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1. Introduction

There are numerous research on finite element methods (FEMs) solving elliptic optimal control
problems (OCPs) with control constraint. A systematic introduction can be seen in [1-6]. Due to the
low regularity of the control variable, it is usually approximated by piecewise constant functions. Then
the optimal priori error estimate is O(h) [7-9]. In order to improve the efficiency and accuracy of FEMs
for solving such problems, many experts have considered its superconvergence [10—12], a posteriori
error estimation [13—15], adaptive algorithm [16, 17] and variational discretization technique [18-20].

In the past two decades, many scholars have proposed different numerical methods for elliptic or
parabolic OCPs, such as FEMs [21], space-time FEMs [22, 23], characteristic FEMs [24,25], mixed
finite element methods (MFEMs) [26,27], splitting positive definite mixed FEMs [28,29], finite volume
methods [30,31], spectral method [32-34], virtual element methods (VEMs) [35-37]. Unfortunately,
almost of these numerical methods for parabolic OCPs use the backward Euler scheme (BES) for time
discretization, and the error estimates of time variable is O(k). In recent years, there are also a few
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works using the Crank-Nicolson scheme (CNS) for time discretization [38—41], which can improve
the error convergence order of the time variable to O(k?).

To the best of our knowledge, all reported fully discrete MFEMs for parabolic OCPs use BES for
time discretization and optimal error estimates of time variable is O(k). The purpose of this paper is to
develop a MFEM combined with CNS approximation of parabolic OCPs and establish optimal a priori
error estimates O(h> + k?).

We are concerned with the following parabolic OCPs: Find (y, p, u) such that

T
min s [ (Ip = pal? + Iy =yl + (1)
vi(x, 1) + divp(x, ) = f(x,t) + u(x, 1), x€Q, te, (1.2)
p(x,t) = =Vy(x,1), xe€Q,tel, (1.3)
yx,0) =0, x€dQ, tel, (1.4)
y(x,0) = yo(x), xeQ, (1.5)

where Q c R? is a rectangle, J = (0, T]. Let U = L*(J; L*(Q)), f,ys € U, ps € U* and y, € H'(Q). K
is a closed convex subset of U defined by

K={veU:a<vix,t)<b, ae.in QX J, a,b e R}.

Throughout the paper, we adopt the standard notation W"?(Q) for Sobolev spaces on €2 with a norm

[l 1ln,» given by [Vll5., = | lZ ID*VII}, ) @ semi-norm |- |,, , given by v}, , = | lZ ID*VII7, - For p =2,
a|<m al=m
we denote H™(Q) = W™(Q), Hy'(Q) = {v € W"™(Q) : Vlaa = O}, and || - [l = I+ llmas |- | = || - llo2. We

denote by L*(J; W™P(€2)) all L* integrable functions from J into W™*(Q) with norm |[V||ps.wmry =
1/s
( fOT IIVII%m,p(Q)dt) for s € [1, ), and the standard modification for s = co. For ease of presentation,

we denote |[V||zswmry by [IVIlLsqwnry. Similarly, one can define the spaces H'(W™P). In addition C
denotes a general positive constant.

The layout of this paper is as follows. In Section 2, we construct a MFEM combined with CNS
approximation of the parabolic OCPs (1.1)—(1.5). In Section 3, we introduce some useful intermediate
variables and important error estimates. In Section 4, we derive a priori error estimates for the control,
state and co-state. In Section 5, we provide some numerical examples to illustrate our theoretical
results.

