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Abstract Small-amplitude, traveling, space periodic solutions —called Stokes
waves— of the 2 dimensional gravity water waves equations in deep water
are linearly unstable with respect to long-wave perturbations, as predicted by
Benjamin and Feir in 1967. We completely describe the behavior of the four
eigenvalues close to zero of the linearized equations at the Stokes wave, as the
Floquet exponent is turned on. We prove in particular the conjecture that a pair
of non-purely imaginary eigenvalues depicts a closed figure “8”, parameterized
by the Floquet exponent, in full agreement with numerical simulations. Our
new spectral approach to the Benjamin-Feir instability phenomenon uses a
symplectic version of Kato’s theory of similarity transformation to reduce
the problem to determine the eigenvalues of a 4 x 4 complex Hamiltonian
and reversible matrix. Applying a procedure inspired by KAM theory, we
block-diagonalize such matrix into a pair of 2 x 2 Hamiltonian and reversible
matrices, thus obtaining the full description of its eigenvalues.
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1 Introduction

Since the pioneering work of Stokes [47] in 1847, a huge literature has estab-
lished the existence of steady space periodic traveling waves, namely solutions
which look stationary in a moving frame. Such solutions are called Stokes
waves. A problem of fundamental importance in fluid mechanics regards their
stability/instability subject to long space periodic perturbations. In 1967 Ben-
jamin and Feir [6,7] discovered, with heuristic arguments, that a long-wave
perturbation of a small amplitude space periodic Stokes wave is unstable;
see also the the independent results by Lighthill [30] and Zakharov [50,52]
and the survey [53] for an historical overview. This phenomenon is nowadays
called “Benjamin-Feir” —or modulational- instability, and it is supported by
an enormous amount of physical observations and numerical simulations, see
e.g. [1,18,19,35] and references therein.

It took almost thirty years to get the first rigorous proof of the Benjamin-
Feir instability for the water waves equations in two dimensions, obtained by
Bridges-Mielke [12] in finite depth, and fifty-five years for the infinite depth
case, proved last year by Nguyen-Strauss [43].

The problem is mathematically formulated as follows. Consider the pure
gravity water waves equations for a bidimensional fluid in deep water and a 27 -
periodic Stokes wave solution with amplitude 0 < ¢ < 1. The linearized water
waves equations at the Stokes waves are, in the inertial reference frame moving
with the speed c, of the Stokes wave, a linear time independent system of the
form h; = Lch where L, is alinear operator with 2 -periodic coefficients, see
(2.13)!. The operator L, possesses the eigenvalue 0 with algebraic multiplicity
four due to symmetries of the water waves equations (that we describe in the
next section). The problem is to prove that #; = LA has solutions of the

1 The operator L¢ in (2.13) is actually obtained conjugating the linearized water waves equations
in the Zakharov formulation via the “good unknown of Alinhac” (2.10) and the Levi-Civita
(2.12) invertible transformations.
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Full description of Benjamin-Feir instability... 653

form h(t, x) = Re (e*e!**v(x)) where v(x) is a 27 -periodic function, s in
R (called Floquet exponent) and A has positive real part, thus A(¢, x) grows
exponentially in time. By Bloch-Floquet theory, such A is an eigenvalue of the
operator L, ¢ := e 11X £ el acting on 277 -periodic functions.

The main result of this paper provides the full description of the four eigen-
values close to zero of the operator £,  when € and p are small enough, see
Theorem 2.3, thus concluding the analysis started in 1967 by Benjamin-Feir.
We first state the following result which focuses on the Benjamin-Feir unstable

eigenvalues.

Along the paper we denote by r ("L, ..., €"rp'r) areal analytic func-
tion fulfilling for some C > 0 and e, u sufficiently small, the estimate
re™ L €M) < C 3E fel™ |l

Theorem 1.1 There exist €1, ;1o > 0 and an analytic function 1% [0,€1) —
[0, wo), of the form pu(e) = Zﬁe(l + r(€)), such that, for any € € [0, €1),
the operator L, ¢ has two eigenvalues AI—L(;L, €) of the form

Yin+ir(ue?, e, 1) £ 5\ [8€2(1 4 role, ) — 12 (1 + rfe, ), Vi €10, pu(e)),
FipE) +ir@e), w= e,
Lip+irgue?, e, u®) £ 4 [u2(1+ e, w) = 8€2(1 +roe, ), Vi € (u(e), o).
(1.1)
The function 862(1 + ro(e, M)) — /1,2(1 + r(/)(e, w)) is > 0, respectively < 0,
provided 0 < u < wu(e), respectively @ > p(€).

Let us make some comments on the result.
1. According to (1.1), for values of the Floquet parameter 0 < u < w(€)

the eigenvalues kli (i, €) have opposite non-zero real part. As u tends to u(e),

the two eigenvalues )»li(,u, €) collide on the imaginary axis far from O (in the
upper semiplane Im(1) > 0), along which they keep moving for 1 > p(€),
see Fig. 1. For u < 0 the operator £, . possesses the symmetric eigenvalues

Afc(—,u, €) in the semiplane Im(}) < 0.

2. Theorem 1.1 proves the long-standing conjecture that the unstable eigen-
values kfc(/,L, €) depict a complete figure “8” as w varies in the interval
[—u(e), u(e)], seeFig. 1. For u € [0, u(e)] we obtain the upper part of the fig-
ure “8”, which is well approximated by the curves j — (£%5+/8€% — u?, %,u),
in accordance with the numerical simulations by Deconinck-Oliveras [19].
For u € [u(e), no] the purely imaginary eigenvalues are approximated by
i5(1+ % /1% — 8€2). The higher order corrections of the eigenvalues )Lli (1, €)
in (1.1), provided by the analytic functions rq(e, ), ré(e, w), are explicitly
computable. Theorem 1.1 is the first rigorous proof of the “Benjamin-Feir fig-
ure 8”, not only for the water waves equations, but also in any model exhibiting
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Eig. 1 TraceslL of the _ Tm(})
eigenvalues 1" (i, €) in the

- +
complex A plane' at fixed )\1 ( > E( 6), e)
le] < 1 as u varies. For

1€ (0, u(e)) the AT (p(€),€) = Af(u(e),€)
eigenvalues fill the portion of —

the 8 in {Im(%) > 0} and for AL (> p(e)se)
u € (—u(e), 0) the ="

symmetric portion in A1 (15 €) Ai'-(ll'v €)
{Im(A) < 0}

modulational instability, that we quote at the end of this introduction (for the
focusing 1d NLS equation Deconinck-Upsal [20] showed the presence of a
figure “8” for elliptic solutions, exploiting the integrable structure of the equa-
tion).

3. Nguyen-Strauss result in [43] describes the portion of unstable eigen-
values very close to the origin, namely the cross amid the “8”. Formula (1.1)
prolongs these local branches of eigenvalues far from the bifurcation, until they
collide again on the imaginary axis. Note that as 0 < u < € the eigenvalues
Ali(u, €) in (1.1) have the same asymptotic expansion given in Theorem 1.1
of [43].

4. The eigenvalues (1.1) are not analytic in (i, €) close to the value (u(€), €)
where kli(u, €) collide at the top of the figure “8” far from O (clearly they are
continuous). In previous approaches the eigenvalues are a priori supposed to
be analytic in (u, €), and that restricts their validity to suitable regimes. We
remark that (1.1) are the eigenvalues of the 2 x 2 matrix U given in Theorem
2.3, which is analytic in (u, €).

5. In Theorem 2.3 we actually prove the expansion of the unstable
eigenvalues of £,  for any value of the parameters (i, €) in a rectangle
[0, no) x [0, €g). The analytic curve u(e) = 24/2¢(1 + r(e€)), tangent at
e = 0 to the straight line & = 2+/2¢ divides such rectangle in the “unstable”
region where there exist eigenvalues of £, . with non-trivial real part, from
the “stable” one where all the eigenvalues of £, ¢ are purely imaginary, see
Fig. 2.
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6. For larger values of the Floquet parameter i, due to Hamiltonian reasons,
the eigenvalues will remain on the imaginary axis until the Floquet exponent
wu reaches values close to the next “collision” between two other eigenvalues
of Lo, . For water waves in infinite depth this value is close to u© = 1/4 and
corresponds to eigenvalues close to i13/4. These unstable eigenvalues depict
ellipse-shaped curves, called islands, that have been described numerically in
[19] and supported by formal expansions in € in [18], see also [1].

7. In Theorem 1.1 we have described just the two unstable eigenvalues of
L,,,¢ close to zero. There are also two larger purely imaginary eigenvalues of
order O(,/1), see Theorem 2.3. We remark that our approach describes all
the eigenvalues of £, ¢ close to O (which are 4).

Any rigorous proof of the Benjamin-Feir instability has to face the dif-
ficulty that the perturbed eigenvalues bifurcate from the defective eigenvalue
zero. Both Bridges-Mielke [12] (see also the preprint by Hur-Yang [28] in finite
depth) and Nguyen-Strauss [43], reduce the spectral problem to a finite dimen-
sional one, here a 4 x 4 matrix, and, in a suitable regime of values of (i, €),
prove the existence of eigenvalues with non-zero real part. The paper [12],
dealing with water waves in finite depth, bases its analysis on spatial dynam-
ics and a Hamiltonian center manifold reduction, as [28]. Such approach fails
in infinite depth (we quote however [29] for an analogue in infinite depth which
carries most of the properties of a center manifold). The proof in [43] is based
on a Lyapunov-Schmidt decomposition and applies also to the infinite depth
case.

Our approach is completely different. Postponing its detailed description
after the statement of Theorem 2.3, we only anticipate some of its main ingre-
dients. The first one is Kato’s theory of similarity transformations [34, II-§4].
This method is perfectly suited to study splitting of multiple isolated eigen-
values, for which regular perturbation theory might fail. It has been used,
in a similar context, in the study of infinite dimensional integrable systems
[5,33,36,40].
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In this paper we implement Kato’s theory for the complex operators £, ¢
which have an Hamiltonian and reversible structure, inherited by the Hamilto-
nian [17,51] and reversible [4,8,11] nature of the water waves equations. We
show how Kato’s theory can be used to prolong, in an analytic way, a sym-
plectic and reversible basis of the generalized eigenspace of the unperturbed
operator L ¢ into a (u, €)-dependent symplectic and reversible basis of the
corresponding invariant subspace of £, . Thus the restriction of the canonical
complex symplectic form to this subspace, is represented, in this symplectic
basis, by the constant symplectic matrix J4 defined in (3.23), which is inde-
pendent of (i, €). This feature simplifies considerably perturbation theory.

In this way the spectral problem is reduced to determine the eigenvalues
of a 4 x 4 matrix, which depends analytically in i, € and it is Hamiltonian
and reversible. These properties imply strong algebraic features on the matrix
entries, for which we provide detailed expansions. Next, inspired by KAM
ideas, instead of looking for zeros of the characteristic polynomial of the
reduced matrix (as in the periodic Evans function approach [14,28] or in [26,
43]), we conjugate it to a block-diagonal matrix whose 2 x 2 diagonal blocks
are Hamiltonian and reversible. One of these two blocks has the eigenvalues
given by (1.1), proving the Benjamin-Feir instability figure “8” phenomenon.

Let us mention that modulational instability has been studied also for a
variety of approximate water waves models, such as KdV, gKdV, NLS and
the Whitham equation by, for instance, Whitham [49], Segur, Henderson,
Carter and Hammack [46], Gallay and Haragus [24], Haragus and Kapitula
[25], Bronski and Johnson [14], Johnson [32], Hur and Johnson [26], Bron-
ski, Hur and Johnson [13], Hur and Pandey [27], Leisman, Bronski, Johnson
and Marangell [37]. Also in these approximate models numerical simulations
predict a figure “8” similar to that in Fig. 1 for the bifurcation of the unsta-
ble eigenvalues close to zero. However, in none of these approximate models
(except for the integrable NLS in [20]) the complete picture of the Benjamin-
Feir instability has been rigorously proved so far. We expect that the approach
developed in this paper could be applicable for such equations as well, and
also to include the effects of surface tension in water waves equations (see e.g.
[1D).

To conclude this introduction, we mention the nonlinear modulational insta-
bility result of Jin, Liao, and Lin [31] for several approximate water waves
models and the preprint by Chen and Su [16] for Stokes waves in deep water.
For nonlinear instability results of traveling solitary water waves decaying at
infinity on R (not periodic) we quote [45] and reference therein.
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Full description of Benjamin-Feir instability... 657

2 The full water waves Benjamin-Feir spectrum

In order to give the complete statement of our spectral result, we begin with
recapitulating some well known facts about the pure gravity water waves equa-
tions.

The water waves equations and the Stokes waves. We consider the Euler
equations for a 2-dimensional incompressible, inviscid, irrotational fluid under
the action of gravity. The fluid fills the region D, := {(x,y) € T x R:
y < n(t,x)}, T := R/2xZ, with infinite depth and space periodic boundary
conditions. The irrotational velocity field is the gradient of a harmonic scalar
potential ® = (¢, x, y) determined by its trace ¥ (¢, x) = D (¢, x, n(t, x)) at
the free surface y = n(¢, x). Actually & is the unique solution of the elliptic
equation

A® =0 in Dy, &(t,x,n(t,x)) =¥, x), Py(t,x,y) > 0asy — —o0.

The time evolution of the fluid is determined by two boundary conditions at
the free surface. The first is that the fluid particles remain, along the evolution,
on the free surface (kinematic boundary condition), and the second one is that
the pressure of the fluid is equal, at the free surface, to the constant atmospheric
pressure (dynamic boundary condition). Then, as shown by Zakharov [51] and
Craig-Sulem [17], the time evolution of the fluid is determined by the following
equations for the unknowns (n(¢, x), ¥ (¢, x)),

=G = v ' _© 2 @1
m=Gmy, Wr——gU—T‘i‘m( MY + )", (2.1)

where g > 0 is the gravity constant and G () denotes the Dirichlet-Neumann
operator [G(M¥](x) = Dy(x,n(x)) — Pr(x, n(x))ny(x). It results that
G (n)[¥] has zero average.

