler geometry. There are
other issues concerning such target spaces with isometries. Specifically target space
duality, or T duality, and quotient constructions. Since quotients are a special
case of T duality, we will focus on developing a manifestly (2,2) description of
T duality with the question in mind ”Is the T dual background to a generalized

Kéhler geometry still generalized Kahler?”. This amounts to showing showing that
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the procedure for constructing the T dual geometry preserves (2, 2) supersymmetry.
The main tool we will use in the investigation of target spaces with isometries are
the known (2,2) gauge multiplets.

The presentation will go as follows. We will begin with a description of how
the geometric data arises in the sigma model. Then we will identify the same data
in terms of the generalized Kahler potential and investigate to role of the moment
map and killing vector in generalized Kahler geometry. We will find some interesting
structures that hint at something new in (2, 2) gauge multiplets. Then we will review
T duality in the known cases and describe a proposed description of T duality for
sigma models parameterized by semi chiral superfields. The prescription will have
some very undesirable features that we can trace to a root cause, an insufficiency
of the known (2,2) gauge mutiplets. This insufficiency of the known (2,2) gauge
multiplets along with the hints obtained from studying the geometric data associated
to the isometry will lead us to a new (2,2) gauge multiplet

If the sigma model target space has an isometry group, then a generic Killing
vector can be decomposed in a basis of the Killing vectors k4 which generate the

Lie algebra of the isometry group
£ =M = K0, ka,kp) = fap“ke,  Leg=0. (4.0.1)
The infinitesimal transformation of the sigma-model fields is given by

5¢' = ek, (4.0.2)

4 are rigid infinitesimal parameters. For a sigma model with isometries,

where €
there is additional geometric data. These follow from the integrability conditions
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associated with the additional requirements that the action of the Killing vector
leave invariant not just the metric, but the field strength of the B-field H, and the
2-forms wy = gJ:
LeH =0, Lews = 0. (4.0.3)
From the condition that H is invariant, it follows that
LeH =dieH +iedH = dieH = 0. (4.0.4)
Since the two-form i¢H is closed, locally it can be written as

ie \H = duy, (4.0.5)

where the one-form w is determined up to an exact, Lie-algebra valued one-form.
The ambiguity in u can be fixed, up to U(1) factors in the Lie algebra, by requiring
that it is equivariant £Liup = fapCuc.

Besides this one form u, the other geometric data associated with the exis-
tence of an isometry group is the moment map (also known as the Killing poten-
tial). From the condition that the symplectic form is invariant under £, and from
dws(Jo X, J Y, JoZ) = +H(X,Y, Z), it follows that w.&F JLu is closed. Therefore,
locally one finds

dps = wié F Jhu, (4.0.6)
where 4 are the moment maps. This expression is the generalization for a manifold
with torsion of the integrability condition for the vector field & which satisfies, in
additon to (4.0.3),: L¢Jy = 0.

The relevance of these two quantities, the one-form u and the moment map
i, becomes clear when constructing the gauged sigma model, by promoting the
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rigid (global) isometries 4.0.2 to local ones. This is accompanied, in the usual man-
ner, by introducing a compensating connection (gauge potential) 9,¢" — V¢ =
9.¢" + AfkYy, which transforms as 0A7 = 9, + fap©APeC. For (1,0) or (1,1)
supersymmetric sigma models, the bosonic gauge connection becomes part of a cor-
responding (1,0) or (1,1) vector multiplet. Promoting the partial derivatives to
gauge covariant derivatives is not enough in the presence of a B-field [38-40]. New
terms, which depend on the one-form u and the moment map, must be added to
the sigma model action. For a bosonic, (1,0) or (1, 1) supersymmetric sigma-model,

adding only u-dependent terms is sufficient.

S= / d*zd*0 (gijvmiv_qsﬂ' + BijDy ¢/ D_¢/ — 2u;4 Al D_y¢' + AﬁABc[ABO,
(4.0.7)
where D, are flat superspace covariant derivatives and V. are superspace gauge
covariant derivatives, and cjap = k:f AWiB]-
When the sigma model has additional supersymmetries, then the gauged sigma
model action acquires new terms, which are moment map dependent. The gauged

(2,2) sigma model action typically contains a term
6S = / d*xd*0Sp, (4.0.8)

where p is the moment map, and S is a super-curvature that appears in the (2,2)
gauged superalgebra (more precisely in the super-commutator {V,,V_}).
Alternatively, one could chose to perform the gauging directly in (2,2) super-
space. That is the approach we will use in this work. We shall be interested in
gauging (2,2) sigma models whose target space has a bihermitian structure, with
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non-commuting almost complex structures. The natural starting point for us then
is the N' = (2, 2) superspace formulation of a sigma-model written in terms of (2, 2)

semi-chiral superfields,

left chiral: D, X =0,

right antichiral: DY =0. (4.0.9)

We begin by making the observation that the following transformations are consis-

tent with the contraints' on X and Y.

X — (A+B)X +C + D,

Y > (F+GQ)Y +W+ 7, (4.0.10)

where A, C' are chiral superfields, B, D are twisted anti chiral superfields, F, W are
anti chiral, and G, Z are twisted chiral. When these transformations correspond to
gauge transformations they can be properly accounted for using both the chiral and
twisted chiral vector multiplets.

For simplicity we will consider only the gauge transformations where the semi-
chiral superfields are multiplied and shifted by chiral and anti-chiral superfields. In
this work we shall follow two complementary approaches to constructing the gauged
action in (2, 2) superspace. The first method involves descending to the level of (1, 1)
superspace by following the usual route of substituting the Grassmann integration
by differentiation [ dfdf — DD, and by the subsequent replacement of the ordinary

superspace covariant derivatives by gauge covariant derivatives DD — VV. This

! This is not the most general set of transformations consistent with the constraints on X and

Y. However, these are the only transformations relevant to our considerations.
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is equivalent to gauging by minimal coupling, if the generalized Kéhler potential
is invariant under the action of the isometry generators. The second method [37]
uses the prepotential of the gauge multiplet V' explicitly in the generalized Kéahler
potential to restore the invariance of the action under local transformations.

For simplicity we restrict ourselves to U(1) isometries. As such we can go to
a coordinate system in which the isometry is realized by a shift of some coordinate.
This implies that the generalized Kihler potential K (X, X,Y,Y’) will be independent
of a certain linear combination of the left and right semi-chiral superfields. For

example, for

K=KX+XY+Y,X+Y). (4.0.11)

we can immediately read off the Killing vector associated with the isometry. In this

case it takes the form

.0 90 .0 0

From (4.0.10) we see that this is an example of a generalized Ké&hler potential, with

a U(1) isometry which can be gauged using the chiral (2,2) vector multiplet.

4.1 Gauging and the reduction to (1,1) superspace

Let us consider the first of the two approaches to gauging which we have
outlined before. Since we are interested in extracting the geometric data (including

those associated with isometries) from the sigma model, and these are most easily
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seen in the language of (1, 1) superspace, here we describe the bridge from (2,2) to
(1,1) superspace, following [30] closely.
We begin by giving the (2,2) gauge covariant supersymmetry algebra for the

chiral vector multiplet.

[Va, vﬁ} = 07
[vav vﬁ} = Qi(ryc)aﬁvc + 29[006,35 - i(vg)aﬁp]ta
Vo, Vit = g(mw)a" Wit

[va; vb} = —iQGQbWt, (411)
With the Bianchi identites

V.S = —iW,, VoP = —(7%)" W,
VW5 = 0, Vod = (7)Y W53,

VoWs = iCopd — (V*)apW + (Y)asVaS — i(7*7")apVa P. (4.1.2)

Having in mind the gauging of a certain isometry of a (2,2) sigma model, the
abstract U(1) generator ¢ will be related to the Killing vector for the isometry. The
relation takes the form ¢t = —iL,. According to our previous discussion on gauging
methods, we begin constructing the gauged (2,2) sigma model by evaluating the

fermionic measure using the gauged supercovariant derivatives,
_ 1 _ _
/ d*0d*0 = g[vavavﬁvﬁ + VPVVV,), (4.1.3)

where we have used the conventions of [41].
In order to reduce the action written in (2,2) superspace to (1,1) superspace
we need to express the (2,2) gauge covariant derivatives in terms of two copies of
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the (1,1) derivatives:
(Va — Va). (4.1.4)
The (1,1) derivatives satisfy the following algebra:

[@m @[3} - Qi(Vc)aﬂvc - 22'/\(’73)&5Pt,

Vo Vb = Sl Wi,

[V, Ve} = 2i(79)asVe — 20A(1))ap Pt

Vo, Vo} = %(%)aﬁwﬁta

Vo, Vsl = —2iXC.pSt, (4.1.5)

where Wg = \%(Wg - Wg) and Wg = \/LE(W@ + Wg)
Next we consider the measure of the (2,2) action (4.1.3) and we rewrite it in
terms of the (1,1) derivatives
VeV VPV = 2VoV, VAV 4 2VPV VOV, + (..t + total derivative  (4.1.6)

Therefore VOV, VPV and 2V*V, VPV ;+2VPV;V*V,, are equivalent when acting
on a potential which is invariant under the isometry, that is, satisfies tK = 0.