2. MFEM combined with CNS approximation of parabolic OCPs

In this section, we shall consider a MFEM combined with CNS approximation of parabolic
OCPs (1.1)=(1.5). For simplicity, we shall take the following state spaces L = H'(J;V) and
Q = H'(J; W), where V and W are defined as follows:

V = H(div; Q) = {v € (LA(Q))%, div € LZ(Q)}, W = LA(Q).
Furthermore, we define the space

K ={veW:a<v(x)<bh, ae.in Q}.
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Then OCPs (1.1)—(1.5) can be recast as the following weak form: Find (y, p,u) € Q X L X K such
that

T
ming [ (Ip = palf + Iy =il + o 2.1)
v, w) + (divp,w) = (f +u,w), VYweWtel, (2.2)
(p,v) — (y,divww) =0, VveV,rtelJ, (2.3)
y(x,0) = yo(x), VxeQ. 2.4)

It follows from [3] that OCPs (2.1)—(2.4) has a unique solution (y, p, u), and that a triplet (y, p,u) €
Q X L x K is the solution of (2.1)—(2.4) if and only if there is a co-state (z,q) € Q X L such that
(v, P, 2,9, u) satisfies the following optimality conditions:

v, w) + (divp,w) = (f +u,w), VYweW,tel, (2.5)
(p,v) — (v,divw) =0, VveV el (2.6)
y(x,0) = yo(x), VxeQ, 2.7)
—(z;,w) + (divg,w) = (y —yz,w), VYweWtel, (2.8)
(q,v) — (z,divww) = —(p — pa,v), VveV,tel, (2.9)
2(x,T)=0, VxeQ, (2.10)
u+z,i—u) >0, YiueK, tel (2.11)

We introduce a pointwise projection Py, ), which satisfies: For any ¢ € W,
Papp(x) = min {b, max {a, —p(x)}}, Vxe€Q.
Then the variational inequality (2.11) can be equivalently expressed as
U= Piap (2). (2.12)

We use the Raviart-Thomas mixed finite element of the order m = 1 for space discretization. Let 77,

be a regular triangulations of the domain €, A, denotes the diameter of e and & = mgx{he}. Let P, (e)
ec/

indicates the space of polynomials of total degree no more than m on e and V;, X W), ¢ V X W denote
Raviart-Thomas mixed finite element spaces [1, 2] associated with the triangulations 77, of Q, namely,

V= vy €V vyl € (Pu(e))’ + x - Pule),Ye €Ty},
W, :={w,eW:wy, € P,(e),YeeT,}

We shall use the CNS for time discretization. Let N be a positive integer, k = T/N and t,, = nk,n =
0,1,---,N. Set [, = [t,, t4+1],n =0,1,--- , N — 1. For any function ¢, we define ¢" = ¢(x, t,),

dtQDn — (‘pn+l _ (pn) /k,
‘pn+% — (¢n+] + 90”) /2,
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and discrete time-dependent norms

N-1 ) 1/p
- n+y
b= (St

n=0

Then a MFEM combined with CNS approximation of (2.1)—(2.4) is as follows: Find (y,, pp, us) €
W, x V;, x K’ such that

1N_1 n+t n+t 2 n+t n+l 2 n+x 2
uZJrjeK’ n=0
(@) + (g} ) = (774 i ow) s Ve Wan =010 N=1 @14)
1 ael
(pz+2,vh)_(yh+2,levh):Oa Yv,eVy,n=0,1,--- ,N—1, (2.15)
W) = Ryyo(x), VxeQ, (2.16)

where R, is a L? projection operator, which will be specific later.
Like in [6], the OCPs (2.13)—(2.16) has a unique solution (yz, D, uZ) ,n=0,1,---,N and the triplet

(yZ,pZ, uZ) e Wy xV,xK,n=0,1,---,N is the solution of (2.13)—(2.16) if and only if there is a

co-state (zZ,qZ) eW,xV,,(n=N,---,1,0) such that (yz,pz,zh,qz, uZ) ,(n=0,1,---,N) satisfies the
following optimality conditions:

L 1 el
(diyp wn) + (divp2+2, wh) = (fn+2 + uh+2, wh) , Yw,eW,, (2.17)
(pZ%,vh) - (yZ%a divvh) =0, Vv, eV, (2.18)
Yo(X) = Riyo(x), VxeQ, (2.19)
1 ntl nd
— (@) + (divgywn) = (357 =3 o). Ve (2.20)
(42+5’Vh) - (ZT%,divvh) = - (pffé _PZJr;»Vh), Vv, eV, 2.21)
7)) =0, VxeQ, (2.22)
n+l n+l n+l ,
(uh2+zh i 2)20, ViieK'. (2.23)

Here, we use the variational discretization technique for the variational inequality. Similarly to (2.12),
the variational inequality (2.23) can be equivalently rewritten as

n+l

1
{7 = Py (zZ”), n=01, . N—1. (2.24)

This means that, we can obtain uZJr% from zZJr% by using the relation (2.24).