With no loss of generality we set the gravity constant g = 1. The equations
(2.1) are the Hamiltonian system

nl_ L [VH [0
U R N I R B

where V  denote the LZ2-gradient, and the  Hamiltonian
H(n, zp)::% fT (w Gy + nz) dx is the sum of the kinetic and potential
energy of the fluid. The associated symplectic 2-form is

W ((Zi) ’ (1222)) = (=Y. m)2 + O, Y22 2.3)
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In addition of being Hamiltonian, the water waves system (2.1) possesses
other important symmetries. First of all it is time reversible with respect to the

involution )
nx) [ ._ | n(=x) : op —
P [W(x)] = [—W(—x)i| , le.Hop="H, (2.4)

or equivalently the water waves vector field X (n, 1) anticommutes with p,
i.e. X o p = —p o X. This property follows noting that the Dirichlet-Neumann
operator satisfies (see e.g. [8])

GO 1= (GmlYD” where f*(x):= f(-x). (2.5)

Noteworthy solutions of (2.1) are the so-called traveling Stokes waves,
namely solutions of the form n(¢, x) = 7(x — ct) and ¥ (¢, x) = 1/7(x —ct)
for some real ¢ and 27 -periodic functions (7(x), x/?(x)). In a reference frame
in translational motion with constant speed c, the water waves equations (2.1)
then become

: 1
= ok GV, = e = g1 = 2 5 (GO + )
: (2.6)

and the Stokes waves (7], 17/) are equilibrium steady solutions of (2.6).

The rigorous existence proof of the bifurcation of small amplitude Stokes
waves for pure gravity water waves goes back to the works of Levi-Civita [38],
Nekrasov [41], and Struik [48]. We denote by B(r) := {x € R: |x| < r} the
real ball with center O and radius r.

Theorem 2.1 (Stokes waves) There exist €9 > 0 and a unique family of real
analytic solutions (ne(x), Ye(x), ce), parameterized by the amplitude |€| < €,

of

1
cne+GmYy =0, cye—gn— 7+2(T7]2)(G(77)w+77x1ﬁx)2 =0,
* (2.7)

such that ne(x), Ve (x) are 2mw-periodic; ne(x) is even and e (x) is odd. They
have the expansion

2
ne(x) = € cos(x) + % cos(2x) + O(3)

2
Ve (x) = esin(x) + % §in(2x) + O(3) | (2.8)

1
ce =1 —{—562—{-0(63).
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Full description of Benjamin-Feir instability... 659

More precisely for any o > Qand s > %, there exists €y > 0 such that the map
€ = (e, Ve, ce) is analytic from B(eg) — H?*(T) x H**(T) x R, where
H?*(T) is the space of 2 -periodic analytic functions u(x) =Y ;.7 upe
with ull2 ==Y ez lurl* (k)M < fo0.

The existence of solutions of (2.7) can nowadays be deduced by the analytic
Crandall-Rabinowitz bifurcation theorem from a simple eigenvalue, see e.g.
[15]. Since Lewy [39] it is known that C! traveling waves are actually real ana-
Iytic, see also Nicholls-Reitich [42]. The expansion (2.8) is given for example
in [43, Proposition 2.2]. The analyticity result of Theorem 2.1 is explicitely
proved in [10]. We also mention that more general time quasi-periodic trav-
eling Stokes waves have been recently proved for (2.1) in [9] in finite depth
(actually for any constant vorticity), in [22] in infinite depth, and in [8] for
gravity-capillary water waves with constant vorticity in any depth.

Linearization at the Stokes waves. In order to determine the stabil-
ity/instability of the Stokes waves given by Theorem 2.1, we linearize the
water waves equations (2.6) with ¢ = ¢, at (ne(x), ¥e(x)). In the sequel
we follow closely [43], but, as in [4,9], we emphasize the Hamiltonian and
reversible structures of the linearized equations, since these properties play a
crucial role in our proof of the instability result.

By using the shape derivative formula for the differential d, G (17)[7] of the
Dirichlet-Neumann operator (see e.g. formula (3.4) in [43]), one obtains the
autonomous real linear system

-
Ui
—G(e)B — 9y o (V —ce) J( G(ne) ] [

|

ASSES N

[—8 + B(V —ce)dx —Bdy o (V —ce) = BG(ne) o B| —(V —ce)dx + BG(ne)

(

[N
\=}
~

where

Vi=Vx)i==BM)x + (Ye)x »
._ L Ge)Ye + (Ve)x(Me)x B (Yre)x — e
B := B(x) := T ()2 =13 o M)y -

The functions (V, B) are the horizontal and vertical components of the
velocity field (., @) at the free surface. Moreover € — (V, B) is analytic
as amap B(eg) — HS~H(T) x H®~1(T).

The real system (2.9) is Hamiltonian, i.e. of the form 7 .A for a symmetric
operator A = AT, where AT is the transposed operator with respect the
standard real scalar product of L*(T,R) x L3(T, R).
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660 M. Berti et al.

Moreover, since 7, is even in x and ¥, is odd in x, then the functions (V, B)
are respectively even and odd in x. Using also (2.5), the linear operator in (2.9)
is reversible, i.e. it anti-commutes with the involution p in (2.4).

Under the time-independent “good unknown of Alinhac” linear transforma-

tion A
n L u _ 10 -1 _ 10
I E e P A Y] BT

the system (2.9) assumes the simpler form

| | o (V—ce G(ne) u
[”;] B [—8 —((V=co)By) —(V— ce)ax} [v] : (2.11)

Note that, since the transformation Z is symplectic, i.e. ZTJZ = J, and
reversibility preserving, i.e. Z o p = p o Z, the linear system (2.11) is Hamil-
tonian and reversible as (2.9).

Next, following Levi-Civita [38], we perform a conformal change of vari-
ables to flatten the water surface. By [43, Prop. 3.3], or [11, section 2.4],
there exists a diffeomorphism of T, x — x 4 p(x), with a small 27 -periodic
function p(x), such that, by defining the associated composition operator
(Bu)(x) := u(x + p(x)), the Dirichlet-Neumann operator writes as

G) =0, 0P loHoP,

where H is the Hilbert transform. The function p(x) is determined as a fixed
point of p = H[ne o (Id + p)], see e.g. [43, Proposition 3.3.] or [11, formula
(2.125)]. By the analyticity of the map ¢ — n. € H>*, 0 > 0,5 > 1/2,
the analytic implicit function theorem? implies the existence of a solution
€ > p(x) := pe(x) analytic as a map B(eg) — H*(T). Moreover, since 1. is
even, the function p(x) is odd.

Under the symplectic and reversibility-preserving map

_|d+p)B 0O
P._[ L 213]’ 2.12)

(P preserves the symplectic 2-form in (2.3) by inspection, and commutes
with p being p(x) odd), the system (2.11) transforms into the linear system
hy = Lch where L is the Hamiltonian and reversible real operator

2 We use that the composition operator p — n(x 4+ p(x)) induced by an analytic function 7(x)
is analytic on H*(T) fors > 1/2.
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Full description of Benjamin-Feir instability... 661

ro— |:8x o (I + pe(x)) |D| ]
¢ —(I+ac(x) (14 pe(x))ox

i 1 4+ ac(x) —(1 + pe)(x)oy
- [ax o (1+ pe(x)) D ] 319
where
=V
L+ pe() = = +(x +(xp)(x)) ,
P (2.14)

_ 1+ (VO +px)) — ce) Ba(x +p(x))

14+ ac(x) := T+ e () .

The functions p.(x) and a.(x) are even in x and, by the expansion (2.8) of
the Stokes wave, it results [43, Lemma 3.7]

Pe(x) = —2€ cos(x) + 62(E — 2cos(2x)) + O()

> (2.15)
=ep1(x) + ezpz(x) +0(@),
ae(x) = —2e cos(x) + €7 (2 — 2cos(2x)) + O(e”) (2.16)

=ea;(x) + €2ar(x) + O(e?).

In addition, by the analiticity results of the functions V, B, p(x) given above,
the functions p. and g, are analytic in € as maps B(eg) — H*(T).

Bloch-Floquet expansion. The operator £, in (2.13) has 2w -periodic coef-
ficients, so its spectrum on L*(R, C?) is most conveniently described by
Bloch-Floquet theory (see e.g. [32] and references therein). This theory guar-
antees that

o) (Le) = U opamy(Lpe)s  Lue:= e I £ ooty

nel—3.%)

This reduces the problem to study the spectrum of £, . acting on L*(T, C?)
for different values of w. In particular, if A is an eigenvalue of £,  with
eigenvector v(x), then h(f, x) = eMel My (x) solves h; = Lch. We remark
that:

1.If A = Op(a) is a pseudo-differential operator with symbol a(x, &), which
is 27 periodic in the x-variable, then A, := eTIIY et X — Op(a(x, &+ un))
is a pseudo-differential operator with symbol a(x, & 4 ) (which can be proved
e.g. following Lemma 3.5 of [43]).

2. If A is a real operator then A_u = A_,. As a consequence the spectrum

o(A_,) =0(A,). (2.17)
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662 M. Berti et al.

Then we can study o (A ) just for 4 > 0. Furthermore o (A,,) is a 1-periodic
set with respect to w, so one can restrict to u € [0, %).

By the previous remarks the Floquet operator associated with the real oper-
ator L. in (2.13) is the complex Hamiltonian and reversible operator (see
Definition 2.2 below)

—(1 + ae(x)) (I + pe(x))(0x +1p)

_| 0 L+ ac(x) —(1+ pe(x))(0x +ip) (2.18)
C LI 0 [@x +ip) o (1 + pex)) [D + pl ’
——

= j = B[,L,E

r ._[(3x+iu)0(1+pe(X)) D + p }
ne - =

Weregard £,  as an operator with domain H (T) := HY(T, C?) and range
L%(T) := L?(T, C?), equipped with the complex scalar product

2
U«w=%;0(ﬁﬁ+ﬁ5wh,Vﬁ=Bﬂ,g=§jeL%mC%
(2.19)
We also denote || f1|* = (f, f).
The complex operator £,  in (2.18) is Hamiltonian and Reversible, accord-
ing to the following definition.

Definition 2.2 (Complex Hamiltonian/Reversible operator) A complex
operator £ : H'(T, C?) — L*(T, C?) is

(i) Hamiltonian, if £L = J B where B is a self-adjoint operator, namely 5 =
B*, where B* (with domain H!(T)) is the adjoint with respect to the
complex scalar product (2.19) of L2(T).

(ii) Reversible, if
Lop=—-poLl, (2.20)

where p is the complex involution (cfr. (2.4))

107 _ [ 2
p[wuj"[—wewﬂ' 22D

The property (2.20) for £,  follows because L. is a real operator which is
reversible with respect to the involution p in (2.4). Equivalently, since J op =
—p o J, a complex Hamiltonian operator £ = J B is reversible, if the self-
adjoint operator B is reversibility-preserving, i.e.

Bop=7poB. (2.22)
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We shall deeply exploit these algebraic properties in the proof of Theorem
2.3.

In addition (i, €) — L, € L(H 1(T), L*>(T)) is analytic, since the func-
tions € — dae, pe definedin (2.15), (2.16) are analytic as maps B(eg) — HY(T)
and £, ¢ is linear in p. Indeed the Fourier multiplier operator | D + | can be
written, for any p € [—%, %), as |D + u| = |D| + pusgn(D) + |u| Mg and
thus (see [43, Section 5.1])

|D + u| = |D| 4 p(sgn(D) +Ip), Yu >0, (2.23)

where sgn(D) is the Fourier multiplier operator, acting on 2 -periodic func-
tions, with symbol

sgn(k) :=1Vk >0, sgn(0):=0, sgnk):=—-1Vk <0, (2.24)

and Iy is the projector operator on the zero mode, I f (x) := % fT f(x)dx.

Our aim is to prove the existence of eigenvalues of £, . with non zero real
part. We remark that the Hamiltonian structure of £, . implies that eigenvalues
with non zero real part may arise only from multiple eigenvalues of L, o,

because if A is an eigenvalue of £, . then also —A is. In particular simple
purely imaginary eigenvalues of £, o remain on the imaginary axis under
perturbation. We now carefully describe the spectrum of £, o.

The spectrum of £, . The spectrum of the Fourier multiplier matrix operator

o +in D+ pul
Cu,o—[ 1 By +ip (2.25)

consists of the purely imaginary eigenvalues {)L,f (n) , k € Z}, where

AEG) =i (k4 p F VIkEwl) . (2.26)

It is easily verified (see e.g. [2]) that the eigenvalues )»,f (n) in (2.26) may
“collide” only foru =0 or pu = 1. For . = 0 the real operator L o possesses

the eigenvalue 0 with algebraic multiplicity 4,

A5 (0) =25 (0) = A7 (0) =27(0) =0,

and geometric multiplicity 3. A real basis of the Kernel of Ly ¢ is

F e |:cos(x)i|’ fom |:—sin(x)i|’ frm [(1)] (227)

sin(x) cos(x)
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together with the generalized eigenvector

fd = [(1)] . Loofy =—fy - (2.28)

Furthermore 0 is an isolated eigenvalue for Lo o, namely the spectrum
o (Lo,0) decomposes in two separated parts

o (Lo,0) =0 (Lo,0) Ua" (Loo) where o' (L) := {0} (2.29)
and
0" (Loo) == {A70), k #0,1, 0 = =£}.

Note that 6" (Lo,0) is contained in {A € iR : [A| > 2 — +/2}.

We shall also use that, as proved in Theorem 4.1 in [43], the operator £ ¢
possesses, for any sufficiently small € #~ 0, the eigenvalue O with a four dimen-
sional generalized Kernel, spanned by e-dependent vectors Uy, Us, Us, Uy
satisfying, for some real constant o,

~ ~ 0
LoeUr =0, LoeUs=0, LoeUs =ae U, LoeUs=—-U1, U= [1] :
(2.30)

By Kato’s perturbation theory (see Lemma 3.1 below) for any u,€ # 0
sufficiently small, the perturbed spectrum o (L’M,e) admits a disjoint decom-
position as

o (L'M’e) =o' (EM,G) Us” (L’M’e) , (2.31)

where o’ (E,LE) consists of 4 eigenvalues close to 0. We denote by V), . the
spectral subspace associated with o’ (LM,G), which has dimension 4 and it
is invariant by £, . Our goal is to prove that, for € small, for values of the
Floquet exponent w in an interval of order €, the 4 x 4 matrix which represents
the operator £, ¢ : Ve — V. e possesses a pair of eigenvalues close to zero
with opposite non zero real parts.

Before stating our main result, let us introduce a notation we shall use
through all the paper:

e Notation: we denote by O(u™"'e"!, ..., u"re"r), mj,n; € N, analytic
functions of (u, €) with values in a Banach space X which satisfy, for
some C > 0, the bound [|O(u™ie")||x < C Zi.’:] [e|™ €| for small
values of (u,€). We denote ri(u™'e"t, ..., ure"r) scalar functions
Ou™e™, ..., u"re"r) which are also real analytic.

Our complete spectral result is the following:
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Theorem 2.3 (Complete Benjamin-Feir spectrum) There exist €9, ug > 0
such that, for any 0 < < o and 0 < € < €, the operator L, ¢ : Vye —
Ve can be represented by a 4 x 4 matrix of the form

ulo
(0 S) , (2.32)

where U and S are 2 X 2 matrices of the form

v [, 1GrFTRE, pieuh) — (1 4 r5(e, )
(L4 ri(e, w) — (1L +ri(e, ue?) i (su+rue?, e, n))
(2.33)

: 2 2 2 3
oo (lu(l +ro(e?, we, u?))  pA+rio(u’e, u) ) (2.34)

—1—rg(e?, u?e, 1?) in(l+ro(e?, ne, u?))

where in each of the two matrices the diagonal entries are identical. The
eigenvalues of the matrix U are given by

I, )
Ao = i+ ir(ue?, ue, 1)

:I:%\/Sez(l + ro(e, w)) — u2(1 + ri(e, w) .

