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Links and Tait Series

An m-component link is an embedding of m circles into
3-dimensional space. Below are examples of links from the
Thistlethwaite Link Table.

L2a1 L5a1

L6a4 L7a7

A Borromean ring is a link of three unknots such that one
component is always over the second component and under
the third. The Tait series is an infinite series of generalized
Borromean rings.

B1 B2 B3

∆-crossing Tangle

The ∆-crossing tangle is a collection of three crossings as ap-
pear in a ∆ move.

The ∆-crossing diagram of a link is a diagram of a link that is
drawn such that all crossings occur in ∆-crossing tangles.

The ∆-crossing number c∆(L) is the minimal number of
∆-crossing tangles in a ∆-crossing diagram.

The ∆-unlinking number u∆(L) of an algebraically split link
L is the minimal number of ∆-moves needed to deform L into
the trivial link.

Determining ∆-crossing Number

For an example of determining the ∆-crossing number, notice that link L7a7 can be drawn in
such a way that all the crossings occur in a ∆-tangles:

Thus we know that c∆(L7a7) ≤ 3. To determine the lower bound, we proved:

Proposition 1.Given an link L with crossing number c(L), c∆(L) ≥ 1
3 · c(L).

Moreover, if we have equality, then L can be turned into a ∆-crossing diagram without
adding any crossings.

Proposition 2.Given the standard projection of a link L with crossing number, c(L), we
must add j crossings to the diagram to obtain a ∆-crossing diagram such that, c(L)+j ≡ 0
(mod 3), where j ∈ N.

Proposition 3.Given an link L, c∆(L) ≤ 2c3(L), where c3(L) denotes the triple-crossing
number of a link.

Therefore by Proposition 3, c∆(L7a7) ≤ 8. And by Proposition 1,

c∆(L7a7) ≥ 1

3
· 7 = 2.33.

Thus c∆(L7a7) = 3.
Arguing similarly, we determine the ∆-crossing numbers for prime links with up to 8 crossings.

Link c∆(L) 1
3c(L) 2c3(L) Link c∆(L) 1

3c(L) 2c3(L) Link c∆(L) 1
3c(L) 2c3(L)

L2a1 1 0.67 2 L7n2 3 or 4 2.33 6 L8a16 3 2.67 10
L4a1 2 1.33 4 L8a1 3 2.67 10 L8a17 3 or 4 2.67 10
L5a1 2 1.67 6 L8a2 3 or 4 2.67 10 L8a18 3 2.67 8
L6a1 2 2 6 L8a3 3 or 4 2.67 8 L8a19 3 2.67 10
L6a2 2 or 3 2 8 L8a4 3 2.67 10 L8a20 3 or 4 2.67 8
L6a3 2 or 3 2 6 L8a5 3 or 4 2.67 10 L8a21 3 or 4 2.67 8
L6a4 2 2 8 L8a6 3 2.67 8 L8n1 3 or 4 2.67 6
L6a5 2 2 8 L8a7 3 2.67 10 L8n2 3 or 4 2.67 6
L7a1 3 2.33 10 L8a8 3 2.67 10 L8n3 3 or 4 2.67 6
L7a2 3 2.33 8 L8a9 3 2.67 10 L8n4 3 or 4 2.67 6
L7a3 3 or 4 2.33 10 L8a10 3 2.67 10 L8n5 3 or 4 2.67 8
L7a4 3 2.33 8 L8a11 3 or 4 2.67 8 L8n6 3 or 4 2.67 8
L7a5 3 2.33 8 L8a12 3 or 4 2.67 10 L8n7 3 or 4 2.67 8
L7a6 3 2.33 8 L8a13 3 or 4 2.67 10 L8n8 3 or 4 2.67 8
L7a7 3 2.33 8 L8a14 4 2.67 8
L7n1 3 2.33 6 L8a15 3 2.67 8

∆-crossing Number for Tait Series &
∆-unlinking Gap

We can determine the ∆-crossing number for every member of the Tait Series
with the following theorem.

Lemma 1.Given a generalized Borromean ring Bn with crossing number
6n,

c∆(Bn) = 2n

For instance, B2 has ∆-crossing number of 4.

We can also obtain a bound for the ∆-unlinking number for the Tait Series.

Lemma 2.Given a generalized Borromean ring Bn,

u∆(Bn) ≤ n

By combining these two expressions, we obtain an arbitrarily large gap for the
∆-unlinking number.

Theorem 1.Given a generalized Borromean ring Bn,

c∆(Bn) − u∆(Bn) ≥ n

For example, while B10 can be transformed into the trivial link with no more
than 10 moves, it cannot be drawn with less than 20 ∆-tangles, a gap of 10.
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