ABSTRACT

Title: STUDY ON-CHIP METAL-INSULATOR-
SEMICONDUCTOR-METAL
INTERCONNECTS WITH THE
ALTERNATING-DIRECTION-IMPLICIT
FINITE-DIFFERENCE TIME-DOMAIN
METHOD

Bo Yang
Master of Science, 2005

Directed By: Professor Neil Goldsman
Department of Electrical and Computer
Engineering

The Alternating-Direction-Implicit Finite-Difference Time-Domain method is
used to analyze the on-chip Metal-Insulator-Semiconductor-Metal interconnects by
solving Maxwell’s equations in time domain. This method is efficient in solving
problems with fine geometries much smaller than the shortest wavelength of interest.
The iteration algorithm is evaluated thoroughly with respects to stability, numerical
dispersion, grid size, time-step size etc..

The dielectric quasi-TEM mode, the slow wave mode, and the skin-effect
mode of the MISM structure are all analyzed. We find that semiconductors can
readily operate from the slow wave mode, to the transition region, to the skin effect
mode in state of art technology. This thesis shows that the silicon substrate losses and
the metal line losses can be modeled with high resolution. Signal dispersion and

attenuation over a wide range of doping densities and operating frequencies is



discussed. Accurate prediction of interconnect losses is critical for high-frequency

design with highly constrained timing requirements.



STUDY ON-CHIP METAL-INSULATOR-SEMICONDUCTOR-METAL
INTERCONNECTS WITH THE ALTERNATING-DIRECTION-IMPLICIT
FINITE-DIFFERENCE TIME-DOMAIN METHOD

By

Bo Yang

Thesis submitted to the Faculty of the Graduate School of the
University of Maryland, College Park, in partial fulfillment
of the requirements for the degree of

Master of Science
2005

Advisory Committee:

Professor Neil Goldsman, Chair
Professor Martin C. Peckerar
Professor Omar M. Ramahi






Dedication

This work is to my family, for supporting my education over the years.

i



Acknowledgements

I would like to thank my academic advisor, Professor Neil Goldsman, for
inviting me to be one of his graduate students. Without his encouragement and support,
none of this work would have been possible.

In particular, I would like to thank Dr. Xi Shao. The valuable discussions with
him initiated all of the ideas in this thesis. This thesis is an extension of his earlier
work.

Discussions with Professor Omar M. Ramahi, Professor Martin C. Peckerar,
and Dr. Parvez N. Guzdar provided great insight and inspired several ideas in this
thesis.

I am very pleased that Professor Omar M. Ramahi and Professor Martin C.
Peckerar agreed to serve on my committee.

I would also like to thank Akin Akturk, Amrit Bandyopadhyay, Siddharth V.
Potbhare, and Zeynep Dilli for helpful discussions and comments through this project.

Finally, I would like to thank Latise Parker for editorial comments and language

refinement of this thesis.

i1



Table of Contents

DIEAICALION ...ttt ettt ettt st b et ene e be et eneen il
ACKNOWIEAZEMENLS......eviiiiiiiieiieeie ettt ettt et e e e saseebeessseenseesnneens il
Table Of CONENES ......eeuiiriieiieie ettt sttt sbe e saeens v
LSt OF FIGUIES ...ttt ettt et ettt eeteessaeenbeesnseenseens vi
Chapter 1: INtrodUCHION ......cc.eeeiiiieiieiieeie ettt e eebe s 1
1.1 BaCK@IOUNd......ooiiiiiieiie e et e s 1
1.2 Motivations of the WOrkK..........cooouiiiiiiiiiiiiiecee e 4
1.3 TheSIS SHUCLUTES .....ceuieiuiieeiie ettt ettt e st ebe e 5
Chapter 2: Physical and Numerical Method in Interconnects Analysis ...........c........... 7
2.1 Physical Model of the Interconnects..........c.ceccveevierieeriienienieeieee e 7
2.2 Numerical Method in Interconnects Analysis OVerview..........cccccveervveenveens 10
2.2.1 Quasi-TEM @NalySiS........ccceecuieriieriieniienie et eiee e eiee e et e saeeeeesane e 10
2.2.2 Frequency-Domain Full-Wave analysis ..........cccccceeevienciieecieeeieeeeeeee 11
2.2.3 Time-Domain Full-Wave analysis..........cccccceeriiriiienieeniienieeiiecieeeeeie 14

2.3 Maxwell Equations and Yee’s Cell.........coovuiieiiieeiiiieiieeeeeeeecee e 15
2.3.1 Maxwell’s Equations for the FDTD method ...........ccocoeveiiiniiniincniennns 15
2.3.2 Yee’s cell and the formulas of the FDTD method...........ccccoeveeiinninnien. 18

2.4 FDTD CONCEIMS ..cuvviiutieiiieiiieeiie ettt ettt ettt ettt st esaeeenee 28
24,1 Cell S1ZE..eniiieiieee ettt 28
2.4.2 Numerical Stability and Time Step SiZe.......ccccovvevverienienenienieieeienene 29
2.4.3 Numerical DISPersion .........cccveeriieeriieeiiieeiieeeceeeeiieeeieeeeveeeereeesreeenenes 31
2.4.4 Boundary Conditions ...........cceerveeriienieeiieenieeieeneeeieeseeesieesieeeseessnesseens 41

2.5 SUIMIMIATY ..eeieiiiiiiee ettt e ettt e e e st e e e e sataeeessnsaeeeesssseeesnnssneeeannn 47
Chapter 3: ADI-FDTD Method .......cccvviieiiieiieeieeeeeeeeeee e 49
3.1 Background of the ADI-FDTD Method ..........ccccovviiiiiiiniiiiiiicieeeeeee 49
3.2 ADI-FDTD Formulas and Flowchart..........c..ccoooiiniiiiiiniiiieieeceee 51
3.3 ADI-FDTD CONCEINS......eeitiiiiiiiiiiieeieeeiieesiee et esite ettt ettt e seeesseesaee e 60
3301 Gl SIZE..nniniee e e 60
3.3.2 Numerical Stability, Cell and Time Step Sizes........ccceevvevieeriieniieriiennene. 61
3.3.3 Numerical DISPErSION .......cccveeeiuiieriiieeiiieeriieesieeesteeeireeeaeeesaeeesveeesanees 68
3.4.4 Boundary COnditions ...........c.eeeierieeriienieeniienieeieeseeeieeseeeeseesseesseessneenne 81

I I 1101 0 1 SRR PRRR 83
Chapter 4: Study the MISM structure with the ADI-FDTD method.......................... 85
4.1 Interconnect MOdel .........cocueiiiriiiiiiiiieiee e 85
4.2 Quasi-Analytical Analysis and 3-Mode Limits .........ccceeveveerciieenciieeeiieceieeens 86

v



4.3 Validation of the AlgOrithm...........cccceeiiiiiiiiiiiiiiiciee e 94

4.4 Numerical Analysis: Extracting Propagation Modes and Constants............... 97
4.5 Numerical Analysis: Calculating Field Distributions in Mixed Dimensional
STIUCTULES ettt ettt ettt et e et e et e st eseneee s 99
4.6 Numerical discrepancies between the quasi 2-D analysis and the strict 3-D
analysis of the MISM StrUCTUIE. ........cccuiieiiieeiie et 102
AT SUITIMATY ..eeeeeiiieeeiee ettt ettt e et e et e et e e st e e satteesabteesaseeesabeeesaseesnnseens 103
Chapter 5: Summary and Future Work...........cocceeviieiiiiiieniieeieceeeeeee e 105
5.1 SUMMATY oottt e et e e e st e e e e ssteeeessaaeeeesnsreeesnnnsaeeeannes 105
5.2 FUtUIE WOTK ...ttt 105
5.2.1 ADI-FDTD Algorithm improvement............cccccueeeevieecieeeceeeeieeeeveeeene 105
5.2.2 Complicated Integrated Physical Models ..........ccccoeceerireiieniieieciene. 106
RETETEINCES ...ttt sttt 107



List of Figures

Figure 1 Example of interconnects performance improvement with technology.
Switching delay, interconnect RC response time are major aspects we are
INLEreSted NEre [22]. .ooiieiiecieeeee e e et 8

Figure 2 Yee’s Cell for programming CONVENIENCE..........coeeruereenreerreneeneeneeneenieennes 18

Figure 3 Space-time graphical interpretation of a one-dimensional component of
Maxwell’s equations and its discretization. (Originated by Eric Thiele, quoted in

[33])- ettt rt ettt ettt ettt st be e 19
Figure 4 Flowchart of FDTD time-stepping ProCess ..........cceecveerieerueeneerrieesieenieennnes 27
Figure 5 Stability for the one-dimensional FDTD mesh [26].......ccccccceviiviniiniennne. 29
Figure 6 Stability for the two-dimensional FDTD mesh [26].........cccccooiniininiinnnnne. 30
Figure 7 Numerical dispersion relationship of a TM wave. The x-axis is propagation

direction. Different cell sizes, CFL numbers are compared. ...........cccceeveeuennene 34
Figure 8 Dispersion surface definition...........cccceeeveeeiieniiienieniiienieeieesee e 35

Figure 9 Numerical dispersion of cubic cells on planes perpendicular to x-y plane in
3D FDTD. Different propagation directions, CFL numbers are compared. ....... 37

Figure 10 Numerical dispersion of cubic cells on cone surfaces with z as the axle in
3D FDTD. Different propagation directions, CFL numbers are compared. ....... 38

Figure 11 Numerical dispersion of non-cubic cells on planes perpendicular to x-y
plane in 3D FDTD. Different propagation directions, CFL numbers are
COMMPATEA. 1.eeeetteiie ettt ettt ettt et et e et e et e st e saeeeabe e bt e eabeesbeeenseenseesnseenaeanns 39

Figure 12 Numerical dispersion of non-cubic cells on cone surfaces with z as the axle
in 3D FDTD. Different propagation directions, CFL numbers are compared.... 40

Figure 13 Dielectric-Dielectric Interface Implementation...........ccccecveeveveenieeieneenne. 46
Figure 14 Flowchart of the ADI-FDTD time-stepping process [40] ......ccccceveerueennen. 59

Figure 15 Magnitude of the amplification factor for Courant number equals 1 and 10
with 100 cells per wavelength [43]. ....ccoooiiiiiiiie e, 64

Figure 16 Numerical phase velocity versus wave propagation angle. Ah=\/20,
At=Ah/5c. Upper figure is with the ADI FDTD [47]; Lower figure is with the
FDTD. ettt ettt sttt ettt et ae et et saeen 71

Figure 17 Numerical phase velocity versus wave propagation angle with the ADI-
FDTD grid with Ah=A/20. Upper graph: At=Ah/c (CFLADI=sqrt(3)). Lower
graph: At=1.5 X Ah /¢ (CFLADIZ2.6).....ccceeoiiiiiiiniiiieeeieneeeeeeceee e 73

Figure 18 Numerical phase velocity versus wave propagation angle with the ADI-
FDTD grid with Ah=A/20. Upper graph: At=Ah/c (CFLADI=1.73). Lower graph:
At=1.5 X Ah /C (CFLADIE2.6). ..c..teiiiiiiiieieeeeieeee ettt 74

vi



Figure 19 Numerical dispersion of non-cubic cells on the cone surface in 3D ADI-
FDTD. Different cell sizes along different propagation directions are compared.

............................................................................................................................. 76
Figure 20 Numerical dispersion of non-cubic cells on planes perpendicular to x-y

plane in 3D ADI-FDTD. Different cell sizes along different propagation

directions are COMPATEd. .......cccvieerieeeiiieeiiee et e eteeeteesteeeereeeereeesreeesseeesnns 77
Figure 21 The Metal-Insulator-Substrate-Metal (MISM) structure.............ccccccueeeee. 85

Figure 22 Side view of the MISM structure. Z is the direction of propagation. h, bl,
and b2 is the thickness of the metal layer, the SiO2 layer, and the silicon
SUDSLIate, SEPATALELY. ..ecuvvieiiiieeiieeciee ettt et e et e e e enes 86

Figure 23 Dopant density versus resistivity at 296 K for silicon doped with
phosphorus and with boron [54] .....cceeeeiieiiieeee e 89

Figure 24 Contour of attenuation factor a (along propagation direction z) vs. substrate
doping and wave frequency. MISM structure properties: b1=2pum, b2=200um.
The three bold lines divide the map into 3 regions of fundamental modes as
INATKE. ..ottt st 91

Figure 25 Contour of normalized phase constant B/(w/c) (along propagation direction
z) vs. substrate doping and wave frequency. MISM structure properties:
b1=2um, b2=200um. The three bold lines divide the map into 3 regions of
fundamental modes as marked. ...........ccoociiiiiiiiiiiii 91

Figure 26 Comparison among the analytical solution, the ADI-FDTD solution, and
the measurements, w=1600pum, b1=1pum, b2=250um, p2=85Q-cm. .................. 97

Figure 27 Propagation constant versus frequency and doping density for the quasi-
analytical and ADI-FDTD numerical analysis. b1=2 um, b2=200 um. The lines
with markers are the quasi-analytical results, and the solid lines are the
NUMETICAL TESULLS ...ttt 99

Figure 28 Ey distribution in different layers in 3-mode ...........ccccoeviieiiiiniiiiiiennnne 101

Figure 29 The transient digital signal propagating along the z direction. The result is
from the two-dimensional waveguide model............cccocceiiiiiniiiiinniiiieee, 102

Vil



Chapter 1: Introduction

1.1 Background

In modern integrated circuit (IC) designs, circuit elements continue to shrink
in size while operating frequencies continue to increase. Main processor chips can be
as large as 2cmx2cm in size with tens of millions of transistors. Digital clock rates
are reaching 4 GHz and are predicted to continue increasing in the near future by the
National Technology Roadmap for Semiconductors. Seven wiring layers have been
fabricated with 0.3 pum minimum widths [1]. The small cross section of the metal
interconnects will introduce line resistances as high as 1000-3000 /cm, even for
copper wires that have higher conductivity than aluminum wires. Global
interconnections such as clock lines, data buses (32-128 bits wide), and control lines
are of the order of 20-50K nets on one chip, and it will reach more than 100K
connections in the future [1].

In the high-frequency range, propagation delay (This is the signal traveling
time.) is comparable to signal transition times (This is the signal rising and falling
time.), and wire length is comparable to wavelength of the signal. Parasitic circuit
parameters will directly impact power loss and signal integrity of the circuit as well as
degrade the performance of the circuit. Since interconnects play an important role in
transporting power and data in the circuit, accurately determining the parasitic circuit
parameters and predicting their effect is important in radio frequency (RF) and

microwave integrated circuits (IC’s) as well as digital IC’s.



Extensive experimental, analytical and numerical research in analyzing the
characteristics of interconnects began in the late 1960’s and include various
investigations ranging from off-chip PCB interconnections to on-chip interconnects
[2]-[8]. The consensus is on-chip interconnects are faster, denser and more reliable
than off-chip ones. These are important factors in the trend of higher integration
levels in the IC industry. Thus, this work will focus particularly on on-chip
interconnects. Also, the numerical simulation method used in this work is
investigated in detail in Chapter three.

In 1967, Guckel analyzed interconnections using a parallel-plate waveguide
structure with a two-layer (Si-SiO,) loading medium while ignoring fringing fields
[2]. His work shows at the lowest-frequency interval, the majority current
perpendicular to the propagation direction is conduction current, not displacement
current. This means propagation resembles diffusion (conductive loss) because of loss
in the dielectric layer. In the next frequency range, the phase velocity of the
fundamental mode is controlled by the ratio of dielectric to semiconductor thickness.
The velocity is very low for a typical interconnection. On the one hand, people can
use this characteristic to design the delay line; on the other hand, people are making
efforts to reduce the unwanted signal delay as much as possible. In the highest
frequency range, the skin effect and the dielectric loss behavior describe the
propagation behavior, and a high phase velocity shows up. His work will be briefly
reviewed and a discussion of the physical phenomena will occur in Chapter four.

In 1971, Hasegawa published his classical paper defining three fundamental

propagation modes (the quasi-TEM mode, the slow-wave mode, and the skin-effect



mode) for the MIS structure [3]. The slow-wave mode was found to propagate within
the resistivity-frequency range suited for monolithic circuit technology back at that
time. The analytical analysis is similar to Guckel’s work [2] and it still ignores the
fringing effect. However, in his measurements of test structures, the effect of the
width of microstrip line is analyzed for the case of slow-wave mode. The analysis is
performed through equivalent circuits based on low-frequency approximations and is
thus limited by accuracy.

After Hasegawa’s classical work, several papers have been published based
on the numerical full-wave or quasi-TEM analyses [3]-[8]. The emphasis of the work
is often on extracting the frequency dependent parameters R(f), C(f), L(f), G(f) [9]-
[11]. These parameters can then be used in available CAD circuit design simulators
(eg. SPICE) to get instant results of the interconnect effect. Thus, it accelerates the
chip design process.

These works all show the progress in the investigation of on-chip
interconnects characteristics. They have focused on propagation modes, crosstalk,
substrate dispersion and loss in various ways [2]-[12]. However, in order to either
simplify the electromagnetic formulation in the analytical derivation, or shrink the
calculation model size, computer storage and processing overhead in the numerical
method, these works either assume the thickness of the metal to be zero and make the
quasi-TEM assumptions, or ignore the fringing effect of the interconnects. In
addition, for the frequencies used nowadays, interconnects with lossy substrate will

operate in the skin effect mode and transition region (This is the region between the



well defined three modes, which will be discussed in Chapter four). Little work has
been published in this research area.