Note that lf8€2(1 + ro(e, n)) — /Lz(l + r(’)(e, w)) > 0, respectively < 0,
the eigenvalues )»li(u, €) have a nontrivial real part, respectively are purely
imaginary.

The eigenvalues of the matrix S are a pair of purely imaginary eigenvalues
of the form

Ay (€)= FiJu(l+ 1/ (€%, pe, 1) +ip(1 +ro(e?, e, u?).

For € = 0 the eigenvalues Ali (u, 0), )»(j)c (e, 0) coincide with those in (2.26).
We conclude this section describing in detail our approach.

Ideas and scheme of proof. We first write the operator L, c =ipu + £ ¢
as in (3.1) and we aim to construct a basis of V), ¢ to represent £, |y, . as
a convenient 4 x 4 matrix. The unperturbed operator %y |y, , possesses 0 as
isolated eigenvalue with algebraic multiplicity 4 and generalized kernel Vj o
spanned by the vectors { fli, foi} in (2.27), (2.28).

Exploiting Kato’s theory of similarity transformations for separated eigen-
values we prolong the unperturbed symplectic basis { fli, foi} of Vo into a
symplectic basis of V,, ¢ (cfr. Definition 3.6), depending analytically on u, €.
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In Lemma 3.1 we construct the transformation operator Uy, ¢, see (3.10), which
is invertible and analytic in 1, €, and maps isomorphically V} ¢ into V,, .. Fur-
thermore, since .7, ¢ is Hamiltonian and reversible, we prove in Lemma 3.2
that the operator U, ¢ is symplectic and reversibility preserving. This implies
that the vectors f7 (u, €) := Uy e f7, k = 0,1, 0 = &, form a symplectic
and reversible basis of V), ¢, according to Definition 3.6.

This construction has the following interpretation in the setting of com-
plex symplectic structures, cfr. [3,21]. The complex symplectic form (3.18)
restricted to the symplectic subspace V), ¢ is represented, in the (u,€)-
dependent symplectic basis f;” (1, €), by the constant antisymmetric matrix
Jy4 defined in (3.23), for any value of (u, €). In this sense U, ¢ is acting as
a “Darboux transformation”. Consequently, the Hamiltonian and reversible
operator .Z, |y, . is represented, in the symplectic basis fi7 (i, €), by a4 x 4
matrix of the form J4B,  with B, ¢ selfadjoint, see Lemma 3.10. This prop-
erty simplifies considerably the perturbation theory of the spectrum (we refer
to [44] for a discussion, in a different context, of the difficulties raised by
parameter-dependent symplectic forms).

We then modify the basis {f;” (u, €)} to construct a new symplectic and
reversible basis {g}] (i, €)} of V, ¢, still depending analytically on p, €, with
the additional property that g, (0, €) has zero space average; this property plays
a crucial role in the expansion obtained in Lemma 4.7, necessary to exhibit
the Benjamin-Feir instability phenomenon, see Remark 4.8. By construction,
the eigenvalues of the 4 x 4 matrix L, ¢, representing the action of the oper-
ator .Z,  on the basis {g{ (i, €)}, coincide with the portion of the spectrum
0'(Zy.e) close to zero, defined in (2.31). In Proposition 4.4 we prove that the
4 x 4 Hamiltonian and reversible matrix L, ¢ has the form

. E F\ (J2E 3IOF
LpL,é - J4 (F* G) - (JZF* JQG) ’ (235)

where 3, = (% }) and E = E*, G = G* and F are 2 x 2 matrices having
the expansions (4.13)-(4.15). To compute these expansions —from which the
Benjamin-Feir instability will emerge— we use two ingredients. First we Taylor
expand (i, €) = Uy ¢ in Lemma A.1. The Taylor expansion of Uy, ¢ is not a
symplectic operator, but this is no longer important to compute the expansions
(4.13)-(4.15) of the matrix L, .. We used that U, . is symplectic to prove
the Hamiltonian structure (2.35) of L, . The second ingredient is a careful
analysis of Lo  and d,L, ¢|,—0. In particular we prove that the (2, 2)-entry
of the matrix E in (4.13) does not have any term O(e™) nor O(ue™) for any
m € N. These terms would be dangerous because they might change the sign
of the entry (2, 2) of the matrix E in (4.13) which instead is always negative.
This is crucial to prove the Benjamin-Feir instability, as we explain below.
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We show the absence of terms O(e”), m € N, fully exploiting the structural
information (2.30) concerning the four dimensional generalized Kernel of the
operator Ly . for any € > 0, see Lemma 4.6. The absence of terms O(ue™),
m € N, is due to the properties of the basis {g7 (i, €)} (see Remark 4.8) and
it is the motivation for modifying the original basis { f;” (1, €)}.

Thanks to this analysis, the 2 x 2 matrix

J,E = =i (5 +ra(ne?, Mjev 1)) —%2(1 +rs(e, 1))
—eX(L+rj(e, ue)) + 5 A+ (e, ) —i(4 + r2(ue?, ue, u?)
(2.36)

possesses two eigenvalues with non-zero real part —we say that it exhibits the
Benjamin-Feir phenomenon— as long as the two off-diagonal elements have
the same sign, which happens for 0 < u < w(e) with x(e) ~ 24/2¢. On the
other hand the 2 x 2 matrix J>G has purely imaginary eigenvalues for . > 0
of order O(, /). In order to prove that the complete 4 x 4 matrix L, ¢ in (2.35)
possesses Benjamin-Feir unstable eigenvalues as well, our aim is to eliminate
the coupling term J, F. This is done in Sect. 5 by a block diagonalization
procedure, inspired by KAM theory. This is a singular perturbation problem
because the spectrum of the matrices J> F and J,G tends to 0 as u — 0.
We construct a symplectic and reversibility preserving block-diagonalization
transformation in three steps:

1. First step of block-diagonalization (Sect. 5.1). Note that the spectral gap
between the 2 block matrices J2E and J2G is of order O(,/1), whereas
the entry Fy; of the matrix F has size O(e®). In Sect. 5.1 we perform a
symplectic and reversibility-preserving change of coordinates removing Fi
and conjugating L, . to a new Hamiltonian and reversible matrix Lf})e whose
block-off-diagonal matrix J, F (M has size O(ue, 1) and T, EV has the same
form (2.36), and therefore possesses Benjamin-Feir unstable eigenvalues as
well. This transformation is inspired by the Jordan normal form of L .

2. Second step of block-diagonalization (Sect. 5.2). We next perform a step
of block-diagonalization to decrease further the size of the off-diagonal blocks:
by applying a procedure inspired by KAM theory we obtain (at least) a O(u?)
factor in each entries of F@® in (5.14) (by contrast note the presence of O(ue)
entries in F (1)). To achieve this, we construct a linear change of variables

that conjugates the matrix Ll(f)g to the new Hamiltonian and reversible matrix

Lﬁ)e in (5.13), where the new off-diagonal matrix J, F® is much smaller than
J> F(D_ The delicate point, for which we perform Step 2 separately than Step
3, is to estimate the new block-diagonal matrices after the conjugation, and
prove that J, E® has still the form (2.36) — thus possessing Benjamin-Feir
unstable eigenvalues. Let us elaborate on this. In order to reduce the size of
JoFD, we conjugate L,(f)é by the symplectic matrix exp(S‘"), where S() is a
Hamiltonian matrix with the same form of 3, F (1), see (5.12). The transformed
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matrix Ll(f)e = exp(S (1))L,(},)€ exp(—S(l)) has the Lie expansion3

L(Z) — J2E<1) 0
e 0 JQG(I)
0 I, FD 1 ED 0
(gt 20+ [0 (257 20)] (2.37)

Ir.q b (3.ED o 1 0 JFD
+§[S()’[S( )’( "0 J2G<'>>]]+[S( )’(Jz[F(l)]* "0 )]+h'°'t'

The first line in the right hand side of (2.37) is the original block-diagonal
matrix, the second line of (2.37) is a purely off-diagonal matrix and the third
line is the sum of two block-diagonal matrices and “h.o.t.” collects terms of
much smaller size. We determine S" in such a way that the second line of
(2.37) vanishes (this equation would be referred to as the “homological equa-
tion” in the context of KAM theory). In this way the remaining off-diagonal
matrices (appearing in the h.o.t. remainder) are much smaller in size. We
then compute the block-diagonal corrections in the third line of (2.37) and
show that the new block-diagonal matrix J, E® has again the form (2.36)
(clearly with different remainders, but of the same order) and thus displays
Benjamin-Feir instability. This last step is delicate because S = O(e, u?)
and 3o FD = O(ue, 1?) and so the matrix in the third line of (2.37) could
a priori have elements of size O(ue?). Adding a term of size O(ue?) to the
(1,2)-entry of the matrix J, £, which has the form —%2 (14 rs5(e, w)) asin
(2.36), could make it positive. In such a case the eigenvalues of J, E @ would
be purely imaginary, and the Benjamin-Feir instability would disappear. Actu-
ally, estimating individually each components, we show that no contribution
of size O(ue?) appears in the (1,2)-entry.

One further comment is needed. We solve the required homological equation
without diagonalizing 3> E(") and J,GV (as done typically in KAM theory).
Note that diagonalization is not even possible at u ~ 2+/2¢ where J, E(V
becomes a Jordan block (here its eigenvalues fail to be analytic). We use a
direct linear algebra argument that enables to preserve the analyticity in u, €
of the transformed 4 x 4 matrix Lff)e

3. Complete block-diagonalization (Sect. 5.3). As a last step in Lemma 5.8
we perform, by means of a standard implicit function theorem, a symplectic
and reversibility preserving transformation that block-diagonalize L,E?E com-
pletely. The invertibility properties and estimates required to apply the implicit
function theorem rely on the solution of the homological equation obtained in
Step 2. The off-diagonal matrix J, F® is small enough to directly prove that

3 recall that exp(S)L exp(—S) = ano %ad’é(L), where adg(L):zL, and, for n>1,
ad{(L) = [S. ad%t™ " (L)].
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the block-diagonal matrix J, E ©) has the same form of J, E®, thus possesses
Benjamin-Feir unstable eigenvalues (without distinguishing the entries as we
do in Step 2).

In conclusion, the original matrix L, . in (2.35) has been conjugated to
the Hamiltonian and reversible matrix (2.32). This proves Theorem 2.3 and
Theorem 1.1.

3 Perturbative approach to the separated eigenvalues

In this section we apply Kato’s similarity transformation theory [34, 1-§4-6,
I1-§4] to study the splitting of the eigenvalues of £, . close to 0 for small
values of 1 and €. First of all it is convenient to decompose the operator £, ¢
in (2.18) as

Lue=1n+ZLye, uw>0, 3.1

where, using also (2.23),

}% ._[3x0(1+Pe(X))+iMPe(X) ID| + pn(sgn(D) + Ilp) }
e = .

—(1 +ac(x)) (1 + pe(x))0x + 1 pe(x)
3.2)
The operator .Z, ¢ is still Hamiltonian, having the form
gu,e - JBu,e s (33)
g | 1+ac) —((1+ pe(x))0x — i pe(x)
T L0y o (I + pe(0) +ipm pe(x)  |D] + p(sgn(D) + o)

with B, . selfadjoint, and it is also reversible, namely it satisfies, by (2.20),
Lyueop=—poLye, 0 defined in (2.21), (3.4)

whereas B, ¢ is reversibility-preserving, i.e. fulfills (2.22). Note also that B .
is a real operator.

The scalar operator i © = i Id just translates the spectrum of .Z), . along
the imaginary axis of the quantity i u, that is, in view of (3.1),

o(Lye) =ip+0o(Lye).

Thus in the sequel we focus on studying the spectrum of &), ..

Note also that %y = Lo for any € > 0. In particular .4y o has zero
as isolated eigenvalue with algebraic multiplicity 4, geometric multiplicity 3
and generalized kernel spanned by the vectors { f1+ S f0+ s Jo }in (2.27),
(2.28). Furthermore its spectrum is separated as in (2.29). For any € # 0 small,
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Zb.¢ has zero as isolated eigenvalue with geometric multiplicity 2, and two
generalized eigenvectors satisfying (2.30).

We also remark that, in view of (2.23), the operator .Z), . is linear in ;.. We
remind that £, . : Y C X — X has domain Y := HY(T) := H(T, C?) and
range X := L#(’]I') := L*(T, C?).

In the next lemma we construct the transformation operators which map
isomorphically the unperturbed spectral subspace into the perturbed ones.

Lemma 3.1 Ler " be a closed, counterclockwise-oriented curve around O
in the complex plane separating o’ (,,2”0,0) = {0} and the other part of the
spectrum o’ (.,%,o) in (2.29). There exist €g, Lo > O such that forany (i, €) €
B(uo) x B(eg) the following statements hold:

1. The curve I" belongs to the resolvent set of the operator £, ¢ : Y C X —
X defined in (3.2).
2. The operators

1 _
Puei=—5— yﬁr%,e YYD = ¢ (3.5)

are well defined projectors commuting with £, ¢, i.e.
Pl.=Puc. PucLuec=LucPuc. (3.6)

The map (i, €) — P, ¢ is analytic from B(jo) x B(eg) to L(X,Y).
3. The domain Y of the operator £,,  decomposes as the direct sum

Y=V, ®Ker(Py,c), Vyie:=Rg(Pyc)=Ker(ld— P, ), (3.7

of the closed subspaces V), ¢, Ker(P, ¢) of Y, which are invariant under

fM,G’
Lue Ve = Ve, ZLue:Ker(Pye) — Ker(Pye).

Moreover

0(Zue) N{z € Cinside T} = 0 (L ely, ) = o' (Lue),

) (3.8)
0(Zu,e) N{z € Coutside '} = 0($M76|Ker(pu’€)) = cr//(.fﬂ,e) ,

proving the “semicontinuity property” (2.31) of separated parts of the
spectrum.
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4. The projectors P, ¢ are similar one to each other: the transformation oper-
4
ators

Upe == (Id = (Py.e — Po,o) ) [P/L ePoo+dd— P, o)dd — Pyo)]

(3.10)
are bounded and invertible in Y and in X, with inverse
_ 1/2
Uyl = [PooPuc + (1d — Poo)(Id — P, )] (1d — (Pue — Po0)?) "/
(3. 11)
and
UpePooUpt = Puc. U tPucUpe=Poo. (3.12)

The map (i, €) — Uy ¢ is analytic from B(uo) x B(ep) to L(Y).