The following projection operators are commonly used in the following error estimates of MFEMs
approximation of OCPs. First, we define the standard L*(Q)-projection [2] R, : W — W,, which
satisfies: For any ¢ € W,

(Rh¢ -9, wp) =0, VYw,eW, (225)
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¢ — Rudllop < CHllBllp, O<p<oo, YopeW Q), 1<r<l+m. (2.26)

Second, we define the Fortin projection 2] [T, : V — V,, which satisfies: For any g € V,

div(Il,g —q),w,) =0, VYw, €W, (2.27)
lg — gl < Ch'ligll,, YgqeH(Q), 1<r<1+m, (2.28)
|div(g — L)l < CK'||divgll,, Ydivge H(Q), 1<r<1+m. (2.29)

3. Error estimates of intermediate variables

In this section, we will introduce some important intermediate variables and error estimates. For
any i € K, we define variables (y}, (&), p; (&), z; (i), q;(@)),n = 0,1,--- , N, associated with iz, which
satisfies

(dl‘y;ll(iz)’ Wh) + (lepZ-'—;(ﬁ), Wh) = (fﬂ'*'% + ﬁn+%’ Wh) s vwh € W/’la (31)

(" @) - (3 G, i) = 0, v, e W, (3.2)

Ya(@)(x) = Ryyo(x), VxeQ, (3.3)
el il el

(), wy) + (divqh“(a), wh) - (yh“(a) - y;z,wh), Vs € W, (3.4)
n+d o e NP n+do n+i

(q,, 2<u>,vh) - (zh 2<u>,dwvh) - —(ph ‘(@) - pl 2,vh), Vv, €V, (3.5)

zﬁy(ﬁ)(x) =0, VxeQ. (3.6)

According to standard Raviart-Thomas mixed finite element approximation error analysis like
in [20,26], we can derive the following error estimates.

Lemma 3.1. Let (py, yi,qn, 21, ) and (pn(u), yu(u), gn(u), z,(u)) be the discrete solutions of (2.17)-
(2.23) and (3.1)—(3.6) with it = u, respectively. Then we have

Wlyn — yh(“)|||1°°(L2) + llpr — Ph(”)|||12(L2) < Clllu - Mh|||12(L2), (3.7)
lzn = ze@lli=z2) + lllgn — gu(@ll22) < Clllu — uplllzz2).- (3.8)

Proof. Let a =y, — y,(u) and B = p;, — pi(u). From (2.17), (2.18), (3.1) and (3.2) with & = u, we have
the following error equations

1

(d, ", wy) + (divﬂ’”%, wh) = (uzﬁ — e, wh), Yw, € Wy, (3.9)

1

(B2 vi) - ("*2.divw,) =0, Vv, €V, (3.10)

Selecting wy, = @™ and v, = ,B’”% in (3.9) and (3.10), respectively. Then add those equations, we get

1

(dia,a"") + (B2, 8" = (uz+5 - u"+%,oﬂ+z). G.11)
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Note that (dta”, a’”%) = W From (3.11) and Young inequality, we obtain
"™ WP = NI g |P ne 1|2 mth P
= +lg| < et + co [y - u (3.12)
Multiplying both sides of (3.12) by 2k and summing n from Oto M (0 < M < N — 1), we have
5 M 2 M 2 M I
o™ = 1a%P +2 3 k[l | <26 3 ke [lor ||+ 2c) Dy - s (3.13)
n=0 n=0 n=0