Crosstalk on coupled microstrip lines is another important topic in the
problem of signal integrity. Closed-Form derivations [11], Quasi-Analytical analysis
[12], Finite-Difference Time-Domain (FDTD) method [13], Spectral Domain
approach (SDA) [14]-16] etc. have been used in crosstalk analysis. However, all these
works have the same assumptions as the MIS structure analysis. A brief introduction
of these numerical method is given in Chapter two.

Global on-chip interconnects modeling also shows progress. The
Multiconductor Transmission Line Methodology (MTL) [17], The Statistical model
[18] etc, have shown examples of global on-chip interconnect design. However this
problem is more complicated than simple interconnect structures, so more
assumptions and more simplifications have to be made. The discussion of the global

on-chip interconnects modeling is beyond the work of this thesis.

1.2 Motivations of the Work

Previous research shows that the analytical method, as well as some numerical
modeling methods (Spectral domain method [14]-[16], Transmission line matrix
method [19], etc. These methods are discussed in Chapter two.) require numerous
assumptions to simplify the model. The assumptions sacrifice the accuracy of the
analysis. The FDTD method has its advantages in solving Maxwell Equations. But as
the density of elements on-chip increases, operating frequency increases, and signal

rising-falling time decreases. Because of the stability problem inherent in the FDTD



algorithm, the simulation model increases dramatically and the simulation time
becomes very long. These limitations will be explained in Chapter two.

In 1999, Namiki presented the Alternating-Direction-Implicit Finite-
Difference Time-Domain (ADI-FDTD) method [20]. This method has overcome the
stability limitations in the FDTD algorithm. It does not have the conflict of time step
and grid size that appears in the conventional FDTD method. Using this method,
numerous signal propagating problems in the time-domain can be solved.

In this work, a 3-D ADI-FDTD solver is built and is used to analyze various
transmission line characteristic problems, such as dispersion in the substrate, substrate
loss and signal attenuation. The definition and analysis of these can be found in
Chapter four.

During the study of various physical problems with the ADI-FDTD solver, we
found sometimes the method will blow up, and numerical reflections on the boundary
may occur occasionally. This stimulates us to investigate the factors affecting the
stability and accuracy of the numerical method. The introduction of numerical
algorithms as well as the evaluation of numerical behaviors can be found in Chpater

two and three.

1.3 Thesis Structures

In Chapter two, numerical methods used in electromagnetic analysis are
reviewed. The conventional FDTD method, which is the foundation of the ADI-
FDTD method used in this thesis, is explained in detail with discussions on the

numerical stability, dispersion and other concerns.



The derivation of the ADI-FDTD algorithm is presented in Chapter 3. The
theoretical stability and numerical dispersion analysis of the ADI-FDTD method is
discussed mathematically. The practical choice of time-step, grid-size is also
discussed. The flow chart of the algorithm is demonstrated.

In Chapter 4, we performed the highly efficient unconditionally stable ADI-
FDTD method on a classical Metal-Insulator-Silicon-Metal (MISM) structure. We
first benchmark the ADI-FDTD method by comparing the numerical result obtained
from the ADI-FDTD method to the experimental data published in the literature. The
numerical result is also compared with the analytical analysis. Then, we further
present the advantages of our analysis. In particular, we are able to show the detailed
field distribution in the thin skin-depth layer in the metal and in the silicon substrate.
This has not been published in the literature so it helps to explain the important
phenomena, such as energy flow, conductor loss and semiconductor loss.

A summary and future works are given at the end of the thesis.



Chapter 2: Physical and Numerical Method in Interconnects
Analysis

Signal propagation along on-chip interconnects is a complicated wave
propagation problem. In order to solve Maxwell’s equations, researchers have
developed closed form and analytical solutions. With the progress in digital
computer, numerical solutions such as finite difference (FD) method, finite element
method (FEM) and integral equation formulations are becoming popular. We will
have a brief review of selected numerical method uses in interconnects analysis, and

discuss the Finite-Difference Time-Domain (FDTD) method in detail.

2.1 Physical Model of the Interconnects

Different physical models with various assumptions and simplifications have
been performed in the Metal-Insulator-Silicon-Metal (MISM) interconnects study.
According to [21], physical models are divided into four main categories: analytical
or empirical lumped circuit models, parallel-plate waveguide models, planar multi-
layered multi-conductor transmission line models, and combined electromagnetic and
device simulation models.

The first physical model is the analytical lumped circuit model. In general,
analytical lumped circuit models will provide fast calculation and instant insight to
the performance of interconnects. However, they are restricted to certain simplified
situations. The lumped-capacitance model assumes that signal rise/fall times are
much larger than signal propagation time. However, this assumption is not true for

modern high-speed VLSI. Figure 1 gives the performance enhancement of



interconnects as the technology advances [22]. The MOSFET switching delay is
approximately equal to the signal rise/fall time. The interconnect RC response time is
the propagation delay of interconnect. It is the time needed for a signal to travel from
one point on the interconnect to another. The term “RC” comes from the lumped
equivalent circuit model of interconnect. Under the 100nm technology, the time that
takes the signal to travel along the interconnect (the propagation delay) is larger than
the MOSFET switching delay (signal rise/fall times). Thus, the interconnect can no
longer be viewed as a lumped model. The transmission line effect of the interconnect

has to be taken into account.

Interconnect Performance Requirements

Technology Generation
10pum 100 nm 35 nm
MOSFET Switching Delay ~ 20 ps ~5ps ~2.5 ps
Interconnect “RC" Response Time ~ 1 ps ~ 30ps ~ 250 ps
(Lyg, =1 mm)
MOSFET Switching Energy ~ 3000 -2 4 ~ 0.1 [
Interconnect Switching Energy ~ 400 14 ~ 10 £ ~3f
{Lijge=1 mm)
Clock Frequency ~30MHz | ~2-35GHz ]-3.6-15.5 GH»
Supply Current ~25A ~ 150 A ~ 300 A
(Vya=35.0,1.0,05V)
Maximum Number of Wiring Levels 3 8-9 10
Maximum Total Wire Length per Chip | -~ 100 m ~ 5000 m ( )
Chip Pad Count ~200 ~ 3000-4000 4000-3400

Figure 1 Example of interconnects performance improvement with technology. Switching

delay, interconnect RC response time are major aspects we are interested here [22].

Hasegawa and Seki [23] have shown that using lumped-capacitance models
for interconnections is not applicable if switching times are less than 100 ps, which is
almost always the case for present IC industries. In conclusion, the first physical

model of interconnects is inapplicable on long interconnects in modern IC’s.



The second physical model is the parallel-plate waveguide model. Parallel-
plate waveguide models study the MISM structure by ignoring the fringing effect and
assuming the metal line has infinite width. This problem can be solved by solving
Maxwell’s equations in each region while satisfying the boundary conditions on the
interface. The propagation constants can be resolved from this method and the
electric field and magnetic field can also be obtained. Based on this method, Guckel
[2] and Hasegawa [3] proposed the foundation of the three fundamental propagation
modes (the quasi-TEM mode, the slow-wave mode, and the skin-effect mode) theory
in interconnects research area. However, this method requires regular structures to
derive the solutions. It might not be available to decompose complicated line
structures into regular regions, which makes it inapplicable. Also, for complicated
structures with regular regions, the analytical problems become more difficult to
solve, and the detailed field distribution in different materials is very hard to obtain.

Real on-chip interconnects usually have multi-conductor lines. The third
physical model is the planar multi-layered multi-conductor transmission line
model. This model is based on the full-wave analysis results and is found to best
represent real on-chip interconnects structures. The different full-wave analysis
includes the spectral domain analysis (SDA) method [15], the method of lines (MOL)
[24], the transmission line matrix (TLM) method [25], the finite-difference time-
domain (FDTD) method [8], the finite element method (FEM) [5], and the boundary
element method (BEM) [26] etc.. A short introduction of these full-wave analysis

methods can be found in the next two sections.



The last physical model is to combine the electromagnetic and device
simulation together and solve coupled electromagnetic and device equations at the
same time. When the electromagnetic wave is propagating along the MISM structure,
there are two mechanisms affecting the field and energy distribution: One is the
attenuation effect arising from the energy dissipation; the other is the screening effect
of the carriers in the semiconductor that prohibits the field from penetrating into the
semiconductor. The first mechanism is described by Maxwell’s equations, while the
second is described by the device transportation equations. This combined physical
model allows the analysis to include carrier accumulation and depletion factors,
screening effect of the carriers, and propagation properties of the electromagnetic
waves along the MISM interconnects[27][30]. With this model, the interaction
between the electromagnetic field and the movement of carriers in the semiconductor

can be discovered.

2.2 Numerical Method in Interconnects Analysis Overview

Three major categories of numerical techniques are wused in the
electromagnetic analysis of MISM structures [21]: The quasi-TEM analysis, the

frequency-domain full-wave analysis and the time-domain full-wave analysis.

2.2.1 Quasi-TEM analysis

Quasi-TEM analysis simulates the wave propagating in the MISM structures
as Transverse Electromagnetic (TEM) wave. This means we assume the transmission
line system has two lossless conductors. Strictly speaking, the MISM structure can

not support the TEM wave, because of its inherent dissipation of the structure.
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However, according to different research reports [3], [28] and [29], if the longitudinal
electric field is much less than the transverse electric field of the mode, the quasi-
TEM approximation is applicable. This is easy to understand. There are no
longitudinal field components in an ideal TEM wave. Only transverse field
components will exist. That is, only the field components perpendicular to the
propagating direction are allowed in TEM wave.

According to [29], the quasi-TEM analysis is valid to switching speeds of 7 ps
in 1989. The upper bound is more stringent in today’s technique. In GHz frequency
range, where interconnect radiates like an antenna, the effect of loss in the substrate is
more and more important. The quasi-TEM assumption does not hold anymore, and

the effect of the substrate loss has to be taken into account.

2.2.2 Frequency-Domain Full-Wave analysis

The frequency-domain full-wave analysis solves the variations of the original
Maxwell’s equations. For example, the time-harmonic Maxwell’s equations, the
Helmholtz wave equations, and the integral equations derived from the wave
equations using the Green’s function. The first two lead to differential methods, such
as the finite difference method (FD) [30] or the finite element method (FEM) [5]. The
third one yields integral equation methods, such as the boundary element method
(BEM) [26] or the spectral domain analysis (SDA) [14]-[16] method.

The Spectral Domain Approach (SDA) [14]-[16] applies the Green’s
function in the Fourier transform domain (This is also known as spectral domain).
The Green’s function has a much simpler form in the spectral domain than in the

space domain, which makes the SDA method very efficient.
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Some advantages of the SDA method are [16]:

e Multi-layer, multi-conductor structures are easily modeled.

e Since it is a frequency-domain method, it can be used for all the
frequency dependent conductivities, and all the frequencies.

e Itis fast and efficient for planar and quasi-planar guiding structures.

Some disadvantages of the SDA method are [16]:

e This method bases on the Green’s function. For a general
configuration or inhomogeneous material, the Green’s function may
not exist.

The Finite Difference (FD) method approximates Maxwell’s differential
equations with the finite differences. It comes from the Taylor’s expansion of the
partial differential equations. The Finite Difference (FD) method is easy to
implement, but it is best suitable for simple boundary problems. The curved boundary
is generally approximated by a staircased approximation and will introduce extra
errors in addition to the finite difference discretization error. Fortunately, in general
the boundary of the MISM structure can be simulated exactly with proper
arrangement of the mesh in Cartesian coordinates.

The Finite Element Method (FEM) can also be applied to study the
performance of the MISM interconnects [5]. In FEM, the simulation domain is first
discretized into small element, then, each element is mapped into a standard element
with a local coordination. Fields are expressed in the form of interpolation functions
in each local element. All the local elements are assembled together with proper

boundary conditions to form an algebraic system.
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Some advantages of the finite element method for wave problems are [26]:
e Complex geometries are easily modeled (eg. The curved boundaries).
¢ Boundary conditions are implicit.
e Nonhomogeneous materials are easily accommodated.
e The coefficient matrix is banded, sparse, symmetric, and positive
definite.
Some disadvantages of the finite element method are [26]:
e It is difficult to represent open boundaries.
e The unknowns must be solved for throughout the whole domain even
if the solution is required only at a few points.

Both the FEM and FD methods use a differential approach, which requires a
large number of meshes to implement the absorbing boundary condition for the
unbounded problems.

The Boundary Element Method (BEM) is an integral method based on
Green’s theorem. Maxwell’s equations are transformed into integral equations on the
boundaries of the simulation domain. To implement this method, only the mesh on
the interface of the material is necessary.

Some advantages of the BEM for wave applications are [26]:

e BEM method can model the open boundary problem with less mesh.

e Numerical accuracy is generally greater than that of the FEM.

¢ BEM can easily model curved boundaries.

e The unknowns are only on the boundaries, and it’s efficient to solve

the problem.
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Some disadvantages of the BEM are [26]:
e It is not convenient to represent nonlinear or non-homogeneous
materials [17].
e The coefficient matrix is full and is not guaranteed to be positive

definite.

2.2.3 Time-Domain Full-Wave analysis

The time-domain full-wave analysis is preferred if a transient analysis is
desired. There are two widely used time-domain full-wave analysis method: The
finite-difference time-domain (FDTD) method and the time-domain Transmission
Line (Matrix) Modelling (TLM) method [31].

Transmission Line (Matrix) Modelling (TLM) method solves
electromagnetic wave problems in the time domain. It approximates the exact
solution by discretizing the solution domain into a network of transmission lines. The
voltage and current on the nodes of the transmission line network provide the
information of the electric and magnetic fields. At one time-step, voltage pulses first
incident upon each transmission-line. According to the scattering matrix determined
by the Maxwell’s equations, these pulses will be scattered to produce a new set of
pulses. These new pulses will incident on adjacent nodes at the next time-step. The
major advantage of the TLM method is the capability of studying the transient
responses and its simplicity in implementation.

The Finite-Difference Time-Domain (FDTD) method solves the original
Maxwell’s curl equations in the time domain. The traditional FDTD method is

computationally expensive and has the difficulty to handle frequency-dependent
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interactions such as material dispersion and metal skin effects [21]. In the next two
sections in this chapter, we will review the FDTD in detail, since it acts as the
foundation of the ADI-FDTD method applied in the MISM analysis. It is especially
worth mentioning here that the FDTD method needs to be implemented with caution

to avoid numerical instability. The reason will be explained in section 2.4.2.

2.3 Maxwell Equations and Yee’s Cell

2.3.1 Maxwell’s Equations for the FDTD method

Among the various numerical methods mentioned in the previous section, the
Finite-Difference Time-Domain (FDTD) method is found to be very attractive in
solving Maxwell’s equations of the electromagnetic problems. It is the basis of the
Alternating-Direction-Implicit Finite-Difference Time-Domain (ADI-FDTD) method.
Thus, we will spend a few sections here to introduce this method.

Generally speaking, FDTD is simple and flexible. Since it is a time-domain
method, when the excitation is a narrow pulse with a large bandwidth, one single run
of the simulation can provide information over a large bandwidth. The basis of the
FDTD algorithm is the two Maxwell curl equations in derivative form in the time
domain. By means of central difference, these equations are expressed in linear
forms. With the introduction of Yee’s grid, the FDTD matches Maxwell’s equations
in space and time very well, and the implementation is very straight forward. It is
well suited to computing responses to a continuous wave or single-frequency

excitation, and particularly well suited to computing transient responses.
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We introduce the FDTD method from the differential form of Maxwell’s
equations introduced by James Clark Maxwell in 1873. Maxwell’s equations are
shown below (2-1)-(2-4).

Ampere’s Law

vxid=L.j (2-1)
ot
Faraday’s Law
- 0B -
VxE=——-J 2-2
<E--2_j, )

Gauss’s Law for the electric field:

V-D=p (2-3)

Gauss’s Law for the magnetic field (No isolated magnetic charge):

V-B=0 (2-4)

Here, E is the electric field vector (V/m); D is the electric flux density vector
(C/m); H is the magnetic field vector (A/m); B is the magnetic flux density vector
(Web/m?); J, is the electric conduction current density (A/m%); and J, is the
equivalent magnetic conduction current density (V/m?).

In linear and isotropic materials (i.e. materials having field-independent,
frequency-independent, and direction-independent electric and magnetic properties),
the constitutive relations are:

D=¢g (2-5)
B il (2-6)
Here, ¢ is the electric permittivity (F/m), and x is the magnetic permeability

(H/m). The equivalent electric current J,, and the equivalent magnetic current J,,
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refer to the electric and magnetic losses separately. The dissipation of electromagnetic

fields will convert into heat energy.

(2-7)

(2-8)

Here, o is the electric conductivity (S/m), and p’ is an equivalent magnetic

resistivity (€/m). It is easy to show that only considering the two curl equations in

Maxwell’s equations is sufficient. Furthermore, the two divergence equations for

Gauss’s Law need not be explicitly enforced. Substituting (2-5) - (2-8) into (2-2) - (2-

1), we have
a_H:—iVxE_iﬁ
a  p u
O _ 1y, iq-%F
ot ¢ £

(2-9)

(2-10)

Writing out the vector components of the above curl equations yields the

following six coupled scalar equations in the three-dimensional Cartesian coordinate

system:

ot oz oy
OH, 1(0E, OE, -
o u\ ox oz
H O0E. OF
0 z :l X Yy ,DHZ
ot u\ oy ox
OF oH, OH
X :l z _ y _ O-Ex
o e\ oy oz
oE OH, OH
y :l X _ z _ GEy
o &\ oz Ox
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(2-11b)

(2-11c)

(2-12a)

(2-12b)



OH
Ok, 1%y OHy p (2-12¢)
o e\ Ox oy

This system of six coupled partial differential equations forms the basis of the
FDTD numerical algorithm in three-dimensions. Two-dimensional and one-
dimensional formulations can be easily derived according to (2-11) and (2-12) by

letting the corresponding dimensions go to infinity.

