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Abstract

The microscopic interpretation of the Bekenstein-Hawking entropy is still an open challenge
in theoretical physics. Supersymmetric indices and holography, turn out to be major tools to
improve our knowledge.

In the first part of this thesis, using a Bethe Ansatz formulation, we compute the large
N limit of the superconformal index with arbitrary chemical potentials for all charges and
angular momenta, for generic 4d N/ = 1 conformal theories with a holographic dual. We
conjecture and bring evidence that a particular universal Bethe vacuum dominates the
index at large N. For N = 4 super-Yang-Mills, this contribution correctly leads to the
entropy of BPS Kerr-Newman black holes in AdS5 x S° for arbitrary values of the conserved
charges, completing the derivation of their microstates. We also consider theories dual to
AdS5 x SE5, where SEj is a Sasaki-Einstein manifold. We first check our results against the
so-called universal black hole. We then explicitly construct the near-horizon geometry of
BPS Kerr-Newman black holes in AdS; x T'!, charged under the baryonic symmetry of
the conifold theory, and with equal angular momenta. We compute their entropy using the
attractor mechanism and find complete agreement with the field theory predictions.

For BPS black holes with an AdS; factor at the horizon, the black-hole microstates can be
seen as ground states of a dual 1d theory. In the second part of this dissertation, we construct
an N = 2 supersymmetric gauged 1d model by starting from the 3d A/ = 2 Chern-Simons
matter theory holographically dual to massive type IIA string theory on AdS; x S, and
Kaluza-Klein reducing it on S? with a background dual to the asymptotics of static dyonic
BPS black holes in AdS,. The background involves a choice of gauge fluxes, that we fix via
a saddle-point analysis of the 3d topologically twisted index at large N. The ground-state
degeneracy of the effective quantum mechanics reproduces the entropy of BPS black holes,
and we expect its low-lying spectrum to contain information about near-extremal horizons.
Interestingly, the model has a large number of statistically-distributed couplings, reminiscent
of SYK-like models.
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Chapter 1
Introduction

The formulation of a complete quantum gravity theory is still an open problem in modern
theoretical physics. The extreme regimes at which quantum corrections become relevant in
the treatment of gravitational systems make experimental tests of quantum gravity theories
very difficult.! Because of this, one has often to resort to alternative methods to probe
promising candidates. In this respect, black holes turn out to be a privileged theoretical
laboratory where to put our favorite theory under investigation. Black holes turn out to exhibit
a macroscopic entropy [3—6], which can be computed and motivated semi-classically. It is
known as Bekenstein-Hawking entropy and it is proportional to the area of the black-hole

horizon
kB C3 ABH

h AGy

Notice that the presence of 7 at the denominator tells us that this quantity has an intrinsically

(1.1

SpH =

quantum origin. It is difficult to think of a purely classical way to identify microstates
dpH micro accounting for such an entropy via the usual statistical expression

SBH = kB lOg dBH,micro . (1-2)

This is because a classical black hole is a terribly simple system, due to the presence of the
event horizon which prevents access to the black hole’s interior. From here on, we will use a
system of units in whichc =% = kp = 1.

A good quantum gravity candidate should be able to reproduce and motivate the Bekenstein-
Hawking entropy from a microscopic perspective (1.2). The most concrete candidate we have
up to date is string theory. In this framework, much work has been done and the discovery of

D-branes [7] allowed people, starting from the seminal work [8] for BPS Reissner-Nordstrom

1The advent of the gravitational-wave astronomy era and advances in experimental cosmology made realistic
quantum gravity tests nearer than they were some 10 years ago.
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black holes in type IIB on S x K3, to model asymptotically-flat black holes as D-brane
systems. By counting the degeneracy of these systems the Bekenstein-Hawking entropy
was reproduced, and it has also been possible to compute quantum corrections to it [9-30]
(see [31] and [32] for a recent account and further references).

Another class of black holes that one might be interested in studying is the one of
asymptotically-AdS black holes. For these black holes, a brane picture is not available, and
one has to resort to alternative descriptions. In this respect holography, under the disguise
of the AdS/CFT correspondence [33,34], is a tremendously powerful tool. The AdS/CFT
correspondence can be taken as a complete, non-perturbative definition of quantum gravity
via the dual lower-dimensional (non-gravitational) field theory, leaving at the conformal
boundary of AdS. This concrete take on the holographic principle [35-37] has been so
powerful that people are actively working to extend the correspondence to different setups;
the celestial holography program (see [38] for a recent account), for example, aims at a
formulation of holography for asymptotically-flat gravitational systems.

In this thesis, the main focus will be on how the AdS/CFT correspondence accounts for
the asymptotically-AdS black-hole microstates. The analysis for a generic black hole, though,
is complicated: the computations in the dual field theory have to be carried out at strong
coupling, and, in these regimes, there are usually few handles one can rely on. A simplifying
setup is the one of supersymmetric (BPS) black holes: in this case, instead of computing a
partition function, one can compute an index, for which supersymmetric localization [39]

often offers exact results.

1.1 Supersymmetric localization

Supersymmetric localization is a powerful technique in supersymmetric quantum field
theories, which allows one to “localize” a complicated path integral to a simpler finite
dimensional regular integral over BPS configurations. This technique takes inspiration from
equivariant localization in mathematics. Rigorous definitions go beyond the scope of this
dissertation and we refer to [39, 40] for further details and a broad list of references.

Let us sketch what is the idea behind this technique. We will focus on the following
Euclidean path integral

I@:/D(,o(ﬂe_s[‘p]. (1.1.1)

Let us assume that the action S is annihilated by a fermionic symmetry generator Q, which

we will refer to as supersymmetry. Let us also assume that the operator O and the measure
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Dy are annihilated by Q. We can now consider the following modification of (1.1.1):
To(1) = / Dy O ¢ Slel-1QVIel (1.1.2)

where QV is a positive semi-definite functional of the fields and # > 0 a real parameter. The
functional V has to be chosen in such a way that Q?V = 0. One can now explicitly prove the

invariance of (1.1.2) with respect to ¢

iIO(t) = —/ Do O QV]y] e Slel-1QVI¢]

dt (1.1.3)
_ _/ Dy O (@ Vie] e—sm—erw]) ~0.

Notice here how crucial the invariance of the measure concerning Q is. In particular, when
computing thermal correlators, this forces fermions to have periodic boundary conditions.
From an operatorial perspective, this corresponds to (=1)¥ insertions in the correlator, F
being the fermion parity operator. One often refers to these quantities as indices.

Given (1.1.3), one has the following relation:
Zo =Zo(0) =Zp(1) :tlim Zo(t) . (1.1.4)

The last equality is the essence of supersymmetric localization. At this point, the integral
can be evaluated by the saddle-point method. Let ¢ be the BPS configurations, i.e., the
configurations satisfying

BPS = {¢g | QV[¢o] =0} . (1.1.5)

Notice that, since QV is semi-positive definite, ¢y, is an extremum of QV. By splitting the
field integration variable as

1
=po+—0, (1.1.6)
p=¢ \/;<P
one gets, in the strict limit # — oo, that

52 2

- \'
Io:/ dgoOOe_S[‘pO]/D{Ze 57 2 ‘wo‘p
BPS

(1.1.7)
z/ dpg O e S0l Z1100p(90) »
BPS

where we have defined

52

- \%
Zl-loop(soo)s/D(o’e o4 Lo ) (1.1.8)
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This quantity is called 1-loop determinant and it is a product of determinants of the quadratic
forms at the exponent. These determinants appear at the numerator when coming from
fermionic fields and at the denominator when coming from bosonic ones.

This trick is particularly useful when the BPS locus (1.1.5) is a finite-dimensional
manifold. In this case, one has reduced a complicated path integral down to a more tractable

finite-dimensional integral, which can be evaluated either analytically or numerically.

1.2 Holographic microstate counting

Starting from [41,42], the possibility of capturing the microstates of BPS asymptotically-AdS
black holes using indices became apparent in the case of static magnetically-charged black
holes in AdS, x S”. This result was subsequently generalized in many respects [43-71], for
example extending it to different classes of black holes or by computing quantum corrections
to the leading Bekenstein-Hawking term. Assuming that the cancellations due to the (=1)%
insertion are optimally obstructed, the entropy is obtained as follows. The index Z(A) is
computed in the grand-canonical ensemble, in the presence of fugacities A for the global
symmetries commuting with the supercharges, and the entropy is obtained by taking its

Fourier transform

eS8H(Q) — / (1—[ dA]) Z(A) e 2miLiQrAr (1.2.1)
1

By evaluating this expression at large N for large black holes, we get at leading order the
entropy as Legendre transform of the index

-~ 01

SBH(Q):I(Z)—%ZI:Q,Z,, A; st I = 27iQ; . (1.2.2)

A

This procedure goes under the name of Z-extremization [72].

Another important step in this direction was made when the entropy of BPS Kerr-
Newman AdSs5 x S° black holes was holographically reproduced in [73-75] by computing
the superconformal index of the dual 4d N = 4 super-Yang-Mills (SYM) theory, i.e., by
counting its 1/16-BPS states on S* x §3. Also in this case, there has been a lot of effort in
the last few years to generalize and understand these results [76—132]. In this context, our
work [1]? generalized the results obtained in [73] in the so-called Bethe ansatz formulation
of the superconformal index to the case of generic angular and flavor chemical potentials and
a broader class of ' = 1 holographic quiver models, including toric quiver models.

2While this work was ready to be posted on the arXiv, the preprint [93] appeared, which discusses the index
in the particular case T = o using a different approach.
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The results in the AdS5 case have been particularly relevant. The superconformal index
was first formulated [133, 134] to capture the entropy of Gutowski-Reall black holes [135].
The large N computation performed in [134], though, did not agree with this expectation,
suggesting a large cancellation between bosonic and fermionic BPS states. A computation
with real flavor fugacities was performed, which gave an order O(1) entropy function,
incapable of reproducing the O(N?) black-hole entropy. This remained a puzzle, until
in [73-75], taking inspiration from the results for 4d black holes [41,42], the importance of
using complex flavor fugacities was understood, and the correct result was obtained.

Why an index should capture the entropy of BPS asymptotically-AdS black holes was
nicely argued in [41,42]. Taking inspiration from a similar argument [23,28,31] in the case
of asymptotically-flat black holes, the black-hole solution is interpreted as a renormalization-
group flow across dimensions. The asymptotically-AdS >4 region is dual to the UV CFT,_;
whose index captures the entropy. The near horizon AdSy X M ,_o region, where M ;_o
is some (d-2)-dimensional manifold, is supposedly dual to an IR CFT; which captures the
near-horizon physics of the black hole. In the case of single-center black holes without hair,
the entropy information should only be encoded in this theory. In particular, the presence
of a superconformal R-symmetry in the CFT; motivates the complete obstruction to the
boson-fermion cancellations provided by the (=1)7 insertion in the index, and thus the
equivalence (up to a sign) between the zero temperature partition function, capturing the

black-hole entropy, and the index.

1.3 Leaving the BPS safe harbor

The idea of capturing the near-horizon physics of black holes is one of the driving forces
in the study of AdS9/CFT; correspondence. Due to the low dimensionality of the theories
involved in this duality, it can offer a unique opportunity to clarify aspects of holography that
are too complicated to be addressed in higher dimensions.

Starting from [136—142], people have studied and generalized the correspondence between
the Sachdev-Ye-Kitaev (SYK) model [143—145] and Jackiw-Teitelboim (JT) gravity [146,147].
This correspondence exhibits many peculiar features; for example, the gravity theory is
conjecturally dual not to a single quantum mechanical model, but to a random average of
models, instead. For a detailed treatment and further references, we refer to [148—151].

In the series of papers [152—158] this low-dimensional holographic setup was used to
clarify many aspects in black-hole thermodynamics. The supergravity zero modes around a
black-hole background in the near-horizon region were matched by a particular JT-gravity

effective theory. In particular, the contribution to the density of states coming from near-
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extremal black holes was predicted at low temperatures by using this effective theory: the
large order O(N?) degeneracy of AdS5 BPS black holes at 7 = 0 was reproduced, and strong
suppression of the density of states for extremal black holes in the non-BPS case was obtained;
the analysis also revealed an order O(N~2) gap above extremality for BPS black holes. This
being said, a first principle derivation of the holographic dual 1d quantum-mechanical model,
describing the near-horizon degrees of freedom, was still missing.

In [2] we fill in this gap by explicitly reducing the boundary CFT3 dual to a class of
asymptotically-AdS, magnetic black holes on a sphere S, and obtaining a 1d quantum-
mechanical model putatively dual to the black-hole near-horizon physics. This model correctly
reproduces the entropy of BPS black holes and it should match the gravitational results in
the near-BPS case. Having a tool to study near-BPS black holes is a major result since the
absence of supersymmetry is most of the time prohibitive in the quantitative analysis of a
system. Moreover, by studying this model, one can probe basic features of the AdS,/CFT;
correspondence: for example in our model (in the spirit of what was done in [159] in
the context of asymptotically-flat black holes in string theory), disorder averages are only
introduced as a simplifying tool while performing the computations, being the couplings
“statistically distributed”, but fixed; in the SYK model, instead, disorder averages are a

structural ingredient of the theory. We leave further analysis of this model for future works.

1.4 Outline

We will now outline the structure of this thesis, by going into some more detail on the two
original works [1,2] on which our discussion is based. They will be the focus of Chapter 2
and Chapter 3, respectively.

Chapter 2. The family of AdS5 x S° supersymmetric black holes found in [135, 160—163]
depends on three charges Q, associated with the Cartan subgroup of the internal isometry
SO(6), and two angular momenta J; in AdSs, subject to a non-linear constraint.> The entropy

can be written as the value at the critical point of the entropy function [118]

w2 XiXaXs
TO

S(X,,1,0) =—in 2mi X, 04, +7J1+0J9 (1.4.1)

3
a=1

with the constraint X{ + Xo + X3 — 7 — 0 = +1, where N is the number of colors of the dual 4d
N = 4SU(N) SYM theory. The same entropy function can also be obtained by computing the

3Supersymmetric hairy black holes depending on all charges have been recently found in [164, 165], but
their entropy seems to be parametrically smaller in the range of parameters where our considerations apply.
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zero-temperature limit of the on-shell action of a class of supersymmetric but non-extremal
complexified Euclidean black holes [74,96]. The two constraints with + sign lead to the same
value for the entropy, which is real precisely when the non-linear constraint on the black-hole
charges is imposed. The parameters X,, 7, and o are chemical potentials for the conserved
charges Q, and J; and can also be identified with the parameters the superconformal index
depends on. With this identification, we expect that the entropy S(Q, J1,J2) is just the
constrained Legendre transform of log Z(X,, 7, o), where Z(X,, T, o) is the superconformal
index.

Initially, the entropy of AdSs x S° Kerr-Newman black holes has been derived from the
superconformal index and shown to agree with (1.4.1) only in particular limits. In [75], the
entropy was derived for large black holes (whose size is much larger than the AdS radius)
using a Cardy limit of the superconformal index where Im(X,), 7,0 < 1. In [73], the
entropy was instead derived in the large N limit in the case of black holes with equal angular
momenta, J1 = Jo.4 The large N limit has been evaluated by writing the index as a sum over
Bethe vacua [85], an approach that has been successful for AdS black holes in many other
contexts.

It is one of the purposes of this Chapter to extend the derivation of [73] to the case of
unequal angular momenta, thus providing a large N microscopic counting of the microstates of
BPS Kerr-Newman black holes in AdS5 x S° for arbitrary values of the conserved charges. We
will make use of the Bethe ansatz formulation of the superconformal index derived for 7 = o
in [166] and generalized to unequal angular chemical potentials in [85]. This formulation
allows us to write the index as a sum over the solutions to a set of Bethe Ansatz Equations
(BAEs) — whose explicit form and solutions have been studied in [62,73,81,111,116, 125]
— and over some auxiliary integer parameters m;. We expect that, in the large N limit, one
particular solution dominates the sum.> In Section 2.1 we will show that the “basic solution"
to the BAEs, already used in [73], correctly reproduces the entropy of black holes in the form
(1.4.1) for a choice of integers m;. We stress that our result comes from a single contribution
to the index, which is an infinite sum. Such a contribution might not be the dominant one
— and so our estimate of the index might be incorrect — in some regions of the space of
chemical potentials. It is known from the analysis in [73] that when the charges become
smaller than a given threshold, new solutions take over and dominate the asymptotic behavior
of the index. This suggests the existence of a rich structure to which other black holes might

also contribute. However, we conjecture and will bring some evidence that the contribution

4The same result has been later reproduced with a different approach in [90].
5Tt is argued in [81] that there exist families of continuous solutions. This does not affect our argument
provided the corresponding contribution to the index is subleading.
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of the basic solution is the dominant one in the region of the space of chemical potentials
corresponding to sufficiently large charges.

In Section 2.2 we will also extend the large N computation of the index to a general class
of superconformal theories dual to AdS5 X SE5, where SEj5 is a 5d Sasaki-Einstein manifold.
The analysis for J; = Jo was already performed in [125]. For toric holographic quiver gauge
theories, we find a prediction for the entropy of black holes in AdS5 X SE5 in the form of the
entropy function

S(Xa’ T, O-) = - — 2mi

N2 & X, X, X
o >" Cape = be . (142)
(oa

D
- D XaQu+ I+

a=1

a,b,c

with the constraint Zle X, — 17— o0 = %1, in terms of chemical potentials X, for a basis
of independent R-symmetries R,. The coefficients C,pc N 2 = i Tr R,Rp R, are the 't Hooft
anomaly coefficients for this basis of R-symmetries. The form of the entropy function (1.4.2)
was conjectured in [167] and reproduced for various toric models in the special case 7 = o
in [125]. We will give a general derivation, valid for all toric quivers and even more. We
will also show that both constraints in (1.4.2), which lead to the same value for the entropy,
naturally arise from the index in different regions of the space of chemical potentials. The
function (1.4.2) was also derived in the Cardy limit in [77].

In the last part of the Chapter, we will provide some evidence that (1.4.2) correctly
reproduces the entropy of black holes in AdS5 X SE5. In Section 2.3 we first check that our
formula correctly reproduces the entropy of the universal black hole that arises as a solution
in 5d minimal gauged supergravity, and, as such, can be embedded in any AdSs X SEj;
compactification. It corresponds to a black hole with electric charges aligned with the exact
R-symmetry of the dual superconformal field theory and with arbitrary angular momenta
J1 and Jy. Since the solution is universal, the computation can be reduced to that of
N =4 SYM and it is almost trivial. More interesting are black holes with general electric
charges. Unfortunately, to the best of our knowledge, there are no available such black hole
solutions in compactifications based on Sasaki-Einstein manifolds SE5 other than §°. To
overcome this obstacle, in Section 2.4 we will explicitly construct the near-horizon geometry
of supersymmetric black holes in AdS5 x T'!+! with equal angular momenta and charged under
the baryonic symmetry of the dual Klebanov-Witten theory [168]. Luckily, the background
AdS; x T1! admits a consistent truncation to a 5d gauged supergravity containing the massless
gauge field associated with the baryonic symmetry [169—171]. We then use the strategy
suggested in [118]: a rotating black hole in 5d with J; = J2 can be dimensionally reduced
along the Hopf fiber of the horizon three-sphere to a static solution of 4d A/ = 2 gauged
supergravity. We will explicitly solve the BPS equations [172—174] for the horizon of static
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black holes with the appropriate electric and magnetic charges in A = 2 gauged supergravity
in 4d. The main complication is the presence of hypermultiplets. By solving the hyperino
equations at the horizon, we will be able to recast all other supersymmetric conditions as a
set of attractor equations, and we will show that these are equivalent to the extremization of
(1.4.2) for the Klebanov-Witten theory with 7 = o-. This provides a highly non-trivial check

of our result and the conjecture that the basic solution to the BAEs dominates the index.

Chapter 3. In this Chapter we construct a supersymmetric gauged quantum mechanics
(QM) that we expect to capture information about near-extremal black-hole horizons. We
work in a very specific setup: massive Type IIA string theory on S®, which is dual to the
3d N = 2 SU(N); Chern-Simons-matter (CS-matter) theory [175] in Section 3.1.2. The
supergravity admits asymptotically-AdS, static magnetic (or topologically twisted) BPS
black holes [176—178], that we aim to describe. The quantum mechanics is then obtained by
reducing the dual 3d field theory on S2, with a specific background that corresponds to the
black-hole asymptotics.®

More specifically, the entropy of static magnetically-charged BPS black holes in AdS,
is captured by the topologically-twisted (TT) index [72, 179] of the dual 3d boundary
theory [41,42,63,67,180-182], see in particular [43, 64] for the specific example in massive
Type IIA studied here. In the Lagrangian formulation, the topologically-twisted index is the
Euclidean partition function of the theory on S? x S!, in the presence of a supersymmetric
background that holographically reflects the asymptotics of the BPS black hole. The
background can be thought of as a topological twist on S? that preserves two supercharges, or
equivalently as an external magnetic flux for the R-symmetry. In Section 3.1.1 we observe that
the topologically-twisted index takes the form of the Witten index of a quantum mechanics,
obtained by reducing the 3d theory on S? with the twisted background. Up to exponentially
small corrections at large N, the index is the grand-canonical partition function for the BPS
ground states of that quantum mechanics. In other words, the ground states of that quantum
mechanics are the microstates of a BPS black hole with given charges, and one expects the
excited states to describe near-extremal black holes. The goal of this Chapter is to construct
such quantum mechanics.

The procedure we outlined has a technical complication: the formula for the topologically-
twisted index — schematically in (3.1.1) — has an infinite sum over gauge fluxes on S2.
For each term in the sum, one obtains different quantum mechanics upon reduction. Thus

it appears that, even at finite N, one has to deal with a quantum mechanical model with

¢The background is dual to the black-hole chemical potentials, or charges, depending on the ensemble.
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an infinite number of sectors, over which we do not have good control.” Nevertheless, in
the large N limit we expect one sector to dominate the entropy® and thus contribute to the
majority of the states. In Section 3.1 we determine such a sector by performing a saddle-point
evaluation of the index in the sum over fluxes. This gives us an A/ = 2 supersymmetric
gauged quantum mechanics with a finite number of fields (at finite N).

The resulting N = 2 quantum mechanics, that we exhibit in Section 3.3 and on which
we discuss the stability in Section 3.4, has some interesting features. It has U(1)" gauge
group and a number of fields that scales as N 3. It has an SU(2) global symmetry, dual
to the isometry of the S? black-hole horizon. More importantly, it has a large number of
couplings among the fields, expressed in terms of Clebsch-Gordan coeflicients (arising in the
reduction from the overlap of Landau-level wave functions on §?). Therefore, although the
quantum mechanics is specific and well-defined, at large N its couplings can be approximated
by random variables following a statistical distribution. This makes us hopeful that the IR
dynamics might have some traits in common with supersymmetric SYK models [154, 183].

In the large N saddle-point evaluation of the topologically-twisted index, we noticed that
there is actually a series of saddle points — one of which dominates the large N expansion.
These saddle points are labeled by shifts of the chemical potentials by 1 and likely correspond
to a series of complex supergravity solutions with the very same boundary conditions, as
in [184, 185].

Appendices. Technical computations as well as some review material can be found in several
appendices. In Appendix A we report all the details of the large N computations performed at
various stages of the thesis. Appendix B and Appendix C set our supergravity conventions and
display all the details of the Scherk-Schwarz reduction, respectively. Appendix D contains
details on the expansion in monopole harmonics on S2. Finally, Appendix E contains a brief

overview of 1d N = 2 supersymmetry.

7This is partially because the reduction is in the grand-canonical ensemble for the electric charges (though it
is micro-canonical for the magnetic charges), with fixed chemical potentials. Therefore, the states of all BPS
and near-BPS black holes are mixed up together.

8We are grateful to Juan M. Maldacena for suggesting this possibility to us years ago.



Chapter 2

Superconformal indices at large N and
the entropy of AdS; X SE; black holes

In this Chapter, we holographically compute the entropy of a broad class of BPS asymptotically-
AdSs5 black holes. It is organized as follows. In Section 2.1 we review the setting introduced
in [73] and we evaluate the large N contribution of the “basic solution" to the BAEs to the
superconformal index for generic angular fugacities. We show that it correctly captures the
semi-classical Bekenstein-Hawking entropy of BPS black holes in AdS; x S°. In Section 2.2
we discuss the generalization of this result to general toric quiver gauge theories and find
agreement with the entropy function prediction (1.4.2) in certain corners of the space of
chemical potentials. In Section 2.3 we discuss the particular case of the universal black hole,
which can be embedded in all string and M-theory supersymmetric compactifications with an
AdSs5 factor. In Section 2.4 we match formula (1.4.2) with the entropy of a supersymmetric

black hole in AdS5 x T, whose near-horizon geometry we explicitly construct.

2.1 The SCI of NV = 4 SYM at large N

We are interested in evaluating the large N limit of the superconformal index of 4d A/ =1
holographic theories. We will consider in this Section the simplest example, namely N = 4
SU(N) SYM. The superconformal index counts (with sign) the 1/16-BPS states of the theory
on R x §3 that preserve one complex supercharge Q. These states are characterized by two
angular momenta Jy 5 on S? and three R-charges for U(1)3 c SO(6)g. We write N = 4 SYM
in NV = 1 notation in terms of a vector multiplet and three chiral multiplets ®; and introduce
a symmetric basis of R-symmetry generators R 23 such that R;(®;) = 26;;. The index is
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defined by the trace [133, 134]

T1a(ps @, vi, va) = Tr (=1)F e PIOQTY plivs glovs a1 02 (2.1.1)

in terms of two flavor generators g 2 = (R12 — R3)/2 commuting with Q, and the R-charge
r = (R1 + Ry + R3)/3. Notice that (—1)F = ¢?/12 = ¢"R1.23 Here p, g, v; with I = 1,2 are
complex fugacities associated with the various quantum numbers, while the corresponding
chemical potentials 7, o, &; are defined by

p= e?m"r , q= 627ri0' , v = e27ri§1 ) (2.1.2)

The index is well-defined for |p|, |g| < 1. It is convenient to redefine the flavor chemical

potentials in terms of

T+0
3

Ar=§&r+ for 1=1,2. (2.1.3)

It is also convenient to introduce an auxiliary chemical potential A3 such that
T+0-A—Ay—A3€2Z+1, (2.1.4)
and use the corresponding fugacities
yp = e (2.1.5)

The index then takes the more transparent form

Zsa = Trgps p”' ¢ Yfl/Z y§2/2 y§3/2 : (2.1.6)

It shows that the constrained fugacities p, g, y; with I = 1, 2, 3 are associated with the angular
momenta Jp 2 and the charges Q; = R;/2.

Our starting point is the so-called Bethe ansatz formulation of the superconformal

index [85, 166]. The special case that the two angular chemical potentials are equal, 7 = o,

was already studied in [73] (see also [81]). Here we take them to be unequal. The formula

of [85] can be applied when the ratio between the two angular chemical potentials is a rational
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number.! We thus set
T=aw, o=bw with Imw >0 2.1.7

and with a,b € N coprime positive integers. We call H = {w| Imw > 0} the upper
half-plane. We then have the fugacities

h = eQmw

— , p= he = eQmT

., g=h"=¢e¥7  with Al |pl.lql < 1.
(2.1.8)
The formula in [85] allows us to write the superconformal index as a sum over the

solutions to a set of Bethe Ansatz Equations (BAEs). Explicitly, the index reads

Taa = KN Z Ziot H_I‘A . (2.1.9)
i € BAE “

The expressions of ky, H and Z for a generic N/ = 1 theory are given in [85]. Here, we
specialize them to N = 4 SU(N) SYM. The quantity

_ L((p;p)oo (4; @)oo T(A1;7,0) T(Ag; 7, 0) )N_l (2.1.10)

N = =
N! (A1 +Ag;7,0)

is a pre-factor written in terms of the elliptic gamma function I and the Pochhammer symbol
defined in (A.1.6) and (A.1.1), respectively. The sum in (2.1.9) is over the solution set to the
following BAEs?

N 90(u1~,~+A1;w)HO(uﬁ+A2;w) Qo(uj,'—Al—Az;w)
i1 Og(uij +A1;w) Ho(uij +A2;a)) Qo(u,-j - A —Ag;a)) ’
(2.1.11)

written in terms of u;; = u; —u; with i, j = 1, ..., N and the theta function defined in (A.1.3).

1= Ql(uaA, (L)) = e2ﬂ-i(’l+32juij)

The unknowns are the “complexified SU(N) holonomies”, which are expressed here in terms

of U(N) holonomies u; further constrained by

N
Z w;=0 (mod Z), (2.1.12)
i=1

IThis might sound like a strong limitation. However, the index (2.1.6) is invariant under integer shifts of 7
and o compatible with (2.1.4). As proven in [85], the set of complex number pairs {7, o’} € H? (two copies of
the upper half-plane) whose ratio becomes a (real) rational number after some integer shifts of 7 and o, is dense
in H2. Thus, by continuity, the formula of [85] fixes the large N limit of the superconformal index for generic
complex chemical potentials.

2The Bethe operators Q; should not be confused with the charges Q; introduced before.
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as well as a “Lagrange multiplier” A. The SU(N) holonomies are to be identified with the first

N — 1 variables u;=1,_n-1. As unknowns in the BAEs, they are subject to the identification

u ~uj+1 ~uj+w, (2.1.13)

meaning that each one of them naturally lives on a torus of modular parameter w. Instead, the
last holonomy uy is determined by the constraint (2.1.12). The relation between SU(N) and
U(N) holonomies will be further clarified in Appendix A.2.2. The prescription in (2.1.9) is

to sum over all the inequivalent solutions on the torus [85]. The function H is the Jacobian

I 0(01,...,0n)
H =det | — . 2.1.14
¢ [Qﬂi 6(u1,...,uN;1,A) ( )
Finally, the function Z is the following sum over a set of integers m; = 1, ...,ab:
ab
Ziot = Z Zu-mw;t,0), (2.1.15)

{m;}=1
where Z, for N' = 4 SU(N) SYM, reads

N T(uij + Av; 7, 0) T(ugj + Ag; 7, 0)

Z= — — .
I(uij + A1+ Ag;7,0) T(uijs 7, 0)

(2.1.16)
i,j=1
i#j

The sum in (2.1.15) freely varies over the first N — 1 integers m;=1._ny-1 as indicated, while

.....

my 1s determined by the constraint

N
Zm,- -0. (2.1.17)

i=1

More details can be found in [73, 85]. In the following, when a double sum starts from 1 we

will leave it implicit.

2.1.1 The SCI building block

We will show that one particular contribution to the sums in (2.1.9) and (2.1.15) alone
reproduces the entropy function of [118], and therefore it captures the Bekenstein-Hawking

entropy of BPS black holes in AdS5 x S°. To that aim, we are interested in the contribution
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from the so-called “basic solution” to the BAEs [62,73,116], namely

N o N1
Lwe, uijzu,-—uj:]T’w, A== @11

Here u is fixed by enforcing the constraint (2.1.12). We also consider the contribution from a

particular choice for the integers {m}:
mj;€{l,...,ab} such that m;=7j modab . (2.1.19)

Note that this choice for {m} does not satisfy the constraint (2.1.17). Nevertheless, we show
in Appendix A.2.2 that this does not affect the contribution to the leading order in N, in the
sense that changing the single entry my has a subleading effect.

Now, the crucial technical point is to evaluate the following basic building block

N .
‘I’SCI:Zlogf(A+w1N—l+w(mj—ml-);aw,bw , (2.1.20)
i#]

for N — oo. Here A plays the role of an electric chemical potential. To simplify the
discussion, we assume that N is a multiple of ab, i.e., we take N = abN. As we show in

Appendix A.2.3, this assumption can be removed without affecting the leading behavior at

large N. By making use of the identity (A.1.11) we can rewrite it as

N .
Pscr = Z 1ogf(A+w%+w(mj—mi+as+br);aba),aba)) . (2.1.21)
r=0 s=0 i#j

Letusseti =vyab+c, j=dab+dwithy,6=0,...,N—1landc,d=1,...,ab. Then

Yoor = Z Z Z logl:(A+a)6;v,y +wd]:]c +a)(d - c+as+br);abw,abw) .
s.t.i#] (2.1.22)
We will now perform two simplifications and prove in Appendix A.2.1 that their effect is of
subleading order at large N. More precisely, Wscy is of order N2 while the two simplifications
modify it at most at order N if Im (A/w) ¢ Z x Im(1/w), or at most at order N log N if A = 0.
First, we substitute the condition i # j with the condition y # ¢ in the summation. Second
and more importantly, we drop the term w(d — ¢)/N in the argument. We then redefine
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c—ab—-c,d—>d+1,y —>vy—-1,6 > 6 — 1 and obtain

logI:(A+a) ],V,y +a)(d+c+1—ab+as+br);aba),aba))

(2.1.23)
where ~ means equality at leading order in N. At this point we can resum over c, d using
(A.1.10) (with 1,0 — w and a, b — ab):

N
—~ o — 0%
Yot = logF(A+a) —— +w(l—ab+as+br ;a),a)) . (2.1.24)
2,22 =7+ ol )
We can now recall the large N limit computed in [73]

N
_ Py B A ’r
E logI’ (A+wu;w, a)) = —niN? 3([]—“)20)) +O(N) , (2.1.25)
oy N 3w

valid for Im(A/w) ¢ ZxIm(1/w). Here B3(x) is a Bernoulli polynomial, defined in (A.1.13)
and satisfying (2.1.28). The function [A]/ is defined in the following way:

w

[A]L, = {Z

1

z=Amod1, 0>Im (=) >]Im(—)}. (2.1.26)
w

This function is only defined for Im(A/w) ¢ Z x Im(1/w), it is continuous in each open

connected domain, and it is periodic by construction under A — A + 1. In the following we
will also use the function [A],, = [A]), — 1, that is

[A]lw = {Z

z=Amod1, Hm(—i) > Tm (g) > o} . (2.1.27)

The functions [A],, and [A], are the mod 1 reductions of A to the fundamental strips shown
in Figure 2.1. Then, one can explicitly prove the following formula

1 a-1 b-1
— Bs(x + w(as + br —ab)) =
ab r=0 s=0
b 2a%b?% — 4% — b2 b
:B3(x—“;“ a))+ a 4“ wQBl(x—CH_ a)), (2.1.28)
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w w+1

Figure 2.1 Fundamental strips for [A],, and [A]/,. The function [A],, is the restriction of A
mod 1 to the region Im(—1/w) > Im(A/w) > 0 (in yellow, on the left), while [A]/, is the
restriction of A mod 1 to the region 0 > Im(A/w) > Im(1/w) (in blue, on the right).

where B1(x) is another Bernoulli polynomial defined in (A.1.13). Thus

T+0 niN? a b T+0
Wsr = -5 — By ([Al, - 57 ) - 2ab- 2= =) B ([al, - 57)
o1 =~ B (11, - 5 7) = T (200 - £ - 7) 11 - 57 0
(2.1.29)
for Im(A/w) ¢ Z x Im(1/w). As a check, notice that
[r+0-A] =t+0+1-[A],. (2.1.30)
From the properties of Bj 3(x) noticed in (2.1.28), it follows that
lPSC](‘[' +0 — A) =~ _\PSCI(A) (2131)

at leading order in N. This is in accordance with the inversion formula of the elliptic gamma
function (A.1.9).

The case A = 0 requires some care, because [0],, is undefined. Taking the limit of Wgcy as
A — 0 from the left or the right, one obtains two values that differ by an imaginary quantity.
The limit from the right corresponds to taking [A];, — 0 in (2.1.29), while the limit from the
left corresponds to [A], — O (i.e., [A];, — 1). The difference is

imrN?
Wscr — Wscr = (

b
- 3+ab+ﬁ+—). (2.1.32)
[A],—0 (Alo—0 6 a

b

Since Wy is, in any case, ambiguous by shifts of 27/ because it is a logarithm, only the
remainder modulo 277 is meaningful but this is an order 1 quantity which can be neglected.
It turns out that, with N = abN, the quantity on the right-hand-side of (2.1.32) is always
an integer multiple of inN, and so its exponential is a sign. We should also notice that, for
A = 0, our approximation gets corrections at order N log N.
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2.1.2 The SCI entropy function

We are now ready to put all the ingredients together. Our working assumption is that, in the
large N limit, the index (2.1.9) is dominated by the basic solution (2.1.18) and the choice of
integers (2.1.19). Some evidence that the basic solution dominates the index for 7 = o has
been given in [73] (see also [81]).

The leading contribution to (2.1.9) originates from Zy that can be evaluated using
(2.1.29). Indeed, the term ky 1s manifestly sub-leading. That the contribution of H is also
subleading follows from the analysis in [73] for 7 = o, since H only depends on the solutions
to the BAEs and not explicitly on 7 and o. The large N limit of the index at leading order is
then

log Zyq = Wsc1(A1) + Wsci(Az) — Pscr(Ar + Ag) = Pscr(0) , (2.1.33)

where the definition of the last term has an ambiguity of order 1.
Recall that in (2.1.4) we introduced the auxiliary chemical potential As. Notice, in

particular, that the chemical potentials are defined modulo 1. Using the basic properties
[A+1], = [Als [A+w]y, =[Alp+w, [-Alw =-[Alu -1, (2.1.34)
we find
[As]ly =T7+0—-1-[A1 +A2], - (2.1.35)

It follows from the definition of the function [A],, that
[A1 +Az]w = [A1]w + [A2]w + 1 (2.1.36)

where n = 0 or n = 1. The result then breaks into two cases. If [A1 + As], = [A1]w + [A2]w
then
[Ar]o + [A2]w + [A3]lw —T -0 =-1, (2.1.37)

and, using (2.1.33) and (2.1.29),

[Ar]w [A2]e (T4 0 —1—-[A]y — [A2]w)

7 2.1.38
[Al]w [AZ]a) [Ag]w ' ( )

TO

log Zyy = —7iN?

= —inN?

To obtain this formula we used Wscr(0) = ‘Psc1|[ Al—0" Notice that the contributions from
B1 cancel out. As we will see in Section 2.2, this is a consequence of the holographic relation
a = c among the two 4d central charges in the large N limit. If [A1+As2]y = [A1]w+[A2]0w+1,
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namely [A; + Ax]), = [A1]), + [A2]),, then
[A]}, + [A2]}, + [A3],, —T—0 =1, (2.1.39)
and

[Ad]G, [A2], (r+ 0 +1 = [A]], = [Ao],)

TO 2.1.40
[A1]7, [A2]], [As]), ( :

TO

log Zsg = —miN?

= —inN?

This time we used Wscr(0) = lPSCI|[A]'w—>0'

As in [73], we can extract the entropy of the dual black holes by taking the Legendre
transform of the logarithm of the index. The precise identification of the charges associated
with the chemical potentials follows from (2.1.6). The prediction for the entropy can then be

combined into two constrained entropy functions

N2 X1X2X3
TO

Si(XIaT’O-aA):_i _27Tl

3
ZX]Q1+T.11+O'J2)+

I=1

—27TiA(X1 +Xo+Xg—T—-0 % 1) , (2.141)

’

w» Wwe introduced a

where we used a neutral variable X; to denote either [A;], or [A/]
Lagrange multiplier A to enforce the constraint, and we recall that Q; = R;/2. This completes
our derivation of the entropy of supersymmetric black holes in AdS5 x S° for generic angular
momenta and electric charges. The expression (2.1.41) represents indeed the two entropy
functions derived in [118], where it was shown that the (constrained) extremization of (2.1.41)
reproduces the entropy of a black hole of angular momenta J; and J2 and charges Q;. The two
results correspond to the two entropy functions that reproduce the same black-hole entropy
and are associated with two Euclidean complex solutions that regularize the black-hole

horizon [74].

2.2 The SCI of quiver theories with a holographic dual

We want now to generalize the large N computation of the superconformal index to theories
dual to AdS5 X SE5 compactifications, where SEj is a 5d Sasaki-Einstein manifold. We can
write general formulae with very few assumptions. We consider 4d N/ = 1 theories with
SU(N) gauge groups, as well as adjoint and bi-fundamental chiral multiplet fields. To cancel

gauge anomalies, the total number of fields transforming in the fundamental representation



20 Superconformal indices at large N and the entropy of AdS; X SE5; black holes

of a group must be the same as the number of anti-fundamentals. We also require equality
of the conformal central charges ¢ = a in the large N limit, as dictated by holography. Our
analysis extends the results found in [125] for equal angular momenta.

We then assume that in the large N limit, as for ' = 4 SYM, the leading contribution to
the superconformal index comes from the basic solution with the choice of integers {m;}
discussed in (2.1.19). As already shown in [111, 125], the basic solution to the BAEs for
N =4 SYM [62,73,116] can easily be extended to quiver gauge theories by setting

=1y wp=1,....G, 2.2.1)

where a, B run over the various gauge groups in the theory and G is the number of gauge
groups. Similarly, we choose the integers

m;l e{l,...,ab} such that m;’ =j mod ab . (2.2.2)

Notice in particular that neither u;;.ﬂ nor mj“ depend on a,B. As for NV = 4 SYM, the
contribution of the determinant H to the Bethe ansatz expansion (2.1.9) is subleading [125].

Using the general expressions given in [85] and following the logic of Section 2.1, it is
easy to write the large N limit of the leading contribution to the superconformal index of a

holographic theory, with adjoint and bi-fundamental chiral fields. We find

N G
log T4y = Z[Z log I:(ul‘.;ﬁ—w(m?—mfhmaﬁ;?', U)—Z log F(ul‘.’ja_w(mf’—Mf); T, 0‘)]
a=1

i#j Llap

(2.2.3)
where z{' = e?™ ;" are the gauge fugacities, u? represent the basic solution (2.2.1) and m{*
are given in (2.2.2). The sum over /,g is over all adjoint (if & = ) and bi-fundamental (if
a # ) chiral multiplets in the theory. The second sum is the contribution of vector multiplets.
When no confusion is possible, we will keep the gauge group indices implicit and just write
Ar,z = Ar. In the previous formula,

T+0

Ap=¢&r+rg 5

(2.2.4)

where r; is the exact R-charge of the field and &; are the flavor chemical potentials. The
R-charges satisfy

Z rr=2 (2.2.5)

Iew
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for each superpotential term W in the Lagrangian. In this notation, the index W runs over
the monomials in the superpotential, while I € W indicates all chiral fields appearing in a
given monomial. Using that each superpotential term must be invariant under the flavor

symmetries, but chemical potentials are only defined up to integers, we also require

Z &r=ny for some ny €7 . (2.2.6)

The values ny = ng = +1 have been used in [91, 123] to study the Cardy limit. As a

consequence of the previous formulae, for each superpotential term, we have

ZA1:T+O'+I’lw. (2.2.7)
IeW
Hence, we stress that the chemical potentials A; are not independent. Notice that the
expression (2.2.3) correctly reduces to the one for AV = 4 SYM (2.1.16), once we use the
definition (2.1.4) as well as the inversion formula for the elliptic gamma function (A.1.9).
We also need to use the exact R-charges r; = 2/3 of the chiral fields @;.
Applying (2.1.29), we can evaluate the large N limit of (2.2.3) and obtain

7TiN2 TO a b
logZyg = =5 Z [33([A1]w+1—”7‘7)+r(2ab—5—Z) Bl([Al]w+1— T;g) 4
1
niGN? o a b
B (1_T+O') _(2 b————)B ( _T+O’) ) 298
" 3o [3 PR I e A R 2 ( )

The corrections are of order N log N or smaller. The formula is obtained by summing (2.1.29)
for each chiral multiplet, as well as (2.1.29) with [A], — 0 (and opposite sign) for each
vector multiplet. We stress that (2.2.8) comes from a single contribution — in the Bethe
ansatz expansion — to the index. Such a contribution might not be the dominant one, and
so our estimate of the index might be incorrect, in some regions of the space of chemical
potentials. However, we conjecture and will bring some evidence that this contribution always
captures the semi-classical Bekenstein-Hawking entropy of BPS black holes.

Due to the presence of the brackets [A;],,, the expression (2.2.8) assumes different analytic
forms in different regions of the space of chemical potentials A;. There are two regions where
the expression greatly simplifies. They correspond to the natural generalization of the two
regions for N' = 4 SYM discussed in Section 2.1.2 and are expected to lead to the correct
black-hole entropy. In particular, they smoothly reduce to the results obtained in the Cardy

limit [77,91, 123] and match the previous analysis done for equal angular momenta [125].
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The first region corresponds to chemical potentials A; satisfying

DA, =t+o-1. (2.2.9)

IeW
As we will discuss later, many models — in particular all toric ones — exhibit a corner in the
space of chemical potentials where this constraint is satisfied. We can define the rescaled
variables
I CYI U (2.2.10)
T+0 -1
which, under the assumption (2.2.9), satisfy

Z Ay =2 2.2.11)

IeW

and can be interpreted as an assignment of R-charges to the chiral fields in the theory. In

terms of A ; the contributions in (2.2.8) combine into

miN? (t+0-1)3 ~
logZug = ——, ( — ) [ZI(A1—1)3+G + (2.2.12)
niN? (t+0-1) a b ~
e (1—70‘(26119—;—5)) [ZI(A1—1)+G .