Reducing the (2,2) Lagrangian amounts to evaluating
27 12 leogs
L:/d 0d QK:ZVVK(X,X,Y,Y). (4.1.7)

Then, using the relation

VoV, = —2iV,V_ — 2i\Pt, (4.1.8)
we only need to evaluate @Jr@_K . Additionally, we must decompose the (2,2) left

and right semi-chiral superfields into (1,1) superfields

p=X|, V=V_X|, x=Y|, TYT=V,Y| (4.1.9)
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We end up with:

64_6_}( = @Jrgolmlpﬁ_xll + Tin[q‘ljl_ + \IJI_(QWL]@_F()OJ + ip[[/@+xl’)
Y (2wp VX —iqr V) — 2AS Ky (tY") + 2igS Ky ty?")
+2iN(S + iP)K;(tX") — 2i\(S — iP)K;(tX")

= V. Z'E-NV_Z+ S u'l'S_p — 2%NSKy (1Y) + 2iNS K5 (1Y)

+2iN(S 4+ iP)K;(tX7) — 2iA(S — iP)K;(tX7), (4.1.10)

where we have used the notation K; = 0, K, Kir = 0, K. The index [ is a collective
index: I = {i,i}, and ® = {¢, ¢, x, X}. The matrices m,n,w, p, q, expressed in terms
of the second order derivatives of the generalized Kahler potential, are the same as

in (3.4.24) [23]. Also, analogous to (3.4.24) [23]

! ! ! il . ! i !
SHuH = Ti — 2ul! wIJV+g0J — 't P[JIV+XJ
/ / A / . / 2~
WS o= U 4 ot! wppV_x’ —iul! quV_goB

2iwuqg m — dwuw’
E = g+B = . (4.1.11)

plug 2iptuw’

At a first glance it appears that we have an asymmetric coupling of the field strength
P between the fields ¢ and x!. However, this is just an artifact of our choice in

evaluating the covariant derivatives. Note that
tK(p,x) =0 — K;(tX") + K;(tX?) + Ky (tY") + K3 (tY") = 0. (4.1.12)
This means that the reduced Lagrangian is given by

L = —2iV°V, (mzt "E-V_Z+S.u"S p
+F2IN(S + %P)Ki(tXi) — 2N(S — %P)Kg(t)_(z)
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—2ig(S + 5 P)Ku(£Y") + 2ig(S - %P)Ki,(t)_/i'))
= —Qi@a@a (@Jth (g+ B)- V_7 + SJFIUH/S,[/
F2NS(FG(EXT) = Ki(tX7) = K (1Y) + Ko (tY7))

“AP(K;(tX") + K;(tX") — Ky (tY") — K3 (ﬂ‘/i’))). (4.1.13)

This is the gauged sigma model we were after, and such it is one of our main results.

To understand the various terms that appear in (4.1.13), it is useful to compare
this action with (4.0.7), given that both actions represent gauged sigma models
with manifest (1,1) supersymmetry. This explains the obvious common elements
VoZt. g-NoZ+D*Zt B-D,Z. The gauging of the B-field terms is done in (4.0.7)
by including the u-dependent terms. To see how this is reflected in (4.1.13) requires
some extra consideration. The extra terms required for the gauging of the B-field
terms can be combined into i¢B - 15(_<DA+). As a consequence of the condition
tK = 0 — (K = 0, we find that LB = 0. This is a stronger condition than

LeH = 0, and it implies the latter. Since LB = 0, we find
u=—icB + do, (4.1.14)

where do is an exact one-form invariant under the action of the isometry group.
This is exactly what is required to match the minimal coupling of the B-field terms
against the u-terms in (4.0.7). The c4p terms in (4.0.7) vanish in the case of a U(1)
gauging. Otherwise, they, too, could be recognized in the minimal coupling gauging
of (4.0.7).

We shall see that the ambiguity in defining w, namely the exact one-form
do, is reflected in (4.1.13) in the term which multiplies the field strength P. The
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expression —gd(K &' — Kp&"') is d(o). We verify that it is invariant under the U(1)

action:
Cedr = dlicd) ~ a((€101-+ 670060, — € 0K ) =
= 2d((gfaf + &0l o, K) = 2d((—§falgf’ap + gf’apgfal)f(> =0,
(4.1.15)

where in the last step we used that we can go to a coordinate system where the U(1)
action is realized by a shift of some coordinate, which implies [¢/0;, 7' 0p] = 0.

The remaining terms in (4.1.13), such as those dependent on the auxiliary
superfields S+ and which have no counterpart in (4.0.7), are present because our
starting point was a (2,2) supersymmetric action with off-shell (2,2) superfields.
Lastly, we recognize in the terms proportional to the superfield strength S, a linear
combination of the moment maps. Their presence is required to insure the invariance
of the gauged sigma model action. While the expression proportional to S in (4.1.13)
is not immediately relatable to the moment map given in (4.0.6),it does have a form
similar to that given in [38,42,43] for the moment map. There the moment map is
identified as the imaginary part of the holomorphic transformation of the generalized
Kahler potential under the action of the Killing vector.

Thus we conclude with the identifications:
Moment map ~ (K& — K& — Ko + K;/{’?) (4.1.16)
o~ K&+ K& — Ku&" — Ki&¥. (4.1.17)
These identifications, and especially the rapport between (4.1.16) and (4.0.6), will

be verified in the next section. At this point we note a peculiarity. The two function
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we have identified are derivable from the condition £K = 0. A third function,
i(KE — K&+ Ky — Ky (4.1.18)

is also derivable from this condition yet doesn’t seem to play a role in the gauged
sigma model. We speculate that this function does play a role that will be hinted

at in the last chapter.

4.2 An example: the SU(2) x U(1) WZNW model

In this section we apply our previous construction of a (2,2) gauged sigma
model to a concrete example: the SU(2) x U(1) WZNW model. The (2,2) su-
persymmetric SU(2) x U(1) WZNW sigma model was first formulated in terms
of semi-chiral superfields in [44]. The authors discovered non-commuting complex
structures on SU(2) x U(1) and constructed a duality functional that maps between
the known description in terms of chiral and twisted chiral superfields and a de-
scription in terms of semi-chiral superfields. The explicit form of the generalized
Kéhler potential was given in [45,46]. A discussion on the various dual descriptions
which can be obtained by means of a Legendre transform can be found in [46]. The

SU(2) x U(1) generalized Kéahler potential is

B 1 n+n
K =—(@+n)(¢+n) +50+n)’ - 2/ dzIn(1 + exp(z/2)), (4.2.1)

where D, ¢ = D_n = 0. Because K = K(¢+n, p+1,n+1) we cannot directly gauge

the theory, using only the coupling with the chiral (2,2) vector multiplet. However,
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there is an easy remedy to this problem, namely we shall use a dual description,

found via a Legendre transform [46]:

K(r,7,n,7) = K(¢,6,0,7) — ¢ — T, (4.2.2)

where 7 is semi-chiral, D,r = 0, and ¢ is unconstrained. By integrating over r, we
recover the previous generalized Kahler potential. On the other hand, by integrating
over ¢, that is eliminating it from its equation of motion, we find a generalized Kahler
potential K = K(r+mn,7+17,m7+17) (up to terms that represent a generalized Kéhler
transform $7n? + $77%). This is an example of a “duality without isometry” [46],
where the generalized Kahler potential of a semi-chiral superfield sigma model can
be mapped via Legendre transforms into four different, but equivalent expressions,
all involving only semi-chiral superfields.

The new form taken by the SU(2) x U(1) generalized Kéhler potential

-+
K= F+n)(r+n) - 2/ dxIn(1 + exp(z/2)) (4.2.3)

indicates that the U(1) isometry is realized by the transformations

r—r+ie, n—n+ (i), (4.2.4)

where € is a constant real parameter. However, when promoting this symmetry to
a local one, according to our previous discussion, € is to be interpreted as a chiral
superfield, and € as an anti-chiral superfield.
The generalized Kéhler potential is left invariant under the action of the (2, 2)
Killing vector
0 0 0 0

f = Zg — ’L% — 26_77 + Za—ﬁ. (425)
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From (4.1.11) we can now calculate the B field, its field strength and their contrac-

tions with the Killing vector:

B =(1—2f)(dr Adij+di Adn)

ieB = i(1—2f)dij —i(1 — 2f)dn + i(1 — 2f)di — i(1 — 2f)dr

0 0
H=dB = 2(8—£dr — a—“;]df) Adn A dn
ieH = d(2if[—dr + dr — dn + dn]) = du, (4.2.6)
where
ey expl5(n+ )] 197
f= e = e (42.7)

We also find that LB = 0, in accord to the expectation that the gauging is done
via minimal coupling [39,40]. As discussed before, it implies that v = —i¢B + do
where do is an exact one-form, invariant under the action of the Killing vector.
As to the term proportional to P in (4.1.13) we find that is equal to 2i\o, where
do = d(7 —r+ 1 —mn). Indeed, this one-form satisfies the condition isdo = 0.

Next, we show how the term proportional to S corresponds to the moment

map.

4.2.0.1 The Moment Map
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Here we verify that the term proportional to the super-curvature S in (4.1.13)

i(K, — Ky — K, + K;) = 2i |+ 7+ n+ 7 — 2In(1 + exp(?)) — M (4.238)

is a certain linear combination of the two moment maps of the bihermitian geometry.
We recall their definition

;€ Fu; = 15014 (4.2.9)

Before we consider (4.2.9) we must first address the ambiguity in the expression
for the one form u. The one-form wu is defined only up to an exact one form that
satisfies Ledo = 00 u = 2if[—dr + dr — dn + dn] + di(C.r + Cir + Cyn + Cqn)
with C,. 7,5 constants, constrained only by C, — Cr — C,, + C; = 0. However, our
previous considerations have eliminated most of the freedom in do, given that, from
the gauged action we have identified C, = —1,C7 = 1,C, = —1,C; = 1. Armed
with the concrete expressions of the moment maps we find the following relationship
with M:

M= —(py +po). (4.2.10)

We speculate that had one chosen to gauge the U(1) isometry using instead the
twisted chiral vector multiplet, the term proportional to the super-curvature S in

(4.1.13) would have involved other linear combination of the two moment maps

My — f—.