2.3.2 Yee’s cell and the formulas of the FDTD method

In 1966, Kane Yee originated a set of finite-difference equations for the time-
dependent Maxwell’s curl equations for a lossless system [32]. We will show the
three-dimension formulas of the Finite-Difference Time-Domain methods based on

the Yee’s grid (Figure 2).

Ey(ij+1/2,k+1)
Ex(i+1/24k+1) ;2  Ex(i+1/2£1k41)
. Ha(i+ 12,172 k+1)
| Eyirgetrzie)
Hx(ij+1/2,k+1/2 _
E,Z(l,j,k+1!2) i TEz(i+1,k+112)
Hy (4172, 4+172) Hy(f122 f+14+1P)
s | '/
W 4 Hx(i+1,j+1/2,k+172) T '
Ez(i+1,j§+172) | [~ Bzl 2
I Ey(ij+1/2,k)
— i it L
o -
EX(fﬂé,j,k) _ ;2 Ex(ipA12,j+1,k)
V4 Hz(i+172,j+112,k) z
/
Ey(i+1,j+1/2,k) y
X

Figure 2 Yee’s Cell for programming convenience
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To begin our development, consider a one-dimension Maxwell’s equation for

lossless media (2-11Db):

oH, 10E, (2-13)
o u Ox

From the classical definition of a derivative, we have

. AH, 1. AE,
lim— = lim—, (2-14)

o A [y v

From Figure 3, we note that in the limit a continuous and an exact solution to
(2-14) is obtained at the point (x, t). It is important to note that at this point, Maxwell’s

equations do not directly yield electric and magnetic field values, but rather relate the

rate of change between electric and magnetic field values.

Figure 3 Space-time graphical interpretation of a one-dimensional component of
Maxwell’s equations and its discretization. (Originated by Eric Thiele, quoted in [33]).

We then apply the central differences to relate the derivatives of the

neighboring discrete fields. The subscription i is for space, and superscript » is for
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time. Any field component « as a function of space and time evaluated at a discrete

point in the space lattice and at a discrete point in time is denoted as

u(iAx, nAt) =u]' (2-15)
So now (2-14) becomes
n+ n— At n n
H, 12 =H; 12 +E(Ei+1/2 _EH/z)a (2-16)

This implies that we can solve for H;*"? if we know the value for H at the
same spatial point but at Arearlier in time, and the value of E at spatial points +Ax/2
away from x; and As/2 earlier in time.

It is thus natural to extend this idea into a three dimensional case. The
arrangement of E field and H field components on the Yee’s cell is shown in Figure
2. In three-dimensions , the time and space notation is

u(itx, jAy, kAz,nAt) = u]'; (2-17)

At time step n, the Maxwell’s curl equation (2-11a) on lattice point

(iAx,(j +1/2)Ay,(k+1/2)Az) can be discretized into (2-18a). Similarly, the curl
equation (2-11b) on lattice point ((i +1/2)Ax, jAy,(k +1/2)Az) can be discretized
into (2-18b), and (2-11c) on lattice point ((i+1/2)Ax,(j+1/2)Ay,kAz) can be
discretized into (2-18c).

n n
Ey | i —Ey 17 a2k

Az
n+1/2 n-1/2 n n
Hx |i,_j+1/2,k+1/2 _Hx |i,j+1/2,k+1/2 _ 1 _ Ez |i,j+1,k+1/2 _Ez |i,j,k+1/2 (2—183)
At Hi j41/2,k4172 Ay

’ n
= Pi,j+1/2,k+1/2 “H, |i,j+1/2,k+1/2
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n+l/2 n-1/2
Hy |i+1/2,j,k+1/2 _Hy |i+1/2,j,k+1/2 _

1

n n
E. |i+1,j,k+l/2 -E. |i,j,k+1/2
Ax

n n
Ey 2, jke1 =Ex Nz, k

n+l/2

At

n—1/2

Hz i+1/2,j+1/ 2,k _Hz i+1/2,j+1/2,k

Hiv172,jk+1/2

1

B Az

’ n
= Pi+l/2,j,k+1/2 'Hy |i+1/2,j,k+l/2

n n
E, |i+1/2,j+1,k -E, |i+1/2,j,k
Ay

n n
_ Ey |i+1,j+l/2,k _Ey i,j+1/2,k

At

Hiv1/2,j+1/2,k

Ax

’ n
= Pi+l/2,j+1/2,k “H . |i+1/2,j+l/2,k

(2-18b)

(2-18¢)

At time step n+1/2, the Maxwell’s curl equation (2-12a) on lattice point

(i +1/2)Ax, jAy,kAz) can be discretized into (2-19a). Similarly, the curl equation (2-

12b) on lattice point (iAx,(j +1/2)Ay,kAz) can be discretized into (2-19b), and (2-12¢)

on lattice point (iAx, jAy,(k +1/2)Az) can be discretized into (2-19c).

E

n+l

n
X |i+1/2,j,k _Ex |i+1/2,j,k _

H

n+l1/2 n+l1/2

z |i+l/2,j+1/2,k _Hz |i+1/2,j—1/2,k

Ay
n+l/2

n+l1/2
1 Hy |i+1/2,j,k+1/2 _Hy |i+l/2,j,k—1/2

By

At

|n+l

n
ik —Ey i sk _

€ir1/2,j.k

H)C

Az
n+l/2

~O0it1/2,jk E, |i+1/2,j,k

|l’l+1/2

n+l/2
i,j+1/2,k+1/2 _Hx

i,j+1/2,k-1/2

Az
n+l/2

n+l/2
1 H_ 55, w26 —H 2 212,412k

At

Eij+1/2.k
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Ax
n+1/2

— O j+1/2,k 'Ey |[,j+1/2,k

(2-19a)

(2-19b)



n+l1/2 n+l1/2
H, [52 0e2 —Hy 2105 5112
Ax
n+l n n+l1/2 n+l1/2
E. |ijke2 =E- |ijrr B 1 H, ik —Hy lij=i72k02 (2-19¢)
At & j k112 Ay

n+1/2
=0, k2 E: |i,j,k+l/2

According to Yee [32], E field is always calculated on time-step n,n+1, etc; H
field is always calculated on time-step n+1/2, n+3/2, etc. In (2-18), the magnetic field

terms on the right hand side are #”’s, which are not stored in computer memory.

Only the previous values of A at time step » —% are stored in memory. We could get

a good estimation of this intermediate value by different approximations. For
example, using the central difference at time-step n:

H |n+1/2 +H |n—1/2
H|"= . . (2-20)

Now (2-18a) becomes

n n
Ey i jvagn —Ey i jaiok

Az
n+1/2 n-1/2 n n
Hx |i,j+l/2,k+l/2 _Hx |i,j+1/2,k+1/2 _ 1 Ez |i,j+l,k+1/2 _Ez |i,j,k+1/2
At Hi j172,441/2 Ay

n-1/2 n+l/2
H, ;i YHy |22
2

r
= Pij+1/2k+1/2 "

(2-21a)
We combine the coefficients of the field terms at the same space and same time step,
and move the yet to be calculated value (unknown value) to the left hand side and the

stored field terms (known) to the right hand side. This yields the following:

22



At pi’,j+l/2,k+l/2 /2 At pz{,j+1/2,k+1/2 ~1/2
1+ H, | k= 1= H, | 2ke102
Hi j+1/2,k+1/2 2 Hi j+1/2,k+1/2 2
Ey 1r',,j+1/2,k+1 _Ey |;l,‘j+l/2,k
N At Az
Mijrirzkst/a | E. | ignrn —E- 12 k12
Ay
(2-21b)
Normalizing the field on the left hand side yields
r
- At Pi j+1/2,k+1/2
n+1/2 Hij+1/2,k+1/2 nel/2
H, |i,j+1/2,k+1/2: 7 H, |i,j+l/2,k+l/2
At Pij+1/2,k+1/2
1+
Hi j+1/2,k+1/2 2
n n
At Ey i imapn —Ey 7wk
N Hi j+1/2,k+1/2 Az
4 n n
1+ At Pi,j+1/2,k+1/2 B E. i g2 —E- i jra1i2
Hi j+1/2,k+1/2 2 Ay
(2-21c¢)
) ) ] ) E |n+1 +E |n
Similarly, we can reorganize the formulas for (2-19) with E|"*/?= —
In summary, we now have
r
- At Pij+1/2,k+1/2
n+1/2 Hij+1/2,k+1/2 nel/2
H, |i,j+1/2,k+1/2: r H, |i,j+l/2,k+l/2
At Pij+1/2,k+1/2
1+
Hi j+1/2,k+1/2 2
n n
At Ey i ivapn —Ey 7wk
N Hi j+1/2,k+1/2 Az
! n n
1+ At Pi,j+1/2,k+1/2 B E i g2 —E- i jxa1i2
Hi j+1/2,k+1/2 2 Ay
(2-22a)
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E

X

E, |

n+l _
i+1/2,j,k —

n+l _
i,j+1/2,k —

Oa1/2,j A

’
| At Pi+1/2,jk+1/2
g2 _ Hiv1/2,jk+1/2 g2
3 lixt/2,j k172= 7 3 lis1/2, 172
L+ At Pi+1/2,j.k+1/2
Hit1/2,)k+1/2 2
At

Hiv1/2,j,k+1/2

n n
E. i jun2 —E: i jrei2

n
Ey e +

1+

28 j12k

1+

25i+1/2,j,k

O jv1/2,5 A

E. | +
v i, j+1/2,k
O jr1/2,4 A

28, ik

Oa1/2,j A
+7

Ax
+ !
. . n n
1+ At Pist/2jieeti2 |\ E g e =Ex lfayan
Hiv1/2,j,k+1/2 2 Az
(2-22b)
r
| At Pi+1/2,j+1/2,k
o2 _ Hiv1/2,j41/2,k o2
= iv12, 120 = 7 = i3, a2k
1+ At Pi+l/2,j+1/2,k
Hiv172,j+1/ 2.k 2
n n
At E |ivyo, ok —Ex [,
+ Hit1/2,j+1/2,k Ay
’
. . n n
14 At Pix1/2,j+1/2k Ey ik —Ey i ek
Hiv1/2,j+1/2,k 2 Ax
(2-22¢)
_ ) n+l/2 n+1/2
B Tis12,j 4 A At H_ iy, o, —H: vz -1k
2<9i+1/2,j,k €irl/2,j.k Ay

n+l/2 n+l1/2
CHy g —Hy e

2€i+1/2,j,k

Az
(2-23a)
n+1/2 n+1/2
At H, ;g2 —Hy i w102
Eij+1/12,k Az
fo At n+l/2 n+1/2
4 bIHl2k H., i)2 o0 —H 2 213, w12k

28, j1i2k Ax

(2-23b)
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N ntl/2 ntl/2
3 ;. k120 At Hy, [ia k2 —Hy 205 50102

E |,,+1 _ 2&; k12 E.|" + Eijk+1/2 Ax
z 1i,jk+1/27 . z 10, jk+1/2 o n+l/2 n+l1/2
1+ O'I,J,k+l/2At 1+ O-z,J,k+1/2At H, |i,j+1/2,k+1/2 -H, |i,j—1/2,k+1/2
25i,j,k+1/2 28i,(/’,k+1/2 Ay

(2-23¢)

Yee’s algorithm is one of the gridding methods of greatest use since its
fundamental basis is so robust. The Yee algorithm is robust for the reasons that
follow [33].

First, Yee’s algorithm is useful because it solves for both electric an magnetic
fields in time and space using the coupled Maxwell’s curl equations rather than
solving for the electric field alone (or the magnetic field alone) as with the wave
equation.

In addition, in Yee’s cell, every E field vector component is surrounded by
four A field components, and every A field component is surrounded by four £ field
components, as illustrated in Figure 2. This provides a simple picture of three-
dimensional space being filled by an interlinked array of Faraday’s Law and
Ampere’s Law contours. The continuity of the tangential E is naturally maintained
across an interface of dissimilar materials if the interface is parallel to one of the grid
coordinate axes (This is proven in section 2.4.4). The resulting finite-difference
expressions for the space derivatives are central in nature (central-difference) and
second-order accurate.

Further, the Yee algorithm centers the £ and A field vector components in
time in what is termed as the leapfrog arrangement. This algorithm says: All the E
field computations in the three-dimensional space of interest are computed for a

particular time point using the most recently computed A field data stored in the
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computer memory; Then, all the #7 field computations in the three-dimensional space
are computed using the £ field data just computed and stored in memory.

Finally, Yee’s algorithm is robust because no matrices are involved and no
large systems of simultaneous equations need to be solved.

The FDTD approach based on the Yee algorithm is a straightforward method.
In summary, the time-stepping flowchart of the FDTD method is given in Figure 4.

At time zero, all the E field and H field are set to zero.
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Start Time-Stepping (t = 0)

>

w

A 4
Update H, | explicitly for all X, y, z

t=(n+1/2)At Update H, |"*""* explicitly for all x, y, z
Update H_ |"*"? explicitly for all x, y, z

A 4

Update source conditions

\ 4

Update boundary conditions

A 4

Update E, """ explicitly for all x, y, z
t=(n+1)At Update £, |"*' explicitly for all x, y, z

Update E. | explicitly for all x, y, z

A 4

Save data

NO t <tmax

Time stepping
done?

End Time-Stepping

Figure 4 Flowchart of FDTD time-stepping process
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2.4 FDTD Concerns

2.4.1 Cell size

The choice of cell size is very important in FDTD. It must be small enough to
permit accurate results at the highest frequency of interest, and yet be large enough to
keep resource requirements manageable.

From the Fourier analysis we know that for a pulse of widthr, the major
portion of the frequency spectrum lies between zero and f, =1/z . The Nyquist

sampling theorem would suggest that the cell size be less than 2,/2 in order for the

spatial variation of the fields to be adequately sampled. However, the pulse also has
the frequency content higher than £, so that not only will the numerical dispersion
(Waves with different frequencies may travel at different velocities in the
computational lattice.) appear, but also the differential equations are themselves
approximations (because the higher order terms in the Taylor expansion are ignored,

except for the magic time steps where the finite difference is an exact solution). A
general agreement is that the cell size should be smaller than f—z‘) in the material

medium to obtain some desired accuracy and minimize the effects of the numerical
dispersion. It has been proven that reducing the grid dispersion error to an acceptable

level can be readily accomplished by reducing the cell size. People usually choose

cell sizes smaller than % if computational resources allow. The reason for this will

be shown in the dispersion discussion in section 2.4.3.
Another consideration in cell size is that the problem geometry must be

accurately modeled. Thus, if the target problem has fine geometrical structures, the
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cell size should be smaller than what is necessary to resolve the field within the fine

structure. This cell size might be stricter than the frequency limit in some cases.

2.4.2 Numerical Stability and Time Step Size

Once the cell size is determined, the maximum size of the time step At
immediately follows from the Courant condition. Let’s first consider a plane wave
propagating through the one-dimensional FDTD grid. In one time step, any point on
this wave can only propagate from one cell to its nearest neighbors. Trying to use
even a slightly larger time step will quickly lead to numerical instability. On the other
hand, we can do less than one cell in one time step, but it is not an optimum situation
and will not lead to increased accuracy. Suppose our plane wave is propagating most
rapidly between the FDTD grid (Figure 5). If the uniform grid size is Az and the time
step is A¢, then, the Courant Condition in the one-dimensional case is

VAt <Ah . (2-24)

v 1s the maximum velocity of propagation in that medium ( cin free space).

wave front
, Ah | | |
S — : : :
@ @ @ @ o

Figure 5 Stability for the one-dimensional FDTD mesh [26]

It is not hard to imagine the 2-D case, where the maximum propagating
direction is perpendicular to the diagonal (Figure 6), and the Courant Condition is

also (2-24).
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Except here

A - (2-25)

As——— (2-26)

wave front .

Figure 6 Stability for the two-dimensional FDTD mesh [26]

Similarly, the Courant Condition in 3-D is

A< z . (2-27)

1 1
V]| —+—+—
\/sz A? A7

A rigorous derivation of the Courant Stability Condition can be found in [34].
The derivation is based on solving the eigenvalue problem. A mathematically strict
derivation for the stability condition in the ADI-FDTD method will be skipped here
to be succinct, but it is performed in the next chapter for completeness. It is worth
mentioning that the derivation is focused on the Yee’s algorithm in Cartesian
coordinates. A more generalized stability problem arises due to the interactions

between the Yee’s algorithm and augmenting algorithms used to model the boundary
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conditions, the variable and unstructured meshing, and the lossy, dispersive,
nonlinear, and gain materials.

Although in some complex problems, the exact stability criterion cannot be
derived, a part analytical (or part empirical) upper bound on the time step can still be
derived so that the numerical stability is maintained for many thousands of time steps,

if not indefinitely.

2.4.3 Numerical Dispersion

Another important issue to the Finite-Difference Time-Domain (FD-TD)
numerical algorithm for Maxwell’s curl equations is the numerical dispersion. Waves
with different frequencies may travel at different velocities in the computational
lattice.

Numerical dispersion is different from physical dispersion. Physical
dispersion is also called analog dispersion. Physical dispersion comes from the wave
function directly. Numerical dispersion comes from the discretization and iteration
formulas for the physical problem. Although to some extent, these two dispersions are
the same (we can show that when the grid in space and the time steps in time go to
zero, these two dispersions are the same.), generally speaking, they are different.

