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Abstract: Global exponential periodicity of nonlinear neural networks with multiple time-varying
delays is investigated. Such neural networks cannot be written in the vector-matrix form because of
the existence of the multiple delays. It is noted that although the neural network with multiple time-
varying delays has been investigated by Lyapunov-Krasovskii functional method in the literature, the
sufficient conditions in the linear matrix inequality form have not been obtained. Two sets of sufficient
conditions in the linear matrix inequality form are established by Lyapunov-Krasovskii functional and
linear matrix inequality to ensure that two arbitrary solutions of the neural network with multiple
delays attract each other exponentially. This is a key prerequisite to prove the existence, uniqueness,
and global exponential stability of periodic solutions. Some examples are provided to demonstrate
the effectiveness of the established results. We compare the established theoretical results with the
previous results and show that the previous results are not applicable to the systems in these examples.
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1. Introduction

When we design a nonlinear delayed neural network and apply it to some practical applications
including collect computation, associative memory, pattern recognition, learning theory, and
optimization [1-3], we have to consider the existence and stability of the equilibrium point of the
delayed neural network. This is because the stable equilibrium point plays an important role in these
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applications and can avoid some suboptimal responses. Some stability results of various types of
nonlinear delayed neural network have been published, see [4—16] and the references cited.

The periodic solution is also an important dynamical behavior of the nonlinear delayed neural
networks. It is clear that an equilibrium point is a special case of the periodic solution because it
can be viewed as a special periodic solution with an arbitrary period. So the analysis of the periodic
solution of the nonlinear delayed neural network is more meaningful and complicated. The periodic
solution of a class of nonlinear delayed neural networks has been used to learning theory because
learning often needs to be repeated [17]. The neural network studied in this paper is a class of recurrent
neural networks. As known, periodic solution of recurrent neural network can be used to store acoustic
characteristics in speech recognition. The reason why the periodic solutions of a recurrent neural
network can store the acoustic characteristics is that the periodic solution contains the information
for a time series, and the length of the time series usually corresponds to the length of the acoustic
characteristics. In practice, a time series of an audio signal is fed as input into the network, if the
weights of the network meet our result, then the output is the periodic solution of the time series. We
can calculate the average power spectral density (PSD) of the periodic solution and compare it with
the PSD of the original audio signal. If the difference between them is small, then the periodic solution
can be considered as effectively storing the acoustic characteristics. Some interesting and valuable
results of periodic solutions of various types of nonlinear delayed neural networks have been obtained,
see [18-28] and the references cited.

After reading the references cited above, we notice that neural networks with multiple delays
7;5(t) cannot be converted into the vector-matrix form because of the existence of the multiple delays
7;;(t). What’s more, we notice that although the neural network with multiple delays 7;;(r) have been
actually investigated by Lyapunov-Krasovskii functional method in the literature, to the best of our
knowledge, the sufficient conditions in the linear matrix inequality form have not been obtained. That
is to say, Lyapunov-Krasovskii functional method and linear matrix inequality method have not been
simultaneously used to study the neural network that cannot be converted into the vector-matrix form.
Therefore, we naturally wonder whether we can use two methods together to study the neural networks
with multiple delays.

The innovations of this paper are listed in the following.

1) By using Lyapunov-Krasovskii functional and linear matrix inequality, we establish two sets of
sufficient conditions in the linear matrix inequality form to ensure that two arbitrary solutions of the
neural network with multiple delays attracts each other exponentially. This is a key prerequisite to
prove the periodic solution of the neural network with multiple delays is existent, unique and globally
exponentially stable.

2) The established sufficient conditions can also ensure the exponential stability of the equilibrium
point of the neural network with multiple delays.

3) We confirm that Lyapunov-Krasovskii functional and linear matrix inequality can also be
applicable to the neural networks which cannot be written in the vector-matrix form. So Lyapunov-
Krasovskii functional and linear matrix inequality can be applicable to the neural networks that can or
cannot be written in the vector-matrix form.

