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We study the convergence properties of the projected stochastic approximation (SA) algo-
rithm used to find the root of an unknown steady state function of a parameterized family of
Markov chains. The analysis is based on the ODE Method and we develop a set of application-
oriented conditions which imply almost sure convergence and are verifiable in terms of typically
available model data. Specific results are obtained for geometrically ergodic Markov chains
satisfying a uniform Foster-Lyapunov drift inequality.

Stochastic optimization is a direct application of the above root finding problem if the SA is
driven by a gradient estimate of steady state performance. We study the convergence properties
of an SA driven by a gradient estimator which observes an increasing number of samples from
the Markov chain at each step of the SA’s recursion. To show almost sure convergence to the
optimizer, a framework of verifiable conditions is introduced which builds on the general SA
conditions proposed for the root finding problem.

We also consider a difficulty sometimes encountered in applications when selecting the set
used in the projection operator of the algorithm. There often exists a well behaved positive
recurrent region of the state process parameter space where the convergence conditions are sat-
isfied; this being the ideal set to project on. Unfortunately, the boundaries of this projection set
are usually not known a priori when implementing the SA. Therefore, we consider the conver-
gence properties when the projection set is chosen to include regions outside the well behaved
region. Specifically, we consider an SA applied to an M/M/1 which adjusts the service rate
parameter when the projection set includes parameters which cause the queue to be transient.



Finally, we consider an alternative SA where the recursion is driven by a sample average of
observations. We develop conditions implying convergence for this algorithm which are based
on a uniform large deviation upper bound and we present specialized conditions implying this
property for finite state Markov chains.



STOCHASTIC APPROXIMATION AND
OPTIMIZATION FOR MARKOV CHAINS

by

John David Bartusek

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2000

Advisory Committee:

Professor Armand M. Makowski, Chairman/Advisor
Professor Michael C. Fu

Professor Steven I. Marcus

Professor Adrianos Papamarcou

Professor Mark A. Shayman



© Copyright by
John David Bartusek
2000



DEDICATION

To Lisa

i



ACKNOWLEDGEMENTS

I wish to sincerely thank my advisor Dr. Armand M. Makowski for his guidance,
inspiration, and patience over the course of this project. His many ideas and sug-
gestions were always very helpful and stimulating. Also, thanks go to Marie Duflo
for some helpful email correspondence and the Electrical Engineering Department
for providing me with several Teaching Assistantships. Special thanks go to Dr.
Steven Marcus, Dr. Michael Fu, Dr. Mark Shayman and Dr. Adrian Papamarcou
for serving on my dissertation committee. Thanks also to my friends and family
who provided encouragement over the years. Especially, I wish to thank my patient
and loving wife Lisa; without her steady encouragement and support, completion
of this endeavor would certainly not have been possible.

il



TABLE OF CONTENTS

List of Figures

1 Introduction

1.1
1.2
1.3
1.4
1.5
1.6
1.7

Extensions to the Robbins-Monro Algorithm . . . . . . ... .. ... .. ....
Typical Applications . . . . . . . . . . . . ...
Research Objectives . . . . . . . . . . . .
The ODE Method . . . . . . . . . . .
Projected Algorithms . . . . . . . . . .. Lo
Summary of Results . . . . . . . ..
Some Definitions and Notation . . . . . . . . .. ... ... L L.

2 Convergence of Projected Stochastic Approximations

2.1
2.2

2.3

24
2.5

2.6

2.7

2.8

The Algorithm . . . . . . . . . . . .
The Basic Ingredients . . . . . . . . . . . . ... ..
2.2.1 Fixed-6 Algorithm and Generic Markov Chains . . . . . ... ... ...
General Convergence Criteria . . . . . . . . .. . ... Lo
2.3.1  Uniform Drift Conditions. . . . . . . .. ... ... ... ... ...
2.3.2  Conditions Related to the Algorithm . . . . ... ... ... ... ....
2.3.3 Remarks on our Conditions . . . . . .. .. ... ... ... L.
2.3.4 Simple Consequences Related to the Drift Inequalities . . . . . . . . . ..
2.3.5 Relationship between (D1) and (D2) . . . ... ... ... ... .....
The BMP Decomposition of the SA Algorithm . . . . . . ... ... ... ....
Variations on the BMP Lemmas . . . . . . . ... ... ... ... ... ... ..
2.5.1 Remarks . . . . . ...
Main Properties of the Noise . . . . . . . . . . . ... Lo
2.6.1 A Modest Extension . . . . . ... ...
Finalizing the Convergence Analysis . . . . . . . . . . .. ... ... ... ....
2.7.1 Kushner-Clark Lemma for the Projected Algorithm . . . . . ... .. ..
2.7.2  Conditions (KC1)-(KC4) . . . . . . ... ... ... ... . ... ...,
Concluding Remarks . . . . . . .. . .. .

v

viii



3 Convergence for Geometrically Ergodic Markov Chains 34

3.1 The Specialized Conditions . . . . . . . . . .. . .. ... ... ... . . 34
3.1.1 Remarks . . . . . . . . e 35

3.2 Consequences of the Specialized Conditions . . . . . . . ... ... .. ...... 35
3.2.1 Possible Extensions . . . . . ... ... 41

3.3 Comparison to BMP’s Results . . . . ... ... ... .. ... .. ........ 42
3.4 Sufficient Conditions for (E1) . . . . .. ... ... ... L 43
3.4.1 Computable Bounds for (E1) . ... ... ... ... ... ........ 45
3.4.2  Condition (D2) and Exponents of V"' . . . . .. ... .. ... 49

3.5 The Poisson Equation: Sufficient Conditions for (P1) . . . ... ... ... ... 51
3.6 Sufficient Conditions for (C) . . . . . . ... ... ..o 52
3.7 Summary: Relationship among Conditions . . . . . . .. ... ... .. ..... 54
3.8 Design Issue: Selection of the Exponent ». . . . . . . ... ... ... ... ... 5%}
3.9 Bernoulli Random Walk with #-Dependent Transitions . . . . ... ... .. .. 55
3.9.1 The Model . . . . . . . . . s 56
3.9.2 The SA Algorithm . . . . . . . ... 56
3.9.3 Verification of (D1) and (D2) . . ... .. ... ... ... ........ 57
3.9.4 Verification of (M) . . . . . . . ... 59
3.9.5 Verification of (E1) . . . . . .. ... ... 59
3.9.6 Verification of (H2) and (H5) . . .. ... ... ... ... ... ..... 61

3.10 GSMP’s and Continuous Time Markov Chains . . . . . . .. ... ... ... .. 61
4 A Steady State Gradient Estimate for Markov Chains 62
4.1 Introduction . . . . . . . . . e e 62
4.2 Gradient Estimation and Stochastic Approximations . . ... ... ... .. .. 62
4.2.1 Overview of Gradient Estimation for Markov Chains . . . . . .. .. .. 64
4.2.2 Summary of Results . . . . . . . ... oo 65

4.3 Cao-Chen-Wan Sensitivity Analysis . . . . . .. ... ... ... .. ... ... 66
4.3.1 Continuous-Time Markov Chains . . . . . . . .. ... ... ... .... 66
4.3.2 Discrete-Time Markov Chains . . . . . ... ... ... ... ....... 68

4.4 A Framework for Discrete Time Gradient Estimation . . . .. .. ... ... .. 69
4.4.1 Conditions on the Transition Probabilities . . . . . ... ... ... ... 69
4.4.2 Conditions on the Performance Function . . . . . ... ... ... .. .. 70
4.4.3 Realization Factors and Performance Potentials . . . . . ... ... ... 70
4.4.4 Two Results on the Fundamental Matrix . . . . . ... ... ... .... 72

4.5 Gradient Estimation for Discrete Time Markov Chains . . . . .. ... ... .. 73
4.5.1 The (First) Main Result . . . . . ... ... ... ... ... ... ... 73
4.5.2 An Alternate Version using the Poisson Equation . . . ... ... .. .. 75

4.6 A Biased Gradient Estimate for Stochastic Approximation . . . .. ... .. .. 76
4.6.1 m-Window Process . . . . . . . . ... . ... 7

4.7 A Modified Gradient Estimate . . . . . . . .. ... ... ... . L. 78



5 Stochastic Optimization of Steady State Performance 80

5.1 Introduction . . . . . . . . . 80
5.2 Basic Ingredients . . . . . .. .. 81
5.3 The Windowed State Process . . . . . . ... .. ... ... ... ... .. 82
5.4 The Increasing Window Size SA Algorithm . . . . . . . .. ... ... ... ... 83
5.4.1 A Stochastic Optimization Algorithm . . . . . ... .. ... ... ... 84
5.4.2 Additive Form of the Driving Function . . . . . ... .. ... ... ... 84

5.5 General Convergence Criteria . . . . . . . . . .. ... ... .. 85
5.6 Decomposition of the Increasing Window SA Algorithm . . . . . . . . . ... .. 86
5.7 New Lemmas to Bound the Noise Terms . . . . . . ... ... ... ... .... 88
5.8 Almost Sure Convergence of the Increasing Window SA . . . . .. .. ... ... 95
5.9 A Framework for Geometrically Ergodic Markov Chains . . . . . . . . . ... .. 95
5.9.1 A Norm for the Class of Gradient Estimates . . . . . . ... ... .. .. 96
5.9.2 Specialized Conditions . . . . . . . . ... .. ... .. o 97

5.10 Consequences of the Specialized Conditions . . . . . . . . . .. ... ... .... 98
5.11 Verification of the Specialized Conditions for the Windowed Process . . . . . . . 103
5.11.1 Condition (DO) . . . . . . . 104
5.11.2 Condition (H2) . . . . . . . . . . . . 104
5.11.3 Condition (C) . . . . . . . . . . 106
5.11.4 Condition (E1) . . . . .. .. . .. .. 108
511.5 Condition (PT) . . . . . . . . . 108
5.11.6 Condition (H5) . . . . . . . .. .. 109

5.12 Example: Optimization of the Tandem M/M/1 . . .. . ... ... ... .... 111
5.12.1 The Simulation Model and Optimization Algorithm . . . . . . .. .. .. 112
5.12.2 Simulation Results . . . . . . . .. . ... ... 114
5.12.3 Convergence Verification Procedure . . . . . . . . . ... ... ... ... 115

6 An Algorithm for a Partially Transient Markov Chain 117
6.1 Introduction . . . . . . . ... 117
6.2 Localized Conditions . . . . . . . . . ... 118
6.2.1 An Immediate Consequence . . . . . . . ... .. .. ... ........ 120

6.3 A Noise Decomposition for Localized Domains . . . . . . .. ... .. ...... 120
6.3.1 A Partial Decomposition . . . . . . .. ..o 123

6.4 Localized Versions of the BMP Lemmas . . .. .. ... ... ... ....... 123
6.5 Main Properties of the Noise . . . . . . . . . . . . .. ... ... ... ..... 125
6.6 Application: Tuning the M/M/1 with Unknown Arrival Rate . . . . . ... ... 127
6.7 Verification of (D0’) for the Birth-Death Chain . . . . . . . ... ... ... ... 129
6.7.1 Last Exit and Return Decomposition . . . . . . . ... ... ... .... 129
6.7.2 Sample Paths which remainin ¢ . . ... ... ... ........... 130
6.7.3 Sample Paths which leave () and return . . . . . ... ... ... .... 131
6.7.4 An Intermediate Expression . . . . . . ... ... oL 132

vi



6.7.5 A Key Sample Path Property . . . . . ... ... ... .. ........ 133

6.7.6 Stochastic Comparison Argument . . . . . . . . . ... ... ... .... 136

6.7.7 Large Deviations Bound . . . . . . ... ... ... ... ... .. ... 137

6.7.8 Bringing It All Together . . . . . . . . ... ... ... ... ... ... 138

6.8 Asymptotic Analysis of an SA Applied to the M/M/1 with Unknown Arrival Rate139
6.8.1 Parametric Recurrence . . . . . . . . . .. ... o 140

6.8.2 Localization and Convergence . . . . . . . . . ... .. ... ... .... 145

6.9 Concluding Remarks . . . . . . . ... . o 148

7 Stochastic Approximations Driven by Sample Averages 149
7.1 Introduction . . . . . . . . . .. 149
7.2 The Basic Ingredients . . . . . . . . . ... 151
7.3 Model and Assumptions . . . . . . ... 152
7.4 The Convergence Results . . . . . . . . .. .. . L o 153
7.4.1 Sufficient Conditions for (E2) . . . . ... ... ... ... ... ..., 156

7.4.2  Sufficient Conditions for (U1)—(U3) . . . . ... ... ... .. ... ... 158

7.5 IID State Processes . . . . . . . . . . .. 163
7.6 Markov Chains with Finite State Space . . . . . . . . . . ... ... ... .... 164
7.7 Markov Chains with Countably Infinite State Space . . . . . . .. .. ... ... 168
7.7.1 Uniform Markov Chains . . . . . . . ... ... ... ... ........ 170

7.8 Martingale Method for Convergence . . . . . . . . ... ... ... ... ..., 170
Appendix 172
A Proofs and Auxiliary Results 172
A1 A Proof of Lemma 2.1 . . . . . . . . . . . . ... 172
A2 A Proof of Lemma 3.1 . . .. .. . . . . . . ... 172
A.3 Summary of BMP’s Theorem 5 . . . . . . . .. ... ... ... .. ... 173
A.4 A Version of Theorem 3.10 for (D1) . . . . . . .. ... ... ... .. ... ... 175
A.5 A Proof of Theorem 4.5 . . . . . . . . . . ... ... ... 177
A.6 A Proof of Theorem 4.6 . . . . . . . . . . . . . . ... ... 183
A7 A Proof of Lemma 5.8 . . . . . . . . ... 186
A.8 Localized Versions of the BMP Lemmas . . . ... ... ... .......... 187
A8.1 A Proofof Lemma 6.2 . . .. ... ... ... ... ... .. ... .... 187

A8.2 A Proofof Lemma 6.3 . . .. ... ... .. ... ... .. ... .. ... 190

A.83 A Proof of Lemma 6.4 . . ... ... ... ... ... ... ... ... . 193

A.84 A Proof of Lemma 6.5 . . .. ... .. ... ... ... ... ... ... 194

A85 A Proof of Lemma 6.6 . . .. ... ... ... ... .. ... . ..., 196

A.9 A Proof of Proposition 7.11 . . . . . . . . . .. .. ... 197
Bibliography 199

Vil



3.1
3.2

5.1
5.2
5.3

6.1
6.2

LIST OF FIGURES

Relationship of various conditions and results. . . . . .. ... .. ... ..... 54
Surface plot of the function A(s,0). . . . . . ... ... ... . 57
Steady state total number of customers in the tandem queue. . . . . . . . . . .. 111
Early response of the simulated stochastic optimization algorithm. . . . . . . .. 115
Long term response of the simulated stochastic optimization algorithm. . . . . . 116
A sample path in C;, with a “loop”. . . . . ... ... ... ... ... . ... 133
A sample path in C;, with a positive projection term. . . . . .. ... ... .. 136

viii



Chapter 1

Introduction

In many contexts, it is necessary to find parameter values 6* which satisfy a nonlinear equation
of the form

h(#) =0, 0€0©O (1.1)
for some mapping h : © — IR? where © is a subset of RP. A typical example arises when
optimizing a performance measure J : © — IR; a task often equivalent to setting the gradient
of J to zero. At other times it is desirable to maintain system performance at some given level
J*, and this points to solving (1.1) with h(f) = J(0) — J*.

The overwhelming majority of methods for solving (1.1) are recursive in nature and produce
a sequence of iterates {6,, n = 0,1,...} which eventually converge to the desired value(s) 6*:
Starting with an initial guess 6y, the (n + 1) iterate 6,,; is computed on the basis of the
previous iterate #,, and past values of h, say h(6;), i = 0,1,...,n, (and sometimes derivatives
of h at these points).

Unfortunately, it is often the case that A is not directly available, either because its functional
form is unknown or because evaluation is computationally prohibitive. To remedy this difficulty,
Robbins and Monro [88] proposed the class of algorithms known as stochastic approximations
(SA). In their simplest form, such algorithms are unconstrained (i.e., © = R”) and produce a
sequence of iterates {f,, n =0,1,...} through the recursion

00 € Rp, 9n+1 = gn + f}/n+1Yn+1, n — 0, ]_, Ce (12)

for some RP—valued “driving” process {Y,, n = 0,1,...}, and some sequence of step-sizes
{Yn+1, n=0,1,...} which satisfy standard conditions, say 7, L 0 and >0 ; V41 = 00.

It is customary to view Y, ;1 as an approzimation to h(f,). In their original paper, Robbins
and Monro generated random variables (rvs) {Y,41, n =0,1,...} according to

P[Y,.1 € B|Yq,...,Y,] = uy, (B) n=0,1,... (1.3)
for some family of probability measures {uy, 6 € R?} on R? with the property that
h(0) = / dy), 0¢co.
(0) = |y Yro(dy)

The key issue in the study of algorithms such as (1.2) (and variations thereof) is the convergence
of the iterate sequence {6,, n =0,1,...} to the desired value(s) 6*.

1



1.1 Extensions to the Robbins-Monro Algorithm

Over the years, increasingly more complex applications have lead to the use of projected versions
of the stochastic approximation scheme (1.2) which take the form

90 € @, 9n+1 = H@ {Gn + /Yn+1Yn+1} n = O, 1, Ce (14)

with [Ig denoting the nearest-point projection on ©. It also became necessary to consider
versions of (1.4) which are driven by processes {Y;,, n = 0,1, ...} with a more general statistical
structure than (1.3). For instance, several authors [62, 70, 77, 97] have considered both (1.2)
and (1.4) when

Yo = H(0,, Xoi1) n=0,1,... (1.5)

for some Borel mapping H : © x X — R? and state process {X,, n = 0,1,...} evolving on
X C IR’ which is Markov in the sense that

P[Xnﬂ€B|9i,Xi,i:0,1,...,n]:/Pgn(Xn,dy) n=01,...
B

for some family of transition kernels {FPy(z,dy), 6 € O, x € X} on X. Here, the state process
sequence {X,11,n = 0,1,2,...} can either model noise in the estimation of certain steady
state values or represent randomness in some underlying system being observed in real time or
simulated on a computer. In any event, this more general algorithm is also proposed to find the
zero 0* of an unknown function h given by the expectation of this driving/observation function
H with respect to the Py-invariant steady state distribution 7y:

h(h) = /X H(0, 7)o (d). (1.6)

In the literature, this function h is sometimes referred to as the regression function.

1.2 Typical Applications

These extended SA procedures have found applications in a wide variety of fields where it
is desired to tune or optimize certain continuous-valued parameters of stochastic systems or
find roots of an unknown steady state mean function h : ® — IRP. Due to the simplicity
of the recursive step, SA’s are typically implemented with very low overhead while the class
of #-dependent Markovian state processes is broad enough to include many stochastic systems
which may have a parameter dependence and/or include noise and memory effects. We mention
only a few of the many diverse applications of SA which have been proposed in the literature
to date:

Network Management

e Online adjustment of protocol parameters via SA is carried out within a performance
management tool for multiple access computer communication networks [67].



e Optimal source rates for Available Bit Rate traffic in Asynchronous Transfer Mode net-
works are found by optimizing the feedback control policy over the network via SA [7].

e Online minimization of call/connection setup time over a circuit-switched network is per-
formed via SA-based load balancing in [99].

e A real-time distributed system modeling telephone switching systems is described in [60]
where peripheral processors submit both high and low priority jobs to a single central
processor under a distributed load control algorithm. Here, each control algorithm esti-
mates the root of a unavailable nonlinear function via SA while taking observations from
the central processor’s load.

e In a cellular wireless network, SA estimates blocking probabilities for an efficient paging
strategy [87].

Control/Optimization of Queueing Systems

e The performance of the GI/G/1 queue is optimized using an IPA gradient estimate where
the parameter 0 affects the service time distribution [20].

e Multiple queues compete for a single server in [72] where an SA is used to drive the long
run average cost to a given value.

e A simple open loop low-overhead Call Admission Control (CAC) scheme is described in
[66] which delays the customer’s admission if the time since previous admission is less
than a parameter. This parameter is recursively updated via an online SA-based gradient
descent algorithm.

e A scheduling algorithm is load-balanced adaptively by finding a root to a nonlinear steady
state equation via SA [9].
Communications

e Several examples of equalization in digital communications are considered in [5, 6, 76, 31].

e A digital phase-locked loop based on SA is proposed for carrier synchronization in burst-
mode communication architectures [51].

e In ALOHA networks, a distributed SA-based algorithm computes the retransmission prob-
abilities for each channel [52].



Neural Networks

e SA provides online estimation of neural network weights for controlling a nonlinear stochas-
tic system [100, 101].

e An alternative SA algorithm for adjusting the neural networks is described in [96] which
incorporates some SA averaging methods.

Manufacturing Systems and Inventory Control

e An optimal stationary inventory control policy is approximated by a linear switching
curve and located via SA in [3].

e Performance of a multi-product multi-machine manufacturing system is optimized in [26]
using a Perturbation Analysis gradient estimate where performance is measured by the
cumulative system time.

e A partially observed binary replacement problem is formulated as an adaptive Markov
decision control problem, and an SA is used to estimate unknown parameters needed for
the long run average optimal control policy [1].

1.3 Research Objectives

Our main objective in this dissertation is to study the convergence of the iterates of the SA
algorithm for applications with Markov chain noise. We seek an operational framework of
conditions which are easily verifiable in terms of the available model data. Our focus tends
toward projected algorithms because, as we will soon see, these algorithms are more likely in
practice to yield a convergence result which is not conditional on any unverifiable events. Also,
we wish to emphasize we are not necessarily trying to find the weakest possible conditions
implying convergence; instead, we seek an operational convergence theory in terms of explicit
conditions on the model data which cover most of the Markov chains typically encountered
in applications. This does include applications where the state space is either very large,
countably infinite, or even general. We also consider applications where the driving function H
may possess a functional dependence on the parameter 6 as well as applications where H may
be unbounded in the state variable, such as queue occupancy based estimates.

Our approach to showing convergence relies on the ODE method [61] which, in most of its
forms, proceeds in two separate steps. The first step relies on the Kushner—Clark Lemma [61]
to identify a deterministic ODE given by

0(t) = n(0(t)), =0,

the stability properties of which determine the limit points of the iterate sequence {6,, n =
0,1,...}. The second step, which is probabilistic in nature and depends on the algorithm,



involves showing that asymptotically the output sequence of the original SA behaves like the
solution to the ODE. Although general conditions are given in [61] for successfully completing
this second step, these conditions are often not immediately checkable in terms of the model
data. Therefore, it is precisely our main goal to develop specific tools or indirect methods to
facilitate verification of this second step.

A substantial body of research currently exists on adaptive algorithms and SA’s, see for
example [6, 17, 18, 28, 61, 64, 70, 72], as well as the many references cited within these. We
wish to point out one effort [70] where the authors, by focusing on the class of finite state Markov
chain state processes, show convergence criteria for the ODE method which is indeed verifiable
in terms of the state process model data. Here, we take a similar approach to accomplish our
main goal, and seek to extend the criteria in [70] to a broader class of state processes which
may have a countable or a non-finite state space while also permitting an unbounded driving
function H.

Benveniste, Métivier and Priouret (BMP) [6] have presented a general framework for Markov
chain state processes dependent on a parameter § which imply almost sure convergence of the
SA’s iterates. Unfortunately, these general conditions are also difficult to verify directly since
they are based on smoothness properties of the Poisson equation solution. BMP then propose
specialized conditions for certain geometrically ergodic Markov chains which imply their more
general conditions. There still remain many problems where it is difficult to verify BMP’s
specialized conditions, and we seek to either extend BMP’s framework or find new tools which
may be applied to these problems.

We also note that the finite state space results of [70] have been extended to a particular
countable state space Markov chain in [72] where the key convergence condition to be verified
is Lipschitz continuity of the Poisson equation solution. While these results generalize to other
similar problems, we seek extensions to this framework by working with a weaker form of
Holder continuity on the Poisson equation solution while considering a more general class of
applications similar to those considered by BMP in [6].

We also have several secondary goals. For one, we pay particular attention to Markov
chains which possess certain Foster-Lyapunov stability or drift properties, as studied by Meyn
and Tweedie [79] and others [49], implying a geometric ergodicity. This complements the spe-
cialized results of BMP mentioned above. Second, since steady state optimization dominates
the applications for SA, we explore convergence verification and particular problems encoun-
tered when the SA algorithm is driven by an estimate of the performance gradient. At present,
there exists a substantial body of literature on various forms of gradient estimation [36, 41, 44,
46, 48, 55, 63, 85] as well as treatments of stochastic optimization [19, 20, 43, 47, 75, 83, 84, 106].
We focus entirely on one particular class of gradient estimation algorithms recently proposed
by Cao and Wan [14] which we find well-suited for SA.

In addition, we also seek to highlight certain operational difficulties which may be encoun-
tered when attempting to verify convergence properties of SA’s applied to even simple Markov
chain problems. In particular, we find that the selection of an “appropriate” projection set ©
can be difficult for many problems such as those applications with some degree of uncertainty



in the model data. We explore issues related to the selection of an “appropriate” set © to use
in the projection operator and we consider convergence when a less than ideal projection set is
selected.

1.4 The ODE Method

As we stated above, our approach is based on the Kushner-Clark ODE method [61] so let us
briefly review this method. There are two versions of this result; one for constrained algorithms
which use a projection operator and one for unconstrained algorithms which we now summarize.
The algorithm may be written in the following form which includes additional noise random
variables {3,+1, n=0,1,...},
9n+1 - en + ’7n+1H(9n7 Xn+1) + ’7n+16n+17 n = 07 17 e
= On + Yor1h(0n) + Ys1Ent1 + Yns1Bn1, (1.7)

where following 1.6 the main noise sequence is defined by
En+1 = H(gnaXn—l—l) - h(gn)

We also need to define the times

n—1
tUZO tn:Z’ykJrl, n:1,2,...,
k=0
and the function
.| max{n:t, <t}, t>0
t) = . 1.8
m(?) { 0, t<0 (18)

Then, the piecewise linear interpolated function 0°(t) is defined by

0°(t,) = 0,
tg — 1t t—t,
oy = G =Dy Tty e (tan),
Tn+1 Tn+1
for each n =0,1,...; as well as the time shifts

01 (1) = 0t +t,), t>—t,
1 b, t < —t,, n=12....

Thus, we have a sequence of functions {6"(-) : n=0,1,...}.
Lemma 1.1 (Kushner-Clark Lemma, unconstrained case) Suppose:
(KC1) A(:) : R? — RP is a continuous function,

(KC2) {v,, n = 1,2,...} is a sequence of positive real numbers such that v,.1 — 0, and

Zn:l Yn4+1 = OO,



(KC3) {f,, n=1,2,...} is a bounded (w.p.1) sequence of R?-valued rvs such that (3, — 0,
w.p.1,

(KC4) {e,, n = 1,2,...} is a sequence of R? wvalued rvs such that for some T > 0 and all
e>0

m(jT+t)—1
Jim P ?35%’( in%T) Yit1€iy1| > € p =0, (1.9)

(B1) the iterates {0,, n=0,1,...} are bounded w.p. 1.
Then, there is a null set €2y such that w & Qqy implies

1. {0"(-,w), n=0,1,...} is equicontinuous, and also, the limit 0(-) of any convergent sub-
sequence of {0™(-,w), n=0,1,...} is bounded and satisfies the ODE

0=h(0), te(—oo,00). (1.10)

2. Let 0% be a locally asymptotically stable in the sense of Lyapunov solution to (1.10), with
domain of attraction DA(0*). There is a compact set () C DA(0*) such that if 0, (w) € Q
infinitely often, we have

Op(w) — 6 as n — 0o.

Proof: See [61, Theorem 2.3.1]. n

1.5 Projected Algorithms

The unconstrained Kushner-Clark Lemma may be considered a conditional convergence result
since in applications verifying the boundedness condition (B1) and the stability-recurrence con-
dition, P{0,, € @Q i.0.} =1 for some Q C DA(6*) tend to be difficult. There are no generally
applicable results which give verifiable conditions which readily imply (B1) and the stability
recurrence, so one is typically faced with the often difficult task of verifying these conditions
for each particular application (see, for example [6] [61, Section 4.7], and [31, 32]).

To remedy this situation, algorithms with a projection on a compact set © have been
proposed [61, 68] to ensure boundedness as well as assist in showing stability recurrence, i.e,

90 € @7 9n+1 = HG) {en + ’7n+1h(9n) + Tn+1€n+1 + 7n+lﬁn+1} n= 07 17 s (111)

Also, the projection operator can often be helpful in verifying (KC1), (KC3), and (KC4) since
the parameter iterate is then known to fall within some compact set. For many applications,
it is typically not a problem to apply an “appropriately selected” projection operator.

Of course, the ideal caseis to choose the compact projection set © C © so that 0* € ©, © C
DA(#*), and (KC1)-(KC4) hold when the parameter is constrained to ©. For many applications,
if conditions (KC1)-(KC4) can be verified and assuming some very limited knowledge of the state



process is available, it may in fact be possible to identify an ideal projection set. In this case,
the projected version of the Kushner-Clark Lemma [61, p. 191] provides identical conditions
for a.s. convergence for algorithm (1.11) without (B1). Also, the stability-recurrence condition
may be satisfied if we have some knowledge of the stability regions of the ODE, as is often the
case. Thus, we can choose @Q = © C DA(6*), and in this setting, the constrained Kushner-Clark
Lemma tells us that unconditionally the iterate will converge to 6* with probability one. This
tdeal case is essentially the topic of the next two chapters as we mainly explore methods to
verify (KC4) for a given projection set ©.

It is not always possible to identify an ideal projection set. An interesting situation arises in
the case that any of the conditions (KC1), (KC3), (KC4) only hold if the iterates are constrained
to some well-behaved domain D, C IR? which is unfortunately not known when implementing
the algorithm. Due to this uncertainty, there may be no way to determine an ideal compact
projection set satisfying both © C D, and 8* € O. If we take © too large, we are likely to cause
O ¢ D, while if we take © too small, it is possible to have §* ¢ ©. Since it is clear that such a
“too small” projection will prevent the desired convergence, we want to study the convergence
when the projection set is chosen “too large”. In general this may be very difficult; but, we find
that for a particular problem, by exploiting certain structural properties of the state process
together with the dynamics of the SA algorithm, we may in fact be able to show convergence.

This last issue was motivated by a simple SA example which attempts to regulate the steady
state mean queue size of a fixed arrival rate M/M/1 queue via recursive SA updating of the
service rate parameter. If the arrival rate is unknown, an ideal projection set which constrains
the SA’s iterates to a positive recurrent region is not available a priori. We then study the
convergence of an algorithm which uses a “comfortably large” but compact projection set which
includes part of the transient region. The queue may at times operate in the transient region
and the analysis becomes a bit more difficult for several reasons, not the least of which is the
function h(#) is not even defined in this transient region. Nevertheless, this example possesses
a key property; if at any time the service rate is set to a parameter which causes the M/M/1
to be transient, then the queue size tends to increase toward infinity and the dynamics of the
SA will tend to return the queue to the possibly recurrent region. While convergence in this
setting seems intuitively reasonable given these structural properties, we establish an approach
to rigorously proving convergence. This approach should generalize to other problems with a
similar structure.

1.6 Summary of Results

The previous sections introduced the Kushner-Clark Lemma and some technical difficulties
encountered when applying SA to actual problems. For the majority of this dissertation, we
focus on algorithms projected on compact © C IR”, thus eliminating the difficulty related to
the boundedness condition. In Chapter 2, we temporarily put aside our concerns regarding
selection of an ideal projection set © and simply assume one is available. We then study the



noise process {€,41,n = 0,1,...} and develop a general set of conditions which imply (KC4)
holds for a broad class of Markov chain state processes dependent on the parameter € ©. Our
analysis is adapted from the framework developed in BMP [6] and we offer several extensions
and variations of their results which lead to a.s. convergence, specifically for the case of projected
SA’s.

The extensions come about for two reasons. First, we discover that one of BMP’s general
conditions, local Lipschitz continuity on the regression function A(-), is unnecessarily strong
since only continuity is required in the ODE method. Second, and perhaps more troubling
in applications, we find that one of BMP’s specialized conditions for geometrically ergodic
Markov chains can be difficult to verify for many problems. We are able to sufficiently weaken
both of these conditions by slightly modifying their framework so that our new conditions are
straightforward to verify for applications of interest to us.

The new specialized conditions are developed in Chapter 3 and assume a uniform Foster-
Lyapunov drift inequality on the family of one-step Markov transition probabilities which are
derived from drift equalities recently studied by Meyn and Tweedie in [79]. These results form
a new framework of verifiable conditions given in terms of the Markov transition probabilities
and we show they ultimately imply condition (KC4) of the Kushner-Clark Lemma holds. To
demonstrate the application of these specialized conditions to a countable state Markov chain,
we carry out the verification steps for an SA algorithm applied to a simple parameterized
random walk with a single reflection at the origin.

We also consider stochastic optimization applications where performance is measured by a
steady state mean or long run average

1 N-1
n=0

for some given performance function f(-,-): © x X — IR. The objective here is to find a point
6* such that the performance gradient V.J(#) is equal to zero through an iterative procedure
based on SA coupled with a gradient estimate G of V.J(#), i.e.

gn—l—l = H@ {gn +f)/n+lé(9naXn+1)} ) n = 071727--- (112)

In this case, the process {X,, n =1,2,...} is an augmented Markov chain related to {X,, n =
1,2,...}. First in Chapter 4, we propose a particular gradient estimation algorithm which is
an adaptation of an estimate studied in [14]. Then in Chapter 5, we present a series of results
which show for SA algorithms using this gradient estimate driven by {X,, n =1,2,...}, the
convergence can be checked, for the most part, by verifying the conditions on {X,,, n=1,2,...}
as in the root-finding problem. Thus, we have a checkable verification procedure using the
specialized conditions proposed in our convergence framework of Chapters 2-3 which, if met,
implies almost sure convergence of 6, to the optimizer 6*.

In Chapter 6, we return to the issue set aside earlier; namely, the difficulty in choosing
an ideal projection set ©. For a simple random walk model, we demonstrate a sample path



technique which allows one to choose the projection set to be “comfortably large” in the sense
that the conditions developed in Chapter 2 need only hold for iterates which lie in some well-
behaved subset () of the non-ideal projection set ©. This leaves a complementary region where
some of the conditions may not be satisfied. We find it is still possible to prove almost sure
convergence, even though at times some sample paths cause the the state process to be unstable
or transient. Here, the analysis is problem dependent although we develop several results which
should hold for other problems with a similar structure.

Finally in Chapter 7, we consider a substantial change in direction, partly inspired by an
approach in [29] dubbed “sampling controlled SA,” where we study an alternative SA algorithm
driven by sample averages. This algorithm differs from the traditional algorithm which simply
observes a single sample and immediately makes a parameter update by instead waiting to
collect several observations before computing a parameter update based on an average of these
observations. For the traditional SA algorithms studied in Chapter 2, we use a martingale
approach along with conditions on the solution to the Poisson equation to show convergence.
For this algorithm driven by sample averages, we instead use a large deviations approach with
an increasing observation window. We show convergence of this algorithm follows readily if a
certain uniform large deviations upper bound holds for the state process and the observation
window is lengthened towards infinity as the recursion advances. Although there can be benefits
to avoiding the martingale approach for some problems with nonlinearities, this large deviations
upper bound can be difficult to show for several of the countable state space problems of interest.
As a result, we now feel the traditional fixed-step SA algorithm studied in the previous chapters
usually is preferable. Nevertheless, we do show this uniform large deviations bound is in fact
satisfied for both i.i.d. state processes as well as finite state Markov chains which are dependent
on a parameter # if only mild regularity conditions are in place. Furthermore, if the sample
average is passed through a nonlinear function g driving the recursion, then this large deviations
approach may offer advantages since the martingale methods can break down.

As a final comment, the various SA’s studied here may be classified as to how the time
scale of the parameter updates relate to the time scale of the state process evolution. For the
traditional algorithm studied in Chapters 2, 3, and 6 a single parameter update occurs for each
transition of the state process. For the stochastic optimization algorithm of Chapter 5 and the
sample average algorithm of Chapter 7, the SA is driven by observations taken over a window
on the state process of length ¢, which steadily increases towards infinity as the SA’s iterates
are updated, i.e. £,, — 0o as n — oo.

1.7 Some Definitions and Notation

1. The set of all real numbers is denoted by R and the set of all integers is denoted Z.

2. For any set X endowed with a topology, measurability is always taken to mean Borel
measurability and the corresponding Borel o—field, i.e., the smallest c—field on X generated
by the open sets of the topology, is denoted by B(X).
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. We denote the n-step probability transition function P"(x, A) for A € B(X) and z € X.
For a probability measure © and a Borel function f : X — IR we define

P'(z, f) = /XP”(x,dy)f(y), n=12,..., and

w(f) = [ w(d)f()

Also, we may find it convenient to occasionally use the slightly more compact operator
notation

P"f(x) = /P"(x,dy)f(y), n=1,2,..., and
X
nf = [ wldo)f(a)
. An element v of IR? is denoted by its column vector and its transpose is denoted by v'.
For elements v and w of some R?, we write (v, w) for their usual scalar product, so that

lv|| = /(v,v) = (X, 1}2-2)1/2 denotes the Euclidean norm of v. Also, we will regularly
use the Schwarz Inequality [50, p. 2]

vew| = (v, w)| < ||lv] [|w]|, v,w in RF.
v~ w] = [{v, w)| < o] [Jw] R”

In a squared form, this inequality reads
P 2 P P
(Z ini> < (Z vf) (Z wf) , v,w in IRP.
i=1 i=1 i=1

. For a Borel function f : X — [1,00) we define, as in [79], the f-norm of two probability
transition functions Py(x, A) and Py(x, A) as

|1Py(, ) = P, )|, = Sup, |Py(z, 9) — Pa(w,9)] (1.13)

Similarly, we will often apply the same f-norm to probability measures in place of kernels
by simply defining a kernel from the probability measure, i.e. p(x, A) = p(A) for all
r e X

. Following the (perhaps non-standard) practice from [6], we will often write the function
Hy(x) as an equivalent expression for the function H(z,6).

. The infimum over an empty set is taken to be oo by convention.

. We take e to be a column vector e = (1,1,...,1) or e = (1,1,1,...) as is appropriate.
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Chapter 2

Convergence of Projected Stochastic Approximations

We establish a basic framework to study the convergence properties of the projected Stochastic
Approximation (SA) algorithm via the Kushner-Clark Lemma. The first part of this chapter
is a variation and extension of a series of results in Benveniste, Métivier, and Priouret (BMP)
[6] which bound the noise terms for this algorithm. We make several alterations to BMP’s
framework and weaken their Lipschitz condition on the regression function yet we are still able
to show almost sure convergence. The general conditions of this chapter, given in terms of the
Poisson equation solution, are not necessarily easy to check but they serve as a foundation for
the next chapter’s results where specialized conditions implying these general conditions are
developed.

2.1 The Algorithm

Consider the projected stochastic approximation algorithm defined by the recursion:

9n+1 - H@ {Hn + /Yn+1H(9n; Xn+1) + 772;,+1pn+1(9na Xn+1)} ) n = 17 27 e

The iterates {#,,n =0, 1,...} evolve in some closed projection set © C IR” and the Markovian
state process samples {X,,,n = 0,1,...} lie in X, some general state space. The algorithm is
driven by the functions H : © x X — R” and p,41 : © x X = R? forn = 0,1,.... The p,1,
terms essentially play the role of the (3,1 terms defined in the Kushner-Clark Lemma. We note
that this is the form of the recursion appearing in [6] which differs slightly from (1.7) studied
in [61].

The initial values of the algorithm are arbitrary, i.e. 6y = 6 in © and Xy = x in X. The
deterministic step-size sequence {7,,n = 1,2,...} is chosen to satisfy the following condition:

(S) w40, >0 ) Va1 = 00, Yoo ﬁfa < 00, for some 0 < 0; < 1.

The state process X = {X,,n = 1,2,...} is formally defined in the next section but is
simply a #-parameterized discrete time Markov chain. The one-step transition kernel Py(z, -)
may depend on the continuous variable § and the probability distribution of the next state X,

12



depends on both the current state X,, and current iterate #,,. We also assume that a generic
homogeneous Markov chain governed by the same one-step transition kernel Py(z,-) where the
parameter 6 is held fixed at any 6 € O is ergodic in the sense that there exists a Py-invariant
measure 7y and

Tim g, [H(8, X,)] = m9(Hy) = h(6), 0eo,seX (2.2)

This algorithm (2.1) attempts to find points 0* such that h(6*) = 0, and assuming certain
conditions are met which we will soon introduce, the algorithm is able to find these points 6*
despite the fact that A is unknown, the current estimate 6,, is regularly updating to a new value,
and the Markov chain state process is not necessarily observed at any given parameter € held
fixed for a “long time”.

The most common form of SA’s take p, = 0 for all n =0, 1,..., although there are several
possible uses for these terms being nonzero. The process {p,,n = 1,2, ...} can be used to model
either additional noise, a time dependent perturbation, or even an auxiliary control input to
the algorithm. For example, perturbations [6] to an SA algorithm with vector valued iterates
may be introduced if the individual vector components are updated successively rather than
simultaneously. Alternatively, if it is known that some initial (asymptotically decaying) bias
exists in an estimate H(0,, X,,) of h(f,), then it may be desirable to supply an opposing bias
through the p, term. As such, the p, term can be used to give the engineer designing an SA
procedure some limited means of control over the transient phase of the SA run. This is possible
because under the conditions we will soon propose, the p, term has no effect on the asymptotic
convergence of the iterates 6, to 6*.

2.2 The Basic Ingredients

Throughout the discussion, p and s are fixed positive integers denoting the dimensions of the
parameter and state vector spaces, respectively. We assume given a closed subset © of R?, and
a Borel subset X of IR?. Let X* be the infinite Cartesian product of X with itself, and denote
by B(X*) the standard o—field on X*°. We write a generic element £ of X*° as £ = (z,x,...)
where x, 1, ... are all elements of X. The coordinate process {&,, n =0,1,...} is then simply
defined by

&(€) = x, (&) = xp, cexX®, n=1,... (2.3)

We postulate the existence of a family {Py,, # € ©, x € X} of probability measures on B(X*)
such that
Py, 6o =2]=1, feO, xveX (2.4)

For technical reasons, we need to assume a measurable functional dependence in # and x:

(PO) For every L =1,2,..., the mapping © x X = R : (0,2) = Py, € By, n=1,...,L]is
Borel measurable for all possible choices of Borel subsets By, ..., By, in B(X).
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In order to define the stochastic approximation procedures, we start with a sample space
Q2 equipped with a o-field of events F. The measurable space (€2, F) is assumed large enough
to carry a sequence of X-valued rvs {X,, n=0,1,...}. We define the ©-valued rvs {6,, n =
0,1,...} through the deterministic recursion:

U1 = llo {Qn + 7n+1H(9na Xn-i-l) + 772L+1pn+1(9na Xn+1)} n=01,...
0y = 0 € 0. (2.5)

Here, H : © x X — IR? and p,;1 : © x X = R? for n = 0,1,... are Borel mappings for all
6 in © and x in X. In (2.5), Ilg denotes the nearest-point projection operator on the set O.
We assume the operator Ilg is well defined and if the nearest point is not unique, then some
mechanism is in place to ensure that Il, is well defined. If the closed set © is convex, the Ilg
is well defined without any such mechanism.

Next, we introduce the filtration {F,, n =0,1,...} on (£2,F) by setting

Fo = 0{0p, X, m=0,1,....,n}
= of{0y; X\, m=0,1,...,n} n=20,1,...

since the rvs 0,,, m = 1,2, ..., n, are fully determined by the rvs 6y, Xy, and X,,, m =1,...,n.
Given a probability measure p on B(© x X), we postulate the existence of a probability
measure P on (2, F) such that

Pl6y € A, X, € B] = u(A x B) (2.6)
for all Borel subsets A and B of © and X, respectively, and satisfying
P[Xn—i—l € B|.,Fn] = Pngn[gl S B] n=1,... (27)

for all Borel subsets B in B(X). The existence of such a set-up is readily justified by the
Daniell-Kolmogorov consistency theorem [69, p. 94] on © x X x X*° in the usual manner.
Finally for each 6 € ©, we also define the one-step transition function (kernel)

Py(xz,B) =Py ,[& = B], z € X,0 € 0,B e B(X).
We make the following additional assumptions:

(m) For each # € ©, there exists a unique Pp-invariant probability measure 7y on (£2, F).

(H1) Forall # € ©, H(0,-) = Hy(-) is integrable under my. Let us denote

h(B) = ms(Hy) = /X Hy(z)mo(dz), 0 € 0. (2.8)
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2.2.1 Fixed-0 Algorithm and Generic Markov Chains

At times in our analysis, we will make comparisons of the state process defined above in (2.5),
(2.6) and (2.7) to a fized-0 state process which is the result of a new fized-6 algorithm whereby
0, is not computed as in (2.5) but is instead held fixed so that

f,=0¢c0 foralln=1,2,...

For this fized-0 algorithm, the state process {X,,,n = 0,1,...} is simply a generic homogeneous
Markov chain governed by the one-step transition kernel Py(-,-) for the fixed # € O.

Additionally, in the same manner as we defined P in (2.6) and (2.7), the existence of some
other probability P in place of P on a common measurable space also follows if we replace the
deterministic SA algorithm (2.5) with any other F,,-measurable algorithm such that 6,, € © for
alln =0,1,..., such as this fixed-f algorithm.

2.3 General Convergence Criteria

Here we list several general conditions directed at the Markovian state setup just described.
Recall, © is a given closed subset of IR”. In the next chapters as we look at specific applications,
we may also require that © be compact although we do not assume this in general for this
chapter.

2.3.1 Uniform Drift Conditions
This first condition (D0) will be a primary condition assumed for most results to follow:

(DO0) There exists a function V' : X — [1,00) and a constant 1 < Cp < oo such that

Ey. [V(X,)] < CpV(z), forall#in ©, n=0,1,2,..., and = in X.

These next conditions, assumed only for certain applications, are related to the stability of
the Markov chain and we may refer to them as uniform drift conditions since they are uniform
versions of a stability conditions studied extensively by Meyn and Tweedie [79]. Both (D1) and
(D2) are closely related.

(D1) There exists a function V' : X — [1,00) and two constants 0 < A < 1 and L < oo such
that
PyV(x) <AV(z)+ L  forall§in © and x in X. (2.9)

(D2) There exists an extended real valued function V' : X — [1, o0], a measurable set C, and
constants 3 > 0, b < oo,

sup ApV (z) < =6V (z) + ble(x), r e X

fcoO

where we define AyV(z) = PV (x) — V(x).
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The condition (DO) for us is fundamental and we will either assume it holds or provide
conditions which imply (DO0), such as (D1) or (D2) with V finite. In any event, under (D0) we
implicitly define the function V : X — [1, 00).

2.3.2 Conditions Related to the Algorithm

For a function V' : X — [1, 00) defined above, we assume the remaining conditions all hold for
some positive constant r such that 0 < r <

1
= 2(1+6y)
interval (0,1) and satisfies (S).

whereby the real constant 7y lies in the

(H2) There exists constants Cy < oo and C, < oo such that for all z € X:

sup||H(0,z)|| < CgxV'(z),
9co

Sup”pn(eax)“ < var(x)a n=12,...
0co

(P1) For all (0,z) € © x X, the following series converges:

wa) = 3 ([ Ppte.dn) o) = o)) < .

and we identify vy(z) as the solution to the Poisson equation associated with H (6, ) =
Hg(')i
Hy(x) — h(0) = vy(z) — / Pz, dy)ve(y), we€X, feo.
X

(P2) There exists a constant C,, < co such that

[l ()]
1 Pove ()|

C,V'"(x), forallf € ©, zeX
C,V"(x), forall# e ©, zeX

<
<
(P3) There exists a constant C5 < 0o and such that
| Pyvy(x) — Pyvg (z)|| < CsV"(x) ||0 — 9'||Z1 : forall9,0' € ©, zeX
where 7, € (0,1) is determined by (S).

We will loosely refer to algorithm (2.1) and this collection of conditions as our general
framework or general conditions.
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2.3.3 Remarks on our Conditions

The SA algorithm studied in [6] does not use a projection operator and, as a result, BMP’s
results lead to an almost sure convergence which is conditional on {6,,n = 1,2,...} being
almost surely bounded (as in the unconstrained Kushner-Clark Lemma). BMP then augment
their convergence theorem with an additional set of Lyapunov type stability conditions (see
[6, p. 239]) under which they show the iterates {f,,n = 1,2,...} are in fact almost surely
bounded. Since we specifically focus on the constrained problem, such an augmentation is not
necessary. We believe that for many applications, while perhaps not necessary for convergence,
it is usually not a problem to use an “appropriately sized” compact projection and in so doing
it clearly simplifies the convergence analysis. In this sense, our results are different in that they
address a somewhat less difficult problem since the boundedness property does not need to be
shown if a compact projection is used. On the other hand, for those problems which do not
permit use of a compact projection operator, BMP’s global convergence results [6, Thm. 17 p.
239] remain a viable approach.
Our main condition (D0) can be compared to BMP’s assumption (A.5) ' from [6]:

(A.5) For any compact subset @ of (their parameter space) D and any ¢ > 0, there exists
114(Q) < oo such that for all n, v € R¥, § € R?

Evo [Ligecorsn (14 | Xnil|D)] < 11(Q)(1 + ||2]).

