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Abstract

This thesis is devoted to the study of optimal control problems of ensembles of
dynamical systems, where the dynamics has an affine dependence in the controls.
By means of I'-convergence arguments, we manage to approximate infinite ensem-
bles with a sequence of growing-in-size finite ensembles. The advantage of this
approach is that, under a suitable change of the states space, finite ensembles of
control systems can be treated as a single control system. Motivated by this fact,
in the first part of the thesis we formulate a gradient flow equation on the space
of admissible controls related to single optimal control problems with end-point
cost. Then, this is applied to the case of finite ensembles, where it is used to de-
rive an implementable algorithm for the numerical resolution of ensemble optimal
control problems. We also consider an iterative method based on the Pontryagin
Maximum Principle. Finally, in the last part of the thesis, we formulate the task
of the interpolation of a diffeomorphism with a Deep Neural Network as an en-
semble optimal control problem. Therefore, we can take advantage the algorithms
developed before to train the network.
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Introduction

The central topic of this thesis is the optimal control of ensembles of dynamical

systems. An ensemble of control systems is a parametrized family of controlled

ODE:s of the form

i¥(s) = G?(2%(s),u(s)) a.e. in [0,T], (11)
2%(0) = af, '

where § € © C R? is the parameter of the ensemble, u : [0, 7] — R* is the control,
and, for every # € ©, G? : R* x R¥ — R" is the function that prescribes the
dynamics of the corresponding system. The peculiarity of this kind of problems is
that the elements of the ensemble are simultaneously driven by the same control
u. This framework is particularly suitable for modeling real-world control systems
affected by data uncertainty (see, e.g., [44]), or the problem of controlling a large
number of particles by means of a signal (see [16]). Also from the theoretical
viewpoint there is currently an active research interest on this topic. For instance,
the problem of the controllability of ensembles of linear equations has been recently
investigated in [25]. In [6] it was proved a generalization of the Chow—Rashevskii
theorem for ensembles of linear-control systems. In [36, 37| ensembles were studied
in the framework of nuclear magnetic resonance spectroscopy. Moreover, as regards
ensembles in quantum control, we report the contributions [12, 13], and we recall
the recent works [10, 20].

In the present thesis we focus on a particular instance of (I.1), corresponding
to the case in which the dynamics has an affine dependence on the controls. More
precisely, we consider ensembles with the following expression:

{x’e(t) = FO(2(s)) + F?(2°(s))u(s) a.e. in [0, 1], 2)

Y

where § € © C R? varies in a compact set, and, for every § € O, the vector
field F) : R® — R™ represents the drift, while the matrix-valued application F? =
(FY ... Ff) : R® — R™F collects the controlled fields. We set U := L*([0, 1], R¥)
as the space of admissible controls, and, for every § € © , the curve z¢ : [0,1] —
R™ denotes the trajectory of (I.2) corresponding to the parameter 6 and to the
control u € U. We are interested in the optimal control problem related to the
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6 INTRODUCTION

minimization of a functional F*° : U — R of the form

() = [ alab(1).6)du(6) + Il (13)

for every u € U, where a : R" x © — R, is a non-negative continuous function,
while p is a Borel probability measures on O, and finally § > 0 is a constant that
tunes the L2-squared regularization. When the support of the probability measure
1 is not reduced to a finite set of points, the minimization of the functional F> is
often intractable in practical situations, since a single evaluation of F°° potentially
requires the resolution of an infinite number of Cauchy problems (I1.2). Therefore,
it is natural to try to replace p with a sequence of probability measures (fx)nen
such that each of them charges a subset of © of cardinality N, and such that
pn —* pas N — oco. Then, we can consider the sequence of functionals (FV)yey
defined as
s

FN(u) = /@a(azi(l),&) dun(0) + 5

for every u € U and for every N € N. One of the goals of the present thesis is
to study in which sense the functionals defined in (I.4) approximate the cost F.
It turns out that, when considering the restrictions to bounded subsets of U, the
sequence (F)yen is [-convergent to F>° with respect to the weak topology of L.
Moreover, if for every N € N we choose iy € arg miny FV, standard facts in the
theory of T'-convergence ensure that the sequence (iy)nen is weakly pre-compact
and that each of its limiting points is a minimizer of the original functional F>°
defined in (I.3). What is more surprising is that, owing to the peculiar form of
the cost (I.3), it turns out that (ty)yen is also pre-compact with respect to the
L?-strong topology. All these facts concerning ensembles of affine-control system
are discussed in the paper [47].

We observe that the problem of minimizing the functional FV defined in (I1.4)
is equivalent to the resolution of a single optimal control problem in R™V. For this
reason, in the first part of the thesis we first study the gradient flow associated to a
single optimal control problem with end-point cost. More precisely, given a base-
point g € R", for every u € U we consider the absolutely continuous trajectory
z, : [0,1] — R™ that solves the linear-control system

{xu(s) = F(xy(s))u(s) for a.e. s € [0,1],
z,(0) = o,

[lullZ: (L4)

(L.5)

where F' = (Fy,..., Fy) : R — R™* prescribes the controlled fields. For every
B > 0 and zy € R", we define the functional F : i/ — R, as follows:

3
2
where @ : R" — R, is a non-negative C'-regular function, and z,, : [0,1] — R"
is the solution of (I.5) corresponding to the control v € Y. Here we investigate

F(u) = a(zy(1)) + S lullZ:, (L.6)
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the gradient flow induced by the functional F on the Hilbert space U, i.e., the
evolution equation

0U; = —G[Ui], (L7)

where G : U — U is the vector field on the Hilbert space U that represents the
differential dF : U — U* through the Riesz’s isometry, i.e., G[u] is defined as the
only element of U such that the identity

(Glul, v) 12 = d,F(v) (L8)

holds for every v € U. It turns out that (I.7) can be treated as an infinite-
dimensional ODE, and we prove that, for every initial datum Uy = ug, it admits
a unique continuously differentiable solution U : [0,+00) — U. Then we focus
on the asymptotic behavior of the curves that solve (I.7). The main result of this
part states that, if the application F : R” — R™** that defines the linear-control
system (I.5) is real-analytic as well as the function a : R™ — R, that provides the
end-point term in (1.6), then, for every uy € H'([0, 1], R¥) C U, the curve t — U,
that solves the gradient flow equation (I.7) with initial datum Uy = u, satisfies

i [[Up =]z =0, (1.9)
where u € U is a critical point for . The key-ingredient for this convergence is the
establishment of the Lojasiewicz-Simon inequality for the functional F : U — R,
under the assumption that F : R® — R™* and a : R® — R, are real-analytic.
This family of inequalities was first introduced by Lojasiewicz in [38] for real-
analytic functions defined on a finite-dimensional domain. The generalization of
this result to real-analytic functionals defined on a Hilbert space was proposed by
Simon in [49], and since then it has revealed to be an invaluable tool to study
convergence properties of evolution equations (see the survey paper [22]). Follow-
ing this approach, the Lojasiewicz-Simon inequality for the functional F# is the
cornerstone for the convergence result (I1.9). In this regards, another important
observation lies in the fact that the Sobolev space H™([0, 1], R¥) is invariant for
the gradient flow (1.7). Moreover, we obtain that, when the Cauchy datum belongs
to H™([0,1], R¥), the curve ¢ ~ U, that solves (1.7) is bounded in the H™-norm.
The results of this part are contained in [46]. We stress the fact that the case
of an affine-control system can be easily reconducted to a linear-control system
by artificially adding a new component ug in the control variable u = (uq, . .., ug)
with constant value ug = 1. Finally, we report that the gradient flow equation (1.7)
is used to formulate an algorithm for the numerical minimization of functionals
FN U — Ry, related to the optimal control of finite ensembles.

In the last part of the thesis we formulate the problem of training a Deep
Neural Network as an ensemble optimal control problem, and we apply the results
obtained in the previous parts. Indeed, in [26] and [29] it was independently
observed that some particular Deep Learning architectures (called ResNets) can
be interpreted as discretizations of control systems. Since then, there has been



8 INTRODUCTION

an increasing interest in the interplay between control theory and Deep Learning,
with the aim of providing a solid mathematical explanation to the success of such
algorithms in solving practical tasks. For more details, see [14, 18, 35, 51]. The
problem that we study is related to an observations-driven reconstruction of a
diffeomorphism ¥ : R® — R" diffeotopic to the identity. The starting points are
some recent theoretical results obtained in [7, 8] that guarantee that under suitable
assumptions the flows generated by linear-control systems can approximate in C°-
norm on compact sets any diffeomorphism obtained as a flow of a non-autonomous
vector field. Our task is to derive an implementable procedure to provide such an
approximation. Namely, we consider an ensemble of evaluation points {z{};=1..~
sampled from a probability measure u supported on a compact set of R", and we
record the action of ¥ on such training points, i.e., (z), ¥(x}));=1,..~. Then, we
consider the following ensemble of linear-control systems, namely

x{L(s) = F(xju(s))u(s) for a.e. s €10,1], 1N (1.10)
2,(0) = g,
with the cost FV : U4 — R, defined as
1w B
P = 7 D i) = W) + 5l (L11)
where a : R" — R, is a non-negative loss function such that a(0) = 0 and

a(y) > 0 if y # 0. The first term in (I.11) aims at achieving a good interpolation
of the observations, while the regularization term penalizes the L?-norm of the
controls. If @iy € arg minyg FV, then we use ®;~ : R® — R” as approximation of
U, where ®, : o — x,(1) is the flow associated to the linear-control system (1.10)
and corresponding to the admissible control u € U. We observe that (1.10) is a
particular instance of (1.2), where the drift vector field Fy = 0 and the controlled
fields are the same for every j = 1,..., N. For this reason, in virtue of the I'-
convergence result for general ensembles of affine-control systems, we deduce that
the minimization of (I.11) is converging as N — oo to the limiting problem of
minimizing the functional 7> : U — R, given by

() = [ al@ua) = W) dta) + 5l (112

where p is the probability measure used to sample the observation points. Taking
advantage of two algorithms developed in the thesis for the numerical resolution
of generic ensemble optimal control problems, we deduce two training procedures
for the ResNet obtained by discretizing (1.10). The results discussed in this part
are detailed in [48].

We now briefly describe the content of each capter.

In Chapter 1 we establish some preliminary results for single linear-control sys-
tems. In particular, we focus on the properties of the trajectories and of the
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end-point mapping, for which we investigate the first and second-order variation.
In Chapter 2 we study the gradient flow induced by the functional (I.6) on the
Hilbert space U. We establish existence and uniqueness of the solutions of the
evolution equation (I.7), and we prove the convergence of the trajectories with
Sobolev-regular initial datum by means of the Lojasiewicz-Simon inequality.

In Chapter 3 we consider optimal control problems involving ensembles of affine-
control systems. The main result is the reduction to finite ensembles via I'-
convergence. This fact holds with cost functionals that have a slightly more general
form than (I.3), namely

B

F=(u) :/6/0 als, (), 6) dv(s)du(6) + 5

where v is a Borel probability measure on [0,1]. We obtain (I.3) when we set
v = 0s=1. When the cost has the form (I.3), after using a simple argument to
reduce an affine-control system to a linear-control one, we derive the gradient
flow equation for finite ensembles. Finally we propose and test two numerical
methods for the optimal control of finite ensembles. The former is based on a
finite elements projection of the gradient flow (I.7), the latter on the Pontryagin
Maximum Principle.

In Chapter 4 we model the Deep Learning reconstruction of a diffeomorphism as an
ensemble optimal control problem, and we apply the results obtained in Chapter 3.
As a matter of fact, from the discretization of the linear-control system we obtain
a ResNet, that we can train by means of the algorithms developed before. Finally,
we test the methods on a practical example.

[lullZ2.






CHAPTER 1

General results for linear-control systems

In this chapter we establish some preliminary technical results for linear-control
systems that will be of use throughout the thesis. In particular, given a base-point
xo € R™, we study the first and the second variation of the mapping Ps : u +— x,(s),
where z, : [0,1] — R™ is the trajectory of a linear-control system corresponding
to an admissible control u and with initial point xg.

1.1. Setting and framework

In this chapter we consider control systems on R™ with linear dependence in
the control variable u € R*, i.e., of the form

&= F(z)u, (1.1.1)

where ' : R® — R™ ¥ is a Lipschitz-continuous function. We use the notation F;
fori=1,...,k to indicate the vector fields on R" obtained by taking the columns
of F', and we denote by L > 0 the Lipschitz constant of these vector fields, i.e., we
set
Fi(x) - F,
L= sup sup | Fi(z) = Fiy)lz

i=1,...k z,ycRn |$ - y|2

We immediately observe that (1.1.2) implies that the vector fields Fi, ..., Fy have
sub-linear growth, i.e., there exists C' > 0 such that

(1.1.2)

sup |Fi(x)| < C(lzla +1) (1.1.3)

i=1,..k

for every x € R"™. Moreover, for every i = 1,..., k, if F; is differentiable at y € R,
then from (1.1.2) we deduce that

<L (1.1.4)

2

OF;(y)
ox

We define U := L%([0, 1], R¥) as the space of admissible controls, and we endow U
with the usual Hilbert space structure, induced by the scalar product

(u,v)Lzz/o (u(s),v(s))rr ds. (1.1.5)

11



12 1. GENERAL RESULTS FOR LINEAR-CONTROL SYSTEMS

Given xy € R", for every u € U, let x, : [0,1] — R™ be the absolutely continuous
curve that solves the following Cauchy problem:
Tu(s) = F(z,(s))u(s) for a.e. s €0,1], (1.1.6)
2,(0) = .
We recall that, under the condition (1.1.2), the existence and uniqueness of the
solution of (1.1.6) is guaranteed by Carathéodory Theorem (see, e.g, [30, Theorem
5.3]). We insist on the fact that in Section 1.2 and Section 1.3 the Cauchy datum
xg € R is assumed to be assigned. On the other hand, in Section 1.4 we study
some properties of the flows induced by the control system (1.1.1), and therefore
we shall consider different solutions of (1.1.6) as the Cauchy datum x, varies in
R™.
Before proceeding, in Subsection 1.1.1 we recall some results concerning Sobolev
spaces in one-dimensional domains. Then, in Section 1.2 and Section 1.3 we in-
vestigate the properties of the solutions of (1.1.6).

1.1.1. Sobolev spaces in one dimension. In this subsection we recall some
results for one-dimensional Sobolev spaces. Since in this Thesis we work only in
Hilbert spaces, we shall restrict our attention to the Sobolev exponent p = 2,
i.e., we shall state the results for the Sobolev spaces H™ := W™? with m > 1.
For a complete discussion on the topic, the reader is referred to [15, Chapter 8].
Throughout the Thesis we use the convention H® := L?.

For every integer d > 1, given a compact interval [a,b] C R, let C>([a, b], R?)
be the set of the C'*°-regular functions with compact support in [a,b]. For every
¢ € C([a,b],R?), we use the symbol ¢\) to denote the (-th derivative of the
function ¢ : [a,b] — R For every m > 1, the function u € L*([a,b], R?) belongs
to the Sobolev space H™([a, b], R?) if and only if, for every integer 1 < ¢ < m there
exists u®) € L%([a,b], R?) such that the following identity holds

/ (u(s), #O(s))ga ds = (—1" / (wO(s), 6(s))za ds

for every ¢ € C°([a,b], R?). If u € H™([a, b], R?), then for every integer 1 < £ < m
u® denotes the (-th Sobolev derivative of u. We recall that, for every m > 1,
H™([a, b], RY) is a Hilbert space (see, e.g., [15, Proposition 8.1]) when it is equipped
with the norm || - ||g= induced by the scalar product

(u, V) gm = (u,v) g2 + Z/ (u®(5), 09 (s))ga ds.

We observe that, for every mo > my > 0, we have

for every u € H™*([a,b],R), i.e., the inclusion H™2([a,b],R?) — H™([a,b], R?)
is continuous. We recall that a linear and continuous application 7" : E; — FE»



1.1. SETTING AND FRAMEWORK 13

between two Banach spaces Fy, Es is compact if, for every bounded set B C Ej,
the image T'(B) is pre-compact with respect to the strong topology of Fs. In the
following result we list three compact inclusions.

THEOREM 1.1.1. For every m > 1, the following inclusions are compact:

H™([a,b],RY) < L*([a,b], RY), (1.1.8)
H™([a,b],RY) < C°([a, 1], RY), (1.1.9)
H™([a,b],RY) — H™ ([a, ], RY), (1.1.10)

PrROOF. When m = 1, (1.1.8)-(1.1.9) descend directly from [15, Theorem 8.8].
In the case m > 2, in virtue of (1.1.7), the inclusion H™([a, b}, R?) — H*([a, b], R?)
is continuous. Recalling that the composition of a linear continuous operator with
a linear compact one is still compact (see, e.g., [15, Proposition 6.3]), we deduce
that (1.1.8)-(1.1.9) holds also for m > 2.

When m = 1, (1.1.10) reduces to (1.1.8). For m > 2, (1.1.10) is proved by
induction on m, using (1.1.8) and observing that u € H™([a,b],R?) implies that
uV € H™([a, b],R?). O

Finally, we recall the notion of weak convergence. For every m > 0 (we set
HY := L[?), if (u,)n>1 is a sequence in H™([a,b],R?) and u € H™([a,b], R?), then
the sequence (u,),>1 weakly converges to u if and only if

lim (v, up,) gm = (v, u) gm
n—oo

for every v € H™([a, b], R?), and we write u,, —pgm u as n — oo. For every m > 1,
if u,, —=pgm u as n — 0o, then we have

[|ul|gm < Hminf ||w,||gm. (1.1.11)
m—r0o0

Finally, in view of the compact inclusion (1.1.10) and of [15, Remark 6.2], for
every m > 1, if a sequence (uy,),>1 in H™([a, b], R?) satisfies u,, —pgm u as n — oo,
then

Hm—-1 = O

lim ||u, — ul
—00
We conclude this part with the following fact concerning the space H'([a, b], R?).

PROPOSITION 1.1.2. Let u : [a,b] — R? be a function in H'([a,b],R?). Then,

u 18 Holder-continuous with exponent %, namely

u(ty) — ulta)]o < |||t — to]2

for every t1,ts € [a, b].
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PROOF. The fact that u € H'([a, b], R?) implies that it is absolutely continuous
(see, e.g., [15, Theorem 8.2]). Thus, using the Cauchy-Schwartz inequality, we
deduce that

to to %
i) —ult)ls < | ru<1><r>|2drs( / |u<1><r>|§df) 1t — ta]
t1 t1

for every t1,ts € [a, b], and this implies the thesis. O

1.2. First-order properties of trajectories of linear-control systems

In this subsection we investigate basic properties of the solutions of (1.1.6),
with a particular focus on the relation between the admissible control © € U and
the corresponding trajectory x,. We start by stating a version of the Gronwall-
Bellman inequality, that will be widely used later.

LEMMA 1.2.1 (Gronwall-Bellman Inequality). Let f : [a,b] — Ry be a non-
negative continuous function and let us assume that there exists a constant o > 0
and a non-negative function 8 € L*([a,b],R) such that

<a+/6

for every s € [a,b]. Then, for every s € |a,b] the following inequality holds:
f(s) < aellllzr, (1.2.1)
ProOOF. This statement follows as a particular case of [27, Theorem 5.1]. [

We recall that, for every u € U := L?([0, 1], R¥) the following inequality holds:

HUHLI:/() Z]ui(s)\dsg\/E /OZ\ui<s)12ds:\/Euuy|L2. (1.2.2)

We first show that, for every admissible control u € U, the corresponding solu-
tion of (1.1.6) is bounded in the C%norm. In our framework, given a continuous
function f : [0,1] — R", we set

1 fllco := sup [f(s)l2.

s€[0,1]

LEMMA 1.2.2. Let u € U be an admissible control, and let x, : [0,1] — R™ be
the solution of the Cauchy problem (1.1.6) corresponding to the control u. Then,
the following inequality holds:

lzullco < (Jwols + VEC|[ul|p) e/ "z, (1.2.3)

where C' > 0 is the constant of sub-linear growth prescribed by (1.1.3).
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PROOF. Rewriting (1.1.6) in the integral form, we obtain the following inequal-

ity
(o) < faola+ [ Z Fiau(r)leli (7)) dr

for every s € [0, 1]. Then, using (1.1.3)7 we deduce that

[zu(s)]2 < [ols + Clful[ +C/ |u(T)]1|u(T)]2 dT.
0

Finally, the thesis follows from Lemma 1.2.1 and (1.2.2). O

In the following proposition we prove that the solution of the Cauchy problem
(1.1.6) has a continuous dependence on the admissible control.

PROPOSITION 1.2.3. Let us consider u,v € U and let x,, xypy : [0,1] — R™
be the solutions of the Cauchy problem (1.1.6) corresponding, respectively, to the
controls u and uw + v. Then, for every R > 0 there exists Lr > 0 such that the
inequality

|Zuro — 2ulleo < Lil|v]] 2 (1.2.4)
holds for every u,v € U such that ||ul|p2, ||v]||2 < R.

PRrROOF. Using the fact that z, and z,., are solutions of (1.1.6), for every
s € [0, 1] we have that

runn(s) = (o)l < [ Z FiCure () Blof (7)) dr
<[ Z Firure(r)) = Fiau(r)aful(7)]) dr.

Recalling that ||v||z2 < R, in virtue of Lemma 1.2.2, we obtain that there exists
Cr > 0 such that

sup  sup |Fi(xu+v(7—))|2 < Ck.
r€0,1] i=1,...k

Hence, using (1.2.2), we deduce that

/ Z |F Topo (7)) |20 (T )|> dr < CrVE||v||12. (1.2.5)

On the other hand, from the Lipschitz-continuity condition (1.1.2) it follows that

|Ex(@uyo (7)) = Fi(2u(7) ]2 < Lzugo(T) = 2u(7)]2 (1.2.6)

for every i = 1,..., k and for every 7 € [0, 1]. Using (1.2.5) and (1.2.6), we deduce
that

[Zuro(s) = wuls)l2 < CrVElloll 2 + L / ) [Busa(r) — (Dl dr, (12.7)
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for every s € [0, 1]. By applying Lemma 1.2.1 to (1.2.7), we obtain that

[Turo(s) = 2u(s)]e < M Cpv/R| o] 2,
for every s € [0, 1]. Recalling (1.2.2) and setting
Lp:= eL\/ERCR\/E,
we prove (1.2.4). O

The previous result shows that the map u + =z, is Lipschitz-continuous when
restricted to any bounded set of the space of admissible controls ¢. We remark
that Proposition 1.2.3 holds under the sole assumption that the controlled vector
fields Fi,...,F, : R* — R™ are Lipschitz-continuous. In the next result, by
requiring that the controlled vector fields are Ct-regular, we compute the first order
variation of the solution of (1.1.6) resulting from a perturbation in the control.

PROPOSITION 1.2.4. Let us assume that the vector fields Fy, ..., Fy defining
the control system (1.1.6) are C'-reqular. For every u,v € U, for every e € (0,1],
let Ty, Tty = [0, 1] = R™ be the solutions of (1.1.6) corresponding, respectively, to
the admissible controls u and u + ev. Then, we have that

|| Tuser — Tuw — €ypl|co = 0o(e) as e — 0, (1.2.8)

where y¥ : [0,1] — R™ is the solution of the following affine system:

Ji5) = Fla(s))ols) + (Z u()%x“)) W) 029)

for a.e. s €10,1], and with y.(0) = 0.

PROOF. Setting R := ||u||r2 +||v||L2, we observe that ||u+ev||rz < R for every

€ (0,1]. Owing to Lemma 1.2.2, we deduce that there exists a compact Kz C R"

such that x,(s), Tytien(s) € Kg for every s € [0,1] and for every € € (0,1]. Using

the fact that Fy,. .., F}, are assumed to be C'-regular, we deduce that there exists

a non-decreasing function 0 : [0, +00) — [0, +00) with 6(0) = lim, 0 0(r) = 0 and
a constant C' > 0 such that the following inequality is satisfied

OF;(xy)

Fi(x9) — Fy(xq) — 5

(.1'2 - iL‘l) S C(S(‘.Tl — ]72’2)‘1}1 — .1’2’2 (1210)
2

for every ¢ = 1,...,k and for every zy,29 € Kpg. Let us consider the non-

autonomous affine system (1.2.9). In virtue of Carathéodory Theorem (see [30,

Theorem 5.3]), we deduce that the system (1.2.9) admits a unique absolutely con-

tinuous solution y? : [0,1] — R"™. For every s € [0,1], let us define

£(8) := Tyyen(s) — 2o (s) — eyp(s). (1.2.11)
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Therefore, in view of (1.1.6) and (1.2.9), for a.e. s € [0, 1] we compute

€(5)l2 SEZ | Fi(Tusen(s)) = Fi(u(s))[2]v"(5)]

k

2

=1

Fiusen(s))  F(aa(s) — <2y (s

2

On one hand, using Proposition 1.2.3 and the Lipschitz-continuity assumption
(1.1.2), we deduce that there exists L' > 0 such that

k
62 |Ey(@uten(s)) = Fi(wu(s))2 < L'||v]]12€ (1.2.12)

for every s € [0,1] and for every € € (0,1]. On the other hand, for every i =
1,...,n, combining Proposition 1.2.3, the inequality (1.2.10) and the estimate of
the norm of the Jacobian (1.1.4), we obtain that there exists L"” > 0 such that

Fiasen ()~ Fira(s)) — 200 g
< rirent) — () = LD (0 ()~ (9)

+ w(l‘%&-sv(s) - :Eu(S) B Ey5(8>)

2

< C[o(L ol z2e) L ol 2| + LIE(S)le.

for every s € [0,1] and for every ¢ € (0,1]. Combining the last inequality and
(1.2.12), it follows that

€(5)lo < Lre® + Lrlu(s)118(Lre)e + Llu(s)[€(s)]2 (1.2.13)
for a.e. s € [0,1] and for every ¢ € (0, 1], where we set L := max{L’, L"}||v]|z.

Finally, recalling that |£(0)]2 = |Zyte0(0) — 24,(0) —ey2(0)]2 = 0 for every € € (0, 1],
we have that

[€(s)]2 S/O \S(T)IszSLR€2+LRHUHL15(LR€)E+L/O u(T)11€(T)l2 dT,

for every s € [0, 1] and for every ¢ € (0,1]. Using Lemma 1.2.1 and (1.2.11), we
deduce (1.2.8). O
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Let us assume that Fi, ..., F}, are C'-regular. For every admissible control
u € U, let us define A, € L([0, 1], R™") as

k
. OFi(xy,(s))
Ay(s) = i(g)—nul?)) 1.2.14
=32 (w197 (1214
for a.e. s € [0,1]. For every u € U, let us introduce the absolutely continuous
curve M, : [0,1] — R™" defined as the solution of the following linear Cauchy
problem:

M,(0) = 1d. (1.2.15)

The existence and uniqueness of the solution of (1.2.15) descends once again from
the Carathéodory Theorem. We can prove the following result.

{Mu(s) = A, (s)M,(s) for ae. s € [0,1],

LEMMA 1.2.5. Let us assume that the vector fields Fi, ..., Fy defining the
control system (1.1.6) are C'-reqular. For every admissible control v € U, let
M, :[0,1] — R™" be the solution of the Cauchy problem (1.2.15). Then, for
every s € [0,1], M,(s) is invertible, and the following estimates hold:

[Mu(s)l2 < Cu,  [M,H(5)]2 < Cl, (1.2.16)

where
C, = eVELlullL2

PROOF. Let us consider the absolutely continuous curve N, : [0,1] — R™*"
that solves

{Nu@ = —Nu(s)A,(s) for ae. s €[0,1], (1.2.17)

N, (0) = Id.

The existence and uniqueness of the solution of (1.2.17) is guaranteed by Carathéodory
Theorem. Recalling the Leibniz rule for Sobolev functions (see, e.g., [15, Corol-
lary 8.10]), a simple computation shows that the identity N, (s)M,(s) = Id holds
for every s € [0,1]. This proves that M, (s) is invertible and that N,(s) = M, (s)
for every s € [0,1]. In order to prove the bound on the norm of the matrix M, (s),

we shall study |M,(s)z]a, for z € R™. Using (1.2.15), we deduce that
| Mu(s)z]2 < 2] +/ | Au(7)]2| Mu(7)z]2 d7
0

< e+ L / fu(s)|a| Ma(r)2ls d,
0

where we used (1.1.4). Using Lemma 1.2.1, and recalling (1.2.2), we obtain that
the inequality (1.2.16) holds for M,(s), for every s € [0,1]. Using (1.2.17) and
applying the same argument, it is possible to prove that (1.2.16) holds as well for
N, (s) = M 1(s), for every s € [0,1]. O

u
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Using the curve M, : [0,1] — R™™ defined by (1.2.15), we can rewrite the
solution of the affine system (1.2.9) for the first-order variation of the trajectory.
Indeed, for every u,v € U, a direct computation shows that the function y; :
[0,1] — R™ that solves (1.2.9) can be expressed as

/ Mo () MY () F(z(7))o(7) dr (1.2.18)
for every s € [0, 1]. Using (1.2.18) we can prove an estimate of the norm of y”.

LEMMA 1.2.6. Let us assume that the vector fields Fy, ..., Fy defining the con-
trol system (1.1.6) are C'-reqular. Let us consider u,v € U, and let y® : [0,1] — R™
be the solution of the affine system (1.2.9) with y*(0) = 0. Then, for every R >0
there exists Cr > 0 such that the following inequality holds

Yu ()2 < Crlv]|2 (1.2.19)
for every s € [0,1] and for every u € U satisfying ||ul|rz < R.

