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1. Introduction

Function spaces and operator theory are most important tools in harmonic analysis. There is a
vast literature dealing with variable exponent spaces, some instances of these works are in [1-7].
In recent times, variable exponent function spaces has witnessed tremendous progress. In fact, it is
widely recognized that variable exponent function spaces play an important role in partial differential
equations and applied mathematics.

The problem on the boundedness of an intrinsic square function on Lebesgue spaces is considered
by [8]. The first generalization of Herz spaces with variable exponent is given by Izuki [9]. He proved
boundedness of sublinear operators in these spaces. Herz-Morrey spaces is the generalization of Herz
spaces with variable exponent. This class of function spaces is initially defined by the author [10].
In [11], variable parameters were used to define continual Herz spaces, and demonstrated the
boundedness of sublinear operators in these spaces.


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2023653

12965

The idea of grand Morrey spaces introduced in [12] and took considerable amount of attention
of researchers, author also proved boundedness of class of integral operators in newly defined grand
Morrey spaces. Grand Herz spaces with variable exponent was introduced in [13]. Inspired by the
concept, in this article we demonstrated the boundedness of an intrinsic square function and higher
order commutators of fractional integral operator in grand Herz spaces with variable exponent.

We divided this article into different sections. Apart from introduction, a section is dedicated to
basic lemmas and definitions. One section is for boundedness of intrinsic square function on grand
Herz spaces with variable exponent. Last section contains the boundedness of higher order
commutators of fractional integral operator in grand Herz spaces with variable exponent.

2. Preliminaries

For this section we refer to [14—-18].
Definition 2.1. If H is a measurable set in R” and p(-) : H — [1, o) is a measurable function.
(a) Lebesgue space with variable exponent LP)(H) can be defined as

o (N .
L (H) = { f measurable : — dy < oo where vy is a constant ; .
H\ Y

Norm in L’ (H) can be defined as,

Py)
I 1 Lro ey = inf {)/ >0: f (lfT(y)l) dy < 1}.
H

(b) The space L (')(H ) can be defined as

loc

LPY(H) = {f : f € L?Y(G) for all compact subsets G C H} .

loc
We use these notations in this paper:

(i) The Hardy-Littlewood maximal operator M for f € L! (H) is defined as

loc

M) =sups™ [ 1oy e 1,
>0 Bows)

where B(y, s) :={xe H : |y — x| < s}.
(i1) The set P(H) is consists of all measuable functions p(-) satisfying

p- :=essinf p(h) > 1, p,:=esssup p(h) < co. 2.1
heH heH

(iii) Pl¢ = Pl°¢(H) is the class of functions p € P(H) satisfying (2.1) and log-condition defined as,

c(Q 1
_@® 2z € H. 22)
—1In|z; — 25|

1Q(z1) — Qz)| < lz1 — 22| < 3
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(iv) Let H is unbounded, B (H) and Py (H) are the subsets of P(H) and values are in [1, o0)
satisfying following conditions respectively

C
Q7)) — Qo] £ ————, 2.3
1€2(z1) | e+ 12 (2.3)
where Q,, € (1, 00).
C 1
1Q(z1) — Qo < Jal < 5, (2.4)
In|z;| 2

in the case of homogenous Herz spaces.
(v) Let H is bounded, then B.,(H) and B (H) are the subsets of P(H).
(vi) Let H is unbounded, then B, (H) are the subsets of exponents in L*(H) and its values are in [1, oo]
satisfying both conditions (2.2) and (2.3), respectively and PBL%(H) is the set of exponent p €
P, (H) satisfying condition (2.1).
(vii) B(H) is the collection of p(-) € H satisfying the condition that M is bounded on L") (H).
(Vlll) X = XR» R, =D, \ D,_,,D; = D(O, 21) = {Zl eR":|zy| < 21} foralll € Z.

C is a constant, its value varies from line to line and independent of main parameters involved.

Lemma 2.1. [11]Let D > 1 and w € By (R"). Then

1 n_
=57 < i, oty < 10577, for 0 <5 < 1, 2.5)
0

and {
t—sﬁ < R llot) < L5, for s =1, (2.6)

[

respectively, where ty > 1 and t., > 1 is depending on D but not depending on s.
Lemma 2.2. [15] [Generalised Holder’s inequality] Assume that H is a measurable subset of R",
and 1 < p_(H) < p.(H) < co. Then

L gllrow < N lrowl gl
holds, where f € L’(H), g € LY9(H) and % = % + ﬁfor everyz € H.
Definition 2.2. [BMO space] A BMO function is a locally integrable function # whose mean oscillation
given by I_él fQ lu(y) — upldy is bounded. Mathematically,

llullgaro = sup

1
o 10|

Lemma 2.3. [19] Let k is a positive integers. Then for all b € BMOR") and all j,i € Z for j > i,

J]mw—uwh<am
Q

C_1||b||l1§MO(R") < sup L (b — bD)kXDllLP('>(R") (2.7)
pepatt X DIl o)
<Clbllsp0@n (2.8)
I — b)), o < CG = DMBlsyron e, o, 2.9)
Lemma 2.4. [19] Let r(-) € B(R"), then for all balls D in R",
|_;|“/\/Dl|L’<‘>(R")”XD”U’(-)(]RH) <C. (2.10)
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2.1. Variable exponent Herz spaces

In this section we will define variable exponent Herz spaces.