5. The subspaces V, . = Rg(P,.) are isomorphic one to each other:
Ve = UypVoo. In particular dimV, . = dimVyo = 4, for any
(i, €) € B(o) x B(e€o).

Proof

1. For any A € C we decompose %) c — A = Zo — A + Ry where

L0 = [ xl |8D|j| and

._ (Ox + 1) pe(x) ug(D) | .
:Ru,,e -—gﬂe XOO_[_ag(x) pg(x)(ax+lu)i|Y—)X,
(3.13)

having used also (2.23) and setting g(D) := sgn(D) + I1p. Forany A € T,
the operator .%p o — X is invertible and its inverse is the Fourier multiplier
matrix operator

_ 1 ik—x —lk|
— 1: .
(Zo,0— 1) Op((ik—k)2+|k|[ 1 ik—AD‘X_’Y'

Hence, for €| < €p and || < uo small enough, uniformly on the compact
set I, the operator (%po — A)_IRM,G : Y — Y is bounded, with small
operatorial norm. Then .Z), . — X is invertible by Neumann series and

T
4 The operator (Id — R)™2 is defined, for any operator R satisfying [|Rllzyy < 1, by the
power series

L & (—1)2 1 3
d-R)"2:=Y ( )(—R)k =Id+-R+-R*+ ORY). (3.9
=\ k 2778
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(Lpe =2 = (1d+ (Lo — ,\)—193#,6)‘1(9%,0 -0 x>y,
(3.14)

This proves that I' belongs to the resolvent set of .Z), ..

2. By the previous point the operator P, . is well defined and bounded X —
Y. It clearly commutes with .Z), . The projection property Pi’ e = Pue
is a classical result based on complex integration, see [34], and we omit
it. The map (u,€) — (Lo — )\)*IRM,E € L(Y) is analytic. Since the
map T+ (Id 4+ T)~! is analytic in £(Y) (for IT1lzyy < 1) the operators
(Lue —2)"lin(3.14)and Py.cin L(X,Y) are analytic as well with respect
to (u, €).

3. The decomposition (3.7) is a consequence of P, . being a continuous
projector in £(Y'). The invariance of the subspaces follows since P, . and
2., commute. To prove (3.8) define for an arbitrary Ao ¢ I" the operator

1 1 1
R M) =——— QP —— (Lpe— A dr: X Y.
nie) = =55 P 5 Cne =) -

If Lo is outside I', one has R, ¢ (10) (Lu,e —A0) = (Lpu,e —A0) Ry e (ho) =
Py.candthus Ao & 0 (L) ely, ). ForAginside I', Ry, ¢ (A0) (ZLue —Ao) =
(Dgu’é — )\.O)RM,G()\.O) = Pp”g — Id and thus A ¢ U(gu,elKer(PM,e)) Then
(3.8) follows.

4. By (3.5), the resolvent identity A~! —B~! = A=(B— A)B~" and (3.13),
we write

1
Puc— Poo= %%(zﬂ,e — DRy (Lo — 2 ldr.
r

Then || Py e — Poollcry < 1 for |e] < €, | < po small enough and
the operators Uy, . in (3.10) are well defined in £(Y) (actually U, . are
also in £(X)). The invertibility of U,  and formula (3.12) are proved in
[34], Chapter I, Section 4.6, for the pairs of projectors Q = P, ¢ and
P = Pyo. The analyticity of (u,€) > Uy € L(Y) follows by the
analyticity (u, €) + Py € L(Y) and of the map T + (Id — T)_% in
L(Y) for ||T||[,(Y) < 1.

5. It follows from the conjugation formula (3.12). O

The Hamiltonian and reversible nature of the operator .Z), ., see (3.3) and
(3.4), imply additional algebraic properties for spectral projectors P, . and
the transformation operators U, .

Lemma 3.2 Forany (i1, €) € B(uup) x B(ep), the following holds true:

(i) The projectors P, . defined in (3.5) are (complex) skew-Hamiltonian,
namely [J P, ¢ are skew-Hermitian
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JPue=P; . J, (3.15)

and reversibility preserving, i.e. pP, ¢ = Py ep.
(ii) The transformation operators U, ¢ in (3.10) are symplectic, namely

U;’GJU/L,G = ja

and reversibility preserving.
(iii) Py.e and Uy ¢ are real operators, i.e. Py ¢ = Py and Uy e = Up .

Remark 3.3 The term (complex) skew-Hamiltonian is used in [23, Section 6]
for matrices.

Proof Let y: [0, 1] — C be a counter-clockwise oriented parametrization of
.

(i) Since .Z), ¢ is Hamiltonian, it results £, . J = =7 ,2”: . onY. Then, for
any scalar X in the resolvent set of .Z), ., the number —A belongs to the
resolvent of £ _ and

T( Lpe =0 ==L +071T. (3.16)

Taking the adjoint of (3.5), we have

1 ! 1= 1 -1
P =— L=yl y()dt = — cr A) da,
fe= g | = 70) 0 = o b (@)

(3.17)
because the path —y () winds around the origin clockwise. We conclude
that

3.5 —
ij_,e == Zﬂlfj Me_ d)»
3.16) 1 « - GA7) s
=" — Z A dx P T
277 T ( H,€ + ) j j

Let us now prove that P, ¢ is reversibility preserving. By (3.4) one has
(Lpe =P =p(—Lpe — ) and, for any scalar A in the resolvent set
of Z).e, we have p(Z), c — M= —(Le + A) "1, using also that
(5)_1 = p. Thus, recalling (3.5) and (2.21), we have

— 1 ! — —1 - _
Py = % (gu,e + V(t)) y()dtp

= anﬁ(c?ue_)‘) ld)\p— Puep,
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because the path —y(#) winds around the origin clockwise.

(ii) If an operator A is skew-Hamiltonian then A%k e N, is skew-
Hamiltonian as well. As a consequence, being the projectors Py ¢, Poo
and their difference skew-Hamiltonian, the operator
(Id — (Pue — Po,o)z)_l/ 2 defined as in (3.9) is skew Hamiltonian as
well. Hence, by (3.10) we get

TUp.c = [(Id — (P — Po,o)z)’l/z]*

3.11
x [Po.0Puc + (1d — Pyo)(1d — P, 0] 7 O="

Ui eT
and therefore U ;’6‘7 U, = J. Finally the operator U, ¢ defined in
(3.10) is reversibility-preserving just as o commutes with Py, < and Py .

(iii) By (3.5) and since %) ¢ is a real operator, we have

1 ! 1 1 1
Poe=5—[ (Le—¥ y(0)ydt = —— @ (L.e—1) dr=P
0,¢ 271 Jo ( 0,e V(t)) y (t)dt 7 ﬁ( 0,¢ ) 0,e
because the path y(#) winds around the origin clockwise, proving that
the operator P ¢ is real. Then the operator Uy  defined in (3.10) is real
as well. |

By the previous lemma, the linear involution p commutes with the spectral
projectors P, . and then p leaves invariant the subspaces V,, c = Rg(Py ¢).

Let us discuss the implications of the previous lemma in the setting of
complex symplectic structures, presented for example in [3,21]. The infinite
dimensional complex space L>(T, C?), with scalar product (2.19), is equipped
with the complex symplectic form

W, : L3(T,C?) x L*(T,C*» - C, W.(f.2):=(Tf.g), (3.18

which is sesquilinear, skew-Hermitian and non-degenerate, cfr. Definition 1 in
[21]. The skew-Hamiltonian property (3.15) of the projector P,  implies the
following lemma.

Lemma 3.4 For any (u,e€), the linear subspace V, . = Rg(Py.) is a
complex symplectic subspace of L*(T, C?), namely the symplectic form W, in
(3.18), restricted to V,, ¢, is non-degenerate.

Proof Let f € Ve, thus f = M,Ef. Suppose that W.(f, &) = 0 for any
§=Picg €Vye g € LX(T,C?). Thus

0=We(f, 8) = (T F Pucg) = (PE.TF.9) O2 (T Pucfo0) = (T 0).

@ Springer



Full description of Benjamin-Feir instability... 675

We deduce that 7 f = 0 and then f = 0. O

Remark 3.5 In view of Lemma 3.2-(ii) the transformation operator U,  is
symplectic, namely preserves the symplectic form (3.18),1.e. We (U e f, Up e 8)
= W¢(f, g), forany f, g € L*(T, C?).

Symplectic and reversible basis of V,, .. It is convenient to represent the
Hamiltonian and reversible operator %),  : V,, c — V. ¢ in a basis which is
symplectic and reversible, according to the following definition.

Definition 3.6 (Symplectic and reversible basis) AbasisF := {f T, £, far,
folof Vy eis

e symplectic if, for any k, k' = 0, 1,

(Tt . £) =1, (J£,£]) =0, Yo = +;

‘ , o o - (3.19)
if k # k' then (7 £7, £7,) =0, Vo,0' = =+.

e reversible if

— et + = S —— + = —
oty =1£/, pfy =—f,, oty =1£,, oy =—1%,

3.20
ie.pff =of], Vo =+,k=0,1. ( )

Remark 3.7 By Remark 3.5, the operator U, . maps a symplectic basis in a
symplectic basis.

In the next lemma we outline a property of a reversible basis. We use the
following notation along the paper: we denote by even(x) a real 2 -periodic
function which is even in x, and by odd (x) a real 2 -periodic function which
is odd in x.

Lemma 3.8 The real and imaginary parts of the elements of a reversible basis
F= {ff}, k = 0, 1, enjoy the following parity properties

+ _ | even(x) +1o0dd(x) _ | odd(x) +1ieven(x)
£ () = [0dd(x)+ieven(x)]’ £ ) = [even(x) +i0dd(x):|' (32D

Proof By the definition of the involution p in (2.21), we get

f,j(x) = |:?((j§)) I:sg;] = ﬁf,j(x) = [_af(—_x)?)—_}_llb;(—_x;)] = a,d even, b,codd.

The properties of £, follow similarly. O
We now expand a vector of V), . along a symplectic basis.
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Lemma 3.9 Let F = {f;L, £, far, £y} be a symplectic basis of V. Then
any £ inV, ¢ has the expansion

=—(J£, £)) £/ + (J£, £]) £ - (J£, £) £ + (T £, £5) £ -
(3.22)

Proof We decompose £ = afff +o £ + aaL far + ag £, for suitable
coefficients of € C. By applying J, taking the L? scalar products with the

vectors {£9 }o—+ k—0,1, using (3.19) and noting that (7 £, £;) = —1, we
get the expression of the coefficients o] as in (3.22). m|

We now represent £, ¢ : Ve — Ve With respect to a symplectic and
reversible basis.

Lemma 3.10 The 4 x 4 matrix that represents the Hamiltonian and reversible
operator £ e = JBue : Ve = Ve with respect to a symplectic and
reversible basis F = {ff, £, faL, folof Vieis

Jz| 0 01
J4Bpe, Jai= (02 Jz) , J2i= (_1 O) , where By, .=8)

(3.23)
is the self-adjoint matrix
(B 1) B 51 ) (i) (B 5]
Byec= (l’vefl’ 1)(Bﬂyef1’fl)(Bﬂ’Efa_’fl)(Bvafg l)
T B £ £g) (B £r s £g) (Bue £q 5 £g) (Bue £g o £g) |
(Bue £ £9) (Bue £1 - £0) (Bue £g - £9) (Bue £ - £o)

(3.24)
The entries of the matrix B, ¢ are alternatively real or purely imaginary: for
anyo =4, k=0,1,

(Byu.e £7 . £7) isreal, (B £7 ., £,,7) is purely imaginary. (3.25)

Proof Lemma 3.9 implies that

o ’
"%Maefz = — Z /(jzqufz, fk/a) Z/
k'=0,1,0"'==%
_ /
- Z o' (Bu.e 7, £,7)£7
k'=0,1,0'==%

Then the matrix representing the operator %),  : V,c — V. e With respect
to the basis F is given by J4B, ¢ with B, ¢ in (3.24). The matrix By ¢ is
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selfadjoint because B,  is a selfadjoint operator. We now prove (3.25). By
recalling (2.21) and (2.19) it results

(f. & =0®f.p8. (3.26)

Then, by (3.26), since B, ¢ is reversibility-preserving and (3.20), we get

(Buc £, 67) = (0B 57 . pEL) = (Buch 57 . PEL)
=o0’ (BM’G £7, fg//) ,
which proves (3.25). O

Remark 3.11 The complex symplectic form W, in (3.18) restricted to the sym-
plectic subspace V, . is represented, in any symplectic basis (cfr. (3.19)), by
the matrix J4 in (3.23), acting in C* with the standard complex scalar product.

Hamiltonian and reversible matrices. It is convenient to give a name to the
matrices of the form obtained in Lemma 3.10.

Definition 3.12 A 2n x 2n, n = 1, 2, matrix of the form L. = J,,B is

1. Hamiltonian if B is a self-adjoint matrix, i.e. B = B*;
2. Reversible if B is reversibility-preserving, i.e. p2, o B = B o p2,, where

(P, O (¢ O
pa = (O pz)’ pr = (O _C), (3.27)

and ¢ : z +— Z is the conjugation of the complex plane. Equivalently,
p2n oL = —Lo pyy.

In the sequel we shall mainly deal with 4 x 4 Hamiltonian and reversible
matrices. The transformations preserving the Hamiltonian structure are called
symplectic, and satisfy

Y*J34Y =J4. (3.28)

If Y is symplectic then Y* and Y ! are symplectic as well. A Hamiltonian
matrix L = J4B, with B = B*, is conjugated through Y in the new Hamiltonian
matrix

Ly =Y 'Ly = Y 'gY *Y*BY = J4B; where B :=Y*BY =B}.
(3.29)
Note that the matrix p4 in (3.27) represents the action of the involution p :
Ve = Vy,e defined in (2.21) in a reversible basis (cfr. (3.20)). A 4 x 4
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matrix B = (B;;);, j=1,....4 is reversibility-preserving if and only if its entries
are alternatively real and purely imaginary, namely B;; is real when i + j is
even and purely imaginary otherwise, as in (3.25). A 4 x 4 complex matrix
L = (Ljj)i,j=1,...4 is reversible if and only if L;; is purely imaginary when
i + j is even and real otherwise.

In the sequel we shall use that the flow of a Hamiltonian reversibility-
preserving matrix is symplectic and reversibility-preserving.

Lemma 3.13 Let X be a self-adjoint and reversible matrix, then exp(tJ4X),
T € R, is a reversibility-preserving symplectic matrix.

Proof The flow ¢(7) := exp(tJ4X) solves %(p(r) = J42¢(1), withe(0) =
Id. Then ¥ (t) = @(t)*Jap(r) — T4 satisfies ¥ (0) = 0 and j—rl,ﬁ(r) =
©(1)*T534¢(1) + @(1)*T4T4¢(t) = 0. Then (r) = 0 for any 7 and ¢(1)
is symplectic.

