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The standard model (SM) of elementary particles has been established for
more than 30 years and tested by a large number of experiments. However, because
of the naturalness problem of the electroweak symmetry breaking scale and a large
number of unexplained parameters in SM, physicists have been looking for a more
fundamental theory. Supersymmetry (SUSY) and grand unification are two appeal-
ing concepts that have been mostly implemented to build candidates for beyond SM
theories. SUSY helps to stabilize the scale of electroweak symmetry breaking, and
grand unification embeds the SM gauge groups into larger and more fundamental
gauge groups.

Neutrino oscillations, signaling massive neutrinos, are the first direct evidence
of beyond SM physics. A tiny neutrino mass can be elegantly explained by the
seesaw mechanism. The neutrino masses from this mechanism are of Majorana type
and therefore break the B — L (baryon number minus lepton number) symmetry.
A favorable framework of studying neutrino masses and oscillations is the SO(10)

grand unification theory (GUT) which naturally accommodates a B — L breaking.



The same B — L breaking can also facilitate baryogenesis via a leptogenesis scenario.
This provides an interesting correlation between these two pieces of phenomenology.
This thesis presents a realistic SUSY SO(10) GUT model with lopsided structure,
which generates the correct masses and mixing of neutrinos and produces the right
amount of baryon asymmetry.

One of the most characteristic features of this model is the lopsided mass
matrices structure. We examine observables in B decays that are sensitive to this
structure, and find a specific pattern of predictions that can be used to test this

type of models.
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Chapter 1
INTRODUCTION

1.1 The Standard Model

There have been discovered, so far, four fundamental interactions in nature.
They include, in the order of increasing strengths, gravity, weak interaction, elec-
tromagnetic interaction, and strong interaction.

The gravity is the earliest studied interaction, yet still the most mysterious
one. It caused the apple to drop on Newton’s head, and governs the structure of
galaxies. It keeps the moon moving around the earth, and the earth around the sun.
Its strength is proportional to masses, and therefore the gravitational interaction
between microscopic particles is significantly weaker than the other three forces.

Electromagnetic interaction is another interaction that we are familiar with.
Most of the physical phenomena in our ordinary life are related to this interaction.
It binds electrons to the nuclei to form atoms, and it binds atoms into molecules. All
the chemical and biological processes are conducted by this interaction. Our feelings
of cold and hot, tastes of sweet and sour, and emotions of happiness and sadness
are all electromagnetic signals in our nervous systems. At microscopic levels, this
interaction should be quantized, leading to the quantum electrodynamics (QED), a
U(1)gn gauge theory, in particle physicists’ jargon.

While the formation of an atom is due to the electromagnetic interaction, the



formation of the much tinier object — the nucleus — can only be possible by a
much stronger force, the strong interaction. It has taken a long time and a series of
nontrivial discoveries to realize that the strong interaction among hadrons is only
the residual effect of a more fundamental interaction, the quantum chromodynamics
(QCD), which is a SU(3)¢ gauge theory of more fundamental particles — quarks.
The most remarkable properties of QCD are the asymptotic freedom [1] and quark
confinement — no free quark found in experiments.

The weak interaction is responsible for the processes like decays, fissions, and
fusions of atomic nuclei. Without this interaction, the sun would not be powered
and we would face the most serious energy crisis. This interaction is rather unique.
First, it was found to break the parity maximally [2] — only left-handed fields
participating in the weak interaction. Second, the interactions of QED and QCD
are through the exchange of massless gauge bosons: photons and gluons in the case
of QED and QCD, respectively. The weak interaction, however, was first proposed
as a four-fermion pointlike interaction by E. Fermi [3]. Although it was found later
that this pointlike interaction is only a low-energy effective theory and the exchange
of vector bosons W*, Z° is indeed involved in the weak interaction, these vector
bosons are massive (their heavy masses, in fact, explain why this interaction is
so weak). The existence of fundamental massive vector particles in the quantum
field theory breaks unitarity and leads to non-renormalizability of the theory, which
indicate the ultraviolet inconsistency.

This problem of weak interaction is tightly related to that it is not a gauge the-

ory, where gauge bosons are guaranteed to be massless by gauge symmetries. This



suggests that one prospering way of unitarizing the weak interaction and making it
renormalizable is to restore the gauge symmetry at high energy. It was realized by
P. W. Higgs [4] that although there are Goldstone bosons arising from the sponta-
neous breaking of continuous global symmetry [5], these Goldstone boson degrees
of freedom, in the case of spontaneous breaking of gauge symmetry, are “eaten” by
gauge particles and become their longitudinal components. Thus, the spontaneous
breaking of gauge symmetry makes gauge particles massive. At high energy, the
gauge symmetry is restored and the theory behaves well ultravioletly. This is the
Higgs mechanism and has been applied to the case of the weak interaction. The
gauge symmetry SU(2), x U(1)y, where the subscript L denotes the left-handed
and the subscript Y denotes the hyper-charge, is assumed to be broken to U(1)gy,
by the vacuum expectation value (vev) of the Higgs fields. Three generators of
the SU(2), x U(1)y gauge symmetries are broken, and three corresponding gauge
bosons W, Z° become massive, while the other gauge boson corresponding to the
unbroken gauge symmetry U(1)gys, i.e. the photon, remains massless. The Dirac
masses of fermions which couple left-handed and right-handed components are for-
bidden before the symmetry breaking since they are not invariant under the gauge
group SU(2),. The spontaneous breaking of the gauge symmetry SU(2), x U(1)y
also generates fermion masses. In the end, all the fermion masses and the W*, Z°
boson masses are proportional to the Higgs vev. This application of Higgs mech-
anism to the case of weak interaction leads to a unified picture of electromagnetic
and weak interaction: they belong to the unbroken and the broken parts of the same

gauge groups SU(2), x U(1)y. This is the main point of the standard model (SM),



in which three of the fundamental interactions are described in the framework of
gauge theory of three gauge groups SU(3)¢ x SU(2), x U(1)y. The SU(3)c de-
scribes the strong interaction. The SU(2);, x U(1)y, i. e. the electroweak sector, is
the origin of the electromagnetic and weak interactions.

SM is so far the most successful model of elementary particles. Tremendous
amount of experimental data have been found to support it. However, although it is
renormalizable and hence does not manifestly require a ultraviolet completion, SM
still suffers the naturalness problem and has a large number of parameters, and beg

for a more fundamental understanding at high energy.

1.2 Problems of the Standard Model

1.2.1 Hierarchy Problem of Standard Model

There are two fundamental scales in the SM. One is represented by the mass of
proton, or equivalently Agep — the scale at which the running coupling of QCD [1]
becomes non-pertubative, quarks become confined, and chiral symmetry is broken.
This scale is generated through dimensional transmutation from a theory without
any scale at the first place — QCD is formally a conformal theory with quark masses
neglected. This scale, although signalling tremendous difficulties in understanding
the strong interaction at low energy, is perfectly a natural one by itself.

The other scale, which is of totally different type, is represented by the mass of
fundamental fermions, including both quarks and leptons. This scale is associated

with the electroweak symmetry breaking (EWSB). In SM, the EWSB is induced



by the Higgs mechanism and the scale of it depends on the Higgs potential. The
problem is that the Higgs field is scalar whose quadratic coupling is not protected
by any symmetry in SM and therefore its mass is quadratically divergent. In quan-
tum field theory, the quadratic divergence, like the logarithmic divergence, can be
renormalized by expressing the Greens functions in terms of physical observables
and absorbing the divergence into bare couplings which could be infinite. However,
the existence of a physical cut-off, which could be the grand unification scale or
the Planck scale, makes this quadratical divergence unnatural. This is because one
can only choose bare couplings once to absorb the infinities. A very large physical
cut-off, however, requires the theory to be adjusted accordingly after it is already
renormalized. This adjustment is to make two large scales cancel with each other
with a much smaller difference left. For example, given the grand unification scale
of the order of 10'® GeV, the fine-tuning required to make a electroweak scale of the
order of 100 GeV is one part of 102!

To solve this problem, there are generally two approaches. One is of the tech-
nicolor type which identifies the Higgs particle as a condensate of fermions. In this
way, the electroweak scale is generated in the similar way as the Agep is generated.
However, although this approach is conceptually appealing, no technicolor model
has ever been constructed to produce right fermion masses and mixing.

The other way of solving this fine-tuning problem is to impose some kind of
symmetry forbidding the scalar mass. The supersymmetry (SUSY) theory is of this
type. The bosonic and fermionic sector are connected by SUSY and therefore the

scalar mass is protected from quadratical radiative correction since the correspond-



ing fermion mass is protected from it by chiral symmetry.

Not only does it solve the fine-tuning problem of SM, SUSY, by itself, is
conceptually attractive as it offers way to get around [7] the Coleman-Mandula “no-
go” theorem [8] which claims that there is no way to extend the Poincaré group to
include space-time transformation that connects particle states with different spins.
As this is realized by the SUSY algebra, it would be a surprise if nature does not
use it.

Besides solving the fine-tuning problem and being conceptually favorable,
SUSY is an attractive candidate for beyond SM physics in many other aspects:
it provides a dark matter candidate, as the lightest SUSY partner of SM particle
(LSP); the local SUSY requires the inclusion of gravity for consistency; the introduc-
tion of SUSY partner particles (sparticle) modifies the running of gauge couplings
and makes three of them meet at a single point (the grand unification scale), which

persuade physicists to believe in both SUSY and grand unification theory (GUT).

1.2.2  Problems with the Gauge Groups of Standard Model

As the breaking of electroweak gauge symmetry SU(2);, x U(1)y introduces

the fine-tuning problem of SM, the SM gauge groups have many unjustified aspects:

1. The hyper-charge Y is quantized.

The quantum number of an Abelian group, in contrast to that of a non-Abelian
group, is not required to be quantized. This can be easily seen by looking at

the angular momentum and the momentum as examples. The rotations along



different directions do not commute with each other and therefore the angular
momentum is quantized. The space-time translations in different directions
commute with each other and therefore momentum can take continuous values.
However, in the case of hyper-charge, the U(1)y is an Abelian group, yet hyper-
charge is quantized. This fact indicates that the hyper-charge should have a

non-Abelian origin at a more fundamental level.

. The electron and the proton have exactly the opposite electric charge.

If the electric charges of a electron and a proton are not exactly opposite to
each other, atoms would not be neutral, which would have disastrous conse-
quence. However, the electric charges of particles in SM are due to the specific

assignment of hyper charges, which requires a more fundamental explanation.

. SM is only accidentally anomaly free.

The anomaly in SM cancels due to the way of the assignment of quantum
numbers. It is not due to the nature of the gauge groups of SM. The fact of
the accidental anomaly cancellation implies that the SM gauge groups might
be embedded in some larger group which is automatically anomaly free because
of the group structure. SO(10) group is such an example because it is a real

group which is automatically anomaly free.

. Left and right are different in SM.

The gauge group SU(2)., only acts on the left-handed fields. Its right-handed

counterpart SU(2)g is not present in SM. Does nature really prefer left to



right or is it only true at low energy? Although it is acceptable in terms of

phenomenology, parity breaking is not conceptually satisfying.

5. There are three separate gauge groups instead of one.

The gauge groups of SM appear to be rather complicated. Is it possible to have
a simpler theory at more fundamental level which has only one gauge group
and all the fermions are unified into one multiplet of this unification group?
As mentioned in the last section, the three gauge couplings do meet at one
point at grand unification scale with SUSY. This fact encourages physicists to

believe that these three gauge groups are indeed unified at that scale.

6. There are 19 parameters in SM, whose values are fixed by experimental data.

There are three uncorrelated gauge couplings for SM gauge groups. There are
six quark masses and three charged lepton masses. There are four parameters
in Cabibbo-Kobayashi-Maskawa (CKM) matrix including three mixing angles
and one CP violation phase. In addition, there are two parameters in the
Higgs potential: Higgs vev v and the quartic coupling A. The remaining one
parameter is the strong CP violation parameter #. These 19 parameters could
be correlated in a more fundamental theory. In SO(10) GUT, not only are
three SM gauge couplings unified into a single one, but also the masses and
mixing angles in the quark sector and the lepton sector are correlated, further

reducing the number of parameters.

All these problems point in one direction: SM should be embedded into some
GUT. There are many versions of GUT, such as SU(2), x SU(2)r x SU(4)¢ [9],
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SU(5) [10], and SO(10) [11]. All of them involve the unification of gauge groups
and the unification of quarks and leptons . Taking the SO(10) as example, all the
15 fermions of SM plus the right-handed neutrino are unified into a single 16 dimen-
sional spinor representation; left and right are on the same footing; the anomaly
automatically cancels since SO(10) is real; the hyper-charge is the linear combi-
nation of Ir; and B — L which are both generators of SO(10) and therefore it is

quantized and the assignment is not arbitrary.

1.3 Various Places to Probe the Beyond Standard Model Physics

The progress of the theoretical physics can never be driven solely by theory
itself. The only way to tell these concepts are relevant is to test them in experiments.

There are many ways to probe the beyond SM physics. For instance,

1. One may observe those heavier particles in a more fundamental theory directly
in colliders such as the Large Hadron Collider (LHC) which is planed to start

to run in 2007.

2. One may see the effects of the beyond SM physics in cosmology, which provides

a unique probe of very high energy physics at the early Universe.

3. One may probe the beyond SM physics through processes sensitive to loops,

like the penguin-dominated channels in B decays.

4. One may see the signature of beyond SM physics through processes revealing

new small violation of accidental symmetries, such as B, L, and B — L, of SM.



1.3.1 Neutrino Physics

The neutrino oscillations belong to the fourth type of probes discussed above.
They provide the first direct evidence of beyond SM physics in that it violates the
accidental symmetry L., , of SM.

Moreover, the neutrino oscillations imply that neutrinos are massive. The av-
erage mass of neutrinos has been constrained from cosmology to be of order 0.05eV
or smaller [12], a scale much lower than the masses of other fermions. This tiny
neutrino mass can be most naturally explained by the seesaw mechanism [13], indi-
cating the Majorana nature of neutrinos [14]. This brings the violation of another
accidental symmetry, B — L, of SM at a very high scale that is close to the grand
unification scale. The B — L, as an accidental symmetry of SM, is anomaly free and
therefore can be gauged. (A more precise statement is that B — L is anomaly free as
a global symmetry in SM and it is anomaly free as a gauged symmetry with right-
handed neutrino added to SM.) In fact, it is one of the gauge symmetries of SO(10)
and SU(2) x SU(2)g x SU(4)c. When the SO(10) and SU(2), x SU(2)g x SU(4)¢
are broken to SM, this gauge symmetry is broken spontaneously. As a result, these
GUTs provide a natural framework of B — L breaking which is a necessary condition
for the seesaw mechanism to work.

Even if one assumes that neutrinos are actually Dirac particles, whose masses
are the coupling between left-handed and right-handed Weyl spinors, the fact that
there are no right-handed neutrino in SM signifies the involvement of beyond SM

physics in the explanation of neutrino masses. moreover, the SO(10) and SU(2),, x
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SU(2)r x SU(4)c GUTSs, being left-right symmetric, require the existence of the
right-handed neutrino. For these reasons, studying neutrino oscillation in the GUT
framework is particularly interesting regardless the Majorana or Dirac nature of
neutrinos.

While it is well motivated to study neutrino physics in the GUT framework,
it is rather nontrivial to do this in practice. The reason is that the lepton sector
and quark sector are correlated in GUT. Like in SM, the fermion masses in GUT
are generated from Yukawa interactions. The Yukawa interactions in GUT are
among the GUT multipletes, which involve both the quark and the lepton fields.
In such a way, the masses of quarks and leptons are related. For example, the
SO(10) operator 1671610y, where 16,’s are fermion fields and 104 is a Higgs field,
contributes to Dirac masses of all the quarks (including both the up-type and the
down-type) and the leptons (including both the charged ones and the neutrinos).
Therefore, the masses and mixing of quarks and leptons are dependent on the same
set of parameters. There are totally 18 fermion masses and mixing angles that
have been measured. They include six quark masses, three charged lepton masses,
four CKM elements, three lepton mixing angles (there is so far only an upper limit
on the reactor mixing angle 63), and two neutrino mass-squared difference AM%,
and AMZ. A significant question is whether one can construct a realistic GUT
model explaining the masses and mixing in both the quark sector and the lepton
sector in terms of less than 18 parameters. If this goal can be successfully achieved,
it means some nontrivial GUT relations among the quark and lepton masses and

mixing angles are discovered. Given those conceptually attractive properties of
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GUT discussed in the previous section, it is an important task to investigate if the

unification of quarks and leptons can be realized in practice by constructing realistic

GUT models.

1.3.2 Baryogenesis via Leptogenesis

The current observation of the Universe depends on its early history when it
was very hot and thus was described by a more fundamental theory at high energy.
Because of this, cosmology provides a unique probe of beyond SM physics. One of
the puzzles in cosmology is where the baryon asymmetry observed in the Big Bang
nucleosynthesis (BBN) and the cosmic microwave background (CMB) comes from.

It was realized long time ago by Sakharov [15] that, in order to produce the
baryon asymmetry, three conditions have to be satisfied. They include: (1) baryon
number violation; (2) both C and CP violation; (3) out of thermal equilibrium
condition.

