J. Fixed Point Theory Appl. (2023) 25:42
https://doi.org/10.1007/s11784-023-01045-z
Published online January 26, 2023 Journal of Fixed Point Theory
© The Author(s) 2023 and Applications

®

Check for
updates

Fixed points and steady solitons for the
two-loop renormalization group flow

E. Garcia-Rio®, R. Marino-Villar, M. E. Vazquez-Abal and
R. Vazquez-Lorenzo

Abstract. Solitons for the two-loop renormalization group flow are stud-
ied in the four-dimensional homogeneous setting, providing a classifica-
tion of algebraic steady four-dimensional solitons.

Mathematics Subject Classification. 53C44, 53C30, 58 B20.

Keywords. Renormalization group flow, ricci flow, steady soliton,
algebraic soliton, homogeneous space.

1. Introduction

The Ricci flow (introduced by Hamilton [16] and Friedan [11]) is of funda-
mental importance in mathematics. It has been shown to be an effective tool
for attacking important problems in geometry like Thurston’s geometriza-
tion conjecture and the Poincaré conjecture. The Ricci flow also has a similar
importance in physics, arising as the first-order approximation of the renor-
malization group flow for the non-linear sigma model of quantum field theory.
Recently, there has been interest in the second-order approximation of
this renormalization group flow, or the 2-loop renormalization group flow
(RG2 flow for short), which mathematically is described by
0
ot
where RG[g] = —2p — %R and « denotes a positive coupling constant.
Here, p denotes the Ricci tensor and R is the symmetric (0,2)-tensor field
Rij = Rmbch“bc of the evolving metric g;. Independently of the physical
significance of the flow (1), it is mathematically interesting as a perturba-
tion of the Ricci flow. We refer to [7,12-14] and references therein for more
information on the RG2 flow.

gt = RGlg], (1)

Supported by projects ED431C 2019/10, MTM2016-75897-P, and PID2019-105138GB-C21
(Spain).

Y Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11784-023-01045-z&domain=pdf
http://orcid.org/0000-0003-1195-1664

42 Page 2 of 29 E. Garcia-Rio et al. JFPTA

The purpose of this paper is to study fixed points of the RG2 flow in
the four-dimensional case. Genuine fixed points of the flow are provided by
those manifolds where the right-hand side of (1) vanishes, i.e., p + %R =0.
In dimension two, this condition reduces to constant negative curvature.
The analysis in dimension three has been carried out in [13], where it is
shown that solutions of non-constant curvature must have Ricci curvatures
Q = diag[—2/a, —2«, 0] or Q = diag[—4/«, —2c, —2/a], where @ denotes the
metrically equivalent (1, 1)-tensor field associated with p. In the homogeneous
situation, these geometries correspond to product manifolds R x N(¢), where
N(e) is a surface of constant curvature ¢, or a left-invariant metric on SU(2)
with a < 0.

Tracing the tensor field RG[g], one has that if RG[g] = 0, then the cou-
pling constant « satisfies 7+ || R[|* = 0, where 7 is the scalar curvature and
| R||? = RijreR¥7*¢. The previous expression does not necessarily mean that o
must be constant, but it is expressible in terms of the scalar curvature and the
norm of the curvature tensor, which are constant in the homogeneous case.
On the other hand, the functional defined by the four-dimensional Gauss—
Bonnet integrand g — [ {[|R||* — 4||p||* + 72} vol, is constant in dimension
4 and thus any compact four-dimensional manifold satisfies the curvature
identity (see [4])

2 2 2
(R— ”i”g> +T(p— 29) -2 <ﬁ— |p4”g> -2 (R[p] - ”Z”g) =0,
(2)
where p and R[p] are the symmetric (0,2)-tensor fields given by p;; = piap%
and R[pli; = Rianjp®®. (See [10] for an extension of the previous identity to
the non-compact case). If (M, g) is Einstein, then all terms in (2) vanish and
it immediately follows that any Einstein four-dimensional manifold satisfies
p+2R =0 for « = —47||R||~2, which shows that Einstein four-manifolds are
genuine fixed points of the flow (1). In the homogeneous setting the situation
is rather restrictive, and we show in Sect.7 that any other example is a
product as follows:

Theorem 1.1. A simply connected four-dimensional homogeneous manifold is
a genuine fized point of the RG2 flow if and only if it is Finstein, a product
R x N3(c), a product R? x N?(c) or homothetic to the Lie group SU(2) x R
with left-invariant metric

[617 62] = €3, [627 63] = €1, [637 61] = %627

where {e1,...,es} is an orthonormal basis of su(2) x R.

The above result is in sharp contrast with the geometry of the Ricci flow,
since genuine fixed points of the Ricci flow are Ricci-flat manifolds, which are
necessarily flat in the homogeneous setting [1].

In addition to the cases above, one may consider geometrical fixed points
of the RG2 flow, i.e., solutions g(¢) which are fixed modulo scalings and
diffeomorphisms. Given a one-parameter family ; of diffeomorphisms of M
(with ¢9 = Id), a solution of the form g(t) = o ()¢} g (where o is a real-valued
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function with o(0) = 1) is said to be a self-similar solution. A triple (M, g, X),
where X is a vector field on M, is called an RG2 soliton if Lxg + RG[g] =
Ag for some A € R. Further, the soliton is said to be expanding, steady or
shrinking if A < 0, A =0, or A > 0, respectively.

Any self-similar solution of the RG2 flow is an RG2 soliton just con-
sidering the vector field X generated by the one-parameter group of diffeo-
morphisms v, (see, for example, [6] and [22]). Since the two terms compris-
ing RG[g] behave differently under homotheties (p[kg] = plg] and R[kg] =
%R[g]), one has that the converse holds only for steady solitons, in which case
1 is the one-parameter group of diffeomorphisms associated with the vector
field X determined by the soliton equation Lxg+ RG[g] = 0 and ¢(t) = ¥)g
is a self-similar solution (see [22]).

Let G be a Lie group with left-invariant metric (-, - ) and let (g, (-, -))
denote the corresponding Lie algebra. An RG2 algebraic soliton is a derivation
of the Lie algebra g given by © = Ea[g] — B1d, where I/%a[g] is the (1,1)-
tensor field metrically equivalent to RG[g] and 8 € R. RG2 algebraic solitons
give rise to RG2 solitons as well as in the Ricci flow case (see [19,22]).

Let @ and @ denote the metrically equivalent (1,1)-tensor fields as-
sociated with p and R, respectively. Let (-, -)* = k(- -) be a homothetic
deformation of a left-invariant metric (-, -) on g. Then,

. ko<, 1 ka ~ 1 o~
@+ 4 @ = /iQ+4Ii2Q_ H(Q+ 4Q>
and thus ® = @ + %Q is a derivation of the Lie algebra (g, (-, -)) with
coupling constant « if and only if ©* = Q* + %Q* is a derivation of the
Lie algebra (g, (-, -)*) with coupling constant ka. Aimed to describe four-
dimensional RG2 algebraic steady solitons, we therefore work modulo homo-
theties in what follows to simplify the exposition.

Let H be a Lie group with a left-invariant metric determined by an inner
product on the Lie algebra (b, (-, -)y) and let G = R x H be the product
Lie group with product left-invariant metric (-, - )y = dt®dt® (-, - )y. Since
EE’Q =06 RE;), one has that if (h, (-, -)y) is an RG2 algebraic steady
soliton, then so is (g, (-, - )4). Conversely, assume that a (complete and simply
connected) Lie group G with left-invariant metric is an RG2 algebraic steady
soliton. Further, assume that there exists a parallel left-invariant vector field
on G. Then it splits a one-dimensional factor so that the Lie group splits
isometrically (as a Riemannian manifold) G = R x N, where N is a complete
and simply connected three-dimensional homogeneous manifold. Hence, N
is either symmetric (in which case G is also a symmetric space) or N is
isometric to a Lie group H. Correspondingly, the tensor field RG also splits
as RGy = 0@ RGy and so does the corresponding (1, 1)-tensor field Ta@g.
Hence, if G is an RG2 algebraic steady soliton, then so is H just considering
the derivation determined by RE’;,.

Four-dimensional Lie groups are given by the product Lie groups SU (2) x
R and SL(2,R) x R (where we use the non-standard notation to represent
the universal covering) and the semi-direct products R x E(1,1), R x E(2),
R x H3 and R x R3, where E(1,1), E(2), H3 and R3 are, respectively, the
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three-dimensional Poincaré group, the Euclidean group, the Heisenberg group
and the Abelian group (see the discussion in [3]). Let sl(2,R), su(2), e(1,1),
¢(2), h® and t® be the Lie algebras corresponding to the three-dimensional
Lie groups above. We analyze in Sect. 7 the existence of RG2 algebraic steady
solitons on four-dimensional irreducible Lie groups, since otherwise it reduces
to the three-dimensional case which is discussed in Sect.2 (see also [22]) as
follows.

Theorem 1.2. A simply connected non-FEinstein four-dimensional irreducible
Lie group G is an RG2 algebraic steady soliton if and only if it is homothetic
to one of the Lie groups determined by the following Lie algebras, where
{e1,...,eq4} is an orthonormal basis:

(1) R x e(1,1), for a coupling constant o = %ﬂ, given by
[e1,e3] = €2, [e2,e3] =e1, [e1,eq] = Ker, [ea, €] = Kea,
where k> 0, kK # 1.

(2) R x b3, for a coupling constant o = 2, given by

[e1, €] = €3, [e1, ea] = e
+1)v3
lea,ea] = 575 en, [es, ea] = 5,

where k € [—1,1).

(3) R x b3, for a coupling constant o = %ﬁil, given by
[e1,e2] =e3, [e1,eq = ke, [ea,eq] = —ﬁeg, les,eq] = (/i - i) es,
where Kk € (0, %], K # %\/m

(4) R x 3, for a coupling constant o = %, given by

ler,eq] = €1, [ea,eq] = Kea, [e3,eq] = des,

where (k,0) € {(z,y) € R* 2 € (0,1],0 #y < z}\{(1,1)}.
(5) R x t3, for a coupling constant o = given by

K2 +p2 )

le1,ea] = €1, [e2,eq] = kea + hes, [es,es] = —hes + pes,

where the parameters p and h are given by p = % (1 + /1 —4k(k — 1))

1
and h = (%)2, for any k € (0,1).