4.3 Alternative gauging procedure: the prepotential
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In section 4.1 we gauged the sigma model by replacing the Grassmann inte-
gration measure with gauge supercovariant derivatives and thus reducing the (2,2)
action to a gauged action with (1,1) manifest supersymmetry. Here we take the
alternative approach of using the gauge prepotential superfield V' to arrive at a
gauge-invariant generalized Kéahler potential. This procedure is done in (2,2) su-
perspace, and all supersymmetries remain manifest. Therefore this gauging method
has the advantage of facilitating the discussion of duality functionals, which we will
address in the next section.

In simple cases, the gauging is done by adding the prepotential V' to the
appropriate combination of superfields in the generalized Kahler potential. For the
example K = K(X +X,Y +Y, X +Y), the global symmetry is promoted to a local

one by

KX+X,Y+Y, X+Y) = KX+X+V,Y+Y+V.X+Y +V), (43.1)

if the gauging is done using the prepotential for the chiral vector multiplet, i.e.
if the gauge parameter is a chiral superfield. On the other hand, if the gauge
parameter is a twisted chiral superfield, then we must use the gauge prepotential

associated with the twisted chiral vector multiplet V;. For example, we could gauge

K=KX+X,Y+Y,X+Y) by

KX+XY+Y,X4+Y) = KX+X+V,Y+Y+V, X+Y +V,). (43.2)

For concreteness we continue to address only the gauging done using the cou-

pling to the chiral vector multiplet. In general, the isometry transformations of a
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given superfield are given by:
X X = X — X, (4.3.3)

where t denotes the isometry generator and € is a real valued constant parameter.
For our purposes, it is better to think of the gauging in terms of the Killing vector
that generates the isometry. That means we make the following replacement in the

above expression for the global transformations of the fields
X —e*X = X — %X, (4.3.4)

When promoting this global symmetry to a local one, the gauge parameter ¢ becomes
a chiral superfield, and € an anti-chiral superfield. The invariance of the potential is
lost because the fields no longer transform with the same parameter. The invariance

is restored by introducing the gauge prepotential superfield V', transforming as
V=V +i(e—e). (4.3.5)
We include V' through the replacement:
X —eVEX. (4.3.6)

Now X transforms in the same way as in the global case and thus the invariance
has been restored.

Although we have used the whole Killing vector & in constructing the field that
transforms properly (4.3.6), to be more specific, it is only the part of the Killing
vector that induces a transformation with the anti-chiral gauge parameter which
contributes to this definition. In the example that we gave, K = K(X + X,Y +
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Y, X +Y), X,Y transform with a chiral gauge parameter, and X,Y, with an anti-
chiral parameter. The Killing vector will generally factorize & = &. + &; such that
¢ and &, induce a chiral parameter, respectively an anti-chiral parameter gauge
transformation. In the SU(2) ® U(1) example we have & = —i2 — i%.

Therefore we define

X =e'X, L=1iV&. (4.3.7)

The new field, X, transforms under the gauge transformation in the exact same way
as X did under the global isometry. Therefore by replacing X in the generalized
Kahler potential by X we insure that the transformation of the generalized Kéhler
potential under the local transformation is the same as for the global isometry,
namely it is a generalized Kahler transformation. Of course, the other semi-chiral

superfield Y undergoes a similar treatment:
Y = by, (4.3.8)

If the generalized Kahler potential remains invariant under the action of the
Killing vector i.e. ¢K(X,X,Y,Y) = 0, the minimal coupling perscription is given
by replacing X with X and Y with Y. Specifically, the gauged (2,2) Lagrangian is

given by the replacement

K(X,X,Y,Y) - K(X,X,Y.,Y). (4.3.9)

the Lagrangian as

LK

KX, X,Y)Y) = lK(X, X,V,Y)=K(X,X,Y,Y) +



VM, (4.3.10)

where in M = i£;K we recognized the same object which we have identified from
the gauged (1,1) action as the moment map (5.2.4).

Next, we address the case of a generalized Kéahler potential which under the
action of the isomtery generator transforms with terms that take the form of gener-

alized Kéhler transformations
EK = f(X)+ f(X)+g(Y)+g(Y). (4.3.11)

The trick is to introduce new coordinates and add them to the generalized Kahler
potential in such a way that the new generalized Kahler potential is invariant under
the transformation generated by the new Killing vector. Specifically we introduce
a, 3 with Dyo = D_3 = 0. We construct the new generalized Kéhler potential and

Killing vector

€= €4 () + FR) A g(¥) S+ g(7) (13,12

Now the new generalized Kéhler potential K’ is invariant under the new Killing
vector L K' = 0 and we can proceed as before. We replace all fields which transform
with the parameter € with the combination which transforms with the field € by using

e’ where I = iV Next we define the tilde versions of XY, a, 3 as follows
X=e"X, Y=Y, a=c'a p=Ep. (4.3.13)
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The gauged Lagrangian is obtained by the same substitution as before. Finally we

get

K'(X,X,)Y,Y,a,&,3,0) = KX, X, Y., Y)—a—a—3-0
L

L
L
_ _ 1 _
— K(X,X,Y,Y)+ (LK —iV[(X) - iVg(Y))
_ _ el —1
= K(X,X,V,Y)+ VM (4.3.14)
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Chapter 5
Eigenspaces of Generalized Complex Structures
5.1 Hamiltonian action and moment map in the mathematical liter-

ature

In the context of generalized complex geometry, the origin of subsequent def-
initions of the Hamiltonian action can be found in Gualtieri’s thesis [22] where it
was shown that certain infinitesimal symmetries preserving the generalized complex
structure J can be extended to second order.

Intuitively, given a Hamiltonian action on a generalized complex manifold, the
moment map is a quantity that is constant along the action of the group elements.
More formal definitions of the moment map were given, for example, in [47-50];
in [49], Hu considered the Hamiltonian group globally. For concreteness here we will
explore one of the definitions put forward by Lin and Tolman [47] in the simplest
setting without H-twisting, namely, definition 3.4:

Let a compact Lie group G with Lie algebra g act on a manifold M, preserving
a generalized complex structure J. Let L C T @ T* denote the \/—1-eigenbundle of
J. A generalized moment map is a smooth function u: M — g* so that

(i) Ear — /—1dus lies in L for all £ € g, where &y denotes the induced vector
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field on M.

(ii) w is equivariant.

In subsequent works, the definition of Hamiltonian action was generalized to
include the H-twisted case [48,49]. In [51], the authors arrived at a definition of
moment map in terms of the action of a Lie algebra on a Courant algebroid.

In what follows we will explore the particular definition cited above, and com-
pare it with the expressions that we gave for the moment map in the previous
sections. We leave for future work the issue of the equivalence of the various defini-
tions given in the math literature, and their relationship with the physical point of

view advocated in this paper, via the gauging of the (2,2) sigma model.

5.2  Generalized Kahler geometry and the eigenvalue problem

In a series of papers [23,33] the authors established that chiral, twisted chiral,
and semi-chiral superfields are the most generic off shell multiplets for D=2 N =
(2, 2) supersymmetric non linear sigma models and that they give generalized Kéhler
geometries.

To practically use the above definition of moment map in the case of Kahler
geometry we recall that according to Gualtieri (see Chapter 6 in [22]), the gen-

eralized complex structures of the generalized Kahler geometry take the following
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expressions:

1l 10 Jo+J —(wi'Fwl) 1 0
Jij2 = 3 (5.2.1)
B 1 wy Fwo  —(JLEJE) -B 1
where ¢ is a Kéahler metric, which is bihermitian with respect to both almost complex
structures Ji, while B is a 2-form field. We leave a discussion about its relationship
with the B-field of the sigma model for section 3.4.
First, we shall derive the conditions for a generic element of T'® T™ (£, +idu)
to be an eigenvector of the generalized complex structures. By identifying £ € T
with a Killing vector, we solve for the one form du € T™. Next, after verifying that
dp is an exact one-form, we shall compare it with the the moment map and enquire
whether these expressions are compatible. We discuss two concrete settings: the
almost product structure spaces, with their commuting almost complex structures,
and as an example of bihermitian geometry we turn to our favorite example, the
SU(2) x U(1) sigma model.
We begin with some formal statements. The condition that an element of

T & T™ lies in the eigenbundle of 7} is

§ ¢
N/ =ai , (5.2.2)
tedp tedp
where ¢ = +1, a = £1. After a bit of massaging, we find that this eigenvalue

problem is equivalent to the following linear homogeneous equation system®

(J4 —ai)(T' =€) =0

(J- —ai)(D +&) =0, (5.2.3)

IFor the eigenvalue problem associated with the other generalized almost complex structure Ja,
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where

I = G (B¢ —icdu) (5.2.4)

Then, by solving (5.2.3) we find £ and I". The number of independent solutions is
equal to the number of zero eigenvalues of J. — ai. However, after identifying &
with a certain Killing vector, we generically find a corresponding I'. This allows us

to solve for p

du = ic(GT' — B¢). (5.2.5)

To test the compatibility between this expression and the moment map (4.0.6) we

explore in the next sections two concrete examples of bihermitian geometry.