PROOF. In virtue of (1.2.18), we have that

(8)]2 < / | M,,(s 7)F(2o(7))v(7)| dr.

Using (1.2.16), (1.2.3) and (1.1.3), we deduce that there exists C > 0 such that

) < Ch [ o)l
0
for every s € [0, 1]. Combining this with (1.2.2), we deduce the thesis. O

Let us introduce the end-point map associated to the control system (1.1.6).
For every s € [0, 1], let us consider the map P; : U — R" defined as

P u Py(u) = x,(s), (1.2.20)

where x,, : [0,1] — R” is the solution of (1.1.6) corresponding to the admissible
control u € U. Using the results obtained before, it follows that the end-point
map is differentiable.

PROPOSITION 1.2.7. Let us assume that the vector fields Fi, ..., Fy defining
the control system (1.1.6) are C'-regular. For every s € [0,1], let P, : U — R"
be the end-point map defined by (1.2.20). Then, for every u € U, Py is Gateauz
differentiable at u, and the differential D, Py = (D, P},...,D,P") : U — R" is a
linear and continuous operator. Moreover, using the Riesz’s isometry, for every
u € U and for every s € [0,1], every component of the differential D, P; can be
represented as follows:

Dng(v):/o (92 ,(7),0(7)) 5 dr, (1.2.21)
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where, for every j =1,...,n, the function gJ , : [0,1] — R* is defined as
T
. T -1
o () = L (@ MM OF @) 7€ 0.5, (12.22)
0 T € (s,1],
where the column vector € is the j-th element of the standard basis {e,... e"}

of R™.

PROOF. For every s € [0, 1], Proposition 1.2.4 guarantees that the end-point
map P, : U — R" is Gateaux differentiable at every point © € Y. In particular,
for every u,v € U and for every s € [0, 1] the following identity holds:

D, P;(v) = y.(s). (1.2.23)

Moreover, (1.2.18) shows that the differential D, P; : U — R” is linear, and
Lemma 1.2.6 implies that it is continuous. The representation follows as well
from (1.2.18). O

REMARK 1.2.1. In the previous proof we used Lemma 1.2.6 to deduce for
every u € U the continuity of the linear operator D, P, : U — R™. Actually,
Lemma 1.2.6 is slightly more informative, since it implies that for every R > 0
there exists Cr > 0 such that

| Dy Ps(v)|2 < Crl|v|| 2 (1.2.24)

for every v € U and for every u € U such that ||u||r2 < R. As a matter of fact,
we deduce that

192,]12 < Cr (1.2.25)
for every j = 1,...,n, for every s € [0, 1] and for every u € U such that ||u||,2 < R.

REMARK 1.2.2. Tt is interesting to observe that, for every s € (0,1] and for
every u € U, the function gg}u : [0,1] — R* that provides the representation the
j-th component of D, P; is absolutely continuous on the interval [0, s], being the
product of absolutely continuous matrix-valued curves. Indeed, on one hand, the
application 7 — F(x,(7)) is absolutely continuous, being the composition of a
Cl-regular function with the absolutely continuous curve 7 + x,(7) (see, e.g.,
[15, Corollary 8.11]). On the other hand, 7 — M, *(7) is absolutely continuous as
well, since it solves (1.2.17).

We now prove that for every s € [0, 1] the differential of the end-point map,
ie. u — D,P,, is Lipschitz-continuous on the bounded subsets of ¢/. This re-
sult requires further regularity assumptions on the controlled vector fields. We

first establish an auxiliary result concerning the matrix-valued curve that solves
(1.2.15).

LEMMA 1.2.8. Let us assume that the vector fields Fy, ..., Fy defining the con-
trol system (1.1.6) are C%-regular. For every u,w € U, let My, My, : [0,1] —
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R™™ be the solutions of (1.2.15) corresponding to the admissible controls u and
u—+w, respectively. Then, for every R > 0 there exists Lr > 0 such that, for every
u,w € U satisfying ||ul|rz, ||w||rz < R, we have

[Mas(5) = Mo(8)l2 < Lalwl| 12, (1.2.26)
and
|M, L (s) — My (s)]2 < Lgl|w|| 2 (1.2.27)

for every s € [0, 1].

PROOF. Let us consider R > 0, and let u,w € U be with ||u||z2, ||w]||2 < R.
We observe that Lemma 1.2.2 implies that there exists a compact set Kr C R" such
that x,($), Tysw(s) € Kg for every s € [0,1]. The hypothesis that F},. .., Fy are

C?-regular implies that there exists Ly > 0 such that 88%, cee 88% are Lipschitz-
continuous in K with constant L. From (1.2.15), we have that
|Mu+w(5) - Mu(s)b = [Autw(8) Mutw(s) — Au(s) Mu(s)2, (1.2.28)

for a.e. s € [0,1]. In particular, for a.e. s € [0,1], we can compute

L (Turw(s)) _ O (zu(s))

[Au(s) = Au(s)2 < ) [’ (s)]

— Oz Ox 5
k
OF;(Tutw(s)) i
M G
and using Proposition 1.2.3, the Lipschitz continuity of 88%, ce 38% and (1.1.4),
we obtain that there exists L, > 0 such that
[ Auyu(s) = Auls)l2 < Lillwl2lu(s)h + Llw(s)|y, (1.2.29)

for a.e. s € [0, 1]. Using once again (1.1.4), we have that

|Au(s)]2 < Llu(s)|1, (1.2.30)

for a.e. s € [0,1]. Combining (1.2.29)-(1.2.30) with the triangular inequality at
the right-hand side of (1.2.28), we deduce that

[ Mys(s) = Mu(s)]o SCR(Lgllwl]izlu(s)ls + Lhw(s)))
+ Llu(s)[1|Mutw(s) = Mu(s)l2,

for a.e. s € [0, 1], where we used Lemma 1.2.5 to deduce that there exists Cf > 0
such that |M,1,(s)| < Ch for every s € [0,1]. Recalling that the Cauchy datum
of (1.2.15) prescribes Mu+w = M,(0) = Id, the last inequality yields

Mosu(s) — Mu(s)]a < / Voso(7) = Mo(F)]a dr

< Cpllwllr2 + L/ |u(8) 1| Moy (7) = Mu(7) 2 d,
0
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for every s € [0, 1], where we used (1.2.2) and where C7, > 0 is a constant depending
only on R. Finally, Lemma 1.2.1 implies the first inequality of the thesis. Recalling
that s — M !(s) and s — M, (s) are absolutely continuous curves that solve
(1.2.17), repeating verbatim the same argument as above, we deduce the second

inequality of the thesis. O

We are now in position to prove the regularity result on the differential of the
end-point map.

PROPOSITION 1.2.9. Let us assume that the vector fields F1, ..., F} defining the
control system (1.1.6) are C*-regqular. Then, for every R > 0 there exists Ly > 0
such that, for every u,w € U satisfying ||u||2, ||w||2 < R, the following inequality
holds

D Pule) = DuPs(0)l < Ll o]l (1.2.31)
for every s € [0,1] and for every v € U.

PROOF. In virtue of Proposition 1.2.7, it is sufficient to prove that there exists

Ly > 0 such that
198w — GLullzz < Lrlfwl]z2 (1.2.32)
for every j = 1,...,n and for every u,w € U such that [[u|ze,[|lw]|2 < R,
where gl 1, 9), are defined as in (1.2.22). Let us consider u,w € U satisfying

llullp2, [|w||r2 < R. The inequality (1.2.32) will in turn follow if we show that
there exists a constant L > 0 such that

(Moo (8) M (F)F (@ (7)) = Mo ()M, (7)F (20(7)) ]2 < Liluwl]z, (12.33)

for every s € [0,1], for every 7 € [0,s] and for every u,w € U that satisfy
[lul|L2, ||w||r2 < R. Owing to Proposition 1.2.3 and (1.1.2), it follows that there
exists L; > 0 such that

|F(zutw(s)) = Fau(s))|2 < Lillwl]L2, (1.2.34)

for every s € [0,1] and for every u, w € U satisfying ||u|| 2, ||w||,2 < R. Using the
triangular inequality in (1.2.33), we compute

|Mu-i-w(S)MJ-&w(T)F(xu—&-w(T)) - Mu(s)Mu_l(T>F(xu(T))|2

< [ Myt (s) = Mu(s)2| u+w( 7) 2| F (2t (7))l2
+ [Mo(8)]2] My (7) = My (7) 2| B (2ug0(7)) |2
+ [M,(s)|2| M, (T)\z!F(%w(T)) F(zu(7))]2

for every s € [0,1] and for every 7 € [0,s]. Using (1.2.34), Lemma 1.2.5 and
Lemma 1.2.8 in the last inequality, we deduce that (1.2.33) holds. This concludes
the proof. |
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1.3. Second-order differential of the end-point map

In this subsection we study the second-order variation of the end-point map
P, : U — R" defined in (1.2.20). The main results reported here will be stated
in the case s = 1, which corresponds to the final evolution instant of the control
system (1.1.6). However, they can be extended (with minor adjustments) also in
the case s € (0,1). Similarly as done in Section 1.2, we show that, under proper
regularity assumptions on the controlled vector fields Fi,..., Fj, the end-point
map P, : U — R" is C%regular. Therefore, for every v € U we can consider
the second differential D2P; : U x U — R™, which turns out to be a bilinear and
symmetric operator. For every v € R", we provide a representation of the bilinear
form v-D2P, : U xU — R, and we prove that it is a compact self-adjoint operator.

Before proceeding, we introduce some notations. We define V := L*([0, 1], R™),
and we equip it with the usual Hilbert space structure. In order to avoid confusion,
in the present section we denote with || - ||z and || - || the norms of the Hilbert
spaces U and V), respectively. We use a similar convention for the respective scalar
products, too. Moreover, given an application R : U — V, for every u € U we use
the notation R[u] € V to denote the image of u through R. Then, for s € [0, 1], we
write R[u|(s) € R™ to refer to the value of (a representative of) the function R[u]
at the point s. More generally, we adopt this convention for every function-valued
operator.

It is convenient to introduce a linear operator that will be useful to derive the
expression of the second differential of the end-point map. Assuming that the
controlled fields F1, ..., F}, are C''-regular, for every v € U we define £, : U — V
as follows:

L,[v](s) ==y, (s) (1.3.1)
for every s € [0,1], where y¥ : [0,1] — R" is the curve introduced in Proposi-
tion 1.2.4 that solves the affine system (1.2.9). Recalling (1.2.18), we have that
the identity

L,[v](s) = /OS My (s)M; (7)) F(zy(7))v(T) dT (1.3.2)

holds for every s € [0, 1] and for every v € U, and this shows that £, is a linear
operator. Moreover, using the standard Hilbert space structure of & and of V,
for every u € U we can introduce the adjoint of £,, namely the linear operator
Ly 'V — U that satisfies

(L [w], vy = (Lu[v], w)y (1.3.3)
for every v € U and w € V.

REMARK 1.3.1. We recall a result in functional analysis concerning the norm
of the adjoint of a bounded linear operator. For further details, see [15, Re-
mark 2.16]. Given two Banach spaces Ei, Ey, let Z(E1, E) be the Banach space
of the bounded linear operators from FE; to Es, equipped with the norm induced
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by E; and E,. Let E}, E3 be the dual spaces of Ej, E,, respectively, and let
Z(E3, EY) be defined as above. Therefore, if A € Z(FE, Es), then the adjoint
operator satisfies A* € Z(E;5, EY), and the following identity holds:

A 2z5.60) = [|All 2(E1,E2)-

If Fy, E5 are Hilbert spaces, using the Riesz’s isometry it is possible to write A*
as an element of .Z(Fy, E), and the identity of the norms is still satisfied.

We now show that £, and L} are bounded and compact operators.

LEMMA 1.3.1. Let us assume that the vector fields Fi, ..., F} defining the con-
trol system (1.1.6) are C'-reqular. Then, for every u € U, the linear operators
L,:U—V and L :V — U defined, respectively, by (1.3.1) and (1.3.3) are

bounded and compact.

PrRoOOF. It is sufficient to prove the statement for the operator £, : U — V.
Indeed, if £, is bounded and compact, then £} : V — U is as well. Indeed, the
boundedness of the adjoint descends from Remark 1.3.1, while the compactness
from [15, Theorem 6.4]). Using Lemma 1.2.6 we obtain that, for every u € U,
there exists C' > 0 such that the following inequality holds

[Lu[v]llco < Clfvlfu, (1.3.4)

for every v € U. Recalling the continuous inclusion C°([0, 1], R") < V', we deduce
that £, is a continuous linear operator. In view of Theorem 1.1.1, in order to
prove that £, is compact, it is sufficient to prove that, for every u € U, there
exists C’" > 0 such that

ILu[olllar < o]l (1.3.5)
for every v € U. However, from the definition of £,[v] given in (1.3.1), it follows

that

L) = 20

for a.e. s € [0,1]. Therefore, from (1.2.9) and Lemma 1.2.6, we deduce that (1.3.5)
holds. 0

In the next result we study the local Lipschitz-continuity of the correspondence
u— L.

LEMMA 1.3.2. Let us assume that the vector fields Fi, ..., Fy defining the con-
trol system (1.1.6) are C*-regular. Then, for every R > 0 there exists Ly > 0 such
that

1 Lusw[v] = Lu[v]lly < Le[lwllul|v]l (1.3.6)
for every v € U and for every u,w € U such that ||u|y, ||w||lu < R.
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PROOF. Recalling the continuous inclusion C°([0,1],R™) < V), it is sufficient
to prove that for every R > 0 there exists Lr > 0 such that, for every s € [0, 1],
the following inequality is satisfied

|[Lurwlv)(s) = Lufv](s)]2 < Lillwlled 0]l (1.3.7)

for every v € U and for every u,w € U such that ||ully, ||w|ly < R. On the other
hand, (1.3.2) implies that

| Lurw[v](s) = Lulv](s)]2
/ | Mt (8) My oy (T)F (2o (7)) = Mu(8) M, H(T) F (20(7)) 20(7)]2 dr.

However, using Proposition 1.2.3, Lemma 1.2.5 and Lemma 1.2.8, we obtain that
there exists Ly > 0 such that

| Mo (8) My (7) F (2o (7)) — Mu(8) My (7) F (7)) ]2 < LilJw]lu

for every s, 7 € [0, 1] and for every u, w € U such that ||u||y, ||w|ly < R. Combining
the last two inequalities, we deduce that (1.3.7) holds. O

REMARK 1.3.2. From Lemma 1.3.2 and Remark 1.3.1 it follows that the cor-
respondence u — L7 is as well Lipschitz-continuous on the bounded sets of U.

If the vector fields FY, ..., F, are C?regular, we write 85;;1,...,88;’“ to de-
note their second differential. In the next result we investigate the second-order
variation of the solutions produced by the control system (1.1.6).

PROPOSITION 1.3.3. Let us assume that the vector fields F1, . .., F} defining the
control system (1.1.6) are C*-regular. For every u,v,w € U, for every ¢ € (0,1],
let yo, Yo cw : [0,1] = R™ be the solutions of (1.2.9) corresponding to the first-order
variation v and to the admissible controls u and u + ew, respectively. Therefore,
we have that

SUD | [Yoyew — Yo — €20 ||co = 0(€) as e = 0, (1.3.8)

o]l 2 <1

where z2™ : [0,1] — R™ is the solution of the following affine system:

100 =30 [0 P )+ w0 2Dy s

i=1 Ox v

* Z “i(s)%(%@), Yu () (1.3.10)
k

t ZW’S)W%“(S) (1.3.11)
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with z2"(0) = 0, and where y2,y? : [0,1] — R"™ are the solutions of (1.2.9)
corresponding to the admissible control u and to the first-order variations v and
w, respectively.

PROOF. The proof of this result follows using the same kind of techniques and
computations as in the proof of Proposition 1.2.4. O

REMARK 1.3.3. Similarly as done in (1.2.18) for the first-order variation, we
can express the solution of the affine system (1.3.9)-(1.3.11) through an integral
formula. Indeed, for every u,v,w € U, for every s € [0, 1] we have that

/M (iv )R x“ ))c [w](7) (1.3.12)

—|—Zw Ok m“ ))ﬁu[v](T) (1.3.13)

+ Z“ (T))(Cu[v] (T),Eu[w](T))> dr,
(1.3.14)

where we used the linear operator £, : Y — V defined in (1.3.1). From the
previous expression it follows that, for every u, v, w € U, the roles of v and w are
interchangeable, i.e., for every s € [0, 1] we have that 20" (s) = z%?(s). Moreover,
we observe that, for every s € [0,1] and for every u € U, z2"(s) is bilinear with
respect to v and w.

We are now in position to introduce the second differential of the end-point map
P, : U — R" defined in (1.2.20). In view of the applications in the forthcoming
sections, we shall focus on the case s = 1, i.e., we consider the map P, : / — R".

Before proceeding, for every u € U we define the symmetric and bilinear map
B, : U xU — R" as follows

B.(v,w) = z"(1). (1.3.15)

PROPOSITION 1.3.4. Let us assume that the vector fields Fy, ..., Fy defining
the control system (1.1.6) are C*-reqular. Let Py : U — R" be the end-point map
defined by (1.2.20), and, for every uw € U, let D, P, : U — R™ be its differential.
Then, the correspondence u — D, Py is Gateauz differentiable at every v € U,
namely

lim sup DurewPi(v) = DuFi(v) _ B.(v,w)| =0, (1.3.16)

e20 || 2<1 € 2

where By : U x U — R™ is the bilinear, symmetric and bounded operator defined
n (1.3.15).
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PROOF. In view of (1.2.23), for every u,v,w € U and for every ¢ € (0,1],
we have that D, P;(v) = yo(1) and DyiewPi(v) = vy, .,(1). Therefore, (1.3.16)
follows directly from (1.3.8) and from (1.3.15). The symmetry and the bilinearity
of B, : U xU — R™ descend from the observations in Remark 1.3.3. Finally, we
have to show that, for every u € U, there exists C' > 0 such that

|Bu(v, w)lz < Cllvl[2|[w]] 2

for every v, w € U. Recalling (1.3.15) and the integral expression (1.3.12)-(1.3.14),
the last inequality follows from the estimate (1.3.4), from Lemma 1.2.5, from
Proposition 1.2.2 and from the C?-regularity of Fy,. .., F}. U

In view of the previous result, for every u € U, we use D*P; : U x U — R" to
denote the second differential of the end-point map P, : Y — R™. Moreover, for
every u,v,w € U we have the following identities:

D2 P (v,w) = B,(v,w) = 22" (1). (1.3.17)

REMARK 1.3.4. Tt is possible to prove that the correspondence u + D2P; is
continuous. In particular, under the further assumption that the controlled vector
fields I, ..., Fy are C3-regular, the application u — D2 P is Lipschitz-continuous
on the bounded subsets of U. Indeed, taking into account (1.3.17) and (1.3.12)-
(1.3.14), this fact follows from Lemma 1.2.8, from Lemma 1.3.2 and from the
regularity of Fi, ..., Fj.

For every v € R"™ and for every u € U, we can consider the bilinear form
v-D:P U x U — R, which is defined as

v D2P(v,w) := (v, D2 P (v, w))gn. (1.3.18)

We conclude this section by showing that, using the scalar product of U, the bilin-
ear form defined in (1.3.18) can be represented as a self-adjoint compact operator.
Before proceeding, it is convenient to introduce two auxiliary linear operators. In
this part we assume that the vector fields Fi, ..., F, are C%regular. For every
u € U let us consider the application MY : U — V defined as follows:

e BR@)

v R 1 7 \Lu

MY [)(1) == <Mu(1)]\/[u (1) ;v (N —"%s v (1.3.19)
for a.e. 7 € [0, 1], where , : [0, 1] — R™ is the solution of (1.1.6) and M, : [0,1] —
R™™ is defined in (1.2.15). We recall that, for every i = 1,...,k and for every
y € R, % : R" x R" — R” is a symmetric and bilinear function. Hence,
for every i = 1,... k, for every u € U and for every 7 € [0, 1], we have that the
application

() = MM () D)
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is a symmetric and bilinear form on R™. Therefore, for every i = 1,..., k, for every
u € U and for every 7 € [0, 1], we introduce the symmetric matrix S’”(T) SN
that satisfies the identity

(527, mdse = v M (M () TP

for every n,m2 € R". We define the linear operator 8% : C°([0,1],R") — V as
follows:

Zu )% (Yo (r) (1.3.20)

for every v € C°([0,1],R™) and for a.e. 7 € [0, 1].
In the next result we prove that the linear operators introduced above are both
continuous.

LEMMA 1.3.5. Let us assume that the vector fields Fi, ..., F) defining the con-
trol system (1.1.6) are C*-reqular. Therefore, for everyu € U and for every v € R"
the linear operators M* :U —V and S* : C°([0,1],R™) — V defined, respectively,
n (1.3.19) and (1.3.20) are continuous.

PROOF. Let us start with M? : U/ — V. Using Lemma 1.2.5 and (1.1.4), we
immediately deduce that there exists C; > 0 such that

MLl < Chlfvlfu
for every v € U. As regards 8" : C°([0,1],R") — V, from (1.3.20) we deduce that

|S¥[v) () (Du )ISZE ()2 ) |v]]co

for every v € U and for a.e. 7 € [0,1]. Moreover, from Lemma 1.2.5, from
Lemma 1.2.2 and the regularity of Fi,..., Fj, we deduce that there exists C’ > 0
such that

S (T)2 < C

for every 7 € [0,1]. Combining the last two inequalities and recalling that u €
U = L*([0,1],R*), we deduce that the linear operator 8% : C°([0,1],R") — V is
continuous. 0

We are now in position to represent the bilinear form v - D2P, : U x U — R
through the scalar product of #. Indeed, recalling (1.3.18) and (1.3.17), from
(1.3.12)-(1.3.14) for every u € U we obtain that

v+ DyPi(v,w) = (M[v], Lo[wl)y + (M [w], Lu[v])y + (SyLu[v], La[w])y
= (L M[v], why + (M) Lufv], wiu + (L£,8; Luv], w)u

for every v,w € U, where (M¥)* : V — U is the adjoint of the linear operator
MY U — V. Recalling Remark 1.3.1, we have that (MY)* is a bounded linear

u
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operator. This shows that the bilinear form v-D2P; : UxU — R can be represented
by the linear operator N : U — U, i.e.,

v D2P(v,w) = (NY[v], w)y (1.3.21)

u

for every v, w € U, where
N = LM+ (M) Lo+ LS, L. (1.3.22)

We conclude this section by proving that N : U — U is a bounded, compact and
self-adjoint operator.

PROPOSITION 1.3.6. Let us assume that the vector fields Fy, ..., Fy defining
the control system (1.1.6) are C*-regular. For every u € U and for every v € R™,
let NV : U — U be the linear operator that represents the bilinear form v - D2 Py :
U xU — R through the identity (1.3.21). Then N is continuous, compact and
self-adjoint.

PrOOF. We observe that the term £XM} 4+ (MY)*L, at the right-hand side
of (1.3.22) is continuous, since it is obtained as the sum and the composition of
continuous linear operators, as shown in Lemma 1.3.1 and Lemma 1.3.5. Moreover,
it is also compact, since both £, and L are, in virtue of Lemma 1.3.1. Finally,
the fact that £; M} 4+ (MY)*L, is self-adjoint is immediate. Let us consider the
last term at the right-hand side of (1.3.22), i.e., £L;SyL,. We first observe that
SYL, : U — V is continuous, owing to Lemma 1.3.5 and the inequality (1.3.4).
Recalling that £ : V — U is compact, the composition £;S/L, : U — U is
compact as well. Once again, the operator is clearly self-adjoint. 0

1.4. Stability of trajectories with weakly convergent controls

We conclude this chapter by proving that the solutions of (1.1.6) corresponding
to weakly convergent controls are C%-convergent. Namely, we consider zq € R"
and a L?-weakly convergent sequence of controls (u;,),>1 C U, and we study
the convergence of the trajectories (z,,)m>1, where, for every m > 1, the curve
Zm ¢ [0,1] — R™ is the solution of the Cauchy problem (1.1.6) corresponding to
the admissible control u,, and satisfying z,,(0) = x.

PROPOSITION 1.4.1. Let us assume that the vector fields FY, ..., F} defining
the control system (1.1.6) satisfy the Lipschitz-continuity condition (1.1.2). Let
(Um)m>1 C U be a sequence such that u,, —r2 usx as m — oo. For every m €
NU{oo}, let x,, : [0, 1] — R™ be the solution of (1.1.6) corresponding to the control
Up,. Then, we have that

lim ||z, — Zsl|co = 0.
m—r0o0

PROOF. Being the sequence (u,)m>1 weakly convergent, we deduce that there
exists R > 0 such that ||u,,||z2 < R for every m > 1. The estimate established in
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Lemma 1.2.2 implies that there exists Cr > 0 such that
|z llco < Ch, (1.4.1)

for every m > 1. Moreover, using the sub-linear growth inequality (1.1.3), we have
that there exists C' > 0 such that

k k

[ ($)]2 < Y [Fi(m(s)|2ludy ()] < C(L+ Cr) Y [ty ()],

=1 =1
for a.e. s € [0,1]. Then, recalling that ||u,||zz < R for every m > 1, we deduce
that

l|Zm||lr2 < C(1+ Cr)kR (1.4.2)

for every m > 1. Combining (1.4.1) and (1.4.2), we obtain that the sequence
(T )m>1 18 pre-compact with respect to the weak topology of H'([0,1],R"). Our
goal is to prove that the set of the H'-weak limiting points of the sequence (z,,)m>1
coincides with {z}, i.e., that the whole sequence x,, =1 7o, as m — oco. Let
& € H'Y([0,1],R") be any H'-weak limiting point of the sequence (z,,)m>1, and
let (2,)r>1 be a sub-sequence such that z,,, =1 T as ¢ — oco. Recalling (1.1.9)
in Theorem 1.1.1, we have that the inclusion H*([0,1],R™) < C°([0,1],R") is
compact, and this implies that
Tm, —7C0 T (143)

as { — oo. From (1.4.3) and the assumption (1.1.2), for every i = 1,...,k it
follows that

| Fi(@m,) — Fi(2)|lco — 0 (1.4.4)
as ¢ — oo. Let us consider a smooth and compactly supported test function
¢ € C=(]0,1],R™). Therefore, recalling that x,,, is the solution of the Cauchy
problem (1.1.6) corresponding to the control u,,, € U, we have that

[ ands) oty ds = =3 [ (B (o)) - 009) i, (5

for every ¢ > 1. Thus, passing to the limit as ¢ — oo in the previous identity, we
obtain

| a-ias == [ (Ree)- o) @ (149

Indeed, the convergence of the right-hand side is guaranteed by (1.4.3). On the
other hand, for every j =1,... k, from (1.4.4) we deduce the strong convergence
Fi(Tpm,) ¢ —12 Fi(Z)-¢ as € — oo, while v}, —p» ul, as £ — oo by the hypothesis.
Finally, observing that (1.4.3) gives Z(0) = xo, we deduce that

{:é@) = F(i(s))use(s), fora.e. s€[0,1],
f(O) = Xy,



1.4. STABILITY OF TRAJECTORIES WITH WEAKLY CONVERGENT CONTROLS 31

that implies & = x,. This argument shows that x,, =y T, as m — oo. Finally,
the thesis follows using again the compact inclusion (1.1.9). O






CHAPTER 2

Gradient flow for optimal control problems with end-point
cost

In this chapter we study the gradient flows associated to optimal control prob-
lems of linear-control systems with end-point cost and with a L2-squared penal-
ization on the controls. In particular, we shall derive the gradient field induced
by F on the its domain, i.e., the Hilbert space U, and we show that the gradient
flow equation is well posed. The main result of the Chapter is Theorem 2.5.3,
where we prove a convergence result for the trajectories of the gradient flow with
Sobolev-regular initial datum.

2.1. Existence of minimizers

Using the same notations as in Chapter 1, let =, : [0,1] — R" be the solution
of the Cauchy problem

{xu(s) = F(xy(s))u(s) for a.e. s €0,1],

o.(0) = 20, (2.1.1)

where F' = (F,..., F}y) : R® — R™* gatisfies the Lipschitz-continuity condition
(1.1.2), zo € R" is prescribed, and u € U := L*([0,1],R¥). In the present chapter
we study the functional F : U — R, defined for every u € U as follows:

p
2
where a : R® — R, is a non-negative C'-regular function, 8 > 0 is a positive
constant, and x, : [0,1] — R™ is the solution of (2.1.1) corresponding to the
control wu.

We first address the question of the existence of minimizers of the functional
F :U — Ry defined in (2.1.2).

F(u) = a(z,(1)) + =||ul[32, (2.1.2)

PROPOSITION 2.1.1. Let us assume that the vector fields Fi, ..., Fy defining
the control system (2.1.1) satisfy the Lipschitz-continuity condition (1.1.2), and
let F:U — R, be the functional defined in (2.1.2). Then there exists u € U such
that

F(a) = ilelzgf(u)
33
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PrOOF. We prove the existence of minimizers by means of the direct method
of calculus of variations (see, e.g., [24, Theorem 3.15]). Equipping & with the
weak topology, it is sufficient to prove that the sub-levels of F are pre-compact,
and that it is sequentially lower semi-continuous. For every M > 0 we have

{ueU | F(u) <M} c{uel||lullz. <2M/B},

where we used the fact that the end-point cost a : R" — R, is non-negative.
The last inclusion shows the pre-compactness of the sub-levels of F. As regards
the lower semi-continuity, let us consider a sequence (uy,)men C U such that
Um —L2 Us. For every m € NU {oo}, let z,, : [0,1] — R™ be the solution of
(2.1.1) corresponding to the admissible control w,,. Using Proposition 1.4.1, we
deduce the convergence of the terminal points of the trajectories, namely that
Tm (1) = Too(1) as m — oo. In virtue

of the end-point cost a : R* — R, we obtain that

7rlLl~I>réo a(xm (1)) = a(xso(1)). (2.1.3)

Recalling that the L?-norm is lower semi-continuous with respect to the weak
convergence, we have

F(too) < liminf F(uy,),

m— 00

and this concludes the proof. O

As well as in the finite-dimensional case, the study of the gradient flow induced
by F on its domain is motivated by the problem of finding a minimizer. In the
next section we detail the derivation of the gradient field, and we prove that the
gradient flow equation is well-posed.