The above result is in sharp contrast with the Ricci flow case where
steady homogeneous Ricci solitons are Ricci flat and thus flat. Moreover,
the Lie groups (G, (-, -)) corresponding to cases (2) and (4) are expanding
(algebraic) Ricci solitons, while Lie groups corresponding to cases (1), (3) and
(5) are not Ricci solitons. It follows from the analysis in Sects. 3-6 that all
metrics in Theorem 1.2 represent different homothetical classes. Theorem 1.2
shows, therefore, a way in which the RG2 flow differs from the Ricci flow.

Let G be a semi-direct product R x R? corresponding to Assertion (4) in
Theorem 1.2 for the special values (k,d) = (1, —1), which is an algebraic Ricci
soliton, i.e., ® = @ + 31d is a derivation (see [17,19,22]). The corresponding
left-invariant metric (-, -) satisfies R = 1||R||%(-, -) but it is not Einstein.
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Moreover, ® = @ + 2@ — 3(% — 1)Id is a derivation and hence (G, (-, -)) is
also an RG2 algebraic soliton. Therefore, there is a vector field £ on G such
that Leg + p + %R = 3(5 — 1)(-, -) for any value of the coupling constant
«, thus resulting in a steady, shrinking or expanding RG2 soliton depending
on the value of a, in sharp contrast to Ricci solitons.

The paper is organized as follows. We recall some known facts about
RG2 algebraic steady solitons from [22] (see also [15]) in the three-dimensional
case and consider also the non-unimodular setting in Sect. 2. The proof of
Theorem 1.2 follows after a case by case analysis developed through Sects. 3
to 6. Finally, the proof of Theorem 1.1 and Theorem 1.2 are given in Sect. 7.
In particular, we show in Sect. 7.2 that all metrics in Theorem 1.2 represent
different homothetical classes.

2. Three-dimensional RG2 algebraic steady solitons

2.1. Grobner basis

Let Qz = pirg” and Qf = R;sg" denote the corresponding (1, 1)-tensor fields
metrically equivalent to p and R, respectively. Let G be a Lie group with Lie
algebra g and let ® be the endomorphism of the Lie algebra determined
by ® = Q + %Q Then, ® defines an RG2 algebraic steady soliton if and
only if it is a derivation (i.e., D[z, y] — [Dx,y] — [z,Dy] = 0) (see [22]). Let
{e1,...,en} be an orthonormal basis of g and set D;; = (Dle;, ;] —[De;, e5]—
lei, De;, er). Hence, © determines an RG2 algebraic steady soliton if and only
if ©;50, =0forall 4,5,k € {1,...,n}.

The components ®;;, determine a system of polynomial equations
{PBijx = 0} on the structure constants which is rather involved, although
it can be obtained from the expressions of the Ricci tensor p and the R-
tensor. To obtain a full classification, one needs to solve the corresponding
polynomial system of equations. When the system under consideration is sim-
ple, it is an elementary problem to find all common roots, but if the number
of equations and their degrees increase, it may become a quite unmanageable
assignment. There exist, however, some well-known strategies to approach
this kind of problem.

Given a set S of polynomials P;;, € Rlz1,...,z,], an n-tuple of real
numbers @ = (a1,...,a,) is a solution of the system of polynomial equations
determined by S if and only if B, (@) = 0 for all 4, j, k. It is immediate to see
that @ is a solution of the polynomial system of equations determined by S
if and only if it is a solution of the system determined by all the polynomials
in the ideal Z = (;;) generated by S: if two sets of polynomials generate
the same ideal, the corresponding zero sets must be identical. Therefore, our
strategy for solving the rather large polynomial systems consists of obtaining
“better” polynomials that belong to the ideals generated by the corresponding
polynomial systems. This is achieved by using the theory of Grébner bases,
whose construction we briefly recall below (see [8]).
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Let 2% = 27" -- - 22" with a € ZZ, be a monomial in R[zq,...,z,]. A
monomial ordering is any relation on the set of monomials z® with o € Z%,
satisfying

(1) It is a total ordering on ZY%,,.

(2) fa> 3 and v € Z%, then a+v > B+ 1.

(3) Z%, is well ordered, so that every non-empty subset of Z% ; has a smallest
element with respect to the given ordering.

Establishing an ordering on ZZ%, will induce an ordering on the monomials.
For our purposes, we will use the lexicographical order and the graded reverse
lexicographical order. We say that o >1ex (3 if in the vector « — § € Z™, the
leftmost non-zero entry is positive and we say that @ >greviex 0 if || > | 5]
or |a] = |f] and the rightmost non-zero entry of o — § € Z" is negative.

The basic bricks to introduce Grobner bases are the leading terms of the
polynomials, which are defined as follows. If P = 3 aqz® is a polynomial in
R[x1,...,2s], any monomial ordering orders the monomials of 8. The mul-
tidegree of P is the maximum a € Z%, so that a, 7# 0, where the maximum
is taken with respect to the given monomial ordering. The corresponding
monomial is called the leading term, i.e., LT(P) = aqz®.

Let Z C Rzi,...,z,] be a non-zero ideal. Let LT(Z) be the set of
leading terms of all elements of Z and let (LT'(Z)) be the ideal generated by
the elements of LT(Z). It is important to emphasize that if Z = (), then
(LT(Z)) may be strictly larger than the ideal (LT'(;;%)). A finite subset G =
{g1,...,8,} of an ideal 7T is said to be a Grébner basis with respect to some
monomial order if the equality above holds, i.e., (LT(g1),...,LT(g,)) =
(LT(T)).

The Hilbert Basis Theorem (see, for example [8, Chapter 2]) guarantees
that any non-zero ideal Z C R[x1, ..., x,] has a Grobner basis. Furthermore,
any Grobner basis for an ideal 7 is a basis of Z (see [8] for more information).
Therefore a strategy to analyze the solutions of a given system of polynomial
equations consists in constructing a Grobner basis of the ideal generated
by the given polynomials and solving the polynomial equations (hopefully
simpler) corresponding to the polynomials in the Grébner basis.

Buchberger’s algorithm (among others) provides a constructive algo-
rithm to find one such basis (see, for example, [9]). We would like to empha-
size that the Grobner basis construction is very sensitive to the monomial
order. For a certain ordering, simple Grébner bases can be obtained with a
reduced number of polynomials, while for other orderings both the number of
polynomials and their form can be completely unmanageable. Lexicographi-
cal order is the most appropriate in most cases to get simple bases. However,
it is not always possible to use such ordering by computational reasons, and
other orderings must be taken into consideration. We therefore emphasize in
each case the ordering under consideration.

2.2. The unimodular case

Three-dimensional RG2 algebraic steady solitons have been classified by
Wears in the unimodular case [22] (see also [15]). Following Milnor [20], all
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left-invariant metrics on unimodular three-dimensional Lie groups are deter-
mined (up to orientation) by the eigenvalues (A1, A2, A3) so that

le1,e2] = Azes,  [ez,e3] = Arer,  [e3,e1] = Agea,

where {e1, eq,e3} is an orthonormal basis. Now, the result of Wears can be
easily summarized as follows:

Lemma 2.1. Let G be a three-dimensional unimodular Lie group. Then, G
is a non-locally symmetric RG2 algebraic steady soliton if and only if it is
homothetic to one of the following Lie groups:

(1) The Lie group E(1,1) with a left-invariant metric given by:
(1.a) the Lie algebra structure (A1, A2, Az) = (1,—1,0), where a = 2, or
(1.b) the Lie algebra structure (A1, A2, A3) = (3,—1,0), where o = %.
(2) The Heisenberg group H3 with a left-invariant metric given by the eigen-

values (A1, A2, Ag) = (0,0, 1), where o = %.
(3) The special unitary group SU(2) with a left-invariant metric determined
by (Ms Ao, As) = (1,3,1), where a = —2

bR

Remark 2.2. Metrics corresponding to case (1.a) are algebraic Ricci solitons

for A = =2 (i.e., @+21d is a derivation), while metrics corresponding to case
(1.b) are not. Moreover, the Heisenberg Lie group is an algebraic Ricci soliton
for A = —%, while the special unitary group does not admit any non-Einstein

Ricci soliton.

2.3. The non-unimodular case

In addition to the previous RG2 algebraic steady solitons, there are some
non-unimodular ones, which can be described as follows:

Lemma 2.3. Let G be a three-dimensional non-unimodular Lie group. Then
G is a non-locally symmetric RG2 algebraic steady soliton if and only if it
is homothetic to a left-invariant metric determined by the Lie algebra g =
span{ey, e, e3} given by

[e1,ea] = (€ + 1)ea + (§+ L)nes, [er,ea] = (£ — 1)nea — (§ — 1)es,

where {e1, ea, ez} is an orthonormal basis and one of the following holds:

2
(1) n=0,& >0 and £ #1, for a coupling constant o = (Effﬁ.i;g%)ﬂ
_ 7 ; =1 4
(2) p>0andé=1=+ ot for a coupling constant o = 3 (1 F T2+1>'

Proof. Following Milnor [20], any non-locally symmetric left-invariant metric
on a non-unimodular Lie group is determined by Lie brackets

le1,e2] = (€ + 1)ez + (§+ L)nes, [er,e3] = (€ — 1)nea — (§ — 1)es,

where {e1,e2,e3} is an orthonormal basis and 7 > 0, £ > 0, excluding the
case = 0, § = 1. A straightforward calculation shows that ® = Q + §Q is a
derivation of the Lie algebra if and only if the following polynomials vanish
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identically:

Do1g = (£ + 1)(a(772 + 124+ 2% + 1) (a(2n? + 3) — 1)52 +a—2),
Da13 = (L= &) (a® +1)%* +2(* + 1)(a(2n* +3) — )&% + o — 2),
D213 = (€ + 1) (a(n? + D& +2a(n” + 1)+ a = 2)((n* + 1)(E +2)§ + 1),

D312 = 1(§ — Dlam? +1)§ = 2a(n” + 1)+ a — 2)((n* + 1)(§ = 2)§ +1).
Computing a Groébner basis G of the ideal generated by the polynomials
Dk € R[E,n, a] above with respect to the lexicographical order, one gets
that such a basis G = {gx} consists of seven polynomials, among which one
has the polynomials g; = n(a—2)(£2 —4(a—1)?) and go = n(n?+1)(4a(a —
1)(n? + 1) + 1)&. Since the polynomials gy also belong to the ideal generated
by the D, € R[¢,n,a], any solution of the system of equations {D;;, = 0}
must also be a solution of the equations {gr = 0}. Hence, g; leads to the
following cases: a = 2, 7 = 0 and &2 = 4(a — 1)%

Setting o = 2, since £ > 0 one easily gets that © = Q + %Q is never a
derivation of the Lie algebra. Assuming n = 0, one has that © = Q + %Q isa
derivation if and only if ((£2 +6)&2 + 1)a — 2(¢2 + 1) = 0, which corresponds
to Assertion (1).