Definition 2.3. Let u,v € [1, ), { € R, the classical versions of homogenous and non-homogenous
Herz spaces, can be defined by the norms,

vy &
L4 v
u

18lxe g 1= Igllmony + D 2% f goldy| ¢ 2.11)
leN
2015l
l8llgz @ = 22‘“ f lgldy| ¢ . (2.12)
leZ
21—1’21

respectively, where F, ; stands for the annulus F,, := D(0, 7)\D(0, t).

Definition 2.4. Let u € [1,0), { € R and v(:) € B(R"). The homogenous Herz space ngg(R") can be
defined as

RESE) = {g € LR\ 0 gl e, < 0 2.13)

where

1
[=c0 u
— !
lglges ) = (Z ||2»‘gx,||zm) :
[=—0c0

Definition 2.5. Let u € [1, ), { € R and v(-) € P(R"). The non-homogenous Herz space Kf(’f;(R") can
be defined as

KR = {g € LR\ (0] : ligllges e < oo}, (2.14)

where

1
=00 u
I
||g||K§<‘f‘)(er) Z( E 112 {g)(l”;iv(')] + ||g||Lv<->(D(o,1))-

k=—o00

3. Grand Herz spaces with variable exponent

Next we define Grand Herz spaces with variable exponent.

Definition 3.1. [20] Let a(-) € L*(R"), u € [1,00), v : R" — [1,0), 6 > 0. A grand Herz spaces with
variable exponent Kf((.'))’”)’e is defined by

Ka " =g € LUE (0D lgllgoome < .
where

YA
Igllgens = sup [ " 2D gy |3
o ¥>0 keZ
= sup wﬁ ||g||1»(a((.»)),u(l+|l/) .

¥>0
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4. Boundedness of an intrinsic square function

In this section, we show that an intrinsic square function is bounded on Kf((_’))’”)’g(R”). First we will
define intrinsic square function S, f(z1).

Definition 4.1. Let z; € R”, the set I'(z;) is defined as,
[(z1) = {(z2,) € R 1 |z — 2] < 1},

where R = R” x (0, ). Let 0 < ¢ < 1 is a constant. The set C, consists of all functions ¢ defined
on R” such that

(1) supp ¢ C {|z1] < 1},
(i) [ (z1)dz =0,
Rn

(iii) 1p(z1) = @@l < |21 = 73| for z;, 2] € R™.

For every (z2,1) € R™! we write ¢,(z2) = t"¢(z2/t). Then we define a maximal function for f €
Llloc(R”).
Arf(zo,1) = sup|f * ¢(22)l, where (zp,1) € R’i“. Using above, we define the intrinsic square
(f)EC{
function with order { by
1/2

dzd
Scf(@) = ffA.zf(Zz’t)z ;j—lt

[(z1)

An intrinsic square function S is bounded in variable Lebesgue spaces L, for more detail see [8].
Theorem 4.1. Let 1 < u < oo, a(-), s(:) € Po(R"), and { be such that

. —n n
(i) 5 <a0) < 55

(ii) 2 < de < 2.

Suppose that an intrinsic square function S, bounded on Lebesgue spaces will be bounded

on K5 " (R"),

Proof. Let f € K *"*(R"), we have

1
u(l+y)
0 ka(-)u(1 (1+y)
IS fllgromgeny = sup | 3 24l IS )

>0 keZ

1
o0 u(T+g)
] ka(-)u(1 1
< sup |y Z yka(yu(1+) Z “chsgf()(l)”ﬁ(;rw]]
[=—c0

¥>0 kezZ

1
u(14+9)\ u(T+)

k-2
< sup |y’ > 24O N S ()l

>0 keZ [—

+ sup 1,//6 Z ka(yu(1+y)

¥>0 keZ

D S o

I=k—-1

1
[ k+1 u(l+p) ul+p)
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+ sup | ¢’ Z QRalul+9) [ Z IS (fxDllso
=

¥>0 keZ

= FE+ E, + E;.

)uaw) T

k+2

As operator S ; is bounded on Lebesgue space L*(R") so for E,

E, <sup
>0

<sup |y
>0

+ sup |y’ Z ka(yu(1+)

>0

keZ

Z ka(yu(l+4)

k=—o00

=: Ey + Ey.

|

i+l u(1+y) u(11+u/)
W Z Aka(u(1+) ( Z ||S§(fX1)||LS(A))

I=k—-1

k+1 u(l+y) m
(Z ||S((fxl>||u<)]

I=k—-1

D ISl

1
kel ]u(lﬂb) u(T+9)

I=k-1

By using the fact 2k = 2k0) | <, 7, € R, implies that

k .
12O fxadlzso

E» <sup l/’ Z ka(yu(l+y)

>0

<Csup|y
¥>0

<Csup
>0

k=—00 (l

Z ka(O)u(1+y)

k=—0c0

keZ

= 2Ol fxallo,

D IS (ol

1
k+1 ]u(lﬂﬁ) u(1+y)

k-1

K+l u(1+y) u<11+¢)
[Z ||f)(z||u<>]

I=k—1

u(T+p)
W Z QkaCyu(l+y)) ka”:JO v ) = ClI£ll KO0 ey

For E,,, we use the fact 2k = 2k k> (0, 7, € Ry, we get,

E» <sup lﬂ sza( Yu(1+y)

>0

k1 u(l+y)\ iT+p)
[Z ||Sg<fxl>||m]
I=k-1

00 k+1 u(1+4)\ ul+9)
SC” Sup wQ Z 2kaoou(1+lﬁ) ( Z ||fX[||Ls(-))

¥>0

<C sup
>0
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k=0

I=k—1

1
u(1+y)
E kasou(l (1+¢)
(l// kacou( +t//)||fX “:m 2 ]
k=0
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1
u(l+y)
<Csup (l// 2 : ka(u( +w>||ka||zi(‘) l//))

¥>0 keZ
:C| |f| |K?((:))'u)'g(R") .

