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1. Introduction and motivation

Fixed-point theory has been extensively researched in various areas, such as mathematics,
engineering, and physics. Of particular importance is metric fixed-point theory, which is used in
various branches of mathematics like topology, analysis, and applied mathematics. This theory was
initiated with the famous Banach fixed-point theorem [1]. This theorem ensures that a self-mapping
will have a unique fixed point. Despite this, there remain instances of self-mapping that have a fixed
point but do not meet the criteria set by the Banach fixed point theorem, such as:

Let X = R, and (X, {) be the usual metric space. Consider a self-mapping g : R — R defined as

g =2u—4,

for all u € R. Then g has a unique fixed point 4 = 4, but g does not meet the criteria of Banach
contraction principle.

There are two popular methods used by researchers to generalize the Banach contraction principle.
The first entails extending the utilized contractive condition while the second centers around
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generalizing the underlying metric space. For example, G,-metric spaces, G-metric spaces [2],
complex valued G,-metric spaces [3,4], S -metric spaces, A-metric spaces [5], S ,-metric spaces, fuzzy
cone metric spaces [6], modular metric spaces [7-9] et al. were defined for this purpose (for more
details, see [10—13] and the references therein). Especially, we focus on the notion of S ,-metric spaces.
To do this, we recall the following basic concepts:

Definition 1.1. [/4] Let X be a nonempty set and s > 1 a given real number. A function S, :
XX XXX — [0,00) is said to be S ,-metric if and only if for all u, v, h, p € X the following conditions
are satisfied:

Sy Sp(u,7,h) =0ifand only if u =1 = h,

(S52) Sp(u, 7, 0) < SIS, 1, p) + Su(7, 7, 0) + S (71, B, )]

The pair (X, S}) is called an S ,-metric space.

As every S-metric is a S,-metric with s = 1, we observe that §,-metric spaces are extensions
of S -metric spaces. However, the converse statement is not always true (see [14] and [15] for more
details).

Definition 1.2. [15] Let (X,S}) be an S ,-metric space and s > 1. An S ,-metric S, is called symmetric
if
Sp, pu, 7) = Sp(T, 7, ),
forall u,v € X.
Definition 1.3. [/4] Let (X,S}) be an S ,-metric space, and {h,} be a sequence in X.

1) Then the sequence {h,} converges to h € X if and only if S ,(h,, h,,h) — 0 as n — oo, that is, for
each &€ > 0 there exists ny € N such that for all n > ny, S ,(h,, h,, h) < &. It is denoted by
lim#, = 7.
2) Then the sequence {h,} is called a Cauchy sequence if for each € > 0 there exists ny € N such that
S »(fn, By, By) < € for each n,m > ny.
3) The S ,-metric space (X, S ;) is called complete if every Cauchy sequence is convergent.

On the other hand, in the literature, besides various fixed point theorems there are also common
fixed point theorems on metric and some extended metric spaces (for example, see [14,16—19] and the
references therein).

Recently, as a geometric approach to the fixed-point theory, the fixed-circle problem (see [20]) and
the fixed-figure problem (see [21]) have been introduced. When there are more than one fixed points,
it is interesting to investigate for the possible solutions as follows:

Let us define a self-mapping, g : R — R, where R is with the usual metric

p =1

7

S =

for all u € R. Then g has two fixed points
u1 = —1and pu, = 1. We consider these fixed points as a unit circle Cy; = {1, 1}.

For this reason, there exist some studies related to these recent aspects (for example, see [22-28]
and the references therein).

