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Statistics Program

In this dissertation we propose a class of time series models for mixture data.
We call these logistic mixtures. In such models the mixture’s component densi-
ties have a generalized linear model (GLM) form. The regime probabilities are
allowed to change over time and are modeled with a logistic regression structure.
The regressors of both the component GLM distributions and the logistic prob-
abilities may include covariates as well as past values of the process. We develop
an EM algorithm for estimation, give conditions for consistency and asymptotic
normality, examine the model through simulations, and apply it to rain rate
data. Finally, we consider a likelihood ratio based test for determining if the
data arise from a logistic mixture versus the null hypothesis of the data coming
from a single distribution (i.e. no mixture). Because the mixture probabilities
are not constant we are able to develop a test that avoids some of the problems

associated with likelihood ratio tests of mixtures.
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Chapter 1

Introduction

In this dissertation we introduce a broad class of time series models that are
applicable to data arising from mixtures of parametric distributions. The class
of models we propose are formed by combining two time series following gener-
alized linear model (GLM) distributions and modeling the probability of which
distribution is applicable through a logistic regression structure. We call these
logistic mixture (LM) models. These models are motivated by the realization
that time series data may have parameters that are themselves changing over

time. This is a contrast to the situation expressed by a simple ARMA(k,)

process:
YVi—&Yi — o =&Y = o+ By + o+ Bre

where ¢, are 1.1.d. white noise and ¢y, ..., &, B1, ..., #; are unknown constants such

that the roots of 1 — &7 — ... — .78 and 1 + 317 + ... + 3,7 lie outside the

unit circle in the complex plane. While ARMA models have been popular and
successful for describing several observed time series, they are not flexible enough
to account for situations when the investigator believes the parameters are not

constant.



Mixture models were developed as a way of allowing data to arise from a
combination of two or more distinct data generation processes. See MclLachlan
and Basford (1988), Titterington, et. al. (1985), or Everitt and Hand (1981)
for good introductions to mixtures, primarily in the context of i.i.d. random
variables. As a basis for later comparison to our model and to introduce notation

we present a simple parametric mixture model: let
- Y; denote i.i.d. observed univariate data, t € {1,2,....;T},

- flys; ), a0 € A denote a class of probability densities with respect to a

common sigma-finite measure where A is a subset of R? for some ¢ € N,

- I, is an 1.i.d unobserved state variable that determines the conditional

distribution of Y;. By this we mean I, € {1,2,...,r} for some r and

f(yt;al) if ]t = 17

f(yt7 062) if ]t = 27
Y; is distributed as

flysa)if =r

with oy # «; if ¢+ # j. A standard mixture model would have p, =
Plly=1]>0,po=P[,=2]>0,..,p, =P, =7] >0, and > p; =1 so

the density for Y; is given by g(ys; a1, ..., ap,pr,.ooopr) = D04 (e ai)pi.

Throughout this work we use f(-) to denote the conditional (also called com-
ponent) densities of a mixture density and ¢(-) will denote the mixture density
composed of the f(-)s.

This model has the important property that the parameters governing the

data generation change among the set {ay, as, ..., a,} according to the random



values of the I;’s. One can estimate the parameters in the model by performing
maximum likelihood estimation. If the /;’s were observable we would write the

joint likelihood (joint in Y; and ;) as

TTTT (/s ) [1 = )y e
where x(s) is an indicator function of the event S. As we do not observe the I
we write the marginal likelihood of the Y;’s as

11D fweesps.

t=1 5=1

and perform maximum likelihood to estimate aq, p1, az, ps, ..., ,, p, using some
maximization procedure and applying the usual asymptotic theory for testing
purposes.

The logistic mixture models we consider in this dissertation are characterized

by the following modifications to the standard mixture model:

- We assume r = 2, i.e. there are only two states which we label as state (or
regime) 1 and state 0. We do not anticipate there being much difficulty in

extending our analysis to r > 2.

- Let W, denote a vector of observable auxiliary, or exogenous, information.

- We write f(y; | Wi, Yier, Wieq, ., Yoy, Wiy i) instead of f(ys; ou). We
now interpret f(y; | Wiy, Yie1, Wi_1, ..., Yiop, Wi_p; i) to be the conditional
distribution of Y; given Wy, Y1, Wi_q,....Y,_,, W,_, and [, = ¢ for ¢ €
{0,1}.

- flye | W, Yeea , Wiiq, o Y, Wiy i) has the form of a canonical GLM
with parameters given by known functions of o; and Wy, Yi_1, Wi_q, ..., Yi_,,

Wi,



- The state probabilities are not constant but given by a logistic regression

model:
exp(Zy7)
Pll,=1|W.,Y. . Wi_q,....Yi, W, | =—"T— 1.1
[t | ty £t—=1y VYV i=1yeeey Li—py ¥V 1 p] l—l—eXp(Z{’y) ( )
where Z, is a vector made up of known functions of Wy, Yi_1, Wi_q, ..., Yi_,,

W,_, and ~ is an unknown set of logistic regression coefficients.

With these modifications we have explicitly introduced temporal dependence in
making the conditional distributions a tfunction of the past. From this model

data is generated in the following manner:
- Given v and Z;, compute P [, = 1| Wy, Yiqy, Wiiq, .., Yip, Wiy

- Generate a Bernoulli random variable, [;, with mean given by the proba-

bility above.

- If I, = 1 generate Y; from f(y: | We, Yic1, Wioq, oo, Yiey, Wipiaq); if [, = 0
generate Y; from f(y; | Wi, Yier, Wiiq, .., Yy, Wiips ).

DeSarbo and Wedel (1995) provided a general EM algorithm approach to esti-
mating parameters in finite mixtures of independent GLM data with covariates
and constant transition probabilities. The logistic modeling we add allows us
to incorporate non-constant probabilities and model the important effects co-
variates may have on the regime probability. This is an important and useful
extension of existing mixture models. Adding the flexibility of non-constant
probabilities should improve the model’s discriminatory power — thus allowing
better estimation of the component distributions’ parameters. Furthermore, the

parameters of the logistic regression in the probability modeling may themselves

be of interest. While Kuk and Chen (1992), and Larson and Dinse (1985) have



employed logistic regression mixtures in the context of mixtures of hazard rates
we have not seen this method employed in other parametric situations. Fur-
thermore, we believe that neither asymptotic results nor testing for whether a

mixture is present has been addressed in the context of logistic mixtures.

1.1 Competing Models

In addition to the standard mixture model with fixed regime probabilities there
are two other broad types of time series models we will discuss in this disser-
tation — mostly as a basis for comparison. Both of these models are similar
to the mixture (or switching) models in that they posit the data arises from a
combination of data generating processes.

The first type we discuss are threshold models developed by Tong (1983,
1990). There are many generalizations to this simple model, but the basic idea
can be given by this two state self exciting threshold autoregressive (SETAR)

model:

v bn+&Yiaa+ ...+ Yo itY g >
t =
oo+ &oYir+ .+ oYy oo it Y <7
where d (delay parameter), p (lag length), and 7 (threshold) are unknown. For

fixed 7,d,p the &o1.&11, .., €1, C00y &0y ---0 and o are estimated by conditional



least squares, i.e.

o1, &1, "'75}?1750075107 ..., and fpo =

Arg min CSS(p,d, 7, &o1, €ty -y €pts S00s €10, -5 €po) Where
£01+8115++,6p1,00,€101++1Ep0

CSS(pv d7 T, 50175117 "'75]?1750075107 "'75]?0) =

Z 1Y = &oo — oY1 — o — fpoYt_p]z +
t:Yi_g<rt

Z [V — o — EnYioy — oo — En Vi, ).
t: Ye_g>T

The choices of p,d, and 7 may be informed by theory, or by experimenting until

one finds p, c/l\, and T where
}/7\7 dv?: Al’g %9055(}?, d7 T, 50175117 "'75]?1750075107 "'75]?0)

and it is understood the an,...,g,o terms in the preceding equation are all
dependent upon p,d, and r. In these threshold models the primary feature is
that data generation process changes according to whether a variable (in this
case Y;_4) exceeds a particular threshold (7) or not. These models may be
generalized to include covariates with coefficients that change depending upon
whether or not the threshold is exceeded — Tong calls these TARSO models.

A second class of models we will discuss are hidden Markov model regres-
sions (HMMRs). These were introduced by Goldfeld and Quandt (1973) and
Lindgren (1978) and further developed and popularized among econometricians
by Hamilton (1990, 1996). These models have been used to describe many eco-
nomic time series including GNP (Hamilton (1990)), business cycles (Diebold
et. al (1994) and Filardo (1994)), stock price volatility (Fridman (1994)), and
exchange rate fluctuations (Engel and Hamilton (1990)). These models are sim-

ilar to the mixture (or switching) models used by economists (Quandt (1958)



and Kiefer (1978)) in that they assume the existence of an unobserved state
indicator, I;. But in the case of hidden Markov models the I;s are realizations
of a Markov chain. We introduce a relatively simple example of such a model

involving two states and with normal conditional distributions. As before let

- Y; be our observed outcome, W; denote a vector of observable auxiliary in-
formation, and I; be an unobserved indicator of which regime’s parameters

generate the data.

- Also as before we associate with states 0 and 1 two sets of parameters,
aq and «p, such that the conditional distribution of Y; given I; = ¢ and

W, Y, Wi, ..., Yoy, Wi, s given by
f(yt | th 1/25—17 Wt—h sy }/t—pv Wt—p; ai)v
where I; € {0,1}.

- In this HMMR, [; is an unobserved stationary 2 state Markov chain with

transition matrix P containing elements [F], ;

=pi; =Pl =71 =1
Furthermore, conditional on [;, I;4; is independent of all the Y; for s €

{_pv_p—l_lv?T}

In most econometric applications the conditional densities are taken to be nor-

mally distributed:

1 (g — X1 B:)?
f(yt| thi/t—lv Wt—17 "'7}/15—]?7 Wt—p; Oéi) = \/mexp ( (yt 2¢Z “6) )

where Xy; is a vector composed of functions of Wy, Y1, Wi, ....Yi_,, W,_, and
a; = (i, ¢;). These models generalize the basic mixture model by allowing the
state indicator probabilities to correspond to a Markov transition matrix. Max-

imum likelihood estimation of the parameters (aq, ag, P) is usually performed



via the EM (Expectation-Maximization) algorithm. The addition of the Markov
structure does complicate estimation as the additional step of a ‘backward-
forward’ algorithm is necessary to employ the EM approach for HMMR models
(see Hamilton (1994) or Fridman (1994)).

1.2 Partial Likelihood

Throughout this dissertation we use the terms likelihood, partial likelihood, and
conditional likelihood somewhat loosely and at times interchangeably. The dif-
ference in these terms largely depends upon how we think about our auxiliary
information, W;. Before going further we define more precisely what we mean
by these terms. The following description is drawn from Fokianos (1996) and is
based in turn upon Cox (1975), Wong (1986), and Slud and Kedem (1994). Sup-
pose (Y, Wy),t € {—=p,—p+1,..,—1,0,1,...; T} is a stochastic process and given
some initial information set, {yo, wo, y—1,w_1, ..., y_p, w_, } the joint distribution

of our sample is written as

g(ytv Wty Yt—15 W15 +++5 Y1, W1 | Yo, Wo, Y—1, W1y ey Y—p, w—p)'

Then we may factor this is into the equivalent products

T T T
Hg(ytv Wi | Yeo1Wet, ooy Yoy Wop) = Hg(yt | dy) Hg(wt | ct) (1.2)
=1 =1 =1

where dt = (wtv Yi—1,Wi—15--3Y—p, w—p) and ¢ = (yt—h Wi—1y -5 Y—p, w—p)' (IH

the expressions above we have abused our notation by using ¢(-) as representing
joint as well as conditional probabilities or densities but the meaning should be
clear.) For Cox (1975) and Wong (1986) the [[g(vy:| d:) term in (1.2) is the
partial likelihood. Slud and Kedem (1994) provides a more formal definition

which includes parameters for a conditional density. We will adopt their usage.



Definition 1.1. Let G;,t € {0,1,...} be an increasing sequence of sigma fields,
Go € G1 C Gs..., and let Z; be a sequence of random variables on some common
probability space such that Z; is Gy-measurable. Denote the density of Z; given

Gi1 by f(z:| Gio1; ) where a € RY represents a vector of parameters. The

partial likelthood function relative to a,G;_q, and the data zq1,z3, ..., z7 s given
by
T
Hg(Zt | Gi1; ). (1.3)
=1

Partial likelihood is somewhat different then the general definitions of full and
conditional likelihood. Unlike full likelihood, partial likelihood does not require
complete knowledge of the joint distribution of the covariates — i.e. we do not
concern ourselves with the [] g(w; | ¢;) term in equation (1.2). Unlike conditional
likelihood, complete covariate information need not be known throughout the
period of observation (from time ¢ = 1 through ¢ = T'). Partial likelihood
considers only what is known to the observer up to the time of observation.
Often the terms will be the same — we devote a large part of this work to
analyzing a situation when there are no W; terms, only ¥;’s. In this case our
notions of full and partial likelihood will coincide. The vector a that maximizes
(1.3) for a given set of data is called the maximum partial likelihood estimator
(MPLE). In the remainder of this study this is what we have in mind when we

refer to maximum likelihood estimates.

1.3 Overview of Presentation

In Chapter 2 we introduce our model and detail an EM algorithm approach to

finding maximum likelihood estimates (or more precisely, maximum partial like-



lihood estimates) for the parameters in the two component distributions as well
as those parameters in the logistic regression that predict the regime probabili-
ties. The time series dependence is modeled through a homogeneous, continuous-
state, discrete-time Markov chain that allows us to express the sample likelihood
(conditional on some initial set of observations) as a product of mixture densities.

Chapter 3 addresses the large sample properties of a correctly specified logis-
tic mixture model. As might be expected we are able to demonstrate consistency
and asymptotic normality under some very general assumptions. Asymptotic
results for time dependent models have been developed by Billingsley (1961),
Wong (1986), and Kaufmann (1987). Our approach is most similar to Wong’s
though we tailor it so we may easily demonstrate the conditions for the asymp-
totic results are met by a logistic mixture of Gaussian AR(1) processes. The
primary difficulty in the chapter is to demonstrate that a process evolving from
a logistic mixture is asymptotically stationary and ergodic. From this we can
apply ergodic theorems to achieve the desired convergence. In Chapter 4 we then
illustrate estimation with some simulations and also show our model may be su-
perior to a standard threshold autoregression (SETAR) or a covariate threshold
model (TARSO) in that the logistic mixture may be more robust to noise in
the threshold variable. We close the chapter by applying the model to rain rate
data.

In Chapter 5 we present the most interesting part of this work. Here we
raise what has been a difficult question in analysis of mixtures: how to test
whether the data are generated by a single parametric distribution or do they
arise from a mixture. The application of chi-squared tests to twice the log-

likelihood ratio is a popular though incorrect attempt to answer this question —

10



tionally (another criticism of Hansen’s work). However the test is restricted to
mixtures with common variance (in the case of Gaussian component densities)
and it is not clear the method can incorporate covariates or be used with logistic
probabilities (as in (1.1)).

As an alternative we propose a procedure that, like Gong and Mariano’s test,
yields an exact asymptotic distribution under the null hypothesis yet seems more
broadly applicable (e.g. allowing covariates). One drawback for both our test
and that of Gong and Mariano is that the class of alternatives is smaller than
what seems natural or ideal. Both tests must exclude mixtures with constant
regime probabilities (i.e. P[[; = 1| the past | = p, a constant independent of
time) from the set of alternatives. Our test is more demanding computationally
which can be a drawback when there are a large number of covariates in the
logistic regression formulation. We develop the theory behind our test in Chapter
5. Chapter 6 examines out test’s performance in simulations and the rain data
example. We conclude this study with some thoughts about how this work may

be extended.

12



Chapter 2

Description and Estimation of the

Logistic Mixture Model

As discussed in the introductory chapter the basic logistic mixture model con-

tains the following elements:

- Y; denotes an observed univariate time series, t € {—p,—p + 1,0,1..7'},
- Wi a vector of exogenous random variables,

- 7y, X0, X1 sets of observable covariates composed of known functions of
W, Y, Wi, W5, Y5, ... i.e. each of the three vectors is € P,_; =
oWy, Yieg, Wiq.. Yo, Wo, .. Y_ iy, W_ 1), where o(-) denotes the sigma
algebra generated by the arguments. For notational simplicity we will

assume each vector is ¢ x 1.

- Assume Y; can obey two different regimes/models where Y; is generated
by the regime 1 distribution if I; = 1 and Y; is generated by the regime 0

distribution if I, = 0 where

P[l; = 1] Piiiq] = exp(Ziy) /(1 + exp(Z;7)) (2.1)

13



and ~ represents an unknown vector of regression parameters. In other
words, [; is the dependent variable in a logistic regression model with
covariate vector Z,. It is important to note that the I,’s are not observed.
(Throughout this work, vectors such as Z; will be assumed column vectors

with transposes denoted by Z,.)

- Assume the density of Y; given the indicator [; and past values has a

canonical GLM distribution with some regime specific covariates, i.e.

f(ytut = 1,Pi_1; b1, </51) = €xXp ([?JtXﬁﬂl - b(Xﬁﬂl)]/(/ﬁl + C1(yt, </51)),
(2.2)

f(yt|1t = 0,Pi-1; Bo, </50) =exp ([?JtXéoﬂo - b(Xz{oﬂo)]/% + CO(yh </50)) )
and Xﬂ,Xto € 7315_1.

The functions f(y:| It = ¢, Pi_1; B, ¢i),¢ € {0,1} are considered densities with
respect to some o-finite measure, v on the real line. As examples, we can obtain

the normal and Poisson distributions with the following substitutions:

(Xézﬂi)z _ytZ

Normal: b( X}, 3;) = 5 0 =07, and e(yy, ¢i) = —(1/2) In 27 ¢; + 20

Poisson: b(X};3;) = exp(X};3:), ¢: = 1, and ¢y, ¢;) = — Iny,!.

The binomial and gamma distributions are other common families with GLM
form when modeled with covariates.

We define ¢ = (31, 35, ¢o, #1,7")'. Our goal is to estimate b from our incom-
plete knowledge of the process (i.e. {I;} is not observed). We use the EM algo-
rithm popularized by Dempster, Laird, and Rubin (1977) — see also Wu (1983)
or McLachlan (1997). In the next section we focus upon the role of ¥ and conse-

quently will often write f(y;| I; = ¢, Pi_1; %) instead of f(y: | [t = ¢, Pi—1; Bi, &)

14



when we want to emphasize the dependence upon . As 3; and ¢; are compo-

nents of ¢ there should be no confusion. Also, we will write

f(yt | Iy = 1,7315—1;51,(/51) as f(yt | Xt1;51,</51) or as f(yt | X </5)

and similar expressions will be used for f(y;| I; = 0,Pi_1; Bo, ¢o). However we
write this conditional distribution it is to be understood that f(y;|-) denotes
one of the component densities of the mixture — which density is designated by

a 1 or 0 subscript.

2.1 General EM Algorithm

In this section we briefly outline a general EM (Expectation-Maximization) al-
gorithm for optimizing time series partial likelihoods of the type outlined above.
It should be stressed that the EM algorithm is primarily just an optimization
method that is particularly well-suited to data with missing (or unobserved)
components — other optimizing methods could be used (e.g. Newton-Raphson).
However, the EM does have the convenient property that the likelihood increases
when evaluated at each iteration’s new estimate. By this we mean if 1% is our

EM estimate of ¢* (the true parameter) after k iterations of the algorithm, then

T T
Hg(yt | Proas ™) > Hg(yt | P ). (2.3)

This is clearly not the case for Newton-Raphson or other types of optimization
routines. This monotone property of the EM becomes more important as the
number of parameters we estimate increases and other methods have trouble

converging or finding maxima of the likelihood.

15



To show how to implement the EM in our case we begin by considering differ-
ent likelihood products. Hthl g(ye | Pi—1;) is the partial likelihood expression
in the previous chapter. Hthl 9(ye, i | Pi—1;¢) denotes what we think of as the
joint (partial) likelihood of (Y3, I;). This corresponds to how we would think of

the likelihood if the I;’s were observed. In our model of a logistic mixture

g(ytait | Pii; %/)) :g(ytvjt =1 | Pii; %/’)itg(yta]t = 0| Pi1; %/))1_“ (2-4)
=(f(ye| I = 1, Pocr; B, 6P [I = 1] Pe_; )" x (2.5)

(Flye| I = 0,Peei; Bo. 60)P [L = 0| Pr_ysy])' ™. (2.6)

The last product we consider is Hthl g(t4 | ye, Pi—1;1p) — this is the product of
conditional probabilities of the indicator given contemporaneous values of Y;, W,
and the past history of Y;, W, for s < {. We may express this in terms of the

other two products as

T

T )
i . . g(ytvlt | 7316—1;%/))
Eg( tlyt,Pt_l,@b)—g oo [ Prorid) (2.7)

In these likelihood products the parameter vector v is not assumed to be the
true value, ™.

Given ¢ and ¢’ (possibly identical) we now define

T
M (%/J,g, w, @/)/) = Z / (10g9(yt7it | Pi1; ;/)))g(zt | Yt, Pr1; @b/)dit (2-8)

We write this as an integral to emphasize that it is an expectation — the expec-
tation of the EM algorithm. The y and w vectors correspond to our observed
sample data (y_p, Y—ps1, ..., yr) and (w_,, w_pi1,...,wr). While the w;’s are not
shown explicitly on the right-hand side of our definition in (2.8) they are implic-

itly included in the P,_; terms. Now, because [; takes on only two values we
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may rewrite our sum of expectations as

T

M (%/J,g,w, @/)/) = Z (10g9(yt7]t =1 | Yt, Pr1; @/’) P []t =1 | Pi_1; @/’/] +
=1 (29)
log g(ye, It = 0| ys, Picasap) - P Ly = 0] Pioys ).

We also define

H(¢,y,w

T
Z/ (log g(7¢ | ye, Pie1; ) g(it | ye, Pee1; ') diy

t=1
T
10gg Iy = 1]y, Pic 1,@/)) []t:1|yt773t—1;¢/] +

t=1

10%9(115 = 0| Ye, Pi_1; @/’) P []t = 0| Ye, Pe—1; %/)/])

With these definitions and the data, (y,w), the algorithm is characterized by

the following two step process:

The E-Step: Given ¢* compute M (¢, y,w,v*). We view this term as a

function of .
The M-step: Define "** = Arg maxy, M (2, y, w, ¥%).

We are now in a position to prove our statement that the algorithm produces
estimates that increase the likelihood in the sense described by equation (2.3).

To do so we will first prove the following:

Lemma 2.1. For any given ¢ and ' we have

T
M (¢, y,w,") = H (¥, y,w,0") =Y log g (ye| Prori ), (2.10)

=1
i.e. the difference equals the sample’s partial log likelihood evaluated at parameter

value .
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Proof.