5.3 Specialization to spaces with almost product structure

In the case of a space with almost product structure, which is realized by
a (2,2) sigma model written in terms of chiral and twisted chiral superfields [30],
we may choose to work in a coordinate system where the two commuting complex

structures are diagonal:

we find a similar linear homogeneous system:

(Jy —ai)(T =€) =0, (J-+ai)(T+&) =0.
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In the same coordinate system, the metric and B-field are also block-diagonal:
g1 O 0 b
g = B = : (5.3.2)
0 g —bt 0

The expressions taken by G, B, J,,and J_ suggest that we should consider a similar

decomposition for £,I" and du. Specifically,

¢ = r— dp = . (5.3.3)

Under this decomposition I'; 5, & o are solutions to (5.2.3):

(J1 —ai)l'y = (J1 —ai)§; =0

ain = —Jgfg. (534)
and (5.2.5) becomes

dpy = icgiI'y —icby

dps = icgol'y + icb'éy, (5.3.5)

How does this compare with the moment maps which are given by du+ = wiFJLu?
When we specialize to the case where the Lie derivative of B with respect to &
vanishes, LB = 0, we can use that v = —B¢ + do. Taking the appropriate linear
combinations that match up most closely with the generalized complex structures

we get the following for the components of the moment map

- 1 N 1
dM = J(dM +dM-),  dM = o (dM, — M) (5.3.6)
where
dM1 wlfl dMl —Jfbgg
= , = (5.3.7)
sz —ngtfl sz wabo
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First we notice that the appropriate expression to match with (5.3.7) is dM. Second,
in order for (5.3.7) and (5.3.5) to match we need Iy = & = 0. The condition
& = 0 is automatically satisfied for almost product structure geometries, where
J12 are both diagonal. Then the requirement that £ is holomorphic (i.e. it leaves
invariant the complex structures) implies that a Killing vector is such that either
& or & vanish [38]. Next to complete the matching of (5.3.7) and (5.3.5) we need
[y = +iJs&,, but is exactly the expression of 'y which we get from (5.3.4).

Now that we have verified the compatibility of two moment map definitions,
(5.2.5) and (4.0.6), for the almost product structure geometry, we want to inves-
tigate their compatibility in a more generic case of bihermitian structure. Since
the complex structures do not commute in this case, it is difficult to analyze what
happens in general. However we can consider the concrete SU(2) ® U(1) example

and see how things work out there.

5.4 The SU(2) ® U(1) example

In this case the non-commuting complex structures, read off from the super-

symmetry transformations of the non-linear sigma model [23,44], are:

i 0 0 0 i 0 2i(1—f) 0
0 —i 0 0 0 —i 0 —2i(1 — f)
J+ - J_ - 5,41)
-2t 0 — 0 0 O —1 0
0 220 0 =1 0 0 0 1
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where f = f(n+ 7). The U(1) Killing vector is & = (i, —i, —i,4). The B-field was

given in (4.2.6), and the metric takes the form

0 2 0 2(1 - f)
2 0 2(1 — f) 0

g= : (5.4.2)
0 2(1 - f) 0 21-f)

2(1 =) 0 2(1-1) 0

The moment map du; = wi& — JLu reads

diy = (=2f,—2f.0,0) — (=2f, —2f, —2f, —=2f) — (iC, — 2iC,, —iCs + 2iC;, —iC,, iCy)

= (iC, — 2iC,), —iCy + 2iCy, 2f — iCy, 2f + iCy).

wheare the last term on the first line represents the ambiguity in u, JLdo. The
constants C,.z 5 satisfy the constraint C, — C; — C,, + Cj; = 0.
We find that the solution to (5.2.3), corresponding to a +i eigenvector, (a = 1),

is given by (£,I'; 4+ ), where £ = (i, —i,—1,7) and

Ty, = (—i, —zzzg> . (5.4.4)

For a —i eigenvector (a = 1), we find

r,_ = (z i, —z‘%, —z’) , (5.4.5)

for the same Killing vector . For completeness we record the eigenvectors (£, 1)
of the second generalized almost complex structure Jo: I's ¢ = (—i, —i,1, —1i) corre-
sponds to the +i eigenvalue and I'y — = (i,14,4, —i) to the —i eigenvalue.

From (5.3.7), substituting I'; 4+ as well as the the metric, B-field, and Killing

7
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vector we get

icGTy . = co(=2f,2f, —4f,0),  icBE = c(—142f,1-2f, —1+42f,1-2f), (5.4.6)

where we recall that ¢ = 1. We have also identified the 2-form B in the generalized
almost complex structure with the B-field. Notice that in order to be able to recover
an expression compatible with (5.4.3), we must take the sum ic(GI" + B¢), and not
the difference of the two terms in (5.4.6)! The reason for an apparent discrepancy
between the two expressions that we have for the moment map, (4.0.6) and (5.2.5)
lies in the identification of the sigma model B field and the 2-form B that appears
in the generalized almost complex structure (5.2.1). The agreement is restored upon
making the identification between minus the sigma model B-field and the object by
the same name present in (5.2.1). It is essential that in replacing B — —B in
(5.2.1), with B the sigma model B-field, we haven’t spoiled any of the properties of
the generalized Kahler geometry objects.

To complete our argument, we have to make the following assignments for the
constants which enter in the one-form do: C, = Cr = C, = C; = i.

We still find it possible to obtain the moment map from the condition that
together with the Killing vector it forms a pair (&, icdp) which lies in the eigenbundle
of the generalized almost complex structure. However, we must exercise caution
and interpret the 2-form B in (5.2.1) as minus the sigma-model B-field. We have
also seen that the matching between (5.2.5) and (4.0.6) requires making use of
the ambiguity in defining the one-form u. The exact, U(1) invariant one-form do

required by the matching between the two moment map definitions led us to a
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different one-form do than the one we identified in Section 2.2 by matching u with
the gauged sigma model action. The understanding based on this result isn’t clear
because the choice of do only satisfies the condition for one of the expressions in

(4.0.6) to be a moment map.
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Chapter 6
T Duality For Semi Chiral Superfields With The Chiral Vector

Multiplet

Target space duality or T duality is a symmetry of string theory that relates
the geometry and topology of different string backgrounds. This symmetry was
first discovered by considering toroidal compactifications. It is easiest to see when
considering strings in flat space with one direction compactified on a circle of radius

% along with the

R. The spectrum of the string is invariant under the change R —
exchange of the momentum and winding modes of the string. At the sigma model
level, this is best understood in terms of gauging the isometry transformations of
the background in the sigma model without including gauge kinetic terms and con-
structing a duality functional that reduces to either sigma model by integrating out
fields in a specific order. This understanding was first introduced in [52]. Consider a
sigma model with a metric, b field and dilaton. The duality functional is constructed
by adding a lagrange multiplier times the gauge field strength to the gauged action.
Integrating out the lagrange multiplier forces the gauge field to be pure gauge and
the sigma model reduces to the original theory. If instead one itegrates out the
gauge field first, one obtains a new sigma model with new metric, b field and di-

lation given in terms of the original metric, b field and dilaton according to the

Buscher rules [53]. An excellent review of the topic is given in [54]. The description

80



of how this procedure works for N’ = (2,2) sigma models in (2,2) superspace was
first given in [52]. There they worked with chiral and twisted chiral superfields only
and showed that T duality amounts to a Legendre transformation of the Kahler po-
tential. An interesting point is that the duality exchanges superfield representations
i.e. it exchanges chiral superfields for twisted chiral superfields. In the following
we will present a (2,2) superspace description of T duality when the sigma model
includes semi chiral superfields. We will see that the description has some very
serious drawbacks related to an insufficiency of the chiral vector multiplet. We will
then present a new (2, 2) vector multiplet that should resolve the problems and give
a satisfactory description of T duality for sigma models with semi chiral superfields
in (2,2) superspace. The discussion here will be entirely classical and we will leave
the quantum description of T duality to future work. Since the transformation of
the dilaton is a purely quantum mechanical effect, we will ignore it for now and
consider only the metric and b field.

T-duality can be implemented for chiral and twisted chiral superfields while
preserving the manifest (2,2) supersymmetries of the sigma model, by performing a
Legendre transformation of the Kahler potential. This procedure amounts to start-
ing from the gauged sigma model, introducing a Lagrange multiplier that enforces
the condition that the gauge field is pure gauge, and eliminating the gauge field
from its equation of motion. In terms of the geometric data, it was shown in [55] by
descending to the level of (1, 1) superspace, that under T-duality, the metric and b
field transform according to the Buscher rules. Let us begin with some review mate-

rial detailing the execution of T-duality in (2,2) superspace. The simplest example
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of T-duality involves a non-linear sigma model written in terms of either chiral or
twisted chiral superfields with an U(1) isometry. Under T-duality the chiral mul-
tiplets are mapped into twisted anti-chiral and vice-versa. Specifically, we choose
a coordinate system such that the isometry is realized by a shift in a particular

coordinate. Then the Kahler potential has the form
K=K(®+®, 2%, (6.0.1)

where Z® are spectator fields that can be either chiral or twisted chiral. According
to the discusion in Section 2.3, the gauged action is obtained by replacing ® + ®
with ® + ® 4V where V is the usual superfield prepotential for the gauge multiplet.

The gauged Kahler potential is

Ky=K(®+®+V,2%. (6.0.2)

To construct the duality functional we introduce a Lagrange multiplier that forces

the gauge multiplet field strength to vanish:
Kp=K,+U(S+iP)+U(S —iP). (6.0.3)

Since (S +iP) = %D+D_V we see that the U and U equations of motion force V
to be pure gauge, i.e., V = A + A, with A a chiral superfield. For the next step, by

choosing a gauge such that ® 4+ ® have been completely gauged away
Ky = K(V, 2% (6.0.4)

we arrive at the duality functional

Kp=K(V,2% —U(S +iP) — U(S — iP). (6.0.5)
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The original Kihler potential is recovered by integrating out U and U. The T-dual
theory is obtained by integrating out the gauge field. Its equation of motion is

oK -

where U = %DJFD,U is a twisted anti-chiral superfield. This defines V' = V(¥ +

WU, Z%). The dual potential
K=K(V,Z% - (¥ + )V (6.0.7)

is the Legendre transform of the original potential (6.0.1).