Assume now that €2 = 4(a—1)? and 1 > 0. In this case, the polynomial
g leads to 4a(a—1)(n?+1)+1 = 0 and a straightforward calculation shows
that these two conditions suffice for ® = Q + %Q being a derivation. The first
equation implies that a = 1 + §¢, where €2 = 1. Then, the second equation
above becomes £(n? +1)(e€+2)¢+1=0.Ife =1, then { = -1+ m and

thus £ < 0. Ife=—1,then £ =1+ \/T and Assertion (2) follows. O

Remark 2.4. Left-invariant metrics given in Lemma 2.3 define different homo-
thetical classes. First, note that RG2 algebraic steady solitons corresponding
to Assertion (1) are also algebraic Ricci solitons for a derivation Q + 2(£2 +
1) Id, while RG2 algebraic steady solitons corresponding to Assertion (2) are
not Ricei solitons (see, for example, [2]).

Let (G1, (-, -)1) and (Ga, (-, - )2) be two Lie groups with negative scalar
curvature 7; and 7, respectively. For ¢ = 1,2, let (-, ) = —7;(-,);
so that the scalar curvature of the normalized metric (-, -)¥ is 7 = —1.
Now, one has that (G1, (-, -)1) and (G2, (-, -)2) are homothetic if and only
if the normalized metrics (-, -)f are isometric. In this case, one has that
o]l = g3 and 1R:] = B3] or cquivalently, 7 *ox[2 = 75 2] and
2R ||? = 75 ?||Ra?, where 74, pi, R; (vesp., 7, pi, RY) are the scalar
curvature, the Ricci tensor and the curvature tensor of (G, (-, - );) (resp., of
the homothetic metric (-, -)F). The failure of any of these relations therefore
implies that the left-invariant metrics (-, - ); correspond to different homoth-
etical classes.

Now, a standard calculation shows that left-invariant metrics in As-
sertion (1) corresponding to different values of the parameter £ are never
homothetical, since 7 = —2(£2 + 3) and ||R||?> = 4(3¢* + 10£% + 3). The same

result holds for metrics in Assertion (2), where 7 = —4 (772 +2—nn?+ 1)

and ||R||? = 16(5n% + 4) (2772 Fltap/Pt 1).
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3. The direct products SL(2,R) X R and SU(2) x R

Let g = g3 X R be a direct extension of the unimodular Lie algebra g3 =
s[(2,R) or g3 = su(2). Let (-,-) be an inner product on g and let (-, )3
denote its restriction to gs. Following the work of Milnor [20], there exists an
orthonormal basis {vy,va,v3} of g3 such that

[Va, V3] = A1vy, [V3, V1] = Aava, [V, V2] = Azvs, (3)

where A1, A2, A3 € R and A1 AaA3 # 0. Moreover, the associated Lie group
corresponds to SU(2) (resp., SL(2,R)) if A1, A2, A3 are all positive (resp., if
any of A1, Ao, A3 is negative).

Now, take v4 (not necessarily orthogonal to g3) so that [v4,v;] = 0, for
all i = 1,2, 3. Finally, set e; = v; and k; = (vy4,v;) (i = 1,2,3), and normalize
the vector é4 = v4—)_, k;v; so that {ei, ..., es} is an orthonormal basis with
brackets given by

[e1,e2] = Azes, ez, e3] = Mier,  [e3,e1] = Agen,
[e1, 4] = &{kshaea — kaAses},  [e2,eq] = {k1dses — kshier}, (4)
le3, eq] = z={kadier — kidoea}, K = |[|é4]] > 0.

Now, a straightforward calculation shows that the components p;; of the Ricci
tensor are

2K2%p11 = €11, 2K2%p1a = €12, 2K?%p13 = €13, 2K p1a = €1y, 2K? poy = €,
2K?%pa3 = €3, 2K poy = Cou, 2K?p33 = €33, 2K p3g = €34, 2K?pyy = Cyy,
where the coefficients €;; are polynomials on the structure constants given
by

Cia = (A3 — MiAo) ki ko, Ci3 = (A3 — M A3)kiks, Cra = (N2 — A3)?k,
Caz = (A] — Aa3)kaks, Cos = (M1 — A3)%kz, Caa = (M1 — A2)ks,
€= (AT = ADES + (AT = A9)k3 + (AT — (A2 — A3)?) K2,

Coz = (A5 — ADET — (AT = AD)k3 + (A3 — (A1 — A3)?) K2,

€33 = (A3 — AD)KT — (AT — ADk3 — (M — A2)® — AJ)K?,

Cag = —(Na — X3)%kF — (A1 — X3)%k2 — (M — Xa)%k2.

Lemma 3.1. Let G be a product SL(2,R) xR or SU(2) x R. Then, G admits
a non-symmetric RG2 algebraic steady soliton if and only if it is homothetic
to the Lie group SU(2) x R determined by

[e1, e2] = €3, [e2, €3] = e, les, 1] = Fea,

for a coupling constant o = 72, where {e1,...,e4} is an orthonormal basis.
Moreover, it is a fized point for the RG2 flow.

Proof. Let ® = Q+ %Q Then, ® is a derivation of the Lie algebra if and only
if all terms D, = (Dles, ;] —[Dey, €] —[ei, Dej], ex) vanish. The components
D can be obtained directly from the expressions of the Ricci tensor and
the R-tensor, which are given by

4K Ry =11, 4K Rio =NR12, 4K  R13 =NR13, 4K R1y =R14, 4K * Roy =Moo,
4K*Ro3 =Ra3, 4K3Ros =Ry, AK* Ry3 =NRs3,4K3 Rys =Raa, 4K Ry =Rua,
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where the coefficients R;; are polynomials on the structure constants
given by

R = (A1 — A3)2(A2 4+ 5X2 + 20 \3)ks
+(A1 = X2)2 (A2 +5A3 + 20 Mok
—(AM A3 = AT(N2+A2) = A2(A2 502 — 4o)s)) k2K
—(AM A3 = AT(A3 +A2) — A2(5AZ + A2 — 4o)3))kPk3
+2(A1 = A2) (A1 = A3) (AT + At (A2 + A3) + BAaAs) k3 k3
+(A2 — A3)2(A2 + 503 4+ 573 — 4( A + A3)A\; + 6o)3) K2k}
+2(A1 = A3)2(A\F — A3 4+ 5X3 +2(A1 — A2)A3) K2k
+2(A1 — X2)2(AT 4503 — A2 +2(\1 — A3) o) K2K3
FIAF 202N — A3)2 + (Mo — A3)2(BA2 + 5)2 + 6A2)3)

—8A1 (A2 — A3)2(Ag + A3)}K?,

Riz = — (A2 — A3) (AL (A3 + 222 + Aad3) + (A2 — BA3)A3)ES ks
—(A1 = A3) (Mg + (202 — 5A3)A2 + M Az(Na + A3)) ks
—(ATA3 = AT(203 — 2X3 — XaAs) + A3As(A2 + 2)3)
+FA1 X2 (g — 6A3)A3) k1 kok3
+(A1 = Ag) (A2 = A3) (A1 (2X2 + A3) + (A2 — BA3)A3) K 2k ko,
Riz = (A2 — A3) (A1 (222 + A2+ Aadz) — A2(5A2 — A3))kSks
— (A1 = A2)(AIA3 — A3(BAa — 2X3) + A da(Na + A3)) ki K3
—(A3Xg + A2(20a 4+ A3) A2 + A2 (202 — 222 4+ Mo )3)
=M1 A2(6A2 — A3)A3)k1 k3 ks
—(A1 = X2) (A2 — A3) (A1 (A2 + 2X03) — Ao (B — A3)) K2k ks,

—(A2 — A3)2(5A3 4+ 5A2 — 201 (A2 + A3) + 62 )3)E5
+(A — As)(5)\3 Mg = 3M3s — AL(203 + A3 — 2X2)3)) ki k3
(A1 = A2)(5A3 = AfAs — 3AaAT — M (A3 + 223 — 200)3)) ki k3
—(A2 = A3)%(AF + 523 4+ 5A3 — 6A1 (A2 + A3) + 62 )3) K 2Ky,
Roo = (Ao — A3)2(A2 + 5A2 + 22 A3)k]
F(A1 = X2)2(5A2 + A2+ 20 \o) K
—(4M A3 = A2 (A3 +A2) — (A2 + 502 — A3) A2k kS
—2(A1 — A2)(A2 — A3) (A1 (A2 + 5A3) + Aa( A2 + A3))kik3
+(5AT — 4N (A2 4+ A3) + AT(A3 + A3) + A3A3) kK3
—2(A2 — A3)2(AF = A2 = 5A2 +2(\; — M\o)\3) K2K?
+(A1 = A3)2(BAT + A3+ 53 — 4(\1 + A3) g + 6 \3) K2k
+2(A1 — X2)2(5AT 4+ A2 — A3 +2(Ng — A3)A\p) K 2k3

R =

_|_
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H{BAT — 4X3 (222 + A3) + 202 (A3 — A2 +4X0)3)
—4X1 (A2 — A3)% A3 + (A2 — A3)2 (A2 + 5A2 + 2X903) } K4,