M (4, y,w, ") — H (¢,y, w, ') = (2.11)
T
Z / log (e, ¢ | Pe1;v0) — log g(ue [ ye, Pe139)] g(2e | v, Prs; %/)/)dit =
(2.12)
T
Z/log 9(Ye | Pirs0)g(ie | ya, Pr; @/)/)dit- (2.13)

The equality in equations (2.12-2.13) follows from the equivalence of the inte-
grands — see the relation in (2.7). But the function log ¢(y: | Pi—1; ) is measur-
able with respect to o (y;, Pi—1) and hence we may pass the function through the

integral in (2.13) and write

T
Z /10g 9(ye | Peers )9 | ye, Peeryb)diy = (2.14)

=1

T
Zlogg(?h | Pee1it) /g(it | ye, Peeasp)diy = (2.15)

=1

T
Z log g(y: | Pi—1;1) = our expression for partial log-likelihood. (2.16)

=1
U

With this lemma it is easy to demonstrate the increasing likelihood (or equiva-
lently the increasing log-likelihood) associated with the EM algorithm iterates.
Let /! be any starting point and consider the sequence ¥»* generated by following
the two step algorithm. Then by our lemma we have

T
Z log g(yt | ,Pt—l; ¢k+1) =M <¢k+17g7 w, ¢k> - H <¢k+17g7 w, ¢k> (217)

t=1

T
and Zlog g(yt | Pt—l; @Z)k) =M <77Z)k7g7 w, ¢k> - H <¢k7g7 w, ¢k> . (218)

t=1
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It we subtract the two log-likelihoods we obtain

7 7
Zlog 9(ye | Pei; ™) = Zlog 9(ye | Pei; ) = (2.19)
t=1

t=1

[M (0" gy, w,0%) — M (95, y,w,0%)] + (2.20)
[H (0%, y,w,0%) — H (" y,w, 0] (2.21)

By our definition of ¢)**! in the two step algorithm we see that the difference in

(2.20) is greater than or equal to zero. If we expand the terms in (2.21) we get

H (* y,w, %) — H (", y, w,v%) = (2.22)
T
Z/ [10gg(it | e, Poc; @/’k) —log g(2: | yi, Pi1; @/)Hl)] g(2e | ys, Proa; @/)k)dit-
(2.23)

By the Kullback-Leibler information inequality we have that this term is also
greater than or equal to zero. Combining these relations we obtain the desired

result that

7 7
Zlog 9(ye | Peoas ) > Z log (y: | Pi1;90").
t=1 t=1

In practice, ¥* usually has a finite limit (as k increases) that corresponds to
a local maximum of the likelihood surface. There are unusual circumstances
where limy, 1»¥ may be a saddle point or even a local minimum (see Wu (1986) or
McLachlan (1997)). These cases are somewhat pathalogical and it is usually the
case that by changing the starting value, the sequence will no longer converge
to these odd critical points. In general, one should examine various local MLE’s

that may be obtained by different starting values.
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2.2 EM Evaluation in the Context of Logistic
Mixtures

Before we apply the EM algorithm to our model we make an assumptions that

our process’s dependence upon the past is limited to the most recent p periods,

i.e.
9(Ye | we, Y1, Wity oo Yopir, Wopi1) =g(Ye | W, Yeor, Wity oy Yomp, We—y) and
g(it | Wiy Yt—1, Wi-1, "'7y—p+17w—p+1) :g(it | Wiy Yt—1, Wi-1, "'7yt—p7wt—p)-

If we denote o(Wy, Yioy, W1, ..., Y, Wi_,) by G;_1 in the same way we wrote
Picr = oWy, Yo, Wiq, oo, Yoypp1, W_pq) then we may rewrite our likelihood

products in terms of G;_y instead of Pi_q, i.e. [[g(y:| Gio1; ).

2.2.1 Calculating the E-Step

To implement the algorithm we take ¥* as given and evaluate M (;/),g, w, ;bk)
Our goal is to rewrite this expression in terms of equations (2.1) and (2.2) —

densities and probabilities we know how to evaluate. From (2.9) we have

T

M (¢, y,w,0%) = (log g(ye e = 1] Gooas ) - P [I = 1| yr, Goas *] +

t=1

10%9(?1167]16 = 0| gt—l;@/’) P []t = 0| ?Jtagt—l;%/)k]) .

From equations (2.4)—(2.6) we have

log g(ye, Iy = 1] Gi1390) =log (f(ye | I = 1,Ge—15 B1, 01)P [ = 1| Gi_157])

=log f(y:| [ = 1,Gi—1; B, &1) + log P [y = 1] Gy_159] .-
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Similarly, for the case I; = 0 we have

10%9(?1167]16 = 0| Gi-1; @/)) = log f(yt | I; = 0,G,_1; o, 450) + log P []t = 0| gt—l;’V] .

If we define pf =P []t =1y, Gio1; ;/)k] then we may write

T
pr (log f(ye| It = 1,Gi1; B, 1) + log P [ = 1] Gemasv]) + (2.25)
T
Y (1 =pf) - (log fye| I = 0,Gu1; Bo, do) + log P I, = 0] Gio137]) . (2.26)

Equations (2.1) and (2.2) may be used to evaluate the all the terms except for

p¥. To determine p* we see

<ok
F=P [l =1 ] = Qe l = 11Gimi )

= f(yt | ]t = 17gt—1; 657 ¢]f) P []t =1 | gt—l;’yk] (2 28)
Ei:O,I f(yt | Iy =4,G;1; @ka ¢f) P []t =1 | gt—l;’yk]‘ '

where f(y:| I; = 1,Gi_1; BF, ¢F) and P []t =1]Gi_1; ’yk] may be evaluated using

(2.27)

equations (2.1) and (2.2) and ¥* = (¥, ¥, o%, &, +*). Thus it is easy to express
M (;/),g, w, ;bk) in terms of known functions and parameters.

Before moving forward it is worthwhile to consider the relationship between

pf =P []t =1 yt,gt_1;¢k] and

P [l =1]Gii; 9] =exp(Z7")/(1 + exp(Z{7%)).

p¥ represents the expectation of I; conditional on i, we, Y1, Wi_1, ooy Yiop, Wi_p
while the second probability gives the expectation conditional on only wy, y;_1,
Wi_1y ooy Yi—py Wi_p. In other words pf updates this second probability by taking
into account the contemporaneous value of ¥;. While we would not use the pf
for predicting the conditional mean of ¥; (it would be cheating as p¥ already in-

corporates knowledge of y;) it is fine to use it for fitting and estimation purposes.
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2.2.2 Calculating the M Step
Recall that given ¢* and M (;/),g, w, ;bk) we define
P = Arg max M (¢, w,4")

From equations (2.24) — (2.26) we may write M (¢, y, w, ") = Hy(B1, ¢1.p") +

HO(ﬂOy ¢07pk) + Hz(%pk) where

Hy(fr, 61,p") = ipf log f(ye| I = 1.Gir3 Br 6)] (2.29)
Ho(Bo, ¢0, p") = i(l —p}) - llog f(y | It = 0,Gi—1; Bo, ¢0)] , and  (2.30)
Ha(y,p") = ipff log P [1, = 1] Gomr; )] (2.31)

+ (1 —=pf) - log P[I; = 0| Go—15 ] (2.32)

In the definitions of Hy, Hy, and H, above, p* is shorthand for the vector (ph, ...,
pF, . .,p%). Because the different elements of v = (B, 8}, ¢1,b0,7") are so
neatly separated into distinct terms the notation ¥**! = arg max M3 | %)

means given p* choose
(B1, ¢1) to maximize H, (S, ¢1,p"),
(Bo, ¢o) to maximize Ho(SBo, o, p*), and
v to maximize Hy(7, p*).

To maximize the above, note that for equations (2.29) and (2.30) optimization
in these case correspond to finding MLEs of standard GLM models with prior
weights pf (see p. 29 McCullough and Nelder (1989)).
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2.2.3 Maximizing H (3, é1,p")

Many statistical software packages will perform estimation of weighted GLM dis-
tributions. This is one simple option for maximizing H; (31, ¢1,p") = Ethl pr-
llog f(y: | It = 1,Gi—1; B1, ¢1)]. A second approach is to use a Newton-Raphson
method. From elementary differentiation we know log f(y: | Gi—1; 1, ¢1), is con-
cave w.r.t. [y for GLM distributions. This concavity implies concavity of
Hy(By, ¢1,p%) as Hy(B1, ¢1,p") is a weighted sum of concave functions. Con-

sequently, this implies a Newton-Raphson or Fisher scoring method should work

well for finding MLE’s for g1,

k+1

Once B¥*! has been obtained, the scale parameter, ¢¥™', can be estimated

Y

by using differentiation to minimize

T 1 Qk+l 1 Qk+l
v X — WX
j :pf . ([ tA 41 M1 ( t1~M1 )] ‘|‘Cl(yt,¢1)> )
1

1

In the case of normally distributed component densities we obtain

k+1 _ 1

ooy

The estimation of A" and ¢F*! from Hoy(Bo, p*) is completely analogous, except

T
> (g — X852 - ph
t=1

that 1 — pf are used as weights, instead of pF.

2.2.4 Maximizing Hs(7,p")

Recall that v¥*! = arg max Hy(vy, pr) =
Y

T
arg mgxzpf log P [I; = 1;Gioa; 7] + (1 = p) - log P[I, = 0;Ge157]  (2.33)
=1

By differentiating twice we can see for logistic regression log P [I; = 1| G;_1;7]

and log P [I; = 0] G;_1;~] are concave in ~, hence, so is Hy(v, px) as it is a sum
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of weighted sums of concave functions. Therefore, again a Fisher Scoring type
algorithm should quickly find ~x41. Using (2.1) we may rewrite (2.33) as
s = ar zT:kl [ exp(Z;7) } 1— "1 [ 1 }

- SIS T exp(Z07) + 1= i) log 1+ exp(Z{y)
This expression resembles the log likelihood of logistic regression except [; and
1 — I, are replaced by pf and 1 — p¥. Consequently, estimates of v**! could be
obtained through logistic regression with the pfs as the dependent variables with
a computer package that allows such substitution. If this is not available then
the concavity of Hy(v,p") implies Newton-Raphson or Fisher scoring algorithms

should work to find y**1.

2.3 Estimation procedure

To fit all the parameters in a particular model, the above procedures are com-

bined in the following way:

1. Initialize the model by giving starting values for b = (35, 31, ¢4, &1, 7" ), ',

and a tolerance level, e.

2. Given ¥*, compute {pf} using (2.28), (2.1), and (2.2). Next, obtain 85,
KL Rt and ¢! with one of the algorithms described in Section 2.2.3.
~*+1 is obtained by following one of the optimizing procedures in Section

2.2.4. Repeat this step until H;/}k"'l — @/}kH < €.
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Chapter 3

Consistency and Asymptotic Normality

In this chapter we discuss large sample properties of the maximum likelihood es-
timators of a correctly specified logistic mixture model. We will initially assume
the model satisfies various conditions that allow us to prove a particular result.
Then we choose a more specific model and show how these conditions may be

validated for this particular model choice.

3.1 Consistency for General Logistic Mixtures

First we recall the general model:

yeXi6 — b (XiP)
¢

f(yt | Xta ﬂv ¢) =exp ( + C(yt, ¢)> )

exp (Z]y
Pl =1] Zs;7] :H%p(tl?vy

(i | Gio1;¥) =P [l = 1| Zi;7] - f(ye | Xaa; B1, ¢1) +
(I =P =1]Z;7]) - f(y: | Xio; Bo, ¢o),

where 77Z) :(ﬂiv ﬂ677/7 ¢17 ¢0)/ and gt—l = U(thvXtov Zt)
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We assume the true conditional distribution of Y; | G;_1 is given by ¢(y: | Gi—1; ™)
for some ¢* € U, a subset of R**2 where ¢ is the common dimension of 3y, 3o,
and v and the last two dimensions are for ¢; and ¢g. The conditions we will use

for demonstrating consistency are:

3.1.A {Y:, X, X, Zi} is asymptotically stationary with W denoting a random
vector in R that has the joinl stationary distribution. Furthermore,
Y:, X, Xy, and Z; obey a strong law of large numbers in the sense that if

h(-) is a measurable and integrable function of W then
1 a.s.
- > h(Yy, Xu, X, Z0) 25 E[R(W)] .

We denote the conformably partitioned components of W as Wy, Wx1, Wxo

and Wz. We will be more specific below.

This condition essentially presumes the existence of a stationary distribution
that describes the long term behaviour of our process. Such a distribution might
arise if we are able to view {Y}, X}1, Xi0, Z;} as a Markov process with W having
the invariant distribution. We will discuss this condition at length in the next

section, and prove that it holds in a logistic mixture of Gaussian AR(1) processes.

3.1.B Ellog g(W, | Wx1, Wxo, Wz;9)] < 0o for all v € ¥ and is continuous in
Y. By g(W, | Wx1, Wxo, Wzi9) we mean g(Yy | Gi_y;10) with Yy, Xy, Xo,
and Z; replaced by Wy , W1, Wxq, and W5. To save space we will write
9(Wy | Wx1, Wxo, Wzi1p) more concisely as g(W;1b).

It is important to note that the expectation above is unconditional — not condi-

tional, i.e. we do not mean

E[log Q(Wy | Wx, Wxo, Wz; @/)) | Wi, Wxo, WZ] .
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The unconditional expectation is computed with respect to the measure associ-

ated with the distribution of W i.e.

E[logg(w | WX17WX07W27 logg Wy | levwX07w27¢)P(dw)

where P[W € Al = | P(d

;\\

It is this unconditional expectation that is relevant for the strong law results and
the majority of expectations in this chapter are computed this way. Conditional

expectations will be denoted in the usual manner — with the vertical bar: E[-| -].

3.1.C There exists a compact set K C U, with ¢* € K such that if v € K and

W # * then Ellog g(W;4)] < Ellog g(W;4%)].

This is an identifiability condition with K chosen to restrict the parameter space.
As discussed later (in Section 3.2.3) the likelihood for mixture models is sym-
metric with respect to some axis in the parameter space. By examining only
those parameter values in K we may say that ¢* is the unique parameter that

maximizes E[log g(W3;)]. This will be addressed at length below.

3.1.D Given B,(vp) = {¢" € K: ||/ — || < p} we define
g (Wi, p) = sup g(W;e).
P'EB(Y)
This condition is that E[log ¢* (W3, p)] exists and
lim,_o Eflog ¢*(W; ¢, p)] = E[log g(W; )] for all 4 € K.

With the exception of Condition 3.1.A. these conditions are easily met by a
broad set of models. Most of the conditions are consequences of log g(W; )

being sufficiently smooth with respect to ¢, and with derivatives that may be
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bounded by integrable functions (allowing applications of the dominated conver-
gence theorem).

With this set of conditions we may prove the following theorem:

Theorem 3.2. Under Conditions 3.1.A-3.1.D we can show there exists a se-

quence of local maximum (partial) likelihood estimates {L/AJT} € K such that

pr 2 g

By local maximum likelihood estimates we mean the {;/A)T} maximize the likeli-
hood only over some fixed neighborhood of * (K in this case), not necessarily
the entire parameter space. The proof of this theorem adapts Wald’s approach

(1949) to time dependent data.

Proof. Let 6 > 0 be given. We want to show

P {hmH;zZT—;z;*

> (5} = 0 where (3.1)

T
hr = A ] ).
br = Arg rfeag; 02 g(yi | Gi_1; %)

Here and elsewhere that we discuss the maximum likelihood estimate, ;/A)T, we
assume there is some lexicographical rule that allows us to break ties in the event
there are two or more elemens of K that maximize the likelihood. For example,
we might define ;/A)T to be that element with the smallest value of Bl (or qgl if
there is more than one minimizing value of the likelihood with the same smallest
value of Bl)

Without loss of generality we may assume ¢ is sufficiently small so that by

Conditions 3.1.B and 3.1.C we can find a Bs(¢)*) such that

sup  E[log g(W;)] < Eflog g(W; ™).
WEK\Bs(v*)
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Next we choose ¢ such that

Efllog g(W;¢*)]—  sup  Eflogg(W;)] > e > 0.
VER\Bs(1*)

Now, for each 1) € K we use Condition 3.1.D to find py such that
0 < E[log ¢*(W; 1, py)] — Ellog g(W;1)] < ¢/2 which implies
E(log " (W, py)] — E[log (W ¥")] < —¢/2 for all ¢ € K\Bs(v").  (3.2)
By construction, {B,,(¢): ¢ € K\Bs(¢»*)} form an open covering of K\ Bs(4*)

and thus admit a finite subcover we denote as {B, (¢1),..., B, (¥r)}. As a

bridge to proving Theorem 3.2 we first show

T T
P[h;n sup Zlogg<yt|gt_l;w—zlogg(mgt_l;w):—oo] ~1.
= =1

WEK\B5(4*) {55

To show this we note that because {B,, (¢1), ..., B,, (¢1)} covers K\ Bs(¢*)

T
sup Zlog g(yt | Gi_1; l/)) <

WEK\B5(4*) 155

T
X{Zlogg (Y2 | Gem13 %01, p1), Zlogg (ye | Ge- 1,¢L,pL)}

t

1
So equation (3.3) will follow if we show

T
P lli%nzlogg*(yt | Gt ) — > logg(ye| G ¥™) = —OO] =1 (3.4
=1

t=1

for I = 1...L. To prove (3.4) we see that because of Condition 3.1.A and equation

(3.2) we can conclude

1 1
7 > logg*(ye| Gior; v, p1) — T > log g(ye| Ger;v") (3.5)
= E[log g" (W31, pr)] = E[log g(W34%)] < —¢/2 < 0 (3.6)

T T
so Y 1og g™ (ye| Geov; i pr) — Y log gy | Giors ) =2 —o0 (3.7)
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and the demonstration of (3.4) is complete. To show that this proves Theorem

3.2 we note that our definition of ;/A)T implies
T T
> logg(ye| Geovithr) = Y log g(ye | Geoy; ") for all 7.
t=1 t=1
Now suppose that ;/A)T(;i@/)* This would mean there exists a 6y such that
P H ‘@/AJT — L/J*H > 0 infinitely often} > 0.

Now H;/A)T — ¢*|| > & implies 1y € K\ Bs, (¢*) further implying

T T
sup Zlog g(yt | Gi—1; %/)) > Zlog g(yt | Gi-1; @Z’T)
t=1

YER\Bs, (V) 1=
T
> log gyt | Gir; ).
t=1
So if

[ oy

> 50} > 0 this means

T T
P|lim  sup Y logg(y:| Gimiiv) — Y logg(ye| Gimriv™) > 0] > 0.
YEK\Bs, (¥*) 1= t=1

(3.8)

But this contradicts our result in (3.3) with 6 = 6. Therefore by L2 . O

As we have proven the result under the stated conditions we now consider

whether these conditions are valid for logistic mixtures of AR(1) processes.

3.2 Consistency of a Logistic Mixture of Gaus-

sian AR(1) Processes

Here we examine the conditions above in the case of a specific type of logistic

mixture model. The mixture of AR(1) normal processes is relatively simple, yet
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complex enough to be used in applications as normal AR(p) models are used
in threshold and hidden Markov model regressions (see Tong (1983,1990) for
threshold models and Hamilton (1990) and Chapter 22 of Hamilton (1994) for
hidden Markov models). Although we present results for AR(1) processes we
anticipate little difficulty in extending the results to AR(p) mixtures, p > 1. We

place the AR(1) mixture model in our previous notation as follows: let

= Yiap)? 1
fye| Yica; B, ¢) =exp (‘% - §1ﬂ 277(/5) (3.9)

Pl =1|Yi1;7] = exp(o + Yi1m)
! b 1 4 exp(yo + Yicim)

(3.10)

Our general model of a logistic mixture of this type is

g(yt | gt—l;@/’) = g(yt| Yt—l?¢) :f(yt | i/t—l;ﬂlvqsl)[? []t =1 | Yt—l?’Y] + (3-11)
f(yt | Yi_1; Bo, </50)IED [ =0]Yi1;7], (3-12)

where ¢ :(ﬂ07617¢07¢1770771)/‘ (313)

We now set about proving the conditions in Section 3.1 are valid in this model.
We first define our parameter space, W. We assume the true parameter ¢* =

(By', &7, 35", 5, 7*') lies in the compact space W given by

Bi,fBo € [-1+a,l — e
Yo € [Ml,MQ],’}/l € [M37M4] and
¢07 ¢1 € [¢m2n7 ¢max]7 0< ¢m2n < ¢max < o0
where ¢; denotes an arbitrarily small positive constant, and M; an arbitrary
constant. In practice this seems reasonable as the applications considered should

allow the investigator to place bounds on the parameters. The next condition is

more difficult to verity.
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3.2.1 Condition 3.1.A

Proving the stationarity and ergodicity of {Y;} described in Condition 3.1.A is
a lengthy and detailed process. We utilize results of continuous state Markov
chains, following the approach discussed in works by Chan (1994), Nummelin
(1984), and Tweedie (1975). We first introduce some notation.

Let {Y;} denote a sequence of random variables on a common probability

space (Q, F,P) such that

Pz, A) 2p [Y; € A|Y,_1 = z] is independent of ¢,
[FDD/t € A| 1/25—17}/25—27 7}/0] =P D/t € A| 1/25—1]
P (x,-) is a probability measure on (£, F) for all + € R

P (-, A) is a F—measurable function for all A € F.

Then we will refer to {Y;} as a homogeneous Markov chain with transition kernel

Pz, A). If we set

P(x,A) = /Ag(ytlYt—l = x;1") dy (3.14)

where ¢(-) is defined in (3.11) then we can see that {Y;}, our logistic mixture
of Gaussian AR(1) processes, is a homogeneous Markov chain on (R, B(R), P).
Here B(R) denotes the Borel measurable sets derived from open intervals of the
real line. The first question we address is that of aperiodicity and irreducibility
of {Y;}. If necessary the reader may consult Nummelin or Chan for these defini-
tions. To prove irreducibility and aperiodicity it is sufficient to prove P(x, A) > 0
for all + € R and all Borel measurable sets A with positive Lebesgue measure
(see Chan (1994) for why this is sufficient). We can easily see this condition is

met for our mixture model:
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Lemma 3.3. Let {Y:} have the transition kernel indicated in (3.14) and A be

any set in B(R) with positive Lebesgue measure. Then P (x,A) > 0 forallz € R.

Proof.

P(z,A) Z/Ag(yt | Vi = a;47) dy; (3.15)

> / P Vi = 2 B0, 6P L = 1| Yooy = 577 dys > 0. (3.16)
A

From its definition in (3.10), P[I; = 1| Yi_y = a;v] > 0 for any «, and the com-
ponent density corresponding to regime 1, f(y:| Yi—1 = ; 81, ¢1), is a strictly
positive function on A. Therefore the last inequality in (3.16) is strict because

the integrand is strictly positive and the set A has positive measure. O

To obtain useful results regarding ergodicity we need to introduce the concept
of a small set. In continuous state chains the small sets are analogous to the
states in a countable or finite state chain. Their definition is available in the

aforementioned works — here we give a sufficient condition for a set to be small.

Theorem 3.4. (Theorem 3.2 Chan (1994)) Let {Y;} be a Markov chain on
(R,B(R),P) such that P (x, A) is continuous in = for every fired A € B(R) and
P(x,A) > 0 whenever u(A) > 0 where i denotes Lebesgue measure. If i(A) >0

then A is a small set.

This theorem does not characterize all small sets for our Markov chain but it is
sufficient for our purposes. In our definition of P (-, A) in (3.14) it is clear our
process satisfies the continuity condition in Theorem 3.4 so we may view Borel
measurable sets with positive measure as small. We also need the concept of

positive Harris recurrence to obtain laws of large numbers. A precise definition
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is available in Nummelin and Chan though roughly stated positive Harris re-
currence means if g(A) > 0 then P[Y; € A infinitely often | Yy = z] = 1 for all
x in R. Positive Harris recurrence is important because such aperiodic Markov
chains have a unique invariant distribution such that Y; is strongly stationary
if Yy is distributed according to the invariant measure. Also, it will be the case
that under very general conditions, the distribution of a positive Harris recur-
rent Markov chain, Y;, will converge to the invariant distribution regardless of
the distribution of Y. Henceforth we will denote this invariant probability mea-
sure as my. Nummelin provides a criterion for checking whether an irreducible

Markov chain is positive Harris recurrent:

Theorem 3.5. (Proposition 5.10 in Nummelin (1984)) An irreducible
Markov chain {Y;} is positive Harris recurrent if there exist a non-negative mea-

surable function [, a small set C' and a constant 7 > 0 such that

E[l(Y,) | Yica =] <l(z)—71, foralax ¢ C, and (3.17)
816110)// (y)P(x,dy) < 0. (3.18)

Here the C” denotes the complement of €. We are now in a position to provide
theorems that will help us determine when a sum converges to an expected value.