Introducing the charge operator R(Z) of R-charges parameterized by A; and indicating with

Tr the sum over all fermions in the theory, we can also write

valid at leading order in N.
In the large N limit, theories with a holographic dual satisfy ¢ = a. Using standard

formulae for the central charges a and ¢ in terms of the fermion R-charges [186], one finds
9 3
TrR=0(1), and a=z TrR*+0(1), (2.2.14)

from which we obtain the final expression

logZTyy ~ —— ———— a(A), (2.2.15)
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where

9 —~
a= 3—2N2(21(A,— 1)3+G), (2.2.16)

at leading order in N. The result (2.2.15) was conjectured in [167] — see (A.7) there. It is

also compatible with the Cardy limit performed in [91, 123].
We can find an analogous result in a second region of chemical potentials where

Z[A,];,:Han, (2.2.17)
I1eW

written in terms of the primed bracket [A]/, = [A], +1. Asdiscussed at the end of Section 2.1,
the contribution of vector multiplets can be written, up to subleading terms, as minus the

contribution of a chiral multiplet with [A;]/, — 0. After defining another set of normalized

R-charges,
NG [AI]:U
Ny=2 ———— 2.2.18
! T+o0+1 ( )
which satisfy
Z Ay =2 (2.2.19)
IeW
under the assumption (2.2.17), we can rewrite the index as
/ 1)3 ~ 1 b ~
log Zyy =~ _mi|Ero+ ) TrR(A)3 - Gro+l) 1- TO'(Qab 4 —) Tr R(A)
24 TO TO b a
(2.2.20)
at leading order in N. This reduces to the simple expression
Ani D3 -
logTyy ~ X (T+o+ D7 2 2.221)

27 TO

for holographic theories.

In the remainder of this Section, we will interpret the general results (2.2.15) and (2.2.21)
and provide examples. In particular, we will show that both regions (2.2.9) and (2.2.17) in the
space of chemical potentials always exist in toric quiver gauge theories. We will also see that
the two expressions (2.2.15) and (2.2.21) lead to the very same result for the semi-classical

entropy of dual black holes, generalizing what happens for NV = 4 SYM.

2.2.1 Example: the conifold

We start with the example of the Klebanov-Witten theory dual to AdSs x 7!, the near-horizon
limit of a set of N D3-branes sitting at a conifold singularity [168]. This example was already
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Field | r | Op |OF, | QB || R1 | R2 | R3 | Ry
Ay 3] 1 ] o0 210010
Ay 3] -11] 0 0]2[0]0
By |4 0] 1 |-1]0|0]2]0
By |3 0 |-1|-1]l0o|0]O0]2

Table 2.1 Charges of chiral multiplets in the Klebanov-Witten theory, under the maximal
torus of the global symmetry U(1)g X SU(2)r, X SU(2)fg, X U(1)p. In the table, we indicate
two useful bases. Notice that » and R; are R-charges, while QF, , and Qp are flavor charges.

studied for equal angular momenta in [125] and our results are consistent with those found
there when we set 7 = 0.

The theory has gauge group SU(N) x SU(N), bi-fundamental chiral multiplets A;, A
transforming in the representation (N, N) and By, Bo transforming in the representation
(N, N), and a superpotential

W= Tr(AlBlAQBQ - AlBQAQBl) . (2222)

The global symmetry of the theory is U(1)g X SU(2)f, X SU(2)f, x U(1)p, where the first
factor is the superconformal R-symmetry with charge r, while the other three factors are
flavor symmetries. The charge assignments of chiral multiplets under the maximal torus are
in Table 2.1. The index is defined as

Tig = Tr (~1)F e HQQ phiwrf2 gatrf2 00 02 0 (2.2.23)

It is convenient to introduce an alternative basis of R-charges R; with [ = 1,2, 3,4, such
that each of them assigns R-charge 2 to one of the chiral multiplets and zero to the other
ones. Correspondingly, we associate a variable A; to each chiral multiplet. Notice that
(=1)F = e?m/12 = emiR1234 According to (2.2.4) and up to integer ambiguities, the variables
Ay are related to the chemical potentials for the charges in Table 2.1 by
TZO-, A3:§F2_'§B+TZO-,

T+0o T+0
T Ay =—€p, —Ep+

Ay =¢p +ép+
(2.2.24)

Ao = —éF, +Ep + +(2Z+1),
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where the chemical potentials & are related to the fugacities v by (2.1.2). Then, the constraint
(2.2.7) reads
AM+Ay+As+Ay=7+0 +nwy (2.2.25)

and the index takes the more transparent form

R1/2 Ro/2 R3/2 R4/2
1/ a2/ y33/ y44/

Tsa = Trpps p ¢ y1% vy : (2.2.26)

where y is defined as in (2.1.5). This shows that A; are the chemical potentials associated
with the charges Q; = R;/2.
We select three independent variables, say A1, A9, and As. Then, using (2.1.34) we find

[Aflo =T+0-1-[A1+A2+A3], - (2.2.27)
In general, there are three possible cases:
[A1+As + As]y = [A1]w + [A2]w + [A3]w +1 with n=0,1,2 (2.2.28)

that we call Case I, 11, and III, respectively.? Case I corresponds to the corner of moduli
space (2.2.9), where

[At]lo + [A2]w + [As]w + [Ag]lo =T7+0 - 1. (2.2.29)
In this corner, we can use (2.2.15). One can explicitly compute, at leading order in N,

4
TrR(GA) ~ N2(2+ 3 (&- 1)3) = NV2(Bios+ RiBo + 1By + o) (22:30)
I=1

imposing 2;1:1 Zl = 2. Using (2.2.10), we can write the index (2.2.15) as

A2
logTia =~ ([Alu[Alu [Asll + [ArTu[Aolu [Adlut

+[AlolAslolAdly + [Aalo[As]o[Adlo) (2:231)

with the constraint (2.2.29).4 Case III corresponds to the corner of moduli space (2.2.17).
Indeed we have
[A1], + [A2]), + [As]), + [A4], =T+0+ 1. (2.2.32)

3For the sake of comparison, the notation is the same as in [125].
4This result is a special case of the one for toric models, discussed in detail in Section 2.2.2.
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In this corner, we can use (2.2.21) and (2.2.18) and find

- A72
log Tia =~ (A1, [8all, (8T, + [A], e, (AT

+ (AL (A1, (A, + (A2, [As, [A4);,) (2.233)

with the constraint (2.2.32).
The entropy, which is the logarithm of the number of states, is given by the Legendre

transform of the index, i.e., by the critical value of the entropy function

niN?
TO

’Si = — (X1X2X3 + X1 Xo Xy + X1 X3Xy4 + X2X3X4)+

4 4
- 2711'(7]1 +oJy+ Z X,Q,) - QniA(Z X —t-0+ 1) . (2.2.34)

1:1 ]:1

Here the variables X; stand for [A/],, or [A/]], depending on whether we are in case I or III,
respectively, and the + sign is chosen accordingly. One can check that the two signs lead to
the same entropy. We will give a general argument in Section 2.2.3.

In Section 2.4 we will compare the field theory result (2.2.34) with the entropy of black
holes in AdS; x T!!, in the special case that J; = Jo = J and the SU(2)r, x SU(2)g,
symmetry is unbroken. To that purpose, let us specialize the index to the case that 7 = o and
ér, = &ép, = 0, which corresponds to X; = X5 and X3 = Xj. It is then useful to define the
new variables

Xg=X1+X3, Xp = % : (2.2.35)
associated with R-symmetry and baryonic symmetry, respectively. The entropy function

takes the simplified form

N2
8. = =T Xu(X} — 4XF) = 2i (2 + X+ XaQp) = 2mi(2Xp — 27 £ 1) . (22.36)

2.2.2 Example: toric models

In this Section, we consider the gauge theory dual to an AdS; X SE5; geometry, where SEj is
a toric Sasaki-Einstein manifold. The theory lives on a stack of N D3-branes sitting at the
toric Calabi-Yau singularity C(SEj5) obtained by taking the cone over SE5 [168, 187]. There
is a general construction to extract gauge theory data from the geometry of the Calabi-Yau
singularity [188—191]. The main complication compared to the C? and the conifold cases are
that there is no one-to-one correspondence between bi-fundamental fields ®; (and associated
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variables Ay) and R-symmetries R,. However, we will argue in general that there always exist
two corners of the space of chemical potentials where (2.2.9) and (2.2.17) are satisfied and
the results (2.2.15) and (2.2.21) are valid. Other corners should be analyzed separately for
every specific model. Our findings are consistent with the case-by-case analysis performed
in [125] for equal angular momenta.

We first need to understand how to write the trial central charges a(Z) and a(Z’) that
enter in the expressions (2.2.15) and (2.2.21). Since the quantities Zl and Z} satisfy the
constraints (2.2.11), they can be interpreted as a set of trial R-charges for the chiral fields in
the quiver. In the toric case, we can find an efficient parameterization of the trial R-charges of
fields using the data of the toric diagram. Let us review how this is done.

A toric Calabi-Yau threefold singularity can be specified by a fan, i.e., a convex cone in
R? defined by D integer vectors v, = (1,V,), with ends on the plane x = 1. The restrictions
v, of those vectors to the plane define a regular convex polygon with integer vertices called
the toric diagram. In the list {v,} we should include all integer vectors such that v, is along
the perimeter of the polygon, i.e., we should include all integer points along the edges of the
toric diagram. Moreover, we take the points v, to be ordered in a counterclockwise fashion.
The number of vectors in the fan is associated with the total rank of the global symmetry of
the dual field theory [190]: for a toric model with D vectors in the fan (including integer
points along the edges of the toric diagram) there is a flavor symmetry of rank D — 1, besides
the R-symmetry U(1)g.> This allows us to parameterize flavor and R-symmetries in terms
of variables associated with the vertices of (and integer points along) the toric diagram. In
particular, the possible R-charges of fields in a toric theory can be parameterized using D

variables 0, satisfying the constraint

D
Z 5, =2, (2.2.37)

R(5) = Z 6—2" R, (2.2.38)

5The distinction between R- and flavor symmetries changes in the case of extended supersymmetry.
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in terms of a basis {R,}. This is done as follows [192]. In a minimal toric phase,® the
theory contains a number G of gauge group factors SU(N) equal to twice the area of the
toric diagram. Moreover, defining the vectors w, = V41 — V, lying in the plane (we identify
indices modulo D, so that, for example, Vp,1 = V1), for each pair (a, b) such that w, can
be rotated counterclockwise into w;, in the plane with an angle smaller than 7, there are

precisely” det{w,, w; } bi-fundamental chiral fields ®,; with R-charge
R[®,p] = 0441 +0ps2+...+0p . (2.2.39)

Interestingly, for all toric models the trial central charge a(§) is a homogeneous function of

degree three at large N:

() O R(6)? ON* i Coabe 640 6 (2.2.40)
a = —Ir = — abe Oa c - 2.
32 64 £ Teretett

Here C,5. are the 't Hooft anomaly coeflicients, which can be read from the toric data through
Cupe = |det{va, Vb, vc}|, see [193], and in field theory are defined by

1
N2Cyape = 1 Tr R.RyR. . (2.2.41)

Another important property of toric models that we will use in the following is that the

constraints

Z R[®/] =2, (2.2.42)

that must be satisfied for each monomial term W in the superpotential, always reduce to
(2.2.37). Indeed, it follows from tiling techniques [188—192] that the R-charges R[®;], I € W,
of the chiral fields entering in a superpotential monomial W correspond to a partition of the
D elementary R-charges {61, ...,8p} into sums of the form (2.2.39), with each §, entering
in just one R[Dy].

We can similarly parameterize the chemical potentials A[®] entering the superconformal
index in terms of D basic quantities A,, a = 1,. .., D. For the chiral fields ®,; we have

Al®@up] = Ags1 +Agya + ...+ Ay . (2.2.43)

¢Many different quiver theories describe the same IR SCFT. They are called “phases”, and are related by
Seiberg dualities. The toric phases are the quiver theories where all gauge groups are SU(N) with the same
rank N. It turns out that all toric phases have the same number G of gauge groups, but have different matter
content. The “minimal” phases correspond to the quivers with the smallest number of chiral fields. There could
be one or more minimal toric phases, for a given IR SCFT.

"The condition on the angle guarantees that the formula for the number of fields gives a non-negative integer.
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The conditions

D A[@] =T+ +nw, (2.2.44)
IeW

to be imposed for each monomial term W in the superpotential (and where nyy is the same for

all monomial terms), are then equivalent to

S

Z Ay =T+0 +ny . (2.2.45)
a=1

Independently of the value of ny, we have

D-1
[Aply=T+0 —1— Zazl AQL . (2.2.46)
In general
b1 D-1
[Z . Aa] =Y [Ad]y + 1 (2.2.47)
= w a=1
where n =0, ..., D — 2, thus dividing the space of parameters into D — 1 regions.

Two regions are particularly important for our analysis. The region n = 0 corresponds to

D
[Addo=T+0 -1, (2.2.48)
=1

Q

while n = D — 2 corresponds to

Mo

(A, =T+ +1. (2.2.49)

Q
Il
—

We can argue that the two regions (2.2.48) and (2.2.49) are always realized somewhere in the
space of parameters. For example, we can choose one elementary variable, say Ay, to live in
the fundamental strip Im(-1/w) > Im(A;/w) > 0 (see Fig. 2.1) and slightly on the right of
the vertical line passing through 7 + o — 1, while all the other A, to live in the fundamental
strip and slightly on the left of the vertical line passing through zero. One easily verifies that
they can be arranged to satisfy (2.2.48). A similar construction gives parameters satisfying
(2.2.49). We now argue that (2.2.48) and (2.2.49) imply (2.2.9) and (2.2.17), respectively.
We start noticing that

D
Yddo=r+o-1 = Im (l ¥ [Aa]w) = Im (—l) . (2250

a=1
a=1 w
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Since each of the [A,], lives in the fundamental strip Im(-1/w) > Im([A,]w/w) > 0, the
previous equation implies that Im(—1/w) > Im (Y 4es[Ad]w/w) > 0 for any proper subset S
of the indices {1, ..., D}. Thus (2.2.48) implies that

[ZaeS A“]w - Zaes [Adlw (2.2.51)

for any proper subset S C {1, ..., D}. This implies that all charges in (2.2.43) split, in the
[Agt1]w+ ...+ [Ap]w. At this point, since all [A[d)l]]w split

and each A, enters precisely once in every superpotential constraint, the condition (2.2.9) is

sense that [Agq1 +...+Ap| =
a consequence of (2.2.48).8 A similar argument shows that (2.2.49) implies (2.2.17). Notice
that the region specified by (2.2.9) can be larger than (2.2.48) and, similarly, the region
specified by (2.2.17) can be larger than (2.2.49). This, in particular, happens for Calabi-Yau
cones with codimension-one orbifold singularities. This is the case of the models SPP and
dP, discussed in [125].° For all the cones without orbifold singularities that we checked, the
two regions (2.2.9) and (2.2.48) coincide. It would be interesting to see if this is a general
result.

We are now ready to evaluate the index. Consider region (2.2.9) first. Since the chemical

potentials [A;],, split, the rescaled quantities

[Ad] %

B)

a=1

8There is an alternative algorithm that produces potentials Aj satisfying (2.2.9). Choose a perfect matching
P o of the dimer model of the theory [190]. It divides the chiral fields into two groups: those ®p appearing in
the perfect matching, and those ®xp not doing so. Choose the potentials Anp to be in the fundamental strip and
slightly on the left of the origin. Each superpotential term W contains one and only one of the fields ®p (by
definition of perfect matching): choose the corresponding Ap to be in the fundamental strip and slightly on the
right of the point 7 + o — 1, in such a way that (2.2.9) for that particular W is satisfied. The drawback of this
construction is that it does not tell us what the independent variables A, are.

9Models with codimension-one orbifold singularities are characterized by toric diagrams where at least one
vector v, lies in the interior of an edge. The parameters &, associated with integer points lying in the interior of
an edge of the polygon enter in the parameterization (2.2.39) of the R-charges of chiral fields, but no elementary
field carries precisely charge §,,. To recover the region (2.2.9), we can require the following. Construct a set M
by grouping the points {1,. .., D} along the toric diagram in the following way: break each edge in two pieces
at a non-integer point, and then for each vertex form a group (that will be an element of M) that contains the
vertex itself and all other integer points (if any) along the two pieces of edges on the two sides. (In the absence
of orbifold singularity, M necessarily coincides with {1, ..., D}.) Then require that the sums split over the
groups in M for every proper subgroup S’ C M, and every possible choice of M. This region is typically larger
than (2.2.48).
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provide a parameterization of the R-charges of chiral fields in the quiver in the sense discussed

above. Using the general formula (2.2.40) we can then write

- o9gn2 2 -
A= —— Cupe Ny Ap Ap . 2.2.53
a(A) ” achzl b b ( )

Plugging it into (2.2.15) and re-expressing the result in terms of the chemical potentials

[Ag]w, we find the large N limit of the superconformal index in region (2.2.9):10

D

10g14d =~ , [Aa]w =7+0-1.
=1

D
. Cabc [Aa]w[Ab]w[Ac]w
—niN?
g Z 6 TO

Q

a,b,c=1
(2.2.54)

A similar argument shows that, in region (2.2.17),

b

D
Cave [Aall[Ab] (A
logZyq =~ —miN> Z 6b [Aalo[A0]u[Acl,,
TO

Mo

[Ad,=T+0+1.
a,b,c=1

N
Il
—

(2.2.55)
We will show in the next Section that both (2.2.54) and (2.2.55) lead to the same entropy.

2.2.3 The toric entropy function

For toric holographic quivers, we have found two different expressions, (2.2.54) and (2.2.55),
for the large N limit of the superconformal index, valid in two different regions in the space
of chemical potentials. The two expressions differ only for the constraint and give rise to the
very same entropy. This generalizes an observation made in [74] for ' = 4 SYM and holds
for general quivers.

To show that, we define two entropy functions

D D
Cape X XpX,
Si = —7rl'N2 Z abe Cafhfc 27Ti(TJ1 +0Js +ZXaQa)+

TO0
a,b,c=1 6 a=1

D
- 27riA(Z X,-T-0 % 1) , (2.2.56)
a=1
where A is a Lagrange multiplier and we used neutral variables X, to denote either [A,],

or [A,],,.- Each of the electric charges Q, = R,/2 is defined in terms of an R-charge R,
that assigns charge 2 to all chiral multiplets ®,;, such that 6, appears in the decomposition

OFor the conifold: vi = (1,0,0), vo = (1,1,0), v3 = (1,1,1),v4 = (1,0,1) and thus C123 = C1o4 =
Ci34 = C234 = 1 (and symmetrizations), recovering (2.2.31).
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(2.2.39), and zero to all the other ones. The 't Hooft anomaly coeflicients are defined by
(2.2.41). Above, S; is the prediction for the entropy of the dual black hole based on the
superconformal index in the region of parameters (2.2.9) while S_ in the region (2.2.17). The
form of the entropy function (2.2.56) was first conjectured in [167].

Observe that since S. + 27iA are homogeneous functions of degree one in (X,, 7, 0),
the values of the functions S.(X,, 7,0, A) at the critical point are related to the Lagrange
multiplier by

S.| . = F2miA . (2.2.57)

crit
Observe also that, if Q,, J; are real (as charges should be), then the two functions are related
by S, (X, 1,0,A) = S_(—Ya, -7, -0, K). Hence, if (X,, 7,0, A) is a critical point of S,
then (—Ya, -T,—0, K) is a critical point of S_ with critical value

S| (2.2.58)

crit — S+|crit :
For arbitrary and general real charges Q, and J;, the critical value of S, is not real. For
N =4 SYM, however, it becomes real and equal to the entropy when imposing the non-linear
constraint on conserved charges that characterizes supersymmetric black holes [74, 118]. The
same phenomenon was already observed in AdS4 in [42]. We expect the same to be true for
general black holes in Sasaki-Einstein compactifications. Even if this were wrong and S
were not real, it would still make sense to identify the entropy with Re S.. In all cases, we
see from (2.2.58) that both constraints in (2.2.56) lead to the very same result for the entropy.

The entropy functions (2.2.56) give our result for the entropy of generic black holes in
AdS5 x SE5. We derived it for toric quiver gauge theories, but the very same argument can be
extended to a class of more general non-toric quivers. In particular, the expression (2.2.56)
only depends on the ’t Hooft anomaly coefficients C,. for a basis of R-symmetries and, as

such, we expect that it is the correct result for generic holographic quiver theories.

2.3 The universal AdS; rotating black hole

In this Section, we discuss the case of the universal rotating black hole which has an electric
charge aligned with the exact R-symmetry of the theory. This black hole arises as a solution
of minimal gauged supergravity in 5d and, as such, it can be embedded in any AdS5 X SE5
compactification of type IIB and, more generally, in any AdS5 solution of type II or M-theory. !

Tt is believed and checked in many cases that the effective theory for all such compactifications can be
consistently truncated to minimal gauged supergravity.
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Due to its universal character, most of the analysis is identical to the one for AdS5 X § 5 Ttis
however interesting to see how the details work.

The universal black hole in AdS5 was found in [162] in minimal gauged supergravity in
5d. It has charge Q under the gravi-photon and angular momenta J; and J5 in AdSs5.'?2 The

entropy can be compactly written as [194]

S(Or.J) = 27r\/3Q§e —2a(J; + o) 2.3.1)
where we introduced the quantity
ﬂé’g’
a= W s (232)
8G

where Gl(\? ) is the 5d Newton constant and {5 1s the radius of AdS5. The conserved charges
must satisfy the nonlinear constraint

8Q% +6aQ% — 6a(Jy +J2)Qr — 2aJ1J2 — 4a*(J1 + J2) = 0 (2.3.3)

for the BPS black hole to have a smooth horizon.

Consider now the uplift of the universal black hole to AdS; x SEs5, where SEj5 is a Sasaki-
Einstein manifold. In such an embedding, the standard holographic dictionary identifies a
with the central charge of the dual CFT,4. The black hole carries angular momenta J; and
J2 and an electric charge aligned with the exact R-symmetry of the dual CFT4. We need to
check that its entropy is reproduced by our result (2.2.15) (the same result can be similarly
obtained using (2.2.21), instead). It is convenient to parameterize the chemical potentials as

+o0 -1 (~ ~
Ay = % (Aﬁ}” + 5a) : (2.3.4)
where ZE,O) is the exact superconformal R-symmetry of the dual CFT, while Sa parameterize

a basis of flavor symmetries. These quantities satisfy

D . D _
Z A =9 6. =0. (2.3.5)
=1

a=1 a

12To compare with the notations of [162]: Q¢here = —\/ggQR’here, GI(\IE’) =1,and {5 =1/g.
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The entropy of the universal black hole is given by the Legendre transform of (2.2.15). Using

(2.2.48) we can write the entropy function as

Ani -3~ =
o dmirro- 17 a(A<0> + 5) - 27Ti((‘[' +o-1)Qg+1J; + an) . (23.6)
27 TO
where we introduced a charge
D
_ 1530
Qr =3 Zl A Qa (2.3.7)

in the direction of the exact R-symmetry, and set all other charges to zero. We need to
extremize the function S with respect to 7, o, and S subject to the constraint (2.3.5). By
a-maximization, since Af,o) is the exact R-symmetry, the function is extremized at Sa = 0.

We can then restrict the entropy function to

dria (t+0 —1)3
27 TO

S = —27ri((‘1'+0'— 1)Or +71J1 +0'J2) , (2.3.8)

where a = a(A) is the central charge of the CFT}, or, introducing a Lagrange multiplier A,

A3
S = ~dria — = 2mi(30Qk + Ty + 0)y) = 2mA(3A =T~ 0 +1) . (2.3.9)
TO

If we set a = apn—y = N?/4, the function (2.3.9) becomes identical to the entropy function of
N =4 SYM for equal charges Q1 = Q2 = Q3 = Qg, which is known to correctly reproduce
(2.3.1) [118]. An analytic derivation of (2.3.1) and (2.3.3) for N' = 4 SYM is explicitly
discussed in [74] and for equal angular momenta in [73]. The charge constraint (2.3.3) is
obtained as the requirement that the extremum of S be real.

At this point, the result for the universal black hole simply follows from the homogeneity
properties of (2.3.9):

AN=4 aAN=4 aN=4
, 1. J ) .
( p 0 1 2

a
S(0Q,J1,J2) = —— Sn=4 (2.3.10)
aN=4

It is then immediate to derive the relations (2.3.1) and (2.3.3), thus completing our derivation.

2.4 AdS; Kerr-Newman black holes in 711

We would like to compare the entropy function we obtained in Section 2.2 from the
large N limit of the superconformal index of generic (toric) quiver gauge theories, with
the Bekenstein-Hawking entropy of BPS black holes in the corresponding 5d gauged
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supergravities. In particular, the setup we would like to analyze is that of type I1IB supergravity
on asymptotically-AdS; X SE5 space-times, where SEj5 is a toric Sasaki-Einstein manifold, 3
reduced and truncated to a 5d A = 2 gauged supergravity on AdS;. Unfortunately, except for
the case of S° truncated to the so-called 5d STU model, and the case of any SE5 truncated
to minimal N = 2 gauged supergravity (that we analyzed in Section 2.3), all other known
consistent truncations are to gauged supergravities with hypermultiplets (besides vector
multiplets), and no supersymmetric black-hole solutions have been constructed in such
theories to date.

The strategy we propose to perform a test of our field theory results is as in [118]. We
assume that a 5d BPS rotating black-hole solution exists. Such a solution has the topology of
a fibration of AdS, over S? (the three-sphere being the topology of the event horizon), and
thus we can reduce it along the Hopf fiber of S3. This gives a (putative) 4d BPS rotating
black-hole solution, with the same entropy.* The reduction generates an extra vector field
A, corresponding to the isometry along the Hopf fiber. The 4d black hole has one unit
of magnetic charge under A°, corresponding to the first Chern class of the Hopf fibration.
Calling J; and J5 the 5d angular momenta along two orthogonal planes, the quantity J; + Jo
appears in 4d as the electric charge under A”, while J; — Jo becomes the angular momentum
of the 4d black hole. Constructing such a 4d rotating black-hole solution is still a difficult
task, and an attractor mechanism is not known in general.’> However, if we restrict to 5d
black holes with two equal angular momenta J; = J (so that the isometry of the squashed
$3 is enhanced from U(1)? to U(1) x SU(2)), then the 4d black hole is static: in this case,
we can determine its entropy by exploiting the attractor mechanism in the near-horizon
geometry [172—174], without actually constructing the whole solution.

The simplest non-trivial example is when SEj is 711, the base of the conifold Calabi-Yau
threefold, whose holographic dual is the Klebanov-Witten gauge theory [168]. We already
presented the field theory analysis in Section 2.2.1. On the other hand, starting from 10d type
IIB supergravity on 7!, we can exploit a consistent truncation that preserves SU(2)? x U(1)
isometry, down to a 5d N = 2 gauged supergravity with the graviton multiplet, two vector
multiplets, and two hypermultiplets. This is the second truncation presented in Section 7
of [169] (see also [170,171]). On the AdS5 vacuum, one vector multiplet (sometimes called
“Betti multiplet”) is massless and is associated with the baryonic symmetry, while the other

vector multiplet is massive.

3More precisely, the cone over SEs is a toric Calabi-Yau threefold.

“The 4d solution has an exotic asymptotic behavior, that follows from the reduction of AdSs [195].
Nonetheless, it has a regular extremal horizon, whose area determines the entropy.

5There are however some general results for theories with vector multiplets [196, 197].
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Hence, with the simplification that J; = J2 and only the R-symmetry and baryonic
symmetry charges are turned on (while the SU(2)? isometry of T!! is unbroken), we will
be able to match the Legendre transform of the superconformal index at large N with the
extremization problem that comes from the attractor mechanism in supergravity. It follows

that the bulk and boundary computations of the entropy exactly match.

2.4.1 Reduction from 5d to 4d and the attractor mechanism

A 5d N = 2 Abelian gauged supergravity with ny vector multiplets and ny hypermultiplets —
whose main building blocks we summarize in Appendix B.1 — is specified by the following
data [198-200].

1. A very special real manifold SM of real dimension ny, specified by a symmetric tensor
of Chern-Simons couplings C;yx with I,J,K = 1,...,ny + 1. The coordinates are @/

with the cubic constraint

1
V(@) = 6C,,chf’cphpK =1. (2.4.1)

2. A quaternionic-Kdhler manifold QM of real dimension 4ny with coordinates g*.

3. Asetof ny + 1 Killing vectors kY (that could be linearly dependent, or vanish) on Q. M,
compatible with the quaternionic-Kéhler structure, representing the isometries to be
gauged by the vector fields A’. Each Killing vector comes equipped with a triplet of

moment maps Pj.16

On the other hand, a 4d N = 2 Abelian gauged supergravity with ny + 1 vector multiplets and
ny hypermultiplets — that we summarize in Appendix B.2 — is specified by the following
data (see for instance [201,202]).

1. A special Kihler manifold XXM of complex dimension ny + 1, with coordinates z/ and
I=1,...,ny+1. We will work in a duality frame in which the geometry is specified by
holomorphic sections X(z), with A = 0,...,ny + 1, and a holomorphic prepotential
F(X), homogeneous of degree two.

2. A quaternionic-Kihler manifold QM of real dimension 4ny with coordinates g“.

3. In duality frames in which all gaugings are purely electric, a set of ny + 2 Killing

vectors k' (that could be linearly dependent, or vanish) on Q M, compatible with the

16If ny = 0, instead, one has to specify ny + 1 Fayet-Iliopoulos parameters £/, not all vanishing.
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quaternionic-Kihler structure, representing the isometries to be electrically gauged by
the vector fields A®. Each Killing vector comes equipped with a triplet of moment
maps ﬁA (see footnote 16).

We reduce the 5d theory on a circle, which will eventually be the Hopf fiber of S3.
Following [118,203-207] we use the ansatz
2 26 1.2 —4¢ 0 \?

N (2.4.2)
@' = -2 Tmz .

Here y is the direction of the circular fiber, that we take with range 47/g in terms of the
coupling g = £=!, inversely proportional to the AdS5 radius ¢, therefore the size of the circle
is e™2% 4x /g. Because of the constraint V(®) = 1 in (2.4.1), the field (5 is redundant and can
be eliminated with

e 0% = —V(Im7/) . (2.4.3)

On the other hand, A?4) is the Kaluza-Klein (KK) vector. As noted in [118,208], a Scherk-
Schwarz (SS) twist for the gravitino as in [206] is necessary to satisfy the BPS conditions in
4d. We prefer to work in a gauge in which all bosonic fields are periodic around the circle,
but there are flat gauge connections £’ turned on along y. This corresponds to the ansatz

AI

) = Aly +Rez! (dy - AL, ) +€ldy (2.4.4)

(4) (4)
together with no y-dependence for any field. Notice that this ansatz is invariant under the
redefinitions

—>AI

A +5§1 , Al "

A +6&7AY

. o -o (2.4.5)

where 6¢7 are real parameters. We will fix this redundancy below. The reduction of the 5d

theory can be found in Appendix C.1. The 4d data in terms of 5d ones are as follows.

1. The special Kédhler manifold in 4d is described by the prepotential

1 ' y
F(X) = 5 Cuk —g— with X' =Xx'+&x0 (2.4.6)
The holomorphic sections X* can be used as homogeneous coordinates, and the
physical scalars are identified with the special coordinates z/ = X/ /X9,

2. The quaternionic-Kéhler manifold in 4d is the same as in 5d.
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3. The 4d Killing vectors kj are inherited from 5d, while the additional Killing vector is
Ky=é'kj = Py=¢'Pp, 24.7)

and 1s gauged by the KK vector field A(()4).

Next, we study the attractor equations for the near-horizon limit of 4d BPS static black-hole
solutions [172—174]. Our goal is to use the BPS equations to fix the VEVs in massive vector
multiplets and hypermultiplets, and be left with an extremization principle for the scalars
in massless vector multiplets, similarly to [43,64]. We consider the near-horizon geometry
AdS; x 52

2 L2
r A
dsﬁear—horizon = _L_Q dr® + 72 dr’ + L% dsgvz ; (2.4.8)
A

where L and Lg are the radii of AdSs and S?, respectively. Electric and magnetic charges
are defined as appropriate integrals over S in the near-horizon region, respectively:

8 (4) 0844 A8 A
CIA_E/SQHSHGN(SF_A’ p —E/SZF . 2.4.9)

Here GI(\? ) is the 4d Newton constant, related to the 5d one by

4 3 1
5) A4
86y Gy

(2.4.10)

while S4q 1s the 4d supergravity action. The 4d black holes we are interested in have both
electric and magnetic charges. The magnetic charge p = 1 is equal to the first Chern class of
the Hopf fibration. On the other hand, we fix the redundancy (2.4.5) by setting the remaining
magnetic charges to zero. In Appendix C.2 we compute the relation of the 5d charges Q; and
angular momentum J measured at infinity, with the 4d charges measured at the horizon. We
should be careful that only massless vector fields are associated with conserved charges. We
indicate as B/ ; the matrix of linear redefinitions such that B! JA{I are the 5d mass eigenstates
in the AdS5 vacuum, and we take the index T to run only over the massless vectors B¥ JAi.
The corresponding conserved charges are Q¢ = Q;(B~1)’ - We find

1
p=1, 40 = 4G 8% + S Cixé'e'eX
1 (2.4.11)
4
p'=0, gz = 4G %0z + ~Cayxé’ e,

2
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where J; = J2 = J, while the “non-conserved charges” ¢ ;¢ will be fixed by the equations
of motion. Notice that the conserved charges O« are the same, but possibly expressed in a
different basis, as the charges Q, introduced in Sections 2.2.2 and 2.2.3.7

Using a symplectic covariant notation, electric and magnetic charges form a symplectic
vector

Q= (p™ qn) . (2.4.12)

One also defines
P =(0,P,) , 0 =(P,Q), (2.4.13)

where vectors are triplets and (V, W) = VAW” — VAW, is the symplectic-invariant antisym-
metric form.

To find covariantly-constant spinors, we impose the following twisting ansatz:
6=-0-5'T"¢ , (2.4.14)

whose square gives Q-0 = 1. Here I'" is the antisymmetric product of two gamma matrices
with flat indices 7 and 7. We choose a gauge in which ol=09?%=0and

03 =-1 (2.4.15)

at the horizon, as in [43].
The remaining BPS conditions are in general complicated, but they simplify at the
horizon [172—174]. First, Maxwell’s equations give

K*hy(KY, Q) =0, (2.4.16)

where we defined
K" = (0, kj‘\) 2.4.17)

because we work in a duality frame with purely electric gaugings. In fact, (2.4.16) in this
case is equivalent to
pMt =0, (2.4.18)

that must hold in the full solution simply because of spherical symmetry (see Appendix C.2).

Second, the vanishing of the hyperino variation implies

(K", Vy=0, (2.4.19)

7Similarly, the restriction of Cy;k to Cygq with curly indices is the same, but possibly in a different basis,
as the ’t Hooft anomaly coefficients C,p. previously defined.
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where V(z, z) = e*/2(X?, F,) is the covariantly-holomorphic section defined in (B.2.3) and
Fp = OpF(X). Third, we have the attractor equations'®

o (2 Z
Z) = = =2ig“l 2.4.20
ozl (E) 0 L8 5se ( )

where the derivatives are with respect to the physical scalars z/ and we defined
Z=(Q,V), L=(P3V). (2.4.21)

The equation on the right in (2.4.20) determines Lg, and thus the horizon area.

2.4.2 Example: the conifold

We apply the general strategy to the case of the conifold. We start with the 5d N = 2
gauged supergravity with ny = 2 vector multiplets and ny = 2 hypermultiplets constructed
in Section 7 of [169] (called the “second model” in that paper), obtained as a consistent
truncation of 10d type IIB supergravity on 7! that preserves the SU(2)2 x U(1) isometry. In
Appendix B.1.1 we have recast its action as in the general formalism, and in Appendix C.1.1
we have reduced it down to 4d N = 2 gauged supergravity. We are now ready to look for
BPS near-horizon black-hole solutions.
Using (B.1.46) and (B.1.47), the conditions (2.4.15) and (2.4.18) take the form:

P =-1 1
= b, =c, =0, fl=-g=-2 (2.4.22)
{klé ~0 1,2 1,2 3

where b%z’ CS12,2’ a, ¢, Cy, u are the scalar fields in hypermultiplets. In fact, since (2.4.18)
must hold in the whole solution, so (2.4.22) does. Using the form (B.1.47) of the moment
maps, this is consistent with Q! = Q2 = 0. The hyperino condition (2.4.19) then gives

xX'+Xx%2=0 (2.4.23)

at the horizon, where X* are the holomorphic sections. The fields Cy and ¢ are not fixed by
the equations of motion. However, together they form the axio-dilaton of type IIB supergravity
and are thus fixed by the boundary conditions that set them in terms of the complexified gauge

coupling of the boundary theory. As apparent from the expression of k5, in (B.1.46), a is a

B8There is an extra factor of 2 in front of Lg compared to [42,43,201] due to the different normalization of
kinetic terms in the Lagrangian (B.2.2): this is noticed in footnote 4 of [206] and in footnote 10 of [118].
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Stiickelberg field that breaks an Abelian gauge symmetry and is eaten up as the corresponding
gauge field becomes massive via the Higgs mechanism.

The remaining BPS conditions are the attractor equations (2.4.20). Given Cyjk in (B.1.42),
the prepotential is

Xl((XQ)Q _ (X'S)Q)
X0

F(X) = where X' =X'+¢&'x0. (2.4.24)
Using special coordinates z/ = X/ /XY as well as homogeneity of the prepotential F(X), one
can easily show that the two equations in (2.4.20) are equivalent to

BA[e_’C/z(Z(X) — 2ig?L2 L(X))] ~0, (2.4.25)

where the derivatives are with respect to independent sections X”. In these equations Lg
should be regarded as one of the unknowns. Notice that (2.4.20) or (2.4.25) give, in general,
isolated solutions in terms of (z, Lg), however the sections X* are only fixed up to the
“gauge” redundancy (related to Kihler transformations on X M) X* — e/ X, To remove the
redundancy, we choose to fix £(X) to a constant, which can elegantly be imposed by taking
a derivative of the square bracket in (2.4.25) with respect to Lg as well. More precisely,

expanding Z and £ using (B.1.47), we consider the following set of equations:

Xl X2 2 _ X3 2
N { &0)2( Y) +gaX" - 2ig2L§(3X1 - X0 — 2074 (X! + X?) - a') =0
0 Xl((XQ)Q_(Xg')Q) ~ YA o: 272 1 0 —du [yl 2
81%[ (X0)? +gpaX" —2ig LS(3X - X" —-2e7(X +X)—a) =0
(2.4.26)
where . !
q1=4q1 - §CIJK§J§K , g0 =qo - §CIJK§]§J§K : (2.4.27)

The first line is the same as (2.4.25), except for the addition of the constant & that does not
affect the equations. The second line fixes the gauge £ = «. Notice that (2.4.23) should be
imposed after solving (2.4.26).

From the point of view of AdS/CFT, only massless vector fields correspond to symmetries
of the boundary theory and only their charges are conserved and fixed by the boundary
conditions. On the contrary, the “charges” under massive vector fields are not conserved, and
their radial profile should be determined by the equations of motion. The spectrum of the 5d

supergravity under consideration around its supersymmetric AdS5 vacuum was computed
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in [169] and we report it in our conventions in (B.1.49). In the basis

Al — 242, A3 AV = A+ A%,
5 (k1 — ko), ks, kw = 5(2k1 + ko) ,

AR
kg

(2.4.28)

it turns out that AR (corresponding to the R-symmetry) and A? are massless, while AW is
massive because of Higgs mechanism eating up the Stiickelberg field a. In (2.4.28) we have
indicated also the Killing vectors of the corresponding gauged isometries. On the black-hole
background, the mass eigenstates may change (because the gauge kinetic functions have a
non-trivial radial profile), however the fact that

kr=k3=0 (2.4.29)

everywhere — which follows from (2.4.22) — guarantees that there is no hypermultiplet
source in the 5d Maxwell equations (C.2.4) and thus the Page charges Qr and Qs are
conserved (while Qw is not).
Indeed, the variation in (2.4.26) with respect to X? gives the complex equation
.S 272 —du
2 W +qo+4ig’Lge ™ =0 (2.4.30)
that fixes # and the “non-conserved charge” g2 in terms of the sections and Lg. We can then
use the hyperino condition (2.4.23) to eliminate X2 as well. Notice that the second condition
in (2.4.22) implies that in 5d we cannot turn on a “flat connection” for AW along the circle.
We are left with the unknowns X, X!, X3, L%. One can check that, when (2.4.23) and
(2.4.30) are in place, the remaining equations in (2.4.26) are equivalent to the conditions of
extremization of the function

Xl ((X1)2 _ (X3)2)
(X9)2

S=p +Go X" + 3G X" + 33X° - 2ig”L2(3X' - X" - @)| (24.31)

with respect to the variables X 0 x1 x3, L%. Here S is a constant included for later convenience,

while g is the charge with respect to the massless vector Ag:

. G- 8Ssa 1
Ge= "2 _ 8 /2 167G 224 _ 2 (€ - Cop) 78K = 482G P 0k . (2432)
N

3 4z N §FR ¢

It is encouraging that we find an extremization problem in which only conserved charges
appear. Since S is homogeneous in X* of degree 1 except for the term involving a, it follows
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that S |Crit = 2ia/,8g2L§ at the critical point. With the choice

T

af = _ (2.4.33)
21'G1(\;4 ) g2
we obtain that § |Crit is the black-hole entropy:
AnL?
| = o " SBH » (2.4.34)

and therefore S is the entropy function. Using (2.4.11) and (2.4.27) we can express the 4d
charges g, gz computed at the horizon in terms of the 5d black-hole charges J, QO computed
at infinity:

l ble (X1)3 _ XI(X3)2 ~
a 21G$)g2 (XO)Q

S = 27ri(JX0 +30RX! + Q3X3)+

_ zm'A(3x1 _x0_ a)] . (2435)

where we redefined the Lagrange multiplier Lg =2i GI(\? ) A for convenience.
It remains to spell out the AdS/CFT dictionary between gravity and field theory charges.
First, the gauge group ranks in field theory are determined by (see Appendix C.2.1)

N2 _ 87( 2

= = . (2.4.36)
27G{¢3  27Gg?

This is in agreement with (2.3.2) using a = 27N?/64 for the Klebanov-Witten theory. Second,
the angular momentum J is the same in gravity and field theory. Third, the electric charges

are identified as 4
r=20gr, Op = 5Q3 ) (2.4.37)

This is determined as follows. From (B.1.36) we infer that the gravitino components have
charge Qg = +1/2. In the boundary field theory, the corresponding operators are of the
schematic form Tr(F,,I""1) (where F is a field strength and A a gaugino) and have charge
r = +1 under U(1)g. We deduce the first relation in (2.4.37). Obtaining the second relation
is more subtle because no supergravity field is charged under A3: what is charged are massive
particles obtained from D3-branes wrapped on the 3-cycle of 7!, corresponding to dibaryon
operators Ay, or BY, in field theory. The 5d supergravity gauge field A* comes from the
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reduction of the Ramond-Ramond field strength F, gR of 10d type IIB supergravity on 711,
Therefore, from the 10d flux quantization condition we can deduce the 5d charge quantization
condition 4Q3/3N € Z (see the details in Appendix C.2.1). In field theory the dibaryon
operators have charge Qp = +N, implying the second relation in (2.4.37). Alternatively,
we could compare the Chern-Simons terms restricted to massless vector fields in the 5d
Lagrangian with the 't Hooft anomalies of the boundary theory. Taking into account the

’t Hooft anomalies
3
Tr(r?) = SN?, Tr(rQ3) = —2N? (2.4.38)

at leading order in N, the restriction of the 5d Chern-Simons action in (B.1.2) to AW — 0
matches the general expression

3

=53 Tr(Q.0,0.) F* A F? A A€ (2.4.39)

Scs

after setting AR — 2A, and A% — 4Ap/3. These correspond to (2.4.37).
Rewriting the entropy function (2.4.35) in terms of field theory charges, we find
1| 27#xiN? (X1)3 - X1(X3)?

] (X0)2

3 3
—omi| X0+ SrXt+ S0 X3 |+
2 1
_ 2m’A(3X1 _x0_ a/)] . (2.4.40)

This exactly matches the entropy function (2.2.36) we found in field theory from the large
N limit of the superconformal index of the Klebanov-Witten theory, after the change of
coordinates X0 — 2a1, X! — 2aXg/3, X — 4aX3p/3.



