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Abstract 

A saddle joint enables the movement of two components relative to each other primarily about two axes of rotation and, to a limited 
extent, in translational direction. This type of joint is primarily found in nature, for example in the human thumb, in the ossicles 
and the cervical spine of owls. Motivated by the high degree of the owls’ head mobility, the authors aim to make this high motion 
potential technically accessible by defining relevant design parameters and developing calculation methods for dimensioning the 
saddle joint components. First, an abstracted contact geometry model based on the owls’ saddle joints is defined. A method for 
calculating the kinematics of the joint as a function of the previously introduced design parameters of the contact is derived math-
ematically. Regarding the implementation in a design process, this model is used to calculate the restoring forces required to 
stabilize the joint parts as well as the actuator torque needed for a specific rotational movement around those axes. Furthermore, 
the rotational stiffness of a specific joint geometry is calculated as an important design criterion. In summary, the defined contact 
geometry, the kinematics, and the computable forces serve as basis for designing technical saddle joints in the future. 
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1. Learning from the Mobility of the Owl 

A saddle joint enables the movement of two parts relative to 
each other primarily about two axes of rotation and, to a limited 
extend, in translational direction. This type of joint is primarily 
found in nature, for example in the human thumb, in the ossicles 
and the cervical spine of owls. The spine structure, the arrange-
ment and attachment of muscles as well as the contact geometry 
of the vertebrae and the movement ability is well documented 
by Krings et al. [1, 2] and Boumans et al. [3]. 

At the Nuremberg Institute of Technology, Hornfeck and 
Löffler developed a prototype of a robotic arm according to the 
example of the cervical spine of owls in [4] to adapt the high 
degree of movement for the design in a robot arm. In contrast 
to the biological example, the rotational movement was not 

implemented by 14 saddle joints with two axes, but by 28 ro-
tary joints with one rotational axis each. The feasibility as well 
as the high mobility of a robot arm with these specific joints 
could be proven within the scope of the project. Shape memory 
alloy wires were used as actuators while the joint components 
were additively manufactured. 

To further develop this principle of high mobility for robot 
arms, the authors aim to develop a technically usable saddle 
joint to reduce the complexity and number of joints needed for 
this type of design. For this purpose, basic geometric parame-
ters of a technical saddle joint are defined and described in the 
following and a calculation method for the design of saddle 
joints is developed. 
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Nomenclature 

a Side length of the force plane 
cR Rotational stiffness 
d Distance between initial contact point and force plane 
k Spring stiffness 
n⃗  Working direction of the resulting forces 
n⃗  Normal vectors of the lower contact surface 
n⃗  Generating axis 
n⃗  Rotational axis of the saddle joint in x-direction 
n⃗  Rotational axis of the saddle joint in y-direction 

u Displacement 
r1 Radius of the convex circle 
r2 Radius of the concave circle 
x, y, z Cartesian coordinate directions 
F Spring force 
FK Contact forces 
FV Spring preload force 
Fu Spring force due to point displacement 
K Contact point 
K0 Contact point in initial saddle joint position 
KO Upper contact surface 
KU Lower contact surface 
L0 Initial spring length 
L Spring length 
M Torque 
PO Spring fixation points of the upper saddle joint part 
PU Spring fixation points on the lower saddle joint part 
R Rotational matrix 
U⃗ Origin of coordinates 
α Opening angle of the contact surfaces 
β Generating angle of the contact surfaces 
γ Generating angle of the contact surfaces 
δ Clearance of the saddle joint 
φ Rotational angle of the saddle joint 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. Geometry and Kinematics of the Technical Saddle Joint 

2.1. Owl vertebrae geometry and contact surfaces 

According to Krings et al. [1], each of the 14 different cer-
vical vertebrae of the owl allows specific rotation angles. The 
contacts between two vertebrae consist of a concave and a con-
vex surface like a saddle joint, whereby in nature there is al-
ways an intervertebral disc between the components to prevent 
bone to bone contact. The saddle joint consists of a rider and a 
saddle as one joint part sits like a rider in the saddle of the ad-
jacent joint part. The joint consisting of very similar contact 
surfaces is aimed to be made technically usable in this paper by 
a suitable description and definition, whereby the operating be-
haviour of the saddle joint can be pre-determined by the pre-
sented equations during the design phase. 