For E\,fork € Z,l < k-2, 7z, € Ry and (22, 1) € I'(z;). For ¢ € C; we have

O * i) = f 6,(z2)f (x)dx
R

<Cr™" f |f(x)ldx.
{x€R;:|z2—x|<t}

X € R; with |z, — x| < t we obtain

1 1 1 1
t==@t+10>~(z - —x) > =z — x> =(z] -
2( +1) > 2(|Z1 2l + 1z = x[) > 2|Z1 x| > 2(|Zl| |x[)

1 1 _ 1 _ |21
>—(lz1| =2 = =(z1] = 25 > =(|lz1] = 27 Mz) = =
_2(|Z1| )z 2(IZ1| )z 2(|Z1| |z11) m

As aresult we get
1S ((fxD (@0l
1/2
dzydt)’
([ [ [ occorte
¢€C( r
I'(z1)
5 1/2
1 dzydt
<C f f - f If (x0)ldx tnil
|271| {z2:lz1—22l<t} {x€Ry:|z-x|<t}
1/2
dt
<C flf(x)ldx f dz, pe
R % 22:|z1-22<t}
1/2

dt

t2n+l

%8

=C f |f(0ldx
R;

ll

)

_¢ f Fldx |1z
R

Note that z; € R; and |z;| > 2¥°!, implies that |z;|™ < 27**, by using Holder’s inequality,

S (fx@)l < C27 flf(X)ldx
R
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< C27| fxallo il zvo.-

By using Lemma (2.1) we have

(I-k)n

2 allollillo < C279236270 < c270r (4.1)

Splitting E; by means of Minkowski’s inequality we have

]u(uu/) e

El < sup lﬁ Z 2ka( Ju(1+y) [Z ”XkSé«(le)”LA()

>0

[=—00
1
)u( 14+Y)\ u(T+p)

>0

[=—c0

= E_ +E12.

Applying above results to E;; we can get

)u(lw) u(1|+w>

Ey <sup|y’ Z pkat )”(IW)(Z DS ¢ Fxdllso

¢>0 k=—o00 [=—0c0

u(1+Y)\ u(t+i)

-1 k=2
0 ka(-)u(l —k
< Csup|y E ket E IDeillzso 27 I xall s lball oo
k=—o0 [=—c0

Y>0

u(1+y)\ u(T+)

-1 k-2
0 ka(-)u(l —k
< Csupy” 37 2| B el 2 P xillo il

¥>0 k=—c0 [=—0

Letb =

n
s(0)

4.2)

b

]u(1+w) ‘u<1l+w>

-1 (k=2
En < Csup ¢ Z (Z 2a(0)l||f)(1||L-r<«>2b(1_k)

w>0 k=—00 \|=—c0

by using Ho6lder’s inequality, Fubini’s theorem for series and the inequality 2740*%) < 27 we get,

1
u(1+y) u(i+y)

—1 - k=2 w(T+p)Y
0 Ou(1+y)l (1+y) ybu(l I=k)/2 b(u(1 (I-k)[2
o SCZ“E W Z [Z O+ £y ”Z()w bu(l+y)(I-k)/ Z D b(u(1+)) (1=k)/ )
> k=—0c0 \[=—00 [=—c0

-1 k-2 u(l+y)
0 O)u(1+y)l (1+¢) A bu(l 1-k)/2
=C ?[,ug W Z Z 2a(0)u(1+y) ¥2% ”ZY() V) bu(1+4)(I=k)/ ]
>

k=—00 |[=—0c0

-1 u<1+w>

6 0)u(1+p)l (1+) bu(1+y)(I-k)/2

=Csup |y Z O+l le”zS(‘) Y Z bu(1+)(1-k)/
L Ca Ny s k=1+2
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-1 -1 m
<Csip[u 3, 20 5 27

O\ k=1+2

_1 e
P 01+l (1+y)
<Csup| v Z 2aOu(1+y) ”le”'zs() ¥ )
Y>0

|=—c0

1
u(l+y)
0 Yu(1+y)l (1+y)
=Csup |y )" 290 e ]

¥>0 lezZ

SCl |f| |Kgé;,u),H(Rn) .
Now for Ej, using Minkowski’s inequality we have

o _1 u(l+y) u(lIer)
E1, < sup|y’ Z kaCiu(l+y) Z IDyxS _:(sz)llm»)
k=0 [=—00

>0
oo k=2 u(l+y) u(ll+w)
9 ka(u(l
+ sup | ¢ Z 2kaCyu(l+y) Z ”/\/kS((le)”Lf(')]
¥>0 =0 =
= A+ A,.