This first theorem gives a test for integrability with respect to 7y:

Theorem 3.6. (Proposition 5.3 in Chan (1994)) Let {Y;} by aperiodic and
positive Harris recurrent and h be a non-negative measurable function. In order
that [ h(y)my(dy) < oo it is sufficient that for some small set C' with pu(C') > 0

and [, h(x)wy(x) < oo, and some measurable function | with I(x) > h(x),z €
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', the following hold

// (y)P(z,dy) < l(z)— h(z),z € C' and (3.19)
itel]gc)//l(y)P(x,dy) < 0. (3.20)

These theorems are primarily useful in allowing us to use this final theorem:

Theorem 3.7. (See Proposition 5.6 in Chan (1994)) Suppose {Y;} is ape-
riodic and positive Harris recurrent with invariant measure wy. The for any

wy -integrable function f, and any initial distribution X of Yy we have

73100 =2 [ St

In order to apply this useful theorem we must first show our logistic mixture

model is positive Harris recurrent.

Theorem 3.8. Let Y; have the transition kernel given by (3.14) and define
[(x) = |z|. Then there exists a small set C = [—¢,¢c] and a constant T such

that the conditions of Theorem 3.5 are met.

Proof. First we find €' and 7 so (3.17) holds. Examining the left-hand side of

this equation we obtain
E[I(Y:)] Vi1 = 2] =p1(x) / el fye | Yicr = a3 Br, d1)dy:

+(1 = pa()) / e f(ye | Yier = 23 B0, do)dy: — (3.21)

where f and p;(x) are shorthand for the terms respectively defined in (3.9) and
(3.10). Since conditional on Y;_; = x, ¥; has a N(af, ¢) distribution, one can

show
o B 2¢1/2 _x262 B —xﬂ
/|?Jt|f(yt|yt_1 =ux; 3, 0)dy; = \/ﬁexp< 2% ) + 23 [1 2<I)<\/$>] ,
(3.22)
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where ® is the cdf for a standard normal random variable. From here it is easy

to see that

|£|Enm <|:1;| ol — / |yel fye | Yier = ;3 o, </50)dyt> = 0 and
i (le 1] — / lyel F(ye| Yier = x;ﬂl,gbl)dyt) _ 0.

From this limiting relationship we see that for e there exists an associated c,

such that

< € and

2] o] — / el £y Yo = a3 o, o)y,

(3.23)
2] 16] - / el £ (e | Yis = 3 B, 0 )y,

< efor |z| > c..

Define 8, = max{|5|, |Fo|}, and 7 = l_ff. Because |f1], 80| < 1 we have 7 > 0.

Choose ¢ > ¢, 5 where ¢, ; is defined to satisfy the relations in 3.23 with ¢ = 7/2.

So for || > ¢ > 1 we see

BV Yies = o] =pa(a) [l 0] Yios = 3 .01
+ (1= pula)) [l S| Yies = 3o duldy
<pa(a) ol 181] + (1 = pa() [o] ol
§|x|67+%: |:1;|(1—27-)—|—%
§|:1;|—27'—|-%< | — 7.

This concludes the proof for the first part of Theorem 3.5. The last part involves

showing

sup// (y)P(x,dy) < .

zeC
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But this is straightforward since

//l(y)ff”(x,dy)< /l(y)ff”(x,dy)<
/ el F(ye| Yir = 5 By )y + / el £ | Yis = @ o do)dy;
R R

From equation (3.22) we see these integrals are continuous functions of = and
hence bounded if z is required to lie in . This proves the second condition is

met and thus the proof is complete. O

Here we have demonstrated that if {Y;} is a logistic mixture of normal AR(1)
distributions then {Y;} is ergodic in the sense that & 3~ A(Y;) =5 E[A(Y)] where
Y as the invariant distribution and E[A(Y)] < oo . While this is useful it is
more important to consider W, 2 (Y2, Yi—1) and determine if the ergodic property
holds. Though we omit the demonstration (see Chan (1994)) one can show that
the aperiodicity, irreducibility, and positive Harris recurrence of Y; imply the

same for W, in our logistic mixture with the modified transition kernel:

0 lf Wy 7£ X1,

Py (z,w) 2 (3.24)
P(wy, 1) as in (3.14)  otherwise

where @ = (21, x3) and w = (w1, w,). (3.25)

This is important because the aperiodicity, irreducibility, and positive Harris
recurrence of (Y3, Y;_1) implies (see the remarks preceding Theorem 3.5) that
there exists a stationary distribution, denoted 7wy, such that if W = (W, Wy)

has distribution 7 then

%Z h(Y,,Yio1) 25 E[A(W)] = E[h(W;, Wo)]
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whenever E[A(W)] < oo. This is exactly what we want to demonstrate in
condition 3.1.A. Thus we consider this condition validated for our case of logistic

mixtures of AR(1) processes.

3.2.2 Condition 3.1.B

For the remainder of this chapter W = (Wy, Wy) will denote a random vector
with distribution my (the stationary distribution associated with (Y3, Y;—1)) and
Y will denote a random variable distributed according to 7y (the stationary
distribution for Y;). It is clear that both W; and Wy have marginal distributions
of 7y.

In demonstrating E[log ¢(W); ] < oo we will need to show E[A(Y); 1] exists
for various functions A(-). Rather than tackling each instance separately it is
more efficient to show Y has a moment generating function — thus ensuring that

all the expectations we will need below do exist.

Theorem 3.9. Let Y; have the transition kernel given by (3.14) and s € R.
Then there exist an &€ > 0 and C = [—¢, | such that the conditions of Theorem

3.6 hold with

h(z) = exp(sz) and I(z) = exp (%)

where ¢ = min{ ¢, ¢1}.

The proof of this theorem is very similar to that of Theorem 3.8 except it con-
tains more algebra and calculus. Consequently we omit it. Having established

the existence of the moment generating function for Y; we return to proving

Condition 3.1.B.
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Our notation here is

g(Wip) = p(Wos y) f (Wh | Wos 81, 1) + (1 — p(Wos v)) f (Wi | Wo; Bo, do)
exp (7o + Wom)

where p (Wo;v) =13 exp (70 Won) and | (3.26)
Wy — Wop)?
P Wi 3,) =exp (=200 Liogars) (3.27)

Now because ¢1, 09 > ¢ > 0 this implies that for all ¢ there exists an M
such that logg(W;v¢) < M — i.e. the log density is bounded above by M.
Consequently we only need examine the event —oco < logg < —M in order to

determine integrability of log g. Since

log g =log(pfi + (1 — p)fo) > log pfi we see

log g| <M + [log pfi|

and reduce the problem to examining the integrability of log pf; = log f1 + log p.

From our expression for f; in 3.27 and recalling that |31],|50| < 1 we see that

2
1
llog /| §(|W12|(;' |’W0|) + 5108 27 ¢yn0 and (3.28)
AEW;? 1
Eflog f1] < 2¢Wl + §log 27 o (3.29)

Similarly,

|log p| = [log(exp(yo + Wo1)) — log(1 + exp(vo0 + 71 Wo))]
<2 |"}/0 + "}/1W0| + 10g2

min

so |logp| <2max{ ‘70

196 |} + log 2 + 2 max{ |4

[} Wo and
(3.30)

min

Elog p] =2 max{|;

o1} + log 2 + 2max{ 77"

" YE[Wol < oo
(3.31)
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So we have shown that E[log ¢(W; )] < oo, and that the integrand is uniformly
bounded by the integrable function M+ the right-hand side of (3.28) + the
right-hand side of (3.30). Therefore we may apply the dominated convergence
theorem and conclude that E[log ¢(W;)] is a continuous function in ¢ — thus

proving Condition 3.1.B holds in this case.

3.2.3 Condition 3.1.C

Recall from its definition that g(W;) ég(Wl | Wos¢p) where W = (Wy, W) has
distribution my. In this section we will view g (wy | Wy = wg; %) as the condi-
tional density function of W given Wy = wy. Then we see g (wq | Wy = wo; 1)) is
the density of a mixture of two normal distributions: one density is N(wof31, ¢1)

and the other is N(wofo, ¢o). The associated mixture probabilities

exp (Yo + won) and 1
1+ exp (70 + wo1) 1+ exp (70 + wo1)

are in the open interval (0,1).

Let o™ = (85, 85, 05, 05,75, 75) denote the true parameters with either 57 # 35
or ¢ # ¢§. This restriction is necessary to ensure the mixture is not degnenerate,
i.e. a single normal distribution. Without such a restriction the logistic mixture
is not correctly specified as its v parameter would be unidentified. The question
of degenerate mixtures is addressed in Chapter 5.

Let o' = (81, 8L, o1, 08,78, 71) with o* £ o', Teicher (1963) showed that

mixtures of normal distributions are identifiable in the sense that if there exists
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some wq such that for all w; we have
g(w | Wy =we; ™) =g <w1 | Wo = wo; ;bl) then either (3.32)

woly = wofly, wolly = wolBy, 7 = ¢, by = do. and Y5 + woyy = Y + Won
(3.33)

or
wold = wofg,wolly = woly, 7 = o, b5 = 61, and 75 + wor] = —75 — wo ;-
(3.34)
The relations in (3.32) would hold if ¢b' = ¢)*. The situation in (3.34) corresponds
to the idea that if g(; p, a1, ap) is some generic mixture of parametric densities
e.g. glx;p,ar,ap) = p* f(x;a1) + (1 — p) * f(x;a0) then one can ‘switch the
labels” or permute the component densities and obtain g(z; p, a1, ag) = g(; (1 —
p), g, aq). The relations in (3.34) would hold under such label-switching (here
multiplying ~v5 + woy; by —1 is analogous to substituting 1 — p for p). To rule

out such label-switching let K be a bounded, closed ball in R¢ such that ¢* € K

11>

but ** = (55, By, o5, &5 =75, —v1) ¢ K. This set K is the one mentioned in our

statement of Condition 3.1.C.

Lemma 3.10. Let v € K with o # ¢*. Then there exist a wy and a wy such
that g (wy | Wo = wo;1h) # g (w1 | Wo = wo; ™).

Proof. Suppose the result is not true and there exists some ) with components
(51, Bo, ¢1, b0, y0, 71) for which g (wi | Wo = wo; ) = g (w1 | Wo = wo; ™) for all
wy and wg. Then for each wy one of the two relations above (equation (3.32)
or (3.34)) must hold. Let us first examine what happens if we assume (3.32) is

applicable. Then for wg = 1 we obtain

51* :51758250745; :¢17¢8: ¢0778+7r :70+71-
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But the relation in (3.32) must also hold for wy = 2 which implies y5+277 = 70+
271. The only way all these equalities can hold is if ¢» = ©*. This contradicts our
assumption that ¢ # ¢*. Now we consider what happens if (3.34) is applicable.

Then for wg = 1 we obtain

51* = 50758 = ﬂhqﬁ’lK = ¢07¢8 = ¢1778 —I_’Vr = -7 —MN-

If we set wy = 2 then we obtain 75 + 297 = —~0 — 2. These equalities can only
be met if ¢» = »**. But we defined K so that ¢** ¢ K. Thus we have shown
there is no ¢ € K, 1 # ¢* such that g (wy | Wo = wo;¢0) = g (w1 | Wo = wo; )

for all wy and wy. O

The next step in proving Condition 3.1.C is to apply the Kullback-Leibler infor-

mation inequality to the conditional densities. Define

h(wo; ) 2R [log g (w1 | Wo = wo; 1)) | Wo = wo]

=/1ogg<w1 | Wo = w0;0) g (w1 | W = w0; ¢0%) duoy
R

This equality follows because g (wy | Wy = wo; ™) is the true conditional density
of W given Wy = wp. From this representation it is clear that by the Kullback-
Leibler information inequality h(we; ) < h(wo;*) for all wy. Now we want to

show this inequality is strict for some wyq.

Lemma 3.11. Let v € K, ¢ # *. Then there exists wy € R such that

h(wo; ¥) < h(wo; ¥).

Proof. Choose v € K. By Lemma 3.10 there exists a wg and w; such
that ¢ (wy | Wo = wo;v0) # g (wi| Wo = wo;9*). By inspection we see that

g (w1 | Wy = wo;¢) and g (wy | Wy = wo; ™) are continuous in wy. This implies
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that for this particular wg there exists a compact Borel-measurable set A with
positive Lebesgue measure where g (wy | Wy = wo;9) # ¢ (w1 | Wy = wo; ¢*) for
all wy € A. Consequently the conditional distributions parameterized by ¥ and
Y* are different and an application of the Kullback-Leibler inequality yields the

strict inequality. O

We conclude our proof by showing Lemma 3.11 is sufficient to show for all

he Ky #

E[log g(W1 | Wo; ¢)] <Ellog g(Wi | Wo;¢™)], or equivalently,

Eflog g(W;¢)] <E[log g(W;4")].
Let ©» € K, # v*. Then through the use of iterated expectations we have
Eflog g(W1 | Wo; 1) — log g(Wy | Wos ¢07)] = E[A(Wo; ) — h(Wos ¢7)]. (3.35)

Lemma 3.11 shows us that for ¢ there exists a wq such that h(wo; ) # h(wo; ).
We can find an integrable dominating function and apply the dominated con-
vergence theorem to show that h(wo;t) and h(we;t*) are continuous in wy
and hence there exists a compact Borel set A with positive measure such that
h(wo; ) # h(we; ™) for all wy € A. The Kullback-Leibler inequality implies
that h(wo;v) < h(we;0*) for all wy € R. The existence of the set A means we

can strengthen this statement to

Elg(W;9)] — E[g(W;4")] =E[h(Wo;¢) — R(Wo;7)]

< /A [h(1; ) — hlt; §°)] dP () < 0

In the inequality above we have used the result that h(we;v) < h(we; ™) for

wo ¢ A and thus our condition is proven.
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3.2.4 Condition 3.1.D

This condition is most easily verified using derivatives of log g(W;v) and the
mean value theorem. Let p be positive and ¢’ be an arbitrary element of K.

Consider ¢ € B,(¢)'). Then by the mean value theorem

dlog g(W;
fog g(Ws)] < llogg(Ws )|+ | ZESEE |- (330
i
where v lies on a chord between t and ¢’ and || - || denotes the Euclidean vector

norm in R Now suppose that for any p and ¢’ there exists a R® valued function

D(W;p,d') = (D(W;p, o)1, ..., D(W; p,0)')g) such that for all ¢ € B,(¢)
dlog g(W; )

oy ¢>

E[D(W;p,¢');] <oo fori € {1,...,6}

and

D(W7 pqub/)i > ‘(

Then we may deduce from (3.36) that

E[ sup [logg(W;¢)[] < Ef[logg(W; )] + [E[D(W; p, ")]|| - p < 00
PEB(Y')
for all ©» € B,(¢'). To find such a function, D(-), we examine one of the deriva-

tives — the others follow the same pattern. Consider

log g(W:90) =p (Woi ) f(Wh | Wo, Br. 61) + (L — p(Wo3 %)) f(Wr | Wa, Bo, do)

where f is as in (3.27). Then (3.37)
Ologg(Wsdb) _ f(Wi | Wo, 1, 61)p (Wo3v) (Wh — Wo )W (3.38)
I g(Wih) ¢1
2
<|W1Wo|—|-|WO| (3.39)
¢min
because f(W1|W°g’(€/%,’,¢$))p(WOW) < 1 and |#4] < 1. Setting D(W; p, ') equal to the

right-hand side of (3.39) satisfies our requirements for D(-) (at least for the
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derivative with respect to (; — the other derivatives are similarly bound). Thus
E[log g* (W3, p)] < oo for all ' € K and p small enough such that B,(y') C K.
Also, it should be clear that continuity of E[log ¢(W;)] and the bounding of

the derivatives as above is suflicient to show

ll)i_r%E [log g" (W34, p)] = E[log g(W;4')]

for any ¢' € K (the dominated convergence theorem is used).

With this we have validated Condition 3.1.D for AR(1) logistic mixtures.
Consequently, we have demonstrated all our consistency conditions are met in
the case of logistic mixtures of AR(1) models and may conclude there exists a

sequence of local maximum (partial) likelihood estimators ;/A)T such that ;/A)T 25

.

3.3 Asymptotic Normality for General Logistic
Mixture

Some of the convenient properties of GLM models include the log concavity of
the likelihood with respect to parameter space, and when a canonical link is
used, an equivalence between second derivatives of the log likelihood and —1
times the Fisher information when the model’s regressors are non-stochastic
— see Appendix A.l in Fahrmeir and Tutz (1994). Unfortunately, adding the
complexity of switching destroys these ideals and complicates questions about
large sample properties (see Fahrmeir and Kaufmann (1985) for a good treatment
of asymptotic theory for standard models). What follows is similar to methods

used by Wong (1986) and Cramér (1946). Our general model of a logistic mixture
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uses the same notation as described in Section 3.1:

?Jth{ﬁ —b (Xz{ﬂ)
¢

f(yt | Xta ﬂv ¢) =exp ( + C(yt, ¢)> )

exp (Z{v)
Pl =1]Z;7] :HTp(tZ{v)’

(i | Gia300) =P [l = 1| Zi;7] - f(ye | X Br, ¢1) +
(I =P =1]Z;7]) - f(y: | Xio; Bo, ¢o),

where G;—1 =0( X, Xw, Z4).

We assume ¢(y; | Gi—1;1) is three times continuously differentiable with respect
to ¢ and that the conditional density of Y; given X1, X, and Z; is g(y: | Gi—1; )
for some ¢* in the interior of U, a subset of R”. (Here v = 3¢ + 2 where ¢ is
the common dimension of X1, X4, and Z; (the other two dimensions are for ¢,
and ¢ if necessary.)

Other notation we use in this section includes

_Ologg(ye| Gi-1;¢) . dlog g(ys | Ge—1; 1)
= 0 a v X 1 vector with elements 0

forrel,...,v,

Gi(4)

0*log g(yi | Gio1; )
0,0

hi(v)) = a v X v matrix with the (r,s) element given by

T T

Sr() = G(), and Hr(eh) =Y he(sh).

Condition 3.12.

3.12.A Y, Xy, Xy, Z; are strictly stationary and ergodic with the random vector
W having the common joint distribution. As in the previous chapter, we
mean if h(-) is an integrable function of W then 7> h(Y;, X1, X10, Z1) RN
E[A(W)]. We will sometimes write Wy = (Yy, X1, Xi0, Z¢) and partition
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W oas W = (Wy, Wx1, Wxo, Wz) when we need to refer to its components.

As in Section 3.1 we define g(W ;) = g(Wy | Wxy, Wxo, Wz ).

3.12.B There exist integrable functions, F1(W) and Fy(W) such that for all r,s €
{17 27 A v}}

Ag(W;1h) P?g(W; 1)
o, O, 0,

E[Fl(W)| WXl,WXO,Wz] < OO,E[FQ(W) | WXl,WXO,Wz] < Q. AZSO,

Jlog g(W; ) ? 9*log g(W;1))
E[<T>]<mandE[ D000 }<oo.

All derivatives above are understood to be evaluated at *.

and

Y

(W) > ‘

(W) > ‘

92 logg(Wi)

3.12.C Lip(y) 2% E | Zloedh

uniformly for all ) in some closed ball O

9% log g(Wiih)

containing V*. Furthermore, E 3007

} is a continuous function of 1

on O.

Again, as in the previous chapter, these conditions are relatively mild (with the
exception of Condition 3.12.A) and are consequences of log ¢(W; ) and g(W; )
having enough derivatives that can be uniformly bounded so the dominated
convergence theorem may be applied. This will be demonstrated for a logistic
mixture of Gaussian AR(1) processes in the next section.

Remark: It is worthwhile to mention a distinction between Conditions 3.1.A
and 3.12.A. While both posit the existence of a stationary distribution, Con-
dition 3.12.A assumes {Y;, X1, X0, Z;} have this marginal distribution while
Condition 3.1.A only assumes convergence to the stationary distribution. It is
not strictly necessary to make this more stringent assumption (one could substi-
tute uniform integrability conditions) but it does make one of the proofs in this

chapter a little more straightforward.
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Let us define the matrices

9%log g(W; )
eI

dlog g(W; 1) dlog g(W;4)
o' o

g

(3.40)

0=z

] andleE[

,(Z}*

Remark: We assume that ¢0* is such that () is invertible. As will be discussed at
length in Chapter 5, this excludes the case that ¢* correspond to a degenerate
mixture, i.e. (7 = 35, Xy = X, and ¢] = ¢§. For the remainder of this
chapter we assume that * does not correspond to a degenerate mixture and @)

is invertible.

Theorem 3.13. Let ;/A)T be a consistent sequence of local maximum (partial)
likelihood estimates of 1™ as described in 3.1. Then under Conditions 3.12.A—

3.12.C we have that
VT (e = 97) 2N (0,07). (3.41)
Furthermore, Q) = (4.

Proof. We begin by expanding a Taylor series about ¥* and obtain:

N

St(vr) =0 = Sp(¢”) + Hr(¥r)(dr — ¢°) (3.42)

where 17 lies on the chord between ;/A)T and ¥*. Dividing by T" we see

Sr(v”) HT<¢*>+<HT<¢T>—HT<¢*>>] :

V=" 0 7 (Y — 7). (3.43)

_|_

At this point we want to show the expression in brackets N (). From Condi-
tion 3.12.C we need only demonstrate %(HT(;/;T) — HT(;b*)) £, 0 (a matrix of

zeros). To prove this let €,6 > 0 be given. We want to find a Tj such that

P %“HT(¢T)_HT(¢*) > 0| <e¢
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for all T' > Ty where ||-|| is a Euclidean matrix norm. Now,

P Hr () ; Hr(y") ‘ > 5] (3.44)
< || - B vl | > 03] (3.45)
+P || B (W5 0)]15, — B (W3 9)]1,0]| > 6/3] (3.46)
wp || B ey, — D) >5/3] (3.47)

| )l - 22 | |

Now, without loss of generality we may take O small enough such that

sup | E[k (W3]l — ELA (W )]l
P e

< 6/3. (3.48)
Also, because ;/A)T £, Y* there exists a 17 such that
P [yr ¢ O] <¢/3for T > Ti.

Next, the uniform convergence condition (3.12.C) allows us to say there exists a

T5 such that

Hr ()
P |sup ||——=
|:¢EI(; T

— E[n (W )],

> 5/3} < ¢/3 for T > Ts.

Now, if we choose Ty > max{Ty, T} and combine the results in equations (3.45)
— (3.48) we see Ty satisfies the desired property and we conclude the bracketed

term in (3.43) L, —Q. After inverting this term and multiplying by v/T we find

VT (r—v7) = - HT;W | () - HT<¢*>>] ST%*)? (3.49)
and so we need only show
Sr(¥7) o
T N(0,Q) (3.50)
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to prove the theorem. By construction (and Condition 3.12.B) {(;} is a martin-
gale difference sequence adapted to {G;}. To prove this, the critical point is to

establish

oy’

dlog g(y:| Gi—1; %)
oy’

B 8g(yt | gt—1§77¢)

- s o

= 0?/% (/g(ytl Qt_l;%%/)))

The interchange of differentiation and integration is justified by the properties

. [ dlog g(ye | Ge1;7)

gt—l] = 0.
w*

(s | Gio1; 0™ )dy,

But the left-hand side above :/
w*

= 0.
w*

of the Fi(W) function of Condition 3.12.B. Since we have shown {(;} is a
martingale difference sequence then the same is true for {¢'(;} where ¢ is an
arbitrary non-random element in R”. At this point we introduce a martingale

central limit theorem we will need here and elsewhere. The theorem is drawn

from McLeish (1974).

Theorem 3.14. Let Dy be a real-valued triangular martingale difference array

n(Q,F,P),t=1.T,T € N such that

T
forall e >0 hm Z/ D3.dP =0, and (3.51)
T—e = Jipy,fse
T
> D : (3.52)
t=1

Then SSI Dpy 25 N(0,1).