2.2. Gradient flow: well-posedness and global definition

We consider the functional F : U — R, defined as in (2.1.2). In this section
we want to study the gradient flow induced by the functional F on the Hilbert
space U. In particular, we establish a result that guarantees existence, uniqueness
and global definition of the solutions of the gradient flow equation associated to
F. In this section we adopt the approach of the monograph [33], where the theory
of ODEs in Banach spaces is developed.

We start from the notion of differentiable curve in U4. We stress that in the
present Thesis the time variable ¢ is exclusively employed for curves taking values
in Y. In particular, we recall that we use s € [0, 1] to denote the time variable only
in the control system (1.1.6) and in the related objects (e.g., admissible controls,
controlled trajectories, etc.). Given a curve U : (a,b) — U, we say that it is
(strongly) differentiable at ¢y € (a,b) if there exists u € U such that

Ut_Uto
t— 1t

lim —
t—to

— 0. (2.2.1)
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In this case, we use the notation 9,U;, := u. In the present section we study the
well-posedness in U of the evolution equation

{atUt — —g[Uy,

2.2.2
UO = Uop, ( )

where G : U — U is the representation of the differential dF : U — U* through
the Riesz isomorphism, i.e.,

(Glu], v) 2 = d, F(v) (2.2.3)

for every u,v € U. More precisely, for every initial datum ug € U we prove that
there exists a curve t — U, that solves (2.2.2), that it is unique and that it is
defined for every t > 0.

We first show that d,F can be actually represented as an element of U, for
every u € U. We immediately observe that this problem reduces to study the
differential of the end-point cost, i.e., the functional £ : U — R, defined as

E(u) = a(z,(1)), (2.2.4)

where x,, : [0,1] — R" is the solution of (1.1.6) corresponding to the admissible
control u € Y.

LEMMA 2.2.1. Let us assume that the vector fields Fi, ..., Fy defining the con-
trol system (1.1.6) are C'-regular, as well as the function a : R™ — R, designing
the end-point cost. Then the functional € : U — Ry is Gateauz differentiable
at every u € U. Moreover, using the Riesz’s isomorphism, for every u € U the
differential d,£ : U — R can be represented as follows:

ae)= [ 3 (5t i) ar 229

for every v € U, where, for every 7 =1,...,n, the function giu € U s defined as
in (1.2.22).

PROOF. We observe that the functional £ : i/ — R, is defined as the compo-

sition
E=ao Pl)

where P, : U — R™ is the end-point map defined in (1.2.20). Proposition 1.2.4

guarantees that the end-point map P, is Gateaux differentiable at every u € U.

Recalling that a : R® — R, is assumed to be C'', we deduce that, for every u € U,

£ is Gateaux differentiable at v and that, for every v € U, the following identity
holds:

B " Qa(z,(1)) y

d,E(v) = ]Zl 5o DuPl(v), (2.2.6)

where z,, : [0, 1] — R" is the solution of (1.1.6) corresponding to the control u € U.

Recalling that D, Pl,..., D, P : U — R are linear and continuous functionals for
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every u € U (see Proposition 1.2.7), from (2.2.6) we deduce that d,€ : U — R is
as well. Finally, from (1.2.21) we obtain (2.2.5). O

REMARK 2.2.1. Similarly as done in Remark 1.2.1, we can provide a uniform
estimate of the norm of d,& when u varies on a bounded set. Indeed, recalling
Lemma 1.2.2 and the fact that a : R* — R, is Cl-regular, for every R > 0 there
exists C; > 0 such that
da(r.(1))

oxJ
for every j = 1,...,n and for every u € U such that ||u||;2 < R. Combining the
last inequality with (2.2.6) and (1.2.24), we deduce that there exists Cr > 0 such
that for every ||ul|z2 < R the estimate

A, E ()]s < Crllv]| 12 (2.2.7)

<

holds for every v € U.

REMARK 2.2.2. We observe that, for every u,v € U, we can rewrite (2.2.5) as
follows

d,E(v) = /0 (FT(2u(T)AL(7), () )y, dr, (2.2.8)

where A, : [0,1] — (R™)* is an absolutely continuous curve defined for every
s € [0,1] by the relation

Mu(8) = Va(z, (1)) - M,(1)M; ' (s), (2.2.9)

where M, : [0,1] — R™" is defined as in (1.2.15), and Va(x,(1)) is understood

as a row vector. Recalling that s ~ M !(s) solves (1.2.17), it turns out that
s+ Ay(s) is the solution of the following linear Cauchy problem:

Au(8) = =Nu(s )ZEkll (ui(S)%ﬁ(S”) for a.e. s € 0.1, (2.2.10)

Au(1) = Va(z,(1)).

(
Finally, (2.2.8) implies that, for every u € U, we can represent d,£ with the
function A, : [0,1] — RF deﬁned as

hu(s) := FT(2,(s)) N (s) (2.2.11)

for a.e. s € [0,1]. We observe that (2.2.7) and the Riesz’s isometry imply that for
every R > 0 there exists C'r > 0 such that

|hullz2 < Cr (2.2.12)

for every u € U such that ||u||;2 < R. We further underline that the representation
hy : [0,1] — R¥ of the differential d,€ is actually absolutely continuous, similarly
as observed in Remark 1.2.2 for the representations of the components of the
differential of the end-point map.
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Under the assumption that the controlled vector fields Fi, ..., F} and the func-
tion a : R® — R, are C?-regular, we can show that the differential v +— d,& is
Lipschitz-continuous on bounded sets.

LEMMA 2.2.2. Let us assume that the vector fields Fi, ..., Fy defining the con-
trol system (1.1.6) are C*-regular, as well as the function a : R™ — R, designing
the end-point cost. Then, for every R > 0 there exists Lg > 0 such that

|| hutw — hullzz < Lrl||lwl|z2 (2.2.13)

for every u,w € U satisfying ||u||rz, ||w||r2 < R, where hyiw, hy are the represen-
tations, respectively, of d,+,€ and d,& provided by (2.2.11).

PROOF. Let us consider R > 0. In virtue of (2.2.5), it is sufficient to prove
that there exists Lp > 0 such that

8a<xu+w(1)) j 8@(:@(1)) j
T ow DT Ty 9| < Lg||w]|.2 (2.2.14)
for every j = 1,...,n and for every u,w € U such that ||ul|re,|lw||zz < R.

Lemma 1.2.2 implies that there exists a compact set Kz C R™ depending only on
R such that x,(1), 241, (1) € Kg for every u,w € U satisfying ||ul|zz, ||w]|z2 < R.
Recalling that a : R® — R, is assumed to be C*-regular, we deduce that there
exists L; > 0 such that

‘364(211) _ alys)

< Liplyr — yal2
2

oxI oxJ

for every y1,y2 € Kg. Moreover, combining the previous inequality with (1.2.4),
we deduce that there exists Ly, > 0 such that

0a(Tuyw(1))  Oa(w,(1)) )

o g 2 < Lpl|wl| 2 (2.2.15)
for every u, w € U satisfying ||u||r2, ||w||r2 < R. On the other hand, using (1.2.32),
we have that there exists L% > 0 such that

ot = 9l 12 < LRIl 22 (2.2.16)
for every u,w € U satisfying ||u||zz, ||w||z2 < R. Combining (2.2.15) and (2.2.16),
and recalling (1.2.25), the triangular inequality yields (2.2.14). O

REMARK 2.2.3. In Lemma 2.2.1 we have computed the Gateaux differential
d,€ of the functional £ : Y — R. The continuity of the map u — d,€ implies
that the Gateaux differential coincides with the Fréchet differential (see, e.g., [9,
Theorem 1.9]).

Using Lemma 2.2.1 and Remark 2.2.2, we can provide an expression for the
representation map G : U — U defined in (2.2.3). Indeed, we have that

Glu] = hy + Bu, (2.2.17)
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where h,, : [0,1] — R* is defined in (2.2.11). Before proving that the solution of
the gradient flow (2.2.2) exists and is globally defined, we report the statement
of a local existence and uniqueness result for the solution of ODEs in infinite-
dimensional spaces.

THEOREM 2.2.3. Let (E,||-||g) be a Banach space, and, for every ug € E and
R >0, let Br(ug) be the set
Br(up) :={u € E: |Jlu—wl|g < R}.
Let K : E — E be a continuous map such that

(i) [IKlu]||g < M for every u € Bgr(ug);
(ii) [[Klur] = Klug||g < Ll[ur — ug||g for every uy,us € Br(uo)-

For every ty € R, let us consider the following Cauchy problem:

U, = KU,
U = KU, (2.2.18)
Uto = Ug-
Then, setting o = %, the equation (2.2.18) admits a unique and continuously

differentiable solution t — Uy, which is defined for every t € T := [ty — a, tg +
and satisfies Uy € Br(ug) for everyt € I.

PROOF. This result descends directly from [33, Theorem 5.1.1]. O

In the following result we show that, whenever it exists, any solution of (2.2.2)
is bounded with respect to the L?-norm.

LEMMA 2.2.4. Let us assume that the vector fields Fy, ..., Fy defining the con-
trol system (1.1.6) are C*-regular, as well as the function a : R™ — R, designing
the end-point cost. For every initial datum uy € U, let U : [0,a)) — U be a contin-
uously differentiable solution of the Cauchy problem (2.2.2). Therefore, for every
R > 0 there exists Cr > 0 such that, if ||uo||rz < R, then

|Utl[r2 < Cr
for every t € [0, ).

PROOF. Recalling (2.2.2) and using the fact that both 7 : U/ — R, and t — U,

are differentiable, we observe that
d
%-F(Ut) — dUtf(atUt) - <Q[Ut],3tUt>L2 == —HatUtH%Q S 0 (2219)

for every t € [0, «), and this immediately implies that
F(Uy) < F(Uo)

for every t € [0,«). Moreover, from the definition of the functional F given
in (2.1.2) and recalling that the end-point term is non-negative, it follows that
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slull32 < F(u)/B for every u € U. Therefore, combining these facts, if [|ug||r2 <
R, we deduce that

1 1 1 1

U5 < = sup Flug) € —=R*+ = sup  alxy,(1))

2 - 8 luoll 2 <R 26 B luoll 2 <R ’
for every t € [0, ). Finally, using Lemma 1.2.2 and the continuity of a : R” — R,
we deduce the thesis. O

We are now in position to prove that the gradient flow equation (2.2.2) admits
a unique and globally defined solution.

THEOREM 2.2.5. Let us assume that the vector fields Fi, ..., Fy defining the
control system (1.1.6) are C?-reqular, as well as the function a : R* — R, de-
signing the end-point cost. For every ug € U, let us consider the Cauchy problem
(2.2.2) with initial datum Uy = ug. Then, (2.2.2) admits a unique, globally defined
and continuously differentiable solution U : [0, 4+00) — U.

PROOF. Let us fix the initial datum g € U, and let us set R := ||ug||p2. Let
Cr > 0 be the constant provided by Lemma 2.2.4. Let us introduce R’ := Cr + 1
and let us consider

Br(0) :={u el : ||lul|lz < R'}.
We observe that, for every u € U such that ||u|| 2 < Cgr, we have that
Bl(ﬂ) C BR/(O), (2.2.20)

where Bi(u) := {u € U : ||lu — ul|z2 < 1}. Recalling that the vector field that
generates the gradient flow (2.2.2) has the form G[u] = h, + Su for every u € U,
from (2.2.12) we deduce that there exists Mg > 0 such that

1G[u]llr2 < Mp (2.2.21)
for every u € Br/(0). On the other hand, Lemma 2.2.2 implies that there exists
Lgr > 0 such that

1G[ur] = Glualllr2 < Lpllur — ual|r2 (2.2.22)
for every uj,us € Br/(0). Recalling the inclusion (2.2.20), (2.2.21)-(2.2.22) guar-
antee that the hypotheses of Theorem 2.2.3 are satisfied in the ball Bi(u), for
every @ satisfying ||u||z2 < Cg. This implies that, for every ¢y, € R, the evolution
equation

Uy = —G|U,
{ e Glui) (2.2.23)
Uto = u,
admits a unique and continuously differentiable solution defined in the interval
[to — a,to + ], where we set a := MLR, In particular, if we choose tg = 0 and

u = up in (2.2.23), we deduce that the gradient flow equation (2.2.2) with initial
datum Uy = uy admits a unique and continuously differentiable solution ¢ — U,
defined in the interval [0, a]. We shall now prove that we can extend this local
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solution to every positive time. In virtue of Lemma 2.2.4, we obtain that the local
solution ¢ — U, satisfies
Utz < Cr (2.2.24)

for every t € [0,a]. Therefore, if we set tg = § and 4 = Us in (2.2.23), recalling
that, if ||a|| 2 < Cg, then (2.2.23) admits a unique solution defined in [tg—a, to+a,
it turns out that the curve t — U, that solves (2.2.2) with Cauchy datum Uy = uy
can be uniquely defined for every ¢ € [0, %a]. Since Lemma 2.2.4 guarantees that
(2.2.24) holds whenever the solution ¢ — U, exists, we can repeat recursively the
argument and we can extend the domain of the solution to the whole half-line

[0, +00). 0

We observe that Theorem 2.2.3 suggests that the solution of the gradient flow
equation (2.2.2) could be defined also for negative times. In the following result
we investigate this fact.

COROLLARY 2.2.6. Under the same assumptions of Theorem 2.2.5, for every
Ry > Ry > 0, there exists o > 0 such that, if ||ug||r2 < Ry, then the solution
t — U, of the Cauchy problem (2.2.2) with initial datum Uy = ug is defined for
every t € [—a, +00). Moreover, ||Uy||r2 < Ry for every t € [—a,0].

PROOF. The fact that the solutions are defined for every positive time descends
from Theorem 2.2.5. Recalling the expression of G : U — U provided by (2.2.17),
from (2.2.12) it follows that, for every Ry > 0, there exists Mpg, such that

|G1ull| L2 < M,

for every uw € Bg,(0) := {u € U : ||u]|zz < Ry}. On the other hand, in virtue of
Lemma 2.2.2, we deduce that there exists Lp, such that

[|Glur] — Glual||L2 < Lg,|lur — ugl|r2

for every uy,us € Bg,(0). We further observe that, for every uy € U such that
l|uol|z2 < Ry, we have the inclusion Br(ug) :={u € U : ||u — ug|| < R} C Bg,(0),
where we set R := Ry — R;. Therefore, the previous inequalities guarantee that
the hypotheses of Theorem 2.2.3 are satisfied in Bg(ug), whenever ||ug||2 < Rj.
Finally, in virtue of Theorem 2.2.3 and the inclusion Bg(uy) C Bg,(0), we obtain
the thesis with
R R
a = P

2

2.3. Pre-compactness of gradient flow trajectories

In Section 2.2 we considered the F : U — R, defined in (2.1.2) and we proved
that the gradient flow equation (2.2.2) induced on ¢ by F admits a unique solution
U :[0,400) — U, for every Cauchy datum Uy = ug € U. The aim of the present
section is to investigate the pre-compactness in U of the gradient flow trajectories
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t — U;. In order to do that, we first show that, under suitable regularity assump-
tions on the vector fields Fi, ..., Fj and on the function a : R® — R, for every
t > 0 the value of the solution U; € U has the same Sobolev regularity as the initial
datum ug. The key-fact is that, when F},..., F} are C"-regular with » > 2 and
a:R" — R, is of class C?, the map G : H™([0, 1], R*) — H™([0, 1], R¥) is locally
Lipschitz continuous, for every non-negative integer m < r — 1. This implies that
the gradient flow equation (2.2.2) can be studied as an evolution equation in the
Hilbert space H™([0, 1], R¥).
The following result concerns the curve A, : [0,1] — (R")* defined in (2.2.9).

LEMMA 2.3.1. Let us assume that the vector fields Fi, ..., F} defining the con-
trol system (1.1.6) are C*-regular, as well as the function a : R® — R, designing
the end-point cost. For every R > 0, there exists Cr > 0 such that, for every
u € U satisfying ||ul|zz < R, the following inequality holds

[ Aullco < Ch, (2.3.1)

where the curve A\, : [0,1] — (R™)* is defined as in (2.2.9). Moreover, for every
R > 0, there exists Lr > 0 such that, for every u,w € U satisfying ||ul|zz, ||w]|2 <
R, for the corresponding curves Ay, Ayt @ [0,1] — (R™)* the following inequality
holds:

[Auwtw = Aullco < Lallwl]r2. (2.3.2)
PROOF. Recalling the definition of A, given in (2.2.9), we have that
Aul(8)l2 < [Va(z (1)) 12| Mo (1) ]2 M, (5)]2

for every s € [0, 1], where z, : [0,1] — R™ is solution of (1.1.6) corresponding
to the control v € Y. Lemma 1.2.2 implies that there exists C; > 0 such that
|Va(z,(1))|s < Cf for every u € U such that ||u||r2 < R. Combining this with
(1.2.16), we deduce (2.3.1).

To prove (2.3.2) we first observe that the C%-regularity of a : R® — R, and
Proposition 1.2.3 imply that, for every R > 0, there exists Ly > 0 such that

IVa(2uiw(1)) = Va(zu(1))]2 < Lpllwl|r2

for every u,w € U such that ||u||z, ||w||rz < R. Therefore, recalling (1.2.16) and
(1.2.26)-(1.2.27), we deduce (2.3.2) by applying the triangular inequality to the
identity

At (8) = Au(s)]2 = \Va(xuﬂ,(l))-Mu+w(1)1\/[;:w(s) —Va(x, (1)) M,(1)M; ()]
for every s € [0, 1]. O

We recall the notion of Lie bracket of vector fields. Let G!,G? : R* — R"
be two vector fields such that G' € C™(R",R") and G* € C™(R",R"), with
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r1,79 > 1, and let us set r := min(ry,r9). Then the Lie bracket of G* and G? is
the vector field [G!, G?] : R™ — R™ defined as follows:

~0G*(y) G (y)
- Oz Gy) - ox

We observe that [GY, G?] € C""}(R™,R"). In the following result we establish some
estimates for vector fields obtained via iterated Lie brackets.

(G, G?](y) G*(y).

LEMMA 2.3.2. Let us assume that the vector fields Fi, ..., F) defining the con-
trol system (1.1.6) are C™-regular, with m > 2. For every compact K C R™, there
exist C' > 0 and L > 0 such that, for every j1,...,jm = 1,...,k, the vector field

G o= [F [ B, [F, 0] ] - R = RY
satisfies the following inequalities:
G(z)l < C (2.3.3)
for every x € K, and
G(x) — G(y)|2 < Lz — yl2 (2.3.4)

for every x,y € K.

PROOF. The thesis follows immediately from the fact that the vector field G
is C''-regular. O

The next result is the cornerstone this section. It concerns the regularity of the
function A, : [0,1] — R* introduced in (2.2.11). We recall that, for every u € U,
h, is the representation of the differential d,& through the scalar product of U,
where the functional £ : Y — R, is defined as in (2.2.4). We recall the convention
H°([0,1], R*) = L*([0, 1], RF) = U.

LEMMA 2.3.3. Let us assume that the vector fields Fi, ..., Fy defining the con-
trol system (1.1.6) are C"-reqular with v > 2, and that the function a : R" — R
designing the end-point cost is C?-reqular. For every u € U, let h, : [0,1] — R* be
the representation of the differential d,€ : U — R provided by (2.2.11). For every
integer 1 <m <r —1, if u € H™([0,1],R¥) C U, then h, € H™([0, 1], R*).

Moreover, for every integer 1 < m < r—1, for every R > 0 there exist C} > 0
and L'y > 0 such that

hullm < CF (2.3.5)
for every u € H™ ([0, 1], R¥) such that ||u||gm-1 < R, and
Pusw — Pl | rm < L] |w]||gm—1 (2.3.6)

for every u,w € H™ ([0, 1], R¥) such that ||u||gm-1, ||w||gm-1 < R.

Proor. It is sufficient to prove the thesis in the case m = r — 1, for every
integer r > 2. When r = 2, m = 1, we have to prove that, for every u € U, the



2.3. PRE-COMPACTNESS OF GRADIENT FLOW TRAJECTORIES 43

function h, : [0,1] — R¥ is in H'. Recalling (2.2.11), we have that, for every
j=1,...,k, the j-th component of A, is given by the product

W (s) = Au(s) - F(zu(s))
for every s € [0, 1], where A, : [0,1] — (R™)* was defined in (2.2.9). Since both
s+ Au(s) and s — Fj(z,(s)) are in H', then their product is in H' as well (see,

e.g., [15, Corollary 8.10]). Therefore, since A, : [0,1] — (R™)* solves (2.2.10), we
can compute

k
W (s) = Nu(8) = Y [Fy, Fyla,(syu'(s) (2.3.7)
i=1
for every j = 1,...,k and for a.e. s € [0,1]. In virtue of (2.3.1), (1.2.3) and
(2.3.3), for every R > 0, there exists C; > 0 such that
[1,(s)] < Cplu(s)|y

for a.e. s € [0,1], for every j =1,...,k and for every u € U such that ||ul|,2 < R.
Recalling (1.2.2), we deduce that

174122 < VECEl[ul| 2 (2.3.8)

for every j = 1,...,k and for every u € U such that ||u||,2 < R. Finally, using
(2.2.12), we obtain that (2.3.5) holds for r = 2, m = 1. To prove (2.3.6), we observe
that, for every j = 1,...,k and for every u,w € U we have

"(s) +w'(s)]

k
() = )] < Phura) = Mal5)lz D |[Frs Bt
=1

k
a3l Y [IFs Filewato) = (B Fileuo] Ju(5) + w(s)
=1

‘(s)]

k
a3l Y [[F Fileto
=1

for a.e. s € [0,1]. In virtue of Lemma 2.3.1, Lemma 1.2.2, Proposition 1.2.3 and
Lemma 2.3.2, for every R > 0 there exist L, > 0 and C'; > 0 such that for every
Jg=1,...,k the inequality

[Pl (s) = il (5)] < Lillwl|z2|u(s) + w(s)[1 + Cxlw(s)h

holds for a.e. s € [0, 1] and for every u, w € U satisfying ||u||zz2, ||w||zz < R. Using
(1.2.2), the previous inequality implies that there exists L, > 0 such that

Hh —hl Mz < Lyl|wl|ze (2.3.9)

for every u,w € U such that ||u||zz,||w||r2 < R. Recalling (2.2.13), we conclude
that (2.3.6) holds for r =2, m = 1.

u+w
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For r = 3, m = 2, we have to prove that, for every u € H'([0, 1], R¥), the func-
tion h, belongs to H2([0,1],R¥). This follows if we show that h, € H'([0, 1], R¥)
for for every u € H'([0,1], R¥). Using the identity (2.3.7), we deduce that, when-
ever u € H'([0,1],R¥), hi is the product of three H'-regular functions, for every
j = 1,...,k. Therefore, using again [15, Corollary 8.10], we deduce that hﬁ is
H'-regular as well. From (2.3.7), for every j = 1, ...,k we have that

k k
R (s) = Au(s) - Z [Fis [Foys Fillaasyu ($)u(s) + Au(s) - Z[Fiu Fjla, s (s)
i1,i2=1 i1=1
for a.e. s € [0,1]. Using Lemma 2.3.1, Lemma 1.2.2, Lemma 2.3.2, and recalling
Theorem 1.1.1, we obtain that, for every R > 0 there exist C', C% > 0 such that

[172,(s)ll2 < O + Cllils)| 2 (2.3.10)

for a.e. s € [0,1], for every j = 1,...,k and for every u € H'([0, 1], R¥) such that
||u||gr < R. Therefore, combining (2.2.12), (2.3.8) and (2.3.10), the inequality
(2.3.5) follows for the case r = 3,m = 2. In view of (2.2.13) and (2.3.9), in order
to prove (2.3.6) for r = 3, m = 2 it is sufficient to show that, for every R > 0 there
exists L > 0 such that

1P = hil 2 < Liglw]| (2.3.11)

u+w

for every u,w € H'([0,1],R¥) such that ||ul|s, ||w]|;n < R. The inequality
(2.3.11) can be deduced with an argument based on the triangular inequality,
similarly as done in the case r =2, m = 1.

The same strategy works for every r > 4. 0

The main consequence of Lemma 2.3.3 is that, when the map G : Y — U defined
in (2.2.17) is restricted to H™([0, 1],R¥), the restriction G : H™([0,1],R*) —
H™([0, 1], R*) is bounded and Lipschitz continuous on bounded sets.

PROPOSITION 2.3.4. Let us assume that the vector fields F1, ..., F} defining the
control system (1.1.6) are C"-regular with r > 2, and that the function a : R™ — R
designing the end-point cost is C*-reqular. For every 3 >0, let G : U — U be the
representation map defined in (2.2.3). Then, for every integer 1 < m <r —1, we
have that

G(H™([0,1],R¥)) c H™([0,1], R).
Moreover, for every integer 1 < m < r—1 and for every R > 0 there exists C}} > 0
such that

1G]l < CF (2.3.12)

for every u € H™([0,1], R¥) such that ||u||g= < R, and there exists L'? > 0 such
that

1G[u + w] = Glu]|am < L[|w]|]am (2.3.13)
for every u,w € H™([0, 1], R*) such that ||u||gm,||w||g= < R.
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PRrROOF. Recalling that for every u € U we have
Glu] = hy + Bu,
the thesis follows directly from Lemma 2.3.3. O

Proposition 2.3.4 suggests that, when the vector fields Fi, ..., Fy are C"-regular
with r > 2, we can restrict the gradient flow equation (2.2.2) to the Hilbert spaces
H™([0,1],R¥), for every integer 1 < m < r — 1. Namely, for every integer 1 <
m < r— 1, we shall introduce the application G, : H™([0, 1], R*) — H™([0, 1], R¥)
defined as the restriction of G : U — U to H™, i.e.,

Gm = Glam. (2.3.14)

For every integer m > 1, given a curve U : (a,b) — H™([0, 1], R¥), we say that it
is (strongly) differentiable at ty € (a, b) if there exists u € H™([0, 1], R*) such that

U — Uy

lim —u = 0. (2.3.15)
t—to t— 1o m
In this case, we use the notation 0;U;, := u. For every ¢/ = 1,...,m and for

every t € (a,b), we shall write Ul e H™*([0,1], R¥) to denote the (-th Sobolev
derivative of the function Uy : s — Uy(s), i.e.,

/0 (UL(s), 60 () ds = (—1)" / (U (s), () ds

for every ¢ € C°([0,1],R¥). Tt is important to observe that, for every order of
derivation £ =1,...,m, (2.3.15) implies that

(0 ()
lim U’ = Uy, 7)) —0,
t—to t— 1t
.2
and we use the notation 8tUt(f) = u®. In particular, for every ¢ = 1,...,m, it
follows that
d 1
U =2 / @0 (), UL (s))r ds = 200,07, U)o (2.3.16)
0
In the next result we study the following evolution equation
{@m:_%ﬂﬂ’ (2.3.17)
UO = Uo,

with ug € H™([0, 1], R¥), and where G,,, : H™([0, 1], R*) — H™([0, 1], R¥) is defined
as in (2.3.14). Before establishing the existence, uniqueness and global definition
result for the Cauchy problem (2.3.17), we study the evolution of the semi-norms

HUt(Z)HLz for £ =1,...,m along its solutions.
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LEMMA 2.3.5. Let us assume that the vector fields Fy, ..., Fy defining the con-
trol system (1.1.6) are C"-regular with r > 2, and that the function a : R" — R
designing the end-point cost is C*-reqular. For every integer 1 < m < r — 1 and
for every inital datum uy € H™([0,1],R¥), let U : [0,a) — H™([0,1],R*) be a
continuously differentiable solution of the Cauchy problem (2.3.17). Therefore, for
every R > 0 there exists Cg > 0 such that, if ||uo||gm < R, then

Ul m < Cr (2.3.18)
for every t € [0, ).

ProoF. It is sufficient to prove the statement in the case r > 2,m = r — 1.
We shall use an induction argument on r.

Let us consider the case r = 2,m = 1. We observe that if U : [0,a) —
H'([0,1],R*) is a solution of (2.3.17) with m = 1, then it solves as well the
Cauchy problem (2.2.2) in Y. Therefore, recalling that ||ug||r2 < ||uo||g1, in virtue
of Lemma 2.2.4, for every R > 0 there exists C; > 0 such that, if ||ug||m < R, we
have that

U2 < CR (2.3.19)

for every t € [0, ). Hence it is sufficient to provide an upper bound to the semi-

norm ||Ut(1)||L2. From (2.3.16) and from the fact that ¢ — U, solves (2.3.17) for
m = 1, it follows that

d 1
OO = 20000, U0) 2 = -2 / (BU(5) + i3 (). UM (s)) s
0

]Rk
1 1 1
< =2B|[UM 2 4 2/ [hg | 21U | 2
1
B

for every t € [0,a), where hy, : [0,1] — R¥ is the absolutely continuous curve
defined in (2.2.11), and h§}} is its Sobolev derivative. Combining (2.3.19) with
(2.3.5), we obtain that there exists C', > 0 such that

1 1
< —BIUD 22 + Z[|h)][2

d 1 1 1
UG < =BlIUM I + 5Ch

B B
for every ¢t € [0, «v). This implies that

1
100 < oo { 105”22, 54/}

for every t € [0, «). This proves the thesis in the case r =2, m = 1.
Let us prove the induction step. We shall prove the thesis in the case r,m =
r—1. Let U : [0,a) — H™(]0,1],R*) be a solution of (2.3.17) with m = r — 1.
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We observe that ¢ +—> U, solves as well

{atUt = G |UY,

U() = Uyp.