4) We provide several examples to show that compared with the existing results derived by
differential inequality, matrix theory, Laypunov functional and Halanay inequality, the established
sufficient conditions are less conservative.
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2. Preliminaries

The nonlinear neural system with multiple time-varying delays studied in this paper can be
described as the following mathematical expression

() = =t + ) ayfiCe) + ) bigi(xi(t = Ti(0) + i), £ 2 0, @.1)
= J=

in whichi = 1,---,n,¢; > 0, the nonlinear activation functions fi(-), g;(-) and the multiple time-
varying delays 7;;(¢) satisfy that there exist some constants a;,«;,5;,5;,7 and T such that for all
21,22 €ER(z #22),a; <af,p; <Bfand >0,

o < fi(@) = fi(z2) <ot < gi(z1) — gi(z2) <p 2.2)
21 — 22 i1 — 22

0< Tl'j(t) <T, le(t) <7t<l. (23)

The initial conditions are x;(f) = &(#),t € [-7,0],i = 1,--- ,n. Let & = {(&(D), -+, &) @ t €
[—7, 0]} be C([—T, 0], R")-valued function with

IEIP = sup [IEDIF < oo,

—-7<t<0

in which C([-7, 0], R") denotes the space of all continuous R"-valued functions defined on [—7, 0].

It is easy to see that the mathematical expression of system (2.1) cannot be transformed into a vector
system. By changing some functions in the mathematical expression, the following systems studied
in [4,18,19] are some special cases of system (2.1):

5i(8) = =i (t) + ) afix(0) + D bigi(ei(t = Ti(0) + ui(o), (2.4)
J=1 J=1
59(1) = =i (t) + ) afix0) + D bifi0xt = Ty (1) + w, (2.5)
j=1 j=1
55(0) = =i (1) + ) afix0) + D bifi0xt = T 1) + o). (2.6)
j=1 j=1

3. Main results

Let x(¢,&) and y(¢,¢) be the solutions of system (2.1) with arbitrary initial conditions & and i,
respectively. For simplicity and convenience, two arbitrary solutions x(z,¢) and y(¢, ) denote by x()
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and y(7), respectively. In addition, X < 0 denotes matrix X is symmetric negative definite, * means the
symmetric terms of symmetric matrix X. Define

A = (aij)nxn,c = diag{cla e ’Cn}’P = diag{pl" o ’pn}a

K, =diaglkyy,- -+, ki,}, Ky = diaglkyy, -+ -, ko),

By =diagly_ 1bijl,-++ . > Ibylh, By = diagl ) piAbyl.-++ . > piibsl,
Jj=1 Jj=1 J=1 j=1

B = diag{) Ibpl,--+, > Ibl),
j=1

=1
@ = diaglajal, - ,@,a;},@ = diagla] + a7, - ,a, +a,},
B = diag{BiB7, -+ BBy}, B = diagiBy + 1.+ .5, +B;).
We first show that two arbitrary solutions x(#) and y(f) of system (2.1) attract each other
exponentially.

Theorem 1. Suppose that there exist some positive constants py,- - , pn, ki1, -+ , ki (i = 1,2) such
that

—2PC + PB, - 2K & - 2K,B PA + K& KB
2= * -2K; 0 < 0.
* * 2K, + (1 =%)7'B,

Then, there exist two positive constants A and M > 1 such that
Ix(8) = yOI? < Me™|l¢ — |, t > 0. 3.1)

Proof. 1t follows from X < 0 that there exists a constant 4 > 0 such that

AP —2PC + PB, - 2K a - 2K, PA+ K& KB
3= o 2K, 0 <0. (3.2)
* s 2K, + (1 = %) 'eVB,

We construct the following Lyapunov-Krasovskii functional

—7;(t)

Vi) = e ) piln@® - y@P + (1 =57 ) f &' pylbil g (x;(s))
i=1 =1 j=1 V1

—g,(y;(s)]*ds, (3.3)

and derive
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V(1)