Moz = —(5AT — 203 (Mg + 303) + A Ai + AT (Ao + A3)A3) ki ks
—(BAT = 2X3(3Ag + A3) + A3Az + Ao (Ng + A3)) Kok
(A3 F A3+ A2 4+ AoA2) — 20202 + 207 (A2 + A2 — 3X\o)3)) kT koks
()\1 )( )\3)(5)\% -\ (/\2 =+ )\3) — 2/\2/\3)K2k2k‘3,
Rog = —(A\1 — A3 2(5)\% + 5)\% — 21 g + 2(3/\1 — )\2))\3)/4}3

)

— (A2 = A3)(A2(2X2 4+ 3A3) + (M2 — BA)AZ + M da(Aa — 2X3)) kT ko

)\1 /\2)(5)\‘? — A2 4+ A1 (202 — 3X3) A3 — Ao (Ao + 2X3)\3) ko2
A3)2(5AZ + A3 4+ 5X2 — 6A1 0 + 6(\1 — A2)\3) K ko,

Rzz = (Ao — A3)2(5A2 + A3 + 20 A3) k]

+(A1 = A3)2(5A + A3 + 2\ Aa)ky

+2(A1 — A3) (A2 — A3) (M1 (BA2 + A3) + (A2 + A3) A3) kT kS

—(AMA5 = AT(AZ + A3) — A3(5A3 + A3 — 4do3) kTKS

H(OAL = 4AT (o + Az) + AT + A) + AN kA3

—2(Xa — A3)2(AF — BAZ — A2+ 2(A\; — A3)h\p) K22

+2(A1 — A3)2(5A2 — A2+ A2 — 20 (N2 — A3))Kk3

+(A1 = A2)2(BAT 4 503 + A3 + 6M1 0 — 4(A\1 + Ao)A3) K2k}

H{5AT — 43 (Mg +2)3) — 202 (A2 — A2 — 4)0)3)

+(A2 = A3)2(5M% 4+ A2 +209)3) — AN Ao (N — A3)? KA,

+(A1 = A3)%(BAT + 5A3 + 6M103) ks
+(M

Ras = — (A1 — X2)2(BAT + 6A1d2 4 5A3 — 2X1 A3 — 22 A3)k3
+(A2 — A3)(A (3>\2 +2X3) — A3(5A2 — Az) — A1(2A2 — A3)A3)kiks
— (M1 = A3)(BA] = ATAs — Mida(3h2 — 2X3) — A2(2)2 + A3)As)kd ks
—(A1 = X2)2(BAT 4+ 5A3 + A3 + 621 (A2 — A3) — 6hads) K ks,
Raa = (A2 — A3)°(5A3 4 503 + 6X2 03 kT
)
A2)

2(5AT 4+ A3 + 6A1 02k

+2(AT(5A3 — A3 — 2XaX3) — (A3 — BAZ 4 2X2A3)A3 — 201 (A3 + A3)A3)kTks
—2(AT (A3 — BA3 + 2X2A3) — A3(5A3 — A3 — 222 A3) + 201 Ao (A3 4 A3))kT k3
+2(5A7 = 22T (A2 4 A3) — AT(A3 4+ A3) 4+ 5A3A5 — 20 A2 (A2 + A3)\3)kaks
+(A2 = A3)2 (AT +5A3 +5A3 — 4\ (N2 + A3) + 6ho)3) K kT
+(A1 = A3)%(BAT + A3 + 523 — 4001 + Az) e + 60 \3) K k3
+(A1 = A2)%(5AT + 503 + A3 + 6M1 2 — (A1 + A2)\s) K 2k3.

Since A1 23 # 0, assume \; = 1 and so we just work with the homo-
thetic metric determined by é; = )\1—162-. The expressions of the Ricci tensor

and the R-tensor imply that © = Q + %Q is a derivation of the Lie algebra
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if and only if the system of polynomial equations {43;;5 = 0} holds true,
where ;51 are polynomials associated with the coefficients ®;;, (which we
omit for the sake of brevity). We consider separately the cases corresponding
to different possibilities (up to rotation) for the constants ki, ko and k3 as
follows.

3.1. k1koks # 0

Since all the k;s and ;s are different from zero, we simplify (when possible)
the polynomials {JB;;r} C Rk1, ko, k3, K, a, A2, A3]. Constructing a Grobner
basis Gy of the ideal generated by {;;x} with respect to the graded reverse
lexicographical order, we get that the polynomials gy = (A3 — 1)K* and
g2 = (Ay — 1)K* belong to G;. Thus, A\; = Ay = A3 = 1 and hence the
manifold is symmetric.

3.2. kl = 0 and kzk)g 75 0

Proceeding as in the previous case, compute a Grobner basis G of the ideal
generated by the polynomials {;;r} C R[ka, k3, K, a, A2, A3] with respect
to the lexicographical order. Since the polynomials go; = (A3 — 1)2K* and
g2 = (A2 + A3 — 2)K*? belong to G, one has that A3 = Ay = 1, which
corresponds to the situation in §3.1.

3.3. kl == kz =0

Simplifying the polynomials {;;x} when possible as in the previous cases
and computing a Grobner basis Gs of the ideal generated by {Bix} C
R[ks, K, a, A2, A3] with respect to the graded reverse lexicographical order,
one gets that the polynomial g3; = k3(\2 — 1)?K? belongs to Gs. Hence,
either k3 = 0 or A2 = 1 and, in both cases, e; determines a parallel left-
invariant vector field. Now, a direct calculation shows that, in this case, any
non-symmetric RG2 algebraic steady soliton is determined by Lemma 2.1-
(3), obtaining the case given in Lemma 3.1. Finally, the tensor field RG|g]
vanishes, which finishes the proof. O

4. The semi-direct products R x E(1,1) and R x E(2)

Let g3 be either the Poincaré algebra e(1,1) or the Euclidean algebra e(2)
and let g = R x g3 be a semi-direct extension. Let (-,-) be an inner product
on g and (-, -)3 its restriction to gz. Following the work of Milnor [20], there
exists an orthonormal basis {vi,va,v3} of g3 such that

[Va,v3] = A\1vy, [Vs, vi] = Aava, [Vi,v2] =0, (5)

where A1, A2 € R and A A2 # 0. Moreover, g = ¢(2) (resp., g3 = ¢(1,1)) if
A1A2 > 0 (resp., A1 A2 < 0). The algebra of derivations of g3 is given by

b ac
der(gz) = —%a bd|;a,becdeR
0 00

Let {v1, va, v3, v4} be a basis of g such that {vy,va,vs3} are given by Eq. (5)
and g = Rvy & g3. Since v4 is not necessarily orthogonal to g3, set k; =
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(vi,va), for i = 1,2,3. Let é4 = v4 — ) . k;v; and normalize it to get an
orthonormal basis {e1,...,es} of g =R ® g3 so that

lea, e3] = Ajeq, [es, e1] = Aaea,
[ea, e1] = e {ber — Aa(5- + ks)ea}, [ea, ea] = 7{(a + kshi)er + bea}, (6)

lea, €3] = % {(c — kaA1)er + (d + k1 A2)es},
where K = ||é4]| > 0.

To simplify the notation, set A = )%-‘rk/’g, C =c—koA and D = d+kq \s.
Now, a straightforward calculation shows that the components p;; of the Ricci
tensor become
2K%p11 = €11, 2K%p1p = €1o, 2K p13 = Cu3, 2K p1y = Ciy, 2K2payy = Cao,
2K?pg3 = Co3, 2K pog = €4, 2K?p33 = C33, 2K p3y = €34, 2K%pay = Cyy,
where the coefficients €;; are polynomials on the structure constants given
by

Ty = 2Ab(N2 — A1) + CD, €13 = AD)Xy — 3bC, €14 = D)o,
Co3 = —AC\; — 3bD, Coy = —CAy, Caa =AM — X2)?,
€y = (A2 + K3 (\] = \3) — 4 + O,
Cop = (A% + K?)(\3 — \3) — 4b* + D?,
Cs3 = —K2(\1 — \2)? — C? — D?,
Cuy = —A% (N — X9)? —4b* — C% — D%
Recall that any Einstein metric is a genuine fixed point of the RG2
flow. Moreover, the product manifold R x F(1,1) is an RG2 algebraic steady

soliton just considering the RG2 algebraic steady solitons in Lemma 2.1-(1).
Henceforth, we focus on the irreducible non-Einstein case.

Lemma 4.1. Let G be a semi-direct product R x E(1,1) or R x E(2). Then,
G admits a non-Einstein irreducible RG2 algebraic steady soliton if and only
if it is homothetic to the Lie group R x E(1,1) determined by

[61763} = €2, [62,63] = €1, [61764] = K€, [62,64] = k€2,
where k > 0, k £ 1 and for a coupling constant o = HQL_H Here, {e1,e9,€3,¢4}
is an orthonormal basis. Moreover, these metrics are never algebraic Ricci

solitons.

Remark 4.2. Left-invariant metrics determined by Lemma 4.1 define different
homothetical classes for any x > 0, k # 1. This is obtained proceeding as in
Remark 2.4, since 7 = —(6x2 + 2) and ||R||? = 4(3k* + 2x2 + 3).