The proot comes from McLeish’s second theorem and the discussion following it.
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To apply this theorem in our case we let € be given and define

JAN *
my :m(}/t,Xﬂ,Xto, Zt) == C/Ct(¢ ) and (353)
Y, X, X, Z
DTﬂém( v Xe, Xio, 1) where v, = ¢/ Qc. (3.54)
T,
Then
T T

1
lim / D3 . dP = lim / m? dP.
T—co tz:; |DT,t|>E it T—o0 TUC tz:; m?>E2TUc t

To show this limit is zero we first prove for all 7 we have

T T
.1 2 oo 3 2
E < . .
Ill—rf)lo Tv, Y /mf>e2Tvc e P - jll_{{)lo T, —1 /mf>7' . * (3 55)

To see this let T, = sup{T: ¢Tv. < 7}. Then

T
. 1 9
X 559
t=1 t c
| T, T
= lim / m2dP + / m?dP
T—00 Tvc (tz:; m?>52TUC ! t:;—l m?>52TUc !
.z |
:TIEEO oo Z /m2>E2TU m;dP (since the Tlg{)lo TUCZ term = 0)
=T, 41" ™ ¢ t=1
.z
< lim > / m2dP (3.57)
T—oo T'we t=Ty 417 Mi>T

From our Condition 3.12.A we know the m; variables are identically distributed

with the variable m(W) having the common distribution. So

T
1 1
5 2dP = —F WH2I 2 3.58
TI_{EO T t:;H /m§>7 i Ve [m( ) [ (W) >T]] ( )

if the expectation on the right-hand side exists. But we know this expectation

does exist because from Conditions 3.12.A and 3.12.B
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and therefore
E [m(W)Q] =dQicand E [m(W)QI[m(W)2>T]] exists.

Putting together our results from equations (3.55) and (3.58) we obtain

T
) 1
lim g / mldP < E [m(W)QI[m(W)2>T]]
1 2>e2Tv,

T—oo TUC -

where the right-hand side can be made as small as desired by choosing 7 large

enough. Thus

T T
1
lim g / D3 dP = lim g / m? dP =0,
T—o0 4= D[ ot T—oo T'v, — Jmz>ery, !

and we see the Lindeberg condition (3.51) holds. To check the second condition

of the theorem (3.52) we note that
T

T
11 as. 1 C/Qlc
2 _ 2 a / _
E DT’t_UcTtEZI mt—>vcchc— “Oc

t=1

To show this is 1 we examine the (r, s)th elements of @1 and @) (we want to show

1 = Q). We now demonstrate

E alogg(WY | WX17 WXo, WZ, ¢) alogg(WY | WX17 WX07 WZ7 ¢) _
i), b N
& 0*log g(Wy | Wx1, Wxo, Wz; 1)
0,0, '

(3.59)

where the derivatives are evaluated at ¢*. This is straightforward because from

Condition 3.12.B we know the result holds for conditional expectation, i.e.

al Wy |Wx1,Wxo,Wgxip) 01 Wy | Wx1 ,Wxo,Wx;
E{ ogg(Wy| aiz, x0,Wz;b) 8log g(Wy| 8)121:7 X0, Z’w)‘WXhWXOaWZ}

921 Wy | Wx1,Wxo, Wz
E—— 1) { ogg( Yahp:gips x0:Wzih) ‘ WX17 WX07 WZ} .

The two sides of the equation are functions of W1, Wxo, and Wy that are equal

almost everywhere, and thus the expectations of the functions are equal. So by
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taking expectations of these conditional expectations we get the result in (3.59).

Thus we see ()1 = () and consequently

Now the two conditions of MclLeish’s theorem hold so we have shown

T
% Z G 2, N(0,d'Qc)

for arbitrary ¢ € R% By the Cramér-Wold Theorem we may conclude

VT~ VT -

and our demonstration of asymptotic normality is complete. O

. T
) LS 2 N(0,Q)

3.4 Asymptotic Normality for Logistic Mixtures

of Gaussian AR(1) Processes

As in Section 3.2 we examine the conditions just presented and try to verify
them for our logistic mixture of AR(1) models. The model specification is the
same as that in Section 3.2. In this section we will freely use our results from

Section 3.2 which demonstrated the following:

o Let W, = (V;,Y;—1). Then there exists a random vector W with distribu-

tion mw such that if A(-) is an integrable function of W then

% > (W) ES E[R(W)] .

The components of W we will denote by W; and W,. Both Wy and W,

have a common marginal distribution 7y.
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e For Y a random variable with distribution xy we have E[exp(sY)] < oo

for all s € R.

We now set about examining the three components in Condition 3.12.

3.4.1 Condition 3.12.A

The existence of an appropriate stationary distribution was established in Section
3.2. If we additionally assume (Yp, Y_1) have 7y as an initial distribution then
all the (Y, Yi—1) will be identically distributed as my. Alternatively, one could
imagine our time series has been running long enough so that we may consider our
sample to be approximately identically distributed according to the stationary

distribution.

3.4.2 Condition 3.12.B

There are two types of expectations we want to check. The first type concerns
showing the conditional expectation of derivatives of ¢(-) is finite. Though there
are several derivatives to check we present analysis for only one; the others follow

a similar pattern. As our example we consider

D?g(Yi | Yiei;0)
0v10¢0

_exp(yp + Y)Y 1 ((Yt — Vi) 1) X
" (1 +exp(vg + Yicin1))? 295 o

Y,—Y,_165)?% 1
exp (—( i 2;*1%) — §1H27T¢8>
0

1 Y24+Y? 21Y:Y;_ 1
<Y, <t+t—1+ |tt1|+1>
2¢mzn ¢m2n \% 27T¢mzn

(3.60)
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and wish to show the E[RH S of (3.60) | Y;_1] < oo. For k a non-negative integer

we have

Y, - Y1657 1
E{vil*] Vi | </ ;[ exp (—( = Y f) —ha%qﬁé) dYi+  (3.61)
R 267 2

Y, - Y60 1
/R|Yt|k exp (—( ! 2;*1ﬂ1) — §ln2ﬂ'qﬁ> dY; (3.62)
1

which is clearly finite since a normally distributed r.v. has all finite moments.

This fact that E |Yt|k | Yi—1| < oo for all k is sufficient to show the right-hand

side of (3.60) is conditionally integrable.
We also wish to show that unconditional expectation of derivatives of log ¢(-)

are integrable. As an example we consider

DO Y ) (Y V),
" g(Yi | Yiy;9b*) o B
pe(y)f(Ve | Yeer; BT 907) 1
g(Yy | Yieq;4%) 207
_ *\2
<(Yt Yt*_lﬁl) — 1) where
o7
) exp(v5 + Yi-177)
= and
) = + exp(75 + Yic17g)

. _ (Y, —Yi40)* 1
J(Yi|Yi1; 8,0) =exp <_T — §ln2ﬂ'q§> .

d (L=pe(Y) f(Vt| Yie1:85,08)
g(Yi|Yioq1 %)

0*log g(Yy | Yio1; )
961950

pe(v* ) F (Ve Yi1:567,47)
g(Yi|Yioq590%)

Because <1 an < 1 we have

- 1) ‘ (3.63)

961950 % 207 2

The function on the right-hand side of (3.63) is clearly integrable if Y; and Y;_4

‘ 9?log g(Y; | Yioy;: ) ‘m — Vi1 ) Vi ((1@ Y1 B)?

,(Z}*

have enough finite moments. This is certainly the case as they are identically
distributed with a common distribution that has a finite moment generating
function over the real line. As the other derivatives are handled the same way

we see that the mild moment conditions of 3.12.B are met.
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3.4.3 Condition 3.12.C

The proof of this condition requires a theorem for uniform convergence. We will

digress from this discussion to examine such a theorem.

A Uniform Convergence Theorem
Here we present the primary theorem we will use throughout to demonstrate a
uniform law of large numbers over a compact parameter set. The theorem is an
adaptation of one presented in Andrews (1987).

To introduce notation let {W;} be a sequence of R*-valued random variables
on a probability space (2, F, P). We assume that the Wy’s are asymptotically
stationary and ergodic in the sense described in Condition 3.1.A (the W;’s could
also be considered identically distributed with the stationary distribution as in
Condition 3.12.A). Here we let W denote the RP-valued vector with the station-
ary distribution, ¢» € U (a subset of R") and B(¢, p) = {¢' € U: ||' — || < p}.
Further, suppose ¢(Wy;¢): R? x U — R and Eq(W; ) < oo for all ¢ . Define,

(Wi, p) = SE}){CZ(Wt; ) € B(y,p)} (3.64)
(Wi, p) = inf{q(We; )= 4" € B¢, p)}. (3.65)
The conditions for our theorem are:

3.15.A The parameter space ¥ is compact.

3.15.B The rv’s ¢q(Wi; ), " (Wistb, p) and q.(Wy; b, p) satisfy pointwise strong

laws of large numbers for sufficiently small p that may depend upon .
3.15.C For all ¢ € U,

ImE sup |¢(W;e¢") —q(W;)| =0.
P=0 yreB(,p)
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Theorem 3.16. Under Conditions 3.15.A — 3.15.C we have

T
sup %ZQ(Wt;@/}) — Eq(W;4)| — 0 (3.66)

¢e\1; t=1

almost surely. In other words % Ethl q(Wi;20) converges uniformly to Eq(W;1)),

almost surely.

Remark: If the pointwise convergence in Condition 3.15.B is weak instead
of strong than the conclusions should be changed from ‘almost surely’ to ‘in

probability’.

Proof. Condition 3.15.C shows that given € and ¢ € W there exists a p() such

that

Eq(W;v) — ¢ < Bqu (Wi4h, p(v0)) < Bg™(Wiah, p(0)) < Eq(W;90) + e (3.67)

For the fixed e the collection {B(v, p(v))} form an open cover of W. Under
Condition 3.15.A we obtain a finite subcover, { B(;, p(¢;)): ¢ = 1...L}. Consider
a fixed ¢ and the associated B(1;, p(¢;)). For ¢ in B(4;, p(1;)) we have

S Wi )= B (W) < 3 a7 (Wes s ) — Bae (W3 (1))

< (W p0) B O p0) 42
and similarly,
T DV ) = Ea(W50)) 2 37 (Wi p(0)) ~ By (W' s, (1)) — 2

Now we consider arbitrary 1 in W which must be in one of the B(v;, p(1;)) balls.
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Then

T

@i&% ;(Q*(Wt; i, p(hi)) — B (W5 i, p(ehi))) — 2¢ (3.68)
< D (W) — By ) (3.69)
< s 7 D (Wi, p(0)) = Ba” (Wi o) +2¢. (3.70)

t=1

With an application of Condition 3.15.B it is easy to see we may find a value T
such that for all T' > T, the expressions in (3.68) and (3.70) are arbitrarily close
to —2e€ and 2e, with arbitrarily high probability. This implies that the right side
of (3.69) is arbitrarily close to 0+ 2e with high probability for all ¢» and T' > T.

Because ¢ and v are arbitrary the theorem is proven. O

We may supply relatively mild conditions to replace Conditions 3.15.B and
3.15.C.

Condition 3.17. If ¢(W;) has continuous derivatives with respect to ¢ and

for p small enough there exists a function, D(W;1b, p) such that if ||¢) — ¢H =7
then
dq(W;
H % < D(W3b, p) and ED(W; 4, p) < oo
P

To show Condition 3.17 implies 3.15.B we first show that E¢*(W; 1, p) is finite.
Let € and % be given. Then from Condition 3.17 we note there exists a p such

that ¢*(W;1, p) < q(W;4') + € where, [|¢" — || < p. Now

Aq(W;p)

R (¢ — ) where, ¥ € B(1, p).

(]

q(W3 ") = q(W;¢) +
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Taking expectations we obtain,

dq(W; ,
Bl (Vs )l SE LV 40+ 8| PGEE (- 4o
<E|lq(W; )| + ED(W3¢,p) - p+ e < o0 (3.71)

So we have shown E¢*(W;,p) < oo. From our condition of almost sure con-

vergence we obtain

1 < 1 <

=D (Wit p) =5 Bg (Wi, ), D qu(Wai v, p) =5 B (W3 90, p), and

=1 , =1
% D q(Wis ) =5 Bg(W3 ).

To show Condition 3.17 implies 3.15.C we see that

, dq(W;
wp lo(Ws) — g < s (| 2O
Y EB(Y,p) YEB(,p) W P
< DWiab,p) - p.

Taking expectations and limits as p — 0 shows that Condition 3.15.C follows.

Thus we have proven the following:

Theorem 3.18. Under Conditions 3.15.A and 3.17 we have

% > a(Wis) — Bg(W; @b)‘

t=1

sup 220.

Yew

Now we return to our example of logistic mixtures. To show uniform convergence
of %E hi()) we successively apply this theorem to the real valued elements of
he(0*), i.e. we set q(Wy ) = W for r,s € {1,...,v}. To apply our
result we verify the two conditions in Theorem 3.18. As we previously explained

in discussing Condition 2.3.B, it is clear E[¢(W; )] < oo for each (r, s) pair. It

is left to verify Condition 3.17, that is show that all third derivatives may be

39



bound by integrable functions. Rather than demonstrate the technique for each
we will use one of the derivatives as an example of how to find the bounding
function D(Wi; 4, p) in Condition 3.17. In this case it will turn out that the
bounding function is independent of ¢ (though it does depend on boundaries of
U.) All the other derivatives may be bounded in the same manner. To reduce

notational clutter we will use the following abbreviations:

Jo=f(Ye| Yio1; 55, 60) (3.72)

fr=f(Ye [ Yies; BT, 67) (3.73)

exp35 4 Vi)
L+ exp(yg + Yic17y)

g=pfi +(1—=p)fo (3.75)

(3.74)

The example we work with is

*log g(Yy | Yi_q; 0

Y1 (Yt —Yt—1ﬂ§> ((Yt —YiaB)° — 1) X

010008 |, 4 & o
%p(l —p) {1 —2p —2 (fl ; fo) p(l - p)}

As before, the key to bounding the expression is to note that whenever there is
a ¢ term in the denominator, there is an offsetting (1 — p)fo, or pfi term in the

numerator. In the case of (1 — p)fo in the numerator we note that

(I-pfo__ (L=plfo
g pfi+ (1 =p)fo

<1. (3.76)

A similar inequality holds for pfi/g. Using these facts and noting 0 < p, (1—p) <

1 we can see

PP log g
7106108

5|Via (m - n_lﬂ(ﬁl) (Vi — Vi)

,(Z}*
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Because |55, |35] < 1 and both Y; and Y;_; have a finite moment generat-
ing function it is clear the right-hand side above is finite, and hence this third
derivative is bounded; the other third derivative are bounded similarly. Thus
we may find bounding integrable functions that allow us to apply Theorem 3.18
and the first part of Condition 3.12.C has been proven.

The second part of this condition requires us to show E[h(W;1)] is contin-
uous in ¥. We could show this by applying the same techniques we used for
the bounding the third derivatives of log g(W;) to find integrable functions
that bound the second derivatives. Once these bounding function are found we
may appeal to the dominated convergence theorem and conclude the continuity

condition holds. With this we conclude the proof of Condition 3.12.C

Conclusion

In this chapter we showed that the maximum (partial) likelihood estimates of
a correctly specified logistic mixture model are both consistent and asymptoti-
cally normal if general conditions are met. We then showed these conditions are

satisfied for the case of AR(1) mixtures.

61



Chapter 4

Numerical Results

In this chapter we present simulations and an example of fitting the model to
rain rate data. The results from the first set of simulations adhere to our theory
regarding consistency and the asymptotic variance structure we developed in the
previous chapter. We see the 3 and ¢ parameters in the component densities are
estimated relatively well though there appears to be bias in estimating ~. This
bias is attenuated in large sample sizes. A second set of simulations suggests that
a logistic mixture model may be a superior model in circumstances in which one
might use a two regime threshold model. These simulations indicate the logistic
mixtures yield robust estimates when the threshold variable in a threshold model
is not directly observed but instead only a noisy approximation is available. The
results from the threshold model are biased and not robust in the presence
of noise. We close the chapter with an application of our model to rain rate
data that suggests a logistic mixture with variable regime probabilities may be

superior to a mixture model with constant regime probabilities.
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4.1 Simulation I — Consistency and Asymptotic
Variance

In our first simulation component densities (as presented in equation (2.2)) corre-
spond to Gaussian AR(2) models with parameters chosen such that each regime
is, by itself, a stationary process. The logistic regression model in the form of
(2.1) contains only a slope and intercept parameter with the lagged value of the

switching process as a covariate:

Pl =1]|G] =Pl = 1] Y]

=exp(—2 4 yi-1)/(1 + exp(=2 + yi—1)), (4.1)
f(yt | ]t == 1, gt_l) :N(.5yt_1 + -3yt—27 25), and (42)
f(yt | ]t == 0, gt_l) :N(—.5yt_1 — -15%—2, 1) (43)

A total of 200 simulations were analyzed. For each simulation a time series of
500 observations was generated according to the model described above. For each
observation, the probability of drawing from the first regime was computed using
(4.1) and past values of Y;. A Bernoulli random variable with this mean was then
generated. When that variable was 1 the observation for Y; was drawn using the
distribution given by (4.2); otherwise Y; was obtained from the distribution in
(4.3). Initial values, yo and y_; were set equal to 0.

Each simulation produced not only an estimate of

5 —5 b 25 9
ﬂl = 7ﬂ0 = 9 = 9 and Y= 9
3 —15 o 1 1

but also generated estimates of the standard errors of 30,31, and 4. These

estimated standard errors were obtained using the large sample results from the
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Parameter | True Value | Average | &(asymp.) | &(simul.)
Bi1 ) 490 0613 0797
B2 3 292 0756 .0898
Bo1 -5 -.509 .0659 0684
Boz -.15 -. 154 0575 .0568
Yo -2 -2.14 .646 .835
Y1 1 1.11 370 443

¢ = o} .25 241 0753 .088
o = o2 | 987 0841 105

Table 4.1: 200 Simulations of 500 Observations

previous section (see (3.40) with ()1 estimated by the data using sample means
in place of expectations and estimated parameters in place of their true values).
These standard errors for each simulation were averaged, and the resulting means
are included in the table below under the heading ‘G(asymp.)’

A second method for estimating these standard errors is also presented. The
200 values of a given parameter, say {ﬂﬁ)},z =1...200 form an i.i.d. sequence

of random variables with a common standard error that may be estimated by

200
1

A ) (1.4

Here ﬂﬁ) is the estimate of 8y; from the " simulation and (i1 is the mean
value for the 200 simulations. The standard errors obtained in this manner are
included in the column headed ‘&(simul.)’.

The model appears to have performed relatively well in generating point es-

timates of the regime specific parameters, J and ¢, but performs worse when
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estimating v. To some extent the difficulty with estimating ~ is to be expected
given the small sample bias of logistic regression estimates in even optimal cir-
cumstances (see Chapter 7 of McCullagh (1987), and Chapter 15 of McCullagh
and Nelder (1989)). These problems are probably exacerbated in the present
context, when, instead of estimating v from an observed sequence of ones and
zeros (as is the case for standard logistic regression), we use probabilities associ-
ated with an unobserved process as a basis for estimating v (i.e. the probabilities
prin (2.33)).

In addition to the problems in the point estimates of v, it is worth noting that
most of the standard errors derived from asymptotic results of the preceding sec-
tion underestimate the ‘true’ standard error (as derived from the empirical sam-
ple of 200 simulations). In each case corresponding to (o1, f11, f12, 71, and va,
the asymptotic standard error is somewhat less than that derived from ( 4.4) (the
standard errors for [y are an exception). We are not sure why this discrepancy
arises but it may occur because we lack enough observations to appropriately
apply the asymptotic normality results. In order to check this hypothesis we per-
formed a second set of 200 simulations with 2500, instead of 500 observations.
Table 4.2 gives results from this second set of simulations that are consistent
with our hypothesis that the percent differences should shrink (at least with
respect to the 3 and ¢ terms). As expected, these estimates are better, but the
asymptotic standard errors are still generally smaller than those derived from
the sample. These simulations were run primarily to verify our programming
and asymptotic results were accurate. They also indicate that the estimates of
~ suffer bias and have relatively large standard errors. This suggests caution in

placing much emphasis upon point estimates of ~.
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Parameter | True Value | Average | &(asymp.) | &(simul.)
Bi1 ) 497 0276 0287
B2 3 .299 .0328 .0326
Bo1 -5 -.503 0287 0272
Boz -.15 -. 153 0251 .0264
Yo -2 -2.03 .268 308
Y1 1 1.02 151 168

¢ = o} .25 254 .0385 .0420
P = o2 1 995 .0330 .0346

Table 4.2: 200 Simulations of 2500 Observations

4.2 Simulation II - Comparison to Threshold
Method

As a second example we consider simulations drawn from a threshold autoregres-
sive model of the type developed by Tong (1983,1990). As before, we assume
our observed process, Y;, comes from a mixture of AR(2) processes, but in this
case the choice of regime is determined by whether the lagged value of a second
variable is above or below a threshold value: regime 1 is applicable if X; 5 < .1,
regime 0 is relevant otherwise. As constructed here X;_, is correlated with Y;_,.
In this simulation X;_, is not observed directly — only its noisy proxy, Y;_s, is

available to the observer. The relationship between Y;_; and X,;_, is

Xi=Yi+ .8
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where n; is i.i.d. N(0,1) noise term that is independent of Y; for s < ¢ and X,

for s < t. The regime indicator I; is determined by

1if X5 <1

0 otherwise,

With this structure we now define how the Y; process evolves:

v .5}/15_1 + .21/15_2 + D €t if ]t =1
t =
AVt — 1Yo+ Tx e if I, = 0,

where ¢ is i.i.d. N(0,1), independent of 5, for all s.

Two methods were used to estimate

1 5 & 25
ﬂo = 7ﬂ1 = ) and =
—1 2 o 49

In applying the logistic mixture model we use 1 and Y;_, as covariates in the
Z; vector of (2.1). It should be noted that the logistic mixture model is incor-
rectly specified. The true model uses a threshold to select the relevant regime,
while this model posits the selection is made by the outcome of a Bernoulli ran-
dom variable with mean exp(Z}y)/(1 + exp(Z}v)). In this sense the model is
misspecified and the 4 coefficients associated with the logistic regression do not
have corresponding ‘true’ values. Nevertheless, as will be seen below, this model
performs very well in estimating Sy, 41, ¢o, and ¢;.

As an alternative to our model we present a threshold autoregressive (TAR)
model that estimates 5y, 31, ¢g, ¢1, and the unknown threshold, denoted by 7, in

the following manner (the true value of 7 is .1):

e For afixed 7let C] = {t: Yoo < 7} and Cf = {t : Yi_» > 7}. These sets

partition the data into two groups. The data in C] has observations in
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which Y;_, is less than the hypothesized threshold, 7. The Y;_, values of

those observations in (] exceed 7.

o Using the C] set, estimate Jy and ¢¢ by conditional least squares using
those values of Y, Yy, and Y;_, corresponding to observations in C.
Similarly, estimate 3y and ¢ from the observations corresponding to C7.

Ordinary least squares is typically the estimation method.

o Add the residual sum of squares from the two regressions to obtain an over-
all sum of squares, C'SS(7). We follow this procedure for several choices
of 7 and choose 7 as the threshold that minimizes C'SS(7) The Bl, Bo, qgl,
and qAﬁo estimates that are associated with 7 are the final estimates under

the TAR model.