We note that (D0) can be weaker than (A.5) for two reasons. First, our (D0) does not require
the existence of the bound for all compact sets () in the parameter space D but only for the
projection set ©. Second, (DO0) permits an arbitrary function V' : X — [1,00) in the inequality
while BMP’s condition uses a function which must take the form const(1 + ||z[|?) for at least
sufficiently large ¢ > 0. Additionally, this more general function V is compatible with many
of the results on V-uniformly ergodic Markov chains [79] which employ Foster-Lyapunov type
drift inequalities similar to conditions (D1) and (D2) involving V.

The other significant departure from BMP’s conditions in this chapter is the dropping of
BMP’s local Lipschitz condition on the regression function A : © — R?.

The remaining assumptions in our framework are essentially similar to the basic framework
developed in [6, pp 213-220], although we will discuss some additional differences in Section
2.5.

2.3.4 Simple Consequences Related to the Drift Inequalities

1. Under the drift condition (D1), we are assuming that V(z) > 1 for all x in X hence we
have the bound taken the supremum over arbitrary sample paths {6;,i = 1,2,...}:

Eg,x [V(Xn)] S sup P9P91Pg2 e Pgn71V(l‘) (210)
{0;€0,i=1,...,n—1}

! Assumption (A.5) is given here simply for reference and the reader should refer to [6] to see this assumption
in context.
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n—1
< AV(z)+ LY N
=0
L
< -
< Vix)+ T

L
< (1+ﬁ> V(r) foralln=1,2,... (2.11)

Therefore, if we define the constant C'p =1 + % so that for all n =1,2,..., then

sup By, [V (X,)] < CpV(z), z € X, (2.12)

0€O
and we see that (D1) implies (DO).

By the same argument under (D1), we also see that

sup Py'V(z) < CpV (x), n=12,... (2.13)
0co

2. It follows readily from Jensen’s Inequality that under (D0), which defines some function
V', we may also show a (D0)-like condition involving V" for any constant 0 < r <1, i.e.

Eo. [V'(X,)] < (Egs [V(X0)]) < CLV(x) for all # in © (2.14)
alln=0,1,2,..., and z in X.

3. The type of problems we consider will generally satisfy (D1), or (D2) with a finite V. Our
general convergence results for this chapter will always assume (D0), while the conditions
(D1) or (D2) serve as tools to show (D0) in applications.

4. If the family of Markov chains given by { Py, 8 € ©} are irreducible and positive recurrent
over O, then condition (D1), or condition (D2) with a finite V', implies via Theorem 14.3.7
in [79] that

sup mg(V) < 0. (2.15)
0co

2.3.5 Relationship between (D1) and (D2)

There is a very strong relationship between (D1) and (D2) and we use the next lemma to go
back and forth between the two. This lemma is a slight generalization of Lemma 15.2.8 in [79,
p. 370] which takes into account the uniformity over © of (D1) and (D2):

Lemma 2.1 The drift condition (D2) holds with a petite set * C if and only if V is unbounded
off petite sets and (D1) holds.

Proof: See the Appendix.

2See [79] for the definition.
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2.4 The BMP Decomposition of the SA Algorithm

For the projected SA algorithm

gn—l—l = H@ {gn + f)/n—l—lH(gna Xn+1) + 72+1pn+1(9n7 Xn—l—l)} , n= 07 17 s

we define the sequence of noise terms {e,,1,n =0,1,...} so that
nt1 = H(On, Xni1) — h(0n) + Yni10n41(0ns Xns1). (2.16)

We also define a projection process {z,11, n = 0,1,...} as in [61, 64], so we can rewrite the
algorithm as:

Onsr = On+ Y1 H(On, Xns1) + Vi 110041 Ony Xng1) + Ynt1 2041 (2.17)
= gn + f)/n—l—lhf(gn) + Tn+1€n+1 + Tn+12n+1, n = 07 17 27 s (218)

Our main goal now is to study the noise sequence in a manner that allows us to show
condition (KC4) in the Kushner-Clark Lemma. We first perform a decomposition of the noise
terms using a variation of a method from [6, p. 220].

Assuming condition (P1) so that the solution vy to the Poisson equation exists, then

eer1 = {H Ok Xiy1) — h(Ok)} + Vet 10611 Ok, Xit1)
= {vo, (Xns1) — Povo, (Xps1) b + Ver1r41 Ok, Xieg1)
= {vo, (Xks1) — Po, 10, (X))}
+ {Po,vo, (Xi) — Popvo, (Xi1) } + Ve19r+1 Ok, Xi1)-

If m < n, the step-size weighted sum of the noise terms is formed and then rearranged:

n—1 n—1

Yo VeriErir = D Yern (o (Xeg1) — Pova, (Xi)}
k=m k=m
n—1 n—1
+ > Yier1 {Povo, (Xi) — Povo, (X))} + D Vis1P61 Ok, Xi1)
k=m k=m
n—1
= > Vet {0, (Xis1) — Povo, (X))}
k=m
n—1
+ 7m+1P9mV9m (Xm) + Z Ve+1 {ngy‘% (Xk) - P9k71V9k71(Xk)}
k= m+1
- f)/npﬂn,lyﬂ + Z f)/k-i-l - Yk Pak' 170, - 1(X/€)
k=m-+1
n—1
+ > Vi1 Per (O, Xigr)
k=m
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Now define for k=m,m+1,...,n—1:

vy = Vo (Xis1) — Po,vo, (Xi)
6&21 = ngyek(Xk)_ng—lygk—l(Xk)

3 - k1 — Uk
62421 = P9k71V9k71(Xk)
Vk+1
55:521 = Ver1Pkt1(Oky Xiy1)

Nmin = Ym+1P0,,V0,, (Xm) — P, Vo, (Xn)

and if m < n we have the decomposition which is a variant of Lemma 1 in [6, p. 222]:

n—1

> Ver1kt (2.19)
k=m
n—1 () n—1 @ n—1 3) n—1 (1)
= Y WkriEpn DL MenErn t D YknEi + D Wer1its + Tmn
k=m k=m-+1 k=m-+1 k=m

This approach taken in this decomposition is a version of the state perturbation method®
described in [64].

2.5 Variations on the BMP Lemmas

In this section, we adapt to our framework each of the Lemma’s 2 through 6 in [6, pp. 223-228|
which provide a bound for each term in the decomposition (2.19). These adapted lemmas are
then collected in Proposition 2.7 of the next section to show the overall sum of the step-size
weighted noise is almost surely convergent to a finite rv. As we will later see, this is an approach
to proving the Kushner-Clark (KC4)-type noise condition in the Kushner-Clark Lemma.

Lemma 2.2 (Variant of BMP Lemma 2) Assume (D0), (P1), (P2) hold for any positive

constant r < 2(1J1r2) where the positive constant 0 < {1 < 1 satisfies (S).
1

1. There exists a constant A; < oo such that for each m =1,2,...

2

n—1

> i
Vie+1€k4+1

k=0

Ey, |sup

n<m

m—1
<AV (@)D i reX, 6He€6.
k=0

Moreover, A; < 4pC?Chp.

_ 1 .
2. Yo fykﬂagﬁ)_l converges Py ,-a.s. to a finite .

3Contrary to our nomenclature, in [64] the process {f,, n =1,2,...} is referred to as the “state process”.

20



Proof: Consider the sum

n—1

My =" Yir1 (9, (Xp41) — Pova, (X)), n=12,...
k=0

which is a vector martingale since (by the Markov property)
E v, (Xk+1)|Fk] = Po,ve, (Xi).

The vector M, is a p-dimensional vector, and although convergence results exist for vector
martingales [76], we find it simpler to consider each of the p components separately by defining
the i component vector as

n—1 .
M =3 ys (g, (Xi1) — Pova, (X)), n=1,2,...,
k=0
For brevity, let us now drop the @ in this definition and consider any of the p components of
the vector martingale as:

n—1

My =" Yir1 (v, (Xps1) — Pova, (X)), n=1,2,...
k=0

Clearly, each component of M, above also has the martingale property.
Incremental orthogonality and Pythagoras formula [108, p.110] yield

Ep. [M7] = By M|+ S Fy, (M, = My 1)?]

k=2

n—1
= > %1 Bos (v, (Xks1) — Povo, (X2))?]
k=0

= % oo [B [0 (i) — Pove (500" ]
- z 2 o [E (00, (Xi0)) 1] — (Po,vi, (X0)]

kz_: Vs Eo | (v, (Xe11))’]

n—1
< C2Y YeiEos [VZT(XkH)}
k=0

IN

n—1
< O3 VenBoa [V (Xer)]
k=0

where we have used (P2) in the second to last line. The last line follows since 2r < 1+1? <1
Applying (DO0) to the last line we find

n—1
Ey. [Mﬂ < CchV(fv);)viH
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The bound in the first part of the lemma follows from Doob’s inequality

o[ | = e [ 35 ()
< lzp;Ee,m Lfgg (Mr(f))Z]
< zp:4 sup Eg , |:(MnZ))2:|

i=1 n<m

< 4pCQCDV Z fka, reX, He0O.

Under (S), >32 kai? < oo and it then follows that 232,72, < oo since 7, | 0 and there
exists a k' such that v, < 1, hence 7 < fkal for all k > k'

For the convergence properties in the second part of the lemma, we note that Y72, 77, < 00
which implies that each component martingale of the vector martingale converges a.s. to a finite
random variable (as well as converging in L?) since it is bounded in L? [108]. |

Lemma 2.3 (Variant of BMP Lemma 3) Assume (D0), (H2), (P1), (P3) for any positive

< 2(141J) where the positive constant 0 < ¢, < 1 is determined from (S). There exists a
1

constant Ay < oo such that for allm=1,2,...,

m 2
B [(Sonn ) | < aven (£48) . sex veo
k=1

Moreover, Ay < 4C} (Cy + 71(],,)221 Ch.
Proof: Under (P3),
| Pove(z) — Pyvg(z)]| < CsV" () ||0 — 9’||Z1 , reX, 60,0 ec0. (2.20)
Also, the nearest point projection term is bounded by
12kl < [[H (Ok—1, Xie) + 7ok (Or—1, X )]

which follows since 0, € © and, at the very least, the projection term can return the iterate to
this point so 01 = 0 € ©. Hence for k = 1,2,... we have from (H2) and the definition of the
SA that

10k = Okl < Y [[H (Ok—1, Xic) + en(Or—1, Xi) + 21| (2.21)
< 29 ||H (Ok—1, Xi) + Yok (O 1, Xi) | (2.22)
< 207V (XE) + 20,7V (Xg)
< 2(Cr +mCp) wV" (X) (2.23)
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Thus by (2.20) and (2.23),

m—1 2
Ey . [(Z Ve+1 Hfﬂﬁl“) ]
=

_ 2
= B | (5 o [P (30 = Poc o 050 }

[ m—1 ~ 2
< Ey, (Z Vi1 Cs V" (Xi) |0k — gk—IHZl) ]
k=1
) m—1 ~ o~ ~ 2
< 4Eg, (Z Ve G5V (Xp) (Cr + 11 C,)" %ﬁlVMl(X’“))]
k=1

e [ m—1 ~ ~ 2
= 4C3 (Cy +711C,)*" By (Z ﬁMlW(Hh)(Xk)) }
k=1
~ . m—1 —~ 2
< AC (O +7nCy) " Egu (Z ﬁHlvl/Q(Xk)) ] '
| \k=1

since (1 + ¢;) < 1/2. By treating the sum as an inner product and applying the Schwarz
inequality [50, p. 2] to the last line

Eo {CZII Vk H&@l“f}

~ /m—1 ~ m—1
< 4C3 (Cu +mCy)™ (Z 7;1*“) [Z WhV(Y )]

k=1

< 4c§(cg+%cp)%<2 WI) Z B V(X))

< ACE (C +mC,)™" (Z 71%) Z 71%

Lemma 2.4 (Variant of BMP Lemma 4) Assume (D0), (P1), (P2) for any positive con-

stant r < 2(14147) where the positive constant 0 < ¢; < 1 satisfies (S). There exists a constant
1
Az < oo such that for allm =1,2,...,,

< A3V ()7, reX, 6He0.

m—1 2
( Z Ve+1 H&“SL H>
k=1

Moreover, A3 < C?Chp.
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Proof: Applying (P2)

m— 2 m 2
(5 Hem)] . (zl O — ) Hpgmw)m)u)]
k=1 k=1

A
S
8

: _<mX:1(% - 7k+1)C'uVT(Xk)>2}

k=1

Next, the Schwarz inequality yields

Eq {(T:z_:ll Vk+1 Hdﬁ“)? < 03 (’:2—:11(% - 7k+1)> Ey . [mi:l(% - 7k+1)V2r(Xk)]

k=1

m—1 m—
< C ( (Ve — Yrt1 ) Z Vi = Yit1) Eoz [Vl(Xk)}
k=1 k=1
m—1
< Cln Y, (% — %+1)CpV (2)
k=1
< CXCpV(x)yt

Lemma 2.5 (Variant of BMP Lemma 5) Assume (D0), (P1), (H2) for any positive con-

stant r < 2(141re ) where the positive constant 0 < {; < 1 satisfies (S). There exists a constant
1

Ay < oo such that for allm =1,2,.. .,
[ m—1 A 2-| m—1 2
E,. L<Z e [<are ($51) . rex vee
k=0 k=0
Moreover, A, < C’DC'[?.

Proof: First we have from (H2):

4 r
ot [ ] = E et o0, Xl € 722GV (Xig)

Hence,

m—1 2
( Z V41 Hfgz(ﬁl H)
k=0

< C’Ey, {(mzl v,":HV’“(XkH))Z}

k=0

IN

CgEe,z KZ ’Yk+1> Z YVer1V Xk+1)] ’ m=1,2,...
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where the last line follows from the Schwarz inequality. We have r(1 + £;) < 1/2, so

m—1 2 m—1 m—1
(Z Ve+1 H&ﬁl“) ] < C,? <Z ’le+1> Ey . [Z 713+1V1(Xk+1)
k=0 k=0 k=0
m—1
< <nyk+1>C’DV kaﬂ, m=1,2,...

k=0
|

Lemma 2.6 (Variant of BMP Lemma 6) Assume (D0), (P1), (P2) for any positive con-

stant r < 2(141?) where the positive constant 0 < 0y < 1 satisfies (S).
1

1. There exists a constant As < oo such that for each m =1,2,...,

Ej, l sup |[no:|’| < A5V (z) > Yeits reX, 6eo.
k=0

1<n<m
Moreover, As < 4CpC?2.
2. As n — oo we have that 1, converges a.s.

Proof: Recall that 1y, = v1Pp,ve,(Xo) — P, Ve, (Xy) forn=1,2, ...
First we have Xy = z a.s. and under (P2)

I Pagva @) < 41CIV (2)

YOV ()

Also, for each m =1,2,...

b, _1vo,_, (Xn)H2

| DY l sup

1<n<m

< C?E,, [ sup 2V (X, >]

1<n<m

Thus,

2 2
Boa | sup [ioall’| = Boa | sup | Paro,(Xo) =7 Po, v, ()

1<n<m

< Bo. | s (2o, I 42 P 0)F)|
< 2By, [Zv v ( Xk)cﬁ] + 297 CV ()
k=1
< 203§mjviEax[V1 Xp)| +297CoV (2)
k=1
< 2050V (2 iv +29CV (x)
k=1
) ;

ACpC2V (2) Y Vi1, m=1,2,...
k=1
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and recalling C'p > 1 for the last line.
To prove the lemma’s second conclusion, we have for each n =1,2,...

Eg,x ’ananfl V-1 (Xn) Hz}

IN

V2CTEy . [V (X))
V2C2CHV (z), x € X.

IN

Therefore,

7nP9n—1 Vo, 1 (Xn) H2

Eg,w [i ‘
n=1

< C3CpV(x) Y mm<oo,  zEX,
n=1

2
This implies the sum }~>° ‘ YoPo,_,vo,_, (Xn) H converges to a finite rv Py ;-a.s. Hence, lim,,_, ‘ Yoo, _, Vo,
0 Py,-a.s. and thus
7}1&2@ ‘vnP9n71y9n71 (X”)H =0, Py, —a.s.
Therefore,
S 170 =1 Poyvay (2)]| = Jimn [ Pa, v, (Xa) | =0, Py = 0.5,
[ ]

2.5.1 Remarks

The above lemmas and their proofs are similar to the development in BMP [6] despite the fact
that we have made several significant changes. We acknowledge this similarity and consider
these lemmas to be wvariations of BMP’s originals. Let us summarize how these lemmas differ
from BMP’s:

1. As previously mentioned, we have changed BMP’s growth in x factor, which is of the
form const(1 + ||z[|?), to the more general function V(z) compatible with the theory of
V-uniformly ergodic Markov chains, and satisfying (D0). Although this change is not
essential, we find it convenient and several applications of interest to us at this time
satisfy the conditions for V-uniformly ergodicity, see Meyn and Tweedie [79] for many
examples. As a result, BMP’s assumption (A.5) is replaced by our (DO0) (which can be
weaker).

2. We have already mentioned that BMP make the assumption in their Lemma’s 1 through
6 and Proposition 7 that the regression function i : © — IR? is locally Lipschitz. For our
versions of these lemmas, we do not actually assume any continuity conditions whatsoever
on h, although in later sections we shall consider either basic continuity or a Holder
continuity.

3. We identify a trade-off through the condition (1 + ¢;) < 1/2 which affects the space
of allowable functions H (6, z) permitted by condition (H2) versus the space of allowable
step-size sequences {vxi1, £ =0,1,...} satisfying (S). This trade-off will be discussed in
Section 3.8.
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4. Since our focus in applications is not on the global unconstrained convergence problem
but for projected SA algorithms on a compact projection set ©, we turn our attention
to verifying our conditions over the entire compact projection set ©. We also treat as
a special case the situation which arises when our conditions can only be verified for a
particular subset () of the projection set © and we develop at least one possible approach
in Chapter 6 to show an unconditional convergence in this setting. While this particular
approach is very much problem dependent, we do allow the precise boundaries of this set
() to be unknown a priori.

5. Although we are mainly interested in the application of projected algorithms yielding an
unconditional almost sure convergence, our framework does extend to the unconstrained
case, i.e. take the projection set © to be equal to IR”, but the convergence results via the
Kushner-Clark Lemma will then be conditional.

2.6 Main Properties of the Noise

In this section, we collect the results of the previous sections Lemmas for each term in the
decomposition and show several bounds on the “step-size weighted sum of error” sequence.
This next result is a variant of BMP’s Proposition 7 [6].

Proposition 2.7 Assume (D0), (P1)-(P3), (H1)-(H2) hold for some positive r < Kjr?_) and
1

0<t <1 satisfies (S). There exist finite constants By, B, Bs such that for allm =1,2,...:

1. We have
n—1 2 m—1 ~ m—1
o s |5 secna| | <BV@ (14520 ot 220
n<m k=0 k=0 k=0
2. We have
n—1 2 N m—1 ~\ m—1 ~
Egpy [sup Z Ve+1Ek+1 < B,V () (’711_61 + Z leii?) Z 7111{1 (2.25)
n<m k=0 k=0 k=0
3. And since Y ;2 fy,iﬁl < oo
(a)
n—1 2-| 00 R
Eoq [sup |3 vkpicrri|| | < BaVi(2) Yyt (2.26)
[”21 k=0 J k=0

(b) the series Y, Vk+1€k+1 converges Py ,-a.s.
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Proof: Using the BMP decomposition

n—1 2
Ee,z sup Z’Yk+1€k+1
nsm k=g
S E9,:L‘ lsup ( Z/Yk+16k+1 Z/Yk+15k_')_1 (227)
n<m \|lg=0 k=1
2
Z’Yk+15k+1 27k+15k+1 + ||770n||> ]
k=1 k=0
n—1 1 27 n—1 5 27
< 8Ey, |sup Z%H&“;ll + 8Ky, | sup Z%H&“;ll
nsm |l k=0 ] nEm || g=1 ]
n—1 , 2 n—1 ) 2
+8Ey, |sup Z7k+15§cl1 + 8Ey, |sup Z%H&“;L
n<m ||p—1 n<m || —q
+8Ey,, lsup ||770;n||2]
n<m
= o] [ ]
< 8Ey, |sup Z’yk+16k+1 + 8Ky, [sup <Zf)/]§+1 HS’CH‘D
Ijzém k=0 J Ijz<m J
n—1 2 n—1 2
+8Ey , |sup (Z Yi+1 He,(izl‘D +8Ey, |sup (Z Yk+1 H51(31H> ]
nEM \g=1 nEM \g=0
+8E, lsgp ||770;n||2] (2.28)

By Lemmas 2.2 through 2.6 we have shown the entire expression (2.28) is bounded by a
sum of expressions which are one of the following types:

m—1 ~ 2
const.V(x Z 7k+1 or const.V(x) (Z 7;1?) .

k=0
It’s clear under (S) that both of these converge.
By squaring the Schwarz inequality, i.e.

m—1 2 m—1
(Z 111?) (Z 713?1) (Z 7/3+1> )
k=0

k=0

we have the first conclusion since

n—1 2
Ey ., [Sllp D Vk41Ek+1 ]
n=m | k=0
m—1 m—1 N\ 2
< const.V(z) Y iy + const.V(z) < 7&{1) (2.29)
k=0 k=0
m—1
< const.V(z (Z k+1> (1 + Z 7/3?1) (2.30)
k=0
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The second part is a variation on the first part where we notice

2 1+€1 1— Kl 1+€1 _
Ve+1 = ’Yk+1 Yet1 SN Vet k=1,2,...,
hence
m—1 m—1 ~
1— ll 1+4;
Z 7k+1 <N Z Ve+1
k=0 k=0

Thus starting from (2.29),

n—1 2
Eo,z lsup > Vet1Ek+1 ]
n=m || k=0
m—1 ~ 2
< const.V(z) Y iy + const.V(x (Z ﬁi‘f)
k=0

2
< const. 711 llV Z viﬁl + const.V(x <Z 7;11171)

= V(z) Z %ifi]l <const.71171 + const. <Z ﬁﬁl))
k= k

Finally, to show convergence of the series Y ;. V116511, recall the decomposition:

n—1

n—1 n—1 n—1 n—1
1 2 3 4
> Vkr1Ekr1 = :7k+15§cl1 + :’Yk+15§cl1 +> :715231 + :’Yk+15§cl1 + Nosn (2.31)
k=0 k=0 k=1 k=1 k=0

From Lemmas 2.2 and 2.6, the first term ZZ;& ykﬂs,(clll and the last term ny,, converge a.s.
The remaining terms for : = 2, 3,4 all satisty

00 ) 2
(Z Tk+1 HSI(CZHD ] < oo, reX, #eO.
k=0

Also, by Jensen’s inequality, for ¢ = 2, 3, 4,

w .
Ey ., [Z Ve+1 HSI(CZJ)AH
k=0

< 00, rEeX, 0#e06.

which implies Y727 § V41 HS,(CZJ)FIH each converge a.s. to a finite r.v. (since the series is positive

term). Thus, for each i = 2,3,4, the series Y, 7“155511 converges a.s. since each component
vector converges absolutely. Therefore, the series >, Vri116k+1 converges almost surely to a
finite rv. [ ]

2.6.1 A Modest Extension

If we look back at the developments up to now, it’s clear a result nearly identical to Proposition
2.7 is also possible if the SA recursion is modified to the following form:

gn—l—l - H@ {gn + f)/n—l—lH(gna Xn—i—l) + f)/yllililpn-i-l(gna Xn—l—l)} , n = 17 27 s
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The changes required to the BMP decomposition, the Lemmas and Proposition 2.7 are minimal
and obvious. We do claim this to be an extension as the p,,; terms decay more slowly with
results nearly identical to Proposition 2.7 still achieved. In fact, this modest extension will
become critical in Chapter 5 when we consider a stochastic optimization algorithm.

2.7 Finalizing the Convergence Analysis

So far, we have shown a bound involving the error term &,, under a new set of conditions recast
from BMP’s framework. We have weakened the Lipschitz condition on the regression function
h(-). We have also recast the framework leading to this bound using (D0) so we can easily
apply Meyn and Tweedie’s drift criteria results in the next chapter. Actually, up to this point,
dropping the Lipschitz condition on h has had absolutely no effect on the outcome of our results
because it has not entered into the lemma’s so far. Now, as we desire to show convergence, we
shall assume at minimum a simple continuity condition on h although in the next chapter we
will strengthen this to a “Holder” form. Lipschitz continuity, as was assumed by BMP, will not
be required here. Let us define the conditions:

(H3) The regression function h : © — IR” is continuous.

(H4) For some 0 < ¢ < 1, there exists a C}, < oo and a § > 0 such that:

|h(B) —h@)| <Chlld - ¢, 6.0 co, 80| <0

Up to this point we have followed the BMP monograph [6] fairly closely and we have shown
an analogous lemma for each lemma in BMP which bounds the corresponding terms of the BMP
decomposition. To make the next step to show convergence we will not be able to continue using
a version of BMP’s approach under our modified framework; nor can we simply cite BMP’s
final convergence results [6, Theorems 13-15 , pp. 236-239] since these require the regression
function A to be locally Lipschitz continuous. Attempts to relax BMP’s Lipschitz condition on
h(-) by adapting their development runs into immediate difficulties since BMP’s Lemma 8 [6,
p. 231] does not appear to extend to our framework without the Lipschitz condition on h, even
under (H4). As a result, we are unable to even show that the iterates {f,,n = 1,2,...} tend
to converge to the solution 6(t) of the ODE

-

() = h@@), t>0,
0) = 6.

D

via BMP’s method under (H4).

Other versions of Métivier and Priouret’s work [77, 76] can also be found in the literature.
In particular, [77] is notable as it was instrumental in linking the convergence properties of the
SA to a Lipschitz condition on the Poisson equation solution. Under our conditions, this in
itself eliminates it as a candidate for showing convergence as we are are assuming the weaker
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Hoélder form (P3) on the Poisson equation solution. Interestingly though, [77] does not assume
the regression function h is Lipschitz and merely assumes continuity, but unfortunately, it
also assumes the following boundedness condition on the observation/measurement function
H(O,z):

(F) For every R > 0 there exists a constant Mg such that

sup sup || H(0, 2)|| < M
[I0]<R Z

We feel (F) is undesirable for some of the queueing system applications we have in mind with
driving functions H(-,-) which are unbounded in the state variable z € X.

2.7.1 Kushner-Clark Lemma for the Projected Algorithm

The projected version of the Kushner-Clark Lemma [61, p. 191, Thm. 5.3.1] provides a means
to show an unconditional convergence for the iterates produced by a projected algorithm. This
is precisely the approach taken in [70] to show convergence of stochastic approximation iterates
driven by finite state Markov chains. Ma, Makowski and Shwartz. [70] cited the work of
Métivier and Priouret [77] coupled with the Kushner-Clark Lemma applied to a projected SA
algorithm.

For some compact projection O satisfying (KC0) below, Kushner and Clark consider the
following projected recursion

90 € @, 9n+1 = H@ {Gn + 7n+1h(9n) + Yn+1€n+1 + /Yn+lﬁn+1} s n = O, 1, A (232)

We now summarize the Kushner Clark assumptions needed for this approach:

(KCO0) © = {0 :¢(0) <0, i=1,...,s} is the closure of its interior and is bounded. The
gi: IRP - R,i=1,2,...,s are continuously differentiable functions defining ©. At each
boundary point 6 € §O, the gradients of the active constraints are linearly independent.

(KC1) hf(-) is a continuous function.

(KC2) {vn11, n=0,1,...} is a sequence of positive real numbers such that v, > 0, v, — 0,

and Z;;o:o Yn+1 = OQ.

(KC3) {f#,+1, n =0,1,...} is a bounded (w.p.1) sequence tending to zero with probability
one.

(KC4) There is a T > 0 such that for each € > 0

m(jT+t)—1
lim P |sup max ir1€ir1| > €| = 0. 2.33
o jzg e i:n%T) Yi+1€i+1| 2 ( )
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Recall the times
n—1
t0:07 ln = Zf)/k-l-la n:1727"'
k=0

and then construct the piecewise linear interpolated function 6°(¢) by defining

0°(t,) = O,
tpy1 — ¢ t— 1ty
() = (tn+1 )en 4 )enH, t € (tnytni1)
Tn Tn
for each n = 0,1,.... Also, define a sequence of functions {6"(-) : n =0,1,...} which are time

shifts of the piecewise linear interpolated function:

o (1) Ot +t,), t>—t,
| 6, t < —tp, n=0,1,...

We shall refer to the following as the Kushner-Clark Lemma for the constrained case, see
[61, p. 191].

Lemma 2.8 (Kushner-Clark) Assume (KC0)-(KC4). There is a null set Qg such that if
w ¢y, the following hold.

1. 6°() is bounded and uniformly continuous on [0, 00).

2. If 0(-) is the limit of a convergent subsequence of {6™(-)}, then 0(-) satisfies the ODE
0 =Io{h(6)}. (2.34)
where [g{h(0)} = limgca_o w'

3. The set of stationary points of (2.34) is the set of Kuhn-Tucker points, denoted KT, where

KT = {9 . there are X\; > 0 such that  —h(0)+ Y X\Vg(0) = 0}.

i:i(6)=0

4. Let 0 denote an asymptotically stable point (which must be in KT) of (2.34) with domain
of attraction DA(6*). If @ C DA(6*) is compact and 0,, € Q infinitely often, then 6, — 0*
as n — 0o.

2.7.2 Conditions (KC1)-(KC4)

Continuity of A(-) on © or (KC1) is certainly implied by our Hélder continuity condition (H4)
in our framework. We are assuming the 3, terms are all zero as we have essentially modeled
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these terms as our p,, terms® which are included in (KC4). Thus, the significant remaining issue
is to verify the noise condition (KC4).

Claim 2.9 Condition (KCJ) is implied by the almost sure convergence of
oo
nll_)r{.lokzz:()f}/kJrlngrl
to a finite rv.

Proof: Observe that we prove the claim if we show for all ¢ > 0 that

m(jT+t)—1
P |limsup |[sup max Z Yit1€ir1|| =€l =0
n—00 i>n t<T ifm(jT)
Next, notice that for any € > 0 that
m(jT—I—t)—l P
lim sup |sup max > Yipi€ir|| > €] Climsup | sup || Y yip1gis|| > € (2.35)
n—00 i>n t<T i—m(T) n—00 mp>n ||i—m

Since Y72 o Ve+1€k+1 converges almost surely to a finite rv and thus forms a Cauchy sequence,
the probability of the right hand side of (2.35) is zero for every epsilon € > 0. [ ]

2.8 Concluding Remarks

In this chapter we have developed a general framework and sufficient conditions to study the
convergence for SA’s taking observations from a Markov chain. In some ways these conditions
are weaker than BMP’s and they still imply the noise condition (KC4) so we can apply Kushner-
Clark Lemma. Unfortunately, these general conditions are not much easier to verify, since they
are in terms of Poisson’s equation solution and the unknown regression function A(-). The next
chapter remedies this situation by identifying verifiable conditions in terms of the transition
probabilities which imply the general conditions of this chapter.

4There is a slight loss of generality in doing this since the 3,1 terms under (KC3) can almost surely converge
to zero at a slower rate than the convergence rate of ¥ pp4+1 implied by (H2) and (S). We proceed nonetheless
as this construction will be useful to bound the €,, noise terms and the loss in generality appears to be minimal
in applications. Note that we have offered a modified algorithm in the extension following Proposition 2.7 which
brings the conditions slightly closer.
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Chapter 3

Convergence for Geometrically Ergodic Markov Chains

For certain geometrically ergodic Markov chains, we introduce some new specialized conditions
on the family of transition kernels {FPp,# € ©} and the driving function H (0, z) for this large
class of SA problems which ensure the more general conditions of the previous chapter are
satisfied. We present a straightforward approach to check these specialized conditions which
imply convergence via the ODE Method. As an example, we carry out the verification for an
SA applied to a f-dependent random walk with a reflection at the origin.

3.1 The Specialized Conditions

As in the previous chapter, we assume (D0) which identifies a function V' : X — [1, 00) as well

as (S) which identifies a constant 0 < £, < 1 so that %%, 124" < co. We also assume a fixed
1

2(1+61) "

Define now a new norm for vector valued functions f : X — IRP by a straightforward

positive constant r <

extension to the same norm for scalar valued functions defined in (1.13) and f-norm in [79]:

155 (z,-) = mo()llyr = sup [|Fg'(z, ) = mo(f)]]- (3.1)
fflsvr
(Here, the symbol ||-|| with no subscript still represents the Euclidean norm.)

The following specialized conditions are defined in terms of the above ZI, rand V.
(E1) There exists constants C < 0o and 0 < p < 1 such that
sup || Py (x, <) — 7o (:)||y» < CV(2)p", reX, n=0,1,2,...
0o
(H5) There exists constants C5 < oo, dg > 0, and ly € (21, 1) such that for all 8, §' € © with
10 — 0’| <6y and all z € X, we have
1H(0,2) — H(®',2)|| < C5V" () |0 — ¢/
(C) There exists constants Cc < 0o, d¢ > 0, and = (Zg, 1] such that for each n =0,1,...
n n r Z
175 () = Py (x,)|ly» <n CeV7(z) |0 -0,
for all 0, ' € © with |0 — ¢'|| < d¢, and all z € X.
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3.1.1 Remarks

1. The linear growth with n of the bound in condition (C) will be very helpful in applications.

2. The assumptions (P1) and (E1) are both related to the drift criteria (D1), as explained
in [79]. These relationships will be discussed later in Sections 3.4-3.5.

3. Condition (H5) can be somewhat restrictive; for example, it is not satisfied for H (0, z) =
1{z>6y which might be used to estimate the probability of buffer overflow in a queue. It
turns out that for a certain subclass of problems, we may relax condition (H5) via an
extension to our main results coming up. Thus, (H5) serves as a condition which should
be checked first (since it’s easily verified) and only if it should fail to be satisfied would
we look into the extension.

3.2 Consequences of the Specialized Conditions

Here, we prove three theorems which imply the most difficult to verify of the general conditions
proposed in the previous chapter leading to convergence for SA’s; namely, conditions (H4), (P2),
and (P3). These three theorems serve as an extension to BMP’s Theorem 5 in [6, Chapter 2
(Part IT)], which for reference is summarized here in the appendix.

First, a simple inequality is established which is used often in the theorems to follow.

Lemma 3.1 Let p be a fized real constant in the interval (0,1). For every £ such that 0 < ¢ < 1,
there ezists a constant C(¢) < oo such that

‘xlogp:v‘ < C(0)a", 0<z<1.

Proof: See the appendix.
This first main result identifies conditions to show (H4), i.e. that A(-) is Hélder continuous
over all ©.

Theorem 3.2 Assume (S), (D1), (C), (H2), (H5) and (E1) with Uy determined from (H5).
Then, there exists a constant C, < oo such that

1h(8) — h(8)]| < Cy ||6 — 0], 0,0 € ©.

Proof: Fix a § such that § < min{d¢s,dy} and 0 < § < 1.
Case 1) 6 and 6" are chosen in © so that ||§ — ¢'|| > ¢:

1h(60) — h(0")]]
= ||7TQH9 — 7T0/H9/||
< ||mgHg|| + ||mor Hy ||
<

2 sup ||mg Hy|
9co
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< 2sup ||Py(x, Hp) — mgHypl|| + 23118 15" (z, Ho)l, r e X
€

e
= 25upCy | P (2, Ct Hy) — mo (Cig"Ho) | +2 sup Ciy |77 (2, C Hy) |

< 2Cysup ||Py (z,-) — mg (-)||y+» + 2CH sup || Py’ (z,-)||y+
0cO 0cO

The first term is bounded using (E1) while the second term is bounded by (2.13) and Jensen’s
inequality under (D1) so that

|h(0) — h(8")]] < 2CHCEV(2)p" +2CxCLV" (z), reX
Thus, by choosing some arbitrary 2’ in X and defining K = 2Cy(Cgr + C)V"(2') so
1h(0) — h(0)]| < K

K ~
< —o—0".
5tz

Case 2) # and ' in © are chosen so that ||§ — ¢'|| < § < 1. Under our assumptions, for any
n=1,2,...and any x € X, we have
1h(60) — h(6")]]

= ||mpHy — Pj'Hy(x) + Py Hy(x) — Py Hy(x)
+PyHy(z) — PyHy () + Py Hy(x) — mg Hy ||
lmo Ho — Py"Hy () || + || P Hy (x) — Py Ho ()|
+ [Py Ho(x) — Py Hy ()| + || Py Hyr () — mo Hy |
CuCaV" ()" + CuCeV () 6 — 0'|
+Cs 110 — 01| PRV (@) + CuCiuV7 ()"
< V'(2) {QOHOE 7"+ CuCon |0 — 0| + C1.C5 (|0 — 9'||22} . zeX

IN

IN

In the second inequality above we have applied (C), (E1), and (H5) while the last inequality
we have again applied (2.13) under (D1) with Jensen’s inequality.
This last inequality is true for all n = 1,2,..., hence we may choose an integer n =

[logp ||A9||£3-‘ = log, A0 + u where the remainder u is such that 0 < u < 1 and /5 is
form (C). If we let A@ = 6 — 0, the bracketed term becomes

{QCHC’E,O” + CuCon || A" + 10 ||A9||@}

205 Cpp I3 4 CyCollog, 20" + 1) [|A6]* + CHC; | A6

<

< 2050 [|A0]% + CuCe || A0 log, | AG|| + CxCo ||AG]|* + CpHCs || A0)|
< (2CuCr + CuCe + ChCs) |AG]|” + CuCe || AG]|* log, || A0

< (20KCE + CuCo + CpCs + CuCeC(ly/5)) || M)

36



Here, we have used Lemma 3.1 in the last inequality with 0 < £,/0; < 1 and C(05/l5) < o0 a
constant.

Finally, since we are free to choose any = € X, we choose a minimizing z in V(z) for the
tightest bound. Unifying the two cases, there exists a C}, < oo such that

1h(8) — h(8")]| < Cy |60 — 0], 0,0 € ©.

]
The next theorem identifies sufficient conditions which imply (P2).
Theorem 3.3 Assume (S), (P1), (E1), and (H2). Then for all 6,0 € ©, and v € X
lva(x)|| < CV'(x),
[1Pove(z)l| < GV (),
where C, < CpCr(1 — p)~L.
Proof: For vy(x) =302, ([ Pj(z,dy)Hy(y) — h(F)) we have:
@l = |3 (f Pranta) - n0)|
n=0
< S| [ Pyt dy) Holy) — mo(Ho)
n=0
< Cy Y |IPi(z, ) — mo()ye by (H2) and definition of norm ||-||.
n=0
< CgCg Z V' (z)p" from assumption (E1)
n=0
CuC
= TByr), e, zeX
L—p
Similarly,
Pl = |3 (f Pitean ) - 1))
n=1
n=1
CuCg p
= V' (x
=, V@
< %Vr(x), e, veX
L—p
]

The following theorem, which is probably the most significant of the three theorems here,
shows that the Poisson equation solution vy is also Holder continuous under a set of assumptions
which include our (C). The proof is lengthy because we have written out most of the steps in
detail.
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Theorem 3.4 Assume (S), (H2), (H5), (P1), (E1), (C), and (D1) with the constants 0, de-
termined from (S), Uy determined from (H5) and {3 determined from (C). Then there exists a
constant Cs < oo such that for all 0,0' € ©, x € X

lvp(w) —vor ()| < CsV'(x) ||9—9’||f, (3.4)
|1 Pyvp(z) — Ppug (z)|| < CsV'(z) |0 — 0. (3.5)

Proof: Pick a ¢ such such § < min{dc,dg} and 0 < 6 < 1. Again, we let A§ = 6 — 0" and
consider the two cases of ||Af]| < ¢ and ||Af|| > ¢ separately.

We now show the Poisson equation solution satisfies (3.4). The case ||A#] > § follows
trivially from Theorem 3.3:

[va(2) — v ()] ()]l

VAN
S
2
+
S

IN
)

Vi@ la0lt, 0,0 0, Al >0 (3.6)

IN

Now consider the case [|Af|| < ¢ such that 6, 0" € ©,

(@) v @)
S ([ reeantnt) - o)) - 3= (f Pote.antint) - o))

< °° P, dy) Holy) — h(6) — [ PR, dy)Ha(y) + (O (3.7)
< NZ |Pp (e, Hy) — h(6) — Pz, Hy) + h(8) + PP (e, Hy) — Py o, Hy)|
+ i | Py (x, Hy) — mo(Hy) — Py, Hy) + 7o (Ho)| (3.3)

n=N

where we have introduced some canceling terms in the last inequality. Continuing from (3.8)

[vo() — vor ()]
< 2_: {175 (z, Ho) — Fy'(x, Hy ) || + || 5’ (z, Ho') — P (x, Hy) || + [[(6) — h(6) ||}

+ Py (x, Hy) — mo(Ho)|| + Y. |1 Py, Hy) — mor (Hy')||

n=N n=N
N-—
< Z |1 Py (z, Hp — Ho)|| + | P’ (x, Hy') — Py, Hyr)|| + [|h(0) — h(6")[|}
+ 2su p Z ||P9 X Hg) —7T9(H9)|| (39)

Oe
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We look at several of the above terms. First, from (H5) followed by (2.13) under (D1) (and
using Jensen’s Inequality)

P}z, Hy— Hy)|| < C5)|0— 0| P}z, V"), n=0,1,..., z€X
Cs 10— 0| ChV" (2), x € X

N

Second, from (H2) and (C),

1P (x, Hy) = Py(w, Hy)|| < Crl|P(x,) — Pylx, )y
< nCeCyVi (@) |0—0'", n=0,1,..., z€X.

Third, from Theorem 3.2 there exists a C}, < oo such that
1h(8) ~ h(@)] < Cullo — ).
Fourth, from (H2) and (E1)
| Py (x, Hy) — mo(Hp)|| < CeCrp™V'(x), n=0,1,..., ze€X
Substituting these bounds into (3.9) we find

[ () = vor ()

N—-1 ~ ~ ~
> {05 1AG]2 Ch V7 () + nCoCuV' () | A0)|® + C ||A0||e2}
n=0

+ 2sup ¥ CrCup"V'(z)
0e® n=N
N(N —1)

5——CeCr | A0]° V" (x) + NG, || A0]|”

= NG ||A0||” CoV"(z) +

N
20Cy——V"
+ rChg 1=, (x)

s CuC 0 N
< vr(x){(cgoﬁch)NHMHM TN = 1) [ A0 +205Cr 7 p}

since V" > 1.
This last inequality is true for all integers N > 1 and we now set

In [|A6]|*
Inp

In [|AQ]|*
At

N = [log, [146]| =

Inp
where the remainder is such that 0 < u < 1. Thus, the bracketed expression becomes

~ N

{(0505 +Cy)N || AG)" +
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< {(CpCs+ i log, 1401 + 1) |10

‘3
OCCH ~ ~ ~ plogp”AGH +1 }
O e

5 log, 120" (log, [|A0]|" + 1) [|A6]|* +2C5C -

(ChCs -+ Cu) 0] o, 101 + (C}Cs + ) 120
e o 201" tog, 0]

IN

80] (1og, 146]) tog, [ 26]" +

||A9||e‘°’
—p
g(%@+@+
cbcH

+ 2C0pCyp——"—

Y | a0l o, 20

+

7 2CRC
80 (1og, 146]) tog, [ 26]" + (crc5+ch+ . H) )

We have 0 < ¢ < f, < f5 < 1 which are determined from (S) and (H5) and (C) so from
Lemma 3.1,

% G 2 % %
|A0]|% log, [| A0 = Z—3IIA9I| log,, || Af]|
2

~

/ P ~
20(0,/0,) | AG|"

2

IN

Also from Lemma 3.1 and this last line,

1801 (1og, 1A011° ) 1og, 140> < C(@a/Es) [ 40]* log, | 40]

IN

g o ~
230(51/52)0(52/53) [N

2

IN

Finally, since 0 < 21 < ZZ < 1, we clearly have
Ia0)® < a0)" . for [|A6] <5 < 1.
Thus, for this case ||Af|| < 0 < 1 such that 6,0" € O, there exists a C!, < oo such that
() = v ()] = CLV" () || A0
Unifying the bounds for the case ||Af|| < 6 with the case for ||[Af|| > § we have
vs(x) — v (2)]| < CVT(@) 10— 01" 0,0 €O, x€X

for a suitably large constant C', < oco.
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Finally, (3.5) can be computed similarly or we can simply note that we have
| Pyve(x) — Pyvy (z)||

> Biteditits) - n0)) - 5= (f Poteantts) - 1))

n=1 n=1

< i (/Pa (z, dy) Hp(y) ) (/PfxdyHef )—W’))H
(/7

n=1
<X ([ 73 dpHoly) — 16)) = ( [ P dy) Holy) - h(H’))H
and the last line is bounded from (3.7). n
Remark: At the end of their paper|[70], Ma, Makowski, and Shwartz made a Holder general-
ization to their main (Lipschitz) conditions for the finite state Markov chain case they consider.

While similar in some ways, our approach here is substantially different from theirs and provides
extensions to the non-finite state space case.

3.2.1 Possible Extensions

We mention two possible extensions:

Super-linear Condition (C)

From the proof of Theorems 3.2 and 3.4, it is evident that condition (C) can be further weakened
to allow faster than linear growth in n, such as n? for some fixed p > 1 by repeatedly applying
Lemma 3.1. The revised condition is then

ere exist constants p > 1, Ce < 00, 0¢ > an A3 € Ag, such that for eac

C’) Th i 1, C 0 0 and /¢ 0y, 1 h that f h
n=201,... R
127 (&, ) = Py, )[ly» < 0P CoV7 () 16— 0],

for all 0, ' € © with |0 — ¢'|| < d¢, and all z € X.

At present, we are not aware of any applications which might benefit from such an extension
so we merely mention it as a corollary. The details of the proof are similar to Theorem 3.4.

Corollary 3.5 Assume (S), (H2), (H5), (P1), (E1), (C’), and (D1) with the constants {,
determined from (S), {5 determined from (H5) and (3 determined form (C’). Then, there exists
a constant C, < oo such that for all 0,0’ € ©, x € X

11(0) = @) < Cullo—6']"
() = vor ()| < CsV'(x) 16 —0|"

| Pyvg(a) — Ppvg (z)|| < CsV7(x) |10 — 6|

IN
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Weakening of (H5)

We pointed out earlier that (H5) can be restrictive. For some applications, the result of Theorem
3.4 can be improved by noting that

| Pove(x) — Pyvy ()]

S (/Pe o, dy) Hy(y) ) 3 (/Pe, v, dy) Hy (y) — h(&’))H

n=1

o0

S (f Pote.d Pty ) - hw)) - S ([ Petean et ) - 1)) |

In order to show (3.5), we can replace condition (H5) in Theorem 3.4 with the following condi-
tion:

(H6) There exists constants C5 < oo and 6 > 0 such that for all #, 8" € © with ||§ — ¢'|| < g
and all x € X, we have

|Po(w, Hy) — Py (x, Hy)|| < C5V" () |0 — 0]

With (H6) replacing (H5) we can show (3.5) by the same method as Theorem 3.4. The advantage
of making this replacement is in some applications where (H5) does not hold, we may be able to
show (H6) if the one-step transition kernel Py has a sufficient smoothing effect when integrated
with Hy. A similar observation was also noted in [6] for their framework.

3.3 Comparison to BMP’s Results

In BMP’s framework[6, p. 216], verifying the convergence properties of the SA involves verifying
their condition (A.4) which says:

(A.4) There exists a function h on ©, and for each 6 € © a function vy(-) on X such that
(i) h:© — R” is locally Lipschitz;
(11) (I — Pg)llg = Hy— h(9) for all 0 € ©;

(iii) for all compact subsets @) of O, there exist constants Cs3, Cy, g3, g4, A € [%, 1], such
that for all 0,0 € @

Cy (14 [lz]|™) (3.10)
Cll0 =01 (1 + 2] ™) (3.11)

lva(@)]| <

[1Povo(z) — Pyve (2)]| <

We now compare how one may verify (A.4) BMP’s framework versus our conditions (H3),

(P1)-(P3) in our framework. In BMP’s framework, their Theorem 5 (summarized in the Ap-

pendix here) identifies a set of conditions which imply (A.4) holds. We make two main points
comparing BMP’s Theorem 5 to the last three theorems under our specialized conditions.
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The first point is that BMP’s local Lipschitz continuity condition on A, condition (A.4)-(i),
is stronger than what is required for the Kushner-Clark Lemma. In Theorem 3.2 we weaken
this by showing a collection of completely verifiable conditions which imply (H4) which in turn
implies (H3). Condition (H4) is simply Holder continuity

1h(8) — h(8)|| < Cu |0 — 0",  forall6,6 € © and || —0'|| < 6, (3.12)

for some 0 < ¢ < 1 and § > 0. We found this seemingly minor change from BMP’s local
Lipschitz condition on h(f) to the Hélder form (H4) actually paid substantial dividends as the
conditions assumed in Theorem 3.2 are weaker than BMP’s Theorem 5.

The second point compares the following assumption which is made by BMP in their The-
orem 5 [6].

Assumption For some compact subset Q C ©, there exists constants K < oo and N, (g) <
oo such that for alln=1,2,...

1P g(x) = Prg(@)| < KNy (9) 10 =0l L+ [[=]]"), 6,0 €@, z€X (3.13)

for any function g belonging to a particular class of functions denoted Li(p;). (See the appendiz
or [6] for definitions of N, (g) and Li(py) although they are not particularly important to the
discussion here.)

Theorems 3.2-3.4 show that, in our framework which include some reasonable assumptions also
made by BMP, h is shown Holder continuous while (3.13) is weakened to our condition (C), i.e.
foralln=1,2,...