Chapter 3

A quantum mechanics for magnetic
horizons

In this Chapter, we try to construct an effective 1d theory describing the black-hole near-
horizon degrees of freedom. It is organized as follows. In Section 3.1 we re-examine the
large N limit of the topologically twisted index by performing a saddle-point approximation,
both in the integration variables as well as in the sum over fluxes. This analysis appeared
recently in [65]. Section 3.2, which is the most technical one, is devoted to the dimensional
reduction of the 3d theory on S? in the presence of gauge magnetic fluxes. This reduction
involves a judicious choice of gauge fixing. In Section 3.3 we exhibit the effective N = 2
gauged quantum mechanics we are looking for; the hurried reader who is only interested in
the final result can directly jump there. Finally, in Section 3.4 we comment on which type of

classical and quantum corrections to our analysis one might expect.

3.1 Saddle-point approach to the TTI

We begin by re-examining the evaluation of the topologically twisted index of 3d N = 2
gauge theories at large N. The localization formula for the index found in [72] involves a sum
over gauge fluxes m on S2, as well as a contour integral in the space of complexified gauge
connections u on S*. At large N, we apply a saddle-point approximation both to the integral
over u as well as to the sum over fluxes, treated as a continuous variable m. The idea to
compute a supersymmetric index in this way was put forward, for instance, in [57,209] (see

also [65,210,211]).! The upshot is to identify a specific gauge flux sector that dominates the

Tn particular, the evaluation of the (refined) topologically twisted index of the specific model studied here,
through a saddle-point approximation of the sum over fluxes, has recently already appeared in [65].
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index and, via holography, the BPS black-hole entropy. In Section 3.2 we will use that flux
sector to perform a reduction of the 3d theory on §? down to a quantum mechanics.

The analysis in this and the following sections are performed in a specific (and simple)
model, presented in Section 3.1.2. This choice is made for the sake of concreteness, but other
theories (for instance ABJM [212]) could be studied similarly.

3.1.1 The basic idea

We are interested in the topologically twisted index [72] of the theory, because this quantity
is known to reproduce the entropy of a class of BPS AdS, magnetic black holes [43,64]. The

localization formula for the index can be written schematically as
Tt = du; e™V' (W FLW 3.1.1
S2x St |W| o % l_[ u; e ( )
b

Here |W]| is the order of the Weyl group, I'y is the co-root lattice, N is the rank of the gauge
group, and C is an appropriate integration contour for the complexified Cartan-subalgebra-
valued holonomies {u;} € hc/I'y. Let us outline three different approaches to this expression
at large N.

1. The approach developed in [72] was to resum over m, schematically

Q(u)

Tgongt = I fﬁ @ (3.1.2)

then determine the positions i of the poles by solving the “Bethe Ansatz Equations”

(BAEs)
V=1, (3.1.3)
and, finally, take the residues
1 (2m)N (@)
IBAE - . 3.1.4
§2x St |W| u;AE iN V”(ﬁ) ( )

2. Alternatively, we can evaluate both the sum over m and the integral over u in (3.1.1) in

the saddle-point approximation, treating m as a continuous variable. The simultaneous
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saddle-point equations for m and u are, schematically:

{0 = Vi@ (3.1.5)

0=mV”(u)+Q'(u) .
Taking into account that V’(u) in (3.1.1) is defined up to integer shifts by 27, the first

set of equations is exactly the set of BAEs, while the second set of equations uniquely

fixes m in terms of u. The Jacobian at the saddle point is

V//
J3(m, u) = det @) = —(V"(w)? . (3.1.6)
V"(u) mV"”(u) + Q" (u)
Therefore, in the saddle-point approximation:
1 e 1 (2m)N (@)

geaddle 2m)N =— —_ (3.1.7)

§2xS1 =3 IN Y (7

* |W| uesa%iles J3d lWl ue%Es v (M)

This method gives the same answer as the previous method.

3. A more rough approximation is to fix m in (3.1.1) to the value determined by the

equations (3.1.5),

N
; 1 -
IiM =~ Tg = Wi jg | | dui e w200 (3.1.8)
i=1

and then solve the integral in u in the saddle-point approximation. The saddle-point
equations are mV” (u) + Q'(u) = 0, therefore all solutions u of (3.1.5) are also saddle

points of (3.1.8). Assuming that there are no other solutions, we find

1 v e
Tg =~ I aeBZA:ES(Qﬂ) i (3.1.9)
The Jacobian in this case is
JY=mv” () + Q" (a) =V’ (3—) () , (3.1.10)

and is different from before, however, as long as the Jacobian is subleading with respect

to the exponential contribution, this approach captures the leading behavior.
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In our setup we will find a series of saddle points (i, m), and the expression Zg1 in (3.1.8)
evaluated on the dominant one will turn out to be the Witten index of an effective quantum
mechanics we will construct. To do that, we will first have to find the saddle-point flux m and
then reduce the 3d theory on S? in the presence of such a flux.

3.1.2 The 3d CS-matter model

We consider the AdS/CFT pair discovered in [175], that was used in [43, 64] to study
certain magnetic black holes in massive type IIA on AdS, x S% [176-178]. The field theory
is a 3d N' = 2 Chern-Simons-matter theory with gauge group SU(N)y, coupled to three
chiral multiplets ®;-; 2 3 in the adjoint representation. We can simplify the computation
by considering a U(N); gauge theory, with no sources for the new topological symmetry.
No field is charged under U(1) c U(N) and thus the only effect of this is to introduce a
decoupled sector, whose Hilbert space on X4 consists of k9 states, which is a single one in
the case of S2. The theory has a superpotential?

W:/l3dTI‘CI)1 [(I)Q,q)g] . (3.1.11)

The global symmetry is SU(3) X U(1)g. We parameterize its Cartan subalgebra with three
R-charges R;, characterized by the charge assignment R;(®;) = 26;;. We choose the Cartan
generators of the flavor symmetry to be g1 2 = (R12 — R3)/2. In this basis, all fields have
integer charges. Notice that e = (=1)F for I = 1,2, 3.

To study AdS; BPS magnetic black holes, we place the theory on3 S x R using a
topological twist on S2, so that one complex supercharge is preserved [213]. This is
precisely the background of the topologically twisted index in [72]. In other words, there is a
background gauge field Ar corresponding to an R-symmetry that is equal and opposite to the
spin connection when acting on the top component of the supersymmetry parameter e:

1
— | dAp=-1. (3.1.12)
21 J2
The R-symmetry used for the twist must have integer charge assignments, and a generic such

R-charge can be written as

qgr = R3 —nyq1 —naqa , N2 €7Z;. (3.1.13)

2Notice that this theory is just the dimensional reduction on S! of the 4d A = 4 SYM theory we studied in
Section 2.1, deformed by an N = 2 supersymmetric Chern-Simons term.
30ne could also study the theory on a Riemann surface %4 [179, 180], but here we will focus on the sphere.
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Note that ) ;(gg); = 2 and the superpotential correctly has R-charge 2. Under these
inequivalent twists, the scalar component of ®; experiences a flux

dAg

n; = (qr)1 o —(R3)r +n1(q1)1 +n2(q2)r ;. (3.1.14)
S2 T

This formula defines n3 = —2 — 1y —no. Thus, twisting by a generic R-symmetry with integer
charge assignments is the same as twisting with respect to R3 and simultaneously turning on

background gauge fields A; > coupled to the flavor charges g1 2 with

1

-— dALQ =MNi2. (3.1.15)
2 S2

The theory that we are considering has a UV Lagrangian consisting of various building
blocks which are individually supersymmetric off-shell. The vector multiplet V (in Wess-
Zumino gauge) contains the adjoint-valued fields (o, 4, A, A u» D), where o is a dynamical
real scalar field and D a real auxiliary field. We consider a supersymmetrized Chern-Simons
Lagrangian for it, but we also add the SYM Lagrangian as a regulator. The chiral multiplets
@, contain the adjoint-valued fields (¢;, ¥;, f7), for which we consider the kinetic Lagrangian
and the superpotential term. These Lagrangians, in Lorentzian signature and Wess-Zumino

gauge, are:
1 1 v 2 Y
Lym = 2—2Tr —EFWF“ - D,oD"0 + D* —iAd(D- o)A, (3.1.16)
€3d

k 2i -

Echiral = _D,u¢}LD'u¢I - ¢}L (0'2 + D)¢[ + f;f[ - i@] (D+ O')LPI + i@1/1¢1 + l¢}LZ‘PI s

oW 1 9*wW
Lw=—f+=
W (9¢1fl 200109,

‘I‘j ¥, +c.c.,

where we used the convention W¢ = io W* for the conjugated spinor. The superpotential must
be a gauge-invariant holomorphic function of R-charge 2. The supersymmetry variations
preserved by these Lagrangians, in terms of a single Dirac spinor €, are:

0¢=0 QY = (V" Du¢ —io¢) € ¥ =€'f
Q¢ =€V Q¥ =€ (iy"Duo’ +ig'o) 0¥ =& f' (3.1.17)
06" =Pe Of = —€(iy"D,¥Y +ic¥ - idg) Qf =0 N

06" =0 Off = (iD,¥y* - Vo +i¢A) 0f =0
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and

i — 1 . . ~

QA, = —5/1’)/#6 0= (iy”VFw+zD —zy’“‘D#O')e 01=0

_ i — 1 _

A, =—¢€y,A A=€|=y""F,, +iD +iy"D A=0

CAu =3 ¢ 6(2y Y “0) ¢ (3.1.18)
1- 1 - -

Qo = -3 Ae oD = —§(Dﬂ/ly“ —od)e

~ ~ 1

Qo =—-¢€l oD = —5_(7“D#/1—0'/1)

To obtain a microscopic description of the BPS black-hole entropy, one counts the ground
states of this theory. It is convenient to work in the grand canonical ensemble, in which one
introduces a set of chemical potentials Ay, I = 1, 2 for each flavor Cartan generator. As for
the fluxes (and as done in Section 2.1), it is useful to introduce a third chemical potential As,

constrained because of supersymmetry [42], such that
AM+A+A5 € 7. (3119)

All chemical potentials are only defined modulo 1. Computing the thermal partition function
is hard because the theory is strongly coupled in the IR, therefore one can start from a quantity
protected by supersymmetry: the topologically twisted index

Tsa(n, A) = Tr (=1)F e BH o271 Zraidr (3.1.20)

where F is the Fermion number, H the Hamiltonian on the sphere S? in the presence of
the magnetic fluxes (3.1.12)-(3.1.15), and the trace is over the Hilbert space of states. This
quantity only gets contributions from the ground states of the theory. It was argued in [41],
exploiting the su(1, 1|1) superconformal symmetry algebra expected to emerge from the
AdSs x §? near-horizon region in gravity, that the BPS states of a pure single-center black
hole have constant statistics (—1)% in each charge sector, meaning that the index gets non-
interfering contributions (at least at leading order in N) and can account for the black-hole

entropy.4

4This expectation was confirmed for rotating black holes in AdS5 in [152]. For asymptotically-flat black
holes, the argument was first formulated in [18, 28].
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The Topologically twisted index (3.1.20) can be computed exactly using supersymmetric

localization techniques [72, 179], and for the model considered here one obtains [43,64]:

N2(n+1)/2

3
~ ( 1)N y le kml
I3d(11, A) n (1 )N(n1+1) n 2miz; %

xﬂ(1——)ﬂn( _y’IZZ’) (1—y,ﬁ)_m_1. (3.1.21)

i#] I=1 i#j <

Here z; = ™" and y; = ¢*™21, This expression can be conveniently compiled into the same
form as (3.1.1):

Taa(n, A) = Z f{ ( ]—[ du; ) eZiMiVi (1) +QunA) - (3.1.22)
' mel"b
The two functions appearing in the exponent are
N N N 3 . _
PIRACESEDY I{Z Z[Lil(eQ”’(“ﬁ‘A')) - Lil(eQ”‘(”ff+A’))]+ (3.1.23)

i=1 i=1

+ 2niku; +in(N — 2n,~)} ,

3 N N
Qu,m,A) = 2(1 +1) Z Li; (eQ”i(”ierA’)) - Z Liy (e27i7) + (3.1.24)
=1 ij i#]
3
+inN? Z(l +1)A; +7i(2M + N)
=1

where u;; = uj — u; whilst n; and M are integer ambiguities. The JK integration contour is
the so-called Jeffrey-Kirwan residue [214]. We used the poly-logarithm function

Lij(z) = —log(1-2), (3.1.25)
while more properties can be found in Appendix A.1.

3.1.3 The large N limit of the TTI

To obtain the saddle-point equations, we first formulate (3.1.22) in a large N continuum

description as in [215] and subsequently take functional derivatives. The Weyl symmetry
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permuting the discrete Cartan subalgebra index i can be used to order the holonomies u; such
that Im u; increases with i. The discrete index i is then substituted with a continuous variable
t € [t_,t.], after which u and the flux m become functions of 7. The reparameterization
symmetry in ¢ is fixed by identifying, up to normalization, ¢ with Tm u(7):

u(r) = N (it +v(1)) . (3.1.26)

This introduces the density

1 di

p() =5 —. Z — N/dtp(t) , (3.1.27)

in terms of which any sum will be replaced by an integral. The density p must be real,
positive, and integrate to 1 in the defining range.

We perform the large N computation in Appendix A.3.2. In (A.3.19) and (A.3.20) we
find:

.9
/dt mV’ = 27rikN/dtp mu + 2miN* "> G(A)/dt % + O(mN?32)
— v
2
Q= _27TN2—a/ f+(n’A) /dt T i + O(N2—2a') ’
— v
(3.1.28)
where we introduced the functions
3 3
1 1
G(A) =2 Y Ba(Ar) fln 8) = =3 (1 1) (Bo(8)) = Bo(0)) , (3.129)
I=1 =1

where By and B3 are the Bernoulli polynomials defined in (A.1.13). The entire exponent in
the integrand of (3.1.22) is the functional:

: 2

V = 2nik N+ / di pm (it +v) + 27iN?"22 G(A) / di (1"1—",,)2 +
— 1V

2

— 27N> £, (n, A)/dt 1’_’ +27TN2_“,u(/dtp - 1) , (3.1.30)

v

where we added a Lagrange multiplier u to enforce the normalization of p. For the terms in

1
V to compete, we need « = % and m oc N3.



3.1 Saddle-point approach to the TTI 53

To find the saddle-point configurations at large N, we extremize ) with respect to p, v, m

and u. After some massaging, the saddle-point equations are:

d
0=2l26 22 _ Ny (it +v)| +2N5 £ p (3.131)
dt 1-iv
2iG d | 1p? fi
—pm-22 & J+ 3.1.32
O=pm-= dt[(1—iv')3 TGP (3.1.32)
d p
= —|k(it+v)? -4 1.
0 dt[ (it +v) iG —l (3.1.33)

together with f dt p = 1. One can check that the functional V is invariant under reparametri-
zations of ¢ that preserve the scaling ansatz (3.1.26) for the holonomies. Such reparameteri-
zations act as:

t=t(t), v(t) =il =) +V' (1),
1 (3.1.34)
pl) = (d;(t’,)) Py, mn =)

Notice in particular that v/ becomes complex after the transformation.
As we review in Appendix A.3.3, the equations (3.1.31)—(3.1.33) can be solved, yielding:

u(t) = (%)Bt, m(t) = (%)gﬁt, p(t) = %(1 -1, te[-11]. (3.1.35)

This solution is obtained after making use of the reparameterization symmetry, so, in

particular, v(¢) is complex. The value of the functional V at the saddle point for p, v and m —

which reproduces the logarithm of the index at leading order — is

V=-

2iNS [ 9k \?
e (m) Fo(LA) (3.1.36)

If )}; A; = 1, the two functions G and f; take the particularly simple form

3
1 1 n
G(A) = SM1xAs fr(n8) = =5 AiAsAy Z A—j . (3.1.37)
=1

In this case, the saddle-point value of the logarithm of the index is

;) 1 3

2miN3 (9k\3 2 ny;

= _ 3

V : ( 1 ) (A1A2A3) E — . (3.1.38)
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When the A;’s are real this expression matches the result of [43, 64], which reproduces the
black-hole entropy upon performing a Legendre transform.

As mentioned above, the chemical potentials A; are defined modulo 1. The expression
for V in (3.1.36), however, is not periodic under A; — A; + 1. This means that we have
found an infinite number of saddle points, parameterized by the shifts.> This suggests that
— as in AdS3 [184] and AdS;5 [185] — there might be an infinite number of complex BPS
black-hole-like supergravity solutions dual to the semi-classical expansion of the topologically
twisted index. This issue deserves more study. In the following, we will assume that we have

identified the dominant saddle point, and we will work with it.

3.2 Reduction on a flux background

The next step is to perform a Kaluza-Klein (KK) reduction of the 3d A/ = 2 gauge theory on
the sphere S2, in the presence of the flux background m (3.1.35) determined as the saddle
point of the topologically twisted index. By keeping only the light modes, we will obtain a 1d
quantum mechanical model which we expect to contain information about the near-horizon
degrees of freedom of the magnetic AdS, black holes we are interested in. This section
is rather technical, and the reader only interested in the final result can directly jump to
Section 3.3.

Here we will first show how the full twisted theory can be seen as a gauged N = 2
quantum mechanics. Afterward, we will introduce the background of the reduction and review
the standard procedure to fix the 3d gauge group down to the 1d gauge group. We will then
explain why complications arise when computing the KK spectrum of the vector multiplet,
and how they can be resolved by a further modification of the gauge-fixing Lagrangian. Lastly,
we will exhibit the KK spectra of the vector and chiral multiplets.

3.2.1 Decomposing 3d multiplets into 1d multiplets

After the topological twist, the theory exactly fits into the framework of a gauged N = 2
quantum mechanics, and we perform various changes of variables in this section to make it
explicit. A similar discussion can be found in [216]. We give a brief review of 1d N/ = 2
supersymmetry in Appendix E, adapted from [217], but in E.2.3 and E.2.4 we also present
new supersymmetric Lagrangians peculiar to our 3d theory.

5In general, only a subset of the complex saddle points contribute to the contour integral: which ones do
(depending on the contour) should be determined with the steepest descent.
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We shall write the supersymmetry transformations in terms of anticommuting generators

Q and Q, with the understanding that generators should be multiplied by a complex anti-

commuting parameter to produce a generic supersymmetry transformation. With e = (1,0)T,

O is obtained from di while @ is obtained from Q34 in (3.1.17) and (3.1.18). Note that O

and Q are related by Hermitian conjugation, that is @ = (-1)" 0 X . The supersymmetry
algebra is

0*=0 =0, (0.0} = i[6, — Sguge(Ar +0)] | (3.2.1)

1

I

on S2, which we introduce in Appendix D, and write differential forms on S? with flat indices

where dgauge (@) is a gauge transformation with parameter @. We will use frame fields e}l, e

1,1. From now on, X will denote the Hermitian conjugate of X (since Dirac conjugates
are no longer present anyway). After this rewriting, the supersymmetry variations and

supersymmetric Lagrangians are described below.

Vector multiplet. In the Wess-Zumino gauge, the 3d vector multiplet consists of the gauge
field A, a real scalar o, a real auxiliary scalar D, and a Dirac spinor A. The bosonic

components are R-neutral while A has R-charge —1. We decompose A in components as

_Kt
A= , (3.2.2)
Aj
and redefine D with a shift
D' =D - 2iF 7 . (3.2.3)

Now, A7 has R-charge —1 whereas A, has R-charge +1. These field redefinitions have trivial
Jacobian. Under the supercharges preserved by the twist, the supersymmetry variations of

the vector multiplet split into 2 sets of variations. The first set (Hermitian conjugate relations

being implied) is:
QA[:_QO-:_LXta QA[:—DIO'_Z.D,
| 2 B B (3.2.4)
QD:—§(Dt—iO-)A[, QA[:O.

These coincide with the supersymmetry variations (E.2.32) of a 1d U(N) vector multiplet
in the Wess-Zumino gauge. Note that here the fields and gauge transformations are also
functions on S2. The second set is:

A;,  QA;=0, QOA;=0, OA;=2i(8,A; - Di(A +0)) . (3.2.5)
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These coincide with the supersymmetry variations (E.2.34) of a chiral multiplet (A, %AI) in
Wess-Zumino gauge, provided that the corresponding superfields

[1]
i
[1]

N | I

Z= Av+ S - L OB OAT = AL-SAI+S000A1. (3.26)

satisfying D Ez n = DE, 7 =0, transform as connections under super-gauge transformations:
E1, — h(Eg,+idf) ! E . —h (B +i0)h (3.2.7)
=1h =1,h 1 ’ =1,k =1,h )% il

with & = eX and Dy = 0. We indicated as A; the complex conjugate to Aj.

The Yang-Mills Lagrangian is composed of two pieces, independently supersymmetric:
2e3q Lym = Tr [4|in|2 +4iDF; — ADyo|” + Ay (D, +i0) Aj + 2A,D1 Aq — 28, Dy A, |+

+Tr| (Do) + D2 +iA(D, —io)A,| . (3.2.8)

Notice also that
2e5y Lym = Q0 Tr[-4iA10,A +4i(A, — o) Fy1] + Q0 Tr[-AA] | (32.9)

so both terms are exact. The first piece is the appropriate kinetic term for a chiral transforming
as a connection and its superspace expression is in (E.2.52). The second piece is the standard
1d gauge kinetic term (E.2.42). Likewise, the Chern-Simons Lagrangian splits into two

pieces which are separately supersymmetric:

4

Lo = Te|4iA10,A; = 4i(Ar+ @) Fry + A Ai] + Tr[XtAt - 2D0'] . (32.10)

The superspace expression of the first piece is given in (E.2.60), whereas the second piece
matches (E.2.46).

Chiral multiplet. A 3d chiral multiplet consists of a complex scalar ¢ and a Dirac spinor
¥. We split ¥ into components as

Y= —i(w) . (3.2.11)
n

Their R-charges are R(¥) = R(n7) = R(¢) — 1. Under the supercharges preserved by the twist,
the supersymmetry variations of the 3d chiral multiplet can also be organized into two sets.
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The first set (Hermitian conjugate relations are again implicit) is:

Qp=y, Q¢=0, Qy=0, Qy=i(D,—io)¢. (3.2.12)

They coincide with the supersymmetry variations (E.2.34) of a 1d chiral multiplet (¢, ) in
Wess-Zumino gauge, with corresponding superfield

@y, :¢+e¢/—%9§a,¢. (3.2.13)
The second set is instead:

On=-f. On=-2Di¢, Qf=0, Of=—i(D—ioc)n—-2D1y+iA;¢. (32.14)

They match the variations (E.2.36) of a 1d Fermi multiplet (7, f) in Wess-Zumino gauge,
whose corresponding superfield

Vy=n-0f+20D¢ + 00 (—; om — 2D11ﬁ+i/\i¢) (3.2.15)
satisfies
DYy = E(®p, By ) = =2(0; — iZ1,) P - (3.2.16)

Here 0; contains the background U(1)g connection. In the language of 1d supersymmetry,
there is an E-term superpotential for ). After the shift (3.2.3), the kinetic term of a 3d chiral
multiplet also splits into two separately supersymmetric pieces, i.e., the kinetic terms of the
1d chiral (E.2.47) and of the 1d Fermi (E.2.50):

Lo = |IDi0I* = |08 = 3D + i (D, +icr ) = i Ny + ig A |+ (3:2.17)
+ |(D: =iy + Ff = 12D = 20D 1+ 27D 1 - ALY + G Aun|
Note that one has
Lorra = QO(~id(D; +i0)9) + 00 (=7} . (32.18)

so that both terms are exact.

The superpotential terms can be written as

oW\ —[_ ow
Lw =— — 7,—1, 3.2.19
W Q(Ula¢1)+Q(77[8¢l) ( )
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which in the language of 1d supersymmetry are J-terms for the Fermi multiplets n; with

Jr = —g%;. Supersymmetry of the first term under Q, and the second term under Q, are

obvious. When Q acts on the first term we get, up to a total time derivative,

—( oW ow

QQ(m —) = —2Q(01¢1 —) = —20(61W) = -2010W , (3.2.20)
0¢; o

which is another total derivative. Thus the superpotential terms are (Q + Q)-exact. The

supersymmetric Chern-Simons Lagrangian is the only piece that is not exact under any

supercharge.

3.2.2 Reduction background

As mentioned at the beginning of this section, we want to reduce the theory in the presence
of background fluxes for the global symmetries. In particular, we turn on a (negative) unit
flux for the R-symmetry gx. Since it is a background for a non-dynamical field, it can be
off-shell without any consequences. The presence of this background, under which the chiral
multiplets are differently charged, generically breaks the SU(3) flavor symmetry down to its
diagonal subgroup U(l)%. We also single out a configuration of fluxes for the dynamical
gauge fields:

Fi1= 1R where m is a constant in the Cartan subalgebra. (3.2.21)
The choice of m will eventually be the one dictated by the saddle-point approximation to the
topologically twisted index, discussed in Section 3.1. Since F;1 couples to the auxiliary field
D in (3.2.8) like a FI parameter, the D-term equation for supersymmetric vacua is:
2i — k
P+ ) (8.6~ -0 =0. (3222)
€3d T
The background should satisfy the D-term equation to be supersymmetric, and it is simplest
to turn on a background for o to cancel the background flux. This falls into the class of
“topological" vacua discussed in [218]. Moreover, since A; + o appears in the algebra (3.2.1),
we also find it appropriate to turn on a background for A;, opposite to that of o, so that the
background of A; + o is zero. This ensures that BPS states have zero energy even before
projecting onto gauge singlets. Thus, the background we use for the reduction is:
. k 2
m m m e3d

Fi=—, = A= —— where =
117 42 T TR LT OmiR? = on

(3.2.23)
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One can check that all the equations of motion are satisfied on this background, except for
that of A; + o, unless m = (. Consequently, when expanding the action, there will be a

Lagrangian term linear in A; + o, that is

T%ﬁ%%@%+aﬂ. (3.2.24)
In other words, background fluxes produce a background electric charge in the presence of
Chern-Simons terms. As we will discuss later, the presence of this linear term is crucial and
it is the main source of complications when computing the vector multiplet spectrum.

We parameterize the Lie algebra su(N) by N x N matrices E;; (i, j = 1, ..., N) which
have a single nonzero entry 1 in row i and column j: (E;;)x; = 6;x6;. Elements with i = j
are a basis for the Cartan subalgebra, while those with i # j correspond to roots with root
vector (a;j)k = 0x; — Ok;. The commutation relations in this basis are

[Eij, Exi] = 6jkEir — Sy Ex; - (3.2.25)
Note also that E;; = E; and
TrEijExi = 6k0ir » Tr E;j[Exis Emnl = 0jk01m0ni = 0i10 jmOkn - (3.2.26)

We write the expansion of adjoint fields in this basis as X = X" E;;. Note that X7 = Xii,
The Cartan components will sometimes be written as X' = X% for simplicity.

In the presence of global and gauge fluxes, the Lie algebra components of various fields
in the vector multiplet and chiral multiplets are U(1)spin sections with different monopole
charges g (see Appendix D for details). A field x,(t, 6, ¢) with monopole charge ¢ can then
be expanded in a complete set of monopole harmonics Y, ; (6, ¢), and the time-dependent

expansion coeflicients y,;,,(¢) are the 1d fields after the reduction:

Xgt:0,0) = D0 > Xgum(®) Yarm(8,9) . (3.2.27)

I=]q] |m|<l

Defining the quantities

_m,-—mj J _ml-—mj+n1
4 = —5—> G = ——5 > (3.2.28)
the monopole charges of the fields and their charges under the global symmetries of the

theory are summarized in Table 3.1.
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VM | o, AV, DU | AV | AV | AV AT RY
q qij gij | qij+1 | g —1]qi+1|qij—-1
R 0 1 0 0 -1 1
a1 0 0 0 0 0 0
. 0 0] 0 0 0 0

M o7 w 0’ £

q a;; q;; g +1 | q/;+1

qRr 19 -n;—1 -n;—1 -1y —2

g1 | 011 — 031 | 611 — 831 | 611 — 631 | 011 — 031

q2 | 621 — 031 | 621 — 831 | d21 — 031 | 621 — O3y

Table 3.1 Monopole and global charges of all fields. The R-charge is g, while g » are flavor
charges. Above: modes from 3d vector multiplets. The modes are defined for pairs i, j such
that g;; > 0. Below: modes from 3d chiral multiplets, defined for any ij. In both cases, the
modes are in SU(2) representations with / > |¢| and [ = ¢ mod 1.

We assume that m; # m;, Vi # j, since this is true for the saddle-point flux, and thus
qi; # 0 fori # j. Given a Hermitian adjoint field X = X" E;; = X in a vector multiplet (i.e.,
A;, o, D), its components satisfy X/ = Xi7. We parameterize the off-diagonal components in
terms of complex fields X'/ with ij such that g; ;> 0. For complex adjoint fields Y =Y E, 7 in
vector multiplets (i.e., A7, A1, Ag, ..Kl)’ we initially parameterize the off-diagonal components
in terms of complex fields Y/, Y" withi J such that g;; > 0. For complex adjoint fields in
chiral multiplets, instead, we simply use all components Y%/

The flux breaks the gauge group U(N) to its maximal torus U(1)", and the 1d gauge
group will consequently be U(1)". Indeed, the generators of 1d gauge transformations have
to be constant on S2, however the components €'/ of the gauge-transformation parameter have
monopole charges g;;, and since [ > |g;,;|, only those in the Cartan subalgebra have an [ = 0

mode which is constant on SZ.

3.2.3 Partial gauge fixing

To reduce to a gauged quantum mechanics, we need to fix the 3d gauge group to the
unbroken 1d gauge group, consisting of time-dependent transformations that are constant on
S2. A systematic procedure to achieve this, which we review here, was presented in [219]
to which we refer for more details. Let G be the infinite-dimensional group of gauge

transformations, and {e4} a Hermitian basis for its algebra g. Denote the structure constants
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of g as [ea, ep] =ifapc ec. The basis {e4} is also chosen such that it is orthonormal under

the inner product

/TI‘ (eA eB) = 6AB . (3229)

Let R C G be a subgroup, which will be the group of residual gauge transformations after
partial gauge fixing. We call its algebra r C g (r stands for residual). We split the basis
as {ea} = {e;, e,}, where {e;} is a basis for r whereas {e,} is a basis for f = g/t (f stands
for gauge fixed).¢ Since R is a subgroup, t is a subalgebra and [r,t] C r, or f;;, = 0. By
anti-symmetry of the structure constants this implies fj,; = 0, or [, f] C f. In summary, the

algebra of g decomposes as

lei,e;] =ifijk ek, lei,eqal =ifiabep » lea, ep] =ifapi i +ifapcec . (3.2.30)

In particular, this implies that the e,’s transform under the adjoint action in a real orthogonal
representation of R, which we call Ry.

To fix G to R, we need to choose as many gauge-fixing conditions as there are generators
in . In other words, we need to choose gauge-fixing functions Ggf(X ), where X collectively
denotes the physical fields in chiral and vector multiplets. Notice that Ggf(X ) should transform
in Ry under R. This is true for all the gauge-fixing functions we can think of. The first step
in the gauge-fixing procedure is to integrate in an adjoint scalar A € g, and add / % Tr A2
to the action. Notice that A will have mass dimension [A] = 3/2. Since A is completely
decoupled from everything else, introducing it does not change the path integral. We then

insert 1 in the path integral, written as
1=A(X,A) / Dg ]_[ §(Ga(X) = (A%)Y) | (3.2.31)
g a

where superscripts (-)8 denote a finite gauge transformation by g. Suppose that gy € G
satisfies
GE(XBXA) = (ABXA ) =0, (3.2.32)

then so does rgx A for any r € R, due to the covariant transformations of Ggf and A? under
‘R. Therefore, R remains as the residual gauge group. Notice that A must transform under
gauge transformations. This is different from the standard Faddeev-Popov procedure, in
which A is only integrated over at the very last step. That would have been sufficient if the

gauge were completely fixed (R = 0). The slightly different procedure described here will

6In the Coulomb gauge (3.2.43), r contains diagonal transformations with / = 0, while f contains diagonal
transformations with / > 0 as well as all off-diagonal transformations.
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produce extra interaction terms in the ghost action. Now, as usual, the invariance of Dg

ensures that the determinant A is gauge invariant, and

-1 _ XA x.A)—1 — a 8X.AY) _ “8X,A\4
A(X, A)~! = A(XEXA, ABKA) —/ng ]_[ 5(Ggf(xgg ) — (AZ8XA) ) (3.2.33)

Assuming no Gribov copies and writing g = 1 + €4e4, 64 = Ogauge (€4), one can expand the

argument of the delta function to linear order in € and obtain
€” 0 [Gap(XEXA) — ASXA]T (3.2.34)

The fact that the terms with €' disappear ensures that Vol(R) is factorized as an overall factor

in the Faddeev-Popov determinant:
A(X, A) = det 6, [Ggf(ng»A) - (Agm)“] /Vol(R) . (3.2.35)

The determinant can be shown to be well-defined on the coset Rgx a. Having determined
A(X, A), inserting 1 in the path integral gives

/ DX DA Dg S® =2/ TTA* A(x ) [ ] o(Gaxs) - a9)9). (3.2.36)

Undoing the gauge transformation in the delta function, the integral over the gauge group
factorizes and one gets

/ DX DA ¢S5/ T2 det(5,Ga(X) — 6,A) | | 6(GL(X) =A%) . (3237)
Using
SpA = iA [ep, eal® = A fona = —fapiN = fabeA° (3.2.38)

we can explicitly write:

det(angf(X) - 5;,/\“) - / (]—[ De Dc“) exp[—za((s,,cgf(X) + fupiA + fahCAc) cb] ,

’ (3.2.39)
where we have introduced the Grassmann scalars ¢?, ¢“. Note that they are valued in f and
not in g: modes corresponding to residual gauge transformations are not present. Also note
that by dimensional analysis, [ ¢ ] + [c] = [G¢] = 3/2. Without loss of generality, we can
take [c] = 0, [ ¢] = 3/2. Integrating out A’ and imposing the delta functions for A%, one gets
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the action:

G2 1
S(X) + / Tr[—Tgf + G{T ¢} +iTOguge(c) Gyt + GEHC c}r] . (3.2.40)

This is equivalent to the following action with extra scalars b integrated in:

2 _ _ 1
S+ b(Ggf _ c}) +18Sguge(€) Gyt + 5 {2, C}Z] . (3.2.41)

S(X)+/Tr b

Notice that »* have dimension [b] = 3/2. One should keep in mind that ¢, ¢, b only contain

modes in f. We will now rescale
Got — e30Get b — e3ib, ¢ — esic, (3.2.42)

after which [Ggf] = 2, [c] = 1/2, and [b] = 2. The gauge-fixing action gains an overall factor
of 1/ eg 4- This is useful because the gauge-fixing function we chose, i.e., the background
Coulomb gauge, precisely has dimension 2 (like many other standard choices like Lorenz and

background-field gauge). The explicit expression of this gauge-fixing function is

2
Gor = — (DfA; +DBA) (3.2.43)
g \/g 1

with [£] = 0. One can check that it leaves the 1d gauge group unfixed. The covariant
derivatives above only contain the spin connection and monopole background. All in all, for
any Gf, the gauge-fixing procedure adds the following terms to the Lagrangian:

bQ

_ _ 1 _
—+b (Ggf _(c c}) +188gge(0) Gt + 5 {2, 0}2] . (3.2.44)

1
e
€3d

We can now define a BRST supercharge s as:

5X = Ogauge(c) X, sc= %{c,c}f , sc=ib, sb=0gue(R)cC, = —%{c, Clr .
(3.2.45)
One can check that
52 = i Sgauge (R) sR=0. (3.2.46)
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This allows us to define an s-cohomology on invariants of the residual gauge group. The

terms produced by gauge fixing can then be written in a BRST-exact form:

(3244) = — s TrE (=i Gy - % b+ é (@ c}| = 5%, . (3.2.47)

€3d
We note that there is still complete freedom in specifying the inner product in the ghost sector,
i.e., the Hermiticity properties of ¢ and c. For the theory to be unitary and have a consistent
Hamiltonian formulation [220], one needs that ¢ and ¢ are Hermitian, so that s is a real
supercharge and (3.2.44) is real. With this choice, (3.2.44) is invariant under a ghost-number

symmetry valued in R*, which acts as:
c— evc, c— e %, s — e%s, (3.2.48)

with @ € R. We say that ¢ has ghost number n, = 1 and ¢ has n, = —1. Physical observables
are identified with the s-cohomology at n, = 0 since external states must be gauge invariant
and cannot contain ghosts. Since ¢, ¢, and b are Hermitian, they are neutral under U(1)g,
and (3.2.44) is invariant under U(1)g, since G is R-neutral.

3.2.4 Supersymmetrized gauge fixing

As anticipated, the linear term (3.2.24) causes complications in the computation of the KK
spectrum of the vector multiplet, and the following discussion aims to explain why. The
standard Faddeev-Popov gauge-fixing procedure we just reviewed generically breaks the
supersymmetries that were defined on the original action because of the presence of the
BRST-exact term sWyf, which might not be supersymmetric. Considering a supercharge Q,
and assuming that it does not act on the fields in the gauge-fixing complex, the transformation
of sWyr is —sQWer. When computing s-closed (i.e., gauge-invariant) quantities, this is
harmless because the potentially violating term is s-exact, and it does not affect the result.
For example, supersymmetric Ward identities (as we will show in Section 3.4) can be derived
for any observable in the theory, since their correlators do not depend on s-exact terms.

However, the spectrum of the Chern-Simons-matter theory around a monopole background
1s not gauge invariant, because the quadratic action is not invariant under linearized BRST
transformations.” This can be seen from the presence of the linear term (3.2.24). Its BRST
variation is

sSa) = Tr(ikm [c,A; + O']) , (3.2.49)

1
4t R?
7Although the BRST transformations are non-linear in the fields, to have a gauge-invariant spectrum, it
would be enough that the quadratic action be invariant under the linearized transformations.
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and it must cancel with the linearized BRST variation of the quadratic action, which is then
nonzero. Consequently, there is no guarantee that the spectrum will be supersymmetric,
because it is computed from a quadratic action that is not s-closed, and therefore s-exact
terms violating supersymmetry cannot be neglected.

A way to resolve this issue takes inspiration from [221]. In addition to adding sW¢
to gauge fix our path integral, we can further add Q%W The real supercharge Q acts as
Q = Q + Q on physical fields, and we choose its action on the gauge-fixing complex such
that 6 = (s + Q) closes on symmetries and unfixed gauge transformations. We will show
that the further addition of QW,s does not change the expectation value of any (possibly non-
supersymmetric) operator O with ghost number n, < 0. In particular, physical observables
with ng = 0 are not affected. At this point, we have added 6%,y to the original action. The
real supercharge ¢ is explicitly preserved because our choice that 6> contains symmetries
and unfixed gauge transformations implies 62‘ng = 0. With this procedure, the number of
preserved supercharges has not changed; while the gauge-fixed action with s,y is invariant
under s, the gauge-fixed action with 6'W¢ is invariant under 6. Its usefulness for computing the
spectrum lies in the fact that A; + o~ can be redefined by shifting with a quadratic combination
of ghosts such that 6(A; + o) = 0, making the linear term (3.2.24) 6-closed. By extension,
the quadratic action which is modified by the shift is also d-closed, and its spectrum is
supersymmetric.

For 6Wsr = (s + Q)W,r to be invariant under 0, 62 should only contain residual gauge
transformations and possibly other symmetries of Wgr. This condition constrains how Q can
act on fields in the gauge-fixing complex. The supersymmetry transformations of the physical
fields X under Q are given in (3.2.4)-(3.2.5) and (3.2.12)-(3.2.14). Without specifying how
Q acts on the fields Y in the gauge-fixing complex, we find:

Q%X ={0,0}X =i[0; — Sguuge (A + )| X , {Q, }X = Sgauge (Qc) X ,

) (3.2.50)
62X = 1[0, - Syuge(A + 7 +iQc = R)| X .

If we want ¢ to close on time translations and residual gauge transformations, the only
possibility is to set
Qc=i(A+0)5. (3.2.51)

Hence, physical fields satisfy the algebra:

62X = [0, — Syuge(Are + o — R) | X (3.2.52)
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Having fixed Qc, we find that ¢ also satisfies (3.2.52) and specifically
QQC =0, {Q,s}c = i[at - 6gauge(At,r + 0’1‘)] ¢, (3.2.53)

which imply (3.2.52). For uniformity, we demand that (3.2.53) is satisfied on all fields Y
in the gauge-fixing complex. Setting Q ¢ = 0 for simplicity, we find that this fixes Qb and,
altogether, O acts on the fields in the gauge-fixing complex as:

Qc=i(A+0), Qc=0, Qb = [8; — Sgauge (Arx + 0v)| €. (3.2.54)

Given Yy that we defined in (3.2.47), we can now determine

1 — . ~
QW = — Tr [i c QG+ L c(D, - iO')C] , (3.2.55)
€3d 2

where o acts in the adjoint representation (namely, o-c stands for [, ¢ | in matrix notation).
Hence, collecting the contributions from (3.2.44) and (3.2.55), the supersymmetrized gauge-
fixing procedure requires us to add the following terms to the original Lagrangian:

b? _ L I .
—+b (Ggf— {c, c}) +ic (5gauge(c) + Q) Ggr+ §{C’ Y+ ¢ (D,—io)c|.

1
6qlgf = 5 Tr 5
(3.2.56)

€3q

With the choice that ¢ and ¢ are Hermitian, 0Py is real.

It is important to note (following [221]) that adding QW to sWsr does not change the
expectation values of operators with n, < 0, even if they are not invariant under Q. In
particular, it does not change physical observables. This can be shown explicitly for the
thermal partition function. We first integrate in an adjoint-valued auxiliary field a to rewrite
the quartic ghost interactions, after which the gauge-fixing action becomes:

1 b% - a?
5ngf = 5 Tr

€3q

+b Gof+C [a+b, ¢ +i3(6gauge(c)+Q) Ggf'l‘é 'c“(Dt—io-)E] . (3.2.57)

Note that a has both gauge-fixed and residual components. Since the full action is quadratic
in the Grassmann fields {Fphys, c, ¢}, where Fphys is the set of physical fermions, we can

formally perform the path integral over them, obtaining:

Solr,r 0 OYt|F 7
det 0 0 sWoflez | ~ det

Q‘nglaF S\ngl'cv,c QTgf|EF

0 Sq’gf'c,?

det(Sol F,F) . (3.2.58)
S‘ngl'c',c Qq’gflag
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All entries of the matrix on the LHS are (possibly difterential) operators involving the bosons.
This proves that the thermal partition function does not depend on the term QW,;.

More generally, we prove that the expectation value of any operator O with ghost number
ng < 0is unchanged by the addition of QW to the Lagrangian. The key property is that
QW,, is the sum of two terms, of ghost number —1 and -2, respectively. Let (-); be the path
integral with sWr as gauge fixing, and let (-)s be the path integral with 6yt as gauge fixing.
We have

(0)s = (0 Q¥er) = (0), + }:—J} (O (Q¥y)"), = (O)s . (3.2.59)
n=1 :

The last equality holds because the ghost number is a symmetry of (-),, implying a null
expectation value for any correlator that has n, # 0. Since O (QW¢r)" has ny < 0, one
concludes that (O (QW¥sr)")s = 0 for every n. For the restricted set of operators O with
ng < 0, one can constrain (-); using the symmetries of (-);. In particular, although both
supersymmetry and U(1)g are not symmetries of (-)s because QW breaks them, their Ward
identities can still be used to constrain the correlators (O)s. This result will play a crucial
role in Section 3.4.

We can now show how the linear Lagrangian term containing A; + o can be made
o-invariant using a field redefinition. This is crucial to have a reliable and supersymmetric
spectrum. The linear term (3.2.24) only contains modes (A; + o-), which are constant on
$2, due to the integral over S2. Since A;r 4+ 0y — R appears in (3.2.52) as a central charge,
0(Asx + 0 — R) = 0. Therefore, by redefining

1
Ah+d=Am+m+§&mh, (3.2.60)

the linear term (3.2.24) becomes (dropping the " on Aj , + 07):

ﬁ@um+@) ﬁ(hmdy (3.2.61)

k
S
m = Anr R?