Figure 1 shows the model of the technical adaptation, where 
only the lower half of a saddle joint in initial position is dis-
played. In the model, the lower part consists of the contact sur-
face KU = f(r1, r2, α, β, γ) (see Figure 2) acting as the saddle and 
the square plane FU with edge length a and distance d to the 
contact point K⃗  in the initial position with the contact surface 
KO acting as the rider. Under any angular position other than 
the initial, the contact point K⃗  moves from its initial position 
and is called K⃗. This point is always located on both contact 
surfaces. In the plane FU, the fixation points of the four restor-
ing elements (in nature: muscles) between the lower and upper 
joint parts are in P⃗ ,  to P⃗ , . The muscle behaviour is linear-
ised and modelled like mechanical springs. The coordinate 
origin U⃗ = (0 | 0 | 0) with the coordinate axes x, y and z is de-
fined in the location of the initial contact point K⃗ . The geo-
metric shape of the contact area KU is limited by the angle α to 
allow movement relative to the other joint part, depending on 
the choice of the other design parameters.  

2.2.  Contact surface Geometry 

The contact surfaces of the rider and saddle are assumed  
geometrically identical, but may also be designed differently.  

Fig. 1. Geometric parameters of the saddle joint model 
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The surfaces both consist of a concave and a convex region 
while the concave region defines the position of the respective 
axis of rotation n⃗  = n⃗  or n⃗  = n⃗  of each part of the 
saddle joint according to Figure 2. 

The contact surfaces KU and KO are geometrically defined 
by the radius r1 of the convex curvature and by the radius r2 of 
the concave curvature in the section shown in Figure 2. The 
radii of the other component are located in the section plane, 
which is rotated by 90°. The radii of curvature of the contact 
surfaces are different in both x- and y-directions.  

The contact surface KU (analogously also KO) is created by 
rotation of the generating semicircle KU,yz located in the yz-
plane with radius r1 around the axis n⃗  =  [0 1 0] through the 
point P⃗  = (0 | 0 | r2) with the angle −π/2 + α ≤ β ≤ π/2 +
α  and the step size Δβ. The semicircle KU,yz is thereby 
calculated between −π/2 ≤ γ ≤ π/2 with step size Δγ. Before 
rotation around n⃗ , KU,yz is shifted by U P ⃗  from the origin 
and transformed back by the same amount after rotation. The 
contact surface KU is calculated according to equation (1): 

𝑲𝑼 =

0
sin(𝛾) ∙ 𝑟

cos(𝛾) ∙ 𝑟 − 𝑟
− 𝑈 𝑃 ⃗ ∙ 𝑅(𝛽, 𝑛 ) + 𝑈 𝑃 ⃗  (1) 

For calculating the spring forces and the contact force, the 
normal vectors on each contact surface are caluclated. The 
contact point K⃗  is moving on the contact surfaces KU and KO 
depending on the direction of the spring forces. For the 
calculation of the normal vectors, the reference circle KU,Ref 
located in the xz-plane around the axis n⃗  with r = r + r  is 
introduced. The circle is calculated for the same angles β as the 
points on the contact surface KU and in the same step size. 
Thus, for all points located on a semicircle KU,yz(β) rotated with 
angle β around the axis n⃗  and originating from KU,yz, a point 
P⃗ (β) is created as direction reference to these points with 
distance P  K ⃗ = 𝑟 . The directional vector n⃗  of each 
point of the contact surface KU is calculated according to 
equation (2): 

𝑛 =

sin(𝛽) ∙ (𝑟 + 𝑟 )
0

− cos(𝛽) ∙ (𝑟 + 𝑟 ) + 𝑟
− 𝑲𝑼(𝛽, 𝛾)

𝑟
 

(2) 

2.3. Kinematics 

As shown in Figure 2, the axis of rotation n⃗  of surface KO 
and n⃗  of surface KU are each located in the respective other 
joint part. In a saddle joint, these axes are always at an angle to 
each other and can never intersect. In the model, the kinematics 
are considered for a single saddle joint, detached from a larger 
context such as a robot arm. Therefore, a pure motion of the 
upper joint part around both axes is described, while the lower 
joint part is fixed. A rotation around the axis n⃗  thus results 
in a change of position and orientation of n⃗ . A rotation 
around n⃗ , on the other hand, leaves the position and orien-
tation of the axis n⃗  unchanged. The rotational angles of the 
upper part of the joint are φx-x and/or φy-y. Figure 3 shows the 
upper joint part in the individual rotation directions. 