There are many scenarios of baryogenesis satisfying these three conditions.
Initially, it was thought that this can be realized by the baryon number violating
decays of heavy particles in GUT [16, 17]. But later, this scenario was ruled out
after it was realized that the baryon asymmetry produced in such way would be
completely washed out by the in-equilibrium sphaleron process [18, 19].

With the GUT scenario of baryogenesis abandoned, the next candidate is to
generate the baryon asymmetry in the sphaleron process itself. Since the out of

equilibrium condition has to be satisfied, this baryogenesis, referred as electroweak
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baryogenesis, can only happen in the bubble wall of the electroweak phase transition.
The requirements of strong first order phase transition and enough CP violation rule
out this scenario in SM and only leave small possibility in SUSY.

Since the electroweak baryogenesis is difficult, the scenario of baryogenesis via
leptogenesis [20] becomes a very attractive candidate. In this scenario, the right-
handed neutrinos, whose Majorana masses violate the B — L number, decay and
produce lepton number asymmetry. This lepton number asymmetry is converted
to baryon number asymmetry by the sphaleron process in such a way that B — L
number is conserved. The baryogenesis via leptogenesis scenario requires the B — L
breaking at very high energy, which is also a necessary condition for explaining
the small neutrino masses in terms of seesaw mechanism. This makes both neutrino
physics and baryogenesis via leptogenesis tightly related to the GUT since it provides
a natural scheme of B — L breaking.

Due to the connection among the baryogenesis via leptogenesis, neutrino physics,
and GUT, it is important to investigate if such a GUT model can be constructed to
explain fermion masses and mixing, including the neutrino sector, and at the same

time produce right amount of baryon asymmetry.

1.3.3 Low Energy Precision Test of SUSY GUT Model

As mentioned earlier, SUSY helps to realize the gauge coupling unification
which encourages physicists to trust both SUSY and GUT. Therefore, when an

SO(10) GUT model is constructed, one would like to supersymmetrize it and make
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it a SUSY GUT model.

While one certainly wishes to see those sparticles directly in the collider, one
may also detect their effects indirectly in the quantum loops. These heavy sparticles
in loops could induce new flavor violations and CP violations.

In SM, the flavor violation is only in the quark sector and all the CP violations
can be explained by a single CP violation phase in the CKM matrix [21]. Going
beyond the SM, one expects new flavor and CP violations in the new physics above
the electroweak scale Mgy . Constraints of lepton flavor violations such as u — ey,
T — vy, and 7 — ey have been established in experiments, with the constraint
on the first one (u — e7y) being the most restrictive. Constraints of various flavor
violations and flavor-changing /conserving CP violations in the quark sector have also
been established from experiments. Although the hadronic uncertainties make the
precision test in quark sector more complicated, there exist some golden channels,
such as By — ¢K, and By — n'K, that attract lots of interest. At quark level,
these processes involve b — ss§, where the SM contribution starts at the loop level
(penguin diagrams) [22]. These penguin dominated processes have attracted a lot
of experimental and theoretical efforts in hope to see the signature of beyond SM
physics.

With a SUSY GUT model that fits all the fermion masses and mixing and
produces right amount of baryon number asymmetry, it would be interesting to

investigate its impact on the low-energy precision tests.
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1.4 What is the Thesis about

In this thesis, we discuss an SO(10) GUT model with lopsided structure and
various phenomenological aspects of it, including the fermion masses and mixing,
baryogenesis via leptogenesis, and precision tests in B physics.

In constructing an SO(10) GUT model for fermion masses and mixing, the
first problem that one faces is how to produce large neutrino mixing and small
quark mixing simultaneously. The lopsided structure of SO(10) solves this problem
in an elegant way. However, the realistic SO(10) GUT models based on the lop-
sided structure in the literature suffer the fine-tuning problem. We construct a new
model with lopsided structure avoiding the fine-tuning problem. The new model
explains 18 measured fermion masses and mixing angles in terms of 13 parameters.
Moreover, being rather different from the previous model with lopsided structure
in the literature, our prediction of reactor neutrino mixing 6,3 is sizable and within
the reach of the next generation of reactor neutrino experiments.

In the baryogenesis via leptogenesis scenario, the right-handed neutrino decays
and produces the lepton asymmetry which is converted to the baryon asymmetry by
the sphaleron process. The lepton asymmetry, however, gets washed out by inverse
decays and scattering processes. The washout effect can not be too strong in order
for enough lepton asymmetry to be left. We investigate in detail how much lepton
number asymmetry can be produced and how much of them gets washed out and
find that right baryon asymmetry can be produced in our model.

The lopsided structure which characterizes our model implies that there is
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a large right-handed down-type quark mixing associated with the large neutrino
mixing in the 2-3 sector. This could induce large b — s transition in the SUSY
context. We study observables Sk and S,/ which are indirect CP violations in
the By — ¢Kg and By — 1’ Kg decays and find that predictions from our model with
lopsided structure show a specific pattern. This pattern can be used to differentiate
the models with lopsided structure from others.

The thesis is organized as follows. In chapter 2, we discuss the basics of the
SUSY and GUT, especially the SO(10) GUT. Chapter 3 is devoted to a detailed
discussion of the construction of SO(10) GUT model with lopsided structure. In
chapter 4, we present the study of the baryogenesis via leptogenesis in our model.
In chapter 5, the investigation of the signature of this SO(10) GUT model in penguin

dominated processes in B decays is presented. Chapter 6 presents the conclusion.
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Chapter 2
BASICS OF SUPERSYMMETRY AND GRAND UNIFICATION
THEORY

2.1 SUSY Basics

SUSY is a symmetry of space-time. It generalizes the Poincaré group to the
super-Poincaré group by introducing the SUSY generators (), and Qj that satisfy

the anticommutation rules

(Qu Qo) = (@3 @3 =0,
(Qu Q) ="

R (2.1)

These generators act like the annihilation operator and creation operator of a one-
dimensional fermionic harmonic oscillator. They change the spin of a state by 1/2,
thus establishing a connection between bosonic and fermionic degrees of freedom.
The basic rules of writing down the Lagrangian of SUSY invariant action and
soft SUSY breaking terms are presented in this section. This part is written without
referring to a specific gauge group. The minimal supersymmetric standard model
(MSSM) at low energy and the SUSY GUT at high energy follow straightforwardly

by identifying the gauge group as those of SM and GUT, respectively.
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2.1.1 SUSY Invariance and Soft Breaking

There are two kinds of supermultiplets that are used to construct the SUSY
invariant action. One is the chiral supermultiplet and the other is the vector su-
permultiplet. The SUSY transformation rules tell that the space-time integration
of the supermultiplet component with the highest dimension is SUSY invariant and
therefore can be used to construct the action. The reason is simply that the SUSY
transformation of highest dimensional components has to involve space-time deriv-
ative 0, acting on a lower dimensional component, which becomes the surface term
after space-time integration and hence vanishes.

The chiral supermultiplet (Wess-Zumino supermultiplet) has the component
fields ¢(z), ¥(x), and F(z), which describe a complex scalar, a Weyl spinor, and an

auxiliary complex scalar, respectively. These components form the chiral superfield
1
O(z,0) = o+ 0Y(x) + 500F(m), (2.2)

where the Grassmann variable 6 is introduced. The dimension of this chiral su-

perfield is assigned to be 1 and the dimension of @ is —%. The dimension of each

N

component is easily computed to be [¢p] = 1, [¢] = 2, and [F] = 2. The scalar
field F'(x) is the auxiliary field needed for the SUSY algebra to close off-shell, i.e.
without referring to the equation of motion. In the end, the equation of motion for
I always relates it back to the scalar field ¢.

The product of chiral superfields with opposite chirality ®*® is a real superfield

((®*P)* = &*®). The free lagrangian of chiral superfield is obtained by taking the
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highest dimensional component (the D term) of this real superfield
‘ﬂw:/f%w@®:—“¢W¢4WW@w+WF (2.3)

On the other hand, the products of chiral superfields with the same chirality, such

as the terms in the superpotential

1 1
W = §m2](1)1q33 + gyijkfbi@jfbk, (24)

are still chiral superfields. The lagrangian of SUSY invariant action that describes
the Yukawa interactions among chiral superfields is obtained by taking the highest

dimensional component (the F term) of the above chiral superfield
Lyukawa = /fmv+HQ. (2.5)

The higher-order terms involving more than three chiral superfields are non-renormalizable
operators and are omitted here.

The quadratic term in the superpotential gives
/dQH(I)i(I)j = ¢iFj + ¢ Fi — i)y, (2.6)
while the cubic term gives
/dQ@Q)iCI)j(I)k = 00y + 0iFjor + Fip;or — 0ibjby — ojbithy, — dpbinpy. (2.7)

The kinetic term and the superpotential together yield the equation of motion for

the auxiliary field F

ﬂ:—(gzy. (2.8)
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Thus the scalar potential is

Vi(6,67) = —(FF+F (8W>+<8W)*E)=E*E

09; 90;
= mamM ") + Sm" Y ¢ 6" 4+ Smi 6650
1 n, * *k
+Zyj Yrin®i0; 0™ ™. (2.9)

The vector supermultiplet has the component fields A*(x), A(z), D(x), which
describe a 4-vector, a 2 component Weyl spinor, or equivalently, a 4-component
Majorana spinor, and an auxiliary scalar, respectively. For simplicity, the Abelian
gauge field is taken as an example here, while the extension to the non-Abelian case
is straightforward.

In the non-SUSY case, a spin-one massless particle is described by a Lorentz 4-
vector, which has non-physical degrees of freedom — the gauge degrees of freedom.
Similarly, in the SUSY case, the vector supermultiplet is embedded into a real

superfield (V* = V)
V(r,0,0) = A(x) —i(0y(x) + 0y (z)) —i00C (x) — i00C* () + ifo"0A,(z)
+ 000X () 4+ 000\ () + 0000 D (), (2.10)
which involves the gauge degrees of freedom A(x), ¥ (x), and C(x). These gauge
degrees of freedom can be eliminated by choosing the Wess-Zumino gauge (A(x) = 0,

Y(xz) =0, C(xz) =0). As aresult, the SUSY transformation on the vector superfield

is accompanied by a gauge transformation
V(w,60,6) — V(2,0,8) +i(A(x,6) — A*(2,0)), (2.11)

where the A(z,0) is a chiral superfield.
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Just like the real superfield can be constructed in terms of chiral superfields,

the chiral superfield can also be constructed in terms of vector superfields
W(z,6) = —iX(z) + | D(x) — éaWFW(x) 6+ 0059 (1), (2.12)
which transforms under the SUSY transformation as
W(zH,0) — W(a" + 100,60 + €), (2.13)

and is invariant under gauge transformation. This is the generalized gauge field

strength, from which the kinetic term of the gauge field can be constructed

1 1 1
;Cgauge = Z_L (/ dQQWW + HC) = _ZFMVFMV — ’L.)\TO'HaM)\ + §D2 (214)

The interactions between the chiral and vector supermultiplets are obtained
by making the kinetic term of the chiral supermultiplet gauge invariant. Under the

local gauge transformation
®(z,0) — @01, 0), (2.15)
where A(x,0) is a chiral superfield, the kinetic term ®*® is not invariant
O*P — AP, (2.16)
The gauge invariant kinetic term can be obtained as

Loquge—int. = / d*0d*0d*edV o
= —(D,9)" (D) — i a" Dy + F*F
—V2g [¢"YA + AT g] + 966D (2.17)

21



where D,, = 0, + tgA, is the covariant derivative. The terms in the last line are
new in SUSY. The last term, together with the %DQ in Lgquge, gives the equation of

motion of D
D = —go*o. (2.18)

Thus D term contribution to the scalar potential is

Vo(o.07) = - (3D + 90°6D ) = 30° = Ja*(0'o) (219)

To summarize, the lagrangian of a SUSY invariant action is

L = i ( / d29ww+H.C.> + / >0tV @

1 1

and the scalar potential from this lagrangian is
* * ]' 2
V(p,9*) = F*F + §D . (2.21)

The masses for bosons and fermions in a supermultiplet have to be exactly
equal. Such a mass relation is not observed in reality and therefore SUSY has to be
broken. In order not to destroy the ultraviolet properties of SUSY that solve the
hierarchy problem, the SUSY has to be softly broken. There are many scenarios of
SUSY soft breaking and all of them should lead to the soft terms in the low-energy

effective Lagrangian

1 o
Loyt = —é(MA/\)\JrH.C.) — (m?)i " ¢;

— (%biquiqu + éaijkgzﬁiqﬁjqzﬁk + H.C.> , (2.22)
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where the first and second terms in the first line are gaugino masses and scalar
masses in the chiral supermultiplet, respectively. These terms create a difference
among the masses of different components of a supermultiplet and break SUSY
manifestly. The terms in the second line are couplings among scalar components of
chiral supermultiplets, which are allowed by gauge invariance if the corresponding

terms in the superpotential are allowed.

2.1.2 RG Running in SUSY

In this section, the one-loop renormalization group (RG) equations for the
SUSY invariant terms and soft terms are presented. The complete two-loop RG
equations can be found in Ref. [23]

The RG equation of the gauge coupling is

d 1

with

By = g°[S(R) — 3C(G)] (2.24)
where the Dynkin index S(R) for representation R is
Trp(t4t%) = S(R)615, (2.25)

and C(G) is the Casimir invariant C'(R) of the adjoint representation. The Casimir

invariant C'(R) for the representation R is

(t4t4Y = C(R)S. (2.26)

2
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Specialized to the adjoint representation, one has C'(G)d48 = fACP fBOD ith fABC

the structure constant of the group.

The RG equation of the gaugino mass is

4y

dt 1672

Bum

with

Bu = g*[28(R) — 6C(G)| M.

(2.27)

(2.28)

The superpotential is not renormalized due to the holomorphicity. The run-

ning of Yukawa coupling is due to the wave-function renormalization of the chiral

superfields, which gives rise to the anomalous dimensions

do.. 1 . | |
TV = oY (ko i) £ (k< ),

where the anomalous dimension

1 ) ;
711; - §Yipqylpq —26]g°C(i).

k. .

The RG equation of the soft trilinear term a®* is

d .. 1 g
ik ijk
AT

where

ijk il mnk a5l mnk
Ba / - éa J Yimny Y J }/lmna

—2(a"* — 2MY" GO (k) + (k i) + (k < j).

The RG equation of the soft scalar mass is

4
dt

; 1
2\
(m )'L 1671'2

6m257
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(2.29)

(2.30)

(2.31)

(2.32)

(2.33)



where

; 1 A ,
Bud = VgV (MY, + LY Yo ()] 2 ¥ ()2
+apaa’?? — 857 MM g*C (i) + QthAZTr[tAmQ]. (2.34)

2.2 GUT Basics

As briefly discussed in Chapter 1, the problems of SM gauge groups imply that
SM should be embedded into GUT. The first attempt in this direction was made
by Pati and Salam [9] in their SU(2); x SU(2)r x SU(4)c model (G(224) model),
where quarks and leptons are unified — a lepton is the fourth color of a quark.
The discovery of neutrino oscillation strongly supports this type of extension of SM
since the right-handed neutrino, a singlet of SM, has to be present in G(224) model
to form a complete representation, together with the right-handed charge leptons
and the right-handed quarks. This model, although has both SU(2);, and SU(2)g
gauge groups, does not have to be left-right symmetric since the gauge couplings gy,
and gr could be different. It was proposed in Refs. [24, 25, 26] to make this model
left-right symmetric by requiring the couplings of SU(2), and SU(2)g to be equal,
g, = ggr. In this way, there are only two gauge couplings in the left-right symmetric
G(224) model.

Another model was proposed by Georgi and Glashow [10] in the same year.
This model unifies three gauge groups of the SM into a single rank-4 group SU(5)
and therefore there is only one gauge coupling. However, the left-handed and right-

handed fields are intrinsically different in this type of grand unification models and
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hence parity cannot be a good symmetry at GUT scale. Another disadvantage of
the SU(5) model is that, unlike the G(224) model, the right-handed neutrino, as a
singlet of SU(5), does not occur naturally.

It was first noted by Georgi, Fritzsch, and Minkowski [11] that the SO(10) can
serve as the grand unification group. The groups of both the G(224) model and the
SU(5) model are subgroups of SO(10), and therefore, the SO(10) model exhibits nice
features of both models. Moreover, the SO(10) goes beyond them in the following

aspects:

1. The SO(10) model is automatically parity-conserving in the gauge interaction
sector, whereas G(224) model can only have this as an assumption and SU(5)

model does not conserve parity.

2. In the SO(10) model, all 16 fermions, including the right-handed neutrino,
are embedded into a single 16-dimensional spinor representation, whereas in
G(224) model, the fermions are divided into left and right sectors, and in

SU(5) model, 16 fermions belong to 1, 5, and 10 representations.

3. The SO(10) group, being a real group, is automatically anomaly free.

4. Because of the single gauge group, the SO(10) model imposes more constraints
on the quark and lepton masses and mixing, and therefore is more predictive

than the G(224) and the SU(5) models.