By the above motivation, in this paper, we prove a common fixed-point theorem and some fixed-
figure results on S ,-metric spaces.
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2. A common fixed-point result

In this section, we prove a common fixed-point result on S ,-metric spaces. To do this, we are
inspired by the function family ¥ introduced in [29] and the function family M defined in [30]. We
modify these families as follows:

Let ¥ be the family of all lower semi-continuous functions ¢ : R® — R that satisfy the following
condition:

(). Forall u,7,h > 0 and s > 1, there exists a k € [0, 1) such that

u <y, t,1,u0,n0)

with /i < 2su + st then
u <kt

If we define the function ¢ : RS — R such as

Y (t, b, t3, 1, 15, 1) = kmax {t;, 1},

with k € [0, 1). Then ¢ € V.
Now, we give the following theorem.

Theorem 2.1. Let (X, S ;) be a complete continuous S ,-metric space with the symmetric metric S .
Let g,h,G,H : X — X be four self-mappings, where g,G and H are continuous and satisfying the
following conditions:

(i) g(X) c H(X) and h(X) c G(X),

(ii) For all u,T € X and y € ¥,

Sy (gu, gu, ht), Sy, (U, i1, 7), S5 (1, 11, 1) )

Sb(g'u’g/l,hT) < w( Sb(T,T,hT)’Sb(TaT7g/l)aSb(u7/l7hT)

(iii) Forall uy,7 € X and y € ¥,

Sb(G,u,G/J,HT) < w( Sb(Gﬂ’Gﬂ,HT),Sb(/J,#,T),Sb(ﬂ’#,Gﬂ), )

Sb (T’T’HT)’SIJ (T’Ta G/J) ,Sb (/J’MaHT)
holds, then g, h, G and H have a common fixed point in X.

Proof. Let hy € X, hy = ghy and ki, = hh;. Using the condition (ii), we get

S, (gho, gho, hiiy) Sy (A, 7y, hy)

Sb (gho’ gh09 hhl) ) Sb (ho’ hO’ hl) ) ]

IA

v Sy (ho,ho, gho) , Sy (ir, hy, hiny)

Sy (A, hy, gho) , Sy (R, fig, hiiy)
Sy (hy, iy, ), Sy (o, By, 1),

= '70 Sb(ho’h()ahl)’sb(hlahl’hZ)a

Sb(hlahl’hl)9sb(h05h0’ hZ)
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Sy (hy, 1y, 12), S, (Ro, By, 1),
= | Sy (o, ho, 1), Sy (M1, Ry, Ry, . (2.1)
0,8 (Ao, ho, hp)

By (§,2) and the symmetry property of S, we have

S (Fig, hig, h2) S (o, Mo, o)
s[2Sy, (Mo, ho, By) + Sy, (i, Fig, 1) ]

288, (M, By, ) + 88, (ho, o, Tiy) (2.2)

IA I

Using (2.1), (2.2) and ("), there exists a k € [0, 1) such that
Sy (hy, hy, o) < kS (Ro, Tig, Iy)

Continuing this process with induction with the condition (i), we can define the sequence {#,} as
follows:
hone1 = ghon = Hhy,

and
th = thn—] = Gth—l-

Using (ii), for u = hy, and 7 = hy,,41, we find

Sy (ghon, ghon, Wlizer1) = Sy (Mopsts Bonsts ons2)

S (8han, han, Whizyi1) , S b (Mo, iay, Fionsi1)
U\ Sy (ons Bon, 8024) S b (ops1s Bonsrs Aligyi)
Sb (h2n+1’ h2n+l, thn) 5 Sb (th, h2n» hh2n+l)

S b Fans1s honsrs Bons2) 5 S b (Bon, Bops Bopsr)
= Y| Sy Bon, hon, Bone1) s S b (Bopsr, Ronsr, flansn)
S b Mons1, Ponse1s Rone1) s S b (Mo, Biay, Biopsn)

Sb (h2n+] B h2n+1 ” h2n+2) ) Sb (tha h2n7 h2n+1) ’
= Y| Sy Ban, Bon, Mons1) s S b (Mansr, Bonsr Rone) (2.3)
0,8y (Mo, o, Biopen)