1Py (z,) — Py, )y <n CoVT () |0 -0,  forallf, ¢ € © and z € X.

If we may neglect any differences brought about by the substitution of V" (z) in our frame-
work for (1 + ||z[|?) in BMP’s, our condition (C) is in general substantially weaker than (3.13)
since it allows linear growth with n = 1,2,.... We will find in practice (C) is much easier to
verify than (3.13) and we will show later a simple birth-death Markov chain example where (C)
is easily checked with very little work while it is unclear how one would verify (3.13).

To summarize, the main point we wish to make for this chapter is that (H5) and (C) together
with (E1) form the basis of a new collection of specialized conditions for geometrically ergodic
Markov chain state processes which offer significant advantages in terms of ease of verification
over those presented in BMP’s Theorem 5.

3.4 Sufficient Conditions for (E1)

In this section we summarize some ergodicity results from Chapters 15 and 16 of Meyn and
Tweedie [79] which form a critical link to condition (E1). The next condition, taken verbatim
from [79], states that a generic Markov chain X = {X,,,n = 0,1,...} described by a Markov
transition function P(z, A) for A € B(X) undergoes a geometric drift towards a subset C' of X.
Condition (V4) is simply a fixed-6 version of (D2). Recall that AV (z) = PV (z) — V (z).
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(V4) There exists an extended real valued function V' : X — [1, 00], a measurable set C, and
constants 3 > 0, b < oo,

AV (z) < =pV(z) + ble(x), r e X

We also need to define the (scalar) V-norm [79, Chapter 16] of two kernels
v (z, A), vz, A) A€ B(X),z eX

as
||l/2($, ) - VQ(xv )“V
V()

Here, the norm ||-||,- in the numerator of (3.14) is the version for scalar valued functions f : X —
R defined in (1.13). Asin (1.13), we can also apply (3.14) to measures such as the invariant 7
by simply defining the kernel w(z, A) = 7(-) for all x € X, A € B(X).

It follows immediately from Theorem 16.0.1 of [79, p. 383] that for any # € © such that
a generic fixed-§ Markov chain is ¢-irreducible, aperiodic and satisfies a (V4) condition, there
exists an 0 < pp < 1 and an Ry < oo such that

(3.14)

o1 (z, ) = va(a, )|y, = sup
reX

155" = mollly, < Roply,  n=1,2,.... (3.15)

In order to verify condition (E1), we seek an extension of (3.15) which holds for vector
valued functions f : X — R? dominated in Euclidean norm by V" (instead of V'), and which is
uniform over all  in ©, i.e. an R < oo and a 0 < p < 1 such that

sup | Pj' — mll,» < Rp",  n=1,2,....
0co

The extension to (finite dimension) vector valued functions f : X — RP” is straightforward
if we use for the numerator of (3.14) the norm defined in (3.1). Fix any § € ©. For vector

valued functions f = (fM), f@, ... f®))" such that ||f|| < V", each vector component is also
dominated by V" in absolute value, i.e. ‘f(i) <V"fort=1,...,p. Hence,
1Py = molly» = sup [[Fg(z, f) — mo(f)]
flfI<vr
» . A\ 12
= sup (Z ‘Pan(x, F9) - wa(f(l))‘ )
ALV \i=1
1/2
P . N 12
< sup [Py (e, /) —mo(f) (3.16)
i=1 [fO|<Vr

Let us now assume that there exists an Ry < oo and a 0 < py < 1 such that (3.15) holds for

each vector component of f : X — IR? such that ‘f(i) < V7', ie.
Sup| g <y |5 (2, f) _m’(f(i))‘ < Ryp? =1 1,2 (3.17)
ilelg V() < Rypy, i=1,....,p;n=12,.... .
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Substituting this in (3.16),

< (Smive. )1/2
= VPRV (@)

so for vector valued functions f such that ||f]| < V" we have

Py (x,-) — .
_ o IRz = molly
rex Vr(z)
< VpPRypy.
This shows that it is sufficient to check (E1) by checking each component function @ such

that \f@)\ <Vrfori=1,...,p
Thus, there are two remaining issues to address and the uniformity over # € © is addressed

1P () =

(i

first, i.e. we need to find “uniform” upper bounds R, p for Ry < R and py < p < 1 over all
f in ©. Since these bounds do not need to be particularly tight, we seek a loose bound which
holds under the broadest possible conditions. While bounds such as these are an active area of
research [4, 80, 91, 104], we feel that [80] offers a promising approach because it allows compu-
tation of bounds on the convergence rate parameters based on the drift equation (D2) provided
certain additional conditions are met. Hence, if these conditions are met, the uniformity of the
convergence rate bound over O follows immediately from the uniformity of (D2).

We note that BMP avoid the uniformity issue by simply assuming in their Theorem 5,
condition (i), that for all functions g in a class of functions Li(p;) (see appendix for definition)
that

1P5'9(x1) — Pg'g(@2)|| < Kp"(1+ [|a]|" + [lz2]|™), (3.18)

forall @ € ©, x1,22 € X, and n > 0. It’s clear that (3.18) is related to the geometric ergodicity
of the chain, and in fact, a uniform “(E1)-type” condition follows readily from (3.18) via BMP’s
Lemma 1 [6, p 252]; but, the uniformity over § € O in this “(E1)-type” condition is inherited
from the assumed uniformity over € © in (3.18). Although we could take this approach, we
feel it is less than completely satisfactory due to the possibly difficult task of finding or proving
existence of a finite K in (3.18) for all # € ©. We take a more direct approach which is enabled
by some recent results on bounding and actually computing the geometric convergence rate
parameters of certain Markov chains.

Next, we summarize the results from [80] to address the uniformity issue above while the

the following section addresses the second remaining issue of the “smaller” dominating function
Vr.

3.4.1 Computable Bounds for (E1)

This section summarizes results by Meyn and Tweedie [80] which yield a computable bound on
the convergence rate parameters for certain fixed-0 Markov chains satisfying a (V4) condition.
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If (V4) is strengthened to a uniform (D2) condition, then these results can be very useful for
verifying (E1).

Theorem 3.6 (Meyn and Tweedie [80]) Suppose that for some atom o« € B(X) we have
constants A < 1, b < oo and a function V > 1 such that

PV <AV +bl,. (3.19)
Let 9 =1— M_", where
1
M,=————|1=X+b+b>+(o(b(1 = \) + b 2
Ty LAY G =N )] (3.20)
and .
Co = sup |3 [P"(a,0) = P, 0)] 2" (3.21)
|21<1 |n=0
Then, X s V-uniformly ergodic, and for any p > 0,
n p 7l
1P ==l < gt =L (3.22)

The value of this bound is that it is given in terms of the drift parameters and the Markov
transition probabilities. As is apparent from this result, the key challenge lies in bounding the
quantity (,. In the special case that the chain is strongly aperiodic, Meyn and Tweedie also
prove the following.

Theorem 3.7 (Meyn and Tweedie [80]) Suppose that (3.19) holds for an atom o € B(X),
and also that the atom is strongly aperiodic, i.e. for some § > 0,

Pla,a) > 9

Then

32-82( b \°
< . .
G 25 () (3.29

Meyn and Tweedie make very clear that this bound is not particularly tight. While other
authors have shown tighter results, they usually take into account the specific structure of the
chain to achieve it. A loose bound is adequate for our needs.

A similar result has also been extended to the general strongly aperiodic case where the
drift inequality holds instead for a set C' € B(X).

Theorem 3.8 (Meyn and Tweedie [80]) Suppose that C' € B(X) satisfies
P(z,-) > év(:), z € C,
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for some § > 0 and probability measure v concentrated on C, and that there is a drift to C' in
the sense that for some Ac < 1, some b < o0 and a function V > 1,

PV < AV +bele, (3.24)

where C,V also satisfy
V(z) < wve < oo, z e C.

Then X is V -uniformly ergodic and

[|1P" =, < (1+7¢) o, n=12...,

P
p—1
for any p>19=1— M. ", for

1 X\ L2, F T \ 72
Mczm[l—Aijer +Ce(b(1 = N) + 5]

defined either in terms of the constants

Yo = (572[4bc+25)\c’()c],

‘ A

§ = Aoetie gy
1+

b = e + Yo < 00

and the bound

4= b )
<
o< =5 (1—>\C>

n::%lelgP(x,C’)—5>0

or in the case where

in terms of the constants

bc + (5()\(;’()(; — I/(V))

by, =
¢ 1—46
(A =0)bg
Yo = 577 )
bz = I/(V)—AC
o= Mt
L+¢
= b, +7c < o0

and the bound

= 1—n be ?
o=~ .
2577 1—)\(;
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Thus, we have immediately that for uniformly strongly aperiodic Markov chains which satisfy
either a common drift inequality

PV <AV +bl,, 0€O

such that
sup Pp(a, ) > §
0O
or if
BV < AV 4+ bele, feo
and

sup Py(z,-) > ov(-), zel
0co

for some 0 < ¢ < 00, then we have a uniform bound and (E1) follows.

While it remains an active area of research, efforts to extend these convergence rate bounds
beyond the strongly aperiodic case have fallen short of a completely computable bound, al-
though Meyn and Tweedie do present a somewhat less explicit result which contains one possi-
bly unbounded parameter, the (, term. Nevertheless, sometimes additional information on the
chain can be exploited to bound this quantity {, in certain circumstances. Examples of these
techniques appear in [80]. The result is:

Theorem 3.9 (Meyn and Tweedie [80]) Suppose again that (3.24) holds and
that there exists an atom o such that for some N > 1 and éc > 0,

N
> Pz, ) > dc, reC.

j=1
Define the constants
6]\7 - 6(;/N2,
bk = bc(1+6]:71)k7 kZO;"'aNa
k—1
Me = 1= =)/ [TA+b:/0n),  x=0,---,N.
i=0

Then, there exists a function Vy with
VIVy<V+by

such that
PVy < AyVy + by1,.

Thus, Theorem 3.6 holds using Ay, by and with Vy in place of V', so that in terms of V we
have )
|||Pn—7r|||V§[1+bN]rppn, n:1,2,...,

for p > 9 where Y is defined in Theorem 3.6 using Ay, by.
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3.4.2 Condition (D2) and Exponents of V/

Under (D2) with finite function V, the following result shows that we also have a similar (D2)
drift condition for each of the “smaller” functions V" for each real exponent 0 < r <1, i.e. we
show if there exists two constants 0 < A < 1 and b < oo and a set C' such that

PV (z) < AV(z) + blycy for all # in © and z in X,
then there exists two constants 0 < A, < 1 and b, < oo such that
PV (x) < ANV (2) + b1y for all # in © and = in X. (3.25)

It is important to note that C'is the same set in both inequalities.
It should be clear that this allows us to verify (E1) by using (3.25) with the computable
bounds of the previous section.

Theorem 3.10 If (D2) holds for V : X — [1,00) and some set C, then (D2) also holds for the
function V" under the same petite set C' where r is any positive real in the interval [0, 1].

Proof: Suppose (D2) holds for the function V' : X — [1,00) and if we let A = 1 — 3, then
BV <AV + bl{c}, for all # € ©.

Consider any rational ¢ = n/d in the interval [0,1] so that V¢ = V*/¢ for some integers
n < d. We have from Jensen’s inequality

BV < (BV)M*

n/d
< (AWV +bley) /
bl
n/dy n/d {c} :
< \waymid 4 NG (claim proven below)
bl
— n/d {¢}
= VI Gy forallf e (3.26)

where the last inequality step follows from a claim we now prove.
The inequality
\(d-n)/d

()\V + bl{c})n/d < \dymnid
is valid if and only if

n b1 !
(AW +01(ey)" < (A"/dvn/uﬁ) . (3.27)

Using the binomial expansion, the left hand side of (3.27) can be rewritten

n

(W +b1(y)" = 3 ()" * (b14ey)” (Z) (3.28)

k=0
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and the right hand side of (3.27) can be rewritten

d
n/dyn/d bl{c} _ d n/dy n/d bl{c} d
vty S Sa ) = (e ) i n<d.

k 0

n(d k) Ic(d n) n(d k)

= Z)\ \%4 bl{c}<> n<d

d
- Z)\” e o <k> n<d. (3.29)

We now compare the summands on the right hand sides of (3.28) and (3.29) for each
k=0,1,2,...,n. When k£ = 0, we trivially find that the summands are equal. Examining the
case when k£ =1,...,n, we find:

1. The exponent satisfies n — k < @ for all positive integers n < d and k = 1,...,n.
Since V' > 1 we have

n(d—k)
d

vk < v

2. Forn<dandallk=1,...,n

(Z) - k‘!(nni = /g!(ddi I (Z) '

These two inequalities imply the individual summands of (3.28) and (3.29) obey the inequality:

d
()\V)n_k bkl{c} (Z) <\ kV n(d— k)bkl{C} <k> , k=0,1,...,n.

For the case k =n +1,...,d, since the summands on the right hand side of (3.29) are all
positive, the claim is now proven and (3.26) holds, i.e. for any rational ¢ = n/d € Q we have
bl
PVI=)Vi4 1 forallgeo. (3.30)
\(1-q)

Now let ¢; be any sequence of rationals in the interval (0,1) which converge to the real
number r € (0,1), i.e. r = lim; ,o ¢;. Then by the Dominated Convergence Theorem since
Va <Vioralli=1,2,...and PV (z) < V(z) 4+ b < oo for any z € X and 0 € ©, we have the
following for all 6 € ©

Pg(V’") = Pg(llm Vql)

71— 00

= lim Pp(V'¥%)
1—00
< lim <)\‘”V‘“ + —b1{0}>
1—00 Al-a
= \NV" 4+ T l{c},
where the inequality follows from (3.30). Finally, the case for r = 0 and r = 1 follow trivially.
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Remark

This last result extends Theorem 15.2.9 of [79, p. 371] which covers the case r =n/d =1/2 to
arbitrary reals r € [0, 1].

3.5 The Poisson Equation: Sufficient Conditions for (P1)

In this section, we briefly review a result which provides sufficient conditions for (P1), the
ezistence of a family of solutions {vy, 6 € O} to the Poisson equation with “forcing” function
Hy : X — R”:

vo(x) — Pyvg(x) = Hy(x) — mo(Hy), reX, #e0. (3.31)

Let us now consider separately each of the p component vectors in (3.31) while fixing an
arbitrary 0 € O:

Vi x) — P (z) = H(z) — mp(HY), 2z €X, i=1,...,p. (3.32)
Then, following [79], let us define a new fixed-@ drift property:

(V3) For a function f: X — [1,00), a set C' € B(X), a constant, b < oo, and an extended-real
valued function V(z) : X — [1, o]

AV(z) < —f(z) + ble(x), z € X.

We note that (V3) reduces to (V4) if we take the function f equal to V.
Our condition (P1) is verified rather easily once the following result is at hand:

Theorem 3.11 (Meyn and Tweedie) Suppose that {X,,n = 0,1,...} is a Y-irreducible,
and that (V3) holds with V everywhere finite, f > 1, and C petite. If 7(V') < oo then for some

R < 00 and any |H| < f, the Poisson equation (3.32) admits a solution v satisfying the bound
v < R(V+1).

Proof: See [79, p. 433] n

We immediately see under (H2) and a (D2) condition involving V" that integrability of V"
with respect to the invariant measure is the key additional condition to be verified to show
(P1).

Consider the typical case involving a family of irreducible aperiodic Markov chains given
by one step transitions kernels {FPp,0 € O}. If condition (D2) holds with a finite V', we then
have supyeq (V) < oo which follows from (2.15). We also have my(V") < oo for each 0 € ©
by Jensen’s inequality as well as a (D2) condition holding for the function V" by Theorem
3.10. Thus, for forcing functions satisfying ‘Héi)‘ < V7" for each i = 1,...,p, or a quasi (H2)
condition, we have immediately from Theorem 3.11 that for each # € © the Poisson equation
(3.32) admits a solution vy which satisfies the bound

W < Ry(VT 1), i=1,...p (3.33)
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for some Ry < oo. Clearly, the constant Cy in (H2) will proportionately scale this bound and
(3.33) thus complements our Theorem 3.3. (Note that we do not have a uniform bound for
Supgey Ry < oo from these results.)

Alternatively, the key condition supycg (V") < 0o also follows readily from (D0) and (E1)
since for any n

supmy (V") < sup ||Py(z,-) — mg(-)||,, +sup Py (z,V), zeX
9cO 9co 9co

< CgpV(z) + CpV(x), reX

< 0Q.

Uniqueness of the Poisson equation solution up to a constant for each § € © also follows
from Proposition 17.4.1 in [79] if we assume the Markov chain is positive Harris for all # € ©.
Meyn and Tweedie’s Proposition 17.4.1 in [79] states that, for some constant ¢, and any two
solutions 7y and 7, such that 7 (|7| + |7a]) < oo, then 7, = U, + ¢ for a.e. x € X with respect
to m. Thus we see that under these circumstances, that (P1) holds.

For another approach, Makowski and Shwartz [73] also present verifiable conditions for
existence and uniqueness (up to a constant) of the Poisson equation solution for countable state
space Markov chains. Additionally, their continuity results over © for the solution v, allow
direct verification of the uniform bound condition (P2) for compact ©.

3.6 Sufficient Conditions for (C)

Here, we consider the following key assumption related to the #-dependence of the transition
probabilities:

(M) There exists a dy; > 0, Cp < 00, and an l3 € (5, 1] such that,
|Py(z, A) — Py(z, A)| < CpPy(z, A) |16 — 0|, for each x € X, A € B(X)
for all 0, ¢’ in © such that ||0 — ¢'|| < 0.

It’s clear that condition (M) disallows the possibility the probability of any transition of the
Markov chain which is positive can go to zero as # ranges over the set ©. We also note that an
assumption similar to (M) was used in [73] to prove a Lipschitz condition on the f-parameterized
solution to Poisson’s Equation.

The next result identifies sufficient conditions for (C).

Theorem 3.12 Under (M),(D1), we have for all 0, 6’ in © such that ||0 — 0'|| < 0ur,  in X,

|1Py(x,-) — Py (z,-)|[{» < nQC’pC,%’"VT(x) 10 — 9,||e3 , foralln=1,2,....
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Proof: For all #, #' in © with ||§ — 0'|| < 05, in X and alln =1,2,..

| Py (@, ) — Py (z,-)||y»
= sup ||P}(x, f) — Py, f)]

<V

*)

= sup
lLa<vr

n—1

=S PP (x +ZP P (v P;%(x,f)H
=1

< ) sup
=1 IfI<ve

< ) sup
=1 IfI<ve

Py Py (, f) — P P, f)|

Py (Py — Py) By (. f)

where Py — Py is a signed measure. Then, the summands can be bounded by first using a
Hahn-Jordan decomposition followed by application of our conditions:

sup || Py~ (Py — Py) Py (=, f)H
<y
= sup P} (Py— Py)(, Paif_lf)H
If<ve
< s [P (R P o B ) < B B P (e B
<vr
< sup [P (P = By)" (o, B )|+ sup |[P3(Po = B)” (e, P )|
171V iR%
< swp Cpllo =01 By B )
If<ve
+ sup |Cpll0 0" Py~ (, Pyt )H
LflI<Vr
< 20p |0 — 0| PPt (@, PV
< 20p)|0 =0 Py (2, CLV)
< 20p 10— 0| CEV ().

The last two lines each follow from (D1) and (2.13).
Hence, for alln =0,1,2,...,

||P0n(x7) _Pg%(xv” \%

< Z sup (P ~"(Py — Py) P;fl(x,f)H

i=1 [IFI<V?

i

< n20pC% |10 — 0" V() zeX, 0,0e€0, [|0-0| <oy,

which satisfies assumption (C). n

93



(H5) -
Prop. 3.2 (H4) ] . _
Prop. 3.4 kPS)
(H2)=
Y
Sec. 3.5 (Pl) 4
Y
(H3)
(D2) — >,
—1 Sec. 3.47 (El)
Prop. 3.3 (PQ)—
Thm. 3.1>2 (C)
(M)—
 J
Lemma 2.3

Z Yn+1€n+1
converges a.s.

!

(e ) /

[ Lemma 2.8 (Kushner—Clark)]

Legend

Almost Sure Convergence Jr -
On — 0 1= 4
™ =

Figure 3.1: Relationship of various conditions and results.

3.7 Summary: Relationship among Conditions

The above Figure 3.1 indicates the relationship of many of the conditions we’ve presented within
our framework which lead to the almost sure convergence of SA’s. The arrows in this figure
merely indicate that some relationship exists among the conditions and they do not necessarily
represent an unconditional implication. For details on each relationship, the reader should refer
to the particular result indicated under the arrow. Assumed throughout is either the constrained
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or unconstrained SA with condition (S) on the step-size sequence {7,+1, n =0,1,...}.

It’s clear from this diagram that the conditions (H2), (H5), (D2) and (M) to the upper
left of the diagram are sufficient conditions leading to convergence of SA’s under the setting of
these last two chapters. Also, bear in mind the relationships between (D1) and (D2) which are
not represented here.

3.8 Design Issue: Selection of the Exponent r

Suppose we assume (D1) with V' unbounded off petite sets so (D2) holds as well. Given, any

r < 1, we then showed that (D2) also holds for the smaller functions V", and subject to the
1
2(1+01)
First, under condition (E1) we have a test function V" for which there exists a constant

Crp <ooand 0 < p <1 such that

constraint r < , we find that the selection of r affects the analysis only in subtle ways.

sup || Py (x, <) — 7o (:)||yr < CeV'(2)p", reX, n=01,2,... (3.34)
0co

The choice of r such that 0 < r < 2(1Jlre ) clearly affects the bound in (E1) since V" appears on
1
both sides of (3.34). Nevertheless, choosing r smaller or larger in this range does not appear to

have much effect on the overall convergence properties for the SA as seen in our analysis.
Second, we’ve shown in Section 3.5 that under (D1) and (E1),

sup V" < Cp < 0.
0co

and this holds independently of r < 1.
1

Third, choosing a larger r within the constraint r < permits use of a larger class of

2(1+01)
observation functions H (6, z) as seen in (H2) and (H5). Thus, it’s clear that for the greatest
generality, r should be chosen so that r = —L—. Thus, if we take 7 = —-~ then there is
2(14-41) 2(14-41)

a tradeoff in the choice of r versus the choice of Zl; with the r mainly affecting the space of
permissible observable functions H satisfying (H2) and (H5) while ¢, is also affecting (H5) and
the class of deterministic step-size sequences {7v,+1,n =0, 1,...} meeting the condition (S).

3.9 Bernoulli Random Walk with #-Dependent Transitions

In the following example we demonstrate the use of our specialized conditions for an SA algo-
rithm which attempts to regulate the mean number in an unbounded random walk with a single
reflection at the origin. This discrete time Markov chain may be used to model the M/M/1
queue with adjustable service rate. We verify the conditions (D1)-(D2) and (M) on the Markov
chain transition function and verify conditions (H2) and (H5) on the observation function.
These conditions imply the remaining conditions in our general convergence framework.
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3.9.1 The Model

The random walk {X,,,n =0,1,...} on the countable space Z* is governed by a family of one
step transition probabilities { Py, 6 € ©} where we shall conveniently let © = [1/2 + €1, 1 — €3]
for some small €;,¢e; > 0 so that 1/2 < 1/2+4 ¢ <1 — € < 1. The transition probabilities are
defined for each 6 € © by

Py(z,z+1) = 1-0, r>0
Py(z,x—1) = 0, x>0
Py(0,0) =

and zero otherwise.
In this case, the steady state probabilities are analytically known and given by

mo(n) = (1 — pg)py, f € 0, n=0,1,...
o 1—0
o=

The expected value of the random walk in steady state serves as our objective function:

J(0) = Eg[X]|= io:omrg(n)

- P peo. (3.35)

3.9.2 The SA Algorithm

Our goal is for the SA algorithm to locate the value 8* such that the mean number in the system
is some particular value, say L and we shall apply the projected SA with driving function

HO,z)=xz—L

so that we find the zero of h(8) = J(0) — L.

Observations of the number in the system are made at each transition of the Markov chain
and the next parameter iterate is computed from a projected SA which immediately updates
the transition probabilities for the next state transition. This very simple recursion is given by

9n+1 = H[I/Z—I—el,l—ez] {en + ’7n+1(Xn+1 - L)} ’ n = 07 17 s
6 = 6 (arbitrary in ©)

starting from any initial state value Xy =2 € X
Next, we verify in turn the specialized conditions which imply through this and last chapters
results and the Kushner-Clark Lemma that 6,, — 6* P, p- almost surely where .J(6*) = L.
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3.9.3 Verification of (D1) and (D2)

Let us try verifying (D1) for the test function V(x) = Ks® where s and K are some yet to be
determined scalar parameters such that s > 1 and 1 < K < co. We seek an s and K such that
the uniform drift (D1) (or (D2)) holds over ©. Recall:

(D1) PyV(z) <AV (z) + L, forall € ©, v € X.
For x > 0,

PV (z) = 0Ks" '+ (1—-0)Ks"t
— {93_1 + (1 — H)S}st
= {0s7' 4+ (1 —0)s}V (), s>1,0€0. (3.36)

Let us define the bracketed term as the function A(s,6) = 6s~! + (1 — #)s which is defined on
s> 1and 1/2 < 6 < 1, and sketched in Figure 3.2. Setting the partial derivative given by

Figure 3.2: Surface plot of the function (s, ).

OA(s,0)

= —fs7? — >
50 s “+1—-0, heO,s>1,

equal to zero, we find that for each 6 € ©, the minimum of A(-,0) is achieved when
s=500)=4/—— 0 € O.
Let us now review some facts about the function A(-,):
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1. Substituting in s = §(6) from above:

A3(0),0) = 0/—— +(1—10) T

= 2y/(1-0)0, 1/2<60< 1.

2. The function A(5(f),#) is monotone decreasing on © and limg ;2 A(5(6), 0) = 1.

3. We have \(5(1/2+€1),1/2+€;) < 1 for small ¢, > 0.
4. We have:

AE(1/2+€6),0) = 0 1;3121%1—0)

1/2—|—61
]_/2—61

< AE(1/24€1),1/2+€¢), for all @ € [1/2 4+ €1,1 — €3).

Therefore, for the case x > 0 we have (3.36), and let us now fix s = §(1/2+¢;) =

which yield the easy bounds:

PV (z) = {9 1/2_’51+(1—9) 1/QJF‘“}V(:,;)

1/2+ 6 1/2 — ¢

< {am+fg 5;;2+4U2—qy-%;§2}vu)

< 2/(1/2—e)(1/2+e)V(z), forallfe[1/2+6,1— el.

So for the case z > 0, (D1) is satisfied with

A=2/(1/2—e)(1/2+6) < L.
Now consider the case x = 0: We have

PV (0) = 6"+ (1—0)s
= 0V(0)+ (1 —6)s, s> 1.

Again, we fix s = 5?_“2 > 1 so that
1/2+€1
PyV(0) = 6V(0 1—4
VO = 0v0)+ (-0 {20
1/2—|—61

< AV(0)+ 0K + (1 -6)

1/2—61

< AV(0) +maX{K, \ 1;; i_ 2}
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Thus, letting L = max {K, ,/}ﬁfg }, we have for verified (D1) with A as given in (3.37), K
arbitrary in 1 < K < co and
z/2
1/2 + €
Vi) = Ks* =K | L — X.
(x) s <1/2_61> , T €
Furthermore, it’s easy to check that we have also shown (D2) with petite set C' = {x = 0}
and the parameters
= 1-A
b = L.

3.9.4 Verification of (M)

For this random walk example, (M) is very simple to check since there are only three classes of
transitions to check; jump up, jump down, and the null transition 0 — 0. For the first class,
verification reduces to checking for all x > 0:

|Pg($,x+1) —P91($,37+1)| = |9—9’|
Pg(!L‘,JI+ 1)
€9

16— 6, for all 6, 0 € O,

where © = [1/2 + €;,1 — €5]. We are assuming €;,¢e, > 0 and this demonstrates that this
condition cannot be weakened.
Verification of the other classes of transitions,

|Py(x,z — 1) — Py(x,z —1)] and |Py(0,0) — Py(0,0)],

follows similarly. Thus, (M) is verified with f5 = 1.

3.9.5 Verification of (E1)

Verification of (E1) involves finding computable bounds for the geometric convergence rate of
the Markov chain. The structure of the chain suggests taking the recurrent atom « to be the
0 state. The easiest approach is simply to appeal to Theorem 3.7 since this chain is strongly
aperiodic for all # € © and satisfies (D2), i.e.

PV < \V + Ll{m:()}, for all 0 € @,
with

1/2—|—61
1/2—61

= 2/(1/2—e)(1/2+€)
L = K(1/2+e)+/(1/2—a)(1/2+ea).

x/2
V(z) = Ks‘”zK( ) , reX, 1<K<o
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Then, Theorem 3.10 implies (D2) holds with V" for the choice r = 2(1J1r2) so there exists a
1
A <1 and a L, < oo such that

PV <\ VT 4+ Ly 10y, for all # € O,

Thus, the bound (3.23) becomes

(. < 32—852< L, >2<
o < osu o0
beo 05 \1—),

which holds for this example with
Pg(a,&)>(5:1/2+61, fe0o.

Hence, (E1) follows from Theorem 3.6 and Theorem 3.7.

An Alternative Method

While the above is adequate and perhaps the most straightforward method to show (E1), an
alternative approach which may yield a tighter bound on (, is to work directly with (3.21), i.e.

o0

Co = sup |y
|2|<1 |p=0

[Pn(a, a) — P Ya, a)] 2" (3.38)

Following [79], for an atom « and some probability P, define the renewal function u(n) =
P,(X, = «) and the renewal variation

Var(u) =Y |u(n) —u(n —1)]. (3.39)
n=0
Again, taking the atom « to be the state z = 0, clearly for any 6 € ©,
G(f) = up > |[P(0,0) = Pp=1(0,0)] 2"
211 [n=0

< 3 [P0.0) - B 0.0)

= Vary(u),

where (y(0) and Varg(u) are a f-parameterized extensions of (3.38) and (3.39), respectively.
From [80], for any # € © we have the following bound on Vary(u):

1
Vo) < 32| gy )

= 1/2{(29_1)12(1_9)—1}, fco.

Hence,

G(0) < sup Varg(u) < oo, BeO=1[1/2+¢€,1— €.
96[1/24»61,1762]
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3.9.6 Verification of (H2) and (HS5)

Above we have shown that

x/2
1/2+€1
= Ks" =K |1t — X.
V(x) s <1/2_61> , T €

for some arbitrary 1 < K < oo is a solution to (D1) and (D2).

Verifying (H2) and (H5) is a simple matter of first selecting an exponent r < F}rf) where
1

0 < ¢, < 1 satisfies (S) and there is no loss in generality in taking r = 2(1J1FZ)' Then any
1

functions H(f,z) : © x X — R and p(f,z) : © x X — RP satisfy (H2) if for some finite
constants Cy, C, they satisfy for all z € X

sup | H (8, 2)|| < CuV"(2),
fcO

sup [|p(0, )| < G,V (),
fcoO

and satisfy (H5) if for some constants Cs5 < oo and £, € (£y,1)
|Hy() = Hy(x)l| < CsV" () |l0— ¢/,
for all 6,0" € © such that || — 0'|| < dpu. It is immediately clear that the functions

HO,z) = x—L, reZ",0€0O
p(0,x) = 0, xr€Z 00O

meet these conditions for any positive r = with some suitably large constant C'y < oc.

1
2(1+01)
3.10 GSMP’s and Continuous Time Markov Chains

The conditions we developed in this dissertation are for discrete time Markov chains but this
framework can be extended to continuous time chains and Generalized Semi-Markov Processes
(GSMP’s) if discrete time conversion techniques [33, 56] are used. We note that a similar
approach was also taken by [22].
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Chapter 4

A Steady State Gradient Estimate for Markov Chains

This chapter studies gradient estimation for steady state performance of stochastic systems
modeled as Markov chains which have a dependence on a parameter #. A particular gradient
estimate is considered for use with the stochastic approximation procedures.

4.1 Introduction

Suppose steady-state performance is given by
J(g) :Tg(fg), feco

where fp(z) : © x X — R is a given performance function and 7y is the invariant distribution
at parameter # for an irreducible positive recurrent Markov chain. Both fy and 7y may depend
on # in ©. The main goal in stochastic optimization is to minimize (or maximize) the objective
function J(#) over parameters § € ©. We assume this optimizer 6* can be found by locating
the fixed point 6* € © such that

VJ(0*) = 0.

Throughout this chapter and the next, we assume a compact parameter set © which is a
subset of R? and a Markov chain X = {X,, € X,n =0,1,...} taking values on a now assumed
countable state space X. Here X is governed by a family of one-step transition probabilities
{Py,0 € O} and is irreducible and positive recurrent for each parameter § € ©. Let the one
step transition probability matrix be given by Py = [p,,(0)],,. The performance function
fo(z) = f(0,2) : © x X — R is assumed differentiable with respect to 6 for each x € X.

4.2 Gradient Estimation and Stochastic Approximations

Consider how one might estimate both J() and V.J(#) and, for simplicity, let us temporarily
assume @ is scalar valued. If we are able to solve for 7y directly from the stationary equation
m9 = Ty Py and the normalizing equation mpe = 1, then we can simply calculate the steady state
performance as

J(0) = > mo(2) f(0, ).

zeX
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If, in addition, we are able to interchange the limit and expectation, the performance derivative

may be given by

(0, z) dmo(z)

df
—r = m(x) + f(8,2).
do = do = do
Unfortunately, for many systems of interest, efficiently solving for m(f), yet alone dﬁséx), is

simply not possible, especially if the state space X is large or countably infinite.

Because of this difficulty, we are motivated to compute J(f) via a long run sample average.
By the Strong Law of Large Numbers (SLLN) for Markov chains [79, p. 411, Thm. 17.0.1] it
follows that for each fixed 8 € © and initial state X, = x

N—o00 N

| N1
lim — Y f(0,Xy) = m(fs) Pogs-as.,
k=0
= J(0),

provided that {X,,n =0,1,...} is a positive Harris recurrent chain and my(|fy|) < oc. Chains
on a countable state space are always Harris recurrent if they are recurrent, [79, p. 201],
thus this condition reduces to checking for or assuming positive recurrence. Both the positive
recurrence and the integrability condition (] fy|) < oo seem completely reasonable and are
satisfied uniformly over © in many interesting applications.

Suppose now the derivative (or gradient) can be computed similarly through a long run
sample average so that

1 = dJ ()
lim — X,) = ——= Py, —a.s.
im nE::O 9(0,X,) TR 00— .S

N—oo
for some function g we have not defined yet. Then, we have a gradient estimation algorithm
well suited for stochastic approximation since the estimate is taken from a single sample path
and is related to the steady-state mean:

- 1 N-1
Am T; 9(0, Xn) =m(g(60,-),  Poz-as.
If such an estimate can be identified, we have an viable approach to stochastic optimization via
SA with convergence following from the framework for the zero-finding problem of the previous
chapters. Furthermore, we have an obvious function to drive the SA algorithm, i.e.

9n+1 — H@ {Hn - 7n+lg(9n7 Xn+1)} ) n = 07 17 s (41)

This algorithm is particularly useful if the function g should meet the convergence criteria for
SA’s which is truly verifiable in terms of the known model data. The key here is finding such

functions ¢g(6,x) where

%(;) =7 (9(0,-)), 0 co.
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4.2.1 Overview of Gradient Estimation for Markov Chains

Over the past several decades, many techniques have been proposed for various stochastic
systems to estimate the gradient (or derivative) with respect to some parameter vector =
(61,...,0,) of steady state performance,

_[o7(6) 27(6) aJ(0)]
Lo 98, T a6, |

VJ(6) €O CR".
Examples include Infinitesimal Perturbation Analysis (IPA), Likelihood Ratio, Conditional
Monte Carlo, Finite Difference, etc. and each method offers certain strengths for specific classes
of problems. The last decade in particular has seen an explosion of research on single sample
path gradient estimation which is well summarized in the recent book [36]. Let us briefly review
a few selected highlights of gradient estimation research.

The longstanding alternative to the single sample path approach to gradient estimation is
Finite Difference (FD) estimates [23, 45] of the form:

J(0 +60;/2,N) — J(0 — 60;/2, N)
50; ’

for each i = 1,2,...,p, (4.2)

for some small § > 0 and some convenient estimate of performance, such as

~

7(6,N) = % z_jl £(0,X,). (4.3)

In a simulation environment, the use of common random numbers [23] to estimate the two
terms J(f & 06;/2, N) involves running the two simulations with the same random number
generator “seed” and same initial state X, = x. The use of common random numbers have
been shown to reduce the variance of FD estimates but this is generally not possible when the
system under study is observed in real time from a physical system and neither the “seed” nor
the initial conditions can be selected arbitrarily. Using FD estimates in an SA algorithm with
a shrinking step-size v, — 0 and difference 9,, — 0 is known as the Kiefer-Wolfowitz procedure.
One drawback to the original Kiefer-Wolfowitz procedure is the need to run the simulation
twice for each component of the parameter vector in order to construct each gradient estimate.
Recently, this requirement can be relaxed somewhat by using any one of the “random directions”
methods [61, 102]. In any event, there is an obvious motivation to develop single sample path
approaches which promise increased efficiency in general, as well as clear improvements for
observation based gradient estimation.

The Likelihood Ratio (LR) method [44, 46, 48, 86, 94] is often proposed for chains which
possess structural parameters, i.e. chains where the transition probabilities are dependent on
the parameter. This parameter dependence is sometimes restricted to chains which do not cause
any transition probabilities p,,(6) to increase from zero or decrease to zero (i.e. the chain “has
no opening/closing arcs”). Unfortunately, the original LR method is less well suited for steady
state estimation since it has been recognized [44, 86] that it suffers from unbounded variance

64



which grows linearly with the length of the observation interval. More recently, several special
techniques [109, 35] have been suggested to bound this variance.

IPA has been quite successful when the parameter varies the timing of events in a Discrete
Event Dynamic System (DEDS) modeled as a Generalized Semi Markov Process (GSMP).
Unfortunately, IPA is not generally capable of handling all types of parameter dependence
[10, 54, 107] such as structural parameters where the tunable parameter continuously varies the
transition probabilities (routing probabilities) of the GSMP.

On the other hand, Conditional Monte Carlo and SPA [35, 36, 37] gradient estimates often
succeed where IPA fails by taking advantage of the smoothing properties of the conditional
expectation. Also, we note that [13] has shown connections between conditional Monte Carlo
and the LR method for steady state gradient estimation.

Glasserman [42] has proposed a technique to compute gradient estimates for continuous-time
Markov chains which satisfy certain structural conditions. He has also proposed an extension to
this method to compute gradients for discrete-time Markov chains [40] with respect to structural
parameters. He considers the discrete-time chain as a skeleton of a continuous-time chain and
uses his structural conditions to find the performance gradient with respect to the exponential
holding times. In effect, he is converting the structural parameter to a timing parameter. Then
using discrete-time conversion [33, 56], Glasserman’s estimate is converted back to discrete-time
where it is observed that the resulting estimator is actually a LR gradient estimate.

Recently, Dai and Ho [22, 24] proposed a class of derivative estimators they named Structural
Infinitesimal Perturbation Analysis (SIPA) which handles structural parameters under certain
conditions. STPA estimates model perturbations in transition probabilities and utilize additional
auxiliary simulated Markov chains which run in parallel to the nominal chain being simulated
or observed to construct a derivative estimate. We also note that Fu and Hu have pointed out
that STPA is simply an implementation of Conditional Monte Carlo.

Dai and Ho’s work appears to have inspired Cao et al. [12, 15] to develop some related
sensitivity estimates based on some concepts they introduce called realization factors and per-
formance potentials. Several implementations of specific gradient estimates derived from Cao
and Chen’s theoretical results are proposed and studied in [14]. We shall focus on one of these
estimates in particular and identify some convenient alterations which adapt this estimate for
use with SA.

4.2.2 Summary of Results

After reviewing Cao, Chen and Wan’s approach to sensitivity analysis, we will propose a par-
ticular single sample path gradient estimation algorithm which observes the Markov chain for
a fixed number of samples, say m samples, at the current iterate 6, and computes the estimate.
This estimate then may used in an SA to update the parameter to 6, ,; where the next gradient
estimate is constructed over the next m samples, and so on. The algorithm is very simple, has
low computational overhead, and can be used with SA in either a pure simulation or a real-time
online observation setting. No auxiliary simulations are required for this gradient estimate, as
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is the case with STPA estimates. Unfortunately, this estimate is in general biased for any finite
m and, as such, will not in general yield convergence to the desired optimizer #*. We have a
solution for this problem in the next chapter so this chapter focuses entirely on developing this
gradient estimate.

We also reconsider a theoretical result by Cao and Chen [12] which provides three alterna-
tive expressions for the performance gradient under certain specific conditions. We propose two
variations on their result under conditions which are more aligned with the framework of Chap-
ters 2-3 for proving convergence of SA’s. Specifically, we assume the family of parameterized
Markov chains satisfies either form of the uniform drift criteria (D1) or (D2).

Also note, in previous chapters we used the subscript position on # to index the sequence of
parameter iterates generated by the SA algorithm, but for this chapter, the subscript position
may also index the individual components of the parameter vector, i.e. for 6 € © C IR we have
0 = (01,02,...,0,) . For all § in ©, define a small change in the i’" component by Af;, and we
only consider perturbed parameters ' = 6 + Af; which fall in ©. For an arbitrary perturbation

in @ which is not restricted to the i component we shall omit the subscript ¢ and simply write
0 =0+ Ab.

4.3 Cao-Chen-Wan Sensitivity Analysis

Cao and Chen in [12] address the general goal of sensitivity analysis for both continuous and
discrete time Markov chains and they develop several useful tools for this problem. Their
setting is somewhat different than we have proposed up to now so let us next summarize'
their results. Later we shall propose some alterations motivated by the SA based constrained
stochastic optimization problem using algorithm (4.1).

4.3.1 Continuous-Time Markov Chains

Suppose {X; : t > 0} is a continuous time Markov process on a countable state space X

with infinitesimal generator A = [a,] The process is assumed regular, positive recurrent,

I7y‘
irreducible while the infinitesimal generator A obeys the conditions:

Gpe < 0, Vx
Ay > 07 x%y

sup |agz.| < oo.
T

Without loss of generality, this infinitesimal generator may be normalized [27] so that sup,, |a..| <
1.

Because they are seeking sensitivity estimates to a perturbation in the rates of the infinites-
imal generator, the perturbed generator takes the form

As = A+6Q (4.4)

'We have altered some parts of their notation slightly.
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for some perturbation matrix () and some small 6 > 0. The matrix () is assumed to obey the
equation QQe = 0. In this setting, they consider the sensitivity of the invariant distribution to
a fixed perturbation defined by @) of the generator “in the direction of )7, i.e.

or . mp—
90 is0 5
Also, the derivative of the generator “in the direction of Q" follows readily from (4.4):
0A y As— A
Q0 i o
= Q

Suppose now that performance is defined by a given function f : X — R. Then, under the
assumption that g—é = (g—g) f (where (g—g) [ =ex 3gg)f(x)), they calculate the performance
gradient using f once a few more quantities are defined.

Let the Markov chain sample path with initial state x € X be given by {Xt(m), t>0} =

{Xi|Xo ==z, t>0}. They define the perturbation realization factor:

dyy = lim {Ey [/OTf(Xt(y))dtl ~E, l/OTf(Xt(m))dt] } z,y € X

T—o00

and form the matrix D = [dy,],,. Also, the (nonunique) performance potential g, is chosen for
all z € X such that

d:vy:gy_gxa x,yEX

Cao and Chen point out that the performance potential is only unique up to an additive constant
and if we take J = 7 (f) they define it by

gs = lim {E [/OT f(Xt)dtl _ TJ} |

T—o00

For some finite T" > 0, an estimate of the performance potential can be given by

3.(T) = E, [ [ f(Xt)dt] 1

but, since we intend to estimate the perturbation realization factor it is sufficient to use

5.(T) = E, [ | Tf(X»dt]

owing to the nonuniqueness of this potential relative to additive constants. Finally, let

!
g= [907917927"'] .

This next lemma is taken verbatim from [12] and proved in Theorems 31 and 33 of [59]. Let
us first define the matrix M = [myy|,, with m,, being the mean first passage time from state
x to state y and note that a Markov process is designated strong ergodic if M is finite [59].
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Lemma 4.1 (Kemeny and Snell) If the Markov process is strong ergodic, then the inverse

(A—em) =~ gé(P —em)* (4.5)

exists where P =1+ A.
For an infinitesimal generator A, Cao and Chen [12] use a group inverse [78] defined as
A" = (A—em) ten (4.6)

which is clearly related to the fundamental matriz 7 = (A — er)™".
The next result appears in [12] and relates the quantities we have just defined to the per-
formance gradient.

Theorem 4.2 (Cao and Chen) Assume the Markov chain X = {X;,t > 0} is strong ergodic

and
m(1f) = X7 (@) |f ()] < oo.
zeX
The derivative of the steady-state probability is
on
— = —1QA¥.
og ~ "

Furthermore, if (g—g)f = (%) (rf) and the results of all operators are finite, then the per-
formance derivative can be calculated by using the group inverse of A, denoted A%, or the
realization matriz D, or the potential vector g:

0J

. = _gOQA*
G = —TeArS
= QD'
= 7Qg.
Proof: See [12] n
This is a nice result but it does appear difficult to verify the condition (g—g)f = (%) (7 f)

without imposing assumptions such as finite state space or a bounded performance function. We
want to avoid these conditions so we seek alternative means.

4.3.2 Discrete-Time Markov Chains

Similar results are presented for the case when the state process is a discrete-time Markov
chain with one-step probability transition matrix P. Their proposed method [12] is to apply
the above continuous time results in Theorem 4.2 by simply converting the discrete time chain to
continuous time, i.e. by considering the discrete time chain as a uniformized embedded Markov
chain in the Markov process with infinitesimal generator A = P —I. Consider a perturbation to
the nominal transition matrix P given by Py = P + 0@ for some small § > 0. Since A =P — I,
the change in A is also Q) and results similar to Theorem 4.2 for discrete time Markov chains
follow readily. See [12, 14] for details.
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4.4 A Framework for Discrete Time Gradient Estimation

We have several goals in adapting Cao-Chen’s theorem above to yield a similar expression for
V.J(#). First and foremost, the result should be based on conditions which are checkable within
the SA framework we have developed in Chapters 2-3. Second, we must allow a f-dependence
in the performance function fy(x). Third, we must allow a more general (nonlinear) dependence
on the transition probabilities.

Here, we carry out these alterations within the specialized framework of discrete time
Markov chains which possess the uniform drift criteria (D2).

4.4.1 Conditions on the Transition Probabilities

We make these assumptions on the family of transition probabilities { Py, 6 € ©}:

(G1) For Py = [psy(0)]sy, let the gradient

_ | 0Py (0) Opay(H) Opay(0)
Vel = | =50 a0, 09,

exist for each z,y € X and 0 € ©. i.e.

lim Doy (0 + AB;) — pyy(0) _ Opay(0)
Af;—0 Agz 89, '

!

(G2) For each 6 € O, there exists some § > 0 and constant Ky < oo such that the following
uniform bound holds for all # + Af € O, such that ||Af|| < 6, and z,y € X:

[Pay (0 + A8) = pry(0)] < Kopay () |AG]] -

Note that G(2) is a special case of Chapter 3’s condition (M).

Consequences of (G1)-(G2)
1. Note that (G1) and (G2) clearly imply that:

If psy(0) =0 for any =,y € X and 0 € O, then Vp, ,(0) = 0. (4.7)
2. Foreach € © and i =1,2,...,p, the existence of a Ky < oo such that:
Opz., (0
1’87750‘ < Kopa, (0), 7y €X. (4.8)

Also we readily see from (4.8) that
2 |0pey (O
IVpey (O] = — ,
y 2" on,
= \/]3K2p:v,y(9)
= K2p:v,y(9)a (4'9)

where we define fg = /PK>.
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3. Since the partial derivatives exist under (G1), let us define the following difference

0Py (0
Fay (0, A0;) = pyy (0 + AB;) — pay(6) — %F)Aei.
It then follows readily from (G2) and (4.8) that for each point § € © and each component
i=1,...,p there exists some K} < oo and § > 0 such that
724(0, A0;)| < Kipy,(0) |AG;], 0+A0cO, |A))| <0, xzyeX (4.10)

Finally, let us define the following notation for each : =1,2,...,p

Rz(ea Agl) = [TCE,y(ev Agl)]m,y
0Fy _ lapx,y(g)]
z,y

Qo.i 00; 00;

4.4.2 Conditions on the Performance Function

We have previously defined the performance function fp(z) = f(6,z) : © x X — IR. Recall that

r is a real number such that 0 < r < 2(141r2) where 7 is defined in (S) and V satisfies either
1

(D0), (D1) or (D2), one (or more) of which will always be assumed when using the following
conditions.

(F1) There exists a constant C; < oo such that |fy(z)| < C;V"(x) for all z € X and 0 € O.

(F2) The function fp(z) is differentiable with respect to each component 6;,i =1,2,...,p for
all§ € ©,x € X.

(F3) For each # € O, there exists a 0 > 0 and some C}§ < oo such that

|[foran(x) = fo(x)] < C5llAG[[ V" (z),  [[A0]| <6, = €X.

A Consequence of (F2)-(F3)

Clearly, for each # € O there exists a constant C5 < oo such that ‘%(I) < C3V"(x) for all

0;

reX,andi=1,...,p.