In the following, we first briefly discuss the G(224) and SU(5) models, and

then focus on the SO(10) model in more details.
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2.2.1 Left-right Symmetric Models G(224) and G(221)

The G(224) = SU(2) x SU(2)r x SU(4)c model is the first that assumes the
existence of right-handed neutrinos. Two key ideas of this model purely based on

aesthetic reasons are:

1. the quark-lepton unification based on extending the SU(3)c of SM to SU(4)¢

which has the lepton as the fourth color of the quark;

2. the left-right symmetry based on extending the SU(2);, in SM to SU(2), X

SU(2)r. (The exact left-right symmetry relies on the equality of two gauge
couplings g;, = gr).

To realize the above two ideas, the right-handed neutrino has to be postulated
since it fits together with the three right-handed up-type quarks to form a complete
multiplet of SU(4)¢ and it fits together with the right-handed charged lepton to
form a doublet of SU(2)g.

By including the right-handed neutrino, 15 fermions in each family (we take the
first family as example here) are extended to 16 fermions which form two complete

representations of G(224):

Uy Uz U3 Ve

Frr= (2.35)
dl d2 d3 (&

L,R
where the subscripts 1 ~ 3 denote three colors. Fj, and Fp transform as (2,1,4) and
(1,2,4), respectively, under G(224).
The G(224) model provides a natural explanation for the hyper-charge Y =

I3z + (B — L)/2, which is assigned arbitrarily in SM. The hyper-charge is naturally
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quantized since I3g and B — L are generators of non-Abelian groups SU(2)g and
SU(4)¢, respectively. The electric charge Qe = Isp+Y = Isp +Isp+(B—L)/2 is
completely fixed and those of the proton and electron are guaranteed to be opposite
in this assignment.

Alternatively, one could extend the SM to becoming left-right symmetric with-
out quark-lepton unification. The left-right symmetric model SU(2), x SU(2)g %
U(1)p_r (G(221)) [24, 25, 26] was proposed in this spirit. The G(221) model is
the minimal model that restores left-right symmetry. Probing the physics associ-
ated with the right-handed sector has drawn a lot of effort [27] since the model was
proposed.

In G(221) model, fermions are:

v v
I, = 1 (2,1,-1); lp = (1,2, -1);

e e
L R
1,2,3 1,2,3

1,2,3 u 1 1,23 w 1
g7 = (2,1, g), " = (1,2, 5)’ (2.36)

d d

L R

where the representation labels refer to (SU(2)r, SU(2)gr,U(1)p_r). It is easy to
check that the assignment of U(1) charge as the B — L number, —1 for leptons and
1/3 for quarks, gives exactly the correct hyper charge in SM. Here the right-handed
neutrino is required not only because it is a component of SU(2)g doublet, but also

because the B — L gauge symmetry of G(221) must be anomaly free.
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The Higgs sector, in the simplest form, includes the bi-doublet ¢ = (2,2*,0)

and the triplets Ag = (1,3,2) and A; = (3,1,2). The bi-doublet transforms as
¢ — ULoUL, (2.37)
and the triplets transform as

AR — URARU;%,

AL — U AU (2.38)

The explicit forms of ¢ and Ag are

¢ = , (2.39)

and

A+/\/§ A++
Arn=|"" S (2.40)
AL ARNVE

with the superscript denoting the electric charge Qgy = Isr, + Isg + (B — L) /2.

Since the electric charge is not spontaneously broken, the vev of the bi-doublet

has to be
U1 0
() = : (2.41)
0 (%)
and the vev of the triplet is
0 0
(Ag) = : (2.42)
Vo

The (Ag) breaks the SU(2), x SU(2)gr x U(1)p_r to SU(2), x U(1)y, which is

further broken to U(1)gy by the vev of ¢.
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The left-right symmetric model G(221) is the minimal model that introduces
the right-handed neutrino and realizes the seesaw mechanism naturally. This can

be seen straightforwardly from the Yukawa couplings

L = glpdly + ¢'lrdly + fGrdar + f'Grdqr + hGARly + H.C. (2.43)
where
s . oY —o3
b =T T = (2.44)
—¢; oY
and
1 = 15im = (@ _@> (2.45)

The vev of Ag, which breaks both SU(2)g and U(1)p_r, induces a Majorana

mass term for the right-handed neutrino:
Litajorana = WV (Vg + H.C.). (2.46)
On the other hand, the neutrino Dirac mass is induced from the vev of ¢
Lpirac = (gv1 + g'v3)ogrr + H.C., (2.47)

which is the scale of the Dirac masses of other fermions.
In terms of Majorana fields v = vy + vf and N = vg + vg, the Dirac and

Majorana masses can be put together in the following form:

7N +H.C.. (2.48)

1 ( 0 (gui +gv3) | | v
(gv1 + g'vd) hV N
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Assuming the SU(2)g and U(1)p_, are broken at very high energy scale V' >> vy, va,

the two mass eigenvalues are

mi = —(gui + g'v3)?/(RV);

my = hV. (2.49)

As a result, one of the two Majorana neutrinos is very heavy and the other is highly
suppressed by the ratio (gvy + ¢g'vy)/(hV). This suppression provides a natural
explanation why the neutrino mass is so light compared with charged leptons and
quarks. This is called the seesaw mechanism. We omit the discussion of the type II
seesaw mechanism, in which the vev (Ap) is suppressed by (¢)/(Ag) according to

the Higgs potential.

2.2.2 SU(5) Model

In contrast to the left-right symmetric models, the SU(5) model goes in the
direction of gauge group unification. It is the minimal semisimple group that unifies
the three gauge groups of SM.

The 8+ 3+ 1 = 12 generators in SM are embedded into the (N? —1)|y=5 = 24
generators \; (i = 1 ~ 24) of SU(5), which are traceless 5 x 5 hermitian matrices.
In a commonly used convention, the first 8 generators \; (i = 1 ~ 8) are identified
as the generators of SU(3)c (Gell-Mann matrices), the A9 2003 are identified as

generators of SU(2), (Pauli matrices), the Aoy is identified as the SM hyper-charge,
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which takes the following form:

Ao =

ot

The remaining 12 generators are

0

A1 = 0

0

0

0001

0

32
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/\12 =
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A3=10 00 0 0

AMs=10 00 0 0

33

/\14 =

>\16 =

(2.51)



The 15 fermions in SM are in representations 5 and 10 of SU(5):

ds 0 ug  —u§  up  dp
ds —ug 0 uf  uy ds
vs= a5 | Vo= ug —u¢ 0 uy ds (2.52)
e —uy —ug —uz 0 €
—v —dy —dy —d3 —e° 0
L L

It is straightforward to see why 15 fermions are embedded in such a way by looking
at the SU(3)¢, SU(2)r, , and U(1)y contents of 5 and 10. Since 5 is identified as

(3,0) + (0,2) under SU(3)¢ x SU(2)y, we know that

5= (3,0) + (0,2) (2.53)
where
di
3= ds (2.54)
dg

(the reason that it is the d° instead of u® is obvious by looking at the SM hyper-

charge) and

_ VL
2= 7:7-2 =

er

€L

-y

(2.55)

Similarly the 10 of SU(5) can be obtained as antisymmetric tensor of two 5’s.
It is useful to use the notation 5 = ¥%, 5 = 1, with @ = 1 ~ 5. In the explicit
form of the generators, it is easy to see that the first three indices @ = 1,2,3 are
the color indices under SU(3)¢, while the last two indices o = 4,5 are the indices
under SU(2). Thus we have 10 = 1){*%} where the {a3} means the o and 3 are
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anti-symmetrized. From different combinations of o and (3, it is easy to assign the
quarks and leptons in the specific form shown in Eq. (2.52).

In the minimal scenario, the SU(5) is broken to SU(3)¢ x SU(2), x U(1)y by
the vev of Higgs field Yo, of the adjoint representation, which should be a singlet of

SU(3)c x SU(2)r, and carry no U(1)y hyper-charge. The only choice is

2/3 0 0 0 0

Ca)=f 0 o0 23 0 o[V (2.56)

The breaking of the SM group is induced by the vev of fundamental Higgs field Hj

(Hs)= 10| - (2.57)

v
In the above minimal Higgs scenario, the fermion masses are generated from

the Yukawa couplings with Hj
L= 955 (sa) i Hss + h €asnsp(W55)i(410); HE, (2.58)

where the i,7 = 1,2,3 are family indices and the «, 3,7,d,p are SU(5) indices.
While the second Yukawa coupling h* only gives the masses of up quarks, the first
Yukawa coupling f¥ gives masses to both the down-type quarks and the charged
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leptons. In fact, f“ yields equal masses for down-type quarks and charged leptons

at the GUT scale

me = Mg,
my, = Mg,
my = Mmy. (2.59)

Including the running effect, the last relation, referred as the b—7 unification, is well
satisfied. However, the first two equations are badly violated by the experimental
data. Therefore, the fermion masses require an extended Higgs sector, which is also
demanded by the proton decay experiments, since the minimal SU(5) model predicts
a decay rate larger than the experiment bound [28].

The right-handed neutrino, a singlet of SU(5), needs not to be present in
the SU(5) model. One must extend SU(5) to SU(5) x U(1)x in order to have
the right-handed neutrino as a necessary element of the model. The anomaly free
conditions for U(1)% and SU(5)?U(1)x triangle diagrams require the introduction
of singlet of SU(5) with the U(1)x charge assigned to be +5. A linear combination
of U(1)x and a diagonal generator of SU(5) gives the B — L. The breaking of
U(1)p—_r induces a Majorana mass term for the right-handed neutrino. While the
U(1)p_r, global symmetry is not violated anomalously in SM, the U(1)g_; gauge
symmetry is anomaly free only with the right-handed neutrino present. Therefore,
the introduction of right-handed neutrino is intrinsically related to the U(1)p_r
gauge symmetry. In SU(5) x U(1)x model, U(1)p_y, is introduced as combination
of U(1)x and a diagonal SU(5) generators. In contrast, in the left-right symmetric
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models discussed in the last section and the SO(10) model in the next section, the

U(1)p_1 gauge symmetry is naturally introduced in the first place.

2.2.3 SO(10) GUT

The SO(10) group is a rank 5 group, while the rank of the SU(3)¢ x SU(2) 1, X
U(1)y is 4. The extra diagonal generator of SO(10) is the B — L, whose breaking
is tightly related to neutrino masses. The B — L breaking must be realized when
the SO(10) is broken to SM. Thus, the SO(10) model provides natural framework
of studying neutrino masses. On the other hand, since the SO(10) group contains
the G(224) group and the SU(5) group as the maximal subgroup, the SO(10) model
provides much stronger constraints on the relations of masses and mixing of quarks
and leptons. This makes it highly nontrivial to build realistic SO(10) models. We
will postpone the discussion of building realistic SO(10) models to the next Chapter,
and focus on the basic aspects of SO(10) in this section.

We follow the Refs. [29, 30] for this part of discussion.

2.2.3.1 Clifford Algebra

Starting with a set of operators y; and X: with ¢ = 1 ~ N that satisfy the

anticommutation relations:

{Xi,X}} = 0yj,

{xi x;} =0, (2.60)
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it can be shown that the operators T]’ defined as
T! = x!x; (2.61)
satisfy the algebra of U(N) group
T}, T4] = 04T} — 5T} (262)
On the other hand, the operator I', with =1 ~ 2N defined as
[y = —i(x; — X;r')a
Ty = (x;+x)), j=1~N, (2.63)
satisfy the anticommutation rule
{Tw, T} = 26, (2.64)

and thus form a Clifford algebra. The generators of the SO(2N) group can be

constructed in terms of I''s

) (2.65)

Y
a 21
The X, can also be written in terms of y; and XI

1 1

Yoj 1261 = Q—Z.[X]wXL] - Q_i[Xk’ X;] +i(xxk + X}XD,
1 1
Yojok—1 = E[Xj’ XL] + §[Xk7 X;] — (XjXr — X;XL),
1 1 .
Voo = (x5 Xk — 57 Do xJ) — 106k + xdxi)- (2.66)

2.2.3.2 Spinor Representation

While the tensor representations of SO(2N) group are simple to construct, the
spinor representations are more complicated. The easiest way to obtain the spinor
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representations is to explicitly construct it for the I'’s in the Clifford algebra [30].
This can be done by iterative construction. For N=1, the I matrices can be chosen

as

0 1
FgNil) =T = )
10
0 —1
FgNZl) = T9 =
10
(2.67)
To go from N to N+1, the T'V*1’s are constructed as
™o
ARSI for i=1n~ 2N,
0 -1
0 1
Fé\f]\ﬁl =
10
0 —
ot = : (2.68)
1 0
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The generators of SO(2N) defined in terms of I'’s as in Eq. (2.65) are obtained

correspondingly as

0
st = , i,j=1-2N
(V)
0 Y
o 1w
S =i , i=1-2N
.
0o W
S omie = . i=1—2N
r™ o
~1 0
N+1
25N+1),2N+2 = : (2.69)
0 1

By constructing the 2V x 2V matrices for generators of SO(2N) group, the spinor
representation of dimension 2% is explicitly constructed. Since the I'prygp matrix
constructed as

Trve = (—9)Y (T1Fy...Ton) (2.70)

anticommutes with all the I'’s, the 2V dimensional spinor representation of SO(2N)
group is reducible. To recover irreducible representations, one can apply the opera-
tors (14 'pryve) and (1 —I'pryve) to project out the “right-handed” and “left-handed”
spinor representations, respectively. In the following, we denote the s-dimensional
right-handed spinor by s*, and s-dimensional left-handed spinor by s~.

In order to obtain the invariant by coupling two spinors, it is necessary to

introduce the charge-conjugation operator. Under the group transformation, the
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spinors transform as

0 = i€udu,

(WT = —Z’EWWEW,
T = ieu" Sl (2.71)

Thus, the 7 does not transform as the conjugate spinor of SO(2N). The charge-

conjugation operator B of SO(2N) group is defined to satisfy
B'Y) B =-%,, (2.72)
thus
5T B) = ~ic, (V7 B)Z,. (2.73)
With B, the invariant of SO(2N) can be made in terms of ¥ B and %, such as
YBCT o, Y BCT "™, where ¢ and ¢"*™ are tensor representations of SO(2N)
and C' is the charge-conjugation operator of Lorentz spinors. The simplest example
1 BC1, although invariant under SO(2N), is identically zero.

It is often helpful to construct the space of 2V¥-dimensional spinor represen-
tation as the direct product of N 2-dimensional spinors, |€1€s...€y), where ¢; = +.
The I' matrices are then

I'gp1 = 1 Xx1X1...X7 X7T3XT3... XT3
Iy, = 1x1X1..XTyXT3XT3... XT3 (2.74)

where 1 denotes the unit matrix and it appears k£ — 1 times and 75 appears N — k

times. The I'prvg matrix takes the form

FFIVE:T?) X T3... X T3 (275)
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with 73 appearing N times. Obviously, the I'rryg acting on the spinor |e;€s...€x)

gives

N
FFIVE|€1€2---6N> = <H Ei) |61€2...€N>. (276)

=1

Thus [[Y, ¢; = +1 for the right-handed spinor and []*, € = —1 for the left-handed
spinor. Taking the N = 5 case as an example, the | + + + ++) is a right-handed
spinor and | — — — ——) is a left-handed spinor. Flipping even number of signs of e
of a spinor leads to one with the same chirality, while flipping odd number of signs
leads to a spinor with opposite chirality.

In this explicit notation, the charge-conjugation operator takes the form
B = iTQ X Z"TQ X ..o X iTQ, (277)

with N i matrices. Obviously, the charge-conjugation operator acting on the spinor
ler€a...en) flips all the signs of €’s. For SO(2N) with even N, the left-handed and
right-handed spinors are self-conjugate. For odd N, like SO(10), the left-handed and

right-handed spinors are conjugate of each other.

2.2.3.3 How SU(N) is Embedded into SO(2N)

It is quite instructive to study how the SU(N) is embedded into SO(2N), since
the SM groups are all unitary.

The U(N) group involves transformations on N-dimensional complex vectors a
and b with the inner product ¥V, b%a,; invariant. Each N-dimensional complex vector
can be decomposed as two N-dimensional real vectors, a; = ; + iy;, b; = 2’ + iy;.
The transformation of U(N) group leaves both real and imaginary part of X, b%a;
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invariant. Therefore one has both
Z;V:l(x;-xj + y}-yj), (2.78)

and
Zév:l(x;yj — y;xj), (2.79)
invariants. On the other hand, the two N-dimensional real vectors can be combined

together to obtain one 2N-dimensional real vector

v = . (2.80)

The SO(2N) group is defined to have the invariant inner product
SV (@ + ylhyy).- (2.81)

Comparing Eq. (2.78), Eq. (2.79) and Eq. (2.81), it is obvious that the U(N)
group is more restricted than the SO(2N) group. Thus it is sensible to consider
embedding of the U(N) group in the SO(2N) group. Moreover, the 2N-dimensional
vector representation of SO(2N) can be decomposed into N and N of SU(N) which
correspond to = + iy and x — iy, respectively.

