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Abstract

Period doubling bifurcation in buck converters is studied by using the harmonic balance

method. A simple dynamic model of a buck converter in continuous conduction mode under

voltage mode or current mode control is derived. This model consists of the feedback connection

of a linear system and a nonlinear one. An exact harmonic balance analysis is used to obtain a

necessary and sufficient condition for a period doubling bifurcation to occur. If such a bifurcation

occurs, the analysis also provides information on its exact location. Using the condition for

bifurcation, a feedforward control is designed that eliminates a period doubling bifurcation.

This results in a wider range of allowed source voltage, and also in improved output voltage

regulation.

1 Introduction

Several authors have investigated the occurrence of period doubling bifurcation in DC-DC con-

verters [1, 2, 3, 4]. A period doubling bifurcation entails loss of stability of the nominal operating

condition, and as such is undesirable. Moreover, a period doubling route to chaos could be sig-

naled by such a bifurcation, eroding the performance of the circuit. This has led to preliminary

investigations of methods for prevention of period doubling bifurcations in DC-DC converters [5, 6].
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In this work, analysis and control of period doubling bifurcation of a buck converter in continuous-

conduction mode are considered. A continuous-time feedback system model is used as the basis for

a harmonic balance analysis of period doubling bifurcation as well as control design for preventing

the onset of period doubling. The model separates the nonlinear switching action of the converter

from the linear filtering action. Because the model resolves dynamics within switching intervals, it

is more accurate than the traditional averaged models [7]. In addition, the model proposed here is

valid both for current mode control and voltage mode control.

An exact harmonic balance analysis is used to obtain a necessary and sufficient condition for

a period doubling bifurcation to occur. If such a bifurcation occurs, the analysis also provides

information on its exact location. Using the condition for bifurcation, a feedforward control is

designed that eliminates a period doubling bifurcation. This results in a wider range of allowed

source voltage, and also in improved output voltage regulation.

Harmonic balance analysis of period doubling bifurcations has been pursued for general non-

linear systems in [8, 9, 10]. Unlike the approximate but general treatments given in [8, 9, 10], in

this paper an exact harmonic balance analysis is performed. This is made possible by the special

structure of the buck converter model. For other converters, a more typical approximate harmonic

balance analysis can be performed.

It is noteworthy that harmonic balance analysis has previously been applied in power electronics

in the context of small-signal modeling [11, 12].

The remainder of the paper is organized as follows. In Section 2, a simple dynamic model for

the buck converter in continuous conduction mode under voltage mode or current mode control is

proposed. In Section 3, the harmonic balance method is used to study period doubling bifurcation

for the buck converter. In Section 4, feedforward control is used to eliminate period doubling

bifurcation in the buck converter. In Section 5, an illustrative example is given. Conclusions are

collected in Section 6.
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2 Simple Dynamic Model for the Buck Converter in Continu-

ous Conduction Mode Under Voltage Mode Control or Current

Mode Control

A buck converter under voltage mode control is shown in Fig. 1. The source voltage and output

voltage are assumed constant, and are denoted by Vs and Vo, respectively. The voltage across the

diode is denoted by vd. Output signal of the error amplifier is denoted by y(t). The ramp signal,

denoted by h(t), is a T -periodic function with h(0) = Vl and h(T ) = Vh. The switching period is

T , the switching frequency is fs = 1/T , and the angular switching frequency is ωs = 2πfs.
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Comparator
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y
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Figure 1: Buck converter under voltage mode control

The switching operation in continuous conduction mode (with lead-edge modulation) is as

follows. When y(t) < h(t), the switch is on, the diode is off, and vd = Vs. When y(t) ≥ h(t),

the switch is off, the diode is on, and vd = 0. Thus the signal vd(t) is a square wave, and the

switch/diode combination can be modeled as a controlled square wave generator.

The output filter (L and C) and the load (R) in Fig. 1 form a low-pass filter with transfer

function

G1(s) =
vo(s)

vd(s)
=

1

LCs2 + L
Rs+ 1

(1)

For a buck converter with a more complex power stage (for example, with a second output filter,

or with an equivalent series resistance in parallel with the capacitor C), the model remains valid,
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but with a more complex transfer function G1(s).

Generally the error amplifier is linear and is driven by the signals Vr and vo. Its output can be

represented as

y(t) = gVr + (g2 ◦ vo)(t) (2)

where g is a gain constant and g2 is an impulse response function. Denote the transfer function

associated with g2 by G2. Since G2 depends on the control scheme, no further restriction is placed

on it.

Thus the buck converter in continuous conduction mode can be modeled as a system block

diagram as shown in Fig. 2.