In order to derive the numerical dispersion relation, let’s assume a normalized

region of lossless space where u=1,=1,0=0,p'=0, and c=1. We can then write

the two Maxwell’s curl equations in a compact form [34]

1%
VXV =— 2-2
JV x plt (2-28)

Here, V =H + jE .
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Suppose the vector-field traveling-wave expression is

— = j(kJAx+k, JAy+k. KAz—onAt
V17 g = Vel Bt Rrkfiamontt (2-29)

Substituting (2-29) into the Yee space-time central-differencing form of (2-

28), we have

i ka5 lka| oz [kal] -, A Y,
Esm{ }——sm{ y2 +—sin = XV} xk==—VI] sk sin ~ (2-30)

At

Here, x , y and z are unit vectors in the x-, y-, and z- directions.

k, =ksin@sing, k, =ksin@cosg, k. =k cosd. The tilde on top of the k vectors refers to

the numerical wave number, which differs from the physical wave number. We can

look at (2-30) as a linear system where ¥, ¥, and v, are the unknown vectors. In

order to get a unique solution, the determinant of the above eigenvalue system should

be zero, giving us

L(on P [0 (Fa\T [ (B [0 (ks
|:E Sln(Tj:| = |:E Sln( 2 ]] + [A—y SIH[TJ] + |:E Sln( ) }:l (2‘3 1)

After denormalizing to a nonunity free space speed of light ¢, the general

form of the numerical dispersion relation for the full vector-field Yee’s algorithm in

three dimensions is

[jsm[%mjr _ [ism[ En J] . [Aiysm[%;y J] . [i(k;z ﬂ 232)

Solving & in (2-32) will give us the numerical dispersion relationship. & is a

function of grid size, time-step size, frequency and propagating direction through the

grid net. Because k is different from the physical wavenumber &, the numerical
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phase velocity of the wave also differs from physical velocity c (in free space), and it

1s defined as
(2-33)

The normalized phase velocity is (assuming in free space):
(2-34)

Vp_ o _ac_
4 cl; l:

| =

The physical wavenumber is & _m , Ao1s the wave length in free space. If we
0

use the normalized wave length 2, =1, then
_27/Ay 2rm ' (2-35)

Thus, we can evaluate the numerical dispersion through studying the relation
between k¥ and Ar, 6, petc.. We introduce the so called Courant number here to
relate dispersion study with stability limit (2-36). Because of the Courant stability

condition (2-27), CFL must be always equal or less than 1 in FDTD algorithm.

111 (2-36)

CFL = cAt Tt —F+—
Ax Ay Az

First, we show the numerical dispersion in a two-dimensional problem. In

two-dimensions (for example, in the x-y plane), dispersion relation (2-32) reduces to

I A

Ay
In (2-37), k, =k cosa, and l?y =k sina , where k is the numerical wavenumber,
and « is the propagation angle with respect to the positive x-axis. We solve (2-37)

over different grid size, time-step size and propagating direction for k . The results
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are in Figure 7. We compare high CFL (CFL=09=~1, Figure 7 (a)), medium CFL

(CFL=0.6, Figure 7 (b)), and low CFL ( CFL=0.1, Figure 7 (c)) for square cell

(Ax = Ay), and rectangular cell (Ax# Ay) with high CFL (CFL=0.9~1, Figure 7 (d)).
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Figure 7 Numerical dispersion relationship of a TM wave. The x-axis is
propagation direction. Different cell sizes, CFL numbers are compared.

Figure 7 (a)-(c) shows stronger dispersion when the wave is propagating along

the grid ( @=0,7/2,7 ) for square cells, and less dispersion when the wave is

propagating towards the diagonal of the grid (a=7/4) for square cells. When the

number of cells per wave length is increased (This means reducing cell size and

increasing resolution), the dispersion along different directions is reduced significantly.

The difference between different propagating directions in finer cell cases are smaller

than that in coarser cell cases. This means, if the solution has dispersion, it is more

uniformly distributed along different traveling direction for finer cells. We also find



dispersion is larger if the CFL number is smaller. In order to keep the dispersion small,
we should choose the CFL number as large as possible (the maximum CFL is 1,
according to (2-27)), and use smaller cells, as long as the simulation burden is bearable.
Figure 7(d) shows dispersion for rectangular cells. We find the dispersion is minimized
when the wave propagates along the direction of Az ( Ak is defined in Figure 6).

Figure 7 also tells us the general convention of using at least 20 cells per
wavelength will introduce very little numerical dispersion and higher accuracy if the
iteration is not infinite. This explains why people will generally put at least 20 cells per
wavelength in their geometry settings.

We now solve (2-34) with Newton Raphson method, and study the dispersion
relation in a 3D scheme. Again, we discuss the dispersion with respect to propagating

angle, cell size and CFL number. In 3D case, there are two angles: ¢ is the angle in the

x-y plane, and @1is the angle from z axis to the x-y plane (Figure 8).

A,

heta
e
theta

(a) (b)

Figure 8 Dispersion surface definition

(a) planes perpendicular to xy plane
(b) cone suface plane with z as the axle
Figure 9 analyzes the dispersion on planes parallel to the z axis (Figure 8 (a)).
p=0°,0=30°,0p=45°,0=60"and ¢=90° planes are all perpendicular to x-y plane. On
these planes, waves propagating along different ¢ have different phase velocities.
Figure 10 shows dispersion of cubic cells (Ax = Ay = Az ) on cone surfaces (Figure 8(b)).
The axle of these cones is the z axis. Radiuses of these cones vary with the value of 4.
In both Figure 9 and 10, we vary the CFL number from 0.1 to 0.9. We perform similar

investigation in Figure 11 and 12, except now the edge of the cell in one direction is
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defined to be smaller than the rest two directions. We find again that the larger the CFL
number, the less dispersion occurs. For cubic cells, the minimum dispersion occurs
when the wave travels along the cubic diagonal direction. This can be viewed as we
collapse the 3D problem into 1D. The equivalent CFL number along the cubic diagonal
direction is larger than the equivalent CFL number along other directions. The
minimum dispersion occurs when the CFL number is maximized. We are expecting
that for non-cubic cells, the minimum dispersion occurs when the wave propagates
perpendicular to the “lattice planes” with the shortest intervals. Along this direction, the
collapsed 1D problem has the maximum CFL number. The “lattice plane” is a term we
borrowed from the solid state physics. Here the primary lattice is the Yee’s cell (cubic,
or non-cubic). This trend can be seen from Figure 11 and 12. A rigorous proof is our

future work.
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2.4.4 Boundary Conditions

Our major interest in this thesis is to simulate the MISM structure, which is
illustrated in Figure 21 in Chapter 4. We summarized the “boundary” of our problem
in physical world as follows: A ground metal plane is at the bottom of the substrate.
This ground plane is assumed to be an ideal metal plane. This means, the tangential
electric field on the surface of the ground plane is zero. On top of the MISM, the open
air region exists. The excitation is added to one side of the metal line (we call this
side the starting plane of the metal line). There is no reflections at the other end of the
metal line (we call this end the ending plane of the metal line). This means the metal
line has matched loads, or the metal line is infinitely long. The region to the left and
right side of the metal line goes to infinity (open region).

In numerical simulation, we have to build numerical formulas that can
properly model the above physical boundaries.

PEC boundary condition

We will use the Perfect Electrical Conductor (PEC) boundary condition on the
ideal ground metal plane. On the surface of this boundary, all the tangential electric
fields are zeroes. Because the electric fields are located at the edge of the each Yee’s
cell, we must put the cell edge at the boundary edge in order to implement this
boundary condition. For example, if the bottom plane of the Yee’s cell is the ideal
ground metal plane in Figure 2, then the bottom face is the surface where the PEC is

located. Setting the tangential components of the electric field to be zero results in:

E, |;l+1/2,j,k= E, |;1+1/2,j+1,k= Ey |Zj+1/2,k= Ey |:’1+l,j+1/2,k= 0 (2'38)
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ABC (Absorbing Boundary Conditions)

In real world the chip is usually in an open region. However, the computation
domain must have a limited size, since no computer can store and operate on infinity
number of data. The FDTD simulation must be performed in a finite domain, which
requires the truncation of the open region. We defined the finite simulation domain by
putting one air plane on top of the MISM structure, four side walls on each side of the
MISM structure, and one ground plane at the bottom of this structure. The boundary
condition on the bottom ground plane is already discussed in the previous section. We
will discuss the other five boundary planes here.

If the computational domain is extended far from sources and scatterers,
electromagnetic waves can be assumed to propagate outwards the boundary. Proper
boundary conditions have to be added on the truncation plane to minimize the
artificial reflections on the boundary. The Absorbing Boundary Conditions (ABC)
will simulate the model as if there is no reflection on the truncation interface. This is
useful in simulating the truncated open region or the guided-wave problems with
matched termination loads. Therefore, ABC’s will be performed on the top air plane,
the side walls and the ending plane of the metal line. A survey of different ABC’s can
be found in [34]. Mur’s boundary condition [35] is one of the most popular ABC’s.
The first order Mur’s boundary condition is very easy to implement and will achieve
good accuracy. The second order Mur’s boundary condition is derived in uniform
space and has larger spurious wave if the boundary has dielectric discontinuities [35].

Thus, we will use the first order Mur’s boundary condition in our concerns.
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The FDTD method uses Yee’s cell as its fundamental components, where the
electric field is always on the edge of the cell. Therefore, on each boundary plane,
there exist only the tangential electric field components and the normal magnetic field
components.

From the wave equation,
2 2 2 2
[@ L0 +3__L3_JEZO (2-39)

According to Mur’s original work [35], we introduce the operators D,, D,
and D, to represent the inverse of the velocity along different coordinates. We can

then split the wave equation into each x, y, and z directions:

1 2,12 2
P D; +D, +D; = ue (2-40)

o 8 ot 1 87 )=
a2t et o EE
ox® Oy 0z c¢” ot

(i+Dx£)(i—Dxﬁ)+ i+D,£ 9. p 2 +(i+Dzﬁj(i—Dzﬁj E=0
ox ot \ ox ot oy Yooy Yot oz ot \ oz ot
(2-41)
The plus and minus signs in each bracket demonstrate the wave is traveling

along the negative or positive direction of the corresponding Cartesian axes. For

example, (%+Dy %]E =0 represent an electric field propagating along the positive y

direction; (ai—Dy %)E =0represent an electric field propagating along the negative y
v

direction. Considering the boundary at y=0, only the E, and E, field are on the
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boundary according to the Yee’s cell (Figure 2). We will take E, traveling toward the

negative y direction as an example to derive the Mur’s first boundary condition.

9 p L E. =0= 9. l—Df—ng E = i—l,/l—csz—cszﬁ E. (2-42)
oy o v Ve? ot v c ot

Applying the first order Taylor’s expansion on the square root will give us the

Mur’s first Boundary Condition:
J1-¢2D? —¢2p? zl—%(( L +(ep, )2j+H.O.T.:1 (2-43)
This approximation is valid only when (cD,)* +(cD,)* is very small. If the
wave incidents normally to the boundary (y=0 plane), the velocity in the x and z

directions is much less than it in the y direction. D, ~ This condition will be

o |-

satisfied. The wave incidents to the boundary almost in a normal direction:

0 p) o 10
2 p S =0~ L 2% E | _ 2-44
(6}/ yatJ +=0 (Gy c@tJ vlv=0 (2-442)

(2-44a) is the Mur’s first boundary condition for £, on y=0 plane.

To implement (2-44a) in the FDTD scheme, we will perform the central

difference at time step n+1/2, on lattice point ((i+1/2)Ax,1/2,kAz).

n+l/2 n+l/2
0 £ B E [ —Ex o
—E Niim04=
oy Ay
E n+l E n E n+l E n (2-44b)
| Ex livt2,% TEx livi/2,14 By liv1/2,0% TEx liv1/2,0.%
2Ay 2Ay
n+l n
10 E. 12 1 E [k —Ex L2124
-~ = i+1/2,1/2,k =~
cor * c At
(2-44c¢)

- 2 2

n+l n+l n n
1 [ E s TEL [0k B E ax YE ox
cAt
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This gives the boundary condition for £, on the y=0 boundary:

1 CAt — Ay 1
E, |:'1:1/2,0,k: E |k J{m](Ex ?++1/2,1,k -E, |;l+1/2,0,k) (2-45a)

Mur’s first boundaries conditions of other electric field components can be derived
similarly. They are listed below.

Boundary condition for E,on the y=0 boundary is:

1 cAt - Ay n+l i
B Bihra= s s o St B s - Hpa) (2-45)

Boundary condition for E, on the y=ny boundary is:

n+l n CAt_Ay ( n+l n )
E [ amn=Ex li/2m-1k +(—0At+Ay E 5 2m-1k —Ex liamr (2-45c¢)

Boundary condition for E,on the y=ny boundary is:

cAt—Ay 1
E_ "] =E_|" _ + (E |7+ -E_|" ) 2-45d
z li,ny,k+1/2 x li,ny—1,k+1/2 CAt+Ay z li,ny—1,k+1/2 z li,ny,k+1/2 ( )

Dielectric-Dielectric Interface

If there are more than one materials in the simulation domain, from the
Maxwell’s equations, the tangential component of the electric field and the normal
component of the magnetic flux density must be continuous at the these interfaces.
This is automatically satisfied with the use of Yee’s cell in our FDTD scheme as we
mentioned in section 2.3.2. The reason is discussed below.

Considering the E, |;,,/,,,in the middle of four Yee’s cells with different

permittivity and conductivities, as illustrated in Figure 13. Loop C is the path used for
the integrated form of Maxwell’s equation. The magnetic field pointing out in the

middle of the interface of each cell goes exactly through loop C.
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Figure 13 Dielectric-Dielectric Interface Implementation.

The integrated Maxwell’s equation along loop C is:

i(”[sigﬁ+o—j}d§j:i ;E]:[odl— (2-46)

i=1

Applying the central-difference equations to the above equation yields:

1 n
E |5, . —E_|! )
x 1i+1/2,j,k x li+1/2,j,k n+l n
& A +o1Ey [a, ok YEx ik [S1

1 n
E |(’+ J— | .
x li+1/2,j,k x li+1/2,j,k n+l n
+| & A7 +02E, itk TE livi2,k |52

1 n
E My —E M
x 1i+1/2,j,k x li+1/2,j,k n+l n
+| &3 Az +03E, |i+1/2,j,k +E, |i+1/2,j,k

%)

3

1 n
E |1, 0 —E. | )
x 1i+1/2,j,k x li+1/2,j,k n+l n _
| &4 A7 +O4E, [0 YEx ik [Sa =

n+1/2 n+l/2 n+1/2 n+l/2
(Hz liv1/2, 4126 —H - |i+1/2,j—1/2,k)AZ+(_Hy liv1/2,j k12 +H |i+1/2,j,k—1/2)Ay

(2-47)
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Here, 51 :6‘2 283 = 54 = gi+1/2,j,k s O-l = 0-2 203 264 = O-i+l/2,_/,k . FOT unlform

cells,S=5,=5,=5, =

%.%:%, After combining the coefficients of the same

terms together, we have

_ T, kA At H, |?:11//22, 2k —H |;1++11//22, J-1/2,k
E |(,+1 o 281002,k i o €iv1/2,7.k Ay
xRk Oy it | F Ik Oin1/2,j5 A H, M2 —H |2
1+ 5] 1+ ot v li+1/2,7,k+1/2 y li+1/2,j,k-1/2
2672,k 28256 N Az
(2-48)

(2-48) the same as (2-23). This tells us if we define the permittivity and
conductivity on the edge of each cell, the boundary condition on dielectric
discontinuity is automatically satisfied in FDTD algorithm. If the permittivity and the
conductivity are defined in the center of each cell, instead on the edge, then the
equivalent permittivity and the conductivity on the edge is the average of those
properties of the four adjacent cells that include this edge.

The permeability of all the materials in our problem is assumed to be the same
as in free space. Therefore, there is no permeability discontinuity in our simulation.
However, it can be proven in a similar way that our FDTD formulas will guarantee

the field continuity at the boundary of materials with different permeability.

2.5 Summary

In this chapter, we reviewed the numerical methods used in interconnect
analysis and the Finite-Difference Time-Domain (FD-TD) method. A standard flow
chart of this conventional algorithm is introduced. Important numerical factors that

strongly impact the stability and the accuracy of the algorithm, such as the choice of
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cell size, the numerical stability, dispersion properties and boundary conditions are
discussed in detail. The conventional FD-TD algorithm is the ancestor of the
Alternate-Direction-Implicit Finite-Difference Time-Domain (ADI-FDTD) method,

which will be introduced in the next chapter.
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Chapter 3: ADI-FDTD Method

3.1 Background of the ADI-FDTD Method

We have learned from Chapter 2 that the very simple FDTD method can
model various problems. However, in real problems, the distance scale over which
the key physical processes or the material/structural properties must be resolved can
range over several orders of magnitude. FDTD is limited to electrically small
structure problems. The constraints stay in two folds: the grid size must be small
enough in comparison with the shortest wave length (the shortest wave length
represents the highest frequency component in the modeling problem.) and the time
step must be small enough to satisfy the Courant stability condition. FDTD is yet to
be a computationally efficient method.

To circumvent the Courant stability condition, various schemes of hybrid
FDTD algorithm or higher order FDTD techniques have been presented. The hybrid
FDTD method first calculates the problem region with coarse grids, recording the
data on the interface of the region where we care more about the details. Then, we use
these data on the interface as the boundary and use local mesh cells (sub grids or sub
cells) to calculate the local field again and get the more accurate solution in the local
region. In this method, we have to use the FDTD twice for the same problem.
Considering that FDTD is a time iteration method, the hybrid FDTD method is less
efficient. Also, the non-uniform cells will increase the truncation error of the finite-
difference approximation at the boundary of two domains whose cell sizes differ.

This results in a significant calculation error in some problems [36]. Higher order
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FDTD techniques use higher order Taylor’s expansions (instead of the standard
second order accurate form) to discretize the partial differential equations. This can
reduce the numerical dispersion [34]. For example, a much coarser grid can be used
in the fourth-order accurate spatial central difference form to obtain less dispersion
than the lower order FDTD with finer grids. However, calculating the fourth-order
difference is very difficult when there is more than one material in the computation
region, which is true for almost all real physical problems. Also, the fourth-order
FDTD has slightly degraded the Courant stability conditions. Thus the higher order
FDTD is not a perfect solution to the space-time restrictions either [34].