4 R2 2
where m is diagonal and mj was defined in (3.2.23). The first term is invariant under 9,
therefore after adding the second term to the quadratic action, the latter becomes invariant
under ¢ as well, and the spectrum has to be supersymmetric (i.e., 6-symmetric). Notice that

the newly shifted field A, + o is still Hermitian because ¢ is Hermitian.
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3.2.5 Vector multiplet spectrum

We are now ready to compute the spectrum of the (gauge-fixed) vector multiplet action.
We start by considering the off-diagonal components. The Yang-Mills, Chern-Simons, and
gauge-fixing terms are expanded to quadratic order in fluctuations around (3.2.23). After
integrating out the auxiliary fields D and b, the independent components consist of 4 complex
bosons (A1 , A;J, i A’_]) and 6 complex fermions (Al A X;j, ci el A_ ) for every
i # j such that g;; > 0.8 All components are then rescaled by a factor of e3q/ R Moreover
Ailj , A” get an extra factor of 1/V?2, while A” A A7 A get an extra factor of V2. This
is to ensure that the standard 1d kinetic terms are canonically normalized. After expanding in
monopole harmonics according to Table 3.1 and integrating over S2, the quadratic action for
off-diagonal components in momentum space becomes:

;l_i > 2 ( (p) Mg B (p)+F (p)MrF (p) (3.2.62)

i.j1gij>0 I Im|<l
where the vectors of bosonic and fermionic fields are, respectively,

Bij — (Aij i Aij i O_ij Az_] )T ’

l,m 1,l,m t,lm Lm”> "1 lm

i . - (3.2.63)
ij i L ij ~1J 1 T
Fl, (Allm’At,l,m’Allm’clm’ I,m?> i,l,m)
The operators acting on the bosonic and fermionic fields are:
§+1 Rl is_(p+my + 0p) iops— 1-¢& sys-
A . F w
is—(p + my + 09) S5 _ise(p —my + 09)
My = V3R r2 190 ao(p +00) — VR
. 2 .
i00s— S 1008+
VR ao(p +00) (P+0'0)2—mz—R—02 VR
1—& sys- isy(p —myg +00) iopS4 ( +2070) - §+1 si
£ 2R \aR VoR e T
(3.2.64)
with
qij —
T =t o= I~ s =l ) = gy(ay =) = s gy
(3.2.65)

8We have chosen to write Ailj = A{i, Kij = Agi and K,l = A{ " as fundamental fields.
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(notice that oy, sg, and s, depend on ij) and

S_ Is_
—p —my — 20 - 0 0 — 0
P TR VIR
0 0  —p-mp 0 0 —%*
Mg = 0 0 0 meqij isg 0 . (3.2.66)
R? VER?
is_ 0 0 B is? _ sy
V2ER veee V2ER
Sy iS4
0 0 - 0 —prmy -2
R VIER p +mg — 200

For [ > g;; + 1, all modes exist and are massive. Moreover, the masses of the modes® from
bosons and fermions are paired thanks to the 6-invariance of the action, and the ratio of
fermionic to bosonic determinants is 1. For [ = g;;, the modes of A'.ij and Aiij do not exist
(see Table 3.1), so the rightmost column and the bottom row of the matrices Mg, MF should
be removed. In this case, there is a massless fermionic mode while the other massive modes
are paired between bosons and fermions. The ratio of determinants is —p. For [ = g;; — 1
(this case takes place only if g;; > 1), modes only exist in A’ij and Xi]. The bosonic field Ailj

has a massless pole, and a massive pole that cancels with that of K;j.

The effective degrees of freedom at energies much smaller than m and % are the massless
fermionic modes with [ = g;; and the massless modes in Aij with [ =¢g;; =1 (if g;; > 1).
The identity of the massless fermionic modes is not immediately clear due to the off-diagonal
entries in (3.2.66). We can first rescale the fields c’/m — R cl/m so that they have the same
mass dimension as the other fermions. Defining the dimensionless ratio @ = 1/(mR) for
convenience, the fermionic kinetic operator above becomes:

—p—(1—2q,~ja/2) mr  —+2q;; amy 0 0 —i %amk
—/2qij amy —-p+my 0 0 0
Mp|_, = 0 0 -p —my 0 0
=qij qii
0 0 0 qij mi i\/—‘éamk
i,/%amk 0 0 —i%amk -p

(3.2.67)
By introducing a kinetic term ie ¢/ 8,/ by hand for the fermion ¢/, the problem of finding
mass eigenstates is reduced to the usual problem of diagonalizing a mass matrix. Taking
& — 0 at the end of the computation, we obtain the desired SL(5, C) transformation that

9The counting of modes works as follows. A complex field with a 2-derivative kinetic term gives two modes,
with only a 1-derivative kinetic term one mode, whereas with no kinetic term no modes.
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diagonalizes (3.2.67):

3 A_ 3 Ay 0 0 a
\/8q?ja4§ + A2 + B2 \/8q3ja4g +A2+ B2 \/g +qijo? +2q%
B_ B, 0 0 V2?2
\/8ql.2joz4§ +A2 + B2 \/Sq?ja‘lf + A2+ B2 \/g +gija? +2q%a’
S = 0 0 10 0 ,
B 2V2€q;;0? B 2V2€q;;0? 0 -i|E Véa
\/Sq?jaf‘lf +A2 + B2 \/8ql.2ja4§ +A2+B? i \/f +q; %+ Qq?jcx‘1
i2\/§qija2 i2\/§qijoz2 0 0 i
\/8ql.2ja/4§ +A2 + B2 \/8ql.2ja4§ +A2+B? \/f +q @+ Qq?ja‘l
(3.2.68)
where we have defined
Ax =+2qija (%‘102 (1+28) + \/6]?]04 (1+26)* +4¢(gij0® + -f))
(3.2.69)
B =2 + gyja” (1+28) £ \Jgla* (1+26)° + 46 (qija® +£)
The resulting fermionic kinetic operator is
—p — Apmy 0 0 0 0
0 p—Amp 0 0 0
S"Mrl_,, S=| 0 0 —p-mp 0 0 (3.2.70)
0 0 0 mr 0
0 0 0 0 -p
with
qij @* (1 - 2€) = \/qlz] at(1+26)2 +4¢(qij @ + &)
Ay = (3.2.71)

26

Each row of the matrix S expresses an original fermion in terms of the mass eigenstates. The
linear combinations are generically complicated, but they simplify in the physical regime of
interest. Since we want to reduce a Chern-Simons-matter theory on S?, and the Yang-Mills
term was only introduced to make propagating gauge degrees of freedom massive, we are
motivated to take my > 1/R, or @ — 0. In this limit, the massless fermion at [ = ¢;; is
—ivV& ¢ (last row of S), and 1. — +1.

The spectrum of the diagonal components can be analyzed in the same way and we will

be brief. One finds that every mode is massive for [ > 0. After integrating out the / = 0
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mode of the auxiliary fields D, the quadratic Lagrangian (including the linear terms) for the

remaining diagonal / = 0 modes is:

. S 4Rl 1 : 1—i :
Z{kmi (Alo0 *00) + 2z 5(@(76,0)2 - 5’"%(06,0)2 t3 Azl,o,o (i + mk)Alt,O,O]} -
i 3d

(3.2.72)

We observe that 0'0 o and Al 0.0 have mass m; and should be integrated out at low energies

p < my. Only the combination (Ai,o,o + 0'(")’0) remains, which is a 1d gauge field for the
gauge group U(1)V .10

To summarize, we write the quadratic Lagrangian for the modes from the vector

multiplet that contain massless poles, including fermionic partners which are necessary for

-1/2

supersymmetry. After having rescaled A7 and A7 by m, "'~ we have:

i Ji Ji Ji Ji
kZm, (Al +0')+Z{®(ql]—1) > [A f AT AN

5qij
i#] Im|<gij—1
+ —
mg

+0(qij) Z (El@,cqu, )}

lm|<q;;

8, A + A i0; N
" gij-1m Lgij—1m T ,gi-1m

(3.2.73)

where ©(x) = 1 for x > 0 and it vanishes otherwise. Here we have changed notation, and
used the fields (A{i, A?) in place of Aij, Kij because the former live in a chiral multiplet, see
(3.2.5), while the latter in an anti-chiral multiplet. Besides, notice that there are matching
degrees of freedom in A%i and AJ; with mass my, which should not be included in the effective
theory at energies p < my. These modes are encoded in the term proportional to 1/mj and
can be integrated out by neglecting that kinetic term. The workings are explained in [222].

The quadratic Lagrangian for the massless modes is then:!!

(e Dot -0 3 (AL, e

|m|<sz_1

+ A Al )+®(q,J D Z qwmzaﬁ” } (3.2.74)

1,gij—-1.m  1l,q;;—-1,m
Im|<qi;

10Tn other words, in the language of Appendix E, we find that the superfield V™ is massive, while Q stays
light and enforces gauge invariance.

1Using the assumption that g;; # 0 for i # j, we have substituted ©(g;;) — O(qg;; — %) in (3.2.73), and
consequently we have substituted >;.; — ;.
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The bosons A%’ and the fermions ¢/ have a 1-derivative action, while the fermions A%l are

auxiliary.

3.2.6 Matter multiplets spectrum

To find the spectrum of modes coming from the 3d chiral multiplets, we expand the chiral
multiplet Lagrangian (3.2.17) to quadratic order in fluctuations around (3.2.23). All fields in
the chiral multiplet are rescaled by 1/R. After expanding in monopole harmonics according

to Table 3.1 and integrating over S, the quadratic action in momentum space is:

/ ZZ D, Hp(p+200)——]|¢,,m(p)l |+

i,j I, |m|<l
P~ 200 F 11 (p)
+ m(p) 7 m(p) Ser m (3.2.75)
where
m
o0 = ~qija’my = ==, Sa = \/l(l +1)-ql(q] £ 1) (3.2.76)

For [ > |q1 | + 1, all modes exist (see Table 3.1) and are massive. Moreover, the masses of
bosons and fermions are palred and the ratio of determinants i is 1. The modes with [ = |ql J|
exist in all fields if ¢’ ij , whereas they only exist in (/) ] and w ;if q > 0. In the
former case, all modes are massive. In the latter case, the field ¢ has a massless pole and a
massive pole that cancels with that of wll Pr0V1ded that q -1, there exist modes with
[ = |q{j| -1= —qu —linny and f,/, such that 7]1 is massless while f] is auxiliary.

To summarize, the quadratic Lagrangian for modes that contain massless poles, and that
of their supersymmetry partners is

I P 4ii i i i
Z{@(qu) Zl [mg( I,qu,m at ¢1q m + l/’I’qz{j’m l/’]’q,{j,m) +

m +®(_ql[j B 1) Z (771 q al 771 q’ -1.m |f —q .—1 m|2)} ’

|m|§—q{j—1

.. 2
ad, m‘ + (3277
al

where the i, j dependence of m, was made explicit. At low energies p < m; , the quadratic

kinetic term of ¢, i Lglm and the kinetic term of ]q L can again be neglected. Note that
ij’ ij’ ..
> 0 does not exclude the possibility that i = j, in which case mg = 0. We might also have
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mg — 0 as @ — 0.12 In either case, all of ¢ij 1! and l// o m would be classically massless.

1]" l]

However, quantum effects would still generically generate supersymmetric terms like

i ij ij ij
l’l’l(r(q) (¢1q m O ¢Iq m Wl’q{j’m lﬁl,q{ﬁm) s (3.2.78)

whose superspace expression is (E.2.49). At scales p <« m'  the quadratic kinetic term of

o(q)’
¢’IJ ol and the kinetic term of w i would still be negligible. Therefore, rescaling ¢
ij’ l j U

and wl o m by 1/ (m(,)l/ 2 (1nc1ud1ng quantum corrections), the resulting quadratic effectlve
4l

Lagrangian is:

ij 11— ij
Z[®(q11) Z ( I I m t¢lq m ll/l,q{j,m(’lll,qu,m)-'- (3279)
i1 Im|<q];
1 ij . ij ij 2
+®(_qij B 1) Z (nl,—qfe—l,m lat nl, qi; 1,m |f[ —q; .—1 m| )] ’
Im|<~q];~1 !

3.3 The effective quantum mechanics

In this Section, we present the proposed low-energy quantum mechanical model, which is
the result of setting to zero all massive modes in the gauge-fixed 3d Lagrangian while only
keeping the light modes.

The gauge group is U(1)" and the vector multiplet only contains the gauge fields A! + o/,
withi =1,..., N.B Their role is to impose Gauss’s law. Because of the presence of a Wilson
line of charges km;, coming from the 3d Chern-Simons term, Gauss’s law projects onto a
sector of non-vanishing gauge charges.

The matter content consists of various chiral and Fermi multiplets X/ with charges +1
under U(1); ¢ U(1)" and —1 under U(1) j- They interact with the gauge fields via the
covariant derivative

DX = (8, - i(Aj+ 0’ — Al = o) | X7 (33.1)

The matter content depends on the fluxes m; — determined in (3.1.35) — and n; through
the combinations ¢g;; and q{ ; defined in (3.2.28). For every pair of indices ij, from the 3d
vector multiplet we get the following matter multiplets. If g;; < —1, there are 1d chiral

2Indeed m, ~ a?my ~ a/R, therefore its scaling is not fixed by the choices we already made.
3]n the Wess-Zumino gauge, the only non-vanishing component of the superfield V' (or equivalently of Q) is
A; + 0. See Appendix E.2.1.
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ij —ij ij i
Aim Cm ¢I,m nl,m
chiral Fermi chiral Fermi

existence: | qij < -1 | qi; 23| ¢, 20 | g/, <-1

! lgijl =1 | aij ai; | lajl-1
R3 0 0 263, | 203, -1
q1 0 0 011 — 031 | 017 — 031
q2 0 0 021 — 031 | 021 — 031

Table 3.2 Matter multiplets (we indicate the bottom components) for indices ij and their
representations under the global symmetries. We label the SU(2) representation by the
highest weight [ € 7Z/2. The charges of the lowest components in each multiplet are indicated,
while their superpartners have R-charges R3 which are shifted by —1.

= (AY | AY
( 1m’ " 1,m

. . 1
Otherwise, if g;; > 3,

multiplets Elijm ) in the SU(2) representation of highest weight / = —¢;; — 1.
there are 1d Fermi multiplets C = (E,ﬁ,j , gﬁ,ﬁ) with [ = g;;. Here we
introduced the auxiliary fields g,’;{, even though they are not present in the 3d theory, to make
off-shell supersymmetry manifest. From the 3d chiral multiplet with flavor index 1, we get
= (07 i

” ) with [ = —ql i 1if ‘11 ;< 1. We summarize this content in

1d chiral multiplets & ) with [ = q if q > 0, and otherwise 1d Fermi

= (1 i,
Table 3.2, Where we also hst the representations and charges of each multiplet under the
global symmetries SU(2), U(1)2 and U(1)g.

In addition to gauge interactions, other interactions are specified by E and J superpotentials.

multiplets y

We have as many E and J functions as there are Fermi multiplets. For a given Fermi multiplet
n, E is in the same gauge and flavor representation as 7, and its R-charge is R(n) + 1. On
the contrary, J is in the conjugate gauge and flavor representation with respect to 1, and its
R-charge is —R(n7) + 1. We find that the E and J functions are zero for the Fermi multiplets

c~,,i1j . For the Fermi multiplets 777 > the E and J superpotentials are:

£ ) |sz| lq lg} 11 kj
,m—zZ[G’(w 2. e OOt o ™) A Ot
|m,|<qk
~0(q,) Z 'k N1 (|ij| 1 q;k |‘1u| 1) ¢ (3.3.2)
ik 1d ik m—m' m’ lm -m’ ’ e

Im’|<q!,
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J;‘,i_m == Z ek ©(q7,) O(q)x
JKk

i 297 +1)(2¢K +1) I J K

Jki ( 9k ki —qi.—1-m q- q.: |q -1

x D Al ol C(tn o )7 B s (333)
Im’|<q7,

|m+m'|Sqﬁ
where C ( rf1 rfl fl ) are the Clebsch-Gordan coefficients given in (D.23) and we defined
ij 1 FU A3d

d ™ T ’ 1d ”
R+Jkm¢ R\/47rmg m{,

The sign (- 1)_‘151‘ ~17m in the J-term is necessary for SU(2) invariance. The term Eij i

e

(3.3.4)

(3.3. 2) exists for q < —1, then the condition ¢! ¢; 2 0in the first line guarantees that A”
and gb 7 " both exist, and the condition ql. = 0in the second line guarantees that ¢’Ik and Ali{j
both exist. Also the term J{ "in (3.3.3) exists for q{ ;< —1, which is guaranteed by the two
conditions q? =0, qfi > 0 on the RHS. The E-term comes from the reduction of (3.2.16)
whereas the J-term from the reduction of the 3d superpotential (3.1.11). One can check, by
substituting (D.25) and relabeling the indices, that

Z —q; - Z E” 5L =0, (3.3.5)

i1 Iml<—q;-

which is required for supersymmetry. The couplings e;4 and A4 are obtained by tree-level
matching.

The complete Lagrangian in terms of the E and J given above is:

Lom =k Z m; (Al + o) + Z{@(qﬁ -1 Z (A{m iD} A{m + A{m A{'m)+ (3.3.6)

ij |m|<q;;-1

+0(qy-h) Y. (@l iDrad +[eil’) + Z@(q,,)2(¢ iD; o, +u, i, )+
|m|<q;j |m|<q
+0(-q/;-1) ) (ni{m Dinl + |2 P =B P =yl QET ~QEY ni

|m|§—q{j—1

ij qji Ji ij Ji Ji
ImJI m_‘] Im_nImQJ m_Q‘] mnlm)]}
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where i, j =1,...,N whereas I = 1, 2, 3. Note that both bosons and fermions have at most

I-derivative kinetic terms. The Lagrangian can be more compactly written in superspace:

,cQszdede{ vawz

1]

(a1 Z HjitmE{m-'-@(q"f_%) Z Cn Cin+

Im|<qij—1 Im|<qi;
~[ow 3 o, ofl, +or-g -1 )2, Vi, )|+
Im|<q]; Im|<~q];
+) 0=, -1) > {/de i (q>)+/d5 v, J{j’_m@)}.

ij. 1 Im|<-g};~1
(3.3.7)

Here we promoted the scalar fields in J to be chiral superfields.

The observables of the 3d theory include the gauge-invariant operators. After gauge fixing
by sW,t, they are the BRST-closed operators, invariant under the residual gauge symmetry,
and with ghost number n, = 0. The further addition of QW to the Lagrangian does not
modify their correlators, see (3.2.59). When we go to the effective 1d description (3.3.6),
the ghost field ¢ is completely integrated out. Any operator containing a;j should not be
regarded as a physical observable, because it will have n, < 0. For instance, one might have
noticed that the Lagrangian (3.3.6) has a large number of additional global U(1) symmetries
that rotate each 5,,"{' independently. However their currents are not physical observables
(because they are constructed with ¢,,; ) and indeed the symmetries act trivially on the sector
of physical observables.”* They should not be regarded as emergent symmetries of the
physical theory. On the other hand, all operators constructed from the fields of the low-energy
1d description other than E,f,j and invariant under U(1)", are physical observables. This is
because the BRST transformations of the physical fields X are sX = 0gauge(c)X, but ¢ is

massive and set to zero in the low-energy description.

3.3.1 Quantum mechanics 1-loop determinants and the Witten index

A simple check that we can perform of the proposed 1d quantum mechanics (3.3.7) is that its
Witten index matches the topologically twisted index of the 3d theory, at leading order in the
large N expansion. This ensures that its ground-state degeneracy reproduces the entropy of
BPS black holes.

“In view of holographic applications of the low-energy quantum mechanics, one should not expect the extra
symmetries to appear as gauge fields in AdSs.
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The Witten index of N = 2 supersymmetric quantum mechanics is defined in the same
way as the topologically twisted index in (3.1.20). In the Lagrangian formulation, the
chemical potentials A; are introduced as twisted boundary conditions on the fields. For a
class of these models, the Witten index has been computed in [217] (see also [223,224]), and
it takes a Jeffrey-Kirwan contour integral form as in (3.1.21). We want to make sure that the
quantum mechanics (3.3.7) reproduces the integrand in (3.1.21) for the value of m; singled
out by the saddle-point approximation.

After fixing the 1d gauge 6, (A! + o) = 0, the Wilson line gives a classical contribution
exp(27ri Qi kmiu,-), where 27u is the constant mode of the Wick-rotated A; + o-. The chirals

E7 and Fermi’s C coming from the 3d vector multiplet contribute to the 1-loop determinant as

z= =] . 2Ze=]]

i+ i#]

b

( o i) )9(—61ij—1) (=29:j-1) (eQﬂi”if _ 1)@(%7) (2g:;+1)
1

-

1 — 2riuij oTillij

(3.3.8)
where u;; = u; — u;. The exponents come from the 2/ + 1 degeneracy in each SU(2)
representation of highest weight /, and the ® functions ensure that nontrivial contributions

only enter when the multiplets exist. Recalling that g;; # 0 for i # j, their product simplifies:

Ze Ze=(-1)" 7 1—[(1 - ﬁ) : (3.3.9)

i#] %

where z; = 2™, The result above matches (up to an inconsequential sign) the 1-loop
determinant of a 3d vector multiplet given in [72] and appearing in (3.1.21).5> As opposed to
the indirect Higgsing argument which was used in [72], the result here provides an explicit
derivation based on a careful gauge-fixing procedure. This computation shows that the
ghost multiplet C*/ appearing in the quantum mechanics is needed to reproduce the correct
degeneracy of BPS states. Lastly, the chirals ®; and Fermi’s ); coming from the 3d chiral
multiplets contribute to the 1-loop determinant as

’ ZyIZH

i,j

9

( i +A) )@(q{j)(zq{jm (1_e2ni(uij+A,))6(—q{j—1)(—2q{j—1)
1

_ eQﬂi(uij+A]) eﬂ'i(u,'j+A1)

(3.3.10)

5The 1-loop determinant of a Fermi multiplet has a sign ambiguity coming from the assignment of fermion
number to states in the fermionic Fock space. We have fixed this ambiguity in a specific way to get (3.3.9), but
different conventions are possible. Notice, for example, the different choice made in (3.3.10).
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where 27 A; is the (off-shell) background flavor gauge field (A; + o). Their product is

. 1
eﬂ'l(u,'j+A]) )2%‘]""1

Zq)/ZyI = H(l _ eQm'(ui_,-+A1)
ij

N%(ng+1)/2 o\ —n;-1 (3.3.11)
Vi n — YiZ; 1 _y Zi
T (- ynNm+D 1 — VIZi % ’
where y; = 2721, The complete integrand is thus
B = ek Zima 22 20 [ ]| Zo, 2y, (3.3.12)
I

matching the integrand in (3.1.21). This guarantees that a large N saddle-point computation
of the 3d topologically twisted index matches a saddle-point computation of the 1d Witten

index.

3.4 Stability under quantum corrections

The gauge-fixing action 6Py preserves the real supercharge 6, U(l)%, and SU(2). We first
use the ¢ invariance of the full action to show that the fermion 'c“,flj only has gauge interactions.
This allows us to focus on fields other than c, cm . Although the gauge fixing breaks Q, O,
and U(1)g, we will then give arguments for why they should be preserved in the effective
action. The key observation will be (3.2.59). Finally, we will use all the symmetries Q, @
U(l)%, U(1)g and SU(2) to discuss which classical and quantum corrections to the quantum

mechanics computed in Section 3.3 one could expect.

3.4.1 Interactions involving ¢
Using the fermionic symmetry ¢, we can argue that the part of the Lagrangian involving

the fermions 'cv,;;j cannot be anything other than (3.3.6) at low energies. Let (-)s denote the

gauge-fixed path integral, as in (3.2.59). For i, j such that g;; > 0, we consider the quantity

(e (1) DF &) (1)), = (G, ’(t)c?b”(t)>5 (G (1) Sguge(R) (1),
~ (G (1) ob(), .

(3.4.1)

Here bi{; is the [ = g;; mode of the auxiliary field b in the gauge-fixing complex. In the first
equality, we used (3.2.45) and (3.2.54). The approximate equality = only holds in the IR
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limit because the term that was discarded is a correlation function involving massive ghosts ¢
in R = —{c, c¢}+/2, which is exponentially suppressed at large ¢ — . We continue using the

Leibniz rule on ¢ and the fact that 5-exact correlators vanish, to write
(Gl (1) b(1)) s = =(8C (1) Bia (1)), = i{by (1) bin(!)), - (3.4.2)
The path integral over b% is quadratic and can be done exactly, yielding

(G (1) DF @), ~ i (0) BA(t)) = =6t = 1) + (O (1) Ou(t)), ~ —6(t 1),
(3.4.3)

/ qij ij €3d ~ ij
On = éR? Allj’flij,m R te C};J:qi.fsm ' (344

The expression {c, c}j{q_, , Stands for the (I = gij, m) mode of {c, c}/. Both terms inside Oy
=qij,

where

contain massive fields only, therefore (O_H(t) OH(I’)> s is exponentially suppressed at large
distances and the approximation holds to increasing accuracy in the IR. Using only symmetry
arguments for ¢, we have shown that 5,,1.{. must satisfy the Schwinger-Dyson equation derived
from (3.3.6) in the IR limit. Any modification of (3.3.6) containing 'cv,,';j would change the
Schwinger-Dyson equation, and can thus be excluded.

3.4.2 Presence of V' = 2 supersymmetry and R-symmetry

Having taken care of c~,,i1j , we want to constrain the effective Lagrangian for the remaining
fields. Here we show that in the IR it must preserve 1d N = 2 supersymmetry and U(1)g,
even though these symmetries are broken by the gauge-fixing term ¢'Wyr.

First, we show that the Ward identities for the supercharges Q and Q are satisfied on
correlators O constructed from 1d fields excluding E‘,ﬁlj , which are modes of physical fields in
3d. More precisely, we show that (Q©); ~ 0 (and analogously for Q). As before, approximate
equalities ~ hold in the IR limit. Firstly, since O is constructed from modes of physical fields,
it has n, = 0, and the same goes for QO. Then (3.2.59) tells us that (QO)s = (QO),. It
remains to show that (QO), ~ 0.

We then follow the standard procedure to derive a Ward identity. In the path integral
(O)s we perform a field redefinition X’ = X + € QX on physical fields X in the form of

a supersymmetry transformation, while keeping the fields Y in the gauge-fixing complex
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unchanged. Let Spy, be the original action before gauge fixing. At first order in € we get

<O>s = /D¢ Oei(Sth‘I‘gf) = /'D¢ (O + er) ei(Sph+s‘I’gf)—iesQlI‘gf
(3.4.5)
= (0)s +€((QO), ~ (O s QWyi)s ) + ..

Suppose that O is fermionic so that (QO), ~ 0 is a non-trivial statement. At order €, that

equality implies
(QO), = {05 0¥y}, = i{(50) (Q¥e0), = I (ue()O) (Q¥e0)) 0. (346)

We used that <s(O Q‘I’gf)>s = 0 because the action Sy, + sWyr is s-closed. In the last step, ¢
is massive and therefore its correlators vanish in the IR. We can now use (3.2.59) to conclude
that (QO)s = (QO)s ~ 0.

The Ward identity for U(1)g can be derived with much less work. Any O built out of 1d
fields excluding &,/ has n, = 0, and (O); = (O); by (3.2.59). Since sWys is U(1)g invariant,
(O), = 0 if O has nonzero R-charge. Therefore (O)s = 0 if O has nonzero R-charge.

Given the above Ward identities, any effective action in the IR should have 1d N = 2
supersymmetry and U(1)g symmetry. For U(1)g, we can see this in the following way (the
argument for supersymmetry is analogous). Formally, the exact effective action for the fields
in the quantum mechanics is given by

o1 (S0+Z 20 8r) — /D¢H o (Son+0'¥er) , 3.4.7)

where S,, r € Z are pieces of the effective action with R-charge r, and ¢ are the massive
fields which are integrated out. Note that the U(1)x violating pieces S,xo can in principle be
generated because 0W,r breaks U(1)g. However, the presence of any S,..o would generically
violate the U(1)z Ward identities. Indeed, suppose S, is present for some r # 0 and consider
an operator O with R-charge —r which is constructed out of the fields ¢; in the quantum
mechanics excluding E,ff . The Ward identities tell us that (O)s = 0. However, computing
(O)s directly gives:

(O = /quL O /So+Sr) = Z % /D¢L O S" e = i/quL OS, e #0. (3.4.8)
n=0 """

We used that Sg is U(1) invariant, while © and ©S7>2 have nonzero R-charge. The operator
OS, has zero R-charge and its expectation value is generically nonzero.
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3.4.3 Symmetry constraints

We canuse U(1)g, Q, and @, together with the other symmetries, to constrain the interactions
that could appear in the effective action. We work within the framework of [217] (see
also [225]), where the interactions in an N = 2 supersymmetric quantum mechanics are
specified by E and J functions, i.e., holomorphic functions of chiral superfields satisfying
(3.3.5). The argument in Section 3.4.1 tells us that the £ and J functions corresponding to C
must vanish in the IR:

EY

— Ji
cm =0, J,

cm=0. (3.4.9)

Besides, C cannot appear in the E- and J-terms of the other Fermi multiplets );. Since it is
already true classically that DY; # 0 for every ), one expects that ));’s cannot appear in E
or J functions either, because quantum corrections would need to be finely tuned to make
them chiral. Therefore, E and J functions can only be holomorphic functions of ®; and Zj.

Let us neglect gauge charges and SU(2) invariance momentarily, and suppress the
corresponding indices. To have the same U(1)12¢ charges as V; and R-charge R();) + 1, the E

function corresponding to ); must have the simple form
E; ~ @ he(Ey) , (3.4.10)

where i is a holomorphic function. Fleshing out the gauge and SU(2) indices, we enforce
that £}/ have the same gauge charges and be in the same SU(2) representation as v,
Imposing those conditions on the constant term in sz, we get E}/, ~ @/ . However, such a
term is impossible because y,’ (and therefore E; i ) EXIsts when q 1 while @; i 1, EXISES
when ql. = 0. The two conditions are mutually excluswe.16 We remain with terms in hg

which are at least linear in E7. Writing the first term explicitly, we find:

ij |Qik|_1 qr; lal -1\ =ik kj
El,m - Z G)(qk]) Z . A ) ':'I,m—m’ q)l,m’+

m-m m m
|m/|<qk

+Z &0l Y, ¢ c(lwta o=ty it =k (3.4.01)

m-m’ m m “1,m-m’
Im’|<q],
The © functions are necessary to ensure that the fields ®; and =y exist with their corresponding
gauge charges. The Clebsch-Gordan coeflicients project the product of :1 and ©; to the

same SU(2) representation carried by E;jm, ie,l = |q | — 1. Finally, e J , and e, e’ are

Ik

16Because of this, the chirals and Fermi’s in the quantum mechanics cannot gap each other out through a
dynamically generated E-term.
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free coeflicients. Analogously, terms of the form ® I(ET)”Z2

should contain a product of n
Clebsch-Gordan coeflicients and balanced gauge indices.

When constraining the functions J; corresponding to );, we again start with U(l)IQ, and
U(1)g. Now, J; must have the opposite U(l)f7 charges to );, and R-charge —R());) + 1. Thus
J; must have the form

Ji ~ @, Dk hy(Ey) (3.4.12)

where J and K are different flavor indices complementary to /. Again, A; is a holomorphic
function. We should impose the gauge and SU(2) invariance. Expanding /; as a polynomial

in &7 and writing the first (constant) term explicitly, we have

} A .
I,k —ql.-1-m ‘] K [ - k |
=D == 00y > o (i e lnl ) ot ol
k

1 _ m —-m-m m
V2=t ' |7,

|m+m’|Sqﬁ.
T
Lk K J —gl—1-m ~ (g% gl gl -1\ xJk ki
+ == )0ty Y. o hre(Ue d Wiy ot ekl Ly
q..— , K
Y Im’|<q 7
’ J
|m+m’|<qy;

(3.4.13)

The indices J and K above are chosen such that €//X = 1, and the factor 1/ \/m was added
for later convenience. Similarly to the E function, there are two unfixed coeflicients /lfk and
/Pldfk. Terms of the form ®;® (Z;)"=! should contain a product of n + 1 Clebsch-Gordan
coeflicients and gauge indices should be balanced.

Lastly, supersymmetry requires (3.3.5). If we restrict E;Jm and J {f_m to the terms written
explicitly in (3.4.11) and (3.4.13), this condition implies

el A ekl =0 i €7F=1 and ©(q);) O(q)) O(qf) =1,

el A, e =0 it €K =1 and O(q,)0(gK)O(q]) =1.

(3.4.14)

Note that none of the indices above are summed over. The coefficients in (3.3.2) and (3.3.3)
that we found from the reduction satisfy these equations, but they might not be a unique
choice. The constraint (3.3.5) would also have to be enforced on terms with higher powers of
Ej, strongly constraining their coefficients.

From classical scaling arguments, we are not able to rule out the presence in (3.4.11) and
(3.4.13) of terms that have higher powers of ;. They could be generated both at the tree
and at the loop level. It would be consistent to neglect those terms if 23, which is classically
dimensionless, gained a positive anomalous dimension. This is indeed the case for classically
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dimensionless fermions in SYK models such as [154, 183], but it remains to be checked in

the theory discussed here.






Chapter 4
Conclusions

In this thesis, we investigated how holography can capture and describe the microstates of
BPS and near-BPS asymptotically-AdS black holes, by means of a dual field theory analysis.

In Chapter 2, we have evaluated, using a Bethe ansatz approach, the superconformal index
of a broad class of 4d N = 1 holographic quiver gauge theories at leading order in N, for
generic fugacities for the global symmetries commuting with the supercharges. In particular,
we focused on the contribution of the so-called “basic solution” [116] to the Bethe ansatz
equations. By doing so, we extended previous results for N' = 4 SYM [85] and toric quiver
gauge theories [125]. This result allowed us to match the Bekenstein-Hawking entropy of
Gutowski-Reall black holes [135] for generic electric charges and angular momenta. We were
also able, in Section 2.3 and 2.4, respectively, to match the entropy of the universal black
hole (which can be embedded in any AdS5XxSE5s compactification of type IIB supergravity)
and predict the entropy of putative black holes in a consistent truncation [169] of type 1IB
supergravity on AdSs x T,

The last result is particularly non-trivial: the matching was done using a purely near-
horizon analysis, in the spirit of [118]. A similar computation has been recently carried out for
the gravity dual of A/ = 1* theories in [80]. Supersymmetric black holes with generic electric
charges have not been constructed yet in the case of type IIB supergravity on AdS5xSEs, if
not in the case of SE5 = S°. It would be interesting to construct new supergravity solutions
for generic SE;5, and explicitly see the duality at work there.

A better understanding of the solutions to the Bethe ansatz equations and the regimes in
which they are dominant is also crucial. First of all, it would be interesting to understand
the precise relation between the Bethe ansatz solutions and the saddles one gets from a
saddle-point evaluation of the superconformal index [93]. A step in this direction was done
in [90, 105]. Secondly, one has to establish a gravity interpretation for the different Bethe
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ansatz solutions. In [185] a detailed analysis was performed, but a complete picture is still
missing. For example, multi-center black-hole solutions could play a role in this business: the
existence of multi-center solutions in AdS space is still unsure, but recent analysis [226,227]
point towards a positive answer, and one could thus expect to see their contribution to
the index. Other interesting analysis of the gravitational interpretation of the CFT results
are [76,101,103,104,109, 121,126,130, 131]. A more basic problem that is relevant for the
gravity interpretation is the definition of path-integrals for gravitational systems, for example
in light of the new advances [228,229] regarding the importance of considering complex

metrics.

In Chapter 3 we have performed a first principle derivation of the quantum-mechanical
theory dual to the horizon of asymptotically-AdS, x S static, magnetic black holes in massive
type ITA supergravity. To do this, we put the dual 3d A/ = 2 Chern-Simons-matter theory on
S? with fluxes, and we integrated out all the heavy modes. The theory we got in (3.3.7), given
(3.3.2) and (3.3.3), is an N = 2 gauged quantum mechanics with finitely many dynamical
bosons and fermions. All the fields have at most linear kinetic terms, and the E- and J-term
couplings are governed by Clebsch-Gordan coeflicients.

In the last few years, starting from [139], many 1d models have been studied, aiming at a
holographic connection to black-hole physics. In [152—158] the authors were able to derive,
by zooming in the near-horizon region of asymptotically-AdS (and asymptotically-flat) black
holes, 2d JT-gravity models capturing the near-horizon physics. Unfortunately, first-principle
derivations on the dual field theory side were still lacking, but people found different 1d
models with promising features; we mention here the supersymmetric models [154, 183].
With respect to them, our model contains not only Fermi but also chiral multiplets. Due to
the linear kinetic terms, the chiral multiplets contain a single scalar dynamical degree of
freedom. In this respect, they are very similar to the Fermi multiplets. It would be interesting
to understand what are the differences between fermionic, bosonic, and mixed models like
ours.

Moreover, this model could be used to better understand the basics of the AdSo/CFT;
correspondence. What is the origin of the averages which play a central role in the JT-
gravity/SYK-model correspondence, and are they essential? In our theory, the couplings are
determined and fixed by the reduction. Nevertheless, they follow a “statistical distribution’:
to trade them for a random variable can be seen as a simplifying approximation.

We expect this model to capture the thermodynamics of near-BPS black holes. In the
near-BPS sector, one usually does not have enough control to analytically compute quantities
of interest. In field theory, for example, one should compute partition functions for a

d-dimensional theory at strong coupling, which is known to be a hard task. Our model is
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particularly useful because it is 1-dimensional: a partition function in 1d can be computed
using, for example, the Schwinger-Dyson techniques developed in the last few years in the

analysis of the SYK model; in this way, we gained computational power for a problem which
was previously difficult to attack.
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Appendix A

Large N computations

In this Appendix, we present the manipulations needed to obtain the large N results which
are heavily exploited throughout this dissertation. Appendix A.l contains the definition of
useful special functions. In Appendix A.2 and Appendix A.3, instead, we will focus on the

4d superconformal index and the 3d topologically twisted index, respectively.

A.1 Special functions

It is useful to start by defining some special functions which will turn out useful in what
follows. We recall here that z = 2™, p = ¢?™7 g = > and h = ¢?™“. We will also list

some properties which will play a role in our computations.

Elliptic functions. We begin with the functions which play a role in the evaluation of the
superconformal index. Firstly, the h-Pochhammer symbol is defined as

(@M= [(1-21", (A1)
n=0

and, for |z|, | k| < 1, it admits the plethystic expansion

(z; h)oo = exp [— i
k=1

The h-theta function is defined as

k
< ] . (A.1.2)

| =

1 — h*

Oo(u; w) = (z; Moo (M) 25 Moo (A.1.3)
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with plethystic expansion for |k| < |z] < 1

o 125+ 77kt
Q(](Ixh&)) = exp l—z%w . (A14)
k=1 -

It exhibits the reflection relation
0o (u; ) = =7 0y (—u; w) . (A.1.5)

The elliptic gamma function I is defined as

m+1 qn+1 /Z

~ 1=
L(u;t,0) =T(z;p.q) = l—[ lli . (A.1.6)

m,n=0

with plethystic expansion for |pg| < |z]| < 1

= 12 - (pg)
I'u;r,0)=exp|— ) — . (A.1.7)
; k(1-po)(1-q~)
It satisfies the following useful shift property
[ (u + mabw, aw, bw) = (A.1.8)

. _ab 2, atb-1 . _ab, 3, ab(ath) 2 a2+b%+3ab-1
_ (_e2mu) Gm+Eg=—m (6271111)) SEme+—r—m 15

" 00 (u, w)" f(u, aw, bw) ,

where m € 7 which was proven in [85], the inversion formula

T(u;t,0) =1/T(r+0 —u;7,0) , (A.1.9)
and the identity [230]
B a-1b-1
INu;r,0) = F(u+(7’T+SO’);aT,b0') ) (A.1.10)
r=0 s=0

for any 7,0 € H and any a, b € N. This is can be proven by exploiting the infinite product
expression of I". Now, exchanging a <> b and r « s in the formula, and then setting T — aw,

o — bw, we obtain the formula [231]

—_
S
—_

['(u; aw, bw) = l:(u + (as + br)w; abw, aba)) . (A.1.11)

r

I
o
Il
o

N
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Bernoulli polynomials. One can define the Bernoulli polynomials by introducing their
generating function

ts b " o
Ft,s) = —— = Z_;B"(S)a C B9 = gaFs) (A1.12)

from which we can explicitly extract the first few ones

1
Bo(s) =1, Bi(s)=s5s-—=,
. 23 . (A.1.13)
Bg(s):s2—s+6, Bg(S):SS—§SQ+§S,
and check that they satisfy the properties
B,(1-1s)=(=1)"B,(s) , B, (s) =nB,_1(s) . (A.1.14)

Poly-logarithms. For the topologically twisted index is instead useful to introduce the
poly-logarithms. They are defined through their Taylor series around z = 0

"

Lix(z)= Y = (A.1.15)

e=1 gk’

which is absolutely convergent for |z| < 1. This definition can be analytically continued
to the whole complex plane, with a branch cut on the real axis from z = 1 to z = co. In
particular Li; (z) = —log(1 — z), where the principal sheet defined by (A.1.15)) is such that
Im log € (—n, ). The functions Li;>5 have an absolutely convergent series (A.1.15) on the
unit circle and are thus continuous at z = 1, while the functions Li; <y have a pole at z = 1 but
no branch cut, in particular Lig(z) = z(1 - z)7%.

One can define the single-valued analytic functions

Fi(u) = Lig (1 — e727) (A.1.16)

defined by (A.1.15) in the domain |1 — e=2"*| < 1 with Reu € (-1, 1), implying that

F;(0) = 0, and by analytic continuation elsewhere. For instance, we have
Fo(u) = e*™ — 1, Fi(u) = 2miu . (A.1.17)
Whenever the function is differentiable, we have

20.Lix(z) = Liz_1(2) (A.1.18)
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or alternatively

. . i
dLix (€2™) = 2miLiz_1 (™)  or 0 Fi(u) = %’1 Fea(u).  (A1.19)
e i __
The last relation allows one to define
u 2mi
Fi(u) = / dw ——— Fr_1(w), (A.1.20)
0 e W __ 1

which is single-valued because the integrand is analytic with no poles. The poly-logarithms

satisfy the following identities:

Lig (€*™) + Lig (e™*™) = ~Bo(u) ,
Lil (627riu) _ Lil (e—Qm'u) — _(zﬂi)Bl(u) ’
Lis (e2m'u) + Lis (e—Qniu) — —%(27Ti)232(u) ’ (A.1.21)

Lis (eQ”i”) — Lig (6_2”i”) = —é(?ﬂi)3B3(u) ,

where B, <3(u#) where defined in (A.1.13). These relations are valid for Reu € (0, 1) and
the poly-logarithms in their principal determination, and can then be extended to the whole
complex plane by analytic continuation (notice that the functions on the RHS are polynomials

with no branch cuts).

A.2 Thelarge N SCI

In this Section, we will prove that, up to subleading corrections, the building block (2.1.20) can
be written as (2.1.29). This result is the core of our large N computation of the superconformal

index.

A.2.1 Simplifications of the SCI building block

We want to show that the terms neglected in passing from (2.1.22) to (2.1.23) are subleading
at large N. We will first analyze the effect of dropping the term w(d — ¢)/N from the
arguments of the gamma functions, in all those terms with y # 6. We will later estimate the

contribution from the terms with y = ¢ that were discarded from the sum. Defining

N
~ 0
f(z) = Z logI’ (z +w ~y; abw,abw| , (A.2.1)
y#0 N
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we want to show that
‘f(Z+Cw/ﬁ) —f(z)) < O(NlogN), (A22)

where C = (d —¢)/ab,z=A+w(d—c+as+br)andc,d=1,...,ab,r =0,...,a -1,
s =0,...,b—1. Without loss of generality, we can assume C > 0, because the case C < 0 is
analogous while C = 0 is trivial. As in [73], we discard the Stokes lines A € Z + R w except
for the point A = 0, because the limit we compute would be singular along those lines anyway.
If A is not on a Stokes line, then the restriction of f to the straight line in the complex plane
passing through the points z and z + w is a C™ complex function. In the case A = 0, instead,
we consider the restriction of f to the straight closed segment from z to z + Cw/ N: one can
check that f is C* along that segment, because for y # ¢ the segment, suitably shifted, it
hits neither zeros nor poles of any of the gamma functions in (A.2.1) (in both cases, f is a
holomorphic function in a neighborhood of the restricted domain). A complex analog of the
Mean Value Theorem (MVT) then states that

f(z+Cw/N) - f(z) C

Re = = Re f'(z+c1w/N)
taC ‘/"ﬁ) o N (A2.3)

72+ Cw - f(z C ~

Hmf / == Im f'(z + c2w/N)

w N
with ¢1, co € (0, C). Summing the absolute values follows the bound
z+Cw/N) - f(z 1 ~ -

Al L/U )=1@) = (f’(z+c1a)/N)’+‘f’(z+czw/N)‘) (A2.4)

where we used |[C| < 1 — % < 1. It is therefore sufficient to show that
= |f(c+ m/ﬁ)‘ < O(Nlog N) (A.2.5)

for any ¢ € (0,C). Noticethat 0 < ¢ < 1 — %.

We reason as follows. For A ¢ Z + R w, the arguments of the elliptic gamma functions in
(A.2.1) remain at an N -independent distance from the zeros and poles, that in our case are
placed at the points

up; = (1+i)abw, Uooj = (1 = jlabw for i,j] €Zs1, (A.2.6)
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respectively. The orders of the zeros and poles are i and j respectively. The ratio |I:’ / I:| is

bounded on the range of possible arguments, therefore

f’(A + tw; abw, abw) ~
- —ON) . (A27)

f’(Z+Ew/ﬁ)‘§ﬁ max
te [—ab,3ab—a—b]

(A + tw; abw, abw)

The case A = 0 is more subtle since, as N grows, the arguments of some of the gamma
functions can get increasingly close to zeros or poles instead of staying at an N -independent

distance, and the N-independent bound above does not apply. This happens when
z=1uo; € {ug;,up; + w} or Z= U, € {Moo’j, Ueoj T w}. (A.2.8)

One can easily see that for A = 0, z can range from (1 — ab)w to (3ab —a — b — 1)w so that
the problematic points we may approach are the simple zero at u 1, the simple pole at o 1,
and the double pole at u 2.