The estimate for A, can be obtained by similar way to Ey; by replacing s'(0) with s/, and using the
fact 7 — a., > 0. For A; using Lemma (2.1) we have

n n —kn n
27yl lill oo < C27¥12352705 < C2% 270, (4.3)

Asam—§<0wehave

1

00 -1 u(1+¢)\ u+y)
6 kacou(1
A, < suply 22 oot +‘/’)(Z ||XkSg(f)(1)||Ls<->]
¥>0 =0 j—
oo 1 u(l+y) u(ll+1/1)
—kn  _In_
< Csup |y )20 x| ) 27X 2wl
e>0 =0

|=—00

)u(mm T

o -1
kakn g i
< Csup 692 2% ) (Z 270l fxallzser
>0 k=0

|=—00

>

-
i
Z 250 fxill zso

[=—00

< Csup |y

u(1+y) u<11+w>
>0 ]

-1
_In__
< Csuply| ) 2707l 2"
¥>0

1
u(1+y)\ u(i+y)
|=—0c0 ]
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Now by applying Holder’s inequality and using the fact that ﬁ —a(0) > 0 we have

-1 u(1-4)\ 15
_In__
Ay <Csup|y®| Y 270 “<°>’||fxl||yo2“(0ﬂ) ]
v>0

[=—c0

1
u(l+d) N\ 7Ty

-1 -1 w(1+y))
n__ ’
<Csup|y’ ) 2"(0”““*@||fxl||ZE}f*”( ) 2 a<°>1><u<1+w>>)
[=—c0

Y>0

[=—c0

(1 ¢) L((Il+|//)

0 Nu(l u( 1+

<Csup|y’ > 2 M £y
>0 leZ.

SC‘l |f| |]'(‘f((_‘))-l‘)~9(Rn) .

Now we estimate E3, we take k € Z, [ > k-2, z; € Ry and (2,1) € I'(zy). For x € R;, ¢ € C;
with |z, — x| < ¢t we obtain

1 1 1 1
t=5+0> 5~ 2l + ke —x) 250 -2 2 S -l
%(21_1 -2 > 23,

As aresult we get

1S ((Fx(zo)l

2
dzdt
= ff[sup \fxi * ¢z ,ilJ
#eCy !
I'(z1)

2 1/2

1 dz,dt
<C f f m f FColdx| =55

[(z1) {X€R;:|za—x|<1}

1/2

1/2

(o)

d
scl [re|| [| [ da|mn
R

-3 Nzailzi —zal<t}
- 12

dt
e f Gl f -
R

-3

_¢ f Fldx | 1By
Ry

< 27" fxllo bl o
Splitting E5 by using Minkowski’s inequality we have

w u(14)\ T
E; <sup (lﬂe Z kalu(l+i) ( Z xS 4(f)(1)||u<~>] ]

>0 ez I=k+2
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<sup
>0

+ sup
>0

o i 2ka(~)u(1+w)(i

k=—o0 I=k+2

I=k+2

::E3] + E32.

For E3, Lemma (2.1) yields

we get
Es <
>0
< Csup |y
>0
< Csup
>0
where d =

E3 <Csup |y
>0

<Csup
>0

<Csup
>0

<Csup
U>0

<Csup
>0

“llzoldlro < €27

< sup |y’ Z ghacuti+) ( > S (Pl

I=k+2

ki 1 i
Zz o ”’)(Z Ibeallzo 27 - L fxillo lbyall oo

wZ[

L + (e > 0. Then we use Holder’s theorem for series and 2-u+) < 2 o obtain

I=k+2

I=k+2

i [ Z 2awu(1+1p)l”f)(

k=0 \I=k+2

o (u(1+yp)y
x Z d(u(1+)) (k=D/2

Mi i 20

k=0 I=k+2

w Z 2ka( Yu(l+y) ( Z “XkS((fX[)”Lv()

D 2l 2%

u(1+)\ W50
xS (f Xl)”LSO]

]u(1+w) i

(k—Dn

"2?002%0 < C27

)uuw) e

]u(1+w> i)

2

]u(l+¢) u<1+¢)

||u(:)+W)2du(1+w)(k 1)/2)
LY

1
ud+9) N\ u(i+9)

[=k+2
1

u(l+y)
Ll(1+W)2du(l+z//)(k 1)/2)
LsC)

1

00 u(l+y)
0 ott(1+y)l (1+y) du(l k=0)/2
W Z Yasou(1+4) ||le||:«‘> v Z du(1+y)(k=D)/ ]
=0

6 sott(1+4)] (1+¢)
Yoy 2 D

leZ

leZ

SCvl |f| |K?((.-))'M)'9(R") .

AIMS Mathematics

1

u(1+¢)
Z dp(k- 1)/2)

k=—o00

u(+9)
0 Ju(1+y)l (1+y)
N }

4.4)
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Now for E3; using Monkowski’s inequality we have

)u(1+t//) u(T+)

-1 -1
E5 <sup we Z Zk“(')”(IW)(Z IS (S xDllzso

¥>0 I=k+2

k=—o00

1
u(l+y)

¥>0

u(1+y)
+ sup ‘/’ Z PR [Z ”/\/kS[(le)”L‘()]

k=—00

=:B; + B,.