I',, forms a vector representation of SO(2N) and the linear combinations x and
x' are N and N of SU(N), respectively. The N(2N — 1) generators of SO(2N) are
antisymmetrized combinations (N + N) x (N + N))4. Taking the N=5 case as
example, the antisymmetrized combinations (5 x 5)4 and (5 x 5)4 are 10 and 10
under SU(5), respectively; the antisymmetrized combination (5 x 5) 4 decomposes to
1 (singlet) and 24 (adjoint representation) under SU(5). In terms of y; and y!, the 10
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and 10 are x;x; and XZTX; (i # 7), respectively; 1is £2_ Iy, and 24 is (XIXJ' —trace).

The singlet is the generator of U(1)x in the reduction SO(10) — SU(5) x U(1)x.
This decomposition of SO(2N) generators to SU(N) multiplets helps to under-
stand the decomposition of SO(2N) spinor to multiplets of SU(N). The generators
of U(N) have one raising and one lowering operators. Besides these, the other gen-
erators of SO(2N) have two lowering or two raising operators. This means that the
components of a SU(N) multiplet have the same number of + and —. For example,
the | ++4 — —+) and | + + — +—) are components of the same SU(5) multiplet. The
SO(2N) generators that do not belong to SU(N) change the number of “+ 7 and
“—" by 2. Denoting an SU(N) multiplet by the number of “—", k, as [k], we get

the following decomposition of right-handed and left-handed spinors

s o= [+ [+ (2.82)

For example, the 16-dimensional left-handed spinor of SO(10) is the sum of 1, 10,

and 5 in SU(5), which corresponds to [5], [3], and [1], respectively.

2.2.3.4 Identify Fermions as Spinors

The 16 fermions, including the 15 of SM and the right-handed neutrino, form
the 16-dimensional spinor representation of SO(10). In the following, we discuss
how these 16 fermions are identified as components of the 16-dimensional spinor of
SO(10).

Since we know the quantum numbers of each fermion under the gauge groups of
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SM, we shall study how the components of the spinor carry these quantum numbers
of SM. The SO(10) can be decomposed into the product of two orthogonal groups
SO(6) x SO(4). We choose the convention of letting the SO(6) acting on the first
6 vector indices and SO(4) acting on the last 4 vector indices. The SU(3)¢ is
embedded into SO(6) and the SU(2), into SO(4).

For SO(6), the 22-dimensional right-handed spinor 4" consists of | + ++),

|+ —=), | —+—), and | — —+). Under SU(3)¢, it decomposes as

45— [0]+ 2 =1+3 (2.83)

where 1 and 3 are the singlet and the conjugate of the fundamental representation
of SU(3)¢, respectively. Obviously, the singlet 1 is | + ++), and the 3 consists of
| + ——), | = +—), and | — —+). The left-handed spinor 4~ consists of | — ——),

| +4+—), |+ —+), and | — ++). Under SU(3)¢, it decomposes as

A- =B +[1]=1+3 (2.84)

where 1 and 3 are the singlet and the fundamental representations of SU(3)c¢, re-
spectively. Obviously, the singlet 1 is | — ——), and the fundamental representation
3 comsists of | ++—), | + —+), and | — +4). As expected, the charge-conjugation
operator B which flips all the & signs connects 4 and 4~.

On the other hand, the decomposition of SO(4) spinor into SU(2), represen-
tations is more subtle than the case of SO(6). It is well know that there are two

ways of embedding SU(2) into SO(4). One is the “magnetic minus electric”

Tk < €ijk0ij — Ok4, iaja k= 17 27 37 (285>
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while the other is "magnetic”
Tk < €ijk0i;5 i,j, k= 1, 2, 3, (286)

It turns out [30] that the right way is “magnetic minus electric”, so that the right-

handed 2% and left-handed 2~ decompose as

27 = [1]=2 (2.87)

where 1 and 2 are singlet and doublet of SU(2)., respectively. Each of the 2% and
27 is conjugate to itself. Obviously, the two singlets of SU(2),, in 2% are |+ +) and
| — =), and the doublet in 2~ consists of | + —) and | — +).

The left-handed spinor 16~ of SO(10), expressed in terms of left-handed and

right-handed spinors of SO(6) and SO(4), is
16~ =472 +4727, (2.88)

Given 47, 47, 2% and 2~ expressed in the explicit notation |ejeze3) and |e4€5), one
can easily identify the 16 left-handed fermions as the components of 16-dimensional

spinor 16~ as

d'=[+——+-) E=|-+-+-) &=|-—++-);
u=l4+———4); P=|—+——+); ¥ =|——+—+);
d=|++—++) & =|+-++4) & =][—++++);
@ =+t =) W=t ); W= )



The various U(1) charges can be read directly from the explicit expression of

fermions. The U(1)x in the SU(5) x U(1)x decomposition of SO(10) is

X = o019+ 034+ 056+ 078 + 0910 (2.90)

= mX1IXIXxIXx1I+IxmgxIxlxl+..+1x1x1x1Xxr73,

which gives ¥2_¢; when acting on spinor |ejézeze4€5). The commonly used normal-
ization is X = £X2_j¢;. The U(1)p_p is embedded into the SU(3)c x U(1)p-r
decomposition of SO(6), therefore it appears quite similar to U(1)y, with the only
difference being that the indices are restricted to be ¢ = 1 ~ 3 instead of i =1 ~ 5.

Therefore we have

B-L= %(61+62+63). (2.91)
Similarly, the hypercharge is
%Z —%(e4+e5) + %(61 + €2 + €3), (2.92)
and the electric charge is
Q= —%€4 + é(q + € + €3). (2.93)

Obviously, the B — L, Y/2, and X are linearly dependent

B—L:X+§(§). (2.94)

As in the SM, the fermion masses arise from Yukawa couplings of fermions to
Higgs bosons. The vev of Higgs fields that are responsible for the spontaneous gauge
symmetry breaking can also induce fermion masses. The most general Yukawa cou-
plings that are responsible for fermion masses take the form ; BCT ,1;¢",
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v, BOT I, I ap;0477, and %BCF#FVFTF(;FP%¢“W5’), where ¢ and j are family in-
dices and u, v, 7, 8, and p are SO(10) vector indices. The ¢, ¢**7, and ¢**7° could
be fundamental Higgs fields or composite Higgs fields. In the case that ¢, o7,
and ¢"*79 are fundamental, the operators are renormalizable, while in the case that
they are composite (these vector indices are carried by more than one Higgs field),
the operators are non-renormalizable ones.

The reason that only odd number of I' matrices are allowed is because the
T

total number of raising and lowering operators (|

; and ;) must be even, and the

charge-conjugation operator already has odd number of them. Due to the anti-
commutation rule between fermion fields, it is easy to see that the family indices ¢
and j are symmetric in operators 1); BCT ;¢! and wiBCFMFVFTF(;FP@ngbWT‘sp, and
anti-symmetric in ¢; BCT',I',I';¢;¢*7. This symmetry property is manifest in the
case that ¢, ¢**", and ¢**7%" are fundamental Higgs fields. On the other hand,
in the case of non-renormalizable couplings such as 16,16,;165165, the symmetry
property is not manifest, since two 16gs can be coupled to form any one of these

three tensors.
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Chapter 3

SO(10) GUT MODEL BUILDING

As shown in Chapter 1, many problems and puzzles of SM can be elegantly
solved and explained in the framework of GUT, especially the SO(10) GUT. But so
far, everything is still at the conceptual level. If GUT is indeed a correct idea, it
should be tested by experiments.

The fermion masses and mixing, although showing a interesting pattern, are
merely inputs in SM. One of the important features of GUT is that the quarks and
the leptons are tightly correlated. Hence one of the best places of testing the idea
of GUT is to check if realistic GUT models can be constructed to explain masses
and mixing of both quarks and leptons.

Among all the fermions, the neutrino is rather unique. In SM, while all the
other fermions have both left-handed and right-handed components, the neutrino has
only left-handed component; while all the other fermions are massive, the neutrino is
massless. The discovery of neutrino oscillations has opened up a fascinating window
for physics beyond the SM. Experimental data on the neutrino mass differences and
mixing help to constrain various theoretical models of new physics.

Assuming three light flavors, the lepton mixing is described by the Pontecorvo-
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Maki-Nakagawa-Sakata (PMNS) matrix [31]

0

C12C13 S12€C13 S13€
— & i
Upmns —512C23 — C12523513€" C12C23 — S12523513€" 523C13
_ I _ i§
S$12523 — C12€23513€ C12523 — 512€23513€ C23C13
xdiag(e't, e? 1) (3.1)

where ¢;; = cost;; and s;; = sinf;;. The unitary matrix Upyng is characterized by
three mixing angles (612, 13, 023) plus three CP-violating phases if assuming neutri-
nos are Majorana fermions. The atmospheric and accelerator neutrino experiments
[32, 33, 34, 36] have determined fy3, which is often referred as atmospheric angle

023 = Oatm, and mass splitting Am?2,_ | at 3o,

sin?20,4,, > 0.87,

1.4 x107%eV? < Am?2

atm

< 3.3 x 10 %eV2, (3.2)

The 615, usually referred as solar angle 615 = 0,1, has been measured by the solar

and reactor neutrino experiments, with an even better precision [35, 36, 37].

0.70 < sin?26y, < 0.94,

71 x107%eV? < Am?2; <89 x10 %V (3.3)

These results have already facilitated elimination of a large class of neutrino mass
matrix models in the literature. The CHOOZ reactor experiment has discovered
that sin®26;3, if non-zero, should be smaller than 0.1 [38]. The next generation
of neutrino experiments under proposal aims to push the limit to sin® 26,5 ~ 0.01
[39, 40], which undoubtedly will reveal a great deal about the mechanism of neutrino
mass generation.
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If small neutrino masses are assumed to arise from the seesaw mechanism [13],
the first thing one recognizes from the present data is that the seesaw scale (the scale
where the B — L symmetry is broken) must be substantially high. This strongly
suggests that the seesaw scale may be connected with one of the leading ideas
for new physics beyond the standard model, i.e., supersymmetric GUT according
to which all forces and matter unify at a truly short distance scale corresponding
to an energy of order 10 GeV. Moreover, as discussed in Chapter 1, the most
important ingredient of the seesaw mechanism is the B — L breaking which can be
naturally realized in the framework of SO(10) GUT. Therefore, neutrino oscillation
is a suitable testing ground of GUT physics.

This Chapter is devoted to the SO(10) GUT model building which aims to
explain the masses and mixing of both quarks and leptons, including neutrinos. It
starts with a general discussion to motivate the introduction of lopsided structure.

Following that, it presents the details of an SO(10) GUT with lopsided structure.

3.1 Motivation for Lopsided Structure

The SO(10) gauge symmetry is spontaneously broken by the Higgs vevs to
SU3)c x SU(2) x U(1l)y, then further to SU(3)¢ x U(1)grm. The second step
of the breaking is induced by the vev of a vector representation 10. However, the
scheme of the first step breaking is not unique.

Since the SO(10) is a rank 5 group (SM is rank 4) with the extra diagonal

generator B — L, the breaking of SO(10) to SM requires the breaking of B — L
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symmetry. In the framework of SO(10) GUT, there are two choices of Higgs fields
to accomplish this — an antisymmetric 5-index tensor 126 or a spinor 16. Whichever
Higgs field is used, it generates the heavy seesaw scale — the scale of Majorana mass
of right-handed neutrinos. These two alternatives of Higgs field are distinguished in
numerous aspects. Using 126, its vev breaks B — L by two units and thus leaves the
matter parity unbroken, however the unified gauge coupling blows up and becomes
non-pertubative above the GUT scale. The 16 vev breaks the B — L by one unit
and therefore breaks the matter parity. A number of models utilizing these two
classes of Higgs have been constructed [41, 42, 43, 44, 45, 46, 47, 49, 50, 51]. While
most of these models are successful in fitting to the experimental data of masses
and mixing angles of leptons and quarks, they predict quite different values for
the poorly-known neutrino mixing angle ¢;3. Majority of models [41, 42, 43] with
high-dimensional Higgses tend to yield #,3 close to the current experimental upper
bound, and majority of those with low-dimensional Higgses [44, 45, 46, 47, 49, 50, 51|
predict a small #135. Thus it appears that 613 might be an excellent observable to
differentiate between the two classes of SO(10) models.

We will concentrate on the model using a pair of spinors 16 and 16. In this way
of breaking SO(10) to SM, the vev of 16 is in the direction of right-handed neutrino.
Apparently, this vev breaks both I3z and B— L and provides the necessary ingredient
of the seesaw mechanism.

The breaking of SO(10) to SM requires the presence of an adjoint represen-
tation 45 and/or a symmetric second order tensor representation 54, in addition to

spinors 16 and 16. It has been shown [52] that a minimal scheme of breaking the
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SO(10) to SM involves a single adjoint representation 45 plus some 16 and 16 pairs.

In the framework of SO(10), the colored partners of the Higgs SU(2), weak-
doublet need to be super heavy whereas the weak-doublet itself is light. This
doublet-triplet spitting can be most naturally realized by the Dimopoulos-Wilczek
mechanism [53]. The idea of Dimpopoulos-Wilczek mechanism is based on the ob-
servation that the color-triplet has B — L = £2/3 and weak-doublet has B — L = 0.
Therefore, in the coupling 10545510y, the vev of adjoint 45 in the direction of
B — L will make the color-triplet components heavy, and leave the weak-doublet
component light. Hence, the vev of adjoint Higgs 45 is constrained to be in the
direction of B — L.

Given the set of Higgs fields involving 105, 165, 165, and 455, various oper-
ators associated with fermion masses can be constructed. These operators involve
two fermion spinors 16;, with ¢+ = 1,2, 3 the family index. In general, each of these
operators gives masses to all the quarks and the leptons. For instance, the simplest
operator, which is the only renormalizable operator in this set, is 16,16;105. (Notice
that, for simplicity, the charge-conjugation operators B and C' are omitted from now
on.) This single operator generates masses to both up-type and down-type quarks
and both charged leptons and neutrinos (of Dirac type) in the coherent pattern

(taking 7 = j = 3 as example)
Dirac

my = M. (3.4)

The other operators have higher dimension. They are not renormalizable and should
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be considered as effective operators of a more fundamental theory. As an example,
two fermion spinors and two Higgs spinors can be coupled together 16,16;16; 1624
The 1615 and 1655 could be the same Higgs field or the different ones. Depending
on how these spinors are coupled, this operator can produce masses to quarks and
leptons with variant patterns.

The first step of building the SO(10) GUT model is to have a clear picture of
the pattern of fermion masses and mixing. In fact, the masses of down-type quarks

and charged leptons are observed to have the following approximate relations at the

GUT scale [54]

my ~ m;, (3.5)
1

ms Sy, (3.6)

myg ~ 3m.. (3.7)

The first relation is the well known b — 7 unification, which can be naturally realized

in SO(10) GUT. The operator 163163105 leads to it as discussed above. With this
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operator alone, the mass matrices of fermions are

where U, D, N, and L denote the Dirac mass matrices of the up-type quark, the
down-type quark, the neutrino, and the charged lepton, respectively.

The second mass relation m, ~ im, also appears natural from the SO(10)
group structure. The vev of the adjoint representation 45 Higgs is in the direction
of B — L direction. Notice that the B — L is —1 for leptons and 1/3 for quarks.
Therefore, the operator involving the 455 tends to generate the masses of leptons
three times heavier than the masses of quarks. Thus it seems that one can get the

relation my ~ 1m, by putting 2-2 elements to mass matrices of D and L. However,

the operator involving 45 is (16,16;)12010545 5, where two fermion spinors are cou-
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pled to a 3-index tensor 120. This operator generates antisymmetric mass matrices.
It can only give off-diagonal elements to D and L. Taking family indices i and j of

the operator (16;16;)12010545, to be 2 and 3, respectively, one has

0 0 0
U= 10 0 ¢3]|Mv
0 —€/3 1
0 0 0
D = 10 o0 ¢/3]|Mp,
0 —¢/3 1
00 0
N = [0 0 —e|Mv,
0 ¢ 1
00 0
L = 1o 0 —e|Mp. (3.9)
0 ¢ 1

However, this form of mass matrices is not exactly what we want. In fact, by
diagonalizing the mass matrices, one has m, ~ lmﬂ instead of m, ~ lmﬂ. Thus,
although the SO(10) group structure can potentially lead to the lepton mass three
times larger than the quark mass, it requires additional elaboration. This puzzle is
left here and will be revisited when discussing how to generate different mixing in

the quark and the lepton sector.

The third relation my ~ 3m, seems to be in contradiction to the SO(10)
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group structure. However, this relation can be realized based on the second relation

ms =~ +m,,. For simplicity, let us concentrate on the 1-2 sector of D and L. Assuming

the 2-2 elements can be made to satisfy the relation m, ~ %mu, then one can get the

relation my ~ 3m,. by leaving 1-1 element empty and putting 1-2 and 2-1 elements

nonzero

0
DU? ! ,
b 1
0 o
AN : (3.10)
b 3

After diagonalizing D and L, one has the mass of the electron and the down-type
quark as m, = a't//3 and m, = ab, respectively. Evidently, as far as the product ab
is equal to the product a'b’, the mass relation my ~ 3m, follows naturally.

In summary, both the down-type quarks and the charged leptons show a hier-
archical mass pattern, and there exist empirical relations between their masses for
each family. Two of these mass relations can be realized naturally. On the other
hand, there is no obvious numerical relation between masses of up-type quarks and
neutrinos. This is expected if one assumes the neutrino mass is of Majorana type.