Using the inductive hypothesis and that ||ug||gm-1 < ||ug||gm, for every R > 0
there exists C, > 0 such that, if ||ug||gm < R, we have that

for every t € [0, ). Hence it is sufficient to provide an upper bound to the semi-
norm ||Ut(m)|| 2. Recalling (2.3.16) the same computation as before yields

d m m 1 m
g5 < =B e + 5 ln 22

for every t € [0,). Combining (2.3.20) with (2.3.5), we obtain that there exists
C% > 0 such that
d,  (m m 1
gl 15 < =BIU™E + 5Ch
for every t € [0, «). This yields (2.3.18) for the inductive case r,m = r — 1. O

We are now in position to prove that the Cauchy problem (2.3.17) admits a
unique and globally defined solution. The proof of the following result follows the
lines of the proof of Theorem 2.2.5.

THEOREM 2.3.6. Let us assume that the vector fields Fy, ..., F} defining the
control system (1.1.6) are C"-regular with r > 2, and that the functiona : R™ — R
designing the end-point cost is C?-reqular. Then, for every integer 1 < m <
r — 1 and for every inital datum uy € H™([0,1],R¥), the evolution equation
(2.3.17) admits a unique, globally defined and continuously differentiable solution
U :[0,4+00) = H™([0,1],R*). Moreover, there exists C,, > 0 such that

Ul < Cug (2.3.21)
for every t € [0, +00).

ProoOF. It is sufficient to prove the statement in the case r > 2,m =r —1. In
virtue of Lemma 2.3.5 and Proposition 2.3.4, the global existence of the solution
of (2.3.17) follows from a wverbatim repetition of the argument of the proof of
Theorem 2.2.5. Finally, (2.3.21) descends directly from Lemma 2.3.5. O

REMARK 2.3.1. We insist on the fact that, under the regularity assumptions
of Theorem 2.3.6, if the initial datum wug is H™-Sobolev regular with m < r — 1,
then the solution U : [0, 4+00) — U of (2.2.2) does coincide with the solution of
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(2.3.17). In other words, let us assume that the hypotheses of Theorem 2.3.6 are
met, and let us consider the evolution equation

{atUt = —G[U, (2.3.22)

Uy = uo,

where ug € H™([0,1],R¥), with m < r — 1. Owing to Theorem 2.2.5, it follows
that (2.3.22) admits a unique solution U : [0, +00) — U. We claim that ¢ — U,
solves as well the evolution equation

{@Ut - _gm[Ut]v (2.3.23)

Uo = Up.

Indeed, Theorem 2.3.6 implies that (2.3.23) admits a unique solution U : [0, +00) —
H™([0, 1], R*). Moreover, any solution of (2.3.23) is also a solution of (2.3.22),
therefore we must have U, = U, for every ¢t > 0 by the uniqueness of the solution
of (2.3.22). Hence, it follows that, if the controlled vector fields Fi, ..., Fj, and the
function a : R® — R, are regular enough, then for every ¢ € [0,400) each point
of the gradient flow trajectory U, solving (2.3.22) has the same Sobolev regularity
as the initial datum.

We now prove a pre-compactness result for the gradient flow trajectories. We
recall that we use the convention H® = L2.

COROLLARY 2.3.7. Under the same assumptions of Theorem 2.3.6, let us con-
sider ug € H™([0,1],R*) with the integer m satisfying 1 < m < r — 1. Let
U :[0,400) — U be the solution of the Cauchy problem (2.2.2) with initial condi-
tion Uy = ug. Then the trajectory {U; : t > 0} is pre-compact in H™1([0, 1], R¥).

PROOF. As observed in Remark 2.3.1, we have that the solution U : [0, +00) —

U of (2.2.2) satisfies U; € H™([0, 1], R¥) for every t > 0, and that it solves (2.3.17)
as well. In virtue of Theorem 1.1.1, the inclusion H™([0, 1], R*) — H™~1([0, 1], R¥)
is compact for every integer m > 1, therefore from (2.3.21) we deduce the thesis.
O

2.4. Lojasiewicz-Simon inequality

In this section we show that, when the controlled vector fields Fi, ..., F} and
the function a : R® — R, are real-analytic, then the functional F : &4 — R,
satisfies the Lojasiewicz-Simon inequality. This fact will be of crucial importance
for the convergence proof of the next section.

The first result on the Lojasiewicz inequality dates back to 1963, when in [38]
Lojasiewicz proved that, if f : R? — R is a real-analytic function, then for every
x € R? there exist v € (1,2], C > 0 and 7 > 0 such that

1f(y) = f@) < IVl (2.4.1)
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for every y € R satisfying |y — r|o < r. This kind of inequalities are ubiquitous
in several branches of Mathematics. For example, as suggested by Lojasiewicz in
[38], (2.4.1) can be employed to study the convergence of the solutions of

& =—-Vf(zx).

Another important application can be found in [42], where Polyak studied the
convergence of the gradient descent algorithm for strongly convex functions us-
ing a particular instance of (2.4.1), which is sometimes called Polyak-Lojasiewicz
inequality. In [49], Simon extended (2.4.1) to real-analytic functionals defined
on Hilbert spaces, and he employed it to establish convergence results for evolu-
tion equations. For further details, see also the lecture notes [50]. The infinite-
dimensional version of (2.4.1) is often called Lojasiewicz-Simon inequality. For a
complete survey on the topic, we refer the reader to the paper [22].

In this section we prove that for every f > 0 the functional F : U — R,
defined in (2.1.2) satisfies the Lojasiewicz-Simon inequality. We first show that,
when the function a : R® — R, involved in the definition of the end-point cost
(2.2.4) and the controlled vector fields Fi, ..., F, are real-analytic, the functional
F U — R, is real-analytic as well, for every § > 0. We recall the notion of
real-analytic application defined on a Banach space. For an introduction to the
subject, see, for example, [54].

DEFINITION 1. Let Fy, E5 be Banach spaces, and let us consider an application
T : By — E5. The function 7T is said to be real-analytic at ey € FEp if for
every N > 1 there exists a continuous and symmetric multi-linear application
In € Z((E1)N, Ey) and if there exists 7 > 0 such that, for every e € E; satisfying
lle — eol|g, <r, we have

> llinlle(en . lle — eolly, < +o0

N=1
and
T(e) = T(eo) = > In(e—eo)”,
N=1
where, for every N > 1, we set Iy(e — eg) = Iy(e — eg,...,e — ep). Finally,

T : By — Es is real-analytic on Ey if it is real-analytic at every ey € Ej.

In the next result we provide the conditions that guarantee that F : U — R is
real-analytic.

PROPOSITION 2.4.1. Let us assume that the vector fields Fi, ..., F} defining
the control system (1.1.6) are real-analytic, as well as the function a : R" — R,
designing the end-point cost (2.2.4). Therefore, for every > 0, the functional
F U — Ry defined in (2.1.2) is real-analytic.
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PROOF. Since F(u) = E(u) + 2|[ul|2, for every u € U, the proof reduces to
show that the end-point cost £ : Y — R, is real-analytic. Recalling the definition
of £ given in (2.2.4) and the end-point map P, : Y — R" introduced in (1.2.20),
we have that the former can be expressed as the composition

E=ao Pl-
In the proof of [5, Proposition 8.5] it is shown that P; is smooth as soon as
Fy, ... F, are C*®-regular, and the expression of the Taylor expansion of P, at

every u € U is provided. In [3, Proposition 2.1] it is proved that, when a : R™ — R
and the controlled vector fields are real-analytic, the Taylor series of a o P, is
actually convergent. O

The previous result implies that the differential dF : U/ — U™ is real-analytic.

COROLLARY 2.4.2. Under the same assumptions as in Proposition 2.4.1, for
every 3 > 0 the differential dF : U — U™ 1is real-analytic.

Proor. Owing to Proposition 2.4.1, the functional F : U4 — R, is real-
analytic. Using this fact, the thesis follows from [54, Theorem 2, p.1078|. O

Another key-step in view of the Lojasiewicz-Simon inequality is the study of
the Hessian of the functional F : U — R,. In our framework, the Hessian of F at
a point u € U is the bounded linear operator Hess,F : U — U that satisfies the
identity:

(Hess, F[v], w) 2 = d2F (v, w) (2.4.2)
for every v,w € U, where d2F : U x U — R is the second differential of F at
the point u. In the next proposition we prove that, for every v € U, Hess,F has
finite-dimensional kernel. We stress the fact that, unlike the other results of the
present section, we do not have to assume that F,..., F; and a : R® — R, are
real-analytic to study the kernel of Hess,F.

PROPOSITION 2.4.3. Let us assume that the vector fields Fy, ..., Fy defining
the control system (1.1.6) are C*-regular, as well as the function a : R* — R,
defining the end-point cost (2.2.4). For every uw € U, let Hess, F : U — U be the
linear operator that represents the second differential d>F : U x U — R through
the identity (2.4.2). Then, the kernel of Hess,JF is finite-dimensional.

PROOF. For every u € U we have that
diF(U, U)) = dzg("% w) + 5<U7 w>L2

for every v,w € U. Therefore, we are reduced to study the second differential of
the end-point cost € : U — R,. Recalling its definition in (2.2.4) and applying
the chain-rule, we obtain that

EE(v,w) = [D,P,(v)] V2a((1)[DuPi(w)] + (Va(z,(1)))" - D2Pi(v,w),
(2.4.3)
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where Py : U — R™ is the end-point map defined in (1.2.20), and where the curve
z, ¢ [0,1] — R™ is the solution of (1.1.6) corresponding to the control u € U.
We recall that, for every y € R", we understand Va(y) as a row vector. Let
us set v, = (Va(xu(l)))T and H, := VZ%a(z,(1)), where H, : R* — R" is the
self-adjoint linear operator associated to the Hessian of a : R" — R, at the point
x,(1). Therefore we can write

d2E(v,w) = ((Dy Py o H, 0 Dy Pr)[v], w)r2 + vy - Do Py (v, w) (2.4.4)

for every v, w € U, where D, Py : R" — U is the adjoint of the differential D, P, :
U — R™. Moreover, recalling the definition of the linear operator NV : U — U
given in (1.3.21), we have that

Uy Dipl(vﬂw) = <N;1L[U]7w>L2

for every v,w € U. Therefore, we obtain

d2& (v, w) = (Hess, E[v], w) 2 (2.4.5)
for every v, w € U, where Hess,£ : U — U is the linear operator that satisfies the
identity:

Hess,& = D, Py o H, o0 D, P, + N

We observe that Hess, £ is a self-adjoint compact operator. Indeed, N* is self-
adjoint and compact in virtue of Proposition 1.3.6, while D, P} o H, o D, P, has
finite-rank and it self-adjoint as well. Combining (2.4.3) and (2.4.5), we deduce

that

Hess, F = Hess, & + Sld, (2.4.6)
where Id : U — U is the identity. Finally, using the Fredholm alternative (see, e.g.,
[15, Theorem 6.6]), we deduce that the kernel of Hess, F is finite-dimensional. [J

We are now in position to prove that the functional F : Y — R, satisfies the
Lojasiewicz-Simon inequality.

THEOREM 2.4.4. Let us assume that the vector fields FY, ..., F} defining the
control system (1.1.6) are real-analytic, as well as the function a : R" — R,
defining end-point cost (2.2.4). For every f > 0 and for every u € U, there exist
r>0,C >0 and~y € (1,2] such that

[ F(v) = F(u)| < CllduF]
for every v € U such that ||v — ul|2 < r.

U (2.4.7)

PROOF. If u € U is not a critical point for F, i.e., d,F # 0, then there exists
r1 > 0 and x > 0 such that
lduF i =
for every v € U satisfying ||v — ul|g2 < r1. On the other hand, by the continuity
of F, we deduce that there exists ro > 0 such that

[Fv) = Fu)l < &
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for every v € U satisfying ||v — u||,2 < 2. Combining the previous inequalities
and taking r := min{ry, 2}, we deduce that, when d,F # 0, (2.4.7) holds with
v =2

The inequality (2.4.7) in the case d,F = 0 follows from [22, Corollary 3.11].
We shall now verify the assumptions of this result. First of all, [22, Hypothesis 3.2]
is satisfied, being U an Hilbert space. Moreover, [22, Hypothesis 3.4] follows by
choosing W = U*. In addition, we recall that dF : U4 — U* is real-analytic in
virtue of Corollary 2.4.2, and that Hess,F has finite-dimensional kernel owing to
Proposition 2.4.3. These facts imply that the conditions (1)—(4) of [22, Corol-
lary 3.11] are verified if we set X =U and Y = U*. O

2.5. Convergence of the gradient flow

In this section we show that the gradient flow trajectory U : [0 4+ oc0) — U
that solves (2.2.2) is convergent to a critical point of the functional F : U — R,
provided that the Cauchy datum Uy = ug satisfies ug € H'([0,1],R¥) C U. The
Lojasiewicz-Simon inequality established in Theorem 2.4.4 will play a crucial role
in the proof of the convergence result. Indeed, we use this inequality to show
that the trajectories with Sobolev-regular initial datum have finite length. This
approach was first proposed in [38] in the finite-dimensional framework, and in
[49] for evolution PDEs. In order to satisfy the assumptions of Theorem 2.4.4, we
need to assume throughout the section that the controlled vector fields Fi, ..., F}
and the function a : R® — R, are real-analytic.

We first recall the notion of the Riemann integral of a curve that takes values
in U. For general statements and further details, we refer the reader to [33,
Section 1.3]. Let us consider a continuous curve V' : [a,b] — U. Therefore, using
[33, Theorem 1.3.1], we can define

b
/a Vi dt :—T}ngonzvb ap.-

We immediately observe that the following inequality holds:

tht

/ Vil . (2.5.1)

Moreover, [33, Theorem 1.3.4] guarantees that, if the curve V' : [a,b] — U is
continuously differentiable, then we have:

b
—Va z/ 0:Vy do, (2.5.2)
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where 0;Vj is the derivative of the curve t — V; defined as in (2.2.1) and computed
at the instant 6 € [a, b]. Finally, combining (2.5.2) and (2.5.1), we deduce that

b
Vi — Vallze < / 19,V | = do. (2.5.3)

We refer to the quantity at the right-hand side of (2.5.3) as the length of the
continuously differentiable curve V' : [a,b] — U.

Let U : [0, +00) — U be the solution of the gradient flow equation (2.2.2) with
initial datum wy € U. We say that u., € U is a limiting point for the curve t — Uy
if there exists a sequence (t;);>1 such that t; — 400 and ||Uy, — uxl||r2 — 0 as
j — 00. In the next result we study the length of ¢ — U, in a neighborhood of a
limiting point.

PROPOSITION 2.5.1. Let us assume that the vector fields Fi,..., F} defining
the control system (1.1.6) are real-analytic, as well as the function a : R — R,
designing the end-point cost. Let U : [0,400) — U be the solution of the Cauchy
problem (2.2.2) with initial datum Uy = ug, and let uy, € U be any of its limiting
points. Then there exists r > 0 such that the portion of the curve that lies in
B, (ux) has finite length, i.e.,

/M%WW<%, (2.5.4)
T

where T :={t > 0:U; € B.(uxo)}, and By (us) :={u €U : ||u — uso||z2 < 7}

PROOF. Let uo € U be a limiting point of ¢ — Uy, and let (¢;);>1 be a sequence
such that ; — +o00 and ||Uy, —us||z2 — 0 as j — oo. The same computation as in
(2.2.19) implies that the functional F : U4 — R, is decreasing along the trajectory
t— Ut, i.e.,

FU) < F(U) (2.5.5)
for every t' > t > 0. In addition, using the continuity of F, it follows that
F(Us;) = F(uoso) as j — 0o. Combining these facts, we have that

F(U,) — Fluw) > 0 (2.5.6)

for every t > 0. Moreover, owing to Theorem 2.4.4, we deduce that there exist
C >0,ve€(1,2] and r > 0 such that

F(0) ~ Flus)| < Sl T (25.7)

for every v € B,(us). Let t; > 0 be the infimum of the instants such that
Ut S Br(uoo), i.e.,
ty = %Izlg{Ut € B, (ux)}

We observe that the set where we take the infimum is nonempty, in virtue of the
convergence ||Ug, — tsol||z2 — 0 as j — oo. Then, there exists t] € (t1, +0o] such
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that U; € B,(us) for every t € (t1,t]), and we take the supremum ¢; > ¢; such
that the previous condition is satisfied, i.e.,

ty = sup{U; € B,(us),Vt € (t1,t')}.
t'>t1
If t] < oo, we set
ty := inf{U; € B, (uco)},

t>th

and
ty := sup{U; € B,(us),Vt € (t2,t')}.

t'>to
We repeat this procedure (which terminates in a finite number of steps if and only
if there exits ¢ > 0 such that U; € B, (uw) for every ¢ > t), and we obtain a family
of intervals {(t;,})};=1,..n, where N € NU{oco}. We observe that Uj.vzl(tj, th) =1,
where we set Z:={t > 0: U; € B,(ux)}-
Without loss of generality, we may assume that Z is a set of infinite Lebesgue
measure. Indeed, if this is not the case, we would have the thesis:

/ 0,2 d6 = / G (U]l d6 < o,
va va

since ||G[u]||z2 is bounded on the bounded subsets of U, as shown in (2.2.21).
Therefore, we focus on the case when the Lebesgue measure of Z is infinite. Let
us introduce the following sequence:

Toztl, letll, 7'2:7'1—|—(t/2—t2), ey Tj:Tj_l—{—(t;—tj), ey (258)
where t1,#], ... are the extremes of the intervals {(¢;, t;)}j:L._,,N constructed above.
Finally, we define the function o : [y, +00) — [79, +00) as follows:

t if T <t < T,
t—711 + 19 if71§t<7'2,

t) .= 2.5.9
J() t— 71+ t3 ifT2§t<T3, ( )

We observe that o : [r9, +00) — [0, +00) is piecewise affine and it is monotone
increasing. In particular, we have that

o(1j) =tj41 > t; = lim o(t). (2.5.10)

t—>Tj

Moreover, from (2.5.8) and from the definition of the intervals {(;,t})};>1, it
follows that
Uo(t) € BT(uOO) (2.5.11)

for every t € [1y, +00). Let us define the function g : 19, +00) — R, as follows:
9(t) = F(Usr)) — F (o), (2.5.12)
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where we used (2.5.6) to deduce that ¢ is always non-negative. From (2.5.9), we
obtain that the restriction g|(, r,,,) is C'-regular, for every j > 0. Therefore, using
the fact that o], = 1, we compute

30) = - (FUnty) = Fluo) = o, F(GlUo)

for every t € (75, 7j11) and for every j > 0. Recalling that G : & — U is the Riesz’s
representation of the differential dF : U — U™, it follows that

9(t) = —lldu,, Fl (2.5.13)

for every t € (75, 7j11) and for every j > 0. Moreover, owing to the Lojasiewicz-
Simon inequality (2.5.7), from (2.5.11) we deduce that

g(t) < —Cg7 (t) (2.5.14)

for every t € (7;,7j41) and for every j > 0. Let h : [1p,00) — [0,+00) be the
solution of the Cauchy problem

Ti+1)

h=—Ch>, h(r) = g(no), (2.5.15)
whose expression is
2 B _1_2'\/7—72 )
ne) = 4 (hr)' T+ B2 —m)) T iy e (1.2)
h(Ty)e ¢! if v =2,

for every t € [19,00). Using the fact that g| (s - is C'-regular, in view of (2.5.14),
we deduce that

g(t) < h(t), (2.5.16)

for every t € [r9, 7). We shall now prove that the previous inequality holds for
every t € [1p, +00) using an inductive argument. Let us assume that (2.5.16) holds
in the interval [ro, 7;), with j > 1. From the definition of g, combining (2.5.5) and
(2.5.10), we obtain that
g(1;) < lim g(t) < lim A(t) = h(7;). (2.5.17)
t—>7'j7 t—>ij

Using that the restriction g|(,r,,,) is C'-regular, in virtue of (2.5.14), (2.5.15)
and (2.5.17) , we extend the the inequality (2.5.16) to the interval [7g, 7;4+1). This
shows that (2.5.16) is satisfied for every ¢ € |1y, +00).

We now prove that the portion of the trajectory that lies in B, (uy) is finite.
We observe that

/ 10,Upl| 2 d6 = / 1G(Us)|12 d6 = / dy, F|
T T T

where we recall that Z = Uj.v:l(tj, t.). For every j > 1, in the interval (¢;,t}) we use

the change of variable § = o(¢), where o is defined in (2.5.9). Using (2.5.8) and

u- do, (2.5.18)
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(2.5.9), we observe that o~'{(t;,#})} = (7;_1,7;) and that &|,_, ) = 1. These
facts yield

‘
| e
t.

J

e dl = / dy, ., ]

7j—1

" dz?z/Tj V@ dd (25.19)

for every j > 1, where we used (2.5.13) in the last identity. Therefore, combining
(2.5.18) and (2.5.19), we deduce that

/I 10Uy |12 6 / e, (2.5.20)

70

Then the thesis reduces to prove that the quantity at the right-hand side of (2.5.20)
is finite. Let § > 0 be a positive quantity whose value will be specified later. From
the Cauchy-Schwarz inequality, it follows that

:O V=4(0) dv < (/:O —g(9)9'*? dé‘) 2 (/: g1 dﬁ)é . (25.21)

On the other hand, for every 5 > 1, using the integration by parts on each interval
(10,71), -, (Tj—1,7j), we have that

[ =it =3 (sttatn =)+ 1) [ ot

< 70 g(m0) — 7 Fg(r) + (1 46) / " ()9 do

<7oPg(r) + (1 + 5)/ h(9)9° dv,
70
where we introduced the notation g(7;) := lim,_, - ¢g(¥), and we used the first

inequality of (2.5.17) and the fact that g is always non-negative. Finally, if the
exponent vy in (2.5.7) satisfies v = 2, we can choose any positive 6 > 0. On
the other hand, if v € (1,2), we choose ¢ such that 0 < ¢ < % This choice
guarantees that that

lim — (N di) = / — (09 dv) < oo,
J—o0 70 T0
and therefore, in virtue of (2.5.21) and (2.5.20), we deduce the thesis. O

In the following corollary we state an immediate (but important) consequence
of Proposition 2.5.1.

COROLLARY 2.5.2. Under the same assumptions as in Proposition 2.5.1, let
the curve U : [0,+00) — U be the solution of the Cauchy problem (2.2.2) with
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initial datum Uy = ug. If use € U is a limiting point for the curve t — Uy, then
the whole solution converges to us ast — 00, i.€.,

lim HUt - uoo||L2 = 0.
t—o0
Moreover, the length of the whole solution is finite.

ProOOF. We prove the statement by contradiction. Let us assume that ¢ — U,
is not converging to us as t — 00. Let B, (uy) be the neighborhood of u, given
by Proposition 2.5.1. Diminishing r > 0 if necessary, we can find two sequences
{tj}j>0 and {t}};>0 such that for every j > 0 the following conditions hold:

t]’ < t; < tj+1;

Ut — ooz < 35

£ < Uy — tecl 1t < 7

Ui € B, (uoo) for every t € (t;,)).

We observe that (J;Z, (t;,t;) C Z, where T := {t > 0 : U; € B,(ux)}. Moreover

VR
the inequality (2.5.3) and the previous conditions imply that

r

z
[ 100k d0 = |10y = Ul =
t,

J

for every j > 0. However, this contradicts (2.5.4). Therefore, we deduce that
|U; — tso|ltr — 0 as t — oco. In particular, this means that there exists ¢ > 0 such
that U; € B,(us) for every ¢t > ¢. This in turn implies that the whole trajectory
has finite length, since

t
/ 10,Up||2 d6) < +oo.
0
O

We observe that in Corollary 2.5.2 we need to assume a priori that the solution
of the Cauchy problem (2.2.2) admits a limiting point. However, for a general
initial datum ug € U we cannot prove that this is actually the case. On the
other hand, if we assume more regularity on the Cauchy datum ug, we can use the
compactness results proved in Section 2.3. We recall the notation H°([0, 1], R¥) :=

Uu.

THEOREM 2.5.3. Let us assume that the vector fields F, ..., F} defining the
control system (1.1.6) are real-analytic, as well as the function a : R — R,
designing the end-point cost. Let U : [0,400) — U be the solution of the Cauchy
problem (2.2.2) with initial datum Uy = ug, and let m > 1 be an integer such that
ug belongs to H™([0, 1], R¥). Then there exists us, € H™([0, 1], R¥) such that

lim ||U; — tisg||gm—1 = 0. (2.5.22)
t—o00
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PROOF. Let us consider ug € H™([0,1],R¥) and let U : [0,4+00) — U be
the solution of (2.2.2) satisfying Uy = ug. Owing to Theorem 2.3.6, we have
that U; € H™([0,1],R¥) for every ¢ > 0, and that the trajectory {U; : t > 0}
is bounded in H™([0, 1], R*). In addition, from Corollary 2.3.7, we deduce that
{U; : t > 0} is pre-compact with respect to the strong topology of H™~1([0, 1], R¥).
Therefore, there exist u., € H™ ([0, 1], R*) and a sequence (¢;);>1 such that we
have t; — +oo and [|Uy, — tuso||gm-1 — 0 as j — oo. In particular, this implies
that [|Uy, — us||r2 — 0 as j — oo. In virtue of Corollary 2.5.2, we deduce that
||Uy — tusol|r2z — 0 as t — +00. Using again the pre-compactness of the trajectory
{U; : t > 0} with respect to the strong topology of H™~1([0, 1],R¥), the previous
convergence implies that ||U; — us||gm-1 — 0 as t — +oo.

To conclude, we have to show that u., € H™([0, 1], R¥). Owing to the compact
inclusion (1.1.10) in Theorem 1.1.1, and recalling that the trajectory {U, : t > 0} is
pre-compact with respect to the weak topology of H™([0, 1], R¥), the convergence
(2.5.22) guarantees that u,, € H™([0, 1], R*) and that U; —pgm us ast — +oo. O

In the next result we study the regularity of the limiting points of the gradient
flow trajectories.

THEOREM 2.5.4. Let us assume that the vector fields Fy,..., F} defining the
control system (1.1.6) are real-analytic, as well as the function a : R" — R,
designing the end-point cost. Let U : [0,400) — U be the solution of the Cauchy
problem (2.2.2) with initial datum Uy = ug, and let u, € U be any of its limiting
points. Then us 1S a critical point for the functional F, i.e., d,, . F = 0. Moreover,
Uso € H™([0, 1], R*) for every integer m > 1.

Proor. By Corollary 2.5.2, we have that the solution ¢t +— U, converges to
Us aS t — 400 with respect to the strong topology of U. Let us consider the
radius r > 0 prescribed by Proposition 2.5.1. If d,,_F # 0, taking a smaller r > 0
if necessary, we have that there exists ¢ > 0 such that ||d,F|ly~ > € for every
u € By(us). Recalling that ||U; — us|ly — 0 as t — 400, then there exists
t > 0 such that U; € B,(us) and for every ¢t > ¢. On the other hand, this fact
implies that ||0,U;|ly = ||dv, F|lu+ > € for every t > t, but this contradicts (2.5.4),
i.e., the fact that the length of the trajectory is finite. Therefore, we deduce that
dy.,F = 0. As regards the regularity of u.,, we observe that d, JF = 0 implies
that Glus] = 0, which in turn gives

1
Uoo = — =Ny,
s
where the function h,,__ : [0,1] — R¥ is defined as in (2.2.11). Owing to Lemma 2.3.3,
we deduce that the right-hand side of the previous equality has regularity H™*!
whenever u,, € H™, for every integer m > 0. Using a bootstrapping argument,
this implies that u,, € H™([0, 1],R¥), for every integer m > 1. O
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REMARK 2.5.1. We can give a further characterization of the critical points of
the functional F. Let u be such that dgF = 0. Therefore, as seen in the proof of
Theorem 2.5.4, we have that the identity

1
u(s) = —=hg(s
(s) = —ghals)
is satisfied for every s € [0,1]. Recalling the definition of h; : [0, 1] — R* given in
(2.2.11), we observe that the previous relation yields

u(s) = argmax {—)\ﬁ(s)F(Jcﬁ(s))u — glu\g} : (2.5.23)

ueRk

where z; : [0,1] — R" solves

ta(s) = F(za(s))u(s) for a.e. s €[0,1],
{xa(O) I, (2.5.24)
and A : [0,1] — (R™)* satisfies
)\u(s) = —)\@(s)ié (ﬁi(s)—aF"(gﬁ(s))> for a.e. s €[0,1], (2.5.25)

Ao(1) = Va(za(1)).

Recalling the Pontryagin Maximum Principle (see, e.g., [4, Theorem 12.10]), from
(2.5.23)-(2.5.25) we deduce that the curve z; : [0, 1] — R™ is a normal Pontryagin
extremal for the following optimal control problem:

miney {a(z,(1)) + 2| |ul[2.}
&, = F(z,)u,

subject to
) 2,(0) = xo.