We now introduce a few results for later use. For a meromorphic function g whose zeros

include {z;} of order {m;} and whose poles include {p;} of order {n;}, one can write

~ ILi(z=z)™

g(z) = m

s(z), (A.2.9)

where s(z) is meromorphic with zeros and poles at the remaining zeros and poles of g that

were not included in {z;} and {p,}. Taking the derivative of this expression and computing

& = m n;
g(z) 2. -z Zjl P h(z), (A.2.10)

g’/ g, one finds

where h(z) = s'(z)/s(z) is meromorphic with simple poles at the remaining zeros and

poles of g that were not included in {z;} and {p}. Therefore we can apply (A.2.10) to the
meromorphic function I and say that

1 1 2

_ + _
|z +u 5 = 2abw| |z +u ]

+ _ +(N-1DK (A2.11)
|z + ufy s Tabwl
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where we defined

= o—y+c
W= w2 K= max  |ha(to) (A2.12)
N te[—ab,3ab—a-b]

and hg is the meromorphic function associated to [in (A.2.10). We can bound its value with
an N -independent quantity because it is holomorphic on the range of possible arguments. If
2 # UQ,1, Ueo,1, Uso 2, the outlying sums in (A.2.11) will be of order O(ﬁ) since z + uf;(s will
be at least at a distance |w| away from the zeros and poles. To complete our proof when

2 =1Up1, Uoo,1, Uoo,2, WE NOW Need to bound the quantities

N

1 1 .
R, = ~ ;‘5 m with x=0,+1, (A.2.13)

where we wrote N in place of N in order not to clutter the formulae. We recall that
0 < ¢ <1-1/ab. Considering x = 0 first, we reparameterize the sum in terms of § — y so
that, after some manipulations, it becomes

N-M N-M
R()—Z +
— M+¢c M-c¢

(A.2.14)

The summand on the right is a positive decreasing function of M, therefore it can be bound
by its integral:

Ry < dx = O(NlogN) . (A.2.15)

1-c¢ X—cC

2(N—1)+2/N LN —x
1

To ensure convergence of sums and integrals it is crucial to recall that 1 — ¢ > (ab)™'. Ina

similar way, for x = +1 we can write

N-1 N-M N-1
Rlzz <Zz O(N), (A.2.16)
s} N+M+c N M+c st

while for x = —1 we can write

N-1

R _lil N-M_ _N-M 2y N-M_ _2N-D_ 0
T L\N-M-¢ N+M-¢| THLN-M-¢ o 1-¢ '

(A.2.17)

It remains to show that the terms we discarded from (2.1.22) when substituting the
condition i # j with the condition y # ¢ give a subleading contribution. Notice that we now
return to the notation in which N = abN. These are the terms in (2.1.22) with y = 6, whose
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total contribution is

b-1 ab
— d—
Z logF(A+a) Nc+w(d—c+as+br);abw,abw . (A.2.18)

a-1
r=0 s=0 c#d

Oscr = N

We need to show that this is subleading in the large N limit. We will bound the absolute value
of the summand for all possible ¢ # d, r, s and drop the sums since they give an overall order
O(1) factor. After choosing a branch of the logarithm, the phases of I can only give an order
N contribution to (the imaginary part of ) ®@gcr.

For what concerns the absolute value of T, reasoning in a very similar way to the y # ¢
case discussed above, we see that if A is not on a Stokes line then |log |1:|| is bounded above
by an N-independent quantity and thus ®gcy is of order O(N). When A = 0, the argument
of I can only approach zeros or poles if z = w(d — ¢ + as + br) € {ug,1, Ueo 1, Uso2}. Using
(A.2.9), we can write

log F(z +w (A.2.19)

c
sabw, abw)‘ = log 5
(z+w% _uoo,l) (z+w% — U2

where sy is a function which is regular at #« 1, 4,2 and non-zero at ug,1. We can therefore
bound |log |sf|| over its possible arguments with an N-independent constant, so that it
contributes to ®gcy at order O(N). When z = ug 1, U 1, U2, Only one of the factors
multiplying sg is of order O(log N) while the other two do not approach zero and can be

bounded by an N-independent constant. Explicitly,

d-c

N < 2N

- d-—
log F(z +w TC; abw, abw) log|w +O(N)=0O(NlogN) . (A.2.20)

A.2.2 SU(N) vs. U(N) holonomies

In what follows, as it is done in Section 2.1 and Section 2.2, in order to parametrize the

SU(N) holonomies #5Y we introduce U(N) holonomies uY, constrained by
N
>u=0. (A2.21)

With the choice of bases for the Cartan subalgebras of SU(N) and U(N) required to write the
BA operators as in (2.1.11), the relation between the two sets of holonomies when expressing
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a generic element of the Cartan subalgebra of SU(N) is

ug = u,-SU fori # N, ug =-— u?U . (A.2.22)

1

Note that the holonomies are only defined modulo Z.

The SU(N) superconformal index defined by (2.1.9) contains a sum over {mlSU} that
picks up (representatives of) solutions to the BAEs whose residue can contribute to the
index, as explained in [85] and made explicit in (2.1.15). Under a shift {mlSU} of the SU(N)

holonomies, the U(N) holonomies shift by corresponding amounts given by

N-1
m’ =mSU my == > miV. (A.2.23)

Jj=

Given these identifications for the holonomies and shifts, the SU(N) quantities are always
equal to the first N — 1 U(N) quantities, so, in what follows, we will drop the superscripts
SU and U, remembering that u; ~-1 are independent while uy and my are
determined by (A.2.22) and (A.2.23), respectively.

One might then worry that the choice of {m;} given in (2.1.19) is not allowed, since the

.....

last integer my there does not satisfy (A.2.23). Specifically, let us choose

mj€{l,...,ab} such that m;=j modab, forj=1,...,N—-1,

(A.2.24)
so that my is fixed by (A.2.23) to be a negative integer of O(N). To match with the choice in
(2.1.19), we want to replace this with my = N mod ab, belonging to {1, ...,ab}. We will
show that this replacement does not affect the value of Z to the leading order in N. This will
be done in two steps. We will first show that the function Z evaluated on a configuration
{u1,...,uyn} which is obtained from the basic solution by shifting one or more variables u;
by multiples of 2abw (or even of abw, in many cases), is the same as Z evaluated on the
basic solution. Using this property, Z is unaltered if evaluated on the following shifted value

OmeI

N-1
my € {1,...,2ab} such that my = (— Z mi) mod 2ab . (A.2.25)
i=1
We will then show that the contribution to Z of the single holonomy u y is subleading, provided
my € {1,...,2ab}. Therefore, choosing instead my = N mod ab and in {1,...,ab} as we
did in (2.1.19) does not change Z at leading order in N. This completes the proof.
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As shown in [85], when evaluated on solutions to the BAEs, the function Z for a general
semi-simple gauge group is invariant under independent shifts of any gauge holonomy by
abw. This is proven by assuming that gauge and global symmetries are non-anomalous. In
our case, this result only allows us to shift the u;’s while preserving the SU(N) constraint.
This property does not allow us to independently shift the last holonomy u, since it is always
fixed by the SU(N) constraint. We now show that an independent shift of «y by a multiple of
abw is also an invariance of Z for N' = 4 SU(N) SYM, when this function is evaluated on
the basic solution. To prove this, one has to use the property (A.1.8), the fact that the U(N)
BA operators are periodic modulo w in the u;’s, and the explicit form of the basic solution
(2.1.18). Applying (A.1.8) for generic m € Z, we first have that

[ F(uij + A+ mabw (S — 8;x); aw, ba)) (A.2.26)
i#]

m
:e—m’abm2(1+2A)+27ri(a+b—1)m > uin+riab(a+b)m?w | | Oo(uni + A, w) | | i:(uij + A aw, bw),
Oo(uin + A; w)™ %)

and so from (2.1.11), (2.1.16) and (2.1.18) one obtains

Z(u; + mabwo;y; aw, bw, \)

B B0 (uni + A1, w) Oo(uni + Ao, w) Oo(uin, ) Bo(uin + A1 + Ay, )\,
= l_[ Z(u;; aw, bw, A)
Oo(uin + A1, ) Oo(uin + Az, w) Oy (uy;, w) O (un; + A1 + Az, w)

= (—1)"N=D 2mm O (s w, A) Z(uy; aw, bw, A)
=Z(u;;aw, bw, A) . (A.2.27)

In the steps above we also used the theta function reflection property (A.1.5).

More generally, we can show that this shift invariance is true for quiver gauge theories
when Z is evaluated on the basic solution and the chemical potentials uf, are shifted by
a multiple of 2abw (or even of abw, in many cases) simultaneously for all gauge groups
SU(N)g. The steps are the same as in (A.2.27). We should notice that the expression for any
particular Lagrange multiplier A, is more complicated than for A" = 4 SYM, but the sum of

all Lagrange multipliers is simple:

2T = (Z1ym VD) (A.2.28)
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where a runs over the G SU(N) gauge group factors and n,, is the number of chiral multiplets

in the theory. Performing these steps one obtains

Z(uff + mabwéy; aw, bw, A) (A.2.29)

p2mim 29 da (_1)—mG(N—1)+mab(N—1)(nX—G)
(e 0% (u; w, )"

= (=1)M(G=n)(ab+])(N-1) Z(u;aw, bw, A) .

Z(ui;aw, bw, A)

There are now different cases in which the sign in the last line disappears. First, in the case of
toric quiver gauge theories, one uses the relation [188, 189]

G-n,+Ny=0 (A.2.30)

between the number of gauge groups, chiral multiplets, and superpotential terms, as well as
the fact that the number Ny of superpotential terms is even, to show that the sign disappears.
Second, if N is odd then the sign disappears. Third, if the coprime integers a, b are both
odd! then the sign disappears. Fourth and most importantly, if we take m even then the sign
disappears.

We now proceed to show that the contribution to Z of a single holonomy ; is subleading,
provided that m;<y € {1,...,ab} and my € {1,...,2ab}. In the building block Wscr
defined in (2.1.20), the contribution of a single holonomy u; consists of the two terms

N . .
Dy, = Z logT (Zi Tw u; abw,abw| , (A.2.31)
@) N

where we have defined

ze=Axw (mj—m) +w (as+br) . (A.2.32)
In particular, for the case i = N we will use the shift property just proven to substitute my
with mpy defined in (A.2.25).
We will now show that @5,
my as in (2.1.19). To do this we want to bound the absolute value of the summand log [in

; 1s subleading. In the case i = N this will allow us to choose

@5 ;- What follows will be completely analogous to the argument used to show that (A.2.18)

is subleading. After choosing a branch of the logarithm, the phases of [ can only contribute

IThis restriction is quite uninfluential because the set of pairs {7 + Z, o + Z} such that t/o- = a/b € Q¢
with a, b both odd is still dense in HZ2.
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at order O(N) to ®% ., .. As before, we exclude Stokes lines and note that for A # 0 we can

SCLi
bound |log |1"|| with an N-independent constant so that |®j O(N). For A =0, z. have

cril =
the range

7+ €{-2ab+1,...,4ab—-a-b-1}w, (A.2.33)

and the argument of r may approach zeros or poles when z. = g 1, U0 2, Ueo,1, hoo2, Uso 3
which are defined in (A.2.8). If this is the case, further inspection is required. Using again
(A.2.9), we can write

log | z4 +
og (z_ w N

;abw, aba)) = log

(A.2.34)
where s is a function that is regular at uw,1, Uco,2, Uco,3, and non-zero at ug 1, up,2. This
allows us to bound |log |sF|| with an N-independent constant, and its contribution to @7 is of
order O(N). When z. = g1, 0.2, Ueo,1, U2, Ueo 3 the logarithms of the other factors are
either bounded by an N-independent constant or are of the form

N

2,

i
i N
J#

log <(N-1)logN, (A.2.35)

where x = 0, £1. Notice that the use of the shift property previously proved plays a major
role here. If we tried to apply this argument directly without first shifting my, we would have
to consider an O(N) number of poles or zeros whose order is also O(N). This would lead to
an O(N? log N) bound, which does not help. What we did shows that a single @ is of order
O(N log N) for any choice of the corresponding m;. In particular, this allows us to choose
my =N mod ab € {1,...,ab} as we do in (2.1.19), without affecting the leading behavior
of the building block Wscr.

A.2.3 Generic N

Here we generalize the computation done in Section 2.1.1 and consider a generic N which is
not necessarily a multiple of ab. We will exploit many of the arguments in Section A.2.1. Let
N = abN + q, where g € {0, ...,ab—1}. We need to examine the leading order contribution
of the building block

N _
Wyer = Z Z logT (A +w % +w(m; —m; +as+br);abw,abw| . (A.2.36)
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As shown in the final part of Section A.2.2, the contribution to the building block of a
single holonomy u; is subleading. Therefore the contribution of the last ¢ holonomies
U,pN+10 - - - » UN 18 also subleading and can be discarded. Now, the sum over i # j only goes
up to abN, and we can decompose the indices as in (2.1.22). Neglecting the y = 6 terms

using the same argument as after (A.2.18), we get

_ 5 — d—
Yy =~ Z ZlogF(A+wﬁ );+w Nc+w(d—c+as+br);abw,abw.

(A.2.37)
As in Section A.2.1, we want to drop w(d — ¢)/N in the argument of the elliptic gamma
function, and we can use the same reasoning given there, with the minor change that (A.2.13)

takes the form N

~ 1 1
= - x=0,%1. (A.2.38)
N + L d-y+e
ab y#6 ‘x + N+q/ab

The same bounds as for R, can be used here since one can show that
Ry=Ry, Ru1 <Ry . (A.2.39)

We can then use (A.1.10), as we did in Section 2.1.1, to change the moduli of the elliptic

gamma function from (abw, abw) to (w, w):

a-1b-1 N-1 ab-1 _ 5
‘PSCIzZZ ZlogF(A+wﬁ L4 +w(d—c+as+br);abw,abw)
r=0 s=0

y£6=0 c,d=0 + 25
a-1b-1 N-1 B
= logf(A+w~ ); +w(1—ab+as+br);w,a))
r=0 s=0 y#6=0 N+ ab

0
= 10gF(A+w — Y +w(l —ab+as+br);w,w

(A.2.40)
In the last equality, to make future steps clearer, we added a sum over ¢, d even though nothing
depends on ¢ and d.

Now, to get the desired result we trace our steps backward. First, we will reintroduce
the term w(d — ¢)/N into the argument of the elliptic gamma functions. Then we will add
to the sum in (A.2.40) the y = ¢ terms to form the sum overi # j up to abN. Finally, we
will add terms containing the last g holonomies u ;5. ,, - . ., uy to build the complete sum
up to N. These are the same steps we just performed to express Wscr as in (A.2.40) up to
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subleading terms, with the only difference being that the moduli of I are now (w, w) rather
than (abw, abw). Therefore the same arguments can be used, with only slight modifications
involving the number and order of zeros and poles, but since these are parameterized here
by r and s that are N-independent, this is of no consequence. At this point, Wscy at leading

order is
1 a-1b-1 N ]
Yooy ~ @ 2 2. ;bgF(A+wT+w(l—ab+as+br) w, w) . (A241)

and using the result of [73] (that is our equation (2.1.25) we obtain

a-1 b-

H

niN?

1
3(aa))(bw) ab 33( o™t a) as+ br — ab)) (A.2.42)

=0 s=0

Wscr =

~

Then, using the property of Bernoulli polynomials (2.1.28), we finally get (2.1.29).

A.3 Thelarge N TTI

In this Section, instead, we will first obtain (3.1.28) in a continuum approximation, and then
solve the set of differential equations (3.1.31), (3.1.32), (3.1.33) coming from its variations.

A.3.1 Useful integrals

Let us evaluate, at large N, the following useful integrals:

IL,f [P] (t, A) = / dt’p(t’) eQHif(M(Z')—u([)) ’
s (A3.1)

t7 ; ’
luclpl(r,A) = / dt’ p(t') e2mit(u(n=-u)

where u(r) = N (it + v(r)) and t.o = t £ N~ Im A (the subscripts L and U stand for lower
and upper, respectively). We Taylor expand part of the integrand around 7.4:

ILf[ 1(t,A) = e‘sz”(t) Z [ (x) eth’N"v(x)] / dr’ e—27r€N"t’ (Z‘/ _ tiA)m

[Z9N
(A.3.2)

X=LA
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The integral on the RHS can be evaluated integrating by parts:

m k
/ dt’ N (¢~ 1) = - Z ml(te = tsa)”  omenes, m! o~ 27IN 12
tin B = K (N2mf)m=k+l (2nNE)m+ ’

(A.3.3)
where 7, is the upper limit of integration. The boundary terms at 7, can be neglected because
of an overall factor e~ 27N (t+=%24) " which is exponentially suppressed, with respect to the last
term. This gives

|
dt, —2n{N’ l.’ —f. m ~ L —2nlNep . A.34
/t+A € ( —A) (2xNa[)m+1 ¢ ( )

For the derivatives in (A.3.2), the terms up to NLO in the large N expansion are

oM [p e?m’fN”v] (A35)
X=T4A
2m€N"v (2 lfNa)m 1 (QﬂlfNa'pV +mpv m(m 1) pV -2 . vy )
X=T+A
= 2NV =T (97 NV 2 N p " 4 p o1 4 D) (=25,

i27rié’HmA(p'\>m+mp\>m_1iﬁi%2ﬂi€HmAp\>m i}) +

In the last expression, p and v are functions of 7. Other contributions are subleading by
powers of N™%. Plugging this back in (A.3.2), we get

- i 1 P lp
I t,A) = F27f Im A (1-iv) ImA 2 + A3.6
Lelpl(tB) = e ORCNT 1— v 2N20( mA T (A.3.6)

1 » 0 ipv
+ —(271)2{’2N2@ (1 + 27 ImA (1 - lv))((1 — i) + - i\'/)3)] .

Repeating the same steps for the other integral we find

i 1 P zpv
I t A — +27f HmA(l lv) ]:[ A 2 + A37
uelpl(t.8) = e s e (AP (A37)

1 _ . P IpVv
_ W(l F2rl ImA(1 —tv))((1 — ) + a —i\'/)?’)] .

A.3.2 Continuum expressions for V' and Q

Let us start by studying the first line of (3.1.23) and, in particular, the terms involving the Li;

function, whose definition and properties can be found in Appendix A.1. We first perform
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the sum over j (that becomes an integral over '), leaving the sum over i (that becomes an
integral over 7) untouched.

The integral in ¢’ has to be broken in two parts, above and below t.p =t + N"*Im A.
When Im(u;; ¥ A) > 0 (for one of the two signs), we can use the series expansion (A.1.15).

This allows us to treat the integral above #.x:

Z@(Hm(uﬁ¢A))Lil(e2m<uﬁm>) SN / dr' p (1) Z% ot (u() - u(t) % A)
T Iy )

o F2milA
= NZ — ILelpl(1.A) . (A.3.8)
=1
Using the results in Appendix A.3.1 we write (A.3.8) as
N! . .
A38)= N Py (e72mieasima) 4 (A3.9)
21(1 —iv)

+N1—2a[(21)2 Lis ( F27i (Re A—v ]ImA)) N i(]lm A)(1 = iv) Lis (e¢27ri(]ReA—\> ]ImA)) %

X

o ipVv 1-2a 2 ( +27ri(ReA—\>HmA)) pV
+ L N120 (I AY2(1 = 79)2 Li
(1—iv)? (1—w)3] (Im A)*(1 —i%)* Liy d—iv)p

+O(N3)

When Im(u;; ¥ A) < 0, the steps above are not applicable because the series expansion for
Li; does not converge, but we can use (A.1.21) so that

I . 1
Li; (ezm(u_,-,r+A)) =Li; (eQHI(Mi_iiA)) _ 27‘ri(uj,~ FA- 5) . (A.3.10)

Now the Li; terms on the RHS can be analyzed in the same way as before

00 esz(u(z) —u(t') £ A)

. [E9N
Z O(Im(u;; +A)) Liy (eQm(uifiA)) — N/ dr’ p(t") Z 7
J

=1
[ee]
=1

+27r1€A

Iuelp] s (A.3.11)
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and using (A.3.7) we get

(A3.11) = N'™@ Lig(eﬂ”i(ReA_MmA)) S . (A.3.12)
2n(1 —iv)
1 : ; 1 . .
_ N2 Lis (eiQm(ReA—v]ImA)) F —(Im A)(1 — iv) Lis (eiQm(ReA—v]ImA)) %
(2m)2 21

0 ipv I 1 o 2 N2 T ( iQﬂ'i(ReA—f/HmA)) py
X + - —N I[ A 1— L +
[(1 —i2 (1 —i\'/)S] 2 (b A)(1 =~ &) Lin (e (1—iv)3

+O(N73) .

To obtain the full integral over ¢#’, the contributions (A.3.9) and (A.3.12) with upper sign
must be summed with minus the ones with the lower sign, and the result can be simplified
using (A.1.21). Asin (3.1.23), we then integrate over ¢ together with m(z), and sum over
I =1,2,3. We obtain:

9 2. 3 1
—2mN2—2a/er{O_V 3 S (ImAp(i+9)2 By (ReA —vImA)+  (A3.13)
(1-iv)3 2
_ d p? 511
—2'N22“/dt —|—— = B3(ReA; —vImA
i mdt[(l—i\'/)Q]IZ:;[G s(ReA;—vImA))+

1
+ 5 (]ImA[) (z+v) BQ(RQA[ - VHHIA[):| .

It remains to add the contribution from the second term on the RHS of (A.3.10). We choose
the integer ambiguities n; in (3.1.23) such that

3 N
n(N-2n;) = —2n Z Z

I=1 j=1

(@(]Im(ul-j+A1))—®(]Im uij) | 4200 (I i) [ +O(1) . (A3.14)

The subleading O(1) term accounts for the possibility that N might be odd and we would
not be able to cancel it completely. The contributions from the second term on the RHS of
(A.3.10) and (A.3.14) sum up to

i Z ml[(@(ﬂm(uu + A])) - @(]Im Ltij))( - Ltji + A[ — %) + (A315)
Li,j
+ (@(Hm(l/lij — A7) —6(Im Mij))(”ji +Ar - %)]
3 Lepg
—oiN? Z Z /d,m(,)p(;)/t dt’ p(t') [iN“(it —it’ +v(t) = v(t')) + Ar - %] .

I=1 +,—
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In each integral we perform the change of variables #’ =t + N~*(Im Aj)e, obtaining:

3 1
A.3.15) = 2niN?>@ Tm A /d /d A3.16
(A315) =2miN* ) ) TmAy [ drm(®)p(0) | dex (A3.16)

=1 +,—

X {ip (t + N ¢(Im Al)e)

—i(ImA;)e F N® v(t + N~*(Im A,)g) + NO(1) + Af — %]} .

We expand p and v in the Taylor series and keep only the leading terms. Then we integrate in
€ and use that B1(A) = A — 1/2. We obtain the expression:

3
(A.3.15) = 2niN?~2@ Z(Hm AI)Z/dtm {pp Bi(ReA; —vImA;) + (A.3.17)
=1
ImA; d P2 . N3 2-3a
- — N .
5 dt[(l—i\'})Q @+v)?p+0(m )

We sum (A.3.13) and (A.3.17). We notice that the various terms can be organized into the
Taylor series of B3(Aj)/6 around the point Re(A;) — v Im(Aj), which has four terms because
B3 is a cubic polynomial. We obtain the compact expression

2
(A3.13)+(A3.17) = —2m’N2‘2”G(A)/dtmi[ P +O(mMN*7 1), (A.3.18)

dt | (1 —iv)?

where G (A) is the function defined in (3.1.29). It remains to add the first term on the RHS of
the first line of (3.1.23). We obtain the final expression:
2-2 tit p° 2-3
/dth, = 27rlkN/dtpmu+2mN - CX(;(A)‘/dl‘ (1—)2+(9(mN - a/) . (A.3.19)
—iv
We apply the same steps to obtain the large N limit of  in (3.1.23). To avoid repetition,
we only present the result. We set the integer ambiguity M to N/2 + O(1). We obtain:

2
+O(N*72) | (A.3.20)

Q= —27N> f,(n, A) / di 1’3

v

where the function f,(n, A) is defined in (3.1.29).

A.3.3 Solutions to the saddle-point equations

In this Appendix, we solve the saddle-point equations (3.1.31)—(3.1.33), in the original

parameterization in which v(7) is a real function. Let us first solve (3.1.33). After integrating
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to

4
k (it +v)? + _f—‘? —AcC, (A3.21)
l 1%

its real and imaginary parts give

. - iAo ) .__Re[G_l(A—k(it+v)2)]
tp=-(1+9) Im|G™ (A= k (it +0)?)| 5= e tare] | A2

We impose that p is integrable. This necessarily implies that p — 0 as t — oo, or that p is

defined on compact intervals where p is zero at the endpoints. At infinity, or an endpoint
p=0 = —k(it+v)®’=0. (A.3.23)

By considering real and imaginary parts, we see that this equation cannot be satisfied as

t — +oo, and p must have compact support. For p to have two endpoints 7, and be defined
. .. . 1

on the interval [7_, 7, ], A cannot be on the positive real axis. Let A2 be the square root whose

imaginary part is positive. The boundary conditions are

[SIE
(IR

t, =+ k=3 Tm(A?), v(ts) =+ k77 Re(A

). (A.3.24)

We then solve the equation for v in (A.3.22) using (A.3.24) as boundary conditions. The

equation can be rewritten and integrated to
1 k. 2
]Im[G (it +v) (A -3 (it +v) )] =D, (A.3.25)

where D € R is an integration constant. The boundary conditions (A.3.24) imply D = 0 and

]Im(G‘lA%) = 0. Using a real constant B to parameterize the real part of G‘lA%, we write
A=k(BG)3, BeR, (A.3.26)

where k 1s included for convenience. It is important to keep in mind that there are 3 branches
1 . . . . . .

for G3 and the same branch is to be used in every expression. There is a triplet of solutions

at this point. The equation (A.3.25) can be written as

0= ]Im(G_%(it +v))

2 1 2 1 2
3B% + (Hm(G—s(mv))) —3(Re(G_3(it+v))) ] . (A327)
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The solutions obtained by setting to zero the square bracket lead to profiles for p with a single

zero, and so they have to be discarded. We remain with

1
ReG3
]Im(G-% (it + v)) =0 = v =—Ty, (A3.28)
ImGs
which through (A.3.22) gives the following profile for p:
k 2 1492 2
p(0) = ——— [BHImGH)* - | (A.3.29)
4(Hm GE)
Requiring that p > 0 within (7_, z,) imposes
ImG3 >0, (A.3.30)

which restricts the branches we can take for G3. Requiring that / dt p = 1 fixes B = 3/k and

the final result for « and p is:

1 1
G} otk
L o= 2,

1
u(r) = N3 T 1 1,3
ImGs3 4ImG3 4(ImGs3)

3 3 1
t. =x(—] ImG3 . (A.3.31)

Notice that if A; are real and G > 0, (A.3.30) fixes the branch of the cube root such that G3
has phase e%, and the solutions for u, p reduce to those found in [43]. We can now solve for
m using (3.1.32). Inserting (A.3.31) for u and p, the former reduces to:

d2
(t2—tf)ﬁ1+4trh+2m:ﬁ[(tz—tf) m] :—Q%M, (A3.32)
whose general solution is
1 Nif. G5 .,
m(r) = - - (°+Ct+ D), (A.3.33)

(-13) 3G ImGs

where C and D are integration constants. The requirement that m has a compact image,
namely that it does not diverge at ¢ = t,, fixes C = —t2 and D = 0. This leads to the simple

solution f
m(t) = “3G u(t) . (A.3.34)
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One can then verify that (3.1.31) is automatically solved, with the following value for the

k 3
/’t lf (SG) * (1&'3'35)

The solution can be expressed more neatly by making use of the reparameterization symmetry
(3.1.34), performing the transformation

1/3
- (%) (HmG%) 7. (A.3.36)

This brings the solution to the form (3.1.35), in which primes have been omitted.






Appendix B

Supergravity generalities

In this Appendix, we set the supergravity conventions we used for our computations. We
do this both in the 5d case, where we also match the supergravity notation of [169] for the

conifold consistent truncation we are interested in and in the 4d case.

B.1 5d N = 2 abelian gauged supergravity

We report here the general form of 5d N = 2 Abelian gauged supergravity with ny vector
multiplets and ny hypermultiplets [198—200].! The graviton multiplet contains a graviton, a
gravitino, and a vector; each vector multiplet contains a vector, a gaugino, and a real scalar;
each hypermultiplet contains four real scalars and a hyperino. All fermions are Dirac, but
can conveniently be doubled with a symplectic Majorana condition. We follow the notation
of [233,234]. We use indices

ILJ,K=1,...,ny+1, i,j=1,...,ny, u,v=1,...,4nyg (B.1.1)

for the gauge fields A’, for the scalars ¢' in vector multiplets, and for the scalars ¢* in

hypermultiplets, respectively. The data defining the theory are:
1. A very special real manifold SM of real dimension ny.
2. A quaternionic-Kdhler manifold QM of real dimension 4np.

3. A set of ny + 1 Killing vectors on QM compatible with the quaternionic-Kihler

structure (if ng = 0, ny + 1 FI parameters not all vanishing).

1A more complete discussion was developed in [232].
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The Killing vectors could be linearly dependent or vanish.

The bosonic Lagrangian is given by

_ Ry 1 - o1 1
81Gy e Lsa = T = 5.Gij(9) 9899’ — 5 hun(q) Duq"DHq” — 7 G1s(9) Fyp '+
-1
e
+ 15 Cux "7 FuFor Ay =87V (9,4) (B.1.2)

Here GI(\? ) is the 5d Newton constant, e d°x is the spac-etime volume form, Rj is the scalar
curvature, F, é,, is the field strength of A’ g is a coupling constant, and V is the scalar potential.
Let us explain the other terms.

Very special geometry. The scalars ¢' are real coordinates on the very special real manifold
SM [235]. The latter is specified by the totally symmetric tensor Cyjx (which, controlling
also the Chern-Simons couplings, should be suitably quantized) as the submanifold

1
SM = {V(CD) = = Clk ®/0/0F = 1} c RV (B.1.3)
Here @/ are coordinates on R"*! and give rise to “sections” ®!(¢’) on SM. The metrics

Gy and G;; for vector fields and vector multiplet scalar fields are

1 0 0
Gi(9) = —3 sz logV| Gij(¢) = @' 9,0 Gyy | (B.14)

where 0; = d/0¢!. We recognize that G is the pull-back of G from R™*! to SM. From
(B.1.3) it immediately follows

Crgx ®'®'9,0%|,_ =0. (B.1.5)

With a little bit of algebra one then obtains a more explicit expression for G:

1 1
Gus = =5 Cux® + ZCixr Crun @ @ 0V N ‘V_l . (B.1.6)
It follows that the kinetic term for vector multiplet scalars can also be written as
1 i 1 19 &/ K
—= Gy 89" = 5 Cryx @/,0 00K | (B.1.7)
2 4 V=1
One can define on SM the sections with lower indices:
2 1 10V
o = 260! =ccpre’er| =2 B.1.8
P= 37 e — 6 VR v=1 390! lv=1 ( )
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With simple algebra one can show the following identities:

9 1

o0 =1, Gry= §®1‘1)J - QCIJK(I)K ,
9 (B.1.9)
®; = —§GU 07, ®; 0,0 = 09,0, =0.
In particular, 8;®! fori =1,...,ny are the tangent vectors to SM in R™*! while ®; is a

1-form orthogonal to SM. Another identity (and similar ones obtained by lowering one or
both of the indices I, J with the metric G) is

. 2
G' 9;0'9,0" = G" - gcp’cp’ : (B.1.10)

where G/ is the inverse of G;;. To prove it, one observes that the tensor on the LHS is the
projector on SM, and then verifies that the expression on the RHS has the same property.

When the manifold SM is a locally symmetric space, one can find a constant symmetric
tensor C!/K with upper indices such that [198]

4
C'"@ Cpk Cring = 5 8(; Ckwm - (B.1.11)
With some algebra, it follows that
1 3 1J 9 1JK 1J I xJ 1JK
o' =GV, =S Ve, GV =20'®’ - 6Cc KDy (B.1.12)
as well as )
clVK = ZGIEG'M GEN CLun - (B.1.13)

8

Quaternionic-Kihler geometry. The scalars ¢“ are real coordinates on the quaternionic-
Kihler manifold QM with metric Ay, (g) [236]. For ny > 2,2 this is a 4ny-dimensional
Riemannian manifold with holonomy SU(2) X Sp(ng)/Zs. To express this fact, it is
convenient to introduce local “vielbeins” f,4 with i = 1,2 (not to be confused with the
index i of very special geometry) in the fundamental of SU(2) and A =1, ..., 2ng in the
fundamental of Sp(ng), such that

huy = £, £, ].BfijQAB , (B.1.14)

2The case ny = 1 is special because SU(2)2/Zs = SO(4) and so the holonomy condition does not impose
any constraint on (orientable) Riemannian manifolds. However, supersymmetry requires (B.1.25) which we
can take as the definition of a quaternionic-Kéahler manifold of dimension 4. A 4d space satisfying (B.1.25) is
Einstein with self-dual Weyl curvature.
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where €;; and €4 are the invariant tensors of SU(2) and Sp(ng), respectively. Regarding
(iA) as a composite index, the inverse of the matrix f, 4 is a = h"y, JBej,-QBA. One can

then construct a locally-defined triplet of almost complex structures

IV =9, =-if,"™ jAV(ax),.f (B.1.15)

where x = 1, 2, 3 is in the adjoint of SU(2) and ¢~ are the Pauli matrices. The derived triplet
of almost symplectic forms is fuv = fut h:,. They are antisymmetric, using that 5'/ €k 18

symmetric.® The almost complex structures automatically satisfy the quaternion relation
() () = =676, + €279, (B.1.17)

The Levi-Civita connection takes values in su(2) X sp(ng). Calling a)u].’ and p, BA the two
projections, respectively, they are determined by the requirement that £, 4 be covariantly

constant with respect to the full connection:

0=V f, "+ £, + £,%p,5" . (B.1.18)

We can alternate between the vector and bispinor notations of SU(2) with*

- . [ > 0 / l - > ]
Ou=-iw, O'jl , w,/ = 5 G oA (B.1.20)
The two connections are extracted from (B.1.18) through: wm.j 5§+(5{ o, AB =—fi1"Vusw /B,

From (B.1.18) it immediately follows

Vil = VT, + @y X, " =0. (B.1.21)

3Using the fact that a 2 X 2 matrix can be expanded in the basis {1, 7}, we also find

21, A\ =onoh+id,y 5, (B.1.16)

4The SU(2) connection satisfies €/"w,,,," €y = w,;, in particular w,,/ = 0, and a similar condition is

satisfied by p. This follows from the properties of the Pauli matrices. In going between the vector and bispinor
notation one can use the identities

o, -5, = 6507 — € €ni o) xa,m=i(G;" 6, -61"TF,7) . (B.1.19)
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In other words, J is covariantly constant with respect to its natural SU(2) connection &. From

the integrability condition of (B.1.18) one also obtains (in bispinor and vector notation):
. . . 1 - . ,
Ry =Ry Fia 1+ R 15" 1,7 = =5 Ruv - J7’ Ry T (B122)

where R, 1s the Riemann tensor of /,, and we defined

: , . , . ) ) )
,R’uvij = 2a[uwv]i] B 2w[uli 6uv]k] or Ruv = 2(9[qu] + Wy X Wy
B _ B C B (B123)
Ruva™ = 2a[upv]A B 2p[u|A Pyc -
In particular
Ruvst j;t = 2”H7_éuv 5 (B.1.24)

i.e., the SU(2) field strength 7%,” is the su(2) projection of the Riemann curvature.
One can prove [237] (see also [236,238]) that SU(2) X Sp(ng) holonomy manifolds with
ng > 2 are automatically Einstein. They satisfy a stronger property: the Riemann curvature

is the sum of the Riemann tensor of HP"# and a Weyl part,

R - - - -
Ryvst = m(hs[uhv]t +Juy - Tt — JS[M : Jv]t) +

+ (fu iAfv jBEij)(fs kcft[Dth’) Wascp - (B.1.25)

The tensor Wapcp 1s totally symmetric and controls the Weyl curvature, which is contained
in Sp(ngy): it gives rise to a traceless (and thus Ricci flat) contribution to the Riemann

curvature. From that expression we obtain

R -
Rui= 1= hu s Ruy
nH

R -
=—Ju. B.1.26
4nH(nH+2) Y ( )

The first equation shows that the manifold is Einstein. The second equation shows that the
SU(2) part of the curvature is completely fixed in terms of the triplet of complex structures.
The tensor Wypcp expresses the freedom in the Sp(ny) part.

While quaternionic-Kéhler manifolds can have any size, local supersymmetry requires>

R

= —=-1, B.1.27
4I’ZH(71H+2) ( )

SHad we chosen a canonical normalization for the action of hypermultiplet scalars, the scalar curvature
would be fixed in terms of the Planck mass to A = —m;,12 [236]. This reproduces the fact that the manifold of
hypermultiplet scalars is hyper-Kéhler in rigid supersymmetry.
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fixing the scalar curvature [236]. Hence the manifold of hypermultiplet scalars is a non-trivial

quaternionic-Kéhler manifold with negative scalar curvature.

Isometries and gauging. We consider gaugings of Abelian isometries of the quaternionic-
Kihler manifold QM by the vectors AL. The isometries are generated by (possibly vanishing
or linearly dependent) Killing vectors k7 (q) that also satisfy a quaternionic version of the
triholomorphic condition:

oV k! =0, T (V) = (k)Y = a0, x Py . (B.1.28)

The second equation expresses the fact that the derivative of each Killing vector commutes
with the triplet of complex structures, up to a rotation parameterized by the SU(2) sections
151. Notice that the LHS can be written, after lowering v, as 26[,4 (fv] sk;), therefore in the
hyper-Kéhler case that A = 0 and the SU(2) bundle is trivial, this reduces to the familiar
condition that the three symplectic forms fuv be preserved by the isometries. By taking the

cross product of the second equation in (B.1.28) with fv” we obtain
2npd Pr=J," V, k" . (B.1.29)

This shows that on quaternionic Kihler manifolds, the sections P, are completely fixed in
terms of the Killing vectors. With a little bit of work® we obtain

_~

WPr=Tp kY (B.1.30)

This shows that P; are a triplet of moment maps for the action of k. Taking a derivative and
using that 26[,4%]151 = 7%,” x P; we get back the second equation in (B.1.28), showing that

the correction term on the RHS is unavoidable. The divergence of (B.1.30) gives
V'V, P = —2nyAP; (B.1.31)

showing that the moment maps are eigenfunctions of the Laplacian.
Finally, let us consider for the moment the general case that the Killing vectors might

form a non-Abelian group:

K
[kr. k)" = 2K3,V ok = f,, %Kl (B.1.32)
6We take the derlvatlve V of (B.1. 29) recalhng that J is covariantly constant. From the algebraic Bianchi
identity we have Ry, Jus = %thsu JS“ = nHRv, =ngAd JV, Then we use that the vectors are Killing, as well

as the properties of quaternionic-Kéhler manifolds.
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where on the LHS is the Lie bracket and f, JK are the structure constants. Multiplying
(B.1.28) by V, k' and using (B.1.29), and then exploiting the derivative V,, of (B.1.32), we
obtain

Kt T k= f,, KPg + AP x Py . (B.1.33)

This is called the equivariance relation. In the Abelian case, we just set f to zero. In the
special case ny = 0 that there are no hypermultiplets, all Killing vectors vanish and the only
remnant of the quaternionic-Kéhler structure is the condition P; x P; = 0. The solution, up
to SU(2) rotations, is Py = 6%3¢; where ¢; are the so-called Fayet-Iliopoulos (FI) parameters,
which in this case are extra parameters one needs to specify.

We now have all the ingredients to write the covariant derivative
Duq" = duq" + g ALk (B.1.34)

as well as the scalar potential

1, 2 1
V=PiP} (églfal-cp’ajcpf - g<1>’c1>f) + Shu Kk} o' o’
) . (B.1.35)
= P}P} (5(;“ - cp’cpf) + S hu Kk o'’

that couples the scalars on SM and QM. To go to the second line we used (B.1.10).
The covariant derivative of the supersymmetry parameter el.SUSY (subject to symplectic-
Majorana condition, with i = 1, 2) is

SUSY Ly =) susy
D¢ = (Vﬂél{ ~3 Vi O'l.J)Gj (B.1.36)
with connection
V= Duq" &, — g ALF and Fr=kid, - AP,
S PR e (B.1.37)
= 0uq" Oy + g1 A, Py
where A is the constant (B.1.27). Under gauge transformations’
6q" = ga'k¥, 0A} = —d,a’ (B.1.38)

7The covariant derivative transforms as 6 Dyq" = g o' D, kY.
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with parameters o, using (B.1.26), (B.1.30) and (B.1.33) one can show that 12, transforms

as an SU(2) connection:

-

Vy=0,A+V,xA  with A=galF. (B.1.39)
Therefore, D 'uel.SUSY is covariant if el.SUSY transforms as

5eSUSY = % A a_ij GJSUSY . (B.1.40)

B.1.1 Conifold truncation

Here we embed the consistent truncation of type IIB supergravity on T"! to a 5d N = 2
gauged supergravity with a so-called “Betti multiplet”, described in Section 7 of [169] (called
the “second model” in that paper), in the general framework. The model has ny = 2 and
ny = 2. We identify the fields

e—4(u+v)/3 A

, q)] = _62(u+v)/3 COSh 2w . AI = a‘{ 5 qu = (B.141)

CF _2(u+v)/3 & (0}
e sinh 2w - ay g "

where “CF” indicates the notation of [169]. The scalar fields 5%, ¢ are complex and we used
71 = Re(z), z2 = Im(z) to indicate their real and imaginary parts, while u, v, w, a, ¢, Cy are
real. The hypermultiplet scalars Cy and ¢ together form the type IIB axio-dilaton Cy +ie™?.
Then we identify the Chern-Simons couplings

Cr22 =—-Ci33 =2 (B.1.42)

and symmetric permutations thereof, while all other components vanish, and the very special
geometry of SO(1,1) x SO(1,1):

164(u+v) 0 0
4/3 0 4 2
Gi=\"y 4l G=e3V| 0 cosh(4w) —sinh(4w)|. (B.1.43)
0 —sinh(4w)  cosh(4w)
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The tensor C!/X has non-vanishing components C'?2 = —C'33 = 1/2 and permutations.
The quaternionic-Kéhler manifold is SO (4, 2) /(SO(4) x SO(2)). Its metric is

huwdg'dq® = e~ db2db® + ™"+ (dc? — Codb®) (de® — Codb®)+

1 — a2 1o, 1
+ 5™ (2da + Re(b%dc® - b))+ 59+ 5e™dC + Sdu?

(B.1.44)
In this normalization R = —32 and thus A = —1. The SU(2) connection is
w' —iw? = e RAb? + i e (dc® — Codb®)
1 — — 1 (B.1.45)
W = 56—4“(2@ +Re(b%c? - 2db9) ) - 5e%dCy .
Finally, we identify the Killing vectors
0 0 0 0 0 0
ki =3|-by—= +b}—5 —c5g—= +cf +2—, ka=2—,  k3=0
: ( 2op2 " T apd ac® 1 ocg) Tda = %a 3
(B.1.46)
and the corresponding moment maps
i’>e‘?’/2_2“(c§2 - Cob? + e‘¢b§) 0
P =|[3e?22(CobS - F+ep¥)|,  Py=| 0 |, Py=0. (B.147)
3— e (24 3b5c - 3bYcT) —2¢~

The SU(2) connection and the moment maps were given in [171] and can be translated

into the notation of [169] (up to a conventional minus sign in the gauge fields) using the

identifications
Aq
R ki -k k T
¢,:( ug)k’ Al = % , g = QRebé,ZHmbé,QRebg,Mmb%,§,¢,a,u111,
u
? s ki1 + k12 kS
2 HLS
(B.1.48)

where “HLS” indicates the notation of [171].

The theory has a supersymmetric AdSs vacuum at u = v = w = b?® = ¢® = 0 and
any value of a, Cy, ¢ (in particular, the axio-dilaton can take any value). The potential is
V| ags = —0 leading to AdS radius {5 = g !. The spectrum therein was computed in [169]
(see its Table 2). We are particularly interested in the spectrum of vector fields and the Killing
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vectors they couple to:

AREA1—2A2, A3 m2:0, AV = Al + A% . m2:24g2

) ) " (B.1.49)
kr = 5(k1— ko), ks kw = 5(2k1 + k2)

The vector AW acquires a mass by the Higgs mechanism, eating the Stiickelberg scalar a. The

mass eigenstates are

-2

B',A]  where B=[0 0 (B.1.50)

1

_ o =
oS~ O

is the matrix that diagonalizes them (see also Appendix C.2).