IA

By (5,2) and the symmetry property of S, we have

Sy (Ban, hons honin) = Sy (ansas honsa, ion)
S[2S8 , (Mons2, Bonsas Bonet) + S b (Ban, Biop, Roper)]
258 b (Mons1, Ropst, Bansa) + 8S b (Roy, oy, Rops) - (2.4)

IA

Using (2.3), (2.4) and ("), there exists a k € [0, 1) such that

S b (Mont1, ot Ronsa) < kS p Moy, op, fiopsr) (2.5)
Using (iii), for u = hy,—; and 7 = hy,, we get

Sy (Ghop-i1, Ghop—1, Hhoy) = Sp (Bay, Biop, Hops1)
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Sb (Gth—l ’ Gth—l s Hth) s Sb (th—] s h2n—l s th) ’
S b (Mon-1, hon-1,Ghop-1) , S (Mo, fioy, Hhop)
S b (an, hon, Ghigy—1), S (hop-1, o1, Hhop)

S p (Man, Bop, Bops1) s Sy (Bap—1, Rop-1, izn)
=y Sy (hon-1,hon-1,120) , S (Mo, oy, iopst)
Sb (Mons Mops ) 5 S b (Bop—1, Bop—1, ope1)
Sb (Mons hops Bops1) 5 S b (Mop—t1, Hop—1, M)
= Y| Sy (hon1, Fion-1,120) s S (Ban, Fiop, Bops) (2.6)
0,8y (Mop-1, hizn1, Hops1)

IA
<

By (852) and the symmetry property of S, we find

Sb (th—l ) h2n—1 ) h2n+l) Sb (h2n+l ’ h2n+1 ) th—])
S [28p (han+1s Paners Ban) + S b (Man-1, Fan-1, N2y

258, (Mo, oy, Bops1) + 8S o (Mop-1, on-1, ay) - (2.7)

IAN

Using (2.6), (2.7) and ("), there exists a k € [0, 1) such that
Sp (Man, Tans Fons1) < kS p (op-1, Fan-1, ian) - (2.8)
Using the inequalities (2.5) and (2.8), we get
S b Monets Paners Monaz) < kS (Ran, o, Bani) < K28y (Rape1, Mot o)
and so, using similar arguments, we have
S (M, g, Bipi1) < k'S (Ro, Fig, ) (2.9)

Now we show that the sequence {7, } is Cauchy. Using (S,2), (2.9) and the symmetry property of S,
for all n,m € N with m > n, we get

Sb (hna hn’ hm)

IA

S[28 b (s i, Bin1) + S b (s iy Fins1)]

= S[28, My, Bn, Bipt) + S (Bt Bips1, o) |

258y (i, ip, Tins1)

+52[28 ) (st rnsrs Frnsa) + Sy Py Ty Tii2)]
258, (Tp, Ty i)

+57 (28 Ryt s i) + Sy (s, s, i)
258 b (s s Tips1) + 28°S (Rt gt i) + -+
25k"S , (o, ig, Fiy) + 25°K"1S ), (Fro, i, Tiy) + - - -

2sk™
- ska (ho, ho, hy) .

IA

IA

IA

IA

Since s > 1 and k € [0, 1), taking n,m — oo, we get

Sb (hn’ hna hm) -0
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and so {#,} is Cauchy. Since (X, S ;) is a complete S ,-metric space, {%,} is convergent to a point 7z € X,

that is,
limS, (4,, f,, #) = 0.

Next, we establish that 7 is a common fixed point of g, h, G and H. Using (ii), for u = h,, and 7 = A,

we get

S (8hoy, ghay, h1) S b (ons1, hopsr, i)

Sb (thn’ thn’ hh) s Sb (th th, h) s ]

IA

Ul Sy (hon, hon, 82, Sy (R, 1, AR,
Sb (h7 ha thn) ) Sb (th’ h2n9 hh)
S (Bansrs hopsr, W) , S, (o, Bigy, 1)
= Y| Sy han, hop, hons1) .Sy (B, 1, hR)
Sb (ha ha h2n+1) ) Sb (th’ th’ hh)

and taking n — oo, we obtain

Sy (h, h, hh)

IA

Sy (h, 0, 1), Sy, (B, 1, hh) ,
Sb(h,h,h),Sb(h,h,hh)

S, (A, h,hh), 0,0,
_ w( b (h. 1, h) )

( Sy (h,h,hh),S, (A, 7, 1), ]
¥

Sy (h,h,hh),0,S, (h,h, hh)

and
Sy (h,h,hh) <258, (B, K, W) + 5.0.