Vr

Error amplifier

h(t) g

-
+

+
+

y(t)

Vd

Vs
Vo

Vd
G1 (s)

G 2 (s)

Square wave generator

Figure 2: Dynamic model of buck converter in continuous conduction mode under voltage mode

control

For a buck converter under current mode control as depicted in Fig. 3, the switch operation is

different from that in voltage mode control. In current mode control, the switch turns on at each

clock pulse and turns off at instants when y(t) = h(t). The switch/diode combination can also be

modeled as a controlled square wave generator. Therefore, a buck converter under current mode

control can be modeled by the system block diagram in Fig. 4, where a linear transfer function

Gi(s) =
RsiL(s)

vd(s)
=

Rs(RCs+ 1)

RLCs2 + Ls+R
(3)

is placed in the current feedback path. The remaining notation is the same as for the case of voltage
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mode control.
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Figure 3: Buck converter under current mode control
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Square wave generator

Vd switched to Vs at t=nT
Vd switched to 0 at y(t)=h(t)

Figure 4: Dynamic model of buck converter under current mode control in continuous conduction

mode

Despite the differences in switching operation in voltage mode control and current mode control,

they can be modeled in a unified setting. Both Fig. 2 and Fig. 4 can be further simplified as Fig. 5,

where G(s) = G1(s)G2(s) in the case of voltage mode control and G(s) = G1(s)G2(s) − Gi(s) in

the case of current mode control. For either case, the controlled buck converter is a combination

of a linear system G(s) and a nonlinear one (a controlled square wave generator).

In the remainder of the paper, only voltage mode control is considered. The results extend

readily to the case of current mode control.
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Figure 5: Simplified dynamic model of controlled buck converter in continuous conduction mode

3 Determination of Period Doubling Bifurcation Point

Using Harmonic Balance

Assume the nominal operating condition is a T -periodic solution (in period-one mode). Represen-

tative waveforms for y(t) and vd(t) are shown in Fig. 6. At the switching time t = d,

y(d) = h(d) (4)

When period doubling bifurcation occurs, a 2T -periodic solution arises from the original T -periodic

solution. Representative waveforms for y(t) and vd(t) for this 2T -periodic solution are depicted in

Fig. 7. Switchings occur at t = d− δ and at T + d+ δ, where δ is a small parameter that vanishes

at the bifurcation point. From the switching conditions at these two times, it follows that

y(d− δ) = h(d− δ) (5)

y(T + d+ δ) = h(T + d+ δ) (6)

h(t)

t

Vl

Vh

0 T

Vs

t
d

Vd(t)

y(t)

Figure 6: Waveforms of y(t), h(t) and vd(t) in period-one mode

6



h(t)

Vl

Vh

0 d-δ T T+d+δ 2T
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Vd(t)
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Figure 7: Waveforms of y(t), h(t) and vd(t) in period-two mode

The harmonic balance method is a tool that can be used to analyze periodic solutions in

nonlinear systems. In the buck converter, the nonlinearity results from the switch. In the steady-

state, vd is a periodic signal and can be represented by a Fourier series. By “balancing” the

equations above (written in Fourier series form) at the switching instants, a condition for existence

of a periodic solution is derived.

The harmonic balance method is applied here to determine conditions for a period doubling

bifurcation to occur. The basic idea is that at such a bifurcation point (shown in Fig. 8), a period-

one mode and a period-two mode coalesce. By invoking conditions for the existence of each mode,

the period doubling bifurcation point can be determined. In the following, the source voltage Vs

will be used as the bifurcation parameter. The critical value of the bifurcation parameter, denoted

by Vs,∗, is determined. If a different parameter is taken as the bifurcation parameter, the approach

is similar.

In the period-one mode, vd(t) is periodic with angular frequency ωs, and can be expressed as

the Fourier series

vd(t) =
∞∑

n=−∞

cne
jnωst where cn =

Vs
j2nπ

(e−jnωsd − e−jnωsT ) (7)

Let the duty cycle be Dc. Then Dc = 1−d/T . The average value of vd(t), denoted as [vd(t)]AVE,

is

[vd(t)]AVE = c0 = (1− d/T )Vs = DcVs (8)
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Figure 8: Period doubling bifurcation.

This agrees with the standard result from the averaging method [13].