In this instance we produced 200 simulations where each simulation con-
tained a time series of 500 observations. FEach simulation was generated by
the parameters indicated above. In each simulation 7 was chosen from the set
{0,.025,.050,.075,.100,.125,.150,.175,.200}. In Table 4.3, estimates produced
by the TAR method are included in the column headed ‘TAR - Y;_,’. The col-
umn headed ‘LM - Y;_5’ displays estimates derived from our logistic mixture
model. As before, the columns headed ‘G(simul.)’” indicate estimates of the
parameters’ standard errors derived from the empirical sample. For the LM
estimates, there is a an additional column, ‘G(asymp.)’ that gives the average
standard error derived from the approximation to the Fisher information matrix
— see (3.40). The results show that the LM model has performed significantly
better than the TAR model in determining the regime specific parameters. We

reiterate that both models use Y, 5 instead of X;_3; the ‘TAR - Y, 5" model

63



uses Y;_o as the threshold variable and the ‘LM - Y;_,’ model uses Y;_5 as a
covariate in the logistic regression. It is surprising that although the LM model
is misspecified, the standard error estimates for the 4 and ¢ terms derived from
the asymptotic normality approximation (6(asymp.)) agree closely with those
derived from the empirical sample (&(simul.)). We do not claim this agreement
will hold in general, but it is nonetheless encouraging.

When we examine the results corresponding to the TAR model we suspect
that because the threshold variable, X;_5, is not directly observed, its impertect
proxy, Y;_o, occasionally misclassifies observations into C; and Cy. Thus if we
denote by f; the conditional density associated with X,_5 < .1 and f, the density

associated with X, 5 > .1 the class C] incorrectly contains some observations

that were generated by fy. Consequently, the estimates of 31 and ¢; will be

LM - Y, TAR - Vi
Parameter | True | Average | & (asymp.) | 6(simul.) | Average | &(simul.)
Bi1 ) 500 .0680 0796 A15 0523
B12 2 197 .0580 .0590 193 .0538
Bo1 A 0740 139 .169 197 .0868
Bo2 -1 =115 106 119 -.0652 0812
o1 .25 .249 .0366 042 .330 0284
oo 49 483 0743 074 446 .0501
Yo NA 197 1.56 2.30 NA NA
- NA | -3.70 3.89 711 NA NA

Table 4.3: 200 Simulations of 500 Observations Using Y;_5 as Threshold Variable
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biased because they are not based on the appropriate set of observations. A
similar consequence holds for estimates of §y and ¢o based on the class Cf.
The misclassifications act to pull the estimated parameter groups, (31, ¢1) and
(Bo, ¢0), closer together. This bias would be more pronounced if the two sets
of parameters were further apart. Were the parameters closer together the bias
would be attenuated though still present. Also, the more noise in the threshold
variable (and hence the more likely that misclassification occurs) the greater the
bias in the estimates. Though not presented here we have performed additional
simulations that exhibit this behavior. Finally, we have presented the model
as a fixed threshold (.1 in this case) with an imperfectly observed threshold
variable. The same results would be had if we considered the threshold variable
perfectly observed but the threshold level varying randomly about some mean in
an unobservable manner. If the statistician models such a process with a fixed,
constant threshold the same types of misclassification and consequent bias would
arise.

We produce one more table based on this set of simulations. Using the same
data realizations as above, we use X;_ instead of ¥;_5 in computing the TAR co-
efficients. This corresponds to the unlikely occurrence that the analyst observers
the threshold variable, X;_o, without error. We reproduce the LM estimates from
above as a basis for comparison, reiterating that these LM estimates were pro-
duced using the proxy Y;_o instead of X;_5 in the logistic regression. The most
noteworthy result in Table 4.4 is that the LM estimates for the regime-specific
parameters (the J and ¢ terms) are not much worse than those derived from
the correctly specified model with perfectly observed data. The estimates corre-

sponding to the regime for X;_5 < .1 are quite good while those for the X;_o > .1
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LM - Y, TAR - X,
Parameter | True | Average | & (asymp.) | 6(simul.) | Average | &(simul.)
P11 D 500 .0680 .0796 D01 .0503
B12 2 197 .0580 .0590 .200 .0494
Bo1 A 0740 139 .169 .091 0774
Bo2 -1 =115 106 119 -.104 0792
o1 .25 .249 .0366 042 253 0217
oo 49 483 0743 074 496 .0501
Yo NA 197 1.56 2.30 NA NA
- NA | -3.70 3.89 711 NA NA

Table 4.4: 200 Simulations of 500 Observations Using X;_o as Threshold Variable

regime are not as good.

This particular set of simulations indicates that in some instances, the LM
estimation procedure may produce superior regime specific estimates in a two
regime threshold model. This is particularly true if either the threshold variable
is subject to noise and thus imperfectly measured or if the threshold value is

variable though modeled as constant.

4.3 Application to Rain Rates

In this section we fit a logistic mixture to rain rate data. The Global Atmospheric
Research Program’s Atlantic Tropical Experiment (GATE) data provides ship-
based radar measurements of rainfall collected from the South Atlantic during

the summer of 1974. Details regarding the data collection are available from
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Hudlow and Patterson (1974).

The selection of data used in this section is drawn from the GATE Phase |
dataset. Every 15 minutes a radar snapshot of rain was obtained. This grid was
divided into pixels of size 4 km by 4 km and an average rain rate was computed
for each pixel. Our dataset contains only positive rain rates and the hour in
which the observation was made. Pixels in our dataset were selected so that a
minimum of 32 km separated them from any other pixel in the dataset. Our
data consists of 860 such observations.

For modeling purposes we treat the data as independently distributed. While
this assumption may not be entirely justified it is common with GATE data
— see Kedem, Pfeiffer, and Short (1997) and Bell and Suhasini (1994). This
independence is in contrast to our general model formulation in which Y; may
depend upon Y;_;,Y,_5,...,Y,_, as well as some exogenous covariates. However,
our general model does accommodate independent and /or identically distributed
data as a special case.

Some analysts have suggested that a log-normal or gamma distribution may
provide a reasonable parametric model for rain rate, given that it is raining (e.g.
Kedem, Pfeiffer, Short (1997) and Kedem, Chiu, and North (1990)). Others have
suggested there are different types of rain (Houze (1981)) which indicates that
a mixture density may be appropriate (Sansom and Thomson (1992) and Bell
and Suhasini (1994)). The GATE dataset is particularly well suited for analysis
via mixtures as the tropical weather patterns exhibit both longer periods of
moderate rainfall (termed stratiform rain) as well as shorted periods of more
intense rain (convective rain).

We decided to model the data as a two regime mixture of log-normal distri-
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bution with the component distributions corresponding to stratiform and con-
vective rain patterns. A logistic mixture model allows us to parameterize the
regime probabilities using a logistic regression model. Bell and Suhasini (1994)
have suggested the regime probabilities should follow a daily, or diurnal, cycle.
Our model is well suited for this purpose: if hy € {1,2,...,24} denotes the hour

the t*" observation is made we model

pi(he;a, b, d) =P [tth observation is stratiform | f;a, b, d] =

exp (asin (why + b) + d)

d
1 + exp (asin (wh; + b) + d) a

pi(hy;a,b,d) =1 — pi(hya,b,d) =P [tth observation is convective| hy; a, b, d] =

1 2
where w = il

1 + exp (asin (wh; + b) + d) 24"

Remark: As an aside we note that the parameterization of the probabilities
as written above is not of the Z/y form of our general model. This Z/y form is
necessary to implement the EM algorithm, as we developed it, in Chapter 2. We

may reparameterize the probabilities in the Z/v form in the following way:

asin(wh; + b) + d = a cos(b) sin(wh,) + asin(b) cos(why) 4+ d and setting

Zy = (1,sin(why), cos(why)) and v = (70,791,72)" = (d, a cos(b), asin(b))".

Then point estimates of @ and b may be obtained by considering b = tan=" (H2/%1)
and a = ’Ayl/cos(?)). Standard errors can be derived using a multivariate delta
method approach (see page 402 in Billingsley (1986)). Alternatively, one could
estimate the model using a general non-linear minimization package and estimate
the Fisher information matrix in an obvious way.

The way we model p{ and p; imposes a diurnal cycle as long as a # 0. The

a parameter controls the variability, or amplitude in the cycle. The b gives
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freedom to the phase shift of the cycle and the d term allows these probabilities
to fluctuate about some average value different from .5. If we denote the log of

our observed rain rate by Y; then our logistic mixture model is given by

g (yt | ht; ¢ = (,us, ¢57 e, ¢ca a, bv d)) :pzf(hta a, bv d)f(yt7 s, ¢5) + (45)

Pi(hes a, b, d) fyss e, ¢c) (4.6)

where f(-;u,#) denotes the density of a N(p,¢) random variable and the s
and ¢ subscripts are labels designating stratiform and convective. As a basis of

comparison we include results for two nested models:

G(Yt; sy Bsy fhes es p) = P (Yes sy 5) + (1 — p) f(ye; e, ) and (4.7)

9(ye; 1, 0) = [y 11, 0). (4.8)

The model in (4.7) corresponds to a standard mixture model with fixed regime
probabilities and the model in (4.8) is a one regime, or no mixture model. In the
table below we present point estimates and standard errors (in parentheses) for
the three models. The column headed ‘LM’ corresponds to results for logistic
mixtures, the ‘2R’ heading denotes the mixture with constant regime probabili-

ties in (4.7) and the ‘1R’ indicates results for the one regime model.

The results suggest that in passing to each of the more restrictive nested
model the explanatory power is significantly weakened though we discuss no for-
mal test of such hypotheses until the next chapter. What may be most surprising
is the apparent power that is gained by parameterizing the regime probabilities
according to a daily cycle. The addition of the b and a parameters increases the

log likelihood by approximately 36 over what was obtained from the 2R model.
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Parameter LM 2R 1R

s -.0930 | -1.06 497
(.0831) | (.0984) | (.0436)

&, 907 175 1.63
(.104) | (.0827) | (1.81)

e 1.74 713 NA
(.160) | (.0944) NA

Be 870 1.45 NA
(157) | (.134) NA
d 1.12 1.974 NA
(334) | (.418) NA
b 766 NA NA
(.116) NA NA
a 1.48 NA NA
(:234) NA NA

Log Likelihood | -1380.97 | -1417.05 | - 1430.09

Table 4.5: Three Models of Rain Rate

One might want to conclude that under the null hypothesis that the 2R model

is correctly specified, then
2 + (Log-Likelihood(LM) — Log-Likelihood(2R)) — y2.

This would be incorrect as the b term is not identified under the null hypothesis
that p;(hs;a,b,d) = p, a constant. By this we mean while it is clear that a« =

0 under the null hypothesis, any value of b would suffice, and hence b is not
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identified. A similar though more difficult identification problem arises if we want
to compare either the LM or 2R model to the 1R model. These identifiability
problems invalidate traditional approaches to hypothesis testing. We will take
up this question at length in the next chapter.

For now we will interpret the result of fitting the LM model. From the
parameter estimates we can obtain mean rain rates for each of the two densities.
The mean for the stratiform regime is exp(—.0930 + .5 % .907) = 1.43 mm/hr.
That for the convectiveregime is 8.82 mm/hr. From these means and the derived
hourly regime probabilities we produce estimated hourly rain rates. A plot of

the stratiform regime probabilities and the estimated hourly rates is included in

Figure 4.1.
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Figure 4.1: Fitted Hourly Estimates



The plots indicate that the more intensive rain rates are associated with the
afternoon, when warmer temperatures may make such events more likely.

The results of Table 4.5 include the surprising degree to which our estimates
of stratiform and convective parameters differ between the LM and 2R model.
This discrepancy may best be explained through examination of a histogram of

the log rain rates (see Figure 4.2).

Histogram of Log Rain Rates
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Figure 4.2: Log Rain Rate Distribution

The histogram indicates there may be more than two modes in our mixture dis-
tribution and that the 2R log-likelihood is maximized around a different pair of
modes than those that maximize the LM log-likelihood. This finding suggests
we should be diligent in making sure the log-likelihood is maximized at the re-

ported values. In our investigations the 2R and LM estimates were both robust
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to different starting values as well as different optimization methods (both the
EM algorithm approach outlined in Chapter 2 as well as generic minimization
routines were used). We are not sure how to explain why the two models pick
out such different component densities other than to surmise that the parame-
terization of the diurnal cycle captures effects that are obscured when constant
regime probabilities are imposed.

These results also suggest that perhaps investigation of a three regime model
is warranted. Bell and Suhasini used a non-parametric principal components ap-
proach to estimating a mixture of densities and found support for 2 distributions
(with mean rain rates of 2.6 and 8.8 mm/hr — very similar to our results) but
that the data was not better fit by allowing for 3 distributions. We performed
some estimation of 3 regime models with fixed probabilities but the estimates
were not robust (i.e. different starting points led to different estimates) and the
greatest log likelihood we were able to achieve was -1410.5 — still inferior to that
obtained under the 2 regime LM model (-1381). The development of logistic
mixture models with 3 or more regimes should be part of future work.

In this chapter we have made no attempt to formally test which of the three
models (1R, 2R, or LM) may be better. In the next chapter we address some

aspects of how to make such comparisons.
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Chapter 5

A Likelihood Ratio Test of One vs.

Two Regimes

In this chapter we develop a likelihood ratio test for determining if the data
come from a logistic mixture of distinct distributions or arise from a single dis-
tribution (i.e. no mixture). It is well known that this test is non-standard in the
sense that some parameters are not identifiable under the null hypothesis of no
mixture (Ghosh and Sen (1985) and McLachlan and Basford (1988)). Among
econometricians there has been recent work on likelihood ratio tests with non-
identifiable parameters (Andrews (1993), Andrews and Ploberger (1994), and
Hansen (1996a)) though, as they point out, their techniques are not directly ap-
plicable to mixture data. These tests have been applied to threshold and change
point models but the unobserved (or latent) variable structure of mixture models
make these techniques inappropriate as singular Fisher information matrices are
encountered. This singularity is the basis for the difficulties with mixtures.
There have been a number of recent approaches to constructing a likelihood
ratio test for the number of regimes in a mixtures with constant transition proba-

bilities and i.i.d. random variables (Garel (1996), Lemdani and Pons (1995), and
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Dacunha-Castelle and Gassiat (1997)). These papers are generally extensions of
the ideas in Ghosh and Sen though the Dacunha-Castelle and Gassiat paper in-
troduces new techniques and a broader level of generality. The logistic mixture
models we consider have two primary differences from standard mixtures: 1)
the transition probabilities vary, and 2) we introduce correlation through time.
The variable transition probabilities in the logistic mixture do not pose any new
significant problems — indeed the variation in these probabilities will prove to
be of great use to us. However, the time series aspect invalidates the moment
conditions necessary for the application of weak and uniform convergence the-
orems cited in the papers using i.i.d. data. At least this is true for our test
case of a logistic mixture of Gaussian AR(1) processes. This problem will be
spelled out below. As a consequence we develop a new test that has the flavor
of the approaches used for i.i.d. data with constant regime probabilities but
can accommodate the test case of mixing AR(1) processes. Unfortunately this
extension comes at a cost. The mathematical feature of the model that allows us
to implement our test is the variation (non-constancy) in the regime probabili-
ties. This means we are only able to test the hypothesis of no mixture against
the alternatives of mixtures with varying regime probabilities — we are unable to
include mixtures with fixed regime probabilities as part of the set of alternatives.
We will be more clear below.

In Section 5.1 we will first discuss the problems with testing for mixtures in
the simpler case of i.i.d. data with constant regime probabilities. Section 5.2
introduces our approach to the problem using the variable regime probabilities
— first in the context of i.i.d. data and then in our time dependent situation.

Here we derive the asymptotic distribution for the likelihood ratio statistic of
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models that obey a series of conditions. In the subsequent section we show
that our logistic mixture of normally distributed AR(1) processes satisfies these
conditions. In the following chapter we address the question of implementing
the test in practice, check its performance via simulations, and apply the test to

the rain data introduced in Chapter 4.

5.1 Problems Associated with Tests for Mix-
tures

The set of problems one encounters when testing for mixtures are extensive
and generally invalidate conventional approaches. To introduce the problems we
begin by discussing a simple mixture model with i.i.d. data and constant regime
probabilities.

Suppose {x:},t = 1...T are i.i.d. and f(z;«) is a parametric family of densities

with a € A, a parameter space. We want to test

Hy: X ~ f(x;a”) for some unknown a* € A versus

Hy: X ~g(x;0f,05,p") where g(x; a1, a0, p) = pf(z;a1) + (1 — p) f2; o),
o # of, af,of are unknown elements in A, and p* an unknown point in

(0,1).

Let ¢ = (a1, ag, p). A naive likelihood ratio approach might be to examine

T T
Ar=2 ( sup > _logg(zsiar,a0,p) —sup » _log f(ay; a))
1

o1,@0,P 1 o =

and suppose that Ar 2, X3 or x? distribution. An examination of the proof of

such results (e.g. Theorem 5.6.3 in Sen and Singer (1993) or Wilks (1937)) shows
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that to apply this result there must exist ‘true’ values ¥* = (af, af, p*) such
that for ;Z 2 Arg maxy Yy log g(x4; a1, ag, p) we have 77//)\ L, ¥*. (Throughout
this section it will be understood that ;Z and its components depend upon T'
though we suppress this notation.) Under the null hypothesis of no mixture
such true values do not exist. To see why this is true suppose that we further
restrict our parameter space under the alternative to satisfy p € [¢,1 — ¢] for
some small, positive ¢. Then if we estimate the mixture model when the data
are generated under the null hypothesis with o = a* we would expect for large
T to have &y &~ o and ap ~ o” (i.e. one can show a; L, o* and Ao il
under mild conditions). But while we can estimate p for any fixed T, it will
never converge to any fixed value. This is so because Y log g(z; 00 = o, a9 =
a*,p) = > log f(xy; ) for any p — in other words p is not identified. As &y and
ap converge to o, p will randomly move in [¢,1 — ¢] as the sample size grows
and not approach any particular value.

Alternatively, suppose we restrict the parameter space to have |ay — ag| >
6,p > € > 0. Then for large T' we would obtain a; ~ o* and p &~ 1 but then ay
will be unidentified because > log g(xs; a1 = o, ap,p = 1) = > log f(xs; ™) for
any «ag. In this case ap will not converge to any true value. We obtain a similar
result if we require |y — ag| > 6, p < 1 — ¢ in which case ay will be unidentified
when p = 0. If we do not restrict the parameter space at all than it is not
clear that any of the components of 77//)\ will converge. This example illustrates
that any approach to the mixture problem that supposes the existence of true
parameters under the null hypothesis will fail unless it is altered to take into
account the identifiability problem. This same problem is present in conventional

Akaike Information Criterion ( Akaike (1973)), Lagrange multiplier, Wald (see
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Chapter 5 in Sen and Singer), and Generalized Method of Moments (chapter 14
in Hamilton (1994) and Hansen (1982)) test procedures. Mixture models are not
unique in this aspect of having parameters that are identifiable only under the
alternative hypothesis. Change point and threshold models have the same type
of difficulty. Andrews (1993) and Andrews and Ploberger (1994) have developed
and summarized an empirical processes approach to these types of problems
utilizing likelihood ratio, Wald, and Lagrange multiplier tests. Although their
methods do not work for mixture models they are of the same general type.
The motivation for our approach will arise from an appreciation of some of
the mathematical difficulties we encounter when we try to apply a conventional
approach. To make matters concrete let us retain our example above. Suppose
the data X, are generated by f(z;a”) for some unknown o* € A. Without
restrictions on our parameter space there are three ways to write f(x;a) in

terms of our mixture distribution g(x;):
L. f(a;a®) = g(a; a1 = o, ap unspecified, p = 1), or
2. flx;a™) = g(x; 0q unspecified, ag = o*,p = 0), or
3. fle;a™) = g(o; 00 = o, ap = o, p unspecified).

By restricting our parameter space we may choose one of these representations of
f in terms of the mixture, g. The reason for this is that we may specify how the
estimated parameters should behave if the null hypothesis is true. For instance,
if we require p € [¢,1 — ¢] then we would obtain &4, dg Lo, T we were to
try to analyze such statistics in a conventional way we would be interested in

calculating the Fisher information. If we let [(x;4) = log g(x; ) then we would
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need to compute

because the integrand is identically 0. Consequently,

%1
DHIb’

is not invertible for any p and thus the conventional variance-covariance matrix
does not exist. This variance matrix is very important in all of the empirical
processes approaches and without it we cannot move forward. We encounter
this same type of problem if we use either of the other two restrictions on the
parameter space (i.e. p € [0,1 — €] or p € [¢,1] with |y — ap| > §).

Redner (1981) and Feng and McCulloch (1996) found that if we choose one
of these three restrictions and the null hypothesis is true, then the identified
parameters will be consistent. For example if we restrict p € [¢,1 — ¢] then
they show a; L 0% and Gg = o though p'is not identified and will randomly
wander as the sample size grows. However, these authors were unable to make
conclusions about asymptotic inference that would help in testing whether a
mixture is present. In other words, while it is possibly true there exists a () such

that

a; —

VT 25 N(0,Q)

620 — o
under the null hypothesis and the restriction that p € [¢,1 — €], no one has been
able to determine () in a general case. If such a () was determined then we could

use the relation above as a basis for hypothesis testing.
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Ghosh and Sen (1985) used empirical process results to approach this prob-
lem. They analyzed the case of f(x;a),a € R. They had in mind f(z;«)
corresponding to a normal distribution with unknown mean o € R and a known
variance of 1. In their approach they chose to restrict |y — ag| > 6,p € [0,1 —¢]

and thus the null hypothesis distribution f(x; a*) has the mixture representation
g(x;a; = unspecified, a0 = a™;p=0)=0- f(z;01) + 1+ f(x;00 = 7).

Their idea was to perform profile (or concentrated) likelihood, holding fixed
the non-identified parameter and then treating the resulting quantity as an em-
pirical process in that parameter. In this case a; is the non-identified parameter.

We sketch their argument as follows: for fixed oy € A let

T

L%(al) = sup Zlogg(xt305170507p) and
(ao,p)EA(a1,6¢) 1=

T
(@o(an),plar)) = Arg sup > logg(ws ar, o, p).
(co,p)EA(01,6,€) =1
where A(aq,6,€) = {(ao,p) : ap € A, Jor — ap| > 6,0 < p <1 —€}. Then under

some mild conditions they show
(do(aq), plaq)) -, (o, 1) for all oy € A, and

2 (L%(Oél) —sup > _log f(xs; a)) = (Dr(01))* - Iipp(an) 00 (5.1)

aEA =1

where Dy(ay) 2, N(0,1) for all g under the null hypothesis. (The indicator Ij;
arises from the fact that p=0 lies on the boundary of the parameter space — see
Chernoff (1954)). At this point we do not concern ourselves with the particular

form of Dr other than its limiting distribution. Then the log-likelihood ratio
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statistic

2 sup log g(x4; a1, g, p) — sup log f(x4; ) | reduces to
(oqEA,( )Z ( pEb o ) aeAZ ( ' )

ag,p)EA(a1,6,e

2 (sup Li(ar) —sup Y log f(as; a)) = sup D7(a1) - [[py(a)>0

ar€A a€A a
To find the distribution of this last quantity they show there exists a mean zero
Gaussian process, D(-), indexed by ay such that 1) for any fixed oy € A, D(ay)
has a N (0, 1) distribution, and 2) Dy (-) LD() where we interpret Dy (-) to be a
stochastic processes on A indexed by «a; and W, denotes weak convergence (see
Pollard (1984) or Billingsley (1968) for extensive discussion of weak convergence).

By the continuous mapping theorem we have

2( sup > logg(xs; a1, a0,p) — sup > log f(xt;a)>
OzleA,(

ap,p)EA(a1,6,¢) a€A

L sup (D(ay))? - 1D (o) >0]-

a1
Determining the distribution of the right-hand side above is difficult because
the supremum’s distribution will depend upon the covariance kernel of D(ay)
which is not easily determined in general and often must be estimated through
simulation. If one can simulate the (D(ozl))2 “I1p(a1)>0] Process then one can use
the suprema of the simulations to obtain an empirical distribution and conse-
quently critical points for a test under the null hypothesis. Dacunha-Castelle
and Gassiat (1997) have extended these ideas to more general tests of mixtures
in the i.i.d. case (for example, testing a mixture with p components versus one
of ¢ components).