Using (2.10), (2.11) and (¥*), there exists a k € [0, 1) such that

Sy (h,h,hh) < k.0 =0,

that is,
hh = h.
Using the continuity hypothesis of g, we have
lim S, (igp, o, i) = 0
= 1limS, (ghan, ghon, gh) = 0
and ’}i_)fgsb (M2n+1, Mons1, 81) = 0
= S, (h,h,gh)=0
= gh=nh.

Hence 7 is a common fixed point g and h. Using (iii), for u = #,, and 7 = i, we get

Sy (Ghay, Ghoy, HR) = S}, (hops1, hoper, HR)

(2.10)

(2.11)
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S (Ghop, Ghop, HR) , S (Bon, on, H)
Sy (han, Hop, Ghay) , Sy, (R, 1, HR) ,
Sy (h,h,Ghy,) , S, (R, i, H)

S (Mans1, Ropsr, HR) Sy (o, o, ),

= Y| Sy, hay, Biznsr), Sy (B, 1, HR)

Sy (h, 1, hope) , S p (o, Tion, HR)

IA
<

and taking n — oo, we obtain

Sy(h,h,Hh) <

Sb(h,h,h),Sb(h,h,Hh),
Sb(h,h,h),Sb(h,h,Hh)

) S, (h, 1, HA) , 0,0,
= Y\ s, (.0 HR),0,5, (b, HR)

[ Sy (h,h,HR),S ), (h, h, 1),
¥

and
Sy (h,h, HR) < 2sS, (B, h, HR) + 5.0.

Using (2.12), (2.13) and (¢*), there exists a k € [0, 1) such that

Sy (h,h,Hh) < k.0 =0,

that is,
Hh = h.
Using the continuity hypothesis of G, we have
imS, (g, hon, ) = 0
' = li_)rng (Ghoy, Gh,, GR) = 0
= ELI?OS b (Mons1, Bops1, GR) = 0
= S, (h,h,Gh)=0
— Gh=h.

Consequently, we obtain
h=hh=gh= Hh = Gh,

that is, /2 is a common fixed point of four self-mappings g, 4, G and H.

3. Some fixed-figure results

(2.12)

(2.13)

In this section, we investigate some fixed-figure results on §,-metric spaces. At first, we recall the

following notions:

Definition 3.1. [22,31] Let (X, S},) be an S ,-metric space with s > 1 and hy, hy, 1, € X, r € [0, o).

e The circle is defined by
Coer = 11 € X Syl pt. o) = 1.

ho,r
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The disc is defined by
Dy, =€ Xt Syl Tio) < 1}

The ellipse is defined by

ESv(hy, ) = {u € X 2 Sy(p, s 7iy) + S (i, i1, i) = 1}

The hyperbola is defined by

HY" (7, o) = {p € X 1Syt ) = S, p o)l = 7

The Cassini curve is defined by

CYr(hn,Tia) = {u € X = Sy, jt, 1) (s p1, Tio) = 7.

The Apollonious circle is defined by

=r
Sb(/'t’ M, hZ)

Definition 3.2. [22] Let g : X — X be a self-mapping where (X, S}) is a S ,-metric space with s > 1.
Let Fix(g) be set of all fixed points of g, then a geometric figure F is said to be a fixed figure of g if
is contained in Fix(g).