When one introduces semi-chiral superfields the story becomes somewhat more
complicated. In [46], Grisaru et al. gave a detailed discussion of the various de-
scriptions of a (2,2) sigma model, which can be obtained by means of a Legendre
transform. Starting with a (2,2) Kéhler potential written in terms of semi-chiral

superfields K (X, X,Y,Y), one constructs the duality functional
K(r,7,5,5) — Xr — X7 —sY —5Y (6.0.8)

where 7,7, s, 5 are unconstrained superfields. Depending which fields are integrated
out (X,Y), (r,s),(r,Y), (s, X) one finds four equivalent formulations. In the absence
of isometries, this amounts to performing a sigma-model coordinate transformation.
The authors of [46] investigated the consequences that the existence of an isometry
have on the duality functional. For instance if the Kéahler potential has a U(1)
isometry K = K(X + X, X +Y,X +Y), the duality functional reads K (r + 7,7 +
$;7+38)—(X+X =Y -Y)r+7)/2+ (X =X+Y =Y)(r—7)/2—(r+3)Y — (F+s)Y.
By integrating over r — 7, ultimately leads to expressing X and Y as the sum and
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difference of a chiral and twisted chiral superfield. In this case, the dual description
of the sigma model involves chiral and twisted chiral superfields. The SU(2) x U(1)
WZNW model has two such dual descriptions [44]. The geometry does not change
as we pass from one description to the other, but the pair of complex structures
does change, from non-commuting complex structures, to commuting ones.

On the other hand, not all the dualities following from (6.0.8) can be derived
from gauging an isometry. The reason is that Lagrange multipliers in (6.0.8) are
semi-chiral superfields. Following the discussion given at the beginning of this sec-
tion, one would need a gauge multiplet with a semi-chiral field strengths, in order
to cast the gauged action duality functional (6.0.5) into (6.0.8). However, no known
(2,2) gauge multiplet contains such field strengths.

Therefore we choose to pursue the construction of the T-dual action of a
sigma model with semi-chiral multiplets following the steps which led to (6.0.5). We
add Lagrange multiplier terms to the gauged action as described previously, and
construct the duality functional as in [52]. However, a technical difficulty, related
to gauge fixing, prevents a straightforward application of this procedure.

The U(1) invariant Kéhler potential, which generically takes the form given
in (4.0.11), can be gauged by adding the prepotential V' to the appropriate field
combinations. The gauged Kéhler potential is K, = K(X + X4+VY+Y +V, X+
Y + V). Because the semi-chiral superfield is not generically reducible in terms of
chiral and twisted chiral superfields’ one cannot completely gauge away X or Y,

as it was possible for the chiral and/or twisted chiral superfields. Trying to gauge

'We thank Martin Roé¢ek for explaining this point to us.
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away X we could fix X| = D,X| = D?X| = 0, where | means evaluation with all
the Grassmann variables set to zero. Since X has higher order components which
are independent of the lower components we realized that we have not gauged away
all the X components. The independent left over components form a (1,1) Weyl
spinor multiplet. We shall address the resolution to this question in the following

section.

6.1 Dualizing With Chiral and Twisted Chiral Superfields.

For simplicity we will consider a Kahler potential, parameterized by chiral
and twisted chiral superfields, which is strictly invariant under the isometry. The

potential is given by (6.0.1). We begin in the slightly more general setting:

L
- -1
zg:K@+¢z%+eL VM. (6.1.1)
The moment map, M, is given by M = &K, and in this case & = —ia%. To

construct the duality functional we add Lagrange multiplier terms that force the

superfield strength to vanish. This gives the Lagrangian

L—l B

VM 4 (U D)V, (6.1.2)

Kp=K(@®+®,2%+ &

The final step is chosing a gauge. Instead of setting ® + ® = 0, we choose the

Wess-Zumino gauge for the prepotential V'

V|=D,V|=D*V|=0. (6.1.3)
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This gauge choice will allow a better comparison with the semi-chiral case. To see
that we do get back the original Lagrangian, we integrate out ¥ and . This implies
that

V =A+A, (6.1.4)

where A is a chiral superfield. However, consistency with the gauge choice requires
that V' = 0 and this give us back the original Kahler potential. To find the dual
potential we integrate out V. Since (V)? = 0 in the Wess-Zumino gauge, this allows

us to solve for V' explicity. We obtain

U+U 4+ M
Z—

&M -
= - i (U4 U+ M)>
K=K®+®, 7%+ - )
( + ) )+2 gEM

V

(6.1.5)

The important thing to note here is that consistency of the solution for V with the

gauge fixing conditions require that
Vi=0=i——| = (V+ V)| = —M| (6.1.6)

It should be understood that this is a component equation, and not a superfield

equation. With this in hand we can show the following;

WR’_ yk|_ PK
oPod' 079d' OVOD

= —1. (6.1.7)

The implication which follows from these equations is that the contribution of 9|
to the geometry has been replaced by W| up to a surface term that comes from the
new b field. Let us demonstrate how this works with a simple example, specifically

R — % for one of the cycles on T2. The Kiahler potential and moment map are:



M = R(® + ®). (6.1.8)

The dual potential is

. 1 _ ) _ _
R = =52 (0 +0)2 = (& +@)(T + V), (6.1.9)

While this looks as though both directions of T were dualized, one must remember
that the real part of ¥| is proportional to R times the real part of ®|. Only the

direction parameterized by the imaginary part of ®| was dualized.

6.2 Dualizing with semi-chiral superfields

Now we can give a straightforward extension of the previous discussion to the
case when we dualize an isometry of a sigma model parametrized by semi-chiral
superfields. We start with equation (4.3.10), add the Lagrange multipliers enforcing
that V' is pure gauge, and choose the same gauge Wess-Zumino gauge as in the

previous section. The dual Kahler potential is:

(D 2
K=K(XX,Y,V,2% + % W+ v+ M) (6.2.1)
2 M
The analogue of (6.1.7) reads:
o O(i&K), O(i&K),
(&e)(&e) K| =0, aza =0 -5 |=-1 (6.2.2)

From (6.2.2) we see that the coordinates in the combination of semi-chiral superfields
corresponding to &. have been replaced by coordinates in a twisted chiral superfield
in the dual geometry. This is analogous to what happened in the case of chiral and
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twisted chiral superfields. It was also expected from gauge fixing considerations,
although it was not a propri clear exactly how it would happen. We now have an
explicit description of the T dual of a theory with semi-chiral superfields at the

manifest (2,2) sigma model level.

6.3 An example: T-duality with semi-chiral superfields in flat space

In this section we try to develop some intuition about the dualization prescrip-
tion described in the previous section. Given that we perform a duality transforma-
tion by gauging away part of a certain combination of semi-chiral superfields, and
in doing so we trade it for a twisted chiral superfield, it is not a priori obvious that
this is equivalent to the Buscher rules. In particular, we would like to check this in
a simple example, namely flat space with a U(1) isometry.

We start with four-dimensional flat space as our simplest example because one
needs both left and right pairs of chiral and anti-chiral superfields in order to be
able to eliminate the auxiliary components of the semi-chiral superfields and obtain

a sigma-model action. Therefore we begin with the following (2,2) Kéhler potential

K=RX+Y)X+Y)- %(YJrY)Q (6.3.1)

where D, X = D_Y = 0. By descending to the level of (1,1) superspace using [33],

88



we find the sigma model metric

0 2R R 0
2R 0 0 R
G = , (6.3.2)
R 0 0 R
0 R R O

where the rows and columns are labelled by X|, X|, Y|, Y|. This gives us the action

for the bosonic components
S = /d%R(aaxaaX + 0" (X +Y)0,(X +Y)), (6.3.3)

where for simplicity we denoted by X the bosonic component of the (1,1) superfield
X|. Denoting Z = X + Y we notice that it is inert under the global shift symme-
try. By performing a diffeomorphism transformation to (X, X, Z, Z), we obtain the

metric in canonical form

G = . (6.3.4)
00 0 R

0 0 R O

The T-dual sigma model is obtained from the dual (2,2) Kéhler potential given in

(6.2.1). In this particular case, (6.2.1) reads:

K= R(X+Y)(X+Y)—5(Y+Y)2

4

- % (¢+¢+R(X+X+%(Y+Y))) (6.3.5)
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and the corresponding T-dual sigma-model metric is equal to:

—4R SR 4R —-5R 5 —4

5R —4R —-5R 4R -4 5

9 4R —5R —4R 5R -5 4
3G = : (6.3.6)
—5R 4R 5R —4R 4 -5
5 -4 -5 4 -4 4
-4 5 4 -5 B 2

where the rows and columns are labelled by X, X, Y, Y, ¢, 1. At first sight this result
is puzzling, because we claim that we found the T-dual of a sigma model whose
target space is flat four-dimensional space. At the same time, the dual sigma-model
involves six fields, and so, apparently the target space is six-dimensional. These two
seemingly contradictory statements are reconciled when one takes a closer look at
the T-dual metric, and finds that it actually describes a four dimensional subspace.
This is obvious when expressing the previous T-dual metric in terms of the following

coordinates: (X, X, W =Y — X, W, 1,)

9 0 0 —4R 5R 4 —5
G = , (6.3.7)

4
R R
where we make the observation that W = Y — X is also inert under the global

U(1) action. The final step in getting the metric in its canonical form is to make a
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coordinate transformation to T'= W — % :