B.2 4d N = 2 abelian gauged supergravity

We summarize the salient features of 4d N = 2 Abelian gauged supergravity with ny vector
multiplets and ny hypermultiplets, following [201,202,233]. The graviton multiplet contains
a graviton, two gravitini, and a vector; each vector multiplet contains a vector, two gaugini,
and a complex scalar; each hypermultiplet contains four real scalars and two hyperini (all

fermions can be taken Majorana). We use indices
ANZ=0,...,ny, i,j=1,...,ny, u,v=1,...,4ny (B.2.1)

for the gauge fields A'{}, for the complex scalars z' in vector multiplets, and for the real scalars
g" in hypermultiplets, respectively. The data defining the theory are:

1. A special Kéhler manifold XM of complex dimension ny.
2. A quaternionic-Kéhler manifold Q.M of real dimension 4ny.

3. A set of ny + 1 Killing vectors on QM compatible with the quaternionic-Kéhler

structure (if ng = 0, ny + 1 FI parameters not all vanishing).

The Killing vectors could be linearly dependent or vanish.
It is always possible to find a duality frame in which all gaugings are purely electric. In
such frames the bosonic Lagrangian is
R,

iy 1
8rGy ¢! Laa = <5 ~ 87(22) 9,20"7 = 5l (@) Duq" D g+

1 _ e _ _
+ 3 Im Nas(z,2) F;}VFZ‘“’ + 6 Re Nax(z,2) FﬁVFEGE“V”(’ — gQV(Z, z,q) . (B.2.2)
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The notation is mostly as in Appendix B.1. Let us explain the other terms.

Special Kiihler geometry. The scalars 7' are complex coordinates on the special Kihler
manifold M [202]. This is a Kdhler-Hodge manifold — i.e., a Kihler manifold with Kahler
potential X(z,z) and metric g;7(z,z) = 6;0;K as well as a line bundle (i.e., a holomorphic
vector bundle of rank 1) £ such that its first Chern class coincides (up to a constant) with
the Kihler class w = iddK of the manifold® — further endowed with a flat Sp(ny + 1, R)
symplectic bundle. The manifold comes equipped with a covariantly-holomorphic section of

the tensor product of the symplectic bundle with the U(1)-bundle ¢/ associated with L,

LA D)V = 0,V + %(0,]C)V
V= such that (B.2.3)
M DV = 8V -1(6K)V=0,
obeying the constraints
V.V = MAL" = LMMy = —i (B.2.4)
and
V,.D;V) =0, (B.2.5)

where we introduced the Sp-invariant antisymmetric form i(, ). Equivalently, there is a
holomorphic section of the tensor product of the symplectic bundle with £,°

XA Dyv = 0v+ (0,K)v
v(z)=e X2y = such that (@) (B.2.6)
A Dy =0v=0,
in terms of which the constraint (B.2.4) reads
K = ~log(i (v, 7)) = - log|2Im (X"F) |, (B.2.7)

while the constraint (B.2.5) becomes (v, D;v) = (v, d;v) = 0. From (B.2.3)—(B.2.5) it is easy

to prove the following properties (or equivalent ones written in terms of v):

(DV,V) =0, DD,V =g;V, (D;V,D;V) =igis B23)
(DiV,D;V) =0, DD,V =0 B

from which the Kihler metric is extracted in a symplectic-invariant way.

8Because fermions are sections of the square root of £, the Kéhler class of XM equal to the first Chern
class of L is required to be an even integer cohomology class.
91n particular, A = d/C is the Chern connection on £. Moreover, D;V = eX2D;v and D;V = /2Dy,
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The rescaling of X*, F under Kihler transformations suggests the use of X** as homoge-
neous coordinates on L M. It is always possible to find symplectic frames!© in which the
Jacobian matrix e”,(z) = 6;(X*/X") (with A = 1,..., ny) is invertible. Notice that

det(e?) = (XO)™* det (X, 9,X*) = (X0 det (X2, D;XM) (B.2.9)

where the two square matrices on the right have size ny + 1, therefore the matrix (X%, 9;X")
is invertible as well. Invertibility of the Jacobian ensures that we can use X* as homogeneous
coordinates, and regard F (X) as homogeneous functions of degree 1, namely X>ds Fa = F.
From (B.2.5) and (B.2.8), written as (v, 9;v) = (9;v, d;v) = 0, one obtains the equations

(X2, 0:X™) OyaFs) (X*,0;X%) = 0. (B.2.10)

Invertibility of the matrix implies djpFx) = 0. Hence, in these frames, the sections Fu
are the derivatives of a holomorphic homogeneous function F(X) of degree 2, called the
prepotential, namely Fp = dxF. In such frames, the Kéhler potential (and thus the geometry)
is completely specified by the prepotential. The coordinates #' = X'/X? withi=1,...,ny
are called special coordinates.

The couplings of vector fields to the scalars z' are determined by the (ny + 1) X (ny + 1)
period matrix A/, which is uniquely defined by the relations

My =Njys LF, DM =Ny DiL . (B.2.11)

.. . . . = =Z
Explicitly, one needs to invert the matrix relation (Fa, DiFp) = Nax (X*,D;X"). The
requirement that g;; be positive definite guarantees that the rightmost matrix is invertible [202].

Indeed, introducing the square matrix LA ;= (LA, D,—ZA) of size ny + 1, one can rewrite the
scalar products in (B.2.4), (B.2.5) and (B.2.8) as

LTWN-NTL=0, LYN = NT) L = —i diag(L, g7) - (B.2.12)

The first equation shows that A,y is a symmetric matrix, given the invertibility of £. The
second equation then, assuming that g;; is positive definite, proves that £ is invertible and
that Im N,y is negative definite. It also gives an expression for Im N,y that, after taking the

inverse, reads
AS

s 1 _
D,-LADjng”+LALZ:—5((]Im./\f) 1) . (B.2.13)

10See [239] for examples of frames in which, instead, a prepotential does not exist.
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This relation, or the equivalent one in terms of the holomorphic section, will be used to

rewrite the scalar potential below. When a prepotential exists, " is obtained from

(Im For) X" (Im Fsp) X2

Nas = Fax +2i , B.2.14
Az = Fax X2(Im Fopg) X7 ( )
where Fay = OpOxF. In this expression, N is manifestly symmetric.
Finally, one can define the tensor
Cijk = (DiD;V,DyV) = (V,D;D;D;V) . (B.2.15)

Using (B.2.3)—(B.2.8) and the fact that the metric is Kéhler, one easily proves that 6’, ik 18
totally symmetric and covariantly holomorphic, D C; ik = 0 where C has twice the charge
of V. One can prove that (V, D;V,V, D;V) point-wise form a basis for the symplectic
bundle [202], hence

D:D;V =iCixg"*D;V (B.2.16)
follows by taking the product of the LHS with the basis. Among other things, C controls the
curvature tensor: Rz‘jﬁf = 8ji8 t 8586~ @gm @;ﬁg’”ﬁ. In special coordinates, the tensor

C takes the particularly simple form
Cijk = € 80,0 F(r)  with  F(r) = (XO)2F(X) (B.2.17)
and ' = X'/ X0,

Hypermultiplets and gauging. The part of the action involving the hypermultiplets has the
same features as in the 5d case, summarized in Appendix B.1: the hypermultiplet scalars ¢*
(withu =1,...,4ng) are coordinates on a quaternionic-Kéhler manifold QM with metric
hyy(q). As before, we consider gauging of Abelian isometries of Q M, generated by ny + 1
(possibly vanishing or linearly dependent) Killing vectors k', (¢) that must be compatible
with the quaternionic-Kihler structure, with associated triplets of moment maps ﬁA(q). In
full generality, one could consider both electric and magnetic gaugings, described by Killing
vectors kl"\ and k"N, respectively, and transforming as a vector under Sp(ny + 1, R) duality
transformations. It is always possible to find a duality frame in which all gaugings are purely
electric, and we will work in such a frame. Notice that there is no guarantee that in this frame
a prepotential exists.
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The scalar potential is

v =2PLPL e (gTDiX DX = 3X VX ) + 4y kXX

B.2.18
= —PLPL((Im ) 4+ 8 XX ) + 4 eF by kLXK (219
- A Z uv KpARy .

To go to the second line we used (B.2.13).
The covariant derivative of the supersymmetry parameter el.SUSY (subject to symplectic-
Majorana condition, with i = 1, 2) is

Dp6,~SUSY = (Vuézj - %Aﬂ‘s{ - %9;1 ' a'ij) €JS'USY (B.2.19)

with connections R R
V= 0uq" &y + gAALP;
i _ (B.2.20)
A, = 54[(50[/0@## - (aam)aﬂz“] .

Here fiﬂ is the SU(2) connection that descends from the quaternionic-Kahler manifold OM,
as in the 5d case (B.1.37). Instead .A,, descends from the connection on the U(1)-bundle /
on the special Kéhler manifold XL M.



Appendix C

Scherk-Schwarz reduction

In this Appendix, the focus will be on the Scherk-Schwarz (SS) reduction of a 5d abelian
N = 2 supergravity on S, down to a 4d abelian A/ = 2 supergravity. We will first reduce the

Lagrangian of the theory, and then we will look at the relation between 5d and 4d charges.

C.1 Reduction with background gauge fields

Following [206] we will now reduce, piece by piece, the bosonic Lagrangian (B.1.2) of 5d
N = 2 gauged supergravity down to 4d. We start in 5d with ny vector multiplets and ngy
hypermultiplets. We use indices

I,J=1,...,ny+1, AX=0,...,ny+1, u,v=1,...,4ng. (C.1.1)

We indicate the 5d vector fields as A\{w (where M,N = 0,...,4 are space-time indices)
and parameterize the vector multiplet scalars in terms of sections @ subject to the cubic
constraint V(®) = 1 in (B.1.3). The hypermultiplet scalars are ¢*. We employ the rather
standard Kaluza-Klein reduction ansatz (2.4.2) and (2.4.4):

~ eQ‘ZgW + e:MAgAQ —e‘4"7:42 ~MN _ e‘z‘fg“" N 6_254(]#
MN = —e 19 AY e~4? ’ I Gl e_2¢A2A0p ’
e =€ e, ' =-¢* 7}, Al = (AL -2Z{A% Zf+&) . (€12

The last coordinate, which we call y and whose range Ay we leave generic for now, is
compactified on a circle of length e=??Ay, and no field depends on it. We indicated as gyn
and e(5) the 5d metric and the square root of its determinant, respectively, and as g,, and

e(s) (with u,v =0, ..., 3 space-time indices) their 4d counterparts. In 4d we end up with
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ny + 1 vector multiplets, and we indicate as A/’} the vector fields. The physical scalars in 4d
vector multiplets are the complex fields z'. With a useful abuse of notation, we utilize the
very same index / for 5d vector fields and 4d physical scalars, 7!, because in 4d we have one
more vector field than in 5d. We also use the notation

7l = Rez!, zh = Imz! . (C.1.3)
Notice that the real scalar ¢ can be eliminated with the 5d constraint,
e 5% = _V(z,), (C.1.4)

then the scalars z/ can be treated as independent. The real parameters £ represent background
gauge fields along the circle, therefore, up to a gauge transformation, this ansatz is equivalent
to a Scherk-Schwarz reduction.

The reduction of the Einstein term gives

R R - e
81GY L) = e5) =2 = eq) f ~ 38,0 0"¢ — % F),F" | + total derivatives . (C.1.5)

Here Ry and R; are the 5d and 4d Ricci scalars, respectively. The 4d and 5d Newton constants

are related by
1 Ay

= (C.1.6)
@~ 56
GN GN

In the following, for clarity, we will omit the factor 87TGI(\;1 ). The reduction of the kinetic term

of vector multiplet scalars gives

1 - e4‘; -
Ly =—e5)5 G gV oy @ on D’ = ey [—7 G10,250"25 + 30, aw} . (C.L7)

The last term exactly cancels the second term in .7, therefore

R e4"7 6'65 Y
L+ Dy 26(4)[5 - TGIJaﬂZé 0" zy - TFSVFOH ] : (C.1.8)
The reduction of the kinetic term of hypermultiplet scalars gives
1 ~MN© upQy. Vv
23 =—¢@5)5 hw 8" DPuq"Dng
g2 260 (C1.9

1
= €4 [_5 huv ,Duqupﬂqv - (kg + Z{k?)hw(kg + Z{k;)] :
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Here 5Mq” =0uq" +g wak? is the 5d covariant derivative in (B.1.34), while

Duq" = 0uq" + g ALY + g A} 'k} = 0,q" + g ALK, (C.1.10)
is the 4d covariant derivative, and we defined the new Killing vector
kb = kY (C.1.11)
The reduction of the gauge kinetic term gives

1 ~ =~
34 = _6(5)4_1 G]] FI{,INFJMN
2% 5 (C.1.12)

¢
e
= et -G GulFL = 4R (P~ <{ P = S G aefor

where Fyy and F v are the 5d and 4d field strengths, respectively. We used

Fly=0.21,  Fi,=Fi—2F,+247,0,7 . (C.1.13)

To reduce the Chern-Simons term, we extend the geometry (2.4.2) to a 6d bulk whose
boundary is the original 5d space. A convenient way to do that is to complete the circle
parameterized by y into a unit disk with radius p € [0, 1]. We extend the 5d connections Al

in (2.4.4) to 6d connections A7 as follows:
AT = AT+ 1A% 4 p2 (2L + €1 (dy — A?) . (C.1.14)
We then write the Chern-Simons action term as

1 N~ 1 -~ =
/35:/ — Cyx FIANF AAR = [ —Cpyx FTAF AFE (C.1.15)
5d 5d 12 6d 12

Substituting F! = dA” and performing the integrals over dp® A (dy — AY), we extract the 4d

reduced Lagrangian

1 Ky elelek
%5 = 15 Cxe™ (1 +&NF Fpy — (z12] = &' R Fp, + 3 FLFp,
(C.1.16)

Notice that the contributions containing the &/°s are standard theta terms.
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Finally, the reduction of the scalar potential gives
2 969 66
e e e
L= =38V = e’ [P}CP’}(TQ”(?@I@J'CDJ - Tzézé + Thwk;‘k}zézé :
(C.1.17)
We proceed now with recasting the various pieces of the action in the general form (B.2.2)
of 4d N = 2 gauged supergravity with ny + 1 vector multiplets and ny hypermultiplets. The

Einstein term receives its contribution from % :

’ RS
L =ew (C.1.18)

The kinetic term of vector multiplet scalars gets contributions from %5 and .Z:

4¢ -
e _
Ly = ROy G[_](@IUZ§6ﬂZ‘£ + 8ﬂz{6’“‘z{) =—ew &7 alor7’ (C.1.19)

where we defined the Hermitian metric

e
g7 = TGﬁ. (C.1.20)
The kinetic term of hypermultiplet scalars gets its contribution from %3,
’ 1 UM v
Ly = —e) 3 huw Dug"DHq" (C.1.21)

with the covariant derivative D, defined in (C.1.10)-(C.1.11). The gauge kinetic term receives
contributions from .%; and .%:

—65 1
, e
Ly = —euy—— | F,FO" +4g (Fl, - 2{F),) (F/* - Z{FO“V)] =ew g Tm Ny, Fyp F5

8
(C.1.22)
where we defined the field-dependent matrix of gauge couplings
7 (1+4gkraiet —4gk X
Tm Ny = —e 00 |7 O8KLSLED TSR (C.1.23)
—481k7; 4817

in which the indices A, X run over 0 and then the values of 7, J. On the other hand, the

field-dependent theta terms are contained in .Z5:

1
L = L5 = 15 ReNas P F Fyy (C.1.24)
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where
1 K, L M | #KgLgeM 1 K L _ K gL
=C + -5C -
ReNys = |3 KfM(Zl ZlKZlL fof Lf ) -3 JKL(Zlel E &h) (C.1.25)
—5Crxr(2f 2 — €8 ¢F) Crk (2} + &%)
It turns out that g 5 and Mas descend from the following prepotential:
1 XX’ xK y
F(X)ZECIJKT WithXIEXI+§1XO
(C.1.26)

1 X'xX/x% 1 1
= — Ciyk ——5— + sCu [ X X5 + £ XKX0 + £ 6K (X0)?| .
6 X 2 3
The terms in parenthesis involving the £’s only affect standard theta terms, which are
topological and thus do not enter into the equations of motion. Indeed, using special

coordinates z/ = X!/X° and in the Kihler frame | X°|? = 1, one derives the Kihler potential!

K= —log(é Crik (ZI —ZI)(ZJ —ZJ)(ZK —EK)) = —log(8 e_6$) (C.1.27)

from which the Kihler metric (C.1.20) with (B.1.6) follows. On the other hand,

B %CKLM (KZEM + gKeleM)  —L1C pp (KM — ¢Kel)
Fax = 1 KM _ #K¢gL K | #K (C.1.28)
—5Crgp (2™ = £8&r) Crk(2* +€%)
from which the matrix A/ in (C.1.23) and (C.1.25) follows. It might be useful
(X0)"2X™ (Im Faz) X* = 4C; JK(§ Im(z'z’zX) - L Im(z'7’) Re(zK))
4 _ (C.1.29)
=3 Crixzizdek = e X =870,
as well as
(Tm Frg) X>/ X% = i Crxmz& 00 (C.1.30)
Finally, the scalar potential gets contributions from .#3 and .Z5:
20 960
"%6, = —6(4)82 P;P’}(%g”ﬁld)lajq)] - eTZéZé,) +
_ (C.1.31)

6¢
e
+ Thuv (k?kj;ZéZé + (kg + Z{k?)(ks + Z{k;))] s

IThe completely covariant expression for the Kahler potential is e < = 8 |X0|2 ¢~6.
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which can be rewritten as

i = —ewg?|-PiPE (ImA) A 4+ 8K XNXT) 4+ 4K hy Ky XAXT| L (C132)
To manipulate the first line we used (B.1.10) as well as
_1\AZ — =0 0
(A ™) s xR = 08| T (C.1.33)
0 187 — 2%

which immediately follows from (C.1.23). Notice in particular that Py drops out of the
potential and cannot be extracted from it, but it is still determined as 150 =¢! P ; from (C.1.11).
The action Z] exactly reproduces the potential in (B.2.18).

Summarizing, the compactification gives the following map from 5d to 4d data:

5d 4d
ny vector multiplets ny + 1 vector multiplets
. reduction with &’ 1 x!x’ xK
th C — i == - - .1.34
SMwi 17K background fields KM with F 6CU K X0 (C 3 )
OM with h,,(q) OM with hy,(q)
gauging of ky gauging of k% = (&/k", k“)

where X/ = X' + X0,

C.1.1 Reduction of the conifold truncation

The reduction of the 5d conifold truncation described in Appendix B.1.1 gives a 4d supergravity
with the following data. The prepotential is

Xl ((}V(Q)Q _ (X?,)Q)

F = %0 . (C.1.35)
It induces the vector multiplet scalar metric
1
g 0 0
) (22)%+(z3)? o 22323 i
8i7=5 (@2-2)  (@2-e2) (C.1.36)
Symmetrized ()

(22-92)”
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that depends on zg, the theta terms (C.1.25) that depend on z{ and ¢/, while the gauge coupling
function Im A,y takes a lengthier expression that depends on z{ and zé and can be easily
derived from (C.1.23). Since in 5d k3 = 0, the 4d extra Killing vector is ko = & k1 + £2ko.

C.2 Reduction of black-hole charges

The electric black-hole charges computed in [163] in our notation read

1

Qv =-—
87rGI(\I)g

/ Gy x5 F/ | (C.2.1)
$3,

where the integral is taken on the three-sphere at infinity, and they are dimensionless. We
recall that only a subspace ZE of the vector fields are massless on the AdS5; vacuum and the
index ¥ runs over them. The massless vectors are such that the hypermultiplet scalars sit at a

fixed point of the gauged isometries, and are thus identified by the conditions
k3 (q) =0. (C22)

Indeed, let B!, be a matrix of linear redefinitions such that B’ JA\;J, are mass eigenstates. Such
a matrix is characterized by

BY,G'N kY bk = AABY, (C.2.3)

where A is the diagonal matrix of squared masses (in units of g2). The corresponding linear
transformation of charges is Q; — Q;(B~1)’ ;» While the Killing vectors corresponding to
the mass eigenstates are k' (B’ ;- Now consider a massless vector and let the index T be
such that ﬂ% = 0 (not summed over ¥). Using non-degeneracy of the metrics G;; and h,,,
one easily proves that k(B™")’ = 0, which is (C.2.2).

Now, the equations of motion for the bosonic fields of 5d gauged supergravity following
from (B.1.2) are

~ 1 —~ —~ —~
d(G[J *r FJ) = ZLCUKFJ A FK - g hyy k? *r DC[V
_ S 1 o~ =~
Ryn = GU(FI{”F,? -5 gunFhoF/72 |+ (C.2.4)

S - 9
+Gij O ' ONG’ + huy Duq"Dng’ + 3 8MN gV
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Notice that (C.2.2) is just the condition not to have a source in the T-th component of
Maxwell’s equation from the hypermultiplets. We can express the charges Qg in terms of
integrals at the horizon [240] using the EOMs (C.2.4):

1

Qv =-—
87TG](\I5)g

. (C.2)5)

-~ 1 ~ o~ -~
/ sz*5FJ+/ (Z CQJKFJ/\FK—g hyy k%*5qu)
53 S3x1I[r,00]

The first term is an integral evaluated at radius r, which we will take to be the horizon location.
The second term is a correction, integrated on a cylinder S% x I where I is the interval from r
to oo, that leads to a Page charge. Assuming that the condition k% (¢) = 0 remains true also
on the black-hole background,? the third term vanishes.

We can apply a similar manipulation to the angular momenta J,=; 2. Given the space-time

Killing vectors K, = K é” Oy, the angular momenta are defined in [163] as

1
Jo=—— / x5 dK, (C.2.6)
167G Js2

where we have indicated with the same symbol K, = K,y dx™ the 1-forms dual to the Killing
vectors, and the integral is evaluated once again at infinity. One can show that the Killing
equation implies

d %5 dK = 2Ry K™ %5 dx . (C.2.7)

We can then use the EOMs (C.2.4) to replace the Ricci scalar EMN. We assume that S° is
invariant under the isometries generated by K, therefore, indicating as ix the interior product,
the integral of gyyyKM %5 dxV = ix(x51) vanishes. We also assume that ixd¢’ = 0. We
obtain

1

J = ——
© 162G

/3 x5 a’Ka +2‘/3 (G”(i[(afl) /\*5FJ+huv(iKa'5qu) x5 ﬁqv . (C28)
S S§ox1

Now let us proceed and reduce the charges to 4d imposing the ansatz (C.1.2), in particular

Al = AT+ 1A% + (L + €Ny (dy - AY)

_ (C.2.9)
Fl = FI - 2lFO 4 dz! A (dy - A,

and performing the integrals along the circle. Notice that because of (C.1.6) and since the
horizon areas in 5d and 4d are related by Area(5) = Ay Area(y), the black-hole entropy is the

2]n the case of the conifold compactification discussed in Section 2.4.2, this assumption is true, see (2.4.29).
We expect the assumption to be true in all cases.
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same in 5d and 4d. We find

/ Gy *s F/ = AY/ e Gy x4 (F/ - z{F")
3 2

: U ’ (C.2.10)
Crk FJ/\FK:_AyC”K (2Z{FK—Z{szO) ‘
S§3x1 52

In the second equality, we used that z{ — 0 at infinity. The electric charges are thus

1 [ &S 1 1 1
Oy = _/ - T cm/ (—gJFK + —ngKFO) : (C.2.11)
g Jsz OF 8nGy g 52\ 2 4

where
084 1
AT (4)
OF™  16nGy,
are the derivatives of the action obtained from (B.2.2) with (C.1.23) and (C.1.25).
We define the 4d dimensionless magnetic charges as

(]ImNAz x4 F> + Re NAZFZ) (C2.12)

JrA. / FM, (C.2.13)
S2

T in

where the integral can be done at any radius because of the Bianchi identities. On the other
hand, the first Chern class of the circle fibration — that we take to be the Hopf fibration of $3
—is Aiy [ dA°® = 1. Thus, we obtain a properly quantized p° = 1 if we set

Ay=—. (C.2.14)

We will use this normalization from now on.
Let us now reduce the angular momentum. We consider the case J; = Jo, with Ji 2
normalized such that they generate orbits of length 27, and define J = (J; + J2)/2. The

corresponding Killing vector and dual 1-form are

1 _
KMoy =——=-—, Kyde™ = ge—4¢’(dy — A% . (C.2.15)

/r *5 dK:—Q/ ¢™0 wy FO . (C.2.16)
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To reduce the second term we use ixF! = —édz{, integrate by parts, and use the EOMs

(C.2.4). To reduce the third term we use ix Dg" = (zf +&") k¥ and iy, (* 1) = * w for a 1-form
w. Eventually

1 1 5 7

J= 2 e ay FO 4 e Gy gl ay (F) - 2] FO)+ (C.2.17)
N &

+/ *4 8 kg huy Dq’”

S2x1

1 1
Crixé'é’ / —FK 4+~ eKFO) + / 4 g k" huy Dg" | .
S% 4 6 S2x]

1 1
- CIJK(— A FX -~ Z{Z{Z{(FO)

1 6
1 / 8844 1
g Jsz OFY  8aGVg

The 4d angular momentum of the black-hole solution is proportional to J; —J2, which vanishes

in the case under consideration. This implies that we can impose spherical symmetry on S2.
The section Dq" is charged under the Abelian vector fields A'L’}, therefore the magnetic fluxes
p™ give rise to an effective spin s on S2. However, the spin spherical harmonics [241,242]
have total angular momentum j > |s|, which should vanish to have a spherically-symmetric
configuration. Since the Abelian symmetries are realized non-linearly on Dg" as soon as
klu\ # 0, we obtain the condition

pMki(q) =0 (C.2.18)

for spherically-symmetric black-hole solutions. Without loss of generality, in Section 2.4 we
have set p/ = 0 which implies kj = 0. We then see that the last term in (C.2.17) vanishes.

The magnetic charges that appear in the attractor equations of [174], in our conventions,
are (C.2.13) while the electric charges are

8 (4) 0544

an = ¢ Ga with Ga = 167Gy SFh - (C.2.19)
Setting p! = 0, we obtain the following dictionary between 5d and 4d charges:
1
40 =4G'8* J + 5 Cuyxé' € ép°
(C.2.20)

1 1
gz = 4G ¢? 0z + 5 Crkg€€p" .
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C.2.1 Baryonic charge quantization in the conifold theory

To fix the exact relation between the supergravity charge Q3 and the field theory baryonic
charge Qp, we deduce the Dirac quantization condition satisfied by Az from the consistent
reduction of [169].

The metric of T™! is

1
ds? = - D (d9§+sin2 0; dgol-z) 2 with  g= ——(d¢+

cos 0; d(p,-) . (C.2.21)
i=1,2

I
—_
[

We define the 2-forms3

1 1
J = —(Sin 01dO1 A doy +sin 6 dbs A d(pg) = —dn

(15 2 (C.2.22)
® = 6(sm 61.d61 A dey — sin 09 dfy A d(pg)

The expansion of the 10d RR field strength F5RR in [169] around the AdSs x T"! vacuum
(where u = v = w = b = ¢ = 0), keeping only the dependence on the gauge fields and the

Stiickelberg scalar a, in our conventions reads

FRR = 4g %51 —2g7! (k5 Da) A (7 — gAY) — g72 (k5 dA?) A J + g2 (x5 dA®) A D+
—g_3d;4\2/\]/\ (n—g;lj) —g_3d23A¢A (n—g21)+

+g YIANT A (Da+2(n—g;{1)) ,
(C.2.23)

where *; is the Poincaré dual in AdS; while Da = da + 2g(A" + A?). Dirac’s quantization

condition reads

1 / RR
F"eZ (C.2.24)
2T k1o Jos

for any closed 5-cycle Cs. Here kg is the 10d gravitational coupling, related to the 5d Newton

constant by
Vol(T1) 1

gkl 8aGY

(C.2.25)

where Vol(Th!) = 1673/27. Applying (C.2.24) to C5 = T"! and imposing that there are N
units of 5-form flux, we recover (2.4.36). On the other hand, let us apply (C.2.24) to the
5-cycle Xo X S3, where X» is the non-trivial 2-cycle of T™! while S? is a spatial 3-sphere in

3The 2-form J should not be confused with the angular momentum of the black hole.
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AdSs5. Using /X2 J =0and fX2 ® =47 /3 as well as (2.4.36), we obtain

1 / RR 1 / ( 5353, Tl 4
FRR- [ (4 3+ F /\A):——QgeZ, (C.2.26)
2T K10 Jxpxs? 67rG1(\I5)gN $3 3N

where F3 = dA3. According to (C.2.4) and using (B.1.42) and (B.1.43), the combination in
parenthesis gives the Page charge O3, which is conserved and quantized. Taking the 3-sphere

to spatial infinity, it coincides with the charge defined in (C.2.1).



Appendix D

Monopole spherical harmonics on S*

We use complex coordinates on S? to perform the reduction in Section 3.2. We define

stereographic coordinates
i 6 i 0
z:e""tang for0 < o, v=e ‘/’coté for6 >0, (D.1)

related by v = 1/z, which exhibit §? as CP'. The round metric with radius R is proportional
to the Fubini-Study metric, and the Lorentzian metric on SZxRis

4R2 _
ds? = ————dzdz - di* = gidzdz—di® = ‘el — ()7, (D.2)
(1+z2)
where we defined the vielbein
3 _ 1 _ 1 1_ 1
e’ =dt, e =gidz, e =gidz. (D.3)

Here ¢! and ! are complex conjugate of each other, and therefore any real p-form expressed
in this basis has components satisfying the reality property X7 = Xj... Flat indices are
lowered and raised by the flat metric n,, with ;7 = 7, = % The volume form has flat
components €y;7 = i/2.

Let us now move to spinors. We choose the set of gamma matrices

i 0 0 0 0 1
= 5 = B T = Py D.4
Yt (0 —i) Y1 (1 0 Vi ( ) ( )

0 0
satisfying {y4, ¥»} = 2145 1. The generators of the Dirac representation are y,;, = %[ya, Yp].
On S? x R the 3d Lorentz group SO(2, 1) is broken to the U(1) generated by y'!, and fields
are characterized by a spin that is the charge under this U(1). The spin connection, defined
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by (wp), = e, (e’ + T),,eP ), has non-zero components

i z i z
(0h): = —(w'y): = Tim (@'h)z= (') = T35 (D.5)
The spinor covariant derivative (without gauge connections)
Ye| _ T
D,u = (D,uwh Dulﬁ—) (D-6)
can be written as
S de - dF
D=d-isw with w = iw = (cos@ —1)dy (D.7)
142z
and s = +1/2 is the spin. Note that
1
— [ dw=-2. (D.8)
2 2

The components .. are sections of the U(1) bundles associated to the line bundles K2 =
O(=#1), where K is the canonical bundle. A generic U(1) bundle is labeled by a half-integer
monopole charge g, and has covariant derivative D = d — iqa. To conform with the
conventions of [242] for the monopole harmonics, we write the connection as a half-integer
multiple of a = —w.

Similarly, the Levi-Civita connection on 1-forms is a U(1) connection when projected
onto the frame fields:

i VA = (B —iw)eiA = DyAL, €V, A= (0, +iwy)eiAz = DyA; . (D)

Thus A; = ejA; and A7 = 6%142 are sections with ¢ = —1 and g = +1, respectively. On the
other hand, D A3 = d,,A3, and thus Az, is a section of the trivial bundle, just like a scalar.
Defining D, = e}, D, one finds

(dA)ap = ele} (VA =V, Ay) = DyAp — DA, . (D.10)
If, in addition, the fields are in the adjoint representation of the gauge group and there is a
background gauge field with fluxes

1 - 1 .
A=-m;Ha =  — [ dA=mH", (D.11)
2 2 S2
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a(m)

then including this background in the covariant derivatives D, shifts the spin s — s — ==,

or equivalently ¢ — ¢ + @, where « are the roots.
The derivatives D1 and D7 raise and lower the spin by 1, respectively. This is the opposite

in terms of the charge g. Their explicit expressions are
D\ = i((1 +22)0. - ) D\ = L((1 +27) 0:+ 42 (D.12)
I TR < Ax) I TR arac) '

where the superscript indicates the charge of the section they act on, whereas under complex
conjugation DYI) = D%_q) and D%q) = Dg_q). We define the operators

L=z, +0:~qz, L.=-70-0.-q7, L;=20.-%0:~q, (D.3)
satisfying the su(2) algebra [L,, L] = L. and [L,, L_] = 2L,. The covariant Laplacian is
1 _ _
-D?=1?-4*= §{L+, L_}+ L? -q¢%= -1+ zz)zazﬁg —g(1+2z2)L, - ¢°
1 1 2

= _sineag (sin 6 dp) + m(—zdp —g+qcosb)

(D.14)

which can be diagonalized simultaneously with L? and L.. Its eigenfunctions are the
monopole spherical harmonics Y, ; ,, with [m| < [, that we choose to be orthonormal on an
S? of radius 1:

</.S“2\/§ Yq,l,m Yq,l’,m' = 51,1’ 6m,m’ . (D.15)

The highest harmonic with m = [, annihilated by L, is

Zl+q

Y, ,Z) 6 ————— . D.16
0.1,1(2,2) 1) (D.16)

Regularity at the poles implies [ + g € Zsg and [ > |q|.

The Laplacian can be written in terms of the derivatives as
—D? = —4R*DD7 + q = —4R?DiD; — q = —2R*{D,, D1} . (D.17)
Besides, one can verify that

[Di,L;] =[D1,Ls] =[D3,L;] =[Dg,Ls] =0. (D.18)

Therefore the derivatives act as bundle-changing operators mapping Y, . ; to Y,11,,;. The
exact relations can be derived integrating by parts the orthonormality conditions. For a
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suitable choice of phases one finds [242,243]:

s_(q,1) . 1
ng) Yq,l,m = 2R Yq—l,l,m with S_((], l) = [l(l + 1) - q(q - 1)] ’,
50(q.1) (D.19)
D Yyim= =5 Yoerim  With si(q.D)=[10+1) ~q(g+D]* .
Following the same conventions as in [243], the monopole harmonics satisfy
Yq,l,m = (_1)q+m Y—q,l,—m (D-ZO)
under complex conjugation.
Finally, the triple overlap of harmonics is given in terms of Wigner 3 j-symbols:
/dg Yq,l,qu’,l’,m’Yq”,l”,m” =
1
el QUL DU+ ) (20 YL
— (_1)l+l + ( )( )( ) ( ) ( ’ (D21)
47T q q/ q// m m/ m/l
or equivalently
YoumYq irm = (D.22)

QI+DR2+1)21"+1)
4

Z (_1)l+l'+l”+q”+m”

1
2 (l l/ l//) ( l ll l// ) Y
, P , ” _q’/’l/l’_’n/’
Tz qg ¢ q"|\m m" m

The 3j-symbols are directly related to Clebsch-Gordan coefficients that decompose the

angular momentum state |[” m”) interms of |[m1'’m’) = |l m) @ |I’m’):

C( l l'/ i )

m m’ m”

— P r v
Amlm'| 1" m"y = (1) 217 41 ( , ”) . (D.23)

m m —m

In particular, the Clebsh-Gordan coeflicients are zero unless m +m’ = m”, |m(i)| < 1D with
m® =19 mod 1, and [? < 1Y) +[%®) The 3-symbol is symmetric under even permutations
of its columns and gains a sign (—1)"*/*"" under odd permutations. It also gains a sign

(-1)"*""+” when one changes sign to m, m’ and m” simultaneously. This implies the following
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relations among Clebsch-Gordan coefficients:

’ ’” . ’ 2[ 1 1/2 ’ ’”
C(L, 1, 1y = (=1)m [21”11] c(Lrry,
1’ , "_q 21/ 1 1/2 , ’
R R e i A I R (D24)
Clr ) = (EDMC( 0000

m ml mr/

In the special case that [” = [+’ = L (and m + m" = —m” = M as in the general case):
LU L Cyeren| (2L oo\ 2
m m' -M 2L+1\L+M L+m|\l'+m’
) (D.25)
oL \ ' 20 \[ 2 \]?
L+M L+m|\l'+m’

1
2







Appendix E

1d N = 2 superspace

We review here the 1d N = 2 superspace formalism, drawing from Appendix A of [217].
The A = 2 superspace in quantum mechanics, which we denote as R, has coordinates
(1,0, 0), where 6 is a complex fermionic coordinate. A supersymmetry transformation is
0=—-€0+ E@, where €, € are anticommuting parameters, and Q, @ are anticommuting
generators so that 6 is commuting. Here Q and Q are defined as differential operators acting
on superfields:

0=d,+500;. = ~d5- 500, (E.1)

—92 — —
They satisfy the algebra Q? = Q" = 0 and {Q, Q} = —id;. Moreover, Q and Q anticommute
with another set of differential operators

i

Dzag—%éa,, D=-d+500. (E.2)

which satisfy the algebra D? = D = 0and {D,D} = id,. One has (DX) = (-1)"D X and
(DX) = (-1)FDX.

E.1 Matter multiplets

A chiral superfield @, is defined by D®;, = 0. Gauge transformations act as

®, > h®,, h=¢, y:RP>5Cer, Dy=0, (E.1.1)
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where 7 is some representation of the gauge group. D®;, = 0 implies that ®;, and its complex

conjugate anti-chiral superfield ®;, have expansion:
@h:¢+e¢/—%eéa,¢, Eh:$—§$+%9§a,$. (E.12)
Acting with (E.1) on @}, and @y, we find the following supersymmetry variations:

0=y, Qy =0, 0¢4=0, QY =id¢ . (E.1.3)

Suppose that @; ;, are a collection of bosonic chiral superfields. We can also have fermionic
Fermi superfields )y, satisfying DY), = E(®},) for some holomorphic function E(®},), and
transforming as ), — h); under some representation of the gauge group. DY), = E(®)
implies that )V, and its conjugate ), have expansion:

Vh=n-0f ~E(8) +60(E@)w; - §0m) =1 - 0f ~OE(®) - 4680 .

_ o o S (E.1.4)
Vi =7 -0 F - 0E($) +00(8,01E (@) + 507) =77 - 0. - 0E(®) + 56007 .
Acting with (E.1) gives the supersymmetry variations:
On=-f, 0f=0,  On=E@),  Qf=-idn+dE@)y;. (ELS)

E.2 Vector multiplet

We assume that the gauge group G is semi-simple (inclusion of U(1) factors is trivial) with
Lie algebra g. Denote the complexified algebra as gc = g ® C = g @R ig, with the Killing
form given by the trace operation Tr. It admits a root space decomposition gc = hc e Lo,

where hc is a Cartan subalgebra and @ is the set of all roots. We can use the Chevalley basis
defined in the following way:

3 H ebhc|a'(h)=Te(H'h), Yhehc . (E.2.1)
The element E¢ is also normalized so that Tr EYE~% = 1. The compact real form is

g = spang {iH',E* —E"*,i(E*+E™") | a € ®*}, (E.2.2)
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where ®* is the set of positive roots. Using the fact that Tr splits between each summand
in e By (Lo ® L_p), and that Tr is positive definite on H it quickly follows that Tt is
negative (positive) definite on g (ig). Any A € ig can be expressed with A/, Af, A§ € Ras

A=Y NH+Y [A%(Ea +E™) + AZi(EY - E"’)]

o - (E2.3)
= Y NH Y JNETRTET) AT = A A

Therefore, defining a formal Hermitian conjugation on elements of g¢ as Hi = H E®=E™®,

we can alternatively define ig as
ig={Aegc|A=A}. (E2.4)

A generic group element k = ¢* then satisfies k = e7** = k=1, If G = U(N), this formal
Hermitian conjugation becomes the actual conjugate transpose on N X N matrices.

To build gauge interactions, we introduce the independent superfields Q and V~. Q is
valued in g¢, while V™ is valued in ig, i.e., V- = V~. One can either use Q alone or include
both Q and V™ in the theory. The crucial role played by € is to allow for gauge-covariant

chiral and Fermi conditions. Under gauge transformations, they transform as:
s keht, VTS kVTk T +ik(6k7Y)
h=eX, x:R¥Z—gc, Dy=0, (E.2.5)
k=e™, A:R"Y =g, A=A.

Without loss of generality, V™ can be expanded as

Vo =A, -0 —if1—i01+ 00D , (E.2.6)

where (A; — o, D) are valued in ig and A is valued in gc. We now define the various
ingredients used to construct supersymmetric actions. The gauge-covariant superspace
derivatives are defined as

Dz=e®De, Dz=e2De®, D=o-iv, (E.2.7)

which, according to (E.2.5) and using Dh = Dh = 0, transform as

D - kDk™', D — kDk™', D — kD;k™'. (E.2.8)
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They satisfy the algebra

D2=D =0, {(D,D}=id-iV") =D}, (E.2.9)

where V* is an ig-valued superfield constructed out of Q only:
vt=D [eQ (56_9)] +5[e_§(De§)] + {eQ (56_9), e_ﬁ(Deﬁ)} ) (E.2.10)

If the gauge group is Abelian this simplifies to

Vt=-[D,D]Q. (E.2.11)

As it was for D and D, one has (DX) = (-1)" DX and (DX) = (-1)f DX. One can check

that the gauge transformation of V* is identical to that of V:
V> KV ik (8k7Y) (E.2.12)

which is consistent with (E.2.8) and (E.2.9). We will also have occasion to use the field

strength superfield
Y = [D,D;] =-iDV™ - 6,[e®(De™®)] —i[e?(De ), V7], (E.2.13)

which also transforms covariantly as Y — kYk~L. From the definition, it follows directly
that DY = 0.
Instead of € and V™, we can equivalently use two other superfields V and V," defined as

eV = %, vV, = e§V_eQ + %eﬁ@,eg - %(@eﬁ)eg , v,=V,, (E2.14)

which only transform under the complexified gauge transformations as:

P Vol s o At %E‘leva,h—l - %(aﬁ‘l)ewfl . (B2.15)
Note that V is constructed solely out of Q, while V, is built out of both V™ and Q. In this
formulation, the theory might contain V only, or both V,” and V. Analogously to the above,

out of V and Vh‘ we can construct

Vi = 3" DleVDe) + 5D(De)el = BV e s 2% - £ (0167 e,

i
2 (E.2.16)

Y, = —i eVE[e_V(Vh_ + %6,6‘/)] = e2Ye? .
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One can check that V" transforms in the same way as V,, and Y}, transforms in the same way

as ¢”. In an Abelian theory,
+ 1 Vi 2
vV, = 56 (DD - DD)V . (E.2.17)

When writing matter Lagrangians in terms of ®; and )/, which transform with chiral gauge
transformations £, it will be convenient to use V and vV, .

Given any chiral or Fermi superfield, one can define covariantly-chiral counterparts
O =y, V=8V, D=0, DY=E®), (E218)

which transform under the gauge group as ®; — k ®; and )y — k Vi. These fields are
useful when one is using € and V™ to describe the vector multiplet.

E.2.1 Wess-Zumino gauge

We can expand Q and the gauge transformation parameters y, A as:

Q= Qu+0Qu+0Q5+00Q5. X = Xo+0xo=5000x0. A =Ag+0Ag—0 Ag+00A5.