According to a° = 0, lelllzczy < Cllllllis(z2) and (3.13), we get (3.7).
Setn = z;, — z;(u) and 0 = gq;, — q;(u). Subtract (3.4) and (3.5) from (2.20) and (2.21) to get the
following error equations

— (dpy" wy) + (dive™ 2, wy) = (2, w,) . Vwy € Wy, (3.14)
(*2.1) = (72, divwy) = = (B2, v4). Vv, €V, (3.15)
Choosing w), = 77’”% and v, = 0"+ in (3.14) and (3.15), respectively. We derive
3 (dmn’nn%) N (0n+%’0n+%) _ (an+%’nn+%) : (Bm;’eﬁg). (3.16)
Note that "V = 0 and 171222y < CllImllls(z2), similarly to (3.11)—(3.13), we can arrive at
7l 22y + 118122y < Melllziz) + Bl (3.17)
From (3.7) and (3.17), it is easy to get (3.8). O

For convenience, we use the following notations

py =y = yn(u), ©p = P — pin(u),
4}’:y_Rhy’ fp:p_th,
Uy = Rhy - yh(u)’ ﬂp = th - Ph(lxl)

Lemma 3.2. Let (p,y,q,z,u) and (p,(w), y,(u), q»(u), (1)) be the solutions of (2.5)—(2.11) and (3.1)-
(3.6) with it = u respectively. Assume that y,z € L*(H?), p,q € L*((H*)?) and Y., zi € L*(L?), then we
have

lly = ya@ 2y + llp = Pr@lleae < € (R + &%), (3.18)
llz = 20 @lllsciz) + g — @@z < C (B> + 7). (3.19)

Proof. Set t = "= in (2.5) and (2.6) then subtract (3.1) and (3.2), we have

1 el
(diots wi) + (divg;+2,wh) - (d,y" _ yt+2,wh), Vw, € Wi, (3.20)

1

5 n l .
(g;“,vh) - (py+2,dlvvh) —0, Vv eV, 3.21)
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Taking w), = vy+2 and v, = ﬁp+2 in (3.20) and (3.21), respectively. According to the definition of R},
and IT;,, we derive

(d,v;’, UZ+£) + (divﬂffé, v;+%) = (dty” - y:ﬂ%, v;+§) , (3.22)
(878,71 ) - (oh vy ) = - (7,87 ). (3.23)

From (3.22)—(3.23), we get
(dtv;, u;’+5) + (19;’,+5,19;’,+5) = (dty" -3 - ”*5,1?;*5). (3.24)

By using (2.28), Cauchy-Schwarz inequality, Young inequality and interpolation theory, we have

n n+y o+l 1 f! n+d n+l
[ =) = (7 bt et
n

1/2
3 Tn+1 03); 2 n+l
< ckd (ft o R T (3.25)
oy | e L
< C(s)k3 —g} +<'3Hvy+2
OF || 21,22
and
1l n+ L2
(g;*z,ﬁ,,“) < ChIpIE + & |9 (3.26)
Combining (3.24)—(3.26), we obtain
o 1P = ) i 1112 Py
———— 8| <cew a—f + C(e)h*|pIP- (3.27)
Pz,

Multiplying both sides of (3.27) by 2k and summing n from Oto M (0 < M < N — 1), we have

M ) M 312 M
2 2 n+l >y
P = 8l + 2 > k57| < 20kt > I =5 +C@h* ) Kiplb. (3.28)
n=0 n=0 LX(I,;;L?) n=0
Noting that p(y) = 0. From (3.28), we arrive at
ol + Bplleae) < C (K + 7). (3.29)

Then (3.18) follows from (2.26), (2.28), (3.29) and triangle inequality.
Analogously, we can define p,, {;, v, and g4, &,, 9. Lett = % in (2.8) and (2.9) then subtract (3.4)
and (3.5), we get

(4.0 di n+l [ n+i n+%_d n 330
(il wi) + (diveg ">, wi) = (032, wi ) + (2 2 W), (3.30)

AIMS Mathematics Volume 8, Issue 5, 12506-12519.
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(o5 wi) = (o divwn) = — (). (3.31)