The CKM matrix for the quark mixing and the PMNS matrix for the lepton
mixing are rather different, especially in the 2-3 sector. The 2-3 mixing in the CKM
matrix is described by

Vi, =~ 0.04, (3.11)

which is very small. However, the 2-3 mixing in the PMNS matrix, measured from
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the atmospheric and accelerator neutrino experiments, is very large

$in%20,m > 0.87 (3.12)

at 30, with the central value to be maximum sin®26,,, = 1.

This difference is not expected. First, the hierarchical pattern of mass eigen-

values tends to be associated with small mixing angles, which is indeed the case in

the quark sector. Second, it is very hard to reconcile this big difference between the

quark and the lepton sector in the unification scheme.
To see how this puzzle can be naturally explained in the framework of SO(10)
GUT, it is helpful to see what the CKM and PMNS mixing matrices mean first. The

Dirac mass matrices U, D, and L are diagonalized by two unitary transformations

U and V', acting on left-handed and right-handed fields, respectively

U = Viuuy,
D = V) DUp,
L ViLUy,

(3.13)
and the Majorana mass matrix of the left-handed neutrino is diagonalized by one

unitary transformation acting on the left-handed field

A

m, = UVTmVUZ,.

(3.14)

The mixing matrices describe the mismatch between mass eigenstates of upper and

lower components of the weak-doublet, which are left-handed fields

Uckum UhUy,

Uppns Ulu,.

(3.15)
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On the other hand, the right-handed transformations Vi p 1, are not directly observ-
able. (They are observable indirectly in the quantum loops in the SUSY context as
will discussed in the Chapter 5.)

Since the quark mixing and the lepton mixing involve left-handed fields only,
there emerges one natural way of explaining the small quark mixing and the large
lepton mixing in the quark-lepton unified scheme. The idea is that, although the
quarks and the leptons are unified in the framework of GUT, the direct connection
might exist only between the quark field and the lepton field with opposite chirality.
In this way, it is the mixing of right-handed quark fields that is associated with
the mixing of left-handed leptons, and vice versa. As a result, the large mixing of
left-handed leptons in the PMNS matrix indicates the large mixing of right-handed
quarks, which is not directly observable, on the other hand, the small mixing of
left-handed quarks in the CKM matrix indicates the small mixing of right-handed
leptons, which is again not directly observable.

Let us check if the connection between the quarks and the leptons of opposite
chirality can be realized in GUT. Obviously, this is not true in the left-right sym-
metric model G(224), where the quark and the lepton fields of the same chirality are
unified. However, this is indeed the case in the left-right asymmetric model of SU(5),
where it is the charge-conjugate of the right-handed down-type quarks that sit to-
gether with the left-handed lepton doublet in the 5 and it is the charge-conjugate
of right-handed charged lepton that sit together with the left-handed quark-doublet

in the 10. Considering, for example, the minimal toy model of SU(5), which has the
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following Yukawa couplings
Ly ukawa = A33(53103)5 5 + A23(52103)5 5 4 A32(53102)54 (3.16)

with Azs < Aag ~ A3z, the 2-3 sector of mass matrices of down-type quarks and

charged leptons follow

D(23) — g MD;
e 1
0 €

L®) = Mp, (3.17)
o 1

with Mp = A33(55), eMp = A32(5p), and o Mp = Ap3(5p), which leads to ¢ < o ~
1. The mass matrices of down-type quarks and charged leptons are related, but up
to a left-right transposition D = LT due to the group structure. In such a way, the
left-handed quark mixing and right-handed lepton mixing in the 2-3 sector are both
of the size of €, which is small, and the left-handed lepton mixing and right-handed
quark mixing in the 2-3 sector are both of the size of o, which is large.

Although the SO(10) GUT is a left-right symmetric theory, it can be broken
in the left-right asymmetric way, and has the potential of realizing the structures
of SU(5). In fact, the SU(5) operator (5;10;)5y can be embedded into the SO(10)
operator (16;16)10(16;16';)10, where 165 pick up the vev in the right-handed neu-
trino direction (1 of SU(5))and the other 16-dimensional spinor 16%; pick up the vev
in the component of 5 of SU(5). Thus, in the SO(10) model, with the following

operators

£ = A331631635105 + Aa3(16216)10(16516% )10 + Ay3(162165)12010545,  (3.18)
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the mass matrices take the form

0 0 0
U= 1{o 0 ¢3[M
0 —¢/3 1
0 0 0
D =10 0 o+¢3]|Mp,
0 —e/3 1
00 0
N = [0 0 —e| M,
0 ¢ 1
0 0 0
L = o o0 —el|Mp, (3.19)
0 o+e 1

with € < o ~ 1. The introduction of a large ¢ brings two benefits. First, it realizes
the lopsided structure of SU(5). Second, the mass relation between the down-type
quark and the charged lepton in the second family is changed. Instead of

€N 2

-} Mp,
(3) b

eMp, (3.20)

12

ms

12

my,

which leads to the problematic mass relation

(3.21)

as we mentioned earlier, the introduction of large o changes the masses to be ap-
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proximately

€ < N e> €
ms x -|(o+-)~-0
° 3 3 3
m, o €(o+e€)eo, (3.22)

which leads to the correct empirical mass relation

(3.23)

The above analysis of masses and mixing of quarks and leptons shows that
the lopsided structure, which is intrinsically embedded in SU(5) but also realizable
in SO(10) model, can not only naturally explain the large 2-3 mixing of leptons
and small 2-3 mixing of quarks, but also help to give the correct empirical relation
between masses of down-type quarks and charged leptons in the second family. In

the following section, we discuss the realistic models based on this idea.

3.2 Realistic SO(10) GUT Models with Lopsided Structure

The first realistic SO(10) model with lopsided structure is constructed in a
series of papers by Albright, Barr, and Babu [45, 46, 47, 48]. At the first stage
[45], the model was established to explain the large atmospherical mixing in the
lepton sector versus small 2-3 mixing V,; in the quark sector. Soon after, the model
was extended by Albright and Barr to include the first family [46]. It was found
that the model naturally predicts the 1-2 neutrino mixing angle 6,5 (solar angle) to
be either small, or very near to the maximum value, corresponding to the so called
”bimaximum mixing” scenario. After the solar neutrino experiments in which the 65
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is found to be around 30°, Albright and Barr have attempted to modify their model
to accommodate this large solar angle. But in doing so, there must be considerable
fine-tuning. The issue is that, in order to produce the large solar angle, different
free parameters must be made to be exactly equal to each other.

This can be seen from the explicit presentation of their original model. Via
couplings with a set of Higgs multiplets 105, 165, 165 and 455 and the constraints
from the flavor U(1) X Zy X Zy symmetry, the Dirac fermion mass matrices have the

following forms in the original model of Albright and Barr,

n 0 0
U =10 0 ¢3|Mv
0 —¢/3 1
n 0 0
N = (0o 0 —e|Mv,
0 € 1

n 5 §'et®

D = J 0 o+4¢/3| Mbp

e o4+¢€ 1
where U, D, L, and N, as in the last section, denote up-type quark, down-type

quark, charged lepton, and neutrino Dirac mass matrices, respectively. The various
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entries in the mass matrices come from different SO(10) Yukawa operators, e.g.,
from 16,16,10y; € from 16516310545y, 0,0’ from 16,165316516'y; and o from
16,16516516’. It is worth to mention that all the relations between different
entries, such as minus signs and coefficients of 1/3, are naturally due to the group
structure. The model so far is completely natural. The parameter ¢ is of order
one, signaling the lopsidedness between the second and third families in D and L.
This feature leads to a large left-handed neutrino mixing in the PMNS matrix and a
small left-handed quark mixing in the CKM matrix. The parameter € is one order-
of-magnitude smaller than o and generates the hierarchy between the second and
third families. In extending to the first family, 6 and ¢ were introduced into the D
and L.

The large solar mixing angle is constructed from the left-handed neutrino
Majorana mass matrix, which in turn depends on a very specific structure in right-

handed Majorana mass matrix Mg

cn?  —ben an
Mp=1|—ben & —e|lr (3.25)
an —€ 1

with all the entries in My generated from the operator 16;16,16,165. The fine-
tuning problem is obvious — the entries in the Majorana mass matrix Mgz and the
Dirac mass matrices U, D, L, and N are from different operators, and therefore they
are not connected by the group structure. The appearance of € in both Majorana
mass matrix Mgz and Dirac mass matrices U, D, L, N surely signifies the fine-tuning
problem.
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By varying the four parameters in the Mg [49], the predication of 6,3 from this
model was found to lie in the range of 107° < sin?#;5 < 1072. A narrower range of
0.002 < sin? 6,3 < 0.003 is obtained when constraints are imposed on the parameter
space. Therefore, the prediction of A3 from the original lopsided model supports
the empirical rule that model using large dimensional Higgses predict large 6,3 and
these using small dimensional Higgses predict small 6,3 [55]. If U, disappearance
at short baseline experiments is observed in the next generation of short baseline
reactor experiments [40], the original lopsided model would be ruled out.

Given that the SO(10) GUT model with lopsided structure is one of the most
successful GUT theories incorporating all the known experimental facts, two obvious
questions arise immediately. First, is there a more natural way to realize the large
solar-neutrino mixing angle without fine-tuning? And second, if such an alternative
model exists, is #;3 consistently small?

Since the fine-tuning problem is associated with the specific way of generat-
ing the solar angle, we look for other ways of producing it. The lepton mixing
matrix describes the mismatch between mass eigenstates of left-handed neutrino
and charged lepton as shown in Eq. (3.15). The large solar mixing can either be
generated from Uz or U, or a combination of both. If there is a non-vanishing 1-2
rotation from U, it can either be generated from the Dirac mass matrix or from the
Majorana mass matrix of the right-handed neutrinos or a combination of both. In
the following, we focus on the possibilities in which one of the matrices generates a
large solar-neutrino mixing angle, keeping in mind though that a general situation
might involve a mixture of the extreme cases.
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In the original lopsided model, the large solar-neutrino mixing is induced
mainly by the right-handed neutrino mass matrix. Thus, an alternative possibil-
ity is to produce the large solar-neutrino mixing from the charged lepton matrix. In
fact, in Ref. [56], a model was proposed in which both large solar and atmospheric
neutrino mixings are generated from the lopsided charged-lepton mass matrix. The
value of sin? 265 is again found to be small, 0.01 or less.

Here we study yet a third possibility of generating a large 1-2 rotation in the
lepton mixing from the neutrino Dirac mass matrix N. The easiest way to achieve
this might be to use a lopsided structure in the 1-2 entries of N. However, this is
impossible in group theory of SO(10). A large rotation, however, can be generated

through 1-3 and 2-3 entries without affecting, for example, the quark mass hierarchy
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between the first and second generations. Thus the modified mass matrices are

The symmetric entries w and « in U and N can be generated from the dimension-
5 operator 16;16; [EH]__G;{]H), and the antisymmetric p entries in U and N are
from dimension-6 operator 16i16j[16H16/H]1045H, where the subscript 10 indicate
that the spinor Higgses are coupled to 10 of SO(10). Because of the modifica-
tion, the € entries in D and L now must be generated from dimension-6 operator

16,16,[16,16',;]1045,. We assume as in the past that 455 Higgs develops a vac-

n 0 K+ p/3

0 0 w MU7
K—p/3 w 1
n 0 §'et®

) 0 o+¢€/3 Mp,

§e® —e/3 1

0 b 0fAr, (3.26)
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uum expectation value (VEV) in the B — L direction. 165 and 16 are the Higgs
spinors which break the SO(10) to SU(5) by taking the VEV in the singlet direction
of SU(5). The second pair of 16); and 167 develop VEV in 5 and 5 of SU(5),
respectively, and therefore the operators involving 1_6/H and 16, contribute to up
and down sectors of weak doublets, respectively.

Usually a rotation is connected with the mass spectrum. However, in our case
the 1-2 rotation angle from U will be combined with the 1-2 rotation from D to
obtain the Cabibbo angle 8¢, and a constraint from the up-type quark spectrum
must be avoided. Thus, the first two families in the U and N cannot be coupled
to each other directly, but can be coupled indirectly through the third family. The
1-2 rotations in U and N generated from this way are proportional to the ratios
v=(k—p/3)/w and v = (k + p)/w, respectively.

Taking the approximation = 0, the dependence of various mass ratios and

CKM elements on parameters can be seen roughly from the following approximate
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expressions (the superscript 0 indicates the relevant quantities are at GUT scale)

2 o0
0/, 0 =
my iy 302+ 1
mg/m? ~ 0,
mo/mi =~ (1+~°)w?,
0/,.0 o
m“/mT N 602 +17
1 o
0,0 . + 0
1
mg/mg ~ §tLtR 5
mg/mg ~ iR,
1 €
Ve ~ —/1+72w— ;
1 .
Vuos = (_ry +tL619) P
V1472
1 € .
VO o~ —tre + V14 o2ty) , 3.27
ub mg(a_g + 1) (ry L R) ( )

where t7, tp and 6 are defined as t;.e?? = 3(§—0d'e®) /(0¢€) and tg = 3602 + 1/(0€).
The expressions for mass ratios in down-type quark and charged lepton sectors
are the same as those in the original lopsided model. The expressions for m?/m}
and elements in CKM matrix are new. These approximations allow us to design
strategies to fit various parameters to experimental data.

First, we use the up-type quark and lepton spectra and the parameters in the
CKM matrix to determine 10 parameters o, €, 6, 0, ¢, w, v, n, My and Mp. Our
best fit yields ¢ and e approximately the same as those in the original lopsided
model, and thus the successful prediction for the mass ratios mj,/mJ and mJ/m;

are kept. The two CKM elements |V.%| and |V}], together with the CP violation
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phase dcp and the constraint on the product ¢7tg from mass ratio m?/ mg, can fix
the tz, tg, v and 0. Then w and 7 can be fixed from m?2/m? and m?, respectively.
The down-type quark mass spectrum comes out as predictions.

To see the dependence of the lepton mixing PMNS matrix on various parame-
ters, we construct the Majorana mass matrix of the left-handed neutrino from the

seesaw mechanism[13], m, = —NMy'N,

n’lat+(k+p)?  (k+pw nlk—p)/at(k+p)
m, = — (k+ p)w w? w M /AR (3.28)
n(k—p)lat(k+p) w1+ (—p?latw?/b
which depends on the four unknown parameters, 7', Ag, a and b. With parameter a
taking a reasonably large value, say, order of 0.001 or larger, the 1 dependent terms
can be neglected. Then one readily sees that the m, matrix can be diagonalized by
a 1-2 rotation of angle 67, with tan 6}, = +/, and followed by a 2-3 rotation by angle

055, with

2 1 12
tan 204, = VoY (3.29)

1+ (k—p)?/a+w?/b— (1 +~?)w?
The neutrino Majorana masses of the second and the third families are
My = — [(1 + 7 w? + /1 + 2w (cot20y, — csc29§3)] ME /AR ,
My = — [(1 + ) w? + /1 + 72w (cot205, + csc29§3)] M¢ /AR, (3.30)
with m,; = 0 as the result of the approximation n = 0. Therefore, the present

model constrains the neutrino mass spectrum as hierarchial, which means that the

parameters in the light-neutrino mass matrix, the mass eigenvalues and mixings, do

70



not run significantly from GUT to low-energy scales. The mass difference Am?,
can be used to fix the right-handed neutrino mass scale Ag.
Taking into account rotations from matrices m, and L, we arrive at the ele-

ments in the PMNS matrix,

Usp = L — t—R ! ! cos Oy, — t—RLsinQ”

e /1_|_,y/2 3 \/1_‘_,}//2\/1_|_0-2 23 3 /1+0_2 23

o 1 tR 1 .

Uy = —————cosbls+ —— [+ =+ —> sinfy, |

3 1102 23 Tt 2 (7 3 Tt o2 23

tR o ’yl tR 1 .

Uysg = ———cosly,+ - — sinfs. (3.31

e3 3 /1 + 0.2 23 ( /1 + 7/2 3 \/1 + 0.2\/1 + 7/2 23 ( )

The data on the solar-neutrino mixing Uy, together with the ratio of mass dif-
ferences, Am?,,/Am2,, = m2,/(m2;, — m2,), can fix 7/ and 64,, where the latter
depends on a combination of a and b. Having fixed " and parameters in Mg, the
atmospheric-neutrino mixing U,3 and U are obtained as predictions.