ASt (T, hy) = {y € X — () 1 SPUHerT) }

Let us define the number r as

r=inf {Sy(u, . g) : pt & Fix(g)}. G.1)

Theorem 3.1. Let (X,S,) be an S ,-metric space with s > 1, g : X — X be a self-mapping, S, be
symmetric and r be defined as in (3.1). If there exist i € X and y € ¥ for all u € X — {hy} such that

S (gu, g, 1), Sp (1, 1, fag)
H ¢ le(g) - Sb(gﬂ’g:u’/l) < !// Sb (l'tuu,gh()) ’Sb (g,U,g,U,,U) ’
S (gho, gho, No) , S, (gu, g1, ho)

and ghy = hy, then D;{ir C Fix(g). Especially, we have C}iir c Fix(g).
Proof. Let r = 0. Then we have D;;:J = {hp}. By the hypothesis ghy = hy, we obtain
Dy’ C Fix(g).

Letr>0and u € D;j:,r such that 4 ¢ Fix(g). Using the hypothesis, we get

Sp(gu, gu, ) < Y| Spu,p, gho), Sy (gu, g, 1),
S » (gho, gho, fo) , S » (g1, g1, i)

Sb(g/l,g,u,ﬂ),Sb (ﬂ’#’h())’ ]

Sy (gu, g, 1), Sy (u, 1, i), ]

= Y| Spupho),Sy(gu, gu, 1),
Sy (ho, ho, ho) , S » (g, gu, fip)
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Sb(g/l,g,u,/l),Sb(/J,/l,h()),
= Y| Sp W p,No), S, (g, g, 1) 5 |- (3.2)
0, Sb (g/'t9 8H, h())

By (5,2) and the symmetry property of S, we have

Sy (gu, gu.io) < s[2S, (gu, gy, 1) + S (g, g, )]
= 2SSb (g/'la 8H, N) + SSb (/'L M hO) . (33)

Using (3.2), (3.3) and ("), there exists a k € [0, 1) such that

S (gu, gu, 1) < kSp (u, 1, hig) < kr < kS, (g, g ) < Sp (g1, g, 1)

a contradiction. Hence it should be ¢ € Fix(g). Consequently, we get

D5

Tig,r

C Fix(g).
Using the similar arguments, it can be easily see that
C,". C Fix(g).
]

Theorem 3.2. Let (X,S,) be an S ,-metric space with s > 1, g : X — X be self-mapping, S, be a
symmetric and r be defined as in (3.1). If there exist hy,h, € X and y € ¥ for all u € X — {hy, hy} such
that
S (81, M- 10 5 S b (1 pt, T1y) + 8 (u, 1, T12)
Sy (U, p, 811) + S (s s 812) 5 S 5 (8, 81, 1)
Sy (ghy, ghy, liy) + S, (ghy, gho, Tia)
Sp (g, g, ) + S (g, g1, Tha)

and ghy = Ty, ghy = Ty with g(u) € E>*(hiy, iy), then E>*(hiy, Tiy) C Fix(g).

u & Fix(g) = Sy (gu, g, 1) < ¢

Proof. Let r = 0. Then we have Efb(hl,hz) = {h;} = {h,}. By the hypothesis gh; = i, and gh, = hy,
we obtain
ES'(hy, 1) C Fix(g).

Let r > 0 and u € E>*(hy, hp) such that u ¢ Fix(g). Using the hypothesis, we get

Sp (gt g1, 1) 5 S (i, pt, iy) + Sy (1, 1, Hiz)
Sp (s 8M1) + S b (1, 1, 8M2) 5 S b (81, 81, 1)
Sy (ghy, ghy, hy) + S, (ghy, ghy, 1),

Sy (gu, g, iy) + S (gu, g, iz)

Sy (8t 1 1) 5 S b (1, pr, Biy) + Sy (1, 1, h2)
_— Sy, ) + Sy (1), Sy (g, gu, 1),

Sy, 1) + Sy (R, g, o),
Sy (g, g, iy) + Sy, (g, g, iz)

Sy (gu, g, 1) < Y
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Sb(g/l,g/l,/l),Sb (ﬂa/‘l’hl) + Sb (#’/l,hZ)’
lyb Sb(ﬂnu’hl)+Sb(/'ta/~l’h2)’Sb(g/lagﬂ?M)’
0,85 (gr. g, M) + S 1 (gut, g1, o)

WSy (gu, gu, ), 1,1, Sy (g1, g, 1), 0, 1) .