From Fig. 2, the signal at the output of the error amplifier is

y(t) = gVr +
∞∑

n=−∞

cne
jnωstG(jnωs)

= gVr + Vs((1 −
d

T
)G(0) + (

1

π
)Im(

∞∑
n=1

e−jnωsd − 1

n
ejnωstG(jnωs)) (9)

Using Eqs. (9) and (4), Vs can be written in terms of d as

Vs =
h(d) − gVr

(1− d
T )G(0) + ( 1

π )Im[
∑∞
n=1

1−ejnωsd
n G(jnωs)]

(10)

Similarly, in the period-two mode, y(t) is 2T -periodic and can be represented as the Fourier

series

y(t) = gVr +
∞∑

n=−∞

cne
jnωst

2 G(
jnωs

2
) (11)

where

cn =

 ( Vsnπ )e−
jnωsd

2 sin(nωsδ2 ), if n is odd

( Vs
jnπ )(e−

jnωsd
2 cos(nωsδ2 )− e−

jnωsT
2 ), if n is even

Subtracting (5) from (6) and substituting (11) for y gives

δ
Vh − Vl
T

=
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(
Vs
π

)Re(−
∞∑
k=1

1

2k − 1
G(j(k −

1

2
)ωs) sin((2k − 1)ωsδ)

+
∞∑
k=1

1

2k
G(jkωs)(sin(2kωsδ) − 2ejkωsd sin(kωsδ)) (12)

Solving for Vs gives another expression for Vs in terms of d and δ:

Vs =
δπ(Vh−Vl)

T

Re(−
∑∞

k=1
( 1
2k−1

G(j(k− 1
2 )ωs) sin((2k−1)ωsδ)+

1
2k
G(jkωs)(sin(2kωsδ))−2ejkωsd sin(kωsδ)))

(13)

Recall that δ is small and that, if a period doubling bifurcation occurs, then δ = 0 at the

bifurcation point. Using L’Hôpital’s Rule, the critical value of Vs at the bifurcation is

Vs,∗ =
Vh−Vl

2

Re[−
∑∞
k=1G(j(k − 1

2)ωs) + (1− ejkωsd)G(jkωs)]
(14)

The critical values Vs,∗ and d∗ can be obtained graphically by plotting Eqs. (10) and (14) on

the same axes. The intersection (Vs,∗, d∗) of these graphs (if it occurs) is the period doubling

bifurcation point. Indeed, a necessary and sufficient condition for a period doubling bifurcation to

occur is that these graphs intersect.

Generally G(jω) is low-pass. The denominator of (14) can be approximated by the term that

involves G with the smallest argument, namely, −Re[G( jωs2 )]. So a good estimate for the critical

value Vs,∗ is

Vh−Vl
2

−Re[G( jωs2 )]
(15)

This shows how the indicated system parameters affect the period doubling bifurcation. This

result also suggests that the operating range of the source voltage can be increased by increasing

the magnitude of the ramp, Vh − Vl, or by increasing the switching frequency. Therefore, if a

control scheme is designed appropriately to adjust the magnitude of the ramp, the period doubling

bifurcation can be prevented. This is pursued next.
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4 Feedforward Control of Buck Converter

Feedforward control (from the source voltage) has been used in DC-DC converters to obtain a faster

transient response [13]. In this section, feedforward control is used to prevent period doubling

bifurcation. Under certain conditions, line regulation can also be achieved. (Line regulation entails

regulating the output voltage close to a constant for different values of source voltage.)

Here a feedforward control scheme is proposed to adjust the ramp signal h(t) by setting Vl = klVs

and Vh = khVs.

4.1 Prevention of Period Doubling Bifurcation

Define the following function of d:

H(d) =: 2Re[−
∞∑
k=1

G(j(k −
1

2
)ωs) + (1− ejkωsd)G(jkωs)] (16)

Define Hmax =: max0<d<T H(d) and Hmin =: min0<d<T H(d).

The condition for bifurcation in Eq. (14) becomes

H(d) = kh − kl (17)

If the values of kh and kl are chosen to satisfy (kh − kl) > Hmax or (kh − kl) < Hmin, the period

doubling bifurcation is prevented because the bifurcation condition is never met.

4.2 Line Regulation

In the last subsection, one has two degrees of freedom in choosing the values of kh and kl. This

freedom can be used to achieve another objective besides preventing period doubling bifurcation.

A common objective in DC-DC conversion is to achieve line regulation, which is addressed in this

section.