IA
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n

A" S pilxi(t) = yiF + e > 2pilxi(0) = yiO(0) = 3:(0)]
i=1

i=1

+(1-%)" Z Z (e/l(HT)pilbijl[gj(xj(t)) 0k

i=1 j=1

—(1 - ‘i'ij(t))e/l(l_Ti'j(t)JrT)pi|bij|[gj(xj(t - 7;(1) — gyt — Tij(t)))]z)
et Z pilxi(1) = yi(OF + 2¢" Z pilxi(t) - )’i(f)]( = ¢i[xi(@) = yi(0)]
i=1 i=1
+ D@l 0 = HOOT+ Y bl (e = T(0)) = 8,05t = T30
Jj=1 j=1

RIS (e”“”)p,-lb,-jl[g (D) = g0,

i1 j=1
—(1 - ‘i'ij(t))e/l(l_T['j(t)JrT)pi|bij|[gj(xj(l - 71;(1) — gyt — Tij(t)))]z)

e Z pilxi(t) — yi(l‘)]2 +e" Z ( = 2¢;pilxi(t) - )’i(l)]z
i=1

i=1

+ 3 2apilx(®) = O 0) = O + Y Ibilpilxi(o) = yio)
Jj=1 j=1

3 Wbilpilg 0t = T3i(0) — 8,0yt - n,-(r)))]Z)
j=1

+ Z Z (e’l('”)(l - ‘?)_lpi|bij|[gj(xj(t)) - gj()’j(t))]z

i=1 j=1

_e/upilbijl[gj(xj(t - 7;(1) — g;(y;(t — Tij(t)))]z)

e Z ([/lpi - 2cipi + Z |bijl pil[xi(f) — )’i(l‘)]z

i=1 j=1

+ D 2apla) = O 0) - f0,0)
j=1

+ 0, 2,€ =0 pilbllsi D) ~ 8GO

i=1 j=1

e/”{[x(t) _ y(t)]T(/lP _2PC + PBl)[x(t) -
+2[x(2) — y(OI" PALF(x(2)) — f(y(D)]
+e"(1 = 7' [g(x(0) — g»(@)]" Balg(x(2)) — g(y(t))]},

(3.4)
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in which
x(t) = (@) = (1 (1) = y1(0), -+, %,(8) = YD),
@) = fo@) = (i @) = fiG1@0), -+ 5 fuan(0) = fuGaO)),
g(x(0) = g(0) = (g1(x1(1) = 131 (D), -+, €u(Xn(1)) = & V(D)) .
In addition, it is easy to deduce the following inequalities from (2.2):

0 < =2 kil(A(x(0) = £ i) = o () = yOfC() = FGi())
i=1
—a; (1) = yi(1)]

= =23 kif0) = FO) =2 > ke @] (xi(t) = (1)’
i=1 i=1

+2(e + ;) Z kii(fi(xi(0) = fii(0)(xi(1) = yi(1))
i=1

= =2[f(x(®) = FOON Kilf(x(0) = fFOO)] = 2[x(0) = yO) Ki@[x(t) = y(1)]
+2[f(x(1) = fFOO" Kialx(0) - y(0)], (3.5)

and

0 < -2 Z kail (gi(xi()) — gi(yi()) — B (xi(1) = yitDI[(gi(x:(1)) — &i(vi(®)))
i=1

—B; (xi(1) = yi(1)]
= —2[g(x(0) — gV K:[g(x(1) = g((1)] = 2[x(0) = (O KoB[x(1) = y(0)]
+2[g(x()) — g()]" K:BLx(®) = y(1)]. (3.6)

Let y(1) = ([x()—y(®O1", [f (x() = fFON]", [g(x(0) =gy, Bi = max{|B; |, 1B 1}, i = 1,2, -+ ,n.
Then, from (3.2)—(3.6), we deduce

¢ min{p}llx(t) — y()II
1<i<n

IA

V(1) < V(0) + f V(s)ds < V(0) + f ey (9)Zy(s)ds < V(0)
0 0

IA

n n 0
max{pi}{lx(0) ~ yOIF + (1 =5 3 > f M pilbilg (x;(5)) = v ())Pds

i=1 j=1 YT

IA

1<i<n

(max(pi + (1 = DT max( D" plbilg )Ié - i
2

So (3.1) holds and the proof is finished.