1 n L . . o .
Choosing wy, = v?” andv, = 19q+2 in (3.30) and (3.31), respectively. From the definition of R, and I,
we arrive at

1

_ (dtu;, u;’+2) ; (divﬂt’;*%,uﬁ) - (uy u;”%) ; (z;”% — 4z u’;*%), (3.32)
(87587 ) - (o ey ) = - (&7 070 ) - (67,007 ) - (95 7.007). 333)

Similarly to (3.22)—(3.28), we can derive

M M
2 2 ntd |2 a1 |I? ar L] ard |
ot IF = o P 2 3 < 2cem 3 (bt et + e )
n=N-1 n=N-1
M e \ URNTPENTE (3.34)
n+s o<
+2C(8)n=21v—1k O "2k n;—I or Lz(ln;LZ).
Since pév =0, (3.19) follows from (2.26), (2.28), (3.18), (3.34) and triangle inequality. O

4. A priori error estimates

In this section, we shall derive a priori error estimates of the MFEM combined with CNS
approximation scheme (2.17)—(2.23).

Theorem 4.1. Let (p,y,q,z,u) be the solution of (2.5)—(2.11) and (pn, Yi,qn, Zn, U) be the solution
of (2.17)—(2.23). Assume that all the conditions in Lemmas 3.1 and 3.2 are valid. Then, we have

lle = walllezy < C (B + K. (4.1)
Proof. From (2.11) and (2.23), we have
un+% + n+} n+} _ oty
77 u, u >0, 4.2)
and
(7 + 57wt =) 20 4.3)
It follows from (4.2) and (4.3) that
2 & L n+i L n+i
o = il = 3 (a0t = et =)
n=0
= n+3 L 1 n+i
< D k{at -t ) (44)
n=0
S n+l nt+l 1 n+d & n+l 1 1 n+d
= k(zh P =z, (W, u"? —u, 2)+ k(zh HOEFAERTAEES S 2).
n=0 n=0

AIMS Mathematics Volume 8, Issue 5, 12506-12519.
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It follows from (2.17)—(2.22) and (3.1)—(3.6) that

it 1 1 Nl 1 1 1
e =gt =g == 3k - e o w)
n=0 n=0
“ 1 1 1 4.5)
Sl )
n=0
< - ||}’h - )’h(u)||122(Lz) - ||ph Ph(u)”lz(Lz) =
By using Holder’s inequality, Young’s inequality and Lemma 3.2, we have
= n+l 1 1 n+i = n+t 112 = 2
Z k(zh () =772, —u, 2) < C(S)Zk”zh ) =" +e ) kiu"r—u,
= = = (4.6)
2
< C(e) (I + k) + el — w3 -
Combining (4.4)—(4.6), we obtain (4.1). O

Theorem 4.2. Let (p,y,q,z,u) and (Py, i, qn, Zn, U) be the solution of (2.5)—~(2.11) and the solution
of (2.17)—(2.23), respectively. Assume that all the conditions in Theorem 4.1 are valid. Then we have

lly = Ylllsczzy + P = Pallleqey < € (R + &%), (4.7)
llz = zalllz=e) + g = gallleceey < C (B + &2). (4.8)

Proof. By using the triangle inequality, Lemmas 3.1 and 3.2, Theorem 4.1, it is easy to get (4.7)
and (4.8). O

5. Numerical experiments

In this section, we present two numerical examples to validate our theoretical results. The following
parabolic OCPs were dealt numerically with codes developed based on AFEPack, which is a freely
available software package and the details can be found in [42]. Their discretization schemes are
described as (2.17)—(2.23) in Section 2. Let Q = (0,1) X (0, 1) and T = 1.