4.4.3 Realization Factors and Performance Potentials

We next restate some of Cao and Chen’s definitions defined earlier for continuous time Markov
chains (realization factor, performance potential, etc.) to discrete time chains. These redefined
quantities will now permit the performance function to depend on 6 € ©, as well as the one
step transition kernels { P, 0 € ©}.
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Let { X'} = {X,|X; =y, n >0} be a Markov chain sample path starting in state y and
define the first passage time from state y to state x as

LW (z) = inf{n|X¥ = 2; n > 0}.

With that, for all fixed § € ©, Cao and Chen [12] have defined the realization factor and using
a coupling argument have shown the following equalities under their conditions:

@) = Jim (B, |3 5C61)] - B. [3 oxt) |

k=0
[V} (z)—1
= By, | Y (X =By [V ()] J00), T,y € X
| k=0
[V} (z)—1
= By, | 3 ﬁ(Xé“)—J(e)]
| k=0

Additionally, they have defined what they call a performance potential

%W%igg{Emlﬁanﬁﬂ-wuw%, z € X

k=0
which obeys

day(0) = g4(0) — 9.(0) (4.11)
As in Section 4.3, let us define for each § € © the matrix Dy = [d,,(f)] and column vector
9o = [9:(0)],ex- Note we have generalized Cao and Chen’s original definitions to allow for

dependence on 6 over ©.
For an estimate of the performance potential taken from a finite number of steps /N we can
use
N-1
30.3) = B [ XL = N 0)
k=0
or, owing to the nonuniqueness relative to additive constants, it suffices to use

N—1
7.(0,N) = Eq,, [Z fe(Xé‘”)]
k=0

to estimate the realization factor. Let us also define gy x = [g,(0, V)], cx-
Note: Observe that the following is one form of the Poisson equation solution which con-
verges under appropriate conditions [79, Theorem 17.4.2]

M@iggﬁthMHm—ﬂwl
k=0
:hmiE F (X = J)).
n— 00 z,0 0 k
k=0
Additionally, the Poisson equation solution is unique (under certain conditions) up to an ad-

ditive constant via Theorem 17.4.1 in [79]. Hence, the “performance potential” is simply a
Poisson equation solution under these particular conditions.
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4.4.4 Two Results on the Fundamental Matrix

Our first result depends on the existence of the fundamental matrix and the following lemma
provides conditions for its existence. Before we begin, recall we have defined the matrix M =
[Myyley With mg, being the mean first passage time from state = to state y and a Markov
chain is labeled strong ergodic if wM is finite [59]. We have the following lemma for discrete
time Markov chains governed by P which admits an invariant 7.

Lemma 4.3 (Kemeny-Snell) If the Markov chain is strong ergodic, then the fundamental

matriz
o0

Z=3 (P—en) (4.12)

k=0
exists and Z is both a left and right inverse operator for (I — P + er). Thus

Zzi(P—ew)k: (I —P+er)". (4.13)

Proof: See [59, Thms. 31, 33]. n
Unfortunately, strong ergodicity may be difficult to verify directly but there is one case where

it is readily known, and that is the case of finite state, irreducible, positive recurrent chains.
We will also find useful the following result by Glynn and Meyn for general state space

Markov chains, although we shall only apply these results for chains restricted to a countable

[h(z)]
Ta) < oo}

state space. Recall that L3 = {h : sup,x

Lemma 4.4 (Glynn and Meyn [49]) Assume:

1. {Py: 0 € ©} is a family of Markov transition functions where © denotes some open subset
of Euclidean space.

2. FEach of the corresponding Markov chains is ¢g-irreducible.

3. For each 0y € O, the following drift criterion holds for some § > 0 in some open ball
B°(0y) containing 6,

PV <AV +blg, 0 B(0)={0cRF: -6 <6}
for some common petite set C.

4. Py — Py, as § — by in the induced operator norm |||-||, i.e.

elggo |1Po — Pa, llly, = ,}ggo sup |(Py — Pyy)hl,, =0 (4.14)
|h‘v:1

Let {my : 0 € ©} denote the collection of invariant probabilities and, assuming the inverse is
well defined, let {Zy = (I — Py +1ly)~' : § € ©} denote the collection of fundamental kernels
where y(x, A) = mp(A), x € X, A € B(X). With these assumptions:
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1. Each of the kernels {Zy, Py,I1y : 0 € O} is a bounded linear transformation from LS to
LSy,

2. The invariant probabilities converges in V -total variation norm, i.e.

91;11&10 ||7T9 — 7T90||V =0 (4.15)
3. We have
i (175 — Zo, = 0 (4.16)

hence if f € L§?, then Poisson’s equation solution, given by gy = Zyf, converges in the
LYY norm as 0 — 6y, i.e.

. |Zg(l‘,f)_Z00(x,f)| _

L (17
Proof: The first conclusion is reached via [49, Theorem 2.3] and the second and third follow
via a generalization of Schweitzer’s result [95, Theorem?2]. For details, see [49, Section 4.2]. m

4.5 Gradient Estimation for Discrete Time Markov Chains

In this section, we rework Cao and Chen’s Theorem 4.2 specializing it to discrete time chains
where transition probabilities are dependent on a parameter vector # and satisfying a uniform
drift criteria (D2). We apply some recent results on the smoothness of solutions to Poisson’s
equation for Markov chains which satisfy a uniform drift criteria (D2) and thus present an
alternative version of Cao and Chen’s Theorem 4.2. This new version allows the performance
function to be unbounded and to have a functional dependence on €, hence our theorem offers
an extension to Cao and Chen’s theorem under the special case of chains satisfying a uniform
drift criteria (D2). Our version is directed at the SA framework of the previous two chapters.
We shall also present a second variant of this main result which, like Cao and Chen’s version,
provides various expressions for the steady-state performance gradient. While, the first theorem
assumes the existence of the fundamental matrix (or strong ergodicity), the second theorem
assumes the existence of a solution to the Poisson equation. This second version sometimes
has advantages if strong ergodicity cannot be proven (as is often the case with countable state
space chains) since it may be possible to prove existence of the solution to the Poisson equation
by other means. Specifically, solutions to the Poisson equation can sometimes be established
via probabilistic methods such as those presented in [73] or under drift conditions as in [79].

4.5.1 The (First) Main Result

For this section we assume the existence of the fundamental matrix Zy where Lemma 4.3 gives
sufficient conditions for it to exist at any fixed § € ©. Consider the following §-parameterized
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group inverse we define as

Pf = —emp+(I—Py+em)”
= —emg+ Ly
= —emy+ Z(Pg —emp)*.
k=0

This is simply the sum of a (negative) invariant matrix emy and the fundamental matrix. Since

we have N N
Zy = Z(Pg — 67T9)k =1+ Z(ng — 67(9),
k=0 k=1
we immediately get
Pf = Y (Pf—em).
k=0

Then, it’s not too difficult to verify
(I — P))PJ = P (I — P)) =1 — enmy. (4.18)
Theorem 4.5 Assume:

1. We have a family of discrete-time countable state positive recurrent irreducible Markov
chains governed by one-step transition matrices {Py,0 € ©} where {my, 0 € O} denotes
the corresponding collection of invariant probabilities.

2. The fundamental matriz

Zg = Z(Pg — €7Tg)k

k=0
exists and is the left and right inverse operator for (I — Py + emy) for all 0 € O.

3. The matriz Qg; = {aggfy (9)} is such that Qp,e =0 for eachi=1,...,p.
7 T,y
4. Conditions (D2), (G1)-(G2), (F1)-(F3) all hold.
Then, for each © = 1,2,...,p, the partial derivatives are given by

27 (0 of
Géz) = Ty <89j> +719Qui Py fo

0
Ty <8£j> + 190,90

0
= (a’;’) + 79 Q.vp- heco.

where {vy,0 € O} is any of the Poisson equation solutions (which are unique only up to a
constant).

Proof: See the appendix.
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Remark

In [12, 15], the authors also show the following equality (under their conditions) involving the
realization matrix D:

WaQa,in#fa = m9Qp,: Dymy = m9Q0,i G0, € 0.

4.5.2 An Alternate Version using the Poisson Equation

We now rework the last result except here we do not explicitly assume strong ergodicity or the
existence of the fundamental matrix 7. Instead, we rely simply on the existence of a solution
vy - X = IR to the Poisson equation for each # € ©. We note that this was also assumed in our
general SA framework of Chapter 2, i.e. condition (P1), so we are not adding any additional
conditions by this. Chapter 3 provided sufficient conditions for (P1) hence those results may
be applied here as well.

On a countable state space, the solution vy as well as performance function f; may be
represented as column vectors, so the Poisson equation can be stated as a matrix equation

fo—emo(fo) = vo— Povp
= ([ — Pg)l/g, 0 € O. (419)

Observe that the last term on the left hand side is simply J(6) = my(fy) converted to a vector,
the steady state performance.

Theorem 4.6 Assume:

1. We have a family of discrete-time countable state positive recurrent irreducible Markov
chains governed by one-step transition matrices { Py, 0 € O} where {my, 6 € O} denotes
the corresponding collection of invariant probabilities.

2. The matriz Qg; = {35;? (9)] is such that Qp,e =0 for eachi=1,...,p.
1 I,y

3. For each 0 € ©, the Poisson equation (4.19) admits a solution denoted vy.

4. There exists a constant C' < oo with

sup |vg(z)] < CV' (), for all x € X, (4.20)
0c6

5. For each x € X, the solution vy(x) is continuous on ©.

6. The conditions (D2), (G1)-(G2), (F1)-(F3) all hold.
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Then, for each v =1,2,...,p, the partial derivatives

oJ (0 0
aé,.) — <a£f> + Qv (4.21)
0
= Ty <a£0> + WgQg,igg. feo. (4.22)

where {vy, 0 € O} is any of the Poisson equation solutions (which are unique only up to a
constant).

Proof: See the appendix.

4.6 A Biased Gradient Estimate for Stochastic Approximation

We now consider a specific biased gradient estimation algorithm in the discrete time setting
which is adapted from Cao and Wan’s “3c estimator” in [14]. Cao and Wan have shown [14]
that for some fized positive integer m that

M-1 (0 m—1
l‘ 1 89ipXk'—m7Xk—m+l X o N P
1 Z Z fo(Xk—j) = mQ0:G0,m 90 — @.S.

M—oo M —m ‘= pxk,m,xk,m+1(9)

(4.23)

for the case when the performance function fy(-) does not depend on 6. Also, they suggest
simply using the finite sample average on the left hand side in (4.23), i.e. a large fixed integer
M such that M >> m, as a performance gradient estimate. Our setting is slightly more
general in that it allows performance functions to depend on 6. As such, under the conditions
of Theorem 4.5 or Theorem 4.6, we have shown a similar conclusion as Cao and Chen’s result
in Theorem 4.2. Let us define the bias

Bim(0) = m9Q0.i90.m — T0Q0.i90

so that either Theorem 4.5 or Theorem 4.6, the limit (4.23), and a simple application of the
SLLN for Markov chains yields

oJ 0 N
20 4 @ = 7o) 4 7 Qusio
' M-1 afa
- g T G (1.21)
M-—1 Dy X (0) m—1
+ l 00; k—msNk—m-+1 X L 425
Mll)nooM m kzm{ PXy o, X m+1(9) ]2;) f9( : J) ( )

Py, —a.s.
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Note the similarity in the form of this estimate to the standard LR estimates [44, 46, 48];
with the main difference being that these estimates have a truncated inner sum window length
of size m.

We now propose some alterations to (4.24)-(4.25) which are motivated by SA. The quantities
inside the first limit (4.24) can be rewritten:

‘ 1 M-m 3f9 1 Nm—m 8f9
NS yaurmip Sl O N@;m ,CZI 96, X+ (4.26)

) — 1 m—1 afg

The left hand side of (4.26) converges a.s. via the SLLN for Markov chains, and the right hand
side is simply a subsequence so it also converges to the same limit.
The quantities inside the second limit (4.25) can be reindexed as well:

M-1 (0 m-—
1 ! { 30ipXk,m,Xk,m+1 (9) } Zl fa(Xk—j) (427)
5=0

lim
M—oo M — m

Z pXk—maxk—m-H(g)

k=m

anmfmnH aXnm7m+l+1 (

. 1 Nl 1 ml %anmfm+laXnmfm+l+l —
= Ny (RZZ{ i | S i)

n=1 7=0
= TRy, i§9m7 Pom —a.s. (4.28)
50, PX X1
- E, 30 > Z folX : (4.29)
pXO;Xl(g

to a form similar to (4.26).
We now claim that we also have convergence to the same steady state expectation (4.29) if
we replace the inner average over m terms by only the first term in the average, i.e.

]- =l %pxnmfm Xnm7m+l (9) m-l
lim ——— - : fG(Xnmf')
N—o0 N - 1 n=1 ( anm—m Xnm—m+1 (9) ]z;] !
50, PXo0,X
= E,, 3‘;){ ; (19) Z fo(X , Py, —as. (4.30)
0,41

4.6.1 m-Window Process

Now for a fixed window size m, let us define {Y,,, n =m,m +1,...} as the vector formed by
the m + 1 most recent samples of {X,,, n=0,1,...}, i.e.

Yvni (XnaXn—la"'aXn—m)a nzma
and let {Z,, n=1,...} be the m-skeleton of {Y,,, n=m,m+1,...}:
— (anaanfla-"aanfm)a TLZ 17
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which we will refer to as the m-window process.

Clearly, both of the processes {Y,,; n=m,m+1,...} and {Z,; n=1,2,...} are Markov if
{X; £=0,1,...} is Markov. In fact, the m-window process defined by Z,, = { X,n, Xonn -1, -+, Xonn-m }
is Markov with transition function P given by

Py Zpi1 € By X By X ... X Bol|Zy = (w0, 2_1,...,7_p)]
= Pp[Xonim € By s Xonna1 € By Xown € Bo| Xon = 2oy -+ o, X = T
Py[Xmntm € By -« oy Xonns1 € B, Xoun € Bo| X = 0]
= Pl Xmnim € By s Xonna1 € B1| Xmn = 20|15, (20)

Z Z - Z H Pg[an+l = xl|an+l71 - xlfl]lBo (xU)

Bm Bm—l Bl l:1

for B, € B(X), for [l =0,1,...,m. Also, it should be obvious that the invariant distribution for
{Zn; n=1,2,...}, denoted 7y, is given by

7_T9(Bm X By,_1 X ...X BO) = Z Z ZHPQ[X[ € SL‘[|XZ,1 = 56'171]7@(1‘0)

By Bm—1 By =1

4.7 A Modified Gradient Estimate

Now, in the same manner as Cao and Wan [14] used to show almost sure convergence of (4.23)

we also have convergence via the Strong Law of Large Numbers for Markov Chains applied to
{Z,,n=0,1,...} so that

N-1 1
l. 1 30 anm m>Xnm— m+1 A
ngéo N _1 ( Z f9 nm— ]
anm—m Xnm—m+1 ]:[]

39 0:Pxo0,x:1 (0
Z fo(X

= E:
’ Pxo,x1 (9)

, Pp,—as. (4.31)

Define for each 8 € © and each i =1, ..., p the function Gi: O x X™! 5 R as

0
nm] +{801 +1) }ng nm]

anm—m aXnm—m+l (9

Gi(0,7,) = Z

1
m
n=12

; g ey

and this will serve as our gradient estimate based on an observed window of m + 1 samples
Zn — (ana anfla s 7an7m)-
Next, we note for the estimate function @i(ﬁ, ) Xt R, we have

EG [éz(ga Zn+1)|Zn] - EG [Gz(ga an—l—ma CIE 7an+17 an)|an7 FE aan—m]
= Eo [Gi(0, Xonnsms- -+ X1, Xonn) [ X
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and forany n =1,2,...

E-, [6(9 Zni1))
= 3 By [Gil6, Zuin)| %o = 20) 7(0)

2pEXm+1

= > B [Gil0 Xonms > Xonnsts Xonn) | Xo = T, -, Xy = 2] To(20)
Xm+1

- Z EG [é 9 an-i—ma s ,an+1,an)|X0 = IL'()] 7?9(20 = (1'07 T_1,... ,l'_m))
Xm+1

- Z E9 [G 9 an-i—ma .. 7an+17 an)|X0 = -'L'O:| 77-0(1'0)
roEX

- E7r9 [Gz(ga an—l—ma v 7an—|—17 an)]

= Eq[Gi(0, Zni1)]

This with (4.31) shows the claim (4.30). Hence for each # € © and for arbitrary n =1,2,...:

0 .
Ty ( fe) + 79Q0,i0,m

00;
]_ m—l 8f9 i-]))(Tmm—wz,)(nrnfrn l
(2 ) % LS A

anm—maXnm—m+l (9)

s

and although there is a bias, this does suggest a possible function to drive the stochastic
approximation algorithm for optimization.
Let us write

G(0,2,) = [Gi(0,2,),Gol0, Z0), -+, G0, Z,)]
Bu(0) = [Bim(0), Bon(0), .- ., Bpm(O)]

and, as we have discussed, we have

N
lim %Z G0,Z,) = B |GO,7)], Pos—as
n=1

N—oo
— V() + fu(0) heo
Thus, if an algorithm of the form
Oni1 =Tlo {On — 111G (On, Zns1) } n=0,1,... (4.32)

with a fixed m is used, we see that due to a possibly nonzero bias term, in general the iterates
will not be convergent to the optimal 6* such that V.J(6*) = 0. The next chapter resolves this
issue with a 6* convergent algorithm.
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Chapter 5

Stochastic Optimization of Steady State Performance

We develop an SA algorithm which is appropriate for the gradient estimate of the last chapter.
Since that estimate was biased for any fixed observation window, we use a sequence of increasing
window lengths to achieve convergence to the optimal parameter.

5.1 Introduction

Consider the projected stochastic approximation algorithm defined by the recursion

9n+1 — H@ {Hn + /Yn+1Hln+1 (ena Xn+1) + 771Lililﬁn+1(9n7 XTL+1)} ) n= 07 17 27 s

which takes observations from the state process over a window

Xn+1 = (Xn+1,07 Xn+1,17 R 7Xn+1,ln+1) ) n= 07 17 s

Within this (n + 1) window, the state process {X, 14,k =0,1,...,£,41} is simply a Markov
chain taking values on X and governed by one-step transition kernel (or matrix) P, from the
family { P, # € ©}. Each observation window is initialized with the last sample of the previous
window, i.e. X110 = X, 4,, and the first observation window is initialized at X,y = = € X.
(See the next section for a complete description.)

The deterministic sequence {f,,n = 0,1,...} defines the length £, of the n'" observation
window for each step of the algorithm. As before, a compact projection set © C R? is assumed
and the algorithm is driven by the functions Hy,,, : © xX'*+1 — RP and p,4q : © x X T+t —
R? for n =0,1,....

In this chapter, we develop conditions for convergence of the iterates {6,,n = 0,1,...} when
the /,41 increases slowly, on the order of ¢, = log(n), n = 1,2,.... We continue to assume
the previously defined (S) for the step-size sequence {7,41,n = 0,1,...} although we slightly

strengthen it to the form (S) below.
(S) For 0 < ¢, < 1 from (5.1) the following holds:

a) Yo > 0and v, > v, foralln =1,2,...; lim,, 007, =0
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b) b, € Z" and {, < L, for alln =0,1,..., lim,, o0 ), = 00
c) >z Yn41 = 0O, Yot 771L+l1£;17,+1 < 0
d) Sy (Ve — 1)l yg < 00

We note that the sequences defined by 7, = 5 and ¢, = max (1, [In(n)]) satisfies (S) with
any 0 < 21 < 1.

5.2 Basic Ingredients

Let X*° be the infinite Cartesian product of X with itself, and denote by B(X*) the standard
o—field on X>*°. We write a generic element & of X* as & = (x,x1,...) where z,zy,... are all
elements of X. The coordinate process {&, ¢ =0,1,...} is then simply defined by

(8 ==, u(&) = e, £eX>® (=1,...

We postulate the existence of a family {Py,, # € ©, x € X} of probability measures on B(X*)
such that
Py, 6o =2]=1, fecO, veX
For technical reasons, we again assume a measurable functional dependence in # and z:
(PO) For every L =1,2,..., the mapping O x X - R : (6,2) = Py & € By, {=1,...,L]is
Borel measurable for all possible choices of Borel subsets By, ..., By, in B(X).

In order to define the stochastic approximation procedures, we start with a sample space
Q equipped with a o—field of events F. The measurable space (€2, F) is assumed large enough
to carry a double array of X—valued rvs {X, 4, {=1,...,¢,; n=0,1,...} where we take the
convention that ¢o = 1. We define the ©-valued rvs {6,, n = 0,1,...} through the recursion

(5.1), and for convenience later, we define X, 119 = X, 4, foralln=0,1,....
Next, we introduce the filtration {F,, n =0,1,...} on (2, F) by setting

Fo = 0{0pm, Xonp, (=1,...,0,, m=0,1,...,n}
= o{bp; Xy, £=1,... 0, m=0,1,...,n} n=0,1,...

where the equality follows since the rvs 0,,, m = 1,2,...,n, are fully determined by the rvs 6,
Xojg,and Xpp10, 0=1,... by, m=0,1,...,n— 1.

Finally, given a probability measure v on B(© x X), we postulate the existence of a proba-
bility measure P on (Q, F) satisfying

P[9 € B7X0,1 € Bl] = V(B X Bl)a B e B(@),Bl € B(X)
and
P[Xn_H,g - Bg, ! = 1, .. a£n+1|fn] = Pgn,Xn,‘,n [gg € Bg, ! = 1, C.. ,En_H]
n=0,1,... (5.2)
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for Borel subsets By,..., By, ,, in B(X). The existence of such a set-up is readily justified by
the Daniell-Kolmogorov consistency theorem [69, p. 94] on © x X x X* in the usual manner.
We shall also define the one-step transition probability Py(z, A) = P, [, = A] for all § € O

and A € B(X).

5.3 The Windowed State Process

We shall now assume a countable state space X. For a given sequence {{,,1,n =0,1,...}, we
have defined the windowed state process {X,,1,n = 0,1,...} by setting

Xn-i—l = (Xn—l—l,O; Xn-l—l,la e 7Xn+1,€n+1) y n = 0, ]_, e (53)

The state process {X,,11,n = 0,1,...} is clearly inhomogeneous. The one-step transition prob-
abilities for the windowed process (5.3), denoted P, , can be defined in terms of the transition
probabilities P which govern each transition within the n'* window. Clearly, the windowed
process {X,; n=0,1,2,...} is Markov under our construction. We have for any 6,, € ©

pan ("i.n ) "i.n+1 )

= Pan ((ﬂﬁn,o, Tndy--- ,xn,en), (35n+1,0, Tn41,15 - ,$n+1,en+1))
Py, [XnJrl = ($n+1,0, Tn41,19 -+ - ,$n+1,£n+1)|Xn = (fvn,o, Tn,dye-- 7xn,ln)]
Pﬂn [Xn-i-l,k = Tn+41,k, k= 07 B aén—l—l Xn,O =Tn0y---> Xn,én = xn,én]
— Pﬂn [Xn-i-l,k = Tn+41,k, k= 07 ce a£n+1|Xn,Zn - xn,én]
bpy1—1
= l{évn,zn=évn+1,0} H Pgn (xn+1,ka xn—l—l,k-i—l) s n = 0, 1, e
k=0

Note that as expected, P, only depends on the last point z,,, of the window and not the
entire window Z,,.

Let us now generalize the definition of P, to allow transitions from an arbitrary size window
of size ¢' to one of size £. Thus, for any parameter # € ©, probability of any transition from
any state z = (2q,...,z¢) € X“*! to any state 4 = (yo, Y1, - .., ye) € X! is given by

-1

P9 (ja g) = 1{xl/=yo} H Py (yka yk+1) .
k=0

It should be obvious that for any fixed §# € © and ¢’ € Z™*, an invariant distribution for Py (z, )

is given by
0-1

T9(T) = mo(x0) kl:[ Py (wp, Tgy1)

where 7y(+) is the invariant distribution for the one-step Fj.
As a final point of notation, if in the above we have ¢ = ¢’ then we shall write

{—1

Py (z,7) = Hay=yo) H Po (Yrs Yr+1) » 0 €0, (5.4)
k=0

for Z, 7 € X! where 7 = (19, 21, ...2¢) and § = (Yo, Y1, - - -, Ye)-
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Assumed Ergodicity

Given this framework, we assume a generalized ergodicity for any generic homogeneous Markov
chain {X,,n =0,1,...} governed by (5.4) for any fixed ¢ € Z* and fixed § € © in the sense
that

lim By 5, [Ho(0, X,)| = g (Heg) = ho(9), 0 e0, 7pe X (5.5)

(Note, for this generic chain here we assume 6 is held fixed and not being updated by the SA
algorithm.) Additionally, we assume that

Jim he(6) = h(9), OO

5.4 The Increasing Window Size SA Algorithm

Here we develop a general form of SA algorithm. The recursion we apply takes the form:

9n+1 - H@ {gn + 7n+1HZn+1 (gna Xn—l—l) + f)/éj;lilﬁn-i-l(gna Xn—l—l)} ) n = 07 17 s
Inserting canceling terms, we find

9n+1 — H@ {gn + f)/n-l-lh’(gn) + Tn+1 (H€n+1 (env Xn-l-l) - h£n+1 (Hn))

+ Tn+1 (hln+1 (en) - h(en)) + %{:rlilﬁwrl(gm Xn+1)} :

We now lump the bias term in with any applied perturbation p, and define the total perturba-
tion R

Pn+1 (Hm Xn-l-l) = %:fll (h€n+1(9n) - h(gn)) + ﬁn-l—l(gna Xn-l-l)a (5-6)
Then we define the overall noise

Entl = H€n+1(9na Xn-l-l) - h€n+1(9n) + fYﬁh—lpn-l-l (Ony Xnt1). (5.7)
and we have the increasing window size SA algorithm
Ons1 = o {0n + Yni1h(0n) + Yni16ns1} (5.8)
= gn + 7n+1h(9n) + Yn+1€n+1 + Tn+12n+1, N = 07 17 T

It should be clear from this construction that if we want the the bias term to vanish, we
will require the window sizes, defined by the sequence {f,.1, n = 1,2,...}, to be increasing
towards infinity. The trick here is to increase the window size slowly enough so the increasing
amount of noise can be controlled by the the SA algorithm.
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5.4.1 A Stochastic Optimization Algorithm

The above algorithm in (5.8) is given in a general form similar to the basic SA algorithm of
Chapter 2 and is designed to be used with the gradient algorithms of Chapter 4. Here we review
the specific optimization algorithm proposed in Chapter 4.

First we note that p,(-,-) = 0 for all n = 1,2, .... Then, let us designate the p components
of the vector Hy(0,z) as Hp;(0,z) for i =1,...,p. Thus, for any i =1,...,p we have

H€n+1,i(9naXn+1) - _éi(gnaXn—l—l)

1 b1 X, Loy
= _(g Z f0(9 ’])>—L0n,i(Xn+10, n+1,1 Zf n+1k

n+1 j=1 8 j

where the likelihood ratio is

Lo i(Xossai Xoer) = Tt St )00,

If we assume all the conditions of Theorem 4.6 we may define

h(0) = =V J(0) = —7¢(V fy) — mQogs, 0 €O,
and if we write h(6) = [he1(0) ... hep(0)]', we have foreach i =1,...,pand £ =1,2,...

9fo

hei(0) = Ez, [He,z'w,j(n)] = Ez, [ 90,

4
(X ) LGzXn07Xn1 Z ]
k=1

5.4.2 Additive Form of the Driving Function

If we continue to consider the gradient algorithm defined above, observe the function H,
additive in the sense that for any # € O,

H€n+1(9aXn+1) = f(M

=1

n+1

/ + LG(Xn,O; Xn,l)fH(Xn,i)> . (59)
n+1

Under the conditions we will make, the norm of the likelihood ratio Ly(x,y) is bounded for
all 0 € © and all z,y € X. Furthermore, the one-step performance is assumed dominated by
|f(z)| < C1V7(x) where V is defined in the assumed (D1) or (D2) as in Chapter 2. Additionally,
we will assume [|Vyfy(z)]] < CoV7"(x). Thus we have a bound for H, which grows with ¢ =
1,2,...:

1He(0, )| < > (IVafola)ll + 1 Lo(wo; z1) |l | f (2:)])

IN

CVT(IL'Z'), CAS @, T = (.’L’O,]Il, ce ,.'L'[) S Xé+1,

)
2
1=1

)
>
=1
for some C < 0.
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Consider applying the framework of Chapter 2 to this SA with increasing window sizes. Since
condition (H2) is clearly violated if we use an unbounded window length sequence {/,, n =
0,1,...}, it should be apparent that we need to make some substantial changes to adapt the
earlier SA framework for this optimization problem.

5.5 General Convergence Criteria

We start with verifying (or assuming) either condition (D1) or (D2) involving {P, 6 € ©} for
some function V' : X — [1,00). Then, we define the functions

W) = V(z), z€eX
Vo(z) = sup{V(zi),i=1,...,0}, T = (zo,21,...,20) €XFL 1=1,2,...

All the conditions here are analogs of those in Chapters 2 and 3 except we have added an
“over-line” to distinguish that they apply to the windowed process.

(D0) For the sequence of functions V, : X! — [1,00) for £ = 0, 1,2, ... there exists a constant
1 < Cp < oo such that

Epa Vs (Xni1)] < CplaiaVo(z),  n=0,1,2,...
for all 8 in © and z in X.

For this sequence of functions V; : X! — [1,00), ¢ =0,1,..., we assume the remaining
conditions all hold for some constant r such that 0 < r < —*

- 2(1441)
in the interval (0, 1) and satisfies (S).

where the real constant 21 lies

(H2) There exists constants C'y < oo and C, < oo such that for all £ =1,2,...

4
sup | Hu(0,3)|| < Cu 3 V7 () < Cu ¢ 77 (@),
€

i=1
for all z = (xg,z1,...,7) € X! and
sup ||pn (6, 7)[| < C, £, V] (2), n=12...
0co
for all T = (29, 21,...,24,) € X2TL,
(P1) For any £ =1,2,..., the following series converges
Veo(F) = i@ ( [ Pra(e,dn) Hea (3) — h,_:(ﬁ)) <00, (6,F) €O xXH,

We identify v, 9(z) as the solution to the Poisson equation associated with Hy(#, ),

Hg}g(i‘) — hg(e) = l/g,g(d_}) — pg,g(:f',dg)l/gyg(g), T e XZJFI, 0 € O.

XLe+1

Recall our convention that H,(6,-) = Hyg(-) and he(0) = To(Hyp(-)).
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(P2) There exists a constant C,, < oo such that for all £ =1,2,...:

C, LV (), forall @ € ©, 7€ X1,
C, L Vi (zp), forall@e®O, = (xg,...,2¢)e€X ™
=1,2,... arbitrary.

[veo(@)]

<
|[Poeot@)] <

(P3) There exists a constant Cs < oo such that for all £ =1,2,...

Hpgl/g’g(i') - Pg/l/g,g/({i’)H S 05 62 %r(l'gl) ||9 - GI”ZI ,
for all ,0' € ©, == (z0,21,...,2p) € X',

=1,2,... arbitrary,

and 7, € (0,1) determined by (S).

Note, the arbitrariness of ¢’ is due to the Markov property of the conditional expectation;
i.e. all that it depends on is the most recent sample within the window no matter how long the

window happens to be.

5.6 Decomposition of the Increasing Window SA Algorithm

Previously in Section 5.4 we showed the stochastic optimization algorithm takes the form of

an SA. Our main goal now is to study the noise sequence in a manner that allows us to show
condition (KC4) in the Kushner-Clark Lemma. We decompose the noise so we can break this
large problem up into several manageable pieces. The decomposition is adapted from BMP’s

technique used in Chapter 2 except in this case here the increasing window length creates

several difficulties we must attend to.
Earlier in (5.7) we derived the sequence of noise terms {ex41,k =0,1,...} given by

o1 = Ho, (0, Xiir) = hoy (k) + 71 kit (O, Xigr).-

Assuming condition (P1) so that the solution to the Poisson equation exists, then

€k+1 Vlk+1,9k P£k+1,9kl/lk+1 0 (Xk+1)} + ’Yk+1pk+1 (9k7Xk+1)
V4k+179k ngl/lkJrl O (Xk)}

Py, Vi, .\ 0, Xk) Py 00V sr 0 (Xk—i—l)} + Vet 12641 Ok, Xiot1)

V4k+179k Xk+1 ngwkﬂﬁk (Xk)}
V4k+179k Xk) ngwkwﬁk (Xk+1)}

P 0k Vg y 2,0 Xk+1) P&H-l,@k Yy, 1,04 (Xk-l-l)} + Vi+1Pk+1 (gka Xk+1)

_I_
FHI_HFHFHI_HFH /\

+ o+
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If m < n, the step-size weighted sum of the noise terms is formed and then rearranged:

n—1

Z Ve+1€k+1

k=m

Rearranging the terms

n—1

Z Ve4+1€k+1
k=m

n—1
= Z Ve+1 {l/ek+1,ek (Xk-l-l) - ngl/ek+179k (Xk)}
k=m
n—1 _ _ _ _
+ > W {Pakl/ek+1,ek (Xk) = PoyVey y5.0 (Xk—i—l)}
k=m
n—1 _ _ _ _
+ 3 e {Povipn (Xin) = Py 0,V 0, (K1) }
k=m
n—1 _
+ Z 7]%+1pk+1(9k7 Xk-l—l)
k=m
n—1 _ _ —
= > et {0 (Kisn) = Pov,, 0,(X0)
k=m
n—1 _ _ _ _
+ Y e { Pt (Ke) = P v (X))
k=m+1

+ fym‘i‘lpem l/em+l ,am (Xm) - ’)/npan71 V£n+1 797171 (Xn)

n—1
+ Z Vek+1 {ngwkwﬁk (Xk+1) - Pfkﬂﬁkl/@kﬂﬁk (Xk+1)}

k=m
n—1 3 3
+ Z (7k+1 - ’Vk) P9k71l/4k+179k71(Xk)
k=m+1
n—1 _
+ > Yoo (O, Xitr)

k=m

Now define for k=m,m+1,...,n—1:

€kt1
(2)
€rt1

3
51&421

4
512421

5
512421

Nmin

Vopt1,0k (XkJrl) - ngwkﬂﬁk (Xk)

Py Veyor 00 (Xk) — Pop_ Ve 000 (X))
HE— TP, Wiy ()

71€1+1Pk+1 (Or, Xi11)

Py Voy 1300 (Xit1) = Pogyr 000,00 (Xit1)

VM+1le+1,9mVlm+1,9m (Xm) - 7npln+1,9n—1yfn+1y9n—1 (Xn)

Thus, for m < n we have the decomposition

n—1

k=m

n—1 n—1 n—1
1 2 3
Z Ve+1€k+1 = Z 7k+151(cl1 + Z 7k+1512421 + Z 7k+1512421

k=m k=m+1 k=m+1
= W (%)

+ D VerEr + D VerErps + Tn (5.10)
k=m k=m
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5.7 New Lemmas to Bound the Noise Terms

In this section, we prove a bound for all of the noise terms in the decomposition above.

Lemma 5.1 Assume (D0), (P1), (P2) hold for any positive constant r < 2(141J) where the
1

positive constant 0 < 0y < 1 satisfies (S).

1. There exists a constant A; < oo such that for each m =1,2,...

2

n—1

> sl
Ve+1€k4+1

k=0

Ey, |sup

n<m

m—1
< AVo(2) > velpins zeX, HeO.
k=0

Moreover, A; < 4pC?Chp.

- _ 1 -
2. The series limy, 00 > 5= fyk+16,g4)_1 converges Py ,-a.s. to a finite rv.

Proof: Consider the sum

n—1

Mn = Z ’Yk+1 {V£k+1,9k(Xk+1) — pgkl/gk+l,gk (Xk)} y n = 1, 2, e
k=0

which is a vector martingale since (by the Markov property)

E [ve,, 0. (Xes) | Fe] = Povig, 0, (X))

The vector M, is a p-dimensional vector, and although convergence results exist for vector
martingales [76], we find it simpler to consider each of the p components separately by defining
the i component vector as

n—1 3

i > — ©)
Mé) = Z Vk+1 {WHlﬂk (Xk+1) — ngwkﬂﬁk (Xk)} ) n=1,2...,
k=0

For brevity, let us now drop the ® in this definition and consider any of the p components of
the vector martingale as:

n—1
Mn = Z ’Yk+1 {V£k+1,9k(Xk+1) — ngl/gk+1,gk (Xk)} y n = 1, 2, e
k=0
Clearly, each component of M, above also has the martingale property.
Incremental orthogonality and Pythagoras formula [108, p.110] yield

By [M7] = Eoo |[M{]+ S E, (M, — My_1)?]
k=2

_ — 2
(Vo0 (K1) = ooy, (X)) ]

n—1

_ 2

= Z Vier1Eo,2
k=0
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n—1

r _ — — 2
= Z f)/lg—i—lEﬂ,:v E [(V€k+1,9k(Xk+1) - P9k’/€k+1,0k (Xk)) |:Fk”

n—1 _

[ — 2 — 2
= Z f)/lg—i—lEﬂ,:v E [(W/H-lﬂk (Xk-l-l)) |fk] - (Pakl/ek+la‘9k (Xk)) :|
k=0 -

IN

n—1 — _ 9
> Yer1Eog (l/ek+1,9k (Xk—i—l)) ]
k=0 .

n—1
< C Z 71%+1£z+1E0,x [Veiil(XkH)]

n—1
< C Z 71%+1£z+1E0,x [VeLI(XkH)]

where we have used (P2) in the second to last line. The last line follows since 2r < T?_ <1
N 1
Applying (DO0) to the last line we find

Eq ;. [Mqﬂ < C CDVO Z 7k+1£i+1

The bound in the first part of the lemma follows from Doob’s inequality

Foe LSLEEL HM H ] = Ey, leggi (Méi))Z]
< ZEM lsup (MT(Lz))Q]
n<m
< izp:lélzlglgEe’m {(Mvgz))ﬂ
< 4pC CD% mz:l 7k+1£i+1, = X, heo
k=0

Under (S), 32 OfkaleH < oo and it then follows that Y2% ve, 0., < oo since v, | 0

and there exists a £’ such that v < 1, hence 77 < kaI for all £ > k'

For the convergence properties in the second part of the lemma, we note that
S50 Vi lhyy < oo which implies that each component martingale of the vector martingale
converges a.s. to a finite random variable (as well as converging in L?) since it is bounded in
L? [108]. ]

2(1+61)

Lemma 5.2 Assume (D0), (H2), (P1), (P3) for any positive r < —L= where the positive
). There ezists a constant Ay < oo such that for all

constant 0 < {, < 1 is determined from (S
m=12,...,

m—1 2
< AV () (Z 1”152121”1) ., TEX, Heo.

m—1 2
< Z V41 Hfgz(ﬁl H>
k=1

Moreover, Ay < 4C} (Cy + 71(],,)261 Ch.
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Proof: Under (P3),
|Poven (@) = Pove,,n (@)
< Gl V() 10 - 0]
< G2 V@ N0-0N", 7= (z0,....70) €XDTL, 0,0 €O, (5.11)
Also, the nearest point projection term is bounded by
|z < HHékwkq,Xk) + %Pkwkq,xk)H

which follows since 0, € © and, at the very least, the projection term can return the iterate to
this point so 01 = 0 € ©. Hence for k = 1,2, ... we have from (H2) and the definition of the
SA that

Hy, (01, Xi) + Yo ok (O 1, X)) + 21

10k — Okl < W

< 29 || Hey (Ok-1, X3) + 75" o (Or—1, X3)
< 20l Vi (Xk) + 20, 0 Vi (X)

Thus by (5.11) and (5.12),
5 ))]
B | (32 7en <621
|\ |

[ /m—1 2
= E‘9r’17 (Z Te+1 Hpgkykaﬂk (Xk) - P9k1yfk+1,9k1(Xk)H> ]
k=1

m—1 ~ 2
Ey (Z 7k+1€%+1céve1;(Xk) 10k — 9k1||£1> ]

k=1

IN

IN

m—1 ~ AN~ 2
4By, (Z Vi1l CsVE (Xi) (Cr +nCy) " e Vi (Xk)> ]

k=1

~ m—1 R R —~ B 2
= ACZ(Cy+mC,)" Ey, (Z yirh gl w’,;“””(xk>> ]
k=1

~ m—1 ~ ~ _ 2
< 4C2(Cy +C,) P By, (Z AR A (X’“)> ] '
k=1

since (1 + £;) < 1/2. By treating the sum as an inner product and applying the Schwarz
inequality [50, p. 2] to the last line

£os (£ ) |
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m—1

< AC2 (Cy + 0™ (Z W%ifﬁ“) Ey. [Z ”‘léiff“wk()‘ck)]

k=1

< 4CE(Cy +mC,) )2

/\

m—1
Z ,y]i-l-hgifl"‘el) Z fyl+élfzfl+zlE0,x [Vék (Xk)]

k=1
~ m—1
< A0 (Cr+ 0y (Z iy £1> Col(x) Y- g™,
k=1 k=1
| ]

Lemma 5.3 Assume (D0), (P1), (P2) for any positive constant r < m where the positive
1

constant 0 < 0, < 1 satisfies (S). There exists a constant Az < oo such that for allm = 1,2, .

72

Eq ;. {(Z 7k+1 €k+1 ) < A3’YlV0 ) Z (7% — ’Yk+1)£z+1, reX, 0eO.

k=1

Moreover, A3 < C*Cp.

Proof: Applying (P2)

m—1 2 m—1 2
(5 He,&ﬁlu)] ~ B (; Ok = ) upa“w,cﬂ,akxx,c»\|)]
=1 1
< Egu l(yk—ka)C,,EkHI_/KZ(Xk))J
L \k=1

Next, the Schwarz inequality yields

m—1 2
(Z Ve+1 H5§21H> ]
k=1

c? <mz:1(7k - 7k+1)> Eo. [MZI(% - ka)EiHVi’"(Xk)]

k=1 k=1

m—1 m—
Cy <Z Ve = Vk+1 ) Z — Vk+1) k+1E0,m [Vz}g (Xk)}

k=1

IN

IN

m—1

< Clvy > (v — V1) lh 1 Cp Vo ()
k=1

Lemma 5.4 Assume (D0), (P1), (H2) for any positive constant r < 2(1J1r2) where the positive
1

constant 0 < 01 < 1 satisfies (S). There exists a constant Ay < oo such that for allm = 1,2, ...,
m—1 @ 2
4
(5w )
k=0

Moreover, Ay < CpC?.

m—1 2
< AV (o) <Z kﬂﬁzfl) , reX, 6eo.
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Proof: First we have from (H2):

1+2\1

Yk+1 H5§ﬁ1H = Vk+1 Pk (Or, Xkﬂ)H < ’Y;iﬁlgkﬂcpvzzﬂ(xkﬂ)

Hence,

B, [(Sonn 421 |

m—1 ~ B 2
< CgEe,x (Z ék—i—lf)’]iiflwzﬂ(Xk-i-l)) ]
k=0
m—1 ) Z\ 3/2 m—1 L Z 1/2
2 T2 (%
< CpEG,:v [(Z ’Yki11£k+1> Z %LWHJ@L(X;CH)] ) m=12,...
k=0 k=0
where the last line follows from the Schwarz inequality. We have r(1 4+ ;) < 1/2, so for
m=1,2,...
m—1 ) 2 m—1 ) 2\ 3/2 m—1 ) 2\ 12
2 Tl (§
Ep. <Z Tk+1 H5k+1H> < G <Z 7kill€k+1> Eo. [Z %L%kﬂvzkﬂ(){kﬂ)
k=0 k=0 k=0

m—1 ~ m—1 ~
7 93/2 - 7 3/2
< Cﬁ <Z 7/111151911) CpVo(w) Z 7]1111613{1—1'

Lemma 5.5 Assume (D0), (P1), (P2), (S) for any positive constant r < 1.
Then, there exists a constant As < oo such that for allm =1,2,...,

e [5 o

k=0

m—1
< AsVo(@) Y Va1l solitps£tiia}s reX, Heo.
k=0

If we further assume the sequences {vn,,n =1,2,...} and {{,,n=1,2,...} are defined by

1
n  — ) :1,2,...
7 n+1 "
¢, = max(1,|In(n)]), n=123,...,

then, there exists a constant AL < oo such that for allm =1,2,...,

Bus |3 w404 < Tioh, wex. vee,
k=0

Proof: Recall the term

B) ~ p v D v
Ept1 = Pﬂk Vi t2,0y (X/H-l) - P€k+1,9k Vit1,0y (X/H-l)'
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This is simply the difference of the two Poisson equation solutions corresponding to forcing
functions H,,_ , and H,, , as seen through the corresponding one-step expectation operator
under P. This difference, if nonzero, is cause by a difference in the length of the observation
windows. For any £ such that {41 = {2 then e,‘fjl =0.

Therefore, we have

Box [ 3 e 421
k=0

m—1
= Eg,x lz 7k+11{fk+1¢5k+2} |P9kyfk+2,9k (X/H-l) - P5k+1,0kyfk+1,9k (X/H-l)H]
k=0

m—1
< Y el sy Boe [P 0, (Xiee)| 4 || P (K|
k=0
m—1
< Y e lgg 200,01 Eo [Cu£k+2wz+l(Xk+l) + C'ufk+1V}g’,;+1(Xk+1)]
k=0
m—1
< 20, 3 Yerlire e 2ty B [V (Xkin)]
k=0
_ m—1
< 2C,Vo(%) D i1 leroliee, 201 kst
k=0
_ m—1
< 20,,%(1‘) Z 7k+1£z+21{5k+1?55k+2}? reX, fe0.
k=0

For the second part we look at the series

m—1 m
Z 7k+1£z+21{5k+1¢fk+2} = Z 7"€72"b+11{5n¢5n+1}
k=0 n=1

" (max (1, |In(n + 1)J))2

- Z n+1

n=1

Lt 011}

The convergence of the series is determined by the tail so we may discard the first few terms
of the series to determine convergence. If we start at n = 10, the summands (excluding the
indicator function) are all decreasing and noting that In(3) ~ 1.0986123, we can also drop the
max with 1 operator. Thus,

< (|In(n+ 1)))? o 1(n 4 1)
1 ! < —1 n(n n(n
HZI:O n+1 {tn#lny1} = n;ﬂ n+1 {[In(n)]#[In(n+1)}
In*(n +1)
< Z 71{““(”)J¢Uﬂ(n+l)]}

n+1
1n(n+1)£%11,'12,13,...}
In*(n + 1)

-2 R

nE]R,:
In(n+1)e{11,12,13,...}
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Now substitute m = In(n + 1) so that n +1 = €™,

In*(n + 1) >

Z T = Z m267m < Q.
nG]RA n
In(n+1)e{11,12,13,...}

Lemma 5.6 Assume (D0), (P1), (P2) for any positive constant r < m where the positive
1

constant 0 < 01 < 1 satisfies (S).

1. There exists a constant Ag < oo such that for each m =1,2,...,

< AgVo(x nykH, rEX, He€0O.

E,, [ sup [l
1<n<m

Moreover, Ag < 4CpC?2.
2. As n — oo we have that 1y, converges Py -a.s.

Proof: Recall that 7, = ’YngOl/gl 9, (Xo) — ’)/npgnill/gnJrl,gnil(Xn) forn=1,2,....
First we have Xy, = z a.s. and under (P2)

— 2 _ _
|1 Pooves oo )| < RECIVE" (@) < RHECT (a)

Also, for each m =1,2,...

— 2
Ee,x [ sup nynpﬂn 1Vlni1,0n— 1(Xn)

1<n<m

< C,%Eg,x [ sup v E?H_IVQT(Xn)l

1<n<m

Thus,

E,, [ sup ||nom||2]
1<n<m

= E 0,x [ sup H71P90V41 fo (XU) 7np9n—1yln+1,9n—1(xn)

21

1<n<m
_ _ 2 _ 2

< E9,$ 1<Sll£) (2 7nP9n—1V4n+1,9n—1(Xn)H —|—2H71P901/41,90(:L‘)H >
< 9Ba |3 RRAVE (G + 1RO 0

k=1
< 203 Z VzngEe,w [Vét (Xk)] + 271€2C2V1( )

k=1
< 20pC*Vy(x Zvﬁéiﬂ + 2922C% V) (2)
k=1

< 40pC*Vy(x Z Pl m=1,2,...
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and recalling C'p > 1 for the last line.

To prove the lemma’s second conclusion, we have for each n =1,2,...
Ei. { V22, 2By, [777(,)]

> TQLE}O’LHCQCDVO(DC), T e X

IN

7n]59n_1l/ln+1:‘9n—1 (Xn) Hz}

N

Therefore (and by the Monotone Convergence Theorem)
21

m - 2
— nll_r)réo Ea,z [Z HVnPlnﬂﬂn—anHﬂn—l(X”)H ]

Ey

e

[io: nynpgnfll/erﬂrl;gn—l (Xn)
n=1

< C2CD‘/E) Zf)/ n+1 < 00, NS Xa

_ _ 2
’)/npgnilVgT#l’gnil(Xn)H converges to a finite rv Py -a.s. Hence,

This implies the sum Z;’LO:O‘

. 5 2
llmn—)oo ‘ f)/npanfll/én+1,9n71 (Xn)‘ =0 Pg,x—a.S. and thus
lim H%Pen Wty o (X )H 0, Py, — a.s.
Therefore,
nlggo H770;n - 71]5901/‘31’90 (x)‘ - nh—glo 7”P9n 1Vli1,0n-1 (X )H 0, Py, —a.s.