Proof. Let (-, -) be a left-invariant metric as described in (6). A standard
calculation shows that the components of the R-tensor are given by
AK*Ryy =%R11,4K" Ry =R12, 4K Ris=Rys, 4K° R1y =R14, 4K  Rog =Ry,
4K* Ry3 =Mo3,4K° Roy =Ry, 4K * R33 =R, 4K Rgy =Ry, 4K* Ry =Rua,
where the coefficients fR;; are polynomials on the structure constants given
by
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Ri1 = (A% + K2)2(A] + 573 — 8\1A3 + 203A3) + (202 + D?)(A? + K?)\?
+(16A2%b% — 202 (A% + K?) + 5D?(A? + K?))A\3
—(16A4%b% + 4D? (A% 4+ K?))A1 )2 — 2AbCD(3\1 + A2)
+16b% + b%(6C? + 4D?) + C*(C? + D?),

M1z = 4Ab(A% + K2)(A3 — A3 — 302X + 301 )2) + Ab(16b% + 502 + D?)\
—Ab(16b% + C? + 5D%)\o — 20D(A% + K2\ A2 + CD(20% + C? + D?),

M1z = —AD(A? + K2)(5A3 + A\2h2 — 6A1)2) + bC(3A% +4K%)A2 4 bC(TA? — 2K?)\2
—2bC(5A4% + K2)A1 A2 + AD(8b% — C? 4 2D?)\; — AD(12b% + 2C? + 5D%) )\,
+4bC(3b2 4+ C? + D?),

Mi1a = —D(A% + K2)(B5A3 + 222 — 6A102) — ABC'(AZ — 92 + 8X\1)\2)
+D(2b% — C? +2D?)\1 — D(2b% + 2C? + 5D%) s,

Moo = (A% + K2HZ(BAT + A5 — 832 +2)2)02)
+(A2(16b% + 5C2 — 2D?) + (5C? — 2D?)K?)A\? + (C? +2D?)(A? + K?)\2
—(16A%6% + 4C2 (A% + K?))A1d2 + ADCD(2)1 + 6X2)
+16b* + b%(4C? 4 6D?) + D*(C? + D?),

Moz = AC(A% + K2)(5A3 — 602 + A1A2) + bD(TA% — 2K%)A\? 4+ bD(3A4% 4+ 4K?))\2
—2bD(5A% + K%)A1 )2 + AC(12b% + 502 + 2D%)A1 — AC(8b° 4 2C2% — D?)\y
+4bD(3b* 4+ C? + D?),

Moy = C(A% + K2)(5A3 — 6022 + A1A2) + AbD(922 — A2) + C(2b% 4+ 5C% +2D?)\,
—C(2b% +2C% — D?)\a — 8AbDA1 A2,

MRas = K2(A% + K2)(5AT + 505 —4X3 e — 4\ 03) — 2K2(A% + K2)A2)\32
+(A%(5C2% + D?) +2(2b% 4+ 5C% — D?)K?)A?
+(A%(C? +5D?) +2(2b% — C? + 5D?)K?)A3
—4(A%(C? + D?) + (2b® + C% + D?)K?)A1 d2 + 12AbCD(A1 — X2)
+5(C? 4+ D?)(20 + C? + D?),

Mas = —A(A% + K2)(BA] + 5705 —4X3I o — AN A3) + 2A(A% + K?)A2)2
—A(120% + 5C? — 3D?)X\2 — A(12b2% — 3C% 4+ 5D?)A2 + 24Ab% A1 A2
—6bCD(A\1 — A2),

Mg = A2(A% + K2)(5AT 4+ 505 — 40302 — 401 03) — 242 (A2 + K2)A2)32
+(2A2(12b% + 502 — D?) 4 (4b2 4+ 5C% + D?)K?)A?2
+(2A2(12b% — C? 4 5D?) 4 (4b% + C? + 5D?)K?)A2
—4(A2(120% + C2% + D?) 4 (2b% + C? + D?)K?)A1 A2 + 24AbCD(A1 — A2)
+16b* + 12b%(C? + D?) + 5(C? 4 D?)2.

Since A1 A2 # 0, we work with a homothetic basis €; = /\%ei so that
we may assume \; = 1. The expressions of the Ricci tensor and the R-
tensor imply that ® = @ + %Q is a derivation of the Lie algebra if and
only if the system of polynomial equations {;;x = 0} holds true, where
PBijx € R[A,b,X2,C, D, K, ] are the polynomials associated with the coeffi-
cients ©;;; (which we omit for the sake of brevity). We compute a Grébner
basis G of the ideal 7 = (;;) with respect to the graded reverse lexicograph-
ical order and a detailed analysis of that basis shows that the polynomials
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g1 :D3(4b2+25K2>K4, g2 = C(D2+02A2>K4
g3 = b{3CDK? + Ab((or + 2)D* + 4(Xy — 1)K?) } K?

belong to G. Thus, C = D = 0 and 4A4b%*(\; — 1)K* = 0; so we have three
different possibilities corresponding to b = 0, A = 0 or Ay = 1. We consider
the three situations separately.

1.b=0

Constructing a Groébner basis Gy of the ideal GU {b} C R[4, b, A2, K, ] with
respect to the lexicographical order, one gets that the polynomial

g11 = (A2 — 1)(A2 + 1)(A2 + 3)(3A2 + 1)A2(A* + K?)K?

belongs to G . This shows that Ay must take one of the different values Ay = 1,
A= —1, A = =3 or Ay = —%. If Ay = 1, then the metric is Einstein. We
analyze the other three cases separately.

4.1.1. Ay = —1. Cons1der1ng the coefficient K*®315 = (A%2a+(a—2)K?)(A%+
K?), one has that a = 535,

in this case, ® is a derivation of the Lie algebra. Moreover, setting v = —%,
one has the Lie algebra structure

and a straightforward calculation shows that,

[617 63] = €2, [627 63] = €1, [617 64] = 7Yeéa, [eZa 64] = "e1,

with o = 2 - A standard calculation shows that v = e, — ye3 determines
a parallel left invariant vector field on G. Therefore, G is a reducible RG2
algebraic steady soliton and one easily checks that it is obtained as a product

extension of Lemma 2.1-(1.a).

4.1.2. Ay = —3. Since K*D315 = 48(4A4%a + (4o — 1)K?)(A? + K?), we
have a = 4(A2K7+2K2), and a straightforward calculation shows that, in this

case, ® = Q + aQ is a derivation of the Lie algebra. In this situation, setting

A
Kk = — 7 one has

le1,e3] = 3ea, [ez,e3] =e1, [e1,eq] = 3res, [e2,e4] = ke,

with o = m. Now, a direct calculation shows that ker Q = span{es—res}
and v = e4 — Kes is a parallel left-invariant vector field on G. Therefore, G
is a reducible RG2 algebraic steady soliton, which is obtained as a product
extension of Lemma 2.1-(1.b).

4.1.3. X\, = —%. The coefficient 81K*®3y; = 16(4A%a + (4o — 9)K?)
(A?+ K?) implies that o = 4(;27{&2)

that, in this case, ® = Q + %Q is a derivation of the Lie algebra. Setting

K = —%, in the previous case just consider the homothety determined by

(613 €2, €3, e4) — 3(62a €1, €3, 64)-

and a straightforward calculation shows
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42. A=0and b#0

Compute a Grobuner basis Go of the ideal G U {A} with respect to the lex-
icographical order in R[K, A, b, o, \2]. We get that the polynomial gy =
(A2 — 1)(A2 + 1)2X20%b" belongs to Go and thus (A — 1)(Ay + 1) = 0. If
A2 = 1, then the manifold is symmetric and isometric to a product R x N(c),
where N(c) is a space of constant negative curvature. On the other hand, if
Ay = —1, then the coefficient K?®315 = (a—2)K2+b%a and thus a = bi—LKZZ'
A straightforward calculation shows that © = Q + %Q defines an RG2 alge-
braic steady soliton where, setting x = —% = 0, the left-invariant metric is
determined by

le1,e3] = e2, [ea,es]l =e1, [e1,eq] =ker, [ea,eq] = ke,

KQLH. Note that the replacement e4 — —es defines an isome-

try which interchanges x and —k. Hence, one may assume « > 0 with-
out loss of generality. Also, observe that the Ricci operator has eigenvalues
Q = —2diag[x?, k2,1, k?] and thus the metric is Einstein if and only if x? = 1.
Moreover, a direct calculation shows that these metrics are irreducible. Fur-
thermore, the metric is a Ricci soliton if and only @ + 21d is a derivation,
which may occur if and only if (k%> — 1) = 0. Hence, it is a Ricci soliton if
and only if it is Einstein. We conclude that these metrics correspond to the
ones given in Lemma 4.1.

with o =

43. Ao =1and bA # 0

In this case, the manifold is symmetric and isometric to a product R x N(c),
where N(c) is a space of constant negative curvature, which finishes the proof.
O

5. The semi-direct product R x H?3

Let g = R x b2 be a semi-direct product of R with the Heisenberg algebra b3.
Let (-, -) be an inner product on g and let {v,vs,v3} be an orthonormal
basis of b3 so that

[Vla VQ] = Vs, [VQ, V3] =0, [Vla VB] =0, 0 7£ 0.

The algebra of derivations of h? with respect to a rotated basis that we also
denote by {vi,va,v3} is given by (see [5])

a c O
der(p?) = —cd 0 sa,e,d,h, f ER
h fa+d

Let {v1,va,vs,v4} be a basis of g where ad(e4) is determined by a deriva-
tion as above. After normalization, as in the previous sections, there is an
orthonormal basis {e1, e, e3,e4} of (g, (-, - )) where the non-zero Lie brackets
are given as follows:

le1, ea] = ves, les,eq] = %{%1 —ceg + (h + kay)es}, (7)
les, €3] = £ (a + d)es, [es, e2] = 7{cer +dea + (f — k1y)es}, K >0.
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We use the notation F' = f — kyy and H = h + key. Then the non-zero
components of the Ricci tensor are given by

2K?p11 = €11, 2K?p12 = €12, 2K?p13 = €13, 2K p1y = €1y, 2K%poy = €,
2K%pos = Ca3, 2K poy = Coy, 2K%p33 = €33, 2K%pgy = Cyy,

where the coeflicients €;; are determined by the structure constants as follows:

€11 = —4a® —4dad — H?> —~4?K?2, Coo = —4d? — 4ad — F% — 42 K?,
C33 = —4a? —4d? — 8ad + F? + H? + v2K?, €44 = —4a? —4d? — 4ad — F? — H?,
C12 = —2ac+ 2cd — FH, Ci1a = —7F, Coy = vH,

¢13 = —2Ha + Fc — 3Hd, Co3 = —3Fa — He — 2Fd.

In addition to Einstein metrics and symmetric products, R x H? is an
RG2 algebraic steady soliton considering the RG2 algebraic steady solitons
in Lemma 2.1-(2). Henceforth, we focus on the irreducible non-Einstein case.