The estimate for B; can be obtained by similar way to E3, by replacing s., with s(0) and using the fact

that @ + a(0) > 0. For B, using Lemma (2.1) we have

kn —in

2 Myl llll o < C22%2% < c2% (4.5)

]u(1+¢/) m

B, <sup|y’ Z QRO [Z|L¥k55(f)(1)||u<>

>0

k=—o00
u(1+y) u(lIJrl//)
SC Sup lp Z 2ka(0)u(1+lp) X [Z 2 lnzé(o)z%o ”f)(l”Ls())

>0

k=—o00

)u(1+1//) u(lIH//)

<C sup |y’ Z QkaOu+) o [Z 250 2% || fyill o

>0

k=—o00

u(l+y) u(11+|//)
<C'sup [y* Z HOEM/sOul+y) 3¢ (Z 2% ||f)(1||Ls<>)

>0

k=—00
]M(lﬂb) u<1+¢)

<C sup |y’ (Z 25| fxallso
10

>0

Ju(lﬂb) u(llm)

<Csup|V/ (Z 2| il oy 2150
>0 =0

Now by applying Holder’s inequality and using the fact that ;- + a. > 0 we have

o u(1+y)

0 lasu(l (1+y)

B, <C sup | Y [Z 2 u +w)||f/\/l”zx(~> w]
>0 1=0

1
u(+9) \ u(T+g)
u(1+y)

[Z 2[(n3w+aw)u(1+(//))

)
<C sup (1//0 [Z 20l lllzg«;rw)])

¥>0 leZ
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SC‘l |f| |Kj((.‘))»u)»9(Rn) .

Combining the estimates for E, E, and Ej yields

”S éyf”['(?((:))’“)’g(R") < C”f”l'(:‘l((l;),u),e(Rn)

which ends the proof.
5. Boundedness of higher order commutators of fractional integral operator

5.1. Higher order commutators of fractional integral operator

Let b be a locally integrable function, 0 < ¢ < n, and m € N; the higher order commutators of
fractional integrable operator 7", are defined by

[b(x) — D)™

I P

I, f(x) = fdy. (5.1
When m = 0 then I?,h = I, and for, m = 1 I;’b = [b,I;]. According to Hardy-Littlewood-Sobolev
theorem the fractional integral operator I, is bounded operator from Lebesgue spaces L?'(R") to LP*(R")
when 0 < p; < py<ooand 1/p; —1/p, = /n.

Lemma 5.1. [19] Suppose that q,(-) € P(R") satisfies (2.2), (2.3), 0 < ¢ < n/(q1)+ and 1/q,(x) —
1/q2(x) = ¢/n, b € BMO(R") then

”Igfb(f)”qz(d < C||b||'£M0(Rn)||f||q1(~)- (52)

Theorem 5.1. Let 1 < p < o0, b € BMOR"), a,q, € PBo(R"), 1/g1(x) = 1/qa(x) = {/n. If0 <r <
min{1/(q1)+, 1(g))+}, 0 < { < nr, and
-n n -n n

— <lp < =, <a(0) < ——.
Gic 7 q100) q,(0)

Suppose that IZ’b is higher order commutators of fractional integral operator bounded on Lebesgue

spaces will be bounded from K;l(())p MR to KZZ(())” YORM).

Proof. Let f € K{PR™), and f(x) = £, f(xi(x) = T2, fi(x), we have

e>0

1
p(i+e)
6 ka()p(1 (1+€)
[E Z > a(-)p( +€)”Xklg,lbf”52(,)6]

keZ

1
© p(+e)
6 ka(-)p(1 (1+€)
<sup| e’ > 240N N FOall ¢ ])

0 keZ j—

1
p(l+€)

2 p(l+e)
<sup & Z 2ka()p(l+e) Z |L\/kIZlh(fX1)||q2(.)) ]
l:—oo

e>0 ez

AIMS Mathematics Volume 8, Issue 6, 12964—-12985.



12977

1
p(1+e)\ pi+e

k+1
+sup| €’ Z Aka()p(1+e) Z a7 (X Dllgacy
e>0 keZ I=k—1

1
p(1+e)\ pd+o

+sup & Z pka()p(1+e) Z |b(k12b(le)||qz(-)

€0 ez I=k+2
=F,+ E, + E;.

As operator I}/, is bounded on Lebesgue space g,(-) so for E;,

k+1 p(1+€) p(l+e)
0 ka(-)p(1
Ez < sup € Z 2 a(-)p(1+e) ( Z ||IZb(le)||‘12(')]

0 ez I=k-1

1
p(l+e) p(i+e)

k+1
SSUP 9 Z 2ka( )P(1+E)(Z ” 1b(le)||q2(‘)

e>0

k=—00 I=k—1
ol p1+e)\ 7179
ki 1
+sup|e Zz PO S N ) lgacs
>0 I=k—1
=FE, + Ey.