We summarize our input and detailed fits as follows. For CKM matrix ele-
ments, we take |V,s| = 0.224, |V,,,| = 0.0037, |V| = 0.042, and dcp = 60° as inputs
at electroweak scale. With a running factor of 0.8853 for |V,;|, and |V| taken into
account, we have |[V9| = 0.0033 and |V,2| = 0.037 at GUT scale. For charged lepton
masses and up-type quark masses, we take the values at GUT scale corresponding to
tanf = 10 from Ref. [54]. For neutrino oscillation data, we take the solar neutrino

angle to be 0y, = 32.5° and mass square differences as Am?, = 7.9 x 107 °eV?* and

71



Am?,; = 2.4 x 1073eV?2. The result for the 12 fitted parameters is

o = 1.83,
e = 0.1446,
§ = 0.01,

§ = 0.014,
¢ = 27.9°

n = 1.02x107°,

w = —0.0466,
p = 0.0092,
Kk = 0.0191,

My = 822 GeV,
Mp = 583.5 MeV,

Ar = 1.85x 10" GeV (3.32)

There is a combined constraint on a and b, and thus the right-handed Majorana
mass spectrum is not well determined. As examples, if a = b, a = —2.039 x 1073;
and if a =1, b= —1.951 x 1073,

We show the result for the down-type quark masses and right-handed Majo-

rana neutrino masses (taking a and b as those values in Eq. (4.21) which are fitted
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to produce the baryon asymmetry) as follows,

my = 1.08 MeV,
m? = 25.97 MeV,
my = 1.242 GeV,
M, = 227 x10"GeV,
M, = 3.61x10°GeV,

M; = 1.85x 10%GeV . (3.33)
The predictions for the mixing angles in the PMNS matrix are,

sin? Opma = 0.49,

sin®20;3 = 0.074 . (3.34)

The result for 0., is particularly interesting: Although the lopsided mass matrix
model is built to generate a large atmospheric-neutrino mixing angle, the charged
lepton mass matrix alone produces a 2-3 rotation of 63° instead of 45° because of the
constraint from the lepton mass spectrum. With an additional rotation 65, ~ 21°
fixed mainly from the ratio of mass differences Am?2,,/Am?2,;, the nearly maximal
atmospheric mixing 44.6° comes out as a prediction. If one releases the best-fit
value of Am?2,, and Am?2,, and only imposes the 30 constraint as 7.1 x 107%eV? <
Am?, < 8.9 x 107%eV? and 1.4 x 1073eV? < Am2,, < 3.3 x 1073eV?, one would
obtain, as shown in Fig. 3.1, 0.44 < sin?#um < 0.52 which is well within the 1o
limit, and 0.055 < sin?26;3 < 0.110 which, as a whole region, lies in the scope of
next generation of reactor experiments.
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Figure 3.1: The predictions of sin? @y, and sin? 26,5 against the mass
square difference ratio Am?2,;/Am?2,,. The region of Am?2,;/Am?2,, is
obtained from the values of Am2,; and Am? , within their 3o limits.
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In summary, an SUSY SO(10) GUT model with lopsided structure is con-
structed to overcome the fine-tuning problem associated with the original lopsided
model of Albright, Babu and Barr. It contains 13 parameters. After fitting them to
experimental data, it yields a number of predictions. Whenever the experimental
data are available, they work well. Most interestingly, the model predicts a sin® 26,5
around 0.074, which is significantly larger than that from any of previous lopsided
models. It can surely be tested through the next generation of reactor neutrino

experiments.
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Chapter 4
BARYOGENESIS VIA LEPTOGENESIS IN LOPSIDED MODEL

4.1 Introduction: Various Scenarios of Baryogenesis

One of the most fundamental questions in modern cosmology is where the
baryon number asymmetry in today’s Universe comes from. Baryon asymmetry of
the Universe is customarily defined as the ratio of the baryon density to the photon
density after the recombination, and has been measured to very good precision from

the WMAP experiment [58]:

B = Z_B = (6.1£0.2) x 107, (4.1)
Y

The big-bang nucleosynthesis is completely consistent with this determination. In-
terestingly, if the baryon density in the Universe is larger or smaller than this number
by two orders of magnitude, galaxies would not form and human beings would not
exist. Instead of assuming this asymmetry as the initial condition, modern physicists
believe it is generated dynamically in the early epoch of the Universe.

It has been realized long time ago by Sakharov [15] that there are three neces-
sary conditions of generating a baryon asymmetry. The first condition is that there
must be a fundamental process that violates baryon number. The second condi-
tion is that both C and CP must be simultaneously violated. This is because the

processes producing particles and antiparticles are connected by both C and CP,
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with the only difference between C and CP being related to polarizations. Thus
with either C or CP conserved in a process, the total numbers of particles and an-
tiparticles produced in the process, regardless of the polarization, are guaranteed
to be the same. The third condition is that the baryon number violating process
must be out of equilibrium. This is because the number densities of particles in
equilibrium are completely fixed by their masses. Since the particle and antiparticle
have the same mass, they are of the same abundance in equilibrium.

There are many scenarios of baryogenesis in which three Sakharov conditions
are satisfied. The GUT baryogenesis scenario is the earliest one. The advent of GUT
realized the first condition — baryon number violation [16, 17] (which was thought
not to be satisfied in SM). Like in SM, the second condition, C and CP violations,
can be naturally satisfied in GUT. The third condition, out of equilibrium condition,
can be satisfied if the baryon asymmetry is generated in the delayed decay of the
heavy particles that are out of equilibrium [59].

Soon after this GUT baryogenesis scenario was proposed, it was realized that
the baryon asymmetry generated in this scenario would be entirely washed out by the
sphaleron process. As noted by 't Hooft [18], the baryon number is not conserved
in SM due to the quantum corrections. There are many vacua corresponding to
different topological charges. The tunnelling between different vacua causes the
violation of the baryon number. However, this tunnelling, being suppressed by

the factor of e—167/9

, was thought to be very weak until Kuzimin, Rubakov, and
Shaposhnikov [19] noted that the tunnelling is not weak at a temperature close to

or higher than the electroweak scale. The solution corresponding to this transition
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is called “sphaleron”, which means “ready to fall”.

The presence of the sphaleron process makes the GUT scenario not a viable
one any more. Nevertheless, the sphaleron process itself makes another scenario
possible, that is, electroweak baryogenesis. The idea is that the baryon asymmetry
can be generated in the sphaleron process itself. Since the sphaleron process is in
equilibrium above the electroweak scale, the only place that it can generate the
asymmetry is in the first-order elctroweak phase transition. However, in order for
the electroweak phase transition to be of a strong first-order, the Higgs mass need
be significantly smaller than the critical value, which is 73.3 + 6.4 GeV from lattice
simulation [60]. This is in odd with the empirical lower limit 114 GeV of the Higgs
mass obtained at LEP [61]. SUSY relaxes this tension by introducing extra scalar
particles [62]. In this case, a strong first-order electroweak transition requires my <
100 ~ 115 GeV, which has a small overlap with the empirical lower bound 91 GeV
in MSSM [61]. Another problem of electroweak baryogenesis in SM is that the
CP violation in SM is too small. This problem is also solved in the presence of
SUSY which introduces extra CP violation phases. To summarize, the electroweak
baryogenesis is ruled out in SM but still possible in the presence of SUSY.

Given the problems of the GUT baryogenesis and the difficulty of electroweak
baryogenesis, baryogenesis via leptogenesis [20] emerges as a rather attractive sce-
nario and has been extensively studied [63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73,
74,75, 76, 77, 78]. The idea of baryogenesis via leptogenesis is based on the obser-
vation that although baryon number and lepton number are both violated in the

sphaleron process, the B — L number is conserved since it is anomaly free. Thus, if
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the asymmetry of B — L can be generated at high energy, the subsequent sphaleron
process will not erase this asymmetry. What the in-equilibrium sphaleron process
does is just to redistribute the B — L asymmetry into baryon asymmetry and lepton

asymmetry with a fixed proportion [74, 75]

8Ng + 4Ny

AB; =
77 99Ns + 13Ny

A(B - L), (4.2)

where the A(B — L) is the initial B — L number produced at high energy and also
the final B — L number after the sphaleron process, the AB; is the final baryon
number, Ny is number of Higgs doublets, and Ng is the number of families. In SM,

one has Ng = 3 and Ny = 1, and therefore

2
AB; = 7—SA(B ~I). (4.3)

Obviously, the final baryon number is zero if A(B — L) = 0 initially. This is the
case in GUT baryogenesis scenario, where the baryon and lepton asymmetries are
generated in such a way that the B — L asymmetry is zero. On the other hand, the
baryon asymmetry would be generated if the B — L asymmetry can be produced
at high energy. Therefore, the B — L violation is the necessary condition for this
to happen. The SO(10) GUT naturally realizes this because B — L, as a gauge
symmetry of SO(10), has to be broken when SO(10) is broken to SM. Moreover, in
order for the B — L violation process to be out of equilibrium, it has to happen at a
very high energy scale. This is consistent with the small neutrino mass in the seesaw
mechanism. Thus, the baryogenesis via leptogenesis and the small neutrino masses

are correlated and both of them can be studied in the SO(10) GUT framework.
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In the following, we study the baryogenesis via leptogenesis in the SO(10)
models with the lopsided structure, which have been shown to produce neutrino

masses and mixing among other things.

4.2 Baryogenesis via Leptogenesis in SO(10) Models with Lopsided

Structure

In the baryogenesis via leptogenesis scenario, the lepton number asymmetry,
which is also the B — L asymmetry, is produced through the out-of-equilibrium
decay of heavy right-handed neutrinos. This lepton number asymmetry is converted
to the baryon number asymmetry by the in-equilibrium sphaleron process, in which
the B — L asymmetry remains conserved.

In this scenario, several considerations have to be made. First, what is the
number of right-handed neutrinos decaying out of thermal equilibrium? The answer
to this question in principle depends on the thermal history of the right-handed
neutrinos. In our model, it turns out that this dependence is rather weak because
of the strong washout. Second, what is the lepton density generated from a right-
handed neutrino decay? This, of course, is related to the CP asymmetry of the
decay which in turn depends on the Yukawa interactions. Third, a part of the
generated lepton number asymmetry gets washed out by inverse-decay processes
and scattering. This effect can be rather important, particularly in the so-called
strong washout region. Finally, one must calculate the percentage of lepton number

density converted into the baryon number density through the electroweak sphaleron
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process. The answers to some of the questions are less model-dependent and are
standard in the literature [76]. Here we focus on the parts depending on a particular

model.

4.2.1 Leptogenesis in the New SO(10) Lopsided Model

The density of leptons from right-handed neutrino decays is

3
ny = M Z Ki€i | (4.4)

472 —
where the first factor is the thermal density of a relativistic fermion with gy = 2 and
the sum is over the number of right-handed neutrinos. The ¢; is the CP asymmetry in
the decay of the i-th right-handed neutrino; x; is the corresponding efficiency factor,
taking into account the fraction of out-of-equilibrium decays and the washout effect.
Both factors depend on the effective mass defined as

(M), M, )i
M; '

m; =

(4.5)

where M, denotes the neutrino Dirac mass matrix in the basis in which the right-
handed neutrino matrix is real and diagonal and M; is the mass of the right-handed
neutrino.

The lepton number is converted into the baryon number through the B — L
conserving electroweak sphaleron effect as shown in Eq. (4.2, 4.3). The photon
density can be calculated from the entropy density s = 4—259*7T2T3, where g, is the

effective number of degrees of freedom, through the relation

47 21\ 72
— - (o) - 4.6
* 7330 ( * 11) 2(3)" (4.6)
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where the second factor takes into account the neutrino contribution. Ignoring the
lightest right-handed neutrino contribution, g, is 106.75 in SM.

The final ratio of baryon to photon number density through leptogenesis is

ng 602
S N e = —0.0114 Y ke 47
T T 53009 & Zi:“ 49

The right-handed neutrinos are assumed to be CP eigenstates in the absence
of the Yukawa type of weak interactions. Through the interactions, they can decay
into both left-handed leptons (neutrino and charged leptons) plus Higgs bosons and

right-handed antileptons plus Higgs bosons. In the leading order, the decay rate is

1
T, = — (YYD, M, 4.
87T( )i M (4.8)

in SM. Here again, Y’ is the Yukawa matrix in the basis where the right-handed
neutrinos are in the mass eigenstates.

At next-to-leading order, the decay rates into leptons and antileptons are dif-
ferent due to the complex phases in the Yukawa couplings. The decay asymmetry

is defined as

T'(N; — I;H) — D(N; — [;H)

.= _ ) 4.9
In one-loop approximation, one finds,
1 M2\ Tm[(Y'Y")2,
[y i ( ii
where the decay function [77] is given by
1
F(:c):\/EL +1-(1+2)ln ”} . (4.11)
—x x

In the limit of large z, this become —3/2y/x. The first term in F' is singular when
two right-handed neutrinos become degenerate in mass, in which case, one must

82



resum the self-energy corrections, which leads to the so-called resonant leptogenesis
(67, 68].

As mentioned in the last Chapter, the complex parameters a and b are not
completely fixed by fermion masses and mixing. Here, their values are fitted to

produce right amount of baryon asymmetry
a = 0.00129¢ 1808 b = 0.00198¢ 3210 (4.12)
which leads to the following masses of three right-handed neutrinos
My =227 x10" GeV, M, =361x10"GeV, M;z=1.85x 10" GeV . (4.13)

We see that M; and M, are of the same order, but there is no need to fine-tune
their values to obtain the resonant enhancement. The Yukawa matrix in the basis

in which the right-handed neutrino mass matrix is diagonal and real is

4.8 x 1070709 0 0.0046¢0-9%
Vi = 0 0 —0.022e1 (4.14)
0.013 —0.022 0.472 .
Plugging in the Yukawa matrix and mass ratios, we find the following CP

asymmetries,

e = —092x107°,

€& = —024x107°. (4.15)

Here we have shown the CP asymmetry from the second right-handed neutrino as

well because its mass is close to the first one, and hence is potentially important for
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leptogenesis. The result for ¢; exceeds slightly the bound derived by Davidson and
Ibarra [69] because the masses are not so hierarchical.

In our model, M; is close to M,, and M; is much heavier. Thus, it is a
good approximation to neglect the CP asymmetries and lepton number generated
from the heaviest right-handed neutrinos (those with mass Mj). However, since
dy = (My — My)/M; = 0.53 is less than 1, one has to consider the full decay and
washout effects from the two light right-handed neutrinos.

The efficiency factor can be calculated by solving the Boltzmann equation for
the right-handed neutrinos and lepton densities. The result depends on the effective

mass m;. In the present case, we find,
my; =29.1 meV ,  my =406 meV , (4.16)

The effective masses determine the so-called decay parameters K; = m;/m* where

m* = 167°2\/g*v?/(3v/5M,;) = 1.08 x 1073eV. In our case
Ky =270,  K,=376.2. (4.17)

Since K; > 1, we are in the so-called strong washout region. In this region, the
effective factor has little dependence on the thermal history of the right-handed
neutrinos. One can assume for instance that they are not present in the beginning
but are produced entirely by the inverse scattering processes.

Since the M; and M, are close to each other, there exists mutual washout
due to the two lightest right-handed neutrinos. This situation has been discussed

recently in Ref [70], where analytical formulas have been derived from numerical
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solutions of the Boltzmann equations,

9
Ky = - — (4.18)
ap(Ky + K37 - (K + K7
14 21n |41? )

ZB(K2 + K§1—5)3> . (K2 + Kfl_(s))

where zg = M;/Tp is the inverse temperature at which the washout effects are
minimized and ks is valid when § = (My — M;)/M; < 1 [71]. Plugging in the

parameters, we find,
K1 =6.8x107%, Ko = 1.3 x107* . (4.20)

Thus, because Ky > Kj, one has k1 > kg. Therefore, the number of out-of-
equilibrium decays from the second lightest right-handed neutrino is more than an
order of magnitude smaller than that from the lightest one.

Putting everything together, the baryon asymmetry in our model is
e =—0.96x 1072 " ke; = 6.0 x 1077, (4.21)

which agrees with the present observation.

Having shown that our model can have enough CP violation at high energy for
leptogenesis, we are interested to see the size of the CP violation at low energy. The
low energy CP violation is encoded into one Dirac CP phase d¢op and two Majorana
phases ¢; and ¢ in the PMNS matrix. It has been shown by Branco, Morozumi,
Nobre and Rebelo in [78] that there is no model-independent relation between the
CP violations at high and low energies. The predictions of the low energy CP

phases from our model are all small. The scatter plots of these CP phases versus
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Figure 4.1: The predictions of d¢cp, ¢1, and ¢, against sin®26;5. The plots
are chosen according to the requirement of producing enough leptogen-
esis and satisfying the 30 range of neutrino oscillation data as described

in the context.
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the sin?6,3 are shown in Fig. 4.1. Those points are chosen to satisfy the 3¢ range
of neutrino oscillation data: 0.7 < sin?26;, < 0.92; sin?26,35 > 0.87; sin%6;5 < 0.051;
7.1 x 107%eV? < Am?,, < 8.9 x 107%eV?; 1.4 x 10%eV? < Am2,; < 3.3 x 1073V
As shown in these scatter plots, the d¢p is constrained to be around 3 degree, and
the ¢; and ¢9 are within 3 degree and 5 degree deviation from —180 and 90 degree,
respectively, indicating very small CP violation at low energy. The prediction of

sin?26,3 is shown to be within the range 0.06 < sin?260;5 < 0.085.