Lemma 5.1. Let G be a semi-direct product R x H3. Then, G admits an
irreducible non-FEinstein RG2 algebraic steady soliton if and only if it is ho-
mothetic to one of the following, where {e1,...,es} is an orthonormal basis:

(1) The left-invariant metric determined by

_ _ V3
[61562] = €3, [61164] - W €1,
+1
e, e4] = %627 les, e4] = % €3,
where k € [—=1,1) and for a coupling constant o = 2.
(2) The left-invariant metric determined by

[e1,e2] = €3, [e1,eq] = ker, ez, eq] = —7-€2, [es,ea] = (K — 1=) €3,
where Kk € (0, %}, K # %\/27 V3, and for a coupling constant o =
3252
Tori+1-

Moreover, metrics in case (1) are algebraic Ricci solitons, whereas left-
invariant metrics (2) are not Ricci solitons.

Remark 5.2. Left-invariant metrics in Lemma 5.1 corresponding to different
values of the parameter k determine different homothetical classes. The scalar
curvature and the norm of the Ricci tensor of left- invariant metrics in Asser-

2
3 . 5k“4+8k+5 2
tion (1) are given by 7 = TR L and [|p||> = —27, while for metrics in As-
. a_ s _ _
sertion (2) one has 7 = _ 48kt —16k743 =03 and | p||? = T68r"—512r 6133“ 325743

Now, proceeding as in Remark 2.4, a standard calculation shows that 1eft—
invariant metrics in Assertion (1) corresponding to different values of x are
never homothetic and the same holds true for left-invariant metrics in Asser-
tion (2).

Proof. Let (-, -) be a left-invariant metric on R x H? determined by the
Lie algebra inner product (7). A straightforward calculation shows that the
components of the R-tensor are given by

4K Ry =R11,4K* Ris =MR12, 4K  Ri3 =NRy3, 4K3 Ry =NR14, 4K Rop = NRao,
4K* Ro3 =Ro3,4K3 Roy =Roa, 4K R33 =Ra3, 4K> Ry =Ra4, 4K Rig =Rua,
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where the coefficients R;; are polynomials on the structure constants given
by

M11 = 16a* + 16a°d + 8a2c? + 16a%d? + 8c2d? — 16ac?d + 4(F? + 4H?)a?
+2F2c? + 2(5H? 4+ 242 K?)d? + 4F Hac + 12(H? + v K?)ad — 20F Hecd
+5(H2 +72K2)(F2 + 2 +'y2K2),
M1z = 8a®c — 8cd® — 8a?cd + 8acd® + 12FHa? — 2FHc? + 12FHd?
+2(F? + 5H?)ac + 10FHad — 2(5F2 4+ H?)ed + 5FH(F? + H? +4%K?),
Ri3 = 4H(4a3 +3d3 + 8a?d + ac® — Pd + 8ad2) — 4F(3cd2 + 2acd)
+H(BF? +4(H? ++v2K?)a + F(F? 4+ H*)c+ (3F%H + 4H(H? + v*K?))d,
M1s = 2vF(a? 4 6d? + 8ad) + 2vH (dac — cd) + 5yF(F? + H? + 42 K?),
Moo = 16d* + 16ad>® + 8a2c? + 16a%d? 4 8¢%d? — 16ac?d + 2(5F? 4 272 K?)a>
+2H2c? + 4(4F? 4+ H?)d? 4+ 2FH(10ac — 2¢d) + 12(F? + v?K?)ad
+5(F2 Jr,yzK-Q)(Fz + H? +’YZK2),
Moz = 4F (3a® + 4d® + 8a%d — ac® + ¢*d + 8ad?) + 4H(3a%c + 2acd)
+F(4F? + 3H? 4+ 4y*K?%)a — H(F? + H?)c 4+ F(4F? + 5H? + 474%K?)d,
Moy = —2vH (6a% 4 d?) — 2yF(ac — 4cd) — 16yHad — 5vH(F? + H? + 42 K?),
M3z = 16a* + 16d* + 48a3d + 48ad® + 64a2d® + 6F%a? + 2(F? + H?)c? + 6 H?d?
+4(F2 +H2 772K2)ad+(F2 +H2 +72K2)2,
MRas = 4vy(a’c + cd? — 2acd) — yFH(a — d) — v(F? + H?)c,
Mg = 16a* + 16d* 4 32a3d + 32ad® 4 16a°c? + 48a°d? + 16¢*d? — 32ac*d
+4(3F% + 6H? + 72 K?)a? 4+ 4(F? + H?)c® + 4(6F? + 3H? + 2 K?)d?
+24F H(ac — cd) + 4(6F? + 6H? + 12 K?)ad + 5(F? + H?)(F? + H?> + 2 K?).

Note that since v # 0, one may work with a homothetic basis €; = %ei,
so that we may assume v = 1. It follows from the expressions obtained for the
Ricci tensor and for the R-tensor that ® = Q + %Q is a derivation of the Lie
algebra if and only if the system of polynomial equations {;;x = 0} holds
true, where Pi;r € Rla,c,d, H, F, K, o] are the polynomials associated with
the coefficients ©;;; (which we omit for the sake of brevity). We construct
a Grobner basis G of the ideal generated by the polynomials {3;;} with
respect to the lexicographical order and we get that the polynomial g =
d*FHK? is in the basis. Therefore, we have three possibilities which we
analyze separately.

51.d=0

Constructing a Grobner basis Gy of the ideal generated by G U
{d} C Rla,¢c,d, H, F, K, a] with respect to the lexicographical order, one has
that the polynomials g1; = aHK* and g2 = aFK* are in G;. Thus, a = 0
or F=H=0,a#0.

5.1.1. a = 0. We construct another Grébuner basis Gf of the ideal generated
by Gy U{a} C Rla,c¢,d, H, F, K, ] with respect to the lexicographical order
and the polynomials g}, = cFK? and g}, = cHK? belong to G;. Hence,
either ¢ = 0 or FF = H = 0 and a standard calculation shows that v =
—%61 + %62 + e4 is a left-invariant parallel vector field on G in any case.
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Therefore, in this case, any RG2 algebraic steady soliton is reducible and one
easily checks that it is obtained as a product extension of Lemma 2.1-(2).

5.1.2. F = H = 0 and @ # 0. Since 4K*®13; = a3ca, we get ¢ = 0 and
thus 4K5D343 = a®(4a’a + (o — 8) K?), which shows that o = %. Now,
a straightforward calculation shows that © = @Q + @ is a derivation of the
Lie algebra if and only if @ = 5@[(, with €2 = 1. In this case, o = 2 and the
left-invariant metric is determined by

[61,62] = €3, [61,64] = —E?@l, [63,64] = —E?e;),.

Note that the replacement ey — —ey defines an isometry which interchanges
€ = —1 with € = 1. Moreover, a direct calculation shows that this metric
is never Einstein and that it is irreducible. Furthermore, a straightforward
calculation shows that @ + %Id is a derivation of the Lie algebra and thus
an algebraic Ricci soliton. Thus, taking ¢ = —1, the above left-invariant
metric determines an RG2 algebraic steady soliton which corresponds to As-
sertion (1) with x = 0.

52. H=0,d # 0

Computing a Grobner basis G of the ideal generated by G U {H} C RJa,c,
d,H, F, K, a] with respect to the lexicographical order, one has that the poly-
nomials go; = dFK*(12F? + 7K?) and g = (a — d)c3K* are in Go. Hence,
F =0 and either a=d or c=0, a # d.

5.2.1. F = 0, a = d. Construct a new Grobner basis G) of the ideal gen-
erated by Go U {F,a — d} C Rla,c,d, H, F, K, ] with respect to the lexico-
graphical order. We get that the polynomial gh; = (a+4)(a—2)(3a —8)2K3
is in G} and hence either « = —4, a =2 or o = %. In the first case, a = —4,
we get K°D14; = —9a3(4a® + K?) which cannot vanish. If a = 2, then we
get 2K5D141 = 9a3(4a® — K?), from where a = +1K and the metric is Ein-

stein. If o = %, then K%, = 4a(K? — 6a?) from where a = :l:%K. Then

D93 = —g, which shows that no RG2 algebraic steady soliton may exist in

this setting.

5.2.2. F = 0,c = 0 and a # d. First, we determine « using the component

Da42. In particular, 4K°Da49 = d(a? + d* + ad)(4(a® + d? + ad)a + K?(a —

8)), which implies that o = %. A straightforward calculation

shows that ® = Q + §Q is a derivation of the Lie algebra if and only if

2 2 2 _ 2y _ _ L\/i

(4dad + K*)(4(a* + d* + ad) — 3K*) = 0 and thus K = Ve a? +d? + ad or
K2

K.

In the first case, K = %\/ a? + d? + ad, the left-invariant metric deter-

mined by the Lie algebra structure

a =

[e1, €2] = es, le1, 4] = —#\/%61,
d)v/3
[e2, 4] = _2\/%62’ les, ea] = _2\}%63
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is an RG2 algebraic steady soliton with a = 2. Recall that d # 0 and note that
the replacement ey — —ey4 defines an isometry between (a,d) and (—a, —d).
Hence, assuming d > 0, setting x = § and applying the homothety deter-
mined by (e1, e, e3,e4) — (e2,e1, —e3, —e4), we obtain

[61,62] = es, [61,64] = 2\/%61’

[62,64] = %62, [63,64] = %63.
Since a # d, we have x # 1. Moreover, the metrics corresponding to the
parameters x and % are isometric. Indeed, (e1,eq,e3,6e4) — (e2,€1, —€3,€4)
if Kk > 0 and (e1,e2,€3,€4) — (€2,e1,—e3,—eyq) if K < 0 determine the cor-
responding isometries. Hence, we may assume k € [—1,1). Furthermore, a
direct calculation shows that these metrics are never Einstein and that they
are irreducible. Finally, a straightforward calculation shows that Q + %Id
is a derivation of the Lie algebra and thus these metrics are algebraic Ricci
solitons. We conclude that these metrics correspond to Assertion (1).