Here we use the fact 2€¢@ = 2ke© "k < (), x € R; equivalent to say that

k k(0
125 fxellgser = 2PN xllguos

ka1 p+e)\ pli+e
Ey < 2k"“"’“+f’ 27 Fxoll
21 SSup|e XDl

e>0 =1

k=—oc0

-1 k+1 p(1+€)\ p+e
0 § ka(0)p(1 §
Scllb”lgMo(Rn) SUOP € 2 *(O)p( +E)( ”f/\/l”q]C)J
>

k=—c0 I=k—1
1

-1 p(l+e)
9 ka(0)p(1 (1+€)
SC”b”lgMO(Rn) suop € Z 2 a(0)p( +e)||ka”;71(.)e]
e> =

1

p(l+e)
0 ka(-)p(1 (I+€)
<Clbll o sup| €' Y 240 +f)||ka||;’l(;)
e>0 ez,

:Cl |b| |Y£M0(Rn) | |f| |K;1(»(),)p),€(Rn) .
e

For E,,, we use the fact 2k = 2k~ | < (, x € R;, we have,

K+l p(1+€) p(]l+e)
k 1
Ey <Csup|e 22“””( Pl
e>0 I=k—1
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00 k+1 p(1+e) p(11+5)
6 kasp(1
<Clblgyron sup | € D" 27001 3l fxillg
e>0 =0

I=k—1
1

0 p(I+e)
6 kaeop(1 (1+e€)
<Clbl o sup| € Y- 24149 p i
e>0 =0

1
p(I+e)
0 E ka(-)p(1 (1+€)
S(j”b”’gMO(RH) Sup € 2 a()p( +5)||f)(k||]q71()e
e>0 7.

:C| |b| |rgM0(Rn) | |f||K;i();7)9(Rn) .

For E;, we use the facts that, if x € R, y € R;and [ < k — 2, then |x — y| ~ |x| ~ 2%, we get

s p(I+e\ 0
E, <sup [ Eezzka(-)l?(l+6)(z el ( le)”qz(')] ] ,

€0 keZ [—

by using size condition and Holder’s inequality, we get

WIBb(x) = b1
lx — y|"=¢

17 (Fx () x ()] < Cflfl dy x(x)
R

< Cokem f OB — by (%)
R

< C2Y b(x) — bg|" f lfildy + f LfiIIb(G) = by |"dy | xi(x)
R, R,

< C2C il (16G) = b "l + 1B = b Y Yl g ) ().

Thus, from Lemma (2.3), and the fact that ||y/||zs0 < |lxgllzs0, We get

I, (Fx D0 Xk (Ol
< C2"| fill gy (NN — b)) " xillgolxally )
+ 1B = D) "Xl 0 gy W o)
< C2"| fillgyy (k= D™ 1Bl s0n I mllgso Il
+ 1Bl pr00n I Bl 410 o g )
< C2"CN ke = 1By il ol sl o Des g0 -

It is known, see e.g., [19] that y 5, (x) < C2_k§1§()(3k)(x), which yields

”XBk||qz(~) < C2_k§”I§(XBk)”q2(~)
< Cz_kéu”/\/Bk”ql(-)-
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As aresult we get,

k —
2 llgr olles g
K~ —k
<oM¢ n)”XB1”q’|(~)'2 Il
k
<2 n”)(B;”qﬁ(‘)”XBk”fll(')‘

Consequently, we have

(I-k)n

kn||)(B,||q1()”XBk”q1() <C2” kn2q1(0)2<11(0) <C2 ql(o) (5.3)

splitting E; by means of Minkowski’s inequality we have

_1 k=2 (1+E) p(1+e)
e ka(-)p(1
E] < sup | e Z 2 a()p(1+e) [Z |IXkIZb(fX1)”l]2('))

>0 J—

|=—c0

1
)p(l+s) pi+e)

+sup| € Z QkaC)p(l+e) (Z el b(f)(l)”qz(-)

e>0 [ —,

=E + E,

applying above results to E,

. k-2 (1+€)\ p(i+e)
9 ka(-)p(1
E) <sup|e Z 210m +€){Z |LV’<IZb(fX1)||qz<'>)

€>0 k=—0c0 |=—c0
1

p(1+e)\ p+e)

-1 k-2
(I-k)n
0 ka(-)p(1 /
< Csup|e’ D7 20PN N 20 (e — 1Y Bl | Xl
e>0
kI—OO l:—oo
-1 =2 p(l+e) p(1]+6)
0 ka(-)p(1 4
< Csup| e’ )" 24P+ N 260 (e~ Iy|bll o0l il ,
e>0
k=—00 |=—c0

’s inequality, Fubini’s theorem for series and 277179 < 277 we get,

P n
leth := 70

1
p(1+e)\ p(i+e

-1 k=2
< Csup| ¢ Z (Z 270Nk — l)m||b”’gMO(R”)”f/\/l”m(')zb(l_k)

e>0 oo \Ut—oo
1

p(1+e)\ 7T

-1
< C”b”BMO(R") sup {60 Z Z 2Q(O)l”f)(l”q1()(k _ l)mzb(l k)

k=—00 \[=—c0

-1
& 0)p(1+e)l (1+ ) 1 5
< C”b”BMO(Rn) Sup (Z 2“’( p(1+€) ”fX ||51()E _ l)p( +em/

k=—00 \[=—c0
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1
p(+e) p(l+e)

k-2 p(l+e)
« 2bp(+e)i=k)/2 Z (k — l)p(1+e)'m/22bp(l+e)’(l—k)/2)
[=—c0

-1 p(+e)
0)p(1+e)l (1+) 1 2~bp(1 I-k)/2
:C||b||rgM0(Rn) sup| e Z Z 20O+l £1 HS]()E — [yprem29bp(i+e)i-h/ )
e>0