To this point in our work, the extension of techniques for i.i.d. data to time
dependent data has not created much difficulty as we have found central limit

theorems and laws of large numbers to use that are valid for dependent, non-
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identically distributed data. But here we do run into surprising problems for
some time series models. In both the Ghosh and Sen and Dacunha-Castelle and

Gassiat papers a basic quantity of analysis is

(=) (e )] e

for various powers of k& where «; is an arbitrary element of A and a* is the true

parameter under the null hypothesis. In the work of Ghosh and Sen this term

arises from moments of

alog g(l’, aq, OéO,p)
dp

ap=a*,p=0
and Dacunha-Castelle and Gassiat restrict attention to parameter combinations
of a; and «* for which the expectations exist with £ at least 2. Both sets of
authors assume these expectations exist for all (o, a*) € A x A (or except for an
arbitrarily small area of A X A in Ghosh and Sen’s case). In the time series case
these expectations do not always exist. To see this suppose we revisit our test
case of a logistic mixture of AR(1) processes. We will take the mixture prob-
abilities as constant (p) and suppose the component conditional densities have
common known variance 1 (the analysis remains the same if we allow the more
general circumstances of varying probabilities and different unknown variances).

Within this framework we are interested in finding

(Db |

Then under the null hypothesis we assume Y; = a* - Y,_1 + ¢ where ¢ is i.i.d.

E

N(0,1). Then assuming the Y; are identically distributed with the common
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stationary distribution N (0, (1 — («*)?)™!) we see
(fmm_l;al))’“ & (f(nm_l;al))’“
fOY3 | Yiog; 0%) fOY3 | Yiog; 0%)

_E [ [ Tt = Yinan) = ¥isa) ] (g Vi) dyt] (5.4

E E Y

(5.3)

where p(z) = (27)" 2 exp(—22/2). After some algebra this is simplified to

/ \/1_7eXp VLR = B)(en — ™) = (1 = (a")?))) d¥ies

which is finite iff (k* — k)(ay; — a*)? — (1 — («*)?) < 0. This restriction greatly
reduces our initial parameter space of (aq,a) € [-1+¢,1 — ¢ x [-1+¢,1 —€].
In Figure 5.1 below the area between the curves show the allowable (aq,a™)

combinations for & = 2.

Theta 1
1

o

-1 Theta *
- 1

Figure 5.1: Allowable a* and oy Combinations for k = 2

The graph indicates that for o = .5 this expectation is finite only for oy € (0, 1),
approximately. The next figure shows the allowable region if we need a finite
expectation for & = 4 (which may be convenient for using the Cauchy-Schwarz

inequality). Here we see for o = .5 we require oy € (.3,.7), approximately.
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Figure 5.2: Allowable a* and ay Combinations for £ = 4

For us these parameter boundaries seem too restrictive to be of use in testing the
mixture of AR(1) processes — the set of mixtures under the alternative hypothesis
seems too small. These figures contrast sharply to the i.i.d. case where for normal
component densities these expectations exist for all (aq,a*) € R x R, and k as
long as the variances ¢; and ¢* are the same or ‘close’ to one another (the more
moments that are required, the closer they must be).

As we feel any method we try should apply to our test case of an AR(1)
logistic mixture we are forced to develop a different test. In Ghosh and Sen
a1 was initially held constant and profiled maximization was performed with
respect to p and «ag. Our approach is analogous to initially holding constant p
and maximizing with respect to ay and «g. This gives rise to a different set of

derivatives that avoid expectations of the form

(Db

While this choice of parameterization leads to some other problems that force

E

us to restrict the parameter space under the alternative hypothesis, we are able
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to obtain results for a reasonably large set of alternatives to the null hypothesis.

5.2 The Likelihood Ratio Test

In this section we describe a likelihood ratio test for a restricted set of alterna-
tive hypotheses that allow us to obtain an asymptotic test for this smaller set of
alternatives. Our restricted set of alternatives consists of those logistic mixtures
with non-constant regime probabilities (minus a bit more to maintain a compact
parameter space). We show below that it is the constancy of regime probabili-
ties that causes the problems with the information matrix which invalidate an
empirical process approach to the problem. With non-constant probabilities the
problem is eliminated.

Before describing our test we think it useful to re-examine the simple mixture
model in the context of i.i.d. data to indicate the problem and its solution. Here
we sketch the overall idea — we defer the proofs until we discuss the problem in
the context of time dependent logistic mixtures. We return to the situation we
investigated in Section 5.1. Suppose {X;},t = 1..T are i.i.d. and f(z;a) is a
parametric family of densities with a € A, a subset of R? for some d. We want

to test
Hy: X ~ f(z;a*) for some unknown o* € A C R? versus

Hy: X ~g(x;0f,05,p") where g(x; a1, a0, p) = pf(z;a1) + (1 — p) f2; o),
p* # 0,1,0] # o, and af, af are unknown elements in A. Furthermore

we restrict p* to be in [¢, 1 — €.

Here we adopt a profile likelihood technique; we first hold p fixed and examine
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the likelihood ratio associated with that p. Let us define

(61(p), do(p)) = Arg gnezyx[/%(p, aq, ap) where (5.5)
T

L3 (p, a1, a0) = Zlog g(xs; a1, a0, p). (5.6)
t=1

We assume the null hypothesis holds, i.e. there exists a a* € A such that the
data’s true density is given by f(x;a”).

We also assume the set of one and two regime mixtures are identified in
the sense that if p ¢ {0,1} then E[log ¢(X; a1, a0, p) —log f(X;a")] < 0 and
equality holds iff &y = ap = a*. As discussed in Chapter 3 this is the case
for many exponential family distributions. This strict inequality is the critical
condition in a Wald-like approach to consistency. From this relation (and some

other mild conditions) it can be shown that

(G1(p), Go(p)) — (o™, a").

From the usual likelihood ratio expansion about the values (o, o) we obtain

N

L%«(p,(g) :L%«(p, 0*) - (57)

1 1 9L5(p,0)| [18%%(%9) ]_liaﬂ‘%(pﬁ)
0=0

2T o T 9000 VT 00 |,

where 0 = (o, o), 0 = (&), &), 0° = (o', a*')', and 0 lies on a chord between

(5.8)

0=06*

0 and 6*. In the expression above we have assumed that

A

is invertible. Under the usual type of regularity conditions (Cramér (1946),

1 9*L7(p,9)
T 9000
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Chapter 5 in Sen and Singer (1993)) and a weak law of large numbers we have

1 9*Li(p,0
T o000 |,
dlog g(X,a1,00) 2 dlogg(X,a1,00) 9log g(X,a1,a0)
E P Jgmpr oo o e=er | (5.10)
dlog g(X,o1,00) Olog g(X,a1,00) dlog g(X,a1,00)
daq dag G=0% do 0—p*
In the case of our mixture this equals
2 | Olog f(X;) ? dlog f(X ;o) ?
P { EPS } p(l - p) { Ao }
E azarl e=ard | (5.10)

da da

*

2
pl1 = p) [ Rafre) ]

The matrix above (without the negative sign) we will denote as I(a*). If I(a*)

(1— p)2 {QIng(X;a)

o=

is invertible then it may be shown that (again under some regularity conditions)

2 (L%(z% 0) — L3 (p, 9*)> = (5.12)
1 9L (p,0)] It L 9L7(p,9)
ﬁ_ 0" e [1(a”)] \/—T YL

where 0,(1) means uniform convergence to 0 in probability and the chi-square

o) xGe) (513)

random variable has 2d degrees of freedom because « is assumed to be a d

dimensional vector. By uniform convergence we mean

1 9*L5(p,9)
o {[T 2000

] +I(a*)} 0.

pEle,1—¢] =40
From here we try try to continue analysis of the problem using the Ghosh and
Sen approach outlined in the introductory section of of this chapter. By this
we mean we treat y3,(p) as a stochastic process indexed by p in [e,1 — ¢]. The
problem is that /(a*) is not invertible if p is constant. In this case the second d
rows are obtained by multiplying the first d rows by (1—p)/p. But what happens

if p in (5.11) is not constant but instead is random? We claim that in this case

I(a*) is ‘usually’ invertible. For the moment we will not be concerned with how
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our expression for [(a*) was derived but instead focus upon whether or not it is
invertible if p is considered as a random variable.
Let p be a random variable in (0,1), ¢ = 1 —p, and V be d x 1 a random

vector satisfying E[VV’] is positive definite. In this context we consider

_ Odlog f(X;a)
N do’ .

o=

v

Here p and V' are defined on a common probability space.

Lemma 5.1. Let Q = {p: E[VV'| p] is positive definite }. Assume P[] > 0
and Var(p| Q) >0 (i.e. p is not equal to a constant forp € Q). Then the 2d x 2d

matriz E[(pV', ¢V") (pV', qV")] is positive definite.

Remark: We will see (in Section 5.3) that PP [©2] = 1 for our test case of Gaus-
sian AR(1) mixtures and hence the condition Var(p| ) > 0 reduces to p not
constant. We expect this to be a common finding. This will be discussed more

in Section 5.3.

Proof. Define Q = (pV',¢V") (pV’,¢V"), a 2d x 2d symmetric matrix (the expec-
tation of this matrix is I(a*) when p and V have the interpretation described

/

above). Consider z € R?? and partition z as z = (2}, 2)" where z; and z, are

elements in R?. We want to show for z # 044, 2/E[Q] 2z > 0 (here 034 denotes a

2d dimensional vector of zeros). Because of the special form of () we see that

YE[Q)z =E[Z'Qz] = E {((pzl + qzz)/V>2} .

First we consider zq, z3 such that z; # czq for any ¢ € R (i.e. z; and z; are not

collinear). Then, regardless of the distribution of p we have pzy + gz5 # 04 (a d
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dimensional vector of zeros). Now

E {((pzl +qz) V)z} E {E {((pzl +qz) V)| pH

> E|E|((p1 +922)' V)" | p| - 1a] >0

because we see from the definition of () that the outer expectation is the integral
of a positive function over a set with positive measure. So for z such that z; and
z9 are not collinear we have Z’E[Q] z > 0.

We finish the proof by considering the case when z; and z, are collinear, i.e.
z9 = ¢z for some ¢ € R. Without loss of generality assume z; # 04. Then we

may write pz1 4 gz = h(p)z1 where h(p) = (p + qc). Then we still have
YE[Q]2 = E[2Q2] = E[((p1 + 422 V)*] = B[ ((h(p)21) V)]
Now because P [Q2] > 0 it must be the case that
E[h(p)={V V' 21h(p)] = E[E[A(p){VV'21h(p) | p] - 1] > 0

if P[h(p) #0] Q] > 0. At this point we consider the special case of ¢ = 1, i.e.
z1 = z2. Then h(p) = 1 for all p and it follows that P [h(p) #0| Q] > 0. If ¢ # 1
then the derivative of h with respect to p is (1 — ¢), a non-zero constant and
thus Var(p| ) > 0 implies P [h(p) # 0| Q] > 0. Consequently, if z; and z, are
collinear but not both equal to 04 and if Var(p| Q) > 0, we have z’E[Q] z > 0.
When combined with our earlier result for the case of z; and 23 not collinear we

obtain the desired result. O

As we mentioned in the remark preceding our proof, it will often be the case
that P[2] = 1 and hence the matrix will be invertible if p is not constant

with probability 1. While we are hesitant to claim this holds for all logistic
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mixtures of GLM time series we will, for the remainder of this chapter, assume
the information matrix is invertible as long as p is not constant — thus allowing
us to continue in an empirical process approach. We have illustrated our ideas
using i.i.d. data because it simplifies the problem’s presentation and solution.
We now develop our ideas for the general logistic mixture model for time series

data.

Adaptation for a Logistic Mixture of Time Series Data

Here we reintroduce our general model for logistic mixtures. Let

yeXi6 — b (XiP)
¢

Jfye| Xi58,0) =exp (

exp (Z{v)
Pl =1 ZyA] :HTp(ch)'

+ c(yt, qb)) and

The logistic mixture densities are given by

9(e | Gem1:) =g(ye | Xeo, Xoo, Zs; Br, 61, Bo, ¢0,7)
=Pl =1]Zi;q] - flye] Xeas Br, 61) +
(L =P L= 1] Zi;7]) - f(y: | Xios o, bo),
where Gi_y = 0(Xi1, Xi0, Z1), and ¢ = (3], é1, B, d0.7')'-

Our hypotheses of interest are

Ho: Y| Gict ~ f(ye | Gir; 5%, ¢*) for some (3%, ¢*) in the interior of B X [e1, M]

(where B is a compact subset of R&Y and My > ¢ > 0) versus

Hl: 1/15 | gt—l ~ g(yt| gt_l,ﬂf7¢’1ﬂ7ﬂg7¢87*)

where (37, ¢7) and (35, ¢3) € Bx[e1, M| and Z; and v* are such that Z/v* = v+

Zayi ...+ 2yl is not constant. The 45,77, ..., 77 are required to lie in a compact
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set, I', in R"*! that excludes the points given by {(7o,0,...,0) € R"t': 75 € R}.
The points must be excluded to ensure the regime probabilities are not constant.
We let U denote the set of allowable parameter points under the alternative

hypothesis:

U = {(B1, 61, Bo, d0,7) € (B x [ex, My]) x (B x [er, My]) x I'}.

Furthermore, we restrict the covariates X;; and X, to be identical for all £. We
denote the common covariates by X;. This allows us to say that given g and ¢

we have

g(yt | Gi—1;60=B,01= 0,00 = 3,00 = </577) = f(yt | gt—1;67¢) (5-14)

for all ¥ € I'. In this way all the no mixture models (i.e. one regime models) are
nested within the logistic mixtures.
As we want to derive a test statistic’s distribution under the null hypothesis of

no mixture we assume the data Y; have conditional distribution f(y; | Gi—1; 5%, ¢)

for some (3%, ¢*) in the interior of B x [e, M1]. We define W*, a subset of ¥ by

U = {(6*7¢*76*7¢*77): 7€ F}v

i.e. the collection of parameters values with the § and ¢ terms set at 3* and
¢* and the v terms allowed to vary. In light of equation (5.14) we see that for
Y € U™ it is the case that g(y; | Gi—1;¢") = f(y: | Xi; 85, ¢%). Sometimes we will
write f(ye | Geo1; 57, ¢7) instead of f(y:| Xi; 5%, ¢7).

To obtain asymptotic results we assume the following additional conditions
are met. These conditions are analogous to those we used in Chapter 3 to show

consistency of the maximum likelihood estimator.
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5.2.A

5.2.B

5.2.C

5.2.D

{Y;, X, Z;} is stationary and ergodic with W denoting a random vector
having the joint stationary distribution. By this we mean Y;, X;, and Z;
obey a strong law of large numbers in the sense that if (-) is a mea-
surable and integrable function of W then £ Y A(Y;, X, Z;) == E[h(W)].
We denote the associated components of W as Wy, Wy, and W,. We
will sometimes write g(Wy | Wx, Wz;4) as g(W;1). This condition was

discussed at length in Chapter 3.
Ellog g(W;4)] < oo for all ¢» € ¥ and is continuous in .

For any ¢ € W\U*( elements in ¥ but not in ¥*) and b € U* we assume

Efllogg(W;¢)] < E

log g(W; ;/N))} From equation (5.14) it is clear that
E

log g(W; ;/N))} is constant for all 1» € U*. This constant value is
E(log f(Wy | Wx; 57, 67)].

Here f(Wy | Wx; 8%, ¢%) is f(y:| Gi—1;¢) with y; and X, replaced by Wy
and Wyx. This is analogous to the identifiability condition 3.1.C in Chapter
3 but is modified to account for the fact that 4 is not identifiable under

the null hypothesis.
Given B,(v) = {¢" € K: || — || < p} we define

G (Wi, p) = sup g(W;e).
W EB (1)

We assume that for any ¢» € U E[log ¢*(W; 1, p)] exists for p sufficiently

small and

lim,_o Eflog ¢"(W; ¢, p)] = E[log g(W; )] for all ¢ € V.

As in the case of 1.i.d. data we seek to use profile likelihood techniques — we first

fix v € I' and compute the log-likelihood ratio statistic at this point. We begin

97



by setting

0 :(6{7¢17667¢0)/ (515)
0 :(6*/7¢*7ﬁ*/7¢*)/ (516)

é(’y) = Arg max L5(v,0) where (5.17)
L5(7,0) = logg(y: | Giz1:7,0) (5.18)
0(v) = Arg méaXE[logg(Wy | Wx, Wgz;7,0)]. (5.19)

In the notation of the previous section a = (', ¢). With these definitions we

may prove the following:

Lemma 5.3. Under Conditions 5.2.A — 5.2.D we have é(fy) 2% 0(5). Further-

more, 0(y) = (87,67, 3%, ¢") for all y € T

Proof. There are two statements to prove. The first assertion is that é(’y) 22,

f(v). A comparison of the conditions in this section with those used in Section
3.1 to prove Theorem 3.2 show we can apply the results of that theorem to our
case and obtain the desired conclusion. All that is necessary is noting that ¢ in
Section 3.1 corresponds to # in this section, K corresponds to (B x [e1, M1]) X
(B x [e1, My]), and ¥* corresponds to 6.

The second statement to prove is 0(vy) = (5%, ¢*, 3%, ¢*) for all v € T'. This
statement follows from the identifiability condition (5.2.C) and the strong law
of large numbers (Condition 5.2.A). It may be formally proved by following the

structure of the proof in Section 3.1. O
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Now we try to explicitly find L3(~, é(’y)) — L%(v,0%). Using a Taylor series

expansion about #* we have

_ 0L5(v,0)

A PL7(v,0
L%“(’yv 0) - L%“(’yv 0 ) - o0’ / T( )
0*

% 1 %
=0+ 50 =0 5050 |,

(6 —07)
(5.20)
with @ lies on the chord between #* and 6. If we maximize the right-hand side

to find é(’y) then using calculus and assuming the matrix of second partials is

invertible we obtain

j N [PL54.0)] 7 L5 (7. 0)
(9(7) — 0 ) = — { FYETT } o0 |, (5.21)
Upon substituting this back into (5.20) we see
Ly (7,0()) = L3(3.07) =
LU L OL5(0)| L 0PLE(.0)[ )T L 0L (5.0) (5.22)
2T 00 g LI 00000 |5l T 00 |, '

Here we add more conditions to our model. Almost all of these conditions can
be established if log g(W;) is sufficiently smooth with respect to ¢ and has

derivatives that may be bounded by integrable functions.

5.2.FE For ally €T

dlog g(W;+,0) dlog g(W;+,0)

. 06’ 00

_ | Plogg(Wsv,0)
ol D090

exists.
0*

Also we assume the matriz is a continuous function of v and 6 and in-
vertible for = 6*. Much of this chapter concerns the invertibility of these

matrices.

5.2.F From condition 5.2.A we have that for any v and 0 such that (6,~) = v is

an element of ¥

1PLE(1,0)] s [0 logg(W;,0)
T 0000 00006 '
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Furthermore, this convergence is uniform for ¢ € U, i.e.

279 2 :
sup la LT(770) —E d 10gg(W,"}/,(9) gg
vew || T 0000 0006
ALY (+,8) . . . . DL (+,0) .
5.2.G %Taig‘ s uniformly bounded in probability, i.e. sup \/1—8767 8
O,(1).

Now using these conditions and (5.22) we can derive the following series of

equations:
2(L4(7,0(7)) = Li(7,67)) = (5.23)
_La[’%(’yve) 1821}1]“(770) - 1 aL%“(’Vve) (524)
VT 00 |, |T o000 || VT 00 |, '
10L7(1.0)| [ Ologg(W;7,8) Dlog g(W; 7, 0) ~OL(7,0) 4 o,(1)
T 90 |, o0’ 90 o N P
(5.25)

Conditions 5.2.F and 5.2.G allow us to conclude that the o,(1) term in (5.25) is
uniform for v € I". This will be important for us below. We demonstrate this

uniformity as follows:

1 OLG (v,0) 1 2218 (0 | 17! F, 2logg(Wiy,6) 9log g(Wiy,6) | oLs(n)
sup 56 oo | [T P800 |5 567 59 o D0 | g
-
< 1 OL7(v,6) 2 1 PLE(v0) ! F, 21ogg(Wiv.0) d1ogg(Wiy,6) -
SUP 96 g || SUPI| T o000 |5 967 59 g
¥
= 0p(1) - 0,(1) = 0,(1)
where || - || denote either vector or matrix Euclidean norms. Now, keeping in

mind our condition that we note that {Y;, Xy, Z;} have the common stationary

distribution given by W we want to verify that

dlog g(ye | Gi—157,0)
, (5.26)
\FZ 00 o

1 9L3(v,0
VT 00

is a martingale. This will be implied by the following additional condition:

0*
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5.2.H g(Wy, Wx, Wy 1)) is three times continuously differentiable with respect to
Y. Furthermore there exist integrable functions Fy(W) and Fy(W') such

that for all r;s € {1,2,...,q},

Ag(W;1h) P?g(W; 1)
o, O, 0,

E[Fl(W) | Wx,Wz] < OO,E[FQ(W) | Wx,Wz] < 0.

(W) > and

Y

(W) > ‘

This condition tmplies the first part of Condition 5.2.E.

.. . 1 T  9logg(yt| Ge—15v,0)
To show how this implies 77 Yot T

is a martingale the critical
0*

point is to establish

dlog g(y: | Gi-157.0)
E{ 90" . gt—l = 0.
1 137,06
The left-hand side above :/ 0 Ogg(yt;(ft 1%,6) 9(i | Ge1; 7y, 07 )dy,
0*
_ [ 99| Gi-137,9)
_/ 60/ oo dyt

= 0.

— % (/g(yt | gt—1;%9)>

As the interchange of differentiation and integration is justified by Condition

0*

5.2.H, the martingale property is established. From here we can apply the mar-

tingale central limit theorem (Theorem 3.14) to show

alogg yt|gt 1777 )
\F Z o o (5.27)
N (Q,E { 910gg(W,% 0) dlog g(W;+,0)

S )

To demonstrate how to use Theorem 3.14 we first establish the following lemma:

D
—

Lemma 5.4. Let (); be a real-valued stationary martingale difference sequence

such that E[Q}] = v < 0o and £ 3 Q7 == v. Then

1
ﬁZQtiwv(o,v)-
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Proof. The proof is nearly immediate from Theorem 3.14. We define Dy, =

ﬁQt' Then the conditions in Theorem 3.14 are satisfied. O

With Lemma 5.4 we can demonstrate the convergence in 5.27 with an ap-
plication of the Cramér-Wold device. From this result we may reexamine (5.25)

and conclude

2L (7, 0(7)) — L(7,07) = \2y (5.28)

where d is the dimension of (', ¢)'.

At this point we define our log likelihood ratio statistic as

LRTé sup L7.(¢) — sup L{F(ﬂ, ®) where (5.29)
¢qu
LE(5.6) Zlogf (41| Geo13 3, ).