. 2
In the second case above, assuming a = ——{fd, we set Kk = —ﬁ. Thus,
2 . . . .
a= %}fﬂ and the left-invariant metric determined by

le1,e2] = e3, [e1,eq] = Ker, [ez,eq] = *ﬁem le3, eq] = (/’v - ﬁ) €3

is an RG2 algebraic steady soliton. Note that x # 0. Moreover, replacing e4 —
—ey4, we may assume £ > 0, and (e1, ea, e3,e4) — (ea, —e1, €3, —e4) defines an
isometry interchanging x and ﬁ, which shows that, without loss of generality,
one may restrict the parameter to xk € (O, %} A direct calculation shows that
these metrics are never Einstein and that they are irreducible. Finally, the
metrics above are algebraic Ricci solitons if and only if 16x* — 16x2 + 1 = 0
(ie., k= % 2 — +/3), in which case Q—I—% Id is a derivation. A straightforward

calculation shows that, taking the homothetical case xk = —% 2 — /3, it
corresponds to the special case of Assertion (1) for the value x = —(2++/3) L.

Therefore, these metrics correspond to Assertion (2).

53. F=0,dH #0

Construct a  Grobner basis Gz of the ideal generated by
GU{F} C Rla,c¢,d,H, F,K,«] with respect to the lexicographical order.
Since the polynomial gz; = dH (12 H?> + 7TK?)K* belongs to Gs, it follows
that no RG2 algebraic steady solitons may exist in this setting, finishing the
proof. O

6. The semi-direct product R x R3

Let 3 be the Abelian algebra. The corresponding algebra of derivations is
gl(3,R). For any D € gl(3,R), decomposing it into its symmetric and skew-
symmetric part, one has (see [5])

a—b —c
der(¢®) = b f —h |;a,b,c,f,h,peR
ch p
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The corresponding semi-direct product R @ t> expresses in an orthonormal
basis {e1,...,e4} as

[ea,e1] = &= (ae; + beg +ce3), [es,ea] = %(—bel + fea + hes),
[ea, e3] = 72 (—cer — hea + pe3), K > 0.

(8)

Now, the non-zero components of the Ricci tensor are
K?p11 = €11, KP?p1a = €ig, K2p13 = i3, K?pay = €aa,
K?pys = Cg3, K?ps3 = Cs3, K?pay = Cuy,
where the coefficients €;; are given in terms of the structure constants as
follows:

¢ =—a®—(f+pla,  Cpn=—fa— f(f+p)
€33 = —pa — (f +p)p, Cu=—a’— f*—p°,
€19 = ab — f0, Ci3=ac—pc, Ca3=(f—p)h.
In addition to Einstein metrics and symmetric products, R x R? is an
RG2 algebraic steady soliton just considering the RG2 algebraic steady soli-

tons in Lemma 2.3. Henceforth, we focus on the irreducible non-Einstein
case.

Lemma 6.1. Let G be a semi-direct product R x R3. Then, G admits an irre-
ducible non-FEinstein RG2 algebraic steady soliton if and only if it is homo-

thetic to one of the following, where {e1,...,e4} is an orthonormal basis:
(1) The left-invariant metric determined by
[6 _ _ _ ith o — 2(f2+p>+1)
1764] = €1, [62a64] _feQa [63764} _pe?nwlt o = fipitl

where (f,p) € {(z,y) € B2z € (0,1],0 # y < 2]\ {(1, 1)},
(2) The left-invariant metric determined by
[e1,eq] = €1, [ea,eq] = fea + hes, [es,eq] = —hes + pes,
where the parameters p and h are given by p = % (1 +/1—4f(f - 1))

1
and h = (%)2, with coupling constant a = ﬁ and
fe(0,1).

Furthermore, Lie groups in case (1) are algebraic Ricci solitons, whereas left-
invariant metrics (2) are never Ricci solitons.

Remark 6.2. Left-invariant metrics in Lemma 6.1 define distinct homothetic
classes for different values of the parameters in each assertion. For left-
invariant metrics in Assertion (1), we have

T==20f+p*+ fp+f+p+1),
Ipll? = =(f* +p*+ D,
|R|? = 4(f* +p* + f2p* + 2 +p* +1).

Proceeding as in Remark 2.4, a straightforward calculation shows that any
left-invariant metric in Assertion (1) with p # —f — 1 is never homothetic to
any other metric in Assertion (1). For p = —f — 1, we cannot use the same
argument since 77 2||p||> = 1 and 772||R||? = 3. Nevertheless, considering the
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third-order Riemannian scalar curvature invariant | = R;jxe R*P1 R,/ and
setting p = —f — 1, one has that

sy S D) (fF+D)(FP+F+9) +3)+1
(f2+f+1°
from where it follows that two different left-invariant metrics in Assertion (1)
with p = —f — 1 are never homothetic since 0 < f < 1.

For Assertion (2), we get that two different left-invariant metrics are
never homothetic proceeding as in Remark 2.4 and using that

T=-5f—4—(f+2)/1-4f(f-1),
ol = —2f* +4f2+17f + 2+ 22 +6f + 5)/1—4f(f - 1).

)

Proof. The non-zero components of the R-tensor are given by

%K41?11 = R, %K4f:312 = Rio, %K4f?13 = Ri3, 3K Rao = Rao,

1 K4 Ro3 = Moz, K4 R33 = Ry3, 3K Ruy = Rua,
where the coefficients R;; are polynomials on the structure constants given
by

R = a’ + a®b® + a®c® — 2fab® — 2pac® + (f* + p*)a® + f20° 4 p2c?,

Rio = —a®b+ fa®b — f2ab+ h(f — p)ac + f3b— hp(f — p)c,

Rz = —a’c +pa’c+ h(f —p)ab— p*ac — fh(f — p)b+p’e,

Rog = a®b” = 2fab® + f2(a® + 6%) + f2(f* + %) + (f — p)*h?,

Moz = a’be — (f + pabe + fpbe — (f* = p* = fp+ fp*)h,

Raz = a’c® — 2pac® + p?(a® + ) + p* + f2(h* + p*) — (2f — p)h°p,

Rus = a* + 2020 + 2a%c — Afab® — dpac® + 2f%b% + 2p>?

+f*+pt +2(f — p)?h2
Let (-, -) be a left-invariant metric on R x R?® determined by the Lie

algebra inner product (8). We consider the diagonal matrix diag[a, f, p] in the

decomposition of elements of der (t3) and we analyze separately the cases of
the determinant being null and non-null.

6.1. afp=20

In this case, at least one of a, f and p must be zero. Thus, without loss of
generality, we may assume a = 0. Moreover, one may work with a homothetic
basis €; = Ke; so that we may assume K = 1. A key observation in this case
is that if b = ¢ = 0, then e; determines a parallel left-invariant vector field.
Hence, if b = ¢ = 0 and G admits an RG2 algebraic steady soliton, then G
splits as a product R x H, where H corresponds to the non-unimodular Lie
group determined by the Lie algebra h = span{es, €3, e4} with

le2,eq] = —fea — hes, [es, eq] = hea — pes,

and the RG2 algebraic steady solitons are determined by Lemma 2.3.
g Otherwise, the expressions thained for the Ricci tensor and for the
R-tensor imply that ® = @ + 7@ is a derivation of the Lie algebra if and
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only if the system of polynomial equations {;;x = 0} holds true, where
Bijk = Dijr € R[f,b, ¢, h,p, ] are the polynomials given by the components
D, (which we omit for the sake of brevity). We start with a Grébner basis
Gy of the ideal generated by the polynomials {;;,} with respect to the lexi-
cographical order and we get that the polynomial g1; = p?(p?a—2)c® belongs
to G1. Therefore, we have three possibilities which we analyze separately.

6.1.1. p = 0. Constructing a Grobner basis G; of the ideal generated by
G1U{p} C R[f,b,c, h,p, a] with respect to the lexicographical order, one has
that the polynomials gi; = fh(b? + h?) and g}, = bf(b> + h?) belong to .
If f =0, then the metric is Einstein. If f # 0, then b = h = 0 and we get
Daoo = —1 f3(f%a — 2). Thus, a = % and this case is symmetric, and thus
reducible since it is not Einstein.

6.1.2. a = z%’ p # 0. We construct a Grobner basis Gy of the ideal gen-
erated by G; U {p?’a — 2} C Rle,b, h,p,, f] with respect to the graded
reverse lexicographical order and the polynomials gf; = cf(b* + ¢?) and
gy = c(b*f +c*p— fh? + h2p) belong to G1'. Hence, necessarily ¢ = 0. More-
over, the polynomials g/ = bf?(b? + ¢?) and g, = b(f — p)(f? — 2h? + fp)
also belong to G{. Thus, b = 0 and G is reducible or otherwise f = h =0
and the manifold is symmetric.

6.13. c=0,p#0,a # 1%' Constructing a Grobner basis G7” of the ideal
generated by G U {c} C R[f,b, ¢, h,p,a] with respect to the lexicographical
order, one has that the polynomial g7 = b?p?(p?a —2) belongs to G1”. Thus,
necessarily b = 0 and G is reducible.

6.2. afp#£0

Without loss of generality, one may work with a homothetic basis e; = %ei
so that we may assume K = a = 1. A key observation in this case is that the
casesb=c=0,c=h =0and b= h = 0 are homothetic. Indeed, considering
(e1,€9,€3,€4) = %(63,62761764) the case ¢ = h = 0 reduces to b = ¢ = 0.
Analogously, considering (e, e2,€3,€4) = %(62, e1,€e3,¢e4) the case b=h =0
reduces to b = c = 0.

Using the expressions obtained for the Ricci tensor and for the R-tensor,
it follows that ® = @Q + %Q is a derivation of the Lie algebra if and only
if the system of polynomial equations {§3;;x = 0} holds true, where B;;i €
R[b, ¢, f, h,p, o] are the polynomials given by the components ©;;;, (which we
omit for the sake of brevity). Now, we construct a Grobner basis G, of the ideal
generated by the polynomials {9;, } with respect to the lexicographical order
and we get that the polynomial go; = ch(a —2)*(3a—2)(a? —2a+4) belongs
to Go. Therefore, we have four possibilities which we analyze separately.