CHAPTER 3

Ensembles of affine-control systems

In this chapter we consider the problem of the optimal control of an ensemble
of affine-control systems. After introducing the notations and the framework, we
study the properties of the trajectories of the controlled ensembles, and we prove
the well-posedness of the minimization problem in exam. Then we establish a
[-convergence result that allows us to substitute the original (and usually infinite)
ensemble with a sequence of finite increasing-in-size sub-ensembles of control sys-
tems. The solutions of the optimal control problems involving these sub-ensembles
provide approximations in the L?-strong topology of the minimizers of the original
problem. Using the results of Chapter 2, we derive the gradient field induced by
the optimal control problems related to the sub-ensembles. Moreover, in the case
of finite sub-ensembles, we can address the minimization of the related cost by
means of some numerical schemes. In particular, we propose an algorithm that
consists in a subspace projection of the induced gradient field, and we consider
an iterative method based on the Pontryagin Maximum Principle. Finally, we
perform some numerical experiments.

3.1. Framework and Assumptions

In this chapter we study ensembles of control systems in R™ with affine de-
pendence in the control variable u € R*. More precisely, given a compact set
© embedded into a finite-dimensional Euclidean space, for every § € © we are
assigned an affine-control system of the form

{i%s) = FY(a”(s)) + F*(a(3))uls). 51.1)

where for every § € © we require that F{ : R" — R" and F? : R® — R™* are
Lipschitz-continuous applications. We stress the fact that the control « : [0, 1] —
R¥ does not depend on 6, so that it is the same for every control system of the
ensemble. Let us introduce Fy : R x © — R™ and F : R” x © — R™** defined
respectively as

Fy(z,0) := FY(z) and F(x,0) := F(x)
61
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for every (z,0) € R™ x ©. We assume that Fy and F' are Lipschitz-continuous
mappings, i.e., that there exists a constant L > 0 such that

’Fo(iCl,el) — Fo(l'g,eQ)‘Q S L(‘l’l - 1'2’2 -+ ‘61 - 92|2) (312)

and
, SUPk |Fi(x1,01) — Fi(w,0)]2 < L(|z1 — @]z + 61 — 0o]2) (3.1.3)

for every (z1,601), (z2,02) € R"x©. In (3.1.3) we used Fj(z, ) to denote the vector
obtained by taking the i** column of the matrix F(z,6), for every i = 1,... k.
Similarly, for every § € © we shall use F : R® — R" to denote the vector
field corresponding to the i*" column of the matrix-valued application F? : R* —
R™*. We observe that (3.1.2)-(3.1.3) imply that the vector fields F{, FY, ... F}
are uniformly Lipschitz-continuous as 6 varies in ©. Another consequence of the
Lipschitz-continuity conditions (3.1.2)-(3.1.3) is that the vector fields constituting
the affine-control system (3.1.1) have sub-linear growth, uniformly with respect to
the dependence on 6. Namely, we have that there exists a constant C' > 0 such
that

sup |[Fy (z)|2 < C(|z]2 + 1) (3.1.4)
0€o
and
sup sup |F{(2)]s < O(|zfa +1) (3.1.5)
0€0 i=1,...k

for every x € R™. Finally, let us consider the application zy : © — R™ that
prescribes the initial state of (3.1.1), i.e.,

zo(0) := a§ (3.1.6)

for every 8 € ©. We assume that z( is continuous. As a matter of fact, we deduce
that there exists a constant C’ > 0 such that

sup |zo(8)]2 < C'. (3.1.7)
0cO

Using the same notations as in the previous chapters, we set U := L2([0, 1], R¥)
as the space of admissible controls, and we equip it with the usual Hilbert space
structure given by the scalar product (1.1.5). For every u € U and 0 € O, the curve
2% 1 [0,1] — R™ denotes the solution of the Cauchy problem (3.1.1) corresponding
to the system identified by 6 and to the admissible control u. We recall that, for
every u € U and 0 € O, the existence and uniqueness of the solution of (3.1.1)
is guaranteed by the Carathéodory Theorem (see, e.g., [30, Theorem 5.3]). Given
u € U, we describe the evolution of the ensemble of control systems (3.1.1) through
the mapping X, : [0, 1] x © — R"™ defined as follows:

X, (5,0) == 27(s) (3.1.8)
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for every (s,0) € [0,1] x ©. In other words, for every u € U the application X,
collects the trajectories of the ensemble of control systems (3.1.1). We study the
properties of the mapping X, in the next section.

3.2. Trajectories of the controlled ensemble

We devote the present subsection to establish some auxiliary properties of the
mapping X, : [0, 1] x © — R™, which has been defined in (3.1.8) for every u € U.
We first prove that for every u € U the mapping X, : [0, 1] x © — R™ is bounded.

LEMMA 3.2.1. For every u € U, let X, : [0,1] x © — R™ be the application
defined in (3.1.8) collecting the trajectories of the ensemble of control systems
(3.1.1). Therefore, for every R > 0 there exists Cr > 0 such that, if ||u||z2 < R,
then

| Xu(s,0)]2 < Ch, (3.2.1)
for every (s,0) € [0,1] x ©.

PROOF. The thesis follows from a verbatim repetition of the argument in the
proof of Lemma 1.2.2 O

In the next result we show that the trajectories of the ensemble are Holder-
continuous, uniformly with respect to the parameter 6 € ©.

LEMMA 3.2.2. For every u € U, let X, : [0,1] x © — R™ be the application
defined in (3.1.8) collecting the trajectories of the ensemble of control systems
(3.1.1). Therefore, for every R > 0 there exists Lr > 0 such that, if ||u||2 < R,
then )

|Xu(81, 0) — Xu(827 Q)|2 S LR|81 - 82|§ (322)
for every s1,s9 € [0, 1] and for every 6 € ©.

PROOF. Owing to Proposition 1.1.2 and recalling that X,(s,0) = 2(s) for
every (s,0) € [0,1] x © by (3.1.8), we observe that the thesis will follow if we
prove that there exists a bounded subset of H! that includes the trajectories
{29 :[0,1] — R"}gece of (3.1.1) for every admissible control u € U satisfying
l|lul|[zz < R. From Lemma 3.2.1 we obtain that for every R > 0 there exists
Cr > 0 such that

129(s)| < Cr (3.2.3)
for every s € [0,1] and for every u € U such that |Ju|[zz < R. In virtue of
Lemma 3.2.1 and the sub-linear inequalities (3.1.4)-(3.1.5), we deduce that for
every R > 0 there exists C'; > 0 such that

sup [y (z(s)| < Ck, - sup sup |F}(a(s))| < Cp
00 0€0 i=1,..k
for every s € [0,1] and for every u € U such that ||u||z2z < R. Therefore, we have
that
[ (s)|2 < Ch(1 + |u(s)h) (3.2.4)



64 3. ENSEMBLES OF AFFINE-CONTROL SYSTEMS

for every s € [0,1], for every § € © and for every u € U such that ||u||;2 < R.
Combining (3.2.4) and (3.2.3), we deduce that there exists C%, > 0 such that

lenllm < Ck

for every 6 € © and for every u € U such that ||u||z2 < R. The last inequality and
Proposition 1.1.2 imply that

(2% (51) — 2%(52)|2 < Li|s1 — 522

for every sy, s9 € [0, 1], for every # € © and for every u € U such that ||u||z2 < R,
where we set L := /C%. This establishes (3.2.2). O

We shall now prove that, when the control u varies in a bounded subset of
U, the corresponding functions X, : [0,1] x © — R™ that captures the evolution
of the ensemble of control systems (3.1.1) are uniformly equi-continuous on their
domain. Before proceeding, we introduce the modulus of continuity of the function
zo : © — R™ defined in (3.1.6). Indeed, since zo : © — R" is a continuous function
defined on a compact domain, it is uniformly continuous, i.e., there exists a non-
decreasing function w : Ry — R, satisfying 0 = w(0) = lim, o+ w(r) and such
that
|[o(01) — 20(b1)]2 < w(|01 — O22) (3:2.5)
for every 6,6, € ©.
PROPOSITION 3.2.3. For every u € U, let X, : [0,1] x © — R™ be the applica-
tion defined in (3.1.8) collecting the trajectories of the ensemble of control systems

(3.1.1). Therefore, for every R > 0 there exists Lr > 0 and wg : Ry — R, such
that, if ||ul|r2 < R, then

| X0 (s1,61) — Xu(s2,02)|2 < Lg|s1 — 82|% + wr(]01 — O2]2) (3.2.6)

for every (s1,01), (s2,02) € [0,1] X ©, where wg is a non-decreasing function that
satisfies w(0) = lim, o+ wg(r) = 0.

PrRoOOF. We observe that by the triangular inequality we have

|Xu(517‘91> - Xu(52702)’2 < ’Xu(81791) - Xu(52>91)|2 + |Xu(32701) - Xu(82782)‘2
(3.2.7)
for every (s1,61),(s2,62) € [0,1] x © and for every u € U. Moreover, from
Lemma 3.2.2 it follows that there exists Lr > 0 such that

[ Xu(s51,601) — Xou(52,01)|2 < Lg|s1 — 522 (3.2.8)

for every (s1,01), (s2,02) € [0,1] x © and for every u € U satisfying ||u||z2 < R.
Thus, we are left to study the second term at the right-hand side of (3.2.7). First,
we introduce the function wg : Ry — R, defined as follows:

wr(r) = eHIVER) (w(T) + L1+ \/ER)T> ;
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where w : R, — R, is a modulus of continuity for the mapping xo : © — R"
(see (3.2.5)). Using Gronwall Lemma and similar computations as in the proof of
Proposition 1.2.3, we deduce that

[ Xu(s,61) = Xuls,02)|2 = |23 (s) — 232 (5)]2 < wr(]01 — Bal2), (3.2.9)

for every s € [0,1], for every 61,60, € © and for every u € U with ||ul|z2 < R.
Finally, combining (3.2.7), (3.2.8) and (3.2.9), we obtain the thesis (3.2.6). O

We now investigate the evolution of the ensemble of control systems (3.1.1)
when we consider a sequence of L2-weakly convergent admissible controls. In view
of the next auxiliary result, we introduce some notations. For every 6 € O, we
define F? : R® — R™ (1) a5 follows:

FO(z) .= (F)(x), F%(x)), (3.2.10)

for every x € R, i.e., we add the column F¢(x) to the n x k matrix F?(x).
Similarly, for every u € U = L*(]0, 1], R*), we consider the extended control @ €
U = L*([0,1], R*!) defined as

a(s) = (1,u(s))” (3.2.11)
for every s € [0, 1], i.e., we add the component uy = 1 to the column-vector u(s).

LEMMA 3.2.4. Let us consider a sequence of admissible controls (ty,)men C U
such that wy, —12 Us asm — co. For everym € NU{oo} and for every 0 € O, let
2% :[0,1] — R™ be the solution of (3.1.1) corresponding to the ensemble parameter
0 and to the admissible control u,,. Therefore, for every s € [0,1] and for every
0 € ©, we have

lim 2 (s) = 2% (s). (3.2.12)

PROOF. Let us fix # € ©. By means of the matrix-valued function F : R" —
R +1) and the extended control @ : [0, 1] — R¥*! defined in (3.2.10) and (3.2.11)
respectively, we can equivalently rewrite the affine-control system (3.1.1) corre-

sponding to 6 as follows:

0 F0(20Vg

& =, (3.2.13)
x (0> = Zo,

for every u € U. In other words, any solution z? : [0,1] — R™ of (3.1.1) corre-
sponding to the admissible control u € U is in turn a solution of the linear-control
system (3.2.13) corresponding to the extended control @ € Y. On the other hand,
the convergence u,, —r2 Uy as m — oo implies the convergence of the respective
extended controls, i.e., @, —12 @is as m — o0o. Therefore, (27,),,en is the sequence
of solutions of the linear-control system (3.2.13) corresponding to the L*-weakly

convergent sequence of controls (@, )men. Moreover, 27 is the solution of (3.2.13)
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associated to the weak-limiting control ... Using Proposition 1.4.1, we deduce
that

lim [ay, — 25|l = 0,

m—0oQ

which, in particular, implies (3.2.12). O
We are now in position to prove the main result of the present subsection.

THEOREM 3.2.5. Let us consider a sequence of admissible controls (tm,)men C
U such that u, —12 Uy as m — co. For every m € NU{oo}, let X, : [0,1] x©O —
R™ be the application defined in (3.1.8) that collects the trajectories of the ensemble
of control systems (3.1.1) corresponding to the admissible control w,,. Therefore,
we have that
lim sup | Xn(s,0) — Xoo(s,0)]2 = 0. (3.2.14)
m=00 (5,0)€[0,1]xO
PROOF. Let us consider a L2-weakly convergent sequence (u,)men C U such
that u,, —r2 Uy as m — oo. We immediately deduce that there exists R > 0 such
that
llumllzz < R, VYm € NU{oo}.
Thus, in virtue of Proposition 3.2.3, we deduce that the sequence of mappings
{X,, : [0,1] x ® — R"},,ey is uniformly equi-continuous, while Lemma 3.2.1
guarantees that it is uniformly equi-bounded. Therefore, applying the Ascoli-
Arzela Theorem (see, e.g., [15, Theorem 4.25]), we deduce that the family (X, )men
is pre-compact with respect to the strong topology of the Banach space C°([0, 1] x
©,R"™). Finally, Lemma 3.2.4 implies that
lim X,,(s,0) = X(s,0)

m—ro0

for every (s,0) € [0, 1] x ©. In particular, we deduce that the set of limiting points
of the pre-compact sequence (X, )men is reduced to the single-element set { X }.
This proves (3.2.14). O

REMARK 3.2.1. Theorem 3.2.5 is the cornerstone of the theoretical results pre-
sented in this chapter. Indeed, the fact fact that the trajectories of the ensemble
(3.1.1) are uniformly convergent when the corresponding controls are L*-weakly
convergent is used both to prove the existence of optimal controls (see Theo-
rem 3.4.2) and to establish the I'-convergence result (see Theorem 3.5.3). We
stress that the fact that the systems in the ensemble (3.1) have affine dependence
in the controls is crucial for the proof of Theorem 3.2.5.

3.3. Gradient field for affine-control systems with end-point cost

In this section we generalize to the case of affine-control systems some of the
results obtained in Chapter 2 in the framework of linear-control systems with end-
point cost. As we shall see, the strategy that we pursue consists in embedding
the affine-control system into a larger linear-control system, similarly as done in



3.3. GRADIENT FIELD FOR AFFINE-CONTROL SYSTEMS WITH END-POINT COST 67

the proof of Lemma 3.2.4. Therefore, we can exploit a consistent part of the
machinery developed in Chapter 2 to cover the present case. Let us consider a
single affine-control system on R™ of the form

{a'c(s) = Fo(w(s)) + F(x(s))u(s), forae. sel0,1], (3.3.1)

where Fy : R® — R" and F : R® — R™* are C%-regular applications that design
the affine-control system, and u € U = L?([0, 1], R¥) is the control. We introduce
the functional J : U/ — R, defined on the space of admissible controls as follows:

3
2
for every u € U, where a : R — R, is a C%-regular function and 5 > 0 a positive
parameter. After proving that the functional 7 is differentiable, we provide the
expression of the mapping G : U — U that, for every u € U represents the
differential d,J : U — R.

Before proceeding, it is convenient to introduce the linear-control system in
which we embed (3.3.1). Similarly as done in (3.2.10), let F : R® — R™*+1) he
the function defined as

T (1) = a(z,(1)) + =||ul[3. (3.3.2)

F(z) := (Fy(z), F(x)) (3.3.3)

for every z € R™. If we define the extended space of admissible controls as U :=
L*([0, 1], R* 1), we may consider the following linear-control system

{56(3) = F(a(s))i(s) for ace. s € [0,1],

#(0) = 20, (3.3.4)

where @ € . We observe that we can recover the affine system (3.3.1) by restrict-
ing the set of admissible controls in (3.3.4) to the image of the affine embedding

i U — U defined as
ifu] = (i) . (3.3.5)

We introduce the extended cost functional j ‘U — R, as

(@) = alea(1)) + 5

||@l|7 (3.3.6)
for every @ € U, where x5 : [0,1] — R” is the absolutely continuous solution of
(3.3.4) corresponding to the control @. To avoid confusion, in the present subsec-
tion we denote by (-, )y and (-, -),; the scalar products in & and U, respectively.
In the next result we prove that the functional J : & — R, defined in (3.3.2) is
differentiable.
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PROPOSITION 3.3.1. Let us assume that Fy : R* — R and F : R* — R
are C'-reqular, as well as the function a : R™ — R designing the end-point cost.
Then the functionals J : U — Ry and J : U — R, defined, respectively, in (3.3.2)
and in (3.3.6) are Gateauz differentiable at every point of their respective domains.

PROOF. We observe that the functional J : U — R* satisfies the following
identity:
B

I (u) = J(i(u) = 5 (3.3.7)

for every u € U, where i : U — U is the affine embedding reported in (3.3.5). Since
i : U — U is analytic, the proof reduces to show that the functional J : U — R,
is Gateaux differentiable. This is actually the case, since u gH&H 12 1s smooth,
while the first term at the right-hand side of (3.3.6) (i.e., the end-point cost) is
Gateaux differentiable owing to Lemma 2.2.1. O

By differentiation of the identity (3.3.7) we deduce that
4T (v) = di T (ix[0]) (3.3.8)

for every w,v € U, where we have introduced the linear inclusion 7y : U — U

defined as
iy[o] = (g) (3.3.9)

for every v € U. In virtue of Proposition 3.3.1, we can consider the vector field
G : U — U that represents the differential of the functional 7 : i/ — R,. Namely,
for every u € U, let Glu| be the unique element of U such that

(Glu], v)u = du T (v) (3.3.10)
for every v € Y. Similarly, let us denote with G : & — U the vector field such that
(Glal, 0)y = da (9) (3.3.11)

for every u,v € U. In Chapter 2 it was derived the expression of the vector field
G associated to the linear-control system (3.3.4) and to the cost (3.3.6). In the
next result we use it in order to obtain the expression of G. We use the notation
F(z)T to denote the matrix in R¥*" obtained by the transposition of the matrix
F(z) € R™* for every x € R". The analogue convention holds for F(z)”, for
every x € R".

THEOREM 3.3.2. Let us assume that Fy : R* — R" and F : R* — R™* qare
Cl-regular, as well as the function a : R® — R, designing the end-point cost. Let
G :U — U be the gradient vector field on U that satisfies (3.3.10). Then, for every
uw €U we have

Glul(s) = F(zu(s) AL (s) + Bu(s) (3.3.12)
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for a.e. s € [0,1], where x, : [0,1] — R™ is the solution of (3.3.1) corresponding
to the control w, and A, : [0,1] — (R™)* is the absolutely continuous curve of
covectors that solves

Muls) = —Au(s) (Z2Gell 4 3 wi(s) 28620 g im [0,1],
A(1) = Va(z,(1)).
REMARK 3.3.1. As done in Chapter 2, we understand the elements of (R™)* as

row-vectors. Therefore, for every s € [0, 1], A,(s) should be read as a row-vector.
This should be considered to give sense to (3.3.13).

(3.3.13)

PROOF OF THEOREM 3.3.2. In virtue of (3.3.8), from the definitions (3.3.10)
and (3.3.11) we deduce that

(Glul, v)u = (Glilull, iy [v])y = (rGlilull, v)u (3.3.14)

for every u,v € U, where G:U—-U is the gradient vector field corresponding to
the functional J : U — R,, and 7 : U — U is the linear application

| = (3.3.15)

for every © € U. Therefore, we can rewrite (3.3.14) as

G=roGoi, (3.3.16)
where ¢ and 7 are defined, respectively, in (3.3.5) and in (3.3.15). This implies
that we can deduce the expression of G from the one of G. In particular, from
Remark 2.2.2 it follows that for every u € U we have

Gla)(s) = F(xa(s)" AL (s) + pu(s) (3.3.17)

for a.e. s € [0, 1], where z; : [0,1] — R™ is the solution of (3.3.4) corresponding
to the control @, and Az : [0,1] — (R™)* is the absolutely continuous curve of
covectors that solves

{}\a(s) = —Xa(s) Zf:o (ﬂ,(s)%) for a.e. s €[0,1],

We stress the fact that the summation index in (3.3.18) starts from 0. Then, the
thesis follows immediately from (3.3.16)-(3.3.18). O

REMARK 3.3.2. The identity (3.3.16) implies that the gradient field G : U — U
is at least as regular as G : U — U. In particular, under the further assumption that
Fy:R* - R* F:R*" = R and a : R* — R, are C?-regular, from Lemma 2.2.2
it follows that G : i — U is Lipschitz-continuous on the bounded sets of 4. As a
matter of fact, we deduce that, under the same regularity hypotheses, G : U/ — U
is Lipschitz-continuous on the bounded sets of /.

(3.3.18)
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3.4. Optimal control of ensembles

In this section we formulate a minimization problem for the ensemble of affine-
control systems (3.1.1). Namely, let us consider a non-negative continuous map-
ping a : [0,1] xR" x© — R, a positive real number 5 > 0 and a Borel probability
measure v on the time interval [0, 1]. Therefore, for every § € © we can study the
following optimal control problem:

/l a(s, 2% (s),0) dv(s) + gHuH%g — min, (3.4.1)
0

where the curve 22 : [0,1] — R" is the solution of (3.1.1) corresponding to the
parameter § € © and to the admissible control u € U. We recall that the ensemble
of control systems (3.1.1) is aimed at modeling our partial knowledge of the data of
the controlled dynamical system. Therefore, it is natural to assume that the space
of parameters © is endowed with a Borel probability measure p that quantifies
this uncertainty. In view of this fact, we can formulate an optimal control problem
for the ensemble of control systems (3.1.1) as follows:

/ / 0) du(s) du(9) + §||u\|i2 s min. (3.4.2)

The minimization problem (3.4.2) is obtained by averaging out the parameters
0 € © in the optimal control problem (3.4.1) by means of the probability measure
L.

In this section we study the variational problem (3.4.2), and we prove that it
admits a solution. Before proceeding, we introduce the functional 7> : U/ — R,
associated to the minimization problem (3.4.2). For every admissible control u €
U, we set

/ / 0) du(s )dﬂ(e)+§||u||iz. (3.4.3)

We first prove an auxiliary lemma regarding the integral cost in (3.4.2).

LEMMA 3.4.1. Let us consider a sequence of admissible controls (tmy,)men C U
such that w,, —r2 U asm — co. For everym € NU{oo}, letY,, : [0,1]xO — R,
be defined as follows:

Yin(s,0) == a(s, X (s,0),0), (3.4.4)

where X, : [0,1] x © — R™ is the application defined in (3.1.8) corresponding to
the admissible control u,,. Then, we have that

lim sup  |Yiu(s,0) — Yoo (s,0)| = (3.4.5)

m—=00 (5,0)€[0,1]xO

PROOF. Since the sequence (u,)men is weakly convergent, it follows that there
exists R > 0 such that ||u,,||r2 < R for every m € NU {oo}. For every m € NU
{o0}, let X, : [0,1] x © — R™ be the application defined in (3.1.8) corresponding
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to the control u,,. In virtue of Lemma 3.2.1, we deduce that there exists a compact
set K C R™ such that

Xn(s,0) € K
for every (s,0) € [0,1] x © and for every m € NU{oo}. Recalling that the function
a:[0,1] x R" x © — R, that defines the integral term in (3.4.3) is assumed to be
continuous, it follows that the restriction

a = a|[0,1]><K><®

is uniformly continuous. In addition, Theorem 3.2.5 guarantees that X,, —co X4
as m — 0o. Therefore, observing that

Yin(s,0) = a(s, X,n(s,6),0) (3.4.6)
for every (s,0) € [0,1] x © and for every m € N U {oo}, we deduce that (3.4.5)
holds. U

We are now in position to prove that (3.4.2) admits a solution.

THEOREM 3.4.2. Let F* :U — R, be the functional defined in (3.4.3). Then,
there exists U € U such that

Fo () :lng :

PrRoOOF. We establish the thesis by means of the direct method of calculus of
variations (see, e.g., [24, Theorem 1.15]). Namely, we show that the functional
F is coercive and lower semi-continuous with respect to the weak topology of
L?. We first address the coercivity, i.e., we prove that the sub-level sets of the
functional F* are L?-weakly pre-compact. To see that, it is sufficient to observe
that for every M > 0 we have

{fuelU:Fu) <M}y C{uecl:||ul|7. <2M/B},

where we used the fact that the first term at the right-hand side of (3.4.3) is
non-negative. To study the lower semi-continuity, let us consider a sequence of
admissible controls (u;,)men C U such that w,, —r2 us, as m — oo. Using
the family of applications (Y7,)menu{} defined as in (3.4.4), we observe that the
integral term at the right-hand side of (3.4.3) can be rewritten as follows

LAMMM$) // 0 (5,0) dv(s) da(6)

for every m € N U {oo}. Moreover, the uniform convergence Y,, —co Y as
m — oo provided by Lemma 3.4.1 implies in particular the convergence of the
integral term at the right-hand side of (3.4.3):

i [ atss a0 vt ) = [ [ ot (61.0)dts) ),

(3.4.7)
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Finally, combining (1.1.11) with (3.4.7), we deduce that
F (o) < liminf F(u,y,).
m—0o0

This proves that the functional F>° is lower semi-continuous, and therefore we
obtain the thesis. U

REMARK 3.4.1. The constant § > 0 in (3.4.3) is aimed at balancing the effect
of the squared L2-norm regularization and of the integral term. This fact can be
crucial in some cases, relevant for applications. Indeed, let us assume that, for
every € > 0, there exists u. € U such that

// 5,27 (5), 8) du(s) dp(0) <

/B_

DO ™

Then, let us set

Hu|L2’

and let 4 € U be a minimizer for the functional 7> : U/ — R defined as in (3.4.3).
Therefore, we have that

[ atssst5)0)a0(5) o) < () < PG < =

In particular, this means that, when the constant 5 > 0 is chosen small enough,
the integral cost achieved by the minimizers of F°° can be made arbitrarily small.

3.5. Reduction to finite ensembles via ['-convergence

The existence result in Theorem 3.4.2 guarantees that the set of the solutions
of the minimization problem (3.4.2) is nonempty. However, if the support of the
probability measure p is not contained in a fine subset of the space of parameters
©, the problem (3.4.2) involves the resolution of an infinite number of Cauchy
problems. Therefore, a natural attempt to make the ensemble optimal control
problem (3.4.2) tractable consists in approximating p with a probability measure
it that charges a finite number of elements of ©. Therefore, if ¢ and i are close
in some appropriate sense, we may expect that the solutions of the minimization
problem involving i provide approximations of the minimizers of the original en-
semble optimal control problem (3.4.2). This argument can be made rigorous by
means of the tools of I'-convergence. We briefly recall below this notion. For a
thorough introduction to this topic we refer the reader to the textbook [24].

DEFINITION 2. Let (X,d) be a metric space, and for every N > 1 let FV :
X — RU{+o0} be a functional defined over X. The sequence (FV)y>; is said to
I'-converge to a functional 7> : X — RU {+o0} if the following conditions holds:
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e liminf condition: for every sequence (uy)n>1 C X such that uy —x u as
N — oo the following inequality holds

Fo(u) < liminf FN (uy); (3.5.1)
N—oo

o limsup condition: for every x € X there exists a sequence (uy)n>1 C X
such that uy —x u as N — oo and such that the following inequality
holds:

F>(u) > limsup FY (uy). (3.5.2)

N—oo

If the conditions listed above are satisfied, then we write F¥ —p F> as N — oo.

The importance of the I'-convergence is due to the fact that it relates the
minimizers of the functionals (FV)y>; to the minimizers of the limiting functional
F°°. Namely, under the hypothesis that the functionals of the sequence (FV)y>;
are equi-coercive, if iy € argmin FV for every N > 1, then the sequence (Un)N>1
is pre-compact in X', and any of its limiting points is a minimizer for F> (see
[24, Corollary 7.20]). In other words, the problem of minimizing F>° can be
approximated by the minimization of 7V, when N is sufficiently large. We report
that a similar approach was undertaken in [41], where the authors considered
general ensembles of control systems (not only affine in the controls), and it was
proved that the averaged approrimations of the cost functional in exam are I'-
convergent to the original objective with respect to the strong topology of LZ.
We insist on the fact that our result is not reduced to a particular case of the one
studied in [41]. Indeed, on one hand, by means of the strong topology in [41] it was
possible to establish I'-convergence for more general ensembles of control systems,
and not only under the affine-control dynamics (3.1.1). On the other hand, in the
general situation considered in [41] the functionals of the approximating sequence
are not equi-coercive (often neither coercive) in the L?-strong topology, and proving
that the minimizers of the approximating functionals are (up to subsequences)
convergent could be a challenging task. However, in the case of affine-control
systems we manage to prove ['-convergence even if the space of admissible controls
U is equipped with the weak topology.

We now focus on the ensemble optimal control problem (3.4.2) studied in Sec-
tion 3.4 and on the functional > : & — R, defined in (3.4.3). As done in the
proof of Theorem 3.4.2, it is convenient to equip the space of admissible controls
U = L?(]0,1],R*) with the weak topology. However, Definition 2 requires the
domain X where the limiting and the approximating functionals are defined to be
a metric space. Unfortunately, the weak topology of L? is metrizable only when
restricted to bounded sets (see, e.g., [15, Remark 3.3 and Theorem 3.29]). In the
next lemma we see how we should choose the restriction without losing any of the
minimizers of F>°.
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LEMMA 3.5.1. Let F* : U — R, be the functional defined in (3.4.3). There-
fore, there exists p > 0 such that, if 4 € U satisfies F>°(u) = infy F>°, then

lal[rz < p. (3.5.3)

PROOF. Let us consider the control w = 0. If & € U is a minimizer for the
functional F°°, then we have F>(u) < F>°(u). Moreover, recalling that the
function a : [0,1] x R® x © — R, that designs the integral cost in (3.4.2) is
non-negative, we deduce that

—IIUIILz < Fe(a) < F<(a).