Remark 1. Although Theorem 1 gives the sufficient conditions in the linear matrix inequality form,
MATLAB executables that solve the matrices P, K;, and K, are difficultly written because the matrix
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B, contains all elements of the undetermined matrix P. Therefore, it is more expected to obtain some
easily verified sufficient conditions.

Theorem 2. Inequality (3.1) holds provided that there exist some positive constants
P1s apnakil’ s ,kin (l = 1,2) such that

—~2PC + P’B, - 2K a - 2K, PA + K& K>B
> = % -2K; 0 <0 (3.7)
% . 2K, + (1 -%)7'B;

Proof. 1t follows from X < 0 that there exists a constant 4 > 0 such that

AP - 2PC + P’B, - 2K & - 2K, PA + K& KB
T = o 2K, 0 <0
* s 2K, + (1 = %) 'e'"Bs

We construct the following Lyapunov-Krasovskii functional

Vi) = €' il —y@P + (1 -7 Y 3 f ¢y llg (xi(5))
i=1 t

i=1 j=1 Y7

~g;(yj(sNds,

and derive

n

VO < Y plxo - yOF + " ) (= 2epln - yoP

i=1 i=1

) 2a5pilx(0) = OIS0 = HOHON + D IbylpF () = yi ()P
J=1 j=1

# ) Il e = 7)) = 1035t = T OVF)
j=1

#0 2 [ = B Iyl i) - 8,0,

S5
—elbyllg (it = T = 8,03, ~ )P

- e/“{[x(t) - y(t)]T(/lP —2PC + PB, )[x(l) ()]
+2[x(t) — y(OI" PALF(x(D)) — f((D)]
+¢'(1 - 1)~ [g(x(0) — gy (®)]" Bs[g(x(1)) — g()’(f))]}-

The rest proof is similar to that of Theorem 1 and is omitted.

If pp=p(@=1,---,n)in Theorem 1, then we obtain the following easily verified condition.
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12479

Theorem 3. Inequality (3.1) holds provided that there exist some positive constants
p. ki, ki,(i = 1,2) such that

—2pC + pB, - 2K\@ - 2K, pA+ K& KB
T = * 2K, 0 <0. (3.8)
x * 2K, + (1 =%)"'pB;

It is obvious that the matrices P, K, and K; in (3.7) and (3.8) can be easily determined by MATLAB
LMI Control Toolbox. The focus of this paper is to establish (3.7) or (3.8) to ensure (3.1) holds. Based
on (3.1), we can define a Poincaré mapping and use the contraction mapping principle to show the
periodic solution of system (2.1) is existent, unique and globally exponentially stable. The proof is
common and similar to that of [19], so it is omitted.

Theorem 4. Let u;(¢) and 7;;(£)(i, j = 1, - - - , n) be w-periodic functions. Then, under the conditions
of Theorem 2 (or Theorem 3) , there exists a unique and globally exponentially stable w-periodic
solution of system (2.1).

Remark 2. Let u;(r) = u;(i = 1,---,n) in (2.1). Then, under the conditions of Theorem 2 (or
Theorem 3) , there exists a unique and globally exponentially stable equilibrium point of system (2.1).

For system (2.5) and system (2.6), we can easily derive the following result.