9 00 —4R 5R 0 0

56 = : (6.3.8)
00 BR —4R 0 0
00 0 0 0 %
00 0 0 2 0

This form of the T-dual metric makes it clear that the T-dual geometry is four-
dimensional and that the Buscher rules, which in this case amount to R — 1/R, are

obeyed.
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Chapter 7

The Semi Chiral Vector Multiplet

The discussion of T duality given in the previous section has a very unpleas-
ant feature, the need to introduce a higher dimensional auxiliary space in order to
describe the T dual background. While the auxiliary space is definitely a general-
ized Kahler geometry, it is unclear if the effective geometry is generalized Kahler.
These problems can be traced directly to the vector multiplet used to implement T
duality. Using the chiral vector multiplet is inadequate for the purpose of describing
T duality because one cannot entirely gauge away a semi chiral superfield whose
gauge transformation is to shift by a chiral superfields. This leads us to ask the
question "Is there a vector multiplet with prepotentials that shift by semi chiral su-
perfields?”. We begin our investigation by noticing that the known vector multiplets,
the chiral and twisted chiral vector multiplets, have a direct relationship between
the gauge transformation parameter representation and the constraints consistent
with the gauged supercovariant derivative algebra. Specifically, the gauged superco-
variant derivative algebra for the chiral vector multiplets is consistent with setting
covariantly chiral constraints and has chiral gauge transformation parameters. The
analogous statement is true for the twisted chiral vector multiplet. This suggests
that we look for a gauged supercovariant derivative algebra that is consistent with

setting covariantly semi chiral constraints. It should be noted that both the chiral
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and twisted chiral vector multiplets are already consistant with imposing covariantly
semi chiral constraints. That is the covariant way of stating that one can couple semi
chiral superfields to the chiral or twisted chiral vector multiplets. Since the semi
chiral constraint is weaker than the chiral or twisted chiral constraint, we should
look for an gauged supercovariant derivative algebra that isn’t as constrained as the
chiral or twisted chiral vector multiplet. Said another way, we want to look for a
gauged supercovariant derivative algebra that is only compatible with imposing semi
chiral constraints. In this section we will describe such a vector multiplet, the semi
chiral vector multiplet. We will give the gauged supercovariant derivative algebra,
the kinetic terms for the multiplet and describe how to couple the multiplet to semi
chiral matter using the prepotentials. We will then give comments on describing T

duality using the semi chiral vector multiplet.

7.1 The Algebra and B.I.’s

We start by introducing gauge supercovariant derivatives V4 = Dy — 1l 4t
where I"4 is the supergauge field and ¢ is the abstract generator of the U(1) sym-
metry we wish to gauge. We then impose the following constraints on the gauge
supercovariant derivative algebra. For conventional constraints we impose the con-
dition

(7)*[Va, Vs} = —4iV, (7.1.1)

The constraints that preserve semi chiral representations are

(72)*[Va, V} = 0. (7.1.2)
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The algebra and bianchi identites for the above constraints are

[Va,Vg} = 4ig(v*)asTt
[Va. Vst = 2i(7)asVe + 29[CasS — i(7*)ap Pt

[Va, Vi) = g(%)aﬂwﬁt - g<737b)aﬁﬁﬁt

[Va, Vo} = —igeapsWt (7.1.3)
and
V.S = —ilW,
VoP = —(7))"W;
VI = 0
V.I = Q,
ang = — aﬁU

Volls = 2i(v)asVaT

VW, = 0

ValWy = iCasd = ()aslo1 + W) + (1)apVaS — i7" ) VP
Vod = (v).°V.W;

Voo = 0

Voo = 2i(7)a" Va5 (7.1.4)

It is of interest to note that the B.L.s require that T is chiral and Il = S — iP is
twisted chiral. At first glance one might think that this algebra is direct sum of the
algebra’s for a chiral and twisted chiral vector multiplet. That this isn’t the case

can be seen in at least two different ways. The first is mixing of the auxiliarly field
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o in the B.I’s, specifically in the V,Wj3 and V{3 terms. The discussion of the

second argument is better suited to take place after the discussion of prepotentials.

7.2 Prepotentials

The description given above is an off shell description and thus the field
strengths can be solved for in terms of unconstrained prepotentials. To find the
prepotentials we consider the representation preserving constraint (7.1.2) and see

what they imply for the potentials I',. In terms of the super field strengths we have

Fy = 2D,y =0—Ty =D,V

F_ = 2D T_=0—T_=D_V (7.2.1)

The prepotentials have two types of gauge transformation. Since the super field
strengths are invariant under I'y — I'y+ D4 L where L is an arbitrary real superfield,

this implies that V; and V, share a common gauge transformation
Vi—=Vi+L,  Vo—Vo+1L (7.2.2)

V; and V5 also have a priori independent gauge transformations. For D, A = 0 and

D_U = 0 the super field strengths are invariant under the transformations
Vi—Vi+A (7.2.3)
and
Vo - Vo+U (7.2.4)

Here we see that we have found a vector multiplet with prepotentials that shift by
semi chiral superfields under gauge transformations. At this point we can also give
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the second argument as to why the semi chiral vector multiplet can’t be obtained
as a direct sum of the chiral and twisted chiral vector multiplets. Recall for the
chiral vector multiplet that after fixing the gauge symmetry parameterized by the
analog of L gauge transformation, it has only one real prepotential. The same is
true for the twisted chiral vector multiplet. One would expect that a direct sum of
the chiral and twisted chiral vector multiplet would be described in terms of two
real prepotentials. However, for the semi chiral vector multiplet given above, there
are three real prepotentials after L gauge fixing.
The solutions for the field strengths in terms of the prepotentials are

1.
T = ZD2(V2—V1)

) 1 .-
T = ZDQ(V2—V1)

1 _
N = S—iP=_D.D (V;~ Vi)

1 _ _
M = S+iP=3D.D(Va~ V) (7.2.5)

7.3 Duality between Chiral and Twisted Chiral Vector multiplets

While the semi chiral vector multiplet isn’t reducible in terms of a chiral and
twisted chiral vector multiplet, it contains both the chiral and twisted chiral vector
multiplet. This can be seen in the following way. Starting with equation (7.1.3)
and setting the field strength 7' = 0, one finds that the B.L.’s require that Q, =
o = 0. The resulting algebra and B.I.’s are identical to the those for the chiral
vector multiplet [41]. Similarly if one sets S = P = 0 then the B.I.’s require that

W, =d =0 and oy = —W. This then gives the algebra and B.I.’s for the twisted
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chiral vector multiplet. In this way we can view the semi chiral vector multiplet as
the parent multiplet that gives rise to the chiral and twisted chiral vector multiplet.
This isn’t very surprising in hind sight. The semi chiral constraint is weaker that
the chiral or twisted chiral constraint. It is only the zero modes allowed for a
massless representation that distinguishes a semi chiral superfield from the sum of
a chiral and twisted chiral superfield. From this point of view, one could expect
the semi chiral vector multiplet to incorporate both the chiral and twisted chiral
vector multiplets in its structure. Then setting the field strengths to zero in the
way described above is just how one enlarges the types of constraints that can be
imposed on matter representations. The observed duality between the chiral and
twisted chiral superfields can be seen as the origin of the mirror nature between

chiral and twisted chiral vector multiplets described in [41].

7.4 The Gauge Field Action

At this point we have only established that the representation is irreducible.
We need to find the action that governs the dynamics for the multiplet. We can guess
the form of the action on dimensional grounds. Since [d?0] = 2, then the action must
be a function of dimensionless fields. Since the action must also be gauge invariant,
this suggest that we can use the mass dimension zero field strengths from the algebra
S, P, and T. What is particularly nice is that we will see the mechanism the theory

uses to demonstrate that it is not a direct sum of the chiral and twisted chiral vector
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multiplets. Consider the following actions
1 2, 1402
S) = ~1 d°xd*60S (7.4.1)

and

1 _
Sh=73 / d*xd*0TT (7.4.2)

Both actions are manifestly supersymmetric since they are written directly in su-
perspace. However both terms are necessary in order to obtain the field strength
squared term W? in the action. Lets see how that works. Evaluating the Grassmann
measure with

1 — o,
/ a0 = g[vavavﬁvﬁ + VPV5VV,), (7.4.3)

we get the component actions

1 _
S) = 3 / d*z[2i(N)(7) 5 Va(Aa) + VSV S+ VPV P+ (01 + W)  +d?] (7.4.4)

where W,|=\, and

1 —
52 - 5 /dzl‘[gg + Qiﬁﬁ(’ya)ﬁavapa + 4VaTvaT] (745)

with Q4| = pa. If we just used S;, we would see the e.o.m for o1 would eliminate the
presence of W in the action and thus the gauge field wouldn’t have kinetic terms.
We would get the same result if we just used S, for the more simple reason that
W doesn’t appear in the action. It is only the sum of the two terms, Sy + ¢y 5o,
that will generate kinetic terms for the gauge field. Since each action is separately
supersymmetric, the remaining issue to settle is what should the relative coefficient

be. Looking at the kinetic terms for the scalars we see that ¢y must be positive with
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no extra restriction from requiring the appropriate sign for the gauge field kinetic

terms in this case +)V?2. For simplicity we set ¢y = 1 and consider the action

1 1.
S = /d2xd48[—152 + 5TT].

1 _
= 3 / z[2i(AN)(v) 5V a(Aa) + VSV S + VPV, P + (0 + W)? + d°

+ G0 + 2ip” (") 3*Vapa + 4V TV, T (7.4.6)

7.5 Fayet-Iliopoulos terms

Since the semi chiral vector multiplet has three real prepotentials, it has room

for three F.I. terms [56] in the action. They are given by

Spr = /de[aD2T +aD*T + DD, (bI1 + bI1)]

1
= 4/d2I[T’1<0'1 —+ §W) + ro0g + T3d]. (751)

The relations between the complex constants a, b and the real constants rq, ry, r3 are

1 _ (s
rn = Z_l(&+a)+§<b_b)
ry = Z(a—a)
ry = %(b+b) (7.5.2)

7.6 Coupling to Matter

Coupling the new multiplet can be described in two ways. One is to evalu-
ate the measure in terms of the covariant derivatives, push the derivatives onto the
Kéhler potential, and evaluate the fermionic derivatives acting on the matter super-
fields in terms of the covariantly defined components of the matter superfields. The
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other way is to use the prepotentials to adjust the local gauge transformations of
the matter field to make the action invariant under the local transformations. Here
we describe the second method because of its greater ability to describe the gauging
of target space isometries in non linear sigma models. Lets recall the process for
gauging chiral matter described in [37]. A chiral superfield transforms under the
global transformation as

P — P, P — P (7.6.1)

where € is the constant real transformation parameter. The kinetic terms for the
chiral fields are given by the Kihler potential, K = K (®, ®) which is invariant under
the above transformations (and not to be confused with the gauge parameter dis-
cussed above). When the transformation is made local, the parameter € is promoted
to a chiral superfield and thus € is anti chiral. However, this means that ® no longer
transforms with the same parameter as ® and the invariance of the Kahler potential
is lost. To restore the invariance we need to find a way to get ® and ® to transform
with the same transformation parameter. To do so we use the real prepotential' |V,
from the chiral vector multiplet which transforms as 6V = i(€ —€). We define a new
field

d=ecVO, (7.6.2)

and replace ® in the Kihler potential with @, i.e. K = K(®, ®) and we find that
the potential is invariant under local transformations.