Thus, to prove (3.5.3) it is sufficient to set p := /2F>(u)/5. O
The previous result implies that the following inclusion holds
argmin F>° C X,

where we set

Xi={uel:||lul| <p}, (3.5.4)
and where p > 0 is provided by Lemma 3.5.1. Since X is a closed ball of L2, the
weak topology induced on X is metrizable. Hence, we can restrict the functional
F>* U — R, to X in order to construct an approximation in the sense of I'-
convergence. With a slight abuse of notations, we shall continue to denote by
F° the functional restricted to X'. As anticipated at the beginning of the present
section, the construction of the functionals (FV)ys; relies on the introduction of
a proper sequence of probability measures (uy)y>1 on © that approximate the
probability measure p prescribing the integral cost in (3.4.2). We first recall the
notion of weak convergence of probability measures. For further details, see, e.g.,
the textbook [21, Definition 3.5.1].

DEFINITION 3. Let (ux)n>1 be a sequence of Borel probability measures on
the compact set ©. The sequence (uy)n>1 is weakly convergent to the probability
measure 4 as N — oo if the following identity holds

lim / F(8) dyun(6) = / 7(0) dpu(6), (3.5.5)

N—oo

for every function f € C°(O,R). If the previous condition is satisfied, we write
Uy —* pas N — oo.

For every N > 1 we consider a subset {f;,...,0y} C © and the probability
measure that charges uniformly these elements:

1 N
= ;59].. (3.5.6)

We assume that the sequence (uy)n>1 approximates the probability measure yu in
the weak sense, i.e., uy —* u as N — oo. This can be achieved if, for example,



3.5. REDUCTION TO FINITE ENSEMBLES VIA I'-CONVERGENCE 75

(un)n>1 are empirical measures associated to independent samples of the proba-
bility measure p. We are now in position to introduce the family of functionals
(FN)ns1. For every N > 1, let FV : X — R, be defined as follows

w0 [ / O () (0) + el (857)

where 2¥ : [0,1] — R" denotes the solution on (3.1.1) corresponding to the param-
eter 0 € G) and to the control u € X. We observe that FV and F> have essentially
the same structure: the only difference is that the integral term of (3.4.3) involves
the measure p, while (3.5.7) the measure py. Before proceeding to the main result
of the section, we prove an auxiliary result.

LEMMA 3.5.2. Let (un)n>1 be a sequence of probability measures on © such
that uy —* 1 as N — oo, and let v be a probability measure on [0,1]. Then,
the sequence of the product probability measures (v @ uy)n>1 on the product space
[0,1] x © satisfies v @ uy —* v @ u as N — 0.

ProoF. It is sufficient to prove that

i [ (o) dvems0 = [ feodvenss)  (358)
N=oo Ji0,1]x0 [0,1]x©

for every f € C°(]0,1] x ©,R). In virtue of Fubini Theorem (see, e.g., [15, Theo-

rem 4.5]), for every f € C°([0,1] x ©,R) we have

/[0 : ef(s,e) d(v @ un)(s,0) = /@ £(0) dun(0) (3.5.9)

for every N > 1, where f : © — R is the continuous function defined as f(0) :=

fo s,0) dv(s) for every 8 € ©. Moreover, the hypothesis uy —* uas N — oo
1mphes that

Jm [ FO)dunto) = [ FOm0) = [ fs0dvonss) (3510
—Jo 2] [0,1]x©

for every f € C°([0,1] x ©,R), where we used again Fubini Theorem in the last

identity. Finally, combining (3.5.9) and (3.5.10) we obtain (3.5.8), and this con-

cludes the proof. 0

We now show that the sequence of functionals (FV)y>; introduced in (3.5.7) is

[-convergent to the functional that defines the ensemble optimal control problem
(3.4.2).

THEOREM 3.5.3. Let X C U be the set defined in (3.5.4), equipped with the weak
topology of L?. For every N > 1, let FN : X — R, be the functional introduced
n (3.5.7), and let F>° : X — Ry be the restriction to X of the application defined
n (3.4.3). Then, we have FN —p F> as N — .
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Proor. We first establish the liminf condition. Let us consider a sequence of
controls (uy)ny>1 C X such that uy —2 us as N — 0o. As done in Lemma 3.4.1,
for every N € NU{oo} let us define the functions Yy : [0,1] x © — R, as follows:

Yn(s,0) :=a(s, Xn(s,0),0) (3.5.11)

for every (s,0) € [0,1] x ©, where, for every N € NU {00}, Xy : [0,1] x © — R"
is the mapping introduced in (3.1.8) that describes the evolution of the ensemble
in correspondence of the admissible control uy. From (3.5.11) and the definition
of the functionals (FV)y>; in (3.5.7), we obtain that

Nuy) // Yn(s,0)dv(s)dun(0) + §||uNH%2 (3.5.12)

for every N € N. Moreover, we observe that the uniform convergence Yy —co Y
as N — oo guaranteed by Lemma 3.4.1 implies that

lim / / V(5. 0) — Yao(s, 0)] d(s)dpun (6) = 0. (3.5.13)

N—o0

Therefore, using the triangular inequality and Lemma 3.5.2, from (3.5.13) we de-
duce that

A}im / / Yn(s,0)dv(s)dun(0 / / (s,0)dv(s)du(0). (3.5.14)
—00
Combining (3.5.12) with (3.5.14) and (1.1.11), we have that

F(ue) < 11]\171’1 inf 7N (uy),

which concludes the first part of the proof.

We now establish the limsup condition. For every u € X', let us consider the
constant sequence uy = u for every N > 1. In virtue of Lemma 3.5.2, we have
that

]\}1_1&// (s, Xu(s,0),0)dv(s)dun(0 // (s, Xu(s,0),0)dv(s)du(0)
(3.5.15)
for every u € X, where X, : [0,1] x © — R" is defined as in (3.1.8). This fact
gives
F>(u) = lim FN(u)
N—o0
for every u € X, and this shows that the limsup condition holds. O

REMARK 3.5.1. We observe that Theorem 3.4.2 holds also for 7V : X — R,
for every N € N. Indeed, the domain X is itself sequentially weakly compact,
and the convergence (3.4.7) occurs also with the probability measure py in place
of . Therefore, being the functional FV coercive and sequentially lower semi-
continuous with respect to the weak topology of L?, it admits a minimizer.
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The next result is a direct consequence of the I'-convergence result established
in Theorem 3.5.3. Indeed, as anticipated before, the fact that the minimizers of the
functionals (FV)yen provide approximations of the minimizers of the limiting func-
tional F> is a well-established fact, as well as the convergence inf y FV — inf y F>
as N — oo (see [24, Corollary 7.20]). We stress the fact that, usually, the approx-
imation of the minimizers occurs in the topology that underlies the I'-convergence
result. However, we can actually prove that, in this case, the approximation is
provided with respect to the strong topology of L?, and not just in the weak sense.

COROLLARY 3.5.4. Let X C U be the set defined in (3.5.4). For every N > 1,
let FN : X — R, be the functional introduced in (3.5.7) and let iy € X be any of
its minimazers. Finally, let F>° : X — Ry be the restriction to X of the application
defined in (3.4.3). Therefore, we have

inf 7° = lim inf 7V, (3.5.16)
X N—oo X

Moreover, the sequence (ly)nen is pre-compact with respect to the strong topology
of L?, and any limiting point of this sequence is a minimizer of F°°.

PROOF. Owing to Theorem 3.5.3, we have that F¥ —p F>* as N — oo with
respect to the weak topology of L?. Therefore, from [24, Corollary 7.20] it follows
that (3.5.16) holds and that the sequence of minimizers (iy)nen is pre-compact
with respect to the weak topology of L2, and its limiting points are minimizers of
F°°. To conclude we have to prove that it is pre-compact with respect to the strong
topology, too. Let us consider a subsequence (i, )jen such that iy, —p2 s as
J — 00o. Using the fact that iy is a minimizer for F*°, as well as y, is for F Ni
for every j € N, from (3.5.16) it follows that

F (o) = lim FNi(ay;,). (3.5.17)
J]—00
Moreover, with the same argument used in the proof of Theorem 3.5.3 to deduce
the identity (3.5.14), we obtain that

/ / $),6) dv(s)du(0) = lim / / $),0) dv(s)dux, (0).

(3.5.18)
Combining (3.5.17) and (3.5.18), and recalling the definitions (3.5.7) and (3.4.3)
of the functionals FV : X — R, and F* : X — R,, we have that
B B

el = T Sl |,

which implies that iy, —r2 U as j — o0o. Since the argument holds for every
L2-weakly convergent subsequence of the sequence of minimizers (iy)yey, this
concludes the proof. O
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3.6. Gradient field and Maximum Principle for finite ensembles

In Section 3.4 we formulated the minimization problem (3.4.2) for the ensem-
ble of control systems (3.1.1), and in Theorem 3.4.2 we showed that it admits
solutions by proving that the corresponding cost functional 7> : 4/ — R, has
minimizers. However, the minimization of F°° could potentially result in han-
dling simultaneously an infinite number of controlled dynamical systems. In this
regards, the I'-convergence result obtained in Section 3.5 suggests that we can
replace the original functional cost F> with a sequence of functionals (FV)yen,
cach of them involving a finite sample of the ensemble of control systems (3.1.1).
Moreover, Corollary 3.5.4 guarantees that the minimizers of (FV)yey are actually
convergent to minimizers of F°°, i.e., to solutions of (3.4.2). In the present section
we address the question of actually finding the minimizers of the approximating
functionals (FV)yey. Namely, starting from the result stated in Theorem 3.3.2
for a single affine-control system with end-point cost, we obtain the expression of
the gradient fields that the functionals (F)yey induce on their domain. More-
over, we state the Pontryagin Maximum Principle for the optimal control problems
corresponding to the minimization of the functionals (FV)yey. Both the gradient
fields and the Maximum Principle will be used for the construction of the numerical
algorithms presented in the next section.

From now on, we specialize on the following particular form of the cost associ-
ated to the ensemble optimal control problem (3.4.2):

() = [ alal(1).6)du(6) + 5 |l (3.6.1)

for every u € U, where a : R® x © — R, is a C'-regular function, and 5 > 0 is a
positive parameter that tunes the L*regularization. We observe that (3.6.1) is a
particular instance of (3.4.3). Indeed, it corresponds to the case v = d;—;, where
v is the probability measure on the time interval [0, 1] that appears in the first
term at the right-hand side of (3.4.2). In other words, we assume that the integral
cost in (3.4.2) depends only on the final state of the trajectories of the ensemble.
For every N € N, let the probability measure py have the same expression as in
(3.5.6), i.e., it is a finite uniform convex combination of Dirac deltas centered at
{601,...,0x} C ©. Therefore, for every N € N, the functional F~ : i/ — R, that
we consider in place of (3.6.1) has the form

P ) = [ alel(1),0)dux(6) + Gl = 5 Sl (1).6) + Slluls (362

j=1
for every u € U.

REMARK 3.6.1. In Section 3.5 for technical reasons we defined the functionals
(F¥)nen on the domain X C U introduced in (3.5.4). However, the functionals
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(FM)nen and the corresponding gradient fields can be actually defined over the
whole space of admissible controls .

At this point, it is convenient to approach the minimization of the functional
FN in the framework of optimal control problem in finite-dimensional Euclidean
spaces. For this purpose, we introduce some notations. For every N € N, let
{61,...,0n} C O be the set of parameters charged by the discrete probability
measure py. Then, we study the finite sub-ensemble of (3.1.1) corresponding
to the parameters {6;,...,0y}. Namely, we consider the following affine-control
system on R™V:

x,(8) = FY (x,) + FN(x,)u(s), for a.e. t €0,1], (36.3)
x,(0) = X0, o
where x = (z1,...,2V)T € R"Y, and FY : R™Y — R"Y and FV : R"Y — RrV*F
are applications defined as follows:
Fy'(a)
Fy (x) = : (3.6.4)
V()
and
FOr(zh) Fihy .. Fi(a)
FY(x) = : = : : (3.6.5)
Fox (o) EIN@@NY o FN(aN)
for every x € R™. Finally, the initial value is set as xo := (2¢(61), ..., 7o(0N)),

where zy : © — R” is the mapping defined (3.1.6) that prescribes the initial data
of the Cauchy problems of the ensemble (3.1.1). Moreover, we can introduce the
function a’¥ : R™ — R, defined as

N

aV(x) = a¥((z', ..., V) = % S a(at, 6y), (3.6.6)

where a : R" x © — R, is the function that designs the integral cost in (3.6.1). In
this framework, the functional 7V : I/ — R can be rewritten as follows:

p
2
for every u € U, where x¥ : [0, 1] — R™ is the solution of (3.6.3) corresponding to

the admissible control u. In the next result we derive the expression of the vector
field G : U — U that represents the differential of the functional FV, namely

(GNTu), v)y = duF (v) (3.6.8)

FN(u) = a(x,(1) + =||u| 2 (3.6.7)

for every u,v € U.
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THEOREM 3.6.1. Let us assume that for every 0 € © the functions x — Fy(x, )
and x + F(x,0) are C'-regular, as well as the function x — a(x,0) that defines the
end-point cost in (3.6.1). Let {6y,...,0n5} C O be the subset of parameters charged
by the measure u™ that designs the integral cost in (3.6.2). Let F~ : U — R, be the
functional defined in (3.6.2). Then FV is Gateauz differentiable at every u € U,
and we define GN : U — U as the gradient vector field on U that satisfies (3.6.8).
Then, for every u € U we have

ZF" 2% ()TN (s) + Bu(s) (3.6.9)

for a.e. s € [0,1], where for every j = 1,..., N the curve e 2 [0,1] — R™ s
the solution of (3.1.1) corresponding to the pammeter 0; and to the admissible
control u, and N, : [0,1] — (R™)* is the absolutely continuous curve of covectors
that solves

Ny . 95 (%

)\‘;(S) _ —)\{L(S) (BF fEu (S + Zl . l( )W) a.e. Zn [0’ 1]7

(1) = % Va(ai (1), 6;).

REMARK 3.6.2. We use the convention that the elements of (R"™)* are row-
vectors. Therefore, for every j = 1,..., N and s € [0, 1], M(s) should be read as

a row-vector. This should be considered to give sense to (3.6.9) and (3.6.10). The
same observation holds for Theorem 3.6.2.

(3.6.10)

PROOF OF THEOREM 3.6.1. As done in (3.6.3), we can equivalently rewrite
the sub-ensemble of control systems corresponding to the parameters {6y, ...,0y} C
O as a single affine-control system in R™. Moreover, the regularity hypotheses
guarantee that the functions FYY : R™Y — R™V and FY RV 25 RV defined in
(3.6.5) are C''-regular, as well as the function a : R™ — R, introduced in (3.6.6).
Therefore, owing to Theorem 3.3.2, we obtain the expression for the gradient field
induced by the functional FV written in (3.6.7). Indeed, we deduce that

GV u)(s) = FN(x,(5)) " Au(s) + Bu(s) (3.6.11)
for a.e. s € [0,1] and for every u € U, where x,, : [0,1] — R™" is the solution of

(3.6.3) corresponding to the control u, and A, : [0,1] — (R™)* is the curve of
covectors that solves

Au(s) = —Ay(s) (w +3F u&s)%) for a.e. s €0, 1],
A (1) = Via(x,(1)),

(3.6.12)
where FY ... FY : R"™W — RN denote the vector fields obtained by taking the
columns of the matrix-valued application F : R — R"V**_ Moreover, if we
consider the curves of covectors AL ... AN : [0,1] — (R™)* that solve (3.6.10)
for j = 1,...,N, it turns out that the solution of (3.6.12) can be written as
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Au(s) = (AL(s),...,A\N(s)) for every s € [0,1]. Finally, using this decoupling of
A, the identity (3.6.10) can be deduced from (3.6.11) using the expression of
FY, ..., FY. O

In the previous result we obtained the gradient field on U that represents the
differential of the functional FV : U/ — R,. We now establish the necessary
condition for an admissible control @y € U to be a minimizer of FV. This essen-
tially descends as a standard application of Pontryagin Maximum Principle. For
a complete survey on the topic, the reader is referred to the textbook [4].

THEOREM 3.6.2. Under the same assumptions and notations of Theorem 5.6.1,
let iy = (Ung,...,0nk) € U be a minimizer of the functional FN : U — R,
defined as in (3.6.2). For every j =1,...,N, let xf{}v :[0,1] — R™ be the solution
of (3.1.1) corresponding to the parameter 6; € © and to the optimal control .
Then, for every 7 =1,..., N there exists a curve of covectors )\%N :[0,1] — (R™)*
such that

. . 8FJ T s BF-ej x?j s
M (s) = —AL_(s) ((8—”) +30) WM@%) a.c. in [0,1]
N (1) = LVa(2¥ (1),0)),
(3.6.13)
and such that

in(s) € arg max {Z ( ZJ}V(S))U> — §|v|§} (3.6.14)

7=1
for a.e. s €10,1].

PROOF. As done in the proof of Theorem 3.6.1, we observe that we can equiva-
lently consider the single affine-control system (3.6.3) in place of the sub-ensemble
of affine-control systems corresponding to the parameters {6;,... 60y} C ©. More-
over, if we rewrite the cost functional FV : Y — R, as in (3.6.7), we reduce to a
standard optimal control problem in R™™. Let iy € U be an optimal control for
this problem, and let x4, : [0,1] — R™ be the solution of (3.6.3) corresponding
to ty. Then, from the Pontryagin Maximum Principle (see, e.g., [4, Chapter 12]),
it follows that there exists a € {0,—1} and Ay, : [0,1] — (R™)* such that
(o, Ay (s)) # 0 for every s € [0, 1] and such that

A Xa N X S .
{AﬁN(s) = —Aqyy(s) <8F oy Jrzz Llni(s )W) a.e. in [0, 1],
AﬁN(1> = avxa(xﬁw(l))'
(3.6.15)
Moreover, for a.e. s € [0, 1] the following condition holds

un(s) € arg max {AﬁN(S) (Fo (xax (5)) + FN (xa, ())v) + a§|v|§} . (3.6.16)

vERFK
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Since the differential equation (3.6.15) is linear, if & = 0 we have A4, (s) = 0,
and this violates the condition (o, Ag,(s)) # 0 for every s € [0,1]. Therefore
we deduce that « = —1. This shows that the optimal control problem in con-
sideration has no abnormal extremals. Moreover, if we consider the curves of
covectors Ay ..., AN [0,1] — (R")* that solve (3.6.13) for j = 1,..., N, it
turns out that the solution of (3.6.15) corresponding to a = —1 can be written as
Ay(s) = (=X, (5), ..., =AY (s)) for every s € [0, 1]. Finally, using this decoupling
of A, the condition (3.6.14) can be deduced from (3.6.16) using the expression of
FY,...,FY and observing that the term Ag, (s)F) (x4, (s)) in (3.6.16) does not
affect the minimizer. O

We recall that the Pontryagin Maximum Principle provides necessary condition
for minimality. An admissible control @ € U is a (normal) Pontryagin extremal
for the optimal control problem related to the minimization of FV : U — R, if
there exist AL ... AN 1 [0,1] — (R")* satisfying (3.6.13) and such that the relation
(3.6.14) holds.

REMARK 3.6.3. Let @ € U be a critical point for the functional FV¥ : i/ — R,
i.e., GN[u] = 0. Therefore, from (3.6.9) it turns out that

i(s) = =5 D0 el ()T X()"

for a.e. s € [0,1], where for every j = 1,..., N the curve zt:gj 0 [0,1] — R™ is
the trajectory of (3.1.1) corresponding to the parameter #; and to the control u,
and M, : [0,1] — (R™)* is the solution of (3.6.10). We observe that, for every
j=1,...,N, XL :[0,1] — (R")* solves as well (3.6.13), and that @(s) satisfies

a® (s) € arg max {XN: <—)\éN(3)F(:UZJ}v(S))U> - g’vg}

for a.e. s € [0,1]. This shows that any critical point of 7V : &/ — R, is a (normal)
Pontryagin extremal for the corresponding optimal control problem. Conversely,
an analogue argument shows that any Pontryagin extremal is a critical point for
the functional FV.

3.7. Numerical schemes for optimal control of ensembles

In this section we present two algorithms for the numerical resolution of the
problem of optimal control of ensembles. In Section 3.4 we formulated it as the
minimization of a proper functional F*>° : Y — R, introduced in (3.4.3) and
defined over the space of admissible controls. The I'-convergence result obtained
in Section 3.5 allows us to consider the functionals (FV)yey to approximate F°.
The advantage of this approach lies in the fact that any of the functionals (FV)yey
deals with a finite sub-ensemble of the original (in general, infinite) ensemble of
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control systems. Finally, in Section 3.6 we wrote for every N € N the gradient
field induced on U by the functional FV : U/ — R, and we derived the Pontryagin
Maximum Principle for the optimal control problem related to the minimization
of FV. We recall that in Section 3.6 we focused on the case of end-point costs, i.e.,
when the measure v that appears in the first term at the right-hand side of (3.4.3)
and (3.5.7) satisfies v = d,—;. In the present section we introduce two numerical
schemes starting from the results of Section 3.6. The first method consists in
the projection of the field GV : Y — U induced by FV onto a finite-dimensional
subspace Uy, C U. The second one is based on the Pontryagin Maximum Principle
and it was first proposed in [45].

Before proceeding, we introduce the notations and the framework that are
shared by the two methods. Let us consider the interval [0, 1], i.e., the evolution
time horizon of the ensemble of controlled dynamical systems (3.1.1), and for
M > 2 let us take the equi-spaced nodes {0, ﬁ, ce %, 1}. Recalling that U :=
L%([0,1],R¥), let us define the subspace Uy C U as follows:

up  if0<s< 5

u€EUy = u(s)=1: (3.7.1)
uy i M < s <1,
where uy, ..., up € RF. For every [ = 1,..., M, we shall write u; = (uyy, ..., ug;)

to denote the components of v; € R¥. Then, any element u € Uy, will be repre-
sented by the following array:

w = (u)i =y (3.7.2)

For every N > 1, let 4V be the discrete probability measure (3.5.6) on © that
approximates the probability measure p involved in the definition of the functional
F>*:U — Ry in (3.6.1). Let {6,...,0x} C © be the points charged by u”, and,
forevery j =1,..., N, let z [0,1] — R™ be the solution of (3.1.1) corresponding
to the parameter ; and to the control w. Then, for every j = 1,..., N and
[ =0,...,M we define the array that collects the evaluation of the trajectories at
the time nodes:

L . I
J\i=L,....N J . 0;
=z — ). 3.7.3
(xl)lzo,,..,M’ 2] Loj (M) ( )

We observe that in (3.7.3) we dropped the reference to the control that generates
the trajectories. This is done to avoid hard notations, and in the following we hope
that it will be clear from the context the correspondence between trajectories and
control. Similarly, for every j =1,..., N, let M : [0,1] — (R")* be the solution of
(3.6.10), and let us introduce the corresponding array of the evaluations:

o , e
Myi= N MNo=M(—). 74
o V= (o) (3.7.4)
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3.7.1. Projected gradient field. In this subsection we describe a method for
the numerical minimization of the functional 7V : & — R, defined as in (3.6.2).
This algorithm consists in the projection of the gradient field GV : U/ — U derived
in (3.6.9) onto the finite-dimensional subspace Uy, C U defined as in (3.7.1). We
observe that we can explicitly compute the expression of the orthogonal projector
Py U — Uys. Indeed, we have

Mfoﬁu(s)ds if0<s< 4,
Pylul(s) = ¢+ (3.7.5)
MfMlu dS 1f%§3§1,

for every u € U. Thus, we can can define the projected field G : Uy, — Uy as
Garlu] == Py[GN [ul] (3.7.6)

for every u € Uy, and we end up with vector field on a finite-dimensional space.
At this point, in view of a numerical implementation of the method, it is relevant
to observe that the computation of GV [u] requires the knowledge of the trajectories
2% 2% 1 [0,1] — R™ and of the curves AL,... AN : [0,1] — (R")*. However,
during the execution of the algorithm, we have access only to the (approximated)
values of these functions at the time nodes {0, - 27+ - -» 1}. Therefore, we need to
adapt (3.7.6) in order to meet our needs. For every u € Uy, let us consider the
corresponding arrays (7 )] 5’ o and (X)7Z &’ N defined as in (3.7.3) and (3.7.4),
respectively. In practice, they can be computed using standard numerical schemes
for the approximation of ODEs. For every [ =1,..., M, we use the approximation

M/MZ F‘9 (2% ()" N (s)T )—i—ﬁu(s)dt

™ j=1

N
Z(FH ol VINT 4 Fo (g )T)\{T> + Buy.

J=1

l\DI»—

Then, for every u € Uy, after computing the corresponding arrays (:Ul)f 01’ ﬁ

and ()\‘Z ){:g oy With a proper ODEs integrator scheme, we use the quantity Au =

(Auy, ..., Auyr) € Uys to approximate Gi7[u], where we set
1Y , ,
Au= 53 <F9j (2l )TNT 4+ FO ()TN T) + B (3.7.7)
j=1
for every [ = 1,..., M. We are now in position to describe the Projected Gradient

Field algorithm. We report it in Algorithm 1.

REMARK 3.7.1. We observe that the for loops at the lines 9-12 and 18-21
(corresponding, respectively, to the update of the curves of covectors and of the
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Algor

ithm 1: Projected Gradient Field

Data:

e {01,...05} C O subset of parameters;

° F(']gl, e ,FgN : R™ — R”™ drift fields;

o FOr .. FO:R"™ — R™F controlled fields;

o (z)7=1N = (g8 2%V initial states of trajectories;

e a(-,61),...,a(-,0y) : R" — R, end-point costs, and 5 > 0.

Algorithm setting: M = dim Uy, 7 € (0,1), c € (0,1), v > 0,

maXiter > 1, u € Upy.

1 h <+ %;

2 for j=1,...,N do // First computation of trajectories
3 ‘ Compute (x{)lzl,m,M using (u;);=1,. v and xé;

4 end

5 Cost + + >0y a(ay, 0;) + 5[ul .

6 flag < 1;

7 for r =1,..., max;,, do // Iterations of Projected Gradient

Field

8 if flag = 1 then // Update covectors only if necessary
9 for j=1,...,N do // Backward computation of covectors
10 Ny %Va(xgw@j);

11 Compute ()\{)Z:O,...,M—l using (w)i=1,... M, (:L’{)l:07_._,M and /\g\/[;

12 end

13 end

14 forl=1,...,M do // Compute Au using (3.7.7)
15 Ay %Ejvzl (Fej (x{—l)T)‘{—Tl + % (${>TA{T> + Bu;

16 end

17 UV — u — yAu;

18 for j=1,...,N do // Forward computation of trajectories
19 " — )

20 Compute (:c{"new)lzlmM using (up®V);=1.. v and :co"new;

21 end

22 | Cost™ & % 3200, a(ahr™, 0;) + §llum|[3z;
23 if Cost > Cost™" + ¢v||Au||7, then // Backtracking for v
24 u — u"v, x4 "V,

25 Cost <— Cost™";

26 flag < 1;
27 else

28 v = T

29 flag < 0;
30 end

31 end
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trajectories) can be carried out in parallel with respect to the index j =1,..., N.
This can be considered when dealing with large sub-ensembles of parameters.

REMARK 3.7.2. The step-size v > 0 for Algorithm 1 is set during the initializa-
tion of the method, and it is adaptively adjusted through the if clause at the lines
23-30 via the classical Armijo-Goldstein condition (see, e.g., [40, Section 1.2.3]).
We observe that, if the update of the control at the r-th iteration is rejected,
at the r + 1-th iteration it is not necessary to re-compute the array of covectors
()\g ){::g ]\]\4[ In this regards, the if clause at the line 8 prevents this computation
in the case of rejection at the previous passage.

3.7.2. Iterative Maximum Principle. In this subsection we present a sec-
ond numerical method for the minimization of the functional 7V : U — R, , based
on the Pontryagin Maximum Principle. The idea of using the Maximum Principle
to design approximation schemes for optimal control problems was well established
in the Russian literature (see [19] for a survey paper in English). In this subsec-
tion we adapt to our problem the method proposed in [45], which is in turn a
stabilization of one of the algorithms reported in [19].

The key-idea relies in iterative updates of the control through the resolution
of a maximization problem related to the condition (3.6.14). However, the sub-
stantial difference from Algorithm 1 consists in the fact that the controls and the
trajectories are computed simultaneously. More precisely, let us consider M > 1
and let Uy, C U be the finite-dimensional subspace introduced in (3.7.1). Given
an initial guess u = (u;)i=1,. € Unr, let (2 )gzolﬁ and (N ){::gﬁ be the cor-
responding arrays, defined as in (3.7.3) and (3.7.4), respectively. For [ = 1, the

value of ui*™ (i.e., the updated value of control in the time interval [0, 1/M]) is
computed using (z)7=%N and (X))~ as follows:

vERK 2

N
- 1
ul®" = arg max {Z (=X F% (x))v) B|v|§ = Zh} - u1|§} , (3.7.8)
=1

new

where v > 0 plays the role of the step-size of the update. From the value u}
just obtained and the initial conditions (z)/=" we compute (z])7=1N ie.,
the approximation of the trajectories at the time-node 1/M. At this point, us-
ing (z])7=%" and (\])7=LN we calculate u3®" with a maximization problem
analogue to (3.7.8). Finally, we sequentially repeat the same procedure for every
l=2,...,M. We report the scheme in Algorithm 2.