The matrix exp(rJsX) = ano %(7J42)” is reversibility-preserving
since each (J4X)", n > 0, is reversibility-preserving. |

4 Matrix representation of £, . on V .

In this section we use the transformation operators U, . obtained in the pre-
vious section to construct a symplectic and reversible basis of V,,  and, in
Proposition 4.4, we compute the 4 x 4 Hamiltonian and reversible matrix
representing %}, ¢ : Ve = Ve on such basis.

First basis of V, .. In view of Lemma 3.1, the first basis of V),  that we
consider is

Fi={fi". o), TG o), fif o), fy (o},

4.1
o €) =Uyef o=+,k=0,1, 1)

obtained applying the transformation operators U, ¢ in (3.10) to the vectors

+ | cos(x) — | —sin(x) + |1 - _ |0
fl - |:Sin(x)] ) fl - |: COS(X) :| ) f() - |:O] ) f() - |:1 ’ (42)
which form a basis of Vy o = Rg(FPo,0), cfr. (2.27)-(2.28). Note that the real

valued vectors { fli, foi} are orthonormal with respect to the scalar product
(2.19), and satisfy

Iht=—f". Ji =" JR=-f. Tl =5, &3

thus forming a symplectic and reversible basis for V) ¢, according to Definition
3.6.
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In view of Remarks 3.5 and 3.7, the symplectic operators U, ¢ transform,
for any (u, €) small, the symplectic basis (4.2) of Vj ¢, into the symplectic
basis (4.1):

Lemma 4.1 The basis F of V,, ¢ defined in (4.1), is symplectic and reversible,
i.e. satisfies (3.19) and (3.20). Each map (u, €) — f (i, €) is analytic as a
map B(jo) x B(eg) — HY(T).

Proof Since by Lemma 3.2-(ii) the maps U,  are symplectic and reversibility-
preserving the transformed vectors f1+ (1, €), ..., fo (u, €) are symplectic
orthogonals and reversible as well as the unperturbed ones f1+ yoos Jo - The
analyticity of f;” (i, €) follows from the analyticity property of U,  proved
in Lemma 3.1. O

In the next lemma we provide a suitable expansion of the vectors f;7 (i, €)

in (u, €). We denote by eveng(x) areal, even, 2 -periodic function with zero
even(x)
odd(x)
(u, €) with values in H'(T, C?), whose first component is even(x) and the
odd(x) ]

, et

even(x)

space average. In the sequel O(u€e") [ ] denotes an analytic map in

second one odd (x); similar meaning for O(u"€") [
Lemma 4.2 (Expansion of the basis F) For small values of (i, €) the basis F

in (4.1) has the following expansion

sin(x) 4 | cos(x) sin(2x)

fﬁ(u,6)=[ i

5. | eveng(x) +iodd(x) 7. | evengy(x)
+0Ww?) [odd(x) + ieveno(x)] +0(€) |: odd(x) :|

cos(x)] M [sin(x)} [2cos(2x)}

ipe [e"lf’ei (();))] + O(u%e, ued), (4.4)
TR R el ERE I P el

00 [ a0 | coenco)

+ipe [ij(f))] + O, né?), 4.5)
= e[ o

+ipe [e‘;‘jjo(f;)] + O(u2e, né?). 4.6)
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i ey = | ] e ([ |+ [ ot |) + 0wesned),

4.7)
where the remainders O() are vectors in H'(T). For w = 0 the basis
{fF(0,€), k= 0,1} is real and

+ _ | eveny(x) _ | odd(x)
fl (0’6)_[0dd(x)i|’ fl (0’6)_[8U€n(.x) ’
| ) 0 (4.8)
+ _ eveng(x _ _
Proof The long calculations are given in Appendix A. O

Second basis of V, .. We now construct from the basis F in (4.1) another
symplectic and reversible basis of V),  with an additional property. Note that
the second component of the vector f, (0, €) is an even function whose space
average is not necessarily zero, cfr. (4.8). Thus we introduce the new symplectic
and reversible basis of V;, ¢

G:={gf (.0, &7 (1. €), g5 (1, ), g5 (. )},

defined by

& (o) = fir(m,e),  gr(u,e) = fi (n,€) —nlu, €)fy (1, €),
gg (. €)= fof(u, &) +n(u, &) fi (m.e), g (. €)= fy (1, €,

4.9
with ( )
f]_(l’L’ E) ’ f()_(:u’ E)

,€) 1= . 4.10
e 15 G )l o

Note that n(u, €) is real, because, in view of (3.26) and Lemma 4.1,
nw@:@ﬁmaﬁﬁyﬂLJHWOJﬂgm:EE}

Il fo (sl I fo (e, )l

4.11)

This new basis has the property that g, (0, €) has zero average, see (4.21). We
shall exploit this feature crucially in Lemma 4.7, see remark 4.8.

Lemma 4.3 The basis G in (4.9) is symplectic and reversible, i.e. it satisfies
(3.19) and (3.20). Eachmap (., €) — g7 (i, €) is analytic as a map B(jo) X
B(eop) — H!(T, C?).
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Proof The vectors g,ﬁc(,u, €), k = 0,1 satisfy (3.19) and (3.20) because
fkjE (i, €),k = 0, 1 satisfy the same properties as well, and n(u, €) is real. The

analyticity of g7 (u, €) follows from the corresponding property of the basis
J. ]

We now state the main result of this section.

Proposition 4.4 The matrix that represents the Hamiltonian and reversible
operator £y ¢ : Vye — Vu.e in the symplectic and reversible basis G of
Ve defined in (4.9), is a Hamiltonian matrix L, ¢ = J4By e, where By, ¢ is
a self-adjoint and reversibility preserving (i.e. satisfying (3.25)) 4 x 4 matrix
of the form

BM,€:<£* g), E=E*, G=G", (4.12)

where E, F, G are the 2 x 2 matrices

2 .
E o= (62(1 + 7 (e, pe?)) — B +r(e, ) 1(%,u + (e, u2e, pﬁ)))

) 2
—1 (%M‘i_rQ(MEZ’/‘LZG’/"L:;)) _%(1 +I"5(E, lu'))
4.13)
G — (1 +rg(e, ple, ne?, ud)  —irg(ue?, e, M3)) (4.14)
irg(ne?, u?e, n?) A+ rio(u’e, 1)
b (r3(63, ne?, ple, ud) irg(ue, /ﬁ)) (4.15)
irg(ue, 1) r1(u’e, u?)

The rest of this section is devoted to the proof of Proposition 4.4. The first
step is to provide the following expansion in (i, €) of the basis G.

Lemma 4.5 (Expansion of the basis G) For small values of (i, €), the basis
G defined in (4.9) has the following expansion

sin(x) | 7' % | cos(x) sin(2x)

e e = [cos(x)] Lk [sin(x)i| . [ZCOS(ZX)}

7. | eveng(x) +iodd(x) 7. | evengp(x)
+0W?) [odd(x) + ieveno(x)] +0(€) |: odd(x) i|
Tipe [eoi‘i(gc))] + O(u2e, pney, (4.16)
_ | —sin(x) . M| cos(x) —2sin(2x)
g (€)= [ cos(x) ] IZ [— sin(x)] € [ cos(2x) ]
2. |odd(x) +1evengy(x) 2. | odd(x)
+0W) [eveno(x) + iodd(x)] +0(€) |:even0(x)i|
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+1ipue [6012;;1((;))] + O(u’e, pe?), 4.17)

s = [o] v o] o [y

Tipe [;}il‘fé&] + O(u2e, ey, (4.18)
8o (U, €) = [(l)i| + e ([22(();))] +1 [eszz(zg)}) + (’)(,uze, ,uez).
(4.19)
In particular, at u = 0, the basis {g,‘g 0,€),0 ==,k =0, 1} is real,
+ | eveny(x) _ | odd(x)
8 (0,€) = [ odd(x) i| ’ 8 (0.€) = [eveno(x)] ’
1 evenp(x) 0 (4-20)
85 0.€) = [0] + [ odd(éx) } 8 (0. €) = M
and, for any €,
/ g, (0,6)dx =0. (4.21)
T

Proof First note that, by (4.8), f; (0, €) = [(1)] and thus g7 (0, €) in (4.9)

reduces to
g (0.0 = f; 0.0~ (f 0.0, m ) m ,

which satisfies (4.21), recalling also that the first component of f, (0, €) is
odd. In order to prove (4.16)-(4.19) we note that n(u, €) in (4.10) is real by
(4.11), and satisfies, by (4.5), (4.7),

1
L+ 7r(u%e, pe?)

X [r(ez) + ue< [_ Sin(x)} , [Sin(x)] ) + (e, uez)]

cos(x) cos(x)

n(u, €) =

=r(e?, ue, ue?).

Hence, in view of (4.4)-(4.7), the vectors g7 (i, €) satisfy the expansion (4.16)-
(4.19). Finally at © = O the vectors g,ﬁc (0, €),k =0, 1, arereal being real linear
combinations of real vectors. ]
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We start now the proof of Proposition 4.4. It is useful to decompose B, ¢
in (3.3) as
B,e = Be + B + B¥,

where B, B, BF are the self-adjoint and reversibility preserving operators

[ THa® =0+ peed
Be = Boe 1= [axo(1+pe<x>> D } *-22)
0 O
B :ZM[O g(D)]’ $(P) = sen(D)+ o, 29
f._ 0 —ipe
B ._,,L[ipé X ] 4.24)

Note that the operators B", B? are linear in . In order to prove (4.12)- (4.15)
we exploit the representation Lemma 3.10 and compute perturbatively the
4 x 4 matrices, associated, as in (3.24), to the self-adjoint and reversibility
preserving operators B, B’ and B, in the basis G.

Lemma 4.6 (Expansion of B.) The self-adjoint and reversibility preserv-
ing matrix B¢ := Bc(u) associated, as in (3.24), with the self-adjoint and
reversibility preserving operator B¢, defined in (4.22), with respect to the
basis G of V¢ in (4.9), expands as

2 . .
2+ 5 +ri(e, ne) in(ued) | (e ue?) ira(ued)

. 2 .
5, —iry(ue’) 3 ir6(pe) 0
r3(€3, jue?) —ire(pe) |1+ rs(e, ne?) irg(ue?)
—irs(pue’) 0 —irg(pe?) 0
+ O(u?e, 1) . (4.25)

Proof We expand the matrix B¢ (u) as

2
Be (14) = Be(0) + 1£(3,B¢) (0) + %(a,iBo)(m +O(u’e, ). (4.26)

To simplify notation, during this proof we often identify a matrix with its
matrix elements.

The matrix B (0). The main result of this long paragraph is to prove that
the matrix B, (0) has the expansion (4.30). The matrix B, (0) is real, because
the operator B, is real and the basis {g,:ct (0, €)}k=0,1 1s real. Consequently, by
(3.25), its matrix elements (B, (0));, ; are real whenever i + j is even and vanish

for i + j odd. In addition g; (0, €) = m by (4.20), and, by (4.22), we get
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Beg (0, €) = 0, for any €. We deduce that the self-adjoint matrix B (0) has
the form

Be(0) = (Be 87 (0. €). g0, ) = . @27)

k,k'=0,1,0,0"'=%

with a, b, ¢, o real numbers depending on €. We claim that b = 0 for any e.
As a first step we prove that

either b =0, or b#0 and a=0=0«. (4.28)

Indeed, by Theorem 4.1 in [43], the operator %y = Lo, possesses, for any
sufficiently small € # 0, the eigenvalue 0 with a four dimensional gener-
alized Kernel W, := span{U;, Us, Uz, Uy}, spanned by e-dependent vectors
Uy, Us, Us, Uy satistying (2.30). Note that U1, U, are eigenvectors, and Uz, Us
generalized eigenvectors, of % . with eigenvalue 0. By Lemma 3.1 it results
that We = Vo = Rg(Po.e) and by (2.30) we have X&e = 0on V. Thus
the matrix

Le (0) := J4B(0) = , (4.29)

which represents % ¢ : Vo« — Vo.e, satisfies LE(O) = 0, namely

—ab 0 |—ab0
0 —-ab ‘ 0 0
00 00
0 ‘ 00

=0.

L2(0) =

This implies (4.28). We now prove that the matrix B.(0) defined in (4.27)
expands as

a0la0 62+r(e3)0‘ r(e® 0
0b |00 0 0 0 0

BO = 5010 = |7 01770 (4.30)
00[/00 0 0 0 0

We expand the operator B¢ in (4.22) as

1 -9
Be = By + €B] + €2By + O(ed), By := [a |D’|‘} ,
X
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[ ew —pwa]
Bj = |:ax Olpj(x) 10 :| , j=172, 4.31)

where the remainder term O(e3) € £(Y, X) and, by (2.15)-(2.16),

ai(x) = p1(x) = —2cos(x), az(x) =2—2cos(2x), pa(x) = %—2005(2)@.

(4.32)
e Expansion of a = €2 +r(ed). By (4.16) we split the real function gfr(O, €)
as
cos(x
g0, 0= fi"+ egfr1 + ezgf; + O, i = [sin((x))] ,
(4.33)

+ . |2cos(2x) + . |evenp(x)
817 | sin@x) |0 8127 | odd(x) |’

where both g1+2 and O(e?) are vectorsin H ! (T). Since By f1+ = j*l,,%o,of]+ =
0, and both By, B are self-adjoint real operators, it results

a=(Beg(0.€), g (0, ¢))
—e(mir L )+ e[t ) +2(Bt e + (Bost g )]
+ O(). (4.34)

By (4.31) one has

L 0 4 1 cos(x)
Bifi = [2 sin(2x):| » Bafi = [3 sin(32x) - %sin(x)i| ’
+ 0 _ +
Bogy, = |:—2 sin(2x)] =B

Then the e%-term of a is (B f;, f;") + (23 T glﬁ> and, by (4.34), (4.35),

(4.33), a direct computation gives a = €2 + r(€?) as stated in (4.30).
In particular, for € # 0 sufficiently small, one has a # 0 and the second
alternative in (4.28) is ruled out, implying b = 0.
e Expansion of ¢ = 1 4+ r(e%). By (4.18) we split the real-valued function
+
8o (0, ¢) as

(4.35)

1
g5 (0.€) = fi +egd +€7g5, +0E), fif = [0] :

(4.36)
o _[eos) ] 4 . [eveno(x)
U [— sin(x)] » 80,7 [ odd(x) } '

@ Springer



686 M. Berti et al.

Since, by (2.27) and (4.31), Bg foJr = f0+, and both By, B are self-adjoint real
operators,

c = (Begg(o» 6) ’ g(—)i_(ov 6))
=1+e(Bify . f37) (4.37)

+é? [(?32f0+, o) +2 (31f0+ ; gai) + <Bog8r1 , géﬁ)] +r(e),

where we also used || fo" | = 1 and (fy", g5) = (", g,) = 0. By (4.31),
(4.32) one has

5| —cos(x) |2 —2cos(2x)
By = 2[ sin(x) ] Bafy = [ 4sin(2x) }

cos(x) }

— sin(x)

(4.38)

Bogy, :2[ =—Bify.