5.8 Almost Sure Convergence of the Increasing Window SA

In Chapter 2 we showed convergence via the Kushner-Clark Lemma based on the outcome of
a similar set of lemmas which bounded the terms in the decomposition there. Based on the
conditions we’ve made in the above lemmas, we have immediately that condition (KC4) of the
Kushner Clark Lemma holds for the SA with increasing window-size.

Of course we will also require

(H3) The function h : © — IR? is continuous.

Thus, if the remaining conditions in the Kushner-Clark Lemma hold then the almost sure
convergence of the iterates follows immediately.

The next step is to develop some methods to verify (H3) and the various conditions we’ve
made in the above lemmas.

5.9 A Framework for Geometrically Ergodic Markov Chains

As in Chapter 3, we shall define some new specialized conditions in terms of the previously
defined /1, r and functions V; : X1 — [1,00), £ =0,1,....

95



5.9.1 A Norm for the Class of Gradient Estimates

First we define a norm which utilizes the additive boundedness property of the gradient estimate
function. Recall the assumptions we have made for the optimization problem:

Definition 1 For the n-step probability transition kernel (matriz) Ppg(Z,-) and its invariant
measure Ty(+), both on B(X**1), and some function V : X — [1,00) let us define the norm over

all functions f;(z) = fi(z;) where T = (xg,x1,...,30) € X! for eachi=1,2,...:
B B ¢ ¢
HPé,e(«f,') —7?0(')HVZ = sup Pz,o(ff,Zfi) —ﬁo(Zfi)
i=1 i=1

firX > RPi=1,...,0
[1fi (@)l < V(i)
_ ¢ ¢
= su Py y(z,dy i Z._/ To(dT (1,
fi:X—>]Rp,Ii):1,...,Z ‘/XZH 4,9( y)zz::lf(y) xl+17m( );f( )
Ifi(z)ll < V(wi)

¢
- piadiii_/fdfii
; fi:iui)]RP H/X[Jrl e,g($ y)f (y) X+1 71'0( .T)f ($)
I1fi ()|l < V(ws)

Y

(=1,2,...; & e XL (5.13)

At first it may appear that this norm is not general enough to include the class of gradient
estimates we have suggested in (5.9).

Claim 5.7 Under the assumptions for some Cy < 0o, C; < 00, and Cy < 00:
1. supgee || Lo(z0, z1)|| < Co, xg, 1 € X
2. supgee | fo(ws)| < CLV (2), z; € X, i=1,...,¢,
3. supgee ||V fo(w:)|| < CoV"(2:), z; € X, i=1,...,¢,

the norm (5.13) is equivalent to the norm which includes the class of gradient functions we have

defined in (5.9).
Proof:

QI

sup
gi:X%]Rp:Hgi(mi)HSCQV(:L‘i), i=1,...,¢
fi: X2 R |fi(z)| < CLV(mi), i=1,...,¢
L:X2 5 RP: ||L(:E0,:I:1)|| < Cyp

4

_ ‘g - ‘@ _
AW RS AREA L Z+Lfi>H
=1 =1

|

IN

sup Hpan (xagi‘i‘Lfi) — Ty (gi+Lfi)
i=1 gi: X = RP:lgi(zi)]| < C2V (i),
fi i X2 R:[fi(@i)| < CLV (@),
L:X2 5 RP: ||E(:I:0,:E1)|| < Cop

)
=3 sup |3 (7,5:) — 7 (31)
i=1 gi: X = RP :||gi(2:)]| < C2V(2i),
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I
+ sup |27 (2, Lf) = 70 (L)
i=1 fi: X > R:|fi(z:)] < C1V (@),
L:X2 > RP: ||L(m0,m1)|| < Cy
Now, for any ¢ = 1,...,¢ we check a summand of the last term and notice

fi:X—=1R: |ZL(1£)‘ < V(@) Hpan (J_J, Lf’) — Ty (sz)

L:X2 5 RP: |[_/(:E0,:E1)|| < Cop
= sup sup HPQ” (55, Efi) — Tp (Efi) ‘
fi X o R:\fi(z:) < C1V(x) L:X2 5 RP: ||L(x0,x1)|| < Co
= 20 sup ‘Pen (x, fi) — 7o (fi)] -

fi X—=1R: |f1(:EZ)‘ S Cl‘/(ml)

Thus,

sup

gi : X = RP : [|gi(m)|| < CoVi(ms), i=1,...,¢

fZX%]R‘fI(:IIIHSClV(ZL‘l), i=1,..., V4
L:X? 5 RP: ||E(z0,x1)|| < Cy

_ g - ‘g -
Py (azZ? +Lfi> — 7y (Z? +sz-> H
i=1 i=1

l
< (Cy+2C,C1) Y sup HPg" (@, fi) — 7o (fi)]| -
i=1 fi : X = RP:|[fi(@:)|| < V(xi)

2

5.9.2 Specialized Conditions

(E1) There exists constants Cr < oo and 0 < p < 1 such that for

T = (zg,71,...,70) € XL,
S _ Cg LV (z)p" n=0; (=1,2,...
P ) M. < ) ) ) “y
323“ 2@ = ()], —{ Cr € VT (z0)p", n=1,2...;0=12,...

(H5) There exists constants C5 < 0o, 0y > 0, and l5 € (1,1) such that for all 8, ¢’ € © with
160 — 0'|| < 8y and all & = (xg, 1, ...,70) € X!, we have

~ £
1He(0,7) — Hi(0', D) < Cs[10 =0/ > V" ()
i=1
< GV (@)ele—e)",e=1,2,....

(C) There exists constants Co < 00, d¢ > 0, and ly € (22, 1] such that for each n = 0,1, ...
and /=1,2,...

P32, = Py, )|, < neCov” () 0 - 0]
for all 6, ¢ € © with ||0 — ¢'|| < dc, and all Z = (zg, 21, ..., z¢) € X+,
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5.10 Consequences of the Specialized Conditions

Here, we prove three theorems which imply (H3), (P2), and (P3).
Before we begin, let us state a simple bound which follows by iterating (D1) as in 2.10 which
we will use later.

¢
sup PyVy(z) < sup P} (Z V(Z)> (T)
(USC) €O i=1
S gCDV(l‘gI)
< (CpVi(%), T = (20, x1,...,70) € XEHL, (5.14)
Note in the above we take the convention that for a vector Z = (g, ..., x,) € R’ and some real

valued function f on the reals, that f(-;) refers to the function f(z;) over all z; € R.
In order to prove (H3) we will need the following Holder continuity result on the functions
he. The method is proof is nearly identical to the proof of Theorem 3.2.

Lemma 5.8 Assume (D1), (C), (H2), (H5) and (E1) with Uy determined from (H5). Then,
there exists a constant Cy < oo such that

|he(8) — he(@)|| < 2Cu 1|0 — 0|, 0,00 cO, t=1,2,....

Proof: See the appendix. |

Theorem 5.9 Assume (D1), (C), (H2), (H5), (E1), (H2), (E1), (P1), (G1), (G2) plus irre-
ducibility and positive recurrence over ©. Then:

1. The function h : © — IR? given by
h(0) = =V J(0) = —m9(Vofo) — m9Q0 9o, 6O
18 CONLINUOUS.
2. There exists a 0 < p <1 and a C' < 0o such that
sup ||he(0) — h(0) < Cp, (=1,2,...
9o

Proof:
Part 1: Note if p > 1 the likelihood ratio Ly is a p-dimensional column vector.

he(0) = Er, [Hpo(X,)]

l /
_ B, H S Vo fo(Xos) + Lo(Xnos Xot) 3 fa(Xn,k)]
1=1 k=1

l
— E7r9 [VHfG(Xn,l)] + E7r9 [LQ(Xn,UaXn,l) Z fG(Xn,k)]
k=1
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= E;, [Vofo(Xn1)] + Zﬂe(i) Zpa(i,j)Le(i,j)Ea Lz_: Jo(Xn )| Xn1 = j]
E, [Vofo(Xn1)]
+Z7T9 ZPQZ]LQZ]EQ lZfe n.k —We(f9)|Xn1—J]

The last step follows since for any finite constant ¢ we have 3, Py(i,j) Lg (i, j)c = 0 uniformly
over all 7 and 6 € ©.
Now we recognize the conditional expectation on the right,

E9 ZfG n,k _WH(f9)|Xn1_x]7 Z:1727

as a sequence which converges to the Poisson equation solution vy(x), i.e.
fo(@) —mo(fo) = vo(z) — Pyrp(z),  z€R
Let us define the sequence of functions
veg(x) = Ey Zfa nk) — To(fo)| Xn 1—33], t=1,2,...,
so we have

ve(z) = llirglo veg(r) = hm Ey lz fo(Xuk) —mo(fo)| Xng =2
= ZEo fo(Xnk) — mo(fo)| Xno = 2]
Under (H2) and (E1) we have the bound

vo(@)] < Ci Y- [Pt ) = mo()], < CuCuV7(2) 3 0f
£=0 £=0

Now for all m > ¢ look at the sequence

Sup |Vmo(x) — veg(x)| = sup Z Eg [fo(Xnx) — m(fo)| Xn1 = 2]
0€® 0€0 |p=r41
< Cpgsup P! x,-) — (-
vz 5 i -l
i+
S CHOEVT Xz
( )1_p

and thus by the Cauchy criterion we have for each fixed x € X a wuniform convergence of

limy_, o0 vog(z) = vy(x).
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Again we consider any m > ¢ and look at

sup ||hm(0) — he(0)|| = sup

0co [ASC)

> m(i ZPa 6, J) Lo (i, 5) (Vm0(7) = Ve,e(j))H

i

By condition (4.9) under (G1) and (G2) we have ||Lg(i, j)|| < K3 < oo so that

sup || (0) — he(0)] =

ZW ) Po(i, ) Lo(i, 5) (Vimo(f) — Vé,a(j))H

EC) j

< Kzsupzﬂe Zpa i J) [Vm,0(5) — ve0(5)]
< K23up27r9 IVme(J) Veo(J)]

co &
< KQSllpZTFg CHCEVT( )Zpk

EC) k=t

¢

< KyCyxC su me(7)V"
S 2 El—peegz o(7)V"(5)

Since supyee mp(V") < 0o by (2.15) we have shown that the sequence of functions h,(6) are
also uniformly convergent, and by Lemma 5.8 they are each continuous, hence the limit h(6) is
also continuous.

Part 2: We can see from the above that the convergence rate of hy(6) to h(6) is exponential.

[

The next theorem identifies sufficient conditions which imply (P2).

Theorem 5.10 Assume (D1), (P1), (E1), and (H2). Then there exists a C, < oo such that
for all 0,0 € ©, and 0,0/ =1,2,...

lvep(z)]] < C, € V) (z), T e Xt (5.15)
Hpal/z,a(i“)H < C, LV (xp), T = (x9,21,...,2p) € X+ (5.16)
Proof: First note that for all z = (zq,21,...,2¢) € X“*! where £ is an arbitrary positive

integer that

Pyvpg(Z) = Pyvpg(ze) = Proveg(ae)
Therefore,
Hpal/e,a(f)H = Hpe,aVe,e(xe') |
= X Pry(we, Hep) — mep(Hep)
n=1

S e ) )
n=1
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IN

Cu 3 [Pt ) = 7o)

iy Y |25 ) = ()|
1=1 n=1
l

OH Z Z CEpl(nfl)Jrivr (ZU[/)

i=1n=1

Cul Y Crp ™DV (2p)

n=1

IN

vr

IN

IN

oo

KCHOEVT (l‘gl) Z pék
k=0

ZCHCEVT(QM) Z pk

k=0

1
= ZCHCEVT(QM)I — 5

IN

IN

T = (z0,21,...,2p) € XL 9O,

(5.17)

and forall / =1,2,....
For vpp(x) = 5232 ( Pio(@, dy)Heg(y) — he(9)) we have:

[veo(@) - =

5 / Pra(o. ) Hial) ~ 140))|

oo

VHo(y) — me,0(Hep)

< |[Hep(Z) — me0( VHy(y) — me9(Hep)

the last term is bounded above in (5.17). Thus by (H2) we have for all £ =1,2,...

1
L—p

lveo(2)]| < CulV](z)+ sug o (ZV ) FLCHCEVT (1)

=1

< CV/ (), T = (20, 1,...,1) € X!

for some C), < co. The middle term in the first line is bounded as in (2.15) under the assumed
irreducibility and positive recurrence. [ ]

Theorem 5.11 Assume (S), (H2), (H5), (P1), (_) (C), and (D1) with the constants 0
determined from (S), 0y determined from (H5) and Oy determined from (C). Then there exists
a constant Cy < oo such that for all 0,0/ =1,2,...,0,0' €O, z = (2¢,21,...,12,) € XI'*H!

| Poveo(z) = Pyveo (as)H < G2V (o) |0 — 0| . (5.18)
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Proof: Pick a ¢ such such § < min{dc,dg} and 0 < 6 < 1. Again, we let A§ = 6 — 0" and
consider the two cases of ||Af|| < § and ||Af|| > 0 separately.
The case ||A@]|| > ¢ follows trivially from Theorem 5.10:

Pafye’gz (i‘)H HPgllg H + HPG’VZ 0’ )H
< 20,0V (xp)

Hpgl/g(ff') —

2 ~
< FC’VEV’"(x@)HAHHZI, 0,0 €O,

Now consider the case [|Af|| < ¢ such that 6, 0" € ©,

Hpgl/g’g(i') — Pg/l/g,g/

= HPZ,GVZ,G (1‘@!)

n=1
o0

IN

n=1

IN

+ Z e (6"

+ Z |1 P}y (e, Hyg) — 7o(Hp) —

n=N

— pg g/l/g 9’ (170)

> (Pea(l"z' Hyp) —

(f)H = HpeVe,e(xe') - pere,ef (zp)

n=1

S~ |Pro(we, Hup) = ha(9) — Piy(ae, Hop) + he(0)

(0

|A0]] = 0.

) i (Pé 0’ ng ngl) hg(gl))

Piy(ze, Hep) + oo (Hew)|

Z HPM 2y, Hyg) — Pry(xe, Hopr) + Pry(ze, Heg) — Ply(we, Heg)

(5.19)

(5.20)

(5.21)

(5.22)

where we have introduced some canceling terms in the last inequality. Continuing from (5.22)

HPK,GVZ,O (l'g/) - PK,G’ Ve (xé’)

N—1

< {prna v, Heg) — Pry(ve, Hep)

1
+ 1he(0) — he(6) ]|
1

n—

8

+ > Hperfa(l"é', Hyg) — ﬁz,e(Hz,e)H + i HPZGI (zo, Hyg) — oo (Heg)
n=N

n=N

| + HPZa(W, Hyy) — Ply(xe, Heg)

N-1

< Z {HPZQ(J:E’, HK,G o Hg’gl) + HPZO(J“@U HK,G’) - PZQ/ (.'L'Z’, Hg,g/)
n=0
N—-1 00 B

+ 1he(8) — he(0")|] + 221€1®p > HPZg(xe,, Hyy) — ﬁe,a(He,e)H
n=0 n=N

}

}

(5.23)

We look at several of the above terms. First, from (H5) followed by (5.14) under (D1) (and

using Jensen’s Inequality)

| Py (3, Hiyg — Heg)

< G510 — ') PRy (3, V),
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< G0 -0 CpVT (),  ze X
Second, from (H2) and (C),
HPKT,LG("E7 Hz’el) - PKT,LG’(ja Hz’el)

‘_/[

< Culte) - Pryte)

< nCeCyV'(xe) |16 — 8",
n=12,..., &eX", (=1,2,....
Third, from Theorem 5.8 there exists a C}, < oo such that
1he(0) — he(@)]| < 2Cu 10— 0, 0.0 cO, (=12,....
Fourth, from (H2) and (E1)
| P2s(, Ho) — 7o0(Hieg)

| < CECHéanr(IL'g), n=12,..., T € Xt

Substituting these bounds into (5.23) we find

Hpe,aVe,e( — Provep ( H
N-1 ~ ~
< X {CCs 10" oV (we) + nfCeCuV” () [126] + Cut? 29]
n=1

+ 2lsup Y CpCrp"V'(z)
€O ,,— N

N(N -1

< NGy || A" CH VT (x) + 12 )C’CCH 1AB]|" V7 () + NCy || AB||”

N

1%
02 —Vr

< 2V {(01505 + Cy)N ||A0)2 + N(N — 1) |Ag]" + 2060,

CcCh 2 pN

; }
since V" > 1. Now the bracketed expression can be bounded by the same technique as in the
proof of Theorem 3.4 to yield (5.18). n

5.11 Verification of the Specialized Conditions for the Windowed
Process

In this section, we develop tools to verify the various conditions outlined in the previous section
which imply convergence of the SA when driven by this gradient estimate. We present a series
of results which show that under most conditions, the specialized conditions (D0), (H2), (H5),
(C), (E1), and (P1) for the windowed process can be verified by checking these conditions for the
original single step Markov chain. Furthermore, Theorems 5.8, 5.10, and 5.11 also imply (P2),
(P3), and (H3). Hence, all the conditions implying the (KC4) noise condition for increasing
window SA algorithm are satisfied. The following sections identify what modest additional
conditions are required for this approach.
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5.11.1 Condition (D0)

The next theorem shows that (D0) follows from (D1) for the standard single-step Markov chain
governed by one step transition function Fy.

Theorem 5.12 Suppose there ezists a function V : X — [1,00) and a family of one-step
transition functions {Py,0 € O} such that (D1) holds. Define for £ =1,2,... the functions

Vi(z Vo, 21y we) =sup{V(z;): j=1,...,0,}

Vo(z) = V(x)

~—

for T = (2, 21,...,m0) € X and v € X. Then, the windowed Markov chain {X, : n =
0,1,...} has the (DO) property.

Proof: We have

By [Vi(Xni)|Xo=1] = Ey [ sup Z{V(Xn+1,i)}|X0 = x]

.....

¢
< Ey [Z V(Xni)|Xo = 35]
i=1
¢
= Y By [V(X0:)[Xo = 7]
i=1
Then we can write any of the expectations Ey [V(X,,;)|Xo =], i =1,...,¢ as an iterated

conditional expectation. Each single-step conditional expectation is bounded by (D1), so if X, ;
is m steps from X,, we can write m iterations.

Eg [V(Xn’l”Xo = 1‘] S sup PgP91P02 cee Pgm71V("L') (524)
{0;€0,i=1,...,m—1}
m—1
< NV(@)+L YN
1=0
(1+ L) V() (5.25)

and this bound holds for any m =1,2,.... If we define Cp =1+ % we conclude
Ey [Vi(Xu)|Xo=a] = (CpV(z), n=012,...

which is (DO) if we substitute in the sequence {¢,.,,n =0,1,2,...} for /. [ |

5.11.2 Condition (H2)

Recall the gradient estimate we have proposed using in the SA algorithm. For some fixed
integer /, if we take

_ 041
Tp = (Tn0s Tnty .- Tng) € X,
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and if we make the convention that % = 0, then
N 1¢ dfe %pwo 21 (0) o
Gi(0, 1) = (@) | + 9 folz;) ),
( Z 90; Pao,z1 (0) ]2:; ’
T,eX* n=1,2..., €0, i=1,...,p.

Applying conditions (G2), (F1), (F3) to this gradient estimate, we have for each i =
1,2,...,p

-~ 1 ¢ afg 89 p:vo 1'1
Gi(0,z) < - ’
‘ ( )‘ 4 Z Doy (9)
no =1 j=1
¢
= (03 + Kgcl) Z Vr(ib'j)
j=1
¢
< Oy Vi), 0€O,z=(vy,1,..., 120 € XTL
j=1
where we let C; = C3 + K»Cy. Finally, in IRP, since the norm ||z]|, = Xi_, ‘x(i) is equivalent

to the Euclidean norm, this implies there exists a constant C'y < oo such that
R ‘
|G, 2)| < Cu Y V7(ay), fc0,zeXt
j=1

This shows that the function V" provides a uniform upper bound on the windowed gradient
estimate hence the first part of (H2) is verified.

The second part of (H2) involves the p, term defined in (5.6).. From Theorem 5.9 there
exists some C' < oo and a 0 < p < 1 such that

N0, )]] < sup [[he, (0) = h(O)]| < Cpn=Ce™™,  n=1.2...

by taking —§ = In(p) so that

Ce 9tn

lon(®, )l < =—=—,  n=12,...

Suppose now we use the sequences defined by

1
n+1

Yo = , l, = |aln(n+1)], n=1,2...

for some chosen o > 0. Then

C —daln(n+1) C
ppn(0,) < =5 = . n=1,2,.... (5.26)
(n+1)=% (n + 1)x0-4




and we clearly need 0 < £; < ad to satisfy (H2). For any /; satisfying (S), this can be achieved
through appropriate choice of o using a bound on p obtained from the results in Section 3.4.1
and computing § = —1In(p). Alternatively, we can simply note the step-size and observation
window size sequences we are using satisfy (S) for any lin0< 0 < 1. Hence, we conclude
that a sufficiently small 7, exists so that (5.26) is bounded for all n. = 1,2, .. ..

5.11.3 Condition (C)

To show (C), let us rework Theorem 3.12 for the window process and its transition kernels
{P,,0 € ©} with the goal of identifying conditions on the one-step transition kernel P.
For some fixed positive integer ¢, we have defined

Vo(z) = sup {V(z;)}, T e XH!

i=1,2,...,0
where T = (29, 71, o, ... 77) € X1, We also have for all exponents 0 < r < 1

V/(@) = sup {V"(x:)}, 7 e X!
‘

i=1,2,...,

Note that V(z) and V" (z) do not depend on .

Theorem 5.13 Assume (D1) and (G2). Then, for all 0, 0" in © such that ||0 — 0'|| <y, T
n XK-H’

| Pry(,) = Pry (3, -)HW < n20CK,C3VT () 10— 0|, foralin=1,2,....

Proof: Consider any 6,6 € © with ||§ — || < 6, any z = (¢, 21, -+, z¢) in X+1. Below let
f: XA 5 RP. We have foralln=1,2,...

Hpey,la(f: ) — 15[,‘0, (z, )‘ o

= sup perfa(fa f)— perfaf(f, f)H
1<V
_ n—1 _ o n—1 _ o _
= [P ) - S P B )+ S P B ) — Pl f)H
1<V i=1 i=1
< ) sup ngiﬂpei,;'l(fa f)—= ]529”']5;79,(33, f)H
i=1 IFISV)
< Y sup [Py (Pro— Peo) Pig (. ) (5.27)
i=1 [|1fIISV)

where pg,g — Py is a signed measure.
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Continuing from (5.27) we find

HPZ?a(f: ) — Py (z, )‘ o

n
< Y swp
i=1 I FII<V)

n
Z sup
i=1 \IIfII<Vy

Py (Puo— Prw) Pigh(e, f)H)

Pry (Pro — Poy) Pigh(@, )

IN

pn—i (D D + ~i—1/—
Py (Pro— Peo) Pwl(x,f)H (5.28)

+ sup
A<V

Consider now

I Peo(yi=1,y5) — 11 Peor (yj-1.95)|, @5 € X!

~ o+,
‘(Pz,a - Pz,of) (x,y)‘ < Lia,=yo}

and using the same expansion as above, we find

‘(Pz,e - 151_1,‘9')i (z, Z?))‘

¢ (k=1 ¢
< Lfumyo} O (H Py (yjlayj)) \Py(yk—1;9%) — Po(ye—v;u6)| T[] Polyj—1,y;)
k=1
¢

IN

k—1 ~ /
Lzmyo} D (H ng(yjl,yj)) 120 Ky Py(ye—1; yr) ( II Pe(yjh?/j))

k=1 \j=1 j=k+1

IN

~ l k—1 l
Lz 100]1% K2 Y (H Pa'(yj—l,yj)> (H Pa(%—n?h))

k=1 \j=1 j=k

Returning to (5.29) we thus get

HPZG(SE: ) — Ply(z, )‘ o

~ n £
< A0S sup

i=1 k=1 71KV

Fyy Py Py P (&, f)

~ n £
l pn—i - - pi—1/(~ r
1A0™ KD > Pl P Py M P (a, V)

<
=1 k=1
P n ¢ o l
< NAON® K2 Y- Y- Pry Py By P (2,30 VT(y)
1=1 k=1 j=1

< A KyConl®VT (x0), & = (0,21, .., 1) € X

where the last line again follows from iterating (D1) as in (2.11) or (5.25). n
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5.11.4 Condition (E1)

Theorem 5.14 Assume (E1) holds for the family { Py, p,0 € O} with some function V : X —
[1,00). Then (E1) is also satisfied for the windowed Markov chain {X, :n=1,2,...} where

Xn = (Xn,07 Xn,la s 7Xn,l) (529)

which is governed by { Py, 0 € ©}. Furthermore, the p in (E1) is the same as that in (E1).

Proof: Under (E1) for the single-step chain governed by {Py, my,0 € O} there exists some
Cg < oo and p < 1 such that

sup [ PR (z, ) = mo() e < CoV7 ()", wE€X, m=0,1,....
0cO

Then for / =1,2,...and n=1,2,...

Zup HE%@a ) - 7?0(-)‘
€0

Vi Vi

= sup||Ply(e, ) = 7(-)|
0e®

¢
m(n—1)+i N .
= ;?elep | (@) =m0,

l
OEVT (xO) Z pl(nfl)+7,
i=1

l
CEVT (l,o)pén Z pz—é

=1
CpV7" (x0)lp™
OEVT (xo)gpn(lfl)pn
CgV'(ze)lp", T = (o, 21,...,20) € X,

IN

VAN VAN VAN

For the case n = 0, we have

sup | Pry(7, ) = 7o(1) |, < Cul ¥y (2).
€O 4

5.11.5 Condition (P1)

Here, we check condition (P1) for the full form of the gradient estimate. For each i = 1,...,p
we must check the existence of the solution 17% : O x X! - R for the Poisson equation with
forcing function G;¢():

Gio(7) — T(Gro) = vi(@) — Y Pl pvih(y), zeX 0e0,

where G;4(Z) = Gi(6, Z) is the function used in the gradient estimate (4.32).
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Condition (P1) follows from(E1) and (H2), both shown above, since for each i = 1,...,p
they imply convergence of the sum for each / =1,2,...

7i(T) = ff( 3 %(my)éi,a(m—v-r@,e))

n=0 geXm+1

V[

< Cu > [Py(a )~ )

< o0, TeXxl geo.

5.11.6 Condition (H5)

To satisfy (H5) , there must exist constants ls in (21, 1), § > 0, and C5 < oo so that for all 8,
¢' € © such that ||0 — ¢'|| < 6, we have for £ =1,2,...

l ~
|G(e,0,7) - Ge.0,5)| < CXvi@)llo—o,
=1
for all 7 = (2g,21,...,2¢) € X",

We shall propose two additional conditions which assume a common 5 in (21, 1) in both
conditions:

(F4) There exists constants Cy < 0o, 64 > 0 and ?y in (Zl, 1) such that:

‘3f0+A9($) _ 0fy(x)

< 2\2 r
= 20 <y 20 V(@)

for all z € X and 6,6 € © with ||Af|| < 4.

(G3) There exists constants K; < 00, 6 > 0 and 0, in (¢1,1) such that for all i = 1,...,p and
all parameters 6,60 € © such that [|[Af|| < s the transition probabilities partials satisfy

< K, ||A9||e2 px,y(g)a T,y € X. (5.30)

9 o
0 = gpes0)

Theorem 5.15 Assume (F1)-(F4), (G1)-(G3). Then, the gradient estimate
G(0,0,1) satisfies (H5) in the form (5.80).

Proof: First let 5 be defined as the minimum of 1, d, ¢, and § which exists from (F3).
We shall treat the two main terms of the gradient estimate separately. Under (F4), the first
term of GG, given by
1. & ofy

G (,0,7) ==

7 %(xj), T = (270,.1'1, Ce ,afg) € X£+1, feco (531)
j=1
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readily satisfies (H5) for all 0, 0" € © with || — 0'|| < J5.
Consider now the second term of the estimate'

GP(0,0,z) = Vux,(0) ng . pe Xt (5.32)
pX07X1(0)

Recalling our convention that 3 = 0, we have for all parameters [0 — ¢'|| < 05 and all
T = (w9, 71,...74) € X!

|G (.0,2) - GO0, 5)| < {Vp e 8) _ VP ’”°”“(9/)} (XZ: fa(xj)> H

pxo,xl( ) Pzo,z1 (9,)

Vg, (0) S (s
) {(ng xﬂ) gfa(]))}H

vpmo,ml (9) _ vpmo,l‘l (9,)
Pzo,z1 (9) Pzo,z1 (91)
V4

+ K3 |Y (folaj) — for(x;))|-

7=1
Next, we note that condition (G3) implies that if p,,(#) = 0 for some 6, then Vp, ,(6) =0
in a dg neighborhood of #, hence we can safely rewrite the factor:
‘ Va2 (0) _ VD, (6)
Do,z (0) Pao,z: ()
Vpl‘o,l‘l (9) — Vpl‘o,l‘l (9,) H Vpl‘o,l‘l (9,) _ vPIo,l‘l (9,)
P, (0) Proa: (0) Pror (0')
z: ||VP$0 1 (9,) || |p$0 1 (9,) ~ Paoz (9)|
P [|A0]" + ’ ’ ’
VP P, () Pao,z1 (0)
< VDKL [|A0)” + KoK |0 — 0|

< K'||Ag)>, 1A0] < 3,

< O

(5.34)

<

for some constant K’ < oco. Above, we have applied (G3) to bound the first term; and applied
(4.9) and (G2) to bound the second term.
The term (5.34) is bounded easily from (F3) so there exists an L < oo such that

0
< LA6 V" (x5)

j=1

¢
> (folzs) = for(x;))
7j=1

Sy
< LAY Vi (z), (A9 < 6.
7j=1
Therefore, for all # in © with ||Af|| < §5 we combine the bounds for (5.33) and (5.34)

- l
|GP(,0.2) =GO (. 0,2)| < [|A01* (CLk" + L) 3 V' (),
j=1

T = (z0,21,...,1) € XL,
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5.12 Example: Optimization of the Tandem M/M/1

We now demonstrate the SA-based stochastic optimization procedure we have just outlined in
a very simple optimization problem. The performance measure, or objective function, we wish
to minimize is the steady state total number of customers in the tandem queue consisting of
two infinite buffer M/M/1 queues in series with adjustable service rates.

The first queue has a fixed arrival rate of A = 1 and a parameterized service rate of

Nl(e) =0, 0 € (173)

/1’2(9) :4_97 S (173)
For this problem, since the arrival rate to the second queue also occurs at rate A, the objective
function has a simple closed form solution
A A
= 4 :
p(f) = A pa(0) — A

and this is plotted in figure 5.1 as a function of 6. In this case, it’s obvious the minimizing

J(6) 0 €(1,3),

Objective Function: Average Number in Tandem Queue
T T T

B R e = = N
o © o N b ) © o
T T T T T T T T
L L L L L L L L

Average Number of Customers in Tandem Queue
5
T
L

N
T
I

L L L L L
1 15 2 25 3
Service Rate at Queue 1

Figure 5.1: Steady state total number of customers in the tandem queue.

parameter is 0* = 2, but nevertheless, let us perform a computer simulation of this tandem
queue to see how the proposed derivative estimate performs when coupled with SA.

This simple optimization problem was also used by Meketon [75] who performed a nearly
identical optimization problem (in an interesting survey paper on approaches to optimization)
in which Meketon proposed SA with an IPA gradient estimate.
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Looking closely at Meketon’s simulation data in his graph [75], it is not in fact clear or
convincing that those iterates are indeed converging to the optimal value in Meketon’s simulated
run, (with 6* = 3 in this case). This is because for one, the simulation ends with the iterate at
3.24 with a slight upward drift, and second, the iterates remain on the high side of #* = 3 for
all but the initial transient portion of the run. These observations could suggest a small bias
present in this particular IPA estimate although it’s certainly not clear from one simulation
run. In any event, further study of this problem seems warranted.

Before we get to our simulation results let us remark that there are two aspects that could
possibly make this a challenging system to to optimize via this SA method. First, the measure-
ments we will be taking for our derivative estimate are unbounded as each queue has an infinite
buffer and as such, it can lead to derivative estimates which are also unbounded. It’s reasonable
to conclude that unusually large derivative estimate could cause the next iterate to be forced
a large distance from the previous one, and, if this were to occur when our parameter has es-
sentially reached 6*, then the “progress” the iterate had made towards the goal is undermined
and the iterate essentially must start over. Second, notice from Figure 5.1 that the objective
function is quite “flat” in the vicinity of #* = 2 so the performance derivative we will be esti-
mating will not offer very much direction as the iterates approach this value #*. The trajectory
of the mean ODE (t) = —4.J(6(t)) would thus approach ¢* slowly as well, and we know from
the ODE Method [61] to expect the iterates 6,, to approach the ODE trajectory. Thus, if we
observe that the convergence is slow as the iterate nears 6*, then this at least partially should
be attributed to the “flatness” of the objective function we are seeking to optimize.

5.12.1 The Simulation Model and Optimization Algorithm

The sample path of the tandem M/M/1 queue is given by {(Xt(l),Xt(Q)),t > 0} where X
represents the number of customers present in queue ¢ at time ¢ and is modeled as a continuous
time Markov chain having infinitesimal generator Ap = [a,4(6)], . This system is uniformizable
with the infinitesimal rates bounded uniformly over all # € O:

a = supsup |a, ()| < oo, f € o.
€0 zeX
Hence, we can uniformize [41, p. 118][92] and thus subordinate the continuous time Markov
chain to a Poisson process of fixed rate a. Our approach will be to estimate the objective
function by simulating the continuous time Markov chain as a discrete time Markov chain
using the equal holding time method [56]. This has the advantage that it is not necessary
to generate exponential holding times in the simulation. Thus, for each # € ©, we get a =
A+ p11(0) + 112(0) = 5 and the resulting discrete time Markov chain {(X(V, X)) n =0,1,...},
is governed by the one-step transition probabilities Py = I + Ap/a, 6 € ©.
Let us consider the probabilities corresponding to each transition event. Note the the
simulation method has created some null events, i.e. transitions which result in revisiting the
previous state with positive probability.
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arrival at queue 1: For (z™,2®) € {0,1,...}?,

A
Py [(X1, X00) = (@ + 1,2 (X0, X)) = 2V, 2)] = 2
arrival at queue 2/departure from queue 1:
For () =1,2,...;2® =0,1,...,
6
Py [(X0, X2 = (0 — 1,2 4 1)| (X0, X2) = (20, 2] = £10
0
5
null departure from queue 1: For z® =1,2,...
(6 0
Py [ (X0 X{20) = (0,5)] (X0, X2) = 0,4)] = 40 = 2

null departure from empty state:

n n 5
4
= = 5.35
57 ( )
non-null departure from queue 2: For (") =0,1,...,2 =1,2,...
P Ix®D x® = 20 0 ) (xO x@y = ;0 0] - H20)
o[G0 = (@02 - | (X0, XP) = (o0, 2®)] = =
40
5

All remaining transitions have probability zero. The above events with nonzero probability can
be represented by the following symbols:

A = Arrival at Queue 1

D; = Departure from Queue 1 (and Arrival at Queue 2)
N; = Null Departure from Queue 1

Dy = Departure form Queue 2

N, = Null Departure from Queue 2

In the state (XY, X(?)) = (0,0), we do not distinguish between events N; and N, since the

n n
outcome is identical, and for greater efficiency, we simulate N; U Ny at probability in (5.35).

113



For all states other than the zero state (0,0), the likelihood ratios are computed:

LPolA] 0 —0
PylA]  1/5
LPg[D]  LPo[N] 1/5 1
Py[D;]  PyN] 0/5 0
LPg[Dy]  LPg[Ny] —-1/5 1
PolDo]  Po[No]  (4—0)/5 0—4

For the zero state (0,0), the likelihood ratios are

LPy[A] ZL:O LPy[N; U N, :l:()
PoA] 15 PN UN,] 45

With that, we find the gradient estimate is

d by

~ _ _PG(Xn-l—IO Xn+1 1) n+ ) )

G0, Xnir) = S X0 L x® —1,2,...
( ) +1) { PQ(XTL+1,07XTL+1,1) Z ( n+1,7 + n+17]), n y 2y

j=1
where we take a window X, = (Xnﬂ,g, . ,Xn+1,gn+l).
A computer simulation was performed with this Markov chain using the projected algorithm:

Ony1 = j11,2.9 {9n - %+1é(9n, Xn+1)} , n=0,1,...
0y = 1.25
XO - (0, 0)

We chose the rather arbitrary step-size sequence v, = 1/(5+4n) for n = 1,2, ... and observation
window sequence £, = 61ln(n) +5 for n = 1,2,... which satisfies (S). The results of the
simulation are in Figures 5.2 and 5.3.

5.12.2 Simulation Results

Figure 5.2 shows the the early response of the stochastic optimization algorithm in two graphs;
the lower graph shows the evolution of the service rate parameter #, at the first queue while
the upper graph shows the computed theoretical objective function at each parameter value,
i.e.

_ A 1
T O =X (=0, =N

During this early response, it’s clear the noise is forcing the parameter over a wide range of

J(0n)

n=12,...

values within the projection. The long term response of the algorithm in Figure 5.3 suggests

asymptotic convergence of the iterates 6, = u(!) to the theoretically optimal value 6* = 2.
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Figure 5.2: Early response of the simulated stochastic optimization algorithm.

5.12.3 Convergence Verification Procedure

In order to verify the conditions for convergence, we would start with showing (D1) or (D2) for
the one-step chain for some function V' which we need to find. Then we would check conditions
(M), (E1), and (H2) as we did in Chapter 3 for the simple random walk example. Note that
(G2) is equivalent to (M) here. For this example here, it can be verified that (D1) and (D2)
follow (in the same manner as the random walk example) if we take

V(e®, 2@ = gt 4™

for some constants K < co and s > 0.

Then we check the conditions for the windowed chain used in the optimization algorithm.
The results of this chapter then imply (D0), (H2), (C), (E1), (P1) all hold for the windowed
chain. The additional conditions (F1)-(F4) and (G1)-(G3) also follow readily and allow us to
verify (H5). The steps involved in checking these conditions are nearly identical to those carried
out for the random walk example and the additional conditions (F1)-(F4) and (G1)-(G3) are
straightforward to check.
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Figure 5.3: Long term response of the simulated stochastic optimization algorithm.
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Chapter 6

An Algorithm for a Partially Transient Markov Chain

6.1 Introduction

The results of this chapter were first motivated by a difficulty we encountered when applying a
projected SA to the M/M/1 queue. Consider an M/M/1 which has a fixed but unknown arrival
rate Agrivat and we wish to iteratively approximate the location of the particular service rate
parameter 6* = p* which achieves some given level of service defined by the steady-state mean
queue size (or perhaps the steady-state mean waiting time). Since the arrival rate is unknown,
we are unable to identify a compact projection set © to use with the SA algorithm which ensures
the service rate iterates {6, = pn,n = 0,1,...} remains within the positive recurrent region
(Aarrival, ), 1.6. we want to choose © C (Agprivar, 00). Unfortunately, if a non-ideal projection
set is instead chosen which includes any part of the transient or null recurrent region [0, Agrrivai],
the framework developed in Chapter 2 breaks down for several reasons, one of which is simply
the regression function h(-) is only defined on the interval (Agrivar, 00) and we require existence
as well as continuity of h on ©.

Now consider the general SA problem and let us assume that all of the general conditions
of Section 2.3 which lead to convergence of SA’s (including positive recurrence) are satisfied
over some subset D of IRP. Except for unconstrained SA applications where the recurrence
condition of the Kushner-Clark Lemma can be independently verified, the projected SA frame-
work presented in Chapter 2 is most easily applied for cases where it’s possible to identify
an compact ideal projection set ©;4.; Which contains #* and lies within the ODE’s domain
of attraction DA(6*). Since SA’s are proposed for many “blind” equalization and regulation
problems with unknown quantities, choosing an ideal projection set ©;4e, for which 6* € 0,404,
Oidear C DA(0*), and O;4eqq C D; can be difficult or impossible. As a result, this difficulty
often leads to a tradeoff in the choice of a suitable projection set © which approximates ©;4eq;.
Choosing © to be “small” makes it more likely that © C D, but can result in 6* ¢ © which
prevents convergence to 6*. Choosing © “large” makes it more likely that 6* falls in © but can
result in © not being a subset of D,. Our goal in this chapter is to develop an approach to
proving convergence when O is chosen “large” which takes into account the possibility that ©
is not a subset of D;,. In this case, there may be a region within © where some of the general
convergence conditions of Section 2.3 are not satisfied.
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For the particular M/M/1 queue example above, we may easily choose a “large” compact
set © D Ojgeq given by © = [0, M| where M is chosen so large that we are absolutely confident
0* << M. We wish to study the behavior and convergence properties of this algorithm which
generates iterates 6, = p, controlling the service rate which may fall in the transient/null-
recurrent region [0, Agrriva] as well as the positive-recurrent region (Agppipar, M| of ©.

In general, we study an extension to the framework in Chapter 2 where we wish to apply
SA to a system where it is only assumed the convergence conditions are satisfied when the
parameter @ is restricted to some compact and strict subset @) of D, N ©. We find that the
SA with “large projection set” can be applied to Markov chains which may contain a transient
region within © and the desired a.s. convergence can still be shown provided one additional
condition is satisfied; that, almost surely, the iterate 6,, always returns to this compact subset )
if it should ever leave (). In this setting, the general conditions of Section 2.3 are only required
to hold on a localized subset @) of Dy N © and we do not require that the regression function h
be defined outside the subset Dy, i.e. we take h : Dy — IRP.

For the M/M/1 example above, we show that this key recurrence condition on the parameter
iterates holds when the performance measure is the queue occupancy; and when combined with a
localized ODE method we prove almost sure convergence 6,, — #* with no unverified conditions.
While this localization approach is not new (it is discussed in [64]), we do show in detail how
the various steps may be carried out for a particular system and we feel this offers several
insights as well as tools which should apply to other systems with properties similar to this
M/M/1 example. The particular property that we exploit is that if any iterate should cause
the queue to be set to operate in the transient region, the queue tends to grow unbounded as
long as the iterate remains in this transient region and the response of the SA algorithm driven
by the queue occupancy then tends to drive the iterate back to the positive recurrent subset )
almost surely. This recurrence property is related to the structure of the chain and therefore
holds without a priori knowledge of the boundaries of () or the value of Ay ripar-

6.2 Localized Conditions

Let us now define a new set of localized conditions which will be used later to show a.s. conver-
gence of 0, to * via a localized ODE method when accompanied with a parametric recurrence
argument shown for the specific problem.

For this general setting, © is a compact subset of IR” used in the projection operator. The
following conditions are nearly identical to those presented in Chapter 2 except here they hold
only on a compact subset @ of © and unlike Chapter 2, here we simply require 0 < r < 1/4.
We still assume /; is in (0,1) and satisfies (S).

(D0’) There exists a function V' : X — [1,00) and a constant 1 < Cp < oo such that for all
n=20,1,2,...

Epa [Lp.cqyV (X)) < CpV(x),  and (6.1)
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Egyw [1{9neQ}V(Xn+1)] < CDV(LL‘), 0 € Q, T € X. (62)

(D1’) There exists a function V' : X — [1,00) and two constants 0 < A < 1 and L < oo such
that
PV (z) < A\V(z) + L, for all # in @@ and z in X.

(7”) For each 0 € @, there exists a unique Py-invariant probability 7y on (€2, F).

(HY’) For all @ € Q, H(f,-) = Hy(-) is integrable under my. Let us denote
ho) = ro(Hy) = [ Hy@)mo(da), 0 € Q.
(H2’) There exists constants Cy < oo and C, < oo such that,

sup [[H(0,z)|| < CrV'(x), for all z € X
0eQ

sup ||pn (6, 2)|| < C,V'(x), for all x € X, n=12...
e

(H4’) There exists a C}, < co and a § > 0 such that for some 0 < ¢ < 1:

[h(0) = @) < Callo =01, 6,0 €Q, 90|l <o.
(P1’) For all (A,z) € @ x X, the following series converges:
() = f ([ i, d)Hoty) —h(®)) < .
and we identify vy(z) as the solution to the Poisson equation associated with H (), -):
Hy(@) = h(0) = wo(2) = [ Pow,dy)mnly),  w€X, 0€Q.

(P2’) There exist a constant C,, < co such that

[va(2)]
[1Povs ()

C, V" (x), forallf e Q, zeX

<
< CV'(z), forall# e Q, ze€X

(P3’) There exists a constant C < oo such that
||Pgl/9(l‘) — Pgll/g/(l‘)” < C(;Vr(l‘) ||9 — GIHZI , for all 9,9, €Q, zeX

where 7, satisfies (S).

We may also have occasion to use localized versions of the specialized conditions of Chapter
3, the definitions of which are obvious.
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6.2.1 An Immediate Consequence

Proposition 6.1 Suppose there exists a function V : © — [1,00) such that condition (6.1) of
(D0’) and (D1’°) both hold. Then both conditions of (D0’) hold, i.e. that there exists a Cp < 0o
such that for alln =10,1,2,...:
E[V(Xu1)le,eqy| Xo = , 0]
E[V(Xn)1{,eq}|Xo = z, 0]

CpV (z), and

<
< CpV(x), for all 0 in Q C O, x in X.

Proof: Suppose condition (6.1) is satisfied with C, < co Conditioning and applying (D1):

E[V(X11) 19,03 Xo, 00] E[E[V(Xn11)|Xn, 00]1{0,c01] Xo, 60]
E[(AV(X,) + L), eq}|Xo, 0]
AE[V(X,)14p,eq} Xo, 0] + L
ACLV () + L

(C+ L)V (2)

Now define Cp = C}, + L. u

INININ TN

6.3 A Noise Decomposition for Localized Domains

This section carries out a decomposition similar to what was used in Chapter 2 and is based
on the decomposition and framework developed in [6]. We have slightly adapted BMP’s de-
composition to meet our needs for projected algorithms containing a localization () within the
projection set. The reader will notice the form and development of the decomposition is essen-
tially identical to BMP’s yet the algorithm and conditions for which the decomposition is valid
are indeed different.

Consider the same ©-projected stochastic approximation algorithm studied earlier in the
previous chapters. We assume existence of a compact subset () C © which we refer to as the
localization on ©. For convenience, the SA algorithm is initialized with an arbitrary parameter
0o = 0 in (). The familiar recursion is defined for all n = 0,1,2,... by:

9n+1 - H@ {gn + f)/n—l—lH(gna Xn-H) + 772L+1pn+1 (gna Xn—l—l)} (63)
- en + 7n+1H(9n7 Xn+1) + 773+1pn+1 (9n7 Xn+1) + Vn+12n+1, (6'4)

and the deterministic step-size sequence {7,,n =1,2,...} is chosen to satisfy (S).

The state process X = {X,,n =1,2,...} behaves as a controlled Markov chain (see Section
2.2) in which the one step transition kernel Py(x,-), which may depend on the continuous
variable § € O, is controlled by the current iterate 6, so X, i is governed by the one-step
probability Py, x,. Additionally, it is assumed that a generic time-homogeneous Markov chain
governed by the same transition kernel Py(x,-) with the parameter 6 held fixed at any point in
Q is ergodic in the sense that there exists a Py-invariant measure my and

lim Ey, [H(0, X,)] = m9(Hp) = h(0), 0eq. (6.5)

n—o0
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We assume the regression function ||h(f)|| < oo for all § € @, hence for any n such that
0, € Q, we can write (6.4) as:

9n+1 - en + 7n+1h(9n) + Yn+1”n+1
+ Yn+1 {H(Hm Xn+1) - h(en) + Tn+1Pn+1 (em Xn+1)}
- gn + 7n+1h(9n) + Yn+12n+1 + f)’n—l—lgn-i-la (66)

Rearranging we find

Ynt1En+1 = Opy1 — O0p — ’VnJrlh(Hn) — Yn+1Rn+1; (6'7)

this being valid for #,, € () only, as we assume h is not defined on Q°.
Following [6], we define the C? function ¢ : © — IR, which has a bounded second derivative
and consider the following generalization of (6.7):

'7n+15n+1(¢) = ¢(9n+1) - ¢(9n) - 7n+1v¢(9n) ) {h(en) + Zn+1} (68)
For the compact set () of ©, BMP also define

My = suple(0)|
0eQ

My = sup V()]
0eQ

M, = sup|V?e(0)]
0eQ

My = sup|[V2(6)|

0cO

Given two points 0,6 € ©, there exists a remainder R(¢,6,6") such that

¢(0) — ¢(0) = (0 —6") - Vo(0) + R(9,0,6) (6.9)

whereby |R(¢,0,0')] < My |6 — 6'||”.
If we take 6, € QQ (and we only know 6y, € ©), then from (6.7), (6.8) and (6.9),

Vit16k+1(0)
= ¢(9k+1) - ¢(9k) - ’Yk+1v¢(9k) ’ (h(gk) + Zk+1)
VoOr) - (Ors1 — Ok) — Y1 VA(Or) - (D(Ok) + 2p41) + R(D, O, Ok y1)
= 7k+1v¢(9k) : {H(Hk;XkJrl) - h(ak)}

+ %1 Vo(Ok) - prs1 (O, Xit1) + R(9, Or, 1) (6.10)
where
|R(), 0k, Ors1)] < My H%+1H(9k,Xk+1) + Vi 1Pt (O, Xiyr) + 7k+12k+1H2
< M, (2 H%+1H(9k, Xi1) + Vip10n41 (O, Xk+1)H)2

= AMyY2 [ H Ok, Xis1) + YVer1 1 Oy Xisr)|*- (6.11)
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For the fixed compact set @ and for each i = 0, 1,2, ... let us define the i"* ezxit time and
the i'" entrance time, respectively

7(Q) = inf{n>v;1(Q): 0, ¢ Q} (6.12)
v;(Q) = inf{n>7(Q): 0, €Q}, i=1,2,..., (6.13)

where by convention we define 7y = vy = 0. Recall our assumption that 6y € Q.