In order to tie this statistic to what we have developed thus far we note for

<B, </3> = Arg maxg, L{F(ﬂ, ®) we see that

2Ry =2 (sgp 14(1.0(7)) - L4 (B, @) (5.30)

=2 (sup 40 00)) = 25,0 ) =2 (L3 4) = L(5,07)) . 531

~

The last equality above holds because we showed in Lemma 5.3 that () = 6" =
(B, 8, 3", ¢") and so L5(,0(7)) = L{p(ﬂ*, ¢*) as implied by (5.14). Using the
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same Taylor series techniques we can show that under the null hypothesis

2 <L§(57 0) = Li(5". ¢" )) = o0p(1) + (5.32)
-1
dlog f(yt| Ge—1;08,¢) Ilog flye|Gr—1;0,6)  dlog f(yt|Ge—1;8,¢) dlog f(yt|Ge—1;5,%)
) ap’ B ap’ ¢

dlog f(yt| Gi—1;8,8) Ilog flye|Gi—1;0,6)  dlog f(yt|Ge—1;8.¢) dlog f(yt|Gi—1;5,%)
a8 ¢ ¢ ¢

p p

(5.33)

E Olog f(y¢| Gi—1:8,9)
D \/— 8

2 where p = 5.34
Xd P \/—E dlog f yt|gt 1:6,¢) ( )

and all derivatives are evaluated at (5%, ¢*). The chi-square r.v. in this case has
d instead of 2d degrees of freedom (the matrix in (5.33) is d x d). So while we

know
2 (L4(3.9) - 14(5.6) 2o (5.35)
and
2 (L5(3,007) = L4:(2.07) =\, (5.:36)

for fixed v, finding the asymptotic distribution of the right-hand side of (5.31)
is considerably more complicated as the chi-square r.v.s in (5.35) and (5.36) are

correlated and a supremum is involved. To proceed further we appeal to the
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theory of empirical processes. We begin by defining a 3d dimensional vector

I 310gg(y5|ﬁg/t—1;%6’) i pt(»y) <%§XW*)>
1 g*
alogg(ygl(bglt_u%é’) pe(7) <(thtﬁ(¢_*l;gXtﬁ ) + 30(@1/;@) (b*)
0*
dlo Ge—177,0 Xe—b(X!p*
( ) gg(%'ﬁ(’)t 157,9) . (1 _pt(’)/)) <yt ¢ ¢£ B ))
St "}/
dlogg(ye|Ge—11v,0) (e X[5*=b(X18*)) | Oc(ut,d)
5¢0t : o (1 _pt(’}/)) ( = (¢*)2 : + 8; ¢*>
alogf(yglﬁg/t—uﬁ@) <tht—f7(Xt’ﬁ*)>
B*,¢* *
dlog f(yt| Gr—1;5,0) (ye X1B*—b(X13%)) n dc(ye,0)
. e grord | @) 56| 4o |

(5.37)

where b(X{ﬂ*) denotes the derivative of b(X]3*) with respect to / evaluated at
p*. As was partially demonstrated above, we can show that s;(v) is a martingale
difference sequence (above we showed only that the first 2d elements of s;(7)
was a martingale difference). We can extend these ideas to the whole of the 3d
dimensional vector, s;(7). In light of Condition 5.2.A we see these martingale
differences have a common stationary distribution. From here we apply our usual
martingale central limit theorem (combined with the Cramér-Wold device) to
obtain

Y si() = N(0,E[sd(7)s:(+)])

t=1

(5.38)

-

for any v € I'. However, we will need a stronger statement regarding the con-
vergence of finite dimensional distributions. Let 4',~42,..., 4" be elements of I".

We want to show

PENCEY

L K(AY)
(5.39)

LK (AT
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where is the K (7*,77) is the 3d x 3d matrix, E[s:(7")s:(7”)]. To show this we use

the Cramér-Wold device along with Lemma 5.4. Consequently, convergence of

finite dimensional distributions to a multivariate normal has been established.
Now suppose we can show the following condition is met (and we will show

this later for our special mixture of Gaussian AR(1) processes)

5.2.1 % Ethl s:(7) is a stochastically equicontinuous sequence of functions in

C**[I'], the space of continuous functions A such that h: I' — R3.

By definition (see Andrews (1993)) this would mean that for every ¢ > 0 there

exists a 6 such that

T T
lim P sup L
T—oo ~1 42el: \/T

Yos(r') =) sy
2 =<5

With the finite dimensional convergence of (5.39), compactness of I', and the

>6]<6.

stochastic equicontinuity condition above we can conclude via an empirical pro-
cesses theorem (e.g. Theorem 10.2 in Pollard (1990)) that there exists a unique

stochastic process ,S (+), taking values in C*¢ [I'] (with probability 1) such that
1). For fixed 3, 5(1) ~ N (0, E[s,(1)s1(2)), and

2). If I is a continuous functional such that [: C3¢ ['] — R then

l({%zt:st(’y):’yef}> DL I({S(y): v € TY). (5.40)

With this result we now try to find a functional [ that corresponds to our expres-
sion for 2L Ry in (5.31). Then we examine the distribution of [ ({S(v): v € I'})
and use this for our asymptotic distribution of 2L Ry.

It is relatively easy to find an appropriate functional for /. Let us define

V(v) = E[s:(7)s:(7)'], the 3d x 3d covariance matrix appearing in (5.38), V2(v),
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the 2d x 2d upper left corner of V(7), and V¢ the d x d lower right corner of
V(7). These last two matrices correspond to the asymptotic covariance matrices

of

and B*,0*

60/ g* \/_ Z alogf yt|gt 1 ﬁ(b)

E dlog f(yt| Gi—1:8,9)
Zalogg yi | Gi-1;7,0) \/_ 05"
\/—

B*,e*
Inspection of s;(7) in (5.37) shows that V¢ does not depend upon . Now let
h(7) be an element in C**[I]. We may consider h(7) a 3d dimensional vector
and partition h(7) as h(y) = (h24(v)’, h%(y)")’ where the superscripts denote the
associated length of the vectors. Now we define
-1 -1
() = sup [W¥() (V)™ W) = by (V)T RG] )
v

When we examine equations (5.25), (5.33), and (5.31) we see that

2LRy =2 (Sgp L5 (7,0(%)) — LB, %)) =1 ({% Y sily):ive F}) +o,(1).
(5.42)

It is a subtle but important point that the o,(1) term above arises from the
condition that the o,(1) term in (5.25) is uniform for v € I'. From the relation

n (5.40) we conclude
2LRr 25 1({S(7): v €T} (5.43)

where \/LT > s:(+) converges weakly to S(:). To determine the process S(-) we
know it is marginally Gaussian, i.e. S(v) ~ N (0,V(y)). We obtain this by
considering the functional [, (h(-)) = h(v) and noting that

S sl LN V).

t=1

3=
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As a Gaussian process is completely determined by its mean and covariance
structure we only need find the right covariance structure. Though we do not
present the details it is clear that by considering different types of functionals it
must be the case that E[S(1")S(~?)] = E[s:(7")si(7*)']. For each pair (y*,~%)
let us define K (v*,~?) = E[s,(7")s:(7?)']. Then the mean zero Gaussian process
with covariance kernel K(4',4?) must be the unique process S(v) satisfying
(5.43).

Now we are in a position to explore the distribution of [ ({S(v): v € I'}). For
the moment suppose we know the elements of K(4',~4?) for every (v',~%). Then
we could use a random number generator to create independent realizations of
the S(-) process and compute [(S(-)) for the different realizations. From this
sample we can find an empirical distribution of {(S(+)) to use for approximating
the distribution of 2L Ry.

Of course in practice we do not know K (4',4?) but we may estimate it from

the data in an obvious manner. We define

1 T

Kr (v4,4%) = 7 ;St <71;B, > 51 <72;B, 55)
and from Condition 5.2.A and Theorem 3.18 it is easy to show A7 (v',+*) con-
verges uniformly, with probability 1, to K (y',4?). From Kr (7', 9*) we can
generate realizations of Sy (7) processes where the St (7) processes are defined

so that

N

1. S7(y) has a N <Q, Ky (7,7)) distribution and,

N N

2 B[S (1") 81 ()] = Rr (11,4%).
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Next we define a new functional /7 (because the [ functional depends on unknown

parameters as well):

() = sup (12407 (R#n) 120 - 1) (R 0)

~er

)

where h(7y) = (h*4(v), h%(7)')" is an element of C*?[[']. With these definitions

we approximate the functional

1S () = sup { S20) (K(7,7)) ™ 8%(3) = 8°) (K7 (3,7)) 7 8" ()} by

i (3r.1) =suwp {307 (K3 0.) 8800 - $t07 (K1) S0}

As our test relies on this approximation we must show ir <§T ()> 2, 1(S ().

Theorem 5.5. Let Sr (7) be a stochastically equicontinuous sequence in C*4[T']
with St () converging weakly to S (). Also, suppose [g’%d(’y,fy) 2% K24y, ) and
K2 (7,7) 25 K9(y,v) where convergence is uniform in T and both K**(v,~) and

K%(~,~) are nonstochastic invertible matrices. Then Iy <§T ()> 2, 1(S()).

Proof. We sketch the proof as follows. Let A(y) be an element in C*[I'] and

partition A(7) as h(y) = (R*(v), h%(7)')’. Now we define the transformations

Q(h(7)) =h*(7) (K*(7,7)) " h*(7) — h*(7)' (K¥(7,9))" h%(7) and

Qr(h(1) =0 (1) (E¥(.7) " 02 = 'y (B ) he).

Then we may write

Qr(S1(1) = Q(Sr()) + |Qr(Sr(x) = QS ()| . G4)

Now becanse Sy (-) converges weakly to S(-) and K2%(,v) and K%(v,~) are non-

stochastic and invertible it is clear that Q(S}()) converges weakly to Q(S(-))
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and thus
A D
sup Q(S7(y)) — sup Q(S(7)). (5.45)
¥ ¥
Next, we want to show the term in brackets in (5.44) is o,(1), uniformly for

~ € I'. To prove this we see that

N

Sup ‘ {QT(ST(’V)) - Q(ST(’V))} ‘ < <Sgp H[%izfd(%w B KQd(%V)H +

A

sup | K4 (7,9) = K(3.7)||) - supSr(3)Sr (7).
Y Y

From our uniform convergence conditions regarding [%T(-, ) and K(-,-) we see
the term in parentheses is 0,(1). Because ST(V)) is stochastically equicontinuous
we may conclude that supSz(y) Sp(7) is O,(1) if S7(3)'S7(5) is integrable for
some 4 € I'. The proof 0} this last assertion is similar to the proof of Lemma 5.6
in the next section so we omit it here. The integrability condition is clearly met

for all v because ST(’y) has a multivariate normal distribution. Consequently we

obtain
sup | |Qr(31(1)) = Q(S1(1)]| < Ou(1) - 0(1) = oy (1)

In light of these results we can rewrite 5.44 to say

sup Qr(57(7)) = Sgp{Q(S’T(V)) +0,(1,7)}

~

ZSgp{Q(ST(V))} +op(1). (5.46)

where 0,(1,v) corresponds to the bracketed term in (5.44). This implies

A A

ir(S7(-)) = sup Qr(Sr(7)) = Sup Q(Sr(7)) + 0,(1) = sup Q(S (7)) = U(S())

¥ ¥

and our proof is complete. O
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We will illustrate this procedure in the last chapter but first we examine the
conditions of our test in the case of logistic mixtures of normally distributed

AR(1) processes.

5.3 Examination of Conditions for Mixtures of

Normal AR(1) Processes

We reintroduce the notation for our test case of logistic mixtures of normally

distributed AR(1) processes:

f()/t|gt—17ﬂ7¢) :f(i/t|1/t—laﬂ7¢)

B (Y, = Yi1B)?

Pl =1|Gi—1;79] =P [l = 1| Yi_1;7]

— % log 271'(;5) (5.47)

_ exp(yo + Yioim)
1+ exp(yo + Yicim)

(5.48)

From these distributions we construct our general model of a logistic mixture of

this type as

g(Yt | Gio1; %/)) = Q(Yt | Yii; %/)) :f(Yt | Y1 B, <151)[ED []t =1 | Yt—l;’Y] + (5-49)
f(Yt | Yi—1; Bo. ¢0)P []t =0 | Yii; ’7] ) (5-50)

where ¢ :(ﬂ07617¢07¢1770771)/‘ (551)

Our mixtures will have some restrictions on the parameter space — the gy and 3,
terms are assumed to lie in [—1 4 ¢,1 — ¢] and there exists 0 < ¢, < é1, Po <
Gmar and (70,71) are assumed to lie in ', a compact subset of R? excluding

all points of the form {(40,0): 70 € R}. These points are excluded to ensure

the regime probabilities vary. We denote by W the set of (/3y, 81, ¢o, d1, 70, 1)’
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satisfying these restrictions. In Chapter 3 we spent some effort showing the er-
godic and stationary behavior of {Y;, Xy, Z;} = {V;, Y;_1, Yi_1} when the logistic
mixture is correctly specified. Here we examine the case when the mixture is
incorrectly specified (i.e. the null hypothesis of no mixture is true). In this case
Yi| Yiq has a N (8*Yi_1, ¢*) distribution and we can easily find the stationary

marginal distribution for Y; as

Vi 8 (0
1—(5)

Furthermore, {Y;, X, Z;} = {Y;,Y;_1,Y;_1} has an easily derivable trivariate
normal stationary distribution. Thus Condition 5.2.A is met.

Conditions 5.2.B, 5.2.D, and 5.2.H are easily satisfied by finding dominat-
ing functions that are integrable. For example, suppose we wish to verify that
E[g(W;4)] is continuous with respect to ¢. Given the continuity of the inte-
grand we need only find an integrable function that bounds ¢(W;) for any
P € . Let Wy, Wy denote r.v.’s that have the stationary distribution associated

with Y}, Y;_;. Then for any ¢» € U we have

|log g(W3 )| < [log f(W1 | Wo: Bu, é1)| + [log (W1 | Wos Bo, do)| where

(W, —Wop)? 1

llog f(Wh | Wo; 8, 8)| = |~ 2 — 5 log2m¢ (5.52)

Wi+ W3+ 2 |W, Wy

1
<c+ 5 log 27 ¢pmae + ) (5.53)

Because Wy and W, are bivariate normal the right-hand side of (5.53) is clearly
integrable so continuity is established. The other claims in these conditions can
be similarly established.

Condition 5.2.C may be verified using the techniques in Section 3.2.3.

The difficulty in obtaining a well behaved information matrix is the crux of
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the trouble associated with tests for mixtures. As described in the introductory
section to this chapter it is this trouble which leads to an empirical processes
approach of Ghosh and Sen (1985) and Dacunha-Castelle and Gassiat (1997).
Unfortunately, neither of these approaches can be directly used as the restriction

to (4, ¢) and (8%, ¢*) combinations satisfying

. m F(W38,6) ’“)] o

fFW; 3%, ¢7)
is too restrictive in the case of Gaussian AR processes (this was discussed at

length in Section 5.1). In our approach we consider a different restriction of the
parameter space that allows us to avoid ratios of this form.

To check that our information matrices in Condition 5.2.E are well behaved
we check to see that the conditions of Lemma 5.1 are met. To use the notation

of the lemma we take

W1 —Wo 5*)Wo
exp (v0 + 11 Wo) (A=

= and V = a
1+ exp (70 + 1 Wo) (Whi-WoB*)? _ 1
2(¢*)? 2¢*
We want to show
!
V V
E P P is positive definite.
qv qv
In Section 5.2 we claimed P [2] = 1 for our logistic mixture of Gaussian AR(1)

processes, where
Q= {p: E[VV']| p|] is positive definite }.

To see this note that a given value of p uniquely determines a given value of W,

so we want to show E[VV'| Wy] is positive definite for almost all Wy. To show
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this we first note that

dlog f(W1| Wy;08,¢) ‘
o o8 B=p* p=¢*

v Qog (W1 | Wo; 5, 0)
B, o) B g 9log £ (Wi Wo:6.) ‘
e G=p* p=*

Then it follows that

d*log f(Wy | Wo; 3, 6)
I(B,8)0(3, )

E[VV’|W0]:—E[

.

B=p*¢=¢*
we
1
0 2¢*2

which is clearly positive definite if Wy £ 0. As W, is marginally Gaussian this
exceptional set has measure 0. Thus the conditions for Lemma 5.1 are met and
Condition 5.2.F is justified.

The next condition we check is 5.2.F which concerns uniform convergence.
In section 3.4.3 we showed how to prove uniform convergence of the Hessian
matrix when the logistic mixture was correctly specified by finding integrable
functions that bounded the third derivatives. This same approach works here
and we consider this condition justified.

Establishing Condition 5.2.G requires a little effort. Though there may be
other methods of proof we will use a theorem for stochastic equicontinuity of

martingales.

Lemma 5.6. Suppose

Dlog g(y: | Yi1,7,0) }
Z : (5.54)
{ \/_ 60 0% 7 TeN

is a stochastically equicontinuous sequence of functions in C*[I'], the space of

R2%-valued continuous functions with domain I'. In addition suppose that, for
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some ¥ we have

LN e (5.55)

dlog g(y: | Yi-1,7,0)
\/_Z o0’

where X denotes an integrable random variable. Then

0*

" Z Olog g(y: | Yir,7,0)
p\/_ 00

~er

= 0,(1). (5.56)

0*

Proof. Let € > 0 be given and define

Z dlog g(y:| Yi-1,7,0)
Br(y) \F 00’

0*
From (5.55) we know there exists a T, and M, such that
P|Rr(3)] > M) < ¢/2 for all T' > T.. (5.57)

From our definition of stochastic equicontinuity let ¢ satisty

lim P | sup ‘RT(’yl) - RT(’yz)‘ > ¢/2] < ¢/2, (5.58)

T=oo i —2I<s
and let K = inf {N € N: Né > sup ||y' — +?||} where throughout this proof 4!

71772

and ~4? are arbitrary elements in I'. K is guaranteed finite since I' is compact.
Then for arbitrary v € I' | ||y — ¥|| < K6, and

[sup [Rr(v) = Br()| > Ke/2] C [ sup  [Rr(y') — Rr(v?)] > Ke¢/2]

~el [Vt —~2||<K§

Cl sup  |Rr(y") = Rr(y*)| > ¢/2]

[l =2 I<6

which implies

P [8161113 |Rr(v) — Rr(7)] > Ke/2] <P [|| 1s_u£)”<6 ‘RT(’)/I) - RT(,y?)‘ > ¢/2] < ¢/2.

(5.59)

114



From (5.57) and (5.59) we see

lim P [sup |Ry(y)| > M. + Ke/2] (5.60)
T—o0 ~el
<lim PRz (7)] + sup [fr(y) = Rr(3)] > Mc + Ke/2] (5.61)
§%i—m P Rr (%) > M.] + hm Psup |[Rr(y) — Rr(¥)] > Ke/2] <e.  (5.62)
—00 ~el
So
hm Plsup |Rr(y)| > M.+ Ke/2] < e
From our definition of Ry (7) the proof is complete. O

Remark: As mentioned in the previous section, this proof works to show that if

S7(7) is stochastically equicontinuous and E ST(’?)’ST(’?)} < oo for some 4 € T’

A

then supST(’y)’gT(’y) is Op(1). In this case we define Ry(y) = Sr(y) and the
Y
proof follows as above.
At this point we note that any v € I' will suffice as the 4 term in the statement

of the Lemma 5.6 since we know that

fz s Tt D) 2y (0, Bl 7))

0*

As both this lemma and Condition 5.2.1 are concerned with stochastic equicon-
tinuity it seems the appropriate time to discuss a theorem that tells us when a
martingale may be stochastically equicontinuous. The theorem below is drawn
from Hansen (1996b) and is particularly suited for Lipshitz smooth functions of
our parameters, v. Let W; be R? valued random vector on (2, F,P) and h(w,~)
be a parametric class of random functions from RP x %5 where T is compact

set (parameter space) in R* . The conditions for this theorem are

A.1: The function h satisfies a Lipshitz condition

[hw,7) = b, )] < bw) |3 =] (5.63)
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for all 4',~4* € T' where b: R? — R,
A.2: For some ¢ > max(2,a) (where a is the dimension of ) |[b(w)]], < oo,
A.3: For all v € T', [[A(Wy, 7)]], < oo, and

A {h(Wy, ), 0(Wiey, Wi_a,...)} is a stationary and ergodic martingale differ-

ence sequence,
where [|-[|, in A.2 and A.3 denotes the usual L? norm.

Theorem 5.7. Under conditions A.1 - A.4 we have that for every € > 0 there

exists a 6 > 0 such that

lim
T—co

<e  (5.64)

1,)/2:

sup Z Wt, — h(Wy,~ ))‘

||h(W,w1)—}L(W,w2)||q<5 1

The W in |[h(W,~4') — h(W,+?)||, has the common distribution of the stationary
W,’s. We should note that the result above is stated in terms of L? equicontinuity
instead of the more familiar L° result and uses the L7 norm in defining the
modulus of continuity,

1 - 1 2
sup \/—T ;(h(Wt,’y ) = h(We,77))] -

Y2
6071 ()| <o
An application of the Markov inequality and the Lipshitz continuity condition

A.1 let us rewrite this in a more familiar way:

Corollary 5.8. Under conditions A.1 - A.4 we have for all € > 0 there exists a

6 > 0 such that

— 1
lim P sup  ——

T—0o0 A2 \/T
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Remark: As defined above, h(W,~v) takes values in R though we have in
mind showing stochastic equicontinuity (s.e.) of % > s¢(y) which is a vector.
However, if each component of % > s¢(7) is s.e. then it follows that the vector
% > si(7) is also s.e. Thus it is sufficient to use the theorem to prove each
element of the vector is stochastically equicontinuous.

So as v is two dimensional we wish to apply this theorem twice with W, =

(Y;,Yi_1) and (Wi, ) = s4(7):, the 1" component of s,(7) as defined in (5.37)

with
o (Yap)y log2r¢ ]
bxse) =T o) = 220 D g
Yi_
pe(v) = exp (0 + Yeo1y1) and 2 = 0, 1.

“l+exp(yo+ Yioim)

We have already demonstrated that s;(7) is a martingale and so we need only
demonstrate the existence of a function that uniformly bounds the derivatives
(with respect to v) and the existence of ¢th moments for s;(y). Techniques for
showing the integrability of such functions has been demonstrated previously so
we omit it and consider this condition justified.

With this demonstration we have shown how our sample model fits the con-
ditions of the previous section and will therefore have a likelihood ratio statistic
with the appropriate asymptotic distribution — see equation (5.43). The next
chapter is concerned with the performance of our test and includes a brief sum-

mary of the underlying theory we presented in this chapter.
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Chapter 6

Applications of the Likelihood Ratio

Test

In this chapter we examine the performance of our likelihood ratio test using
simulations and the GATE dataset. We begin by summarizing the theory un-
derlying our test and then discuss a general algorithm for producing realizations
of Gaussian fields that have the required covariance structure. There are at least
two straightforward methods for producing such realizations and because they
have different computational burdens it is worthwhile to examine the methods
in some detail. After describing our algorithm we perform some simulations to
check that our test works well when the null hypothesis of a one regime (no
mixture) model is true. Our results support the theory developed in the last
chapter. Next we examine the power of our test by comparing it to an alter-
native test procedure in simulations of logistic mixtures of AR(1) processes. In
this chapter we refer to our test as the empirical process, or EP, test and the
alternative test as the Monte Carlo, or MC, test. The simulations suggest our
test works well in comparison to the alternative Monte Carlo method. Finally,

we apply our test to the GATE data discussed in Chapter 4 and conclude that
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there is strong evidence of a mixture of log-normal densities.

6.1 Implementing the Test

We begin with an observed set of data {yt,Xt,Zt}thl. Under the hypothesis
that a logistic mixture is present we assume the conditional density of the {y;}

is given by

9(ye| Gio1s¥7) =glye | X, Zis B, 61, 55, 66,77)
=P [l = 1] Z77] - flye| X 57, 67) +
(L =PL=1]Zsv7]) - fye | Xo: 55, 00),
where Go_y = o( Xy, Z4), 9" = (87, 61. 55, 66,77
ol o) =exp (PEEZHEED 4 ) ana

,
exp (7))
Pl =1 Zin] =

Y* is assumed to be some unknown element of W, a compact subset of Euclidean
space. The 7 component of 1 is assumed to lie in I' a compact subset of R"*!
and it is assumed that for any v in I', Z/y = 790 + 1121 + -+ + ¥ Z4 is not
constant (i.e. Z/y varies with #).