Then the e>-term of c is (B2 £, f37) + (Bl fif, garl) and, by (4.36)-(4.38),

we conclude that ¢ = 1 + r(e3) as stated in (4.30).
e Expansion of & = O(e3). By (4.33), (4.36) and since By, B are self-adjoint
and real we have

a=(Beg (0, €), g5 (0,0) = (Bofi", £3")
+e[(Bi 1)+ (Bof 8d,) + (Bosts £
el ) (0 15) (17 (s )

+ (Boé’fr1 ) g(J)rl) + (30f1+, gS;) ]+ r(e).
Recalling that By f1+ = 0 and By f0+ = f0+, we arrive at
a=e [(Blff, o)+ <g1+1 : fJ)]

+E[Baf S+ (BifT g,) + (Bif - al) + (s )

+ (Bogfr1 : g&) |+rE)=reE),

using that, by (4.33), (4.35), (4.36) (4.38), all the scalar products in the formula
vanish.
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We have proved the expansion (4.30).

Linear terms in x. We now compute the terms of B, () that are linear in u.
It results

0uBe(0) = X + X* where X := (Begf (0, €), (3,87)(0, ) g 1 o0 -

(4.39)
We now prove that
OEH 0 ‘ O 0
_1O@E3H 0] 0@ 0
X= OEH0[OE> 0 (4.40)
O@E30]O@EH 0

The matrix L¢(0) in (4.29) where b = 0, represents the action of the
operator Loe : Vo,e — Vo.e in the basis {g7 (0, €)} and then we deduce
that Lo g, (0,€) = 0, Loegy (0,€) = 0. Thus also Beg; (0,¢) = 0,
Beg, (0,€) = 0, for every ¢, and the second and the fourth column of the
matrix X in (4.40) are zero. In order to compute the other two columns we
use the expansion of the derivatives, where denoting with a dot the derivative
w.r.t. W,

. i [sin) ] . [odd(x) )
g1+(0, €)= 4 _cos(x)} tie [even(x)] +0(€),

g0, 6) =ic [ odd (x) ] O,

eveng(x)
i [ cos(x) even(x) 2 (4-41)
8 0.6 = 4 | — sin(x)] tle [odd(x)] +0(€),

. . sin(x) . | eveng(x) )
& 0. =¢( [cos(x)] i [ 0dd (x) } )+

that follow by (4.16)-(4.19). In view of (4.3), (4.16)-(4.19), (4.29) and since
Begp (0,6) = =T Lcg{ (0, €), we have

Beg (0, €) = (€2 +r(e?) Tgy (0,€) +r () T fy
2| cos(x) 3 1 evengp(x)
=€ |:sin(x)] trie )([o] + [ odd (x) ])
Begd (0,€) =r(e)Tgy (0, €) + (1 +r())T fy

1 1 evengp(x)
= [O] 7 [0] * [ odd(x) ]) '

(4.42)
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The other two columns of the matrix X in (4.39) have the expansion (4.40),
by (4.41) and (4.42).

Quadratic terms in u. By denoting with a double dot the double derivative
w.r.t. 1, we have

920(0) = (Boff . &7/0.0)) + (& 0.0). Bof{)

, (4.43)
2 <Bog,f 0.0). 20, 0)) — Y+ Y* 27,

We claim that Y = 0. Indeed, its first, second and fourth column are zero,
since By f = 0 for f7 € {f]+, Jf1 s Jo }- The third column is also zero by
noting that Bg f(;r = f0+ and

vt _ | eveny(x) +1iodd(x) e __|odd(x) +1ieveny(x)
8 (0.0) = [odd(x) + ieveno(x)i| > 80,0 = [eveno(x) + iodd(x)i| ’

£5(0,0) =g,(0,0)=0.

We claim that

zZ= (3Og,‘§ 0.0). g2/ (0, 0)) Kol =

o,0'=%

(4.44)

Indeed, by (4.41), we have g'g (0,0) = g, (0,0) = 0. Therefore the last two
columns of Z, and by self-adjointness the last two rows, are zero. By (4.41),

0.0 = §[I ] and g7 0,0) = 5[ ) |, so that Bog (0,0) =

cos(x) —sin(x)

L [Sin(x)] and Bog, (0,0) = 15 [ cos(x) ] and we obtain the matrix (4.44)

2 | cos(x) — sin(x)
computing the scalar products.
In conclusion (4.26), (4.39), (4.40), (4.43), the fact that Y = 0 and (4.44)

imply (4.25), using also the selfadjointness of B. and (3.25). O
We now consider B°.

Lemma 4.7 (Expansion of B”) The self-adjoint and reversibility-preserving
matrix B’ associated, as in (3.24), to the self-adjoint and reversibility-
preserving operator B®, defined in (4.23), with respect to the basis G of Ve
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in (4.9), admits the expansion

—E it e 00
. 2 1
g = | S+ nued) & ire(1e) 0 | 1 O(u2e, ).
0 —ire(ue) 0 0
0 0 0

(4.45)

Proof We have to compute the expansion of the matrix entries (B° gr(u,e€),

g,f,,(u, €)). The operator B" in (4.23) is linear in wu and by (4.16), (4.17),
(4.21) and the identities sgn(D) sin(kx) = —i cos(kx) and sgn(D) cos(kx) =
i sin(kx) for any k € N, we have

2
- . 0 w 0 , 0
Bg (n,€) =—ip |:COS(X):| T4 [sin(x)] T lHe |:COS(2X)]

LiO(ue?) } + O(u’e, 1),

eveng(x)
2

, e 01 w [ o0 : 0
Bg (. €) =in [sin(x)_ 7 |:cos(x):| Tine |:sin(2x)}

0

+10(ue?) odd(x)} +O(u?e, 1) .

Note that [8 1_(1)0] g (u, €)= O(u’e, u*e?) thanks to the property (4.21) of

the basis G.
In addition, by (4.18)-(4.19), we get that

B gl (1. €) =ipe [COSO(X)} +10(ue?) [evel?o(x)] +0u’e),
Bgy (1. €) = m +0@e).

Taking the scalar products of the above expansions of B’ &g (u, €) with the
functions g,‘(’//(,u, €) expanded as in (4.16)-(4.19) we deduce (4.45). O

Remark 4.8 The (2, 2) entry in the matrix B” in (4.45) has no terms (’)(,uek),
thanks to property (4.21). This property is fundamental in order to verify that

the (2, 2) entry of the matrix £ in (4.13) starts with —%2 and therefore it is
negative for i small. Such property does not hold for the first basis F defined
in (4.1), and this motivates the use of the second basis G.

Finally we consider B*.
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Lemma 4.9 (Expansion of BY) The self-adjoint and reversibility-preserving
matrix BY associated, as in (3.24), to the self-adjoint and reversibility-
preserving operators B, defined in (4.24), with respect to the basis G of Ve
in (4.9), admits the expansion

0 in@e)| 0 irs(ue)
o 2 .
¢ _ | —irnue) 0 —ire(ue) 0 )
5= 0 ire(ue) 0 —irg(uez) +O(ue). (4.46)
—ira(pe) 0 irg(ue?) 0

Proof Since B = —i upeJ and p. = O(e) by (2.15), we have the expansion

(BF7 (11, ), 87 (1, €)) = (B* g (0,€), 87 (0,€)) + O(ue).  (4.47)

We claim that the matrix entries (B* g; (0, ¢€), g7(0, €)), k, k' =0, 1 are zero.
Indeed they are real by (3.25), and also purely imaginary, since the operator
B is purely imaginary® and the basis { g,ﬁc (0, €)}k=0.1 is real. Hence B* has
the form
0 iB| 0 is
—iBg 0 |—-iy O
0 iy| 0 in
—id 0 ‘ —in 0
(Bg, (0,€), £/ (0,0))
(B (0, €), g4 (0,6)
(Bgy (0,€), g0, )
(B8 (0,€), g9 (0,€) =t in,
and a, B, y, § are real numbers. As B¥ = O(ue€) in L(Y), we get immediately

that y = r(ue) and § = r(ue). Next we compute the expansion of 8 and 7.
We split the operator B in (4.24) as

Bﬁz

+ O(/,LZE) where

(4.48)

118,
iy,
116,

B =ipueB] + One’), B =-pi(0)J, (4.49)

with p1(x) in (4.32) and O(ue?) € L(Y). By (4.49) and the expansion (4.16)-
(4.19), 8, (0,€) = i +0(€),8, (0, €) = f; +O(€), g4 (0, €) = f,F+0O(e),

8 (0,¢) = [(1)] we obtain

B=ne (BHf. A7) +rned), n=ue(Bify . fif) +rued).

5 An operator A is purely imaginary if A = —A. A purely imaginary operator sends real
functions into purely imaginary ones.
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Computing 3? fi = [1 —;S?ZSSX)], 9‘32t Jo = [2 COOS(X)] and the various scalar
products with the vectors f;” in (4.2), we get f = r(pue?), n= r(pe?). Using
also (4.47) and (4.48), one gets (4.46). |

Lemmata 4.6, 4.7 and 4.9 imply Proposition 4.4.

5 Block-decoupling

The 4 x 4 Hamiltonian and reversible matrix L, = J4By ¢ obtained in
Proposition 4.4, has the form

_ E F _ JoE OO F
b= () = (526 326). 5.

where E, G, F are the 2 x 2 matrices in (4.13)-(4.15). In particular J, E has the
form

—(1+ 7 ued) + (Ut rfe. ) —i (% + raue®, e, 1)

5.2)
and therefore possesses two eigenvalues with non-zero real part (“Benjamin-
Feir” eigenvalues), as long as its two off-diagonal entries have the same sign,
see the discussion below (2.36). In order to prove that also the full 4 x 4
matrix Ly . in (5.1) possesses Benjamin-Feir unstable eigenvalues, we aim
to eliminate the coupling term J, F' by a change of variables. More precisely
in this section we conjugate the matrix Ly ¢ in (5.1) to the Hamiltonian and

J2E — ( —i (%+r2(ll“627 M267 /’LS)) _%2(1 +}’5(€,M)) )

reversible block-diagonal matrix L, in (5.35),

3) J2E(3) 0
Lue = @)
e 0 JrG

where JoE® is a 2 x 2 matrix with the same form as (5.2) (clearly with
different remainders, but of the same order). The spectrum of the 4 x 4 matrix
L,(f’,)e, which coincides with that of L, ¢, contains the Benjamin-Feir unstable
eigenvalues of the 2 x 2 matrix Jo E Q) (it turns out that the two eigenvalues
of 7oG® are purely imaginary). This will prove Theorem 2.3.

The block-diagonalization of L, ¢ is achieved in three steps, in Lemma 5.1,
Lemma 5.2, and finally Lemma 5.8. Motivations and goals of each step were

described at the end of Sect. 2.
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5.1 First step of Block-decoupling

We write the matrices E, F, G in (4.12) as

Eyy 1Ep Fiy 1Fpp G 1Gp2
E = . . F = . N G = . 53
(—1E12 Ezz) (l F Fzz) <—1G12 Gzz) (>-3)
where the real numbers E;;, Fi;, G;j, i, j = 1, 2, have the expansion given in
(4.13)-(4.15).

Lemma 5.1 Conjugating the Hamiltonian and reversible matrix L, . =
J4By.e obtained in Proposition 4.4 through the symplectic and reversibility-
preserving 4 X 4-matrix

0-P . (10 (00
Y:Id4+m(Q O)wzth Q'_<OO>’P'_(01>’

Fii(u, €)
Gii(u, e’

(5.4)

m:=m(,€) = —

where m = r(€3, pe?, u2e, u3) is a real number, we obtain the Hamiltonian
and reversible matrix

M )]
1) ._ y-1 _ o) _ [ J2E 3oF
where Bﬂ,)e is a self-adjoint and reversibility-preserving 4 x 4 matrix
ED g
1 1 1 1 1
Bi. = ([F(l)]* o). EV=1EVT. 6V =16V, (56

where the 2 x 2 matrices EV, GUV have the same expansion (4.13)-(4.14) of

E, G and \
0 irg(pe, u’)
) _ 4
= (irswe, W) (e, ;ﬁ)) ' S

Note that the entry F H) is 0, the other entries of FV have the same size as
for F in (4.15).

Proof The matrix Y is symplectic, i.e. (3.28) holds, and since m is real, it is
reversibility preserving, i.e. satisfies (3.25). By (3.29),

EM F(l))

[FOE GO (5-8)

1
B, = V"B, Y = (
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where, by (5.4) and (5.3), the self-adjoint matrices E D GO are

EW = E4+m(QF*+ FQ) +m?>0GQ
2 s
_E4+ (2mF11 +m-Gq 1mF21> ’

imFy 0
| 5 (5.9)
G =G —m(PF + F*P) + m*PEP
. 0 imFr
=G+ (—imFm —2mFy + m2E22> ’
Similarly, the off-diagonal 2 x 2 matrix F1 is
FY .= F+ m(QG — EP) —m*’QF*P
_( 0 i(Fiz+mGn2 —mE +m?Fay) (5.10)
i Fyy Fy —mEn ’ '

where we have used that the first entry of this matrix is Fi; +mG; = 0, by
the definition of m in (5.4). By (5.8)-(5.10) and (4.13)-(4.15) we deduce the

expansion of Bﬂ,)e in (5.7), (5.6) and consequently that of (5.5). O

5.2 Second step of block-decoupling

We now perform a further step of block decoupling, obtaining the new Hamil-
tonian and reversible matrix Lff)e in (5.13) where the 2 x 2 matrix J, E® has
still the Benjamin-Feir unstable eigenvalues and the size of the new coupling
matrix J» F® is much smaller than 7, FV. In particular note that the entries
of F® in (5.14) have size O(u?e3, u3e?, e, u’) whereas those of F(I) in
(5.7) are O(ue3, u3).