Meanwhile, other time-domain methods have been investigated. Krumpholz
and Katehi proposed the Multiresolution Time-Domain method (MRTD) to relax the
constraint on grid size [37]. The spatial discretization resolution can reach as low as
two grid points per wavelength, and still provide tolerable numerical dispersion. Liu
has proposed the pseudo spectral time-domain (PSTD) method [38] which uses the
fast Fourier transform (FFT) to express spatial derivatives. The PSTD method can
also provide high accuracy with two grid points per wavelength. However, in both
methods, the Courant stability condition still has to be satisfied. Moreover, in MRTD,
the time-to-spatial step ratio is five times less than that of conventional FDTD
[37][39]. The stability condition becomes more stringent.

There has not been many attempts to relax or to remove the famous Courant
stability condition. Implicit methods may eliminate the Courant condition induced in
the explicit FDTD method. Unfortunately, a fully implicit scheme requires the

solution of a large linear system of equations representing the full volume
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discretization at each time step. Among these implicit techniques, the Alternating-
direction Implicit (ADI) method is widely used in solving fluid mechanics and heat
transfer problems, which results in various unconditionally stable finite-difference
formulations for parabolic questions since it was introduced in the mid 1950’s [40]-
[41]. In 1984, the alternating-direction-implicit (ADI) technique was first used on
Yee’s grid to formulate an implicit FDTD scheme by Holland [39]. In that work, the
finite-difference operator for 3D solution of Maxwell’s equations was factored into
three operators with each operator being performed in respect to the Cartesian
coordinate directions. In each FDTD iteration cycle, three implicit substep
computations were required. It was never found to be completely stable without
adding significant dielectric loss. In 1999, the ADI method was applied on Yee’s
staggered grid in a 2D-TE wave problem [20]. The method is named the ADI-FDTD
method. It shows great success in removing the Courant stability constraint and the
selection of the time step used in this ADI-FDTD method only depends on problem
accuracy [20].

3-D ADI-FDTD was also developed both in the Cartesian coordinates and in
the cylindrical coordinates [42]. Various boundary condition implementations have

been applied on the ADI-FDTD method as well [40].

3.2 ADI-FDTD Formulas and Flowchart

We will present the conventional ADI-FDTD method in this section. The
ADI-FDTD method comes directly from the conventional second order accurate
FDTD method based on Yee’s cell. Because we are interested in on-chip interconnect

problems, the conductivity should not be neglected. This means o in Maxwell’s
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equations is not zero. However, the magnetic loss is not important and we can

assume p'=0.

We start by deriving the ADI-FDTD from the FDTD method (2-18), (2-19). In
FDTD method, we compute the field marching from time step » to n+/ in an explicit
way. However, in ADI-FDTD method, we will break this one time step into two sub
time steps: the first step is from 7z to n+1/2 and the second step is from n+1/2 to n+1.
In the other words, we will make the finite differences centered at n+1/4 in the first
step and n+3/4 in the second step. In the first half-step, the first partial derivative on
the right hand side of (2-19) is replaced with an implicit difference approximation at
the future n+1/2 time step while the second partial derivative on the right hand side is
replaced with an explicit finite difference approximation of the known values at the
previous n time step. In the second half-step, the second partial derivative on the
right hand side of (2-19) is replaced with an implicit difference approximation at the
future n+/ time step while the first partial derivative on the right hand side is
replaced with an explicit finite difference approximation of the known values at the
previous n+1/2 time step. For example, for the partial differential equation of x

component of the electric field:

OH |,
ai+25x:l OH. oHy (3-1)
o € el oy oz
In the first half-step:
gai ‘n+1/4 +O-E,C |Vl+l/4: a]—[z |Vl+l/2 _ 6Hy |n (3'23)
’ Oy Oz
In the second half-step:
g%VHSM +O'EY |n+3/4: 61‘12 |n+1/2 _ aHy |n+1 (3_2b)
ot ’ oy oz
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The corresponding central difference form is

n+l/2 n
. E e —Ex i
i+1/2,).k
s At/2
n+l/2 n
E i YE i,k
02,5k 5
n+l n+l/2
. Eylica e —Ex liv1/2,k
i+1/2,j,k
/ At/2
n+l n+1/2
E itk YEc i3,k
+ 02,5k >

n+l1/2 n+l/2
Hz |i+1/2,j+1/2,k _Hz |i+1/2,j—1/2,k

Ay

n n
Hy [y a2 =Hy i, k12
Az

n+l/2 n+l/2
Hz |i+1/2,j+1/2,k _Hz |i+1/2,j—1/2,k
Ay

n+l n+l
Hy i ke2 —Hy 12,512
Az

(3-3a)

(3-3b)

We will perform this on all six scalar Maxwell’s differential equations. The

summary of the equations is shown below.

Step 1
n+l/2 n n+1/2 n+l/2
. E e —Ex i H_ 1075 w20 —H - 72,124
i+1/2,).k
e At/2 B Ay
n+l/2 n n n
E, it jx YE o,k Hy [iaya a2 =H i, k172
02,5k -
2 Az
n+1/2 n n+l1/2 n+l/2
Ey, | ax —Ey ik H, i i1 g2 —Hy i jwi246-12
Eij+112,k
At/2 ~ Az
n+l/2 n n n
E, [ iax TEy i jrax H_ [iy2 s —H: liZiy2, 0124
T 0 2k -
2 Ax
n+1/2 n n+l1/2 n+1/2
; E. |kin —E e Hy iiis, a2 =1y 2172, 50172
i, je+1/2
" At/2 3 Ax
n+l/2 n n n
o E e YE D pean || Halipown —Hxlijoomn
i,j,k+1/2 5 Ay
n+1/2 n+1/2
Ey i ok =By 72k
n+l/2 n
p H, i,j+1/2,k+1/2 -H, |i,j+1/2,k+1/2 _ Az
i, j+1/2,k+1/2 - n n
At/2 E. i a2 —Ez i j g2
Ay
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(3-4a)

(3-4b)

(3-4c)

(3-4d)



Hit1/2,.k+1/2

His1/2,j+1/2,k

n+l/2 n
H oy 52, ke2 —H y [, k2

E

n+l1/2 E n+l/2

z li+l,j k+1/2 — 5z 1i,j k+1/2

H

At/2

n+l1/2
z |i+l/2,j+1/2,k _Hz

|l’l

E

Ax

n n
Ex |i+1/2,j,k+1 _Ex |i+1/2,j,k

Az

x li

n+1/2 n+l/2
x li+1/2,j+Lk -E

+1/2,].k

i+1/2,j+1/2,k

At/2

Ay

n n
_E, list, 126 —Ey 17 js1/2.k

Ax

Step 2
n+l n+1/2 n+l1/2 n+l/2
c E, |i+1/2,j,k -E, |i+1/2,j,k H, |i+1/2,j+1/2,k —-H. |i+1/2,j—l/2,k
i+1/2, ],k
s At/2 B Ay
n+l n+l/2 n+l n+l
. L, i+1/2,j.k +E, |i+1/2,j,k Hy |i+1/2,j,k+1/2 _Hy |i+1/2,j,k—1/2
i+1/2, ).k -
' / 2 Az
n+l n+l/2 n+l/2 n+l/2
. Ey |i,j+l/2,k _Ey |i,j+l/2,k H, i,j+1/2,k+1/2 -H, i,j+1/2,k=1/2
i j+1/2,k
" At/2 3 Az
n+l n+1/2 n+l n+l
s E, i vax YEy i 112k H_ 0,20 —H: 202,002k
i j+1/2,k -
b 2 Ax
n+l n+1/2 n+l1/2 _ n+1/2
; E [k —E- L k2 Hy iz =Hy 573,02
i,jk+1/2
/ At/2 B Ax
n n+l/2 - n+l n+l
g E, |i,j,k+1/2 +E. |i,j,k+1/2 _ H, |i,j+1/2,k+1/2 -H, |i,j—1/2,k+1/2
i,j,k+1/2 2 Ay
n+l1/2 n+l1/2
Ey i,j+1/2,k+1 _Ey i,j+1/2,k
n+l n+1/2
p H, |i,j+1/2,k+1/2 -H, |i,j+1/2,k+1/2 _ Az
i,j+1/2,k+1/2 - n+l n+l
At/2 E, i, j+,k+1/2 -E, |i,j,k+1/2
Ay
n+l/2 n+l/2
E, |i+1,j,k+1/2 -E, |i,j,k+1/2
H |n+l _H |n+1/2
U v li+1/2,7,k+1/2 v li+1/2,j,k+1/2 | Ax
i+1/2,,k+1/2 =
/> At/ 2 n+l _ n+l
t/ E, i+1/2,] k+1 E, |i+1/2,j,k
Az
n+l/2 n+1/2
Ex i+1/2,j+Lk _Ex i+1/2,j,k
n+l n+1/2
p H, |i+l/2,j+1/2,k —-H. |i+l/2,j+1/2,k _ Ay
i+1/2,j+1/2,k At/2 E il _E il
Ty |i+l,j+1/2,k y |i,j+1/2,k
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Ax

(3-4e)

(3-41)

(3-5a)

(3-5b)

(3-5¢)

(3-5d)

(3-5e)

(3-5f)



It is worth noting that the choice of implicit and explicit difference
approximation in each sub time step is not unique. For example, in the first half-step,
we can replace the second partial derivative on the right hand side with an implicit
difference approximation at the future n+1//2 time step while the first partial
derivative on the right hand side of (2-19) is replaced with explicit finite difference
approximation using known values at the previous » time step. In the second half-
step, the first partial derivative on the right hand side of (2-19) is replaced with an
implicit difference approximation at the future n+/ time step while the second partial
derivative on the right hand side are replaced with an explicit finite difference
approximation from known values at the previous n+1/2 time step. In this way, we
will get a set of iterations different from (3-4) and (3-5), but all the physical and
numerical characteristics of these two iterations are similar. In this thesis, our
discussion will focus on the iterations shown in (3-4) and (3-5).

In the first half-step, in order to find the E field at the n+17/2 time step, we
need to solve (3-4a). Substituting (3-4f) in (3-4a) allows cancellation of the unknown

H, terms at the future n+1/2 time step. After reorganizing the terms, we have:
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- At?

n+l/2

+

2
4‘9i+1/2,j,k/ui+1/2,j—1/2,kAy

— At?

E iv1/2,j-1k

n
Ex |i+1/2,j,k

+
4‘9i+1/2,j,k Hiv172,j+1/2,k AxAy

28502, 6

n n
(Ey |i+l,‘/+1/2,k _Ey |i,j+1/2,k)

28110, 5 02

2 E\ i1/2,j+1k
43i+1/2,‘/,kﬂi+1/2,‘/+1/z,kAy
2 2
Ois1/2,j kA At At nil)2
+ 1+ 2 - + 2 + 2 Ex |i+l/2,j,k
Eiv1/2,j.k 48i+1/2,‘/',k/ui+l/2,j+l/2,kAy 431’+1/2,‘/,kﬂi+1/2,‘/—1/2,kAy
2
—At n+l/2

At? ( " n )
+ 1 A Ey ok —Ey 17 o2k
€ir1/2, )k Hiv1/2,j-1/2,k DXBY
At ( n n ) At ( n n )
|\ Va2 jasox —H: iy ook )— H, i, —Hy o, k2

(3-6a)

The left hand side terms in (3-6a) are unknown E_ field vectors along the y
direction. The right hand side terms in (3-6a) are the known field components
calculated from and stored in the previous half-time-step. Now, the £, field vectors
along the y direction can be calculated by (3-6a).

Similarly, substituting (3-4¢) into (3-4b), (3-4d) into (3-4¢), we have:

2
- At £ o2
P y |i,j+1/2,k+l
4gi,j+1/2,k:ui,j+l/2,k+1/2AZ
2 2

O-i,j+1/2,kAt At At n+l/2
+ 1+ + Ey i stk |=

2¢€. . 4g AZZ 4g AZZ YLy s

i,j+1/2,k i+ 2k M j41/2,k+1/2 i+ 2,k M j+1/2,k-1/2
2
N - At o2
2 [Ey lij+1/2,k-1
4gi,j+l/2,k Hi i1/, 5-1/202

—Af?

45i,j+1 12,k M j+1/2,k+1/2 AyAz

n n n
Ey |7 ik { J(Ez lijsiest/2 —E- |i,j,k+1/2)

At?
+
48 j1/2kMija1/2)-1/28VAZ

n n
J(Ez |i,j+1,k71/2 _Ez |i,j,k71/2)

At

N[
25i,j+1/2,k Az

At
2gi,j+1/2,kAx

n n n n
i ka2 —H |i,j+1/2,kl/2)_( J(Hz |i+l/2,j+1/2,k -H, |i—l/2,j+1/2,k)

(3-6b)
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2
- At £ 2
> 1Bz i k2

4gi,j,k+1/2:ui+l/2,j,k+1/2

2 2
| O ji+1/2 At At g |
+ + 2¢ +4 2 +4 2 z ‘i,j,k+1/2 -
i,jk+1/2 Ei k12 172, j a1 2% Ei jrr1/2Mi112, ) a1 2%
2
- At /2
+ E, |i—1,j,k+1/2

2

4e; ; kniaMicya, k28X
—Af?

Ae; ; kr1j2Miv1y2, ) jer1 2AXAZ

2

At ( " n )

+ n AcAs Ey iy o —Ex s,k
Eijde+1/2Hi-1/2, ) k+1/2

At ( n n ) At ( n n )
{25 i [ iz =Hy i )=| 2= M G peianea =Ha Bjarzpena
ijk+1/2 i k12

n n n
E. | jkn2 J{ ](Ex li1/2,j k1 —Ex \i+1/2,j,k)

(3-6¢)
The E, field vectors along the z direction can be calculated by (3-6b) and the
E. field vectors along the x direction can be calculated by (3-6¢). Then, we will use

(3-4d) - (3-4f) to update the H field at the n+1/2 time step explicitly.
Similarly, in the second half time step, after substituting (3-5d) - (3-5f) into

(3-5a) - (3-5¢) accordingly, we have:

2
- At E n+l
x |i+1/2,j,k+1

2
45[+1/2,/,k Hisiy,jjest 1202

2 2
Titi/2,jk AL . At At g

+ 1+ 2 v liv1/2,jk

2
2‘91'+1/2,j,k A1/, k Mis1)2, ) a1 /202 A1/, kMivt /2, k-1/2

2
+ - At E n+l
7 |Fx li1/2, jd-1
4gi+1/2,j,k:ui+1/2,j,k71/2AZ
2
nl/2 — At n+1/2 nl/2
E e+ 4 ArAz (Ez li1, jar12 —E- |i,j,k+1/2)
Eir1/2,j,k Hiv1/2,k+1/2
2
N At (E 2 g a2 )
2 Az Ve liv1, jk—172 =B i j k212
Eiv1/2, ),k Miv1/2,j,k-1/2

At ( /2 /2 ) At ( /2 n+l/2 )
+ T Ay H_ i o —H - 1075 020 )~ e A H o 15 02 —H ) 072, 512
Eir1/2,j.k Y Eir1/2, ).k

(3-7a)
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2
Y E n+l
y ‘i+1,j+l/2,k

2
A&, 12k My, j1/2, 56 AX

2 2
g G2t At N At £ _
2¢; ; 4 A 4 Ax2 | R
i, j+1/2,k Eij+112,k Hit1/2,j+1/2,k Eij+1/2,k Hic1/2, j+1/2,k
2
+ - At E n+l
> 1y o 2.k
A&, 2k Micya, /2 AX
2
n+1/2 Y ( /2 /2 )
Ey [ + 2 oA E iz, mp —Ex lic1/2, 74
Eij+11 2,k Hi-1/2,j+1/ 2,k DXBY

AL?

E n+l/2 E n+l/2

+ n A itz e —Ex liv12,x
Eij+1/2,k Hit1/2, j+1/ 2,k DXBY

At ( n+l/2 /2 ) At ( n+l/2 n+l/2 )
+ T A H. g2 —Hy i shop-2 )— T Ax H_ i 2, —H: 505 w02k
Eij+1/2,k Eij+1/2,k

2
- At E n+l1
> 1Bz ka2
4gi,_1’,k+1/2:ui,j+1/2,k+1/2Ay
2 2

|y Tije1 281 At At £l _

it 2 + 7t > 1Bz ik |=
Eijhr112 A€ ka2 i ja 2k 2V AEL b 1) 2 k128
2
- At E n+l

+ > 1Bz i jmke2

A& ;12 Mi 17241128V

At?