(E.2.19)
We show that using gauge transformations every component of € can be canceled except
for 7, and we can further set 595 = Qg3, i.e., Q7 is valued in ig. We shall call this
component —(A; + o) /2, where both A; and o are valued in ig. Due to the relative sign, this

is independent of (A; — o) in V™. In other words, we can bring € to the form
1 —
Q= -3 06 (A;+0), (E.2.20)
that we dub the Wess-Zumino gauge. First, we use the transformation
Y =90 %95@90 ., A=0, (E2.21)

to set Qg — 0, after which only transformations with yo = iAg preserve Qy = 0 and are

allowed. Next, performing the transformation

X =0(Q+Qp) , A =i6Q5 +i0Q; (E.2.22)
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sets Qy, Q7 — 0. Further transformation parameters cannot have 6 or 6 components since

otherwise a nonzero €27 would be generated. Lastly, we perform
X=0.  A=500(Q5-% . (E.2.23)
after which Q7 — (€5 + 595) /2 is valued in ig. The residual gauge transformations are

1 —
X =1iMNo+ 5968tA0 , A=Ag, (E.2.24)

under which
A+ o — DA +0)e ™0 4NN (E.2.25)
These are standard time-dependent gauge transformations, as expected. In this gauge, the
gauge-covariant superspace derivatives simplify to
. i— — i
Df =D/ =0,-i(A;+0), D=0y — §¢9Dt+ , D=-05+ §¢9Dt+ ,  (E.2.20)
and _
Vi=A +o, Y =1-0(D,o+iD) - %950;4 . (E.2.27)

The action of supersymmetry on €, using (E.1), is
1 - 1_
0Q = 569(14; +0)— 569(14; +0), (E.2.28)

and the Wess-Zumino gauge is not preserved. This can be compensated by an infinitesimal

gauge transformation with parameters
A= % €0(A, + ) + %EG(A, L) +O(2), y=—€0(A +0)+O(2) . (E229)

The supersymmetry transformations that preserve the Wess-Zumino gauge are computed
using ¢ with the addition of the compensating gauge transformation above. For €, its
variation under the combined supersymmetry and gauge transformation is 6Q +iA — y =0
by construction. The superfields @, ) are only sensitive to the gauge transformations
generated by A, and not to those generated by y. The addition of the A-transformation
(E.2.29) to 6 can be directly absorbed into the supercharges:

i — — i
Owyz = 09+5 0], — Sgauge (Ar+0) ] Owy = -55—5 0], — Sgauge (Ar+07)| . (E2.30)
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Note that dgauge (A) acts according to the gauge representation of each superfield, except for
V*, on which dgauge (A) V* = ;A —i[V*, A]. The modified supercharges satisfy the algebra

0%, =0w;=0.  {Owz Owz} = —i[0 — Oguge(Ar + )] . (E.2.31)

E.2.2 Transformations in Wess-Zumino gauge

Acting with (E.2.30) on V* and reading off the variations of each component, we find the

following supersymmetry variations (and their complex conjugate) for the vector multiplet:

%13 QWZA:_DIO-_lD,

1 — _
QWZD = —§D:/l N sz/l = 0 .

Owz Ar = —Qwzo = —
(E.2.32)

Note that Qwz(A; + o) = Qwz(A; + o) = 0, consistently with (E.2.31). In Wess-Zumino
gauge, @ and its conjugate ®; have expansion:

Q) =+ 06y - %95D?¢ : O =¢p-0y+ %951):5 . (E.2.33)
Acting with (E.2.30) on ®; we find the following supersymmetry variations:
Owzd=v., Qwz¥=0, Owz¢=0, OQwz¥=iD¢. (E.2.34)

Alternatively, we can obtain the same variations by acting with 6 + y = —€ Qwz + E@wz on
@, with y given in (E.2.29). Analogously, J; and its conjugate ), have the expansions

Vi =1-0f —0E(#) +08(0.E(@)q — £D{n) =1 - 0f — BE(®) - £00D]7
Vi =7 -0 - 0E@) +60(0,0,E (@) + §D;7) =7~ 0 ] - 0E(®) + $60D;7 .
(E.2.35)
and acting with (E.2.30) gives the supersymmetry variations:

Owzn=-f, OQwzf=0, Owzn=E(¢), Owzf=-iDin+0,E($)¢q.
(E.2.36)

Again, we can obtain the same variations by acting with § + y on ).
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E.2.3 Supersymmetric Lagrangians

As with the prototypical 4d A = 1 supersymmetry, there are two broad classes of super-
symmetric terms: D-terms and F-terms. Let X be a bosonic, gauge-invariant, real-valued
superfield with expansion

X =Xo+6Xg—0Xg+600Xy5 . (E.2.37)

Acting with Q and é, we find that QX7 = —i0, Xy /2 and éng = ié?,Yg/ 2 are total derivatives.
Moreover, Q0 X, = X5 up to a total derivative. Therefore,

/ dodo X = —X,5 = 00 (-Xo) (E.2.38)

is supersymmetric, and we call such terms D-terms. They are always Q and Q exact.
Conversely, suppose there is a term in the Lagrangian of the form QQ(—X;) where Xy is real
and gauge invariant. If there is a real-valued superfield X with bottom component X, it must
have the same expansion (E.2.37). Therefore (E.2.38) holds and this term can be written as a
D-term in superspace.

Let Y be a fermionic, gauge-invariant, complex-valued chiral superfield, DY = DY =0.

Its complex conjugate Y is anti-chiral and satisfies DY = 0. They have expansion:
Y = Yo+ 0% - 5009, . Y=Y+ 0%+ 56001, (E.2.39)

Acting with Q and Q on Y and Y, one finds that Y, and Yy are separately supersymmetric up
to total derivatives. Moreover, Yy = QY; and Yy = —é Y. Therefore:

/d0Y+/d§7:Y9+79:QYO—§70: (0+0) Yy -Yo) (E.2.40)

is supersymmetric, and we call such terms F-terms. They are always (Q + Q) exact.

We can now write the following supersymmetric Lagrangians, with component expressions
in the Wess-Zumino gauge. In the gauge sector, if the theory only contains € or equivalently
V, the only term we can think of is a Wilson line in A; + o~. For a U(1) gauge group, the
supersymmetric Wilson loop of charge ¢ can be written as

exp(iqf dt/d@d@ V) b exp(iqj{ dt (A; +0')) . (E.2.41)
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If both V™ and € are present, we can write the following terms. The conventional gauge
kinetic term is

1 e 1 o
— / dodo TrYY = —— / d0do Tr Ype " Yye™
2e74 2e7y

: B (E2.42)
Wz h Tr[(D,o’)Q +D*+iDA| .

€ld

Note that the superfield V~ — V* transforms covariantly, V- — V* — k (V™ = V*) k=1, under
gauge transformations. For an adjoint-invariant form ¢ : ig — R, the Fayet-Iliopoulos term
is:

/ dodo [ (V- -V*) = / dodeo g((vh— ~ V) e—V) Y (D). (E.2.43)

If the gauge group is Abelian
v 1 = -
Vie! = (DD - DD)V (E.2.44)

becomes a total derivative under the superspace integral. Therefore, FI terms for Abelian
gauge groups can be written as

/ dedo {(V,e™) . (E.2.45)
We can also write a mass term that gaps V™ (or equivalently the gaugino and o):

1 — 1 — 2 _
-5 /d@d@ Te(v- -V = =5 /dade Te((vi - Vi) ) (- 20D)
(E.2.46)
Moving on to the matter sector, the conventional kinetic term for a chiral multiplet is:

i / d0df ®, D; d = / d0do (itheVa,@h R XYL T Y8 e cp,,)
2 2 (E.2.47)
WZ — .90 9 e =
= —¢(D;+0°+D)p+iyD; Y +idAy — iy A¢ ,
where D; = 0, —i(A; — o). It requires the presence of both V™ and . Alternatively, we can

write a Kinetic term that couples to V* in place of V~, in which case only Q (or V) is required:

i / dodo @, D}y = / dedo (icITheVa,obh = L 5®y e Dy + D,V cph)
2 2 (E.2.48)

WZ S+ e+ It

= Di¢Di¢p+iy Dy .
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We can also write a term with a first-order action for ¢, and it only requires €2:

/ d6do O, ®; = / d0d0 @, " @), "L i DI+ . (E.2.49)
The conventional kinetic term for a Fermi multiplet is
- - WZ . = 2 _ - = ==
[avda T = [avdoFie' v, " iwnin+ T~ |E@F ~700E @) w13, 5E@) 0,

(E.2.50)
and it only requires Q. If present, terms in E(®) that are linear in the chiral superfields
@, give rise to mass terms that gap out the chiral and Fermi multiplets together. Quadratic
or higher-order terms in E(®) produce cubic or higher-order interactions. We shall call
them E-interactions. Suppose now that we have a collection of Fermi superfields ); with
DY; = E;(®). In addition to E;, we associate another holomorphic function J;(®) of the
chiral superfields to each Fermi such that E;J; (with repeated indices summed) is gauge
invariant and E;J; = 0. Then ); J;(®) is a gauge-invariant fermionic chiral superfield. We
can therefore write the F-terms:

[a0 3101+ [ @855, = - i510) 030 w1 - T, 5@ - 5,315 7,
(E.2.51)
Note that because )V, J; is gauge invariant, V; ,J;(®p) = VixJi(Pr). We will call interactions
that are constructed in this way J-interactions.

E.2.4 Twisted 3d YM and CS terms

In this subsection, we show how the parts of the topologically twisted 3d Yang-Mills and
Chern-Simons Lagrangians containing =7 can be written in 1d superspace. The terms lie

—_
(=

slightly beyond the scope of the exposition above, because Z7 transforms as a connection on

S? under gauge transformations, as reported in (3.2.7).
Yang-Mills. The first line in (3.2.8) can be written in superspace as:
Tr|4|F;;|? + 4iDF 7 — 4| D70 |? +iA1(D; +ic A7 + 2A; D1A7 — 2/, DTK,] = (E2.52)
WZ 4 / d0do Tr(ELk 051, - Fiix V—),
where we defined the superfield

Fiix = 0181 — 0Bk — i[B1k. Biy] - (E.2.53)
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Here 1 transforms covariantly under super-gauge transformations as Fy ; — kJF7 kL.
Note that the superspace expression has the same form as a Chern-Simons term for super-
fields, with V™ playing the role of the connection along ¢. Therefore, under finite gauge

transformations:

Sunge 4 [ 040 T5(214.0.21 - Fiy V')
:2,-/ dodo Trk 'o,k [k 'onk, k™' 01k] ,

=20 Tv 0,0 (K™ 05k [k~ ke, k™' 91k] ) + cyclic (E.2.54)

The omitted terms contain cyclic permutations of (¢, 1, 1). This gauge variation looks like
a winding number for super-gauge transformations. Since we are taking derivatives of the
winding number density (albeit with respect to fermionic variables), a total derivative is
expected because the winding number is homotopy invariant.

Alternatively, we can use superfields that are only sensitive to complexified gauge

transformations. The superspace expression in (E.2.52) can then be written as
(E.2.52) = 4i / 648 Tr(ELh 010 - Fiin e—Vv,;) : (E.2.55)

where total derivatives of the kind (E.2.54) have been neglected. One can check that (E.2.55)

is real and gauge invariant up to total derivatives.

Chern-Simons. We now want to write the first piece of (3.2.10) in superspace. To do this,
we follow a similar procedure as in [244]. First, the fields X are extended to be functions X
of an auxiliary coordinate y € (0, 1) in an arbitrary way (similarly to what we did in C.1),
except that they must fulfill boundary conditions

X(0,0,t,y=0)=0,  X(0,0,10,y=1)=X(6,0,1) . (E.2.56)

Extended quantities will be denoted with a hat. Given (E.2.56), we have:

1
= Pesa(y =1 ‘ - = E.2.57
Lcsz Wy Lesz(y=1) w2 /o dy dyLcsz Wz (E.2.57)
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Now, 0y Lcs = can be written in superspace as:

OyLcs,z

™ Tr[—4iay(A, + &) i1 +40,A1(i0,A1 — iD7(A, + &) + 3, A1 Ag+
+40,A1 (=i, Ay +iD1 (A, + &) - ayAixl]

A

= 49, / d9d0 Tr [é‘lﬁ B - V(0B - 08,5 - 1[5, 7 éi,h])] . (E2.58)

This superspace expression is only valid in the Wess-Zumino gauge where V = —06(A; + o),
and it is not invariant under super-gauge transformations. Even so, we can take it as a starting
point for constructing the gauge-invariant completion. A gauge-invariant expression that
reduces to the above in the Wess-Zumino gauge is

0yLesz =4 / dodo Tr[ ~ieVay (") Firy + B 0,81, + 0,8 78 5|. (B259)

One can check that the first term is Hermitian, while the second and third terms are Hermitian

conjugates of each other. Therefore

Losz = Tr [4iA18,A1 — 4i(A + ) Fy7 + AT

S

S B S o (E.2.60)
YZ 4 / dy d0d Tr[—ie_vé?y(ev)]:ﬁ’h + By 08, +0,8, - B z] .
i 7EL

If the gauge group is Abelian, (E.2.59) is a total derivative in y and the auxiliary coordinate y

can be eliminated to give
— 1
Lesz =4 / dode [Elﬁ Bip—iV(01E1 ), — 018, 7) + 561V aiv] . (E.2.61)

For non-Abelian gauge groups, there is no compact expression for the integral in y, but we

can expand in powers of V. Choosing

1)
[x]

1h=YEin V=yV, (E.2.62)

one obtains the following expression up to quadratic terms in V:

Lesz =4 / ddo Tr

E1781h— zV((?l:i,h — 01:1% - l[:‘l,ﬁ’ :Lh] )+



Bibliography

[1] F. Benini, E. Colombo, S. Soltani, A. Zaffaroni, and Z. Zhang, “Superconformal
indices at large N and the entropy of AdS5 X SEs black holes,” Class. Quant. Grav. 37
no. 21, (2020) 215021, arXiv:2005.12308 [hep-th].

[2] F. Benini, S. Soltani, and Z. Zhang, “A quantum mechanics for magnetic horizons,”
arXiv:2212.00672 [hep-th].

[3] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D7 (1973) 2333-2346.

[4] J. D. Bekenstein, “Generalized second law of thermodynamics in black hole physics,”
Phys. Rev. D 9 (1974) 3292-3300.

[5] S. W. Hawking, “Black hole explosions,” Nature 248 (1974) 30-31.

[6] S. W. Hawking, “Particle Creation by Black Holes,” Commun. Math. Phys. 43 (1975)
199-220. [Erratum: Commun.Math.Phys. 46, 206 (1976)].

[7] J. Polchinski, “Dirichlet Branes and Ramond-Ramond charges,” Phys. Rev. Lett. 75
(1995) 4724-4727, arXiv:hep-th/9510017.

[8] A. Strominger and C. Vafa, “Microscopic origin of the Bekenstein-Hawking entropy,”
Phys. Lett. B379 (1996) 99-104, arXiv:hep-th/9601029 [hep-th].

[9] E. Witten, “Bound states of strings and p-branes,” Nucl. Phys. B 460 (1996) 335-350,
arXiv:hep-th/9510135.

[10] M. Bershadsky, C. Vafa, and V. Sadov, “D-branes and topological field theories,” Nucl.
Phys. B 463 (1996) 420—434, arXiv:hep-th/9511222.

[11] C. Vafa, “Instantons on D-branes,” Nucl. Phys. B 463 (1996) 435-442,
arXiv:hep-th/9512078.

[12] C. Vafa, “Gas of d-branes and Hagedorn density of BPS states,” Nucl. Phys. B 463
(1996) 415-419, arXiv:hep-th/9511088.

[13] R. Dijkgraaf, E. P. Verlinde, and H. L. Verlinde, “Counting dyons in N=4 string
theory,” Nucl. Phys. B 484 (1997) 543-561, arXiv:hep-th/9607026.

[14] R. Dijkgraaf, G. W. Moore, E. P. Verlinde, and H. L. Verlinde, “Elliptic genera of
symmetric products and second quantized strings,” Commun. Math. Phys. 185 (1997)
197-209, arXiv:hep-th/9608096.


http://dx.doi.org/10.1088/1361-6382/abb39b
http://dx.doi.org/10.1088/1361-6382/abb39b
http://arxiv.org/abs/2005.12308
http://arxiv.org/abs/2212.00672
http://dx.doi.org/10.1103/PhysRevD.7.2333
http://dx.doi.org/10.1103/PhysRevD.9.3292
http://dx.doi.org/10.1038/248030a0
http://dx.doi.org/10.1007/BF02345020
http://dx.doi.org/10.1007/BF02345020
http://dx.doi.org/10.1103/PhysRevLett.75.4724
http://dx.doi.org/10.1103/PhysRevLett.75.4724
http://arxiv.org/abs/hep-th/9510017
http://dx.doi.org/10.1016/0370-2693(96)00345-0
http://arxiv.org/abs/hep-th/9601029
http://dx.doi.org/10.1016/0550-3213(95)00610-9
http://arxiv.org/abs/hep-th/9510135
http://dx.doi.org/10.1016/0550-3213(96)00026-0
http://dx.doi.org/10.1016/0550-3213(96)00026-0
http://arxiv.org/abs/hep-th/9511222
http://dx.doi.org/10.1016/0550-3213(96)00075-2
http://arxiv.org/abs/hep-th/9512078
http://dx.doi.org/10.1016/0550-3213(96)00025-9
http://dx.doi.org/10.1016/0550-3213(96)00025-9
http://arxiv.org/abs/hep-th/9511088
http://dx.doi.org/10.1016/S0550-3213(96)00640-2
http://arxiv.org/abs/hep-th/9607026
http://dx.doi.org/10.1007/s002200050087
http://dx.doi.org/10.1007/s002200050087
http://arxiv.org/abs/hep-th/9608096

158 Bibliography

[15] D. Shih and X. Yin, “Exact black hole degeneracies and the topological string,” JHEP
04 (2006) 034, arXiv:hep-th/0508174.

[16] D. Shih, A. Strominger, and X. Yin, “Counting dyons in N=8 string theory,” JHEP 06
(2006) 037, arXiv:hep-th/0506151.

[17] D. Shih, A. Strominger, and X. Yin, “Recounting Dyons in N=4 string theory,” JHEP
10 (2006) 087, arXiv:hep-th/0505094.

[18] A. Sen, “Black hole entropy function and the attractor mechanism in higher derivative
gravity,” JHEP 09 (2005) 038, arXiv:hep-th/0506177 [hep-th].

[19] A. Sen, “Black Hole Entropy Function, Attractors and Precision Counting of
Microstates,” Gen. Rel. Grav. 40 (2008) 2249-2431, arXiv:0708.1270 [hep-th].

[20] A. Sen, “N=8 Dyon Partition Function and Walls of Marginal Stability,” JHEP 07
(2008) 118, arXiv:0803.1014 [hep-th].

[21] A. Sen, “Quantum Entropy Function from AdS(2)/CFT(1) Correspondence,” Int. J.
Mod. Phys. A 24 (2009) 42254244, arXiv:0809.3304 [hep-th].

[22] A. Sen, “Entropy Function and AdS,/CFT; Correspondence,” JHEP 11 (2008) 075,
arXiv:0805.0095 [hep-th].

[23] A. Sen, “Arithmetic of Quantum Entropy Function,” JHEP 08 (2009) 068,
arXiv:0903.1477 [hep-th].

[24] A. Castro and S. Murthy, “Corrections to the statistical entropy of five dimensional
black holes,” JHEP 06 (2009) 024, arXiv:0807.0237 [hep-th].

[25] S. Murthy and B. Pioline, “A Farey tale for N=4 dyons,” JHEP 09 (2009) 022,
arXiv:0904.4253 [hep-th].

[26] A. Dabholkar, J. Gomes, and S. Murthy, “Counting all dyons in N =4 string theory,”
JHEP 05 (2011) 059, arXiv:0803.2692 [hep-th].

[27] A. Dabholkar, M. Guica, S. Murthy, and S. Nampuri, “No entropy enigmas for N=4
dyons,” JHEP 06 (2010) 007, arXiv:0903.2481 [hep-th].

[28] A. Dabholkar, J. Gomes, S. Murthy, and A. Sen, “Supersymmetric Index from Black
Hole Entropy,” JHEP 04 (2011) 034, arXiv:1009.3226 [hep-th].

[29] A. Dabholkar, J. Gomes, and S. Murthy, “Quantum black holes, localization and the
topological string,” JHEP 06 (2011) 019, arXiv:1012.0265 [hep-th].

[30] A. Dabholkar, J. Gomes, and S. Murthy, “Localization & Exact Holography,” JHEP
04 (2013) 062, arXiv:1111.1161 [hep-th].

[31] A. Sen, “Microscopic and Macroscopic Entropy of Extremal Black Holes in String
Theory,” Gen. Rel. Grav. 46 (2014) 1711, arXiv:1402.0109 [hep-th].


http://dx.doi.org/10.1088/1126-6708/2006/04/034
http://dx.doi.org/10.1088/1126-6708/2006/04/034
http://arxiv.org/abs/hep-th/0508174
http://dx.doi.org/10.1088/1126-6708/2006/06/037
http://dx.doi.org/10.1088/1126-6708/2006/06/037
http://arxiv.org/abs/hep-th/0506151
http://dx.doi.org/10.1088/1126-6708/2006/10/087
http://dx.doi.org/10.1088/1126-6708/2006/10/087
http://arxiv.org/abs/hep-th/0505094
http://dx.doi.org/10.1088/1126-6708/2005/09/038
http://arxiv.org/abs/hep-th/0506177
http://dx.doi.org/10.1007/s10714-008-0626-4
http://arxiv.org/abs/0708.1270
http://dx.doi.org/10.1088/1126-6708/2008/07/118
http://dx.doi.org/10.1088/1126-6708/2008/07/118
http://arxiv.org/abs/0803.1014
http://dx.doi.org/10.1142/S0217751X09045893
http://dx.doi.org/10.1142/S0217751X09045893
http://arxiv.org/abs/0809.3304
http://dx.doi.org/10.1088/1126-6708/2008/11/075
http://arxiv.org/abs/0805.0095
http://dx.doi.org/10.1088/1126-6708/2009/08/068
http://arxiv.org/abs/0903.1477
http://dx.doi.org/10.1088/1126-6708/2009/06/024
http://arxiv.org/abs/0807.0237
http://dx.doi.org/10.1088/1126-6708/2009/09/022
http://arxiv.org/abs/0904.4253
http://dx.doi.org/10.1007/JHEP05(2011)059
http://arxiv.org/abs/0803.2692
http://dx.doi.org/10.1007/JHEP06(2010)007
http://arxiv.org/abs/0903.2481
http://dx.doi.org/10.1007/JHEP04(2011)034
http://arxiv.org/abs/1009.3226
http://dx.doi.org/10.1007/JHEP06(2011)019
http://arxiv.org/abs/1012.0265
http://dx.doi.org/10.1007/JHEP04(2013)062
http://dx.doi.org/10.1007/JHEP04(2013)062
http://arxiv.org/abs/1111.1161
http://dx.doi.org/10.1007/s10714-014-1711-5
http://arxiv.org/abs/1402.0109

Bibliography 159

[32] A. Chowdhury, A. Kidambi, S. Murthy, V. Reys, and T. Wrase, “Dyonic black hole
degeneracies in N = 4 string theory from Dabholkar-Harvey degeneracies,” JHEP 10
(2020) 184, arXiv:1912.06562 [hep-th].

[33] J. M. Maldacena, “The Large N limit of superconformal field theories and
supergravity,” Int. J. Theor. Phys. 38 (1999) 1113-1133, arXiv:hep-th/9711200
[hep-th]. [Adv. Theor. Math. Phys.2,231(1998)].

[34] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998)
253-291, arXiv:hep-th/9802150.

[35] G.’t Hooft, “Dimensional reduction in quantum gravity,” Conf. Proc. C 930308
(1993) 284-296, arXiv:gr-qc/9310026.

[36] L. Susskind, “The World as a hologram,” J. Math. Phys. 36 (1995) 6377-6396,
arXiv:hep-th/9409089.

[37] R. Bousso, “The Holographic principle,” Rev. Mod. Phys. 74 (2002) 825-874,
arXiv:hep-th/0203101.

[38] S. Pasterski, “Lectures on celestial amplitudes,” Eur. Phys. J. C 81 no. 12, (2021)
1062, arXiv:2108.04801 [hep-th].

[39] V. Pestun et al., “Localization techniques in quantum field theories,” J. Phys. A 50
no. 44, (2017) 440301, arXiv:1608.02952 [hep-th].

[40] S. Cremonesi, “An Introduction to Localisation and Supersymmetry in Curved Space,”
PoS Modave2013 (2013) 002.

[41] F. Benini, K. Hristov, and A. Zaffaroni, “Black hole microstates in AdS4 from
supersymmetric localization,” JHEP 05 (2016) 054, arXiv:1511.04085
[hep-th].

[42] F. Benini, K. Hristov, and A. Zaffaroni, “Exact microstate counting for dyonic black
holes in AdS,,” Phys. Lett. B771 (2017) 462—466, arXiv:1608.07294 [hep-th].

[43] F. Benini, H. Khachatryan, and P. Milan, “Black hole entropy in massive Type IIA,”
Class. Quant. Grav. 35 (2018) 035004, arXiv:1707.06886 [hep-th].

[44] F. Benini, D. Gang, and L. A. Pando Zayas, ‘“Rotating Black Hole Entropy from
MS5-branes,” JHEP 03 (2020) 057, arXiv:1909.11612 [hep-th].

[45] P. Benetti Genolini, A. Cabo-Bizet, and S. Murthy, “Supersymmetric phases of
AdS4/CFT3,” arXiv:2301.00763 [hep-th].

[46] N. Bobev and P. M. Crichigno, “Universal RG Flows Across Dimensions and
Holography,” JHEP 12 (2017) 065, arXiv:1708.05052 [hep-th].

[47] N. Bobev, V. S. Min, and K. Pilch, “Mass-deformed ABJM and black holes in AdS,,”
JHEP 03 (2018) 050, arXiv:1801.03135 [hep-th].

[48] N. Bobev and P. M. Crichigno, “Universal spinning black holes and theories of
class R,” JHEP 12 (2019) 054, arXiv:1909.05873 [hep-th].


http://dx.doi.org/10.1007/JHEP10(2020)184
http://dx.doi.org/10.1007/JHEP10(2020)184
http://arxiv.org/abs/1912.06562
http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://arxiv.org/abs/hep-th/9711200
http://dx.doi.org/10.4310/ATMP.1998.v2.n2.a2
http://dx.doi.org/10.4310/ATMP.1998.v2.n2.a2
http://arxiv.org/abs/hep-th/9802150
http://arxiv.org/abs/gr-qc/9310026
http://dx.doi.org/10.1063/1.531249
http://arxiv.org/abs/hep-th/9409089
http://dx.doi.org/10.1103/RevModPhys.74.825
http://arxiv.org/abs/hep-th/0203101
http://dx.doi.org/10.1140/epjc/s10052-021-09846-7
http://dx.doi.org/10.1140/epjc/s10052-021-09846-7
http://arxiv.org/abs/2108.04801
http://dx.doi.org/10.1088/1751-8121/aa63c1
http://dx.doi.org/10.1088/1751-8121/aa63c1
http://arxiv.org/abs/1608.02952
http://dx.doi.org/10.22323/1.201.0002
http://dx.doi.org/10.1007/JHEP05(2016)054
http://arxiv.org/abs/1511.04085
http://arxiv.org/abs/1511.04085
http://dx.doi.org/10.1016/j.physletb.2017.05.076
http://arxiv.org/abs/1608.07294
http://dx.doi.org/10.1088/1361-6382/aa9f5b
http://arxiv.org/abs/1707.06886
http://dx.doi.org/10.1007/JHEP03(2020)057
http://arxiv.org/abs/1909.11612
http://arxiv.org/abs/2301.00763
http://dx.doi.org/10.1007/JHEP12(2017)065
http://arxiv.org/abs/1708.05052
http://dx.doi.org/10.1007/JHEP03(2018)050
http://arxiv.org/abs/1801.03135
http://dx.doi.org/10.1007/JHEP12(2019)054
http://arxiv.org/abs/1909.05873

160 Bibliography

[49] N. Bobev, A. M. Charles, K. Hristov, and V. Reys, “The Unreasonable Effectiveness of
Higher-Derivative Supergravity in AdS4 Holography,” Phys. Rev. Lett. 125 no. 13,
(2020) 131601, arXiv:2006.09390 [hep-th].

[50] N. Bobeyv, F. F. Gautason, and K. Parmentier, “Holographic Uniformization and Black
Hole Attractors,” JHEP 06 (2020) 095, arXiv:2004.05110 [hep-th].

[51] N. Bobev, A. M. Charles, and V. S. Min, “Euclidean black saddles and AdS, black
holes,” JHEP 10 (2020) 073, arXiv:2006.01148 [hep-th].

[52] N. Bobev, A. M. Charles, K. Hristov, and V. Reys, “Higher-derivative supergravity,
AdS, holography, and black holes,” JHEP 08 (2021) 173, arXiv:2106.04581
[hep-th].

[53] N. Bobeyv, J. Hong, and V. Reys, “Large N Partition Functions, Holography, and Black
Holes,” Phys. Rev. Lett. 129 no. 4, (2022) 041602, arXiv:2203.14981 [hep-th].

[54] N. Bobev, J. Hong, and V. Reys, “Large N Partition Functions of the ABJM Theory,”
arXiv:2210.09318 [hep-th].

[55] A. Cabo-Bizet, V. I. Giraldo-Rivera, and L. A. Pando Zayas, ‘“Microstate counting of
AdS, hyperbolic black hole entropy via the topologically twisted index,” JHEP 08
(2017) 023, arXiv:1701.07893 [hep-th].

[56] D. Cassani, J. P. Gauntlett, D. Martelli, and J. Sparks, “Thermodynamics of
accelerating and supersymmetric AdS4 black holes,” Phys. Rev. D 104 no. 8, (2021)
086005, arXiv:2106.05571 [hep-th].

[57] S. Choi, C. Hwang, and S. Kim, “Quantum vortices, M2-branes and black holes,”
arXiv:1908.02470 [hep-th].

[58] S. Choi, D. Gang, and N. Kim, “Black holes and large N complex saddles in 3D-3D
correspondence,” JHEP 06 (2021) 078, arXiv:2012.10944 [hep-th].

[59] M. David and J. Nian, “Universal entropy and hawking radiation of near-extremal
AdS, black holes,” JHEP 04 (2021) 256, arXiv:2009.12370 [hep-th].

[60] D. Gang, N. Kim, and L. A. Pando Zayas, ‘“Precision Microstate Counting for the
Entropy of Wrapped M5-branes,” JHEP 03 (2020) 164, arXiv:1905.01559
[hep-th].

[61] A. Gonzilez Lezcano, M. Jerdee, and L. A. Pando Zayas, “Cardy Expansion of 3d
Superconformal Indices and Corrections to the Dual Black Hole Entropy,”
arXiv:2210.12065 [hep-th].

[62] S. M. Hosseini, A. Nedelin, and A. Zaffaroni, “The Cardy limit of the topologically
twisted index and black strings in AdS5,” JHEP 04 (2017) 014, arXiv:1611.09374
[hep-th].

[63] S. M. Hosseini and A. Zaffaroni, “Large N matrix models for 3d N'=2 theories:
twisted index, free energy and black holes,” JHEP 08 (2016) 064,
arXiv:1604.03122 [hep-th].


http://dx.doi.org/10.1103/PhysRevLett.125.131601
http://dx.doi.org/10.1103/PhysRevLett.125.131601
http://arxiv.org/abs/2006.09390
http://dx.doi.org/10.1007/JHEP06(2020)095
http://arxiv.org/abs/2004.05110
http://dx.doi.org/10.1007/JHEP10(2020)073
http://arxiv.org/abs/2006.01148
http://dx.doi.org/10.1007/JHEP08(2021)173
http://arxiv.org/abs/2106.04581
http://arxiv.org/abs/2106.04581
http://dx.doi.org/10.1103/PhysRevLett.129.041602
http://arxiv.org/abs/2203.14981
http://arxiv.org/abs/2210.09318
http://dx.doi.org/10.1007/JHEP08(2017)023
http://dx.doi.org/10.1007/JHEP08(2017)023
http://arxiv.org/abs/1701.07893
http://dx.doi.org/10.1103/PhysRevD.104.086005
http://dx.doi.org/10.1103/PhysRevD.104.086005
http://arxiv.org/abs/2106.05571
http://arxiv.org/abs/1908.02470
http://dx.doi.org/10.1007/JHEP06(2021)078
http://arxiv.org/abs/2012.10944
http://dx.doi.org/10.1007/JHEP04(2021)256
http://arxiv.org/abs/2009.12370
http://dx.doi.org/10.1007/JHEP03(2020)164
http://arxiv.org/abs/1905.01559
http://arxiv.org/abs/1905.01559
http://arxiv.org/abs/2210.12065
http://dx.doi.org/10.1007/JHEP04(2017)014
http://arxiv.org/abs/1611.09374
http://arxiv.org/abs/1611.09374
http://dx.doi.org/10.1007/JHEP08(2016)064
http://arxiv.org/abs/1604.03122

Bibliography 161

[64] S. M. Hosseini, K. Hristov, and A. Passias, “Holographic microstate counting for
AdS, black holes in massive IIA supergravity,” JHEP 10 (2017) 190,
arXiv:1707.06884 [hep-th].

[65] S. M. Hosseini and A. Zaffaroni, “The large N limit of topologically twisted indices: a
direct approach,” arXiv:2209.09274 [hep-th].

[66] J. T. Liu, L. A. Pando Zayas, V. Rathee, and W. Zhao, “One-Loop Test of Quantum
Black Holes in anti—de Sitter Space,” Phys. Rev. Lett. 120 no. 22, (2018) 221602,
arXiv:1711.01076 [hep-th].

[67] J. T. Liu, L. A. Pando Zayas, V. Rathee, and W. Zhao, “Toward Microstate Counting
Beyond Large N in Localization and the Dual One-loop Quantum Supergravity,”
JHEP 01 (2018) 026, arXiv:1707.04197 [hep-th].

[68] J. T. Liu, L. A. Pando Zayas, and S. Zhou, “Subleading Microstate Counting in the
Dual to Massive Type IIA,” arXiv:1808.10445 [hep-th].

[69] J. Nian and L. A. Pando Zayas, “Microscopic entropy of rotating electrically charged
AdS, black holes from field theory localization,” JHEP 03 (2020) 081,
arXiv:1909.07943 [hep-th].

[70] L. A. Pando Zayas and Y. Xin, “Topologically twisted index in the ’t Hooft limit and
the dual AdS, black hole entropy,” Phys. Rev. D 100 no. 12, (2019) 126019,
arXiv:1908.01194 [hep-th].

[71] L. A. Pando Zayas and Y. Xin, “Universal logarithmic behavior in microstate counting
and the dual one-loop entropy of AdS, black holes,” Phys. Rev. D 103 no. 2, (2021)
026003, arXiv:2008.03239 [hep-th].

[72] F. Benini and A. Zaffaroni, “A topologically twisted index for three-dimensional
supersymmetric theories,” JHEP 07 (2015) 127, arXiv:1504.03698 [hep-th].

[73] F. Benini and P. Milan, “Black holes in 4d N'=4 Super-Yang-Mills,” Phys. Rev. X 10
(2020) 021037, arXiv:1812.09613 [hep-th].

[74] A. Cabo-Bizet, D. Cassani, D. Martelli, and S. Murthy, “Microscopic origin of the
Bekenstein-Hawking entropy of supersymmetric AdSs black holes,” JHEP 10 (2019)
062, arXiv:1810.11442 [hep-th].

[75] S. Choi, J. Kim, S. Kim, and J. Nahmgoong, “Large AdS black holes from QFT,”
arXiv:1810.12067 [hep-th].

[76] P. Agarwal, S. Choi, J. Kim, S. Kim, and J. Nahmgoong, “AdS black holes and finite N
indices,” Phys. Rev. D 103 no. 12, (2021) 126006, arXiv:2005.11240 [hep-th].

[77] A. Amariti, I. Garozzo, and G. Lo Monaco, “Entropy function from toric geometry,”
arXiv:1904.10009 [hep-th].

[78] A. Amariti, M. Fazzi, and A. Segati, “The SCI of N'=4 USp(2N,) and SO(N.) SYM
as a matrix integral,” JHEP 06 (2021) 132, arXiv:2012.15208 [hep-th].


http://dx.doi.org/10.1007/JHEP10(2017)190
http://arxiv.org/abs/1707.06884
http://arxiv.org/abs/2209.09274
http://dx.doi.org/10.1103/PhysRevLett.120.221602
http://arxiv.org/abs/1711.01076
http://dx.doi.org/10.1007/JHEP01(2018)026
http://arxiv.org/abs/1707.04197
http://arxiv.org/abs/1808.10445
http://dx.doi.org/10.1007/JHEP03(2020)081
http://arxiv.org/abs/1909.07943
http://dx.doi.org/10.1103/PhysRevD.100.126019
http://arxiv.org/abs/1908.01194
http://dx.doi.org/10.1103/PhysRevD.103.026003
http://dx.doi.org/10.1103/PhysRevD.103.026003
http://arxiv.org/abs/2008.03239
http://dx.doi.org/10.1007/JHEP07(2015)127
http://arxiv.org/abs/1504.03698
http://dx.doi.org/10.1103/PhysRevX.10.021037
http://dx.doi.org/10.1103/PhysRevX.10.021037
http://arxiv.org/abs/1812.09613
http://dx.doi.org/10.1007/JHEP10(2019)062
http://dx.doi.org/10.1007/JHEP10(2019)062
http://arxiv.org/abs/1810.11442
http://arxiv.org/abs/1810.12067
http://dx.doi.org/10.1103/PhysRevD.103.126006
http://arxiv.org/abs/2005.11240
http://arxiv.org/abs/1904.10009
http://dx.doi.org/10.1007/JHEP06(2021)132
http://arxiv.org/abs/2012.15208

162

Bibliography

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

A. Amariti, M. Fazzi, and A. Segati, “Expanding on the Cardy-like limit of the SCI of
4d N=1 ABCD SCFTs,” JHEP 07 (2021) 141, arXiv:2103.15853 [hep-th].

A. Amariti and A. Segati, “Kerr-Newman black holes from A/ = 1*,”
arXiv:2210.03015 [hep-th].

A. Arabi Ardehali, J. Hong, and J. T. Liu, “Asymptotic growth of the 4d A'=4 index
and partially deconfined phases,” JHEP 07 (2020) 073, arXiv:1912.04169
[hep-th].

A. Arabi Ardehali, “Cardy-like asymptotics of the 4d N'=4 index and AdSs;
blackholes,” JHEP 06 (2019) 134, arXiv:1902.06619 [hep-th].

A. Arabi Ardehali and S. Murthy, “The 4d superconformal index near roots of unity
and 3d Chern-Simons theory,” arXiv:2104.02051 [hep-th].

A. A. Ardehali and J. Hong, “Decomposition of BPS moduli spaces and asymptotics
of supersymmetric partition functions,” JHEP 01 (2022) 062, arXiv:2110.01538
[hep-th].

F. Benini and P. Milan, “A Bethe Ansatz type formula for the superconformal index,”
Commun. Math. Phys. 376 (2020) 1413-1440, arXiv:1811.04107 [hep-th].

F. Benini and G. Rizi, “Superconformal index of low-rank gauge theories via the
Bethe Ansatz,” JHEP 05 (2021) 061, arXiv:2102.03638 [hep-th].

N. Bobeyv, K. Hristov, and V. Reys, “AdS5 holography and higher-derivative
supergravity,” JHEP 04 (2022) 088, arXiv:2112.06961 [hep-th].

N. Bobev, V. Dimitrov, V. Reys, and A. Vekemans, “Higher derivative corrections and
AdSS5 black holes,” Phys. Rev. D 106 no. 12, (2022) L121903, arXiv:2207.10671
[hep-th].

N. Bobev, V. Dimitrov, and A. Vekemans, “Wrapped M5-branes and AdS5 Black
Holes,” arXiv:2212.10360 [hep-th].

A. Cabo-Bizet and S. Murthy, “Supersymmetric phases of 4d N'=4 SYM at large N,”
JHEP 09 (2020) 184, arXiv:1909.09597 [hep-th].

A. Cabo-Bizet, D. Cassani, D. Martelli, and S. Murthy, “The asymptotic growth of
states of the 4d N'=1 superconformal index,” JHEP 08 (2019) 120,
arXiv:1904.05865 [hep-th].

A. Cabo-Bizet, “From multi-gravitons to Black holes: The role of complex saddles,”
arXiv:2012.04815 [hep-th].

A. Cabo-Bizet, D. Cassani, D. Martelli, and S. Murthy, “The large-N limit of the 4d
N'=1 superconformal index,” JHEP 11 (2020) 150, arXiv:2005.10654 [hep-th].

A. Cabo-Bizet, “Quantum phases of 4d SUN) N =4 SYM,” JHEP 10 (2022) 052,
arXiv:2111.14942 [hep-th].


http://dx.doi.org/10.1007/JHEP07(2021)141
http://arxiv.org/abs/2103.15853
http://arxiv.org/abs/2210.03015
http://dx.doi.org/10.1007/JHEP07(2020)073
http://arxiv.org/abs/1912.04169
http://arxiv.org/abs/1912.04169
http://dx.doi.org/10.1007/JHEP06(2019)134
http://arxiv.org/abs/1902.06619
http://arxiv.org/abs/2104.02051
http://dx.doi.org/10.1007/JHEP01(2022)062
http://arxiv.org/abs/2110.01538
http://arxiv.org/abs/2110.01538
http://dx.doi.org/10.1007/s00220-019-03679-y
http://arxiv.org/abs/1811.04107
http://dx.doi.org/10.1007/JHEP05(2021)061
http://arxiv.org/abs/2102.03638
http://dx.doi.org/10.1007/JHEP04(2022)088
http://arxiv.org/abs/2112.06961
http://dx.doi.org/10.1103/PhysRevD.106.L121903
http://arxiv.org/abs/2207.10671
http://arxiv.org/abs/2207.10671
http://arxiv.org/abs/2212.10360
http://dx.doi.org/10.1007/JHEP09(2020)184
http://arxiv.org/abs/1909.09597
http://dx.doi.org/10.1007/JHEP08(2019)120
http://arxiv.org/abs/1904.05865
http://arxiv.org/abs/2012.04815
http://dx.doi.org/10.1007/JHEP11(2020)150
http://arxiv.org/abs/2005.10654
http://dx.doi.org/10.1007/JHEP10(2022)052
http://arxiv.org/abs/2111.14942

Bibliography 163

[95] A. Cabo-Bizet, “On the 4d superconformal index near roots of unity: Bulk and
Localized contributions,” arXiv:2111.14941 [hep-th].

[96] D. Cassani and L. Papini, “The BPS limit of rotating AdS black hole
thermodynamics,” JHEP 09 (2019) 079, arXiv:1906.10148 [hep-th].

[97] D. Cassani and Z. Komargodski, “EFT and the SUSY Index on the 2nd Sheet,”
SciPost Phys. 11 (2021) 004, arXiv:2104.01464 [hep-th].

[98] D. Cassani, A. Ruipérez, and E. Turetta, “Corrections to AdS5 black hole
thermodynamics from higher-derivative supergravity,” JHEP 11 (2022) 059,
arXiv:2208.01007 [hep-th].

[99] S. Choi, J. Kim, S. Kim, and J. Nahmgoong, “Comments on deconfinement in
AdS/CFT,” arXiv:1811.08646 [hep-th].

[100] S. Choi, S. Jeong, and S. Kim, “The Yang-Mills duals of small AdS black holes,”
arXiv:2103.01401 [hep-th].

[101] S. Choi, S. Jeong, S. Kim, and E. Lee, “Exact QFT duals of AdS black holes,”
arXiv:2111.10720 [hep-th].

[102] S. Choti, S. Kim, and J. Song, “Supersymmetric Spectral Form Factor and Euclidean
Black Holes,” arXiv:2206.15357 [hep-th].

[103] S. Choi, S. Kim, E. Lee, and J. Park, “The shape of non-graviton operators for SU(2),”
arXiv:2209.12696 [hep-th].

[104] S. Choi, S. Kim, E. Lee, and J. Lee, “From giant gravitons to black holes,”
arXiv:2207.05172 [hep-th].

[105] E. Colombo, “The large-N limit of 4d superconformal indices for general BPS
charges,” JHEP 12 (2022) 013, arXiv:2110.01911 [hep-th].

[106] C. Copetti, A. Grassi, Z. Komargodski, and L. Tizzano, “Delayed Deconfinement and
the Hawking-Page Transition,” arXiv:2008.04950 [hep-th].

[107] M. David, A. Lezcano Gonzdlez, J. Nian, and L. A. Pando Zayas, “Logarithmic
corrections to the entropy of rotating black holes and black strings in AdSs5,” JHEP 04
(2022) 160, arXiv:2106.09730 [hep-th].

[108] N. Ezroura, F. Larsen, Z. Liu, and Y. Zeng, “The phase diagram of BPS black holes in
AdSs5,” JHEP 09 (2022) 033, arXiv:2108.11542 [hep-th].

[109] D. Gaiotto and J. H. Lee, “The Giant Graviton Expansion,” arXiv:2109.02545
[hep-th].

[110] K. Goldstein, V. Jejjala, Y. Lei, S. van Leuven, and W. Li, “Residues, modularity, and
the Cardy limit of the 4d A'=4 superconformal index,” JHEP 04 (2021) 216,
arXiv:2011.06605 [hep-th].


http://arxiv.org/abs/2111.14941
http://dx.doi.org/10.1007/JHEP09(2019)079
http://arxiv.org/abs/1906.10148
http://dx.doi.org/10.21468/SciPostPhys.11.1.004
http://arxiv.org/abs/2104.01464
http://dx.doi.org/10.1007/JHEP11(2022)059
http://arxiv.org/abs/2208.01007
http://arxiv.org/abs/1811.08646
http://arxiv.org/abs/2103.01401
http://arxiv.org/abs/2111.10720
http://arxiv.org/abs/2206.15357
http://arxiv.org/abs/2209.12696
http://arxiv.org/abs/2207.05172
http://dx.doi.org/10.1007/JHEP12(2022)013
http://arxiv.org/abs/2110.01911
http://arxiv.org/abs/2008.04950
http://dx.doi.org/10.1007/JHEP04(2022)160
http://dx.doi.org/10.1007/JHEP04(2022)160
http://arxiv.org/abs/2106.09730
http://dx.doi.org/10.1007/JHEP09(2022)033
http://arxiv.org/abs/2108.11542
http://arxiv.org/abs/2109.02545
http://arxiv.org/abs/2109.02545
http://dx.doi.org/10.1007/JHEP04(2021)216
http://arxiv.org/abs/2011.06605

164 Bibliography

[111] A. Gonzilez Lezcano and L. A. Pando Zayas, “Microstate counting via Bethe Ansitze
in the 4d N'=1 superconformal index,” JHEP 03 (2020) 088, arXiv:1907.12841v3
[hep-th].