Lemma 5.2 (Step of block-decoupling) There exists a 2 X 2 reversibility-
preserving matrix X, analytic in (u, €), of the form

ri(p?, we)  irn(ud, pe)

= (X ix12 = X11, X12, X21, X22 € R
ix21 X2 iri(e, u?)  ro’, pe) )’ T ’

(5.11)
such that, by conjugating the Hamiltonian and reversible matrix LE,},L, defined

in (5.5), with the symplectic and reversibility-preserving 4 x 4 matrix

exp <S<1>) , where SU .= g, (20* ?) S = 00X, (5.12)
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we get the Hamiltonian and reversible matrix

(2) (2)
@ ._ MY M %)) ) JoE JoF
L '=exp (S )LH’E exp <—S ) =J4B); = (Jz[ O 6@ )

(5.13)
where the 2 x 2 self-adjoint and reversibility-preserving matrices E®, G
have the same expansion of EV, GV, namely of E, G, given in (4.13)-(4.14),
and

@ ;-2
Fo _ [ iy 1F)
EO p0)
A2 (5.14)
_ <r3(u263, pie?, we, w’) ira(uied, ute?, we, u’)
irg(ue’, nte?, e, n’y  ri(uie, ute?, ule, ub)

Remark 5.3 The new matrix L,(f,)e in (5.13) is still analytic in (u, €), as L,(Ll)6

This is not obvious a priori, since the spectrum of the matrices J, E M and
TG is shrinking to zero as (u, €) — 0.

The rest of the section is devoted to the proof of Lemma 5.2. We denote for
simplicity § = S,

The matrix exp(S) is symplectic and reversibility preserving because the
matrix S in (5.12) is Hamiltonian and reversibility preserving, cfr. Lemma
3.13. Note that § is reversibility preserving since X has the form (5.11).

We now expand in Lie series the Hamiltonian and reversible matrix L,(f,)e =

exp(S)L{ . exp(—S).

We split Lﬂ,)e into its 2 x 2-diagonal and off-diagonal Hamiltonian and

reversible matrices

1 1 1
LM = pM 4 RO

p._ (Pr 0 _ J,ED 0 R 0 JFM (5.15)
N0 Do) 0 J,GM)° =\omiFror o .

In order to construct a transformation which eliminates the main part of the off-
diagonal part R\, we conjugate Lf})é by a symplectic matrix exp(S) generated
as the flow of a Hamiltonian matrix S with the same form of R\, By a Lie
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expansion we obtain

)

L7, = exp(S)L{}, exp(—5)

a

,
1

=DV 4[5, DO+ 315,15, DV + RY + 15, RV

1
+ %/ (1—1)° exp(TS)adg(D(l)) exp(—tS) dt (5.16)
0

1
+/ (1 — 1) exp(zS) ad2(RM) exp(—7S) dr
0

where ad4(B) := [A, B] := AB — BA denotes the commutator between
linear operators A, B.

We look for a 4 x 4 matrix S as in (5.12) which solves the homological
equation

R 415, pP1=0

which, recalling (5.15), amounts to eliminate the off-diagonal part

=0.

(5.17)
Note that the equation J» FV+3, £ Dg— D3> = Oimplies also Jo[F D] +
JoX*Dy — DgJd»X* = 0 and viceversa. Thus, writing ¥ = JX, namely
X = —J,%, the Eq. (5.17) is equivalent to solve the “Sylvester” equation

0 JzF(l)—i-JzZDo—DlJzE
Jz[F(l)]*—i-JzE*Dl — DpJr X" 0

DX — XDy = —J,F . (5.18)

Recalling (5.15), (5.11) and (5.3), it amounts to solve the 4 x 4 real linear
system

(1) (1) (1) (1)
G —Epy Gy Ey 0 X1 Py
G T g g g D
2 12~ fn —Exn xio| _ | F22 (5.19)
(1) ey (1) (1 x21 —Fi1 |- ’
Ey) 0 Gy —Ey =Gy
F
0 _g® e g g | 12
11 2 12 12/ ——  ——
—A = =:f

Recall that, by (5.7), F11 = 0.
We solve this system using the following result, verified by a direct calculus.
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Lemma 5.4 The determinant of the matrix

ab ¢ O
da 0 —c
el (5.20)
0—e—d a
where a, b, c, d, e are real numbers, is
det A = a* — 2a*(bd + ce) + (bd — ce)? . (5.21)
Ifdet A #~ O then A is invertible and
a (a2 —bd — ce) b (fa2 + bd — ce) —c (a2 + bd — ce) —2abc
Al = 1 d (—a2 +bd — ce) a (a2 —bd — ce) 2acd —c (—a2 —bd + ce)
T detA —e(a2+bd—ce) 2abe al 2—bd—ce) b(az—bd—i-ce)
—2ade —e (—a2 —bd + ce) d( 2 _bd + ce) a (a2 —bd — ce)

(5.22)

As the Sylvester matrix A in (5.19) has the form (5.20) with (cft. (4.13), (4.14))

a= Gglz) - El(lz) = —%(1 +r(€2, e, ,u2)) , b= G%ll) = 1473, pe?, pe, 13,
2
c=EY) = —%(1 tre ), d=G% =u(+ruep?), e=EY =r@ u?),
(5.23)
we use (5.21) to compute
detA = p>(1+r(p, €)). (5.24)

Moreover, by (5.22), we have

Eltren) l+rem ESd+rew) —&a+rew)

At M tremy Batrew) Ed+ren) —Ed+re )
wl e u? r(e?, u?) SA4rEn)  —l4rEn
ur (€2, u?) rEetp?)  —p(+rE )  5a+reE )

(5.25)

Therefore, for any 1 # 0, there exists a unique solution X = A~! f of the
linear system (5.19), namely a unique matrix X which solves the Sylvester Eq.
(5.18).

Lemma 5.5 The matrix solution X of the Sylvester Eq. (5.18) is analytic in
(i, €) and admits an expansion as in (5.11).
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Proof The expansion (5.11) of the coefficients x;; = [A~! f ]ij follows, for
any u # 0 small, by (5.25) and the expansions of F;; in (5.7). In particular
each x;; admits an analytic extension at 4 = 0 and the resulting matrix X
still solves (5.18) at u = 0 (note that, for © = 0, one has F") = 0 and the
Sylvester equation does not have a unique solution). m|

Since the matrix § solves the homological equation [S , D(l)] +RM =0 we
deduce by (5.16) that

1 1!
Lfi)e = D(l)—i-i [S, R(l)]—i-E/ (1—7%) exp(rS) ad§(RM) exp(—tS)dr .
0

(5.26)
The matrix % [S, RM]is, by (5.12), (5.15), the block-diagonal Hamiltonian
and reversible matrix

1 [S R(U] _ Loy (ST FOT — FO3,5%) 0
2L 0 %J2(E*J2F(1) _ [F(l)]*JQE)
J2E 0
- ;) 5.27
< 0 JQG) ( )

where, since X = Jy X,
E = Sym(3:XJ:[FVT*), G :=Sym(X*F1), (5.28)
denoting Sym(A) := %(A + A¥).

Lemma 5.6 The self-adjoint and reversibility-preserving matrices E, G in
(5.28) have the form

P= ( ri(ue’, e ) in(ute’ e, MS))
—ir(u2e?, e, 13y rs(u?e?, pre, ud) )’

' (5.29)
G:( rs(ue?, e, 13y irg(ule, MZEZ,MS)).

—irg(p’e, u2e?, 1) rio(nte, n2e?, ub)

Proof For simplicity set F = F(U_ By (5.11), (5.7) and since Fj; = 0 (cfr.
(5.7)), one has

Ty XJr F*

x21F12  1(x2F21 + x21F22)
ixi1Fi2  xppFy —xnfFx

( rpe?, wle, 1) ir(u?e?, i1e, MS))
ir(u?e?, wle, 1) r(ule?, ute, ud)
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and, 51dding its symmetric (cfr. (5.28)), the expansion of E in (5.29) follows.
For G one has

ixpF  x0Fn +x12F2

B ( r(ue?, wle, 1) ir(ule, ue?, u5)>
ir(u*e, u?e?, 1ub  r(ute, p’e?, ub)

X*F — (x21F21 i(x11Fi2 — x21F22)>

and the expansion of G in (5.29) follows by symmetrizing. O
We now show that the last term in (5.26) is very small.

Lemma 5.7 The 4 x 4 Hamiltonian and reversibility matrix

L E )
_/ (1 — %) exp(zS) adg(R") exp(—t$) dr = (J o )
0 2

2 [FO)* 3,6
R - (5.30)
where the 2 x 2 self-adjoint and reversible matrices E= < Eu 1512), G =
R R —1Epn Ex
G,U i§12> .
(—iG12 G have entries
Eij, Gij = pPr(e, ue®, e, 1%, i, j=1,2, (5.31)

and the 2 x 2 reversible matrix F® admits an expansion as in (5.14).

Proof Since S and R are Hamiltonian and reversibility-preserving then
adgRY = [S, RV is Hamiltonian and reversibility-preserving as well.
Thus each exp(zS) ad%(R(l)) exp(—tS) is Hamiltonian and reversibility-
preserving, and formula (5.30) holds. In order to estimate its entries we first
compute ad%(R(l)). Using the form of § in (5.12) and [S, RM7]in (5.27) one
gets

ad2(R1) = (J (}* JéF) where F :=2 (2526 — Enz)  (5.32)
2

and E, G are defined in (5.28). In order to estimate F, we write G =
( 91 i912>, E = ( Eu i?”) and, by (5.29), (5.11) and £ = J»X,

-Gy Gp —iEp Exn
we obtain
$3,G = ( x1G12 —x2G11 1(x21G22 — X22G~12)>
i(x11G12 +x12G11) —x11G22 —x12G 12
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ir(u?e’, ute?, e, u’) r(uded, ute?, ube, ud)
Epxor — Enxny —i(Enxn + ~E12X22)>

1(Epxi — Exnx) —Epxin — Exnxp

_ (r(u263, e, we, u’) ir(uted, pte?, pude, M8)>

_ (r(u263, e e, ul) ir(u?ed, ute?, pie, /ﬂ))
EJ22 = (

ir(u?ed, ute?, e, uly r(ued, nte?, ube, ud)

Thus the matrix F in (5.32) has an expansion as in (5.14). Then, for any t €
[0, 1], the matrix exp(z S) ad%(R(l)) exp(—tS8) = ad%(R(l))(l +0(u, €)).In
particular the matrix F ) in (5.30) has the same expansion of F, whereas the
matrices E, G have entries at least as in (5.31). O

Proof of Lemma 5.2. 1t follows by Lemmata 5.6 and 5.7. The matrix E @ .=
EWM 4+ E + E has the same expansion of E (M in (4.13). The same holds for
G?,

5.3 Complete block-decoupling and proof of the main results

We now block-diagonalize the 4 x 4 Hamiltonian and reversible matrix Lﬁ)e
in (5.13). First we split it into its 2 x 2-diagonal and off-diagonal Hamiltonian
and reversible matrices

2 2 2

L . (DY 0\ _ (2E® 0 w0 ;F®) (533
= 0 D(()2) - 0 JZG(Z) ’ = JQ[F(Z)]* 0 .

Lemma 5.8 There exist a 4 x 4 reversibility-preserving Hamiltonian matrix
S@ = SO(u,€) of the form (5.12), analytic in (u,€), of size O(e>,
we?, e, 1), and a 4 x 4 block-diagonal reversible Hamiltonian matrix
P := P(u,e¢), analytic in (u,€), of size /,LZO(€4, M4e3, ,LL6€2, /L8€, ,ulo),
such that

3) . 2 2 2 2
LY, = exp(uS@) LY, exp(—pus@)=DP + P . (534
In particular
3
Q) _ NEY 0
Djpe = ( 0 JZGG)) (5.35)

where E®) and G® are selfadjoint and reversibility-preserving matrices of
the form (4.13)-(4.14).
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Proof We set for brevity S = S@. The Eq. (5.34) is equivalent to the system

{an(Dm + R®)e1S) — p@ — p 530

Mo (e#S(D® + RP)e5) =0,

where I1p is the projector onto the block-diagonal matrices and [1g onto the
block-off-diagonal ones. The second equation in (5.36) is equivalent, by a Lie
expansion, and since [S§, R(z)] is block-diagonal, to

1
R® 4 p [S, D<2>]+M2 HQ/O (1= 7)etSad2(D? + R®)e#*Sdr = 0.

=R(S)
(5.37)
The “nonlinear homological equation” (5.37), i.e. [S, DP] = —R® —
UR(S), is equivalent to solve the 4 x 4 real linear system

AR = f(u. e, %), flu.e, %) =ub(u,e)+u’g(u. e, %) (5.38)

associated, as in (5.19), to (5.37). The vector uv(u, €) is associated with
—iR(z) with R® in (5.33). The vector ;ﬂg’(u, €, X) is associated with the
matrix —uR(S), which is a Hamiltonian and reversible block-off-diagonal
matrix (i.e of the form (5.15)), of size R(S) = O(u) since Mzad}(D®) = 0.
The function g(u, €, X) is quadratic in X. In view of (5.14) one has

250, €)= (~F2, FD, —FD FD)T, FD = 120, e, 1, 1Y),

i (5.39)
System (5.38) is equivalent to X = A~!f(u, €, ¥) and, writing A7! =
ﬁB(M, €) (cfr. (5.25)), to

X =B(u, )v(i, €) + uB(u, €)g(u, €, X) .

By the implicit function theorem this equation admits a unique small solution
X = X(u, €), analytic in (i, €), with size O(€3, pe?, u3e, 1) as v in (5.39).
The claimed estimate of P follows by the the first equation of (5.36) and the
estimate for S and of R® obtained by (5.14). O

Proof of Theorems 2.3 and 1.1. By Lemma 5.8 and recalling (3.1) the operator
Ly Vu,e = Vyu,e is represented by the 4 x 4 Hamiltonian and reversible
matrix

' . J,E® 0 U0
i1+ exp(SPLY, exp(—uS?) =i+ ( 2O JzG(3)> - (0 s) ’
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where the matrices E® and G® expand as in (4.13)-(4.14). Consequently
the matrices U and S have an expansion as in (2.33), (2.34). Theorem 2.3 is
proved. The unstable eigenvalues in Theorem 1.1 arise from the block U. Its

bottom-left entry vanishes for %2(1 +ri(n, €) = €2(1 +r{ (1, €)), which, by
taking square roots, amounts to solve i = 2+/2¢ (1 +r(u, €)). By the implicit

function theorem, it admits a unique analytic solution p(€) = 24 2¢ (1+r(e)).
The proof of Theorem 1.1 is complete. m|
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A Proof of lemma 4.2

We provide the expansion of the basis fkjE (n,e) =Upy, e fki, k=0,1,in(4.1),
where fki defined in (4.2) belong to the subspace Vy o := Rg(Po o). We first
Taylor-expand the transformation operators U, . defined in (3.10). We denote
de with an apex and 9,, with a dot.