Since
r<2sS,(gu, gu, 1) + sr,

using ("), there exists a k € [0, 1) such that

Sy (8H, gty 1) < kr < kS (8pt, g, ) < Sy (81t g1, 1) 5
a contradiction. Hence it should be u € Fix(g). Consequently, we get
ES'(hy, hy) C Fix(g).
m]

Theorem 3.3. Let (X,S,) be an S ,-metric space with s > 1, g : X — X be self-mapping, S, be a
symmetric and r be defined as in (3.1). If r > 0 and there exist hy,h, € X, ¢ € ¥ forall x € X —{h, iy}
such that

Sy (g, g, 1) 5 ISy (i, iy) = S (u, 1, iy

. |Sb(/l’/lagh1)_Sb(ﬂ’/l7gh2)|’sb(gﬂagﬂ’ﬂ)’
¢ Fix(g) = S » 8, ) <
K ) o (8- 8 1) < Y IS, (ghy, ghy, ) — S (gha, g, o),

|Sb (g,u, 8H, hl) - Sb (g/J’ 8HM, hZ)l

and ghy = Ty, ghy = hy with g(u) € H>"(y, hy), then Ho'(hy, hy) C Fix(g).
Proof. Let r > 0 and u € H>"(hy, h,) such that u ¢ Fix(g). Using the hypothesis, we get

Sb(gﬂ,g,u,/l), |Sb (/luu,hl) - Sb (l'tnuth)l 5

|Sb(/'lnu’ghl)_Sb(u’ﬂ,th)l’Sb(glu’g/’Laﬂ)’
So(gpgup) < ¥ IS5 (ghy, ghi, ) — Sy (gha, gho, Bo)|,

1S5 (g1, g, i) — Sy, (g, gu, hin)l

Sb(gﬂ’g/-*l9/-l)5|Sb (H’#’hl) _Sb (l-'la/-'[’h2)|9

=y B s i) = S0 g ol Sy (8 ghs )
ISy (hy, By, By) = Sy, (o, ho, o)l

IS5 (g1, g, 1y) — Sy, (g, gu, fin)l
Sb (g/'ta gﬂ9/’t) s |Sb (IJ’M, hl) - Sb (l'l’ﬂ’ h2)| 5
= w |Sb(ﬂ»/l,hl)—Sb(ﬁl,ﬂ,hz)|,sb(gﬂ,gﬂ,ﬂ),
0,155 (gu, g, i) — Sy, (g, gu, hiz)|
U (Sy(gu, gu,p),r,r, Sy (g, gu, 1), 0,r).

Since
r<2sS,(gu,gu, 1) + sr,
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using ("), there exists a k € [0, 1) such that

Sy (8, s 1) < kr < kS, (8pt, g, 1) < Sy (81, g5 1) 5
a contradiction. Hence it should be u € Fix(g). Consequently, we get
H3!(hy, hy) C Fix(g).
]

Theorem 3.4. Let (X,S,) be an S ,-metric space with s > 1, g : X — X be a self-mapping, S, be
symmetric and r be defined as in (3.1). If there exist hy,hy € X and y € Y for all u € X — {hy, h,} such

that
Sy (g, g, ), Sy (W pt, i) S (u, 1, in)

. Sb(/l’ﬂ,ghl)Sb(/’taﬂath)’Sb(g/’l’gﬂ$/J)a
H ¢ FZX(g) - Sb (gll’ gll"u) < ,7[/ Sb(ghhghl’hl)sb(ghz’ gh29 hZ)’

Sy (g, gu, 1) Sy, (gut, g, hz)
and ghy = Ty, ghy = hy with g(u) € C>*(Fy, hy), then C3'(hy, hy) C Fix(g).