Eop2 - (E ntl/2 E |2 )

2 i k2 2 Aons | E itz =y li, 4172,

Eijk+1/2Hi j+1/2,k+1/28Y
2
At £ 2 o
+ 2 AvAz | |i,j—1/2,k+1 —Ly, |i,j—1/2,k
€ jk+1/2Hi j-1/2,k+1/28Y
At (H 72 2 )_ At (H n+1/2 _H e )
T Ay |yl gaern —H, li=1/2, k4172 e Ay | li 1724172 —H o i 02,0012
€ijk+1/2 & j k128

(3-7¢)

Now, at the end of the (n+1) time step, we can calculate the £, field vectors

along the z direction by (3-7a), the £, field vectors along the x direction by (3-7b),
and the E, field vectors along the y direction by (3-7c). Then, we will update the H
field at the (n+1) time step with (3-5d)-(3-5f) explicitly. The above ADI-FDTD time-

stepping process is summarized in the flowchart in Figure 14.
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Start Time-Stepping (t = 0)

>
«

A
Update source conditions

Sub-iteration #1 t=m+1/2)At

Update £, | implicitly along y direction for all x, y, z (3-6a)

Update £, |
Update E_ "2 implicitly along x direction for all x, y, z (3-6¢)

"1/2 implicitly along z direction for all x, y, z (3-6b)

Update H_|""'? explicitly for all x, y, z (3-4d)
Update H, ™12 explicitly for all x, y, z (3-4e)

Update H_ |"''? explicitly for all x, y, z (3-4f)

\ 4
Update source conditions

Sub-iteration #2 t :}n + 1At

Update E_|""' implicitly along z direction for all x, y, z (3-7a)
Update £, |"*! implicitly along x direction for all x, y, z (3-7b)
Update E_|"*' implicitly along y direction for all x, y, z (3-7¢)

Update H_ |""' explicitly for all x, y, z (3-5d)
Update H ,|"*' explicitly for all x, y, z (3-5¢)

Update H_ |"*' explicitly for all x, y, z (3-5f)

Time stepping NO t < tmax

done?

YES t= tmax

End Time-Stepping

Figure 14 Flowchart of the ADI-FDTD time-stepping process [40]
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3.3 ADI-FDTD Concerns

Similar to the FDTD algorithm, numerical stability and numerical dispersion
are important fundamental characteristics of the ADI-FDTD method. According to
numerical stability analysis, we will find the proper relationship between the grid size
and the time step size. Through numerical dispersion analysis, we will further clarify
the factors that impact the accuracy of the ADI-FDTD algorithm.

However, the analysis of the numerical stability and the numerical dispersion
relationship is much more complicated than the conventional FDTD method. This is
because in the ADI-FDTD method, we have introduced the sub time-step and
therefore, the non-physical intermediate field components. The research of stability
and numerical dispersion in the ADI-FDTD method is still an open problem in many

aspects.

3.3.1 Cell size

Similar to the FDTD method, the first step in applying the ADI-FDTD method
is to determine the proper cell size in the modeling problem.

FDTD algorithm could handle electrically small problems. In electrically
small problems, the grid cell size that can effectively capture the transient wave
propagating characteristics is much smaller than the minimum geometrical size of the
component in the model.

ADI-FDTD is designed to simulate those problems with fine geometrical
structure. The grid size is pinned to be much smaller than the grid size required by the

wavelength. This is the electrically large problem. We will discuss the limitation of
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time-step size in the next subsection, where we will also discuss the stability of the
ADI-FDTD method.

The choice of cell size must satisfy two requirements simultaneously. First, it
must be small enough to allow accurate results at the highest frequency of interest.
Second, it must be able to resolve the finest geometrical structures of interest. As an
additional requirement, the number of cells must not be too large in order to keep
resource requirements manageable.

Similarly as in the FDTD method, people usually choose cell sizes smaller
than ;—6 if computational resources allow, where 4, is the shortest wavelength of

interest. The reason for this will be covered in section 3.3.3.

3.3.2 Numerical Stability, Cell and Time Step Sizes

ADI-FDTD is announced to be stable for any time-step sizes. However, at
certain time-step sizes, the numerical results are noise-like and no wave travels. Thus,
the ADI-FDTD method does have time-step size limitations.
3.3.2.1 1D and 2D Stability Analysis using the von Neumann’s method

The numerical stability analysis of the ADI-FDTD algorithm is first presented
by Namiki when he introduced this algorithm in 1999 [20]. This analysis is performed
in 2D ADI-FDTD scheme. Later on, Guilin Sun has performed the stability analysis
based on the same method both in the 1-D and 2-D ADI-FDTD scheme [43]-[44].

We introduce amplification factor in the iteration. The recursive process is

stable when the amplification factor is equal or smaller than the unit value.
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We will use the 2-D TE wave equations as an example. The field solution is

defined as:
w= Wognej(kxx*kvy) (3-83)
where j=+-1,k and Ey are numerical wave numbers. & is the amplification

factor. For each field component, we have

E, =y &/ hy) (3-8b)
n ’I;Yx l;‘.

E, =y g/ herrh) (3-8¢)

H, =yy&le b (3-8d)

[=1,2, where /=1 refers to the first half-time step, and /=2 indicates the
second half-time step. y is the amplitude of field components.

Substituting (3-8b)-(3-8d) into the first half-time step of the 2-D TE mode

ADI-FDTD equations will yield:

e iemfiew?)-1

b= 1+ W2 ’ (3-92)

And substituting (3-8b)-(3-8d) into the second half-time step of the 2-D TE

mode ADI-FDTD equations will yield:

Dzl fiew)-1
- 1+ W)}

& (3-9b)

. . . k. Ax kA
Here j=+-1; Aris the time step size; W, :C—Atsin = , W, =C—Atsin s ;
T Ax 2 T Ay 2

Ax, Ay are spatial meshing sizes along the x and y axes; c= is the free space

1
i

velocity; xand ¢ are the permittivity and permeability of the material, respectively;
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k,=kcosg, k,=ksing,k =k} +k} is the numerical wave phase constant; ¢ is the

travel direction with respect to the positive x axis.

For convenience, we rewrite the (3-9) in the phasor form:

& =& e (3-10a)
& =&ye!” (3-10b)
where
1 1+ W}
flo=y = T (3-10c)
o=y =tan e w2 JLew?)-1. (3-10d)

Since &=¢,¢&,, =1, for one complete update cycle (including two sub-time

steps), the overall magnitude of the amplification factor is unity. This indicates that
there is no growth or dissipation in the ADI-FDTD algorithm. Thus the ADI-FDTD
recursive process is stable and nondissipative. A closer observation shows that the
amplification factors in two substeps are reciprocals. The amplitudes of them are
plotting in Figure 15 [43]. Similar to FDTD method, we introduce Courant number in

ADI-FDTD algorithm:

CFAPI-FDTD _ A ADI-FDID 12 n 12 " 12 . (3-11a)
Ax® Ay Az

Recall that in Chapter 2, we defined the Courant number for the FDTD

algorithm as CFL = cAt™P™ \/1/ Ax? +1/Ay* +1/Az% <1. If CFL is set to achieve minimum

dispersion (According to Chapter two, minimum dispersion happens at CFL=1, where

the time step reaches its maximum value.), we have:

63



At ADI-FDTD

ADI-FDTD _ s, ADI-FDTD | | 1 1
CFL = cAt \/sz +Ay2 +A22 = (3-11b)

max

We can use (3-11b) to compare ADI-FDTD method and traditional FDTD

method conveniently.

hMagnitude of Amplification Factor g

Figure 15 tells us, when we use At

Amplification Factor Analysis in 20 ADI-FOTD
1.00 | | | | i i .

: : : D | ==&, Ah=2A00, CFLAP'=1
== &, Ah=A100, CFLAP=
— &, Ah=RA00, CFLAP=10

£, Ah=34100, CFLAP=10

1.0005

0.9995

a 50 100 150 200 250 300 350 400
Wave Angle, ¢ (degrees)

Figure 15 Magnitude of the amplification factor for Courant number
equals 1 and 10 with 100 cells per wavelength [43].

IDID in ADI-FDTD (the optimized time step

of FDTD), both amplification factors are close to one. The iteration is neither

growing nor dissipating. Otherwise, in one sub-time step, the iteration is growing, and

in the other sub-time step, the iteration is dissipating.

It has been pointed out that the numerical dissipation and growth in the ADI-

FDTD sub time steps is the result of the unbalanced time splitting algorithm. Other

investigation shows that in the balanced time splitting scheme of the Crank-Nicholson
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method for the FDTD does not have the numerical growth or dissipation and it is not
dissipative [45].
3.3.2.2 3D stability analysis with the amplification matrix method [46].

The stability analysis of the ADI-FDTD method is extended to 3-D system by
Zheng with the amplification matrix method [47]. First, the two sub time-steps of
recursive process in the ADI-FDTD are written in a compact matrix form (3-12):

Stepl (from the »th to the (n+1/2)th time step)
M x"™?=px" (3-12a)
Step2 (from the (n+1/2)th to the (n+1)th time step)

M2Xn+l =P2Xn+l/2 (3_12b)

T . . .
Here, X" :(E;‘,E” E" H)’:,H;f,HZ”) . M,,M,, P, P, are coefficient matrices with

y2=zo
their elements related to values of spatial and temporal steps. Since they are all sparse
matrices, (3-12a), and (3-12b) can be solved explicitly by taking the inverse of the
sparse matrix. The result is:
xm = Axn (3-12¢)

where A=M;'P,M['P, .

System (3-12) is stable only if the norm of the error of the solution in (3-12) is
bounded. It has been proven that this occurs if the spectral radius of the iteration
matrix A is less or equal to unity, or the norm of the iteration matrix Ais less or
equal to a unity matrix.

First, we will assume the field components in Maxwell’s equations in the

spatial spectral domain is
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—jlky (G417 2) Ax+k, jAy+k. kAz
E lfanu=Ele ( ’ ) (3-13a)

E, |1,'l,j+1/2,k: E;,e—j(l?x(i)Axu?),(jﬂ/2)Ay+1?zkAz) (3-13b)
. potam Ezne—j(laiAr-*—l?},jAy-*—/::(k+l/2)Az) (3-13¢)
H, |Zj+l/2’k+l/2:H;qe—j(laiAxH:),(jJrl/2)Ay+EZ(k+1/2)Az) (3-13d)
Hy |;1+1/2’j,k+1/2:H),:efj(lﬁx(m/2)Ax+/?‘,jAy+/?z(k+1/2)Az) (3-136)

" o —ilF G2 AR, (1 2) Ay +E KA
H_ |1 px=He ™" ’ (3-131)

Substituting (3-13) into (3-6)-(3-7) can lead to (3-12) in the spatial spectral

domain in terms of &,k l?z,At, Ax,Ay, and Az. The definition of l:x,l:y,lzz,l? 1s the

x>My»
same as it in section 2.4.3.
Although this idea is straightforward, the manipulation of the equations is not

very handy. With the help of MAPLE, Zheng found eigenvalues of A are [47]:

A=Ay =1 (3-14a)
2 2 .
Ay=a, MR ST S —Ij +s8 (3-14b)

R*-8%*-js

- (3-14c)

Ads=Ag =Ny =4y =

Here,

R=\ue+ W2 \ue +w? e +w?) (3-14d)

S =duelueW? + ueW? + ueW? + W22+ w2w2  w2w? il +wiww?) (3-14e)

A1 sin["aj“] N (3-14f)

“ e
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It is easy to see that all eigenvalues in (3-14) are unity, which implies the
spectral radius of the iteration matrix A is unity. Thus the 3D ADI-FDTD method is
stable. Also, because the stability is independent of the time step Az, the ADI-FDTD
method is unconditionally stable, and is not restricted by the Courant limit.
3.3.2.3 Stability Analysis with the Generalized ADI Formulation

The stability analysis with the von Neumann’s method is hard to manipulate
in the 3D ADI-FDTD scheme. Using the matrix method to realize the 3D ADI-FDTD
case requires the help of computer to operate complicated matrix operations. Strictly
speaking, the von Neumann method which based on the Fourier series applies only to
linear difference equations with constant coefficients. Boundary conditions are also
neglected in the von Neumann method, which applies only to initial value problems
with periodic initial data. Our problem here satisfies these restrictions. For other
problems, the von Neumann’s method may apply locally where the above restrictions
satisfy; otherwise the method is not fully valid. In that case, the energy method may
be applied, which is not trivial and beyond the discussion of this thesis [48].

Darms also proved the stability of the ADI-FDTD algorithm with the
Generalized ADI-FDTD formulation [49]. In his work, the ADI-FDTD iteration is
reconstructed in a more compact form based on the idea of the operator splitting
technology. However, since this compact formula can not be implemented in a

numerical way directly, details of this derivation will not be discussed here.
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3.3.3 Numerical Dispersion

The numerical dispersion error is one of the main error sources that directly
affect the accuracy of any kind of the FDTD method. We must know the correct
numerical dispersion relation in order to evaluate the performance of the method.

In the literature, the numerical dispersion of the ADI-FDTD method has been
analyzed by the authors in [20][41][43][44][49][50]. Since the investigation of the
numerical dispersion characteristics is very complicated, all the published works start
from the simplest mathematical expression of the ADI-FDTD method. That is, they
all assume the media is isotropic, lossless media, and the system is source free.
During the evolution of the dispersion analysis, confusions occur in the academic
area. An Ping Zhao proved that under the same isotropic assumptions, using the von
Neumann’s method, the amplification matrix method or present the problem in the
generalized ADI-FDTD formula, will all result in the same numerical dispersion
relation, which paves the way for further understanding of the numerical dispersion in
ADI-FDTD method [51]. Based on their summary and the original investigation on
the dispersion relation, we will explain the dispersion relation of the ADI-FDTD
method and adding our thought here.
3.3.3.1 1D and 2D Dispersion Analysis using the von Neumann’s method

Namiki’s original dispersion research assumes amplification factors in two
sub-steps are equal [20], which leads to incorrect results. This is fixed by Sun
[43][44], and is summarized here. From (3-9) and (3-10),

E=E&,) = e/ — G i(Piter) , (3_15)
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where ¢ is the amplification factor of a full update cycle; w=27 is the
angular frequency and f is the frequency. From (3-10d), ¢, = ¢, :wTAt. The phase of

the amplification factor governs the numerical dispersion. Again, from (3-10d), the
dispersion relation in a 2D TE ADI-FDTD scheme is

WAt
tanz( 2 j= We+ W)+ W) (=tan® gy =tan’ @,). (3-16)

The above dispersion relation is valid for each individual sub time step, as
well as the overall ADI-FDTD method.

The numerical proof of (3-16) is not trivial. Namiki failed to provide the direct
comparison between the theoretical results and the numerical experiments in his
numerical dispersion investigation in the ADI-FDTD method [52]. Sun attempted to
apply numerical experiments to verify the theoretical dispersion relation in (3-16).
However, (3-16) is derived based on the plane wave assumption. In order to make a
valid verification, Sun used the point source excitation in a very large computation
domain (5000x 5000) [44]. Locating the observation point as far away as possible
from the point source will make the accuracy of using a cylindrical wave to replace
the plane wave as high as possible [53]. However, it is pointed out in [53] that the
technology used by Sun [44] is not only rough, but also illogical. This left us another
open topic in numerical dispersion problems.
3.3.3.2 3D Dispersion Analysis with the amplification matrix method

Corresponding to the section 3.3.2.2, Zheng also analyzed the numerical
dispersion as a continuous work of stability studies [47]. Since the numerical

dispersion describes the wave propagation characteristics, we will introduce the
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angular frequency component ¢/**. We will use the results derived in (3-12) and (3-
14) directly from the previous section. Taking into account the angular frequency
component e/, field components are
E! =E, e/ H!=H,e/™ a=x,y,z. (3-17)
A compact form is X" = Xe/**" , where X:(Ex,Ey,Ez,Hx,Hy,Hz )T . (3-12) becomes
(71— A)x =0, (3-18)
where 71is a 6x6 identity matrix.

The determinant of the coefficient matrix must be zero in order to obtain the

nontrivial solution of the field in (3-18). This gives

‘eij’I—A‘ 0. (3-19)
Again, (3-19) is solved by MAPLE [47]. The results yield the dispersion relations of
the 3D ADI-FDTD algorithm:

4 ,u&‘(ﬂEWXZ + W] + peW + WRW] +WIW2 + W2W] X,u383 +WIW)] Wj)

(e + 12 a2 J 4 2 (3-20)

sin? (cwAt)=
) 2
orsin (a)At) = F

where S,R are defined in (3-14).

We perform the same method used in Chapter two to study the numerical
dispersion in ADI-FDTD. In other words, we use Newton-Raphson method to solve
(3-20) for numerical wavenumber k . k is a function of grid size, time-step size,
frequency and propagating direction. The relation in (2-35) is also true here.

For cubic cells, Figure 16 shows in both the AID-FDTD and traditional FDTD

methods, the numerical phase velocity error reaches minimum at ¢=45° (cubic
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diagonal), and maximum at 0° and 90° (cubic edge). Note the time step used here is
within the Courant limit, and the numerical dispersion of the ADI-FDTD (the upper
graph) is very similar as the conventional FDTD (the lower graph). However, with
the same cell size and time-step size, the ADI-FDTD has slightly larger dispersion

than the traditional FDTD method in all directions.
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Figure 16 Numerical phase velocity versus wave propagation
angle. Ah=A/20, At=Ah/5c. Upper figure is with the ADI FDTD
[47]; Lower figure is with the FDTD.

Figure 17 studies dispersion of cubic cells (Ax=Ay=Az) on cone surfaces in

ADI-FDTD for larger time steps. Cone surface is defined in Figure 8 (b). Time-steps
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used here is larger than the CFL™"P limit, thus we can not compare it with its FDTD
counterpart (FDTD is instable with the time steps used here.).

From the study of numerical dispersion in FDTD, we believe the minimum
dispersion occurs when the wave is propagating along the direction which has the
shortest “lattice plane” intervals (section 2.4.3). We guess in ADI-FDTD, a similar
numerical dispersion will occur. The result in Figure 17 shows partial support to this
assumption. When the wave is propagating along the cubic diagonal, the minimum
dispersion appears (6 =54.74° curve in both plots). This thought is proposed for the
first time to the best of our knowledge. Our future work in dispersion analysis will
provide the strict mathematical derivation as well as numerical proof to this
assumption.