Lemma A.1 The first jets of Uy e Poo are

Uo.0Po.o = Poo. UgoPo.o= Py oPoo- Uo.oPo.o = PooPoo, (A1)

. . 1 .
Up,oPo.o = (Po,0 = 5P0.0P,0)Poo. (A.2)
where
1 —_ —
Poo=5— yg (L0 — V'L o (Loo— 1) dn, (A.3)
2r1 Jr
. 1 iy )
Py, = o % (Lo — 2" Lo.o(Lo— 1, (A4)
Tl Jr
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and
. 1 L L -
Poo=—5—+ f(zo,o—x) " %0.0(%0.0 — W7 L (Lo — 1) dr
r
(A.52)

1 , ny B
~ o1 f (Loo— WL o (Lo — V7 Lo.o(Loo— 1) dr
r
(A.5b)

1 .
+ — f (%0 — A)_lf(; 0(Z0.0 — Al (A.5¢)
271 Jr ’

The operators .,2”()”0 and a?o,o are

dx o p1(x) 0 s 0 sen(D) + I
Z0= |:—a1(x) Pl(X)oax]’ 30,0—|:0 0 } (A.6)

with a1 (x) = p1(x) = —2cos(x), ¢fr. (2.15)-(2.16). The operator 95,’2(;70 is

0 ipi(x)

Proof By (3.10) and (3.9) one has the Taylor expansion in £(Y)

Lo = [ipl(x). 0 ] . (A7)

1
Uu,ePo,o = PuePoo+ E(P,u,e — P0.0)? Pu.c Po.o + O(Pyc — Poo)*,

where O(P,  — Po, 0 = O(e*, 3, €2u?, eu u*) e LY). Consequently
one derives (A.1), (A.2), using also the identity Py OPo oPo.0+ P0 OPO 0Po.o =
— Py, OPO oPo.0, which follows differentiating P2 = P .. Differentiating
(3.5) one gets (A.3)—(A.5c). Formulas (A.6)-(A. 7) follow by (3.2). |

By the previous lemma we have the Taylor expansion

. . 1 .
I (s €) = f;§’+eP5,0f,§’+/LPo,of;§’+M6(P6,o—§Po,oPé,o)f;f+0(/L2, ).
. (A.8)
In order to compute the vectors Pé,o fZ and Py f using (A.3) and (A.4), it

is useful to know the action of (%0 — A)_l on the vectors

._ | cos(kx) — | —sin(kx) | cos(kx)
5= [sin(kx)i| o= [ cos(kx) ] PRA [— sin(kx)] ’
— .| sin(kx)
fo= |:cos(kx)i| , keN. (A.9)
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Lemma A.2 The space H L) decomposes as H T = Vo.o U & Wy,
Hl

0
with Wy := @ Wi, where the subspaces Vo o, U and W, defined below,
k=2

are invariant under £ o and the following properties hold:

(i) Vo.o = span{f1+, s f0+, fo }is the generalized kernel of £y o. For any
A # 0 the operator £p0 — A : Vo0 — Voo is invertible and

1 1
(Goo=MT ==/ Go—NT =50
(A.10)

1
(Loo—M"1fy = —~fo

1 1
(oo -2 fiF = —Xf0+ + 370 - (A.11)

(ii) U := span {ffl, f__l}. For any ) # %2i the operator £p0—*:U — U
is invertible and

- 1 -
(Zoo—N" 1 =53 — (520,

S 1 -
(Zo0 =25 = 7 (25 =)

(A.12)

(iii) Each subspace W :=2span {kar, i s fjk, f:k} is invariant under £} o.
L

o0
Let Wy2 := @ Wh. For any |A| < %, the operator £p,0 — A : Wyt —

k=2
W2 is invertible and, for any f € W2,

(Zoo~ 07" f = @+ D! [31 _a'f'] 40000, (A13)

for some analytic function . — @¢(A,-) € H LT, C?).
Proof By inspection the spaces V) o, U and W are invariant under % o and,
by Fourier series, they decompose H LT, (Cz).
(i) Formulas (A.10)-(A.11) follow using that f1+ . f1» fy are in the kernel
of fo,o, and cg(),()fo+ = —fof.
(ii) Formula (A.12) follows using that %y o f:’l = -2f",and LHof | =
217
(iii) Let W:=Wp1. The operator (g()’()—)\.ld)h/v is invertible for any A¢{=£i

VIR ik, k =2,k € N} and (Zo0|,,) " = (82 + D)~ [alx ‘gf']lw.

@ Springer



704 M. Berti et al.

In particular, by Neumann series, for any XA such that |A]
||($0’0|W)_1”E(WLz,Hl(T)) < 1,e.g. forany |A| < 1/2,

(o0l — D7 = (Lol 11 = (Lol )

= (Zo.0l) " Y _(Lool,) W
k>0

Formula (A.13) follows with

97 x) = (Looly) " DA (ol S u
k>1

We shall also use the following formulas, obtained by (A.6) and (4.2):

sin(2x _ cos(2x
j(;’ofl"'zz[ E) )] . Lok :2[ (() )} ,
g/ + -2 Sin()C) , g/ - — 0 ,
0.0/0 |:cos(x) 0,070 (A.14)
Zoofit =i [COSO()C)} . Doofy =i [SIHO(X)} . Zoofy =0,
j0,0f()_ = f0+ .
We finally compute P, f and Poof?.
Lemma A.3 One has
, 2 2 P —2sin(2 , =
Pooli'= [ scir?iéx);)] +FPoofi = [ Cossl(nz(x;)] L Poofo =4 Pooly =0, (A15)

. i _ i . . _
P0,0f1+=1f_17P0,0f] =ij15P0,0f()+=07P0,0f0 =0.

Proof We first compute P(;,o f1+. By (A.3), (A.10) and (A.14) we deduce

1 1 _112sin(2
P6,0f1+=—ﬁ Fx(m%,o—)») l[ O(x)}d)»-

We note that [2 Silz)(zx) ] belongs to W, being equal to f—, — f,~ (recall (A.9)).
By (A.13) there is an analytic function A — @(i, -) € H'(T, C?) so that

;o 1 1 /[ —=2cos(2x) _ [2cos(2x)
Poolt ==27 § X([ — sin(2x) ] * /\co(k)) ar= [ sin(2x) } ’
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using the residue Theorem. Similarly one computes Pé,o f1 -By (A.3),(A.10)

and (A.14), one has Pé’ofof = 0. Next we compute Pé,ofof By (A.3), (A.10),
(A.11) and (A.14) we get

2 1 -
Poofo =55 ¢ —(fo,o—)») HfoidA

(A.12) 1 yg +
=Y dr =+,
2mi r< A(AZ+4)f A2+4f—>

where in the last step we used the residue theorem. We compute now 150,0 f1+ .
. > 1 — COS ..
First we have Po,offr = 217 551“ %(30,0 —A) 1 [ O(x)] dA and then, writing

[Coso(x)] = %(ffr + ffl) and using (A.12), we conclude

7

. i1 1
Poaft—L_— (__ + +
0,0f] . - )szl f 4

dr =
22mi I )

2
A2 +4 +4 x(ﬂ +4)

using again the residue theorem. The computations of 150,0 s Po,o f0+, Po,o fo
are analogous. |

So far we have obtained the linear terms of the expansions (4.4), (4.5), (4.6),
(4.7). We now provide further information about the expansion of the basis at
n=0.

Lemma A.4 The basis {f,f(O, €), k = 0,1,0 = £} is real. For any € it
results f, (0, €) = f, . The property (4.8) holds.

Proof The reality of the basis f; (0, €) is a consequence of Lemma 3.2-(iii).
Since, recalling (3.2), %.¢ f, = 0 for any € (cfr. (2.30)), we deduce (.£p,e —
)~ Jo = —% fo and then, using also the residue theorem,

_ 1 o _
Po.c =—%£($o,e—)») 1fo dr = fy .

In particular Py fy = Po,0f, , for any € and we get, by (3.10), f, (0, €) =

Uoefy = fy ,foranye.
Let us prove property (4.8). In view of (3.21) and since the basis is real,

we know that f7(0,€) = [Zl:;(%)], fi 0,6) = [:ii(&))], for any k =

0, 1. By Lemma 4.1 the basis { f;” (0, €)} is symplectic (cfr. (3.19)) and, since
Tfh 0,e)=Tfy = [(l)], for any €, we get

0=(Tf5 0.0, f0.0) = ( [(1)] fH0.0).
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1= (T f; 0,6, f;70,€) = ([(1)] , foh (o, e)).

Thus the first component of both ffr (0, €) and f0+ 0,¢)— [(1)] has zero average,

proving (4.8). O
We now provide further information about the expansion of the basis at

e =0.

Lemma A.5 For any small 1, we have f0+ (u,0) = fO+ and fy, (n,0) = fy .

Moreover the vectors f1+ (e, 0) and f| (i, 0) have both components with zero
space average.

Proof The operator .2}, o = [EXI D ; g
X

span{ f0+, fo ) since £, o f0+ = —fy and L, 0f, = I f0+. The operator
20 | = has the two eigenvalues +i ,/u, which, for small u, lie inside the loop
I" around O in (3.5). Then, by (3.8), we have Z C V), o = Rg(Py,0) and

] leaves invariant the subspace Z :=

Puofi =1 S, 0) = Uuofyf = f°. forany p small.

The basis { ;7 (1, 0)} is symplectic. Then, since J f0+ = [_01] and J f, =
[(1)] we have

0= (TS .0, f7,0) = ([°] 7 6.0).
0= (715 w0, 76.0) = ([s] 77 6.0).

namely both the components of fli(,u, 0) have zero average. O

We finally consider the y1€ termin the expansion (A.8) of the vectors f7 (u, €),
k=0,1,0 = &.

Lemma A.6 The derivatives (3,0, f)(0,0) = (P = $Po.oFf o) S sar-

isfy
@00 =i | M0 0.0 =i [ ]
e f3)(0,0) =1 [e‘;‘jfféf;)] , (A.16)

e
(3ude f5)(0.0) = 5 [Sm(x)] i [eveno(x)} ‘

cos(x) odd(x)
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Proof We decompose the Fourier multiplier operator .,2’20,0 in (A.6) as

Gho= 23+ 20 48 = |07 | AP = (00|
; ; ; 0 0 ; 00
and, accordingly, we write 15670 = (A50)D + (AS5a)"D + (A5p)D +
(A.50)ID 4 (A.5¢) defining

1 .
(A5a)D) = —0 yg (oo — VLN (Lo — 7L o (Lo — )ld,
r
(A.17)

1 1 s _ _
(A5a)UD = 5 f (Loo — ML (Loo — 7L o (Loo — M)A,
r
(A.18)
1 :
(50D = —o— f (L0 — 0" L o(Loo — M LN (Loo — 07,
r
(A.19)

1 .

(A.5p)ID = 5 ?§ (oo — 2L o( Lo — WL (Lo — 7 dr
r

(A.20)

Note that the operators (A.5a)D, (A.5p)D and (A.5¢) are purely imaginary
because D?é’{)) is purely imaginary, DS,”(;’O in (A.6) is real and 92’20”0 in (A.7)
is purely imaginary (argue as in Lemma 3.2-(iii)). Then, applied to the real
vectors f7, k =0, 1, 0 = +, give purely imaginary vectors.

We first compute (9, 0¢ f1+)(0, 0). Using (A.10) and (A.14) we get

2

(A5a) 1D i = = y§ %(iﬂo,o — 0 LI (Lo - 07! [sinm =0
) |

2mi

. )»)_1 sin§)2x)

because, by Lemma A.2, (% 0 ] € W and therefore it is a vec-

tor with zero average, so in the kernel of DS!ZO(’IOI). In addition (A.56)! D f1+ =0
since 02’20(7101) (Lo —1"! f1+ = 0. All together P(;,o f1+ is a purely imaginary
vector. Since Py g is a real operator, also (P(;,o — %Po,o Pé,o) ffL is purely imag-
inary, and Lemma 3.8 implies that (9,0, f1+ )(0, 0) has the claimed structure
in (A.16). In the same way one proves the structure for (9,9 f; )(0, 0).

Next we prove that (9, 0e f0+)(0, 0), in addition to being purely imaginary,
has zero average. We have, by (A.11) and (A.14)

2 . 1 Mq
(A.5a0) D fif = 5 yg (Loo =N Lo (Lo~ 27" [Sln(x)] da
r

cos(x)
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and since the operators (£ o — 2~ and zo(lo) are both Fourier multipliers,

hence they preserve the absence of average of the vectors, then (A.5a)) f0+
has zero average. In addition (A.5a)1D

+ H(1T) —1 [ sin(x)
fif =0 25 (oo — 7" )| =o0.
Next (A.56)D £+ = 0 since FWDx 0, cfr. (2.24). Using also that
0 0,0J0
(11 SUIT) p—
2y foh = 0and 21 £ = fo,

1 1
(AspyID g AID 1 yg (Loo— ) L (Lo — 1) [
2xi Jr : ’ A2

sin(x)
cos(x)

(A.11),(A.14) i

1
—(Lo—n"" dr=0
pEel APER U [ ]

using (A.12) and the residue theorem. Finally, by (A.11) and (A.7) where
p1(x) = —2cos(x),

Q2 1 1feosx)] L[ 0
(ASe)fy = 3 fr(iﬂo,o —A) (— X |: 0 ] + 22 |:c0s(x)i| ) dx

is a vector with zero average. We conclude that Pé,O f(;L is an imaginary vector
with zero average, as well as (9,0, f0+)(0, 0) since Py sends zero average
functions in zero average functions. Finally, by Lemma 3.8, (9,,0¢ f0+)(0, 0)
has the claimed structure in (A.16).

We finally consider (9,0e f, )(0,0). By (A.10) and Z(;’O Jo = 0 (cfr.
(A.14)), it results, for M =1, 11,

1
21

- (Zo0-M"" - .
(AS5a)M fr = — 55 0 Ok Ly (oo — )7L o fydh = 0.
r

Next by (A.10) and 23 f;” = 0 we get (A.56)D f;~ = 0. Then, since
Zo0 'ty =17

_(A10—ALL 1 [ (Zho—1)! 1 1
A5byID g P2 _75’—3’ (=2 fd + 5500 )
(A-56)"" fo 271 Jr A 00 =5/ T 3300

(A.14),_(A.12)_i 11
N 2mi Jp AZA2+4

b 1 sin(x)
=5/-1=3 [COS(X)] ’

(_zfj_l - )‘f:l)d)\
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which is the only real term of (9,,9¢ f;; )(0, 0) in (A.16). Finally by (A.10) and
(A7)

o 2 1 0 B i [ cos(x)
(A5 fg =5~ 7§F<i”0v0 Y |:cos(x)] W= [—sin(x)]

by (A.10), (A.12) and the residue theorem. In conclusion 15670 fo =
%[sin(X)] _ ii[cos(x)] € U and, since Pooly = 0, we find that

cos(x) —sin(x)
. | . — 1 [sin(x) i [cos(x)
( 6,0 - §P0’0P6,0> fO =2 [cos(x)] B 15 [sin(x)]' =

This completes the proof of Lemma 4.2.
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