REMARK 3.7.3. The maximization at line 17 can be solved directly at a very
low computational cost. Indeed, we have that

new 1 Y j,corr ; inewy\ 1
U™ — 115 (ul—Z()\‘Z’ Faf(x{;l )) >

i=1
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Algorithm 2: Iterative Maximum Principle

Data:

e {01,...05} C O subset of parameters;

° F(']gl, e ,FgN : R™ — R”™ drift fields;

o FOr .. FO:R"™ — R™F controlled fields;

o (z)7=1N = (g8 2%V initial states of trajectories;

e a(-,61),...,a(-,0y) : R" — R, end-point costs, and 5 > 0.
Algorithm setting: M = dim Uy, 7 € (0,1), 7 > 0, maxjper > 1,

u € UM

1 h <+ %;
2 for j=1,...,N do // First computation of trajectories
3 ‘ Compute (x{)lzl,m,M using (u;);=1,. v and xé;
4 end
5 Cost + + Zjvzl (7, 0;) + Bl 22
6 flag < 1;
7 for r =1,..., max;,, do // Iterations of Iterative Maximum

Principle
8 if flag = 1 then // Update covectors only if necessary
9 for j=1,...,N do // Backward computation of covectors
10 N, — %Va(‘xgw@j); ‘ A
11 Compute (A )i—o,..m—1 using (w;)i=1,. ., (27 )i=o...m and X
12 end
13 end
14 (l,gnevv)j:l,...,N i (mé)jzl’”"N;
15 ()\%ﬁorr)jzl,.‘.,N — (A%)jzl""’N;
16 fori=1,...,M do // Update of controls and trajectories
17 U

argmax,ce { 200y (N FO (22 )0) = Slof — Ll — w3}

18 for j=1,...,N do
19 Compute 27" using "™ and u¥;
20 AT N — LVa(a], 0;) + £Va(z]",0;);
21 end
22 end
23 | Cost™ ¢ 307 a(whf™, 0;) + §l[u"][7:;
24 if Cost > Cost™" then // Backtracking for v
25 U 4= utV, <
26 Cost < Cost™";
27 flag < 1;
28 else
29 v =T
30 flag < 0;
31 end

32

end
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for every [ = 1,..., M. This is essentially due to the fact that the systems of the
ensemble (3.1.1) have an affine dependence on the control.

"REMARK 3.7.4. As well as in Algorithm 1, in this case the computation of
(N )L:Olﬁ_l can be carried out in parallel (see the for loop at the lines 9-12).
Unfortunately, this is no more true for the update of the trajectories, since in

j,new

Algorithm 2 the computation of (27" )7=!-N takes place immediately after ob-
taining u®V, for every | = 1,..., M (see lines 17-21).

REMARK 3.7.5. At the line 20 of Algorithm 2 we introduce a correction for the
value of the covector. This feature is not present in the original scheme proposed
in [45], where the authors considered optimal control problems without end-point
cost.

REMARK 3.7.6. Also in Algorithm 2 the step-size is adaptively adjust, and it
is reduced if, after the iteration, the value of the functional has not decreased. In
case of rejection of the update, it is not necessary to recompute (X )=, N This
is a common feature with Algorithm 1, as observed in Remark 3.7.2. o

3.8. Numerical experiments

In this section we test the algorithms described in Section 3.7 on an optimal
control problem involving an ensemble of linear dynamical systems in R?. Namely,
given O < Onax € R, let us set © 1= [fiin, Omax] C R, and let us consider the
ensemble of control systems

i (s) = A%20(s) + bus(s) + baug(s) a.e. in [0, 1],
0o o (3.8.1)
xu(()) = Zo,

where 6 — xf is a continuous function that prescribes the initial states, u =

(uy,uz)” € U := L?([0,1],R?), and, for every 0 € O, we have

A7 — (2 (1)) by = ((1]) by = <(1’> (3.8.2)

For every N > 1 and for every subset of parameters {6;,...,0y} C ©, we represent
the corresponding sub-ensemble of (3.8.1) as an affine-control system on R?V as
done in Section 3.6. More precisely, we consider

{xu(s) = AVx,(s) + biui(s) + baus(s) a.e. in [0,1], (3.8.3)
x,(0) = %o,
where AN € R?2V*2N and by, by € R?V are defined as follows:
Al 05,0 T b by
AV =0, . Opol| b=, b2=|:]. (3.8.4)

095 AN by by
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Moreover, we observe that (3.8.1) can be interpreted as a control system in the
space CY(©,R?). Indeed, we can consider the control system

t ¢
Xut = Xo+ / A[X, -] dr + / biuy (7) + bouo(7) dr, t€10,1], (3.8.5)
0 0

where A : CY(©,R?) — C%(©,R?) is the bounded linear operator defined as
A[Y](0) := A’Y (9)

for every § € © and for every Y € C°([0,1],R?), and by, b; : © — R? are defined
as
61(9> = bl, bg(@) = bg

for every 6 € O, and finally X, : © — R? satisfies Xo(0) := a9 for every § € ©.
The integrals in (3.8.5) should be understood in the Bochner sense, and, for every
u € U, the existence and uniqueness of a continuous curve ¢ — X,,; in C°(©, R?)
solving (3.8.5) descends from classical results in linear inhomogeneous ODEs in
Banach spaces (see, e.g., [23, Chapter 3]). In particular, from the uniqueness we
deduce that

X,(0) = 2%(s) (3.8.6)

for every u € U, t € [0,1] and § € O, where 2% : [0,1] — R? is the solution of
(3.8.1) corresponding to the parameter 6 and to the control u. We now prove some
controllability results for the control systems (3.8.3) and (3.8.5).

PROPOSITION 3.8.1. For every N > 1 and for every subset {0y,...,0n} C O,
let us consider yiw € R*V. Then, there exists a control @ € U such that the
corresponding solution xz : [0,1] — R*YN of (3.8.3) satisfies xz(1) = Yiar-
Moreover, for every Yo, € C°(©,R?) and for every e > 0, there exists a control
us € U such that the curve s — X,_, that solves (3.8.5) satisfies

Y — X 1l]eo < e

PROOF. We observe that the first part of the thesis follows if we prove the exact
controllability of the system (3.8.3). An elementary result in control theorey (see,
e.g., [4, Theorem 3.3]) ensures that the last condition is implied by the identity

span { (AN) by, (AN) by| 0 <r <2N —1} = R*V.

A direct computation shows that this is actually the case.
As regards the second part of the thesis, owing to [53, Theorem 3.1.1] we have
that it is sufficient to prove that

span {AT[0,], AT[bo]] 7 = 0} = C°(O,R?). (3.8.7)
We observe that

span (o] AToa]l > 0} =span { (1) () 17> 0.
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therefore the identity (3.8.7) follows from the Weierstrass Theorem on polynomial

approximation. O
We now introduce the problem that we studied in the numerical simulations.
We set Opin = —%,Qmax = %, and we consider on © = [—%,%] the probability

measure p, distributed as a Beta(4, 4) centered at 0. Let us assume that the initial
data in (3.8.1) is not affected by the parameter 6, i.e, there exists 2o € R? such that
xf = xq for every § € ©. We imagine that we want to steer the end-points of the
trajectories of (3.8.1) as close as possible to a target point 3., € R?. Therefore,
we consider the functional 7> : U — R, defined as

s

Feu) = [ 1e400) =y n(0) +

for every u € U. We observe that the second part of Proposition 3.8.1 implies that
we are in the situation described in Remark 3.4.1. Indeed, if we set Y;a:(0) := Ytar
for every 6 € ©, we have that for every ¢ > 0 there exists u. € U such that

9
[ 18,000 = s ) < 1100~ Vil < 5,
(S}

where we used the identity (3.8.6). Therefore, in correspondence of small values of
B, we expect that the minimizers of (3.8.8) drive the end-point of the controlled
trajectories very close to #i.,. In the simulations we considered 8 = 1073, Finally,
we approximated the probability measure p with the empirical distribution %,
obtained with N independent samplings of u, using N = 300. Moreover, we
chose 7g = (0,0)7 and yior = (—1,—1)T. We report below the results obtained
with Algorithm 1 and Algorithm 2, where we set M = 64. We observe that
performances of the two numerical methods are very similar, as regards both the
qualitative aspect of the controlled trajectories and the decay of the cost during
the execution.

|ul|22 (3.8.8)
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Optimally controlled finite Test on new of the

FIGURE 1. Controlled ensemble. On the left, we reported the opti-
mally controlled trajectories of the sub-ensemble of © obtained by
sampling N = 300 parameters. On the right, we tested the controls
obtained before on a new sub-ensemble of O, obtained by sampling

20 new parameters. As we can see, the trajectories belonging to the
testing sub-ensemble are correctly steered to the target point ., =

(—1,1).

Decay of the cost

= lterative PMP
Projected Gradient

10°

102k

0 100 200 300 400 500 600 700 800 900

FIGURE 2. In the graph we reported the decay of the discrete cost
achieved by Algorithm 1 (Projected Gradient) and Algorithm 2 (It-
erative PMP). As we can see, the performances on this problem are
very similar.
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CHAPTER 4

Linear-control systems and Deep Learning

In this chapter we propose a Deep Learning architecture to approximate dif-
feomorphisms diffeotopic to the identity. We consider a linear-control system and
we use the corresponding flow to approximate the action of a diffeomorphism on
a compact ensemble of points. Despite the simplicity of the control system, it has
been recently shown that a Universal Approximation Property holds (see Theo-
rem 4.3.3). We apply the tools developed in Chapter 3 to formulate the approx-
imation task as an ensemble optimal control problem. The discretization of the
problem naturally leads to a ResNet, i.e., a specific Deep Learning architecture.
Finally, we use I'-convergence to provide an estimate of the expected generalization
error, and we perform some numerical experiments.

4.1. ResNets and control theory

Residual Neural Networks (ResNets) are particular instances of Deep Learn-
ing architectures and they were originally introduced in [32] in order to overcome
some issues related to the training process of traditional Deep Learning networks.
Indeed, it had been observed that, as the number of the layers in non-residual
architectures is increased, the learning of the parameters is affected by the vanish-
ing of the gradients (see, e.g., [11]) and the accuracy of the network gets rapidly
saturated (see [31]).

ResNets can be represented as the composition of non-linear mappings

d=dpo0...00,

where M represents the depth of the Neural Network and, for every [ = 1... M,
the building blocks ®; : R™ — R™ are of the form

O)(z) =+ (W + b)), (4.1.1)

where o : R — R"™ is a non-linear activation function that acts component-wise,
and W; € R™"™ and b, € R" are the parameters to be learned. In contrast, we
recall that in non-residual architectures ® = ®,; o ... o ®;, the building blocks
have usually the form
O)(z) = oc(Wix + by)

for I = 1,...,N. In some recent contributions [26, 35, 29|, ResNets have been
studied in the framework of mathematical control theory. The bridge between
ResNets and control theory was independently discovered in [26] and [29], where it

93
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was observed that each function @4, ..., ®,, defined as in (4.1.1) can be interpreted
as an Explicit Euler discretization of the control system
& =oc(Wx+0b), (4.1.2)

where W and b are the control variables. Since then, control theory has been
fruitfully applied to the theoretical understanding of ResNets. In [51] a Univer-
sal Approximation result for the flow generated by (4.1.2) was established under
suitable assumptions on the activation function o. In [35] and [14] the problem
of learning an unknown mapping was formulated as an Optimal Control problem,
and the Pontryagin Maximum Principle was employed in order to learn the optimal
parameters. In [18] it was consider the mean-field limit of (4.1.2), and it was pro-
posed a training algorithm based on the discretization of the necessary optimality
conditions for an optimal control problem in the space of probability measures.
The Maximum Principle for optimal control of probability measures was first in-
troduced in [43], and recently it has been independently rediscovered in [17]. In
this chapter, rather than using tools from control theory to study properties of
existing ResNets, we propose an architecture inspired by theoretical observations
on control systems with linear dependence in the control variables. As a matter
of fact, the building blocks of the ResNets that we shall construct depend linearly
in the parameters, namely they have the form

O)(x) = v+ G(2)w,

where G : R® — R™ ¥ is a non-linear function of the input, and u; € R* is the
vector of the parameters at the [-th layer. The starting points of our analysis are
the controllability results proved in [7, 8], where the authors considered a control
system of the form

k
= F(x)u=>»_ F(z)u, (4.1.3)
i=1
where Fi,...,F, are smooth and bounded vector fields on R", and v € U =

L%([0,1],R¥) is the control. We immediately observe that (4.1.3) has a simpler
structure than (4.1.2), having linear dependence with respect to the control vari-
ables. Despite this apparent simplicity, the flows associated to (4.1.3) are capable
of interesting approximating results. Given a control v € U, let &, : R" — R” be
the flow obtained by evolving (4.1.3) on the time interval [0, 1] using the control
w. In [8] it was formulated a condition for the controlled vector fields Fi, ..., F}
called Lie Algebra Strong Approzimating Property. On one hand, this condition
guarantees exact controllability on finite ensembles, i.e., for every N > 1, for ev-
ery {z}}j=1...~ C R” such that j; # jo = ' # af}, and for every injective
mapping ¥ : R” — R”, there exists a control u € U such that ®,(z}) = W(z?) for
every j = 1,...,N. On the other hand, this property is also a sufficient condition
for a CY-approximate controllability result in the space of diffeomorphisms. More
precisely, given a diffeomorphism ¥ : R" — R" diffeotopic to the identity, and
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given a compact set K C R", for every € > 0 there exists a control u. € U such
that supy [P, (z) — U(x)]a < e. The aim of this chapter is to use the results
obtained in Chapter 3 to provide implementable algorithms for the approxima-
tion of diffeomorphisms diffeotopic to the identity. More precisely, we discretize
the control system (4.1.3) on the evolution interval [0, 1] using the Explicit Eu-
ler scheme and the uniformly distributed time-nodes {0, ﬁ, cee %, 1}, and we
obtain the ResNet represented by the composition ® = ®,, 0... 0 &y, where, for
every [ =1,..., M, ®; is of the form
i 1
T = (I)l(l'l,1) =1+ hZE($l,1)ui7l, h = M, (414)
i=1

where xy € R™ represents an initial input of the network. In this construction, the
points (x;);—o,.. . represent the approximations at the time-nodes {ﬁ}l:07_,_7M of
the trajectory z, : [0,1] — R" that solves (4.1.3) with Cauchy datum x,(0) = zo.
We insist on the fact that in our discrete-time model we assume that the controls
are piecewise constant on the time intervals {[l_ﬁl, ﬁ)} —y - For this reason,
when we derive a ResNet with M hidden layers, we deal with M building blocks
(i.e., ®1,..., Py ) and with M k-dimensional parameters (u;);—1. n = (u,l)ﬁjﬂ
Moreover, when we evaluate the ResNet at a point g € R", we end up with M +1
input/output variables (z;);—, .y C R™.

The chapter is organized as follows. In Section 4.2 we establish the notations
and we prove preliminary results regarding the flow generated by control system
(4.1.3). In Section 4.3 we recall some results contained in [7] and [8] concerning
exact and approximate controllability of ensembles. In Section 4.4 we explain why
the “null training error strategy” is not suitable for the approximation purpose,
and we outline the alternative strategy based on the resolution of an optimal
control problem. In Section 4.5 we prove a ['-convergence result that holds when
the size M of the training dataset tends to infinity. As a byproduct, we obtain
the upper bound on the so called expected generalization error. In Section 4.6
we discretize the linear-control system (4.1.3) and we obtain the corresponding
ResNet, and we explain how the algorithms presented in Chapter 3 can be used
for the training of the network. Finally, in Section 4.7 we test numerically the
algorithms by approximating a diffeomorphism in the plane.

4.2. Notations and preliminary results

In this chapter we consider control systems of the form

k

T =F(x)u= ZFZ(x)uZ, (4.2.1)

i=1

where the controlled vector fields (F;);—1 . satisfy the following assumption.



96 4. LINEAR-CONTROL SYSTEMS AND DEEP LEARNING

ASSUMPTION 1. The vector fields Fi, ..., F} are smooth and Lipschitz-continuous,
i.e., there exists C7 > 0 such that
Fi(z) - F
sup sup |Fil@) IE < (. (4.2.2)
i=1,...,k z#y ‘LE - y‘Q

The space of admissible controls is U := L?([0, 1], R¥), endowed with the usual
Hilbert space structure. Using Assumption 1, the classical Carathéodory Theorem
guarantees that, for every u € U and for every zy € R", the Cauchy problem

#(s) = iy Fi(a(s))ui(s),
fro-= o

has a unique solution z,,, : [0,1] — R™. Hence, for every u € U, we can define
the flow @, : R® — R"™ as follows:

D, 1 g > Ty (1), (4.2.4)

where x,, 5, solves (4.2.3). We recall that ®,, is a diffeomorphism, since it is smooth
and invertible. We now prove an estimate of the Lipschitz constant of the flow
®, :R" - R" for u € U.

LEMMA 4.2.1. For every admissible control w € U, let ®, : R™ — R™ be corre-
sponding flow defined in (4.2.4). Then ®,, is Lipschitz-continuous with constant

Lo, < C1VHlullz (4.2.5)
where C1 is the Lipschitz constant of the controlled fields Fi, ..., F}.

PROOF. The thesis follows from Gronwall Lemma and similar computations
as in the proof of Proposition 1.2.3. 0

The next result regards the convergence of the flows (®,, )m>1 corresponding
to a weakly convergent sequence (U, )m>1 C U.

PROPOSITION 4.2.2. Given a sequence (Um)m>1 C U such that u, —r2 u as
m — oo with respect to the weak topology of U, then the flows (P, )m>1 converge
to ®, uniformly on compact sets.

PRrROOF. The thesis follows from the same argument as in the proof of Theo-
rem 3.2.5. Namely, Proposition 1.4.1 implies that (®,,, )m>1 is point-wise conver-
gent to @, in R", while Lemma 4.2.1 and Ascoli-Arzela Theorem guarantee the
C? convergence on compact sets. O

4.3. Ensemble controllability

In this section we recall the most important results regarding the issue of
ensemble controllability. For the proofs and the statements in full generality we
refer the reader to [7] and [8]. We begin with the definition of ensemble in R™. In
this section we will further assume that n > 1, which is the most interesting case.
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DEFINITION 4. Given a compact set © C R", an ensemble of points in R" is
an injective and continuous map 7 : © — R™. We denote by Eg(R™) the space of
ensembles.

REMARK 4.3.1. If |©] = N < oo, then an ensemble can be simply thought
as an injective map from {1,..., N} to R", or, equivalently, as an element of

(RN \ AWM where

AN =Lt Ny e (RMY 2 Fj) # gy st adt = 272},
We define (R")™) = (RN \ AW™). Given a vector field F : R* — R", we
define its N-fold vector field FV) . (RN — (R?)N) as FMN (21 2N) =
(F(zY),...,F(2V)), for every (z!,...,2") € (R")™). Finally, we introduce the
notation Ey(R™) to denote the space of ensembles of R” with N elements.

We give the notion of reachable ensemble.

DEFINITION 5. The ensemble v(-) € Eg(R™) is reachable from the ensemble
a(-) € Eo(R™) if there exists an admissible control u € U such that its correspond-
ing flow ®, defined in (4.2.4) satisfies:

Oy (a()) = ().
We can equivalently say that a(-) can be steered to ().

DEFINITION 6. Control system (4.2.1) is ezactly controllable from a(-) € Eg(R™)
if every v(:) € Eo(R") is reachable from «(-). The system is globally ezactly con-
trollable if it is exactly controllable from every a(-) € Eo(R").

We recall the definition of Lie algebra generated by a system of vector fields.
Given the vector fields Fy, ..., F}, the linear space Lie(F7, ..., F}) is defined as

Lie(Fy, ..., Fy) ==span{[Fi,, [. .., [Fip, Fi] -] : s > 1,00, oo ig € {1, ..., k}},
(4.3.1)
where [F, F’] denotes the Lie bracket between F,F’, smooth vector fields of R™.
In the case of finite ensembles, i.e., when |O] = N < oo, we can provide sufficient
condition for controllability. The proof reduces to the classical Chow-Rashevsky
theorem (see, e.g., the textbook [4]).

THEOREM 4.3.1. Let Fi,..., Fy, be a system of vector fields on R™. Given
N > 1, if for every 2™ = (z',...,2N) € (R")N) the system of M-fold vector
fields Fl(N), e ,F,C(N) is bracket generating at ™), i.e.,
Lie(F™, .. F™) o0 = (RMN, (4.3.2)
then the control system (4.2.1) is globally exactly controllable on En(R™).

For a finite ensemble, the global exact controllability holds for a generic system
of vector fields.
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PROPOSITION 4.3.2. For every k > 2, N > 1 and m sufficiently large, then
the k-tuples of vector fields (Fy, ..., Fy) € (Vect(R"))* such that system (4.2.1)
is globally exactly controllable on En(R™) is residual with respect to the Whitney
C™-topology.

PROOF. See [7, Theorem 3.2]. O

We recall that a set is said residual if it is the complement of a countable
union of nowhere dense sets. Proposition 4.3.2 means that, given any k-tuple
(Fi, ..., Fy) of vector fields, the corresponding control system (4.2.1) can be made
globally exactly controllable in £y (R™) by means of an arbitrary small perturbation
of the fields F},..., F} in the C™-topology.

When dealing with infinite ensembles, the notions of “exact reachable” and
“exact controllable” are too strong. However, they can be replaced by their re-
spective Cl-approximate versions.

DEFINITION 7. The ensemble (-) € Eo(R™) is CY-approximately reachable
from the ensemble a(-) € Eg(R™) if for every ¢ > 0 there exists an admissible
control u € U such that its corresponding flow ®,, defined in (4.2.4) satisfies:

sup | P, (a(0)) —v(0)]2 < e. (4.3.3)
(JS(C]

We can equivalently say that «(-) can be C%-approximately steered to ().

DEFINITION 8. Control system (4.2.1) is C°-approzimately controllable from
a(r) € Eo(R") if every () € Eo(R™) is CP-approximately reachable from af-).
The system is globally C°-approzimately controllable if it is C°-approximately con-
trollable from every a(-) € Eo(R™).

REMARK 4.3.2. Let us further assume that the compact set © C R™ has posi-
tive Lebesgue measure, and that it is equipped with a finite and positive measure
1, absolutely continuous w.r.t. the Lebesgue measure. Then, the distance be-
tween the target ensemble (-) and the approximating ensemble ®,(«(-)) can be
quantified using the Lf-norm:

1®u(a()) —7)llzp = ( [ 1ot v(@)@du(e))’lﬂ

and we can equivalently formulate the notion of Lf-approximate controllability. In
general, given a non-negative continuous function a : R” — R such that a(0) = 0,
we can express the approximation error as

/@ a(®@,(a(8)) — 1(8)) du(9). (4.3.4)

In Section 4.5 we will consider an integral penalization term of this form. It is
important to observe that, if v(-) is C%-approximately reachable from «f(-), then
(4.3.4) can be made arbitrarily small.
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Before stating the next result we introduce some notations. Given a vector
field Z : R™ — R™ and a compact set K C R", we define

1211, := sup <|Z(37)!2 +> ID:ciZ(I)lz) :
re i=1

Then we set
Lie} i (Fy, ..., Fy) == {Z € Lie(F,..., Fy) : || Z|}1.x < 6}
We now formulate the assumption required for the approximability result.
ASSUMPTION 2. The system of vector fields Fi, ..., F} satisfies the Lie algebra
strong approximating property, i.e., there exists m > 1 such that, for every C™-

regular vector field Y : R” — R™ and for each compact set K C R"™ there exists
0 > 0 such that

inf {sup | X (z) = Y(2)| | X € Liej x(F,... ,Fk)} = 0. (4.3.5)
€K

The next result establishes a Universal Approximating Property for flows.

THEOREM 4.3.3. Let ¥ : R" — R"™ be a diffeomorphism diffeotopic to the
identity. Let Fy, ..., Fy be a system of vector fields satisfying Assumptions 1 and 2.
Then for each compact set K C R"™ and each € > 0 there exists an admissible
control w € U such that

sup |V (z) — Oy (z)]2 < g, (4.3.6)
zeK
where ®,, is the flow corresponding to the control u defined in (4.2.4).
PROOF. See [8, Theorem 5.1]. O

We recall that ¥ : R® — R” is diffeotopic to the identity if and only if there
exists a family of diffeomorphisms (Vy).cp,1) smoothly depending on s such that
Uy = 1Id and ¥; = ¥. In this case, ¥ can be seen as the flow generated by the
non-autonomous vector field (s, z) — Y;(z), where

d

From Theorem 4.3.3 we can deduce a C?-approximate reachability result for infinite
ensembles.

\I/3+5 (Q?) .
e=0

COROLLARY 4.3.4. Let a(-),v(-) € Eo(R™) be diffeotopic, i.e., there exists a
diffeomorphism W : R™ — R™ diffeotopic to the identity such that v = Voa. Then
v(+) is C°-approzimate reachable from a(-).

REMARK 4.3.3. If a system of vector fields satisfies Assumption 2, then, for
every N > 1 and for every 2™ € (R")™) Lie bracket generating condition (4.3.2)
is automatically satisfied (see [8, Theorem 4.3]). This means that Assumption 2
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guarantees global exact controllability in £y (R"), and C%-approximate reachability
for infinite diffeotopic ensembles.

We conclude this section with the exhibition of a system of vector fields in R"
meeting Assumptions 1 and 2.

THEOREM 4.3.5. For every n > 1 and v > 0, consider the vector fields in R"

_ 0 _ 12 O
Fi(z) == EIe F/(x) := e 2wl , i=1,...,n. (4.3.7)

Then the system Fi,...,F,, Fl,..., F satisfies Assumptions 1 and 2.
PROOF. See [8, Proposition 6.1]. O

REMARK 4.3.4. If we consider the vector fields Fy,..., F,, F{,..., F! defined
in (4.3.7), then Theorem 4.3.3 and Theorem 4.3.5 guarantee that the flows gen-
erated by the corresponding linear-control system can approximate on compact
sets diffeorphisms diffeotopic to the identity. From a theoretical viewpoint, this
approximation result cannot be strengthened by enlarging the family of controlled
vector fields, since the flows produced by any controlled dynamical system are
themselves diffeotopic to the identity. On the other hand, in view of the dis-
cretization of the dynamics and the consequent construction of the ResNet, it
could be useful to enrich the system of the controlled fields. As suggested by As-
sumption 2, the expressivity of the linear-control system is more directly related
to the space Lie(F1,..., Fy), rather than to the family Fi,..., F) itself. How-
ever, as we are going to see, ‘reproducing” the flow of a field that belongs to
Lie(Fy, ..., Fi) \ span{Fy, ..., F.} can be expensive. Let us consider an evolution
step-size h € (0,1/4) and let us choose two of the controlled vector fields, say
Fy, Fy, and let us assume that [F}, F5| € Lie(F,. .., Fy) \ span{Fi,..., F}}. Let
us denote by et : R® — R" i = 1,2 the flows obtained by evolving +F},i = 1,2
for an amount of time equal to hA. Then, using for instance the computations in
[4, Subsection 2.4.7|, for every x € K compact we obtain that

(e—hFQ o e—hFl o eth o ehFl) (ﬁ) _ eh2[F1,F2} (x) + O(hQ)

as h — 0. The previous computation shows that, in order to approximate the
effect of evolving the vector field [F, Fy] for an amount of time equal to h?, we
need tho evolve the fields +=F;,7 = 1,2 for a total amount 4h. If h represents the
discretization step-size used to derive the ResNet (4.1.4) from the linear-control
system (4.2.1) on the interval [0, 1], then we have that h = ﬁ, where N is the
number of layers of the ResNet. The argument above suggests that we need to
use 4 layers of the network to “replicate” the effect of evolving [Fy, Fy] for the
amount of time h* = -5 (note that h> < h when M >> 1). This observation
provides an insight for the practical choice of the system of controlled fields. In first
place, the system Fi,..., F}y should meet Assumption 2. If the ResNet obtained

from the discretization of the system does not seem to be expressive enough, it
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should be considered to enlarge the family of the controlled fields, for example by
including some elements of span{[F;,, F},] : i1,i2 € {1,...,k}} (or, more generally,
of Lie(Fy, ..., Fy)). We insist on the fact that this procedure increases the width
of the network, since the larger is the number of fields in the control system, the
larger is the number of parameters per layer in the ResNet.

4.4. Approximation of diffeomorphisms: robust strategy

In this section we introduce the central problem of the chapter, i.e., the training
of control system (4.2.1) in order to approximate an unknown diffeomorphism
¥ . R" — R" diffeotopic to the identity. A typical situation that may arise in
applications is that we want to approximate ¥ on a compact set K C R", having
observed the action of ¥ on a finite number of training points {z{, ..., 2’} C K.
Our aim is to formulate a strategy that is robust with respect to the size N of the
training dataset, and for which we can give upper bounds for the generalization
error. In order to obtain higher and higher degree of approximation, we may think
to triangulate the compact set K with an increasing number of nodes where we
can evaluate the unknown map W. Using the language introduced in Section 4.3,
we have that, for every N > 1, we may for instance understand a triangulation of
K with N nodes as an ensemble oV () € Ex(R™). After evaluating ¥ in the nodes,
we obtain the target ensemble vV (+) € Ex(R™) as ¥V (+) := ¥(aV (+)).