—00 [=—00
1

-1 -1 p(1+e)
9 Ip(l+e)l (1+e) 1 2 bp(1+€)(—k)/2
=Clbl o sup| € >~ 29X P30 N (ke — 1y +amaghpi b/ ]
e>0

[=—0c0 k=1+2
1

-1 -1 T+
GE: 0)p(1+e) (1+€) 2 bp(i—k)/2
<ClIbllgpon sup | € 20Op+e ||f)(1||gl(.)6 E (k — [)Pmi2pbpi=b/ )
e>0

k=[+2
1

-1 p(1+€)
6 0)p(1+e)l (1+€)
<Clbllguocn sup| € ), 2O +f>||fxl||;’,(;]
e>0

p(i+e)
— 0 (p(l+e)l p(1+e)
_C”b”rgMO(Rn) Seliop € Z 290IPLITeE ”f)(l”ql(') )

leZ

<Clblsaroqe | llgernagen,
[1 -

Now for E}, using Minkowski’s inequality we have

e>0

1
o ) p(1+€)\ p(i+e
0 ka(-)p(1
Ep, <suple 22 a)p(l+e) Z ”Xklg?b(f)(l)nqz(-)]
k=0

=
N s p(1+0)\ 7178
+sup | €’ Z Qkatip(l+e) |ka1_2'fb(f/\(z)||qz(-)]
o0 | )
=A; + A,.

The estimate for A, follows in a similar manner to E,; with ¢{(0) replaced by ¢| and using the fact

b= ﬁ —de > 0. For A using Lemma (2.1) we have

o

—kn_ ln
2300

-k —k 7
nlIXBA”m()|L\/BI||Lq1(>(Rn) <C2 n241 2q.<0> < Cqu

asaoo—q,L<Owehave

oo

e>0

1
)p(l +€)\ pi+e)

o -1
A, <Csup|é’ Z kasp(l+e) (Z el xallgsc
k=0 I=—co

1
p(1+e)\ pliro

In —kn
kae p(1 () A7)
<ClIbllgpogn sup Z 2 {Z (k = D)"2 102 1| fxillg, )

[=—00

(5.4)
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o -1 (o : k( : p(1+e)\ p(i+e
0 7, G0 +aoc lac
<ClIblzuos 9P € Z(Z(k "2 h0 2las| lenq,())

k=0
- ! (5 —a) k( )
0 wlp(1 70 G +aoo 1+€)/2 (1+€)
< C”b”BMO(R") Sup( Z(Z na p( +E)((k _ l)mz FACN 2 )p( +e)/ ]llelllZl(.)E
k=0 )
1 p(l+e) p(1+£)
X(Z((k—l)'"zl(q’ln<°> ) Kg +“°°))p<1+e)’/2J
[=—0c0
11 )
> 1+e)/2 ) P*e
<Cllb m 6 2awlp(1+e) p(1+e) k—1 mzl(q; 0 2 pll+e)/
<C|| ”BMO(R”) Sup | e ||f)(|| (k=1) !
€0 =0 [—oo
1
< (40 _ U —a) k(= ——+aw) |
6 wolp(1l +€ 7 00 0o
<Clbl o sup| € >~ 24Oy xS (ke = "2 oM
e>0 f— =l
-1 u(1+9)
0 olp(1 (1+e€)
<Clbllzmoen Sup| € Z 20-1M +E)||fX1||§l(,;rE)
€>

|=—c0

SCl |b| |’1131MO(R”) | |f| |[{Zi'zj§’)’6(R").

Now we estimate E3, for each k € Z and [ > k + 2 and a.e. x € Ry; splitting E5 by using Minkowski’s
inequality and using similar method of E, E, we have

1
)p(1+e> D)

E; < sup € Z 2ka()p(l+e) [ Z |LYkIZh(f/\/l)”412(')

€0 keZ I=k+2
1
)p(1+6) p(d+e)

-1 o0
< sup 69 Z 2ku(-)P(1+€) [ Z H/\/kIZb(le)”qz(')

U Ny I=k+2

1
)p(1+6) p(+e)

+sup| € 22’“‘( ”’“*f)[z el (xllgscs

0 I=k+2
Z:E31 + E32.

For E3; by using Monkowski’s inequality

—1 ) p(l+e) p(11+e)
0 ka()p(1
Ey <sup|e Z Aka()p(l+e) Z e (Fx)llgac
€>0 k=—oo I=k+2

1
-1 -1 p(1+e)\ p(i+e

Es <sup|é’ Z pkatip(i+e) Z el (FxDllg )

0\ = I=k+2

1
p(l+€)\ p(i+o

e>0

-1 o
+sup o Z pka()p(l+e) Z “XkIZb(f)(l)”ql(-)
=0

k=—o00
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:=B; + B,.