Example 1. The data under testing are as follows:

a=-05b=0.5,

y(x,t) = tsin(2rx;) sin(2mx,),

p(x,t) = — (2ntcos(2mxy) sin(27xy), 27t sin(2mwx;) cos(2mx,)) ,

z2(x, 1) = (1 — 1) sin(2zx;) sin(2mx;,),

q(x,t) = —2n(1l —t)cos(2mxy) sin(2mx,), 2m(1 — t) sin(27x;) cos(2nx3)) ,
u(x,t) = max {a, min {b, —z(x, 1)}},

S, 1) = yi(x, 1) + divp(x, 1) — u(x, 1),

ya(x, 1) = z(x, 1) — divg(x, 1) + y(x, 1),

Pa(x, 1) = q(x,1) + Vz(x, 1) + p(x, 1).

AIMS Mathematics Volume 8, Issue 5, 12506-12519.
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In Table 1, we list errors of |[[u—uplll222), Iy = Yalllio2ys 112 = Prlllz2ys 1z =zallle2) and [llg —gplll22)
based on a sequence of uniformly refined meshes. In Figure 1, we show the relationship between
log,y(error) and log,,(node). It is easy to see that |||u — ulll22) = o + k), |lly - Vil + lllp —
Pilllegzy = O + k) and Iz = zulllie 2y + g — gullleazy = O + K2).

Table 1. Numerical results of Example 1.

h=k it % o 50
lle — uplllp2y  4.1056e-02  1.0265e¢-02  2.5638e-03  6.4095e-04
Iy = yalllszzy 2.8315e-02  7.0790e-03 1.7697e-03 4.4242e-04
llp — Pulllpzy 6.4572e-02  1.6163e-02 4.0407¢-03 1.0102e-03
llz = zallle 2y 2.8854e-02 7.2135e-03 1.8036e-03 4.5090e-04
llg — gnlllezy 6.6328e-02  1.6582¢-02 4.1455e-03 1.0364e-03

—a—lllu-u iz 2,
—o— ly-Yyll-2
PPy iz, 2
—se— llz2ll 2
=g llz, 2
----- slope=-1

-1.5F

Iogm(error)
U
N
(5]

-3+

-4

2 25 3 35 4
Ioglo(node)

Figure 1. The convergence rate, Example 1.

Example 2. The data under testing are as follows:

AIMS Mathematics

a=-0250b =025,

y(x, t) = t(xl - x%) (xz — x%) ,

PGt = (1Q@x = D(x - 3),1(x - x7) 2x, - 1)),

z2(x, ) =(1 -1 (xl — x%) (x2 — x%) ,

qx.t) = (1= Q2x1 - D(x-x).(0 -1 (x - x))2x, - 1),
u(x,t) = max {a, min {b, —z(x, 1)}},

Jx, 1) = yx, t) + divp(x, t) — u(x,t),

ya(x, 1) = z(x, 1) — divg(x, 1) + y(x, 1),

Pa(x,t) = q(x, 1) + Vz(x, 1) + p(x, 7).

Volume 8, Issue 5, 12506-12519.



12516

The numerical results based on a sequence of uniformly refined meshes are reported in Table 2. We
show the relationship between log,,(error) and log,,(node) in Figure 2. It is easy to see that errors of
e — wnlllzczzys 1y = yalllozy, P = Palllgz)s 1z = zallli 2y and lllg — gullleqz2) estimates are O(h* + k2). It

is consistent with the theoretical results in Section 4.

Table 2. Numerical results of Example 2.

h=k 0 0 I 50
lle — uplllp2y  2.8365¢-02  7.0912¢-03 1.7728e-03  4.4320e-04
Iy = yalllszzy 1.4674e-02  3.6685e-03 9.1712e-04 2.2928e-04
llp — Pulllezy 4.1576e-02  1.0394e-02  2.5985e-03  6.4962¢-04
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Figure 2. The convergence rate, Example 2.

6. Conclusions

In this paper, we investigate a MFEM combined with CNS approximation of constrained parabolic
OCPs and obtain optimal priori error estimates, namely |llu — ulllz2) = O + k), llly = yulll=q2) +
llp = pulllezy = Oh* + k%) and |llz = zillli=@2) + g — gulllz2) = O(h* + k). Our results are new.
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