In ADI-FDTD method alone, when the time step is larger, the dispersion error
is larger (In contrast, in FDTD, when the time step reaches maximum, the dispersion
reaches minimum.). Thus, the selection of the time step depends on the accuracy of
the modeling. Zheng mentioned in his work the time steps could be made up to four

times larger than that of the conventional FDTD with acceptable accuracy when a

spatial resolution 5=%~%is used [47]. The time step suggested in his work is

stricter than the one suggested in Sun’s work [44]. In [44], the time-step size is
recommended to be chosen so that the resulting Courant number is much smaller than

the mesh density, and satisfies the Nyquist sampling requirement at the same time

(CFL*" << N/2). This is equivalent to say Ar << zi The accuracy of the ADI-FDTD
C

will increase with the finer grid size. The coarse grid errors are larger than the fine
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mesh. We would pick the time step between these strict bound [47] and loose bound
[44] as long as the error in the simulation is tolerable.
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Figure 17 Numerical phase velocity versus wave propagation angle with
the ADI-FDTD grid with Ah=A/20. Upper graph: At=Ah/c
(CFL*P'=sqrt(3)). Lower graph: At=1.5 x Ah /c (CFL*"'=2.6).

We will go one step further, and show more dispersion analysis than [47].
Figure 18 analyzes the dispersion on planes parallel to the z axis. The
p=0°,0=225°,0p=45",90=67.5°and ¢=90° planes are all perpendicular to the x-y
plane (Figure 8 (a)). Here, the time-step is 2.6 times of the maximum time-step
allowed in the FDTD method (CFL*™ = 2.6). On these planes, waves propagating

along different 6 have different phase velocities. Figure 18 shows the dispersion is
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larger when the time step is larger. Because the symmetry in cubic cells, waves

propagating along ¢ =22.5° and ¢ =67.5° directions have no difference in dispersion
error. Waves propagating along ¢=0° and ¢ =90° directions have no difference in

dispersion error. This is again can be understood from the “lattice plane” idea. This
further explains numerical dispersion (phase error) strongly relates to the

discretization of the continuous time-space domain.
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Figure 18 Numerical phase velocity versus wave propagation angle with
the ADI-FDTD grid with Ah=A/20. Upper graph: At=Ah/c (CFL*"'=1.73).
Lower graph: At=1.5 x Ah /c (CFLAP'=2.6).

Now, we show the effect of non uniform grids on the numerical dispersion of

ADI-FDTD method. Figure 19 studies the dispersion on the cone surface (Figure 8
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(b)). Figure 20 studies the dispersion of the waves propagating on planes
perpendicular to the x-y plane (Figure 8 (a)). In both Figure 19 and 20, we use a time-
ADIS 1y

step larger than the maximum allowed time step in the traditional FDTD (CFL

Cells in both analysis are not cubes (Ax,Ay,Az are not equal). Approximately the

minimum dispersion occurs when the wave propagates perpendicular to the “lattice

planes” with the shortest distance.
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compared.
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3.3.3.3 Dispersion Analysis with the Generalized ADI Formulation
Darms also published the dispersion relation in his studies with the more

compact generalized ADI formulation [49]. The result is

t 2( oAt j _ yg(ﬂng + UEW ) + peW? + WIW) +WIW?2 + W} W,})
(s +wiwiw?) (321)
2(@&) P
ortan”| — |=—
2) 0
From the trigonometric identity, it can be seen that (3-20) and (3-21) are
equivalent to each other.
3.3.3.4 Time-step size choosing
As we mentioned in section 3.3.1, although the ADI-FDTD is an
unconditionally stable method, its time-step size is limited by the errors. Guilin Sun
showed that at certain time-step sizes, the numerical results are noise-like and no
wave travels. Hence, the ADI-FDTD method does have time-step size limitations.
Let’s take another look at the dispersion relationship (3-21). To demonstrate
the limitation of the time-step, the higher dimensional ADI-FDTD can be collapsed

into the one-dimensional case. Thus, the three-dimensional relation (3-21) can be

rewritten as
tan? (a)TAtj = 5% sin? [ﬁ%ﬂj (3-22)

where s is the Courant Number CFL*™", defined in (3-11) (3-12). Although the ADI-
FDTD is stable for any time-step size, if the left hand side (LHS) of (3-22) is zero,

then the phase constant g must be zero, which means the numerical wave does not
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propagate. This actually happens when % =nx . When the time step Az, = nz , the
@

numerical wave stops propagating. Another observation is that if tanz(wTAtj >s?, then
_( pAx . S :
sin| == |>1, s0 fis a complex number (B=2, +jB;, j=+-1), and the wave will

decay in space. The extreme case is when w—N=(2n+1)£(and thus, At, =(2n+1)2) ,
2 2 2 o

so the LHS is infinity, and the numerical wave will decay infinitely fast. The reason

is discovered here. Let’s rewrite (3-22) as

sinz(ﬂ%“j:tanz(wﬁtj/sz =7z (3-23)

Without loss of generality, we assume
/%‘x =sin(Z)=y. (3-24)

If Z>1, yis acomplex value, which implies g is a complex value. It is worth noting

that Z is a real number, not a complex number. The solution of y is
;(:—jln(jZ—i-\/l—sz. (3-25)

Because Z >1, we can define Z =Z++Z? —1>1. Then, the solution of y is:

e )l
! ] ) N . (20
- j(anZ‘)+ j arqu \))= —j(lan \))+ arqu \)= (8, + i)~

Recall that we have assumed the solution of the wave equation has the form of

Ae /P~ Thus, here we have

Ao I — Yo I B +IBIAY g, ifA , Bid _ Ae‘z(‘“qz\»e”arng\). (3-27)
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Here, 3, is the attenuation constant and $, is the phase constant. The first exponential

term represents attenuation. It is easy to see that the larger the Z , and thus the larger

the ratio of tan(wzmj /s=Z , the faster the attenuation is. If the left term goes into
infinity, the wave will attenuate infinitely fast.
According to [44], we rewrite (3-22):

2 tan? (j
cosh(janh) = ———~>2 1. (3-28)

N

Here, pis a complex number, such that =g, + jg;.

Let the real part and the imaginary part equal on both sides of (3-28), we have

2tan’ (mj
1-cosh(; Ax)cos(, Ax) = —22 (3-29a)
s

sinh(3,Ax)sin(8, Ax)=0 . (3-29b)

In (3-26b), either the hyperbolic sine is equal to zero or the sine is zero, or both. If

(wAtj

tan| —
2

attenuation. When

<s, the attenuation constant f,is zero, the numerical wave travels without

tan(%mj‘ = s, both sinh(,Ax)andsin(,Ax) are zero, and the velocity

WAt
tan| ——
( 2 j

numerical wave propagation could happen [44].

limit is reached. If > s, then sin(g;Ax) is zero, and a “faster than the light”

According to the Nyquist criterion

Ah =

A
= 3-30
2, (3-30)
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in one dimensional case, the Courant number (s = CA—A}:) and the mush density (N = ﬁ)

has the following relation:

N
=—. 3-31
s=2 (3-31)
. . N N . . .
So, the maximum Courant number is s== For any s> which implies

Ah = cAt > % , will not be possible to recover the signal. This should be the upper limit

of the time-step size.
In practice, for the accuracy purpose, the Courant number is usually much
smaller than the mesh density. The time-step size should be chosen according to this

agreement.

3.4.4 Boundary Conditions

The derivation of the PEC boundary condition, the Mur’s Ist order boundary
conditions and the boundary conditions on the dielectric-dielectric interface is the
same as the conventional FDTD method. The difference here is that in each sub-time
step, we need to apply the boundary condition once. In each iteration, we perform the
boundary condition twice.

For example, in the first sub-time step of the n+1 th iteration, the PEC
boundary condition on the z=k plane is:

E 12 = Ex B3 = Ey 1150 = By 1153124= 0 (3-32a)

The Mur’s 1* Absorbing Boundary condition for £, on the y=0 boundary is:

1/2 cAt/2-Ay 1/2
E a0k =Ex ik {m (Ex lit/2ax —Ex |;’+1/2,0,k) (3-32b)
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The Mur’s 1% Absorbing Boundary condition for £, on the y=ny boundary is:

/ 7 CAI / 2—Ay n+l/
E, |;l4rll/22,ny,k:Ex |i1+1/2,ny—1,k “{m (Ex |i1++11/22,ny—1,k -E, |;l+1/2,ny,k) (3'32C)

The Mur’s 1* Absorbing Boundary condition for E, on the z=0 boundary is:

n+l/2 cAt/2—-Az n+l/2
E, [ 20= By 1F jian “{m (Ey 120 —E. |;l,j+1/2,0) (3-32d)

The Mur’s 1* Absorbing Boundary condition for E, on the z=nz boundary is:

CAt/Z_AZ)(E |n+1/2
y

By 2, B H L2 N eia g ) (3-32¢)
v li,j+1/2,nz y i, j+1/2,nz—1 cAt] 2+ Az i,1+1/2,nz—1 x i, j+1/2,nz

The Mur’s 1* Absorbing Boundary condition for £, on the x=0 boundary is:

nt/2 on cAt/2—-Ax /2 n
E_ o j5mn=E. 2 +(m (Ez I jr2 —E- |0,j,k+1/2) (3-321)

The Mur’s 1* Absorbing Boundary condition for £, on the x=nx boundary is:

cAt/2 - Ax n+l/2 n
mj( z |nx—1,j,k+l/2 _Ez |nx,j,k+1/2) (3-32g)

n+l/2 _ n
Ez |nx,j,k+l/2_Ez |nx—1,j,k+1/2 +[

In the second sub-time step of the n+l1 th iteration, the PEC boundary
condition on the z=k plane is:
E, |1"'++11/2,‘/,k =E, |7:11/2,j+1,k = Ey |;€71—1/2,k = Ey |§1++11,j+1/2,k =0. (3'32h)

The Mur’s 1* Absorbing Boundary condition for £, on the z=0 boundary is:

cAt/2—Az 1 1/2 ;
E ", o= E, MV o ————— (E I —Ex 1155, ) 3-32i
x li+1/2,j,0 x li+1/2,j,1 cAL] 24 x li+1/2,j,1 x 1i+1/2,/,0 ( )

The Mur’s 1% Absorbing Boundary condition for £. on the z=nz boundary is:
g ry x ry
Ex |Vl+1 = Ex |n+1/2 +(MJ(EX |1,'l-:r11/2,j,nz—l _Ex |Vl+1/2 ) (3_32.])

i+1/2,j,nz i+1/2,j,nz—1 i+1/2,j,nz
/ / cAt/2+ Az /

The Mur’s 1% Absorbing Boundary condition for £ , on the x=0 boundary is:
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4l )2 cAt/2—Ax Al /2
Ey o) m26=Ey 14172k +(—0At/2+Ax (Ey It 124 —E, |0,j+1/2,k) (3-32k)

The Mur’s 1* Absorbing Boundary condition for £ , on the x=nx boundary is:

4l n+l/2 cAt/2—Ax ( e+l /2 )
E, I js1r24=Ey It 1724 +(—0At/2+Ax E, et jsax —Ex Iiax) (3-321)

The Mur’s 1* Absorbing Boundary condition for £, on the y=0 boundary is:

At/2—Ay
E_ —E V2 ¢ E_ "L _E_ 2 3-32m
z |1,0,k+1/2 z |l,l,k+1/2 CAt/2+Ay ( z |l,1,k+l/2 X |z,0,k+l/2) ( )

The Mur’s 1* Absorbing Boundary condition for £, on the y=ny boundary is:

CAt/Z—Ay 1 1/2
E I =B I s H (E s -E, |1 ) 3-32n
z li,ny,k+1/2 z li,ny—Lk+1/2 CAt/2+Ay z li,ny—1,k+1/2 x li,ny,k+1/2 ( )

Again, the boundary condition on the dielectric-dielectric interface is

automatically satisfied.

3.4 Summary

The numerical stability and dispersion discussed in this chapter are based on
the simplest mathematic forms, namely, they are specified for the system with
isotropic media. The von Neumann’s method, the amplification matrix method, and
the generalized ADI formulation have been applied in studying the numerical stability
and dispersion relations.

It has been proven with all these methods that for the isotropic, source free
problem, in all 1-D, 2-D, and 3-D ADI-FDTD schemes, the ADI-FDTD is
unconditionally stable.

For anisotropic materials, although the idea of stability and dispersion analysis

is straightforward, the matrix manipulation is beyond the scope of hand derivation. A
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much simpler energy-based stability proof is found in the literature [35]. It is
possible to use the energy-based method to obtain the stability and dispersion relation

for anisotropic materials, which is left for future research.
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Chapter 4: Study the MISM structure with the ADI-FDTD

method

4.1 Interconnect Model

The metal-insulator-semiconductor-metal (MISM) plane interconnect is one
of the most elementary components in the modern integrated circuits. This unit is a
four layered structure, and it’s demonstrated in Figure 21. Figure 22 shows the side
view of the MISM structure. This 2-D structure neglects the fringing effect of the
metal line, and approximates the model to be a two-dimensional parallel plate wave
guide. The earlier research has defined three fundamental propagation modes existed

in this structure by solving wave equations [2] - [3].

Metal Line

ulator

Substrate

Ground Plane (Metal Plane)

Figure 21 The Metal-Insulator-Substrate-Metal (MISM) structure
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Figure 22 Side view of the MISM structure. Z is the direction of propagation. h,
bl, and b2 is the thickness of the metal layer, the SiO2 layer, and the silicon
substrate, separately.

4.2 Quasi-Analytical Analysis and 3-Mode Limits

The MISM structure gives rise to a four layered boundary problem. In the
quasi-analytical analysis, we neglect the metal thicknesses, and extend the line width
to infinity. We use Perfectly Electric Conductor (PEC) boundary conditions for the
top and bottom metal layers. The equations for the longitudinal and the transverse

propagation constants have been derived previously [2], and are written below:

vi 4yt =—kyue =12 (4-1)

> Litanh(yb)=0 =12, (4-2)
i €i

1

where v, and v, denote the transverse propagation constants (y direction) in SiO, and
Si layers, respectively, and vy is the longitudinal one (z direction). Here, v = a + jp,
where a is the attenuation constant (Np/m), and B is the phase constant (rad/m). ko is
the wave number in free space, and g'=gi+oi/(joey), 1=1,2. & and py are the
permittivity and permeability in the vacuum, respectively.

The attenuation constants and the phase constants are calculated from (4-1)
and (4-2) using the Newton-Raphson method. They are the functions of both the

conductivity and the frequency. A direct way to observe the relationship of
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attenuation constants and phase constants between conductivity and frequency is to
plot those constants on frequency-conductivity map (similar to the plot in [3] and
[55]). However, in semiconductor problems, it is not proper to use conductivity as an
evaluation factor. The reason is discussed below.

Conductivity describes the ability of moving free charge and forming
conduction current (drift current) for a material. Drift current is the summation of all
the charge carriers traveling along the same direction. For example, the drift current

generated by free electrons is defined as:

J =~ qv, = -nqvy = ngu,E (4-3)

i=1
Here, n is the number of electrons, ¢ is electronic charge, v is drift velocity,

u, 1s mobility of electron. Drift velocity is defined as
Vi =t0,E (4-4)
Mobility x describes how easily an electron moves in response to an applied electric

field E. Unlike most metals, drift current in semiconductor materials is the joint

contribution of the movement electrons and holes. The total drift current J can be

written as the sum of the electron current J, and hole current J, :

J=J,+J, =ngu, + pau, JE . (4-5)
n is electron concentration, ¢is the hole concentration. 4, is the electron mobility,

and u, is the hole mobility. For semiconductors, conductivity depends on the

concentration and mobility of both electrons and holes:

o =nqu, + pqu, (4-6)
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Silicon is a typical semiconductor material used in the IC’s industry. Intrinsic
silicon at room temperature acts like an insulator. The electrical conductivity of
silicon is dominated by the type and concentration of the impurity atoms, or dopants.
The number of dopants per unit volume is called doping density (cm ™). Conductivity
of the semiconductor is influenced by multiple factors, such as doping density,
temperature and mobility. Using conductivity as a single factor to evaluate
semiconductor characteristics will hide the effect of these fundamental physical
factors.

Therefore, it is more reasonable to pick either mobility or doping density as
the fundamental factor to evaluate semiconductor’s behavior. However, mobility of
electrons and holes results from carriers scattering, which is influenced by
temperature, doping density, semiconductor defects, etc.. It is also a complicated
physical parameter. On the other hand, doping density is determined simply by the
technology. Although the results of the phase and attenuation constants are solved
from Maxwell’s equations, in which the conductivity is a standard variable, it is
physically more logical to use doping density in the semiconductor context to discuss
the solution.

Figure 23 illustrates the relation between dopant density (doping density) and
resistivity (the inverse of conductivity) at 296 K from measurement [54]. It shows

that the conductivity is approximately proportional to the doping density.
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Figure 23 Dopant density versus resistivity at 296 K for silicon
doped with phosphorus and with boron [54]

One empirical expression describes the dependence of mobility on temperature and

doping density [56]:
IZSOT_2'33
n = 88Tn_057 + _ " i 4-7a
: 1+ /(126107774 .88, 0146 (4-7a)
-2.33
p, = 5437, + 4077, @7b)

1+ [N/(2.35 x10"7 Tn“ )hgng—o‘ms
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where 7, =7/300 with T measured in K (Kelvin), and N is the total doping density in

silicon. (4-7) is useful up to doping densities of 10’ cm™, and for temperatures between
250 and 500 K [56].

From (4-6) and (4-7), we express conductivity as a function of doping density
(4-8). We do not include the temperature effect is our work at present, thus T will be
fixed at 300 K (7, =7/300=1) in our analysis. Use (4-8a) for n-type substrate, and

(4-8b) for p-type substrate. N, and N, are the doping density of phosphorus donors

and boron acceptors (corresponds to n-type substrate and p-type substrate) separately.