Proof. Let r = 0. Then we have Cf”(hl,hz) = {h,} or {A,}. By the hypothesis gh; = i; and gh, = hy,
we obtain
C54(hy, 1) € Fix(g).

Let r > 0 and u € C3*(hy, hp) such that u ¢ Fix(g). Using the hypothesis, we get

Sy (g, gu, i), Sy (W pt, i) S (u, 1, iz)

Sb (/’Laﬂ’ghl)Sb (/'l$/~lagh2) ’Sb (g/’t’ g/’tuu) 5
Solgugp) < ¥ Sy (ghy, ghi, 1) Sy (gha, gha, 12),

Sp (g, g, i) Sy (g, gu, M)

Sb(g,uagﬂ’/l)9sb (/.l,/.l,hl)Sb (/J’/J’h2)’

_— Sy, 7)) Sy (uu, 2) Sy (g, gL, 1)
Sp(hy, iy, 1) Sy (Mo, o, Hn)

S (gH, g, 1) S (8, g, o)
Sb(g/l,gﬂ,,u),Sb (ﬂ’ﬂ’hl)Sb (I’L’N’EZ)’
= lﬁ Sb(flaﬂ’hl)sb(/Jnu’hZ)aSb(gﬂag/J’,u)’
0,85 (gu, g, 1) S, (L, gL, h2)
lr//(Sb(g/l’gﬂ’/l),r’raSb(gﬂag#’#),o’r)-

Since
r<2sS,(gu, gu, 1) + sr,
using ("), there exists a k € [0, 1) such that

Sy (g, gu, ) < kr < kS, (gu, gu, 1) < Sy (gu, gu, 1)

a contradiction. Hence it should be ¢ € Fix(g). Consequently, we get
CS+(y, 1) C Fix(g).

O
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Theorem 3.5. Let (X,S,) be an S ,-metric space with s > 1, g : X — X be a self-mapping, S, be
symmetric and r be defined as in (3.1). If there exist hy,h, € X and y € Y for all u € X — {hy, hy} such

that Sp(upi) S pghy)
b, b\HLH,801
Sy (g, g, 1) Sh(/Jﬂhz)’ Sh(,u#ghz)’

(g.gp,
Sb (gﬂa 8H, :u) > Y SZ(gy gu,h2)

u ¢ Fix(g) = Sy, (gu, gu, ) < tﬁ(
and ghy = Ty, ghy = Ty with g(u) € A3 (1, 1), then A3t (liy, i) C Fix(g).
Proof. Let r = 0. Then we have Af”(hl, h,) = {h}. By the hypothesis gh; = #;, we obtain
AP (hy, 1) C Fix(g).

Let r > 0 and u € A3*(fiy, o) such that u ¢ Fix(g). Using the hypothesis, we get

Splpphin)  Sppighi)
b (g/'t’ 8H, /'l)’ Sb(,u,uhg)’ Sb(y#ghz)’ ]

p (8,811,
Sb (g/’t 8, /’L) s Uy Si(g#gphz)

Sp(ppfin) S p(ppiin)
¢/( Sy (81, gHts 1) Si(,,,,h;, Soa)” ]

Sb(g,u’gﬂ’:u) < lﬁ[

h
Sp (g, gt ), 0, LD

U (Sy(gu, gu,p),r,r, Sy (g, g, 1), 0,r).

Since
r<2sSy(gu, gu, 1) + sr,

using ("), there exists a k € [0, 1) such that
S (81, gH, 1) < kr < kS, (g, gpt, 1) < S (814, M- 1) 5
a contradiction. Hence it should be u € Fix(g). Consequently, we get

ASt(hy, ) € Fix(g).