A similar procedure will be used to gauge the Kéahler potential with left and

I This is actually the imaginary part of the complex prepotential for the chiral vector multiplet.
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right semi chiral superfields, however we need to make a few adjustments. The
Kahler potential is a function of the left and right semi chiral superfields, K =

K(X,X,Y,Y). It is invariant under the following transformations.
X X, X =X, Y =Y, Y ey, (7.6.3)

where once again € is a constant real parameter. To make the transformation local
we, as before, would look to promote ¢ a superfield. The issue is choosing the
representation to use. The only consistent choice is to promote the parameter for
each superfield to a parameter of the same representation. The transformations take

the form
X 67iAtX’ X e—z‘[\tX-’ Y — (zfiU’fy7 V = iUty (7.6.4)

Once again the invariance of the Kahler potential is lost with the above local trans-
formations. In order to restore the invariance we define new fields using the pre-
potentials, as before, that will transform properly to restore the invariance of the
Kéhler potential. This will happen in a way that looks different from chiral case.We
recall that the prepotentials actually have two gauge transformations. We can use
the left and right semi chiral transformation of the prepotentials to compensate
for the local transformations and exchange them for L gauge transformations. We

define new fields with the prepotentials transforming as in (7.2.3) and (7.2.4)

X = VX
X = "X
Y ety
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Y = &%y (7.6.5)

The new fields all transform with the same parameter and the invariance of the

action is restored with the replacements

K(X,X, YY) - K(X,X,Y,Y). (7.6.6)

The discussion of the gauged action via use of the prepotentials is completed by
giving the gauge fixing conditions for the L gauge freedom and choosing the appro-
priate Wess Zumino gauge. To start we need to give the components for the left

and right semi chiral transformation parameters.

Al =), U=u
Do Al = 4, DoU| = Xa
D_A|=¢_, D_U|=0
DAl =0, DyU|=ny
D?A| = F, D*U| =G
D?*A =0, D*U =0

(D, DiJA = —idA,

[D_,D_]A| = C_,
[D_, D{JAl =0,
D+, D_JA| =6,
D?*D,A| =0,
D?*D_A|=1_,
D2D+A’ = 0:€,
D*D_A| =0,
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D2D_U| = 8:774,_

(D, D4|U| = B
[D_,D_JU| = —id-u
[D-, DU =¥
[D.,D_JUl=0
D?’D. U|=w,
D*D_U| =0
D*D.U| =0

(7.6.7)



To perform the L gauge fixing we need to decompose the prepotentials into the linear
combination of fields that transforms under the L gauge symmetry, and the orthog-
onal combinations that are inert under the L gauge symmetry. The combination

that L gauge transforms is

~

V = Re(V1) + Re(V%) (7.6.8)

And the orthogonal combinations are

V. = Re(Vh) — Re(Vh)
i = Im(W)
Vo = Im(Vh) (7.6.9)

We use the L gauge to fix V = 0. Then we consider the transformations of the
remaining prepotentials components under the remaining gauge transformations to
see which we can set to zero in the Wess Zumino gauge. We set to zero all of the
fields that transform by a shift and here give the remaining components. The gauge

field sits in ‘71 and ‘72 as

Ay = —i(7¢)++[D+’D+]‘~/1|
Al = —i(y)[D,D]f/Q\. (7.6.10)

The remaining components that cannot be set to zero in the Wess Zumino gauge

are related to the field strengths given in the algebra (7.1.3) and are given by

?

D*(Va=Wi)| = T|=T

W

SDeD-(G+ V)| = S—iP| ==
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iD2Da(‘~/1+‘72)| - _Wa|:_)\a

iDaDQf/Q‘ = Qa|:pa
1, o o~y - 1
g{D,D}V| = (01+§W)|
1 . -
g{DQ,DQ}(Vz—Vl)I = 0y
1 I -
g{D2,D2}(V2+V1)| = d|=d (7.6.11)

This completes the description of the Wess Zumino gauge.

7.7 Comments On T Duality With The Semi Chiral Vector Multiplet

The discussion of the coupling of the semi chiral vector multiplet above is the
analog of the standard discussion of gauged sigma models for chiral and twisted
chiral vector multiplets. In order to discuss T duality, we need to be able to gauge
away the entire semi chiral superfield. The tranformations of the prepotentials,
(7.2.3) and (7.2.4), allow the semi chiral vector multiplet to be gauged fixed in this
way. This should allow for a formal discussion of T duality for semi chiral superfields
analogous to the treatment given in [52]. We also have a description quotients since
the construction of quotients is a special case of T duality. A formal development

of this discussion is work in progress.
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Chapter 8

Conclusion

In this work we have demonstrated the utility of using superspace techniques
to study supersymmetric theories in two cases. In the first case we used superspace
to derive the first order in o/ corrections to the 10D N = 1 supergravity low energy
effective action for the heterotic string. We worked with both the gauge 2-form and
gauge 6-form multiplets. This was accomplished by using the dynamical equations
implied by the super Jacobi identities for the supergravity covariant derivatives
to construct an action. We then demonstrated that this action is equivalent to
what is obtained via the Noether procedure. Along the way, we saw an interesting
tensor appear, the Y,,. tensor, that played the role of exchanging the group and
form indices on the wedge product of the Ricci 2-form in the exterior derivative
of the Chern Simons form. Though we argued that at linear order in o’ this new
tensor doesn’t affect the effective action, it remains to be seen if this stays true at
second order. It would interesting to investigate the geometrical significance of the
Y,pe tensor on general grounds. One can potentially obtain other ” R*” terms by
considering additional terms for the auxiliary field A,;.. This could generate the
complete supersymmetric completion of the " R?” terms. If one also turns on the
Yang-Mills coupling, this procedure would generate the supersymmetric completion

for this coupling as well.
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In the second case, we used superspace techniques to derive a formalism for
discussing T duality in the context of generalized Kéahler geometries via the use of
N = (2,2) supersymmetric non linear sigma models with semi chiral superfields.
There we saw the beautiful way that manifest (2,2) superspace encoded all of the
information concerning the background into a single potential function. This was
done by starting in (2, 2) superspace and performing a reduction to (1, 1) superspace
with a non linearly realized extra (1,1) supersymmetry. All of the geometric infor-
mation associated to generalized Kéahler geometry with an isometry was captured
very naturally by superspace without the need to give any input except for what
scalar superfield representations we would use. The moment map and one form u
associated to the presence of a B field were obtained. Working directly in (2,2)
superspace we used the chiral vector multiplet to give a formulation of T duality in
terms of the sigma model. This formulation has the advantage of giving an explicit
dual potential, but at the cost of introducing extra fields. These extra fields are
a highly unwanted feature as they require us to think of the dual model as being
embedded in degenerate auxiliary space. The problem of introducing extra fields
was traced back to the fact that the chiral vector multiplet can not gauge away a
semi chiral superfield. This lead to an investigation that resulted in a previously un-
known (2, 2) vector multiplet, the semi chiral vector multiplet. This vector contains
the degrees of freedom necessary to completely gauge away a semi chiral superfield.
The formulation of T duality for sigma models with semi chiral superfields using
the semi chiral vector multiplet is work in progress. After establishing a complete

description of T duality using the semi chiral vector multiplet another important
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issue must be addressed. The discussion of T duality in this work has been entirely
classical. However, for T duality to be a symmetry of string theory it must persist at
the quantum level. Along the way, we also used the derivation of the moment map
in the sigma model language to investigate a mathematical definition of the moment
map in terms of eigenspaces of generalized complex structures. In the cases where
the complex structures of the generalized Kahler geometries commute, we were able
to show complete agreement with sigma model derivation of the moment map and
the mathematical definiton. We were unable to obtain conclusive results in the case

where the complex structures do not commute.
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Chapter A

Appendix A: 10D Definitions & Conventions

The basic tool we use is ten dimensional chiral superspace with structure
group SO(1,9). Definitions and properties (such as multiplication table and Fierz
identities) of ten dimensional chiral sigma matrices we adopted here can be found
in [57]. Given the super frame EA = (E%, E®), conventions for superforms and

Leibniz rule for the exterior derivative are

w = ];EAI...EAP WA,.. A 5 (A.0.1)
d(wpwg) = wp(dwy) + (=) (dwp)wy - (A.0.2)

Representation matrices acting on the tangent space are blockdiagonal,

X = , (A.0.3)

and the vectorial and spinorial representations are related by the two-index sigma

matrix,
o _ Lo aby s 1 8y 0
Xo = Z(Uff)a Xabs Xap = _g(agb)a Xp". (A.0.4)
As soon as the action of the structure group is fixed,
oF = PBEX, (A.0.5)
the covariant derivative
VE = dE + aEQ (A.0.6)

108



can be defined using the Lorentz connection €2 with transformation law
) = —fdX + aX-Q) . (A.0.7)

The torsion 7', the curvature R and field strengths F), of an abelian (p—1)-form

are defined by
VE = AT, R = dQ+ aQQ, F, = dA,, (A.0.8)
and they satisfy the following Bianchi identities
VT = aFER, VR = 0, dF, = 0. (A.0.9)

The curvature in particular appears in the double covariant derivative of covariant

vectors

VVu = auR. (A.0.10)

Dragon’s theorem states that in supergravity the Bianchi identity for the torsion
together with (A.0.10) implies that the Bianchi identity for the curvature is auto-
matically satisfied.