4.2.2 Leptogenesis in Albright and Barr’s SO(10) Lopsided Model

The main structure of the lopsided of Albright and Barr has been presented in
Eq. (3.24,3.25) in Chapter 3. A set of parameters which reproduce the quark and

charged-lepton spectra and mixings are,

e = 0.147,
n = 6x107°,
§ = 0.00946,
§ = 0.00827,
o = 1.83,
¢ = 2m/3,

my = 113 GeV,

mp = 1 GeV. (4.22)
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Given the above, additional parameters, a, b, ¢ and Ag, can be easily found to fit the
neutrino mass differences and mixing. However, the model generates a very large
m;, which in turn produces a very large decay width for the lightest right-handed
neutrino. As a consequence, the efficiency factor k is too small. To enhance the
lepton number production, the masses of the two lightest right-handed neutrinos
are forced to a near degeneracy, yielding a large resonant decay asymmetry.

In a recent publication, a very extensive search in the parameter space was
conducted to find a viable leptogenesis in the model [50]. One of the solution has

the following parameters,

n = 1.1x107°,
Sy = —1.0x1075,
Sy = —15x107°,
Ar = 2.85x 10" GeV,
a = c=0.5828i,

b = 1.7670i. (4.23)

These parameters lead to the following right-handed neutrino masses,

M, ~ My = 5.40 x 10° GeV , Mz =2.91 x 10" GeV . (4.24)

The np we calculate from these parameters, however, is 2.5 x 1079, roughly a factor
of 2 smaller than that quoted in Ref. [50]. The difference comes from the CP
asymmetry of the decay. When the masses of the two right-handed neutrinos are
close, one cannot use the one-loop result in Eq. (4.10) directly. One has to resum
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the self-energy correction [67] to arrive at

AVZARY
o ~ DY) il , (4.25)
87T(Y/Y/T)11 7”12\7 + [(Y’Y’T)11/87T]2
Im[(Y'Y"")3)] N
€ ~ .
2 87T<Y/Y/T)22 7"2 + [(Y’Y’T)QQ/S’YT]Q

where ry = (M? — M3)/(M; M) is the degeneracy parameter.

It is worth pointing out that although the CP asymmetry tends to be en-
hanced in the case of two lightest right-handed neutrinos being quasi-degenerate,
the washout effect is also enlarged in this case. Fortunately, in the present model,
mo ~ My, so the effect is not particularly large. The modified numerical results are
listed in Table 4.1.

From the above discussions, it is obvious that the key parameter which controls
the main features of the leptogenesis is the effective mass m;: For a small m,, the ef-
ficiency factor is large, and one only needs a moderate value of the decay asymmetry
€ to accomplish leptogenesis. For a large values of my, the out-of-equilibrium decays
are rare, and a successful leptogenesis requires a large decay asymmetry, which is
possible when the masses of right-handed neutrinos become degenerate. A list of

parameters relevant to leptogenesis of various realistic SO(10) models are presented

in Table 4.1 [72], which illustrate this trend.
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BPW GMN JLM DMM AB
M, (GeV) 1010 103 3.77 x 1010 1018 5.4 x 108
—c 2.0 x 107%sin2¢ | 1.94 x 107 | 1.0x 10~ | 1074sin2¢ | 9.4 x 10~
mi(eV) 0.003 0.006 0.026 0.1-0.4 5.4
K 6 x 1072 12x1072 | 6.3x 1073 1073 1.4 x 1075
nB 12 x 1079sin2¢ | 4.97 x 10710 | 6.2 x 10720 | 107sin2¢ | 2.6 x 10710
sin? 26,5 <0.1 0.12 0.06-0.085 | 0.014 — 0.048 | 0.008

Table 4.1: Predicted mass M, of the lightest right-handed neutrino, CP asymmetry

e, effective mass my, efficiency factor k and baryon asymmetry 7z, and 6,3 in various

SO(10) models. The order is arranged according to the size of m;. The BPW,

GMN, JLM, DMM, and AB denote the models in Ref. [44], [42], [57], [43], and [50],

respectively.

90




Chapter 5

TESTING LOPSIDED STRUCTURE IN B PHYSICS

5.1 Introduction

It has been shown that an SO(10) GUT model with lopsided structure can be
constructed to naturally explain the large atmospheric neutrino mixing and small
quark mixing in the 2-3 sector. This model can fit to all the fermion masses and
mixing, and give an amount of baryon asymmetry consistent with the experiment
data. Nevertheless, there are many other realistic SO(10) GUT models that are also
successful in terms of fitting fermion masses. Given this situation, we are motivated
to investigate the following question: what is the most characteristic feature of the
models with lopsided structure and where to test it?

From the lopsided structure itself, it is clear that the most characteristic fea-
ture is the large right-handed 2-3 mixing of down-type quarks associated with the
large atmospheric neutrino mixing angle. The question is where and how to see
its signature. Clearly this right-handed mixing has nothing to do with the quark
CKM matrix. However, in the presence of SUSY, this large right-handed mixing has
the potential of generating sizable off-diagonal elements in the soft mass matrices
of squarks which, in turn, can be manifested in the flavor-changing neutral current
interaction of down-type quarks, for example, the b — s transition.

The penguin dominated b — s transition (b — ss5) has long been regarded
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as a golden channel for probing new physics. Moreover, if there are phases associ-
ated with the new physics contributing to this transition, there could be new CP
violations in B decays.

To facilitate our discussion of CP violations in B decays, we follow the com-
monly used notation of defining Ay, ﬂf, Az, and X? as decay amplitudes of P — f,
P — f, P— f, and P — f, respectively, where P and f denote decaying meson
and final multi-particle states, respectively, and P and f denote their CP conjugate
states. The CP violations in decays depend on |Z?/A #|. For charged meson, CP
violations are only manifested in decays. For neutral meson P° and P° which mix
with each other, the CP violations also show up in mixing. The mass eigenstates P,
and Py of neutral meson system, where subscripts L and H denote light and heavy,

respectively, are linear combinations of strong interaction eigenstates P° and P’
Pra) = ol P°) = 4. [P), (5.1)
with
prul® + laul” = 1. (5.2)
The Hamiltonian of this system is

H=M- %F (5.3)

in the basis of P° and FO. The conservation of either CP or CPT leads to

q\* _ My — (i/2)T
(P) My — (i/2)01y 54

If either CP or T is conserved, M5 and I'y5 are relatively real and we have

lq/p| = 1. (5.5)
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The three types of CP violations in meson decays include [22]:
. CP violations in decays which depend on
/Al # 1. (5.6)

This is the only source of CP asymmetries in charged meson decays

D(P™ = [7) =T — f*) Ay /AP -1

Aps = = = : 5.7
1+ D(P~ — f)+ (Pt — f) A /A2 + 1 (5.7)

. CP violations in mixing which depend on
lq/pl # 1. (5.8)

This is the only source of CP violations in the time-dependent asymmetry of

charged-current semileptonic neutral meson decays

dU Jdt[Py,, (t) — I* X] — dU/dt[Py,,(t) — 1" X] 1 — |q/p|*

— X
A - = <.
dU/dt[P,,,(t) — I+ X] +dL/dt[PY, (1) — 1-X] 1+ la/p|

(5.9)

. CP violations in interference between a decay without mixing P° — f and a

decay with mixing P® — P’ — f which depend on

Im(Af) # 0, (5.10)
where
_q4y
Ap = ——. 5.11
I= DA, (5.11)
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This can be observed in the time-dependent asymmetry of neutral meson de-

cays into final CP eigenstates fop

dr /[P, (t) — fep] — dT/dt[PY,,(t) — for]

: (5.12)

PO = AL [Py (1) — for) + dU /AP (8) — forl
which has a simple form in the case of B mesons [79]
Ag(t) = Sysin(Amt) — Cpcos(Amt), (5.13)
with
5, = 2Zm(\y) _ 1P (5.14)

BTNV A R PWE

The neutral B meson decays By — ¢Kg and By — 1’ Kg involve b — ss3 at the

quark level and therefore is penguin dominated. Within SM, the indirect CP asym-

metry parameter Sy, and S, i, are essentially the same as that of B — J/¢Kg:

Siis = S~ Sk = Sin2f = 0.68540.032. However, the experimental values

of Syrs and Sy i, from BaBar and Belle [80] show large deviations from the SM

prediction:

S = 0.50£0.25%007  (BaBar),
= 0.06£0.3340.09 (Belle),
Spks = 027+0.14+0.03 (BaBar),

= 0.06+0.1840.04 (Belle), (5.15)

with the average of ST = 0.34 £ 0.20 and Sp%, = 0.41 & 0.11, which display

1.70 and 2.50 deviations from the SM predictions, respectively. This significant

discrepancy between SM prediction and experiment data has generated tremendous

amount of effort in searching for beyond SM physics [81, 82].

94



It has been pointed out in Ref. [82] that there could exist the correlation
between the large atmospheric mixing and the large b — s transition, based on
the connection between left-handed charged leptons and right-handed down-type
quarks in the framework of SO(10) GUT. However, it should be noted that this
correlation depends exclusively on the lopsided structure, which is the only way
of realizing the possible connection between left-handed charged leptons and right-
handed down-type quarks. Within other realistic SO(10) models [41, 42, 43, 44]
without lopsided structure, a set of parameters of the same order are combined
constructively and destructively to give large atmospheric angle and small quark
2-3 mixing angle, respectively. In these SO(10) models [41, 42, 43, 44], there is
typically no large right-handed down-type quark mixing associated with the large
atmospheric mixing.

We propose to test this correlation by investigating CP-conserving and CP-
violating observables in B decays [57]. Our study [83] shows that the Syx, and
Sy ks could indeed have large deviations from their SM values in the SUSY context.
Moreover, we find a particular pattern of correlation between Syx and S,/ k, which
makes this class of models distinguishable from other types. We expect the similar
result from Albright and Barr model [45, 46, 50], because these two models are
nearly the same in the down-type quark sector.

This Chapter is organized as follows. The Sec. 5.2 is devoted to the calculation
of flavor changing parameters from the our SUSY SO(10) GUT model. In Sec. 5.3,
we present the predictions of Syry and S,k with the constraints from b — sv as
well as the recent measurement of AMp,, and discuss how the particular pattern of
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predictions can be used to differentiate models with lopsided structure from others

by future experiments.

5.2 SUSY Flavor Violation Parameters from the SO(10) GUT Model

If SUSY is assumed, the low energy phenomenology is governed by the MSSM,
which introduces more particles and parameters than those in SM.

In SM, there is only one Higgs field. The anomaly cancellation does not
involve Higgs fields because they are scalars. However, in SUSY theories, the Higgs
superfields involve fermionic degrees of freedom (Higgsino). In order for the anomaly
cancellation, two Higgs superfields H, and H,; with opposite hyper-charge need be

introduced. This introduces two more parameters. One of them is

_ (Hu)
tan( = ()’ (5.16)

which arises in the electroweak breaking as the ratio of vevs of two Higgs fields H,
and H,. Thus

(Hy,) =wvsinf, (Hg) = vcosf, (5.17)

with v = 175 GeV as fixed from the W= and Z° masses. The reasonable range of
tanf is 1 < tanf < 60 [84].
The other parameter is the coupling between these two Higgs superfields in

the superpotential

pH, Hy, (5.18)

which is referred as the p term. Although the coupling i can be a very large scale,
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the radiative electroweak breaking condition requires it to be of the same order as
the soft SUSY breaking scale.
While there are only two extra parameters needed in the unbroken MSSM, the

soft-broken MSSM introduces more parameters

_»Csoft = (m%)ZJZEllNL] + (mg)ijéTRiéRj + (mg)qusz] + (m%)waTRZaR]
+(m2)iydbdr; + (miy, ) H Hy + (m3y,)HYHy
+ <ALJHUQ’L'L@J][%] + Angé]szde] + AZeJHdZLZéTRJ + BhHqu -+ HC>
1 3 B 1 1 ety @ 1 ~a ~a
+( gMiBLBL + S MoWEWE + 5 Magi g + HC. ). (5.19)

Here the first few quadratic terms are soft masses of doublet-slepton I, the right-
handed charged slepton ég, the doublet-squark ¢, the right-handed up-type squark
ug, the right-handed down-type squark CZR, and the Higgs bosons. The terms in
the third lines are soft trilinear A terms and bilinear B term. The terms in the last
line are gaugino mass terms, where B, W, and g are B-ino, W-inos, and gluinos,
respectively.

The soft masses and A terms are 3 X 3 matrices in the family space, with
off-diagonal terms causing flavor violations. The parameters in soft terms could
be complex and therefore induce new CP violations. In fact, the soft terms in its
most general form introduce too many extra parameters, leading to too large flavor
violations and CP violations. This is the infamous flavor problem and CP problem
of SUSY. To solve this problem, the universality condition has to be imposed at
the SUSY breaking scale M,. This universality condition, which can be naturally
realized in some SUSY breaking scenario, requires the soft mass matrices to be pro-
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portional to the unit matrix, and the soft trilinear matrices to be proportional to
the corresponding Yukawa coupling (alignment condition) with universal coefficients
m32 and Ay, respectively. Under this, the number of parameters of MSSM is consid-
erably reduced. Moreover, the three gaugino masses M7, M, and M;3 can be traced
back to a single gaugino mass M;/, at the GUT scale. Thus with the universality

condition imposed, there are only 5 extra parameters in MSSM
mo, My, Ao, tanf, pu. (5.20)

Although the number of parameters is dramatically reduced with the univer-
sality condition imposed on the SUSY breaking scale M,, the RG running to the
electroweak scale Mgy, still generates flavor violation terms.

The SUSY flavor violation and flavor-violating CP violation in the quark sector
are induced by the off-diagonal elements of squark mass-squared matrices m? 5z with
A, B = L, R indicating the chirality. Taking the down-type squark as an example,

2

the mass-squared matrix (md)ij is

(mt )% ()3 | (i
(@) T e
(mdLR)zzj (m%R)zzj dR;

where i, j = 1,2, 3 are family indices. The (m¢;)? and (m%p)? are Hermitian matrix.

They are given by

r .
(m‘zL)?j = (mg)ij + mgi&-j + m%éijCOSQﬁ (—5 + Sln20w) ,
(deR)?j = (mfz)” + mflﬁ” - mZZ(;Z'jCOS2BSiD29V[@ (522)
where the (m2); and (m%)ij are soft masses, and the remaining terms originate from

F-term and D-term and arise after the electroweak breaking. The (my)? is given
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(mf )5 = Advcosf — ma,pudijtans3 (5.23)

where the first term originates from soft trilinear coupling, and the second term is

from the F-term in the scalar potential. The (m%;)? is the Hermitian conjugate of

(mfg)*.

In the mass insertion approximation (MIA) approach, the relevant parameters
are d4p’s, which are the m%; divided by the average squark mass-squared. We
restrict ourselves to studying the gluino contribution, which is believed to be the
dominant one due to the enhancement by the large gauge coupling ag [85]. In the
gluino-induced contribution, the relevant parameters for the b — s transition are the
(07 1. rR.LR.RL)23 Of down-type quarks. We are going to show how these parameters
are calculated in the SO(10) GUT model in this section.

Among the five SUSY parameters: (mq, m1/2, Ao, tan/3, 1), we assume Ay = 0
at M, (see [88] for justification). A nonzero Ay does not bring any significant change
to the results since the alignment condition is assumed. The magnitude of p is fixed
from the radiative electroweak breaking, whereas its phase ¢, is constrained from
the electric dipole moment (EDM) bounds, which, if cancellation exists, restrict ¢,
to be within £7/10 deviation from 0 or 7 [86, 87]. We take the ¢, to be in the
range of (—m /10, 7/10) for concreteness. The tanf is fixed to be 10 when our SO(10)
model is constructed to fit fermion masses [57]. The two soft masses mg and my ,
are set to be within 1 TeV.

The off-diagonal elements of squark mass-squared matrices are generated from
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the RG running between the SUSY breaking scale M, and the electroweak scale
Mgw. The GUT symmetry breaking scale, Mgur = 2 x 10%GeV, divides this
running into two parts: above -Mgyr and below -Mgur runnings.

In the following discussion, we will stick to the super-KM basis for the squark
fields, in which the neutral current quark-gaugino-squark vertices are diagonal.

Below the Mgur, there are two Yukawa couplings in the quark sector: dY;QH,
and @Y, QH,. The running of (m%y)? is proportional to Yde which is diagonal in
the super-KM basis of right-handed down-type squarks. Therefore no off-diagonal
element of (de R)2 should be generated from the below- Mgy running. Nevertheless,
the running of (m?,)? involves both YdTYd and Y,'Y,. While the former is diagonal
in the super-KM basis of left-handed down-type squarks, the latter is not and could

generate the off-diagonal elements of (m¢,)?. We have

3 M
§d \below—GUT _ _ YY) GUT 5.24
( LL)z] 87T2( u ) J H( MEW ) ( )

where again the Y, is in the basis of SU(2);, doublet that Yj is diagonal.