[112] A. Gonzdlez Lezcano, J. Hong, J. T. Liu, and L. A. Pando Zayas, “Sub-leading
Structures in Superconformal Indices: Subdominant Saddles and Logarithmic
Contributions,” JHEP 01 (2021) 001, arXiv:2007.12604 [hep-th].

[113] A. G. Lezcano, J. Hong, J. T. Liu, and L. A. P. Zayas, “The Bethe-Ansatz approach to
the N'=4 superconformal index at finite rank,” JHEP 06 (2021) 126,
arXiv:2101.12233 [hep-th].

[114] R. K. Gupta, S. Murthy, and M. Sahni, “Quantum entropy of BMPV black holes and
the topological M-theory conjecture,” JHEP 06 (2022) 053, arXiv:2104.02634
[hep-th].

[115] M. Honda, “Quantum Black Hole Entropy from 4d Supersymmetric Cardy formula,”
Phys. Rev. D 100 no. 2, (2019) 026008, arXiv:1901.08091 [hep-th].

[116] J. Hong and J. T. Liu, “The topologically twisted index of N'=4 super-Yang-Mills on
T? x §? and the elliptic genus,” JHEP 07 (2018) 018, arXiv:1804.04592
[hep-th].

[117] J. Hong, “The topologically twisted index of N = 4 SU(N) Super-Yang-Mills theory
and a black hole Farey tail,” JHEP 10 (2021) 145, arXiv:2108.02355 [hep-th].

[118] S. M. Hosseini, K. Hristov, and A. Zaffaroni, “An extremization principle for the
entropy of rotating BPS black holes in AdS5,” JHEP 07 (2017) 106,
arXiv:1705.05383 [hep-th].

[119] S. M. Hosseini and A. Zaffaroni, “Geometry of Z-extremization and black holes
microstates,” JHEP 07 (2019) 174, arXiv:1904.04269 [hep-th].

[120] S. M. Hosseini and A. Zaffaroni, “Universal AdS Black Holes in Theories with 16
Supercharges and Their Microstates,” Phys. Rev. Lett. 126 no. 17, (2021) 171604,
arXiv:2011.01249 [hep-th].

[121] Y. Imamura, “Finite-N superconformal index via the AAS/CFT correspondence,”
PTEP 2021 no. 12, (2021) 123B05, arXiv:2108.12090 [hep-th].

[122] V. Jejjala, Y. Lei, S. Van Leuven, and W. Li, “SL(3, Z) Modularity and New Cardy
Limits of the A'=4 Superconformal Index,” arXiv:2104.07030 [hep-th].

[123] J. Kim, S. Kim, and J. Song, “A 4d N'=1 Cardy Formula,” JHEP 01 (2021) 025,
arXiv:1904.03455 [hep-th].

[124] A.T. Kristensson and M. Wilhelm, “From Hagedorn to Lee-Yang: partition functions
of N =4 SYM theory at finite N,” JHEP 10 (2020) 006, arXiv:2005.06480
[hep-th].

[125] A. Lanir, A. Nedelin, and O. Sela, “Black hole entropy function for toric theories via
Bethe Ansatz,” JHEP 04 (2020) 091, arXiv:1908.01737 [hep-th].


http://dx.doi.org/10.1007/JHEP03(2020)088
http://arxiv.org/abs/1907.12841v3
http://arxiv.org/abs/1907.12841v3
http://dx.doi.org/10.1007/JHEP01(2021)001
http://arxiv.org/abs/2007.12604
http://dx.doi.org/10.1007/JHEP06(2021)126
http://arxiv.org/abs/2101.12233
http://dx.doi.org/10.1007/JHEP06(2022)053
http://arxiv.org/abs/2104.02634
http://arxiv.org/abs/2104.02634
http://dx.doi.org/10.1103/PhysRevD.100.026008
http://arxiv.org/abs/1901.08091
http://dx.doi.org/10.1007/JHEP07(2018)018
http://arxiv.org/abs/1804.04592
http://arxiv.org/abs/1804.04592
http://dx.doi.org/10.1007/JHEP10(2021)145
http://arxiv.org/abs/2108.02355
http://dx.doi.org/10.1007/JHEP07(2017)106
http://arxiv.org/abs/1705.05383
http://dx.doi.org/10.1007/JHEP07(2019)174
http://arxiv.org/abs/1904.04269
http://dx.doi.org/10.1103/PhysRevLett.126.171604
http://arxiv.org/abs/2011.01249
http://dx.doi.org/10.1093/ptep/ptab141
http://arxiv.org/abs/2108.12090
http://arxiv.org/abs/2104.07030
http://dx.doi.org/10.1007/JHEP01(2021)025
http://arxiv.org/abs/1904.03455
http://dx.doi.org/10.1007/JHEP10(2020)006
http://arxiv.org/abs/2005.06480
http://arxiv.org/abs/2005.06480
http://dx.doi.org/10.1007/JHEP04(2020)091
http://arxiv.org/abs/1908.01737

Bibliography 165

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]
[141]

J. H. Lee, “Exact stringy microstates from gauge theories,” JHEP 11 (2022) 137,
arXiv:2204.09286 [hep-th].

J. T. Liu and N. J. Rajappa, “Finite N indices and the giant graviton expansion,”
arXiv:2212.05408 [hep-th].

O. Mamroud, “The SUSY Index Beyond the Cardy Limit,” arXiv:2212.11925
[hep-th].

J. a. F. Melo and J. E. Santos, “Stringy corrections to the entropy of electrically
charged supersymmetric black holes with AdS5 x S° asymptotics,” Phys. Rev. D 103
no. 6, (2021) 066008, arXiv:2007.06582 [hep-th].

S. Murthy, “The growth of the 1—16—BPS index in 4d N'=4 SYM,” arXiv:2005.10843
[hep-th].

S. Murthy, “Unitary matrix models, free fermion ensembles, and the giant graviton
expansion,” arXiv:2202.06897 [hep-th].

K. Ohmori and L. Tizzano, “Anomaly matching across dimensions and
supersymmetric Cardy formulae,” JHEP 22 (2020) 027, arXiv:2112.13445
[hep-th].

C. Romelsberger, “Counting chiral primaries in N'=1, d=4 superconformal field
theories,” Nucl. Phys. B747 (2006) 329-353, arXiv:hep-th/0510060 [hep-th].

J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, “An Index for 4 dimensional
super conformal theories,” Commun. Math. Phys. 275 (2007) 209-254,
arXiv:hep-th/0510251 [hep-th].

J. B. Gutowski and H. S. Reall, “Supersymmetric AdS; black holes,” JHEP 02 (2004)
006, arXiv:hep-th/0401042 [hep-th].

A. Kitaev, “A simple model of quantum holography.” Talks at KITP, 7 April 2015 and
27 May 2015.
http://online.kitp.ucsb.edu/online/entangledl5/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/.

J. Maldacena and D. Stanford, “Remarks on the Sachdev-Ye-Kitaev model,” Phys. Rev.
D 94 no. 10, (2016) 106002, arXiv:1604.07818 [hep-th].

J. Maldacena, D. Stanford, and Z. Yang, “Conformal symmetry and its breaking in
two dimensional Nearly Anti-de-Sitter space,” PTEP 2016 no. 12, (2016) 12C104,
arXiv:1606.01857 [hep-th].

A. Kitaev and S. J. Suh, “The soft mode in the Sachdev-Ye-Kitaev model and its
gravity dual,” JHEP 05 (2018) 183, arXiv:1711.08467 [hep-th].

A. Kitaev, “Notes on §I:(2, R) representations,” arXiv:1711.08169 [hep-th].

A. Kitaev and S. J. Suh, “Statistical mechanics of a two-dimensional black hole,”
JHEP 05 (2019) 198, arXiv:1808.07032 [hep-th].


http://dx.doi.org/10.1007/JHEP11(2022)137
http://arxiv.org/abs/2204.09286
http://arxiv.org/abs/2212.05408
http://arxiv.org/abs/2212.11925
http://arxiv.org/abs/2212.11925
http://dx.doi.org/10.1103/PhysRevD.103.066008
http://dx.doi.org/10.1103/PhysRevD.103.066008
http://arxiv.org/abs/2007.06582
http://arxiv.org/abs/2005.10843
http://arxiv.org/abs/2005.10843
http://arxiv.org/abs/2202.06897
http://dx.doi.org/10.1007/JHEP12(2022)027
http://arxiv.org/abs/2112.13445
http://arxiv.org/abs/2112.13445
http://dx.doi.org/10.1016/j.nuclphysb.2006.03.037
http://arxiv.org/abs/hep-th/0510060
http://dx.doi.org/10.1007/s00220-007-0258-7
http://arxiv.org/abs/hep-th/0510251
http://dx.doi.org/10.1088/1126-6708/2004/02/006
http://dx.doi.org/10.1088/1126-6708/2004/02/006
http://arxiv.org/abs/hep-th/0401042
http://dx.doi.org/10.1103/PhysRevD.94.106002
http://dx.doi.org/10.1103/PhysRevD.94.106002
http://arxiv.org/abs/1604.07818
http://dx.doi.org/10.1093/ptep/ptw124
http://arxiv.org/abs/1606.01857
http://dx.doi.org/10.1007/JHEP05(2018)183
http://arxiv.org/abs/1711.08467
http://arxiv.org/abs/1711.08169
http://dx.doi.org/10.1007/JHEP05(2019)198
http://arxiv.org/abs/1808.07032

166 Bibliography

[142] P. Saad, S. H. Shenker, and D. Stanford, “JT gravity as a matrix integral,”
arXiv:1903.11115 [hep-th].

[143] S. Sachdev and J. Ye, “Gapless spin fluid ground state in a random, quantum
Heisenberg magnet,” Phys. Rev. Lett. 70 (1993) 3339, arXiv:cond-mat/9212030.

[144] S. Sachdev, “Strange metals and the AdS/CFT correspondence,” J. Stat. Mech. 1011
(2010) P11022, arXiv:1010.0682 [cond-mat.str-el].

[145] S. Sachdeyv, “Bekenstein-Hawking Entropy and Strange Metals,” Phys. Rev. X 5 no. 4,
(2015) 041025, arXiv:1506.05111 [hep-th].

[146] R. Jackiw, “Lower Dimensional Gravity,” Nucl. Phys. B 252 (1985) 343-356.

[147] C. Teitelboim, “Gravitation and Hamiltonian Structure in Two Space-Time
Dimensions,” Phys. Lett. B 126 (1983) 41-45.

[148] G. Sérosi, “AdS2 holography and the SYK model,” PoS Modave2017 (2018) 001,
arXiv:1711.08482 [hep-th].

[149] S. Sachdev, “Statistical mechanics of strange metals and black holes,”
arXiv:2205.02285 [hep-th].

[150] T. G. Mertens and G. J. Turiaci, “Solvable Models of Quantum Black Holes: A
Review on Jackiw-Teitelboim Gravity,” arXiv:2210.10846 [hep-th].

[151] D. Chowdhury, A. Georges, O. Parcollet, and S. Sachdev, “Sachdev-Ye-Kitaev models
and beyond: Window into non-Fermi liquids,” Rev. Mod. Phys. 94 no. 3, (2022)
035004, arXiv:2109.05037 [cond-mat.str-el].

[152] J. Boruch, M. T. Heydeman, L. V. Iliesiu, and G. J. Turiaci, “BPS and near-BPS black
holes in AdS5 and their spectrum in N'=4 SYM,” arXiv:2203.01331 [hep-th].

[153] M. Heydeman, L. V. Iliesiu, G. J. Turiaci, and W. Zhao, “The statistical mechanics of
near-BPS black holes,” J. Phys. A 55 no. 1, (2022) 014004, arXiv:2011.01953
[hep-th].

[154] M. Heydeman, G. J. Turiaci, and W. Zhao, “Phases of N = 2 Sachdev-Ye-Kitaev
models,” arXiv:2206.14900 [hep-th].

[155] L. V. lliesiu and G. J. Turiaci, “The statistical mechanics of near-extremal black holes,”
JHEP 05 (2021) 145, arXiv:2003.02860 [hep-th].

[156] L. V. Iliesiu, M. Kologlu, and G. J. Turiaci, “Supersymmetric indices factorize,”
arXiv:2107.09062 [hep-th].

[157] L. V. Iliesiu, S. Murthy, and G. J. Turiaci, “Revisiting the Logarithmic Corrections to
the Black Hole Entropy,” arXiv:2209.13608 [hep-th].

[158] L. V. Iliesiu, S. Murthy, and G. J. Turiaci, “Black hole microstate counting from the
gravitational path integral,” arXiv:2209.13602 [hep-th].


http://arxiv.org/abs/1903.11115
http://dx.doi.org/10.1103/PhysRevLett.70.3339
http://arxiv.org/abs/cond-mat/9212030
http://dx.doi.org/10.1088/1742-5468/2010/11/P11022
http://dx.doi.org/10.1088/1742-5468/2010/11/P11022
http://arxiv.org/abs/1010.0682
http://dx.doi.org/10.1103/PhysRevX.5.041025
http://dx.doi.org/10.1103/PhysRevX.5.041025
http://arxiv.org/abs/1506.05111
http://dx.doi.org/10.1016/0550-3213(85)90448-1
http://dx.doi.org/10.1016/0370-2693(83)90012-6
http://dx.doi.org/10.22323/1.323.0001
http://arxiv.org/abs/1711.08482
http://arxiv.org/abs/2205.02285
http://arxiv.org/abs/2210.10846
http://dx.doi.org/10.1103/RevModPhys.94.035004
http://dx.doi.org/10.1103/RevModPhys.94.035004
http://arxiv.org/abs/2109.05037
http://arxiv.org/abs/2203.01331
http://dx.doi.org/10.1088/1751-8121/ac3be9
http://arxiv.org/abs/2011.01953
http://arxiv.org/abs/2011.01953
http://arxiv.org/abs/2206.14900
http://dx.doi.org/10.1007/JHEP05(2021)145
http://arxiv.org/abs/2003.02860
http://arxiv.org/abs/2107.09062
http://arxiv.org/abs/2209.13608
http://arxiv.org/abs/2209.13602

Bibliography 167

[159] D. Anninos, T. Anous, and F. Denef, “Disordered Quivers and Cold Horizons,” JHEP
12 (2016) 071, arXiv:1603.00453 [hep-th].

[160] J. B. Gutowski and H. S. Reall, “General supersymmetric AdS5 black holes,” JHEP
04 (2004) 048, arXiv:hep-th/0401129 [hep-th].

[161] Z. W. Chong, M. Cvetic, H. Lu, and C. N. Pope, “Five-dimensional gauged
supergravity black holes with independent rotation parameters,” Phys. Rev. D72
(2005) 041901, arXiv:hep-th/0505112 [hep-th].

[162] Z. W. Chong, M. Cvetic, H. Lu, and C. N. Pope, “General non-extremal rotating black
holes in minimal five-dimensional gauged supergravity,” Phys. Rev. Lett. 95 (2005)
161301, arXiv:hep-th/0506029 [hep-th].

[163] H. K. Kunduri, J. Lucietti, and H. S. Reall, “Supersymmetric multi-charge AdS5 black
holes,” JHEP 04 (2006) 036, arXiv:hep-th/0601156 [hep-th].

[164] J. Markeviciute and J. E. Santos, “Evidence for the existence of a novel class of
supersymmetric black holes with AdSs x S asymptotics,” Class. Quant. Grav. 36
(2019) 02LTO1, arXiv:1806.01849 [hep-th].

[165] J. Markeviciute, “Rotating Hairy Black Holes in AdS5 X §°” JHEP 03 (2019) 110,
arXiv:1809.04084 [hep-th].

[166] C. Closset, H. Kim, and B. Willett, “A/=1 supersymmetric indices and the
four-dimensional A-model,” JHEP 08 (2017) 090, arXiv:1707.05774 [hep-th].

[167] S. M. Hosseini, K. Hristov, and A. Zaffaroni, “A note on the entropy of rotating BPS
AdS7 x §* black holes,” JHEP 05 (2018) 121, arXiv:1863.07568 [hep-th].

[168] I. R. Klebanov and E. Witten, “Superconformal field theory on three-branes at a
Calabi-Yau singularity,” Nucl. Phys. B536 (1998) 199-218,
arXiv:hep-th/9807080 [hep-th].

[169] D. Cassani and A. F. Faedo, “A Supersymmetric consistent truncation for conifold
solutions,” Nucl. Phys. B843 (2011) 455484, arXiv:1008.0883 [hep-th].

[170] I Bena, G. Giecold, M. Grana, N. Halmagyi, and F. Orsi, “Supersymmetric Consistent
Truncations of IIB on 71" JHEP 04 (2011) 021, arXiv:1008.0983 [hep-th].

[171] N. Halmagyi, J. T. Liu, and P. Szepietowski, “On N =2 Truncations of IIB on Ti1»
JHEP 07 (2012) 098, arXiv:1111.6567 [hep-th].

[172] G. Dall’Agata and A. Gnecchi, “Flow equations and attractors for black holes in N'=2
U(1) gauged supergravity,” JHEP 03 (2011) 037, arXiv:1012.3756 [hep-th].

[173] N. Halmagyi, M. Petrini, and A. Zaffaroni, “BPS black holes in AdS4 from M-theory,”
JHEP 08 (2013) 124, arXiv:1305.0730 [hep-th].

[174] D. Klemm, N. Petri, and M. Rabbiosi, “Symplectically invariant flow equations for
N'=2, D=4 gauged supergravity with hypermultiplets,” JHEP 04 (2016) 008,
arXiv:1602.01334 [hep-th].


http://dx.doi.org/10.1007/JHEP12(2016)071
http://dx.doi.org/10.1007/JHEP12(2016)071
http://arxiv.org/abs/1603.00453
http://dx.doi.org/10.1088/1126-6708/2004/04/048
http://dx.doi.org/10.1088/1126-6708/2004/04/048
http://arxiv.org/abs/hep-th/0401129
http://dx.doi.org/10.1103/PhysRevD.72.041901
http://dx.doi.org/10.1103/PhysRevD.72.041901
http://arxiv.org/abs/hep-th/0505112
http://dx.doi.org/10.1103/PhysRevLett.95.161301
http://dx.doi.org/10.1103/PhysRevLett.95.161301
http://arxiv.org/abs/hep-th/0506029
http://dx.doi.org/10.1088/1126-6708/2006/04/036
http://arxiv.org/abs/hep-th/0601156
http://dx.doi.org/10.1088/1361-6382/aaf680
http://dx.doi.org/10.1088/1361-6382/aaf680
http://arxiv.org/abs/1806.01849
http://dx.doi.org/10.1007/JHEP03(2019)110
http://arxiv.org/abs/1809.04084
http://dx.doi.org/10.1007/JHEP08(2017)090
http://arxiv.org/abs/1707.05774
http://dx.doi.org/10.1007/JHEP05(2018)121
http://arxiv.org/abs/1803.07568
http://dx.doi.org/10.1016/S0550-3213(98)00654-3
http://arxiv.org/abs/hep-th/9807080
http://dx.doi.org/10.1016/j.nuclphysb.2010.10.010
http://arxiv.org/abs/1008.0883
http://dx.doi.org/10.1007/JHEP04(2011)021
http://arxiv.org/abs/1008.0983
http://dx.doi.org/10.1007/JHEP07(2012)098
http://arxiv.org/abs/1111.6567
http://dx.doi.org/10.1007/JHEP03(2011)037
http://arxiv.org/abs/1012.3756
http://dx.doi.org/10.1007/JHEP08(2013)124
http://arxiv.org/abs/1305.0730
http://dx.doi.org/10.1007/JHEP04(2016)008
http://arxiv.org/abs/1602.01334

168 Bibliography

[175] A. Guarino, D. L. Jafferis, and O. Varela, “String Theory Origin of Dyonic N'=8
Supergravity and Its Chern-Simons Duals,” Phys. Rev. Lett. 115 no. 9, (2015) 091601,
arXiv:1504.08009 [hep-th].

[176] S. L. Cacciatori and D. Klemm, “Supersymmetric AdS, black holes and attractors,”
JHEP 01 (2010) 085, arXiv:0911.4926 [hep-th].

[177] A. Guarino and J. Tarrio, “BPS black holes from massive IIA on S6,” JHEP 09 (2017)
141, arXiv:1703.10833 [hep-th].

[178] A. Guarino, “BPS black hole horizons from massive IIA,” JHEP 08 (2017) 100,
arXiv:1706.01823 [hep-th].

[179] C. Closset and H. Kim, “Comments on twisted indices in 3d supersymmetric gauge
theories,” JHEP 08 (2016) 059, arXiv:1605.06531 [hep-th].

[180] F. Benini and A. Zaffaroni, “Supersymmetric partition functions on Riemann surfaces,”
Proc. Symp. Pure Math. 96 (2017) 13-46, arXiv:1605.06120 [hep-th].

[181] I. Jeon and S. Lal, “Logarithmic Corrections to Entropy of Magnetically Charged
AdS, Black Holes,” Phys. Lett. B 774 (2017) 41-45, arXiv:1707.04208
[hep-th].

[182] F. Azzurli, N. Bobev, P. M. Crichigno, V. S. Min, and A. Zaffaroni, “A universal
counting of black hole microstates in AdSy,” JHEP 02 (2018) 054,
arXiv:1707.04257 [hep-th].

[183] W. Fu, D. Gaiotto, J. Maldacena, and S. Sachdev, “Supersymmetric
Sachdev-Ye-Kitaev models,” Phys. Rev. D 95 no. 2, (2017) 026009,
arXiv:1610.08917 [hep-th]. [Addendum: Phys.Rev.D 95, 069904 (2017)].

[184] R. Dijkgraaf, J. M. Maldacena, G. W. Moore, and E. P. Verlinde, “A Black hole Farey
tail,” arXiv:hep-th/0005003.

[185] O. Aharony, F. Benini, O. Mamroud, and P. Milan, “A gravity interpretation for the
Bethe Ansatz expansion of the N'=4 SYM index,” arXiv:2104.13932 [hep-th].

[186] D. Anselmi, D. Z. Freedman, M. T. Grisaru, and A. A. Johansen, “Nonperturbative
formulas for central functions of supersymmetric gauge theories,” Nucl. Phys. B526
(1998) 543-571, arXiv:hep-th/9708042 [hep-th].

[187] D. R. Morrison and M. R. Plesser, “Nonspherical horizons. 1.,” Adv. Theor. Math.
Phys. 3 (1999) 1-81, arXiv:hep-th/9810201 [hep-th].

[188] A. Hanany and K. D. Kennaway, “Dimer models and toric diagrams,”
arXiv:hep-th/0503149 [hep-th].

[189] S. Franco, A. Hanany, K. D. Kennaway, D. Vegh, and B. Wecht, “Brane dimers and
quiver gauge theories,” JHEP 01 (2006) 096, arXiv:hep-th/0504110 [hep-th].

[190] S. Franco, A. Hanany, D. Martelli, J. Sparks, D. Vegh, and B. Wecht, “Gauge theories
from toric geometry and brane tilings,” JHEP 01 (2006) 128,
arXiv:hep-th/0505211 [hep-th].


http://dx.doi.org/10.1103/PhysRevLett.115.091601
http://arxiv.org/abs/1504.08009
http://dx.doi.org/10.1007/JHEP01(2010)085
http://arxiv.org/abs/0911.4926
http://dx.doi.org/10.1007/JHEP09(2017)141
http://dx.doi.org/10.1007/JHEP09(2017)141
http://arxiv.org/abs/1703.10833
http://dx.doi.org/10.1007/JHEP08(2017)100
http://arxiv.org/abs/1706.01823
http://dx.doi.org/10.1007/JHEP08(2016)059
http://arxiv.org/abs/1605.06531
http://dx.doi.org/10.1090/pspum/096
http://arxiv.org/abs/1605.06120
http://dx.doi.org/10.1016/j.physletb.2017.09.026
http://arxiv.org/abs/1707.04208
http://arxiv.org/abs/1707.04208
http://dx.doi.org/10.1007/JHEP02(2018)054
http://arxiv.org/abs/1707.04257
http://dx.doi.org/10.1103/PhysRevD.95.026009
http://arxiv.org/abs/1610.08917
http://arxiv.org/abs/hep-th/0005003
http://arxiv.org/abs/2104.13932
http://dx.doi.org/10.1016/S0550-3213(98)00278-8
http://dx.doi.org/10.1016/S0550-3213(98)00278-8
http://arxiv.org/abs/hep-th/9708042
http://dx.doi.org/10.4310/ATMP.1999.v3.n1.a1
http://dx.doi.org/10.4310/ATMP.1999.v3.n1.a1
http://arxiv.org/abs/hep-th/9810201
http://arxiv.org/abs/hep-th/0503149
http://dx.doi.org/10.1088/1126-6708/2006/01/096
http://arxiv.org/abs/hep-th/0504110
http://dx.doi.org/10.1088/1126-6708/2006/01/128
http://arxiv.org/abs/hep-th/0505211

Bibliography 169

[191]

[192]

[193]

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

[203]

[204]

B. Feng, Y.-H. He, K. D. Kennaway, and C. Vafa, “Dimer models from mirror
symmetry and quivering amoebae,” Adv. Theor. Math. Phys. 12 (2008) 489-545,
arXiv:hep-th/0511287 [hep-th].

A. Butti and A. Zaffaroni, “R-charges from toric diagrams and the equivalence of
a-maximization and Z-minimization,” JHEP 11 (2005) 019,
arXiv:hep-th/0506232 [hep-th].

S. Benvenuti, L. A. Pando Zayas, and Y. Tachikawa, “Triangle anomalies from
Einstein manifolds,” Adv. Theor. Math. Phys. 10 (2006) 395-432,
arXiv:hep-th/0601054 [hep-th].

S. Kim and K.-M. Lee, “1/16-BPS Black Holes and Giant Gravitons in the AdSs x S°
Space,” JHEP 12 (2006) 077, arXiv:hep-th/0607085 [hep-th].

K. Hristov, “Dimensional reduction of BPS attractors in AdS gauged supergravities,”
JHEP 12 (2014) 066, arXiv:1409.8504 [hep-th].

K. Hristov, S. Katmadas, and C. Toldo, ‘“Rotating attractors and BPS black holes in
AdS,4,” JHEP 01 (2019) 199, arXiv:1811.00292 [hep-th].

K. Hristov, S. Katmadas, and C. Toldo, ‘“Matter-coupled supersymmetric
Kerr-Newman-AdS, black holes,” Phys. Rev. D 100 (2019) 066016,
arXiv:1907.05192 [hep-th].

M. Gunaydin, G. Sierra, and P. K. Townsend, “The Geometry of N'=2
Maxwell-Einstein Supergravity and Jordan Algebras,” Nucl. Phys. B242 (1984)
244-268.

M. Gunaydin, G. Sierra, and P. K. Townsend, “Gauging the d=5 Maxwell-Einstein
Supergravity Theories: More on Jordan Algebras,” Nucl. Phys. B253 (1985) 573.

A. Ceresole and G. Dall’Agata, “General matter coupled N'=2, D=5 gauged
supergravity,” Nucl. Phys. B585 (2000) 143-170, arXiv:hep-th/0004111
[hep-th].

L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre, and

T. Magri, “N =2 supergravity and N'=2 superYang-Mills theory on general scalar
manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys.
23 (1997) 111-189, arXiv:hep-th/9605032 [hep-th].

B. Craps, F. Roose, W. Troost, and A. Van Proeyen, “What is special Kahler
geometry?,” Nucl. Phys. B503 (1997) 565-613, arXiv:hep-th/9703082
[hep-th].

L. Andrianopoli, S. Ferrara, and M. A. Lledo, “Scherk-Schwarz reduction of D=5
special and quaternionic geometry,” Class. Quant. Grav. 21 (2004) 4677-4696,
arXiv:hep-th/0405164 [hep-th].

K. Behrndt, G. Lopes Cardoso, and S. Mahapatra, “Exploring the relation between 4D
and 5D BPS solutions,” Nucl. Phys. B732 (2006) 200-223, arXiv:hep-th/0506251
[hep-th].


http://dx.doi.org/10.4310/ATMP.2008.v12.n3.a2
http://arxiv.org/abs/hep-th/0511287
http://dx.doi.org/10.1088/1126-6708/2005/11/019
http://arxiv.org/abs/hep-th/0506232
http://dx.doi.org/10.4310/ATMP.2006.v10.n3.a4
http://arxiv.org/abs/hep-th/0601054
http://dx.doi.org/10.1088/1126-6708/2006/12/077
http://arxiv.org/abs/hep-th/0607085
http://dx.doi.org/10.1007/JHEP12(2014)066
http://arxiv.org/abs/1409.8504
http://dx.doi.org/10.1007/JHEP01(2019)199
http://arxiv.org/abs/1811.00292
http://dx.doi.org/10.1103/PhysRevD.100.066016
http://arxiv.org/abs/1907.05192
http://dx.doi.org/10.1016/0550-3213(84)90142-1
http://dx.doi.org/10.1016/0550-3213(84)90142-1
http://dx.doi.org/10.1016/0550-3213(85)90547-4
http://dx.doi.org/10.1016/S0550-3213(00)00339-4
http://arxiv.org/abs/hep-th/0004111
http://arxiv.org/abs/hep-th/0004111
http://dx.doi.org/10.1016/S0393-0440(97)00002-8
http://dx.doi.org/10.1016/S0393-0440(97)00002-8
http://arxiv.org/abs/hep-th/9605032
http://dx.doi.org/10.1016/S0550-3213(97)00408-2
http://arxiv.org/abs/hep-th/9703082
http://arxiv.org/abs/hep-th/9703082
http://dx.doi.org/10.1088/0264-9381/21/19/013
http://arxiv.org/abs/hep-th/0405164
http://dx.doi.org/10.1016/j.nuclphysb.2005.10.026
http://arxiv.org/abs/hep-th/0506251
http://arxiv.org/abs/hep-th/0506251

170 Bibliography

[205] G. Lopes Cardoso, J. M. Oberreuter, and J. Perz, “Entropy function for rotating
extremal black holes in very special geometry,” JHEP 05 (2007) 025,
arXiv:hep-th/0701176 [hep-th].

[206] H. Looyestijn, E. Plauschinn, and S. Vandoren, “New potentials from Scherk-Schwarz
reductions,” JHEP 12 (2010) 016, arXiv:1008.4286 [hep-th].

[207] D. Klemm, N. Petri, and M. Rabbiosi, “Black string first order flow in N'=2, d=5
Abelian gauged supergravity,” JHEP 01 (2017) 106, arXiv:1610.07367
[hep-th].

[208] K. Hristov and A. Rota, “6d-5d-4d reduction of BPS attractors in flat gauged
supergravities,” Nucl. Phys. B 897 (2015) 213-228, arXiv:1410.5386 [hep-th].

[209] S. M. Hosseini, I. Yaakov, and A. Zaffaroni, “Topologically twisted indices in five
dimensions and holography,” JHEP 11 (2018) 119, arXiv:1808.06626 [hep-th].

[210] D. Jain, “Notes on 5d Partition Functions - I,” arXiv:2106.15126 [hep-th].

[211] S. M. Hosseinti, I. Yaakov, and A. Zaffaroni, “The joy of factorization at large N:
five-dimensional indices and AdS black holes,” JHEP 02 (2022) 097,
arXiv:2111.03069 [hep-th].

[212] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, “\'=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 10 (2008)
091, arXiv:0806.1218 [hep-th].

[213] J. M. Maldacena and C. Nunez, “Supergravity description of field theories on curved
manifolds and a no go theorem,” Int. J. Mod. Phys. A16 (2001) 822-855,
arXiv:hep-th/0007018 [hep-th]. [,182(2000)].

[214] L. C. Jeftrey and F. C. Kirwan, “Localization for nonabelian group actions,” Topology
34 (1995) 291-327, arXiv:alg-geom/9307001.

[215] C. P. Herzog, 1. R. Klebanov, S. S. Pufu, and T. Tesileanu, “Multi-Matrix Models and
Tri-Sasaki Einstein Spaces,” Phys. Rev. D83 (2011) 046001, arXiv:1011.5487
[hep-th].

[216] M. Bullimore, A. E. V. Ferrari, and H. Kim, “The 3d Twisted Index and
Wall-Crossing,” arXiv:1912.09591 [hep-th].

[217] K. Hori, H. Kim, and P. Yi, “Witten Index and Wall Crossing,” JHEP 01 (2015) 124,
arXiv:1407.2567 [hep-th].

[218] K. Intriligator and N. Seiberg, “Aspects of 3d A/'=2 Chern-Simons-Matter Theories,”
JHEP 07 (2013) 079, arXiv:1305.1633 [hep-th].

[219] F. Ferrari, “Partial Gauge Fixing and Equivariant Cohomology,” Phys. Rev. D 89
no. 10, (2014) 105018, arXiv:1308.6802 [hep-th].

[220] T. Kugo and I. Ojima, “Manifestly Covariant Canonical Formulation of Yang-Mills
Field Theories. 1. The Case of Yang-Mills Fields of Higgs-Kibble Type in Landau
Gauge,” Prog. Theor. Phys. 60 (1978) 1869.


http://dx.doi.org/10.1088/1126-6708/2007/05/025
http://arxiv.org/abs/hep-th/0701176
http://dx.doi.org/10.1007/JHEP12(2010)016
http://arxiv.org/abs/1008.4286
http://dx.doi.org/10.1007/JHEP01(2017)106
http://arxiv.org/abs/1610.07367
http://arxiv.org/abs/1610.07367
http://dx.doi.org/10.1016/j.nuclphysb.2015.05.023
http://arxiv.org/abs/1410.5386
http://dx.doi.org/10.1007/JHEP11(2018)119
http://arxiv.org/abs/1808.06626
http://arxiv.org/abs/2106.15126
http://dx.doi.org/10.1007/JHEP02(2022)097
http://arxiv.org/abs/2111.03069
http://dx.doi.org/10.1088/1126-6708/2008/10/091
http://dx.doi.org/10.1088/1126-6708/2008/10/091
http://arxiv.org/abs/0806.1218
http://dx.doi.org/10.1142/S0217751X01003935, 10.1142/S0217751X01003937
http://arxiv.org/abs/hep-th/0007018
http://dx.doi.org/10.1016/0040-9383(94)00028-J
http://dx.doi.org/10.1016/0040-9383(94)00028-J
http://arxiv.org/abs/alg-geom/9307001
http://dx.doi.org/10.1103/PhysRevD.83.046001
http://arxiv.org/abs/1011.5487
http://arxiv.org/abs/1011.5487
http://arxiv.org/abs/1912.09591
http://dx.doi.org/10.1007/JHEP01(2015)124
http://arxiv.org/abs/1407.2567
http://dx.doi.org/10.1007/JHEP07(2013)079
http://arxiv.org/abs/1305.1633
http://dx.doi.org/10.1103/PhysRevD.89.105018
http://dx.doi.org/10.1103/PhysRevD.89.105018
http://arxiv.org/abs/1308.6802
http://dx.doi.org/10.1143/PTP.60.1869

Bibliography 171

[221] V. Pestun, “Localization of gauge theory on a four-sphere and supersymmetric Wilson
loops,” Commun. Math. Phys. 313 (2012) 71-129, arXiv:0712.2824 [hep-th].

[222] G. V. Dunne, R. Jackiw, and C. A. Trugenberger, “Topological (Chern-Simons)
Quantum Mechanics,” Phys. Rev. D 41 (1990) 661.

[223] C. Hwang, J. Kim, S. Kim, and J. Park, “General instanton counting and 5d SCFT,”
JHEP 07 (2015) 063, arXiv:1406.6793 [hep-th]. [Addendum: JHEP 04, 094
(2016)].

[224] C. Cordova and S.-H. Shao, “An Index Formula for Supersymmetric Quantum
Mechanics,” arXiv:1406.7853 [hep-th].

[225] E. Witten, “Phases of N=2 theories in two-dimensions,” Nucl. Phys. B 403 (1993)
159-222, arXiv:hep-th/9301042.

[226] R. Monten and C. Toldo, “On the search for multicenter AdS black holes from
M-theory,” JHEP 02 (2022) 009, arXiv:2111.06879 [hep-th].

[227] Y. Cai and J. T. Liu, “Towards the construction of multi-centered black holes in AdS,”
JHEP 10 (2022) 059, arXiv:2205.14008 [hep-th].

[228] M. Kontsevich and G. Segal, “Wick Rotation and the Positivity of Energy in Quantum
Field Theory,” Quart. J. Math. Oxford Ser. 72 no. 1-2, (2021) 673-699,
arXiv:2105.10161 [hep-th].

[229] E. Witten, “A Note On Complex Spacetime Metrics,” arXiv:2111.06514
[hep-th].

[230] G. Felder and A. Varchenko, “Multiplication Formulas for the Elliptic Gamma
Function,” arXiv:math/0212155 [math.QA].

[231] G. Felder and A. Varchenko, “The elliptic gamma function and SL(3, Z) 737 Adv.
Math. 156 (2000) 44-76, arXiv:math/9907061 [math.QA].

[232] E. Bergshoeff, S. Cucu, T. De Wit, J. Gheerardyn, R. Halbersma, S. Vandoren, and
A. Van Proeyen, “Superconformal N'=2, D=5 matter with and without actions,” JHEP
10 (2002) 045, arXiv:hep-th/0205230 [hep-th].

[233] D. Z. Freedman and A. Van Proeyen, Supergravity. Cambridge Univ. Press,
Cambridge, UK, 5, 2012.

[234] E. Lauria and A. Van Proeyen, N = 2 Supergravity in D = 4,5, 6 Dimensions,
vol. 966. Springer, 3, 2020. arXiv:2004.11433 [hep-th].

[235] B. de Wit and A. Van Proeyen, “Special geometry, cubic polynomials and
homogeneous quaternionic spaces,” Commun. Math. Phys. 149 (1992) 307-334,
arXiv:hep-th/9112027 [hep-th].

[236] J. Bagger and E. Witten, “Matter Couplings in N'=2 Supergravity,” Nucl. Phys. B222
(1983) 1-10.


http://dx.doi.org/10.1007/s00220-012-1485-0
http://arxiv.org/abs/0712.2824
http://dx.doi.org/10.1103/PhysRevD.41.661
http://dx.doi.org/10.1007/JHEP07(2015)063
http://arxiv.org/abs/1406.6793
http://arxiv.org/abs/1406.7853
http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://arxiv.org/abs/hep-th/9301042
http://dx.doi.org/10.1007/JHEP02(2022)009
http://arxiv.org/abs/2111.06879
http://dx.doi.org/10.1007/JHEP10(2022)059
http://arxiv.org/abs/2205.14008
http://dx.doi.org/10.1093/qmath/haab027
http://arxiv.org/abs/2105.10161
http://arxiv.org/abs/2111.06514
http://arxiv.org/abs/2111.06514
http://arxiv.org/abs/math/0212155
http://dx.doi.org/10.1006/aima.2000.1951
http://dx.doi.org/10.1006/aima.2000.1951
http://arxiv.org/abs/math/9907061
http://dx.doi.org/10.1088/1126-6708/2002/10/045
http://dx.doi.org/10.1088/1126-6708/2002/10/045
http://arxiv.org/abs/hep-th/0205230
http://dx.doi.org/10.1007/978-3-030-33757-5
http://arxiv.org/abs/2004.11433
http://dx.doi.org/10.1007/BF02097627
http://arxiv.org/abs/hep-th/9112027
http://dx.doi.org/10.1016/0550-3213(83)90605-3
http://dx.doi.org/10.1016/0550-3213(83)90605-3

172 Bibliography

[237] M. Berger, “Sur les groupes d’holonomie homogenes de variétés a connexion affine et
des variétés Riemanniennes,” Bull. Soc. Math. France 83 (1955) 279-330.

[238] S. Salamon, “Quaternionic Kdhler Manifolds,” Invent. Math. 67 (1982) 143—-171.

[239] A. Ceresole, R. D’Auria, S. Ferrara, and A. Van Proeyen, “Duality transformations in
supersymmetric Yang-Mills theories coupled to supergravity,” Nucl. Phys. B444
(1995) 92-124, arXiv:hep-th/9502072 [hep-th].

[240] K. Hanaki, K. Ohashi, and Y. Tachikawa, “Comments on charges and near-horizon
data of black rings,” JHEP 12 (2007) 057, arXiv:0704.1819 [hep-th].

[241] E. Newman and R. Penrose, “Note on the Bondi-Metzner-Sachs group,” J. Math. Phys.
7 (1966) 863-870.

[242] T. T. Wu and C. N. Yang, “Dirac Monopole Without Strings: Monopole Harmonics,”
Nucl. Phys. B 107 (1976) 365.

[243] T. T. Wu and C. N. Yang, “Some Properties of Monopole Harmonics,” Phys. Rev. D
16 (1977) 1018-1021.

[244] B. M. Zupnik and D. G. Pak, “Topologically Massive Gauge Theories in Superspace,”
Sov. Phys. J. 31 (1988) 962-965.


http://dx.doi.org/10.1007/BF01393378
http://dx.doi.org/10.1016/0550-3213(95)00175-R
http://dx.doi.org/10.1016/0550-3213(95)00175-R
http://arxiv.org/abs/hep-th/9502072
http://dx.doi.org/10.1088/1126-6708/2007/12/057
http://arxiv.org/abs/0704.1819
http://dx.doi.org/10.1063/1.1931221
http://dx.doi.org/10.1063/1.1931221
http://dx.doi.org/10.1016/0550-3213(76)90143-7
http://dx.doi.org/10.1103/PhysRevD.16.1018
http://dx.doi.org/10.1103/PhysRevD.16.1018
http://dx.doi.org/10.1007/BF01101161

	Contents
	1 Introduction
	1.1 Supersymmetric localization
	1.2 Holographic microstate counting
	1.3 Leaving the BPS safe harbor
	1.4 Outline

	2 Superconformal indices at large N and the entropy of AdS5xSE5 black holes
	2.1 The SCI of N=4 SYM at large N
	2.1.1 The SCI building block
	2.1.2 The SCI entropy function

	2.2 The SCI of quiver theories with a holographic dual
	2.2.1 Example: the conifold
	2.2.2 Example: toric models
	2.2.3 The toric entropy function

	2.3 The universal AdS5 rotating black hole
	2.4 AdS5 Kerr-Newman black holes in T11
	2.4.1 Reduction from 5d to 4d and the attractor mechanism
	2.4.2 Example: the conifold


	3 A quantum mechanics for magnetic horizons
	3.1 Saddle-point approach to the TTI
	3.1.1 The basic idea
	3.1.2 The 3d CS-matter model
	3.1.3 The large N limit of the TTI

	3.2 Reduction on a flux background
	3.2.1 Decomposing 3d multiplets into 1d multiplets
	3.2.2 Reduction background
	3.2.3 Partial gauge fixing
	3.2.4 Supersymmetrized gauge fixing
	3.2.5 Vector multiplet spectrum
	3.2.6 Matter multiplets spectrum

	3.3 The effective quantum mechanics
	3.3.1 Quantum mechanics 1-loop determinants and the Witten index

	3.4 Stability under quantum corrections
	3.4.1 Interactions involving c
	3.4.2 Presence of N=2 supersymmetry and R-symmetry
	3.4.3 Symmetry constraints


	4 Conclusions
	Appendix A Large N computations
	A.1 Special functions
	A.2 The large N SCI
	A.2.1 Simplifications of the SCI building block
	A.2.2 SU(N) vs. U(N) holonomies
	A.2.3 Generic N

	A.3 The large N TTI
	A.3.1 Useful integrals
	A.3.2 Continuum expressions for V' and Omega
	A.3.3 Solutions to the saddle-point equations


	Appendix B Supergravity generalities
	B.1 5d N=2 abelian gauged supergravity
	B.1.1 Conifold truncation

	B.2 4d N=2 abelian gauged supergravity

	Appendix C Scherk-Schwarz reduction
	C.1 Reduction with background gauge fields
	C.1.1 Reduction of the conifold truncation

	C.2 Reduction of black-hole charges
	C.2.1 Baryonic charge quantization in the conifold theory


	Appendix D Monopole spherical harmonics on S2̂
	Appendix E 1d N=2 superspace
	E.1 Matter multiplets
	E.2 Vector multiplet
	E.2.1 Wess-Zumino gauge
	E.2.2 Transformations in Wess-Zumino gauge
	E.2.3 Supersymmetric Lagrangians
	E.2.4 Twisted 3d YM and CS terms


	Bibliography