4.4.1. Approximation via ensemble controllability. If the vector fields
Fy, ..., F} that define control system (4.2.1) meet Assumptions 1 and 2, then
Theorem 4.3.1 and Remark 4.3.3 may suggest a first natural attempt to design an
approximation strategy. Indeed, for every N, we can exactly steer the ensemble
a™(-) to the ensemble V() with an admissible control u" € U. Hence, we can
choose the flow ®,~ defined in (4.2.4) as an approximation of ¥ on K, achieving a
null training error. Assume that, for every N > 1, the corresponding triangulation
is a eV-approximation of the set K, i.e., for every y € K there exists j € {1,..., N}
such that |y — ™|, < €V, where 2™ := a¥(j). Then, for every y € K, we can
give the following estimate for the generalization error:

U (y) = Do ()2 < [¥(y) = V(ag™)lz + [ @ (2™) = v (1)l
< Lye" + chuNeN,

where Ly, Lg  are respectively the Lipschitz constants of ¥ and ®,~. Assuming
(as it is natural to do) that €V — 0 as N — oo, the strategy of achieving zero
training error works if, for example, the Lipschitz constants of the approximating
flows (®,~)n>1 are bounded from above. This in turn would follow if the sequence
of controls (u™)y>1 were bounded in L2-norm. However, as we are going to see in
the following proposition, in general this is not the case. Let us define

Flowsg (Fi, ..., Fy) :={®, :u e U},
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the space of flows restricted to K obtained via (4.2.4) with admissible controls, and
let Diff% (R™) be the space of diffeomorphisms diffeotopic to the identity restricted
to K. Theorem 4.3.3 guarantees that, for every K C R",

0
>u

Flowsg(Fy,...,F,) = Diff%(R").

PROPOSITION 4.4.1. Given a diffeomorphism diffeotopic to the identity ¥ €
Diff% (R™)\Flowsg (F1, . . ., Fi.) and an approzimating sequence of flows (®y,, Jms1 C
Flowsk (F1, ..., Fy) such that ®,,, —co ¥ on K as m — oo, then the sequence of
controls (Up)m>1 C U is unbounded in the L*-norm.

PROOF. By contradiction, let (#,,)m>1 be a bounded sequence in Y. Then,
we can extract a subsequence (U, )r>1 weakly convergent to u € U. In virtue
of Proposition 4.2.2, we have that ®,, —co @, on K as { — oo. However,
since ®,,  —co U on K, we deduce that ¥ = &, on K, but this contradicts the
hypothesis U € Diff% (R") \ Flowsg (Fy, ..., F}.). O

The previous result sheds light on a weakness of the approximation strategy
described above. Indeed, the main drawback is that we have no bounds on the
norm of the controls (u’)ys1, and therefore, even though the triangulation of K
is fine, we cannot give an a priori estimate of the testing error. We point out that,
in the different framework of simultaneous control of several systems, a similar
situation was described in [6].

4.4.2. Approximation via optimal control. In order to avoid the issues
described above, we propose a training strategy based on the solution of an ensem-
ble optimal control problem with a regularization term penalizing the L?-norm of

the control. Namely, given a set of training points {x},..., 2} C K, we consider
the nonlinear functional FV : i/ — R defined as follows:
1 X , A 3
F¥(u) = N > a(®y(xh) — V() + §||UI|%2, (4.4.1)
j=1

where @ : R® — R is a smooth loss function such that a > 0 and a(0) = 0, and
B > 0 is a fixed parameter. The functional F¥ is composed by two competing
terms: the first aims at achieving a low mean training error, while the second aims
at keeping bounded the L?-norm of the control. In this framework, it is worth
assuming that the compact set K is equipped with a Borel probability measure p.
In this way, we can give higher weight to the regions in K where we need more
accuracy in the approximation. As done before, for every N > 1 we understand
the training dataset as an ensemble oV (-) € Ex(R™). Moreover, we associate to it
the discrete probability measure py defined as

N
1
= > dag). (4.4.2)
j=1
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and we can equivalently express the mean training error as

¥ 2 al@ulad) = W) = [ a(@u(o) - ¥(a) dinl)

From now on, when considering datasets growing in size, we make the following
assumption on the sequence of probability measures (fin)n>1.

ASSUMPTION 3. There exists a Borel probability measure p supported in the
compact set K C R™ such that the sequence (uy)y>1 is weakly convergent to p,
ie.,

lim f(z)duy = . f(z)du, (4.4.3)

N—oo Rn

for every bounded continuous function f : R®™ — R. Moreover, we ask that uy is
supported in K for every N > 1.

REMARK 4.4.1. The request of Assumption 3 is rather natural. Indeed, if
the elements of the ensembles o™ (-) € Ex(R™) are sampled using the probability
distribution p associated to the compact set K, it follows from the law of large
numbers that (3.5.5) holds. On the other hand, since we ask that all the ensembles
are contained in the compact set K, we have that the sequence of probability
measures (fy)n>1 is tight. Therefore, in virtue of Prokhorov Theorem, (uy)n>1
is sequentially weakly pre-compact (for details see, e.g., [21]).

REMARK 4.4.2. When K = int(K), if for every N o™ (-) is a €¥-approximation
of K such that ¥ — 0 as N — oo, then the corresponding sequence of probability
measures (fn)n>1 is weakly convergent to u = ﬁﬂ K, where £ denotes the

Lebesgue measure in R™.

We observe that the problem of minimizing the functional FV : U — R,
defined in (4.4.1) is strictly related to the resolution of an ensemble optimal control
problem, of the type studied in Chapter 3. More precisely, using the same notations
as in the previous chapter, we can consider the following ensemble of linear-control
systems in R™:

?(0) = 1(0),

where + : K — R" is the inclusion of K into R™. We observe that in (4.4.4)
the parameter § € K affects only the value of the Cauchy datum, but not the
controlled vector fields. In analogy with the discussion in the previous chapter, we
can rewrite the functional 7V : Y — R, as follows:

FN(u) = /K(z(.rﬁ(l),&)dmv(@)%—§||u\|%2, (4.4.5)

{j;e(s) = > Fi(a(s)ui(s), s €[0,1] (4.4.4)
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where a(x,0) = a(x — ¥ (c(0))) for every € R" and 6 € K. Therefore, the
results proved in Chapter 3 for general ensembles of affine-control systems imply
immediately the following proposition.

PROPOSITION 4.4.2. For every N > 1 the functional FN : U — R defined in
(4.4.1) admits a minimizer. Moreover, if Assumption 3 is met, then there exists
Cg > 0 such that, for every N > 1, any minimizer ¥ of FV satisfies the following
nequality:

llan||2 < Cp. (4.4.6)

PROOF. The thesis follows as a particular case from Theorem 3.4.2 and from
Lemma 3.5.1. 0

The previous result suggests as a training strategy to look for a minimizer of the
functional FV. In the next section we investigate the properties of the functionals
(FN)n>1 using the tools of -convergence.

4.5. Ensembles growing in size and ['-convergence

In this section we study the limiting problem when the size of the training
dataset tends to infinity. The main fact is that a I'-convergence result holds.
Roughly speaking, this means that increasing the size of the training dataset does
not make the problem harder, at least from a theoretical viewpoint. Even though
the problems studied in the present chapter are a direct applications of the tools
developed in Chapter 3, it is interesting to observe that the interplay between finite
and infinite ensembles is done in the opposite direction. Indeed, in Chapter 3 we
were assigned a problem involving an infinite ensemble of control systems, and we
used I'-convergence to approximate them with optimal control problems of easier-
to-handle finite ensembles. On the other hand, in this case the problem of the
diffeomorphism approximation naturally involves a finite number of observations,
and we employ I'-convergence to study the limiting case when the size of the
dataset goes to infinity.

For every N > 1, let o™ (-) € Ex(R™) be an ensemble of points in the compact
set K C R”, and let us consider the discrete probability measure py defined in
(4.4.2). For every N > 1 we consider the functional FV : U — R defined as
follows:

P = [ al@ue) - W) duwle) + Sl @)

The tools of I'-convergence requires the domain where the functionals are defined
to be equipped with a metrizable topology. Recalling that the weak topology of L?
is metrizable only on bounded sets, we need to properly restrict the functionals.
For every p > 0, we set

Uy = {u el : |Jullz < p}.
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Using Proposition 4.4.2 we can choose p = Cj, so that

argnbin}"N — arg min F,

P
for every N > 1. With this choice we restrict the minimization problem to a
bounded subset of U, without losing any minimizer. As done in the previous
chapter, with a slight abuse of notations we still denote by F» the restriction of
FN toU,. Let us define the functional F> : U — R as follows:

F(u) == /n a(®y(x) — V(x))du(x) + gHuHiz, (4.5.2)

where the probability measure p is the weak limit of the sequence (uy)n>1. Using
the same argument as in the proof of Proposition 4.4.2, we can prove that F>°
attains minimum and that
in F* = : fm’
arg min arg Hg{in
with p = C3. As before, we use F*° to denote as well the restriction of 7 to U,.
The following result follows as a particular case of the Theorem 3.5.3.

THEOREM 4.5.1. Given p > 0, let us consider FN . U, - R with N > 1.
Let F* : U, — R be the restriction to U, of the functional defined in (4.5.2). If
Assumption 3 holds, then the functionals (FN)n>1 T'-converge to F> as N — 0o
with respect to the weak topology of U.

PRrROOF. The I'-convergence descends as a particular case of Theorem 3.5.3. [

REMARK 4.5.1. Using the equi-coercivity of the functionals (FV)y>; and [24,
Corollary 7.20], we deduce that
lim min 7Y = min F>, (4.5.3)
N—oo Up up
and that any cluster point u of a sequence of minimizers (ty)y>1 is a minimizer
of 7. Let us assume that a sub-sequence uy;, — % as j — oo. Using Proposi-
tion 4.2.2 and the Dominated Convergence Theorem we deduce that

lim a(Q)ﬂNj (z) — W(x)) dun, (v) = / a(®g(x) — ¥(x)) du(z), (4.5.4)

Jj—oo Jpe K
where we stress that @ is a minimizer of F>°. Combining (4.5.3) and (4.5.4) we
obtain that
3
2
Since uy; —  as j — oo, the previous equation implies that the subsequence
(@n,)j>1 converges to @ also with respect to the strong topology of L?. This

argument shows that any sequence of minimizers (@y)n>1 is pre-compact with
respect to the strong topology of L?.

Tim 2l 32 = Sl 3
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We can establish an asymptotic upper bound for the mean training error. Let
us define

ke = sup { [ a(®ste) — ¥ duta)

As suggested by the notation, the value of ks highly depends on the positive
parameter 3 that tunes the L?-regularization. Given a sequence of minimizers
(an)n>1 of the functionals (FV) x>y, from (4.5.4) we deduce that

lim SUP/KCL(@aN(x) —VU(z))dun(x) < Kg. (4.5.6)

N—oo

U € arg rrgn .7-""0} . (4.5.5)

In the next result we show that under the hypotheses of Theorem 4.3.3 k3 can be
made arbitrarily small with a proper choice of 5.

PROPOSITION 4.5.2. Let kg be defined as in (4.5.5). If the vector fields F, ..., Fy
that define control system (4.2.1) satisfy Assumption 1 and 2, then

lim kg = 0. (4.5.7)

B—0t
PROOF. Let us fix € > 0. Since a(0) = 0, there exists p > 0 such that
sup a < €.
B, (0)
Using Theorem 4.3.3, we deduce that there exists a control & € U such that
sup | Py (z) — V(z)|2 < p. (4.5.8)
zeK
This implies that
| a@ute)  W(@) dufa) <=
K
Let us set B := —2—. For any 8 < f3, let F* be the functional defined in (4.5.2)

= Tz,
with tuning parameter 3, and let u € U be a minimizer of F. Then we have

F(a) < F(a) < e+ 2lill} < 2
and this concludes the proof. O

4.5.1. An estimate of the generalization error. We now discuss an es-
timate of the expected generalization error based on the observation of the mean
training error, similar to the one established in [39] for the control system (4.1.2).
A similar estimate was obtained also in [18]. Assumption 3 implies that the
Wasserstein distance Wy (uy, ) — 0 as N — oo (for details, see [1, Proposi-
tion 7.1.5]). We recall that, if 14, v, € P(K) are Borel probability measures on K,
then

Wi(vi,1p) :=  inf { |z —ylodr(z,y)|7(-, K) = v, 7(K,-) = 1/2} :

ﬂEP(KXK) KxK
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For every N > 1 let us introduce my € P(K x K) such that 7y (-, K) = px and
WN(K7 ) =K and
Wi(pn, i) = 2 —yl2drn(z,y).
KxK
Let us consider an admissible control uw € U, and let &, : R* — R" be the corre-
sponding flow. If the testing samples are generated using the probability distribu-

tion pu, then the expected generalization error that we commit by approximating
¥ R" —» R" with &, is

Eula(®u() = ¥())] = /Ka(q)u(y) — W(y)) duly).
On the other hand, we recall that the corresponding training error is expressed by
| al@u(@) - W) dux(o)
K

Hence we can compute

MM@A»—WUH—/a@uw—wm»wmm

K

< | la(®uly) = ¥(y)) — a(Pu(z) — ¥(2))| dry(z,y)

KxK

<L, i II‘f(y) — V()| + [Pu(z) — Pu(y)| drn (2, y).

Then for every N > 1 we have

Eula(®u(-) = V()] - / a(Pu(z) = ¥(z)) dun(z)| < La(Ly + Lo, )Wilpn, 1),
K
where Ly, Lg, and L, are the Lipschitz constant, respectively, of ¥, &, and a.

The last inequality finally yields

Eula(®u(-) =T ()] S/ a(®y(2) =V (x)) dpn (2)+ La( Lo+ Lo, )Wi(un, 1) (4.5.9)

K
for every N > 1.

REMARK 4.5.2. We observe that the estimate (4.5.9) does not involve any
testing dataset. In other words, in principle we can use (4.5.9) to provide an
upper bound to the expected generalization error, without the need of computing
the mismatch between ¥ and &, on a testing dataset. In practice, while we can
directly measure the first quantity at the right-hand side of (4.5.9), the second term
could be challenging to estimate. Indeed, if on one hand we can easily approximate
the quantity Le, (for instance by means of (4.2.5)), on the other hand we may have
no access to the distance Wi (uy, ). This is actually the case when the measure
i used to sample the training dataset is unknown.
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In the case we consider the flow ®;, corresponding to a minimizer %y of the
functional 7~ we can further specify (4.5.9). Indeed, combining Proposition 4.4.2
and Lemma 4.2.1, we deduce that Lo, is uniformly bounded with respect to N
by a constant Lg. Provided that N is large enough, from (4.5.9) and (4.5.6) we
obtain that

E,[a(®ay () = W())] < 265 + La(Ly + Ls)Wi (i, 1). (4.5.10)

The previous inequality shows how we can achieve an arbitrarily small expected
generalization error, provided that the vector fields Fi,..., Fy of control system
(4.2.1) satisfy Assumption 2, and provided that the size of the training dataset
could be chosen arbitrarily large. First, using Proposition 4.5.2 we set the tuning
parameter 3 such that the quantity kg is as small as desired. Then, we consider a
training dataset large enough to guarantee that the second term at the right-hand
side of (4.5.10) is of the same order of xg.

REMARK 4.5.3. Given ¢ > 0, Proposition 4.5.2 guarantees the existence of
B > 0 such that kg <eif B < . The expression of 3 obtained in the proof of
Proposition 4.5.2 is given in terms of the norm of a control u € U such that (4.5.8)
holds. In [7], where Theorem 4.3.3 is proved, it is explained the construction
of an admissible control whose flow approximate the target diffeomorphism with
assigned precision. However the control produced with this procedure is, in general,
far from having minimal L?-norm, and as a matter of fact the corresponding B
might be smaller than necessary. Unfortunately, at the moment, we can not provide
a more practical rule for the computation of §.

REMARK 4.5.4. As observed in Remark 4.5.2 for (4.5.9), the estimate (4.5.10)
of the expected generalization error holds as well a priori with respect to the choice
of a testing dataset. Moreover, if the size M of the training dataset is assigned and
it cannot be enlarged, in principle one could choose the regularization parameter
£ by minimizing the right-hand side of (4.5.10). However, in practice this may be
very complicated, since we have no direct access to the function 5 — rg.

4.6. Construction and training of the ResNet

A ResNet with M layers is an application ® = ®,; o ... ®; defined as the
composition of parametric functions (called building blocks) ®; : R" x RF — R"
with [ = 1,..., M. The building blocks have a precise structure, namely they are
of the form:

O)(x) =2+ G(x,w), (4.6.1)

where G : R” x R¥ — R” is assigned and, together with the number of layers M,

constitutes the architecture of the network. As observed in [26, 29| the building

blocks (4.6.1) can be seen as an Explicit Euler discretization of the following control
system in R"

(s) = G(x(s),u(s)), se€l0,M], (4.6.2)
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with discretization step-size h = 1. Of course, it is also possible to proceed in the
other way round, i.e., to work out an M-layer ResNet by discretizing a control
system on a time interval [0,T], setting the step-size h = % The parameters
ui,...,upy € RF that appear in (4.6.1) should be properly adjusted during the so
called training phase of the ResNet, which consists in the resolution of a non-linear
minimization problem. The objective function that is minimized depends on the
task we are training the network for. For example, in the case of the problem of

diffeomorphisms approximation studied so far, we could consider

min {% S a(@u(z]) — W(x)) + gz |ul|§} | (4.6.3)

u1,...,u1u€Rk -
J=1

where &, : R® — R" is the map corresponding to the choices of parameters
u = (uy,...,uy) in the building blocks (4.6.1), and {x},...,z}'} is the ensemble
of points where ¥ : R” — R" is observed. The minimization problem (4.6.3) is
usually solved by applying the gradient method (or some of its variations) to the
parameters (ug,...,uy ). For more details, we refer the reader to the textbook
[28]. On the other hand, the fact that ResNets are discretizations of control
systems paves the way for the use of numerical methods specifically developed for
optimal control problems, as done in some recent contributions (see [14, 18, 35]).
In particular, regarding the problem of the observations-based diffeomorphism
approximation, it can be formulated as an ensemble optimal control problem, as
explained in Section 4.4. Therefore, since the system that we consider is linear
in the controls, we can employ the numerical schemes introduced in Chapter 3.
Moreover, the algorithms introduced in Section 3.7 make both use of the Explicit
Euler scheme to discretize the control system. Therefore, if we consider the control
system (4.2.1) on the time horizon [0,1] and we use as step-size h = 17, then we
obtain a ResNet with building blocks

k
O)(z) =z + hz Fi(z)w,;, h=

i=1
for il =1,..., M. We insist on the fact that the building blocks (4.6.4) are linear
with respect to the parameters. This is an original feature in ResNets architectures,
and the main advantage is that it positively affects the amount of computations
in the training phase. In the next section we test on an example the training algo-
rithms obtained using Algorithm 1 and Algorithm 2, that were originally developed

for the resolution of more general ensemble optimal control problems.

1
— 4.6.4
M7 ( )

4.7. Numerical experiments: learning a diffeomorphism

In this section we describe the numerical experiments involving the approxi-
mation of an unknown diffeomorphism by means of Algorithm 1 and Algorithm 2.
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We consider the following diffeomorphism ¥ : R? — R

= L 2x1e% ! —4
W(z) =+ ( 23 ) + (—4.5) )

the rotation R : R? — R? centered at the origin and with angle 7/3, and the
translation 7' : R? — R? prescribed by the vector (0.3,0.2). Finally, we set

U:=TVoToR. (4.7.1)

We generate the training dataset {z!,... 2™} with M = 900 points by construct-
ing a uniform grid in the square centered at the origin and with side of length
¢ = 1.5. In Figure 1 we report the training dataset and its image trough W. We
have implemented the codes in Matlab and we have ran them on a laptop with 16
GB of RAM and a 6-core 2.20 GHz processor.

4.7.1. Diffeomorphism approximation: first attempt. Since we consider
R? as ambient space, Theorem 4.3.3 and Theorem 4.3.5 guarantee that the linear-
control system associated to the fields

0 0
Fl(I) = a—xl, Fg(l‘) = 8_332’
/ _Laj? 8 / _L$2 a
Fl(z) = "2/ Oy Fy(z) := e" 2" 2y’

is capable of approximating on compact sets diffeomorphisms that are diffeotopic
to the identity. However, it looks natural to include in the set of the controlled
vector fields also the following ones:

0 0
Gi(l’) = l’la—xl, G%(SL’) = l’ga—xl,
0 0
1 . 2 -
Gs(z) == 1 o2y’ G5(z) = z9 e

Indeed, with this choice, we observe that the corresponding control system

1 ) / 1 2
&= (“1) +emwl <“}> + <u% ”5) <x1> (4.7.2)

can reproduce ezxactly non-autonomous vector fields that are linear in the state
variables (z1, z5). Moreover, the discretization of the control system (4.7.2) on the
evolution interval [0, 1] with step-size h = < gives rise to a ResNet ® = ®yo...0P;
with N layers, whose building blocks have the form:

B Uy _ L (U up ul\ (1

and each of them has 8 parameters.
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FIGURE 1. On the left we report the grid of points {z!,..., 2™}
where we have evaluated the diffeomorphism ¥ : R? — R? defined
as in (4.7.1). The picture on the right represents the transformation
of the training dataset through the diffeomorphism W.

If we denote by u the probability measure that charges uniformly the square and
if we set uy 1= % Zjvzl 0,3, we obtain the following estimate

V20
2VN’

that can be used to compute the a priori estimate of the generalization error
provided by (4.5.9). We use the 1—Lipschitz loss function

a(z —y) =1+ (11 —y1)2+ (22 — 92)? — 1,

and we look for a minimizer of

900
N : J é 2
T Z“ = ¥(2”)) + 5 llullz, (4.7.4)

Wl (:uNa )

where 5 > 0 is the regularization hyper-parameter. In the training phase we
use the same dataset for Algorithm 1 and Algorithm 2, and in both cases the
initial guess of the control is © = 0. Finally, the testing dataset has been gener-
ated by randomly sampling 300 points using u, the uniform probability measure
on the square. The value of the hyper-parameter v is set equal to 20. We first
try to approximate the diffecomorphism ¥ using h = 27%, resulting in 16 inner
layers. Hence, recalling that each building-block (4.7.3) has 8 parameters, the
corresponding ResNet has in total 128 parameters. We have tested different val-
ues of 3, and we set max;,, = 500. The results obtained by Algorithm 1 and
Algorithm 2 are reported in Table 1 and Table 2, respectively. We observe that
in both algorithms the Lipschitz constant of the produced diffeomorpism grows as
the hyper-parameter g gets smaller, consistently with the theoretical intuition. As
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B | Lo, | Training error | Testing error
10 ] 1.19 3.8785 3.8173
10711]8.40 1.3143 1.2476
107219.32 1.1991 1.1451
1073 19.37 1.1852 1.1330
10-*19.37 1.1839 1.1318

TABLE 1. ResNet 4.7.3, 16 layers, 128 parameters, Algorithm 1.
Running time ~ 160 s.

B | Ls, | Training error | Testing error
10° [ 1.19 3.8749 3.8157
1071 [8.40 1.3084 1.2455
107219.32 1.2014 1.1486
1073 19.33 1.1898 1.1387
107119.33 1.1898 1.1379

TABLE 2. ResNet 4.7.3, 16 layers, 128 parameters, Algorithm 2.
Running time ~ 130 s.

regards the testing error, we observe that it always remains reasonably close to
the corresponding training error. We report in Figure 2 the image of the approx-
imation that achieves the best training and testing errors, namely Algorithm 1
with 8 = 107%. As we may observe, the prediction is quite unsatisfactory, both
on the training and on the testing data-sets. Finally, we report that the formula
(4.5.9) correctly provides an upper bound to the testing error, even though it is
too pessimistic to be of practical use.

In order to improve the quality of the approximation, a natural attempt consists
in trying to increase the depth of the ResNet. Therefore, we have repeated the
experiments setting h = 275, that corresponds to 32 layers. Recalling that the
ResNet in exam has 8 parameters per layer, the architecture has globally 256
weights. The results are reported in Table 3 and Table 4. Unfortunately, despite
doubling the depth of the ResNet, we do not observe any relevant improvement
in the training nor in the testing error. Using the idea explained in Remark 4.3.4,
instead of further increase the number of the layers, we try to enlarge the family
of the controlled vector fields in the control system associated to the ResNet.

4.7.2. Diffeomorphism approximation: enlarged family of controlled
fields. Using the ideas expressed in Remark 4.3.4, we enrich the family of the
controlled fields. In particular, in addition to the fields considered above, we
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Approxi d diffeomorphism: training dataset Approxi diffeomorphism: testing
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FIGURE 2. ResNet 4.7.3, 16 layers, Algorithm 1, 3 = 10~*. On the
top-left we reported the transformation of the initial grid through the
approximating diffeomorphism (red circles) and through the original
one (blue circles). On the top-right, we plotted the prediction on the
testing data-set provided by the approximating diffeomorphism (red
crosses) and the correct values obtained through the original trans-
formation (blue crosses). In both cases, the approximation obtained
is unsatisfactory. At bottom we plotted the decrease of the training
error and the testing error versus the number of iterations. Finally,
the curve in magenta represents the estimate of the generalization
error provided by (4.5.9).

include the following ones:

11 “ i O 1,2 1z O 9.9 a2 0

Gf = x%e 21 3_’ Gf = T122€ 25 |2l a—, Gl’ = a;ge 30 |7 5
T 1 T,

11 “ L2 O 1,2 a2 O 9.9 a2 0
G27 = xfe 21 a0 G27 = X126 il -, G2’ = x%e sl

8.732 a$2 axZ
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B | Lo, | Training error | Testing error
10 ] 1.19 3.8779 3.8168
101 | 8.40 1.3074 1.2425
107219.26 1.2015 1.1477
1073 19.34 1.1860 1.1352
107%1]9.34 1.1842 1.1332

TABLE 3. ResNet 4.7.3, 32 layers, 256 parameters, Algorithm 1.
Running time ~ 320 s.

B | Lg, | Training error | Testing error
10°]1.19 3.8739 3.8148
107118.35 1.3085 1.2449
1072 19.23 1.2075 1.1538
1073 19.26 1.1931 1.1416
107%19.26 1.1918 1.1404

TABLE 4. ResNet 4.7.3, 32 layers, 256 parameters, Algorithm 2.
Running time ~ 260 s.

Therefore, the resulting linear-control system on the time interval [0, 1] has the

form
/ 1 2
0= (751 + 6_%@'2 u/l + u% u% T

1,1 2 1,2 22 2
_L|$|2 U% 13:1 + u% 25171332 + U/% 2$2
Uy T2+ Uy r e + uy s )

while the building blocks of the corresponding ResNet have the following expres-

sion:
D) = a4+ b | (1) 4 el (1) 4 (4 ufy (o (4.7.5)
R Us ul uy u3) \ o o
—Lz)? U}JZL’% + U&’Zl’ll’Q + u?’%% 4
te 11 2, 12 22 5 (4.7.6)
Uy X + Uy T 1T2 + Uy X5
fork=1,...,N, where h = % is the discretization step-size and N is the number

of layers of the ResNet. We observe that each building block has 14 parameters.
As before, we set v = 20, max;,, = 500 and we consider h = 274, resulting
in a ResNet with 16 layers and with total number of weights equal to 224. We
use the same training data-set as above, namely the grid of points and the corre-
sponding image trough ¥ depicted in Figure 1. We trained the network using both
Algorithm 1 and Algorithm 2. The results are collected in Table 5 and Table 6,
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B | Leg, | Training error | Testing error
10° | 10.14 2.3791 2.3036
1071 ]13.84 0.1809 0.2314
1072 | 15.64 0.1290 0.1784
1073 [ 15.83 0.1254 0.1747
107%]15.86 0.1257 0.1751

TABLE 5. ResNet 4.7.5-4.7.6, 16 layers, 224 parameters, Algo-
rithm 1. Running time ~ 320 s.

B | Leg, | Training error | Testing error
10° [ 10.78 2.3638 2.3910
1071 ]14.32 0.1921 0.2422
1072 [ 15.43 0.1887 0.2347
1073 | 15.56 0.2260 0.2719
10~* | 15.59 0.2127 0.2564

TABLE 6. ResNet 4.7.5-4.7.6, 16 layers, 224 parameters, Algo-
rithm 2. Running time ~ 310 s.

respectively. Once again, we observe that the Lipschitz constant of the approxi-
mating diffeomorphisms grows as (3 is reduced. In this case, with both algorithms,
the training and testing errors are much lower if compared with the best case of
the ResNet 4.7.3. We insist on the fact that in the present case the ResNet 4.7.5-
4.7.6 has in total 224 parameters divided into 16 layers, and it overperforms the
ResNet 4.7.3 with 256 parameters divided into 32 layers. We report in Figure 3 the
approximation produced by Algorithm 1 with 8 = 1073. In this case the approx-
imation provided is very satisfactory, and we observe that it is better in the area
where more observations are available. Finally, also in this case the estimate on
the expected generalization error (4.5.9) provides an upper bound for the testing
error, but at the current state it is too coarse to be of practical use.
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FIGURE 3. ResNet 4.7.5-4.7.6, 16 layers, Algorithm 1, 3 = 1073,
On the top-left we reported the transformation of the initial grid
through the approximating diffeomorphism (red circles) and through
the original one (blue circles). On the top-right, we plotted the pre-
diction on the testing data-set provided by the approximating diffeo-
morphism (red crosses) and the correct values obtained through the
original transformation (blue crosses). In both cases, the approx-
imation obtained is good, and we observe that it is better where
we have more data density. At bottom we plotted the decrease of
the training error and the testing error versus the number of itera-
tions. Finally, the curve in magenta represents the estimate of the
generalization error provided by (4.5.9).
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