Above the Mgy, all the 16 fermions, including the right-handed neutrino, are
in the 16 spinor representation of SO(10). The soft mass-squared m?, is renormalized
by the single renormalizable operator f3316316310y5 in the model. As discussed in
Ref. [89], the initial universal soft mass-squared (m?s)|y,. = diag(m3, mg, m3) is not
kept at Maur: (mig)| My, = diag(mé, m2, m3 — Am?). The change of 3-3 element

Am? is due to the renormalization by the operator f33165163105:

M.,
Meur

5 60m

A =
m 1672

f:“)?:z In(

). (5.25)

The parameter fs3 is not completely fixed in the model and we choose it to be 1/2,
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which is in the reasonable range. This non-universal, diagonal, soft mass-squared
matrix is in the GUT basis. After being rotated to the super-KM basis, off-diagonal

d 2 .
elements of (m%p 11 )” are generated:

(mdLL,RR)2 |super—xM = UE,R(m%GS) |MeurUL R (5.26)

where Up p are the unitary transformations that diagonalize the down-type quark
mass matrix M "™ = UL M,Uyr. The (64, pr)™°¢SUT is obtained as (m%p pp)?lsuper—kM
divided by the average of its diagonal elements. Finally, the ¢, is the sum of

(64, )below=GUT and (§4,)2bove=CUT " while the 6%, = (0%,)2P°ve=CUT is only from
above-GUT running.

That the correlation between atmospheric neutrino mixing and b — s transi-
tion depends exclusively on the lopsided structure can be explicitly seen here: In
the lopsided flavor structure, the 2-3 element of M, is large, and induces a large 2-3
rotation 6% in Ug. This large rotation in turn produces a large (0%5)55"* VT as
shown in Eq. (5.26). Finally, the large off-diagonal squark masses can generate a
large b — s transition.

Although we set Ay = 0 at M,, it could be generated through radiative cor-
rections. For (md)%w g, the running below Mgur, being proportional to Yy, only

induces diagonal elements in the super-KM basis. However, running from M, to

Mgur does generate off-diagonal elements of Apg rr. In the GUT basis

8y 45 458’
Afrlevr=c| 456 0 450 +61e/3 | Mp, (5.27)
456" —61¢/3 &

101



M
Mgur

where ¢ = g7, M2 In( ) and 7, 0, ¢, €, and Mp are parameters fixed in
the model [57]. The pre-coefficients 63/2, 45, and 61 are sums of Casimirs of
SO(10) representations involved in the operators 16,16,;10, 16,16; [1_6HE/H}10, and

16,16,[16 H16,H]1045 i, respectively. Again, one simply applies U 1, on both sides of

A% to go to the super-KM basis

A%L|super—KM = U};AdRﬂGUTUL, (5.28)

2

which, together with the diagonal i term contribution, gives the full (m%; )?: 2

(mf)* =
A super—xm — ptan3 diag(mg, mg, my). Finally, §§L7LR is obtained as 6}1%L,LR =
(M, r)? /M3

To see the characteristic feature of the lopsided structure, it is instructive
to look at the size of all the §’s. Taking my = 300 GeV, m;,; = 500 GeV, and
¢u = 7/10 as an example, we have (0%g)2s = 0.28¢ %, (07, )23 = 0.0028¢~ 07,
(69 5)23 = 0.00003¢7%%% (6%, )93 = —0.0009¢~%9%.  Obviously, the (0%5)a3 is of
several orders of magnitude larger than all the other ¢’s. Moreover, given this
large (6%p)23, a large effective (6%, )SE is generated from the double mass insertion:
(6 )SE = (6%, )23 + (0% R )asptanSBmy/me, which is 0.064e~%3% for the same set of
parameters. The effective (6¢5)sT still remains small in the case of double mass

insertion due to the smallness of (6%, )23. As a result, the lopsided model predicts

large (0%5)23 and (0%;)sT, and small (6%, )e3 and (6¢5)SH.
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5.3  Syks and Sy, Predictions

The most general effective Hamiltonian H eAf?:l for the non-leptonic AB =1

processes is

_ G 10
HEP = 7; Z Ap <01Q]13 + CoQ4 + Z CiQi + CryQry + OSgQ8g>

p=u,c 1=3

+HQi — Qi.Ci — Ci}, (5.29)
where A, = VEEMYCEM™ and C; = C;(my) is the Wilson coefficient at the energy

scale of b quark mass. The basis operators in H eAf?zl are

QY = (PI"b) (3PS, Q5 = (537"b%) (574"D), (5.30)
Qs = (599"09) ) _(@/7"ar), Qu = (599"b]) > (@"a).
q q
Qs = (559"09) ) _(@p"an), Qs = (599"07) > _(@ar"a5),
q q
o wia 3 o 3 8 4«
& = @Y @), 0= )Y S,
q q
I 3 o 3 8 ha
Qo = (S30"0) Y _se@nar),  Quo=(537"07) Y Sea(@in"ai)).
q q
o € R ey o Js —a __uv A bﬁGA
Q?’y - @mbsLa Rt pvs QSg—@mbsLo_ taﬁ R™ pv»

where o = Li[y* "] and D0 = Dg—udses Lhe aand B are color indices, and
tas are the SU(3) Gell-Mann matrices. Moreover, the Q: = Qi(my) are obtained
from @); by the exchange of chirality L < R. In SM, due to that charged current
interaction only involves left-handed fields, the Wilson coefficients C; vanishes, while
in MSSM, both C; and C; exist.

The effective Hamiltonian H, élfﬁ for the AB = 2 processes is

HeAffB:2 = Z Ci( ) Qi(p) + Z Ci(p) Qi) (5.31)



(Notice that the Wilson coefficients in Eqgs. (5.29) and (5.31), although both denoted

by C; and C;, are in fact different ones.) The basis operators in H 5577 are
Qi = SEYbEsIyY,
Q2 = SHUISRL,
Qs = SHbrSRbE,
Qi = SHESIV,
Qs = spbys b, (5.32)

and the operators Q 5 3 are obtained from Q53 by the exchange of chirality L « R.
All the relevant contributions of the high energy physics above W mass, in-
cluding the SUSY particle contribution, enter the Wilson coefficients at u = myy:
C(my) and C(my). The matrix elements of local operators are, however, obtained
at the energy scale of the bottom quark mass m;,. Therefore, one needs to obtain
the Wilson coefficients at low energy by solving the RG equations of QCD and QED
in SM:
Ci(mp) =Y U (my, myw)Cy(mw) | (5.33)
J
where the evolution matrix U(my, my) for AB = 1 and AB = 2 Wilson coefficients
can be found in Ref. [90] and Ref. [91], respectively.
The SM and SUSY contributions to Wilson coefficients can be found in Refs.
(92, 93]. It is worth noting that the SUSY contribution depends on the squark mass
mg and gluino mass mg, which are larger than the universal soft scalar mass m, and
gaugino mass myp due to the RG running. We use the matrix elements of local
operators evaluated in QCD factorization (QCDF), developed in Ref. [94], which
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makes the strong phase calculable, yet introduces undetermined parameters pg 4
and phases ¢p 4.

To make prediction of Syx,, we first impose constraints on the parameter
space by requiring the prediction of branching ratio and CP asymmetry of b — sv
and AMp, to be within the experimental bounds.

The gluino contribution to the branching ratio b — sv is [92]

2
ata
817T2m3.

BR(b— sv); =

{ImoMs () (571 )23 (5.34)
+mgMy(x)(07 g)as|* + L < R},

where the loop functions M;(z) and Ms(x) with z = mZ/m? can be found in Ref.
[92]. As discussed in Ref. [92], the experimental bound and the SM uncertainty

together require that the gluino contribution BR(b — s7); < 4 x 107*. The bound

CcP
b—sy

on the CP asymmetry A plays no significant role in constraining the parameter
space. Therefore we neglect its discussion here, although we have included it in the

calculation carried out in the same way as in Ref. [93].

The DO and CDF Collaborations [95] have reported new results for AMp,:
17ps™ ' < AMp, <21 ps~'  (DO),

AMp, = 17331033 £0.07 ps™*  (CDF), (5.35)
while the best fit value in SM is AMp, = 17.5 ps~'. Much effort on the theory side
[96, 97] has been generated by this recent experimental result. The result imposes
the constraint |Ry| = [MSUSY /MSM| < 4/17, where My, = (BY|HAB=2|B}). One
should notice that this bound remains valid if one considers the uncertainty in the
SM value and assumes AMp, = 21 ps~* [97].
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The decay amplitude of B; — ¢Kj is given by [93]

Gp

2 B;—Ks
Ap—ok, = —ZEdeFﬁ fo

< S H)(C+ (5.36)

1=1~10,7+,8g
where f, = 0.233GeV, and Ffd_’Ks = 0.35 is the transition form factor evaluated
at transferred momentum of order of my4. The H;(¢)’s are dependent on QCDF

parameters py 4 and ¢p 4 in the following way [93]

Hi(¢) ~ —0.0002 — 0.0002i,

Hy(¢) ~ 0.011 + 0.009i,

Hy(p) =~ —1.2340.089 —0.005X4 — 0.0006X3 — 0.013X
Hy(p) ~ —1.17+0.13i —0.014Xp,

Hs(p) =~ —1.034 0.053i +0.086X 4 — 0.008X3,

Hg(¢p) ~ —0.29 —0.022i + 0.028X 4 — 0.024X3 + 0.014X g,
H:(¢) =~ 0.52—0.026i — 0.006X 4 + 0.004X73,

Hg(¢) =~ 0.1840.037i — 0.019X 4 4 0.012X% — 0.007X g,
Ho(¢) =~ 0.62 —0.037i + 0.003X 4 + 0.0003X3 + 0.007 X,

l

Hig(¢) =~ 0.62— 0.037i + 0.007Xp,

H7'y(¢)

12

—0.0004,

H89(¢>

12

0.047. (5.37)
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The decay amplitude of By — n'Kj is given by [93]

Ay, = BV O

x Y Hi(n)(Ci—Cy) (5.38)

1=1~10,7+,8¢g

where the H;(n')’s are dependent on QCDF parameters py 4 and ¢ 4 in the follow-

ing way [93]

=
=
2

0.44 + 0.0005z,

=
=
2

0.076 — 0.0647 + 0.006 X &,

2.23 — 0.15i 4 0.009X 4 + 0.0008X3% + 0.014X g,

=
=
2

=
=
1

1.76 — 0.29¢ + 0.026 X 7,

—1.52 +0.004X 4 + 0.008X3,

F
o
2

0.54 — 0.029i + 0.006X 4 + 0.027X3 + 0.026 X g,

=
=
12

0.078 4+ 0.001X 4 — 0.004X3,

T
=
R

—0.58 4 0.02i 4 0.004X 4 — 0.014X% — 0.004X 5,

=
=
2

—0.44 + 0.054i + 0.005X 4 — 0.0004X3 — 0.007X,

=
=
2

=
o
—
3\
S—
[

—0.80 + 0.02¢ — 0.004.X g,

=
2
—~
=_
~—
12

0.0007,

&
—
d\
S~—
I

—0.089. (5.39)

The SUSY contribution modifies the CP asymmetries as

s _ sin2f + 2Rycosdgsin(0y + 203) + Risin(20, + 209)
ofs 1+ 2Rycosdycostly + R ’

sin2f + 2R,ycosd,sin(b,y + 203) + Rf],sin(%n, +20)
Syrs = 5 . (5.40)
1 + 2R, cosd,ycost,, + Rn’

107



The Ry, 0p,, and d4,y are defined in the ratio

SUSY SM — 104 10
AR Coks AR ors = Rge0e™
SUSY SM — 10,/ 10,1
ABd_’anS/ABd_)anS = Rnle e n (541)

where Ry, is the absolute value of the ratio, 4,/ is the SUSY CP violating weak
phase which depends on the phases in ds, and d4, = 55% — 522,5’/ is the CP
conserving strong phase depending on ¢ 4.

Contrary to the B — ¢K transition, the initial and final states in B — n'K
transition have opposite parity, therefore (i K|Q;|B) = — ('K |Q;|B), and C; and
C; appear as (Ci— C‘Z) in the amplitude Ap, ..y, instead of (C;+ C‘Z) in Ag, 4K, as
shown in Eq. (5.36, 5.38). Since Cy g, depends on (64 ;)e3, whereas Cr, g, depends
on (6%} )23, this difference makes the correlation between Ssx, and S, in the case
with large (09 p)es different from the case with large (0%, )23. In fact, as shown in the
general analysis in Ref. [93], the deviations of Syk, and S,y k. from the SM values
are in the same direction if (8¢ 5)q3 is large and in the opposite direction if (6% )3 is
large. This turns out to be important in the following discussion of the correlation
of S¢ks and Sy i, predictions from the model with lopsided structure.

Besides the SUSY parameters (mg, m1 /2, Ao, tanf, ¢,,), the undetermined pa-
rameters py 4 are constrained by BR(By — ¢Kg) to be within py 4 < 2 [93], and
the strong phase ¢y 4 is not constrained.

By scanning over the allowed ranges of undetermined parameters (mg, m1/2, .,
pu.A, ¢ 4) and imposing the bound of AMp,, as well as BR(b — sv) and Abcfs,y,

we find the allowed (mg, m1/2) shown in Fig. 5.1: There is a large parameter space
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Figure 5.1: Scatter plot of the parameter space of mg and m;/, with the
constraints from BR(b — sv), AYY _and AMp,.

b—sy

of mg, my, satisfying the bound.

The corresponding predictions of Syx, and S,k are shown in Fig. 5.2, from
which we see that the large ((5?%1%)23 does push the Syx and S,k off their SM value
0.685. For the purpose of comparison, we set by hand the (6%5)23 to be of the size
of (6%;)23 , which would be the case without lopsided structure, and present the
corresponding prediction of Syx and Sy i, in Fig. 5.3, which, together with Fig.
5.2, shows clearly that the large deviation of Syx, and S,k from their SM values
are exclusively due to the large (0%5)q3 of the lopsided models.

While Fig. 5.2 shows that the lopsided structure may explain the anomalies of
both Syk and Sy i, the correlation between these two quantities, shown in Fig. 5.4,
indicates an interesting pattern: the large (0% )s3 push Sy and S,k in opposite

directions. For points where Sk, falls below the SM value, the S, x, becomes
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Figure 5.2: Predictions of Syx, and S,k corresponding to the points in Fig. 5.1.
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Figure 5.4: Scatter plot of predictions of Syx, and S, k4 corresponding
to the points in Fig. 5.1.

larger than SM value, and vice versa. As discussed above, this specific pattern is
intrinsic to the large (6%5)23, which induces large (0%, )23 yet leaves (09p)23 small.
Therefore, it is tightly associated with the lopsided structure. This specific pattern of
correlation between Syx, and S, ks means that the lopsided flavor structure cannot
be responsible for both anomalies simultaneously. If future experiments confirm
that Syre and S,k are indeed both significantly smaller than the SM values, the
lopsided SO(10) model is ruled out, unless one assumes that SUSY parameters are
such that large (0% 5 )3 from the lopsided structure makes no significant contribution
to the b — s transition and the Sy and S,k anomalies are from other beyond SM
physics sources. On the other hand, if future experiments show that the deviations
of Syre and Sy i, from their SM values are in opposite directions, it would be a

strong evidence for the lopsided flavor structure.
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In summary, we point out that a possible correlation between large atmospheric
neutrino mixing and the b — s transition, first discussed in Ref. [82], in fact,
depends exclusively on the lopsided SO(10) structure. We study the prediction of
Ssrs and Sy, from a realistic SO(10) model with lopsided flavor structure with
the constraints from AMp,, and b — sy applied. We find that both quantities can
show significant deviations from their SM values due to the lopsided structure, but
with a specific type of correlation. We discuss that the specific correlation of the

two quantities can be used to test the flavor structure in future experiments.
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Chapter 6

CONCLUSIONS

As SUSY and GUT are two of the most promising ideas on beyond SM physics,
the details of how these ideas are realized depend on specifics. It is hard to test
these ideas without building realistic models and comparing their predictions with
experiments. The work presented in this thesis follows this spirit.

We present a SUSY SO(10) GUT model with lopsided mass structure. This
model naturally produces large neutrino mixing and small quark mixing. It does
not have the fine-tuning problem present in the previous model of the same type in
the literature. This model fits all the quark and lepton masses, mixing angles, as
well as the CP violation phase in the CKM matrix. The reactor neutrino mixing is
predicted to be large 0.055 < sin?26,5 < 0.110, and is within the reach of the next
generation of reactor experiments.

We further investigate the baryogenesis via leptogenesis in this model and find
right order of magnitude of baryon asymmetry can be produced. Compared with the
previous model on this, which requires another fine-tuning to generate the resonant
enhancement, this model has another advantage.

The most characteristic property of the models with lopsided structure is that
there is a large mixing of right-handed down-type quarks associated with the large

atmospheric neutrino mixing. We propose to probe this mixing in the b — s transi-
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tion. A specific pattern of predictions of the indirect CP violation parameters Syx
and S,k in the By — ¢Kg and By — 1'Kg decays is found to be associated with
the lopsided structure. This pattern can be used to confirm or rule out this class of
model with future precision measurements of these observables.

There are also other aspects of the model that need be studied in the future.
For instance, it is interesting to study the proton decay. It would place the model
on a more solid basis if one can construct the Higgs potential that generates the
needed Higgs vevs, and if one can find extra global symmetries that lead to those
operators in the model. These topics are beyond the scope of this thesis.

There is a long journey in front of us to pin down the beyond SM physics. In
the past 30 years, the progress of the theoretical particle physics has been mainly
driven by itself. The discovery of neutrino oscillations was certainly a breakthrough.
Hopefully, we will start to know a lot more about the TeV physics with the LHC
producing enough data. We believe a joint effort from both theorists and experi-

mentalists will eventually reveal a new layer of the exciting truth of nature.
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