For some i = 1,2,..., let us take v; 1(Q) < k < 7;,(Q) so (6.10) is valid, and assuming
condition (P1’) so that the solution to the Poisson equation exists on @), we reformulate (6.10)
using some new terms é{kﬂ)rl (defined below in 6.15):

cen(@) = Vo(Or) - {H Ok Xesr) — h(0)} + 5.2,
= VoO) - {o,(Xis1) — Povs, (Xpn)} + 800,
= Vo(0r) - {vo,(Xe+1) — Pove, (Xi)}
+V9(08) - (Phan (X0 = P, (i)} + B
= b+ Vo(0) - {Pove, (Xi) = Povi, (X)) + 22,
We retain BMP’s notation and define the function ¢y(z) = V¢(0) - Pyry(x). For any

i=1,2,..., and for m,n such that v; 1(Q) < m < n < 7;(Q), the weighted sum of the noise
terms is formed and then rearranged:

:2:1 Ve+1€k+1(9)
= 5 o () 4 e (00~ Y (e}
= :Z Ve+1 (5{1“21 + 5&21) + Vm190,, (Xim) + an;%H {@/)ak (Xk) — %k_l(Xk)}
+ k:i:;(%ﬂ — V)0, (Xk) — Yathe,_, (Xn)

We thus have the following decomposition (which is quite similar in appearance to BMP’s
Lemma 1 [6, p. 222]):

n—1
> VeriEri1(0) (6.14)
= N = o), = 3, L
= D Wrifepit Y Wit Y YVeriipn + D Ve1Brgr T lmin
k=m k=m+1 k=m+1 k=m

where
6{161421 = V¢(9k) ’ {V9k (Xk+1) - P9k’/9k (Xk)}
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BN = 0 (Xk) — v, (X)

.0 —
g;ca-i)-l = M¢0k_1(Xk)
Ve+1
. R(p,0,,0
& = e VOOh) - pror (O, Xig) + %
+
ﬁm;n = Yms1¥o,, (Xm) — Mo, (Xn) (6'15)

6.3.1 A Partial Decomposition

In the coming sections, we shall also be interested in convergence properties of the following
partial decomposition sum for any n=1,2,...

n—1 n—1
. 1 2
En = Y enfeiilipee) + 3 Wrifoilioeey oo cq}

k=0 k=1
n—1 n—1
3 4
+ 3 B Loeeoy Lo ea) + O Thrifoni Loy (6.16)
k=1 k=0

Note we take the convention that any summation Ef is defined to be zero if 7 > j.

The decomposition is termed partial because the final 77 term in (6.14) is not present here and
we will account for it separately when we work with this form of the decomposition. Observe
that for any i = 1,2, ..

*)

n—1

Z Ve+16k+1(9) = By — Em + Nmsns vi-1(Q) =m < n < 7(Q). (6.17)

k=m

6.4 Localized Versions of the BMP Lemmas

This section presents a series of five lemmas, analogous to those in Chapter 2 which bound each
term in the decomposition of £(¢) under localized conditions and with the greater generality of
passing the noise through the function ¢ which was introduced in this chapter’s decomposition.
Since the proofs of these lemmas are similar to the versions in Chapter 2, we have placed them
in the appendix.

Lemma 6.2 (Variant of BMP Lemma 2) Assume (D0’), (P1°), (P2’) for some positive
r<1/4 and a set Q C O so that 7 = 7(Q).

1. There exists a constant A; < oo such that for each m =1,2,...

2

et
Z Ve+1€k 11
k=0

EG,&:

m—1
<AV (@)Y i reX, #eq.
k=0

sup ly,<r

nsg {n<r}
Moreover, A} < 4C?M?2Cp.

2. On {7(Q) = oo}, 725 vkﬂéﬁzl converges Po ,-a.s. and in L* if 22 iy, < 00.
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3. The sum ZZ;& 7k+11{0keQ}é§cl_')_1 converges Py y-a.s. and in L?if %2, *y,%ﬂ < 0.
Proof: See the appendix. [ ]

Lemma 6.3 (Variant of BMP Lemma 3) Assume (D0’), (H2’), (P1’), (P2’), (P3’) for
some positive r < i and a set QQ C O.

1. There exists a constant Ay < oo such that for allm =1,2,.. .,

mAT—1 2
( Z V41 ‘5@10

k=1

m—1 ~ 2
Ey. < AV () <Z fy,i“]l) , reX, 0eqQ,
k=1

2 ~
where, A2 S CD (8M22C’3 (CH + ’)/lcpg)Z ( ,yi\ ) + SMIZC(? (CH + ’Yleg)%l) .

142
'7§ 1)

2. There exists a constant By < 0o such that for all m,n =1,2,... such that m > n,

n—1 —~ 2
EG,:I: S B2V(x)< 7]1+l1> )

k=m

reX, f#eq,

n—1 2
2
< Z Vi+11{0, @} L1041 €@} ‘52421 D

k=m

2 ~
where, B2 S CD (8M2203 (CH + ’Yle3)2 ( fﬁ ) + 8MIQC§ (CH + 710p3)2l1> .

140
% 1)

Proof: See the appendix. [ ]

Lemma 6.4 (Variant of BMP Lemma 4) Assume (D0’), (P1’°), (P2’) for some positive
r< i and () C ©.

1. There exists a constant A3 < oo such that for allm =1,2,...,,
mAT—1 3 2
i | (" e ) | < awent, vex oeq
k=1

Moreover, A3 < M2C%Ch.

2. There exists a constant By < oo such that for all m,n =1,2,..., with m <n,

Ey. < B;;V(x)vgl, zeX, 0eqQ.

n—1 2
3
( E , Ve+11,e03 {0, €Q) ‘é{kll‘)
k=m

Moreover, By < M2C*Cp.

Proof: See the appendix. |
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Lemma 6.5 (Variant BMP Lemma 5) Assume (D0’), (P1’°), (H2’) for some positive r <
and () C ©.

N

1. There exists a constant Ay < oo such that for allm =1,2,.. .,

mAT—1 2
( Z Ve+1 ‘5{1310

k=0

m—1 2
Ey, < AV (x) (Z 7,3+1> , reX, 0eqQ.
k=0

Moreover, Ay < Cp(Cpz + 2MC% + 27%033)2-

2. There exists a constant By < oo such that for all m = 0,1,2,... with integer n > m

n—1 2
(£ reertincar )
k=m

Moreover, By < Cp(Cps + 2M>CF + 2’7%033)2-

n—1 2
Ey. SBMx)(zvzH) . sex, feq
k=m

Proof: See the appendix. |

Lemma 6.6 (Variant of BMP Lemma 6) Assume (D0’), (P1°), (P2’) for some r < } and
Q CO.

1. There exists a constant As < oo such that for each m =1,2,...,

m—1
Eﬂ,x [ sSup |7A7/0;n|2 < A5V(-'L') Z fYI%Jrlv S Xa NS Q
k=0

1<n<
Moreover, A5 < 4CpMEC?.

2. On {1(Q) = oo}, Moy converges a.s. and in L? if 3 v, < oo.

Proof: See the appendix. [ ]

6.5 Main Properties of the Noise

In this section, we collect the results of each lemma for each term in the decomposition of £(¢)
and show several bounds related to the “step-size weighted sum of error” sequence (6.15). We

let 7(Q) = 11(Q).

Proposition 6.7 (BMP Prop. 7) Assume (D0’), (P1’)-(P3’), and (H1’)-(H2’) hold for some
positive r < i and Q) C ©. There exist constants By, Bs, Bs, By such that for allm =1,2,...:

1. We have

n—1 2

Y VkriErir(9)
k=0

~

} < B,V (z) (1 +§ ,ﬁﬁll> §7§+1. (6.18)

E¢,q {:gg Lin<z(@)}
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2. We have

n—1 2

Z Vit 1Ek41(0)
k=0

~

N m—1 m—1 —~
Ey., < B,V () (%”1 +> %ﬁi?) 3yttt (6.19)
k=0 k=0

sup lin<r(@)
n<m

3. On {7(Q) = oo}, and if Y32, 11 < oo:

(a)

n—1 2

Z Vit+16k+1(0)

k=0

< BV() Y it (6.20)
k=0

Eg,w sup

n>1

(b) the series 352 o Vir16k+1(P) converges Py -a.s. and in L.

4 ISRt < oo,
(a) The partial decomposition sum E,, defined in (6.16), converges Py -a.s and in L?.

(b) For any m < n, the remainder term fmnl{,,co}l{o,_.cor converges to 0, Py ,-a.s.
as m,n — 00.

Proof: Parts 1-3 follow similarly to the proof of Proposition 2.7 using the localized variants of
the BMP Lemmas.
Part 4-a. We have forn =1,2,...,

n—1 n—1
. 1 2
E, = ) 7k+15§c+)11{0keo} +> %+15§c+)11{9kec2}1{0k_le@}

k=0 k=1
. ® (Y

+ 2 Yerfriil ey Lo e@) + D Terfiii ey (6.21)
k=1 k=0

The first summation term in (6.21) converges almost surely and in L? by Lemma 6.2. It’s
also clear the remaining three summation terms all converge almost surely and in L? from the
bounds in Lemmas 6.3, 6.4 and 6.5. (See the proof of Proposition 2.7 for details on how this is
shown.)

Part 4-b. In the original derivation, 7., was only defined for v,y < m < n < 7; for any
t=1,2,... but we now extend the definition to arbitrary m = 0,1,2,... and n > m so that

ﬁm;n = me—I—l’QZ}Gm (Xm) - an@Z)Gn,l(Xn)-
From the Monotone Convergence Theorem we get
0 2
Eﬂ,x [Z ‘l{ﬂmEQ}me-H’QZ}Gm(Xm)‘ ]
m=1
< > YmiiEoe [1{ameQ} Yo, (Xm)|2]

m=1
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< Y 2iiEos [Loneqy IVO0m)I 1P, v, (Xin)|]

m=1

< Y M MIC B [10,0e0 VT (X))

m=1

< N MPCICHV (z) < oo

m=1
2
Therefore, the series > -, ‘1{9meQ}’Ym+1¢0m (Xm)‘ converges almost surely which implies

10,0} Ym+10,, (Xm) — 0 (6.22)

almost surely under Py ,.
Similarly

o 2
EG,&: [Z ‘1{0n71€Q}7nw9n—1(Xn) ]
n=1

]

< i%%Ea,x [1{9n_leQ} IV (On1)II” HPG"IVG"I(X")HQ}

< Y ME, [1{0n1ecz} [, (Xn)
n=1

< Y RMICIEy, L, ey V7 (Xn)]

m=1

< N MICICHV (z) < oo,

m=1

2
The series Y0, ‘1{9%1642}%1/)9”71 (X,)| also converges almost surely which implies
nh*{{.lo l{en_leQ}”Yn@Z)Gn,l(Xn) = 07 Pﬂ,x —a.s.

Finally, the convergence to zero follows readily since

TiminL 10,0 110,120

IN

f)/n]‘{enfl EQ}’@Z}@TL*I (Xn) ‘ .

6.6 Application: Tuning the M/M/1 with Unknown Arrival Rate

As we stated in the introduction, we carry out the convergence analysis specifically for the
M/M/1 queue with infinite buffer, unknown arrival rate Agripa > 0, and controlled service rate
p(0) = 0 which is constrained (projected) on the set © = [0, M] with M < oo arbitrarily large.
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The performance measure of interest is the steady state mean queue size which, for this model,
can be computed analytically if Ayripe and p(6) are both known and % < 1:

)‘arrival
E?ro [X] B M(Q) - )‘arrival‘ (623)
Our goal is to find the particular service rate p(6*) which achieves a steady state queue size of
N* customers in queue and in service.
We choose to model the M/M/1 queue size by uniformizing the continuous time Markov
chain for the M/M/1 and simulating a corresponding discrete time chain [56] which is the
following birth-death chain (a random-walk with a reflection at the origin). For each x =

0,1,..., the one-step transition probabilities are:
P [X +1 |X ] Aarrival
n =T n =% = T/
’ i Aarrival +0
6
PyX,1 = (x—1)"|X, = = — 0 € [0, M], 6.24
(X1 = = DX =a] = ——p 0.1) (6:24)

with zero probability for all remaining transitions. This chain possesses a null transition from
state 0 to state 0.
We apply a projected SA

gn—l—l = lle {9n+7n+1H(9naXn+1)}a n=0,1,...
90 - 9 € @
XO =z €X

with projection set © = [0, M] and driving function H(#,z) = x — N*. Additionally, we shall
assume an explicit step size sequence {7,, n =1,2,...} given by v, = % foralln =1,2,.... It’s
clear that at certain times the chain may in fact be operating at a parameter in the transient
region so that W > 1.

Here, M serves to model the maximum mean service rate available in the queue and we
choose M < oo simply to achieve the boundedness condition required for the Kushner-Clark
Lemma. The use of a bounded service rate limit M is not seen as a significant limitation because
M may be chosen arbitrarily large. Alternatively, this fixed upper bound on the projection set
could likely be relaxed using a randomly increasing bound as in Chen’s algorithm [17, 18], but
we shall not explore this option as it is the effects of the transient region at the other extreme
of © we wish to study here.

A similar birth-death chain was studied earlier in Chapter 3 in which the transition prob-
abilities had a linear dependence on 6 instead of the nonlinear dependence given by (6.24).
In that earlier case, an ideal compact projection set was used with the SA which maintained
positive recurrence for that Markov chain and the specialized conditions of Chapter 3 were ex-
plicitly verified which implied the more general convergence conditions of Section 2.3. In this
case here, we do not assume accurate knowledge of the arrival rate A,ivq hence such an ideal
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projection set cannot be identified. Nevertheless, a compact subset Q C (Agrrivar, M] does exist
for which the specialized conditions hold if the iterates were constrained to () and this is easily
shown as in Chapter 3 with only a slight modification to account for the nonlinear dependence
of the probabilities (6.24).

Unlike most applications of SA, the regression function for this example is analytically
known, i.e.

Aarriva
h(g) = Wll - N*a 0> )\arrivaly (625)

and we define 6* as the point h(6*) = 0. We shall show that the algorithm above yields
convergence of 6, to #* almost surely. Finally, we understand that it’s very unlikely for SA
to be proposed for the M/M/1 problem which we have stated here since since h is known and
there are better methods to find #*. Nevertheless, this example serves as a test case to explore
the effect of the transient region within the projection set on a tractable problem possessing
an unbounded state space. It is our belief that many of the techniques presented below should
extend to other problems where the regression function is not known.

6.7 Verification of (D0’) for the Birth-Death Chain

We start with the verification of (D1’) for this problem and recall we have shown in Section
3.9.3 that the test function V' (z) = Ks” satisfied a (D1’) condition. Actually, for the remainder
of this chapter, we wish to change the form of V' by defining a 6 = §(s) > 0 such that

V(r) = Ks* = Ke®.

Let us define @) C O to be the interval @) = [q, M| for some satisfactory ¢ > Agrrivar Such that
Aarrival < q < 0*. Recall from Section 3.9.3 that in proving the local (D1’) condition we found
what amounts to conditions on A in (D1’) and the boundaries of () for each 6 > 0 (or s > 1),
ie.

PV <AV + L, feq
Unfortunately, condition (D1’) alone is not adequate for our main convergence theorems of this

chapter and we next consider techniques involving excursions of the parameter from () into the
region Q° N O to show the stronger (D0’).

6.7.1 Last Exit and Return Decomposition

Let us fix an integer n = 1,2,... and we assume 6, € . For any sample path {6;,i =
0,1,...,n} € F, let us define a partition on the the event {#, € @Q}. The first set in the
partition is defined as those sample paths {6;,i = 1,...,n} which remain in @ for all of the
first n steps, denoted A, = {0, € @, i = 0,1,...,n}. Next, for any sample path in the
complementary event A we define the last exit time rv

T=7(Q)=sup{l <k<n—-1: 0, £Q,0: 1 € Q}.

129



Then we define the first return time after 7 as

v=v(Q) =inf{k >7: 6, € Q}

With these definitions, we define the remaining sets in the partition:

B ={0,1€Q;0;¢Q,j=71,---,v—1,0,€Q, k=v,...,n}, 1<7<v<n.

It’s clear that these events are disjoint, that A, C {0, € Q}, B}, C {0, € Q}for1 <7 < v <n,

and that
{0o et =40 |J B, n=12,...

1<r<v<n

First notice we have from (D1’)

E[V(Xn+1)1{0neQ}|X0; 90] E[E[V(Xn+1)|Xna gn]l{aneQ}|X0, 90]
E[(AV(X,) + L)1, ey Xo, o]

)\E[V(Xn)l{gnEQ”Xg, 90] + L.

VARVAN

Then, using the decomposition above

E[V(X.) 1,0} X0, 00] = E[V(X,) 14,31 X0,00] + Y E[V(X.)1(sn,31Xo, 0]

1<7<v<n

and we will now attempt to bound the quantities on the right hand side.

6.7.2 Sample Paths which remain in @)

The first term of (6.27) is evaluated as follows. For any n =1, 2,.

[ n) a1 Xo =12 90]
= E[V(Xo)lipeqizt,..ny|Xo = 2,00
< E[V(Xa)leqi-t,.n 1} Xo =, 6]
= E[E[ (X)) Xn=1, On—1]1g0,cQii=1,..n-13| X0 = 90}
< E[OWV(Xan) + Dlpecqiot,..n 131 X0 = 7, 6]
= AE [V(Xn 1)1{9 €Q,i=1,....,n— 1}|X0 =T 90]
+ LPH{6, € Q,i=1,...,n— 1} Xo = z, 6]
< ME [V(Xn—l)l{a«eQ i=1,...n—2}| X0 = 27,90] +L
= \E [E[V(Xp-1)|Xn-2, 0n2]Lip,ei-t,..n2|Xo = 2, 00] + L
< AE[(\WV(Xp2) + D)l{picqiict,..n2|Xo = 7,60 + L

(
NE [V(Xn 2))1{0,€Q,i=1,..n—2}| Xo = @ 90}
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+ L+ ALP[{#; € Q,i=1,...,n— 2}| Xy, 6]
< NE [V(Xn—Q))l{GieQ,izl,...,n—ii}|X0 =z, 90] + L(1+4 )

< ANV(E) +LA+A+ X+ 42", zeXbheQ. (6.30)

6.7.3 Sample Paths which leave () and return

For the second term of (6.27) we now consider sample paths that leave @ and return by time
n, i.e. 1 <7 < v <n. First we find that
E[V(X”)l{Bﬁ,u”Xv: 0]

E [V(Xn)l{ﬂieQ,i:U—l—l,...,n}|Xv7 9v] L{9, 1€Qi0:¢Q,i=r,...v-1;0,€Q}
S E [V(Xn)l{QiEQ,i:UJrl ..... n71}|XU7 9’0] 1{97—_1EQ;91‘€Q,7::T ..... v—1;0,€Q}-

= E [E[V(Xn) |Xn71; enfl]1{0¢€Q,i:v+1,...,n—1} |X’U7 9U:|
S E I:(AV(Xn—l) + L)]-{ﬂieQ,i:v—l—l,...,n—l}|XU7 gv]

= AE [V(Xn—l)l{QiEQ,i:erl ..... n—1}|Xu; gv]
+ LPH{b, € Q,i=v+1,...,n—1}|X,,0,]
AE [V(anl)1{0¢€Q,i:u+1,...,n—2}|XU7 91}] + L
AE {E[V(Xn—1)|Xn—2, On—2]1{0;cQ,i=v+1,...n—2}| Xv, 91}] + L

IN

VAN
>
=
~
=
e
&
+
=
—
=
m
o
g
x
S
w
2
>
S
+
~

.....

)‘ZE I:V(Xn72))1{0i€Q,i:U+1,...,n—2}|Xva 9U:|
+ L+ AP0, €Q,i=v+1,....,n—2}X,,0,]
< NE [V(Xn-2)1(0eQimv1,.n—3}| Xo, 0] + L1+ X)

< NTUV(XY) A LA AN+ AT,
Let us denote the set
Crw=1{021€Q;0, ¢Q,i=1,...,0— 10, € Q}.
Therefore,

E[V(Xn)1(sy,3|Xo, 6]
= E[E[V(Xn)l{B:—L,v} |X’U7 91}] |X07 90]
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< B[NV A LA+ A+ X+ X)) Lo, | X, 6]
ATVEV(Xy)1e,,.3 Xo, O] (6.31)
+ LI+ A+ A+ + A" HPC, H X0, 0] (6.32)

6.7.4 An Intermediate Expression
Using (6.30) and (6.32) we are now able to bound (6.27) as follows. Forn =1,2,...

E[V(Xn)l{eneQ}|X0790]
= E[V(Xu)1laglXo, 0] + > E[V(Xn)lse,1]1Xo, 0]

1<7<v<n
< V(@) + LA+ A+X 4 4 A"
+ Y NTUEV(X,) 1,1 Xo, 00]

1<7<v<n
+ LA4+XA+X 4+ 2" > PHCL.}HXo, 0] (6.33)
1<r<v<n
< V(z)+2L(1+ A+ X+ 42"
+ Y. AVE[V(X,)le,., 1 Xo, o), Xo € X, 0 €Q. (6.34)
1<r<v<n

The last line follows since the probabilities in the sum (6.33) are over mutually exclusive events,
hence the sum is bounded by one.

Our approach to evaluating the final sum in (6.34) is to rewrite the above expression in the
form below and develop a bound for the probability inside the integral:

E[V(Xn)l{aneQ}|Xo =, 90]

oL

< R

< Vix)+ T

n 3 XH/ P[V(X,) e,y >t | Xo =z, 0p)dt (6.35)
1<r<v<n 0

We also note from (6.26) that

E[V(Xn+1)1{0neQ}|X0 =, 90]
< AE[V(X,)l,cqy| Xo = 2,00 + L
= AV(@)+2LA+ X+ X+ + A7)
Ay A"‘“/O Py o[V(X) e,y > 4]t + L

1<7<v<n

oL
< o
< Vix)+ T
T G /0 Py, V(X)) > t,]dt. (6.36)

1<r<v<n

Hence, we have a common intermediate expression, i.e. (6.35) and (6.36), bounding both
expectations in (D0’).
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6.7.5 A Key Sample Path Property

0 R %
0 Aarrival q 6~ M

0

Figure 6.1: A sample path in C, with a “loop”.

We now develop a key sample path property for events C, by considering the example
shown in Figure 6.1 where we have one particular such sample path. This sample path has
several points in time which are marked in Figure 6.1 and formally defined as follows:

a = inf{n>7+1:X, >N}
= inf{n>a+1:X, <N*}

b—1 n
i=a 1=b

d = inff{n>c+1:X,>N"}

We note that for this example, the sample path segment does not come in contact with the
projection boundary, hence we have z; =0, ¢ = 7,...,u — 1. (We shall address sample paths
involving projections in the next example.)

Also, observe that in general we have C, C { vy (X — N*) < 0} since

v—1 v—1
Aarrival > Ou—1 = 071 + Z Yi(X; — N*) + Z YiZi

=T =T
v—1
2 )‘arrival + Z fYZ(XZ - N*)
=T
The last line following because z; > 0 on 7 = 7,...,v — 1 for all sample paths in C7,,.
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The key to bounding the integrand in (6.36) is the following sample path property for paths
in C, which allows us to show

{S%(Xi - N < 0} C { ! S(XZ- - N < q}.

=T v—T =

Claim 6.8 For any sample path in C;,, we have

v—1

S (Xi— N < (v=T)g. (6.37)

=T

Proof: We first consider the step-size weighted sum sample path segments a — b — 1 and
b — ¢ — 1. By the definitions of the point ¢, we have

c—1 b—1 c
— > (X = N*) <> %X = N*) < =) %i(Xi — N¥)
i=b i—a i=b

so there exists a real number « € [0, 1] such that

b—1 c—1
(X = N = = Yo (Xi = M) = (X = N*) (6.38)
i=a i=b

Now, since (X — N*) >0 foralli =a,...,b— 1, we have

b—1 b—1 b—1
DX = N*) >y Y (X = N*) >y ) (X — N*). (6.39)
Also, since (X — N*) < 0 for all i = b,...,c, we have
c—1 c—1
— nyi(Xi — N*) — ay. (X, — N*) < — Xj(XZ — N*) — ay(X. — N¥). (6.40)
i=b 1=b

Therefore, by applying the two inequalities (6.39) and (6.40) to (6.38) we have

b—1 b—1 c—1
b Z(Xz — N*) < Z%’(Xi -N*) = — Z%’(Xi — N*) — (X, — N¥)
i=a i=a i=b
c—1
< =Y (Xi = N*) — ap(Xe — NY)
i—b
or
b—1 c—1
(X, = N*) <= (X; — N*) — a(X, — N*). (6.41)
i=a i=b

If we compare this with (6.38), this says the result of removing the step-sizes from the weighted
sum of these particular segments does not result in an increase in the sum and we have

IS(Xz' - N7) +§(Xi — N*) + a(X. — N*) <0. (6.42)
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Next, we consider the remaining sample path segments 7 - a—1,¢c —d—1,and d — u— 1.
We have

a—1 d—1 v—1
DX =N+ (1 —a)(Xe = N+ 30 (Xi =N+ ) (X; — N%)
=T i=c+1 i=d
1 = * /YC *
< LY - N+ (- 025X - )
T 4=t Tr
1 d—1 v—1
+ — Z ’)/l(Xl—N*)—F Z’)/Z(Xl—N*)
fyTi c+1 fyv_li d
1 v—1
< =) (X, =N —i——ny,X N*)
T i=d U i=d
1 1
< (-
(% %)
= (v—T)g

The last line follows because we are assuming the explicit step size sequence 7; = % for ¢ =
1,2,...

Thus we have shown (6.37) for this particular sample path. Furthermore, it’s not difficult to
see that more complicated sample paths involving more “loops” can be considered via the same
approach of canceling the upper portions of any loops (defined as the segment with X; > N* at
all points in the segment) with some segment which follows (in time) the upper loop segment.
After all such possible upper and lower loop segments have been canceled in this manner (and
possibly using various linear combination factors, «; € (0,1] in 7 = 1,2, ... to apportion certain
single lower summands among the upper loops as we used in the first example), what remains
are segments whose sum with the step sizes removed is bounded by (7% - 7%) times the maximum
distance to () which is ¢ for this problem.

Additionally, sample paths in C;, which contact the leftmost projection boundary also
satisfy (6.37). This can be seen by the simple loop-less sample-path of Figure 6.2. Let us
redefine the point a as the first point in time where a positive projection occurs, i.e. a =
inf{n > 7: 2, > 0}. Also, we redefine b = inf{n > a: X,, > N*}.

Let us see what happens to the sum >V~ (X; — N*). Observe that the projection terms z;
must be non-negative for all sample paths in C7,. Then, the segments 7 — a and b — v — 1
are compared in nearly the same manner as the previous example so that

a—1 v—1 1 1 v—1
3= )+ TG = ) < (= ) T - ) < (0= 7l
o i=b v U/ =
while the segment Y=!(X; — N*) < 0. Thus,
v—1
Y (Xi—=N)<(v—1)qg.
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0 ] i | !
0 Aarrival q 0* M

0

Figure 6.2: A sample path in C}, with a positive projection term.

6.7.6 Stochastic Comparison Argument

We shall make two stochastic comparisons. First, we consider a generic (and time homo-
geneous) Markov chain {)Z,z = 7,...,v} which shares a common probability space with
{X;,i=r7,...,v}, which is driven by the same family of one step transition matrices { P, € ©}
but having a fized 6 set to the boundary of @), i.e. § = ¢, and which is initiated with the same
state as the nominal chain {X;,i =7,... v} at time 7, i.e. X, = X,. Under this construction,
it’s clear that for all y € R,

P

1 v—1
(X - ) <y|XT:x,HT:9]
— T 4

=T

v—1

gPnggK—WKMX:L:4.
i=T

It is immediate the nominal chains sample path segment {X;,i = 7,...,v — 1} has parameters

0; <qforalli=71,...,0—1.

__Next, we employ a second stochastic comparison argument by defining a third Markov chain
{Yi,i = 7,...,v} which also shares a common probability space with {X;,i=r7,...,v} and
{)z-,i =7,...,v}. This third Markov chain {Yl,z =7,...,v} is simply a version of {)z,z =
T,...,v} with fixed parameter § = ¢ which evolves on a bounded state space {0,1,2,..., B}.
The transition probabilities are that of {)Z,z =7,...,v} except we have inserted a reflection
at the boundary B, i.e. the nonzero transition probabilities from state B are changed to:

- - )‘arriva
H&HZM&ZB]:X_TiE
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P[X;,,=B-1|X,=B] = a

)\arrival + q .

Next we observe that for any sample path in C7,, we must necessarily have X € {0,1,..., | N*]}

so if B is chosen to satisfy B > | N*|, we can make comparisons of these three chains given

that they have the same starting value, i.e YT = YT = X,. With this construction, it’s clear
we have for all y € R

P

1 v—1
S (X - N < yIX, = 1,0, :9]
— T

=T

IN

1 v—1 N
P [ > (X — N <y|X; :x]
v—T 4

=T

IN

1 vzl ~ =
Pl L S®-n <uif =),
=T =

forall z € {0,1,..., [N*|}.

To see where we are going with this, we remark that the sample mean of {)7,,2 =7,...,0} 18
readily known to possess a large deviations upper bound.

6.7.7 Large Deviations Bound

By the mean ergodic theorem for Markov chains, there exists some real F' = F'(q, B) such that

v—1 —
I X;=F(¢,B) P-uas. 6.43
UggoU_TI:ZT (¢,B) a.s (6.43)

The function F(q, B) has known properties, i.e. for all fixed ¢ € (Agpriva, M|, F(q, B) is an
increasing function of B; while for all fixed 1 < B < oo, F(q, B) is monotone decreasing in g.

Furthermore, limp_,q, limg » F(q, B) = co. We are free to choose a large B < 0o and a

arrival
small ¢ > Aypiva arbitrarily close to Agriva. Thus, for any given € > 0, we are able to choose
¢, and B such that

F(q,B) — N*>q+e.
Therefore, the set

(LSE-m<dc ES@-rum<—d. o

=T Uv—T =

the latter being a standard form for large deviations bounds on the sample mean of a finite state
Markov chain. Specifically, this Markov chain {Yz,z =T,...,v — 1} is irreducible, aperiodic,
positive recurrent and from the results of Theorem 7.10 in the next chapter there exists a
K(e) < 0o and a ¢(€) > 0 such that

S K(e)e_c(e)(U_T),
v—T !

=T

P[ LS R - F@B) < —| X, = X, — 2

for all v > 7 and z € {0,1,..., B}.
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6.7.8 Bringing It All Together

For ¢t > 0,

1
P [V(XU) Z t, CT,U|X0 = l‘,90] = P Xv Z glnt, CT7U|X0 = l‘,gg

< POl Xo =2, 00] 1111 (e <oy
(6.45)

since X, necessarily must satisfy X, < [ N*| and the fact that the value of the Markov chain
sample path {X;,i = 7,...,v} can only increase by v — 7 customers in v — 7 steps. Thus,
X, <[N*]4+v—7andif [$Int] > [N*| + v — 7, the event {X, > [5In¢]} necessarily must
have probability zero. Now applying (6.44) to (6.45) followed by the large deviations bound,
we have

P [V(Xv 2 t, CT7U|X0 =, 90]

)
1 v—1
< P [ Z(Xz - N*) < Q|X0 = 1‘,90] ]'{T-I-!%lnﬂ—LN*JSU}

1 v—1 —
Y (Xi—F(g,B)) < —€|Xo =z, 90] Ly<edumrtineny

=T

< P

< K(E)e—c(e)(v—ﬂ 1{t§85(v—r+LN*J)}

Finally, using this last expression we can bound the final term of (6.36),

oA / P [V(X,) > t,Cy.0| X, 0] dt
1<r<wv<n 0
< K(G) Z )\n—v/ 6_0(6)(1)_7)1{t<e5(“—T+LN*J)}dt
1<r<w<n 0 <
< K(e) Z APV g—e() (V=) S(v=T+|N"])
1<r<v<n
n v—1
< K(G)Q‘SLN*J Z AP Z 6(670(5))(7]*7')‘
v=2 =1

We immediately see that for this expression to be bounded for large n, we require 0 to be
such that 0 < 0 < ¢(e). Although, the value of ¢(¢) is not known, we are able to select the
parameter ¢ in our test function V(z) = €°® to be an arbitrarily small value such that § > 0.
Hence, we have the situation that such a ¢ exists but without specific knowledge of c(e), V'
must be assumed to have an arbitrarily small parameter . This will clearly have effects on
the remaining conditions in our framework. Nevertheless, we will find when we seek to verify
condition (H2’) that this does not pose any problem whatsoever for our chosen driving function
H(z,0) = x — N* since for each § > 0 there always exists some constant Cy < oo such that
supgeq |H(x,0)] < Cpe™® for all 2 € X and some 0 < r < 1/4.
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So with an arbitrarily small § such that 0 < 0 < ¢(¢), we have

n v—1

oo / Py, o [V(Xy) > t,Crp]dt < K ()N S7 Armo 3= gl0medeDtvo=n)
1<r7<v<v 0 =2 p—*
n (0—c(e))
|N*| n—v_ €
< Kl(e)e 02::1 A )]
! o(6—c())
5N~
< Klge (1 - A) (1 - ew—c(e»)
= CB < 0
We conclude that the common bound in (6.36) is finite and
2L [
Vig)+ —— + > A" “/ P, o[V (Xy) > t,Crp]dt
1—A 1<7<v<n 0
2L
< (14754 C8) V)
= CpV(z), n=12..., 6€Q,

where Cp < o0.

6.8 Asymptotic Analysis of an SA Applied to the M /M /1 with Un-
known Arrival Rate

Here, we complete the convergence analysis for the SA algorithm applied to the simple Birth-
Death chain which models the M/M/1 with unknown arrival rate Ag.iva (See Section 6.6 for
details).

Recall, we have assumed that 0* << M. Also, for the unknown A, ,,a > 0, there exist two
positive constants ¢, g2 such that 0 < Agriva < ¢2 < ¢1 < 0* which we use to define two nested
compact sets Q1 = [¢1, M| and Q2 = [g2, M]. While h in (6.25) is only defined on (Agpripar, 00),
the SA algorithm uses a projection set © = [0, M]. It’s clear that @), is a compact subset of the
domain of attraction DA(0*) = (Agrrivar, 00) of the ODE and that 6* € ©°, the interior of ©.

Since the regression function h(#) is only defined on the interval (Agprivar, 00), it’s clear the
continuity condition of the Kushner-Clark Lemma is not satisfied for this problem in the region
[0, Agrrivat]- Despite this difficulty, below we demonstrate a technique leading to almost sure
convergence of the iterates to 6* which among other things, depends on showing that if 6,
ever leaves Qo it almost surely returns to the smaller set )y in finite time. While this return
property appears to be the key condition, we complete the convergence analysis by adapting
several arguments from [6] to this problem and applying the Kushner-Clark Lemma upon return
to Q1. The conclusion is an almost sure convergence under completely verifiable conditions.

The entire development below is carried out under the specific circumstances of this partic-
ular M/M/1 SA problem, therefore all assumptions of this problem are assumed for all results
of this section and not explicitly stated in each result.
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6.8.1 Parametric Recurrence

We make the convention that 79(-) = 0 and we denote the i return time to Q; as

Ui(Ql) = 1nf{n > Ti(QQ) 10, € Ql}, 1=0,1,2,.... (646)

Next, define the i’ ezit time from Q-
7i(Qs) = inf{n > v; 1(Q1) : 0, & Qs i=1,2,... (6.47)
If the algorithm is initialized so 0y = 6 € @4, then ve(Q1) = 0.
Lemma 6.9 For anyi=1,2,..., on the set {w: 7,(Q2) < 0o}, we have v;(Q1) < 0o Py y-a.s.

Proof:
Let 7 = 7;(Q2) and v = v;(Q1) for any i = 1,2,.... Assume that {7 < co}N{v = 0o} and we
now show a contradiction. The condition 7 < oo implies that on this set 0, € Q5N O = [0, ¢2).
The process {(X,,0,),n = 0,1,...} is a (non-homogeneous) Markov chain as defined in
Section 2.2. We will make a comparison of {(X,,0,),n = 0,1,...} to a second birth-death
Markov chain {(X,,0,),n = 1,2,...} which is defined on a common probability space (2, F, P).
The process {X,,n =1,2,...} has

X, = X, n=20,1,...,7.

The chain {X, : n =7+ 1,7+2...} has the f-parameter of the one step transition probability
Py, held fixed at 0 = ¢;.

Since 0 € [0,q1) for 7 < k < v = oo, we have the following strong stochastic ordering
property which is not hard to show [71] by induction via Lindley’s recursion: For each k =
T, 7+1,...,

k
P ZW/K—HXK-H Z Yy 90 = 9,X0 =r, T <00,V = OO] (6.48)
{=1
k —
> P [ZWJrleJrl >y|by=0,Xo=u; 7 < OO,U:oo] ,
=T

ey, reX, yelR

Recall we have defined the following points along the regression function h : (Agrpivar, M| —
R

ho*) = E
h(Ql) = E

[X] - N*=0
[X] — N* = N(q,) — N* > 0.

T

Tqy

The above inequality follows from the fact that d%h(ﬁ) < 0 for all 0 € (Agrriva; 00). By adding
a constant to both sides of (6.48) and setting y = 0, we also have the following property: For
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each k=7,7+1,...

k N + N*
> vert (Xe+1 - 7((11)2 ) >0
l=T

i . N(q) + N*
> P lz Ve+1 <Xe+1 - %) >
l=T1

by =0, Xy =ux; T<oo,U:oo]

=}

Oy =0,Xy=ux; T<oo,U:oo],

for all # € Q5 and x € X.
Now consider the trivial SA algorithm defined by setting © ;e = {¢1}, a single point, and

Onir = Toy, {00 +7(Xu = N@)}, n=r7+1,...

97' = 41
X, = X,
XU = .

Let us also consider the (7-delayed) step-size weighted sum of the noise process for this trivial
algorithm:

k k
Srk = Z’Yé+1€é+1 = ZWH(XZ — N(q1)), k>t
l=T1 =T

From Proposition 6.7, we have S;, converges almost surely to a finite rv, hence
lim |S;x| < oo, Py, —a.s.
k—o00

and since the series Y 7° 7,41 = 00, we have

lim S

— =0, almost surely under Py, ,. (6.49)
k=00 Eﬂ Ve

Hence for this fixed- Markov chain, there exists a null set N C € such that for all w € Q\ N,
and for all € > 0 there exists an £'(w, €) < 0o such that

S,
ki’k <€ for all k£ > k'(w, €).
El:T Ye+1
In particular, this almost sure convergence holds for the case € = w > 0 and since we are
only interested in the lower bound, for all w € Q \ N there exists an k'(w) such that
N — N~ S:
_Na) < for all k > k' (w). (6.50)
2 2i=r Vo1
Rearranging (6.50),
N* N k _
S e ) < 5 (X - Va), for all k > /()
=T
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or equivalently we have

k 3 N N*
Z’Y@H (Xgﬂ — %) >0, for all £ > k'(w).
l=T1
Now let
k
N + N*
Ap = {W:ZWH(X/JH—%)ZO}, k=77+1,....
=T
- k _ N(q) + N*
Ak = {LUIZ’Y[_H(X&H—%)zO}, k:T,T+1,....
{=1

Define B,, = (;>,, A for n > 7, with the convention that B, = 0 if n < 7. Similarly, define
B, = Ni>n Ay forn>7and B, =0 if n < 7. We have B, /' B = )2 Ni>n Ak and a similar
expression involving B,,.
Thus, for the trivial algorithm,
P [Bn‘ Oo, Xo=x; T < 00,0 = oo] TP [B‘HO,XU =x; T <00,V = oo} =1. (6.51)
But the strong stochastic ordering property (6.48) yields for each n =1,2,...,

P [B,| 6o, Xo = x; T<oo,v:oo]2P[Bn o, Xo = x; T<OO,U:OO],

and with (6.51), this implies

P[B,|6y, Xo=12; v=00,7T <00 /*P[B|0,, X, =x; v=00,T <oo|=1
Thus for the original algorithm projected on ©

P[Ay a.a.| 0y, Xo=x; v=00,7 < o0] =Py, [Ar a.a.] v=00,7 < o0] =1,

which implies there exist a null set N C {v = oo} N {7 < oo} such that for all w € {v =
oo} N{1 < oo} \ N there exists a K(w) < oo such that

k N N*
ZWH <X4+1 — %) >0, for all £ > K(w).
{=1

Now for all w € {v = oo} N {7 < 0o} \ N, the original SA algorithm projected on © = [0, M]

can be written
k

Or1 = O+ e (Xepr — N* + 2z441), k>t

=T
k *
N + N
= 0.+ ZWH <X£+1 - %) (6.52)
l=T
i N(q) + N*
+ > e (% - N*) (6.53)
l=T
k
+ D Ver1Ze1 {04 X sy —N* > M) (6.54)
=T
k
+ Z7l+lzj+11{0z+Xz+1—N*<0}7 k>t (655)
{=1
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Clearly, each summand of the term (6.55) is positive, and above we have shown that except
for a null set on {v = oo} N {7 < 0o} there exists a K(w) < oo such that the sum in (6.52)
is positive for all £ > K(w). Hence, on {v = oo} N {7 < oo} and for all £ > K(w), we have
Py, .-almost surely that

k
N + N*
Opr1 > 0r+ Z Vest <% - N*> (6.56)
=T
k
+ 275+1Z[+11{0[+XH17N*>M} (6-57)
=1

The term (6.57) is zero unless of course the algorithm, before the projection operation, would
attempt to place the next iterate at a point greater than M. In such a case, we find that the
projection operator would then return the next iterate to the nearest point M so that v < oo;
leading to a contradiction (with v = co) for this case.

On the other hand, in the case that such a projection does not occur, then the term (6.57)

is zero and as k — oo,
k *

Y Ve <7N(q1)2+ N N*) 00,

l=T1
and this increasing and unbounded lower bound (6.56) forces the iterate sequence to eventually
return to Q1 = [¢1, M|, hence v < oo again leads to a contradiction. [ ]

Thus we see Py [limsup,{#, € Q2}] = 1 since we have shown the iterate almost surely

returns to Q)1 C o if it leaves @)s.

We now carry out a second lemma which complements Lemma 6.9 and is a slight variation
of BMP’s Lemma 12 in [6, p. 235].

Lemma 6.10 (Adaptation of BMP Lemma 12) On {7(Q)2) = oo},
v(@Q) <o Py, —as., for all 0 € Qq, all x € X.

Proof: Let us define ¢ : © - R

[0 =0P3+1 6e0,07]
4(0) = { 1 0 € [6*, M]

Let us assume {v(Q;) = 7(Q2) = oo} which implies that 6 remains in the interval [ga, ¢1).
Thus, no projection operation can occur and

m(n,T)—1 m(n,T)—1

¢(9m(n,T))—¢(9n): 1; 7k+1d—2(9k)h(9k)+ Z Vit 1Ek+1()

k=n
Also for 6 € [ga, q1), there exists an a > 0 such that 9(6)h(#) < —a < 0 and

m(n,T)—1 d¢ m(n,T)—1
- > 7k+1@(9k)h(9k) >a Y. s > a(T—1).
k=n

k=n
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Furthermore, there exists a # > 0 such that

P(Omin,1)) — 0(6n) > — {(9* — ) — (0% — (J1)3} > 3> 0.

Thus,
m(n,T)—1

> Yerikar(d) > (T —-1) - >1

k=n
with the second inequality holding for sufficiently large 7 and this contradicts item 3b) in
Proposition 6.7. [
Thus we see that if 6y € Q2 \ @1 then it follows that v;(Q1) < co Py, — a.s.

Proposition 6.11 (Adaptation of BMP Prop. 10) There exists a constant
B < oo such that for all 0 € Q1 and v € X

Py q[11(Q2) < o0] < BV(x Z%ﬁ?

Proof: Consider the function ¢ : R — [1,00) defined in Lemma 6.10. For all n = 0,1,... we
have
do

¢(Oni1) — A(0n) = Ynr16n11(0) + Tnt1gg ( ) {h(0n) + 2041}

Thus on {7(Q2) < co} we have

T(Q2)—1 d¢
d(0-0y) = O(0o)+ > %+1d9(9k)h(9k)
k=0
7(Q2)-1 do 7(Q2)—1
+ Y M=)z + D Yer1Ert(9)
k=0 do P

A few observations: First, if 6y = 0 € Qy, then ¢(0-(q,)) — ¢(6o) > d(q2) — ¢(q1). Second,
if k < 7(Q2), we have 22(6;)h(0)) < 0. Third, the (nearest point) projection term z;,; can be
nonzero only if 6, equals 0 or M. Furthermore, 2, can be positive only if 6,1 = 0 and thus
on k+ 1< 7(Q2), we have z; 1 < 0. Thus,

T(Q2)—
Z 7k+1€k+1(¢)

k=0

n—1

Z Ver18k11(D)] -

((g2) — A(01))14r(Q2)<o0}

IN

Lir(@)<oo}

< Sllp Lin<r(@2))

Squaring both sides, rearranging, and taking expectation we find

Eﬂ,x

n—1 2
sup,, Lin<r(Qs)} ‘Zkzo Ve+18k+1(9) }
{6(e) — d(a)}’

< BV(z) Y v,
k=0

PG,:I:(T(Q2) < OO) S

where the second inequality follows from Proposition 6.7 with some B < oo. [ ]
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6.8.2 Localization and Convergence

Before proving convergence, we prove some preliminary results used in the main convergence
theorem.

Proposition 6.12 On {7(Q2) = oo}, we have 6,, converges to 6*, Py, — a.s. for all 0 € Qs
and x € X.

Proof: This is a simple observation that on {7(Q2) = oo} the original SA algorithm has the
following equality:

Orr1 = Ilo {9k + Vi1 H (O, Xpt1) + 7/3+1Pk+1(9k,Xk+1)} : k=0,1,...
= HQ2 {ek + 7k+1H(9k7 Xk+1) + 7/3+1Pk+1 (Gk, Xk+1)} .

The noise condition (KC4) follows from the example of Chapter 3 with only slight modification
to account for the nonlinear transition probability dependence (6.24).

Thus, convergence follows immediately by the Kushner-Clark Lemma since h(f) exists and
is continuous on @)y while Q2 C DA(#*), 0* € Q5, and 6y, is obviously bounded due to the
compact projection. [

Next, we define two distributions P, , and f’n;g,m as in [6, p. 233]. In general, let P,
denote the distribution of {(6,1x, Xyik),k =0,1,...} given X,, = 2 and 0,, = 6 produced by
the algorithm

Ops1 = Ilo {9k + Vo1 H (O, Xis1) + Vi1 P (O, Xk—l—l)} : k=n,n+1,...
0, = 0
X, = «x

Then Pn;g,x is defined as the distribution of {(6,4%, Xpir),k = 0,1,...} produced by the same
algorithm with a step-size sequence shifted forward by n, i.e.

ék+1 = llg {ék + 7n+k+1H(ék, Xkﬂ) + 72+k+1pk+1(éka Xk+1)} ) k= 0,1,...
é() - 9
XO = T
It’s clear that P, , is equivalent to Pn;g@.

For convenience, we follow the notation of [6] and define a more compact way of expressing
almost sure convergence. For any € > 0 we denote the event

=0y = U N {00 <.

m>n k=m
Theorem 6.13 (Adaptation of BMP Thm. 13) For all§ € Q, and z € X
Pn;9,$ [{ek — 9*}] Z 1 —BV(ZU) "}/]ii/{l, n — 0,1,....

k=n
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Proof: By conditioning we have

Popa {0k = 07} = Pupa {0 = 07} (Q2) < 00]Pry [7(Q2)
+ Prygo[{h = 07}7(Q2) = 00| Prygo [T(Q2)

A
8

I
2

Then by Proposition 6.12, we have

Prgo[{0r = 07}7(Q2) = 00}] =1,

hence

Pn,@,x [{gk - 9*}] > Pn,@,x[T(QQ) = OO]
1 —Pup.[7(Q2) < 0]

= 1-BV(z) 3 310
k=n

[ |
The following is an application of an argument in BMP’s Theorem 15 applied to our problem.

Lemma 6.14 On the event limsup, {6, € Q,}, we have
lirr}Linf{Hn €@}, Py,—as.

Proof: Let us assume that {6, € Q) i.0.} and {0, € Q5 i.0.} and we will show a contradiction.
Under these assumptions #,, successively visits ()1 and Q5 so let us define as in (6.46)-(6.47) for
eachn=0,1,...