Theorem 5. Let u;(r) and 7;;(1)(i, j = 1,--- ,n) be w-periodic functions. Then, system (2.6) has a
unique and globally exponentially stable periodic solution provided that one of the following conditions
is true:

(i) There exist some positive constants py,--- , pu, ki1, - -+ » kin (i = 1,2) such that
—2PC + P?B, - 2(K, + K»)&@ PA+K,& Kya
2= * -2K; 0 < 0.
* s 2K, +(1 -=%)'Bs
(i1) There exist some positive constants p, k1, - - , k;,(i = 1,2) such that
—2pC + pBl - 2(K1 + Kz)d pA + K@ Ka
Y= * -2K; 0 < 0.
* * —2K2 + (1 - %)_lpB3

In particular, system (2.5) has a unique and globally exponentially stable equilibrium point if one
of the above conditions is true.

Remark 3. In [18], the author has used the theory of fixed point and differential inequality technique
to prove there exists exactly one w-periodic solution of system (2.4) if a = “M < 1, where
& = max i<, {sup,. .o @}, 1 = Maxi<<,{Sup, .o g'ff) }, co = min;<;<,{c;}, ||Al|, denotes the square root of
the largest eigenvalue of ATA. For system (2.4) in Example 1, we demonstrate Theorem 4 is effective
and calculate a = 5'9% > 1 which implies that the result in [18] is not applicable.

Remark 4. In [4], the authors have used Brouwer’s fixed point theorem, matrix theory and
inequality analysis to prove system (2.5) has exactly one equilibrium which is globally exponentially
stable if p(K) < 1, where p(K) denotes spectral radius of matrix K = (kij)uxn, kij = ci‘l(la,-j| +
biiDpj.pj = max{laj‘.l, Ia;fl} in this paper. For system (2.5) in Example 2, we demonstrate Theorem 5
is effective and calculate p(K) = 1 which implies that the result in [4] is not applicable.
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Remark 5. In [19], the authors have used Laypunov functional and Halanay inequality to prove
system (2.6) is globally exponentially periodic provided that d; — L; Z;?:l(la il +1bil) > 0 or d; -
Z'}:l(laiﬂ +1bi;DL; > 0,i =1,--- ,n, whered; = ¢c;and L; = max{la]f|, |a;.f|} in this paper. For system
(2.6) in Example 3, we demonstrate Theorem 5 is effective and calculate d; — L; Z‘;:l(la il +1bjil) =
d; — Zj:1(|aij| +|bi;)L;j = 0,i =1,--- ,n, which implies that the results in [19] are not applicable.

4. Several examples

Example 1. Consider system (2.4) with the following parameters and functions:

1 -1 -1 1 -1 1 -1 1
-1 1 -1 -1 -1 -1 1 -1

A = (ajj)axs = L1 -1 1 s B = (bij)axa = | -1 -1 -1 |
-1 -1 -1 -1 -1 -1 -1 1

C =diag{6,6,5,5}, fi(x) = 0.5tanh(x;), gi(x;) = 0.8tanh(x;), u; = sint, 7;(t) = 0.2sint+0.2,i = 1,2, 3, 4.

We calculate that By = B; = 41, & = B = 0,& = I, = 0.81,# = 0.2, where I denotes identity
matrix.

By using MATLAB LMI Control Toolbox, we obtain P = diag{4.8363,4.8363,7.6076,7.6076},
K, = diag{17.0542,17.0542,20.6096,20.6096},K, = 22.1420] and P = 0.1564[,K, =
diagl{0.4524,0.4509,0.4781,0.4770}, K, = diag{0.7300,0.7301,0.7325,0.7326} which satisfy the
conditions of Theorem 2 and Theorem 3, respectively. So our theoretical results are effective. Figure 1
shows the solution trajectories of system (2.4) move periodically. Figure 2 shows the average PSD of
x;(t) and u;(¢) = sint are relatively close, which implies the periodic solution x(¢) stores effectively the
acoustic characteristics of u(r).

On the other hand, we calculate ¢ = 1,7 = 0.8, ||A||, = V8, ||Bll, = V7.4641,co = min <;i<sf{c;} =5
and

_ &llAll +nllBll, _ 5.014
@ = . >

1
Co 5

defined in Remark 3. Therefore, the result proposed in [18] is not applicable to system (2.4) in this
example.
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Figure 1. The solution trajectories of system (2.4) with initial value (1,0.5, -1, -0.5)".
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Figure 2. The average PSD of x;(¢) and u;(t) = sint in Example 1.