The rotation of the upper joint part is calculated using the 
general rotational matrices Rx-x and Ry-y for the specific rota-
tional angle as given by [5] in equation (3) and (4): 

𝑹𝒙 𝒙 =

1 0 0
0 cos(𝜑 ) − sin(𝜑 )

0 sin(𝜑 ) cos(𝜑 )
 (3) 

𝑹𝒚 𝒚 =

cos 𝜑 0 sin 𝜑

0 1 0
− sin 𝜑 0 cos 𝜑

 (4) 

2.4. Translational and rotational clearance 

Assuming the condition r1 < r2 and that there is always 
contact between the surfaces KO and KU, there is translational 
clearance in the x, y and z direction as well as a rotational 
clearance around the z axis. The amount of displacement of the 
upper relative to the lower joint part under load depends on the 
forces and their directions acting on the sadle joint. The 
maximum translational clearance occurring in a technical 
saddle joint can be determined directly from the design of the 
contact geometries. The largest possible displacement of the 
circle r1 in the circle r2 results for an angle α = 0° or β = 180°. 
Figure 4 shows the ratios for the calculation in the xz-plane of 
the maximum clearance for the case α > 0°. The calculation of 
the clearance δx and δz is derived in the xz-plane, the clearance 

Fig. 2. Contact geometry of the saddle joint 

Fig. 3. Kinematics of the saddle joint 
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δy in the yz-plane is calculated analogously to δx. The relative 
clearance of the joint assembly is calculated with respect to the 
larger radius r2 according to equations (5) and (6). 

𝛿 = 𝛿 =  
sin

𝜋
2

− 𝛼 ∙ (𝑟 − 𝑟 )

𝑟
 (5) 

𝛿 =  
1 − cos

𝜋
2

− 𝛼 ∙ (𝑟 − 𝑟 )

𝑟
 (6) 

Solving these equations, the clearance of the saddle joint can 
be predetermined during the design phase. Figure 5 shows the 
relative clearance related to the larger radius r2 as a function of 
the angle α. 

 
 
The rotational movement of the saddle joint around the 

z axis must be as small as possible to prevent unwanted torsion 
in operation although a minimum of clearance is needed to en-
sure the operation of the joint which can be solved by appropri-
ate design of the joint periphery. With increasing translational 
clearance in z direction, the rotational clearance also increases. 
The rotational clearance is defined as the largest possible angle 
φz-z,max by which the upper contact surface KO can be rotated 
around the z axis until the upper and the lower contact surfaces 
are in contact. Figure 6 shows the relation between the geomet-
ric radii r1 and r2 and the translational displacement δz and the 
maximum rotation angle φz-z,max. 

 

 

3. Calculation Model 

The spring forces acting on the saddle joint are calculated 
based on the considerations presented in chapter two. The 
model of the joint is additionally extended to include restoring 
elements, which provide stabilization on the one hand and to 
restore the joint to its initial position on the other. In contrast to 
the owl's cervical vertebrae, where a complex interaction of 
muscles and tendons is responsible for the movement of the 
joints, springs with a linear characteristic curve and the spring 
constant k are used for calculation. However, any force-elon-
gation curves can be modelled to simulate the forces on an 
owl's neck vertebra. Four springs are used in the model, with 
each spring attached to a corner of the surfaces FU and FO. The 
arrangement is shown in Figure 7: 

To move the joint, an (at this point) undefined actuator sys-
tem must now apply forces that are  

 
 larger than the forces of the spring elements and  
 counteracting the spring forces to hold an angular posi-

tion. 
 

Therefore, it is necessary to calculate the expected spring 
forces for a saddle joints design parameter configuration in ad-
vance for the design of the actuator system. 

Fig. 7. Geometry of the model for calculating the forces (MATLAB) 

Fig. 5. Clearance δ in x, y and z depending on α 

Fig. 4. Displacement of circle r1 in circle r2 in the xz-plane 

Fig. 6. Maximum free rotation angle φz-z,max around z-axis 
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3.1. Force calculation 

To calculate the spring forces, the upper joint part is rotated 
into every possible position. In the following, the calculation is 
derived for the forces F⃗  of a spring between the points P⃗ ,  and 
P⃗ ,  with the spring constant k, the unstressed length L⃗  and the 
distance L⃗  between the fix points in the initial position. The 
magnitude ratios for the displacement of the point P⃗ ,  due to 
the rotation of the upper joint part into the point P⃗ ,  are shown 
in Figure 8: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The occurring spring forces F⃗ ,  in any position of the upper 

joint part result from the overlayed preload force F⃗ ,  and the 
strain- or compression-dependent force F⃗ ,  according to equa-
tion (7): 

�⃗� , = �⃗� , + �⃗� ,  (7) 

If the springs are preloaded, the installation length L  be-
tween the rest positions of the fixed points P⃗ ,  and P⃗ ,  of the 
spring Fi in the zero position is unequal to the zero length L . 
The preload force is calculated according to equation (8), where 
a positive preload force is defined as a compressive force and 
a negative one as a tensile force in the respective direction: 

𝐹 = 𝑘 ∙ (𝐿 − 𝐿 ) = 𝑘 ∙ 𝐿 − 𝑃 , 𝑃 ,⃗  (8) 