Here we will summarize our results from Chapter 5. Using the EM algorithm
approach of Chapter 2, or some other maximization procedure, one finds the
maximum likelihood estimates of the mixture parameters, ;/A) = (B{, qgl, B(’), qgo, 7).
One must ensure that these estimates lie in the compact region I' — perhaps by
using a constrained optimization procedure. Once these parameters are found

we obtain the value of the mixture likelihood associated with this particular set.

119



We denote this by

2

T
LY (1)) = Arg rﬁggzlog 9(ye | Geers ). (6.1)
=1

To get the log likelihood ratio we need the corresponding maximum likelihood
parameters for a single regime model. We obtain these through some generalized
linear models fitting package and evaluate the log likelihood at these parameters.

This value we denote as

2

T
L1(8,6) = Arg max y " log f(ye| Gimri ,9). (6.2)

Under the null hypothesis that there is no mixture and the true conditional

density is given by f(y: | Xi; 5%, ¢*), we showed in the last chapter that
2+ (L4() - L4(3,9))

converges (in distribution) to the supremum of a transformation of a Gaussian
random field — elements of the field are denoted by S(y) for v € I'. For any
v € I', S(v) has a 3d dimensional mean zero multivariate normal distribution
with variance matrix K (v,v) =30 [s:(7)s:(7)'] where s4(7) is defined in (5.37) and
d is the dimension of (', ¢). For any two elements in I', the covariance matrix
is given by K(v',7%) = E[s:(v")s:(+*)']-

The transformation we apply to this field is given by

-1 -1

SO (K ()] S()* = S [K(v,7)"] ™ S(7)"

where S(7)* denotes the first 2d elements in the vector S(7y), S(v)? denote the
last d elements, and K (v, v)?? is the 2d x 2d upper left hand corner of the K (v, )

matrix, and K (v,7)? is the d x d lower right hand corner of the same matrix.
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Showing K (v,7)*® is invertible was an important part of our discussion. Our

primary result from Chapter 5 was showing that

24 (150 - 145, 8)) 5

sup £ S(3)2 [K(7,2)*) 7" $(0)* = ()" [K(7,7))

~er

1

St (63)
Because we do not know K (y',~?) we must estimate it from our sample data by

T
. Al A a P
Kr(y',7%) = 5 ) svhs B.0)se(v; 5, 0)' (6.4)
=1
where s4(7; 3, qg) corresponds to our definition of s;(7) in (5.37) except with (B, qg)
in place of (8%, ¢*). With this change we approximate the original functional with

a new one:

sup £ S(3)2 [K(7,7)%) 7 802 = S0 [K (7,77 7 S()*} ~

sup {ST(V)“/ {fg’T(%v)“} Sr(7)* = Sr(7)* {fg’T(%v)d} B S’T(v)d} (6.5)

distribution with covariance kernel [{’T(717 7?) for v*,4* € T'. In Theorem 5.5 we
showed the two functionals above have the same asymptotic distribution.

We now address the question of how best to find the distribution of this
approximation. The simplest way is to create a large number, say L, independent
Gaussian random fields that have the required covariance function [%T(-, -) and
directly compute

sup {S’T(v)zd/ {fg’T(%v)“} S0 = S {fg’T(%v)d} B S’T(v)d}
ye{Y AN
for each realization where {71 . .’yN} is a grid of points in I'. The maximum we

obtain over the grid is then our proxy value for the maximum value over I'.
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The L maxima thus obtained will form an empirical distribution whose quan-

tiles approximate the quantiles of our unknown functional

-1 -1

sup { S(3)2 [ (7,2)*) 7" 8(3)* = ()" [K(7,7)"]

St}
Hence, we are now interested in finding good ways to generate Gaussian random
fields with the appropriate covariance structure. The first way that might come
to mind requires the construction of a matrix with entries for each [g’T(’yi,’yj)

submatrix where ¢ and 47 are in {7!,...,4"}. With this approach we construct

a matrix with dimensions 3d - N x 3d - N consisting of N? blocks of size 3d x 3d:

Kr (7491, Kr (v4,97)
Qr(+',....yN) = Ky (v, )
Kr(yN4Y). o Kr(7VY)

Each K7 (7%,~") block is constructed from the data as in equation (6.4). From

QT(’yl, ..., ¥V} we may obtain a Cholesky factorization, MT(’yl, oY) satisfy-

ing
MT(717 s 77N)MT(717 s 77N)/ = QT(717 s 77N)
where MT(’yl, .., vY) is a lower triangular matrix and MT(’yl, oo, yNY its upper

triangular transpose. If Z is a vector of i.i.d. N(0,1) random variables with

length 3d - N then it is clear that

~

Mr(y*,...,4™")Z has a N(0, QT(’yl, o, 4N)) distribution.

N N . -1
By combining the appropriate elements of Mr(~!, ..., vV)Z with {[&’T(’yl, yl)zd}

and

[g’T(’yi,’yi)d} one can find the supremum for this particular realization
of the field. Different realizations of Z give different realizations of the field.

While this method is conceptually clear there is a significant drawback associated
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with it. If 4 is multidimensional then the number of gridpoints can be quite
large and can make construction of this Qr(~!,...,4") matrix difficult from a
computational perspective.

As an example let v € I' C R?. Suppose that for each of the three dimensions
of I' we sample 10 points so that we end up with 1000 = 10° points in T, i.e.
N = 1000. Now, d is the dimension of (3, ¢) and is at least 2. So our matrix
QT(’yl, ...»7Y) has at least 36 million entries. If each entry requires 8 bytes
this means we need approximately 288 megabytes of space to merely store the
QT(’yl, ..., matrix. This does not take into account the resources and time
necessary to compute the Cholesky factor. Alternatively, if I' is 2 dimensional
and we sample at 10 points for each dimension we require 8% 36 100 100 bytes
of space, less than 3 megabytes. This example indicates the Cholesky method is
quite sensitive to the dimension of I'. Increasing the number of gridpoints by a
factor of 10 increases the computational burden by a factor of 100.

We present an alternative method that is less computationally demanding.

Here we define 7 = (Z1,..., Zs,..., Z7) to be a vector of i.i.d. N(0,1) random

variables of length 7', the sample size. For each v € {#!,...,9"} define

T

S () = 2 i
Then a bit of algebra shows {ST (v) iyt e {4, ... ,’yN}} has the right marginal
and joint distributions. As before, different realizations of 7 lead to different re-
alizations of the Gaussian field. In this case we need not generate the Ky (v, )
terms (for ¢ # j) which required so much time and space in the Cholesky method.
While this method is still sensitive to the dimension of I', the increased bur-

den from increasing the number of gridpoints is linear with this method, not
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quadratic. We will use this method in the simulations and application below.

6.2 Simulation Results

In this section we present some simulation results. The first set of simulations

examines our claim that under the null hypothesis

2+ (L4(6) = L1(3,9)) ~ (6.6)
. {S’T(v)“/ {R’T(% 7)“} T 8r(3)¥ = Sr(r)” {R’T(% v)d} B ST(V)d}

(6.7)
for some suitably chosen grid of values in I'. In a second set of simulations we see
how well our test detects a difference when the data is generated by a mixture
— l.e. we examine the power of our test for a fixed alternative and compare it to
that of another test.

Simulation Under the Null Hypothesis

We begin by generating 500 observations from a normal AR(1) process with

mean .6 and standard deviation .5. That is

1/15 | 1/15_1 ~ N(.65/t_1, 25) .
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Our alternative mixtures are characterized by the conditional density

9(e | Yicis ) =f(ye | Yeors Br, 00)P [l = 1] Yi_is9] +
F(ye [ Yica; Bo, @o)P [1r = 0] Yioai 9],

where ¥ =(, B1, ¢o, ¢1,7)" and

flye| Yiors B, 6) = exp (—M

26
exp(vYi-
Fllo= 1Y) = +e>£p<§£)1>'

— %log 27rq$>

To ensure the probabilities P [/, = 1| Y;_1;~] are not constant, v is restricted to
lie in a compact set of the real line that excludes 0.

From our set of 500 observations we fit a one regime (or no mixture) model
and generate estimates (B, qg) These are the estimates that would be obtained
through ordinary maximum likelihood fitting of AR(1) data. We also fit a logistic
mixture model and obtain estimates of (1, ¢1, o, ¢o,7). From these estimates
we obtain a log likelihood ratio that is one-half the term in (6.6).

Next we select a grid of points at which to evaluate our random field — in
this case the grid is very coarse, consisting of the points {—3.5, —2.5, =2, —1.5,
—1,—.5,—.2,.2,.5,1,1.5,2,2.5,3.5}. Were we not performing simulations a finer
grid would be chosen but to save time we used this one. We also chose + to be
one dimensional for the same reason. From examining realizations of our field
we believe the maxima would not be much greater if the grid were made more
fine. Thus we feel comfortable with using a relatively coarse grid.

Following the procedure we outlined in the previous section, for our initial
sequence of 500 observations we generated [ = 100 random fields with the co-
variance structure indicated by the s;(~; B, qg) terms. From these 100 realizations

of the random field we obtained 100 suprema corresponding to the supremum in

125



equation (6.7). To construct a test with approximate size of .05 we reject our

hypothesis of no mixture if
2 * <L%(;/A)) — L{F(B, qAﬁ)) > 95" ordered value of the 100 suprema.

More generally, if we seek a test with size «/100 we reject the hypothesis of no

mixture if
2 * <L£:7F(;/A)) — L{F(B, qAﬁ)) > (100 — a)™ ordered value of the 100 suprema.
Also we generate a p-value for each simulation by defining

p-value = % of the 100 suprema that exceed 2 * <L£:7F(;/A)) — L{F(B, qAﬁ)) :

We performed these steps for each simulation (a simulation corresponds to
a single realization of 500 observations). We duplicated this process 100 times
with new sequences of 500 observations generated by an AR(1) process with
mean = .6, standard deviation = .5. From these 100 simulations we produced
100 .95 quantiles to which we compared our 100 likelihood ratio statistics (as
in (6.6)). We also generated .75, .85, .90, and .99 quantiles as well. The table
below shows how our empirical quantiles corresponded to the theoretical results.
The empirical frequencies refer to the number of trials (out of 100) in which the
likelihood ratio statistic exceeded the empirical quantile. The results indicate
the empirical distribution fits quite well. The mean quantiles in the Table 6.1
are the averages of the 100 quantiles generated. To further investigate the fit
we constructed a quantile plot of the p-values which we defined above. If the
empirical distribution is a good fit to the log-likelihood ratio we should see the
plot of the p-values lying close the the diagonal line that corresponds to the

quantiles of a uniform random variable.
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Figure 6.1 confirms that the fit is good over the entire distribution, not just at
the selected quantiles presented in Table 6.1. A Kolmogorov-Smirnov two-sided
test yields a p-value of .27 for the null hypothesis that the empirical p-values
pictured as dots on the graph come from a uniform distribution. We believe these
results support our view that the asymptotic distribution of the log likelihood
ratio is given by the distribution of our proposed functional.

Part of what is not addressed in this simulation is how well the asymptotic
distribution characterizes smaller sample sizes. We chose a large sample size of
500 to have some confidence that the results should reflect asymptotic behavior.
We did not explore the performance of the test with fewer observation. Future

work on logistic mixtures should examine this question.

Simulations Under the Alternative Hypothesis

Here we investigate how well our test detects the presence of a mixture. As we
wanted to contrast our results with a test that is already in use, we had at least
three tests from which to choose. Two such tests were discussed in the Chapter

1 — tests by Hansen (1992, 1996b) and by Gong and Mariano (1997). Both of

Probability | Mean Quantile | Empirical Frequency | Theoretical Frequency
75 3.20 26 25
.85 4.22 17 15
.90 5.03 12 10
95 6.40 7 5
.99 9.17 4 1

Table 6.1: 100 Simulations of 500 Observations

127



Q-Q Plot of Empirical p-values Against Uniform Random Variable

Figure 6.1: Quantile Plot When the Null Hypothesis is True

these tests were developed in the context of hidden Markov model regression and
we explored the possibilities for adapting them to our logistic mixture model.
In the case of Hansen’s test we developed an analogous procedure (Hansen’s
test is quite general with respect to model specification) for logistic mixtures,
yet the test’s power was poor. This is not surprising as the critical values for the
test are derived not for the distribution of the log-likelihood ratio, but rather
for a variable that bounds (from above) the likelihood ratio. The observed
likelihood ratio is then compared to the critical value based on this bound. In
short, this bound is too generous to have much power. We did perform some
simulations (not presented here) in which both our test and the alternative test
we chose performed much better than Hansen’s. Originally we had planned to

use a Hansen-like approach to testing the likelihood ratio but its poor power
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suggested that we develop another means.

Gong and Mariano (1997) presented a test statistic with an exact asymptotic
distribution, not a bound. The test is different from any other considered in
that its test statistic is drawn from the spectral representation of the {Y;}.
As with Hansen’s test this procedure was developed for a two regime hidden
Markov models with regime probabilities determined by a fixed transition matrix.
However, this test requires an analytic expression for the spectral distribution of
Y, under the alternative hypothesis and it is not clear to us how to derive this
in the context of logistic mixtures with covariates. Consequently we are unable
to use this test as an alternative.

Both of these proposed test and our test use the idea of performing profiled
maximum likelihood holding fixed some parameter, say -, and then considering
the result a process that varies with 7. A potentially more appealing approach
is to use a Monte Carlo or bootstrap approach to the problem. In the context of
i.i.d. data with constant regime probabilities this approach has been examined
by a number of authors — among them McLachlan (1987), McLachlan, Green,
and Basford (1993), and Feng and McCulloch (1997). The idea is that given a
sequence of observed data we obtain the log likelihood ratio by estimating the
model under both the single regime and the mixture hypotheses. Then, using
the results from the single regime estimation we generate independent datasets
according to the distribution given by the single regime parameter estimates. To
each of these datasets we fit both one and two regime models that give us a like-
lihood ratio statistic. Thus each independent dataset generates a likelihood ratio
statistic that is derived when the data was generated by our original sample’s

one regime estimates. We then compare the original likelihood ratio statistic to
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quantiles derived from our empirical sample of likelihood ratio statistics. We re-
ject the hypothesis of no mixture if the original likelihood ratio statistic exceeds
some pre-specified quantile of the empirical sample.

There are at least two drawbacks to such a procedure. First (as pointed
out by Hansen (1992)), while the design is intuitively appealing the approach
lacks a theoretical basis for claiming the empirical sample should provide a good
estimate of the likelihood ratio when the null hypothesis is true. It may be that
there is an asymptotic equality but we are not aware of a demonstration to this
effect. Second, as also pointed out by Hansen (1992) and Hamilton (1990), there
is some difficulty in finding maximum likelihood estimates of a mixture when the
data are generated by a one regime model. In such cases the m.l.e.s are difficult
to find as the likelihood surface is likely to be relatively flat with many local
maxima. Yet this Monte Carlo method depends upon finding the mixture m.l.e.s
for each of several independently generated datasets. In practice the search is
likely to result in an underestimated maximized likelihood values. This will lead
to rejecting the hypothesis of no mixture more often than is correct (under the
assumption that the empirical distribution of the independent datasets is a good
estimate of the likelihood ratio statistic under the null hypothesis). The more
complicated the parameter space (or more dimensions) the more likely one is to
underestimate the maximized likelihood under the mixture hypothesis. On the
other hand many authors report this method works well in simulations and even
performs adequately in small samples (Feng and McCulloch (1997)).

To examine the two tests we used data generated by the following logistic
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mixture model:

9y | Yicish) =f(ye | Yiea; B, ¢)P [ = 1| Yicis9] +
f(yt | Yi—1; Bo, <150)[ED []t =0 | Yioq; ’7] )
where ¢ =(fo, f1, ¢o, ¢1.7)" and

F(we| Yies: B, 6) =exp GM ! )

— —log 2
50 5 log T
exp(vYi-
P“f:1“4-”]:1+e>£p<§£)1>‘

In the simulations (51, ¢1) = (.6,.25), (Bo, ¢0) = (.2,.49) and v = —1 and the
sample size was 200. These model parameters were chosen because they seemed
to generate data for which the tests had quite variable results as opposed to
different parameter choices for which the tests nearly always rejected or nearly
always accepted the null hypothesis. Fifty samples of independent data were
generated according to the model above. For each of the fifty datasets we de-
termined the likelihood ratio statistic. Also for each of the fifty datasets, 100
independent Gaussian fields were generated which our test (which we refer to as
the empirical process, or EP test) used to create a p-value for the the hypothesis
that the dataset was generated by a one regime model (the grid points used in
the earlier simulations was used here as well). In addition, for each of the fifty
datasets 100 Monte Carlo simulations were produced to obtain a p-value for the
Monte Carlo (MC) test. We could have generated more than fifty sets of data

but the trends were clear.

In Figure 6.2 we show box-plots of the 50 p-values we obtained under the two
test procedures. The figure indicates that on average the EP test performed

somewhat better than the MC procedure — this despite the likelihood that the
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Figure 6.2: Comparison of Empirical Process and Monte Carlo Tests via Boxplot

MC test probably underestimated the maximized likelihood under the mixture
hypothesis. (It is also true that the EP test underestimates the quantiles of true
distribution because our search for the maxima is restricted to a finite grid of
points. However, as mentioned above, our impression was that the realizations of
the chi-square processes were relatively flat and that more points would not have
greatly increased the maximum values.) The mean p-value for the EP test was
11 and that for the MC test was .18. The corresponding standard deviations

were .13 and .19.

In Figure 6.3 we use a scatterplot to show how the two tests fared on each trial.
For points above the diagonal 45 degree line the EP p-value was lower than the

MC test and the reverse was true for points above the line. From this we see
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Figure 6.3: Comparison of Empirical Process and Monte Carlo Tests via Scat-

terplot

that our empirical process test was more discriminating in the great majority
of the cases and we feel comfortable concluding that this suggests our empirical
process test is more powerful than the Monte-Carlo test — at least for this choice

of parameter values.

6.3 Application to Rain Data

In this section we apply our test to the rain rate data described in Chapter 4.
We recall from Table 4.5 that the log-likelihood associated with the one regime

(1IR) model was -1430.09 and that of the logistic mixture (LLM) was -1381 so our
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test statistic is given by
2 % (—1380.97 + 1430.09) = 98.24.

Let v = (a,b,d) where a,b, and d are as defined in section 4.3. Now define

pilhey) Y st
i) T & (12522 1)
. p(heyy) 3o st
St(’Y; y 45) = (G _(2)2 and
pilhi) 2 4 (U5 - 1)
S uh
é
1 (yt—ﬂ)2 _
L 2 20 < ¢ 1)

2 1 n ~ R ~
Kr(v'9%) == > sy 6)si(v i ©)

where i = 497 and qAﬁ = 1.63 correspond to the one regime model estimates
in Table 4.5 and we abuse notation by writing pf(h; a, b, d) and pf(hs;a,b, d) in
section 4.3 as p?(hy;y) and pS(hy; ) here. If we denote by ST(’y) a normally

distributed, six dimensional mean zero random vector such that
E | S2(7")8(+%)| = Kr(3",7?)
then we want to compare our test statistic’s value of 98.24 to quantiles of

sup {S’T(v)“/ {R’T(%V)ﬂ T Sr () = () {fg’T(%v)ﬂ B ST(V)Z} (6.8)

~er
where the superscripts denote the partitioned components of the associated vec-
tors and matrices as described in Section 6.1 and I' corresponds to a three di-
mensional parameter space for (a,b,d). For any fixed v we know the expected
value of

N N N

Sr(7)* {KT(%V)LI} " Sr()t = Sr(n)? {R’T(%V)Q} TSt (69)
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is 4—2 = 2 because both quadratic forms have a marginal chi-square distribution.
While we cannot easily determine a closed form solution for the variance of QT(’V)
(because of the correlation between the chi-square terms) it is hard to imagine
the variance would be large enough so that the supremum of the QT(’V) process
might approach our test statistic’s value of 98.24. However, in the interests of
completeness we do perform our test procedure. To implement our test we need
to specify a grid of points over which to search for suprema. For our grid we

take
a€e A= {-21,-1.9,...,1.9,2.1}

be B= {0,7/10,2x/10,...,27}
de D= {-2,—-1.6,-1.2,...,1.6,2.0}
I'= A x B x D contains 5082 points.
We created 100 simulations of our field and the empirical distribution of the

maxima is given below. The first two figures in the table are the empirical

Mean | Variance | 25% | 50% | 75% | 90% | 95% | 99% | Max

4.44 6.23 2.65 | 4.19 | 5.78 | 7.56 | 9.45 | 11.3 | 13.9

Table 6.2: Empirical Suprema

distribution’s mean and variance — the other figures correspond to quantiles.
It is clear from these data that our test statistic of 98.24 far exceeds all the
empirical maxima. From this comparison we would reject the null hypothesis
that the rain data is produced by a single log-normal distribution in favor of
the alternative of a 2 regime logistic mixture model with non-constant regime
probabilities.

Another test we might wish to consider would examine the null hypothesis of
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a mixture with constant probabilities (the 2R model in Chapter 4) against the
LM model. As discussed in Chapter 4, a likelihood ratio test in this situation
also suffers from identifiability problems that might be eliminated with an em-
pirical process approach. Future work on the GATE dataset might include such

analysis.
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Chapter 7

Main Results and Future Work

7.1 Main Results

In this dissertation we introduced a broad class of time series mixture models.
Our results were for mixtures with only two component densities. The compo-
nent densities were assumed to have a GLM form and the mixture probabilities
varied according to a logistic regression model. We think these models an im-
portant addition to modeling choices as they allow the analyst to include factors
that may make one regime more likely than another. Threshold models have this
flavor but seem to us somewhat rigid. In Chapter 2 we defined an EM algorithm
approach to estimation and next showed that the estimates are consistent and
asymptotically normal under a set of general conditions. In Chapter 4 we used
simulations to suggest that these logistic mixture models may be superior to
conventional threshold autoregressive models that yield biased estimates if the
threshold variable is measured with noise.

In Chapter 5 we dealt with likelihood ratio tests for determining the presence

of a logistic mixture versus the null hypothesis that the data is generated by a
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single regime (i.e. no mixture). We found that because the regime probabili-
ties are not constant it is possible to obtain the asymptotic distribution of the
likelihood ratio statistic. This test necessarily excludes mixtures with constant
regime probabilities from the set of mixtures under the alternative hypothesis.
In Chapter 6 we used simulations to see the test had good performance under

both the null and alternative hypotheses.

7.2 Future Work

We encountered several interesting questions that we think worthy of more con-
sideration. We think there should be not much difficulty in extending the results
to more than two component densities — at least this should be true for the
estimation, consistency, and asymptotic normality results in Chapters 2 and 3.
These models have a potentially wide range of applications. Situations in which
threshold and hidden Markov models have been used should be appropriate for
investigation via logistic mixtures.

We think the most interesting future work might involve the testing questions
addressed in Chapters 5 and 6. As we saw in Chapter 5, the likelihood ratio test’s
distribution depends crucially upon the parameter space under the alternative
hypothesis. Mixtures models with more than two component densities may have
more complicated restrictions on the region of the parameter space that may be
considered under the alternative hypothesis. For models with two components
it would be useful to conduct a more thorough analysis of the test’s power — par-
ticularly against other testing methods like the Monte Carlo approach discussed

in Chapter 6. Of particular interest might be the tests’ performance for smaller
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sample sizes.

Also, we have the unfortunate caveat of excluding an interesting part of the
parameter space under the alternative hypotheses (that which corresponds to
mixtures with constant probabilities). We suspect it may be possible to remove
this restriction and obtain a more general test. Techniques used by Dacunha-
Castelle and Gassiat (1997) may be useful in this respect.

We are eager to examine our test in the context of hidden Markov model
regression. In these models the regime probabilities change according to the
value of an unobserved Markov process. This randomness suggests that our test

may work for these models as well.
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