Tn = Tn(Q2)
Un = Un(Ql)
Clearly, we have
D(0r,1) — B6s,) > (0" — @2)* = (0 — 1)* > 0 foralln=0,1,....  (6.58)

Then, by the same argument from the proof of Proposition 6.11 we have

Tn4+1—1
¢(9‘Fn+1) - ¢(9Un) S Z 7k+15k+1(¢)7 n = 07 17 27 s
k=vp
Observe from (6.16) that
Tn4+1—1
Z 7k+15k+1(¢) = E‘Fn+1 - Evn + ﬁvn;7n+l7 n = 17 27 )
k=vy
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so that

Tn+1—1
0< ‘(9* — @)’ = (0" — (Il)?" < | X 7k+15k+1(¢)‘
k=vp,
< ‘E+ — By, |+ fonirn | n=1,2,... (6.59)

In Proposition 6.7 we showed that E, converges P-a.s. to a finite rv. Hence, by Cauchy’s
criterion, with the exception of a null subset of €2, for each ¢; > 0, there exists a N; =
Ni(€1,w) < oo such that

|Ep — En| < €, for all m > N, and all n > m. (6.60)
This certainly implies that
B

Tm+1

— E,, | < efor all m > Nj. (6.61)

Also, from Proposition 6.7, we have 7,.,140,.cQ.}1{0,_1c0.} converges to 0 almost surely
under Py, as m,n — oo. Thus, except on another null set, for each e > 0 there exists an
Ny = Ny(€9,w) < 0o such that

< €3, for all m,n > Ns. (6.62)

‘nm;n 1{0m€Q2}1{9n€Q2}
And this implies

< €3, for all m > Ns. (6.63)

nUm§Tm+1

Momitmr—1 1400, €Q2} 10, 1€Qu}

Therefore, we find that except on the union of the two null sets that (6.61) and (6.63) contradicts
(6.59) if €; and €y are chosen small enough. n
Theorem 6.15 (Adaptation of BMP Thm. 15)

Py, {0 =60} =1

Proof: Together, Lemma’s 6.9 and 6.10 imply that Py, [limsup, {0, € Q1 }] = 1.
Thus,

Py, {0k — 0"} = Po. [{limnsup{Gn e QN0 — 9*}0}

< Po. | {liminf{6, € Q2}} {0 — 0°)°]
where the last inequality follows from Lemma 6.14. Continuing, we apply [8, Thm. 4.1]
Py [{0: — 0°}] < Py, [{liminf{0, € Q2}} {0k — 0°}°]
lim inf Py [{6n € Qo} ({0 — 0*}°]
lim inf By, |19, c0s)Prsx, [{0 = 03]

IN

IN

IN

lin}L infEg

Bl{p,eqV(Xn) X %ii?]
k>n

BCpV (z) lim inf Syt

k>n

= 0,
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where we have applied Theorem 6.13 and (D0’) in the last lines. |

6.9 Concluding Remarks

This chapter demonstrates an approach to showing convergence described in [64] of combining
a local Kushner-Clark ODE method with a parametric recurrence argument established to
the specific problem. The method of proving recurrence combines a strong stochastic ordering
property with some adapted versions of arguments in BMP. These new versions of BMP’s results
serve to demonstrate a possible approach in showing the parameter returns almost surely to a
compact set. Although it is likely that this approach can be generalized to a certain extent, it is
also clear that an important element of this stability argument depends on the strong stochastic
ordering property which is specifically tailored to the problem at hand. This chapter outlines
an approach which may prove useful in applying SA to other problems which may contain a
region of instability or transience.
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Chapter 7

Stochastic Approximations Driven by Sample Averages

7.1 Introduction

In this chapter, we study the convergence properties of an entirely different class of projected
stochastic approximations which arise naturally in problems of on-line parametric optimiza-
tion of discrete event dynamical systems, e.g., queueing systems and Petri net models [16, 2].
These algorithms are driven by sample averages defined on a well-structured state processes and
operate at two different time scales, with state transitions occurring more frequently than pa-
rameter updates. For non-random integers {{,,1,n = 0,1,...}, the stochastic approximations
of interest are of the form

00 S @7 gn-i-l = H@ {Hn + f)/n—l—lg(gna Yn+1)} ) n = 07 ]-7 s (71)
with
1 £n+1
Yn+1 - / Z f(ena Xn+1,l) n = 07 17 s (72)
n+l p—1

for a state process {X, 114, £ =1,...} taking values in some state space X, and Borel mappings
f:OxX—=R%and g: ©xR? = R”. In words, with iterate 6, just returned by the algorithm,
we observe or simulate the (n+1)"*" state process for £, ;1 units of time with the understanding
that the probability of the sequence {X,,114, ¢=1,...} are fully determined by the parameter
value 0, and the final state reached in the previous evaluation interval, i.e., X, o . At the end
of the (n+1)"" evaluation interval, the sample average (7.2) is computed, and the algorithmic
step is then completed by returning iterate 6, according to (7.1).

Whenever such algorithms arise, we can invariably write h(0) = g(0, F'(¢)) for some known
mapping ¢ and some quantity F'(€) with is obtainable only through observation or simulation
the state process at operating point . Fortunately, it is often the case that

L

1
F(0) = lim 42::1 f(0,&) Pygas. (7.3)

where {&, ¢ = 0,1, ...} is a generic X-valued random sequence modeling the time evolution of the
system, and Py , denotes the probability measure on the set of system trajectories when starting
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in state x under parameter #. This suggest that for ¢, ,; large, under appropriate conditions on
g, the rvs Y, given by (7.2) and ¢(6,, Y,11) can be viewed as good approximations to F'(6,)
and h(0,), respectively. Therefore, if the deterministic algorithm

00 € @, 9n+1 :H@ {9n+’yn+1h(0n)}, TLZO,]_,...

converges to some 6*, then we should expect the stochastic version (7.1)—(7.2) to also converge,
say almost surely, to the same point as the size of the sampling window grows unbounded.

Specifically, we develop a framework for investigating the a.s. convergence of the iterate
sequence {f,, n = 0,1,...} generated by (7.1)-(7.2). We start essentially with no structural
assumptions on the probability measures {Py,,0 € O,z € X} governing the statistical behavior
of the state process; it is only assumed that the law of large numbers such as (7.3) is in effect.
Our focus is on charting a sequence of basic steps to help establish a.s. convergence; these steps
point to a set of technical conditions that need to be verified for each specific application.

Our framework for this alternative algorithm also relies on the ODE method [61] which
generally proceeds in two separate steps. The first step relies on the Kushner-Clark Lemma
to identify a deterministic ODE, the stability properties of which determine the limit points
of {6,, n =0,1,...}. The second step, which is probabilistic in nature and depends on the
algorithm, involves showing that asymptotically (in the mode of convergence of interest) the
output sequence of the original algorithm behaves like the solution to the ODE. Although
general conditions are given in [61] for successfully completing this last step, these conditions
are not usually checkable in terms of the model data. Nevertheless, in this chapter we show that
this second step is determined by the exponential convergence of the rvs {g(0,, Yn11)—h(6,), n =
0,1,...}, i.e,, for every € > 0, the convergence

lim P [[lg(0h, Yier) = h(6,)] = €] = 0

n—o0 -

takes place exponentially fast (with respect to the sequence of sample durations {f,,;, n =
0,1,...}) This exponential convergence viewpoint was already implicit in the work of Dupuis
and Simha [29] who consider schemes such as (7.1)—(7.2) but with constant step-sizes, i.e.,
Ynt1 =7, n=0,1,..., and under the assumption that the rvs {X,,;1,, ¢ =1,...} are i.i.d. On
the other hand, the work of Dupuis and Simha [29] does not make use of the ODE method but
instead relies on the convergence properties of a deterministic discrete time algorithm associated
with the original stochastic algorithm.

Going one step further, we give explicit conditions which ensure this exponential conver-
gence. As in [29], we do so by invoking a uniform Large Deviations upper bound for the
collection of probability measures {Py,, § € ©, © € X}. Here, this upper bound is uniform
in both the parameter # and the initial condition z and with some functional I : R? — [0, oo,
and takes the form

L
l1msup log sup Py, Z f(0,&)—F(0) e C| <—-I(C) (7.4)

L—oo 0eO, xeX
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for every closed subset C' of IRY. We are able to find checkable conditions to ensure that (7.4)
holds. The approach for doing this is in the spirit of the Ellis-Gartner Theorem [30, Thm. II.2.
p.3]; in fact, we broaden the applicability of the ideas of Dupuis and Simha to more general
classes of state processes.

To demonstrate the applicability of the results obtained herein, we specialize them to two
specific classes of state processes. For the first class, the successive states form a sequence of
i.i.d. rvs as in [29] so the results are only briefly outlined. In the second class, the state sequence
is a finite state time—homogeneous Markov chain; an important class of processes often used in
applications. In both cases we identify simple and checkable conditions that ensure the validity
of a uniform Large Deviations upper bound.

The chapter is organized as follows: In Section 2 we introduce the basic building blocks
that we use in Section 3 to formally define the class of stochastic approximations investigated
here. The basic convergence result is stated as Theorem 1 in Section 4. Next, exponential
convergence is shown in Section 5 to be the key condition for establishing a.s. convergence via
the ODE method. In turn, this condition of exponential convergence is related in Section 6 to
the existence of a uniform large deviations upper bounds. Conditions to ensure such uniform
large deviations upper bounds are derived in Section 7. Several specific situations are treated
in Sections 8 and 9, namely, the cases where the process driving the sample averages is i.i.d.
and finite—state Markov; in all cases, we give concrete conditions for uniform large deviations
upper bounds to exist.

7.2 The Basic Ingredients

Before defining the stochastic approximation procedures considered here, we devote this section
to introducing the basic building blocks used in the formal definitions of Section 7.3. Through-
out the discussion, p, s and d are fixed positive integers. We assume given a closed convex subset
O of R?, and a Borel subset X of R®. Furthermore, let f:© x X - R% and ¢ : © x R? —» R”
denote fixed Borel mappings. Additional assumptions will imposed in due time.

We consider two sequences {v,.+1, n =0,1,...} and {f,,1, n=0,1,...} which take values
in R, and IN, respectively. The following assumptions are enforced:

(S’) The R, —valued sequence {7, 41, n =0, 1,...} is monotone decreasing with ~y,, | 0 (n 1 c0),
under the usual divergence condition Y >7 ) ¥,+1 = 00.

(L) The IN—valued sequence {/,y1, n = 0,1,...} is monotone increasing and for all 3 > 0
satisfies the condition

io: exp(—ln41) < o0. (7.5)
n=0

Condition (L) implies that ¢, 1 oo as n — oo but the reverse implication is not always true.
Indeed, in the case ¢, = [logn]| for all n = 1,2,... we see that (7.5) fails for 0 < # < 1 since
then Y n% = oo.
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Let X* be the infinite Cartesian product of X with itself, and denote by B(X>) the standard
o-field on X*°. We write a generic element & of X*° as & = (z,z1,...) where z,z4,... are all
elements of X. The coordinate process {&, ¢ =0,1,...} is then simply defined by

(6 ==, u(&) = £eX® (=1,...

We postulate the existence of a family {Py,, # € ©, x € X} of probability measures on B(X*)
such that
Py, 6o =2]=1, fecO, veX

For technical reasons, we again assume a measurable functional dependence in # and z:

(PO) For every L =1,2,..., the mapping © x X = R : (0,2) = Py [ € By, £ =1,...,L] s
Borel measurable for all possible choices of Borel subsets By, ..., By, in B(X).

We also assume that a strong law of large numbers is in effect:

(P5) There exists a Borel mapping F : © — R? such that for all § in © and = in X, we have
1 L
lim — 0 = F(0 Py, —a.s.
lim L;f(,&) (6) o0 = Q-5

7.3 Model and Assumptions

In order to define the stochastic approximation procedures, we start with a sample space (2
equipped with a o-field of events F. The measurable space (€2, F) is assumed large enough
to carry a double array of X-—valued rvs {X,, s, £ =1,...,4,; n =0,1,...} where we use the
convention ¢y = 1. We define the ©—valued rvs {6,, n =0,1,...} through the recursion

90 € 67 9n+1 = llg {gn + f)/n—l—lg(gna Yn—l—l)} n=0,1,... (76)

where we use the notation

In (7.6), [Ig denotes the nearest-point projection operator on the set ©; it is well defined since
O is assumed closed and convex.
Next, we introduce the filtration {F,, n =0,1,...} on (2, F) by setting

Fo = 0{bp, Xy, (=1,....0p, m=0,1,...,n}
= o{bp; Xy, £=1,... 0, m=0,1,...,n} n=0,1,...

where the equality follows since the rvs #,,, m = 1,2,...,n, are fully determined by the rvs 6,
XO,I; and Xm+1,g, (= 0, ]_,. .. ,£m+1, m = ]_, e, = 1.
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Finally, given a probability measure v on B(© x X), we postulate the existence of a proba-
bility measure P on (Q, F) satisfying

P[9 € B,Xo,l € Bl] = l/(B X Bl), B e B(@),Bl € B(X)
and

P[Xn+17[ € B[, g - 1, e ,£n+1|fn]
= Pgn,Xn,ln[ggeBg, Ezl,...,én_H] n=1,...
for Borel subsets By,..., By, ,, in B(X). The existence of such a set-up is readily justified by

the Daniell-Kolmogorov consistency theorem [69, p. 94] on © x X x X* in the usual manner.

7.4 The Convergence Results

The presentation of the main convergence results is simplified by the following notation: Setting
h(0) = g(0, F(0)), feco
we define the RP—valued rvs {¢,,1, n=0,1,...} by
Ent1 = g(0n, Y1) —h(0,) n=0,1,... (7.7)

so that the recursion (7.6) now becomes

0y € O, Oni1 = To {0, + Yui1h(0n) + Yns1Eni1} - n=20,1,... (7.8)
The relevant assumptions concerning these quantities are the following:
(H3) The mapping h : © — IR? is continuous.

(E2) The RP-valued rvs {v,41, n =0,1,...} converge exponentially to the zero vector, in the
sense that for every e > 0, there exist a finite integer n(e) and a positive constant K (e)
such that

Plllenill > €] < exp (—luy1K(€)), n > n(e).

Sufficient conditions for (E2) are provided in Section 6 and follow from the availability of
uniform large deviations upper bounds.

With the projection operator Ilg, we associate the transformation Ilg : © x R? — IR? given
by

* T H@{g + AU} —0 »
H@(H,v)—lAlrf’(} A , e, velRP.
The limiting ODE corresponding to (7.8) is
df -
6(0) € ©, %(t) =1le {0(t), h(0(t))}, t>0. (7.9)
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The unconstrained case corresponds to © = IRP, in which case the recursion (7.6) reduces
to

90 € @, 9n+1 == Hn + ’7n+1h(9n) + Yn+1E€n+1 n = 0, 1, Ce (710)
and the limiting ODE corresponding to (7.10) becomes

0(0) € R, %(t) = h(0(t), t>0. (7.11)

The basic convergence result for this algorithm is contained in Theorem 7.1.

Theorem 7.1 Consider the stochastic approzimation scheme (7.8) under assumptions (S’),
(L), (P0), (P5), (H3) and (E2). Let 0* be a point in the interior ©° which is a locally
asymptotically stable solution to (7.9), and let DA(0*) denote its domain of attraction. Assume
the following conditions hold:

(i): The RP-valued random variables {0,,n =0,1,...} are bounded with probability one, i.e.

Psup ||0,|| < oo] = 1. (7.12)

(ii): There exists a compact set () C DA(0*), such that
P60, € Q i.0l. (7.13)

Then lim,,_,o 0, = 0* P —ua.s.

Theorem 7.1 is a simple consequence of the so—called ODE method as developed by Kushner
and Clark [61] once we observe the following lemma. In some cases, it can be difficult to validate
conditions (7.12) and (7.13) in Theorem 7.1. There is, however, one class of situations which
naturally occur in practice where (7.12) is automatically satisfied, namely when © is a compact
subset of RP. Furthermore, (7.13) is automatically satisfied when D.A(6*) = O.

Given the gain sequence {v,.1, n =0,1,...}, recall the sequence of times {t,, n =0,1,...}
defined by

n
to = 0, but1 = D Vit n=0,1,...
=0

and set
m(t) = max{n € N: ¢, <t}, t > 0.

Lemma 7.2 Assume condition (S’), (L) and (E2) to be enforced. For every T > 0 and e > 0,

we have
[ m(jT+t)—1 '|
| ; ; > =0. .
APl |2 s 2 =0 (714)
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Proof: Fix T'> 0 and € > 0. We readily observe that

m(jT+t)—1
Z Yi+1€i+1
i=m(jT)
m(§T+t)—1

sup max . e > ¢
]>50<t<T in%T) Vitillgira|] =

m(jT+T)—1

sup Y Yeg lleaall > €
IZN - j=m(jT)

P {sup max
[ j>n 0<t<T

=

< P

< P

0o (m(T+T)-1
< ZP Z Vi1 ||€ir1]| > €

j=n | i=m(T)

00 i m(jT+T)—1
< P max € : i1 > € 7.15
< 2P | el D (7.15)

It is plain from (51)*(52) that tm(jTJrT) S ]T + T and tm(jT)+1 = tm(jT) + Ym(T)+1 Z jT for
all 7 =0,1,.... Therefore, we have
m(jT+T)—1

Y Vit = twmgrar) — tmgn)
i=m(jT)

UT +T) = (T — Ym(jr)+1)5

<
< T+vy j=01,... (7.16)

since the gain sequence {Yns1, n = 0,1,...} is monotone decreasing. Combining (7.15) and
(7.16), with € =

= Thar
3 m(jT+1)-1
P . - .
Z m(JT) <I?<%(JT+T i1l i:%(;T) Yit1 = €
< . > !
B Z P [ (4T) <IZII<%X(]T+T leirill > €

oo m(JT+T)—

<2 X P[||6z+1||>6]

j=ni=m(jT)

— Y Pl el (717)

i=m(nT)

Next, upon invoking the exponential convergence condition (E2), we can assert the existence
of a finite integer n(¢') and of a positive constant K (¢') such that

Pllleinll > €] <exp (—li K(€)), i > n(€). (7.18)

Finally, we select a finite integer n* such that m(n*T) > n(¢'); such a selection is always possible
since lim, 1o m(nT’) = co by virtue of (S”). For all n > n*, we easily conclude from (7.17) and
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(7.18) that

m(jT+t)—1

Z Yi+1€i41

i=m(jT)

< Y exp(—binK()) (7.19)

i=m(nT)

P

sup max

> €
ji>n 0<t<T -

and the convergence (7.14) is now an immediate consequence of (7.19) and of the sumability
condition (L) since limyjoo m(nT') = oo. [

7.4.1 Sufficient Conditions for (E2)

A sufficient condition for (E2) can be derived from uniform Large Deviations upper bounds as
we now show. First a few definitions: With the coordinate process {&, ¢ = 0,1,...} defined
on the measurable space (X*°, B(X*)), we write

Sp(0) = =" f(0,&), fcO. L=1,... (7.20)

(=1

e~ =

Since condition (P5) can be rephrased as limy, ;. S(0) = F(0) Py, —a.s., the rate of conver-
gence implied by (E2) thus suggests that the law of large numbers associated with the sample
averages (7.20) be complemented by a Large Deviations upper bound. This is essentially the
content, of condition (U1):

(U1) The collection of probability measures {Py,, 0 € O, = € X} satisfies a uniform Large
Deviations upper bound principle with respect to (the sample averages associated with)
f if there exists a closed convex function I : R? — [0, o] such that

1 _
limsup —log sup Py,[SL(0) — F(#) € C] < —inf I(z).
L—o0 0€0,2eX zeC

for every closed subset C' of R%

We refer to I as the rate functional associated with this uniform Large Deviations upper bound
principle. By itself condition (U1) is not sufficient for (E2), so we supplement (U1) by
imposing additional conditions (U2)—(U3) on the rate functional I:

(U2) The rate function I in (U1) is level compact, i.e., the set {z € R*: I(2) < r} is compact
for all » > 0; and

(U3) The rate function I in (U1) has the property that I(z) = 0 if and only if z = 0.

In a brief but necessary interlude, we pause to establish the following consequence of (U1)—
(U3).
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Lemma 7.3 Assume (U2)—(U3) to hold for some closed conver rate function I : R® —
[0, +00]. Then, for every § > 0, we have
K(§) = inf I(z) > 0. (7.21)

zeCly
where Cs = {z € R : ||2|| > 6}.

Proof: We need only consider the case 0 < K(J) < oo, for otherwise (6.3) trivially holds.
Therefore, there exists an Cy-valued sequence {z,,n = 1,2,...} such that the values {I(2,),n =
1,2,...} are non-increasing with lim,,_,, I(z,) = K(0). Hence, for every n > 0, there exists a
positive integer n(n) such that

K(6) <1I(z,) < K(5)+m, n > n(d). (7.22)

Invoking the level-compactness condition (U2), we conclude from (7.22) that a convergent
Cs-valued subsequence {z,,,j = 1,2,...} can be extracted from {z,,n > n(d)}. If 2* denotes
the limit of this convergent subsequence, then z* necessarily belongs to the closed set Cs so
that z* # 0. By the lower semicontinuity of I, we see that

K(6) = l.iTmI(an) >I1(2")>0 (7.23)
jtoo
with the strict positivity follows from (U3) since z* # 0. n

We also need some additional conditions on the mapping g.

(G) The mapping R* — R” : z — g(0, z + F(f)) is continuous at z = 0 uniformly in 6, i.e.,
for every € > 0, there exists d(¢) > 0 with the property that if ||z]] < §(¢), then

sup [lg(0, z + F(0)) — g(0, F(0))[| <e. (7.24)

=G
In many situations of interest, the mapping ¢ is independent of f and takes the form
g(0,z) = ¢(x), fcO, vecR* (7.25)

for some Borel mapping ¢ : R? — IR?. In such cases, condition (G) is guaranteed by requiring
that ¢ be uniformly continuous on IR¢. This latter requirement is satisfied when ¢ is Lipschitz
continuous, a condition obviously met for the frequent choice ¢(z) = x.

Theorem 7.4 Assume conditions (U1)—(U3) and (G) to hold. Then the rvs
{en+1, n=0,1,...} satisfy condition (E2).

Proof: Fix e >0, and for each L = 1,2, ..., set

GL(9,£U) = Pﬁ,x [

|9(9, S1(0)) — h(9)H > e] , cO, xeX
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From the definition (7.7) we readily observe that
Plyui & B = E[P[llg(0n, Yoi1) — h(0,)] = €| Fo]]
= E[Gy,., (00, X0ny,)] n=0,1,... (7.26)
where in the last equality we have made use of the requirement (7.7) on P.

By virtue of the uniform continuity condition (G), there exists d(¢) > 0 such that (7.24)
holds whenever ||z|| < d(¢). Hence, for each 6 in ©, the event

(|96, 5:0)) = )] = ] < [|S:0) = F®)] = ()]
Therefore, with the notation of Lemma 7.3, we conclude that
Gr(0,7) <Py,[S(0) — F(0) € Cyo), o, xeX L=1,2,... (7.27)

where Cyo) = {z € R%: ||z]| > 6(e)}.
Next, we pick 7 in the interval (0, K (d(¢))) which is non-empty due to Lemma 7.3. Under
condition (U1) if K(d(e)) is finite, then there exists a finite integer L(n) such that

sup Py, [SL(0) — F(0) € Cyo] < e HECE@)), L > L(n), (7.28)
0cO,xeX
while if K (d(e)) = oo, then for every R > 0, there exists a finite integer L(R) such that
sup Py ,[Sp(0) — F(0) € Cs)) < e ™, L > L(R). (7.29)
0cO,xeX

In any event, either from (7.28) or (7.29), we can assert the existence of a finite integer L* and
of a strictly positive constant K* such that

sup Py ,[Sp(0) — F(0) € Cse)] < e ™7, L>L* (7.30)

0eO,zeX

Using this information in (7.27), we readily conclude from (7.26) that (E2) indeed holds. m

From the proof of Theorem 7.4 we see that the law of large numbers (P5) automatically
holds under conditions (U1)—(U3). This is a simple consequence of the bound (7.30) and of
the Borel-Cantelli Lemma.

7.4.2 Sufficient Conditions for (U1)—(U3)

In this section, we develop a uniform large deviations upper bound for a parameterized sequence
of dependent random variables. This result generalizes a similar result obtained by Dupuis and
Simha [29] for i.i.d. rvs.

For L =1,2,---, we define

cn(t,0,z) = %logEg,m[exp ({t,LSL(0) = LF(9)))], teR’ 0€O, xeX (7.31)
and
cr(t) = sup cp(t,0, ), t € R% (7.32)
0cO,xeX

As in [30], we require that the following assumptions (C1)—(C2) hold:
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(C1) For all ¢ in RY, the limit ¢(t) = lim;_ cr(t) exists where we allow 400 both as a limit
value and as an element in the sequence {c.(t), L =1,2,...}.

(C2) The mapping ¢ : R? — R U {+o0} is a closed convex function whose effective domain
D(c) = {t € R?: ¢(t) < oo} has a non-empty interior containing the point ¢ = 0.

The Legendre-Fenchel transform of ¢ is the closed convex mapping I : R? — [0, +00] defined
by
I(2) = sup {{t,z) —c(t)}, ze€R, (7.33)
te R

and for notational convenience, we write

I(S") =inf I(z), ACR"

ZEA

The first result of this section shows that the conditions (C1)—(C2) are sufficient conditions
for (U1). The proof, which follows, is similar to that given by Dupuis and Simha for the i.i.d.
case discussed in [29)].

Theorem 7.5 Assume (P0), (P5) and (C1)—(C2) to hold. Then, for any closed subset C' of
R?, the inequality

1 _
limsup +log sup Py, [S.(0) — F(9) € C] < —1(C) (7.34)

L—oo PeO,zeX

holds.

Proof: Let C be a closed subset of R, If I(C') = 0, then (7.34) automatically holds. Hence,
we need only establish (7.34) when 0 < I(C'), and thus two cases need to be considered, namely
0<I(C) <ooand I(C) = 0.

Case 1: If 0 < I(C) < oo, then € can be selected in the interval (0,(C)). By Gértner’s
covering lemma [30], there exist r distinct non—zero points t1, ..., ¢, in D(c) such that

¢ c UH(t.1(C) - 9 (7.35)

where H,(t,a) = {z € RY: (t,2) — c(t) > a}.

The integer r and the points t1, ..., %, depend on both € and C, but not on # and x. For each
i=1,...,r, the point ¢; belongs to D(c), so that ¢(¢;) is finite and ¢y, (¢;) is therefore also finite
for L large enough, say L > L' — it is plain that L’ can be chosen the same for alli =1,...,7.

Fix 0 in ©, z in X and L > L. With these facts in mind, we readily see from (7.35) that

Py [S1(6) - F(6) € C]

< ﬁ;m [(t:,50(0) = F(0)) - e(t)) = 1(C) —
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= Y Pol(t L8, (6) — LF()) > Lic(t) + 1(C) )]

=1

= 3 Poalewp({(t, L1(6) - LF(9))) 2 exp (L(e(t) + 1(C) — o)

=1

< zr;Ea,z[exp (<ti, LSL(G) — LF(9)>)] exp (—L(C(ti) + [(O) . 6))

= zr:exp (Leg(t:,0,x)) exp (—L(c(t;) + I(C) —¢))

=1

= éexp (L(ep(t;,0,2) — c(t;))) exp (—=L(I(C) — ¢€))
< éexp(L(ch) — e(t:))) exp (~LI(C) — €)).. (7.36)

The last inequality follows from the fact that ¢y (¢,6,2) < ¢ (¢) for all # in ©, z in X, and all
t € R%

Since limy, o0 ¢r,(t;) = ¢(t;), i = 1,...,r, we can find for every 6 > 0, an integer L* = L*(9)
such that L* > L and |cr(t;) — e(t;)| < 0,i=1,...,r, whenever L > L*, and therefore

Sup exp(L(er(t;) — c(t;))) < exp(Ld), L>1L"

Using this last fact, we conclude from (7.36) that

Py.[SL(0) — F(0) € C] < rexp (=L(I(C) — e = 1)), L>1L"

whence
sup Py, [S1(0) — F(0) € C| <rexp(-LUI(C) —€e—94)), L>L’ (7.37)
0cO,xeX
since the integer r and the points t;,s,---,t, depend on the set C' and on the chosen ¢, and

the integer L* depends on C', € and the chosen ¢ > 0. It then follows that

limsup~log _sup Py, [S,(0) - F(6) € C] < —(I(C) — ¢ - 9) (7.38)

L—oo PEO,xeX

and (7.34) now follows since (7.38) holds for all € in the interval (0, I(C')) and for all § > 0.
Case 2: If I(C) = oo, then fix R > 0 and by Gértner’s covering lemma [30], there again
exists r distinct non-zero points ¢y, ..., ¢, in D(c) such that

Cc U H,(t, R). (7.39)

=1

The integer r and the points t;,...,%¢, depend on both R and C, but not on # and z. For
each i = 1,...,r, the point ¢; belongs to D(c), so that c(¢;) is finite and ¢y (¢;) is therefore also
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finite for L large enough, say L > L" — it is again plain that L” can be chosen the same for all
1=1,...,7.

Fix #in © and L > L". By the same arguments as the one leading to (7.36), this time with
the help of (7.39), we get,

Py[SL(0) — F(9) € C]

< ipﬂ,x Ktz‘, Sp(0) — F(9)> —c(t;) > R]
_ ipg,x[@i, L5,(6) - LF(9)) = L(c(t:) + R)]

= Y Pyfexp((t, L31(0) — LE(9))) > exp (L(c(t:) + R))]

=1

< i}Eg,m[exp ({t:, LSL(0) = LF(0)))]exp (= L(c(t;) + R))

= zr: exp (LCL(tZ', 9, ZU)) exp (_L(C(tz) + R))

=1

= S exp (Lenlte 0, 2) — c(t))) exp (~L(R)
< jzlexp(L(cL(m — o{t))) exp (~L(R)) (7.40)

The last inequality follows from the fact that c;(t,6,z) < c.(t) for all  in © and all ¢ € R%

Since limy o0 cr(t;) = c(t;), i =1,...,r, we can find for every ¢ > 0, an integer L* = L*(9)
such that L* > L" and |e(t;) —e(t;)] < 6,i=1,...,r, whenever L > L*, and as in Case 1,
we can conclude from 7.40 that

sup Py, [S.(0) — F(0) € C| < rexp(—L(R-9)), for all L > L*. (7.41)
0cO,zeX
Therefore,
1 _
limsup +log sup Py, [S,(0) — F(0) € C] < —(R )

L—oo PEO,xeX

and since R and ¢ are arbitrary

1 _
limsup —log sup Py, [SL(G) —F(9) € C’] < —o0. (7.42)

L—o0 0cO,xeX

Combining the two separate cases, we have for closed sets C' such that I(C) > 0

limsup~log_sup Py, [S,(6) - F(6) € C] < ~1(C). (7.43)

L—oo 0cO,xeX

]
We are now in a position to give a set of sufficient conditions for (U1)—(U2) to hold.
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Lemma 7.6 Assume conditions (P0), (P5) and (C1)—(C2) to hold. Then the collection of
probability measures { Py, 0 € ©, x € X} satisfies the uniform Large Deviations upper bound
condition (U1). The corresponding rate functional I given by (7.33) satisfies (U2).

Proof: That condition (U1) holds is immediate from Theorem 7.5 since the Legendre-Fenchel
transform I given by (7.34) is a closed convex mapping.

Next, we show that I given by (7.33) is indeed level-compact. We do so by slightly modifying
the arguments of Ellis’ Theorem V.1, Part (f) in [30, pp. 6-7]: For r > 0, we consider the level
set K, = {z € R? : I(z) < r} which is closed by the lower semicontinuity of c. From the
definition of I, we see that

(t,z) < I(z)+c(t) <r+ct), te R z €K, (7.44)
and therefore, for each R > 0, we get

sup (t,z) <r -+ sup c(t) z € K,. (7.45)
<k <R

In view of (C2), we can choose R such that the closed ball B = {z € R? : ||z|| < R} is
contained in the effective domain D(c), in which case ¢ is continuous on Bg. Therefore, by
standard results from real analysis, we can assert that

sup |e(t)] = A < o0 and sup (t,z) = R||z|| . (7.46)

i<k <R
Combining (7.45) and (7.46), we find [|z|| < R '(r + A) for all z in K,, and the level set K, is
thus compact since closed and bounded. [ ]
We address next the crucial condition (U3) on the rate functional 7. We do so in two steps;

the first step being contained in the next lemma and the second step appearing in Theorem
7.8.

Lemma 7.7 Assume (PO), (P5) and (C1)—(C2) to hold. If z =0, then I(z) =0, in which
case I(R%) = 0.

Proof: In order to show that z = 0 implies I(z) = 0, we proceed by contradiction, and assume
I(0) > 0: We claim that € > 0 can always be selected small enough so that I(B.) > 0, where
again B, = {z € R?: ||z|| < €}. Indeed, recall [90, Thm. 10.1, p. 82] that the convex function
I is continuous on the interior of D(I) (which contains the origin z = 0). By choosing ¢ small
enough, we can ensure that B, is contained in the interior of D(I), and that I(z) > 0 for all z
in B,, this last fact by continuity under the assumption I(0) > 0. Continuity over the compact
set B yields 0 < I(B,) < oo, and by Theorem 7.5, for 0 < n < I(B,) there exists a finite
integer L* such that

sup Py ,[S.(0) — F(9) € B] < e MUBI-m [ > [ (7.47)

0cO,xeX
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Now taking the limit in (7.47), we readily conclude that
lim Py.[S.(0) — F(0) € B] =0, 0 €O, zeX, (7.48)
—00

or equivalently, that the sample averages (7.20) do not converge in probability, thus not a.s.
This conclusion is in direct contradiction with (P5) and the assumption 7(0) > 0 cannot hold.
Thus 1(0) = 0, and we readily get I(IRY) = 0 from the fact that I(z) > 0 for all z in R?, n

In order to show that I(z) = 0 implies z = 0, we need an additional condition on the
function ¢ defined in (C1)—(C2).

(C3) The function c is (Fréchet-) differentiable at t = 0, i.e., its gradient Ve(t) exists at ¢ = 0,
with Ve(0) = 0.

We are now ready to present the main result of this section:
Theorem 7.8 Under (P0), (P5), (C1)—(C3), the conditions (U1)—(U3) hold.

Proof: Combining Theorem 7.5 with Lemmas 7.6 and 7.7, we see that all of (U1)—(U3) hold
except for the property that I achieves its global minimum at the unique point z = 0, but this
follows directly from [30, Thm. V.1 (g), pp. 6-7], under (C3). n

7.5 IID State Processes

We refer to the i.i.d. case as the situation characterized by some collection {pp, 6 € O} of
probability measures on (X, B(X)) such that for Borel subsets By, ..., By, in B(X),

L
Po.lée€ By, £=1,...,L]=[[me(B:) L=1,... (7.49)
=1

for all # in © and x in X. Assumption (PO) is satisfied by requiring that the collection {uy, 0 €
©} be measurable in the sense that for every Borel subset B in B(X), the mapping 6 — p(B)
is Borel measurable. The validity of (P5) is guaranteed by the strong law of large numbers for
i.i.d. sequences provided the moment condition

/e |f(0,2)|dug(x) < o0, 0€O

holds, in which case we have

F(0) :/@f(G,x)dug(x), feco.

The Borel measurability of F' then follows readily from the Borel measurability of f by standard
arguments.
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With (7.49), the definition (7.31) yields
cr(t,0,x) = log/ eBIOD=FO q,(x), teRY €O, zeX (7.50)
X

forall L=1,2,..., and (C1) holds in the form

c(t) = lim sup cp(t,0,x
( ) Lﬁooeee,:?ex L( )
= suplog [ eBF@=FOq,(z), te R (7.51)
fco X

For each € in © and each x in X, the mapping ¢t — ¢ (¢,6,x) given by (7.50) is convex by
Holder’s Inequality [25, Lemma 2.2.31, p. 37], and is lower semicontinuous by Fatou’s Lemma.
Since for proper convex functions, closedness is equivalent to lower semicontinuity follows from
of [90, Thm. 7.1, pp. 51-52], we conclude that the mapping t — ¢ (¢, 0, z) is closed and convex.
That ¢ is closed and convex follows from the fact that both convexity [90, Thm. 10.8, p. 90],
and closedness are preserved under the supremum operation. The other conditions (C2)—(C3)
can be investigated in specific instances.

Example: As a simple example we consider the case when for each # in ©, the measure p
is a Gaussian measure on R¢ with mean m(f) and covariance matrix 2(6). If f(6,2) = =,

1
c(t) = =sup (t,2(0)t), tec R (7.52)
9co
Consequently, Ve(t) exists at ¢ = 0 if there exists a symmetric positive semi-definite matrix 3
such that ¥(#) < X for all # in © (where inequalities are with respect to the usual ordering on
the cone of symmetric positive semi—definite matrices).

7.6 Markov Chains with Finite State Space

In the Markovian case, we assume the existence of a collection {Ky, 0 € O} of measurable
transition kernels X x B(X) — [0, 1] such that

PQ,I[§L+1 € B|§la (= 07 17 .. 7L] = KQ(&L;B)a B e B(X) L= 07 17 s (753)

for all # in © and « in X. Condition (P0) follows by requiring that for each x in X and each Borel
subset B in B(X), the mapping § — Ky(z; B) is Borel measurable on ©. Condition (P5) is
guaranteed by imposing some ergodicity conditions on the Markov chains with transition kernels
{Ky,0 € 6}.

Of particular interest for applications are the models involving finite state Markov chains.
We develop this important case by finding explicit conditions on the one—step transition prob-
abilities which ensure the various conditions discussed so far. The set—up is as follows: The
state space X is a finite set, say with s elements, and following [25, 30], we identify X with
the canonical basis {eq,...,es} of R i.e., (ey,ey) = 04y, ,y = 1,...,s; the notation = and
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es, v = 1,...,s, is used interchangeably. For each # in O, with the transition kernel K, we
associate the s x s stochastic matrix P(#) = (Py(x,y)) whose entries are defined by

Py(z,y) = Ko(z;{y}), z,yeX (7.54)

In short, under each of the measures Py, the rvs {§, ¢ =0,1,...} form a time-homogeneous
Markov chain with one-step transition matrix Fj.

Next, given the mapping f : © x X — IR?, we seek to evaluate the corresponding quantities
(7.31)-(7.32). Fixing ¢ in R, we define the s x s matrices {II, 4,0 € O} by

o(z,y) = Py(w,y)e OO e o, z,yeX (7.55)

As in [25, pp. 58-61], we have
1
it 0,2) = - 1og<ex,nfﬂe>, reX.0e0 (=1,2,... (7.56)

where e is the element (1,...,1) of R%. Armed with this notation, we can now turn to the
main results of this section. We begin with an auxiliary result of a technical nature:

Lemma 7.9 Consider the family of finite state space Markov chains with one—step transition
matrices { P(0), 6 € ©}. Suppose the following conditions are enforced:

(i): For each 6 in ©, the one—step transition matriz is irreducible and aperiodic; and
(ii): For each x and y in X, the mappings 0 — Py(x,y) and § — f(0,z) are continuous on O.
Then, for each t in RY, the following statements are true:

1. For each 0 in ©, the non-negative matriz Il o is irreducible and primitive; its spectral
radius p(Il; g) coincides with the largest positive eigenvalue of Iy o which always has mul-
tiplicity one, and the eigenvector u(Il,g) corresponding to p(Il,y) can be selected such
that

Myp = Min uwi(Ilp) >0 and (e,u(Ily)) =1; (7.57)

2. The mappings @ — p(Il; ) and 0 — u(Il,y) are continuous on ©.

Proof: (Claim 1.) Fix ¢ in R? and # in ©. Since the exponential factors entering the definition
(7.56) are strictly positive, it is plain from (ii) that the non-negative matrix II, ¢ is irreducible
and primitive [38, Thm. 8, p. 80], and most of Claim 1 is now a simple rephrasing of the
Perron-Frobenius theorem [57, Thm. 2.2, p. 545]. The existence of an eigenvector satisfying
the normalization condition in (7.57) follows from the positivity condition in (7.57) and the
scalability property of eigenvectors.

(Claim 2.) Fix t in R%. For each # in ©, the stochastic matrix P(#) is ergodic by virtue
of (i), and therefore admits a unique invariant probability vector = (#), i.e., w(0)" = = (0) P(0)
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and (e, m(0)) = 1; we also have F(0) = >, m.(0)f(0,z) by the Ergodic Theorem for Markov
Chains [21, Thm. 2, p. 92]. With this in mind, we note that the continuity assumption (ii)
on # — P(f) implies the continuity of § — 7(#) since p(Il;y) has multiplicity one for all 6
in © [58, p. 110]. Therefore, # — F(f) is also continuous by the continuity assumption (ii)
on f. In short, from (7.56) and assumption (ii) we conclude that the matrix—valued mapping
6 — I, is (entrywise) continuous on ©, whence the mapping 6 — p(Il,4) is continuous since
each eigenvalue is a continuous mapping on the space of square matrices [65, p. 225]. It is now
a simple matter to see that the mapping § — u(Il;p) is continuous: Indeed, for each 6 in ©,
the conditions

Mg — p(I ) Is)u=0 and (e,u)=1 (7.58)

uniquely determine the eigenvector u(Il;4) since p(Il;y) has multiplicity one. Using this char-

acterization, we can now establish the desired continuity by adapting the arguments of [70, p.

39]. Another argument is available in [58, p. 110]. n
The validity of the conditions (C1)—(C3) is now discussed:

Theorem 7.10 Consider the family of finite state space Markov chains with one—step transition
matrices {P(0), 6 € ©}, under the assumptions (i)-(ii) of Lemma 7.9. If the parameter set ©
is a compact subset of R?, then conditions (C1)—(C3) hold with

c(t) = lim sup co(t,0,2) =suplog p(Il;4), t€ R (7.59)
=0 gco,zex 00

Proof: (Condition (C1)) Fix ¢ in IR%. As pointed out in the proof of Theorem 3.1.2 in [25, p.
60], the limit (7.60) exists and equals

c(t,0,x) = llirn c(t,0,x) =logp(Ily), €O, xeX (7.60)
—00
so that
sup log p(Il;») < liminf ¢,(?) (7.61)
0coO {—00

by invoking the definition (7.31)—(7.32). The conclusion (7.59) (including the existence of the
limit) will follow if we can establish that

lim sup ¢,(t) < suplog p(Il; ). (7.62)
=00 fco

To do so, we fix # in © and = in X. In the notation of Lemma 7.9, u(Il;4) is the eigenvector
of I1; o associated with the eigenvalue p(Il;4) such that (7.58) holds. Using the representation
(7.57), we readily get

1
Cl(ta 97 ZL‘) = Z lOg <6$7 H£,06>

1 U(Ht 9)
21 . It , b

IN

166



1 I1
= —10g<€x,P(Ht,9)KU( t’0)>

/¢ My
1 2 W(II
< logp(Il;p) + 7108 ez, ulllp))
My
1
< log p(Il; ) — —log myg. (=1,2,... (7.63)

14

Next, upon taking the supremum in (7.63) , we see that

co(t) = sup ¢t,0,x) < suplogp(lly) — 1log{inf mtg} t=1,2,... (7.64)
0€O,zeX 9cO ’ l ge® 7
and the desired inequality (7.62) follows provided (7.59) can be strengthened to read
infpee miy > 0, or equivalently, min; infyco u;(Il;p) > 0. This last condition is now an imme-
diate consequence of the continuity result of Lemma 7.9 under the compactness condition on
©.

(Condition (C2)) A careful inspection of the proof of (7.59) reveals that in fact we have
shown

c(t) = lim sup ct,0,x) = sup lim ¢(t,0,z), tcR* (7.65)
£—00 0cO,xeX GGG,CEEXZ‘)OO

With this in mind, fix  in © and z in X: For each ¢ = 1,2,..., the mapping t — ¢(t,0,x)
is convex (as can be seen by standard arguments [25, Lemma 2.3.9, p. 46] using Holder’s
inequality). Therefore, the mapping ¢t — ¢(¢,6,z) is also convex since the pointwise limit of
convex mappings is convex [90, Thm. 10.8, p. 90]. Hence, by (7.65), the mapping ¢ is also convex
since convexity is preserved under the supremum operation [90, Thm. 5.5, p. 35]. Next, it is
plain from (7.60) and (7.65) that D(c) = R since 0 < sup, p(IT; ) < oo by the continuity result
of Lemma 7.9 under the compactness condition on ©. Therefore, ¢ is continuous throughout
R?, thus a fortiori closed.

(Condition (C3)) We need to establish that the mapping c is differentiable at ¢ = 0 with
Ve(0) = 0. We do so in three steps: Step 1 — Fix 6 in © and observe from Jensen’s inequality
that

co(t, 0, z) > <t,EM [5*5(9)] - F(9)>, teRY zeX, (=1,2,.... (7.66)

It also follows from assumption (ii) of Lemma 7.9 that (P5) holds, whence
limy_, o B, 9[S¢(0)] = F(0) via the Bounded Convergence Theorem. Taking the limit in (7.66)
and using this last limit result, we get ¢(¢,6,2) > 0 for all ¢ in R? and z in X. Therefore, since
c(0,0,x) = 0, we conclude that

inf c(t,0,7) =c(0,0,7) =0, teR% zeX (7.67)
teR"

Step 2 — Now, for any direction v in R, the mapping A\ — II,,0 is entrywise analytic on
R. Hence, the mapping A — p(II,, ) is differentiable on IR, since in fact analytic on IR [65,
Thm. 7.7.1, p. 241] as the largest eigenvalue of ITy, o is guaranteed to be of multiplicity one by
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the Perron—Frobenius theory. Thus from differentiability and (7.67) we readily see by standard
arguments that
lim D, (X; 0) = 0 (7.68)
A—=0

where

D, (x:8) = L0
In particular, the convex mapping ¢t — ¢(t; 0, z) is Gateaux-differentiable at ¢ = 0 along any
direction; its differentiability at ¢ = 0 now follows from Theorem 25.2 of Rockafellar [90, p.
244].

Step 3 — It follows from convexity that A — D, (); @) is non—decreasing on (0, c0). Moreover,
since § — p(IIy, ) is continuous on © for each A # 0, we see that # — D, (A, #) is also continuous
on © for each A > 0. Therefore, starting with a decreasing sequence {\,,n = 0,1,...} such
that A, | 0 as n — oo, we see from (7.68) that lim, D,(\,,f) = 0 monotonically for each
in ©. By Dini’s Theorem [93, p. 195], this last convergence is taking place uniformly on the
compact set O, i.e., for every € > 0, there exists a finite integer N(€) such that

A # 0. (7.69)

sup |Dy(An,0)] <€, n > Ne). (7.70)
0c®
Therefore, combining (7.69) and (7.70), we find that
. c(A0) ,
lim = lim sup D,(\,,0) =0 7.71
n—00 n n— 00 068 ( ) ( )

or equivalently, the mapping c is Gateaux-differentiable at ¢ = 0 along all directions, and c is
indeed Fréchet-differentiable at ¢ = 0 by virtue of Theorem 25.2 of [90, p. 244]. n

7.7 Markov Chains with Countably Infinite State Space

In this section we reveal some limitations to the Large Deviations upper bounds we use and
show that a very simple Markov chain on a countably infinite state space with unbounded
function f can fail to meet the condition (C1).

Example: We look at the Markov Chain {X,, n =0,1,...} which is the random walk on
the non-negative integers IN with a reflection at the origin. We take for simplicity © to consist
of the single point 6 so uniformity over © is not the issue. An alternative representation for the
M.C. can be derived if we define the i.i.d. process {U,,n = 1,2,...} where P[U, = 1] =p =
1 — P[U, = —1] and

Xon = [Xo+U,]t, n=0,1,...
(X1 + Un]™ 4+ Upa]*
max{0, U1, Xp 1+ U, + Upiit}
max{U, + 1,U, + Upy1, Xpn—2 + Up_1 + Up + Upi1}
max{0,U, + 1, U, + Upy1,...,Us+ ...+ Upy1, Xo+ Ur + ... + Upy1 }
Xo+ U +...4+Uypss (7.72)

v
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In order to apply our large deviations results the M.C. must satisfy conditions (C1) —

let us look at the moment generating function. For ¢ > 0

Therefore,

el ()] = el (E (e
= El[exp (ntXo)|E {exp (t 3 Z Uj)}

i=1 j=1

— E [e"tXO] E {exp (tfj Ui(n— (j — 1)))}

J=1

s

- E [enth] E [et(n*(jfl))UJ]

1

<.
Il

=

- E [entxo] E [etéUj}

1

— E[enth] H{qefét _|_p€lt}
=1

= My, (nt) [Te"(p +qe™)
(=1

s~
Il

L1ogE [oxp (13-

1 t t
> —log Mx,(nt) +—> €+ = log(p+ ge >
n oy =1
tn+1 1 & _
( 5 )+—Zlog(p+qe 2)
)

1
= = log Mx, (nt) +

Taking Xy = x, we get

and

Therefore,

MXO(t) = em,
1
—log Mx,(nt) = tx,
n

1
lim — Zlogp—i—qe 2 > lim — Zlog

= log(p )-

l1m1nf logE [exp( ZXl)]:oo, t>0

n— o0 .
=1

and the point ¢ = 0 is not contained in D(c).
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7.7.1 Uniform Markov Chains

It is known [105, 25] that general irreducible Markov chains satisfying a uniform recurrence or
a Doeblin condition possess a large deviations principle. The condition (from [25]) is:

(U) There exists integers 0 < ¢ < N and a constant M > 1 such that for all z,y € X

P(r.) < 3 3 P70

where P™(x,-) is the m-step transition probability for initial state x

Since condition (U) is so restrictive as to preclude the simple example above, we must conclude
that the large deviations approach we have taken in this chapter has some substantial limitations
in regards to the class of state processes that we can accommodate. All is not lost however,
and the next section makes the case for the large deviations approach, particularly when g is
nonlinear.