Example 2. Consider system (2.5) with C = diag{5,5,5,5}, fi(x;) = 0.5tanh(x;),u; = 1,7;(t) =
0.2sint+0.2,7;;(t) = 0.2cost+0.2,i # j, i, j = 1,2,3,4, the matrices A and B are the same as Example 1.

We calculate that By = B; = 4l,a = 0,a = 051, = 0.2. By using MATLAB
LMI Control Toolbox, we obtain P = diag{6.2027,6.2027,7.2511,7.2511}, K, =
diag{22.3647,22.3647,24.8109, 24.8109}, K, = 25.3107] and P = 2.44411, K; =

diag{9.6738,9.6738,10.5625,10.5625}, K, = 14.5619/ which satisfy the condition (i) and the
condition (i1) of Theorem 35, respectively. Figure 3 shows the solution trajectories of system (2.5) tend
to a point.

On the other hand, we calculate that p; = 0.5,i = 1,2,3,4, and p(K) = 1 defined in Remark 4.
Therefore, the result proposed in [4] is not applicable to system (2.5) in this example.

AIMS Mathematics Volume 8, Issue 5, 12472—-12485.
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Figure 3. The solution trajectories of system (2.5) with initial value (=0.5,0, 0.5, 0.2)”.

Example 3. Consider system (2.6) with C = diag{4, 4, 4,4}, u; = sint, the matrices A and B are the
same as Example 1 and other functions are defined in Example 2.

We calculate that By = B; = 4l,a = 0,a = 05, = 0.2. By using MATLAB
LMI Control Toolbox, we obtain P = diag{7.5477,7.5477,9.3961,9.3961}, K, =
diag{21.5649,21.5649, 24.6456, 24.6456}, K, = 2475541 and P = 0.16791, K, =
diag{0.5707,0.5707,0.6318,0.6318}, K, = 0.90651 which satisfy the condition (i) and the condition
(i1) of Theorem 5, respectively. Figure 4 shows the solution trajectories of system (2.6) move
periodically.

On the other hand, we calculate that d; = 4, L; = 0.5,d;—L; X, (la;il+1b;i) = di= X (lai|+|byDL; =
0,i = 1,2,3,4, defined in Remark 5. Therefore, the results proposed in [19] are not applicable to
system (2.6) in this example.

0.6

2|
T3
Ly

0.5

0.4

0.3

0.2

0.1

0

-0.1

021

-0.3 ' : : ' : : : : :
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Figure 4. The solution trajectories of system (2.6) with initial value (-0.2,0.2,0.4,0.6).
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5. Conclusions

This paper has investigated the global exponential periodicity of nonlinear neural networks with
multiple time-varying delays. This type of neural system cannot be transformed into the vector-matrix
form because the multiple time-varying delays can not be expressed by the vector form. We note that in
many existing references, although the neural networks with multiple delays 7;;(¢) have been actually
investigated by Lyapunov-Krasovskii functional method, the linear matrix inequality approach has not
been used for this type of neural system that cannot be written in vector-matrix form. So we want to
know whether we can use two methods together to study the neural networks with multiple delays.
Two sets of sufficient conditions in the linear matrix inequality form are established to ensure two
arbitrary solutions of nonlinear neural networks with multiple time-varying delays attract each other
exponentially which can lead us to prove the periodic solution of the neural networks with multiple
delays is existent, unique and globally exponentially stable by the contraction mapping principle. So
the focus of this paper is to establish (3.7) or (3.8) which ensure (3.1) holds. Three examples are given
to demonstrate our results are effective. In these examples, we compare our results with the existing
results derived by differential inequality, matrix theory, Laypunov functional and Halanay inequality.
Three existing results are not applicable to the systems in the three examples, respectively.
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