The Chern-Simons form
Q= tr (QR— %QQQ) (A.0.11)

satisfies

dQ = tr(RR). (A.0.12)

Finally, let us consider a redefinition

Q= Q+x (A.0.13)
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of the connection. This shift in the connection affects the torsion, the curvature and

the Chern-Simons form in the following way:

YT —-T) = aEyx , (A.0.14)
R—-R = Vy—axy , (A.0.15)

. 2
Q—-Q = tr <2RX —xVx+ ?axxx + d(Qx)) : (A.0.16)

Let us display the above relations in terms of form-components. First of all,

(A.0.10) gives the algebra of covariant derivatives acting on covariant vectors
(VP, VB) ut = —’}/TPB}—V}‘UA + Oé'R,pB]:AU}— . (A()l?)

The Bianchi identities become

W Tesy* + V*Tivr” Trp™ — aRwrs* = 0 (A.0.18)
p
Via Fag.ap) + 7§T(A1A2|]:F]-'|A3...Ap+1) = 0. (A.0.19)

The components of the Chern-Simons form are

1 «
Qapp = tr (§Q(ARBP) + gQ(AQBQP)) , (AOQO)

while the redefinitions take the form

~

YT —T)ps* = axres™?

(R=R)sa= Vxa +7Tpa” xr + axsxa

2a

Teay” xF + ?XBXA)) ,

7

(Q—Q)ppa = tr[ RpeXxA) — X(P <VBXA) +t5

— Vr(Q8xa) — %Q(}'X(A)TPB)]:]
(A.0.21)
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The conventions of Wess and Bagger correspond to the choice a =1, v =1,
while the conventions in [9] correspond to a« = —1, v = —1. Also, the Chern-Simons
term denoted by X in [9] is X = —@Q.

The graviton and gravitino is identified in the super frame B4 = (E%, E%),

1
EQ” = dxmemQ’ Ea” f— deM¢ma <A022)

The torsion, T' = —VFE, satisfies the Bianchi identity
VI = ER. (A.0.23)

The two-form gauge potential of the pure 10 dimensional supergravity multiplet is

identified in a two-form on the superspace
1 m n
B|| = §dxfdxfBﬂm. (A.0.24)
Its fieldstrengths G = d B satisfies the Bianchi identity

dG = 0. (A.0.25)

The Green-Schwarz mechanism teaches us that in order to deal with anomaly free
supergravity the field strength of the antisymmetric tensor has to be accompanied
by both the Yang-Mills and gravitational Chern-Simons terms. Here we consider

only the gravitational part.
1
Q = tr(RQ+ gQQQ), dQ = tr(RR). (A.0.26)
Therefore, it is convenient in general to define a new object on superspace,

H =G + vQ, (A.0.27)
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and consider the Bianchi identity satisfied by this three-form H,
dH =+tr(RR). (A.0.28)

The six-form gauge potential of the dual pure 10 dimensional supergravity multiplet
is identified in a six-form on the superspace
1 m m,
M| = 5dxf1 o d2™ M, - (A.0.29)

Its fieldstrengths N = d B satisfies the Bianchi identity

AN = 0. (A.0.30)
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Chapter B

Appendix B: 10D Variations
For arbitrary variation of the connection 6€) the curvature squared terms

and the Chern-Simons form ) change according to

Str (R2Ry) = —dtr[(V,RY)50,] + 4%(%@“(73@59@)) (B.0.1)

0Q = tr[ 2R + d(209) ] . (B.0.2)
The scalar curvature transforms also:

SR = e,y R (B.0.3)

= 20,0, (00%Y) — T, 0020 . (B.0.4)

In the case where 6Qyp, = 207, with totally antisymmetric torsion this yields
OR = —6(1T,, . T2%¢). In particular this implies also that the combination R +

4—-aob

1T T8¢ is independent of a redefinition (A.0.13) provided that x is totally anti-
symmetric.

Using the above formulae one may compute the following variations with re-

spect to an object Lg. appearing in the Lorentz connection as

QQQQ = Wabe — Labg; (B05)

113



with w the torsion free spin connection:

e et tr (R@ Rgb) ~ —46_1V9( €4¢’Rgéggl) SILbed

2
_ge—l 64<I>Lgbg5Lng£ ~ 4‘93@9&@ 6Ligp — fo~ 1 42 Rabed L@%é[,@d

2
_ge—l €4<I>LQQQ5LY _ 464@(72@@@ + RQQQ)LEQQ 5LE§¢

Q
IS
10

2 /
5 € Ly Lol (€p) + 00D (BOS)

However, the first term in the variation (B.0.6) may be recast in the form

—4 [VQ( €4¢Rgb£d) §Lbed  ~ —464':1)(’]2@ cd + R, GQ)LEQQ §Lkcd

Bgbed

L
2 1
+§e4‘1> |:LabkLcdk — —gg,abed:| 5L <g~ >

+O>H). (B.0.9)

Now observe that the sum of the variations written above is expressed as a com-

bination of the equations we derived from superspace geometry. We denote this
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combination of variations simbolically by f(&):

2
f(g) = e—l 64‘1>5Ltr (RQQREQ . ge—l e4<1> LQQE 6L( Q +Y )gbg (BOlO)

fE) ~ 4Ep, 02" Lias

+ 8 [64¢V@<e’4¢£}3@) + (e@é}m — éBLk) Lkbg} 0Lgpec

2 .1
— e E el <5§M ) (B.0.11)
+ o). (B.0.12)

Therefore the superspace equations imply the vanishing of the above combination
for an arbitrary variation of the object Lg.. In particular, this is valid at zero order

in 4" both for the anomaly free supergravity and for its dual.
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Chapter C

Appendix C: 2D Spinor Conventions

Nab = (17 _1) ) EabECd = _5[ac(5b}d ) el = +1
() ()57 = n"6a" — (%) . (C.0.1)
The last relation implies

e =21, Pyt = ey, (C.02)

Some useful Fierz identites are
CopC?’ = 62785°

(7)ap (1)’ + ()ap(7?)? = =670p)°
()’ (e’ + () (7)p)’ = 0"9s)°
()@ (1))’ = —2(7)as(7*)”
2(1")as(12) + () (7*)p)° = =070
(Ya)a’ 05" + (V*70)a” ()" = (*7a)as(v*)"° (C.0.3)

For an explicit representation we chose to represent the y-matrices in terms of the

Pauli matrices as

()a? = (62" . (1) = —i(eM)e? , (1P)’ = (6%),7 (C.0.4)



The spinor metric C,5 and its inverse C*? can be identified as
Cop = (02)a5 , O = —(02)0‘5 (C.0.5)

The exlicit representation imply the following symmetry properties

(Y)Y = (), () = (), ¢ =—Cre (C.0.6)

()T = =(v)a" 5 [T = (1))a” (C.0.7)

[(V)asl” = (1)ap + [(1)as]" = =(7")as  [Casl” = —Cag

()] = () ()] = =(%)F , [0 = —C*7 (C.0.8)
The N = (2,2) supercovariant derivative algebra in the complex basis is

[Do,Dg} = 0

[Da, Dg} = 2i(7")ap0a (C.0.9)

Meaning of (p,q) supersymmetry in two dimensions a
Dirac spinor is a two component complex spinor. In two dimensions one can im-
pose both the Weyl and Majoranna conditions on spinors. This means that the
irreducible representations of spinors are one component real left or right handed
spinors. Supersymmetric theories are labeled by the number of left handed and right
handed supercharges they posses. This is usually denoted by saying the theory has
(p, q) supersymmetry, where p is the number of left handed supercharges and ¢ is

the number of right handed supercharges.
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Chapter D

Appendix D: Algebraic Aspects of Superspace

The supersymmetry algebra is the extension of the Lie algebra for the Poincare
group to a Zy graded Lie algebra. The grading is in terms of even (bosonic)
elements and odd (fermionic) elements, where even(odd) refers to the elements
commuting(anti-commuting) property. We use a collective index for graded ten-
sors denoted by capital roman letter i.e. A = (a,«) where a is vector (even) index
and « is a spinor (odd) index. The exchange of order for two elements is determined
by the grading of the elements. The even elements are assigned weight 0 and the
odd elements are assigned weight 1. Then the exchange of order of two elements is

given by

0,0, = (—)*W@ 0,0, (D.0.1)

Derivatives act on products via a graded product rule.

VA(010,) = (VA0,) 05 + (=)D O, (V40,), (D.0.2)

where A is also used to denote the weight of the tensor. The extension of the
Lie bracket is just to chose the regular commutator if one of the elements under
consideration is even and the anti-commutator if both elements under consideration

is odd. This is easily denoted by defining the graded Lie bracket as
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(01,05} = 0,0, — (—)*D* 30,0, (D.0.3)

The major tool used in studying both topics in this dissertation is the consis-
tency of the gauge supercovariant derivative algebra, either for supergravity or super
Yang-Mills. The consistency is determined requiring that the covariant derivative
algebra satisfy the extension of the Jacobi identity for lie algebras, the super Jacobi

identity

()2 Va, VB Ve +(=) P4V, Ve b, Vat+(—)P[[Ve, Va}, V) = 0 (D.0.4)
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