6.2.1. ¢ = 0. Constructing a Grobner basis G5 of the ideal generated by
{PBijr} U{c} CR[h,b,c,p,a, f] with respect to the lexicographical order, one
has that the polynomials g, = bfh(f —1) and gy = bh(a—2) belong to G.
Hence, we are led to the cases b=0,h=0and f =1, a = 2.
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b = 0. In this case, we construct a Grobner basis g~§ of the ideal generated by
GLU{b} C R[h,b,c,p, a, f] with respect to the graded reverse lexicographical
order. We get that the polynomial g, = h(f — p)?(f% + p? — f — p) belongs

to Gb.
If h = 0, then we get 2D417 = —(f*+p*+1)a+2(f?+p*+1). Therefore,
2 2
o= % and the left-invariant metric given by

le1,e4] = —e1, ez, eq] = —fea, [e3,eq] = —pes

is an RG2 algebraic steady soliton. The metric is Einstein if and only if
f = p = 1. Since the isometry (e1,es, e3,e4) — (€1,e3,€2,e4) transforms
(f,p) into (p, f), we may assume that p < f. Moreover, (e, ea,e3,¢e4) +—
%(62, e1, es, e4) defines an homothety between (f, p) and (%, %) Therefore, we
may assume without loss of generality that (f,p) belongs to the set {(x,y) €
R%; 2 € (0,1],0 # y < 2}\{(1,1)}. Furthermore, a direct calculation shows
that these metrics are irreducible and a straightforward calculation shows
that Q + (f2 + p?> + 1)1d is a derivation of the Lie algebra and thus an
algebraic Ricci soliton. Finally, the isometry ey — —ey4 shows that these
metrics correspond to Assertion (1).

If p= f and h # 0, then we get 2®417 = —(2f* + Da + 2(2f2 + 1).

2
Therefore, a = 2(22;4:11) and the left-invariant metric given by
[e1,e4] = —e1, [ez,eq] = —fea — hes, [e3,eq] = hea — fe3

is an RG2 algebraic steady soliton. The metric is Einstein if and only if
f = 1. Moreover, a straightforward calculation shows that Q + (2f2 + 1) Id is
a derivation of the Lie algebra and thus an algebraic Ricci soliton. A direct
calculation shows that the curvature tensor of type (1, 3) does not depend on h
and hence it follows from the work of Kulkarni [18] that this case is homothetic
(although not homothetically isomorphic) to the case in Assertion (1) when
p=1.
If f24+p>—f—p=0and p#f, h#0, then we get

20411 = —(f* +p* +2(f — p)’h* + Da+2(f2 +p* + 1),

2(f2+p°+1)

FiTpi 2 —p) 2 RE T Now, a straightforward calculation

which implies a =
shows that

LPar™ g 00 = h2(f — p)(2(f — p)*h2 — F2(2p° + 1) — p® + 1).

[0}

Since h # 0 and p # f, it follows that h = e(%)i with

g2 = 1. On the other hand, since fZ+p? — f —p = 0, we get p =
(1 +en/1—4f(f - 1))7 with €2 = 1. For this choice of h and p, we have
@

= ﬁ and the left-invariant metric given by

le1,e4] = —€1, [ez,eq] = —fea — hes, [e3, ea] = hea — pes (9)
is an RG2 algebraic steady soliton. A direct calculation shows that these met-

rics are never Einstein. Note that a substitution of ez — —ej3 is an isometry
which interchanges € = —1 by € = 1. Hence, we take € = 1 and to ensure that
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the structure constants are real, we take f &€ (O, 1+2‘/§} \{1} if e = 1, and

fe (1, 1+2‘/§} if e = —1. Consider now a pair (e, f) so that € = —1 and de-
fine a corresponding pair (5 =1, %(1 —1—4f(f - 1)) It now follows that
(e1,e9,€3,e4) +— (€1,—e3,e2,e4) determines an isometry between the two
cases above, which shows that one may assume € = 1 without loss of general-

ity. Moreover, one can specialize f € (0,1). To do this, if f € (1, 1+2‘/§], one

has that 1(1++/1—4f(f — 1)) € (0,1) and repeating the same change of ba-
sis as above, we get that both cases are isometric. Finally, a straightforward
calculation shows that these metrics are irreducible and that they are never
an algebraic Ricci soliton. Thus, we conclude that this case corresponds to
Assertion (2) after the replacement ey — —ey.

h =0,b# 0. Since ¢ = h = 0, this case reduces to the case ¢ =b = 0.
f=1,a=2,bh # 0. In this case, we have D413 = bhp?(p—1). Since bhp # 0,
it follows that p = 1 and the metric is Einstein.

6.2.2. h = 0, ¢ # 0. We construct a Grobner basis G4 of the ideal generated
by Go U{h} C R[b, ¢, f,h,p,a] with respect to the lexicographical order and
we get that the polynomials g, = bep(p — 1) and g%, = bef(f — 1) belong
to GY. If b # 0, then f = p = 1 and the corresponding metric is Einstein.
Otherwise, b = h = 0, which reduces to the case ¢ =b =0 in §6.2.1.

6.2.3. a = 2, ch # 0. Constructing a Grobner basis Gj’ of the ideal
generated by Go U {a — 2} C RIb, ¢, f, h,p,a] with respect to the lexico-
graphical order, one has that the polynomials gj; = cp?(p — 1)? and gb}, =
hp(f —p)(f +p—1) belong to G’. Hence, it follows that p = f = 1 and the

corresponding metric is Einstein.

6.24. a = %, ch # 0. Constructing a Grobner basis G4 of the ideal gener-
ated by Go U {3a — 2} C R[b, ¢, f, h, p, a] with respect to the lexicographical
order, one has that the polynomial g4i’ = ch? belongs to G5”. Since ch # 0,
there is no solution in this case, which finishes the proof.

O

7. The proof of Theorem 1.1 and Theorem 1.2

7.1. The proof of Theorem 1.1

First of all, recall that if the symmetric (0, 2)-tensor field RG = —2p — %R,
then the coupling constant v necessarily satisfies 7+ $||R||? = 0. Hence, the
manifold is flat or otherwise o = —47||R|~2.

Let (M,g) be a complete and simply connected homogeneous four-
dimensional manifold. Then it is isometric to a symmetric space or to a Lie
group with a left-invariant metric [3]. The analysis of left-invariant metrics
on Lie groups was carried out through Sects. 3 to 6. In each case, all possible
derivations of the form © = @ + %Q are given, showing that ©® = 0 if and
only if the metric is Einstein or a product R¥ x N4=F(¢) for k = 1,2, unless
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it corresponds to the left-invariant metric on SU(2) x R given in Lemma 3.1
and determined by the Lie algebra

[e1, e2] = e, [e2, €3] = e, les, e1] = %627

where {e1,...,e4} is an orthonormal basis of su(2) x R.
On the other hand, if (M, g) is a non-Einstein symmetric space, then
it splits as a product Nf(c;) x Ny *(cz), where k = 1,2, and Nf(¢;) is a
space of constant curvature ¢;. If k = 1, the resulting manifold is isometric
to R x N3(c) and it satisfies RG[g] = 0. If k = 2, we compute the tensor field
RGg] for a product NZ(c1) x NZ(cz), with coupling constant o = —ﬁ%ﬁ.
An explicit calculation shows that the (1, 1)-tensor field Q — WQ takes the
form
C1C2
2+ c3

diaglco — ¢1,c2 — ¢1,¢1 — ¢a,01 — ca.

T

”RHQ R = 0 lf and Only 1f C1Cy = 0,

Hence, assuming c¢; # co, one has that p —
which finishes the proof.

Remark 7.1. Products R*¥ x N(c) are rigid gradient Ricci solitons [21]. In
contrast, the product Lie group SU(2) x R, although it is an RG2 steady
soliton, it is not a Ricci soliton (see, for example, [2]).

7.2. The proof of Theorem 1.2

The result follows at once from Lemmas 3.1, 4.1, 5.1, and 6.1. Moreover, all
metrics corresponding to each assertion in Theorem 1.2 represent different
homothetical classes as shown in Remarks 4.2, 5.2, and 6.2. Next we show
that no metrics corresponding to different assertions in Theorem 1.2 may be
homothetic.
Cases (1) and (3). In Case (1), in addition to 7 and ||R||?> determined in
Remark 4.2, one has [|p||? = 12k* + 4. In Case (3), in addition to 7 and [|p||?
already computed in Remark 5.2, we have ||R||*> = 16“2(48”6_16ii44+14”2_1)+3.
Now, a straightforward calculation following Remark 2.4 and using the
invariants 7, ||p||? and || R||? shows that left-invariant metrics corresponding
to cases (1) and (3) in Theorem 1.2 are never homothetic.
Cases (1) and (5). In Case (1), we consider the invariants 7 and || R||? deter-
mined in Remark 4.2 and in Case (5) we consider 7 determined in Remark 6.2
and

IRI? = =2 (2(6 — 1) — k2 — 8k — 8) + (2(k + 2)x + 6) /T — 4(x — r.

A straightforward calculation following Remark 2.4 now shows that left-
invariant metrics corresponding to cases (1) and (5) in Theorem 1.2 are never
homothetic.

Cases (3) and (5). We proceed as in Remark 2.4 using the invariants 7 and

||pl|? previously determined and a straightforward calculation shows that left-
invariant metrics corresponding to cases (3) and (5) in Theorem 1.2 are never
homothetic.
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Secondly, we analyze the cases in Theorem 1.2 which are Ricci solitons,
i.e., cases (2) and (4). Considering the second-order homothetic invariants
772||R||? and 772||p||? for metrics in cases (2) and (4), one has

o pl2 (P HR4H1)(k(115+14)+11) —opn2 _ 07 (KPH1) kTR 1
T ||RH - ( ) (5K2)+811+5)2 ’ and 7 HR” - (52+5N+5+H2+n+1)2 )
_9 2_3n+n+1 _o 2 524 k241
T ||p|| — 2(5k24+8k+5)? and 7 Hp|| - 2(52+5n+;+m2+~+1)’

respectively. Moreover, the third-order homothetic invariant 739 = for met-
rics in case (2) is given by

80kS + 330k° + T41k* + 938k3 + T41K% + 330k + 80

TR = 3 ,
4 (5k?% + 8k +5)
. . o 66 63 3 1 6 3 1 . .
while it becomes 73R = &é:;ﬁ;i:ﬂ; for metrics in case (4). Now,

proceeding as in the previous cases, one has that no metric corresponding to
case (2) may be homothetic to a metric in case (4).
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