First, an equation related to the duty cycle Dc = 1 − d/T is derived. Assume the switching

frequency is high enough that the high order terms in Eq. (10) can be ignored because of the
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low-pass nature of G(s). Then Eq. (10) becomes

Vs =
Vl + (Vh − Vl)

d
T − gVr

(1− d
T )G(0)

(18)

Solving this equation for d
T gives

d

T
=
G(0)Vs − Vl + gVr
G(0)Vs − Vl + Vh

(19)

Next, the average output voltage, denoted as [vo]AVE, can be related to the source voltage Vs as

[vo]AVE = [vd]AVEG1(0) (from Fig. 2)

= (1−
d

T
)VsG1(0) (from Eq. (8))

= (
Vh − gVr

G(0)Vs − Vl + Vh
)VsG1(0) (from Eq. (19))

= (
khVs − gVr

G(0) − kl + kh
)G1(0) (20)

Setting kh = 0, then the average output voltage vo is independent of the source voltage Vs. From

Eq. (20),

kl = G(0) +
gVrG1(0)

[vo]AVE
(21)

Thus, given a buck converter power stage (G1(s)) with desired average output [vo]AVE, and an error

amplifier (g and G2(s)), line regulation can be achieved by adding a feedforward loop to adjust the

ramp h(t) by setting Vh = 0 and Vl = klVs with kl as in Eq. (21).

4.3 Combined Period Doubling Prevention and Line Regulation

If kh = 0 and the values of kl given by Eq. (21) satisfy kl < −Hmax or kl > −Hmin, both prevention

of period doubling bifurcation and line regulation are achieved.
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5 An Illustrative Example

Consider the controlled buck converter example from [2]. The circuit is shown in Fig. 1. The system

parameters are T = 400µs, L = 20mH, C = 47µF , R = 22Ω, and h(t) = 3.8 + 4.4[ tT mod 1]. The

(static) dynamics of the error amplifier is y = 8.4(vo − Vr). The source voltage Vs is used as the

bifurcation parameter. It has been shown that a period doubling bifurcation occurs at Vs = 24.5

through simulation [2] and through calculating the locus of the eigenvalues of a discrete-time model

[4, 14]. The bifurcation diagram is shown in Fig. 9. From the diagram, the nominal operating

range of Vs is short (16V to 24.5V ). In this range of Vs, the output voltage varies from 11.9V to

12.03V as the source voltage varies.

The period doubling bifurcation point can be determined by plotting Eqs. (10) and (14) together

(see Fig. 10). The intersection (Vs,∗, d∗) of these graphs is the period doubling bifurcation point.
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Figure 9: Bifurcation diagram of the circuit in Fig. 1

In the following, a feedforward scheme is designed and added to the original controlled buck

converter to achieve (i) a wider Vs operating range (16V to 35V ) without period doubling bifurcation

and (ii) line regulation with [vo]AVE = 10V

A simplied dynamic model of the type shown in Fig. 5 can be obtained for the circuit in Fig. 9.

In the resulting model, the square wave generator will be as shown in Fig. 2; the gain g = −8.4;
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Figure 10: Plot of Eq. (10) (dashed line) and Eq. (14) (solid line). The intersection determines the

period doubling bifurcation point

and the transfer function

G(s) = G1(s)G2(s) =
8.4

LCs2 + L
Rs+ 1

(22)

A plot of H(d) is obtained using Eq. (16), and is shown in Fig. 11 (here, Hmax = 0.358 and

Hmin = 0.1792). Let kh = 0. From Eq. (21), kl = −1.092. The condition kl < −Hmax is satisfied.

Thus both prevention of period doubling bifurcation and line regulation can be achieved.

In feedforward control, the ramp signal has Vl = 0, and Vh is adjusted according to the value of

Vs according to Vh = −1.092Vs. The resulting bifurcation diagram of the buck converter with the

feedforward control is shown in Fig. 12. The figure shows a wider operating range for Vs (16V to

35V ) and good line regulation, with [vo]AVE = 10V .

Take Vs = 28V for example. The output voltage response of the circuit in Fig. 1 with feedforward

control during start-up (starting from (iL, vo) = (0, 0)) is shown in Fig. 13. The output voltage is

regulated to 10V . The switching operation depends on intersection of the signals h(t) and y(t).

These are shown in Fig. 14. The signal h(t) is negative, this is different from the traditional positive

ramp.
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Figure 12: Bifurcation diagram of the circuit in Fig. 1 with feedforward control
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Figure 13: Output voltage response of the circuit in Fig. 1 with feedforward control during start-up

6 Concluding Remarks

Harmonic balance analysis of period doubling bifurcation in the buck converter in continuous con-

duction mode has been performed. A simple dynamic model of the buck converter in voltage mode

or current mode control has been derived. This model consists of the feedback connection of a

linear system and a nonlinear one. A condition for period doubling bifurcation was given in terms

of the solvability of a pair of algebraic equations. Based on this condition, a feedforward control

scheme was use to adjust the compensating ramp, stabilizing the buck converter. A wider operating

range for the source voltage was achieved, along with output voltage regulation. Simulations were

used to illustrate the effectiveness of the design technique.
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