The estimate for B, follows in a similar manner to E3, with g, replaced by ¢,(0) and using the facts
tha 7o T ae > 0, For B, using Lemma (2.1) and Holder’s inequality we have,

(0)

—In

_kn__ In
2—1"|kallq](.>|I)cz||Lq;<.)(R,,) < C2mat 7S < conti2i., (5.5)

o o p(l+e)\ 5ira
B, <C sup (ee Z 2kaOp(1+e (Z ”/\/klzlb(f/\/l)”qz(')] ]
10

e>0 [—

p(1+€) p(1+e€)
<Clblyo S0p | Z 2"““””““)[2@ l)’"2‘“‘“m)2"(‘“<°>)Ilflelq1<)] ]
>0

k=—o00

-1 co p(1+€)\ p+e)
<ClIbllzps00s) sup | € Z [Z 24Ok ~ l)m2_l("1°°_a(o))2k(‘“<‘”+a(0)||f)(zllq]0) ]

e>0

=0

k=—0c0

-1 0
SC”bHIgMO(Rn) sup 69 Z [Z 20(0)(p(1+€))((k _ l)mz—l(qlnm—a(o))zk(qln(o)+a(0))p(1+€)/2]
e>0
=0

k=—oc0

p+e) u(l+e) +e)
p(1+e)

x| frll [Z«k . z>mz-’<q:;-a<°>>zk<qf€o>*““’))P“*f)’/z]
=0

1

00 p(d+e)
0 O)(p(1+€) p(1+e)/2 ~U( 2= ~a(0) p k(2 +a(0) \P(1+€)
SC”b“rgMO(R")Sup[ Z ZZa pre ||f)(||ql() ( - "2 T ATV )
0\ = =0
[o%s) l p(1+5)/2 p(ll+£)
0 0)(p(1 p(l+€) —I(=~a(0)) H k(55 +a(0)
<Clbly0e0) SUp [e D2 Ol N (k- by O ) ]
<0\ =0 k=—oc0
SCwl|b||rl;lMO(R")||f‘||KZ(1()~)/’)~9(Rn)
Finally we will estimate E3;,
|fl(Y)|[b(X) b(y)1"
2, (@0 < C f v

< C21cn f OB = bOI"dy.xe(x)
R

< C2"“™b(x) — bp,|" f lfildy + f LiONBG) — bp["dy [ xi(x)

< C2“N| fllgyo (1BCX) = b "Ml + 1B = b)Y Xl 0 gy ) ().
Thus, from Lemma (2.3), and the fact that ||)y/||.so < |[ysllLs0, we get

IO DICIBFICH]| P
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l —
< C2“Nfillg (B = b)) xellgao il )
+ 1B = bs)"Xill 10 g Wl L)
l —
+ (l - k)m”b”rgMo(]Rn)lI/YBl“an(‘)(Rn)|LY/C”LH('))
l —
< 2" = k)" 1bI s | Allg ol sl o D s g0 -

It is known, see e.g., [19], that yp,(x) < C2"§I§()(B,)(x), which yields

“XBJqu(J < C2_l§||lg()631)||q2(~)
< CZ_MHXB[”ql(-)-

As aresult we get,

l —
2 « n)lLYlelq'l(')”/\/Bk“th(')
- —ki
<2/« n)“/\/Blllq’l(~)-2 g”/\/BkHQI(')
-l
<2 n”XB;”q’l(-)”XBk“ql(')'

For E3, Lemma (2.2) yields

In (k=Dn

kn
-1 -1 —_— 7
2 n“/\/Bk”ql()“/YBl”Lq,l()(R") S C2 nquoc 2qloo S C2 oo ,

we get

1
]p(1+e) p(+e)

Ey < Csup & Z 2ka()p(l+e) ( Z “)(klgb(f)(l)”qz(')

€0 =0 I=k+2

w [ o p(1+€)\ 7155
2] ool dk-1
< Cllyoree sup | € Z(Z(l—k)mza el 2 >] :

€ k=0 \I=k+2

where d = 2~ + a., > 0. Then we use Holder’s theorem for series and 2 71*€ < 277 to obtain

0 op(1+e€)l (1+e€) 1 2
Ex < ClIbllyon Sup [e DU D0 2 O - eyrrtes J
0\ =0 =2
o p((ll+e)) ﬁ
p(l+e)
w2dp(1+e)k=0/2 Z (I - k)mp(l+e)/22dp(1+e)'(k—l)/2
I1=k+2
(1I )
o] (o) p(l+e
<C||b”’gM0(R , sup (692 Z zamp(l+e)l||le||p(3;'€)(l _ k)mp(1+e)/22dp(1+E)(k—l)/2)
= n q(-
0 =0 I=k+2

1

00 -2 p(i+e)

6 wp(l+e)l (I+e) 1+€)/2ndp(1+e)(k=1)/2

<Clblpr0¢z, SUP (e 2,2 pxall 0 Y1 = Ry rdraton/ ]

>0
1= k=0

(5.6)
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1
-2 p(1+e)

0 wop(1+e)l (1+e) 1+€)/2dp(k-1)/2
<ClIbll3r0@m Sup | € Zza P “)Ilf)(zll';(,f Z (1 — kymr(+e2pdpk=b/
e>0 <z =

1

p(l+e)

_ 9 (p(1+e)l p(l+e)

—C||b||ZM0(R'1) Sup(e § 24PTe ||f)(l||ql(.)
e>0 <7

<ClIB oz em s
Combining the estimates for E, E, and Ej yields
M2 Pz, < ClDIRmosl gy

which ends the proof.
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