7.8 Martingale Method for Convergence

As the approach of this chapter relies heavily on large deviations arguments, this requires
the finiteness of certain exponential moments, thus leading naturally to the condition (L) on
the window sizes {{,.1, n =0,1,...}. Of course such a condition is dictated by the technique
adopted here, and is certainly far from necessary as we now show through an example. We shall
see that in some cases only finite second order moments suffice in order to yield a.s. convergence,
and this in the absence of condition (L), provided an additional condition is imposed on the
gain sequence {¥,4+1, n=0,1,...}, namely

> 2 < oo (7.73)

n=0

To develop this point, we consider an unconstrained scheme (i.e. © = R?) with p = d = s, and
g(0,z) = f(0,2) = x for all # and = in R”, so that (1.5)—(1.7) takes the form

1 £n+1
90 € Rp, 9n+1 = Hn + Api17—— Z Xn+1,l- n = 0, 1, Ca (774)
€n+1 =1

We put ourselves in the i.i.d. case with the additional assumption that for each # in IR”, the
probability measure g has finite mean h(f) and covariance matrix (). We assume that
h(0) # 0 except for § = 6*; we take 6* = 0 for the sake of convenience. By following an
argument of Gladyshev [39], we get the following result whose proof is in the appendix.

Proposition 7.11 Under the foregoing assumptions on the probability measures
{19, 0 € RP}, we further assume the conditions

sup (0,h(0)) <0, o€ (0,1) (7.75)
d—1<]10||<d
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and

1R(O)]]? + Tr(2(0)) < K(1+10]]%), 6€R? (7.76)
for positive constant K. If the gain sequence {v,+1, n =0,1,...} satisfies both (S”) and (7.73),
then lim, ,, 0, = 0 P-a.s. without any additional condition on the window size sequence

{€n+1, n = 0, ]_, .. }

It is plain under the i.i.d. assumption that there is no loss of generality in taking f(6,z) = z
for all & and = in R?. Moreover, projected versions of the algorithm can in principle be
addressed by arguments similar to the ones given by Chong and Ramadge [19, Appendix A, p.
365]. Therefore, in the i.i.d. case with linear g, the above Proposition (and its variants) suggest
conditions for a.s. convergence which are similar to those given for the standard Robbins-Monro
scheme (without averaging), and probably weaker than the ones developed in this chapter so
that the framework developed here then seems to provide little improvement, if any. However,
the situation is quite different when ¢ is nonlinear; the martingale arguments break down even
in the i.i.d. case and the large deviations framework discussed in this chapter now leads to
conditions for a.s. convergence.
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Appendix A

Proofs and Auxiliary Results

A.1 A Proof of Lemma 2.1

Proof: If (D1) holds, then
PV <AV + L, for each 0 € ©.

Since V' is unbounded off petite sets we can define the set

Ci{xEXiV(x)Sm}

By Meyn and Tweedie’s Lemma 15.2.8 [79, p. 370], if we let § = (1 — A) then we have
AgV < =BV — Llg, for each 0 € O.

which is (D2).
If (D2) holds, then

supAyV = sup BV -V
0cO 0cO

= —pV +bl¢e
which implies

PV V(l—ﬂ)—i‘blc, 0ecoO

V(l—p)+b 0€O

VARVAN

It is enough to pick just one # € © and together with Lemma 15.2.2 in [79], it follows that
V' is unbounded off petite sets. [ ]

A.2 A Proof of Lemma 3.1

Proof: Fix some arbitrary ¢ € (0,1). The inequality

‘xlogpx‘ < C(0)a", 0<z<l1
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holds if and only if

1
“hlcowat, 0<a<1

‘logpx‘ =

lup

holds.
For all £ in (0,1) and some yet to be defined constant C'(¢) > 0, define on x € (0, 1]:

Inz

Inp
glz) = C)z" .

The derivatives with respect to x on (0, 1] are calculated:

af 1
%(x) - xlnp <9,
dg -2
o) = ce- e
= e -0"— < —cwa-0: <o

We observe that for each ¢ such that 0 < ¢ < 1 there exists a constant 0 < C'(¢) < oo such that

dg df
sl <
dx (z) < dx

We note that f(1) =0 and g(1) = C'(¢) and

-5 = [T a

Ld
/x d—i(x) dx

(z) <0, for all z € (0, 1].

Therefore,

VARVAN

since we have chosen C'(¢) > 0. u

A.3 Summary of BMP’s Theorem 5

The results below are taken verbatim from [6].
BMP define two classes of functions: Li(p) and Li(Q, L1, L, p1, p2) where ) is a compact
subset of their parameter space D and the remaining arguments are constants.
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Definition 2 (BMP) Define forp >0

. . f(351) - f(352) }
L = : .
i(r) {f o 11 — 2]l (L+ a |” + a]”)

Definition 3 (BMP) For a function g and an integer p, let

lg(@)| g(a1) — g(x2) }

, sup
Lo [l witas lon — 2|l (14 o]l + [|l22]”)

s g 9

Definition 4 (BMP) For py,ps, L1, Ly > 0, define Li(Q, Ly, Ly, p1,p2) to be by those func-
tions f(0,x) such that:

(i) for allb € Q,
Np, (f(8,-)) < L,

(ii) for all 9y, 0, € Q, all x € RF,
1 (01, 2) — f(62,2) || < La |01 — O] (1 + [|[|”).

Theorem A.1 (BMP’s Thm. 5) Given p; > 0, py > 0, we assume that there exist positive
constants K1, Ky, q1, q2, p <1 such that:

(i) fOT‘ all g€ Ll(p1)7 NS Q; n Z; 21, %27
1P5'g(z1) — Pgg(@2)|| < Kip" Ny, (9) (14 [z | + [|l2[|™)
(i) for all® € Q, n >0, z and allm < ¢ V ¢

/Pé"”(fv; dry) (1+ [l ™) < K (1 +[|2[]™)

(iii) for all g € Li(p1), 0,0 € Q, n >0, x,
1P5'g(x) — Prg(@)|| < KsN,, (g) 10 — 0[] (1 + [|z]|**)

Then, for any function f(0,x) of class Li(Q, L1, Lo, p1,p2), there exist functions h(0), vy and
constants Cy, Cy, C({), 0 < € < 1 depending only on the L;, p;, such that:

(4) for all 0, 0" € Q, ||h(0) — h(0")[| < Cy [0 — ¢,
(J3) for all 0 € Q, [lvp(2)[| < Co (1 + [|z[|")
(J33) forall0, 0" € Q, all £ € (0,1) and for all s = max(p, ¢1, ¢2)
lvo(x) = vo ()| < C(O)]I6 =0 (1 +]l=])
1Ppvo(x) = Povg ()| < C(0) 0 =" (1 + J[|°)
(v) (I —mg)vg = fo — (D).
Proof: See [6, page 260] n
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A.4 A Version of Theorem 3.10 for (D1)

The next theorem is an alternate version of Theorem 3.10 for (D1).

Theorem A.2 If (D1) holds for V, then (D1) also holds for the function = V" where r is a
positive real in the interval [0, 1].

Proof:
Suppose (D1) holds for the function V' : X — [1, 00) with some A < 1 and L < oo, i.e.

PV <AV +L, foraldco.

Consider any rational ¢ = n/d and let V¢ = V™? for some n < d. We have from Jensen’s

inequality
PV < (RV)"?
< AV L)
L
< My 4 PCETE (claim proven below)
L
— \dya NCEIE forall # € © (A1)

where the last inequality step follows from a claim we now prove.

The inequality
L

(@ n)/d

AV + L)"* < an/dymid 4

is valid if and only if
d

n n n L
AV +L)" < (A faynld | WW) . (A.2)

Using the binomial expansion, the left hand side of (A.2) can be rewritten

(AV + L) zij V)™ kL’“<k> (A.3)

and the right hand side of A.2 can be rewritten

L d d d—k L k d
nfdyn/d T — n/dy n/d
(ritvnit 4 o) = 3 () (5e7) <k> n<d.
= ZAW B ey 4 <Z> n<d
n—ky, =) d
= Z)‘ voaoo Lt L) nsd (A.4)

We now compare the summands on the right hand sides of A.3 and A.4 for each k£ =
0,1,2,...,n. When k =0, we trivially find that the summands are equal.
Examining the case when £ =1,...,n, we find
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1. The exponent n —k < @ for all positive integers n < dand k =1,...,n. Since V> 1

we have
n(d—k)
d

Vi<V

2. Forn<dand k=1,...,n,

(Z) - /c!(nni oS /g!(ddi I (Z)

These two inequalities imply the individual summands of (A.3) and (A.4) obey the inequality:

(AV)"k Lk (Z) < hy R (Z) C k=0.1,....n

For the case k = n +1,...,d, since the summands on the right hand side of (A.4) are all
positive, the claim is now proven and (A.1) holds. Thus for any rational ¢ = n/d € Q we have

L
PV =)V 4 SEDL for all § € ©. (A.5)

Now let ¢; be any sequence of rationals in the interval (0, 1) which converge to the real number
r € (0,1),i.e. r =1lim; o ¢;. Then by the Dominated Convergence Theorem since V% <V for
alli=1,2,... and PV (z) < V(z) + L < oo for any § € © and x € X we have the following

Pg(VT) = Pg(llm qu)

i—00
= lm A
< lim (Aqivqi + Aqui>
= NV + i 6 €O,
where the inequality follows from (A.5). Finally, the case for r = 0 and r = 1 follow trivially.
|
Corollary A.3 If for some A <1 and L < oo we have
PV <AV + L, 6eco
then for any real r in the interval [0, 1], we have
PV < Cp(r)v” m=1,2,..., feco
where
Cp(r) = 1+ m,
= 1+ )\(11"7[)1_)\ (A.6)
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A.5 A Proof of Theorem 4.5

Proof: The proof is identical for each i = 1,...,p so let us now fix such an 7. Let # be a fixed

point in © and consider a small perturbation in the i component vector, denoted A#; such

that §' = 6 + Ap; € ©.
Part 1 (Set up.): Expand the difference

w [ for (X1)] — By [ fo(X1)]
ror [0 (X)) = By [fo(X0)] + By [for (X1) = fo(X1)]
+ {Bu, [for (X1) = Jo(X0)] = Bxy [for(X1) = fo(X1)]}

J@)—J@®) = E
E

so that
9J0) . J@O)—J(0)
96, T Ag
L o (2) — ()
= Alggog(—mi fo(z)

+ Algiiril>0 > mo() Jor (x)A—gifa(x)

zeX

+  lim Z (71'9/ (:U) — 779(3:)) %_Hlfg(x)

AfO; —0 rexX

We shall next consider the three limits (A.7) - (A.9) separately starting with the first.
Part 2-a (First limit, setup): We have the matrix equation

Py = Py + Ab0; Qg + R(0, AY;)
hence

Py = Py + AO; mpQy; + meR(0, AY;)
= mwp+ Ab; WgQg’i + 7TgR(9, AQZ)

Inserting canceling terms on the left we have
—7o Py + mg Py + o = T + Aeiﬂ'QQg,i + 7TgR(9, Agz)

so that
(7T9/ — 7T9)([ — Pg/) = AGinngi + 7T9R(9, Agl)

The group inverse Pf exists by Lemma 4.3 under the assumption of strong ergodicity for

all ©, along with the series expansion

P = —emg+ (I —Py+emp)!
o0
= —emy + Z(Pg/ — 67T9/)k
k=0
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Thus by (4.18),
(o — o) (I — Py ) Pjl = AOimgQo,i Py + moR(0, AO;) Pyl

which becomes
(g — ) (I — emgr) = AOimgQo Py + moR(0, AO;) Py

or since (mg — mp)e =0

1 1
(M) (g — ) = 10Qui P + (M) roR(0,A0) P, for small |A] > 0.

Multiply on the right by the performance function column vector fy = [fs(x) ], for which

we assume in (F1) that fp € LS = {h : sup,ex ‘h((); < 00}:

( L ) (0 — 79) fo = ToQo i Pl fo + ( L

i i ) o R(0, A6 P f (A.10)

We next consider separately the two terms on the right hand side of (A.10) as Ag; — 0
starting with the second term.

Part 2-b. (First Limit, second term.): Define R'(6, Af;) = (
second term is

a7 ) R(0, AG;) and the

TR (0, A0 P fy. (A.11)

From Lemma 4.4 we find that under our conditions, the fundamental kernel is a mapping
from Lg% to L35 and by (2.15), 7g (V") < 00 so that Pjl is also a mapping from Lg%, to L%}’,
We will show that this second term is zero in the limit as Af; — 0, but, instead of (A.11) w
can consider

ey (0, AB;)

Alalirgo TR (0, A0;) f = Alelirgozw:ﬂe(x) Z AD;

y

f(y)

for arbitrary f € L%

Note that if p,,(§) = 0 for any points z,y, 6, then by (4.10) r,, (0, Ad;) necessarily must
be zero also in a small §-neighborhood of Af; = 0. If we then take the convention that any
fraction of the form % is defined to be zero, then we can write the double sum as

e (0, AO;
mo R (0,A0,)f = Zm Z %ﬁ)ﬂy)
_ rm, (6, AB;)
rwyy(H, Ab;)

= 27@ ) Pay (0 mf(y)-

To apply the Dominated Convergence Theorem, we find for all |[Af;| < §

rm 9, AbY;) S
Zﬂ'e px,y p’y((w Zﬂ'e pxy K3CV (y) < o0, (A.12)
m’y
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where the first inequality follows from (4.10) and the fact that f € L{% (which defines some
constant C' < 0o) while the finiteness follows from (2.15). Thus,

o a0, 20)
Alelirg() Ty R (9, Agz)f = AIQHEO 2’; 7T€ px,y(g) Do y(g)Ag f(y)
ey (0, AD;)

= Zﬂ-a pxy AHQO pxy(g)Agz f(y)
- ZWG pmy 0
= 0

for arbitrary f € L{.. Thus, the second term in (A.10) converges to zero.
Part 2-c. (First limit, first term) : In this part, we will be appealing to Lemma 4.4 so
before we begin let us verify the fourth condition of the Lemma 4.4; that Py — P, as 6 — 0,

in the induced operator norm ||| - |||y-, i.e.
elirn [Py — Py,l||vr = hm sup |(Py — Py,)hly = 0. (A.13)
—fbo —fbo heLe,
|hlyr=1

|h(z)

We have for some h € Lif, such that ||, = sup,cx 7 x; 1

|(Po = Po )l = |3 (Pry(6) = Pay(60)) h(y)

y

< 10— 00l 3 (Kspay(6o)) V' (y)

< 10 = 6ol CVT ()

for some constant C' < co; the first inequality following from (G2) while the second inequality
follows from (DO0), and (DO) is implied by (D2). Thus,

10— 0ol CV ()
Vi(x)

|(Py — Py, )1l < = |6 = ol

and clearly converges to zero in the limit as § — 6, hence we have shown (A.13).
We will soon consider the limit of the first term in (A.10):

lim 7 P
Jim 0Q0,i Py fo

but before we begin, we note that the group inverse is given by

Pg# = (I—Pg/+€ﬂ'91)_1—€ﬂ'9/
= Z(Pg/ —eﬁgl)k—eﬂ'gl,
k=0
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and is the difference of an fundamental matriz term and an invariant matriz term. From Lemma,
4.4, if we let f € L3, under the conditions we have established, Pg%f converges to Pe#f in the
L3, norm as §' — 0, i.e.

B ) - P )
00 IEE Vr(z)
Hence, for every € > 0 there exists a 4 > 0 neighborhood sufficiently small, such that
0<Sup‘P€#(x,f)_Pg#(x,f)‘<6
T ozeX vr (ZL‘) B
for all ¢ in this 6-neighborhood. Hence we have,
Pz, f) = Pf (2, )| < eVr(@),  forallzeX, |Af]<s.
Thus, for all #" in this neighborhood of 0,

|Pf (@, f)

=0.

‘Pg#(x, f)‘ + eV (2)

<
< CV'(x), for all z € X (A.14)

for some constant C' < oo.
We now consider the limit of the first term in (A.10), namely:

lim 7T9Q9,Z'ij9
Af; —0
0'=0+20;
Without loss of generality, instead of ij fo we can consider an arbitrary family of functions

gnp; : X — IR such that |gag,| < CV" uniformly for all Af; in the §-neighborhood of zero. We
have shown in (A.14) that this family of functions will include P} fy. Thus, we consider

. . Opg., (0
lim  mQpigns = lim > m(z) ) O () )gAei(y)
AG; =0 AG; =0 agi
0'=0+A0; 0'=0+A0; TEX v
Opa,y(0)
. 00;
= dm 2 o) 2 ey (0) = gm0, ()
0’_9l+A0i zeX Yy pfﬂyy

where the last line holds because if p,,(f) = 0, then the partial derivative in the numerator is
necessarily zero under (4.7) and this ratio is thus zero.
Again, to apply the Dominated Convergence theorem, we check for all |Af;| < &

Opz,y(0)
Z Wﬂ(x)px,y(g) 801-9 gAGi(y) < Z Wﬂ(x)px,y(g)Kiicvr(y) < o0 (A'15)
z,yeX pm,y( ) z,yeX
by (4.8) and (2.15). Thus,
Opa .y (0)
lim > () ey (0) —2 gao, (v)
Q’iZTAOQZ‘ z,yeX px,y(g)
Opz,y(9)
= Z 79 (2)Pay (0) o0 lim  gag,(y)
:v,yEX px,y(g) Q’QZTAOQZ
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for arbitrary gap, € L.
Hence for our problem, we can take

gno,(y) = PﬁAei(% fo)

which is an element of L{?, for all |[Af;| < § and we thus have

Af; —0
0'=0+A0; Yy

Opsy(®) .
= Zﬂ'g(l‘)zaig() Alel-rilo PQﬁAei(yafG)

y 0'=0-+A0;

(0
lim Y m(z) > apa’zi( )Poﬁmi(y:fe)

We know from the Lemma 4.4 that for fy € L,

PG o) = P G fo)
1m =
0'—0 225 Vr(z)

hence since X = {x € X : V"(z) < oo} we have

lim  w9Qoi Pyl fo = Qo P} fo
Af; —0
0/ =0+ A0;

Therefore, the limit in (A.10) yields:

. 1
Alelirgo (A&) (mor — 7o) fo = WaQo,infa

which concludes the first limit in (A.7).
Part 3 (Second limit): Condition (F3) implies that there exists a § > 0 such that for all

r e X
forao, () — fo(x)
AD;

for some C' < oco. Since we have

< C'V'(z), forall Ab; € (0,9), (A.16)

> me(z)C'V (x) < o0,

zeX

the second limit follows from the Dominated Convergence Theorem, i.e.

AlggOZm(:c)W = 3 m(a) Algigo%—eiﬁ@

zeX zeX

- %( wa(x)agg(f).

Part 4 (Third limit): The convergence of the third limit,

lim Z (7(9/ (x) — '/TQ(ZU)) %_ngg(x)

AfO;—0 reX

~0 (A.17)
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follows via the same bound (A.16) coupled with (4.15) of Lemma 4.4.
Part 5 (Remaining equalities): The equality of

T0Q0.i Py fo = m9Q0.i90, 0eo,

follows since the performance potential g,(0) given by

g:(0) = lim {Eg,m [Z fe(X,i”"})] - nJ(G)} , € X (A.18)
= nll)ngo En: Ey . [fe(X,im}) — J(H)} (A.19)

is nothing more than a solution to the Poisson equation with forcing function fj.

In prior chapters, we have denoted any Poisson equation solution as vy. Here, we are
assuming the fundamental matrix exists and is the inverse of (I — Py +emy). It is easily verified
that a solution of the Poisson equation takes the form

vp = Zpfo=1— Py+ems) " fo

Additionally, the series form (A.19) is known to solve the Poisson equation and to exist
(converge) by Theorem 17.4.2 in [79] under irreducibility, (D2), and (2.15). Furthermore, the
solution in the form gy differs by at most a finite constant [79, Proposition 17.4.1] from the
solution Pg#fg, i.e.

Pify = Zsfs —emgfo
= gptec

for some constant |c| < co. Therefore
pHEr = :
TR0, Fy fo T9Qu,i (g0 + €c)
= w9190

since Qg ;e = 0 by assumption. Similarly,

19QoiPy fo = T9Qoi (Zy — emy) fo
= m9Qo, (Zofo — eJ(0))

= mpQg,ivp.

or this holds for any of the family of solutions to the Poisson equation which differ by an additive
constant. m
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A.6 A Proof of Theorem 4.6

This is an alternate version of last sections result which does not explicitly assume existence of
an invertible fundamental matrix.
Proof: Let 6 be a fixed point in © and consider a small perturbation in the i component
vector, denoted Af;. The perturbation is assumed small enough so 6/ = 6 + Af; € ©. The
proof is identical for each ¢ = 1,...,p so let us now fix such an i.

Part 1 (Set up.): Let us expand the difference

J(O) = J(0) = Ex,[fo(X1)] = Ex[fo(X1)]
= Ex, [fo(X0)] = Ex,[for (X0)] + Exy [for (X1) — fo(X1)]

so that
oJ0) .. J@#)—J(O)
50, ~ s Ap,
L 7o (x) — my(x)
_ Aléfgog(A—ei fo(z) (A.20)
: for () — fo(x)
+ Alglirgog(m(x)A—ei (A.21)

We shall next consider the two limits (A.20) - (A.21) separately starting with the first.
Part 2-a (First limit, setup): We have the matrix equation

Pgl — Pg + Agz Qg,i + R(g, Agl)
hence

9Py = moPy+ A@l WgQg’i + 7TgR(9, AQZ)
= mwp+ Ab; WgQg’i + 7TgR(9, AQZ)

Inserting canceling terms on the left we have
—7o Py + mg Py + mor = T + Aeiﬂ'QQg,i + 7TgR(9, Agz)

so that
(7'('0/ — 71'9)([ — Pgl) = Agiﬂ'gQg,i + 7TgR(9, Agl)

Multiplying on the right by the Poisson equation solution vy we find,
(71'9/ — Wg)([ — Pg/)l/g/ = Aeiﬂ—gQQ,il/Ql + 7T9R(9, Aei)ljgl
which becomes

(g — o) (I — emer) for = AO;mQy v + o R(0, Ab;) vy
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or since (mg — mp)e =0

1 1
<A9> (7T9/ — Wg)fg/ = 7T9Q97il/9/ + <A9> 7T9R(9,A9i)1/9/, for |A9l| > 0. (A.22)

We next consider separately the two terms on the right hand side of (A.22) as A§; — 0
starting with the second term.

Part 2-b. (First Limit, second term.):

Define R'(0, Af;) = (ﬁ) R(0, Af;) and the second term is

7T9RI(9, AGi)z/,g/. (A23)

Note again that if p,,(§) = 0, then r,,(6, Af;) necessarily must be zero also in a small
0-neighborhood of A#; = 0. If we again take the convention that any fraction of the form % is
defined to be zero, then we can write the double sum as

’ Ty 9, Aﬁl
7T9R (9, Agi)ljgl = E 7'('9(37) E %1/9/ (y)
T y i

ey (0, AG;)
= e (0) =20 (y), Af| < 6.
zxjﬂ-a(x) Xy:p ,y( ) px,y(e)Aez Yy (y) | |
To apply the Dominated Convergence Theorem, we find for all |[Af;| < §
7"1- 9, Agz r
Zm )Py (0 Wwf ) < Zm D)y (O)KFCVT(y) < oo,  |Af| <6 (A.24)
T,y )

where the first inequality follows from (4.10) and the hypothesis while the second follows from
(2.15). Thus

Tx,y(e, Agz)
px,y(g) Agz Vg (y)
. . T:v,y(ga AQZ)
- Zﬂ—G pmy AIGIE)O mya’ (y)

- ZWG pmy 0

:0.

. / _
Alelirgoﬂ'gR (0, Ab;))vg = l1m Zﬂ'e T)Py (0

Thus, the second term in (A.22) converges to zero.
Part 2-c. (First limit, first term) :
We are assuming that for some constant C' < oo,

sup vy (2)| < CV'(2), for all z € X. (A.25)
0cO

We now consider the limit of the first term in (A.22), namely:

Opzy (9)

Alglil T9Qo Ve = Alelfilo > mo(z) > o0, ve (y)
0'= 9+A0 0'=0+Ap; TEX y
31% y(a)
= li ,
A;Elo Z pr,y Da ,y(g) Vy (y)

0'=0+A0; TEX
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where the last line follow because if p, ,(6) = 0, then the partial derivative in the numerator is
necessarily zero under (4.7) and this ratio is thus zero.
Again, to apply Dominated Convergence, we check

Ope.y(9)
S mo@peg Oy () € T m@peg OFCV (@) <00 (A26)
T,yeX px:y( ) z,yeX
for all |Af;| < ¢ by (4.8) and (2.15). Thus,
817393;(9) 81’35(9)
m Y mp(2)pay(0)—"=vp(y) = D mo(x)psy(0)—= lim vy (y)
0120+ Ag; TYEX " pea(0) zyexX "y (0) 0=+ A,

z,yeX

the last step following from the assumed continuity of .
Therefore, the limit in (A.22) yields:

) 1
Alglifgo <A9i> (mgr — ) for = m9Qp,iVs
which concludes the first limit in (A.7).
Part 3 (Second limit): Condition (F3) implies that there exists a 6 > 0 and some C" < 0o
such that for all
forn0,(x) — fo(z)

<C'vr Ab; X.
AG, < C'V'(z), 0; € (0,9), = €

Since we assume
> me(2)C'V (x) < o0,
reX
the result follows from the Dominated Convergence Theorem, i.e.

lim Zﬁa(x)w = ZTF@(IL‘) lim M

200 T~ Ab; vy AG;—0 Ab;
afg (IL‘)
= > m()
zeX 891

Part 4 (Last equality):
The equality of

70Q0.:V0 = T9Q0.i 90, 0e€o,

follows since the performance potential g,(0) given by

g:(0) = lim {Eg,m [Z fo(X,‘c{"”})] = nJ(G)} , v € X, (A.27)
= lim S E, [fo(XE) = 7(0)] (A.28)
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is nothing more than a solution to the Poisson equation with forcing function f.

Specifically, the series form (A.28) is known to solve the Poisson equation and to exist
(converge) by Theorem 17.4.2 in [79] under irreducibility, (D2), and (2.15). Furthermore, the
solution in the form gy differs by at most a finite constant [79, Proposition 17.4.1] from the
solution vy, i.e.

Vg = gg+ec
for some constant |c| < co. Therefore
m9Qoivy = mpQo, (9o + ec)
= mQ0,i90

since g = 0 by assumption. [

A.7 A Proof of Lemma 5.8

Proof: Fix a § such that § < min{d¢s,dy} and 0 < § < 1.
Case 1) 6 and 6" are chosen in © so that |0 — ¢'|| > ¢:

1he(6) — e (0") ]
= ||mpHep — 7o Hop||

< |\ woHupl| + ||Teo Hep ||
< 2sup||ToHpl
0o
‘
S QSup ﬁg(z Vr(l))H
0co i=1
< Ur(V7)

Since 7(V") < oo by (2.15 there exists a K < oo such that
1he(0) = he(0)] < (K
K ~
< = o—0".
5t

Case 2) # and ' in © are chosen so that ||§ — ¢'|| < § < 1. Under our assumptions, for any
n=1,2,...and any T € X, we have

[1he(0) — e (67)]]
< HfrgHg,g — ngHg,g(a_f)H + HPZQHZ,Q(E) — pZQ/HZ,Q(if')H

+ || Pio Heo () — Pl Hop (3)|| + || Pio Hoor (%) — 7o Hego

(CrCEV] (2)p" + CuCcV; (2)nl? |6 — ')
HC5 |0 — 0| P2y Vi (Z) + (CxCrV] (2)p"
V] (7) {20HCE P+ CuCen |0 = 0')| + CCs 110 — 9’||l2} ,  zeX.

IN

IN
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In the second inequality above we have applied (C), (E1), and (H5) while the last inequality
we have again applied (5.14) under (D1) with Jensen’s inequality.
This last inequality is true for all n = 1,2,..., hence we may choose an integer n =

[logp ||A0||£3-‘ = log, |AB||® + u where the remainder u is such that 0 < u < 1 and /3 is

from (C). If we let A§ = 6 — @', the bracketed term becomes
{20H0Epn + CuCon ||A0)|% + C1.Cs ||A9||42}

20HCrp 1A 4 CyCo(log, [|A0] + 1) | A0]|" + C3C5 [|A0)|"

<

< 20xCE[|A0]® + CuCe || A0 log, | AG|| + CxCo ||AG]" + CpCs || A0)|
< (205Cp + CrCe + CHCs) | A0 + CuCo | A log, || AG||

< (205Cp + CuCo + CpCs + CrCeC(b/l3)) || A0] .

Here, we have used Lemma 3.1 in the last inequality with 0 < £,/0; < 1 and C(05/l5) < o0 a
constant.

Finally, since we are free to choose any z € X, we choose a minimizing z in V/(z) for the
tightest bound. Unifying the two cases, there exists a C}, < oo such that

1he(0) — he(0)]] < PCH 10— 0|, 6,0 €O,

forall ¢ =1,2,.... [ ]

A.8 Localized Versions of the BMP Lemmas

Here, we adapt BMP Lemma’s 2 through 6 [6, pp. 223-228], which provide a bound for each
term of the decomposition, to our conditions and framework of this chapter. These adapted
lemma’s are then collected in Proposition 6.7 to show the the properties of the overall noise
term.

A.8.1 A Proof of Lemma 6.2

Proof: Part 1. Consider the sum

n—1

Sn = Z 7k+11{k+1§7}v¢(9k) ) (VGk (Xk+1) - PGkVQk (Xk)) ) n = 17 27 IO
k=0

which is a martingale since

E [1{k+1§7}’/9k (Xk+1)|~7:k] = Likg1<r1 Po v, (Xi).

Also, since the conditional expectation is a contraction in L? [108, p. 88], or via Jensen’s
Inequality, we have

By [Linii<ey [VO(Ok) - Povo, (X0)P] < B [Lksrcr) [V(60h) - vo, (Xisn) ] -
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Incremental orthogonality and Pythagoras formula [108, p.110] along with the above results
yield

Bo [1:] = Boo [I517] + 3 Bo 1S — S 1]
k=2
n—1

= > B [Lpri<ny [VOO) - (v, (K1) — Pova, (X0)[]
k=0
n—1

= > WeiBoa [Lesi<n IVSOO) 1 [1va, (Xit1) — P, (X))
k=0
n—1

= > W MEo. [Lki<r [0, (Xis1) = Po v, (Xi)[I’]
k=0

n—1
= Y R M By [E Vi< vh, (Xesn)vo, (Xii1) | 7]
k=0
— Eg, [1{k+1§T}Pakl/ék (Xk) Py, v, (ch)]}

n—1
> i MIEo s [B [Lpi<n v, (Xep)ve, (Xesn)| 7|

<
k=0

n—1

< CyM; Z 7]%+1E9,:1: [l{k-l-lgT}Vw(Xk-i—l)]
k=0
n—1

< CIMPY B [1{k+1gr}V1(Xk+1)]
k=0

where we have used (P2’) in the second to last line. The last line follows since < 1/4. Applying
(D0’) to the last line we find

n—1
By, [S2] < MECICpV () 32 s

The bound in the first part of the lemma follows then from Doob’s inequality

.
Z’Yk+15k+1
k=0

2
Eﬂ,x {Sgp l{ngr} } S Eﬂ,x [Sgp |Sn|2 S 4 Sl<1p EG,:I: |Sn|2

m—1
< ACIMPCPV(2) Y Vs reX, 0eqQ.
k=0

Part 2. For the convergence properties in the second part of the lemma, we note that on
{7(Q) = oo} we have the bound

o0

2
Z Vi1 < OO
k=0

which implies the martingale converges a.s. and also in L? since it is bounded in L? [108].
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Part 3. Now consider the sum

n—1

Zn = Z 7k+11{9k€Q}v¢(9k) : (Vak (Xk+1) - P9kl/9k (Xk)) ) n = 17 27 S
k=0

which is a martingale since

B [1p,c010, (Xe11) | Fk] = Lio,eq) Po,vo, (X).

Also, since the conditional expectation is a contraction in L? [108, p. 88], or via Jensen’s

Inequality, we have

Eo. [Liica) [VO(Or) - Povo, (X)) < Bou [Ligcay [VO0k) - o, (Xisn) ] -

Incremental orthogonality and Pythagoras formula [108, p.110] along with the above results

yield

Ego [|Z0"] = Eo. || 2] + S Ey. 17k = Z 1 [”]

IN

IN

<

where we have used

k=2

n—1
> 1 Bow [Loeeq) VOO - (o, (Xii1) — P, v, (Xi))[’]
k=0
n—1

S 2 Eos [Lineeqy V001 Ivo, (Xki1) — Po,vo, (Xi)|]
k=0
n—1

> VR MiBy s (L, eqp V0, (Xisr) — Po,vo, (Xi)|[]
k=0

n—1
Z 7]3+1M12 {Eﬂ,x [l{ﬂkEQ}E [Vék (X]‘H‘l)yak (Xe41) |fk”
k=0

_Eaﬂﬂ [1{9k€Q}P9kVék (Xk)Pakl/ek (Xk)]}
n—1

> W MIEoq [Lo,cq)E [Vh, (Xis1)vo, (Xii1) | 7] ]
k=0
n—1
CoMY Y- Vi1 Boa [1{9keQ}V2r(Xk+1)]
k=0
n—1
CoM? Y71 Bae [LigeeqyV! (Xisn)]
k=0

(P2’) in the second to last line. The last line follows since r < 1/4.

Applying (DO0’) to the last line we find

n

n—1
Eg,m [22:| S MfC’fC’DV(a:) kz::o")/]irl

and since Y2272, < o0, the martingale Z,, converges Py ,-a.s. and in L% |
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A.8.2 A Proof of Lemma 6.3

Proof:
Under (P3),

1Pyvo(x) — Pyug ()] < G5V (@) 10— 0", zeX, 6,0 €q. (A.29)

For k =1,2,... we have from (H2’) and the definition of the SA that

16k = Okl < v [[H (O—1, Xie) + veon(Or—1, Xi) + 2| (A.30)
< 2 || H (Ok—1, Xk) + i (01, X (A.31)
< 20V (Xk) + 2C37 V' (Xy)
< 2(Chy+7Chs) V" (Xk) (A.32)

Above, the projection term is bounded by
2]l < [[H(Ok—1, Xk) + Yok (Or—1, Xi) ||

which follows since 6, € © and at the very least, the projection term can return the iterate to
this point so 0y, € ©.
We next observe that for any 0,6 € @)

Yo(2) — Yo (2)] = [VP(0) - Pyvy(x) — V(0') - Pyvig ()]

IVo(0) - Pyvg(x) = Vo(0') - Povg(x)| + V() - Povp(x) — Vo(0') - Py ()|
IVo(0) — V()| | Pove(x) || + [V (@) | Pove(x) — Py ()]

Ma (|0 — 0'[| | Povg () || + My || Pyvg(x) — Pyvy (o) -

ININ A

Hence, by (P2’) and (P3’)

() — o (z)] < My||0—0'||C V" (2) + MiC5]|0 — 0| V" (2) (A.33)
Part 1. By (A.29) and (A.32),
mAT—1 42) 2
Ey . ( Z Vk+1 ‘6k+1‘> ]
k=1
i m—1 2-|
= Ey, (Z Vet1 ‘%k (Xk) — @/)ak_l(Xk)‘ 1{k+1<7}> J
k=1
. m—1 =N 2
< Ey, (2 et (MaCo 10 = Ol + MiC 61 — a1 vr(Xk)l{ngT}) ]
k=1
) m—1 2
< 2Ejp, (Z Vi1 Mo C [0, — Op 1| Vr(Xk)l{k+1<r}> ]
k=1

+2Eg

| —

m—1 ~ 2
(Z Ve My Cy |6, — O || V’"(Xk)l{k+1<7}> }
k=1
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Applying (A.32) to this last line
[ mAT—1 ~{2) 2-|
Eﬂ,x ( Z Ve+1 ‘5].;4_1‘)
A= J

< 8MZC2(Cy +1Cp)° By
k=1

m—1 2
(Z 7k+17kV2T(Xk)1{k+1ST}> ]

+ 8M2C? (Cy 4 11C,3)"" Eg,

m—1 2
<Z Vi1 VKIVT (1) (Xk)l{k+1<r}>
k=1

< 8M202 (CH+’}/1Cp3 Ey

2
(Z ViV (X, 1{k+1<7}> ]

+ 8M120§ (OH + 710;,3)261 Egyw

m—1 ~ 7 2
T |

144 ~
Since for all k¥ = 1,2,..., we have vi = 7?2 (7—’§> < 52 (7—’§> — <7—i> fy,(€1+e1) and
1 1

142
’Yi 1)

Vr(1+21) (ZL‘) < Ve (ZL‘)

[ mAT—1 5 2]
By, [( R ) |

~

2
2
< | BMEC (Gt Gl ( (17+1?1)) +8MPCE (Crr + 71Cs)™"
T

XEg,m

2
<Z /yl+llv2r Xk)l{k+1§7}>

Let A, be the large constant term in parentheses and if we apply the Schwarz inequality [50,
2 g y

p. 2]
mAT—1 5 2 m—1 Z 2
Eg,x ( Z Yk+1 ‘é{kllD < Al Eax (Z 1+ IVQT(X]C)]-{k-l-lST})
k=1
S ( 1+Zl> [ Z ,YH-Zl V4r (Xk)l{k+1<r}]
< ( 1+zl> IHIEG @ [V(Xk)l{kﬂgr}]
k=1
< ( 1+Zl> mz_: 1+€1C V )

- v (% w@)
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with Ay = CpA),. Above, we have used the assumption that r < 1/4.
Part 2. By (A.29) and a simple bound on the square of a sum,

n—1 2
Ej . <Z Ye+11i0,c031{0,_, €0} ‘5{192_210 ]
o n—1 2
= (Z Te+11{0,e0) 10,1 €@} ‘wak (Xk) — wakl(Xk)D ]
o :
< 2Eg, (k;nkaMzCA{gkeQ}l{gkIEQ} 16 —Gk_1||V’(Xk)> ]

n—1 2
(Z Vo1 MiCs1(0,0y 1 (0p_r ey 10k — Op1|” VT(Xk)> ]

k=m

+2E9,$

If we apply (A.32) to this we get

n—1 2
2
< E 1 Lo,ei 10, 1e0) ‘%LD ]
k=m

n—1 2
< 8MZC2(Cy +71Chs) Eoy {(Z 7k+17k1{0k6Q}1{9k1€Q}V2T(Xk)> }

k=m

m—1 2
<Z 7k+17k Lioeqylio, 1€Q}V 0 (Xk)> ]

k=m

n—1 2
(5 e o)

k=m

+ 8M2CE (Cy + 1 Cls) " By

< 8MZC? (Cy +11Cyp3)° Ega

2
+ 8MPCE (Cy + 1 Cls)” E“ (Z o 11{0k16Q}VT(1+61)(Xk)> ]

147,
Since for all kK = m,m + 1,..., we have 7 = v} (7—’§> < (3-% To= (%Em) %(CIHI) and
1 1
"

V() (z) < V¥ (z)

n—1 2
2
< E Ve L{o,e@b {1 cQ) ‘écll‘) ]
k=m

2

2
S SMZQCS (CH + ’Yleg)z ( (;yia)> + SMIQC(? (CH + ’)’10;,3)261
1

n—1 A 2
(5 4 a0 ]
k=m

XEg,x
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Let B) be the large constant term in parentheses and if we apply the Schwarz inequality

n—1 2
2
Eg [(Z et lipee@r L ioi1cq) ‘%LD ]
k=m
n—1 ~ 2
< B)Ej, (Z ﬁ“ll{ekleQ}VQT(Xk))
147 = 1405
< (Z M 1) Ey . [Z Mt ll{ekleQ}V”(Xk)]
S (Z 71%) Z A Loy 1e@r V(X))
<

B; (Z %i-l-h) Z 1+€1C V )
k=m

n—1 -
_ By (z Wl)
k=m

with By = C'pB),. Above, we have used the assumption that r < 1/4.
Also,

00 2 2
Ey {(Z Ve+11{0,e1 L0, 1 eq) ‘51224210 } < BV (Z 71+e1> (A.34)
k=m

A.8.3 A Proof of Lemma 6.4

Proof: First we note that

sup lin(a) = | 510)- For(o)| < |5 0)| 1 Poa(o)] < o).
0eQ
Part 1. We have
mAT—1 2 m—1 2
EG,:): {( Z Ve+1 ‘55310 } = Eo,x {(Z(f)/k - 7k+1) ‘1/)0k_1(Xk)‘ 1{k+1<7’}> }
k=1 k=1

< MPC’Ey,

(nil(% — M)V’ (Xk)l{k+1g7}>2] :

k=1

Next, the Schwarz inequality yields
[ mAT—1 3) 2-|
Ey . [< Y e ‘%HD J
k=1
m—1 m—1
< M;C} (Z (Ve — 7k+1)> Ey. [Z (Ve — 7k+1)V2r(Xk)1{k+1gT}]

k=1 k=1
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m—1 m—1
< MC; (Z (Ve — 7k+1)> > (% — Y1) B [Vl(Xk)l{ngT}]
k=1 k=1
m—1
< M120371 Z (Y — +1)CpV (2)
k=1

< MPCXCpV(z)vy;

Part 2. Here we have

B, | nf Liopeq)] o |
M[ Te+1{0:€Q} {0k —1€Q} ‘5k+1‘ J

n—1 2
(Z l{ﬂkeQ}l{ﬂk_leQ}(“Yk - 7k+1) ‘%k_l(Xk)D ]

k=m

n—1 2
< M{C}Ey, (Z(% —7k+1)1{0keo}1{ek_leQ}V’"(Xk)> ] :

k=m

Next, the Schwarz inequality yields

n—1 2
3
E, [(Z Yer11ia,e0) 1 011} \5211\) ]

k=m
n—1 n—1
< M;C] (Z (v — “Yk+1)> Ey. [Z (7 — 7k+1)1{0kec2}1{9kleQ}V”(Xk)]
k=m k=m
n—1 n—1
< M;C] (Z Ve — Vet ) > (v = %41) Bog [ Lo, ey V' (X0)]
k=m k=m
n—1
< MPCovm Y (v — Ye+1)CoV (2)
k=m

< MPC2CpV(z)vs,

A.8.4 A Proof of Lemma 6.5
Proof: First we have from (H2’) and (6.11):

Vr+1 ‘5&21‘ = ‘%3+1V¢(9k) * k1 (O, Xpgr) + R(9, O, 9k+1)‘

Ve IVOO)| - Nl k11 Ok, Xiya) || + | R(9, Ok, O 41|
Vi1 MiClosV" (Xisr) + Yoy Ma [|H (0, Xis1) + Ve or1 (Op Xir) |
Vet MiCosV" (Xpeq1) + 711 2Ma(CF + 7211 Cog) VP (Xig)
Ver1(MiCs + 2MpC + 271 Co) V" (X )

Yo BV (Xp1)

VAN VAN VAN VAN
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where B = M,C3 + 2M,C?% + 27202
Part 1. With these results,

1 2
Ey . ( YoV Xk+1)1{k+1§7}> ]

mAT—1 A 2
(Z Y+ ‘5&421‘)] < B’Ey,
k=0

O

—1
< BQEa,x [( k+1> Z ’Yk+1v (Xk+1)1{k+1<7}] )

where the last line follows from the Schwarz inequality. We have 4r < 1, so

mAT—1 2 m—1 m—1
Eﬂ,x ( Z Ve+1 ‘gl(ﬁlD ] < B? (Z 713+1> Eﬂ,x [Z ’Y/%+1V1(Xk+1)1{k+1§7}]
k=0 k=0 k=0
m—1
< (Z 'Yk+1> CpV(x Z 7k+1
_ 2
S A4<Z 7[3+1> V(:U), m:1727"'
k=0

where A4 = Bch.
Part 2. Similarly,

S < )]
a,x[ kgn%ﬂ {0,€Q} ‘5k+1‘ J

< B’Ey,

n—1 2
(Z vﬁﬂl{ekeQ}V%(Xm)) ]

k=m

n—1 m—1
S BZEH,Z' l(z 7]3-}-1) Z 7£+11{9k€Q}V4T(Xk+1)] ) m = 07 ]-7 27 cee, N>,

k=m k=n

where the last line follows from the Schwarz inequality. We assume 4r < 1, so
S e
(Z Tr+1l{o.eq) ‘6k+1‘>
k=m
n—1 n—1
B (Z 71§+1> Ey . [Z 713+11{0keQ}V1(Xk+1)]

k=m

< (Z ’Yk+1> CDV Z 7k+1

IN

< <27k+1> (z), m=0,1,2,...; n>m,

where By = B2Cp.
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A.8.5 A Proof of Lemma 6.6

Proof: Part 1. Recall 7y, = 1V (0) - Povg(x) — VP (0n_1) - P, _ Ve, ,(Xn) forn=1,2,...

First we have
MV(0) - Poy (0 < RMPCIVP () < HMECIV (2)

and for each m =1,2,...

1<n<m

2
B | 510 oo 9600, Py, (50

S MIQCSEQ,Q;[ sup VZVQT(Xn)l{n<T}]

1<n<m

Thus,

EG,:I: [ sup l{ng'r} |ﬁ0;n|2]

1<n<m

1<n<m

2
= Ej, [ sup lin<ry MV O(0) - Povg(x) — vV (6,-1) - Pen_lVen_l(Xn)‘ ]

< Ey, L;Q'}f?m Lin<r) (2 [V 6(On1) - Po_, v, (Xn)\2 +2[1 V() - ngg(x)F)]
< rE,, [mz 7,zﬂl{m}vw(X,m)cz] LMV ()
k=0
< MO B [ VA (Xie)] + 22M2C2V (2)
k=0
< 2M2CHCEV (z) mi:l Vo1 + 29TMIC2V (z)
k=0

m—1
< ACDMPCIV(2) D0 Vi, m=1,2,...
k=0

and recalling C'p > 1 for the last line.
Part 2. To prove the second statement, we use a similar argument to yield

> 2
E9,I [Z |ﬁ0;n |
n=0

<ACHPMPCIV (2) Y i < o0, r € X,
k=0

and this implies that the sum °°, |7A7’0;n|2 converges Py, — a.s. and hence
limy, ﬁn;O =0, PG,:I: —a.s.
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A.9 A Proof of Proposition 7.11

Proof: There is no loss of generality in assuming f, to be non—random, as we do from now on.
We begin by writing (7.74) in the form

90 € IR,p, 0n+1 == gn + ’)/n+1{h;(0n) + €n+1}, n = 0, ]_, e

and by noting that under the i.i.d. assumption, we have

L 0] n=0,1,... (A.35)

Elen|F] =0 and  Ef||lsn|*1F] = 7
n+1

With the notation R(6) = (8, h(0)) for all § in RP, we readily get from (A.35) that

1
E[|[0n 41’1 Fa] = 110n]]” + 21 R(0n) + Vs IIh(Hn)IIQUHTr[E(@n)]
2
Tn
S 1Bl 4 B (18] ) + g2 2K L+ [16]) (A.36)
< (L+2K92)|0.]F +2K2,, n=0,1,... (A.37)

where in (A.36) we used (7.75)—(7.76). Next we introduce the integrable rvs {M,,, n =0,1,...}
by setting

M() = ||90||2, Mn—|—1 = an+1||9n+1||2 _/Bn—l—l n = 0,]_,... (A38)
with .

1 n
an1 =[] (1 + 2K’Yi2+1) and o1 =Y 2K07 i n=0,1,...
i=0 =0

We observe that (A.37) is equivalent to the supermartingale property
E[M,1|F.] <M, P—a.s. n=0,1,... (A.39)

so that
sup,, E[M,] < ||60]]*. (A.40)

We also note the easy bounds

A<a,;1 <1 and 0< 3,1 <B n=0,1,... (A.41)
where .
A= exp[—2K§7§+1] and B = lim [3,; (A.42)

from (7.73) we see that 0 < A < 1 and B < oco. From (A.38), with ayp = 1 and 3y = 0, we
readily obtain the inequalities

My + By > All6nl? and  [M,| < l|00]]2 + Ba. n=0,1,... (A.43)
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Using (A.41)-(A.42) we conclude from (A.40) and the first inequality in (A.43) that
sup E[||6,]%] < oo,

whence sup,, E[|M,|] < oo by the second part of (A.43). Therefore, by the basic martingale
convergence theorem [57, Thm. 5.1., p. 278], the supermartingale {M,,, n =0, 1,...} converges
P-a.s. to a finite rv, and so does also the sequence {||0,]]>, n=0,1,...}.

It remains to show that lim,_, ||0,]]*> = 0 P-a.s. To do this, we take expectations on both
sides of (B.3) and get

1
BlI6w1P] = BlI6IF]+ 210 BRG] + 528 RO + =710,
n=0,1,... (A.44)
After adding these relations for £ = 0,1,...,n and canceling appropriate terms, we are then

left with the relation for n =0,1,...

E{[[601| 2] = [[60]? + z e E[R(0,)] + z V2B [Emh(ekm + ilmz(ew] (A45)

Upon using the inequality (7.76) and the bound sup,, E[||6,]]?] < oo obtained earlier, we easily
conclude from (A.45) that

0<— Z ’)/k+1E[R(9k)] < 0. (A46)

k=0

Therefore, limg o Y611 E[R(0)] = 0 and under (S’) a simple argument by contradiction shows
that we must necessarily have lim infy_,., E[R())] = 0. In other words, along a subsequence,
say {n;, j =1,2,...}, we have lim;_,o, E[R(0y,)] = 0, whence lim;_,, R(f),;) = 0 in probability
(under P). Consequently, along a further subsequence, still denoted {n;, j = 1,2,...}, we
have lim;_, ., R(6,;) = 0 P-a.s. Using this last fact in conjunction with (7.75) readily yields

lim; o 0, = 0 P-a.s. and the desired conclusion now follows. [ |
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