The spring forces Fu occurring in an angular position of the 
joint are added to the preload force FV. They are calculated ac-
cording to equation (9) by the respective distance between the 
points P⃗ ,  and P⃗ ,  at which the springs are fixed: 

𝐹 , = 𝑘 ∙ 𝑢 = 𝑘 ∙ 𝑃 ,  𝑃 ,
⃗  (9) 

The load acting at the contact point K⃗ is equal to the sum of 
the spring forces as it is acting as the bearing point when pe-
ripheral geometries and actuator forces are neglected. The con-
tact force F⃗  is calculated according to equation (10): 

�⃗� = �⃗�  (10) 

The effective direction n ⃗ of F ⃗ is obtained by normalizing 
the force components in x, y and z to the total contact force 
according to equation (11): 

𝑛 =
�⃗�

�⃗�
 (11) 

3.2. Rotation of the upper saddle joint part 

To calculate the rotation of the upper joint part, the positions 
of the spring force application points P⃗ ,  as well as the upper 
contact surface KO are rotated around the origin with the rota-
tion matrix R according to equation (3) and (4). The calculation 
is performed in equation (12) as an example for the rotation of 
the surface KO by the angle φx-x around the axis n⃗  ⃗: 

𝑲𝑶 = 𝑲𝑶 − 𝑈 𝑛 ⃗ ∙ 𝑹(𝜑 , 𝑛 ) + 𝑈 𝑛 ⃗  (12) 

3.3. Calculation of the contact point 

The movement of the joint as well as the changing direction 
of the acting forces shift the contact point K⃗ between the sur-
faces KU and KO depending on the angular position of the sad-
dle joint. In a frictionless joint, as according to [6], the contact 
position of the convex body running in the concave is located 
at the point where both surface normal vectors point in the di-
rection of the resulting forces. Since a change in the position of 
the upper joint part results in a change of the spring forces due 
to the new relative positions, the contact point K⃗ is determined 
iteratively according to the calculation scheme in Figure 9: 

Fig. 8. Spring forces due to fix point displacement 

Fig. 9. Method for calculating the contact point 
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3.4. Rotational stiffness 

The rotational stiffnesses cR,x-x and cR,y-y are defined as com-
parative quantities of different joint geometries. They both are 
functions of the angles φx-x and φy-y. The stiffness describes the 
torque MA that must be applied by any actuator about the rota-
tional axes to satisfy static equilibrium in any given angular 
position of the joint. The moment equilibria around the rota-
tional axes of the joint are calculated according to equation 
(13): 

𝑀 =
𝑀
𝑀

=
Σ 𝐹 , , ∙ 𝑑 , , + Σ 𝐹 , , ∙ 𝑑 , ,

Σ 𝐹 , , ∙ 𝑑 , , + Σ 𝐹 , , ∙ 𝑑 , ,

 
(13) 

The stiffness about an axis n⃗  is calculated according to 
equation (14): 

𝑐 , 𝜑 =
𝑀

𝜑
 (14) 

4. Calculation results 

To calculate the stiffness of a specific parameter set, the po-
sition angles φx-x and φy-y are varied in the range covered by the 
joint and the torques around the corresponding axes are evalu-
ated. The data used for the exemplary calculation is summa-
rized in Table 1: 

Table 1. Parameter values of the investigated saddle joint geometry. 

Parame-
ter 

Unit Value  Parame-
ter 

Unit Value 

r1 [mm] 15  r2 [mm] 25 

d [mm] 40 – r1  L0 [mm] 75 

k [N/mm] 10  a [mm] 100 

α [°] 45  φx-x, φy-y [°] -15…15 

 
Solving the proposed equations for this parameter set in a 

MATLAB simulation environment yields the stiffness cR,x-x as 
shown in Figure 10: 

The contact point K⃗ moves over the contact surfaces. Fig-
ure 11 shows the position of K⃗ on the lower contact surface KU 
for the simulations projected in the xy-plane: 

5. Conclusion 

The defined geometric parameters and the calculation 
method for determining the restoring forces offer the possibil-
ity of dimensioning and designing saddle joints as an element 
of a robot arm. By suitable selection of the contact surface pa-
rameters, the joint clearance can be determined for translation-
ally non-fixed parts and the expected loads on the joint can be 
calculated. This further enables the selection and pre-dimen-
sioning of an actuator system for moving the joint. The detailed 
technical implementation of the saddle joint is up to the de-
signer. 

In addition, a more detailed load analysis of the saddle joint 
must be carried out. If a design is available, the expected mate-
rial stress can be determined using the finite element method. 
Practical validation in the form of tests on a prototype can be 
the subject of future investigations. 
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