1250
o=gq| 88+ N 4-8a
( 1+0.698><1017NdJ ! (4-82)

407
o=q| 543+ N 4-8b
q( 1+O.3745x1017Na] ‘ (4-80)

In Figure 24 and 25, the x axis is the doping density of the semiconductor. In
Figure 24, three bold lines divide the map into 3 fundamental mode regions, between
which is the transition region. The definitions of various characteristic frequencies
can be found in [3]. The characteristic frequency for the skin-effect in the Si substrate
is f5=1/(2m)"2/(noo2bs%), the dielectric relaxation frequency in the Si substrate is
f=1/(2m) 62/(e280), and the characteristic frequency of slow-wave mode is fo=(f;
42/3-f51)! . f=1/(21) 62/(e260)'(b1/bs) is the relaxation frequency of the interfacial
polarization. The location of these edge lines depends on both the geometrical factors
(by,by), and the electrical factors (0,,81,62). © is defined in (4-8). We used Figure 23

to complete the conductivity-doping density mapping in Figure 24 and 25.
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Figure 24 Contour of attenuation factor o (along propagation direction z) vs. substrate
doping and wave frequency. MISM structure properties: b1=2um, b2=200pum. The three
bold lines divide the map into 3 regions of fundamental modes as marked.
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Figure 25 Contour of normalized phase constant B/(w/c) (along propagation direction z)
vs. substrate doping and wave frequency. MISM structure properties: bl=2um,

b2=200um. The three bold lines divide the map into 3 regions of fundamental modes as
marked.
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The physical understandings of those three fundamental propagation modes
are interpreted as follows [3]:
¢ Dielectric quasi-TEM mode:
When the product of the frequency and the resistivity (and thus the inverse of
the doping density) of the Si-substrate is large to produce a small dielectric loss angle

( tans o1 ), then the substrate performs like dielectric materials. The
we 2nfpe

interconnect can be treated as a microstrip line lying on double layer dielectric
materials (The Si-substrate layer and the Silicon-dioxide layer). At this region, the
interconnects reach their dielectric limit. The fundamental mode would closely
resemble to the TEM mode as long as the wavelength is much larger than the
thickness of the double layer (This means the operation frequency is much less than
the cutoff frequency of TM mode. Therefore, only TEM mode exists.). Both the
transverse electric and the magnetic fields penetrate into the substrate and transmit at

the velocity nearly equal to —2

Esi
e Skin-effect mode

When the product of the frequency and the substrate conductivity (and thus

the substrate doping-density) is large enough to yield a small penetration into the

1

silicon (&g =
7o fi

), the transmission line may be regarded as a microstrip line

lying on an imperfect ground plane made of silicon. The substrate thus acts like a

lossy conductor wall, and the interconnects reach their conductor limit.
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e Slow-wave mode
When the frequency is not very high (comparable to the dielectric relaxation

Osi

frequency fe, f << fiitectric—relaation = ), and when the depth of the quasi-static

2reg€

1

v\ Huc

another type of propagation exists. A slow-surface wave will propagate along the line.

field penetrating into the substrate is smaller than the skin depth ( 71 << &, =

);

In this mode, there is visually no electric field in the substrate; the electric energy is
stored in the SiO; layer, while magnetic energy penetrates to the Si substrate region.
Almost all the active power is transmitted through the SiO, layer, but a large amount
of reactive power is exchanged between two layers across the Si- SiO; interface with
the charge movement at the interface. At this range the silicon substrate behaves
neither like the dielectric nor the conductor, and it is called the slow-wave region

[2][3], because at this region, due to Maxwell-Wagner mechanism, when 5, <<, ,
there is a strong interfacial polarization, and &g, becomes very large, and the

propagation speed of the wave becomes quite slower than in the free space according

C

vV E€sio

transfer across the interface.

to v=

. The slowing down of the propagation velocity is the result of the energy

Between these three modes on the frequency-doping density map, there exists
transition regions, where the performance of interconnects are more complicated. At
early stage, the on-chip interconnects mostly operates in the slow-wave mode region.
At present day, interconnects have the trend to operate in the transition region and in

the skin-effect region.
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Provided with the detailed insight of the different propagation types of
interconnects, we will use the numerical technique to investigate the wave dispersion,
distortion, and substrate loss in the different modes, especially in the transition region
and in the skin-effect mode. First, we will provide the benchmark of our numeric

simulation.

4.3 Validation of the Algorithm

We used the experimental measurements of the propagation constant of a
MISM structure from [3] as the accurate results. The properties of the MISM
structure is: width = 1600um, b;=Ium, b, = 250um, and substrate resistivity p,=
85Q-cm. The wave is propagating from the transition region to the dielectric quasi-
TEM mode in this structure when the frequency changes from hundreds of MHz to 4
GHz according to the measurement.

In order to obtain the frequency dependent effects (such as the dispersion)
from the time-domain method, a popular method is to use a narrow pulse in the time
domain as the excitation of the simulated problem, and then perform the Fourier’s
analysis on the simulated results. A narrow pulse has abundant frequency
components. With one run of the simulation, the whole frequency spectrum may be
obtained, and it is very efficient. However, this method should be done very
carefully, because the frequency-domain parameter extraction using the Fourier’s
transform is very sensitive to the tail of the time-domain responses. A small deviation
in the time-domain results may lead to a large error in the frequency domain results.

The ADI-FDTD application is performed on the physical model shown in

Figure 22. In order to solve the problem in a finite region, proper boundary has to be

94



made to the simulation. The bottom plane is the metal ground plane in our structure.
The ground plane is assumed to be lossless, so its conductivity is infinity. In our
numerical simulation, the Perfect Electric Conductor (PEC) boundary condition is
added on this ground plane. In a physical scenario, the metal line is excited at one end
and propagating to the other end. We must eliminate the reflections at the end of the
metal line, so that it is easy to extract the attenuation factor and the phase factor. This
can be done by assuming the metal interconnect is long enough, so that during the
interested observing time, the pulse did not reach the end of the metal line, and thus
there’s no physical reflections happening. On the other hand, we don’t want the
artificial reflections affect the accuracy of the simulation. This is obtained by putting
the Mur’s 1st absorbing boundary condition [35] on the plane at the other end of the
metal line. This treats the metal line as infinite long, which is the same as if the metal
line has a matched load at the end. In reality, the region above the MISM structure is
the open air region. Again, we will use the Mur’s 1* absorbing boundary condition to
truncate the simulation domain, such that the exterior region (the region we truncated,
and did not calculated in the simulation) and the interior region (the region we fully
simulated) are matched. In this way, all the energy should go from the interior region
to the exterior region freely without reflection.

We carefully performed our simulation by exciting the system by a Gaussian

pulse in the ADI-FDTD simulation at one end

- 71_2 T2
E, =E g 77, (4-9)
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E , 1s the amplitude of the magnetic field at the starting end of the interconnect. £
points to negative y direction in Figure 22, and E, propagates along positive z
direction as time goes by. We will use the normalized E, in our simulation
(E,y=1/m). The time constant ris 100 ps, so the bandwidth is around 5GHz. The
attenuation constant and the phase constant of the multilayered MIS structure is
written into one variable y(w)=a(w)+ jB(w). This can be extracted from the ADI-

FDTD results in the time domain by the Fourier transform

e~ E(w,z = Zyr YD) E(@,2=2,,) , (4-10)

where E(w,z)1s the Fourier transform of the electric field in the substrate at position
z along the metal line.

Figure 26 plots the attenuation constant and the phase constant (by showing
the normalized wavelength). Generally good agreement is observed in the ADI-
FDTD numerical calculation with the analytical analysis and the measurements. This

result is more accurate compared to the one published in [26].
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Figure 26 Comparison among the analytical solution, the ADI-
FDTD solution, and the measurements, w=1600um, bl=1um,
b2=250pum, p2=85Q-cm.

(a) attenuation constant; (b) normalized wavelength.

4.4 Numerical Analysis: Extracting Propagation Modes and Constants

We next use our ADI-FDTD simulator to analyze the structure in Figure 22.
In contrast with the quasi-analytical approach, here we account for the thickness of
the metal interconnect. The metal line is excited at one end; Mur’s Ist absorbing
boundary condition [42] is applied on the open region, and the PEC boundary
condition is added on the ground plane. We consider a MISM structure with h=1.8
um, b;=2 um, b,=200 pum, and the metal conductivity to be 64=3x10" S/m. A sharp
Gaussian pulse with time constant t = 8.83 ps (bandwidth is about 50 GHz) is used as
the excitation waveform. 82 uninformed grids are laid out along the y direction with

the minimum grid size of 0.1 um inside the oxide and the metal layers; 29 grid points
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in the y direction are laid out in the upper free space region; 240 uniform grid points
are laid out along the z direction with Az=150 pm.

For the traditional FDTD, Atgprp must be less than 3.3x107'° s to satisfy the
CFL stability limit. In our simulation, the time step is Ataprpprp=2x10"" s, which is
an acceptable choice according to [44]. This helps to calculate the field distribution in
the very thin silicon skin depth region in the skin-effect mode, and the field
distribution in the metal layer in all three modes of propagation.

From the ADI-FDTD solution we extract the attenuation factor and the phase
factor, as a function of frequency and semiconductor doping. This is achieved by
applying the Gaussian pulse in the time domain as described above, and then taking
the Fourier transform. The propagation constants extracted from ADI-FDTD
electromagnetic field time domain solutions are shown in Figure 27 for a frequency
range of 1 GHz to 50 GHz, and the substrate dopings of 8.9x10'' cm™, 8.9x10'° cm™
and 6.9x10" cm™. The curve corresponding to a doping of 6.9x10'° cm™ represents
operation in the skin-effect mode. The curve corresponding to a doping of 8.9x10"!
cm™ represents propagation in the dielectric quasi-TEM mode. The middle range
curve, with doping of 8.9x10'® cm™, reflects propagation ranging from the slow-wave
mode to the transition mode, and then to the skin-effect mode as the frequency
increases. In the skin-effect mode, the loss is higher, and the phase velocity is
relatively large, whereas in the dielectric quasi-TEM mode, they are both relatively
small constant. The numerical results in each case also match the quasi-analytical

calculations.
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density for the quasi-analytical and ADI-FDTD numerical analysis.
bl=2 um, b2=200 um. The lines with markers are the quasi-
analytical results, and the solid lines are the numerical results

(a) attenuation constant; (b) normalized wavelength.

4.5 Numerical Analysis: Calculating Field Distributions in Mixed Dimensional

Structures

To further understand the energy flow and distribution in each mode, a
comparison of the field distributions obtained from the ADI-FDTD full-wave results
is made. In Figure 28 (a)-(¢c), the sine wave with the frequency of 60 GHz is excited
on the MISM with doping = 1.0 x10*° cm™, and the field is taken at t=40 ps. The skin-
effect mode field distribution is observed as expected. In Figure 28 (d)-(f), a sine
wave with frequency of 1 GHz is excited on the MISM structure with doping =
8.9x10'® cm™; the field is taken at t=1 ns, and the slow-wave mode field distribution

is shown. In Figure 28 (g)-(i), a sine wave with frequency of 4 GHz is excited on the
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MISM with doping = 1.8x10" cm™; the field is taken at t=0.6 ns, and the dielectric
quasi-TEM field distribution is shown. The field is normalized to the field in the
oxide layer in each of the 3 cases. In the last two modes, in order to show at least one
period of the wave pattern, we elongated the interconnects to 60 mm, which is larger
than their actual on-chip length. In the skin-effect mode, the field in the Si substrate is
concentrated close to the SiO»-Si interface, with an equivalent skin-depth of 10 to 20
um; whereas in the dielectric quasi-TEM mode, the field penetrates through the Si
substrate. This also proved that since in the skin-depth mode, the electric energy
penetration is 5 to 10 times of the thickness of the SiO, layer, the quasi-TEM
approximation is not valid here. In the slow-wave mode, although the field extends all
the way down to the substrate, its magnitude is orders less than the field in the SiO,
layer. This implies that relatively little electric energy penetrates into the Si substrate.
This verifies our first-insight to the energy transform in the slow-wave mode in our
quasi-analytical analysis. The energy is propagating along the interface of the silicon-
substrate layer and the oxide layer. In our numerical simulation, we show that in the
skin-effect mode, the field in the metal layer is concentrated close to the Al-SiO,
interface with a skin depth of less than one micrometer (for the case considered here).
In the other two modes, the field is distributed more evenly in the metal layer. In the

substrate, the skin depth is larger.
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Figure 28 Ey distribution in different layers in 3-mode

(a)-(c) skin-effect mode, h=1.8 pm, b1=2 um, b2=200 um,
doping density = 1x10%° cm™, t=40 ps, =60 GHz;

(d)-(g) slow-wave mode, h=1.8 pm, b1=2 um, b2=200 pm,
doping density = 8.9x10'° cm™, t=1 ns, f=1 GHz;

(h)-(i) dielectric quasi-TEM mode, h=1.8 pm, bl1=1 pm, b2=250 um,
doping density =1.8x10" cm™, t=0.6 ns, f=4 GHz.
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4.6 Numerical discrepancies between the quasi 2-D analysis and the strict 3-D

analvsis of the MISM structure.

This analysis is inspired when we were digging the fundamental
characteristics of the MISM on-chip structure in 2-D and 3-D analysis. As mentioned
in [44], the 3-D ADI-FDTD has the intendance to have a larger error than its 2-D
counterpart, or the implicit Crank-Nicholson FDTD or the conventional FDTD.

Let’s consider the four layered MISM structure with doping density
n1=10"%/cm’, and n2=10'%/cm’. The excitation is a digital pulse with the width of
10ps, and the rising and falling time of 2ps. Figure 29 is the transient voltage at
different locations along the metal line calculated from the two-dimensional

waveguide model, which ignored the fringing effect of the metal.
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Figure 29 The transient digital signal propagating along the z direction. The
result is from the two-dimensional waveguide model.

n1=10"%/cm’, and n2=10""cm’. b1=2 pm, and b2=200 pm. The metal
height is 1.8 pm. The observation points are at z=300 pum, and 600 um

From Figure 29 we found that the substrate with the doping density of
n2=10""/cm’ has higher loss than the substrate doping density of n1=10"%/cm’. The

further away from the signal, the higher the loss is for both doping densities.
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However, the magnitude of the voltage observed from the two-dimensional
simulation appears to be smaller than the real case. A similar result is also found in
[29]. This is due to the large dissipation of the two-dimensional parallel waveguide
model. With finite width of the metal line, the field lines are confined under the metal
line. Thus, the energy is mostly concentrated under the metal line, and less energy is
dissipated to the other region. We can predict that with proper doping profiles in the
silicon substrate, the electric field could be confined to a higher extend in the desired
region, and thus less dispersion and energy loss would happen, and the wave might
travel faster as well. This is part of the undergoing project in our on-chip

interconnects analysis.

4.7 Summary

In Chapter 4, we used the quasi-analytical analysis method to review the three
fundamental propagation modes in the MISM structure, and define them on the
frequency-substrate doping map for the first time. Then, we used the ADI-FDTD
method to extract the frequency dependent parameters of the MISM interconnect
successfully, which is proven by the experimental results in the literature. With the
help of the ADI-FDTD method, not only the frequency dependent parameters of the
slow-wave mode and the quasi-TEM mode can be extracted efficiently, but also the
characteristic parameters in the transition region and in the skin-depth mode region
can be obtained in a reasonable amount of calculation. The field distribution at a
transient time is analyzed in detail, the energy transformation and the power loss in

the substrate is also investigated. The metal line width effect is discussed and the
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possible optimization of low dissipation interconnects is proposed by some novel

design of the substrate doping profile.
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Chapter 5: Summary and Future Work

S.1 Summary

In this thesis, we reviewed physical and numerical models for the on-chip
interconnect MISM structure. The FDTD algorithm is briefly introduced, numerical
concerns, such as stability, numerical dispersion, boundary conditions are discussed
as foundations of ADI-FDTD method.

ADI-FDTD method is a time domain numerical method, which has the
advantages especially in electrically large problems. The algorithm is introduced in
detail. Time-step, numerical dispersion, numerical stability and their physical
meanings are discussed in detail.

Finally, we applied the ADI-FDTD method to the on-chip MISM interconnect
problem. We are able to solve the field distribution in the thin metal layer, and show
skin-effect mode, as well as slow wave mode, quasi-TEM mode over wide frequency
and semiconductor doping density range efficiently. The field distribution at a
transient time is analyzed in detail, the energy transformation and the power loss in

the substrate is also investigated.

5.2 Future Work

5.2.1 ADI-FDTD Algorithm improvement

From the discussion in this thesis, we realized although the ADI-FDTD
method has the great advantages of removing the Courant Stability condition, and

thus greatly increases the computational efficiency; it has its potential accuracy
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weakness. Also, applying different boundary conditions and excitations will
profoundly impact the accuracy, the dispersion and the computation simplicity of the
algorithm itself. Detailed discussions of the truncation errors, the dispersions referred
to lossy, anisotropic materials are yet to be provided. All of these works are closely

related to how well a physical problem could be simulated.

5.2.2 Complicated Integrated Physical Models

The real physical on-chip interconnects is far more complicated than a single
MISM line, or some coupled MISM lines. The effect of the interaction mechanism
between the electromagnetic field and the charged carriers in the semiconductor
should also be taken into account in the analysis. [27] and [30] combine the
semiconductor equations and Maxwell’s equations together to perform the Metal-
Insulator-Semiconductor Interconnects analysis on the device level. Research in [27]
is performed with the equivalent circuit model. A full-wave analysis is still necessary
to understand the detailed energy exchanges and field propagations. Also, on the real
chip, there are signal lines, power lines, data lines, which make the accurate
prediction of the coupling, crosstalk, power loss more difficult to obtain. The
statistical model might be combined with the ADI-FDTD full wave solver as well to

make reasonable system level analysis on these problems.
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