Now we give the following illustrative example of above proved geometric results.

Example 3.1. Let us consider Example 2.2 given in [22]. Let X = [-1,1]U {—7, - \/5, \/5, %, 7,8, 21}
and the S -metric defined as
S, 7, h) = |u—nhl+|pu+h-21],

forall u,v,h € X [32]. Then the function S is also an S ,-metric with s = 1. Let us define the function
g: X—Xas

_{ 7, u=3_8
2\ u o pex-s)
for all u € X and the function ¢ : R® — R as

w(tb t2a t3a t47 t59 t6) = ktZ’
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with k € [0, 1). Under these assumptions, we get

r

inf {S (u, p, gp0) = p & Fix(g)}
= Iinf{S(u,pu g 1 p=8} =2

* If we take iy = 0 and k = %, then the function g satisfies the conditions of Theorem 3.1.
Therefore, we obtain
Dy = [-1,1] C Fix(g) = X — {8}

and
Cob = {-1,1} C Fix(g) = X — {8},

* If we take fiy = —%, hy = % and k = %, then the function g satisfies the conditions of Theorem 3.2.

Therefore, we obtain
ES? It
2\ 2°2) | 22

* Ifwe take hy = =1, h, = 1 and k = %, then the function g satisfies the conditions of Theorem 3.3.
Therefore, we obtain

C Fix(g) = X — {8}.

H' (-1,1) = {—% %} C Fix(g) = X — {8}.

* Ifwe take hy = =1, h, = 1 and k = %, then the function g satisfies the conditions of Theorem 3.4.
Therefore, we obtain

* Ifwe take hy = =7, hy, = Tand k =
Therefore, we obtain

Gy (-1.1) = {= V2,0, V2} ¢ Fix(g) = X - {8).
%, then the function g satisfies the conditions of Theorem 3.5.

7
A (=17,7) = {5,21} C Fix(g) = X — {8}.
4. An application to parametric rectified linear unit activation functions

Recently, activation functions have been used in applicable areas. Especially, these functions are
used in neural network. For example, for state-of-the-art neural networks, rectified activation units are
essential. Therefore, in this section, we focus on the parametric rectified linear unit (PReLU) activation
functions [33]. PReLU is defined as

)

_fau , u<0
PReLU(,u)—{’u 420

where « is a coefficient.
Let X = R* U {-2,-1,0}, the S-metric defined as in Example 3.1 and the function ¢ : R® — R
defined as in Example 3.1. Let us consider @ = 0.8, then we obtain the function PReLU as

08u , u<0
uoo, w20

’

PReLU(u) = {
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for all u € R. If we take ip = 0 and k = %, then the function PReLU satisfies the conditions of
Theorem 3.1. Indeed, for u € (—o0,0), we get

S (PReLU(w), PReLU (1), 11)

210.8u — p| = 0.4 |u|

< ul =2k |yl
= kS (u,p, ho)
Sy (PReLUu, PReLUp, ),
Sb (/’t’ M, hO) 5
— klﬂ Sb (;u,/”la PReLUhO)a

S, (PReLUu, PReLUpu, 1) ,
Sb (PRELUh(), PRELUh(), ho) .
S, (PReLUu, PReLUpu, hy)

Also, we obtain

r = inf{S(u,u, PReLUpu) : u ¢ Fix(PReLU)}
= inf{0.2|u| : u < 0} =inf {0.2,0.4} = 0.2.
Consequently, we have
Dy}, = 10,0.1] C Fix(PReLU) = R* U {0}

and similarly
Coh, =10.1}) C Fix(PReLU) = R* U {0}.

Finally, we say that the parametric rectified linear unit (PReLU) activation function fixes the disc
Dg’é‘z and Cg‘(’)_z, that is, PReLU has at least two fixed figure. In this way, the learning capacity of the
activation function PReLU increases.
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